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CLASSIFICATION SCHEMES ON INCOMPLETE BLOCK MODELS

1. INTRODUCTION

1. 1. Classification Schemes

A classification scheme will group the blocks of an experimental

design model into distinct categories, resulting in a new design with

classification parameters instead of block parameters. Such a pro-

cedure will allow the examination and interpretation of effects which

otherwise would not be considered. Certain characteristics of the

blocks which were not previously taken into account, for instance,

may come to assume an importance during the course of an experi-

ment. These particular block attributes could be regarded as classi-

fications and their effects could then be determined by examining the

resulting classification model.

In a sensory evaluation experiment, where each taster forms a

block, it may be expedient to classify the tasters according to such

characteristics as sex, age, or socio-economic background. These

effects may then be studied by using a classification scheme to sepa-

rate the blocks into the desired categories. The analysis of the

resulting models will be considered in this paper.
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1.2. Incomplete Block Models

When the original design is an incomplete block design, such as

a balanced incomplete block (BIB), a partially balanced incomplete

block (PBIB), or a doubly balanced incomplete block (DBIB) design,

the use of a classification scheme on the blocks will destroy some of

the balance assumed in the original model. A treatment may occur

more than once in a given class, or not at all. In extreme cases some

treatments may appear in only one class, and therefore the treatment

effects involved will be difficult to isolate. Apart from imbalance and

possible indistinctness, some classes may contain no blocks at all,

and in this case, the classification effects involved will either have to

be estimated from prior information or eliminated from the analysis.

1. 2. 1. One-way Classification Schemes on Incomplete Block Models

A one-way classification scheme is an arrangement of the blocks

of the original model into several subclasses of only one category.

For example, suppose in an organoleptic experiment, the original

model is an incomplete block design with n treatments and five

blocks. If the blocks or testers are classified according to sex, there

are two subclasses, male and female, in the classification scheme,

and there are six arrangements of blocks within subclasses, each with

probability
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P. = (.5
1

)(pA )6-i (PB)
i-1

1-

where

i = 1, ..., 6

pA = the probability a block falls in class A, and

pB = 1 -pA = the probability a block falls in class B.

The different outcomes are listed in Table 1.

Table 1. Possible arrangements of five blocks in a one-way
classification scheme with two subclasses.

Class A
Class B

5

0

4
1

3 2

3

1

4

Number of blocks in each class

The arrangements for which either class contains all five blocks

may be analyzed as incomplete block designs, just as they would have

been before using the classification procedure. The other arrange-

ments form semi-balanced, incomplete two-way layouts with unequal

subclass numbers, and their analyses will be approached in later

chapters.

1. 2. 2. H her-wa Classification Schemes on Incom lete Block
Models

Suppose it is desired to distribute the blocks of an experimental

design within a more complex, higher-way classification scheme. An

n-way classification scheme is defined as an arrangement of blocks
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into the various subclasses of n distinct categories. If a two-way

arrangement is used, the different possible allocations may be repre-

sented by a series of two-way tables, where each cell contains the

number of blocks per cross-classification. For example, the same

five blocks in the previous example may be allotted to the four cells of

a two-way classification scheme with two subclasses per category in

five basic ways (ignoring certain cell permutations). These five two-

way tables are illustrated in Table 2. Each arrangement has proba-

bility

where

blf bzte
b!P = (P ) (P ) (p3 Q)

21 3/
(p4i )

b I!b 231 !b
41

! 2/

bid = the number of blocks in cell k for arrangement /;

k = 1, , 4; Q = 1, , 15,

k
b ki = b r= the total number of blocks in the original design,

pki = the probability a block falls in cell k in arrangement I ,

and,

kpkQ 1 for all I.

Note that there is no arrangement with all zero cells.

Arrangement I in Table 2 is still of course the original incom-

plete block design, where all information on cell (1) is confounded

with blocks. In Arrangement II, there are no observations for the



Table 2. Possible arrangements of five blocks in a two-
way classification scheme with two subclasses
per class.

Arrangement Number of permutations

I.

II.

IV.

V.

(1) (2)

b11 =5 b21 =0

b31 =0 b = 0
41

(3)

(1)

(4)

(2)

b
12

> 0 b 22 > 0

b = 0 b =

(3)

(1)

(4)

(2)

> 0
2

=

b3 =0 b > 0

(3)

(1)

(4)

(2)

b 14
> 0 b

24
> 0

b34 > 0 b 44 = 0

(3)

(1)

(4)

(2)

b
15

> 0 b
25

> 0

b
35

> 0 b45 > 0

(3) (4)

4

4

2

4

1
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second row, and hence no degrees of freedom available to test for

row effects. Here the effect for the first row cannot be isolated. If

interaction terms are included in the model, then the presence of zero

cells will affect the analysis, since some interaction effects will not

be estimable.

It is, of course, possible to place a classification scheme on the

blocks of a complete block model_ However, since a complete block

design may be considered as a special case of a balanced incomplete

block design, all of the results for BIB designs still hold. It will often

happen that an arrangement of complete blocks into various classifica-

tions may be analyzed as a two-way layout with unequal (but propor-

tional) numbers of observations in the cells. Such an analysis has

been considered by others (Scheffe', 1959; etc.) and may be handled

without difficulty.

1.2.3. Assumptions

It will be assumed throughout this paper that no classification

scheme will have overlapping or indistinct classes or subdivisions,

i.e. , that a given block may be assigned to only one category. It also

seems natural to require that every block be placed in at least one

subdivision. In other words, a classification scheme must arrange all

the blocks of an experimental design model in an explicit manner.

This condition eliminates the possibility of a classification scheme



having all zero cells, as well as the possibility of any block occurring

in the classification arrangement more than once. All blocks will

occur once and only once in any classification scheme.

1.2.4. Information on Incom lete Block Designs

A basic familiarity with the conditions and analyses of incom-

plete block designs is assumed in this paper. Balanced incomplete

blocks were first suggested by Yates (1936) as a modification of the

randomized block design, in order to eliminate the restriction that the

number of treatments be equal to the number of units per block.

Although BIB designs are recognized as the most desirable of the

incomplete block designs, they are relatively few in number, and it

was this shortcoming which led to the introduction of partially balanced

incomplete block designs by Bose and. Nair (1939). Calvin (1954) dis-

cussed doubly balanced incomplete block designs as a procedure for

analyzing data from experiments in which the observations within a

block were correlated.

A review of both BIB and PBIB designs may be found in Cochran

and Cox (1950) and in Kempthorne (1952). A thorough discussion of

partially balanced incomplete block designs is given by Bose,

Clatworthy, and Shrikhande (1954).
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1.3. Objectives and Results

The purpose of this paper is to derive methods of analysis for

incomplete block designs with classification schemes imposed upon the

blocks. The classification procedure will be compared with the usual

incomplete block analyses for all classification schemes. From this

comparison will arise the concept of equivalency, which will be dis-

cussed in Chapter 2. Examples of classification schemes as they

apply to PBIB, and DBIB designs will be presented in Chapter 3

for both equivalent and nonequivalent models. Other methods of

handling classification effects will be investigated in Chapter 4.
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2. COMPARISON OF THE CLASSIFICATION MODEL
AND THE ORIGINAL MODEL

The concept of equivalency, which will be formally presented

later in this chapter, may be explained in terms of the analyses of

variance for the models under consideration. Generally stated, a

classification model is equivalent to the original model when the

regression sums of squares for the two models are equal. However

the use of a classification scheme on an incomplete block model is a

valid procedure whether or not the classification model and the

original model are equivalent. In the case of equivalency, there is a

direct relationship between the analyses of variance for the two

models, whereas nonequivalent models will subdivide and allocate the

total sums of squares in quite diverse ways.

2. 1. Definitions

The following definitions and notation will be used:

(a) The range space, R(X), of a matrix X is given by

R(X) = {X((), for some (3} .

(b) The rank of a matrix X is the number of linearly inde-

pendent columns of X, and is denoted by

p(X) = dim[R(X)]



where dim[R(X)] is the dimension of R(X).

(c) A generalized inverse of a matrix X is defined here as

any matrix X which satisfies the condition

XX-X = X.

(d) The orthogonal projection on X is denoted by Px and

may be written

Px = X(X1X)XI.

10

More detailed information and proofs concerning aspects of linear

algebra may be found in Appendices I and II of Scheffe (1959), as well

as in Seber (1966) and Searle (1971).

2.2. One-way Classification Models

2.2.1. Equivalency

Consider the following two models:

(I) E(Y) = X1 + X2222
(II) E(Y) = XIti + X3t3 ,

where Model I represents the original incomplete block model before

classifications are imposed on the blocks, and Model II is the one-way

classification model. Here is a vector of all block parameters,

is a vector of all classification parameters, and
3 1

is a vector

containing all other parameters represented in the models. Typically
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t
1

will represent the overall mean and the treatment effects, and for

DBIB designs, the correlation effects as well. This notation will be

retained throughout the paper.

Definition: Let (X1, X2) and 1,X 3)
be the augmented

matrices formed by X1 and X2 and by X1 and X3 respec-

tively. Models I and II are said to be equivalent when and only when

PX
X

= PX ,Xl' 2 1 3

where PXl, X and PX , X
2 1 3

gonal projections on R(Xl, X2) and on ft(Xi, X3).

are the ortho-

Table 3 gives the analyses of variance for testing block and classifica-

tion effects for these models.

Table 3. Analysis of variance for Models I and II.

Source DF SS (Model I) SS (Model II)

Full model p R(t1,t2) = Y'Pxyx2Y R(t ) = YrPx x
3

=1 q 11(t21t1)
= YI(PX' X-PX1 )Y

1 2

or t3 = 0 R(t3It1)
= Y'(PX1,X3-

X1
)Y

= YReduced model p-q R(t1) = Y'Px Y R(1)
1

Residual N-p YI(I-PXr
2 1 3

X)Y YI(I-PX , X)17

Total N Y'Y YIY
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If PXl, X2 PX1 , X3,
the regression sums of squares and all

other corresponding sums of squares in the table are equal, and the

two models are equivalent. Conversely, if all corresponding terms

in Table 2 are equal, then it must be true that PX1' X2 = PX1' X3.

The classification scheme placed on the blocks will extend the

information known about the blocks, but it will not inherently change

its structure. Basically this means that the columns of X3 will

always be linear combinations of the columns of X2, or in other

words, that the categories of the classification scheme will subdivide

only the existing block information into various classes. This is

always true, and is one of the criteria which must hold if Models I

and II are to be equivalent. The second sufficient condition for

equivalency is that the ranks of X2 and X3 be equal. This result

is formally proved in Theorem 2.1.

Theorem 2.1. Consider the two models

(I) E(Y) = X +11
(II) E(Y) = X +11

andnd

3t3

If p(X 2) = p(X 3), and the columns of X3 are linear combinations

of the columns of X2, then the two models are equivalent.

Proof: Since the columns of X3 are linear combinations of

the columns of X2,
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X3 = X
2A, for some A,

which implies that R(X3) = R(X2A). But

R(X2A ) C R(X2) ;

and since p(X2) = p(X3) implies that

dim[R(X2)] = dim[2.(X3)],

it is true that R(X
2
) = R(X

3
).

Let P be the orthogonal projection on R(X
2).

Then P

is also the orthogonal projection on R(X
3

), and may be written

P = X (X' X )X'
3 3 3

= X2(X2I X2)X2.

R (X , X2) is equal to R(X
1

) + R(X
2

), and by definition,

dim[R(X1)] + dim[R(X2)] = dim[R(X1)+R(X2)]

+ dim[R(X1)nR(X2)] .

Therefore,

p(Xi , X2) = dim[R(X1, X2)] = dim[R(Xi )+R(X2)]

= dim[R(X1 )] +dim[R(X2)]-dim[R(X1),ThR(X )] .

But R(X2) = R(X3). Therefore
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p(X , X ) = dim[E(X1)] + dim {(X3)] - dim[3,(X1),-ThR(X3)]

= dim[a(X1)+R(X3)]

= p(X 1,
X3)

Now, 11.(X1, X3) = ...11(X1,X2A), for some A. Therefore,

Xia + X2A8 = )(la. + X y E 1(X1, X2) ,

for any element (X
1
a+X

2
A6) of R(Xl, X2A) . Hence,

11(X1, X3) = 3.(X1,X2A) C Lt(Xi, X2)

But p(Xl, X2) = p(X
1,

X3) implies that

R(X X2) = R(X X
3

) .

Let PX' X2 be the orthogonal projection on R(Xi, X2). Then
1

PX ,X = Pxi,x3 '

where PX' X is the orthogonal projection on R.(Xi, X3). There-
1 3

fore, by definition, Model I and Model II are equivalent.

2. 2. 2. Model II Equivalent to Model I

For Models I and II, the analysis of variance represented in

Table 3 may be more instructive when calculated in a slightly different



manner. Consider the following model,

(I)

where

E(Y) = X + X11 22

The normal equations are

X'
1X1

Xl X
2 1

1

and
2

T t Rb

X'
1
X2

X' X
2 2

Y
1

X' Y

or

(2. 1) X' X
1 1

+ X' X 2 2 =
1

Y

(2. 2) X' X
1 1

+ X' X le22 = X' Y .

Equation (2. 1) gives

1 ).
= (x' x

1 1
(Y-x 22 )

where (X'
1
X

1
) is any generalized inverse of Xl

1
X

1.
Substituting

-1the solution for

where

Then

in Equation (2. 2) yields

A
X' (I-P )X = X' (I-P )YX1 22 2 X1

X'
1
X

1
IX'

1
PX = X

1

15



2
P

X
)X

2 2
(I-P

X
)Y

1 1

1
= x

I 1
xr [1-x

2
(Xl (I-P

X
)X

2
) (I-P

X
air .

1 1

The reduction in the sum of squares due to fitting the complete

model, or the regression sum of squares, is given by

(2. 3)

(2. 4)

where

R(1, )
1 1 -2X' Y Z' X' Y- 2

= x +(I -P )A (I-PX p x

= Y`(I -B )Y

A = X [X' (I-P )X FX'AR
2 X 2 2

1

B = )A )x p x

16

Note that for any matrix A, (A-)' is a generalized inverse of A'.

Also all the generalized inverses found above are of symmetric

matrices.

The regression sum of squares for Model H,

(II) E(Y) =

where
1

contains the overall mean, the treatment, and any cor-

relation effects, and contains the classification parameters, is



calculated in a similar manner. In this case,

(2. 5)

where

and

}1( 3 ) = Y )Y,

B = [I-(I-P )A )
Y X1 y X1

A
y

= X
3 3
[X' (I-P

X
)X

3
1

17

Table 4 gives the analyses of variance for Model I and Model II using

Equations (2.4) and (2. 5) respectively.

Table 4. Alternative analysis of variance for Model I and
Model II.

Source DF Sums of Squares

IVa Model I
Full model t +b -1

Ho: tz p b 1

Reduced model t

Residual tr-t-b+1

R(1' 2) = YI(I-B )Y

R( 21 1) = Yr(I-B -P )Y
p xi

R(1) = Y
Al

Y'BRY

Total tr Y'Y

IVb Model II

Full model t+v-1 R(1, 3) = YI(I-By)Y

H0: §.3 = 0 v-1 R(31 = YI(I-B -P )Y
y Xi

Reduced model t R(y = YIP, Y
Al

Residual tr-t-v+1 Y'B Y

Total tr Y'Y



or

If Model I and Model II are equivalent, then

YI(I-
Bi3

)Y = Y' (I -BY )Y

Y'13 Y = YIB Y .

18

All the corresponding terms for sums of squares in Table 4 will like-

wise be equal, and hence one analysis will yield the same information

as the other.

2. 2. 3. Model II Not Equivalent to Model I

When a classification model is not equivalent to the original

model, only the total sums of squares remain equal for both analyses.

The degrees of freedom for the regression sums of squares will now

be different for each model, and accompanying this change will be a

corresponding disparity in the regression sums of squares themselves.

It is always possible however to identify this difference, and hence to

allow investigation into the relationship between the two models.

For nonequivalent models, the difference in the regression sums

of squares must be other than zero, and it indicates a portion of the

total sums of squares which only one model explains. Thus it is

interesting to examine the difference R(1, 2) R(t 3) to com-

pare the two models. If



then

R2
regression sum of squares

total sum of squares

2 2
R(t

1 2
, )-R(t t3)

RI - RH =
YIY

YI(B
.r

-B
P

)Y

YrY

YI(I-P
X

)(A
f3

-A )(I-P
X

) Y
1 1

is the difference in the proportions of the total sums of squares

explained by each model. The quantity R(t1 - R(1, t3) may

also be used to test for block effects (see Section 4. 1).

2.3. Higher-way Classification Models

2.3. 1. Equivalency

Consider the n-way classification model

where t4

E(Y)=Xt +Xt11 44

is now a vector of all classification and the consequent

cross-classification parameters. Again
1

19

is a vector of all other

parameters occurring in the model. From Theorem 2. 1, Model III is

equivalent to Model I if



and

p(X
2

) = p(X4),

X4 = X 2A,

20

for some matrix A.

For Model III to be equivalent to Model I, it is not necessary

that all sums of squares considered in the classification analysis be

equal to some corresponding sum of squares in the analysis of the

original model, as was the case for Model II. In fact, only the total

and regression sums of squares will agree for both models. The

hypotheses which will be tested for Model III depend upon the particu-

lar classification scheme, the assumptions on the model, and the

nature of the research in question, and are not directly related to the

hypotheses of Model I.

2. 3. 2. Model III E uivalent to Model I

In Table 4, there was a direct relationship in the analyses of

variance for Models I and II, and only one hypothesis was tested for

each model. For an n-way classification scheme however, several

hypotheses may be tested, the total depending upon the number of

classifications used as well as the type of assumptions placed on the

model. Thus, as noted in Section 2.3.1, there will no longer be a

one-to-one correspondence between the analyses of variance for

Models I and III, although the regression sums of squares, and hence
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the residual sums of squares, will still be equal.

For a PBIB or BIB design with a two-way classification scheme

without interaction, for example, the model may be written

(2. 6) E(Y) = X11 + XaL + XRR
where

=
1

1

T
t

al

a
s

and =

Y1

v

The model was described in this particular way so that subsequent

extensions to higher-way classifications could be made using the same

terminology. Attention will be given here to the test H0: = _CI = 1,

but the sum of squares for testing H
0 R

= 0 may be obtained

in an analogous manner.

The normal equations for the two-way classification model in

Equation (2. 6) are

XI X + X' + XI X = X'
1

Y
R1 1-1 1

Xa-a 1 R-

XI X + Xl X + XI X = Ya 1-1 a a-a a R-R a

x + X + X' X YR 1-1 R a-a R R-R R

which yield the following solutions:
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= (XI
1
X1)- XI

1
{I-A (I-P )4I-A (I-P )1X (X'B X )-XIB } Y ,-1 R X1 R X1 a a R a a R

-f.ct = (XI B X B YaR a aR

R R
= [X' (I-P

X1
)XR ]-"X'

R
(I-P

X
)[I-Xa (X' B

R
Xa a)-XI BR ]Ya

1

where

BR = [I-(I-P )A ](I-Px )X1 R
1

A
R

= X
R

[X' (I-P
X

)X
R
IX' .

R R
1

Then the regression sum of squares for Model (2. 6) is given by

(2. 7) R( 1' ) = ZI
1
X'

1 RY + Z' X' Y + R
Y- -a a -

= x Y + YI(I-P )A (I-P )Y
1

X
1

R X
1

+ YIB
R

X a (XIBRX a a)-XI BRYa

The regression sum of squares for the reduced model

E(Y) = Xll + XRR,

is similarly

R(y 1,t) = Y'Px Y + YI(I-P
X1

)A
R

(I-P
X

)Y
1 1

The analysis of variance for the two-way classification scheme is

given in Table 5.



Table 5. Analysis of variance for Model III.

Source DF Sum of Squares

Full model t+s+v-2 R(1, 6.) = VP Y + V(I-P
X

)A
R (I-P

X
)Y

X1
1 1

+ VB. X (X`13 X )XIBR a a R a a RY

H0: = a = 0 s 1 R(c I
X19

R.) = V BRXa(XcLIBRXct)Xci° BRY

Reduced model t+v-1 R(1, 11.) = VP Y + Va-P
X

)A
R

(I-P
X

)Y
X1

1 1

Residual tr -t- s -v+2 In( - R(1, (:t, it)

Total tr VY
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If Model III is equivalent to Model I, then

R(y ) = R(y

)Y = YI[P +(I-P )A (I-P )+B X (X' B X B
X1 X

1
R X

1
Ra aRa aR

= Yr(I-B )Y + YtB
R

X
a

(X" BRXa ) aRB_ Ya

Then the numerator sum of squares for testing H
0

:a = 0 is

(2.8) R(ctI 11.) = Yi(I-Bp)Y Y'(I -B

= YI(B
R

-B )Y .

The residual sum of squares is the same for both Model I and. Model

III, and hence it would be possible to test for classification effects

using only the results of Table 4a and Equation (2. 8).

The analysis of Model III presented in Table 5 may be extended

to higher-way classification schemes, as well as to classification

models which assume interactions, with very little modification.

Again consider the model

E(Y) = Xii1 + Xcia + XRR

where
1

is a vector of the mean and treatment effects. The term

represents a vector of the first classification, or a-effects, and-a



all a-interactions. Now however R contains all the remaining
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classification and cross-classification parameters in the model. The

sums of squares given in Table 5 are still valid and Equation (2.8)

again gives the numerator for the F-test. For a PBIB or BIB design

with a two-way classification scheme with interaction, for example,

Equation (2. 8) becomes

R) = R(a,c/111,T)-Y)

= YI(BR-Bp)y .

If it is desired to test H
0
:a = 0 without considering any of the

interaction effects in the hypothesis, then it will be necessary to

change the above definitions slightly. In this case, remains, as

always, a vector of the overall mean and the treatment effects. Now

a is a vector of only the a-effects; and IR is a vector containing

all the other classification and cross-classification effects appearing

in the model, except for the a-interaction effects. The a-interaction

terms do not appear in Equation (2. 8). The numerator sum of squares

for testing Ho:a = 0 for a PBIB or BIB design with a two-way clas-

sification model with interaction would then be

R(0.1 1, I) = R(1a, la) T2 Y)

= YI(B
R

-B
p

)Y .
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2. 3. 3. Model III Not Equivalent to Model I

The n-way classification model described in the previous section

may be written

where

E(Y) = X11 X + X11 a-a RR

=aR

= X + X ,11 aR-aR

and XaR = [ X X ]
a . R

Then if Model III is not equivalent to Model I, the difference in the

regression sums of squares is

(2. 9) R( 2) R(1' aR) = YI(B
aR

-B
P

)Y

= YI(I-P
X

)(A -A
aR

)(I-Px )Y .
13

1 1

The difference in the proportions of the total sums of squares

explained by Model I and Model III is then

R2
II

- R2
I

= Yl(B aR -B )Y / Y'Y
I

The difference in the regression sums of squares for Model I and

Model III, R(1, 2) -13.(Y will be used later in Section 4. 1.
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2.4. Degrees of Freedom and Zero Subclasses

For a one-way classification model to be equivalent to its

original model, the only requirements are that the columns of X3

be linear combinations of the columns of X2, and that the rank of

X3 be equal to the rank of X2. The former condition is always met

(Section 2.2.1) for any classification scheme. The latter condition

then, that

p(X2) = p(X 3)

is the requisite for equivalency which must be carefully examined.

Basically, the fact that the rank of X2 and the rank of X3

are equal may be interpreted as meaning that there are the same

number of degrees of freedom for classifications as there are for

blocks. In a one-way classification scheme this means that

where

b = v a ,

b = the number of blocks in the original model,

v = the number of subclasses in the category under considera-

tion, and

a = the number of subclasses containing no blocks, or the num-

ber of zero subclasses or cells.

If Models I and II are to be equivalent then, it must be true that



b > v .

There are more contingencies for Model III. In a two-way

classification scheme with interaction and no zero subclasses for

example, the classification model is equivalent to Model I if

or

where

b - 1 = (v-1) + (s-1) + (vs- v -s +l),

b = vs,

b = the number of blocks in the original model,

v = the number of subclasses in the first category, and

s = the number of subclasses in the second category.
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If an interaction term is not included in the model, then for equivalency

it must be true that

or

b 1 = (v-1) + (s-1),

b = v + s - 1,

when there are no zero subclasses in the classification scheme.

The occurrence of zero subclasses in a classification plan will

complicate the conditions for equivalency mentioned above. For the

two-way classification model, the number of zero subclasses,

a, may range from zero to sv 1 (see Section 1.2.3). If the
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classification scheme is viewed as a two-way table, where the rows

represent category 1, and the columns category 2, then the degrees of

freedom for classifications in Model III depend not only upon the

individual zero cells, but also upon the number of rows and columns

with all observations missing.
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3. EXAMPLES

When a classification model is equivalent to the original incom-

plete block model, the regression sums of squares in the analyses of

the two models will be equal. Due to the complexity and the variety

of hypotheses which may be tested in a classification model however,

there is little additional similarity between the two analyses, except

for the case when Model II is equivalent to Model I. Several examples

of classification designs will be presented in this chapter.

3.1. The One-way Classification

3.1.1. A One-way Classification on a PBIB Design with Model II
Equivalent to Model I

The analysis for a PBIB design before classification (Model I)

is given in Appendix I. The notation used below is fully explained

there and will not be repeated here. All PBIB designs introduced in

this paper will be singular group divisible (GD) designs with two

associate classes (Bose, Clatworthy, and Shrikhande; 1954).

Consider a PBIB design for which the b blocks have been

assigned to a one-way classification scheme with v = b subclasses.

In this example it is assumed that there are no empty subclasses, and

thus every subclass contains one block. The model may be written

y.a = 6. (11+7i +y ) + e i/ i = 1, ,t; f = 1, , v
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where p., T., and y represent the effects for the mean, the ith

treatment, and the 1th class respectively; 6
Le

equals the number

of times treatment i falls in class I ; and E. is assumed to be
1/

normally and independently distributed with zero mean and variance

.6a o-
2 Note that Eif is the, residual for the sum of the 6i.g

observations of treatment i in class 1 .

The following identities hold for the above model:

Elba = r = the number of times treatment i occurs in the

classification scheme,

E.6. = k = the number of observations in class I, and

EiEf
6.

N= the total number of observations.

The normal equations for this classification model are:

Y.. = Np. + rE.T. + kE/

A
rp.Y. + rTA . + E / 6. y

A
Y

1
= kp. + E.6, T. + ky/ .

Since these equations are exactly the normal equations for a PBIB

design given in Appendix I, the two sets of equations will have the
Asame solutions, interchanging only and d f5 .. Furthermore the

regression sums of squares, R(p.,T,(3) and. R(p., T, y) are equal.

The classification model given above is, by definition,
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equivalent to the original PBIB model. The test Ho:y = 0 is

identical to the test Ho: P = 0, and in fact, there is no difference

in the analyses of variance for the two models.

3.1.2. A One-way Classification Scheme with Two Subclasses
on a PBIB Design

Consider a PBIB design where the b blocks have been

assigned to a one-way classification scheme with v = 2 subclasses.

In this case b is not necessarily equal to v, or there may be

zero cells, and the two models may not be equivalent. The classifica-

tion model may be written

y. = 5 (.+T.+y ) + E i= 1, ... t; f = 1,2
Le i

where [L, Ti, and again represent the effects for the mean, the

ith treatment, and the /th class respectively; 6. equals the

number of times treatment i falls in class I; and E. is
Le

assumed to be normally and independently distributed with zero mean

and variance,

The following identities hold for the above model:

EI Sif = r = the number of times treatment i occurs in the

classification scheme,

E.5 = 6.1 = the number of observations in class /,
1 Le

E.1 E bif = N = the total number of observations, and
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E.8 6 = p = p
Lf if' .12.1' /1/

The normal equations may be reduced by placing the constraints
A

Z.TA . = 0 and Z A yi = 0 on the solutions. The resulting equations

are:

Let

A
Y. = trp.

A A A
Y. = rµ + rT. + Eibif yi

A n A
Y./ = A

fp.
+ E

i /6. T. + A .

A 1 A 1

Q./ = A./ Yi r Z.VP Y./ r- E.6. Yi

Note that E/Q/ = 0. Then for this case,

and consequently,

Similarly,

rA -p h p12. 1 11 12
r Y2

-P 1 P12A.1 A

r rA .2 1

rA
A .

Y
1 Q 2(rA.1-p11)-Fp12,6.1

A
rA

. 1
=2 A .1 (rA .2 -p22

)+p
21

A
Q2

For the two values of / ,
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1,13121, = ZvEibif = = r4

p
1 1

+ p
12

= rt, .1 and p
21

+ p
22

= r.6, .2

A.2
A .2 [y _ -1 E.6 Y.

1 tp
12

1 tp
12

.1 r

4
[Y E.1 8 Y. ].2 r i22 tp

12

More generally,

N-4
A, 1
Y [Y Y. ]tp

12
../ r i.12

Using the solution for

Finally,

Ti =
1

Y -
1 Y.. - 1

T. Z..r 1 N NplZ El/5i

= 1,2

1 Z.,E 6. 6. 1(N-4 )Y.,Nrp
12

I. / 1/

1
1 2 E. )Y, Y.1R(11) T y) = E (N-4.1 Y.1 Ntp

12 / /

'12
1
E (N-h

1 2 1[(N-4 .1 )(Ei Y. ) ] +Z.Y.
NrP12 r 1.

R(µ, T) = 1 Z.Y.r i 1.
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Table 6 gives the analysis of variance for this case. A numerical

example comparing Models I and II when they are not equivalent is

given below.

Table 6. A PBIB design arranged in a one-way classifica-
tion scheme with two subclasses.

Source DF Sum of Squares

Full model t+v- 1 R(p.,T,N)

Ho:A. = 0 V-1 = 1 R(y11.1.,T)

Reduced model t T)

Residual tr -t-v+ 1 EEy2
- T y)

2Total tr EEy

Example A: Consider the PBIB design with three blocks and

nine treatments arranged as follows,

Block Treatment Numbers
1 1 4 7 2 5 8

2 2 5 8 3 6 9

3 3 6 9 1 4 7

where every block contains k = 6 treatments and every treatment

appears in r = 2 blocks. The usual analysis for Model I of this

design is given in Appendix I.

Suppose a one-way classification scheme with two subclasses is
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imposed upon the blocks of this design. One possible arrangement is

shown in Table 7, where Class I contains one block and Class II con-

tains the other two blocks. Suppose further that the treatments take

on the observed integer values, ranging from one to ten, also given in

Table 7. Then the analysis of variance for Model I may be calculated

by the methods given in the previous section. Table 8 shows the

analyses for both Models I and II.

Table 7. Numerical example for a PBIB design arranged
in a one-way classification with two subclasses.

Block
Treatment Observed

Number Value

Class I 1 1 5

4 3

7 1

2 4
5 5

8 1

Class II 2 2 5

5 5

8 1

3 6
6 4
9 8

3 3

6 5

9 7

1 4
4 3

7 2



Table 8. Analysis of variance for Table 7 compared with the original PBIB analysis.

Model I Model II
Source DF SS Source DF SS

Full model 11 R(I, T, f3) = 350.44 Full model 10 R(4, T, .y) = 349.08

F10:11 = 1 2 R(Pip.,T) = 1.44 H
0

:a = 0 1 R(y1 p., T) = .08

Reduced model 9 R(p., -r) = 349 Reduced model 9 R(I, -r) = 349

Residual 7 5.56 Residual 8 6.92

Total 18 356 Total 18 356



38

3.1.3. A One-wa Classification Scheme with Three Subclasses
on a PBIB Design

The methods used in Section 3.1.2 to solve the normal equations

for a one-way classification scheme with two subclasses may be

extended to one-way models with more subclasses. Consider the

model

(p.+Ti-Fyi ) +eif i = 1,...,t: f - 1,2,3

where all terms are defined as in Section 3.1.2. In this case, how-

ever, v = 3.

The solutions to the normal equations are:

A 1
= tr Y-

1 1 1TiT = X . --Y.. 6 p (ZS )Qr 1. tr N[ ] er wY11,11 if .w

z.ez i.e6i.eP.te'

1

Y.e N[ (. 11V/ZwY1,1'Pliw(A.11+A.w)C21 zi' 11' ®.11°1'}

where

[ = P12P23 P12P13 P13P23

pill =Zi 6if

A
.1

= Zi 6i/

Q = Y -
1

6 YI .1 r i i.

The consequent calculation for the regression sum of squares is



z.y2
r 1 N[ `2 'VI wV1,116i1P1'w(A.11+'6.

- ZEE Q Y
LP

p .1' 1' i.
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i.

- p (A +A Q
2 /IV/ wil,11 Ilw ..12'

Y
.1

+ rE VI/ 6 Lep/VA./IQ/1Y. }

For three or more subclasses, the matrix method of calculating

R(11., T y) given by Equation (2.4) may be more convenient. Alterna-

tive methods, based on the preceding theoretical results will be dis-

cussed in later sections.

3.1.4. A One-way Classification Scheme with Two Subclasses on a
DBIB Design

The one-way classification model for a doubly balanced incom-

plete block design may be written

y.. = +

i,i' = 1, ,t; j = 1, ,b; I = 1, , v

where Ti, and NI are the effects for the mean, the ith treat-

ment, and the ith classification, respectively. Here a

effect of treatment i on the plot receiving treatment i',

is the

when

both occur in the same block. The term n. is an indicator variable

taking the values zero and one, where



The error term
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n. =
131

13/

if treatment i falls in block j

and block j falls in class

otherwise .

is assumed to be independently and normally

distributed with mean zero and variance

For the term n . , the following identities hold:
i31

= k = the number of treatments in block j

Z.Z n.. = r = the number of times treatment i occurs
3 1 131

Z. Z.n. = N = the number of treatments in class 1
1 3 13/ . .1

Z.n..
131

Ni.
1

= the number of times treatment i falls in
3 .

class 1

Z.Z
1

n. n! = X i i it
3 i j1

Z.3 Z
1
n. nt "y = 6 i,iT, and i" all differentrEl

Z.Z.Z n = tr = bk = N.
1 3 1 ijI

The constraints
f\ n I\

Z.T. = 0,
I

N
1

y
1

= 0, Z. a. = 0

reduce the normal equations to the form:

Y.. , = trp.

A /- 1\
Y1. rp. + rT. + N. 'y.. / ./
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and

where
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Y / 1
= N 4 E, N. Ti + N ../. YQ

A.., X(T.1 --r.,) + 2(X-6)a..,
11 1 11

1
p = Y r Ni../Yi...

p = E.N N//' i./ i.ir

E
1

p r N
'

Then for two subclasses, the following are solutions to the normal

equations:

A 1
= tr Y..

A 1 1 1
T1 Y. Y (N-N )N. Q

1 r 1. . tr . . . tr p
12

/ ../ 1. 12

1
a {A. (Y

1.

-Y ) + E (N-N ) -N )Q }ii' 2(X -6) r . . . trp
12

/

Using the solutions given above, the regression sum of squares

is given by:



(3. 1) R (11 =

42

Y. - E,Z (N-N )N. Y. Q
1 1. tr p

12
1 1 . .1 1.1 1. . 1

1 1
+ (N-N )Y Q+tp12 1 1 2(X-6 ) Zi iiiiAii.1

X

X E.Z. .Z (N-N )(N. -N )A. ,Q
2tr(X-(5)p 1 ll]. 1 . .1 1.1 i.1.1 1i. 1

12

The sum of squares for fitting the original model is derived in

Appendix II and a comparison of the two methods of analysis is found

in Table 9.

If the blocks of the DBIB design are evenly divided between the

two subclasses, the equations obtained above are correspondingly

simplified. Let

h = the number of blocks in each class.

Ei1 = N = hk

The solutions to the normal equations now take the form:

Then

A 1

= Ytr

Qii 2p
12

A 1 1 1
T = Y1.

. Y.... . 2r tr
I 3 12

1.1 1



Table 9. Comparison of Models I and II for a DBIB design.

Source
Model I Model II

DF SS DF SS

Full model

H0: p = o
o

H
0

: = 0

t-1)2
2
(t-2)(t-2) (t-1)t+b+ 2 R(I, T, 13, a) t+v+ 2 R(p., T, N, a)

b-1 R(p( T,CL)

v- R(y1 P., Ts a)

(t-1)(t-2) (t- 1)(t-2)Reduced model t + 1 T, a) t + I R(11, T, a)
2 2

Residual tr-t-b-(t-1)(t-2)+2 ZE 2. -R(4,T,P,a) tr-t-v- (t-1)(t-2) 2
+ 1,4,7 ,y,a)

2 Yij 2
.11.

Total tr 2ZEy..
13

tr EZZy..
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a [A. x (Y. -Y , ) +ii' r 1.. i 2p
1

(N. -N
1

)Q
. /1

where again

1Q =Y Yr i .

The reduction in the sum of squares due to fitting the classification

model, which is given in Equation (3. 1), is then altered in a similar

manner.

3.2. The n-way Classification

3. 2. 1. A Two-wa Classification Scheme with E ual Cell Numbers
For a PBIB Design

Consider a PBIB design with b = 4 blocks, where every pair

of blocks has the same number 0 of treatments in common. Sup-

pose a two-way classification scheme is imposed on the blocks, taking

the following form,

Y2

a
2

1 1

1 1

where every cross-classification cell contains one block. The model

for this design (Model III) is

y. = 6. (p.+T +a +-y +a'y ) + E
i p I pi ipi

= 1,...,t; p = 1,...,s; f = 1,...,v
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where Ti, a
p

, y , and (ay)
P/

represent the overall mean, the

ith treatment effect, the pth effect of the first classification, the

ith effect of the second classification, and the interaction effect.

Here Si is the number of times treatment i falls in cross-

classification P x and E. is assumed to be independently

and normally distributed with mean zero and variance 5.
f

Note that some balance still exists in the design, namely

(3. 2)

(3. 3)

E
p

S. = r

E.S. = k .
1

The normal equations may be reduced by placing the constraints,

A
E.T. = 0, E

P
a

P
= 0, E.eyi = 0, E

P
(ay)

P -e

= 0, E.(ay)
P/

= 0,

on the solutions. The resulting equations are:

Y... = trp.,
1\ /\

Y. = rp. + r-r.
1

+ EPEE E 5. a
p

+ EPEE E S y +
p
E S. (ay)pi ,

1..

Y
P

= kvp. + E.E 8. T. + kva ,ipi
A N N

Y / = ksp. + E.E Si T. + kS)/
12

,
. . i p pi

n N n n r.
Y =

13/
kp. + E.Sipi T. + kap + ky/ + k(ay)

i i 13/



where

Y... = E.E E 5. y.
1 p 1RP ipi

= 5. y. , etc.1.. p
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Using relationships (3. 2) and (3.3) and the properties of a singular

group divisible PBIB design with two associate classes, the normal

equations possess direct, if not immediate solutions, which give the

following reductions in sums of squares:

RR(µ, T ) =
1 E.Y.1..

, 1 2 2
R(µ' T' C1.)

E.y.
1.. v[B-k(1 ZiZpE12 6ip/Yi.. Y. p.

+ E Y 2 1
+ E (E.Ev[0-k(1-r)] p .p. rv[0-k(1-r)] p

1 2 2R(4, T, Y) = E.Y.
1- s[®-k(1-0] EiZr,E16ipx nY. Y

E Y2 +
1 E (EE 5s[0-k(1-r)] ../ irs[0-k(1-r)] ipi Ypi i

2
..)

1
a, -y) = E.Y..

2
+ Y

2
+ E Y2

.. v[13-k(1-r)] p .p. s[0-k(1-r)]

2

v[0-k(1 -r)] ZiZpZ/ Yi Y

2

s[19-k(1-r)]Zi E
p

E Y

1

rv[e-k(1-r)] p
(E

i
E 5 Y

1 12

rs[0-k(1-r)]Z1 (ZiEp6ip1 Y.
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1 2 2T, a., y, ay) = +
. . [e-k(1-r)] pZ/Yr 1 1.. .pf

2
[0-k(1 -r)] EiZpE1 'Sip/ Yi. . Y. pi

1
)2r[0-k(1-r)] pZ,e yi. .

The analysis of Model III i.s given in Table 10, using the reduc-

tions in the total sum of squares which were derived above. Note that

the sums of squares for hypotheses (i), (ii), and (iii), plus R(p.,

will partition the regression sum of squares, R(p., T, a, y, ay).

Different partitionings could be made depending upon the hypotheses of

interest. For example, if the a-effect and the ay-effect were fitted

simultaneously, after the rest of the model, then the partitioning of

the regression sum of squares might take the form given in Table 11.

Since an interaction effect can be fitted only after all main effects

involved have been fitted (Searle, 1971), either analysis may be used

in interpreting the model.

3.2.2. A Two-wa Classification Scheme with Une ual Cell
Numbers for a PBIB Design

When a higher-way classification scheme with unequal cell num-

bers is placed on the blocks of an incomplete block design, other

procedures for analysis may be substituted if they are tantamount to

the classification methods whose theory is developed in Chapter 2. A
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Table 10. Analysis of a two-way classification scheme for a
PBIB design.

Source DF Sum of Squares

Full model t+sv- 1 R(µ, T, a, '\/, 0..N)

Fitting p. and T t R(I, T)

(i) Ho: a = 0 s-1 R(alp.,T) = R(a.lp,T, ',/)

(ii) Ho:a =12 v-i R(y IP,T) = R(N11-1, T; a)

(iii) H
0

:_a_i = 0 sv-s-v+1 R(ay I p., T, a, "y)

2Residual tr-t-sv+1 - T, a, y, ay)
Yip/

Total tr EZEy.

Table 11. Alternative analysis of a two-way classification
scheme for a PBIB design.

Source DF Sum of Squares

Full Model

Fitting p. and T

H
0
:a = 0

H
0
:a = 0,

= 0
Residual

t+SV-1 T, a) N; ay)

t R(P., 7)

V-1 R(yI T)

sv -v R ( a, ay I [I, Ty .y)

tr- t -sv +l EEZy.2 R- ([1, T, a, y, cy)

Total tr ZEZy.
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very useful procedure for dealing with higher-way classification

schemes is to reparameterize the classification model and then to

develop the necessary sums of squares by means of linear contrasts.

This method is based on the results of Chapter 2 and uses the standard

statistical techniques for handling linear contrasts. An alternative

approach to higher-way classifications is to find the sums of squares

by the abbreviated Doolittle method. This approach will be compared

to the reparameterization method, and it will be shown that the two

procedures are equal.

Consider the partially balanced incomplete block design given

below, with t = 6, r = 4, k = 4, and b = 6.

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

1 2 3 4 5 6
4 5 6 1 2 3

2 3 1 5 6 4
5 6 4 2 3 1

Suppose a two-way classification is imposed on the blocks taking the

form,

1

Y2

0,2

2 1

2 1

where each cross-classification cell contains at least one block.

(Classification schemes with zero cells will be considered in Section
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3. 3.) Although the cell numbers are proportional in this example,

the following methods may be used for any classification with no zero

cells. In this case the proportionality results in more symmetric

solutions.

The model for this classification design may be written

(3. 4) y. 6. (11+T.-1-CL +y +Cl'y )ip/ 'pi p pi ipl

= 1,...,t; p = = 1,...,v

just as in Section 3. 2. 1. The only balance remaining in the design is

due to the fact that every treatment still occurs the same number of

times, or

EpE 6. = r = 4 .

Suppose the model in Equation (3.4) is reparameterized using

the cross-classifications as a basis for the new parameters. Then

(3. 5) y. = 6. (p.+7.,+4, ) + E
Ipi 1 pi ip/

where

13/
= a

P
+ + (aY)

Now the classification design may be represented as follows:

Blocks

1 1 4'12 4'2 1 4'22
1

5

4

6

2 3



Once the model is reparameterized, Equation (3. 5) may be

treated as a two-way layout with unequal subclass numbers, giving

R (11 T r=
1 1
Y

2

.. 780
-

[(Y1..
+y

4 )(Z8A
11

+58A
12

+60A
22

)

and

where

+ (y2.. +y 5.. )(58A
11

+28A
12

+60A
21)

+ (Y
3.

+Y
6.

)(26A
21

+26A
22

)]

1
+

780
[Y. .11 (112A

11
+7A

12+15AZ 1)

+
. 12

(7A
11

+112A
12

+15A
22)

+ Y 21(16A
11 +A 12+225AZ 1)

+ Y.22 (A
11

+16A 12+225A
)1

R(µ, T) = 1 E.Yr i..

A = Y. Y.Apt r 1 1p1 1..

The form for the analysis is given in Table 12.

Assume that the restrictions

E
P

a
P

= 0, Ely/ = 0, E
P

(ay)
104

= 0 = (cY)p.e

have been placed on the model. Then

411 + 4'12 4'21 -42 = 2(a
1-a 2)

51



Table 12. Analysis of variance for Model (3.7).

Source DF Sum of Squares

Full model

Ho:i = 0

Ho:a = 0

t+sv-1

sv-1

s-1

T, 41)

R(ipl II, )

R(a I = 5 (ki +4J4 11 12-4'21-422)
2

HO :y= 0 v-1

52

12(.114-.21- 12- )
213

R(y111,9-,a,cY) = ki) 4J 4'

Q2

13H : = 0 sv-s-v+1
0 R("11J"T'a'V) TO(4)11-i12:421+4)2 )

2

=
Q3

2Residual
Rtr-t-sv+1ZZZ -

Y1p1

Total tr EE ?

where

1 rgill = ',76L112A +7Al2-Fi5A21]
11

12 780 [7A
11

+112A +15A 22]

=
21 780 [16A

11
+A

12 +225A 21]

4,22 [A.11+16A
12 +225A 22]

1

ApQ = Y - Z.6. Y.
Y. r 1 1p/ 1..
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is a linear contrast which may be used to test H,,: The

= 0, wherehypothesis may be rewritten Ho: k112 = (4i
l +1l'12T

0

0 T
1

0

k =
0

and b
T

t

1
4'11

1 412

-1
4'21

-1
4'22

The sum of squares for testing this hypothesis is given by Searle

(1971) as

Q1 =
o

hq'

where G is a generalized inverse of XIX, and bo = GX'Y.

Then for Equation (3. 5), k'Gk = 4/5, and

i. A A A 2
Q1 = 5/4 (tli

11
+q,

12
-t1J

21
-11i22) .

The sums of squares for testing Flo:a = 0 and Ho:ay= 0 are

similarly found to be

13
Q2 12 4'11-4'124/j21

13
Q3 = 10 11

2

2
+422)
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Example B: Suppose the data from this experiment takes the

observed values given in Table 13. Then

Y... = 129 Y
1 1.= 19 Y = 82 All = 0..

Y
2

= 29 Y
2

= 47 Al2= -1.. .

Y3.. 1
= 26 Y = 73 A

21
= 3/2

Y4.. = 4 Y .. 2 = 56 A22 = -1/2

Y5.. = 22

Y6.. = 29

Using the general linear hypothesis approach, the following

adjusted sums of squares are found:

and

R(a 1 fr., T, y, ay) = . 20

T, a., cy) --- .64

R(CLYI T, a, = .23

The analysis of variance is given in Table 14 for both procedures.

Since both approaches yield the same results, the method to be used

for a given problem is purely a matter of choice.
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Table 13. A numerical example for a two-way classifica-
tion scheme with unequal cell numbers on a
PBIB design.

Classification
(p,i) Block

Treatment
Number

Observed
Value

(1,1) 1 1 5

4 1

2 7

5 5

5 5 6

2 7

6 7

3 7

(1,2) 4 4 1

1 4
5 5

2 8

6 6 7

3 6
4 1

1 5

(2,1) 2 2 7

5 6
3 7

6 8

(2,2) 3 3 6

6 7

1 5

4 1
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Table 14. Analysis of variance for Example B.

Source DF Sum of Squares

Full model 9 R(p" -r, LIJ) = R(11, T, a, Ni, ay) = 805.63

Ho: = 0 3 R411.1.3 -r) = R(ct, .y, ay I p., -r) = .88

H0:2 = 9 1 Q1 = R(a. I 11, T, .Y, aY) = . 20

HO Q2:1 = 0 1 = RNI Ii., T, CL, cy) = . 64

HO: ay = 0 1 Q3 = R(aylia, T, a, y) = . 23

Fitting II and T 6

Residual 15

T)

REEE

2
7, 4J)

= 804.75

= 3.37

Total 24 ZEZ 2
Yip/

= 809.00
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3.3. Missing Observations and Zero Cells

For a one-way classification scheme, the occurrence of zero

cells presents no real problems in analysis or interpretation since

those classification cells which receive no blocks are simply

eliminated from the model and are given no further consideration.

For a higher-way classification scheme however, it is often possible

to retrieve some information on the main effects, even if one or more

cross-classification cells are empty.

Suppose for a classification scheme with two classes,

a
P

+ + ay
pi

,

just as in Section 3.2.2. If each class contains two subclasses, then

the two-way cross-classification table is

where

11

Y2

al a
2

n11
r121

n12 n22

n
-e

= the number of observations in cell p .

13

For one zero cell, it is no longer possible to test for interaction

effects, and now
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The zero cell may of course be estimated in some manner, but one

degree of freedom is still lost.

Next suppose there are two empty cells in the two-way cross-

classification table. If a complete row is missing, then it is only

possible to test for a-effects. Similarly, if a complete column has no

block observations, the only test is for y-effects. If the opposite cor-

ners of the table are empty, it is not possible to separate the a-effects

from the y-effects, and the test Ho:a = 0 is equivalent to Ho:a = 0.

It is assumed that no classification scheme will have all zero

cells (Section 1.2. 3), and therefore the maximum possible number of

zero cells, say a, is sv-1. For the two-way table with two sub-

classes per classification, at most only three cells may be empty. If

this is the case however, no information on the classification effects

is available.

For a two-way classification scheme the above results may be

extended to include all possible numbers of subclasses for each class.

Consider the table

vi

Yz

Yv

al a
2

a

n11 n21 ns
I

n12 n22 n 2s

nlv n2v nsv



59

where

Let

and

Then

n = the number of blocks in each cross-classification
p

cell p x .

of = the number of zero cells in row / , = 1, , v

a = the number of zero cells in column p, p = 1, , s.

Zia/ = a = E a = the total number of zero cells.
P P

The following results hold for the table above:

(1) If of = s for any row 1', the row consists entirely of

zeros, and yf, is eliminated from the model. Likewise,

if a , = v, then a is dropped from consideration.

(2) If s-1 columns have all zero cells, then the a-effects

are not considered in the analysis. The y-effects however

may still be estimated. Similarly, if v-1 rows are all

zero, then the y-effects are eliminated.

(3) If a/1 < s-1 for any row 11, and
P

(ay)
Pi

= 0,

then there remains at least one interaction effect for

in the analysis. A similar result holds for a , < v-1.

(4) The classification analysis is redundant if only one cell is

non-zero.
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From the above discussion it is easy to see how zero cells

would affect the analyses of higher-way classification models. The

extensions are immediate and will not be given here.
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4. CONCLUSION

4. 1. Models with Both Classification and Block Effects

The use of a classification scheme on an incomplete block design

will allow the examination and interpretation of characteristics not

included in the original model. In some circumstances, however,

classification effects may appear in the same model with block effects.

Consider, for example, the model

(4. 1) yiq.f ni .
q./

(11+Ti
q(/ )

) + cici/

i = q = 1,...,v

lb/ b

where , T. and p
1

are the overall mean effect, the ith

treatment effect, the ith classification effect, and the effect for

the qth block nested in the ith classification, respectively.

Here n. indicates the number of time treatment i falls in block

q in class f . The error term ciqi is assumed to be normally

and independently distributed with mean zero and variance 62.

The model in Equation (4. 1) is a nested model, with blocks

nested in classifications, and is in fact the only meaningful represen-

tation of a model including both blocks and classifications. For

Model (4. 1) it is always true that



(4. 2) , y) = T, p) ,
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or in other words, that the regression sum of squares for the original

incomplete block model is not changed when classification effects are

added to the model. Therefore it is not possible to find the sum of

squares for classifications adjusted for blocks, or R(y11.1., Ti (3),

as this term is identically zero.

It is possible, in some cases, to find the sum of squares for

blocks adjusted for classifications, or R(Piii,T, y). Using Equation

(4. 2), this term may be written

(4. 3) R(p 'y) = T, (3, y) - T,

= T, 13) T, y) ,

and is the difference in the regression sums of squares for the

original model and the classification model. This difference was used

in Chapter 2 as an index of comparison for the two models. Now it is

apparent that for a one-way classification model, the right hand side

of Equation (4. 3) is also the adjusted block sum of squares. This

identity may be taken into account when using the classification proce-

dures discussed previously. Note that if the classification model and

the original model are equivalent, the difference given by Equation

(4. 3) is zero. Thus for equivalent models, there is no adjusted block

sum of squares.



Suppose a higher-way classification scheme is imposed on the

blocks of an incomplete block model. The nested model may be

written

= n (.1.+T.+a +p ) + Ei
yig(p.e) ig(pl ) 1 p 1 p/ q(pi ) q(p.e)

nig(p2)(4+-rii-ipp2 +pq(pi
))

+ sig(p.f)

where H. is the mean effect, Ti. is the ith treatment effect,

and

is the reparameterized effect for cross-classification p x

q(10.1)

classification p x 1 . Furthermore, nig(pi)

is the nested effect for the qth block in cross-

63

is the number of times

treatment i occurs in the qth block in cross-classification

p x 2. The number of blocks in each cross-classification is b
13/

where

ZP E.2 b =b;

and is assumed to be independently and normally distributed

with mean zero and variance n 2

Again

ig(pi)cr

T, p, = 13)

and the sum of squares for blocks adjusted for classifications is

R(pl T, 4,) = T, p) ,p)
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Thus the analysis of the nested model is dependent upon the analyses

of both the original model and the classification model.

4.2. Classification Anal sis and Covariance Anal sis

Suppose that the characteristic which is used to classify the

blocks of an incomplete block design is quantitative and is not affected

by the experiment. Then this characteristic may be used as a covari-

ate, and the blocks may be adjusted for its presence by using an

analysis of covariance.

Consider the following model

(4. 4) y.. = n..(p.+T.1 +p.+ax..) + C.,
13 13 j

where Ti, and pj are the effects for the general mean, the ith

treatment, and the jth block respectively. The covariate isis

a fixed quantity observed on every experimental unit. It is assumed

here that all cells have the same regression slope, a, and that the

error term is normally and independently distributed with mean zero

and variance n..cr
2.

13

Let the model in Equation (4. 4) refer to a PBIB design with

t = 6, r = 2, k = 4, and b = 3. Suppose the blocks are persons, and

the covariate is the age of each person. Further, let each observed

outcome, y.., be the rating which treatment i receives from

individual j. A sample outcome is presented in Table 15, and the
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covariance analysis is given in Table 16a.

Table 15. Numerical example of a PBIB design with one
covariate.

Trt Number Block X..
11

(Age Y.. (Ratings)
11

1 1 18 3

2 1 18 3

4 1 18 2

5 1 18 1

2 2 25 6

3 2 25 6
5 2 25 5

6 2 25 6
1 3 50 9

3 3 50 8
4 3 50 8

6 3 50 7

Table 16. Analysis of covariance for Table 15, with the
analysis of variance for the dependent variable.

Source DF Sum of Squares

16a Covariate Model
Full model 8

Fitting µ and. T 6

Covariate 1

Blocks (adj.) 2

Residual 4

Total

(3, a) = 413.17
R(p., T) = 363.00
R(alp.,T) = 38.00
R((3II.J., T1 a) = 12.17

2ZZy. - p, ) - 0.83
ij
2

12
Ylj

= 414.00

16b Model Without Covariate

Full model 8
Fitting la and. T 6
Blocks (adj.) 2

Residual 4

Total 12

R(µ, T, p) = 413.17
R(µ, T) = 363.00
R((3111,T) = 50.17

2
REZ

Yij
T) = 0.83

EZy.2 = 414.00
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The analysis in Table 16b is the analysis for Model I of a PBIB

design. If the ages are regarded as classifications, then not only is

the one-way classification model (Model II) equivalent to Model I,

but the classification analysis is identical to that given in Table 16b.

Thus R((1 11,T) = R(y1 , T), where the y-parameter represents the

age classification for Model II. Note that for both parts of Table 16,

the adjusted treatment sum of squares is the same. This result is to

be expected since the covariate (or classification effect) is related

solely to the blocks.

The classification analysis is, of course, changed if the ages

are grouped so that they fill fewer than b classes in the total

scheme. In this case, Model I and Model II would no longer be

equivalent.

The analysis of covariance, as indicated above, will provide,

under certain circumstances, an alternative method of examining the

influence of a classification effect. If the characteristic which is to

be treated as a covariate is quantitative and is invariant with respect

to the experimental procedure, then the analysis of covariance will

supply more precise information on the adjusted block sums of squares

than the classification analysis.

4.3. Other Areas of Research

The procedures discussed in this paper for classifying the blocks
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of an incomplete block model could also be used to classify the treat-

ments of the same design, with only a slight modification of the

process. It would be necessary, in this case, to revise the equations

presented in Chapters 2 and 3 by replacing block terms with treatment

terms and subsequently deriving the treatment sum of squares adjusted

for blocks.

Further study concerning the use of classification schemes

might focus on extending the analysis for one-way and n-way classifi-

cation schemes to any number of subclasses. These solutions should

be general enough to account for the possibility of missing interaction

and main effects in the n-way classification, and to include provisions

for confounded treatment and classification effects.

The analysis of a classification design will allow the examina-

tion and interpretation of effects which were not included in the

original model. By replacing the original incomplete block model with

a classification model, and then comparing the results of both analy-

ses, a greater understanding of the relationship between classifica-

tions and blocks is achieved. This paper has developed a theoretical

basis for classification analysis and has explained the relationship

between the usual incomplete block analysis and the corresponding

classification analysis for Models I and II. In addition, specific

formulas for obtaining the sums of squares in the analysis of variance

have been derived for various numbers of subclasses in the
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classification scheme. Finally, several alternative methods to the

classification procedure were presented, and it was shown that these

methods are in some cases only variations on the classification

method. In other cases, the alternative procedures may be shown to

be equal to the classification analysis.
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APPENDIX I

PARTIALLY BALANCED INCOMPLETE BLOCK DESIGNS

According to Bose, Clatworthy, and Shrikhande (1954), all known

PBIB designs may be divided into a small number of distinct types

with explicit association schemes. (An association scheme is not to

be confused with a classification scheme. ) The PBIB designs consid-

ered in this paper will be singular group divisible (GD) designs with

two associate classes. This limitation will permit the use of a general

solution to the normal equations, and will allow the comparison of

different models.

The model for a PBIB design may be written

y.. n. (µ +T. ±(3,) +E = . . . t; j = . . . b
13 13 1 3 1j

where Ti, and p. represent the effects for the general mean,

the ith treatment and the jth block respectively;

n., =
13

and

1 if the ith treatment occurs in the jth block,

0 otherwise ;

E.. NID(0, n, .cr
z

)
13 13

The following conditions will also hold for any PBIB design with two



associate classes:
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N = k = the number of treatments occurring in the
1 13 .3

jth block,

= N. r = the number of blocks in which the ith treatmentj 13 1.

occurs,

E.E.n.. = N.. = tr = bk = the total number of observations.
1 3

Any two treatments will either be first associates or second associ-

ates, and a given treatment will have n, ith associates, for

i = 1, 2. A pair of treatments which are first (second) associates will

occur together in X1 (X ) blocks. Therefore,

X.., = =
11 13 ij

if i =

if treatments i and are first associates

if treatments i and i' are second associates .

Certain relationships are known to hold for PBIB designs with two

associate classes. These are:

and

ni + n2 = t - 1,

n
1
X1 + n2X2 = r(k-1).

For any GD design, t = mn, which means that the treatments
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may be separated into m groups of n each (Bose, Clatworthy,

and Shrikhande; 1954). Furthermore, any pair of treatments occur-

ring in the same group will be first associates, while two treatments

from different groups will be second associates. Therefore,

and

n1 = n 1,

n = n(m - 1),

rk - Alt = n(X. -X
2

) .

Finally, for the GD design to be singular, it must be true that r = X1.

The least squares analysis of the PBIB model results in the

following normal equations:

where,

and

Y.. = N.. µ + rZ.T. + kZ.P.
1 1 J J

t, n
Y. = rp. + rT. + E.n..P.

1. 1 3 13 3

kY= p. + E.n..T. + kP. ,
1 13 1 3

Y.. = Z.Z.n..y.. ,
1 3 13 13

Y. =
1.

.n..y..
J 13

= E.1 n..y.. .
13 13

Using the relationships given previously, and the constraints
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A
E.T. = 0,

1 1
= 0,

the solutions to the normal equations take on a general closed form

where,

/\ 1

= tr Y..

A 1 1T. = Y. Z.,(X -X...,)Y.,r r kr-n(Xi-X ) 2 ii .

1

[kr-n( -X2)]X. j

1 1
- ...Y.

j k .j tr Enkr i.

1
, .EE ,n..(X -A.. )Y.kr[kr-n(X 1-A2)] i 2' 11 1

1 ZZ n n Y
k[kr-n(X.

1
-X2)]

. j' ij . jI

Then the reduction in the sum of squares due to fitting the full model

is

1 Z 1R(P., T, 13) = Z.Y. E.(Z.n..Y. )r r[kr-n(X.
1

-X2)] 3

1 .2 1 1+ )E.Z,n..Y. Y
"4j I j [kr -n(X

1
-X2)] kr 3 13 .

1 Z..,E.n..X..,Y.,kr[kr-n(X.1-X2)] 1.3
Y

j

1 .2+
k[kr -n(X.1 -X2)] Z.(Z.n.

13
Y

.
,)

The analysis of variance table for fixed effects is given below.



Analysis of Variance for PBIB Design with Fixed. Effects

Source DF Sum of Squares Expected Mean Square

1Full model t+b-1 RGL,T, p) ftril 2+rE.T.2+kE.P.2+2E. E.n..T. P.+(t+b- 1)o- z)
}t+b1 jj 131313

F10:13 = 0 b - 1 R(p 1 p., T) b11 IkZjpj
2

+2E. Z .n..T .1133 .+(b - 1)o-2}1313

Reduced model t R (µ, T) {trp.2+rZ.-1-2+tcr2}

Residual tr -t -b +l ZZy.. - p) 0-2

2Total tr EZy.
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(1)

APPENDIX II

DOUBLY-BALANCED INCOMPLETE BLOCK DESIGNS

Consider the following model for a DBIB design

= n,(1+T+3.+Ena,) +
ij

i,i' = 1,...,t; j = 1,...,b

where .0 represents the effect for the overall mean,

ith treatment effect, and R.
3

T,
1

is the

the jth block effect. Here

is the effect of treatment i on the plot receiving treatment

when both occur in the same block. Then it will be assumed that

= . The term n.. is an indicator variable taking the
11 1 1 13

values zero and one, where

n..
13

if the ith treatment occurs in the jth block

otherwise .

It is further assumed that

C.. - NID(0, n. cr
2)

.
13

The following equations hold for the DBIB design:
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Z.n. = N = k = the number of treatments occurring in the
1 1j

jth block,

= N. = r = the number of blocks in which the ith treatment
3 13 1.

appears,

E.E,n. = N.. = tr = bk = the total number of observations,
1 3 ij

E.n..n!. = X = the number of times the ith and ilth treatments occur
3 13 13

in the same block, i ,

= the number of times each triplet of treatments occurs in
3 13 13 13

the same block, i I J., I .

The following relationships will be useful in the analysis of DBIB

designs:

n = k(k-1),1 17 i3

r(k-1) X(t-1)

X(k-2) = 6(t-2).

Equation (2) is easily derivable. Explanations of (3) and (4) are given

in Calvin (1954).

For the least squares analysis, the following constraints will be

placed on the solutions of the normal equations to simplify the calcu-

lations:
A A

E.T. = 0, E,13. = 0, E,, a. = 0 .
1 1 3 3
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(Note that these constraints are not necessarily the same restrictions

which are placed on the parameters of the model, and the two forms

of limitation should not be confused. ) The resulting normal equations

are:

where

and

Y.. =
A A

Y. = r1.1+ rT. + Z.n..p,
1. 1 3 13 3

A
Y . + E.n..T.

. 1 13 1

A A
A.., = X(T.-T.,) +

11 1 11

Y.. = Z.Z,n.1.y..
1 3 13

Y. = ,
1. 3 13

Y . = Z.n..y.. ,
.3 1 13 13

A.., = Z.n..n!.(y..-y!.)
11 j 1.3 13 13 13

The solutions to the normal equations are found in the same manner

as for other incomplete block designs with some balance, and are as

follows:

N 1
P. = tr Y.

Ti . Zj n.13 .Y .]r(k-1)+X [Y1. k . 3
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1
P. - ..

k Y.
j tr y[r(k- 1)+X.] ZirlijYi. k[r(k- 1)+X] ZiZjinijniP Y. j'

i.
(n

3

1 Xk X

i
aH= (Y. -Y.1 , ) + z.y- . -n!,

I 2(X-8) 1r(k-1)+X . . (k- 1)+X 3 . j 13
)}

Note that

and

E.,.1 A.., = Xt-r. = [kY. - .] ,
1 1. 3 13 .3

.1

The reduction in the sum of squares for fitting the full model is

then, after rearrangement,

2k k v2 2k 2
R(p.,T313, a) = ikt t(k_6) ETK7t

+ Y
21 Z3 + [ -

X.1
] Z 13

Y.(Z.n.. .)
2

k j kkt t(-6) . 3

A2
2(X-6)

The analysis of variance for testing block effects is given in the fol-

lowing table, where the sum of squares for the reduced model is

T, a X 2 2Y. +r(X-r) X-r A.., X-r

2-r5)
12 A2

2X(X -r)(X.- 5) 2X(X-r) EiZif
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Source DF Sum of Squares

(t-2))Full model t+b+ (t--12 -2 R(µ, T, p, a)

Ho: Si = 0 b -1 R031 I-1, T) a)

(t-2))Reduced model t+ (t-12 - 1 R(µ, -r, a)

)4-2)Residual tr-t-b- (t-1 + 2 EZy. - R(11,T,p,a)

Total tr EZy2


