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ABSTRACT

A non-linear, parabolic type, mathematical model is presented,
simulating the movement of an organophosphate insecticide, Vapona,
in plasticized polyvinyl chloride (PVC). The molecular transport of
diffusant in the polymer matrix and its subsequent desorption from
the surface have been characterized in terms of the integral rate
coefficient for diffusion and surface transport respectively. Results
of desorption measurements show the Vapona-PVC system to be Fickian
with rate coefficients that vary exponentially with diffusant concentra-
tion. Experimental results are discussed and compared with those pre-
dicted from calculations on the mathematical model.
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INTRODUCTION

Much of the vast amount of literature dealing with the process of

molecular transport, governed by activated diffusion in homogeneous

polymers, has been brought together and reviewed by Li et al. (1966),

Lebovits (1966), and Rickles (1966). More recently, a valuable

reference work has been compiled and edited by Crank and Park (1968),

which summarizes our present-day knowledge of the mechanistic
.	 .

theories and laws that govern permeation and diffusion in polymeric

materials. This volume also provides a comprehensive review of the

methods that have been developed for measuring permeabilities,

solubility, and diffusion rate coefficients, as well as discussions of

the various computational methods that have been proposed for the

handling of the basic experimental data.

The permeation and rates of diffusion of simple gases, vapors,

and more recently, of liquids, in and through polymeric materials,

have been the subject of increasingly intensive investigation since

about 1960.	 The growing number of available plastics and synthetic

elastomers has spurred a search for new applications, as well as a

closer look at the basic diffusion phenomenon.

In recent years, one such area of interest has been in the

development and application of pesticidal formulations of polymers.

In general, all such formulations consist of some biologically active



chemical (e. g. --an insecticide, rodenticide, larvicide, anti-foulant,

etc. ) impregnated or dispersed in solid solution in a polymeric

material. The primary function of the polymer in these formulations

is to provide an inert matrix for the slow, continuous and controlled

release of the pesticide over extended periods of time. In the case

of volatile or chemically unstable insecticides, such as the

organophosphates, another, and perhaps more important, function of

the polymer is to stabilize the pesticide against volatilization as well

as to protect it from environmental degradation (primarily through

pathways of oxidation and hydrolysis).

Perhaps the most commonly encountered examples of insecticide-

polymer formulations are the now-familiar "fly-strips" used for

control of flying insects in enclosed areas, and the plastic "flea-

collar" for domestic pets. These materials consist of Vapona, a

technical grade of the organophosphate insecticide, dichlorvos (DDVP),

dissolved in a slow-release polymer matrix of plasticized polyvinyl

chloride (PVC).

Some time ago, a study was undertaken in our laboratories to

investigate the pesticide-release properties of PVC formulations

containing Vapona, as well as a large number of other organophosphate-

PVC systems. The rate at which such formulations release a pesticide

is determined by the rate of transport, or diffusion, of the pesticide to

the polymer surface, and its subsequent desorption from the surface.
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A knowledge of these release rates is, therefore, of considerable

practical importance, both from the standpoint of in-service effec-

tiveness and from considerations of safety. In addition to the practical

aspects of such a study, it was felt that considerable insight could be

gained concerning the basic mechanisms involved in the diffusion of

organic species of much larger molecular size and weight than those

heretofore studied in polymer systems.

To provide a theoretical basis for such a study, we have

constructed a mathematical model to describe the concentration

dependent diffusion and desorption of large organic molecules in a

polymer above its glass transition temperature. In the section that

follows, the model is developed, in its most general form, for the

single space-variable case (one dimensional diffusion), and then

expanded to two and even three space variables. We then consider a

particular application of the model to the Vapona-PVC system and

show the methods used to obtain the basic constants that characterize

a particular penetrant-polymer system.
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THEORY

Consider the finite slab of plastic material suspended in free

space as shown in Figure 1.

At time t = 0 we have a uniform initial distribution of chemi-

cal in the slab. i. e. ;

c(x, y, z, 0) = c o , (co < solubility concentration), Dom c, t = 0

where

Dom c = {(x,y,z)}1 -L < x <+ L , -L < y <+L , -L < z < +L }x— — x y— — y z— — z

(1)

and where c is the chemical concentration of the diffusant in the

plastic material. We shall first develop the model, simulating the

mass loss as a function of time, in terms of a single space variable.

Then, we will use the information gained by the simple model to

predict losses from the full three dimensional (space) configuration.

The assumption involved in this procedure is that the plastic material

is considered uniform in its chemical and physical properties.

Single Space Variable Case 

In view of the preceding assumption, we have the initial

distribution of chemical given as

c(x, 0) = c	 -L < x < +L , t= 0,o	 x — — x

in the simple slab. Let us assume that there is no flux of chemical

from any surface except the surfaces x = +L 	 (face c) and x = -L xx 
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The no flux condition (on the other faces) corresponds to an insulated

condition in heat conduction phenomenon. We assume that the slab

hangs in air at a temperature of about 25°C. While gases are

isotropic and diffusion of a substance is characterized by a single

parameter, D
o , diffusion in solids is generally a function of con-

centration. For non-steady state diffusion in membranes the coeffi-

cient has been shown by Crank (1967), to be De yc
 , where D0	 0

and y are positive real constants; thus, the flux of the diffusant

arriving at the planes x = +L	 and x = -L 
x will bex 

yc ac-D e
o ax

x=±Lx

The flux of a substance from a surface into a gas, which is

streaming at low Reynolds numbers, and possessing constant fluid

properties, has been related to the gas concentration driving force

by the film transfer coefficient,

kG(ps-pco)

the partial pressure far from the surface, 'Doc , is essentially zero.

The partial pressure at the surface, ps, is a function of its equi-

librium surface concentration, c	 or c at x ±L 
x In thes 

case of desorption this may be an exponential function. Recognizing

that transport properties of many fluids change as the composition

varies through the boundary layer, a property ratio scheme has been

successfully used to show that the analogous film transfer coefficient
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may also have an exponential concentration dependency (Kays, 1966).

To account for the concentration dependency, the flux of the diffusant

leaving the planes x = +L	 and x = -Lx
 will be defined by

x 

ac
ko

e
x=±L

where k	 and a are real constants. Note that D 0 
and k

0 

correspond to the diffusion coefficient and mass transfer coefficient

respectively when the constants are concentration independent,	 e. ,

for low concentrations. Thus, we arrive at the boundary condition

-De .Yc cx	
= oe

CLC 
c

o  x=±Lx
	x=±Lx

	(2)

The assumption is made that for all values of time t > 0,

there exists no chemical gradient at the geometrical center of the

rectangular parallelopiped shown in Figure 1. Hence, this immedi-

ately gives the condition

	

c (0, t) = 0,	 t >
	

(3)x—

Finally, we assume that for all t > 0, and -Lx <x < Lx,

the chemical distribution in the plastic material is governed by Fick's

second law

(Doe 
c c ) = c .

	

x x	 t

Equation (4) is a non-linear parabolic type partial differential equation.

In some cases it may not be possible to actually section up the

(4)
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slab at any point in time and obtain experimental verification of the

concentration distribution c(x, t). However, it is usually quite easy

to measure the mass loss of chemical from the plastic matrix.

. Therefore, define x (t) as the relative mass loss as a function of

time.

1	 L
X (t) = 1 - — x r1(x, t)dx,

x 0

where 1(x, t) = c(x,t)/c o . Note that the integral in equation (5)

extends only over one-half thickness of the slab. That this should be

is immediately seen from consideration of symmetry in the plane

x = 0. Any phenomenon found in the half-slab 0 < x < +L willx 

also be found to be true, by reflection in x = 0, in -L < x < 0.
x— 

In view of the fact that equations (2) and (4) are non-linear (and

rather badly so at that) we solved this system of equations numeri-

cally; but, first let us now summarize the model system.

We have the non-linear P. D. E. system

(i)

(ii)

(iii)

(Doe Vc cx )x

c	 (0, t) =

-Do e Vc cx

= ct'	 t > 0,

0,	 t > 0,

ac
= ko e	 c

x=Lx

0 < x < Lx ,

t > 0,
x= Lx

(6)

(iv) c(x, 0) = c,	 0 < x < Lo — — x

where a, y, Do , and ko are real, positive constants. Assume

(5)

8



that c E Q4 ' 2{(0 < x < Lx) X (0 < t < T)}, T‹ Co. It can be shown

that the equation system (6) possesses a unique, /
2 stable, solu-

tion. The proof of this fact stems from the work of Douglas and Jones

(1963), and the maximum principle of parabolic type partial differen-

tial equations.

The method of solution of equation system (6) is that of Crank

and Nicolson (1947) time centered finite differences. Since in equa-

tion (6,i), c is C4,2, by assumption on the so given domain of

definition, and c is continuous on the closure of the domain, we

have,

-yc
c	 D	  ct - y(cx) 2
xx	 0

for the P. D. E. that we wish to solve subject to the boundary and

initial conditions listed in equations (6, ii)-(6, iv) inclusive. We use

time centered differences exclusively.

Define
2 n	 1 t n _2nn

(i) A xc 2
c
 i-1 c+ci+1

Ax

n	 1	 n+1
(ii) A (c ) = —	 -

t+	 At

(iii) xc
n = 1	 nic.	 -c.2Ax 1+1 11

where n is the running index on time, i. e. , t = nAt, and i is

the running index on space	 e., x = iLx, i = 1, 2, 3...L,

(7)

(8)
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LxAx=	 n = 0, 1, 2.	 ,

Observe then that

At > 0.

c	 = F(cc , c ), wherexx	 t x

e-NcF(c, c , c )	
D=	

ct - y(cxt x	 0

ar.a	 )1

respectively, Douglas and Jones (1963) show that the C. N. F. D.

together with the boundary and initial conditions listed below, is

unconditionally / 2
 stable with

0(,6x
2
+At

2
)

as the global error estimate at any space-time step. The boundary

conditions are approximated as follows

(6ii)	 3cn+1 
- 4cn+1 + cn+1 

= 01	 2

and

-Do ycn

	

Ln+1 -4cn+1 3cL
	 ac

x e	 c	
ko 

L cL2A L-2	 L-1	 L	 = e

The initial condition (6iv)	 = 1, i = 0,1, 2...L.

Observe that the system of equations thus formed, Equations

(10), (12), and (13), is tri-diagonal. Hence, the Thomas algorithm

(Thomas, 1949) is the natural route to proceed. Once the complete

(9)

Since

approximation

1 2 n+1 n— A x (c	 +c ) = F(cn ,	 5 n
2	 ),

t+'

exists and is continuous for all 3( • ), ( ' ) = c, c , c

(10)

(11)

(12)

(13)
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series

n+1
X
	 is computed using the smallest degree Newton-Cotes quadra-

ture formula (Hildebrand, 1956) which will maintain 0(Ax
2

+ At
2

)

at any time step n (Appendix C). Note that xn+1 is just a dis-

cretized version of equation (5). Tables of values of x = X(t) are

displayed and discussed in the results section.

Two Space Variable Approximation 

It is supposed, the plastic medium being homogeneous through-

out, that the information on the values of D , k , a, and y gainedo o

from the single space variable case can be used directly in the more

realistic case of four or even all six faces open as would be seen in

Figures 1 and 2 if the boundary splints were removed. In an

analogous argument with the single space variable case we summarize

the 2-space variable approximation to the full 3-dimensional mass

loss problem as follows

(i) (D e •Yc c ) + (D eYc c ) = c
o	 x x	 o	 y y

0 <x<L , 0 <y<Ly

t > 0,

(ii) cx (0, y, t) = c (x, 0, t) = 0,	 t > 0,

0 < y < L and 0 < x < L	 respectively,y	 x 

(iii) -Decco x= Lx

= k eac
 c0 x=Lx

,	 t > 0,	 (14)

Icri+1 1,	 0, 1, 2. L, any n, has been determined then
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0 < y < L ,

-Do e .Yc c	 = ko e lac cl	 t > 0,
y=L	 y=L

0 < x < Lx ,

(iv) c(x,y,0)=c0, 0 <x<L , 0 <y<L— — x

As before we assume

c is e2,1 {Q} and c is C{5}

where

Q {(x, y, t) I 0 < x < Lx , 0 <y <Lt , t > 0}

Q = Q v {x = 0, L; y = 0, L ; t = 0} .x 

Lastly, we have the relative mass loss now given by

X (t) = 1 - L L
1 	 ('	 x ri(x, y, t)dxdy
x y 0	 0

where

Ti(x, y, t) = c(x, y, t) /c o•

Equation system (14) is replaced by a time centered difference scheme

as was done in the first part. The solution method then used is that

of either Weinstein, Stone and Kwan (1969) or the scheme proposed in

Appendix A. Both methods give essentially the same results for this

particular problem. Once a set of discretized c(x, y, t) are known

for t = (n+1)At, n an integer, then a discretized version of

(15)
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n+1
equation (15) is used to compute X	 • The multiple dimension

Newton-Cotes formula used (Appendix C) must maintain 0(ist
2

)

accuracy. We found a two dimensional Simpson's analogue to be

satisfactory (Arahamowitz and Stegun, 1965). Tables of X = X(t)

values are given in the results section.
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EXPERIMENTAL

Materials 

Vapona, a technical grade (93% w/w) of the highly insecticidal

organophosphate ester, dichlorvos[2,2-dichlorovinyl dimethyl phos-

phate (DDVP)], was obtained from the Shell Chemical Co. Polyvinyl

chloride (PVC) plastisols were prepared from homopolymer resins

supplied by Diamond Shamrock Chemical Co.: Diamond PVC-7502,

a high-molecular weight dispersion resin, and Diamond PVC-744L,

a medium-molecular weight extender resin used for viscosity control.

The plasticizers were Flexol DOP, di(2-ethylhexyl)

phthalate, from Union Carbide, and Plastoflex OTE, epoxidized octyl

tallate, from the Advance Division of Carlisle Chemical Works.

Advastab BC-109, a liquid Ba-Cd-Zn heat and light stabilizer from

Advance Division, also was included in the formulation.

Plastisol Formulation 

The PVC plastisol was prepared containing dispersion and

extender resins in the ratio of 70 to 30 parts by weight. DOP, OTE,

and BC-109 were in ratios of 41:5:2 based on 100 parts by weight of

total resin. A variable speed laboratory stirrer was used to disperse

the resins in the previously combined liquid plasticizers and stabilizer

components. After thorough mixing of formulation ingredients, the

plastisol was transferred to a 500 ml. Erlenmeyer flask and
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completely de-aerated using a Rinco rotary-vacuum evaporator.

Vapona-PVC formulations containing 0, 5, 10, 15 and 20% (w/w)

Vapona were prepared by mixing carefully with portions of the

de-aerated plastisol in separate vessels.

Sample Preparation 

Samples of fixed rectangular dimensions (2 1/2 inches x

1/2 inch x 1/8 inch) were obtained by casting in individual thin-

walled, machined aluminum molds. Each mold was provided with a

firmly clamped glass microscope-slide cover to insure uniform

sample thickness, as well as to minimize volatiles lost during the

heating-fusion-cooling cycle. Samples were fused to a clear cohesive

solid by heating to 180°C in a forced-convection oven, removed from

the oven, and allowed to air cool to room temperature.

Desorption Measurements

The usual practice of studying the kinetics of absorption, as

well as desorption, was found impractical for the present studies.

The low vapor pressure of the permeant (0. 032 mm Hg at 32°C for

Vapona) would make it extremely difficult (if not impossible) to

maintain a constant surface concentration or to study the desired

range of permeant concentrations employing absorption techniques.

In addition, it was our desire to study and describe an actual in-use

system (i. e. --release of pesticide into an air barrier). Therefore,

15



all experimental runs are desorption isotherms (25°C) under

atmospheric conditions. It is noted that the proposed model in-

cludes the necessary surface transport terms (k	 and a) ando

boundary conditions needed to describe the above conditions.

Although mathematical solutions of Fick's equations for diffu-

sion in three dimensions are possible, they are usually avoided in

favor of the much simpler case of diffusion in one direction only,

e. , the directions normal to the large planar sample surfaces.

Experimentally, this condition of uni-directional diffusion is approxi-

mated by the use of very thin films or sheets of polymer for sorption

studies.

A complication in the present study was introduced by a desire

to investigate the desorption behavior of the Vapona-PVC system over

an extended period of time, e. , in the order of weeks and even

months. This necessitated the use of samples of appreciable thickness.

Diffusion to, and consequent desorption from, the edge surfaces of

such a sample could no longer be ignored and it was neces-

sary to devise a means of restricting diffusion to one dimension only.

This was accomplished by fitting each sample with a set of machined

aluminum surface-barrier splints (A) as illustrated in Figure 2.

Rubber bands (B) were used to hold the splints firmly against the edge

surfaces of the sample, thus allowing desorption to take place only

from the large open faces (C).
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The initial weight of each sample was determined immediately

after its removal from the mold. Samples were then fitted with bar-

rier splints, reweighed, and hung in a controlled environment chamber

set at 25 ± 0. 5°C. Desorption data for PVC samples containing 0, 5,

10, 15 and 20% (w/w) Vapona were obtained by measuring weight loss

on a Metier analytical balance (±0. 02 mg) at one day (24 hr ) intervals

during the initial four days of desorption. Weighing intervals were

then lengthened to two, then three, days until day twenty; thereafter,

weight loss was recorded at five-day intervals.

It was recognized early in this study that the gross weight loss

(as obtained above) represented not only the loss of Vapona, but also

lesser amounts of the other components of the formulation, i. e. ,

DOP, OTE and BC-109. The purpose then of the blank sample (sample

containing no Vapona) was to enable a better approximation of the

actual Vapona mass loss. These approximations probably represent

the greatest source of experimental error since we were unable to

adequately account for the plasticizing effect of the Vapona itself on

the migration of the other formulation components.

An example is shown in Table 1 of the steps involved in the

correction and calculation of the relative mass loss, x (t), defined

as the ratio of the corrected cumulative Vapona mass loss, M(t),

to the initial mass of Vapona in the sample, M .
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RESULTS AND DISCUSSION

Single Space-Variable Cases 

Fujita (1968) has summarized the general sorption features that

are characteristic of Fickian, or "normal, " diffusion of organic

vapors well above T , the glass transition temperature of the
g

polymer. It should be mentioned that, although the T	 of
g

unplasticized PVC is approximately 79°C (McKinney, 1965), a formu-

lation containing plasticizer (DOP plus OTE) and resin in the weight-

ratio of 30:70 (e.g. --the blank sample) has been shown to exhibit a

T z 10°C (Immergut and Mark, 1965). In addition, the T 	 ofgg

the polymer is depressed increasingly lower with increasing Vapona

concentration. All samples in this study are at least 15° above their

respective T 's, therefore,Fickian behavior was expected. Since

Vapona is a relatively efficient plasticizer for PVC (as are the

organophosphate esters in general) the resulting high degree of

penetrant-polymer interaction should also be reflected in a diffusion

coefficient that is concentration dependent.

Reduced desorption curves for the Vapona-PVC system (25° C)

at four penetrant concentrations are shown in Figure 3. In all cases,

plots of the relative mass loss	 (t) exp against the square-foot of

time are linear up to at least X (t)
exp = 0.4 and exhibit slopes that

increase with increasing Vapona concentration. These sorption
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characteristics are consistent with Fickian diffusion (governed by a

concentration-dependent diffusion coefficient) that has been observed

in many polymer-organic penetrant systems well above T 	 (e.g.,
g

Prager and Long, 1951; Hayes and Park, 1956).

The functional relationships between D(c), k(c), and the

penetrant concentration were determined in the following manner.

Initial estimates of D(c), the integral diffusion coefficient (desorp-

tion), and k(c), the integral transport coefficient (desorption),

were obtained from the asymptotic time approximation (first six days

only) of equation (6) with D assumed constant (see Appendix B).

34). Semi-logarithmic plots of D(c) versus c (Figure 4) were

cylinear and follow the relationships D(c) = De 	 and k(c) = keac,o	 o

in agreement with the exponential concentration dependence of D(c)

observed, for example, by Prager and Long (1951) and McCall and

Slichter (1958).

In contrast to the findings of Hansen (1967), we observed no

flattening of the exponential concentration dependence of the diffusion

coefficient even at the highest concentrations studied. As indicated

above, an exponential dependence (but of greater magnitude) was also

noted for k(c) (see Figure 4).

It should be mentioned that when D(c) was plotted according

to the linear relationship as suggested by Hayes and Park (1956),

D(c) = Do (l+K c), K a real constant,
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the resulting curve was approximately linear only for c < 0.1 (10%).

This is in agreement with the findings of Aitken and Barer (1955) and

Frensdorff (1964) who have noted that the exponential and linear

relationships for D(c) become identical at low penetrant concentra-

tions. In contrast, a linear representation of k(c) seemed to be

valid only at very low concentrations (c < 0. 05), thus indicating

that an increase in concentration has a much stronger effect on the

surface transport coefficient.

Initial estimates of D , k , y and a, therefore, were obtainedo o

from the intercepts and slopes of curves la and 2a as shown in Figure

4. This method of obtaining Do (i. e . --extrapolation of log D(c) to

zero penetrant concentration) was felt valid for the present study since

the Vapona-PVC system is well above T , even at zero penetrant

concentration. Having obtained the initial estimates, final values of

D , k , y and a were calculated using a slightly modified version ofo o

Eakman's (1969) technique (again using the first six days only), on the

system of equations (6) (see Appendix B for initial estimates method).

Initial estimates and final values of D(c), k(c), D, k o , y ando 

a are summarized in Table 2. We also note in passing that the abso-

lute values of D
o and y are of the same order of magnitude as

those found for diffusion of fairly large hydrocarbons in polypropylene

(Long, 1965) and polyisobutylene (Prager and Long, 1951), two other

polymers that are elastomeric at room temperature.
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Having thus obtained final values for the important constants

D , k , -y and a, we may now calculate from equation (6) theo o

concentration distribution in the slab and the theoretical relative mass

loss, X (t)	 ,th at various values of time for each of the four penetrant

concentrations. The results of these calculations are presented in

Table 3 for comparison with the corresponding, experimentally deter-

mined values of x (t)exp. It is obvious, from the comparison of

X (t ) exp with x (t) th at any given value of time, that a nearly identi-

cal set of desorption curves is obtained. As noted earlier in this

section, only short-time values (first six days only) of x 
(t)exp were

used to obtain the initial estimates as well as the final values of D
o ,

k , y and a. Therefore, each of the x (t) columns shown in Table 3th

represents, in itself, a test of the predictive ability of the proposed

model. Although the data presented above cover only the first fifty

days of desorption, it has been verified experimentally that the model

continues to successfully predict values of x (t) 	 outout to 4t leastex 

day 100 (at which time, mass loss measurements were terminated).

We found it both interesting and informative to observe the

curves (Figure 5) of the theoretical predictions that would be obtained

by allowing the D and k to assume the functional forms shown in

Table 4. In curve 1, which has a constant D and k for all c(x, t),

we see the linear model prediction for the initial concentration

c = 20%. Curve 2 is the non-linear model prediction (c 
0 = 20%)0 
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which allows D and k to vary exponentially with c, (c = c(x, t)).

This curve is drawn from data in Table 3 , (co = 20%). In curve 3 we

observe the effect again of choosing D and k constants and indeed

equal to D	 and k 
0 for all c(x, t). Curves (1) and (3) are0 

formally the Fourier Series solutions to the linear (concentration

independent) system obtained by allowing D and k to be constant

(Crank, 1967).

All attempts to find a suitable combination of D and k (both

constants) to use in a linear model failed because either the fit was

good for short time values and very poor for long times or conversely.

Attempts to fit a D and k using the linear model at values of

X (t) exp 1/2 proved to give very bad results of x (t)exp for

t = 0 and t > 100 days. This analysis is to be expected though in

view of Figure 3 and the very clear coefficient dependence, the reduced

curves show (slopes especially), on the concentration of the penetrant

chemical.

We mention briefly that based upon the non-linear model

(c = 20%), X (t) th = . 74	 t = 100 days and x (t) th = . 87 at

t = 200 days, which clearly shows that even after one-half year, the

20% initial slab still has 13% of its initial mass remaining.

Higher Dimension Cases 

Here, as in the single space variable case, relative mass loss

values for the Vapona-PVC system (25°C) at three penetrant

30



concentrations are shown in Table 5. All six faces are now open and

are fluxing chemical outward. We note there that the two smallest

end faces (see Figure 2), area wise, constitute only about 4% of the

total surface area of the rectangular slab of plastic material. The

X (t) th
 were computed using the two smallest half-thicknesses and

the Do, -y, ko , and a final values obtained from the single space

variable model.

Though the x (t) 	 shownshown in Table 5 are calculated exactlyex 

as those shown previously (see Table 1, etc. ), and x (t)th is now

the two dimensional approximation of the three space variable system

(all six faces open), it is interesting to observe the close agreement

as shown in Table 5, for threebetween x (t)ex	 and x (t) th'p 

initial penetrant concentrations. Observe that all the X (t) th are

slightly less than X (t) exp We feel that the major part of this differ-

ence is due to the small but measurable flux of Vapona out of the two

smallest faces which we have neglected in the approximation x (t) th .
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Nomenclature

c(x,y, z, t) = concentration of diffusant within the plastic medium

c o

Do

Y

ko

x = ±L
x

y = +Ly

z = ±Lz

X (t)exp

X (t)th

= initial chemical concentration

= diffusion coefficient of penetrant (Vapona) in the polymer

as c — low concentration (constant for a given formula-

tion)

= formulation constant. Note: This constant is not only

formulation dependent but is temperature dependent as

well.

= transport coefficient of penetrant (Vapona) at the polymer

--air interface as c — low concentration (constant for a

given formulation)

= surface constant. Note: This constantis formulation

and temperature dependent as well as reflecting the

gross (macroscopic average) quantum mechanical fea-

tures of the surface-air interface

= bounding planes

= bounding planes

= bounding planes

= relative mass loss (experimental data)

= relative mass loss (computer calculated)
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C2,1{
= twice continuously differentiable w. r. t. the first vari-

able and once w. r. t. the second on { }, whatever the

domain of definition { } may be

C = continuous in all variables on { }

O( )	 = heaviside big 0 notation

kG	= film transfer coefficient

= partial pressure of gas phase chemical close to the solidPs
surface (fluxing surface)

Poo	 = partial pressure of gas phase chemical far away from

the fluxing surface

M	 = initial mass of Vapona in plastic matrixo 
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Figures

Figure 1. Experimental sample showing barrier splints and 2 large

open faces.

Figure 2. Schematic diagram of geometry used in experimental

model.

Figure 3. One dimensional desorption of Vapona out of the plastic

matrix at four initial concentrations, co .

Figure 4. Plot of D and k vs c for initial estimates (la), (2a)

and final values (lb), (2b).

Figure 5. Plots of x (t) th for

(1) D and k constants defined in the text

(2) D = Doe .‘ic and k = koeac , co
 = 20% used

(3) D = D and k = k , both constants.
0 
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APPENDIX A

In the case of higher space dimensions (ei. 2) we have the

system of equations to solve, (two dimensions)

	

2 2	 e-Yc 
(i)	 c	 + c	 + y(c +c ) = D ct ,XX yy	 x y

0

0<x<L, 0<y<L, t>0,x 

(ii)	 cx (0, y, t) = c (x, 0, t) = 0,	 t > 0,

0 < y < L , 0 < x < L	 re spectively,y	 x 

(iii)	 (a) -Do e Y cx 
lx=Lx 

= ko e CIC c
x=Lx

t > 0

(b) -D e lc c	 = keaccl
Yly,L	 y=Ly

(iv)	 c(x, y, 0) = co ,	 0 < x < L , 0<y‹L— — x

where all the coefficients are as previously defined.

Assume

c(x, y, t) = co X(x, t)Y(y, t),

then upon substitution of this product into equation (A. li) yields

-yco XY

	

X Y + XY + yc (X2 Y2 +X2 
Y2 ) = e D
	 (XY +X Y).XX	 YY	 o x	
o	 t t

Define,
- ycoXY

(i)	 X +	 X
2	1Y = — e

XX	 o x	 Do	Xt

(A. 2)

(A. 1)

- ycoXY
(ii)	 Y + yc XY

2
 = —

1 
e

YY	 o y Do	Yt
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It is immediately seen that by multiplying equation (A. 2i) by Y and

equation (A. 2ii) by X and then adding the two products together that

we obtain the preceding equation. The reason for this product solution

attempt will become clear as we proceed. Let us replace the domain

Q as defined earlier for the two space variable problem by the lattice.

Q	 = fiLx, j,6y,meNt; i = 0,1, 2... L, j = 0, 1, 2... LL, n = 1, 2,3...1lat

L xx = — , AY - LL •

Replace the continuous system (A. 1) by the discrete approximation

C. N. F. D. S. (time centered) as was done for the one space variable

problem. The following system is obtained

(i) (a)	 1 {Xi-1
	 +1+)(.11+1+xn 2X11 n. +X. }2 1- 1-1	 i+1	 1-1	 1+12,6 x

(A. 3)n n-yc X. Y.	 yc1	 o i j	 1	 n	 2e	 Xn+(	 X.	 -  ) -	 o yn. ,x7
2	 j ` 1+1	 • 1	 •)= Do L t	 I	 1 4,6x

For each j fixed, j = 0, 1, 2, 3... LL, compute X.n+1 
,

i = 0, 1, 2, 3.—L,	 n = 1, 2, 3...

1 	 n+1	 n+1 n+1(b)	 IY. , -2Y	 +Y	 +Yn -2Yn+yn
2,6y2	 J- 1	j	 j+1	 j-1	 j	 j+1'

n+1 n-yc X. Yj (yn+1 _yn) yco1	 o	 n+1 n	 n. 2X	 (Y	 -Y. ) •Do .At	 4.6y2 i	 j+1 3

For each i fixed, i = 0, 1, 2... L,	 compute Y.n +l,

j = 0, 1, 2, 3... LL,	 n = 0, 1, 2, 3...

and
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n(ii) (a) c (0, y, t)	 (3Xo
n+1 -4X

1
n+1

 +X2
+1 )Yn = 0j

j = 0, 1, 2... LL,	 n = 0, 1, 2...

n

	

(b) c (x, 0, t)	 (3Yo
n+1 -4Yn+1 +Y 2

+1 )Xi
n +1	

01

i = 0, 1, 2... L,	 n = 0, 1, 2. ..

(iii) (a) -D e 'YccI	 = keacco	 x	 o	x=Lx	x=Lx

yc Xn Yno L
ac Xn YnDo e

Xn+1 -4Xn+1 3Xn	X+1 ) = ko
e o L j n+1

,

	

2,6 x	 L-2	 L-1+ L

	

(b) -Do e Yc cy l	 = ko eacc

	

y=L	 y=L

Do e n+1 -4 n+1	 n+1
2,6 y	 (YLL -2	 LL- 1 +3YLL )

n+1 nac X. Y

	

o 1	 LL n+1= ko e	
YLL

i = 0, 1,2...L,	 n = 0,1,2...

(iv) c(x, y, 0) = c	 c. ,	 i = 0, 1, 2... L,	 j = 0, 1, 2... LL.o 

We now sketch an algorithm for the computation in the higher dimen-

sions

1. Input all coefficients, i. e. ,

Do ,	 k , a, Ax, Ay, At, L, LL.

n+1 n
yc X. Yo	 LL
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2. Set all

Set all

3. Set	 n

X.	 =	 1,

Yo 
= 1,

1.

i = 0,

j	 = 0,

1,

1,

2,

2,

3... L.

3... L.

4. Nested Loop

j = 0, 1, 2, 3... LL

i = 0, 1, 2, 3... L

(solving system (A. 3a) (Xn+1 (i, j)) system

i = 0, 1, 2, 3... L,	 c fixed but integer

j = 0, 1, 2... LL first, then

5. Nested Loop II

i = 0, 1, 2, 3... L

j = 0, 1, 2, 3... LL

n+1
(solving system (A. 3b) for all (Y	 (i •j)),

j = 0, 1, 2... LL.

i fixed but integer i = 0, 1, 2, 3...L.

6. Compute

n+1
c.	 = c Xn.+1 Yn1. , i = 0, 1, 2... L, j = 0, 1, 2... LL.

j	 o	 •j) (1,3)

7. Compute X(t) by using the numerical integration formula

shown in the second part of Appendix C.

8. Set n n+1

9. Go back to 4 and recycle everything.

10. Continue until some maximum time T, T = melt is reached.

11. STOP.

3 9



It is interesting to note that this scheme in two space dimensions is

still 0[(L+1)•(LL+1)] fast for computation This is so for the

Thomas algorithm (Gauss elimination on a tri-diagonal system) is

applied on each subsystem (A. 3a) and (A• 3b) individually and the

product solution thus formed.
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APPENDIX B

Under the assumptions that c(x, t) is t, 1,_,,14011	 twice

continuously differentiable in Q and c is C {d}, continuous on

the closure Q, and that D and k are approximately constant

we obtain

(i) = 11,	 t > 0,	 0 < x < L ,xx	 t

(ii) i (0, t) = 0,	 t > 0 ,x	 — (B. 1)

(iii) -Dix'x=L
 = kill	 t > 0

x=L xx
ri(x, 0) = 1,	 0 < x < L ,— — x

where c(x, t) = tx, t). c, as the system of equations approximatingo 
the mass transport of chemical out of the plastic material. Observe

that this system of equations is linear. Hence, the method of Laplace

transforms is immediately available as a solution technique candidate.

The assumptions necessary for Laplace transforms are indeed

satisfied by system (B. 1). The solution then is found to be (Crank,

1967)

00

2PnDt
cos(Pn x ) • exp[-- 	 2

ri(x, t) = 

x	 Lx (B. 2)2
pnDn=1

pn sin p (1+ — (1+ 	 ) )n kL x kLx

where Pn is the nth zero of the trancendental expression

(3 tan p = 
kLx	

(B. 3)
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3 2 Dt
00
	 exp[- n 2 ]

Lx

p 2 Dn=1	
kLp

2
(1+ — (1+ — )

xn kL	 x

x(t) = 1 - (B.4)

2 F D
kLLx	 (1-exp D ertc(k

r k t 	 ,. IT
X(t)	

))2
(B.6)

Applying equation (5) to equation (B. 2) obtains

which converges uniformly and absolutely for t > 0. Note that during

the integration it is necessary to interchange the order of summation

and integration. This is valid for both the former and the latter series

converge uniformly on Q.

It is well known that the series solution, equations (B.2) and

(B.4), converges rapidly for t sufficiently large; however, for

t 0 convergence is very slow unless L 	 is extremely small andx 
D is large. Therefore, the asymptotic (short time) solution of

equation (B. 1) (Crank, 1967) is obtained by Laplace transforms to be

L -xx ri(x, t) - 1 - erfc
241757

(B. 5)

+ exp(
k(Lx -x)	 2	 L -x	  k t )erfc( 	  + k 4F)

2irD7

Applying equation (5) to equation (B.5) yields

as the asymptotic cumulative mass loss for small values of time.
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By defining

X. = X(iAt),	 i = 1,2,3...N,	 At > 0 ,

and forming

E

N
2

X.-X )e.
(B.7)

i=1

x .
 the experimentally observed relative mass loss at time t = itt,
e i

we are able to use equation (B.6) to good advantage. By defining a

d z ect search technique using E = E(D, k) (E is a positive definite

quadratic function of D and k), we are able to obtain first

estimates on D and k. These estimates appear to be at least

within an order of magnitude of predicting the D, k, a, and yo 

values obtained with the non-linear model. We require c 	 to be a
o

value such that

0 < c < c ,— o — s

where c	 is the solubility concentration.
s
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APPENDIX C

Equation (5) reads

1
L

 x
X( t ) = 1 - —T	 ri(x, t)dx .

0

Since r1(x, t) is given from the numerical scheme as

1(x, t) =	 (n+1)6 t) = n+1,1

i = 0,1, 2 ...L,	 n = 0, 1,2...

we use the Newton-Cotes formula

x	

/

.tr 1+1	 \5
f(x)dx = 6-2-c (f.+4f.	 +f	 ) - 6x)	 f'‘/(),3	 1+1 i+2	 90x 1

(C. 1)

(Simpson's rule applied locally), for this formula will preserve

2	 2
0(6x + t ) for all n, n = 0, 1, 2, 3... time steps, to approximate

the integral in equation (5).

Equation (8) reads

L L

X(t) = - 	 1	 S YS xL Lx y 0	 0
ri(x, y, t)dxdy

Since 1(x, y, t) is given by the numerical scheme as

ri(x, y, t) =	 x, joy, (n+1)Lt) = Tin. +. 1 ,1,3

i = 0, 1, 2...L,	 j = 0, 1, 2... LL,	 n	 0, 1, 2...

we use the two dimensional Newton-Cotes formula
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x..c Yi+2 s, 1+2

x.
f(x, y)dxdy

AxAy 
9

f..+4f. .	 +f. .	 +4(f.	 +4f	 .	 +f	 )
13	 1,3+1 1,3+2	 1+1, j	 i+1, 3+1 i+1,i+2

+ f	 3.+4fi+2,	 i+2, j+1 +fi+2, j+2} + Er ,

where E
r
 is the error committed by replacing the exact function

f(x, y) by a double product polynomial 11(x, y) + E = f(x, y), andr 

II(x, y) = 11(x)11(y) ,

of degree 3 in both x and y. Unfortunately, the best we can say

about E	 is that
r

'E
r

' < Ofmax (f
(4) (t, X)Ax

5
,6y, f

(4) (t, X)AxAy
5

)}

where t, X are some points interior to

	

{(x. <	 < x. ) X (y. < X < y.

	

1 —	 1+2 	 — 1+2

i,j
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APPENDIX D

The following model is simply a proposal for further study. Let

the Vapona-PVC system be characterized by the system of equations

(i)	 (Do eY ux ) x = ut ,	 t > 0,	 0 < x < L

(ii)	 cx (0, t) = 0,	 t > 0,

o	 x
ac(iii)	 -D e uu	 = ko e	 t > 0,

x=L x	x=Lx

(D. 1)

(iv)	 u(x, 0) = u	 0 < x < L	 ,o	 — x

where all the constants are defined as either in the nomenclature or

the single space variable model except we now assume that

= y(T, v... ) and a = a(T, v... ), 	 e. ,	 y and a are now

functions of the DOP concentration v (gm/cm 3 ) as well as tem-

perature T, etc. Let the DOP-PVC system be characterized by the

system of equations (again one dimension in space)

(D e Xvv ) = v ,(i) t > 0,	 0 < x < L x ,1	 x x

(ii) vx(0, t) = 0,	 t > 0,

= h e Ovvl(iii)
vx1x,L	 x=L	

t > 0-D l e Xv	
1

(iv) v(x, 0) = vo ,	 0 < x < L ,— — x

(D. 2)

(one dimensional in space with =
3 )u Vapona concentration, gm/c
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where

X = X(T,u...)	 and	 0 = 0(T, u... )

and u is the Vapona concentration.

It is readily seen then that assuming sufficient differentiability

on u, v, y, and X, we obtain the coupled system

(i)
eYu u =	 + uuxyvvx = D ut ,xx	 x

(D. 3)

e -Xv2
(ii) v + Xv2 + vv X u =	 vxx	 x	 x u x	 D 1 t

which should be solved subject to the above mentioned boundary and

initial conditions (y	 , etc. ).
v ay

Though we have not done so, we hope that this system will be

studied or at least that the coefficients y and	 will be charac-

terized in terms of temperature, formulation and their respective

concentrations. It should be pointed out that any one or all of the

formulation components may be lost in time. This would lead to a

very complicated system of coupled equations. Note we have dis-

played only a two component system above.
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