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In this research, a bi-criteria group scheduling problem is investigated in hybrid flow 

shop (HFS) environments, where the parallel machines in each stage are unrelated, 

meaning not identical. The objective of the problem is to minimize a linear combination 

of the total weighted completion times as a means of complying with the interests of the 

producer, and the total weighted tardiness as a means of complying with the interests of 

customers. The underlying assumptions of the problem include the group technology 

assumptions (GTA) that require all jobs within a group to be processed successively and 

on the same machine. The runtime of these jobs are dynamic and progressively decrease 

as the worker learns how to perform similar jobs. A sequence-dependent setup time is 

considered for switching between different groups on the same machine. Although all 

jobs have to move in unidirectional paths through the HFS, some may skip some of the 

stages. Furthermore, in order to capture more realistic features of the scheduling 

problems, the jobs are assumed to be released into the system at dynamic times, and the 

machines, as well, are assumed to be available at dynamic times. The problem is 

formulated as a mixed-integer linear programming (MILP) model. The MILP model for 

small sizes of the problem is solved to optimality using CPLEX. However, since the 

problem is strongly NP-hard, it is not possible to find its optimal solution within a 

reasonable time as the problem size increases to medium to large. 

Several meta-heuristic algorithms based on tabu search (TS), simulated annealing (SA), 

and genetic algorithm (GA) are developed to find the optimal/near optimal solutions for 



this problem. Three alterations of algorithms are developed for TS and SA-based 

algorithms (referred to as local search algorithms) i.e. non-permutation, partial 

permutation and local searches with embedded progressive perturbations. Two 

alternatives are also considered for GA-based algorithms (referred to as population-based 

algorithms) i.e. simple GA and bi-level GA. The performances of these algorithms are 

compared to each other in order to identify which algorithm, if any, outperforms the 

others. Nevertheless, the performances of all algorithms are evaluated with respect to a 

tight lower bound (LB) obtained based on a branch-and-price (B&P) technique developed 

in this research.  

The B&P technique uses Dantzig-Wolfe decomposition to divide the original problem 

into a master problem and several sub-problems. Although, the sub-problems are smaller 

than the original problem, they are still strongly NP-hard and cannot be optimally solved 

within a reasonable amount of time. However, an optimal dispatching rule is proposed 

that drastically reduces the number of variables and constraints in these sub-problems, 

and enables the B&P algorithm to find tight lower bounds even for large-size instances of 

the problem. A comparison between these lower bounds and the ones obtained from 

CPLEX reveals the impressive performance of the B&P algorithm, i.e. an average of 

233% improvement for the largest size of the problems that have been tested. Evaluation 

of the proposed algorithms with respect to these tight lower bounds uncovers the 

outstanding performance of all the proposed algorithms, while identifying the bi-level 

GA as the best performing algorithm in dealing with the HFS scheduling problem. This 

algorithm reports a remarkable performance with an average deviation of only 2% from 

the optimal solution for small-size sample problems, and an average gap of 23% from the 

lower bound for the largest sizes of the tested problems. The largest problem tested in this 

research consists of a total of 1858 binary variables and 14654 constraints. 
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Bi-Criteria Group Scheduling with Learning in Hybrid Flow Shops 

 

1. INTRODUCTION 

Scheduling problems have been around since the 1950s. The early forms of these 

problems emerged in small industries for simplified versions of the manufacturing 

processes, such as minimizing the total flow time of a group of jobs on a single machine 

or minimizing the makespan of jobs on a couple of machines. These problems got more 

complex over time as a result of including several assumptions and constraints, which can 

represent the realistic features of different manufacturing industries. One of the most 

prominent categories of these assumptions corresponds to the structure of shop 

environments in manufacturing systems. Shop structure determines all characteristics of 

the environment where jobs are processed, such as the number of machines, type of 

machines, and the layout of the workshop.  

Hybrid flow shops (HFS) are one of the most complicated shop structures that have been 

studied in the scheduling literature. This shop environment consists of a flow shop, where 

at least one of the stages has more than one machine. In any stage with more than one 

machine, all machines work in parallel and jobs are required to be processed only on one 

machine. Parallel machines in an HFS environment are unrelated, which makes this 

structure different from flexible flow shops (FFS), where the parallel machines are 

identical. These shop environments have been utilized by many traditional industries 

(mostly process industries) such as the food, chemical, pharmaceutical, metallurgical, oil, 

tobacco, textile, and paper industry (Zandieh, Fatemi Ghomi, & Moattar Husseini, 2006; 

Hsu, Hsiung, Chen, & Wu, 2009). However, in modern industries, HFS is mostly found 

in the electronics industry, including semiconductor wafer fabrication, printed circuit 

board (PCB), thin film transistor-liquid crystal display (TFT-LCD) manufacturing, etc. 

(Wein, 1988; Uzsoy, Lee, & Martin Vega, 1992; Chang, 2000; Jin, Ohno, Ito, & 

Elmaghraby, 2002; Neammanee & Reodecha, 2009; Choi, Kim, & Lee, 2011). In the 

following subsection, an overview of the TFT-LCD manufacturing system is presented, 

which not only illustrates the application of the HFS environment, but also justifies the 

motivation for considering other features of this research, such as group technology, bi-

criteria objective function, and the learning effect.  
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1.1.   Industrial application 

The TFT-LCD market is one of the fastest growing segments of the semiconductor 

industry. Semiconductors are a primary input for nearly all electronic products; therefore, 

semiconductors are known to be a technology enabler for the electronics industry. As a 

result, the semiconductor industry is one of the key drivers for economic growth in the 

electronics industry. The TFT-LCD industry, as a middle stage in the electronics value 

chain, receives semiconductors as its main input and produces TFT-LCDs, which are 

themselves the main input for many other electronic industries. Market demand for TFT-

LCD products is rapidly changing and has experienced unexpected fluctuations. These 

variations, together with the extensive amount of customization requested from 

customers underlie the need for high degrees of flexibility and efficiency in this industry 

(Uzsoy et al., 1992; Lin, Chen, & Huang, 2004). 

In the TFT-LCD industry, and generally in semiconductor industry, most efforts to reach 

high levels of flexibility, innovation, and productivity have been conducted in the 

fabrication process of the product. Revolutionary changes in types of equipment, 

materials, and production technologies have resulted in extraordinary advances in these 

industries. However, it has been proven that in any production system, whenever the 

number of operations is increasing, effective scheduling approaches are necessary to keep 

high levels of productivity. Although scheduling techniques have been employed by the 

semiconductor and TFT-LCD industries, these techniques need to evolve at the same 

pace as other advances in these industries. 

1.1.1. Product types and characteristics 

TFT-LCD is a variant of LCD screens that uses TFT technology to improve the quality of 

images. Almost all LCD panels that we now use are TFT-LCDs. However, there are 

different types of TFT-LCDs, which can be categorized based on manufacturing 

technology and other unique features. A list of the different types of TFT-LCD products 

is provided in Appendix A (“TFT LCD - Wikipedia” 2012). In addition to technological 

differences, TFT-LCDs are also categorized based on the size of the mother glass that is 

used in the early stages of the manufacturing process. Generation one (G1) of this 

product, for example, was produced in the early 1990’s, in a size of 30𝑐𝑚 × 40𝑐𝑚, and 

could be used to make a 15” panel. The largest mother glass that has been produced thus 
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far is G8, in a size of 220𝑐𝑚 × 250𝑐𝑚. G8 is almost the size of a pool table, yet its 

thickness is less than 1𝑚𝑚 (“AUO - Size Matters,” 2012). 

Figure 1 presents an exploded diagram of a typical TFT-LCD panel. As can be seen from 

this diagram, the components of the product are assembled on top of each other after they 

have been separately manufactured (by the same company or by different suppliers).  

 

Figure 1. An exploded diagram of TFT-LCD (“AUO - TFT-LCD Process Slide Show,” 2012) 

  

1.1.2. Manufacturing process 

A TFT-LCD manufacturing process can be divided into three main sub-processes, i.e. 

array (or fabrication) process, cell process and module process. Each of these processes is 

described next. 

Array (or fabrication) process: the TFT-LCD fabrication process is similar to the wafer 

fabrication in semiconductor manufacturing, except that transistors are fabricated on a 

glass substrate instead of on a silicon wafer. In this process, semiconductor materials are 

deposited on glass. This glass is cleaned, and then coated with a thin film chemical called 

photo resist (PR). PR coated glasses are baked in an oven to remove solvents, and are 

then exposed to ultraviolet light with the help of a mask plate. After the exposition, a 
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pattern will be formed by removing the exposed PR area using a developer. Finally, thin 

film layers are removed with the help of dry and wet etching processes.  

Cell process: in this process two major component i.e. TFT and color filter (CF), are 

processed through cleaning, alignment-layer printing, and rubbing. Then, CF is processed 

through seal printing, and TFT is processed through spacer dispensing. Finally, the two 

layers are assembled, and a liquid crystal is injected into the spacer (Lin et al., 2004; 

“AUO - TFT-LCD Process Slide Show,” 2012). 

Module process: this is the last stage of production, where other necessary components, 

such as driver integrated circuits and backlight units are assembled within the fabricated 

glass panel. This process is summarized in Figure 2 (Lin et al., 2004; Choi et al., 2011; 

“AUO - TFT-LCD Process Slide Show,” 2012). 

 
Figure 2. "Module process" in TFT-LCD Manufacturing 

1.1.3. Machine types and equipment details 

TFT-LCD manufacturing includes more than 300 individual steps. These processes are 

performed in the highest level of cleanrooms (level 10), in which no more than 10 

particles can be found per cubic feet (“AUO - TFT-LCD Process Slide Show,” 2012). 

The most complicated machines belong to the fabrication process, and are typically 

automated or controlled by computers. Examples of these machines are glass cleaner, 

developer, alumina etching and stripper (“TFT LCD Equipment-Technologies & Product 
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| DALUX,” 2012). However, well-skilled workers are required to do the programming of 

computers and perform many of the assembly operations. For each of the three sub-

processes that have been described, all machines are placed in a serial sequence (flow 

shop). In order to decrease the cycle time of production and at the same time, increase the 

flexibility of production, 10 to 20 parallel machines are run simultaneously, at many of 

the stages (mostly stages with long runtime). These machines are expensive and have a 

wide range of specifications. Therefore, in the literature, all types of identical, uniform 

and unrelated machines are considered as reasonable cases for parallel machines (Jeong, 

Kim, & Lee, 2001; Shin & Leon, 2004; Choi et al., 2011). The transportation of materials 

and maintenance of work-in-process (WIP) inventories between different stages are 

usually performed with the help of automated material handling systems (AMHS) such as 

automated guided vehicles (AGV), overhead shuttles (OHS), rail guided vehicles (RGV), 

and conveyer systems (Jang & Choi, 2006; Ho & Su, 2010). 

1.2. Contributions and motivation 

This research addresses a scheduling problem that covers most of the challenges in TFT-

LCD manufacturing systems. The underlying assumption is that all jobs have to be 

processed in an HFS environment, where the parallel machines are from different types. 

Although HFS environments are known to be very efficient shop structures, they lack the 

flexibility of job shop production systems. However, as it has been described for the 

TFT-LCD manufacturing systems, efficiency and flexibility are two of the most crucial 

features of this industry. The ever changing design of products, together with huge 

seasonal demand for these products, makes the introduction of flexibility within job 

shops in HFS production systems critical for practitioners. This novel production system 

is obtainable through exploiting the concepts of cellular manufacturing (CM). CM 

classifies all jobs into several families or groups based on similarities in process plans. 

Then, machines are also categorized into different cells in a way that each cell is almost 

capable of completely processing multiple groups of jobs. However, complete 

disaggregation of cells is not always possible, and a few inter-cell movements are usually 

permissible. Therefore, the combined flexibility and efficiency of this manufacturing 

structure makes it the best option for today’s small-to-medium lot production systems 

(Li, Baki, & Aneja, 2010).   
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In most of the literature for scheduling problems, the focus has only been on optimizing 

the satisfaction of producers. In contrast, the objective function of the scheduling problem 

in this research is composed of two criteria in order to simultaneously consider benefits to 

the producer as well as to the customers. From the producer’s point of view, the objective 

is to minimize the total cost of work-in-process (WIP) inventory, by minimizing the total 

flow time of all jobs. To attain the maximum customer satisfaction, the objective is to 

minimize the total tardiness for all jobs. These two criteria are combined with the help of 

a linear combination, which is referred to as the weighted sum technique in the literature. 

Although most jobs in TFT-LCD manufacturing are processed with the help of automated 

machines, there are still a number of assembly jobs, which have to be completed by 

workers and a set of un-automated machines or tools. In any manufacturing system, 

where a human is involved in the production process, it is necessary to consider that the 

processing time of jobs may vary as workers learn how to perform the jobs. Therefore, 

the run time of jobs are considered to be dynamic, with respect to the learning rate of the 

workers. In addition to dynamic run times, since the jobs within different groups are not 

necessarily similar to each other, a sequence-dependent setup time is considered for 

switching processes from one group to another on a particular machine. Furthermore, in 

order to depict the realistic situations that may occur in many of industries, jobs are 

assumed to be released into the production systems at dynamic times, and machines are 

also assumed to be made available in the system at dynamic times.  

The above mentioned features place the problem among strongly NP-hard problems. 

Even though, small sizes of NP-hard problems may be solved to optimality, it is not 

possible to find the optimal solutions for fairly large sizes of these problems, within a 

reasonable amount of time. Therefore, the main approach in dealing with these problems 

is to develop heuristic or meta-heuristic algorithms in order to find optimal or near 

optimal solutions. In this research, a mixed-integer linear programming (MILP) model is 

developed to mathematically represent the problem and to optimally solve small-size 

instances of the problem. Since this model will not be helpful in optimally solving 

medium or large sizes of the problem, several meta-heuristic algorithms are developed to 

find high quality solutions for the problem. These algorithms are developed based on 
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three of the most commonly used meta-heuristics in the literature of HFS scheduling 

problems, i.e. tabu search (TS), simulated annealing (SA) and genetic algorithm (GA). 

However, since there is no guarantee in finding a good solution with the help of these 

meta-heuristic algorithms, the mathematical model has been exploited to construct a 

lower bounding mechanism in order to evaluate the performance of these algorithms. The 

lower bounding mechanism is constructed with the help of the column generation (CG) 

algorithm, also known as “pricing” in solving integer or mixed-integer programming 

problems. CG follows the Dantzig-Wolfe decomposition technique and decomposes the 

mathematical programming model into a master problem and several sub-problems. 

Since this technique relaxes the integer constraints of the master problem, the optimal 

solution of CG is guaranteed to be a lower bound for the original problem. However, this 

lower bound may not necessarily be one of high quality, commonly referred to as a tight 

lower bound in the mathematical programming literature. Therefore, a branching 

procedure (similar to the branch-and-bound (B&B) technique) is performed on fractional 

variables obtained from CG, and, as a result, collectively the approach developed is 

referred to as branch-and-price (B&P) technique.  

The rest of this dissertation is organized as follows: Chapter 2 describes all features of the 

problem, in detail. Chapter 3 provides a review of related literature, and Chapter 4 

explains the methodologies proposed to deal with this problem. These methodologies 

include a mathematical programing model which can be used to optimally solve the 

problem, as well as several meta-heuristic algorithms that can find optimal or near 

optimal solutions. The performance of these meta-heuristics is evaluated with the help of 

a lower bounding mechanism, which is described in Chapter 5. The experimental setup 

and data generation mechanism are described in Chapter 6, followed by the results in 

Chapter 7. Finally, Chapter 8 concludes the presentation of research.  
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2. PROBLEM STATEMENT 

The problem addressed in this research includes the following features: 

1. Group scheduling: there are families (groups) of jobs based on similarities in their 

process plans. Group scheduling can be considered with or without group 

technology assumptions (GTA). GTA restrict all jobs within a group to be 

processed successively and without interruption from other groups. In this 

research, group scheduling is investigated in the presence of GTA. It is worth 

noting that group scheduling without GTA is usually referred to as batch 

scheduling. 

2. Hybrid flow shop: the production line considered in this research follows the 

structure of a unidirectional hybrid flow shop i.e. a unidirectional flow shop with 

unrelated-parallel machines in at least one of its stages. 

3. Bi-objective: the objective function is composed of two criteria. The first one is 

the total weighted completion time of all jobs representing the WIP inventory 

cost. The second criterion is the total weighted tardiness, representing the 

customers’ satisfaction level. These two criteria are combined into a single 

objective function with the help of a linear combination as: min 𝑍 =

𝛼 ∑ ∑ 𝑊𝑖𝑗𝐶𝑖𝑗
𝑛𝑖
𝑗=1

𝐺
𝑖=1 + (1 − 𝛼)∑ ∑ 𝑊𝑖𝑗𝑇𝑖𝑗

𝑛𝑖
𝑗=1

𝐺
𝑖=1 , where 0 ≤ 𝛼 ≤ 1 is a 

normalization factor (or the weight attributed to the producer, and thus (1 - 𝛼) the 

weight attributed to the customers), 𝐶𝑖𝑗 and 𝑇𝑖𝑗 are the completion time and 

tardiness of job 𝑗 in group 𝑖, respectively, and 𝑊𝑖𝑗 is the weight assigned to this 

job. These weights are considered in order to capture the importance of different 

customers.  

4. Learning effect (LE): the runtime of jobs are assumed to be dynamic. In 

particular, it is assumed that the runtime of a job decreases as the position of the 

job increases in the sequence of all jobs within a group. In the literature for the 

scheduling problems, this is referred to as the learning effect and represents the 

learning abilities of workers. In other words, as the workers learn how to perform 

a job, they will act faster in processing similar jobs. Suppose the normal runtime 

(without learning effect) of job j in group 𝑖 to be processed on machine ℎ in stage 
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𝑘 is shown by 𝑝𝑖𝑗ℎ𝑘. In the presence of the learning effect, this runtime will be 

reduced according to the following equation: 𝑝𝑖𝑗ℎ𝑘𝑟 = 𝑝𝑖𝑗ℎ𝑘 ∗ 𝑟𝑎 where 𝑟 is the 

position of job 𝑗 in the sequence of all jobs within group 𝑖, and 𝑎 (𝑎 ≤ 0) is the 

learning index. 

5. Sequence-dependent setup time: in all manufacturing systems, processing a job by 

a machine requires the machine to be set up first. This setup operation takes a 

variable amount of time according to the previous configuration of the machine. 

Since all jobs within a group are assumed to be similar to each other, the setup 

time required to prepare the machine for switching the process from one job to 

another is assumed to be negligible. However, a sequence-dependent setup time is 

considered for changing the process from one group to another.  

6. Dynamic job release time: the release times for jobs are assumed to be dynamic. 

In other words, not all the jobs are ready to be processed at the beginning of the 

scheduling period (𝑡 = 0), meaning some jobs will be released at 𝑡 > 0.   

7. Dynamic machine availability time: the availability times of machines are also 

assumed to be dynamic. In other words, some machines may not be available at 

the beginning of the scheduling period (𝑡 = 0), meaning they will be available 

at 𝑡 > 0. This dynamic availability usually happens because of maintenance or 

operations being performed on jobs released in the previous scheduling period. 

However, it is worth mentioning that the dynamic machine availabilities and the 

dynamic job release times do not imply that the problem is among the stochastic 

scheduling problems. All these times are deterministic and known a priori to the 

scheduling process, although not all of them are equal to zero.  

8. Machine eligibility: since there are unrelated-parallel machines in some stages, 

some machines are not eligible to process some jobs (this is mainly because of 

technical incapability of machines).  

9. Stage skipping: although all jobs are moving in the same direction in the 

production line, some jobs may skip some stages (because they do not need an 

operation be performed in these stages). 
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Figure 3 presents a simple schematic representation of this scheduling problem. 

 

Figure 3. A general representation of the HFS scheduling problem addressed in this research 
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3. LITERATURE REVIEW 

In the literature for the scheduling problems, several problems have been developed with 

consideration of different constraints and assumptions. With respect to these assumptions, 

the literature of the scheduling problems can be categorized with the help of a three field 

notation 𝛼|𝛽|𝛾 of Graham, Lawler, Lenstra, & Rinnooy Kan (1979). In this notation, 𝛼 

describes the shop (or machine) environment, 𝛽 describes the setup information and 

details of the processing, and 𝛾 describes the structure of the objective function. 

Examples of possible values for 𝛼, 𝛽 and 𝛾 are provided in Appendix B. With this 

notation, the problem addressed in this research is represented as 𝐻𝐹𝑚|𝑝𝑗𝑟 =

𝑝𝑗𝑟𝑎,𝑆𝑇𝑠𝑑,𝑏 , 𝑟𝑗 ,𝑎𝑗 ,𝑀𝑗 , 𝑠𝑘𝑖𝑝|𝛼∑𝑊𝑗𝐶𝑗 + (1 − 𝛼)∑𝑊𝑗𝑇𝑗. Since this problem is fairly 

complicated for each of these three fields, a brief review of literature for 𝛼, 𝛽 and 𝛾 is 

presented next.  

3.1.Review of the literature related to HFS environments 

Undoubtedly, the most important characteristic of this research is the HFS environment, 

which drastically impacts the complexity of the scheduling problem. Ruiz and Vázquez-

Rodríguez (2010) studied a comprehensive set of articles dealing with HFS problems or 

their variants. The earliest works on these problems started with focusing on flow shops 

with multiple processors (FSMP), where the parallel machines in each stage are identical, 

and jobs are not allowed to skip any stage. The simplified versions of these problems 

consisted of two or three stages and one or two machines in each of these stages, where 

the researchers were able to optimally solve the problem with the help of a B&B or 

dynamic programming (DP) technique (Dessouky, Dessouky, & Verma, 1998; Gupta, 

Hariri, & Potts, 1997; Haouari, Hidri, & Gharbi, 2006). 

Although exact algorithms such as B&B or DP have been developed for FSMP problems 

with unlimited number of stages and machines (Brah & Hunsucker, 1991; Rajendran & 

Chaudhuri, 1992), the more generalized versions of these problems have been implicitly 

solved by these exact approaches, following the development of mathematical 

programming models (Liu & Karimi, 2008; Tang & Xuan, 2005), and regular 

optimization solvers have been exploited to optimally solve these models. Portmann, 

Vignier, Dardilhac, and Dezalay (1998) enhanced the efficiency of a B&B algorithm by 
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combining this algorithm with genetic algorithm (GA). Néron, Baptiste, and Gupta, 

(2001) reported another enhancement on B&B by using a strategy called “energetic 

reasoning and global operations”. However, since scheduling problems are usually 

among NP-hard problems, none of the exact algorithms can optimally solve these 

problems in a polynomial time. Therefore, heuristic algorithms are the main approach 

used in dealing with the fairly large sizes of these problems. Hunsucker and Shah (1992) 

compared the performance of several heuristic algorithms based on six different priority 

rules for a set of constrained FSMP problems. The underlying assumption for these 

problems was that the total number of jobs that can be processed concurrently should be 

limited. Their comparison revealed the superiority of the first-in-first-out rule for the 

mean tardiness objective function. 

Osman and Potts (1989) developed simulated annealing (SA) algorithm to deal with a 

flow shop scheduling problem where the search was limited to the permutation sequences 

and the objective is to minimize the makespan of the sequence. Ruiz, Maroto, and 

Alcaraz (2006) proposed several heuristic algorithms based on GA to solve a makespan 

minimization problem in a flow shop environment. They introduced new operators for 

the GA-based algorithms, as well as hybridization with different local search algorithms 

and a new generational structure to enhance the performance of the proposed search 

algorithms. These enhancement techniques have been also used by Ruiz & Maroto (2006) 

to address an HFS scheduling problem with consideration of sequence-dependent setup 

times and machine eligibilities. 

Chen and Chen (2009) developed bottleneck-based heuristic algorithms to find the 

minimum total tardiness in an HFS scheduling problem. The performances of these 

algorithms were compared against several commonly used dispatching rules as well as a 

TS-based algorithm. The results of this comparison revealed that although the bottleneck-

based algorithms outperform the dispatching rules, these algorithms are not capable of 

finding solutions better than TS.    

Jungwattanakit, Reodecha, Chaovalitwongse, and Werner (2009)  studied an HFS 

problem with consideration of sequence-dependent setup times and dynamic job release 

times. The objective of the problem was to minimize a linear combination of the 
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makespan and the mean tardiness of all jobs. In addition to developing a mixed-integer 

programming (MIP) model, which can optimally solve small-size instances of this 

problem, they compared the performance of different algorithms, which were developed 

based on TS, SA and GA. As a result, they concluded that the SA-based algorithms 

outperform the other algorithms and may have a better chance of finding high quality 

solutions for the particular problem. Yaurima, Burtseva, and Tchernykh (2009) proposed 

some algorithms based on GA to find the minimum makespan in an HFS scheduling 

problem. The underlying assumptions for this problem were sequence-dependent setup 

times, machine eligibility, and limited buffers. A more comprehensive set of assumptions 

have been considered in a problem of HFm|STsd, skip, rj, lag, Mj, prec|Cmax by Ruiz, 

Şerifoğlu, & Urlings (2008), where the researchers developed an MIP model as well as 

several heuristics to deal with the problem.  

Despite the comprehensive research that has been done on different varieties of HFS 

scheduling problems, two important gaps are recognizable in the literature for these 

problems. The first gap is the lack of consideration given to GTA in any of the HFS 

scheduling problems. Although GTA are common in many manufacturing systems 

(particularly the ones that follow the cellular manufacturing concepts), to the best of our 

knowledge, they have been neglected in the investigation of all the HFS scheduling 

problems. The second gap, which is also as important as the first one, is the lack of 

consideration of learning effects in HFS problems. In many manufacturing systems, 

including the ones with HFS shop structure, workers perform many tasks. Therefore, 

ignoring learning effects, while scheduling jobs, may result in sub-optimal solutions.  

3.2.Review of the literature related to group scheduling 

Group scheduling that forms the basic idea of cellular manufacturing systems, implies 

that a flexible manufacturing system may be obtained by clustering jobs into different 

groups. Li, Ng, and Yuan (2011) studied a sequence-independent group scheduling 

problem on a single-machine in order to optimize several objective functions including 

earliness, tardiness, due date assignment, and flow time costs. Logendran, Salmasi, and 

Sriskandarajah (2006) developed different TS-based algorithms to minimize the total 

completion time for a group scheduling problem in a two-machine environment.  
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Salmasi, Logendran, and Skandari (2010) studied the total flow time minimization for a 

sequence-dependent group scheduling problem in a flow shop environment. They 

developed a mathematical programming model for the problem of 

𝐹𝑚|𝑓𝑚𝑙𝑠, 𝑆𝑝𝑙𝑘,𝑝𝑟𝑚𝑢|∑𝐹𝑗, which was able to optimally solve small-size instances of this 

problem. However, it was shown that the problem is among strongly NP-hard problems. 

Therefore, the authors also developed a TS-based algorithm as well as a hybrid ant 

colony optimization (HACO) algorithm to deal with large instances of the problem. The 

performances of these algorithms have also been evaluated against a tight lower bound 

obtained from a B&P approach. Gelogullari and Logendran (2010) studied a group 

scheduling problem for the assembly of PCB’s in electronic manufacturing systems, 

where the shop environment is in the form of a unidirectional flow shop. They considered 

carry-over sequence-dependent setup times for this problem and developed several meta-

heuristic algorithms based on TS to find the best sequence of groups as well as jobs. The 

performance of these algorithms was also evaluated with the help of a B&P algorithm.  

Logendran, Carson, and Hanson (2005) developed heuristic algorithms to minimize the 

makespan of a sequence-independent group scheduling problem in FFS environments. A 

similar study has been conducted by Logendran, deSzoeke, & Barnard (2006) to 

minimize the makespan of a sequence-dependent group scheduling problem in an FFS 

environment with the help of  TS-based algorithms. This work has also been continued 

by Shahvari, Salmasi, Logendran, & Abbasi (2012) to develop a mathematical 

programming model for the problem as well as efficient TS-based algorithms to find the 

optimal or near optimal solutions.  

Luo, Huang, Shi, Qu, and Zhang (2012) considered GTA with inconsistent family 

formation to minimize the makespan of the sequence in an FFS environment. Zandieh 

and Karimi (2011) developed a multi-population GA to minimize the summation of 

makespan and total weighted tardiness in a group scheduling problem. The underlying 

assumption for their problem was that the jobs were allowed to skip some stages and 

there was a sequence-dependent batch setup time required for changing the process 

between different groups.  
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3.3.Review of the literature related to learning effects in scheduling problems 

 Biskup (2008) collected a comprehensive survey on the literature of scheduling problems 

with learning effects. However, a short review of the most related papers is presented 

here. İşler, Toklu, and Çelik (2011) studied a two-stage flow shop scheduling problem 

with consideration of position-dependent learning effects. This type of learning effects 

implies that the run time of a job is inversely related to the position of a job within the 

sequence, i.e. as the position gets larger, the worker learns more about how to perform 

the job, and consequently the runtime gets shorter. The authors developed TS-based and 

GA-based algorithms to minimize the total earliness as well as total tardiness for this 

problem. Chung and Tong (2012) also considered a position-dependent learning effect for 

a flow shop scheduling problem. They have restricted the search to permutation 

sequences and developed several heuristics, as well as a B&B algorithm, to minimize the 

weighted sum of total completion times and makespan. Pargar and Zandieh, (2011) 

considered the same concept of position-dependent learning effects, but only for setup 

times and not run times. They developed a water-flow-like (WFA) algorithm to minimize 

the weighted sum of makespan and total tardiness for an FFS scheduling problem. 

3.4.Review of the literature related to the methodologies for HFS scheduling 
problems 

Many different approaches have been considered by researchers for developing 

methodologies to deal with a variety of scheduling problems in HFS environments. Ruiz 

and Vázquez-Rodríguez (2010) classified all these techniques into three broad classes, 

i.e. exact algorithms, deterministic heuristics, and meta-heuristics. B&B, followed by DP, 

are undoubtedly two of the most preferred algorithms for solving scheduling problems to 

optimality. However, due to complexity of most of the scheduling problems, these exact 

algorithms are only applicable on very simplified versions of the problems. The B&B 

algorithm is mainly used to optimally solve the HFS scheduling problems consisting of a 

limited number of stages (mostly two or three stages), with a limited number of machines 

in each stage, which is usually one or two machines in each stage (Dessouky et al., 1998; 

Gupta et al., 1997; Haouari et al., 2006). 
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Although B&B algorithms have also been used to solve complicated versions of HFS 

problems, such as HFS with unlimited number of stages (Brah & Hunsucker, 1991), the 

more generalized versions of these problems, which include sophisticated constraints 

have been solved to optimality with the help mathematical programming models. 

Therefore, several HFS scheduling problems with a wide variety of constraints and 

assumptions including resource and precedency constraints, buffer limits, machine 

eligibility and different types of objective functions, have been formulated with the help 

of mathematical programming models (Liu & Karimi, 2008; Sawik, 2000; Tang & Xuan, 

2005), and different optimization solvers have been used to optimally solve these models. 

However, all these optimization solvers are developed based on exact algorithms, such as 

B&B or DP, and since most of the HFS scheduling problems are among strongly NP-hard 

problems, these exact methodologies will not be able to optimally solve the problem 

within a polynomial time.       

Deterministic heuristics, which cover the majority of the literature for HFS scheduling 

problems, are tailored heuristics or dispatching rules that have been developed for the 

specific structure of a problem (Ruiz & Vázquez-Rodríguez, 2010). However, the 

performance of these algorithms is highly dependent on the structure of the problem and 

is usually lower than meta-heuristic algorithms. Meta-heuristics, which can be used to 

deal with any type of scheduling problems, are generally iterative algorithms that start 

from a solution or a set of solutions and seek for better solutions in the search space. In 

general, the performance of meta-heuristic algorithms is considerably higher than 

deterministic heuristics; because all of these algorithms use a mechanism (such as 

introducing some randomness throughout the search) to avoid getting trapped into local 

optimal solutions. Ruiz and Vázquez-Rodríguez (2010) conducted a comprehensive 

survey on the literature for HFS scheduling problems, and determined TS, SA and GA as 

three of the most commonly used meta-heuristics in dealing with this type of problem. A 

brief of the literature corresponding to these algorithms is presented next. 

3.4.1. Review of the literature related to TS 

TS was introduced in 1986 by Glover, and its application on a large number of 

combinatorial optimization problems has shown its effectiveness in solving this type of 
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problem (Glover & Laguna, 1998; Logendran & Sonthinen, 1997). The early applications 

of TS in scheduling problems started with solving simplified versions of single-machine 

problems (Laguna, Barnes, & Glover, 1991). However, the characteristics of TS, such as 

speed and its ability to identify multiple-local optima in exploring the solution space, 

make this search algorithm a promising technique in dealing with more realistic 

constraints and assumptions, such as considering time windows for due dates (Wan & 

Yen, 2002) or including multi-criteria objective functions and sequence-dependent setup 

times (Choobineh, Mohebbi, & Khoo, 2006). Logendran and Subur (2004) and 

Logendran, McDonell, and Smucker (2007) used TS to minimize the total weighed 

tardiness of unrelated-parallel machine problems with consideration of job splitting and 

sequence-dependent setup times, respectively. They have used the long term memory 

(LTM) functionality of TS to further improve the performance of the search algorithm. 

Bozorgirad and Logendran (2012) have also used TS, along with its LTM functionality, 

to optimize a bi-criteria group scheduling problem on a set of unrelated parallel 

machines. The objective of the problem was to minimize a linear combination of total 

weighted completion time and total weighted tardiness of all jobs under the assumption 

of sequence-dependent group setup times, dynamic job release times, and dynamic 

machine availability times. TS has also been shown to be very effective in dealing with 

flow shop scheduling problems, although most of these problems were restricted to 

permutation sequences (Armentano & Ronconi, 1999; Ben-Daya & Al-Fawzan, 1998; 

Nowicki & Smutnicki, 1996). Salmasi, Logendran, and Skandari (2011) developed a TS-

based algorithm to minimize the makespan of a sequence-dependent group scheduling 

problem in a flow shop environment. Shahvari et al. (2012) developed six meta-heuristic 

algorithms based on TS to minimize the makespan of a sequence-dependent group 

scheduling problem in an FFS environment. 

3.4.2. Review of the literature related to SA 

The literature for the application of SA for scheduling problems, like most of the other 

approaches in this field, starts from single-machine scheduling problems. Research on 

single-machine problems started with simple assumptions like total weighted tardiness as 

objective function (Matsuo, Juck SUH, & Sullivan, 1989), and gradually became more 

complicated, such as including non-regular objectives (Mittenthal, Raghavachari, & 
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Rana, 1993). Sridhar and Rajendaran (1993) developed an SA algorithm to deal with a 

group scheduling problem in a cellular manufacturing system. Arumugam, Raja, and 

Selladurai (2007) also developed an SA algorithm to minimize the makespan of a two-

stage hybrid flow shop scheduling problem. Eren and Güner (2007) addressed the 

minimization of total tardiness in a single-machine scheduling problem with 

consideration of learning effects. They also developed SA-based algorithms in another 

study (Eren & Güner, 2009) to minimize a weighted sum of total completion time and 

total tardiness on a set of identical parallel machines. Dhingra and Chandna (2010) 

addressed a multi-objective flow shop scheduling problem and developed a hybrid 

simulated annealing algorithm to find the near optimal solution for this problem. Naderi 

et al (2009) used an SA-based algorithm to optimize the weighted sum of total 

completion time and total tardiness in a hybrid flow shop scheduling problem. 

3.4.3. Review of the literature related to GA 

In the literature of scheduling problems, GA has been used by many researchers. Cheng, 

Gen, and Tsujimura (1999) conducted a tutorial survey on the GA practices for job-shop 

scheduling problems. Most of these researchers followed two different perspectives for 

using GA in their studies. One perspective considers new structures and assumptions for 

problems that are supposed to be solved by GA; and the other perspective seeks for  

methods to improve the efficiency and effectiveness of GA based-algorithms. For 

example, Liu and Tang (1999) developed a GA for single-machine problems with 

consideration of ready times, and Cochran, Horng, and Fowler (2003) developed a GA to 

address multi-objective scheduling problems on a set of parallel machines. Mattfeld and 

Bierwirth (2004) performed a heuristic reduction of the search space in order to increase 

the efficiency of GA in dealing with a job shop scheduling problem with tardiness 

objectives. GA has also been used for many problems in flow shop scheduling (Rajkumar 

& Shahabudeen, 2008; Jarboui, Eddaly, & Siarry, 2011), and HFS scheduling (Ruiz & 

Maroto, 2006; Dugardin, Yalaoui, & Amodeo, 2010; Ruiz & Vázquez-Rodríguez, 2010; 

Engin, Ceran, & Yilmaz, 2011). Wu et al. (2011) developed a GA-based algorithm to 

minimize the total weighted completion time on a single machine, with consideration of 

learning effects and dynamic job release times. Cheng et al. (2012) used GA to minimize 

the makespan of a two-machine flow shop scheduling problem, with learning effects. 
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4. METHODOLOGY 

The methodology to deal with a problem is mostly determined by the complexity of that 

problem. The problem addressed in this research can be represented as 𝐻𝐹𝑚|𝑝𝑗𝑟 =

𝑝𝑗𝑟𝑎,𝑆𝑇𝑠𝑑,𝑏 , 𝑟𝑗 ,𝑎𝑗 ,𝑀𝑗 , 𝑠𝑘𝑖𝑝|𝛼∑𝑊𝑗𝐶𝑗 + (1 − 𝛼)∑𝑊𝑗𝑇𝑗 in the literature of scheduling 

problems. However, this problem is easily reducible to the form of 𝐹2||∑𝐶𝑗, which is a 

mean flow-time minimization problem in a two-stage flow shop, and has been shown to 

be strongly NP-hard (Garey, Johnson, & Sethi, 1976). The problem addressed in this 

research can be reduced to 𝐹2||∑𝐶𝑗 by adjusting the parameters of this problem. To 

attain this reduction, the number of stages is set equal to two (𝑚 = 2) with only one 

machine in each stage; the learning index is set equal to zero (𝑎 = 0); all setup times, job 

release times, and machine availability times are set equal to zero; all machines are 

assumed to be eligible to process all jobs, and all jobs have operations on both stages; 

finally, all weights in the objective function are set equal to one (𝛼 = 1 and 𝑊𝑗 = 1), thus 

reducing the research problem with the bi-criteria objective function to 𝐹2||∑𝐶𝑗. 

Therefore, the research problem is also a strongly NP-hard problem, and no polynomial 

time algorithm exists for solving it to optimality. In this research two different 

methodologies are used to deal with the HFS problem, i.e. mathematical programming 

models and meta-heuristic algorithms. 

The merits of mathematical models are many fold. Although the main purpose of these 

models is to solve optimization problems to optimality, mathematical formulations are 

used to accurately represent and communicate a scheduling problem. Since most of the 

scheduling problems, including this research, are among the NP-hard problems, 

mathematical programming may not be helpful in finding the optimal solution for large 

size problems. Nevertheless, these formulations may help the researchers evaluate the 

performance of the heuristic or meta-heuristic algorithms.  

4.1.Mathematical programming model 

 In this research, two MILP models are proposed and are developed based on two of the 

most commonly used approaches in modeling scheduling problems. The first model 

(MILP1) is based on the precedence constraints between each pair of jobs (Manne, 1960). 

In other words, the sequence of all jobs in this formulation is obtained by comparing the 
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sequences of all pairs of jobs. This type of formulation usually leads to a smaller number 

of binary variables, but more difficult constraints compared to the second approach, 

which uses the concept of slots. MILP2 considers set of slots for each of the machines 

and assigns the jobs to these slots. Therefore, the sequence of jobs is determined by 

finding their assignment to those slots. Each of these models are presented and described 

in detail next. 

4.1.1. MILP1 

In this section, first the parameters, notations, and sets of indexes that have been used are 

introduced. Then, all decision variables, including continuous or binary variables, are 

listed, followed by the mathematical formulation, which is developed with the help of 

these parameters and variables.   

Parameters and sets of indexes: 

𝑔  Number of groups 

𝐼𝑘  Set of indexes of groups, which have to be processed on stage 𝑘 

𝑛𝑖  Number of jobs in group 𝑖 

𝑛𝑖𝑘  Number of jobs in group 𝑖, which have to be processed on stage 𝑘 

𝐽𝑖𝑘  Set of indexes of jobs in group 𝑖, which need to be processed on stage 𝑘 

𝑚𝑖𝑗  Number of stages, which have to be visited by job 𝑗 in group 𝑖 

𝑚 Number of stages 

𝑣𝑘  Number of unrelated machines in stage 𝑘; 𝑘 = 1, 2, … ,𝑚 

𝑉𝑖𝑘  Set of indexes of machines in stage 𝑘, which can process group 𝑖;  

 𝑘 = 1, 2, … ,𝑚; 𝑖 ∈ 𝐼𝑘 

𝑡𝑖𝑗𝑘ℎ  Run time of job 𝑗 in group 𝑖 on machine ℎ of stage 𝑘 

  𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘 

𝑆𝑝𝑖𝑘ℎ  The setup time for group 𝑖 on machine ℎ of stage 𝑘 if group 𝑝 is the preceding 

group 

𝑖,𝑝 ∈ 𝐼𝑘(𝑖 ≠ 𝑝 𝑎𝑛𝑑 𝑝 = 0 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑒 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡𝑢𝑝 𝑡𝑖𝑚𝑒);  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 =

1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘  

𝑑𝑖𝑗  Due date of job 𝑗 of group 𝑖; 𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖  

𝑟𝑖𝑗  Release time of job 𝑗 of group 𝑖; 𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖  
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𝑎𝑘ℎ Release time of machine ℎ in stage 𝑘;  𝑘 = 1, 2, … ,𝑚;ℎ = 1, 2, … , 𝑣𝑘  

𝑤𝑖𝑗  The weight of job 𝑗 in group 𝑖;  𝑖 = 1,2, … ,𝑔; 𝑗 = 1,2, … ,𝑛𝑖 

𝛼  The weight attributed to the producer 

𝛽  The weight attributed to customers 

𝑎  Learning index 

𝑢𝑖𝑗𝑘  �1         if stage 𝑘 is the first stage for job 𝑗 in group 𝑖  
0         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                  

 

𝑖 = 1,2, … ,𝑔; 𝑗 = 1,2, … ,𝑛𝑖;  𝑘 = 1, 2, … ,𝑚  

It is worth noting that although 𝑢𝑖𝑗𝑘 is binary, it is not a variable, and all its values are 

determined a priori to solving the problem. This set of parameters is only included in the 

model to simplify the notation.  

Decision variables: 

𝑥𝑖𝑗𝑘  The completion time of job 𝑗 of group 𝑖 in stage 𝑘 

𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 = 1, 2, … ,𝑚 

𝑌𝑖𝑗𝑘𝑟  �1         𝑖𝑓 𝑗𝑜𝑏 𝑗 𝑖𝑛 𝑔𝑟𝑜𝑢𝑝 𝑖 𝑖𝑠 𝑝𝑙𝑎𝑐𝑒𝑑 𝑖𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑟 𝑖𝑛 𝑠𝑡𝑎𝑔𝑒 𝑘              
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                               

 

𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 = 1, 2, … ,𝑚; 𝑟 = 1,2, … ,𝑛𝑖𝑘 

𝑧𝑖𝑘ℎ  �1         𝑖𝑓 𝑔𝑟𝑜𝑢𝑝 𝑖 𝑖𝑠 𝑎𝑠𝑠𝑖𝑔𝑛𝑒𝑑 𝑡𝑜 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 ℎ 𝑖𝑛 𝑠𝑡𝑎𝑔𝑒 𝑘               
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                        

 

𝑖 ∈ 𝐼𝑘;  𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘  

𝐶𝑖𝑘  The completion time of 𝑔𝑟𝑜𝑢𝑝 𝑖 in stage 𝑘;  

𝑖 ∈ 𝐼𝑘;  𝑘 = 1, 2, … ,𝑚   

𝐴𝑝𝑖𝑘  �1         𝑖𝑓 𝑔𝑟𝑜𝑢𝑝 𝑖 𝑖𝑠 𝑝𝑟𝑜𝑐𝑒𝑠𝑠𝑒𝑑 𝑎𝑓𝑡𝑒𝑟 𝑔𝑟𝑜𝑢𝑝 𝑝 𝑖𝑛 𝑠𝑡𝑎𝑔𝑒 𝑘               
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                            

  

𝑖,𝑝 ∈ 𝐼𝑘 (𝑝 < 𝑖);  𝑘 = 1, 2, … ,𝑚  

𝑇𝐷𝑖𝑗 The tardiness of job 𝑗 in group 𝑖  𝑖 = 1,2, … ,𝑔; 𝑗 = 1,2, … ,𝑛𝑖 

 

Mathematical formulation 

𝑀𝑖𝑛 𝑍 = 𝛼∑ ∑ 𝑤𝑖𝑗𝑥𝑖𝑗𝑚
𝑛𝑖
𝑗=1

𝑔
𝑖=1 +  𝛽∑ ∑ 𝑤𝑖𝑗𝑇𝐷𝑖𝑗

𝑛𝑖
𝑗=1

𝑔
𝑖=1      (4.1) 

Subject to: 

∑ 𝑌𝑖𝑗𝑘𝑟
𝑛𝑖𝑘
𝑟=1 = 1; 𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘; 𝑘 = 1, 2, … ,𝑚     (4.2) 
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∑ 𝑌𝑖𝑗𝑘𝑟𝑗∈𝐽𝑖𝑘 = 1; 𝑖 ∈ 𝐼𝑘;  𝑟 = 1, 2, … ,𝑛𝑖𝑘; 𝑘 = 1, 2, … ,𝑚    (4.3) 

𝑥𝑖𝑗𝑘 + 𝑀�1 − 𝐴𝑝𝑖𝑘� + 𝑀(1 − 𝑧𝑖𝑘ℎ) + 𝑀�1 − 𝑧𝑝𝑘ℎ� ≥ 𝐶𝑝𝑘 + 𝑆𝑝𝑖𝑘ℎ + ∑ (𝑌𝑖𝑗𝑘𝑟 ∗ 𝑟𝑎 ∗
𝑛𝑖𝑘
𝑟=1

𝑡𝑖𝑗𝑘ℎ)   

𝑖,𝑝 ∈ 𝐼𝑘; 𝑖 < 𝑝;  𝑗 ∈ 𝐽𝑖𝑘; 𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘 ∩ 𝑉𝑝𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 (4.4) 

𝑥𝑝𝑗𝑘 + 𝑀(𝐴𝑝𝑖𝑘) + 𝑀(1 − 𝑧𝑖𝑘ℎ) + 𝑀�1 − 𝑧𝑝𝑘ℎ� ≥ 𝐶𝑖𝑘 + 𝑆𝑖𝑝𝑘ℎ + ∑ (𝑌𝑝𝑗𝑘𝑟 ∗ 𝑟𝑎 ∗
𝑛𝑝𝑘
𝑟=1

𝑡𝑝𝑗𝑘ℎ)   

𝑖,𝑝 ∈ 𝐼𝑘; 𝑖 < 𝑝;  𝑗 ∈ 𝐽𝑝𝑘; 𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘 ∩ 𝑉𝑝𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  (4.5) 

𝑥𝑖𝑗𝑘 + 𝑀(1 − 𝑍𝑖𝑘ℎ) ≥ 𝑎𝑘ℎ + 𝑆0𝑖𝑘ℎ + ∑ (𝑌𝑖𝑗𝑘𝑟 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ)𝑛𝑖𝑘
𝑟=1 ;             

𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘; 𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟   (4.6) 

𝑢𝑖𝑗𝑘(𝑥𝑖𝑗𝑘 + 𝑀(1 − 𝑍𝑖𝑘ℎ)) ≥ 𝑢𝑖𝑗𝑘(𝑟𝑖𝑗 + ∑ (𝑌𝑖𝑗𝑘𝑟 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ))𝑛𝑖𝑘
𝑟=1 ;      

𝑖 = 1, 2, … ,𝑔;  𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 (4.7) 

𝑥𝑖𝑗𝑘 − 𝑥𝑖𝑞𝑘 + 𝑀�1 − 𝑌𝑖𝑗𝑘𝑟� + 𝑀(1 − 𝑌𝑖𝑞𝑘(𝑟−1)) ≥ ∑ (𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ ∗ 𝑍𝑖𝑘ℎ)ℎ∈𝑉𝑖𝑘    

𝑖 ∈ 𝐼𝑘;  𝑗, 𝑞 ∈ 𝐽𝑖𝑘  (𝑗 ≠ 𝑞);𝑘 = 1, 2, … ,𝑚; 𝑟 = 2, … ,𝑛𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  (4.8) 

∑ 𝑧𝑖𝑘ℎ = 1ℎ∈𝑉𝑖𝑘 ;        𝑖 ∈ 𝐼𝑘;  𝑘 = 1, 2, … ,𝑚       (4.9) 

𝐶𝑖𝑘 ≥ 𝑥𝑖𝑗𝑘;         𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘 ; 𝑘 = 1, 2, … ,𝑚     (4.10) 

𝑥𝑖𝑗𝑘 − 𝑥𝑖𝑗(𝑘−1) + 𝑀(1 − 𝑍𝑖𝑘ℎ) ≥ ∑ (𝑌𝑖𝑗𝑘𝑟 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ)𝑛𝑖𝑘
𝑟=1          

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟   (4.11) 

𝑇𝐷𝑖𝑗 ≥ 𝑥𝑖𝑗𝑚 − 𝑑𝑖𝑗;         𝑖 = 1, 2, … ,𝑔;  𝑗 = 1, 2, … ,𝑛𝑖    (4.12) 

𝑥𝑖𝑗𝑘,𝑇𝐷𝑖𝑗 ≥ 0; 𝑧𝑖𝑘ℎ,𝑌𝑖𝑗𝑘𝑟 ∈ {0,1};  𝐴𝑝𝑖𝑘 ∈ {0,1} (𝑝 < 𝑖)  

𝑖,𝑝 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘; 𝑟 = 1, … ,𝑛𝑖𝑘     (4.13)  

 

The objective function (4.1) is a bi-criteria objective function that minimizes the 

weighted sum of total weighted completion time and total weighted tardiness. 𝛼 and 𝛽 

are the weights attributed to producer and customers, respectively, and are normalized 

with the help of the following equation: 𝛼 + 𝛽 = 1.  

Constraint sets (4.2) and (4.3) are assignment constraints that assign each job within a 

group to a particular position inside the group. Although this model is not following the 

concept of slots, the position of each job within a group must be explicitly determined in 

order to evaluate the magnitude of learning effects. As mentioned earlier, learning effects 
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considered in this research are known as position-based learning effects. Therefore, the 

run time of any job is dependent on the position of that job. Constraint (4.2) ensures that 

each job is assigned to only one position within its group. And similarly, constraint (4.3) 

makes sure that each position within a group is only assigned to one job.  

Constraint sets (4.4) and (4.5) determine the sequence of groups on each of the machines. 

With respect to these constraints, if two groups are processed on the same machine, the 

completion time of each job within the succeeding group must be greater than the 

completion time of the preceding group, plus the sequence-dependent setup time and the 

required run time for the particular job. The ∑ (𝑌𝑖𝑗𝑘𝑟 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ)𝑛𝑖𝑘
𝑟=1  on the right hand 

side of these constraints determines the run time of job 𝑗 in group 𝑖, stage 𝑘 and machine 

ℎ, after accounting for the learning effects.  

The next two constraints account for dynamic machine availabilities and dynamic job 

releases, respectively. Constraint (4.6) guarantees that a job can be processed on a 

machine, only when the machine is available and all required setup operations are 

completed on it. Similarly, constraint set (4.7) ensures that the jobs can be processed only 

after they have been released into the production system. 

Constraint set (4.8) is known as the precedence constraint (or sequence constraint), and 

determines the sequence of all jobs. With the help of this constraint, it is guaranteed that 

if two jobs are processed in positions 𝑟 and (𝑟 − 1), the difference between their 

completion times must be greater than or equal to the processing time of the succeeding 

jobs, after accounting for the learning effect.  

Constraint set (4.9) is another assignment constraint which ensures that each job is 

assigned to exactly one machine in each stage, provided that it has some operation on that 

stage (i.e. it is not skipping the stage). Constraint set (4.10) restricts the completion time 

of each group to be greater than the completion time of all jobs within the group.   

Constraint set (4.11), which is intrinsic for all flow shop problems, controls the 

consistency between different stages of the flow shop. Due to these constraints, a job can 

start its operation on a stage only after it has completed its operation on the previous 
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stage. Although these constraints may be different in format, they will be seen in all flow 

shop problems.  

Constraint set (4.12) helps to find the tardiness of each job. Tardiness of job 𝑗 in group 𝑖 

is defined as max{𝑥𝑖𝑗𝑚 − 𝑑𝑖𝑗 , 0} . Therefore, tardiness must be simultaneously greater 

than (𝑥𝑖𝑗𝑚 − 𝑑𝑖𝑗)  and zero. And finally, constraint set (4.13) contains all signs and 

binary constraints. 

4.1.2. MILP2 

This model is very similar to MILP1, except that it follows the concept of slots. The main 

reason for developing this model is the popularity of this approach in modeling flow shop 

scheduling problems, particularly when the search is restricted to permutation sequences. 

The parameters, notations, decision variables and mathematical formulation for MILP2 

are presented next. 

Parameters and sets of indexes: 

𝑔  Number of groups 

𝐼𝑘  Set of indexes of groups, which have to be processed on stage 𝑘 

𝑛𝑖  Number of jobs in group 𝑖 

𝑛𝑖𝑘  Number of jobs in group 𝑖, which have to be processed on stage 𝑘 

𝐽𝑖𝑘  Set of indexes of jobs in group 𝑖, which need to be processed on stage 𝑘 

𝑚𝑖𝑗  Number of stages, which have to be visited by job 𝑗 in group 𝑖 

𝑆𝑡𝑖𝑗  Set of stages in ascending order, which have to be visited by job 𝑗 in group 𝑖 

𝑏𝑚𝑎𝑥 Maximum number of jobs in each group 

𝑚 Number of stages 

𝑣𝑘  Number of unrelated machines in stage k; 𝑘 = 1, 2, … ,𝑚 

𝑉𝑖𝑘  Set of indexes of machines in stage 𝑘, which can process group 𝑖;  

 𝑘 = 1, 2, … ,𝑚; 𝑖 ∈ 𝐼𝑘 

𝑡𝑖𝑗𝑘ℎ  Run time of job 𝑗 in group 𝑖 on machine ℎ of stage 𝑘 

𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘 
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𝑆𝑝𝑖𝑘ℎ  The setup time for group 𝑖 on machine ℎ of stage 𝑘 if group 𝑝 is the preceding 

group 

𝑖,𝑝 ∈ 𝐼𝑘(𝑖 ≠ 𝑝 𝑎𝑛𝑑 𝑝 = 0 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑒 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡𝑢𝑝 𝑡𝑖𝑚𝑒);  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 =

1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘  

𝑑𝑖𝑗  Due date of job 𝑗 of group 𝑖; 𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖  

𝑟𝑖𝑗  Release time of job 𝑗 of group 𝑖; 𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖  

𝑎𝑘ℎ Release time of machine ℎ in stage 𝑘;  𝑘 = 1, 2, … ,𝑚;ℎ = 1, 2, … , 𝑣𝑘  

𝑤𝑖𝑗  The weight of job 𝑗 of group 𝑖; 𝑖 = 1,2, … ,𝑔; 𝑗 = 1,2, … ,𝑛𝑖  

𝛼  The weight attributed to the producer 

𝛽  The weight attributed to customers 

𝑎  Learning index 

Decision variables: 

𝑥𝑖[𝑟]𝑘  The completion time of a job in slot 𝑟 in group 𝑖 and stage 𝑘 

𝑖 ∈ 𝐼𝑘; 𝑗 ∈ 𝐽𝑖𝑘;  𝑘 = 1, 2, … ,𝑚  

𝑌𝑖𝑗𝑘𝑟  �1         𝑖𝑓 𝑗𝑜𝑏 𝑗 𝑖𝑛 𝑔𝑟𝑜𝑢𝑝 𝑖 𝑖𝑠 𝑝𝑙𝑎𝑐𝑒 𝑖𝑛 𝑠𝑙𝑜𝑡 𝑟 𝑖𝑛 𝑠𝑡𝑎𝑔𝑒 𝑘                         
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                               

 

𝑖 ∈ 𝐼𝑘; 𝑗 ∈ 𝐽𝑖𝑘; 𝑟 = 1,2, …𝑛𝑖𝑘;  𝑘 = 1, 2, … ,𝑚 

𝑧𝑖𝑘ℎ  �1         𝑖𝑓 𝑔𝑟𝑜𝑢𝑝 𝑖 𝑖𝑠 𝑎𝑠𝑠𝑖𝑔𝑛𝑒𝑑 𝑡𝑜 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 ℎ 𝑖𝑛 𝑠𝑡𝑎𝑔𝑒 𝑘               
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                        

 

𝑖 ∈ 𝐼𝑘;  𝑘 = 1, 2, … ,𝑚;ℎ ∈ 𝑉𝑖𝑘  

𝐶𝑖𝑗  The completion time of job 𝑗 in group 𝑖;  

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖   

𝐴𝑝𝑖𝑘  �1         𝑖𝑓 𝑔𝑟𝑜𝑢𝑝 𝑖 𝑖𝑠 𝑝𝑟𝑜𝑐𝑒𝑠𝑠𝑒𝑑 𝑎𝑓𝑡𝑒𝑟 𝑔𝑟𝑜𝑢𝑝 𝑝 𝑖𝑛 𝑠𝑡𝑎𝑔𝑒 𝑘               
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                            

  

𝑖,𝑝 ∈ 𝐼𝑘; 𝑖 < 𝑝;  𝑘 = 1, 2, … ,𝑚  

𝑇𝐷𝑖𝑗 The tardiness of job 𝑗 in group 𝑖;  𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖 

Mathematical formulation 

𝑀𝑖𝑛 𝑍 = 𝛼∑ ∑ 𝑤𝑖𝑗𝐶𝑖𝑗
𝑛𝑖
𝑗=1

𝑔
𝑖=1 +  𝛽 ∑ ∑ 𝑤𝑖𝑗𝑇𝐷𝑖𝑗

𝑛𝑖
𝑗=1

𝑔
𝑖=1      (4.14) 

Subject to: 

∑ 𝑌𝑖𝑗𝑘𝑟𝑗∈𝐽𝑖𝑘 = 1; 𝑖 ∈ 𝐼𝑘;  𝑟 = 1, 2, … ,𝑛𝑖𝑘; 𝑘 = 1, 2, … ,𝑚    (4.15) 
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∑ 𝑌𝑖𝑗𝑘𝑟
𝑛𝑖𝑘
𝑟=1 = 1; 𝑖 ∈ 𝐼𝑘; 𝑗 ∈ 𝐽𝑖𝑘; 𝑘 = 1, 2, … ,𝑚      (4.16) 

𝑥𝑖[1]𝑘 + 𝑀�1 − 𝐴𝑝𝑖𝑘� + 𝑀(1 − 𝑧𝑖𝑘ℎ) + 𝑀�1 − 𝑧𝑝𝑘ℎ� ≥ 𝑥𝑝[𝑛𝑝𝑘]𝑘 + 𝑆𝑝𝑖𝑘ℎ +

∑ (𝑌𝑖𝑗𝑘1 ∗ 𝑡𝑖𝑗𝑘ℎ)𝑗∈𝐽𝑖𝑘   

𝑖,𝑝 ∈ 𝐼𝑘; 𝑖 < 𝑝; 𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘 ∩ 𝑉𝑝𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  (4.17) 

𝑥𝑝[1]𝑘 + 𝑀(𝐴𝑝𝑖𝑘) + 𝑀(1 − 𝑧𝑖𝑘ℎ) + 𝑀�1 − 𝑧𝑝𝑘ℎ� ≥ 𝑥𝑖[𝑛𝑖𝑘]𝑘 + 𝑆𝑖𝑝𝑘ℎ + ∑ (𝑌𝑝𝑗𝑘1 ∗𝑗∈𝐽𝑝𝑘

𝑡𝑝𝑗𝑘ℎ)  

𝑖,𝑝 ∈ 𝐼𝑘; 𝑖 < 𝑝; 𝑘 = 1, 2, … ,𝑚;ℎ ∈ 𝑉𝑖𝑘 ∩ 𝑉𝑝𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  (4.18) 

𝑥𝑖[1]𝑘 + 𝑀(1 − 𝑍𝑖𝑘ℎ) ≥ 𝑎𝑘ℎ + 𝑆0𝑖𝑘ℎ + ∑ (𝑌𝑖𝑗𝑘1 ∗ 𝑡𝑖𝑗𝑘ℎ)𝑗∈𝐽𝑖𝑘               

𝑖 ∈ 𝐼𝑘; 𝑘 = 1, 2, … ,𝑚;ℎ ∈ 𝑉𝑖𝑘        (4.19) 

𝑥𝑖[𝑟]𝑆𝑡𝑖𝑗(1) + 𝑀�1 − 𝑌𝑖𝑗𝑆𝑡𝑖𝑗(1)𝑟� ≥ 𝑟𝑖𝑗 + ∑ 𝑍𝑖𝑆𝑡𝑖𝑗(1)ℎ ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑆𝑡𝑖𝑗(1)ℎℎ∈𝑉𝑖𝑆𝑡𝑖𝑗(1)    

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1,2, …𝑛𝑖;  𝑟 = 1, 2, … ,𝑛𝑖𝑆𝑡𝑖𝑗(1)      (4.20) 

 𝑥𝑖[𝑟]𝑘 − 𝑥𝑖[𝑟−1]𝑘 + 𝑀(1 − 𝑍𝑖𝑘ℎ) ≥ ∑ (𝑌𝑖𝑗𝑘𝑟 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ)𝑗∈𝐽𝑖𝑘  

𝑖 ∈ 𝐼𝑘;  𝑟 = 2, … ,𝑛𝑖𝑘;  𝑘 = 1, 2, … ,𝑚;ℎ ∈ 𝑉𝑖𝑘      (4.21) 

∑ 𝑧𝑖𝑘ℎ = 1ℎ∈𝑉𝑖𝑘 ;         𝑖 ∈ 𝐼𝑘; 𝑘 = 1, 2, … ,𝑚       (4.22) 

𝑥𝑖[𝑟]𝑆𝑡𝑖𝑗(𝑘) − 𝑥𝑖[𝑞]𝑆𝑡𝑖𝑗(𝑘−1) + 𝑀�1 − 𝑌𝑖𝑗𝑆𝑡𝑖𝑗(𝑘)𝑟� + 𝑀�1 − 𝑌𝑖𝑗𝑆𝑡𝑖𝑗(𝑘−1)𝑞� ≥

∑ (𝑍𝑖𝑘ℎ ∗ 𝑡𝑖𝑗𝑘ℎ ∗ 𝑟)ℎ∈𝑉𝑖𝑆𝑡𝑖𝑗(𝑘)    

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑟 = 1, 2, … ,𝑛𝑖𝑆𝑡𝑖𝑗(𝑘); 𝑞 = 1, 2, … ,𝑛𝑖𝑆𝑡𝑖𝑗(𝑘−1); 𝑘 = 2, … ,𝑚𝑖𝑗  

           (4.23) 

𝐶𝑖𝑗 + 𝑀�1 − 𝑌𝑖𝑗𝑆𝑡𝑖𝑗(𝑚𝑖𝑗)𝑟� ≥ 𝑥𝑖[𝑟]𝑆𝑡𝑖𝑗�𝑚𝑖𝑗�;          

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑟 = 1, 2, … ,𝑛𝑖𝑆𝑡𝑖𝑗�𝑚𝑖𝑗�     (4.24) 

𝑇𝑖𝑗 ≥ 𝐶𝑖𝑗 − 𝑑𝑖𝑗;         𝑖 = 1, 2, … ,𝑔;  𝑗 = 1, 2, … , 𝑛𝑖      (4.25) 

𝑥𝑖𝑗𝑘,𝐶𝑖𝑗,𝑇𝑖𝑗 ≥ 0; 𝑍𝑖𝑗𝑘 ,𝑌𝑖𝑗𝑘𝑟 ∈ {0,1}; 𝐴𝑝𝑖𝑘 ∈ {0,1} (𝑝 < 𝑖)       

𝑖,𝑝, 𝑙 = 1, 2, … ,𝑔;  𝑗, 𝑟 = 1, 2, … , 𝑏𝑚𝑎𝑥;  𝑘 = 1, 2, … ,𝑚;  ℎ = 1, 2, … , 𝑣𝑘  (4.26) 

The objective function and all constraints for this model are described the same way as 

MILP1. The main difference between these models is the definition of 𝑥𝑖𝑗𝑘 variables. In 

MILP1, this set of variables represents the completion time of job 𝑗 in group 𝑖 and stage 
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𝑘, while in MILP2, these variables represent the completion time of any job, which is 

assigned to slot 𝑗 in group 𝑖 and stage 𝑘.  

4.1.3. Comparison of MILP1 and MILP2 

Tables 1 and 2 compare the number of variables and constraints for each of the models. 

These numbers are obtained by counting the variables and constraints over all possible 

indices. For example, in order to calculate the total number of decision variables 𝑋𝑖𝑗𝑘, 

these variables must be counted for all groups and in all stages. There are a total of 𝑔 

groups, and group 𝑖 contains 𝑛𝑖 jobs. Therefore, the total number of decision variables 

that must be considered for each stage is ∑ 𝑛𝑖
𝑔
𝑖=1 . Since similar variables must be 

considered for all stages, the total number of 𝑋𝑖𝑗𝑘 variables (as shown in Table 1) is 

𝑚∑ 𝑛𝑖
𝑔
𝑖=1 . In order to make comparison easier, the sigma is substituted with 𝑔. 𝑛� to 

provide an estimation of this total number, where 𝑛� is the average number of jobs in each 

group. As seen in these tables, the two models are almost the same, with respect to the 

number of variables and constraints. However, it is shown that MILP1 results in very 

important properties that simplify the optimization of pricing problems in the column 

generation algorithm. The details on these properties are presented in Chapter 5, where a 

lower bounding mechanism is developed for evaluation of the meta-heuristic algorithms.  

Table 1. Number of variables for MILP1 and MILP2 

Variable MILP1 MILP2 

Estimate of count Exact count Estimate of count Exact count 
𝑿𝒊𝒋𝒌  𝑔.𝑛�.𝑚  𝑚∑ 𝑛𝑖

𝑔
𝑖=1   𝑔.𝑛�.𝑚  𝑚∑ 𝑛𝑖

𝑔
𝑖=1   

𝒁𝒊𝒌𝒉  𝑔.𝑚. �̅�  𝑔∑ 𝑣𝑘𝑚
𝑘=1   𝑔.𝑚. �̅�  𝑔∑ 𝑣𝑘𝑚

𝑘=1   

𝑨𝒊𝒑𝒌  𝑔. (𝑔 − 1).𝑚/2  𝑔. (𝑔 − 1).𝑚/2  𝑔. (𝑔 − 1).𝑚/2  𝑔. (𝑔 − 1).𝑚/2  

𝒀𝒊𝒋𝒌𝒓  𝑔.𝑛�2.𝑚  𝑚∑ 𝑛𝑖2
𝑔
𝑖=1   𝑔.𝑛�2.𝑚  𝑚∑ 𝑛𝑖2

𝑔
𝑖=1   

𝑪𝒊𝒋  -  -  𝑔.𝑛�  ∑ 𝑛𝑖
𝑔
𝑖=1   

 
4.2.Meta-heuristic algorithms 

Since the problem addressed in this research is among the strongly NP-hard problems, the 

main approach in dealing with medium or large size-instances of this problem is the use 

of meta-heuristic algorithms. Meta-heuristic algorithms usually show higher performance 
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compared to deterministic heuristics, because they use a mechanism to avoid getting 

trapped in local optima. However, the performance of meta-heuristic algorithms differs in 

dealing with different types of problems. In this section, we focus on the two different 

types of meta-heuristic algorithms, known as local search algorithms and population-

based algorithms. Local search algorithms are iterative algorithms that, in each iteration, 

search for a solution in a local area in the solution space. This local area is usually the 

neighborhood of a particular solution called seed. Therefore, the search starts with an 

initial seed and searches the neighborhood of this solution to find a possible seed for the 

next iteration. The next seed is usually selected based on its quality compared to other 

solutions in the neighborhood. On the other hand, population-based algorithms usually 

work based on sets of solutions known as population and evolving these solutions in an 

iterative mechanism known as generations. In each generation, pairs of solutions in the 

population mate with each other to produce new solutions that possibly have higher 

qualities than their parents. Among all the solutions in a population (including the parents 

as well as newly generated solutions), only the ones that show high qualities may survive 

to the next generation. This repetitive process continues until the population converges or 

a specified amount of time is devoted to the search. The local search algorithms in this 

research are developed with the help of two well-known meta-heuristics, i.e. TS and SA, 

and the population-based algorithms are developed in the framework of GA. These 

algorithms are described in detail next. 

Table 2. Number of Constraints for MILP1 and MILP2 

Const. MILP1 MILP2 
Estimate of count Exact count Estimate of count Exact count 

2&15 𝑔.𝑛�.𝑚  𝑚∑ 𝑛𝑖
𝑔
𝑖=1   𝑔.𝑛�.𝑚  𝑚∑ 𝑛𝑖

𝑔
𝑖=1   

3&16 𝑔.𝑛�.𝑚  𝑚∑ 𝑛𝑖
𝑔
𝑖=1   𝑔.𝑛�.𝑚  𝑚∑ 𝑛𝑖

𝑔
𝑖=1   

4&17 𝑔(𝑔 − 1)𝑛�.𝑚. �̅�/2  (∑ ∑ 𝑛𝑖
𝑝
𝑖=1

𝑔
𝑝=2 )(∑ 𝑣𝑘𝑚

𝑘=1 )  𝑔(𝑔 − 1)𝑛�.𝑚. �̅�/2  (∑ ∑ 𝑛𝑖
𝑝
𝑖=1

𝑔
𝑝=2 )(∑ 𝑣𝑘𝑚

𝑘=1 )  
5&18 𝑔(𝑔 − 1)𝑛�.𝑚. �̅�/2  (∑ ∑ 𝑛𝑖

𝑝
𝑖=1

𝑔
𝑝=2 )(∑ 𝑣𝑘𝑚

𝑘=1 )  𝑔(𝑔 − 1)𝑛�.𝑚. �̅�/2  (∑ ∑ 𝑛𝑖
𝑝
𝑖=1

𝑔
𝑝=2 )(∑ 𝑣𝑘𝑚

𝑘=1 )  
6&19 𝑔.𝑛�.𝑚. �̅�  (∑ 𝑛𝑖

𝑔
𝑖=1 )(∑ 𝑣𝑘𝑚

𝑘=1 )   𝑔.𝑚. �̅�  𝑔(∑ 𝑣𝑘𝑚
𝑘=1 )  

7&20 𝑔.𝑛�.𝑣1  𝑣1 ∑ 𝑛𝑖
𝑔
𝑖=1   𝑔.𝑛�2  ∑ 𝑛𝑖2

𝑔
𝑖=1   

8&21 𝑔.𝑛�(𝑛� − 1)2𝑚  𝑚∑ 𝑛𝑖(𝑛𝑖 − 1)2𝑔
𝑖=1   𝑔.𝑛�.𝑚. �̅�  (∑ 𝑛𝑖

𝑔
𝑖=1 )(∑ 𝑣𝑘𝑚

𝑘=1 )  
9&22 𝑔.𝑚  𝑔.𝑚  𝑔.𝑚  𝑔.𝑚  
10&23 𝑔.𝑛�.𝑚  𝑚∑ 𝑛𝑖

𝑔
𝑖=1   𝑔.𝑛�3.𝑚  𝑚(∑ 𝑛𝑖3

𝑔
𝑖=1 )  

11&24 𝑔.𝑛�(𝑚− 1)�̅�  (∑ 𝑛𝑖
𝑔
𝑖=1 )(∑ 𝑣𝑘𝑚

𝑘=2 )   𝑔.𝑛�2  ∑ 𝑛𝑖2
𝑔
𝑖=1   

12&25 𝑔.𝑛�  ∑ 𝑛𝑖
𝑔
𝑖=1   𝑔.𝑛�  ∑ 𝑛𝑖

𝑔
𝑖=1   
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4.2.1. Tabu search 

Three different algorithms based on TS are developed in this research, where all of them 

are hybrids of two or more TS algorithms that perform on different regions of the 

solution space. Hence, TS in its general form has to be described before getting into the 

details of these algorithms. In the following, notations of this algorithm are presented, 

and then the algorithm is presented in the form of pseudo code and a flowchart in Table 3 

and Figure 4, respectively. 

Notations of TS  

Initial solution (IS): TS needs an initial solution to trigger the search. Although, this 

solution can be any feasible solution,  Logendran & Subur (2004) showed that the quality 

of the final solution is sensitive to the selection of IS. However, in this research a random 

IS has been selected for all local search algorithms, and the search has been devised to 

function as independently as possible to the selection of IS. 

Neighborhood: as mentioned earlier, TS is a local search, which means that it finds the 

neighborhood of each solution and searches among this neighborhood for possible 

improvements. The neighborhood of each solution is obtained by perturbing different 

elements of the solution. The types of these perturbations are dependent on the structure 

of the problem. For example, in a single-machine scheduling problem, these perturbations 

can be restricted to mutually exchanging the positions of jobs. In a flow shop scheduling 

problem, these perturbations can be restricted to permutation sequences (i.e. sequences 

with the same order of jobs in each stage). However, the number of these perturbations 

must be polynomial with respect to the size of the problem; otherwise, the algorithm will 

not be polynomial, meaning that it would require an excessively large computation time 

for solving large instances of the problem. 

Candidate: the seed in each iteration of TS is called a candidate. Therefore, the first 

candidate is always the IS, and the next candidate will be selected from its neighborhood. 

The next candidate in each iteration is usually the best solution in the neighborhood of 

the current candidate. However, this is not always true. In order to avoid getting trapped 

in local optima, TS follows a mechanism that prohibits the algorithm from always 

selecting the best solution in the neighborhood. Due to this mechanism, some of the 
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solutions in the neighborhood of the current seed are banned (tabu) from being selected 

as the next candidate. The name “candidate” refers to the potentiality of these solutions 

for being a local or global optimum. 

Candidate list (CL): this is a list to record all the candidates found during the search. The 

first entry into CL is always the IS, and the next candidates will enter this list as they 

emerge in each iteration. Since the candidates are not necessarily the best solutions in 

each iteration (due to the existence of tabu solutions), the new entries into CL are not 

necessarily better than its current members. Hence, there are candidates in the CL, which 

are better than both their preceding and succeeding entries into CL. These candidates are 

recognized as local optima. 

Table 3. Pseudo code for TS 

Select an arbitrary initial solution(IS), enter it into CL and IL,  
AL = objective function value of IS 
WHILE (stopping criteria are not reached) 
        Generate the neighborhood of the last entry into CL 
        Set best_objective_value = ∞  
        For each current_solution in the neighborhood DO 
               IF (objective value of current_solution < best_objective_value) THEN 
                        IF (current_solution is not already in CL) THEN 
                                IF (the current_move is not in TL) THEN 
                                       {best_solution = current_solution 
                                        best_move = current_move} 
                                ELSE IF (objective value of current_solution < AL) THEN 
                                        best_solution = current_solution 
                                        best_move = current_move  
        NEXT current_solution 
        IF (objective value of best_solution < objective value of the latest entry into CL) THEN 
                Assign a star (*) to the best_solution 
                Reset the number of iteration without improvement 
        ELSE  
                Increase the number of iteration without improvement by one 
                IF (the latest entry in CL is already assigned a star) THEN       
                        Assign another star to that latest entry and insert it into IL  
        CL = CL ∪ {best_solution} and TL = TL ∪ {best_move} 
        IF (number of entries into TL > TLS) THEN 
                Remove the earliest entry from TL 
        IF (objective value of best_solution < AL) THEN 
                AL = objective value of best_solution 
Print the best solution in IL 
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Figure 4. Tabu search 
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Index list (IL): all local optima, which are found during the search, will enter the IL. The 

number of solutions in this list, which is commonly referred to as index list size (ILS) is a 

criteria used to stop the search. 

Tabu list (TL): in each iteration, the perturbation (or move), that results in the next 

candidate, enters into TL and remains there for a number of iterations. TL is a first in first 

out list and has a predefined size which is known as tabu list size (TLS). Therefore, 

whenever the number of entries into TL reaches this size, the oldest entry leaves the list 

and makes room for new perturbations. As long as a move is listed in TL, it is considered 

as tabu. Although all the possible perturbations (tabu or not tabu) will be used in 

generating the new neighborhoods, solutions that are obtained from tabu moves cannot be 

considered as the next candidate. However, this rule is overridden in one condition, 

which is described below. 

Aspiration level (AL): the best solution found so far by the search, is recorded as AL. 

Whenever a tabu move results in finding a solution better than AL, the tabu status of that 

move is overridden, and the solution can be selected as the next candidate. However, the 

move will re-enter the TL.  

Stopping criteria: several criteria may be chosen for stopping the search, including the 

maximum number of iterations without improvement (𝑚𝑎𝑥_𝑁𝐼𝑊𝐼), maximum number of 

local optima, or maximum amount of CPU computation time. Each of these criteria or a 

combination of these criteria may be used to stop the search.  

4.2.1.1.Non-permutation TS 

The simplest version of TS-based algorithms, developed in this research, decomposes the 

search space into two separate areas or levels, i.e. group level and job level. In the group 

level, the search is responsible to properly assign groups to different machines in each of 

the stages and find the sequence of groups on each machine. In the job level, the search is 

responsible for finding the best sequence of jobs within each group and in each stage. The 

non-permutation TS is a hybrid of two TS algorithms that perform separately in each of 

these levels. The result of each sub-algorithm is passed to the other sub-algorithm for 
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further improvements, and this repetitive process continues until no more improvement 

can be obtained from communicating between the two levels.  

All steps of both sub-algorithms are the same as the general TS (as described in Table 3 

and Figure 4), except for neighborhood generation mechanism. For the group level, the 

neighborhood of a solution is obtained by perturbing its group sequences and machine 

assignments. Four different types of perturbations are considered for this level: 

exchanging positions of two groups on the same machine, exchanging positions of two 

groups on different machines, inserting a group in a position on its current machine, and 

inserting a group in a position on a different machine. For the job level, the neighborhood 

of each solution is obtained by performing two different perturbations: exchanging 

positions of two jobs within a group and inserting a job in a different position within the 

group. Since all of these moves are performed on each stage, while all the other stages 

remain unchanged, the outcomes of these perturbations are non-permutation sequence, 

which clarifies the name of this algorithm.   

4.2.1.2.Partial-permutation TS 

The neighborhood generation mechanism in the non-permutation TS works based on 

performing single perturbations. In other words, each solution in those neighborhoods is 

an immediate neighbor of the candidate (or seed) and is obtained by performing exchange 

and insert moves in the structure of the seed. An application of these single perturbations 

on a group of four jobs is demonstrated in Figure 5. It is assumed that these jobs have to 

be processed in a regular flow shop with three stages, and the initial sequence of them in 

all stages is the same:  𝐽1 − 𝐽2 − 𝐽3 − 𝐽4.  

 
Figure 5. A single perturbation in TS 
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Figure 5(b) represents a single perturbation where the first job, i.e. 𝐽1 is inserted in 

position three in stage one, and all the other stages remained unchanged. Similarly, 

Figure 5(c) represents the exchange of 𝐽1 and 𝐽4 in the first stage, while the positions of 

these jobs in all the other stages remain unchanged. As it is suggested by these diagrams, 

performing single perturbations on flow shop environments may result in the emergence 

of idle times (delays) in the entire schedule. These predictable delays represent a potential 

deficiency of local search algorithms in dealing with flow shop scheduling problems. 

This deficiency is even more pronounced when working with HFS scheduling problems, 

because the solution space of those problems is so large that the efficiency of the local 

search algorithms is drastically diminished by these deficiencies.  

In order to avoid these deficiencies in dealing with flow shop problems, one remedy is to 

account for simultaneous perturbations (or multiple perturbations). In other words, while 

changing the position of a job in any stage, positions of the same job in all of the other 

stages have to be checked and accordingly changed in order to avoid the possible delays. 

However, one of the main principles in local search algorithms is the generation of 

immediate neighborhoods, meaning that all the solutions in each neighborhood must be 

obtained by performing single perturbations. It is worth noting that the single 

perturbation does not mean that only one job can change its position at a time. For 

example, in the exchange move, two jobs are simultaneously trading their positions. 

Therefore, multiple jobs are allowed to change their positions at each perturbation, but 

only one perturbation is allowed to be performed at a time (for example only one 

exchange move is allowed to happen at a time and not multiple exchange moves). If this 

principle does not hold true for generating neighborhoods in each iteration of local search 

algorithms, the multiple combinations of perturbations to generate each solution may 

result in a non-polynomial search algorithm, which is not desirable in dealing with 

strongly NP-hard problems. 

These types of difficulties have been encountered by many researchers as documented in 

the literature of HFS scheduling problems, where the solution space is so large that it 

makes the meta-heuristic algorithms inefficient in finding good solutions. As explored by 

Ruiz & Vázquez-Rodríguez (2010), most of the researchers who proposed several meta-
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heuristic algorithms to deal with the HFS scheduling problems followed a simple 

strategy, i.e. to restrict the search only to the space of permutation sequences. Despite the 

existence of non-permutation sequences, positions of jobs in a permutation sequence are 

the same in all stages. Therefore, the predictable delay times, which are identified in 

Figure 5, are automatically avoided when working with permutation sequences. 

Although, it is shown that the optimal solutions of HFS scheduling problems are among 

the non-permutation sequences (Chen, Potts, & Woenginger, 1998), there is evidence that 

permutation sequences can be considered good estimations for those optimal solutions. 

It is proved by Conway, Maxwell, & Miller (2003) that for a regular flow shop problem 

with the objective function of makespan, i.e. 𝐹||𝐶𝑚𝑎𝑥, there is always an optimal solution 

with the same order of jobs on the first two stages and the same order of jobs on the last 

two stages. Consequently, if a flow shop has three or fewer stages, its optimal solution 

will be among the permutation sequences. Besides, it is shown that for proportionate flow 

shops with regular objective functions, there is always an optimal solution with 

permutation sequences (Shaklevich, Hoogeveen, & Pinedo, 1996). Proportionate flow 

shop is a flow shop where the run time of each job is the same on all stages. Hence, it is 

perceived that two important factors in the occurrence of non-permutation sequences are: 

1. Objective function of the problem and 2. The fluctuations in the run time of jobs in 

consecutive stages. Depending on these two factors, the permutation sequences may be 

considered as good estimations for the optimal solution of the flow shop problems. 

Although this conclusion only holds true for flow shop problems and not HFS problems, 

the GTA considered in this research make it possible to extend this conclusion to HFS 

problems. GTA restrict all jobs within a group to be processed consecutively and on the 

same machine; therefore the problem of scheduling all jobs within a group in an HFS 

environment resembles the problem of scheduling a bunch of jobs in a flow shop 

environment. Consequently, the permutation sequences may also be considered as good 

estimations for scheduling jobs in an HFS problem.  

With all these explanations, there is still one question remaining, and that is how we can 

define a permutation sequence in an HFS problem. Although the definition of 

permutation sequence is very well realized for the sequence of jobs, this concept is 
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meaningless for the group sequences in an HFS environment. The sequence of groups is 

defined when there is only one machine in each stage. Otherwise, each pair of groups, 

which are processed on the same machine in one stage, are not necessarily processed on 

the same machine in other stages. Therefore, a sequence of groups cannot be defined if 

there is more than one parallel machine in at least one of the stages. 

A resolution to this problem in order to find partial-permutation sequences (sequences 

that are similar to permutation sequences) is to separate the solution space into different 

parts (or levels) i.e. machine level, group level and job level. The machine level 

determines the assignment of machines to the groups in all different stages. The group 

level determines a unique (or global) sequence for groups to be followed in all stages. 

And the job level finds a unique (or global) sequence for the jobs within each group to be 

followed in all stages. Therefore, with the help of these three levels for the solution space, 

it is possible to have permutation sequences for the group level, as well as the job level. 

However, the machine level is not a sequencing problem, but an assignment problem. 

Thus, a permutation sequence is not meaningful for this level.  

In order to find the sequence of groups on each machine and in each stage, the machine 

level and the group level have to be considered together. For example, if 𝑔2 − 𝑔5 − 𝑔4 −

𝑔3 − 𝑔1 represents the sequence of five groups in a stage, and 𝑚1 −𝑚2 −𝑚1 −𝑚1 −

𝑚2 represents the machine assignments of these groups in the same stage, the actual 

sequence of groups on each of the machines (𝑚1 and 𝑚2) can be found as: 𝑔2 − 𝑔4 − 𝑔3 

on the first machine (𝑚1) and 𝑔5 − 𝑔1 on the second machine (𝑚2). 

The partial-permutation TS is a hybrid of three TS algorithms, which perform separately 

in each level of the solution space. The first TS-based sub-algorithm finds the best 

assignment of machines to the groups in each of the stages and passes the results to the 

second sub-algorithm, where the best permutation sequence for the groups will be 

determined for the given machine assignments. The results of level two are delivered to 

another TS-based sub-algorithm, where the best permutation sequence of jobs will be 

determined for each group. The results of the job level are redirected to the machine 

level, and this repetitive communication between the three sub-algorithms continues until 

no more improvement is obtained. 
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In order to further improve the results of this search, an adjustment is devised for the TS-

based algorithm at the job level. According to this adjustment, the sequence of jobs 

within each group may deviate from its global permutation sequence whenever a job 

skips a stage. Recall the example in Figure 5(a). Suppose that 𝐽3 skips the second stage. 

𝐽3 can start its process on stage three as soon as it completes its operation on the first 

stage and there is at least one machine ready to process this job in stage three. Therefore, 

it is highly likely that 𝐽3 will be ready to be processed in stage three, before the first two 

jobs. As an adjustment, it is considered that whenever stage skipping occurs the particular 

stage is considered as a breaking point. The position on the left of the breaking point 

remains unchanged. However, on the right of the breaking point, the skipping job may be 

shifted to all positions on the left of its initial position. As a result of this adjustment, 

multiple alternatives emerge whenever a job skips a stage (Figure 6). Among these 

alternatives, the one with the best objective function value will be selected for the 

continuation of the algorithms. It is worth noting that the sequence of the jobs in all 

stages to the right of the breaking point will be the same as the selected alternative 

(Figure 6).  

 

Figure 6. Adjustment to the permutation sequence in job level 

Partial permutation algorithms with and without the above mentioned adjustment have 

been compared against the non-permutation TS for bi-criteria group scheduling problems 

in HFS environments (Bozorgirad & Logendran, 2013a). 
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4.2.1.3. TS with embedded progressive perturbations (TSEPP)  

As mentioned earlier, the optimal solution of HFS problems are not generally in the form 

of permutation sequences, but very close to these sequences. Therefore, a permutation-

based search algorithm (such as partial-permutation TS) may be further improved by 

performing extra perturbations on its results. Mehravaran & Logendran (2012) introduced 

TSEPP to improve the performance of a TS-based algorithm in dealing with a flow shop 

problem. The main idea behind this approach is to find the permutation sequence for the 

flow shop problem and then progressively improve this solution by introducing extra 

perturbations, which change the solution to a non-permutation sequence. Therefore, this 

idea can be applied to any search algorithm that is based on permutation sequences. In the 

partial-permutation TS introduced in previous section, the group level and the job level 

are based on permutation sequences. Hence, the progressive perturbation may be applied 

on these levels in order to find non-permutation sequences with potentially better 

objective function values.  

For a TS-based algorithm, the extra perturbations may be applied in two different steps, 

i.e. on the final solution or on all solutions in the index list. These progressive 

perturbations cannot be applied in any step before the index list, because they may 

intervene with the continuation of the algorithm. For example, if the extra perturbations 

are applied on the solutions in the candidate list, all the candidates will be changed to 

non-permutation solutions and cannot be selected as the seed for next iterations (because 

the algorithm is based on permutation sequences). The simplest, as well as the fastest 

way, to improve the result of a permutation-based algorithm is to apply extra 

perturbations on the final solution of the algorithm. However, the improvement obtained 

from this approach may not be as good as the second approach, where the extra 

perturbations are applied to the index list. In this research, the extra perturbations are 

applied on all solutions in the index list in order to obtain the greatest improvement 

possible.   

4.2.2. Simulated annealing 

SA is another meta-heuristic that works well with the combinatorial optimization 

problem. This algorithm is similar to tabu search (TS) in a way that it produces 
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neighborhood of a solution and searches among this neighborhood to find the next 

candidate. The demonstration of solutions and the neighborhood generation mechanism is 

almost the same for both algorithms. The difference is that this algorithm does not 

necessarily choose the best solution in the neighborhood (TS always chooses the best 

solution in the neighborhood). Instead, SA allows inferior solutions to be selected with a 

probability of 𝑝. This 𝑝 depends on the solution and decreases as the solution gets worse 

or a predefined parameter, called temperature, decreases. The idea behind this search 

comes from a technique in metallurgy. In this technique a metallurgist heats up a metal, 

so that its atoms become loose from their initial position. Then, the metallurgist starts to 

lower the temperature and cool down the metal at a controlled pace. By gradually 

lowering the temperature, atoms move to positions that make it possible for the material 

to have lower internal energy.  

SA starts its search from an initial solution that can be any feasible solution. It sets this 

solution as the seed for its first iteration and generates the neighborhood of this seed. 

Then, a solution in this neighborhood will be randomly selected, and its objective 

function value will be calculated. If this value is better than the objective function value 

of the seed, the selected solution will be considered as the seed for the next iteration. If 

the solution is not better than the seed, a probability will be assigned to it as 𝑒−∆/𝑇, where 

∆ is the difference between the objective function value of the solution and the objective 

function value of the seed, and 𝑇 is the temperature of the algorithm in that iteration. This 

temperature is simply a positive value, which is initially set to a large number. The 

temperature will be decreased in each iteration of the search with a constant rate of 𝛼, i.e. 

𝑇 = 𝛼 × 𝑇, where 0 < 𝛼 < 1, meaning that the chance of selecting an inferior solution 

decreases for lower temperatures. Then, a random number, say 𝑥 will be generated. The 

solution is selected as the next seed if 𝑥 < 𝑒−∆/𝑇, otherwise it will be discarded and 

another solution will be selected. With this mechanism, SA searches a wide range of the 

solution space, when the temperature is high, and gradually narrows this range as the 

temperature cools down. The search converges to a local optimal solution as the 

temperature gets to zero. The search stops when a pre-defined number of local optima are 
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observed, or a predefined CPU runtime is passed. A pseudo code for this algorithm is 

presented in Table 4. 

Similar to the TS-based algorithms, three different algorithms based on SA are developed 

in this research, i.e. non-permutation SA, partial-permutation SA, and SA with embedded 

progressive perturbations (SAEPP). The description of each of these algorithms is the 

same as its equivalent TS-based algorithm.  

Table 4. Pseudo code for SA 

Select an arbitrary initial solution (IS.) Set IS as the first seed (𝑆0) as well as 
best_solution=IS 
Set the initial temperature (𝑇0), freezing temperature (𝑇𝑓) and cooling rate (𝛼) 
WHILE (current temperature > 𝑇𝑓)  
        DO 
        Select a solution in the neighborhood (𝑆1) with the probability of 1/N (N is the size 
of neighborhood) 
        IF (objective value of 𝑆1< objective value of 𝑆0) THEN 
                best_solution = 𝑆1 and 𝑆0 = 𝑆1 
        ELSE         
                Set 𝑆0 = 𝑆1 with the probability of exp[-(objective value of 𝑆1- objective value of 
𝑆0)/𝑇𝑐] 
        UNTIL a solution is selected 
        𝑇𝑐 = 𝛼 × 𝑇𝑐 
Print the best_solution 

 

4.2.3. Genetic algorithm 

GA is a well-known meta-heuristic that is widely used in the literature to deal with 

combinatorial optimization problems. It is an evolutionary algorithm that works based on 

the process of the natural evolution. The basic concept behind this approach is that as a 

population evolves from one generation to another, younger generations may have 

superior characteristics with respect to the older generations, provided that they inherit 

appropriate genes from their parents. The first step of GA is to encode the solutions of the 

problem into chromosomes that can be handled by this algorithm. This encoding mostly 

takes place with the help of binary arrays (arrays of 0 and 1), but depending on the 

structure of the problem, many different mechanisms can be selected for encoding. For 
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the problem addressed in this research, a chromosome (or solution) represents the 

assignment of groups to machines, as well as the sequence of groups on those machines, 

and the sequence of jobs within each group in each stage. This chromosome is formed 

with the help of multiple matrices, which demonstrate these assignments and sequences. 

For illustration purposes, a small part of such a chromosome is shown in Figure 7, which 

represents the sequence of 15 jobs within one group in one stage of the HFS problem. 

According to this figure job 5 (𝐽5) is the first job in the group, 𝐽13 is the second job, and 

so on. It is worth noting that this figure is only a small fraction of a huge chromosome, 

which consists of multi-dimensional matrices to demonstrate the machine assignments, 

group sequences and job sequences. 

5 13 8 6 7 4 11 2 9 15 3 10 1 14 12 
Figure 7. Sequence of jobs in a chromosome 

GA starts from an initial population. This population contains hundreds or thousands of 

individual chromosomes. Pairs of chromosomes are randomly selected to go through the 

mating process and generate new offspring.  These offspring may further be perturbed 

with the help of a mutation process. The outcomes of these processes form the next 

generation of the population. Individual chromosomes of the new population will be 

evaluated against a fitness function, which is the same as the objective function. A 

portion of the population, which is poor with respect to the fitness function, will not 

survive to the next generation; however, new pairs of chromosomes will be selected from 

the remaining portion of the population to repeat the mating process and to generate new 

individuals. The search stops when a favorable level of fitness is obtained or a predefined 

number of generations have been produced. A pseudo code for this algorithm is presented 

in Table 5.  

As mentioned earlier, the individuals in a population are selected to take part in the 

mating processes. Several selection mechanisms have been developed in the literature for 

the GAs, where the most common mechanisms include random pairing, weighted 

random pairing which is well known as roulette wheel weighting, and tournament 

selection (Haupt & Haupt, 2004). The roulette wheel weighting is used to select pairs of 

parents in this research. This mechanism has two varieties, i.e. the rank weighting which 
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assigns a weight to each individual based on their rank in the population, and the cost 

weighting which weighs each individual based on its objective function value (i.e. 

fitness). Both mechanisms select each individual with a probability proportional to its 

weight. Although there is no unique selection mechanism that works the best for all 

problems, our preliminary experiments have shown that the rank weighting mechanism 

results in a higher performance compared to the cost weighting. Therefore, this ranking 

method is used to develop the GA’s for this research. According to the rank weighting 

selection method, all individuals in the population are ranked in an ascending order. A 

fraction of the population, which has a lower fitness value compared to the rest of the 

population, will then be discarded. The magnitude of this fraction is a parameter of the 

algorithm and will be further described in the parameter tuning section. Suppose 𝑁𝑠𝑢𝑟𝑣𝑖𝑣𝑒 

represents the number of individuals that are not discarded and will survive to the next 

generation. Each of these individuals will be selected to take part in the mating process 

with the probability of 𝑝𝑛 = 𝑁𝑠𝑢𝑟𝑣𝑖𝑣𝑒−𝑛+1

∑ 𝑛𝑁𝑠𝑢𝑟𝑣𝑖𝑣𝑒
𝑛=1

, where 𝑛 indicates the rank of the individual. 

When a pair of parents is selected with the help of roulette wheel weighting mechanism, 

they will participate in a mating process. The mating process is usually composed of one 

or more operators to combine and perturb the genes of parents’ chromosomes and 

generate new offspring’s chromosomes. Two of the most common operators for this 

process are the crossover and the mutation operators. A variety of crossover operators 

have been developed in the GA literature, including one point order crossover OPOX, 

two point order crossover (TPOX), similar job order crossover (SJOX), amongst many 

others (Ruiz & Maroto, 2006). Although there is no unique best choice for the crossover 

operator, our preliminary experiments have shown that the SJOX is well-suited for the 

problem of this research. 

An adoption of this operator on the example of Figure 5(a) is illustrated in Figure 8. 

SJOX is composed of three steps and with the help of these steps combines the genes of 

two parents’ chromosomes to generate two new offspring. In the first step, which is 

represented in Figure 8(a), the genes that are common in both parents (if any) are 

inherited to both of their children. Then, in the next step, a randomly selected breaking 

point is considered for each of the stages in the structure of all four chromosomes, i.e. 
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parents as well as their children. For each of the stages, the genes on the left side of the 

breaking in parent 1 are copied to the same genes in offspring 1. Similarly, the genes on 

the left side of the breaking point in parent 2 are copied to the equivalent genes in 

offspring 2. This step is illustrated in Figure 8(b); and finally in the last step, the missing 

genes in offspring 1 are determined by following the relative positions of the same genes 

in parent 2. In the same way, the missing genes of offspring 2 are determined from the 

relative positions of the genes in parent 1. Figure 8(c) illustrates the details of this step. 

Table 5. Pseudo code for GA 

Generate the initial population with size 𝑁  
Set the maximum number of generations (𝐺𝑚𝑎𝑥), 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝐶𝑟𝑜𝑠𝑠𝑜𝑣𝑒𝑟 and 
𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑀𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
𝑁𝑠𝑢𝑟𝑣𝑖𝑣𝑒 = [𝑁 × (1 − 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝐶𝑟𝑜𝑠𝑠𝑜𝑣𝑒𝑟)]  
𝑁𝑒𝑙𝑖𝑐𝑖𝑡 = [0.1 × 𝑁]  
FOR 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 = 1 TO 𝐺𝑚𝑎𝑥 DO 
        Sort the population with respect to the objective function (the best chromosome 
ranks first)  
        Remove the last (𝑁 − 𝑁𝑠𝑢𝑟𝑣𝑖𝑣𝑒) number of chromosomes from the population  
        𝑖𝑛𝑑𝑒𝑥𝑝𝑜𝑝 = 𝑁𝑠𝑢𝑟𝑣𝑖𝑣𝑒  
        WHILE (𝑖𝑛𝑑𝑒𝑥𝑃𝑜𝑝 <  𝑁) 
                Select two chromosomes from population based on ranked-weighting 
mechanism 
                Perform the crossover operator (SJOX) to generate two offspring 
                𝑖𝑛𝑑𝑒𝑥𝑃𝑜𝑝 = 𝑖𝑛𝑑𝑒𝑥𝑃𝑜𝑝 + 2  
        FOR 𝑖 = 𝑁𝑒𝑙𝑖𝑐𝑖𝑡 TO 𝑁 DO 

Generate a random number in the interval of (0, 1) say rnd  
IF (𝑟𝑛𝑑 <  𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑀𝑢𝑡𝑎𝑡𝑖𝑜𝑛) THEN 

Perform the mutation operator on the 𝑖th member of the population 
Print the best solution in the 𝑝𝑜𝑝𝑢𝑙𝑎𝑖𝑡𝑜𝑛 

 

In each generation of a GA, only a fraction of population will take part in the crossover 

operation. This fraction is represented by 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝐶𝑟𝑜𝑠𝑠𝑜𝑣𝑒𝑟 in the pseudo code for 

GA (Table 5). Since this operation results in the formation of new chromosomes, in order 

to make room for the newly generated offspring, the same fraction of population must be 

discarded. Therefore, (𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝐶𝑟𝑜𝑠𝑠𝑜𝑣𝑒𝑟) percent of the population that have the 
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lowest fitness value will be discarded, and 𝑁𝑠𝑢𝑟𝑣𝑖𝑣𝑒 = [𝑁 × (1 − 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝐶𝑟𝑜𝑠𝑠𝑜𝑣𝑒𝑟)]  

number of chromosomes will survive to the next generation, where 𝑁 is the size of the 

population.  

 

Figure 8. SJOX crossover operator. Adopted from Ruiz & Maroto (2006) 
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When the crossover operation is completed, some of the chromosomes from the new 

population (composed of both parents and their children) are randomly selected to go 

through the mutation process. One of the most common mutation operators is the shift 

operator, which is basically the same as the insert move in the TS-based algorithms. In 

other words, it randomly selects a job (gene) and inserts it in an arbitrary position within 

the sequence. The mutation is only applied on a small fraction of the population, i.e. 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑀𝑢𝑡𝑎𝑡𝑖𝑜𝑛. Although the existence of this operator is necessary to avoid early 

convergence of the algorithm, the large values of 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑀𝑢𝑡𝑎𝑡𝑖𝑜𝑛 results in 

generating random populations and consequently low efficiency of the algorithm. In this 

research, in order not to lose best solutions found by the algorithm, the mutation process 

is not applied to the top 10% of the population. This fraction is usually referred to as the 

elite population.  

4.2.3.1.Bi-level GA 

A typical chromosome in the proposed GA must represent the assignment of groups to 

the machines for all stages, the sequence of groups on each of the machines provided that 

the machine is assigned to more than one group, and the sequence of jobs within each 

group in all stages of the HFS. As an example, consider a problem with eight stages, 

where each stage contains an average of three machines. Suppose the objective is to 

schedule nine groups on this HFS, where each group contains an average of ten jobs. The 

length of a typical chromosome for such a problem is 2160 = 8 × 3 × 9 × 10. Although 

this length might be appropriate if the chromosome was a binary string, but with the 

particular encoding of this research, this length is considered very large-size, and results 

in low efficiency of the GA. It is worth noting that in case of using binary strings, the 

length of a typical chromosome would be an order of magnitude larger (for the above 

example it would be 194400 = 8 × 3 × 81 × 100). In order to improve the efficiency of 

GA, the structure of the chromosome is divided in two parts, and two independent GA’s 

perform on each of these parts. 

The Bi-level GA is a hybrid of two GA’s, where the first one finds the best assignment of 

machines to the groups as well as the best sequence of the groups on each machine. The 

second GA finds the best sequence of jobs within each group in each stage, while 
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maintaining the results of the first GA. The results of each of the sub-algorithms are 

passed to the other algorithm for further improvement, and this iterative process 

continues until no more improvement is possible. 

Bozorgirad & Logendran (2013b) compare all the above mentioned meta-heuristic 

algorithms against each other for the HFS problem addressed in this research. This 

comparison revealed a superior performance for population-based algorithms (i.e. GA-

based algorithms) compared to the local-search based algorithms (i.e. TS or SA-based 

algorithms). 

4.2.4. Calibration of the meta-heuristic algorithms 

In order to make a fair comparison between the algorithms, all of them are allowed to run 

for two hours on identical computers with Intel(R) Xeon(R) CPU X5650 @ 2.67 GHz 

processors and 4.00 GB of RAM. The corresponding parameters are tuned based on the 

performance of each algorithm in this time interval. The two-hour time limit is identified 

(with the help of preliminary experiments) as the point where all algorithms become 

mature, meaning very little or no improvement is obtainable afterwards.  

The tuned parameters for the TS-based algorithms include: TLS, ILS and max_NIWI. 

These parameters are tuned by performing multiple linear regressions on the parameters 

of the problem (i.e. number of stages, groups, jobs and machines). In this approach, ten 

different sizes have been considered for TL, i.e. 𝑇𝐿𝑆 = 1, 2 … 10, and one hundred 

randomly generated sample problems have been solved for each of these sizes. The TLS 

that resulted in the best solution for each of those sample problems together with ILS and 

max_NIWI have been identified. The output of these experiments, which is a 100 × 3 

table representing the best values of TLS, ILS and max_NIWI for the 100 sample 

problems, was used in DataFit (1995) to find the regression formulae for the parameters 

of the TS-based algorithms. These formulae are presented in Appendix C. 

Although regression provides accurate calibrations, this approach is not applicable on the 

parameters of SA or GA-based algorithms, mainly due to the type of those parameters 

(most of them get continuous values).  Therefore, these two meta-heuristics are calibrated 

with the help of a design of experiments methodology. The influential parameters for the 
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SA-based algorithms include the initial temperature, the freezing temperature and the 

cooling rate. In particular, the initial temperature has been set using four different levels, 

50, 100, 200 and 500. The higher values of this parameter give a higher chance to the low 

quality solutions to be visited by the algorithm. Therefore, a criterion in selecting the 

value of the initial temperature is to make sure that in the early stages of the search, 

almost all solutions have the same chance to be visited by the algorithm. Our preliminary 

experiments revealed that the maximum temperature of 500 satisfies this condition, and 

any temperature above this value is unnecessary. The freezing temperature, which 

determines the stopping point of the algorithm, is set using three different levels, i.e. 0.01, 

0.1 and 1. The smaller values of this parameter indicate that in the later stages of the 

search, only solutions with improvement have chances to be visited by the algorithm. The 

cooling rate of SA has the most impact on the performance of this algorithm. The high 

values of this parameter prevent the search from visiting many solutions, and the low 

values of this parameter can result in a very high computation time (because the search 

will visit too many points in the solution space). A common value for this parameter 

usually lies between 0.8 and 0.99; however, in this research, four different levels are 

considered for this parameter, i.e. 0.01, 0.1, 0.5 and 0.9. The main reason for considering 

small values, as well as large values, for this parameter is that although the large cooling 

rates help to expedite the search, the small values for this parameter increase the 

possibility of finding better solutions (simply because the algorithm visits more points in 

the solution space).    

The design of experiments on these parameters is conducted with the help of 100 

randomly generated sample problems, which makes a total of 4800 (3 × 4 × 4 × 100) 

runs for each algorithm. The ANOVA tables for the three SA-based algorithms are 

presented in Appendix D. Since each of the factors in this ANOVA has more than two 

levels, it is necessary to perform a Tukey test in order to determine the level for each 

parameter that outperforms the others (if any). The results of a Tukey test for the initial 

temperature reveal that the best value of this parameter for the non-permutation SA is 

200, while this value for the other two algorithms is 50. The results of a similar test for 

the freezing temperature discover that the best value of this parameter is 0.01 for the non-

permutation SA, and 0.1 for the other two algorithms. Finally, the results of a similar 
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Tukey test for the cooling rate reveal that the best cooling rate for all three algorithms 

0.01. 

As is suggested by the results of these experiments, the parameters of SA are calibrated in 

a way that the non-permutation SA has to perform more iterations in order to attain its 

best performance (non-permutation SA has the largest initial temperature and the smallest 

freezing temperature, yet it has the same cooling rate as the other SA-based algorithms). 

These results are expected by looking at the structure of the three algorithms. One 

plausible explanation for this might be that the non-permutation SA performs the search 

in two different levels, and iteratively switches the search between these levels, while the 

two other algorithms consist of three levels. Therefore, if the parameters of SA are fixed 

at the same values for all three algorithms, the partial-permutation SA and the SAEPP 

essentially perform more iterations than the non-permutation SA. Hence, the parameters 

of SA for the non-permutation SA are set in a way to compensate for the fewer number of 

levels in this algorithm. 

The important parameters to be calibrated for the GA-based algorithms include the size 

of the population (𝑃𝑜𝑝𝑆𝑖𝑧𝑒), Maximum number of generations (𝑀𝑎𝑥_𝑁𝑂𝐺), 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝐶𝑟𝑜𝑠𝑠𝑜𝑣𝑒𝑟, and 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑀𝑢𝑡𝑎𝑡𝑖𝑜𝑛. These parameters are also calibrated by 

following a design of experiments approach. In this design of experiments, three different 

levels have been considered for each of the parameters with the help of the GA literature, 

as well as performing preliminary experiments. These levels are summarized in Table 6. 
 

Table 6. Different levels for parameters of GA-based algorithms 

Parameter Levels for GA Levels for bi-level GA 
𝑷𝒐𝒑𝑺𝒊𝒛𝒆 100 500 1000 50 100 200 

𝑴𝒂𝒙_𝑵𝑶𝑮 1000 5000 10000 50 500 1000 
𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚𝑪𝒓𝒐𝒔𝒔𝒐𝒗𝒆𝒓 0.25 0.5 0.75 0.25 0.5 0.75 
𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚𝑴𝒖𝒕𝒂𝒕𝒊𝒐𝒏 0.05 0.1 0.2 0.05 0.1 0.2 

 

A total of 100 sample problems have been tested for each combination of these levels, 

and the corresponding ANOVA tables are presented in the Appendix E. Best values of 
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these parameters are determined by conducting Tukey tests using 95% confidence levels. 

These values are summarized in Table 7. 
 

Table 7. Best values for the parameters of GA-based algorithms 

Algorithm 𝑷𝒐𝒑𝑺𝒊𝒛𝒆 𝑴𝒂𝒙_𝑵𝑶𝑮 𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚𝑪𝒓𝒐𝒔𝒔𝒐𝒗𝒆𝒓 𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚𝑴𝒖𝒕𝒂𝒕𝒊𝒐𝒏 
GA 1000 10000 Not significant 0.2 

Bi-level GA 200 1000 0.25 0.2 
 

All the sample problems, used in the calibration process, are created by following a 

consistent data generation mechanism. The specifications of this mechanism are 

described in Chapter 6 (Experimental Setup and Data Generation). 
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5. LOWER BOUNDS 

Since there is no guarantee that meta-heuristic algorithms provide an optimal solution for 

the optimization problem, it is important to evaluate the performance of these algorithms. 

In evaluating any meta-heuristic algorithm (or in general any heuristic algorithm), there 

are two important questions that must be answered: 

1. How does the algorithm perform compared to similar algorithms? 

2. How does the algorithm perform compared to the optimal solution? 

To answer the first question, the main approach is to use benchmarking techniques 

together with statistical tools such as ANOVA to find the best performing algorithm. 

However, the second question is not usually easy to answer. Since the problem addressed 

in this research is a strongly NP-hard integer programming (IP) problem, it is not possible 

to find the optimal solution for large-scale instances of this problem in a reasonable 

amount of computation time. Nevertheless, a lower bound of the optimal solution (for 

minimization problems) can be used to evaluate the performance of meta-heuristic 

algorithms. The simplest lower bound for any IP problem is the linear programming (LP) 

relaxation of that problem.  

The LP relaxation of an IP is obtained by relaxing integrality constraints of the problem. 

However, the lower bound obtained by this relaxation usually has a large deviation from 

the optimal solution, and will not be very helpful in evaluating meta-heuristics. In order 

to find tight lower bounds, we use a technique called column generation, which is an 

efficient technique in dealing with large-scale optimization problems. Column generation 

was originally developed by Dantzig & Wolfe (1960) for linear programs, and was first 

used by Gilmore & Gomory (1961, 1963), as part of a heuristic algorithm to deal with the 

cutting stock problem. The main idea behind this technique, which was first inspired by 

Ford & Fulkerson's proposal (1958) for solving multi-commodity network problems, is to 

deal only implicitly with the columns of an optimization problem. This capability makes 

column generation one of the most prominent techniques in solving LPs with a huge 

number of variables. However, the embedding of column generation in a B&B 

framework for solving a vehicle routing problem under time window constraints 
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(Desrosiers, Soumis, & Desrochers, 1984) was a key step in solving large-scale IPs to 

optimality.  

When working with large-scale problems, it is important to distinguish between decision 

variables and columns. Consider the following generic LP formulation: 

𝑀𝑖𝑛 𝑍 = 𝑐𝑥           (5.1) 

𝑠. 𝑡.  𝐴𝑥 ≥ 𝑏 

         𝑥 ≥ 0 

Where 𝑐 and 𝑥 are 𝑛-vectors and 𝑏 is an 𝑚-vector. 𝐴 is an 𝑚 × 𝑛 matrix in the form of 

𝐴 = [𝑎1 𝑎2 … 𝑎𝑛], where each 𝑎𝑗 = [𝑎1𝑗  𝑎2𝑗 … 𝑎𝑚𝑗]𝑇 is associated with a decision 

variable, 𝑥𝑗. Although, the number of decision variables is restricted and usually 

manageable, it is not always possible to handle all the columns explicitly. Apart from the 

number of decision variables, some problems have a huge number of columns and it is 

sometimes impossible to enumerate all of them. However, in each iteration of the 

Simplex method for the LP optimization, the non-basic column with the most negative 

reduced cost must be identified as the entering column into the basis. The reduced cost 

for each column is calculated as (Wilhelm, 2001): 

𝑐𝑗 − 𝑧𝑗 = 𝑐𝑗 − 𝑐𝐵𝐵−1𝑎𝑗 = 𝑐𝑗 − 𝑤𝑎𝑗  

Where 𝑐𝑗 is the cost coefficient of non-basic variable 𝑥𝑗, 𝑐𝐵 is the 𝑚-vector of cost 

coefficients for all basic variables, and 𝐵 is an 𝑚 × 𝑚 matrix comprising basic columns 

(𝑤 is the 𝑚-vector including the dual multipliers associated with each constraint). In the 

regular Simplex method, all columns are exhaustively enumerated in order to find the 

column with the most negative reduced cost. However, if the number of columns is huge, 

the computation time required for this enumeration will be unaffordable. The main idea 

behind column generation is to avoid this exhaustive enumeration by solving a pricing 

sub-problem, which can find the most negative reduced cost.  

Wilhelm (2001) provides a technical review of column generation in integer 

programming. According to this review, three different types of column generation can 

be identified in the literature. Each of these types includes a master problem (MP) that 
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has to be optimized. The MP is restricted in a way that it does not include all the possible 

columns; therefore, it is usually referred to as the restricted master problem (RMP). Type 

I column generation uses an auxiliary model (AM) to generate an attractive set of 

columns, and then the RMP is optimized over those explicitly identified columns. In this 

type of column generation, there is no interaction between the RMP and AM. Therefore, 

no information is provided by RMP to guide the AM in identifying how to improve 

columns. This approach was successfully used in the 1960s and 1970s to schedule airline 

crews (Arabeyre, Fearnley, Steiger, & Teather, 1969; Hoffman & Padberg, 1993). 

On the other hand, type II column generation uses a price-out problem (POP) that 

interacts with the RMP to identify a non-basic column with the most negative reduced 

cost. RMP is responsible for providing the dual variable values, which are included in 

reduced costs. These dual variables comprise the objective function coefficients of the 

POP, and therefore, guide this problem to identify improving columns as required by 

RMP. The most well-known examples of this approach include the cutting stock problem 

(Gilmore & Gomory, 1961, 1963), the vehicle routing problem with time windows 

(Desrochers, Desrosiers, & Solomon, 1992; Desrosiers et al., 1984) and the assembly 

system design with tool changes (Wilhelm, 1999). 

In this research, type III column generation is employed, which applies Dantzig-Wolfe 

Decomposition (DWD) to the linear relaxation of an IP (Bazaraa, Jarvis, & Sherali, 2009; 

Dantzig & Wolfe, 1960; Wilhelm, 2001). In this method, the dual variables of RMP 

comprise the objective function coefficients of one or more sub-problems (SP), and each 

SP is solved to introduce improving columns into RMP. Each column in DWD represents 

an extreme point or an extreme ray in the SP polyhedron, and the decision variables in 

RMP can be written as a convex combination of these extreme points and a nonnegative 

linear combination of the extreme rays. With respect to integer programming, DWD is 

used at each node of a B&B tree, and, in this context, column generation is usually 

referred to as the B&P algorithm (Barnhart, Johnson, Nemhauser, Savelsbergh, & Vance, 

1998). 

The main purpose of decomposition is to break down a compact formulation to sub-

problems that are easier to solve. In applications, matrices of constraints are usually 
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sparse and consist of partially independent subgroups of variables and constraints. 

However, the subgroups are not completely independent and are linked together by a 

distinct set of linking (or coupling) constraints and variables. The general idea behind 

DWD is to deal with the linking structure in a coordinating level, which is the MP, and 

treat the sub-problems independently in a subordinate level. Consider the following 

general formulation for an LP. This formulation is obtained from (5.1) without loss of 

generality (Lübbecke & Desrosiers, 2004): 

𝑀𝑖𝑛 𝑍 = 𝑐𝑥          (5.2) 

𝑠. 𝑡.  𝐴𝑥 ≥ 𝑏 

       𝐷𝑥 ≥ 𝑑 

         𝑥 ≥ 0  

Suppose {𝑃𝑞}𝑞∈𝑄 and {𝑃𝑟}𝑟∈𝑅, respectively, represent the extreme points and extreme rays 

of the polyhedron 𝑃 = {𝑥 ∈ ℝ+
𝑛 |𝐷𝑥 ≥ 𝑑} ≠ ∅. Therefore, any feasible point 𝑥 ∈ 𝑃 can 

be written as a convex combination of the extreme points and a non-negative linear 

combination of the extreme rays (Schrijver, 1998): 

𝑥 = ∑ 𝑝𝑞𝜆𝑞𝑞∈𝑄 + ∑ 𝑝𝑟𝜆𝑟𝑟∈𝑅          (5.3) 

 ∑ 𝜆𝑞 = 1𝑞∈𝑄  

𝜆𝑞 ∈ ℝ+
|𝑄|+|𝑅|  

Applying (5.3) to the compact formulation in (5.2) results in the following extensive 

formulation: 

𝑀𝑖𝑛 𝑍 = ∑ 𝑐𝑞𝜆𝑞𝑞∈𝑄 + ∑ 𝑐𝑟𝜆𝑟𝑟∈𝑅        (5.4) 

𝑠. 𝑡.  ∑ 𝑎𝑞𝜆𝑞𝑞∈𝑄 + ∑ 𝑎𝑟𝜆𝑟𝑟∈𝑅 ≥ 𝑏  

        ∑ 𝜆𝑞𝑞∈𝑄 = 1  

         𝜆 ≥ 0  

This formulation represents the MP for type III column generation, and typically has a 

huge number of variables, but possibly fewer constraints compared to (5.2). Although 

(5.2) and (5.4) result in the same optimal solution, the respective polyhedrons are not 
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combinatorially equivalent in the sense that 𝑥 in (5.3) can be uniquely reconstructed from 

a given 𝜆, but not vice versa (Lübbecke & Desrosiers, 2004).    

As mentioned earlier, the column generation only works with a restricted set of columns 

in the MP, which results in the formation of RMP. Suppose 𝑢� and �̅� are the optimal dual 

values obtained from the RMP formed by (5.4). 𝑢� refers to the dual variables associated 

with the linking constraints, and �̅� denotes the dual variable correspondent to the 

equation ∑ 𝜆𝑞𝑞∈𝑄 = 1, which is usually referred to as the convexity constraint. Given the 

𝑢� and �̅� from RMP, the reduced cost of each possible column can be calculated as: 

𝑐𝑗 − 𝑧𝑗 = 𝑐𝑗 − 𝑢�𝑇𝑎𝑗 − �̅�         (5.5) 

Therefore, the sub-problem (or the pricing problem) of the column generation can be 

formulated as following: 

𝑀𝑖𝑛 𝑍𝑆𝑃 = (𝑐𝑇 − 𝑢�𝑇𝐴)𝑥 − �̅�        (5.6) 

𝑠. 𝑡.  𝐷𝑥 ≥ 𝑑 

         𝑥 ≥ 0  

If the optimal solution of this sub-problem is non-negative, i.e. 𝑍𝑆𝑃∗ ≥ 0, there will be no 

improving column with negative reduced cost to enter the RMP; therefore, the Simplex 

method terminates. However, if −∞ < 𝑍𝑆𝑃∗ < 0, the optimal solution of (5.6) is 

correspondent to an extreme point 𝑝𝑞 of 𝑃, and the column [𝑐𝑇𝑝𝑞 , (𝐴𝑝𝑞)𝑇 , 1]𝑇 must enter 

the RMP. If 𝑍𝑆𝑃∗ = −∞, the extreme ray 𝑝𝑟 of 𝑃 is a homogeneous solution of (5.6), and 

the column [𝑐𝑇𝑝𝑟 , (𝐴𝑝𝑟)𝑇, 0]𝑇 must enter the RMP (Lübbecke & Desrosiers, 2004). 

Barnhart et al. (1998) mentioned several reasons for considering extensive formulations 

such as (5.4) instead of compact formulations such as (5.2): 

• Compact formulations of IPs usually have weak LP relaxations compared to the 

IP formulations with huge number of variables. 

• Compact formulations of IPs usually have symmetric structures that diminish the 

performance of B&B algorithm, because the problem hardly changes after 
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branching. However, it is highly improbable that a formulation with huge number 

of variables is symmetric. 

• The decomposition provided by column generation may have a natural 

interpretation in the contextual setting. Therefore, it may lead to the addition of 

constraints, when developing the master problem or the sub-problems. 

• It is not always possible to establish a compact formulation for all problems, and 

sometimes a formulation with a huge number of variables is the only option to 

deal with a problem. 

Besides all of these reasons, the decomposition principle of column generation has an 

interpretation as decentralized planning. In other words, the polyhedron 𝑃, defined by the 

constraint set 𝐷, can be decomposed to several independent sub-problems (Lasdon, 1970; 

Lübbecke & Desrosiers, 2004). When the optimal values for dual variables are obtained 

from the RMP, all sub-problems can be solved independently and in parallel, which 

substantially decreases the computation time. In many applications the constraint set 𝐷 

has a block diagonal structure: 

𝐷 = �
𝐷1

𝐷2

⋱
𝐷𝜅

�,   𝑑 = �
𝑑1
𝑑2
⋮
𝑑𝜅
� 

Where 𝐷𝑘 and 𝑑𝑘 are of compatible sizes. Each polyhedron 

𝑃𝑘 = {𝑥 ∈ ℝ+
𝑛 |𝐷𝑘𝑥 ≥ 𝑑𝑘 , 𝑥 ≥ 0}, 𝑘 = 1, 2, … , 𝜅 can be independently represented in the 

form of (5.3). Therefore, the MP can be formulated as:  

𝑀𝑖𝑛 𝑍 = ∑ �∑ 𝑐𝑞𝑘𝜆𝑞𝑘𝑞∈𝑄𝑘 + ∑ 𝑐𝑟𝑘𝜆𝑟𝑘𝑟∈𝑅𝑘 �𝑘∈𝐾       (5.7) 

𝑠. 𝑡.  ∑ 𝑎𝑞𝑘𝜆𝑞𝑘𝑞∈𝑄𝑘 + ∑ 𝑎𝑟𝑘𝜆𝑟𝑘𝑟∈𝑅𝑘 ≥ 𝑏  

        ∑ 𝜆𝑟𝑘𝑞∈𝑄𝑘 = 1;         𝑘 ∈ 𝐾  

         𝜆𝑘 ≥ 0;                     𝑘 ∈ 𝐾  

And subsequently the independent sub-problems can be formulated as: 

𝑀𝑖𝑛 𝑍𝑆𝑃𝑘 = (𝑐𝑘𝑇 − 𝑢�𝑇𝐴𝑘)𝑥𝑘 − �̅�𝑘       (5.8) 

𝑠. 𝑡.  𝐷𝑘𝑥𝑘 ≥ 𝑑𝑘 

         𝑥𝑘 ≥ 0  
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For detailed information about the column generation for IPs, the reader is referred to 

Barnhart et al. (1998), Lübbecke & Desrosiers (2004), Vanderbeck & Wolsey (1996), 

Vanderbeck (2000), and Wilhelm (2001). Column generation has been also used for 

many scheduling problems. Van den Akker, Hurkens, and Savelsbergh (2000) applied 

this technique to optimize a time-indexed formulation of a single-machine scheduling 

problem. Although the time-indexed formulations provide tight lower bounds, the main 

disadvantage of these models is their size. However, the difficulty of dealing with this 

huge number of variables is alleviated with the help of DWD in the column generation 

technique. Van den Akker, Hoogeveen, and Van de Velde (1999) applied column 

generation technique to minimize the total weighted completion time of jobs on a set of 

identical parallel machines. The problem was formulated as a set-covering problem with 

huge number of variables. Their numerical experiments revealed that the lower bound 

was strongly tight, and the linear program often resulted in integer solutions.  

Chen and Powell (1999a) used column generation to minimize a linear combination of 

total weighted completion time and weighted number of tardy jobs on a set of identical, 

uniform or unrelated-parallel machines. Chen and Powell (1999b) minimized the total 

weighted tardiness and earliness of 𝑛 jobs with an un-restrictively large common due date 

on a set of identical parallel machines. They formulated the problem as an integer 

program, and then reformulate the problem, using a DWD, as a set partitioning problem 

with side constraints. Each column in their formulation represented a partial schedule, 

which was generated by single-machine scheduling sub-problem. A similar approach was 

proposed by Chen & Lee (2002), where they could solve problems with 40 jobs and 6 

parallel machines within a reasonable computational time. Chen and Powell (2003) 

applied column generation to minimize the total weighted completion time of jobs on a 

set of identical parallel machines. They considered multiple job families for their 

problem, together with sequence-dependent or sequence-independent setup times. 

Pereira, Lopes and De Carvalho (2007) used the B&P algorithm to minimize the total 

weighted tardiness of jobs on a set of unrelated-parallel machine with consideration of 

sequence-dependent setup times, dynamic availability times for machines, and dynamic 

job release times. They used pseudo polynomial algorithms based on dynamic 

programming to solve the sub-problems, together with an accelerating mechanism for 
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column generation called primal box, and a specific branching variable selection rule that 

significantly reduced the computational time. As a result, they were able to solve 

problems with 150 jobs and 50 parallel machines.  

Column generation has also been successfully used for flow shop scheduling problems. 

Bülbül, Kaminsky, and Yano (2004) proposed heuristic algorithms based on DWD to 

minimize tardiness, earliness, and WIP costs for a flow shop scheduling problem. 

Gelogullari and Logendran (2010) and Salmasi et al. (2010) used the B&P algorithm to 

derive tight lower bounds for group scheduling problems in flow shop environments. The 

lower bounds obtained from this approach were used to evaluate the meta-heuristic 

algorithms that were proposed by the researchers. Readers are referred to dissertations by 

Geloğullari (2005) and Salmasi (2005) for detailed descriptions about implementing a 

generic B&P for flow shop scheduling problems. 

5.1.     Branch-and-Price algorithm 

In this section, a B&P algorithm is developed to obtain a tight lower bound for the HFS 

scheduling problem addressed in this research. A decomposition of MILP1 is then 

presented, which is followed by branching rules for the B&P algorithm. 

5.1.1. Dantzig-Wolfe Decomposition 

The linear relaxation of the MIPL1 can be represented in the form of the generic 

formulation as in (5.2). In this formulation, matrix 𝐴 represents the set of linking 

(coupling) constraints, and matrix 𝐷 (comprising of all the remaining constraints, which 

are not included in 𝐴) denotes the set of constraints for the sub-problem(s). Therefore, the 

structure of the decomposition is established by identifying the linking constraints. 

However, there is usually a trade-off in developing this structure. On the one hand, sub-

problems may be relatively easy to solve if a large set of constraints is classified as the 

coupling constraints. On the other hand, the quality of the lower bound may be 

diminished if a large set of constraints is recognized as the coupling constraints. 

Note that constraint set (4.11) in MILP1 is the only constraint set that includes variables 

associated with more than one stage. This set of constraints indicates that the operation of 

a job in any stage must be started after the job has been completely processed in the 
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previous stage. If these constraints are relaxed, the schedule of jobs in each of the stages 

will be still valid, but independent from the other stages. Therefore, constraint set (4.11) 

is considered as the only constraint set for the MP, and will be regarded as the basis for 

the decomposition. Consequently, there will be one sub-problem for each of the stages, 

which finds the partial sequence of jobs on that stage. Therefore, each column in this 

B&P algorithm represents a partial sequence of jobs obtained for each of the stages. In 

this research, three different decompositions are proposed for the HFS problem. The 

details of these decompositions are presented next. All notations are the same as those 

used for the MILP1, in addition to the ones defined below. 

Notations: 

𝑇𝑘  Total number of columns generated in stage 𝑘; 𝑘 = 1, 2, … ,𝑚 

𝑥𝑖𝑗𝑘𝑡   The completion time of job 𝑗 of group 𝑖 on stage 𝑘 in column 𝑡 

𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 = 1, 2, … ,𝑚;  𝑡 = 1, 2, … ,𝑇𝑘  

𝑌𝑖𝑗𝑘𝑟𝑡   �1         if job 𝑗 in group 𝑖 is placed in position 𝑟 on stage 𝑘 𝑖𝑛 𝑐𝑜𝑙𝑢𝑚𝑛 𝑡
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                                 

 

𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘;  𝑘 = 1, 2, … ,𝑚; 𝑟 = 1,2, … ,𝑛𝑖𝑘;  𝑡 = 1, 2, … ,𝑇𝑘 

𝑧𝑖𝑘ℎ𝑡   �1         𝑖𝑓 𝑔𝑟𝑜𝑢𝑝 𝑖 𝑖𝑠 𝑎𝑠𝑠𝑖𝑔𝑛𝑒𝑑 𝑡𝑜 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 ℎ 𝑜𝑛 𝑠𝑡𝑎𝑔𝑒 𝑘 𝑖𝑛 𝑐𝑜𝑙𝑢𝑚𝑛 𝑡
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                                 

 

𝑖 ∈ 𝐼𝑘;  𝑘 = 1, 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘  

𝑇𝐷𝑖𝑗𝑡  The tardiness of job 𝑗 in group 𝑖 in column 𝑡   

𝑖 = 1,2, … ,𝑔; 𝑗 = 1,2, … ,𝑛𝑖;  𝑡 = 1, 2, … ,𝑇𝑚  

 

5.1.2. DWD1 

Master problem 

Since all columns are explicitly determined before they are introduced to the MP, the 

decision variables of the sub-problems, i.e. 𝑥𝑖𝑗𝑘𝑡 , 𝑌𝑖𝑗𝑘𝑟𝑡 , 𝑧𝑖𝑘ℎ𝑡  and 𝑇𝐷𝑖𝑗𝑡  are considered 

parameters for the MP. The only set of decision variables for the MP is defined as:   

𝜆𝑡𝑘  �1         if column 𝑡 is selected in stage 𝑘
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                         

  

 𝑘 = 1, 2, … ,𝑚; 𝑡 = 1, 2, … ,𝑇𝑘 
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IMP1: 

𝑀𝑖𝑛 𝑍 = ∑ (∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ))𝜆𝑡𝑚

𝑇𝑚
𝑡=1      (5.9) 

Subject to: 

∑ (𝑥𝑖𝑗𝑘𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�
𝑛𝑖𝑘
𝑟=1 )𝜆𝑡𝑘

𝑇𝑘
𝑡=1 − ∑ 𝑥𝑖𝑗(𝑘−1)

𝑡 𝜆𝑡𝑘−1
𝑇𝑘−1
𝑡=1 ≥ 0 

           (5.10) 

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  

∑ 𝜆𝑡𝑘
𝑇𝑘
𝑡=1 = 1;  𝑘 = 1, … ,𝑚        (5.11) 

𝜆𝑡𝑘 ∈ {0,1}   𝑘 = 1, … ,𝑚;  𝑡 = 1, 2, … ,𝑇𝑘     (5.12) 

The objective function (5.9) selects one column in the last stage with the minimum value 

for the objective function. Note that all terms in the objective functions of MILP1 are 

only associated with the last stage; therefore, only columns from this stage will contribute 

to the objective function of the MP. Constraint set (5.10), which is equivalent to (4.11) in 

MILP1, is the linking constraint, and ensures that a job can be processed on any stage 

only after it has been completely processed on the previous stage. As mentioned before, 

constraint set (5.11) is known as the convexity constraint. However, in IMP1 which is an 

IP model, these constraints make sure that for each stage only one optimal column (or 

partial schedule) will be selected. Finally, constraints of (5.12) are the integrality 

constraints that guarantee finding integer solutions.   

In order to use the column generation mechanism, the MP must be a linear programming 

model, so that the dual variables of this problem might be obtainable. As described earlier 

in this section, the dual variables of MP are used as cost coefficients in the sub-problems 

in order to find promising columns with negative reduced costs (the dual variables of MP 

play the key role in the column generation approach). Therefore, the integrality 

constraints of IMP1 are relaxed to form the following linear master problem (LMP). 

LMP1: 

𝑀𝑖𝑛 𝑍 = ∑ (∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ))𝜆𝑡𝑚

𝑇𝑚
𝑡=1      (5.13) 

Subject to: 

∑ (𝑥𝑖𝑗𝑘𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�
𝑛𝑖𝑘
𝑟=1 )𝜆𝑡𝑘

𝑇𝑘
𝑡=1 − ∑ 𝑥𝑖𝑗(𝑘−1)

𝑡 𝜆𝑡𝑘−1
𝑇𝑘−1
𝑡=1 ≥ 0 

           (5.14) 
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𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  

∑ 𝜆𝑡𝑘
𝑇𝑘
𝑡=1 = 1;  𝑘 = 1, … ,𝑚        (5.15) 

𝜆𝑡𝑘 ≥ 0   𝑘 = 1, … ,𝑚;  𝑡 = 1, 2, … ,𝑇𝑘     (5.16)  

The dual of the linear master problem (DLMP) is developed with the help of the 

following variables: 

𝜑𝑖𝑗𝑘ℎ  Dual variables associated with constraint set (5.14) 

𝜓𝑘 Dual variables associated with constraint set (5.15)  

DLMP1: 

𝑀𝑎𝑥 𝑍 =  ∑ 𝜓𝑘𝑚
𝑘=1           (5.17) 

Subject to: 

−∑ ∑ ∑ 𝑥𝑖𝑗1𝑡 𝜑𝑖𝑗2ℎℎ∈𝑉𝑖2
𝑛𝑖
𝑗=1

𝑔
𝑖=1 + 𝜓1 ≤ 0 ; 𝑡 = 1, 2, … ,𝑇1    (5.18) 

�∑ ∑ ∑ [(𝑥𝑖𝑗𝑘𝑡 − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�
𝑛𝑖𝑘
𝑟=1 )ℎ∈𝑉𝑖𝑘

𝑛𝑖
𝑗=1 𝜑𝑖𝑗𝑘ℎ]𝑔

𝑖=1 � −

(∑ ∑ ∑ 𝑥𝑖𝑗𝑘𝑡 𝜑𝑖𝑗(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1)
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ) + 𝜓𝑘 ≤ 0  

𝑘 = 2, 3, … ,𝑚 − 1; 𝑡 = 1, 2, … ,𝑇𝑘       (5.19) 

∑ ∑ ∑ [(𝑥𝑖𝑗𝑚𝑡 − ∑ �𝑌𝑖𝑗𝑚𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑚ℎ�
𝑛𝑖𝑚
𝑟=1 )ℎ∈𝑉𝑖𝑚

𝑛𝑖
𝑗=1 𝜑𝑖𝑗𝑚ℎ]𝑔

𝑖=1 + 𝜓𝑚 ≤

∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 )   

𝑡 = 1, 2, … ,𝑇𝑚          (5.20) 

𝜑𝑖𝑗𝑘ℎ ≥ 0;  𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘   (5.21) 

𝜓𝑘 𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑;  𝑘 = 1, … ,𝑚       (5.22) 

Recall from equation (5.5) that the reduced cost of each column in the primal problem 

can be written in the form of 𝑐𝑗 − 𝑧𝑗 = 𝑐𝑗 − 𝑤𝑇𝑎𝑗, where 𝑤 is the vector of all dual 

variables (including 𝑢 and 𝑣 in equation (5.5)). However, as is seen in DLMP1, 𝑐𝑗 is the 

right hand side (RHS) of constraint 𝑗 in the dual problem, and 𝑤𝑇𝑎𝑗 is the left hand side 

(LHS) of this constraint. Therefore, 𝑐𝑗 − 𝑧𝑗 represents the infeasibility of the dual 

problem, and the column with the maximum infeasibility must be selected to enter the 

MP. As is common in the Simplex method, in this research we work with the negative of 

the reduced cost and try to find the column with the minimum 𝑧𝑗 − 𝑐𝑗.  
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Constraint set (5.18) in DLMP1 contains all the reduced costs corresponding to the 

columns of the first stage. Similarly, constraint set (5.19) includes all the reduced costs 

associated with the columns of stage 𝑘, 2 ≤ 𝑘 ≤ 𝑚 − 1, where 𝑚 is the last stage. 

Finally, constraint set (5.20) comprises all the reduced costs corresponding to the column 

of the last stage. By using these reduced costs as the objective function of the sub-

problems, the following 𝑚 sub-problems are developed (𝑚 is the number of stages).  

Sub-problems 

𝐒𝐏(𝟏): 𝑀𝑖𝑛 𝑍𝑆𝑃(1) = ∑ ∑ ∑ 𝜑𝑖𝑗2ℎℎ∈𝑉𝑖2
𝑛𝑖
𝑗=1 𝑥𝑖𝑗1𝑡

𝑔
𝑖=1 − 𝜓1      

Subject to: 

(4.2) – (4.10)  

𝐒𝐏(𝐤): 𝑀𝑖𝑛 𝑍𝑆𝑃(𝑘) = ∑ ∑ ∑ (−𝜑𝑖𝑗𝑘ℎ)𝑥𝑖𝑗𝑘 +ℎ∈𝑉𝑖𝑘
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ∑ ∑ ∑ ∑ �𝜑𝑖𝑗𝑘ℎ ∗

𝑛𝑖𝑘
𝑟=1 ℎ∈𝑉𝑖𝑘

𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�𝑌𝑖𝑗𝑘𝑟 + ∑ ∑ ∑ (𝜑𝑖𝑗(𝑘+1)ℎ)𝑥𝑖𝑗𝑘ℎ∈𝑉𝑖(𝑘+1)
𝑛𝑖
𝑗=1

𝑔
𝑖=1 − 𝜓𝑘  

Subject to: 

(4.2) – (4.10);   𝑘 = 2, … ,𝑚 − 1 

∑ ∑ 𝑥𝑖𝑗𝑘
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ≤ 𝑋�;   𝑘 = 2, … ,𝑚 − 1       (5.23) 

𝐒𝐏(𝐦): 𝑀𝑖𝑛 𝑍𝑆𝑃(𝑚) =

−∑ ∑ ∑ (𝜑𝑖𝑗𝑚ℎ)𝑥𝑖𝑗𝑚𝑡ℎ∈𝑉𝑖𝑚
𝑛𝑖
𝑗=1 + ∑ ∑ ∑ ∑ �𝜑𝑖𝑗𝑚ℎ ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑚ℎ�

𝑛𝑖𝑚
𝑟=1ℎ∈𝑉𝑖𝑚

𝑛𝑖
𝑗=1 𝑌𝑖𝑗𝑚𝑟𝑡𝑔

𝑖=1
𝑔
𝑖=1 +

∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ) − 𝜓𝑚  

Subject to: 

(4.2) – (4.10), (4.12)     

∑ ∑ 𝑥𝑖𝑗𝑚
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ≤ 𝑋�          (5.24) 

The objective functions of these problems are obtained from the constraints of DLMP1, 

and their constraints are inherited from the constraint sets of MILP1. Therefore, the sub-

problems are always feasible, provided that MILP1 has feasible solutions. As is seen in 

SP(1), the only decision variables that are included in the objective function are the 

completion times, i.e. 𝑥𝑖𝑗𝑘, and most importantly the cost coefficient of these variables, 

i.e. 𝜑𝑖𝑗2ℎ, are all greater than or equal to zero (𝜑𝑖𝑗2ℎ ≥ 0 from DLMP1). Since all the 
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terms in the objective function of SP(1) are non-negative, and since this problem is a 

minimization problem, it is guaranteed that the optimal solution of SP(1) is always 

bounded.  

On the other hand, the cost coefficients of the completion times for the remaining sub-

problems are not guaranteed to be non-negative. These coefficients are in the form of 

(∑ 𝜑𝑖𝑗𝑘ℎℎ∈𝑉𝑖𝑘 − ∑ 𝜑𝑖𝑗(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1) ) for SP(k), 2 ≤ 𝑘 ≤ (𝑚− 1), and in the form of 

(∑ 𝜑𝑖𝑗𝑚ℎℎ∈𝑉𝑖𝑚 − 𝛼 ∗ 𝑤𝑖𝑗) for SP(m). Therefore, additional constraints, i.e. (5.23) and 

(5.24) are considered in order to prevent these sub-problems from being unbounded 

(Geloğullari, 2005). The 𝑋� on the right hand side of these constraints is an arbitrary upper 

bound on the summation of all completion times. The value of this parameter can be 

obtained from any feasible solution or a simple estimation of the total completion time of 

all jobs.   

5.1.3. DWD2 

An alternative to DWD1 is a decomposition method with only one column for all stages. 

Although these two decompositions may seem different from each other, our preliminary 

results have shown that these models result in the same solution. However, for 

implementation purposes, we use DWD2, as is presented next, because it is more 

convenient to work with all stages in one column rather than in several columns (as an 

example, in DWD2 whenever a column is inserted into MP, the variables of all stages are 

included, and there is no missing variable). The decision variables, IMP2, LMP2, 

DLMP2 and SPs for DWD2 are presented as following: 

𝑇  Total number of columns, where each column represents the partial schedules for 

all of the stages,  

𝜆𝑡  �1         if column 𝑡 is selected
0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                       𝑡 = 1, 2, … ,𝑇 

IMP2: 

𝑀𝑖𝑛 𝑍 = ∑ (∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ))𝜆𝑡𝑇

𝑡=1      (5.25) 

Subject to: 

∑ (𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�

𝑛𝑖𝑘
𝑟=1 )𝜆𝑡𝑇

𝑡=1 ≥ 0     (5.26) 
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𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  

∑ 𝜆𝑡𝑇
𝑡=1 = 1;          (5.27) 

𝜆𝑡 ∈ {0,1}           (5.28) 

Similar to DWD1, the integrality constraints of IMP2 must be relaxed in order to form 

the dual of this problem and consequently establish the objective functions of the sub-

problems. As a result, the linear relaxation of IMP2 is: 

LMP2: 

𝑀𝑖𝑛 𝑍 = ∑ (∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ))𝜆𝑡𝑇

𝑡=1      (5.29) 

Subject to: 

∑ (𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�

𝑛𝑖𝑘
𝑟=1 )𝜆𝑡𝑇

𝑡=1 ≥ 0     (5.30) 

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  

∑ 𝜆𝑡𝑇
𝑡=1 = 1;          (5.31) 

𝜆𝑡 ≥ 0;  𝑡 = 1, 2, … ,𝑇𝑘        (5.32) 

Now, consider the dual variables for the master problem: 

𝜑𝑖𝑗𝑘ℎ  Dual variables associated with constraint set (5.26) 

𝜓 Dual variable associated with constraint set (5.27)    

DLMP2: 

𝑀𝑎𝑥 𝑍 =  𝜓           (5.33) 

Subject to: 

∑ ∑ ∑ ∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ� 𝑛𝑖𝑘

𝑟=1 � ∗ℎ∈𝑉𝑖𝑘
𝑚
𝑘=2

𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝜑𝑖𝑗𝑘ℎ + 𝜓 ≤ ∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 )  

𝑡 = 1, 2, … ,𝑇          (5.34) 

𝜑𝑖𝑗𝑘ℎ ≥ 0;  𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘   (5.35) 

𝜓  𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑;  𝑘 = 1, … ,𝑚       (5.36) 

As it was explained earlier, the constraints of DLMP establish the objective functions of 

the sub-problems. Therefore, the only constraint set of DLMP2 represents the objective 

function of the only sub-problem of DWD2. Although this sub-problem includes all 
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stages of the HFS, there are no linking constraints that connect any of the stages together. 

Therefore, the sub-problem is divisible into the 𝑚 new sub-problems (with respect to the 

𝑚 stages), and since there is no linking between sub-problems, each of them can be 

optimized independently. At the end, in order to calculate the reduced cost for the LMP, 

all objective functions of the sub-problems must be summed together. The sub-problems 

for DWD2 are presented in the following, which are almost the same as the sub-problems 

for DWD1. 

Sub-problems: 

𝐒𝐏(𝟏): 𝑀𝑎𝑥 𝑍𝑆𝑃(1) = ∑ ∑ �∑ (−𝜑𝑖𝑗2ℎ)ℎ∈𝑉𝑖2 �𝑛𝑖
𝑗=1 𝑥𝑖𝑗1𝑡

𝑔
𝑖=1   

Subject to: 

(4.2) – (4.10)  

𝐒𝐏(𝐤): 𝑀𝑎𝑥 𝑍𝑆𝑃(𝑘) = ∑ ∑ �∑ 𝜑𝑖𝑗𝑘ℎℎ∈𝑉𝑖𝑘 − ∑ 𝜑𝑖𝑗(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1) �𝑛𝑖
𝑗=1 𝑥𝑖𝑗𝑘𝑡

𝑔
𝑖=1 +

∑ ∑ �∑ (−𝜑𝑖𝑗𝑘ℎ)𝑛𝑖
𝑗=1 �ℎ∈𝑉𝑖𝑘 𝑀 ∗ 𝑍𝑖𝑘ℎ𝑡

𝑔
𝑖=1 + ∑ ∑ ∑ �∑ (−𝑡𝑖𝑗𝑘ℎ ∗ 𝜑𝑖𝑗𝑘ℎ)ℎ∈𝑉𝑖𝑘 �𝑛𝑖𝑘

𝑟=1 𝑟𝑎 ∗𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝑌𝑖𝑗𝑘𝑟𝑡 + �∑ ∑ ∑ (𝜑𝑖𝑗𝑘ℎ)𝑛𝑖
𝑗=1ℎ∈𝑉𝑖𝑘

𝑔
𝑖=1 �𝑀  

Subject to: 

(4.2) – (4.10), (5.23);  𝑘 = 2, … ,𝑚 − 1        

𝐒𝐏(𝐦): 𝑀𝑎𝑥 𝑍𝑆𝑃(𝑚) = ∑ ∑ ��∑ 𝜑𝑖𝑗𝑚ℎℎ∈𝑉𝑖𝑚 � − 𝛼 ∗ 𝑤𝑖𝑗�
𝑛𝑖
𝑗=1 𝑥𝑖𝑗𝑚𝑡

𝑔
𝑖=1 + ∑ ∑ �−𝛽 ∗𝑛𝑖

𝑗=1
𝑔
𝑖=1

𝑤𝑖𝑗� 𝑇𝐷𝑖𝑗𝑡 + ∑ ∑ �∑ (−𝜑𝑖𝑗𝑚ℎ)𝑛𝑖
𝑗=1 �ℎ∈𝑉𝑖𝑚 𝑀 ∗ 𝑍𝑖𝑚ℎ𝑡𝑔

𝑖=1 + ∑ ∑ ∑ �∑ (−𝑡𝑖𝑗𝑚ℎ ∗ℎ∈𝑉𝑖𝑚
𝑛𝑖𝑚
𝑟=1

𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝜑𝑖𝑗𝑚ℎ)� 𝑟𝑎 ∗ 𝑌𝑖𝑗𝑚𝑟𝑡 + �∑ ∑ ∑ (𝜑𝑖𝑗𝑚ℎ)𝑛𝑖
𝑗=1ℎ∈𝑉𝑖𝑚

𝑔
𝑖=1 �𝑀 + 𝜓  

Subject to: 

(4.2) – (4.10), (1.12), (5.24)  

5.1.4. DWD3 

One of the most important features of the decomposition methods is that they break a 

large-scale problem into a set of sub-problems that are easier to solve. However, it is still 

very important to find out how scalable those sub-problems are. In DWD1 and DWD2, 

each sub-problem is a group scheduling problem on a set of unrelated-parallel machines 
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with the same number of groups and jobs as in the original problem (MILP1). All the 

underlying assumptions including the sequence-dependent setup times, learning effects, 

dynamic job release times, and dynamic machine availability times are still valid for each 

sub-problem. Therefore, the sub-problems are still NP-hard (Bozorgirad & Logendran, 

2012) with a huge number of variables, which makes it impossible to optimally solve 

them within a reasonable computation time. Our preliminary experiments revealed that it 

takes hours to solve a sub-problem with a total of 25 jobs divided into five groups (on 

average, 5 jobs per group), and it may take days to solve sub-problems with a total of 30 

jobs divided into 6 groups. 

However, in each iteration of the column generation method, all sub-problems must be 

solved to optimality, and since this method usually requires a huge number of columns, it 

is not affordable to spend more than a few minutes solving each of the sub-problems. 

Some researchers (Barnhart et al., 1998; Geloğullari, 2005; Vanderbeck, 1994) have 

suggested that a heuristic algorithm be employed for solving the sub-problems in early 

stages of the B&P algorithm, and whenever the heuristics failed to find any promising 

column, then switch the search to an exact algorithm in order to optimally solve the sub-

problem. However, there is no compelling evidence that this method may reduce the 

required computation time. On the other hand, in order to obtain a valid lower bound 

from the column generation, each of the sub-problems must be solved to optimality at 

least once; and as mentioned, for a sub-problem of 30 jobs it may take a few days to 

optimally solve the problem even once. Our preliminary experiments revealed that using 

heuristics (or meta-heuristics) in the early stages of column generation does not have any 

significant impact on the computation time of the algorithm, and definitely does not have 

any impact on the scalability of this methodology. 

Quite similar to all optimization (or search) algorithms, the following three criteria 

comprise the most important aspects of developing a lower bound for the HFS scheduling 

problem in this research: 

1. Effectiveness: the lower bound obtained from the B&P algorithm must have a 

better quality compared to the other available lower bounds, e.g. linear relaxation 

lower bound or the lower bound obtained from CPLEX. The lower bound 
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obtained from the linear relaxation of the problem is the simplest and fastest 

lower bound that can be obtained for an MILP problem. An alternative to this 

lower bound can be obtained by CPLEX. Since this optimization software 

employs several different cuts, while performing a B&B algorithm, it is capable 

of finding lower bounds that have much better quality compared to the LP-

relaxation. 

2. Efficiency: since this research has real world application, it is not plausible to 

neglect the efficiency of the proposed algorithms. Efficiency mainly refers to the 

computation time of the algorithm (or generally the extent of resources that are 

used for a task). However, there is always a tradeoff between efficiency and 

effectiveness of the algorithm.  

3. Scalability: one of the most important criteria in dealing with NP-hard 

combinatorial problems is the maximum scale to which the problem can be solved 

in a reasonable amount of time. For most of the combinatorial problems, small 

sizes of problems can be solved to optimality with the help of some computer 

optimizers such as CPLEX. However, for large-size problems, these optimizers 

fail to find the optimal solutions within a reasonable computation time. Therefore, 

developing a lower bound is only necessary for large-scale problems, where 

obtaining the optimal solution is not computationally affordable.  

In the column generation approach, the LMP and DLMP are LP problems and can be 

optimally solved in a very short period of time. On the other hand, the sub-problems (or 

pricing problems) are among the MILP problems, and are considered as the main 

bottlenecks of the B&P algorithm. Therefore, it is essential that the proposed B&P 

algorithm be effective, efficient, and scalable in optimally solving all the sub-problems. 

In order to satisfy these conditions, DWD3 is proposed by making a slight modification 

in MILP1. 

Modification in MILP1: in order to establish DWD3, as it is presented in the following 

sub-section, it is necessary to relax the requirement of dynamic machine availability 

times from the MILP1 model. As a result of this relaxation, some sets of parameters and 

constraints become unnecessary, and can be deleted from this model. The deleted 
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parameters include 𝐼𝑘, 𝑛𝑖𝑘, 𝐽𝑖𝑘, 𝑚𝑖𝑗, 𝑎𝑘ℎ and 𝑢𝑖𝑗𝑘. Subsequently, the stage skipping 

property of jobs is formulated with the help of zero run times (𝑡𝑖𝑗𝑘ℎ = 0), and constraint 

set (4.6) is removed from the original model (MILP1). 

In addition to this modification, two virtual stages are considered for the problem as the 

start stage (𝑘 = 0), and the stop stage (𝑘 = 𝑚 + 1), and consequently constraint (4.7) 

and (4.11) are updated as following:  

𝑥𝑖𝑗0 ≥ 𝑟𝑖𝑗;   𝑖 = 1, 2, … ,𝑔;  𝑗 = 1, 2, … ,𝑛𝑖    (4.7)  (5.37) 

𝑥𝑖𝑗𝑘 − 𝑥𝑖𝑗(𝑘−1) + 𝑀(1 − 𝑍𝑖𝑘ℎ) ≥ ∑ (𝑌𝑖𝑗𝑘𝑟 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ)𝑛𝑖𝑘
𝑟=1         

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟   

                   (4.11)  (5.38) 

The only change in constraint (4.11) is the range of 𝑘, which was originally set to 

2 ≤ 𝑘 ≤ 𝑚, and is updated to 1 ≤ 𝑘 ≤ 𝑚. As a result of these modifications, DWD3 can 

be represented as follows: all notations in this decomposition are the same as DWD2. 

IMP3: 

𝑀𝑖𝑛 𝑍 = ∑ (∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗(𝑚+1)
𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡

𝑛𝑖
𝑗=1

𝑔
𝑖=1 ))𝜆𝑡𝑇

𝑡=1      (5.39) 

Subject to: 

∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�

𝑛𝑖𝑘
𝑟=1 �𝜆𝑡𝑇

𝑡=1 ≥ 0     (5.40) 

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚,𝑚 + 1;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  

∑ 𝜆𝑡𝑇
𝑡=1 = 1;          (5.41) 

𝜆𝑡 ∈ {0,1}  

LMP3: 

𝑀𝑖𝑛 𝑍 = ∑ (∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗(𝑚+1)
𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡

𝑛𝑖
𝑗=1

𝑔
𝑖=1 ))𝜆𝑡𝑇

𝑡=1      (5.42) 

Subject to: 

∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�

𝑛𝑖𝑘
𝑟=1 �𝜆𝑡𝑇

𝑡=1 ≥ 0     (5.43) 

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚,𝑚 + 1;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  

∑ 𝜆𝑡𝑇
𝑡=1 = 1;          (5.44) 

𝜆𝑡 ≥ 0           (5.45) 
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DLMP3: 

𝑀𝑎𝑥 𝑍 =  𝜓           (5.46) 

Subject to: 

∑ ∑ ∑ ∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ� 𝑛𝑖𝑘

𝑟=1 � ∗ℎ∈𝑉𝑖𝑘
𝑚+1
𝑘=1

𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝜑𝑖𝑗𝑘ℎ + 𝜓 ≤ ∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗(𝑚+1)
𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡

𝑛𝑖
𝑗=1

𝑔
𝑖=1 )  

𝑡 = 1, 2, … ,𝑇          (5.47) 

𝜑𝑖𝑗𝑘ℎ ≥ 0;    𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘 (5.48) 

𝜓  𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑;   𝑘 = 1, … ,𝑚      (5.49) 

Sub-problems 

𝐒𝐏(𝟎): 𝑀𝑖𝑛 𝑍𝑆𝑃(1) = ∑ ∑ �∑ (𝜑𝑖𝑗1ℎ)ℎ∈𝑉𝑖1 �𝑛𝑖
𝑗=1 𝑥𝑖𝑗0𝑡

𝑔
𝑖=1      (5.50) 

Subject to: 

(5.37); 

𝐒𝐏(𝐤): 𝑀𝑖𝑛 𝑍𝑆𝑃(𝑘) = ∑ ∑ �∑ 𝜑𝑖𝑗(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1) − ∑ 𝜑𝑖𝑗𝑘ℎℎ∈𝑉𝑖𝑘 �𝑛𝑖
𝑗=1 𝑥𝑖𝑗𝑘𝑡

𝑔
𝑖=1 +

∑ ∑ �∑ (𝜑𝑖𝑗𝑘ℎ)𝑛𝑖
𝑗=1 �ℎ∈𝑉𝑖𝑘 𝑀 ∗ 𝑍𝑖𝑘ℎ𝑡

𝑔
𝑖=1 + ∑ ∑ ∑ �∑ (𝑡𝑖𝑗𝑘ℎ ∗ 𝜑𝑖𝑗𝑘ℎ)ℎ∈𝑉𝑖𝑘 �𝑛𝑖𝑘

𝑟=1 𝑟𝑎 ∗𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝑌𝑖𝑗𝑘𝑟𝑡 − �∑ ∑ ∑ (𝜑𝑖𝑗𝑘ℎ)𝑛𝑖
𝑗=1ℎ∈𝑉𝑖𝑘

𝑔
𝑖=1 �𝑀       (5.51) 

Subject to: 

(4.2) – (4.6), (4.8) – (4.10), (5.23);  𝑘 = 1, … ,𝑚       

𝐒𝐏(𝐦 + 𝟏): 𝑀𝑖𝑛 𝑍𝑆𝑃(𝑚) = ∑ ∑ �𝛼 ∗ 𝑤𝑖𝑗 − �∑ 𝜑𝑖𝑗𝑚ℎℎ∈𝑉𝑖𝑚 ��𝑛𝑖
𝑗=1 𝑥𝑖𝑗𝑚𝑡

𝑔
𝑖=1 + ∑ ∑ �𝛽 ∗𝑛𝑖

𝑗=1
𝑔
𝑖=1

𝑤𝑖𝑗� 𝑇𝐷𝑖𝑗𝑡 + ∑ ∑ �∑ (𝜑𝑖𝑗𝑚ℎ)𝑛𝑖
𝑗=1 �ℎ∈𝑉𝑖𝑚 𝑀 ∗ 𝑍𝑖𝑚ℎ𝑡𝑔

𝑖=1 + ∑ ∑ ∑ �∑ (𝑡𝑖𝑗𝑚ℎ ∗ℎ∈𝑉𝑖𝑚
𝑛𝑖𝑚
𝑟=1

𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝜑𝑖𝑗𝑚ℎ)� 𝑟𝑎 ∗ 𝑌𝑖𝑗𝑚𝑟𝑡 − �∑ ∑ ∑ �𝜑𝑖𝑗𝑚ℎ�
𝑛𝑖
𝑗=1ℎ∈𝑉𝑖𝑚

𝑔
𝑖=1 �𝑀 − 𝜓     (5.52) 

Subject to: 

(4.12);  

(Note: the dual variable 𝜓 can be added to the objective function of any sub-problem. In 

any case, the reduced cost of the next entering column into MP is calculated as the 

summation of all these objective function values. In this research, the last stage is 

arbitrarily selected to include 𝜓.) 
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The exclusive decomposition of DWD3 demonstrates outstanding properties that will 

drastically reduce the computation time required for optimally solving each of the sub-

problems. These properties are described in detail next. 

• Since the start stage (𝑘 = 0) is only a virtual stage, the only constraint on SP(0) is 

the constraint set (5.37), which ensures that the completion time of all jobs in this 

stage is greater than or equal to their release time. With the help of this sub-

problem, the constraints corresponding to the dynamic job release times will be 

relaxed on all the other stages, and instead, they will be satisfied with the help of 

the start stage and the linking constraints in LMP3.   

• SP(0) does not need to be solved, because the minimum value of the job 

completion times are the same as their release times. 

• The two criteria of the original problem (MILP1), i.e. the total weighted 

completion time and the total weighted tardiness are separated from each other 

with the help of the stop stage. Stop stage or stage (𝑚 + 1) in DWD3 is a virtual 

stage that has to be visited by all jobs. The processing times of all jobs in this 

stage are zero, and there are no sequencing constraints for any of the jobs. The 

only constraint set that has to be included in SP(m+1) is the constraint set (4.12) 

from MILP1. These constraints ensure that the tardiness of each job is greater 

than its completion time minus its due date. 

• SP(m+1) is a linear optimization. Therefore, it can be optimally solved in a very 

short computation time. 

• Recall that the GTA in group scheduling problems force all jobs within a group to 

be scheduled together and on the same machine. As a result of these assumptions, 

the problem of scheduling all jobs within any particular group in SP(𝑘), 𝑘 =

1, … ,𝑚, resembles a single-machine scheduling problem. A dispatching rule is 

proposed to find the optimal solution for these single-machine problems. 

Consequently, the MILP models to the sub-problems are modified to employ this 

dispatching rule for finding the sequence of jobs within all groups. These 

modifications drastically reduce the computation time required to optimally solve 

the sub-problems. 
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Proposition 5.1: assume 𝑡𝚤𝚥𝑘ℎ́ = 𝑡𝑖𝑗𝑘ℎ ∗ 𝑛𝑖𝑎, where 𝑡𝑖𝑗𝑘ℎ is the run time of job 𝑗 in group 

𝑖, on machine ℎ in stage 𝑘, 𝑛𝑖 is the number of jobs within group 𝑖, and 𝑎 (𝑎 ≤ 0) is the 

learning index. The optimal solution of a new problem, where 𝑡𝑖𝑗𝑘ℎ is replaced with 𝑡𝚤𝚥𝑘ℎ́ , 

and there is no learning effect, is a lower bound to the optimal solution of the original 

problem with 𝑡𝑖𝑗𝑘ℎ and learning effects. 

Proof. The proof follows immediately by noting that 𝑡𝚤𝚥𝑘ℎ́ = 𝑡𝑖𝑗𝑘ℎ ∗ 𝑛𝑖𝑎 is the shortest 

run time a job with (original) run time of 𝑡𝑖𝑗𝑘ℎ can have due to the learning effect■  

Proposition 5.2.: when the learning effect is negligible, the optimal sequence of jobs 

within each group in SP(𝑘), 𝑘 = 1, … ,𝑚,  can be obtained by the following rule:  

Dispatching rule: find 𝜂𝑖𝑗𝑘ℎ = 𝜑𝑖𝑗(𝑘+1)ℎ − 𝜑𝑖𝑗𝑘ℎ for all jobs within all groups. In 

each group, the jobs with 𝜂𝑖𝑗𝑘ℎ > 0 are sequenced first, in an ascending order of 
𝑡𝑖𝑗𝑘ℎ
𝜂𝑖𝑗𝑘ℎ

, then the jobs with 𝜂𝑖𝑗𝑘ℎ = 0 are sequenced in any arbitrary position, and this 

partial sequence is followed by all jobs with 𝜂𝑖𝑗𝑘ℎ < 0, in an ascending order of 
𝑡𝑖𝑗𝑘ℎ
𝜂𝑖𝑗𝑘ℎ

 (or a descending order of 
𝑡𝑖𝑗𝑘ℎ

|𝜂𝑖𝑗𝑘ℎ|
  where |.| is the absolute value function).  

Proof. The general form of the objective function for 𝑆𝑃(𝑘), 1 < 𝑘 < 𝑚 is as following: 

SP(k): 𝑀𝑖𝑛 𝑍𝑆𝑃(𝑘) = ∑ ∑ �∑ 𝜑𝑖𝑗(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1) − ∑ 𝜑𝑖𝑗𝑘ℎℎ∈𝑉𝑖𝑘 �𝑛𝑖
𝑗=1 𝑥𝑖𝑗𝑘𝑡

𝑔
𝑖=1 +

∑ ∑ �∑ (𝜑𝑖𝑗𝑘ℎ)𝑛𝑖
𝑗=1 �ℎ∈𝑉𝑖𝑘 𝑀 ∗ 𝑍𝑖𝑘ℎ𝑡

𝑔
𝑖=1 + ∑ ∑ ∑ �∑ (𝑡𝑖𝑗𝑘ℎ ∗ 𝜑𝑖𝑗𝑘ℎ)ℎ∈𝑉𝑖𝑘 �𝑛𝑖𝑘

𝑟=1 𝑟𝑎 ∗𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝑌𝑖𝑗𝑘𝑟𝑡 − �∑ ∑ ∑ (𝜑𝑖𝑗𝑘ℎ)𝑛𝑖
𝑗=1ℎ∈𝑉𝑖𝑘

𝑔
𝑖=1 �𝑀  

Where 𝜑𝑖𝑗𝑘ℎ is the dual coefficient, 𝑥𝑖𝑗𝑘𝑡  is completion time of job 𝑗 in group 𝑖 and in 

stage 𝑘 (𝑡 refers to the column number, and can be ignored here for all the variables), 

𝑍𝑖𝑘ℎ𝑡  is an indicator that shows if group 𝑖 is assigned to machine ℎ in stage 𝑘, and 𝑌𝑖𝑗𝑘𝑟𝑡  is 

another indicator that shows if job 𝑗 in group 𝑖 is assigned to position 𝑟 in stage 𝑘. This 

proposition is proved with the pairwise exchange of the job positions. Figure 9 represents 

two sequences for jobs within group 𝑖 in any arbitrary stage. Positions of all jobs (within 
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group) in Sequences 𝜎 and �́� are exactly the same except for jobs 𝑗 and 𝑞, which are 

represented in Figure 9. 

 

Figure 9. Two different sequences for the jobs within group 𝒊 

Lemma 1 explains why the summation over all machines (ℎ ∈ 𝑉𝑖𝑘) is neglected when 

calculating the coefficients of completion times (𝑥𝑖𝑗𝑘𝑡 ). Therefore, all terms in the 

objective functions of 𝜎 and �́� are the same except for the following: 

𝜎: �𝜑𝑖𝑗(𝑘+1)ℎ − 𝜑𝑖𝑗𝑘ℎ�𝐴 + �𝜑𝑖𝑗(𝑘+1)ℎ − 𝜑𝑖𝑗𝑘ℎ�𝑡𝑖𝑗𝑘ℎ + 𝜑𝑖𝑗𝑘ℎ. 𝑡𝑖𝑗𝑘ℎ + �𝜑𝑖𝑞(𝑘+1)ℎ −

𝜑𝑖𝑞𝑘ℎ�𝐴 + �𝜑𝑖𝑞(𝑘+1)ℎ − 𝜑𝑖𝑞𝑘ℎ�(𝑡𝑖𝑗𝑘ℎ + 𝑡𝑖𝑞𝑘ℎ) + 𝜑𝑖𝑞𝑘ℎ. 𝑡𝑖𝑞𝑘ℎ  

�́�: �𝜑𝑖𝑞(𝑘+1)ℎ − 𝜑𝑖𝑞𝑘ℎ�𝐴 + �𝜑𝑖𝑞(𝑘+1)ℎ − 𝜑𝑖𝑞𝑘ℎ�𝑡𝑖𝑞𝑘ℎ + 𝜑𝑖𝑞𝑘ℎ. 𝑡𝑖𝑞𝑘ℎ + �𝜑𝑖𝑗(𝑘+1)ℎ −

𝜑𝑖𝑗𝑘ℎ�𝐴 + �𝜑𝑖𝑗(𝑘+1)ℎ − 𝜑𝑖𝑗𝑘ℎ�(𝑡𝑖𝑗𝑘ℎ + 𝑡𝑖𝑞𝑘ℎ) + 𝜑𝑖𝑗𝑘ℎ. 𝑡𝑖𝑗𝑘ℎ  

𝜎 − �́� = 𝜑𝑖𝑗(𝑘+1)ℎ. 𝑡𝑖𝑗𝑘ℎ + 𝜑𝑖𝑞(𝑘+1)ℎ. 𝑡𝑖𝑗𝑘ℎ + 𝜑𝑖𝑞(𝑘+1)ℎ. 𝑡𝑖𝑞𝑘ℎ − 𝜑𝑖𝑞𝑘ℎ. 𝑡𝑖𝑗𝑘ℎ −

𝜑𝑖𝑞(𝑘+1)ℎ. 𝑡𝑖𝑞𝑘ℎ − 𝜑𝑖𝑗(𝑘+1)ℎ. 𝑡𝑖𝑗𝑘ℎ − 𝜑𝑖𝑗(𝑘+1)ℎ. 𝑡𝑖𝑞𝑘ℎ + 𝜑𝑖𝑗𝑘ℎ. 𝑡𝑖𝑞𝑘ℎ  

𝜎 − �́� = 𝜑𝑖𝑞(𝑘+1)ℎ. 𝑡𝑖𝑗𝑘ℎ − 𝜑𝑖𝑞𝑘ℎ. 𝑡𝑖𝑗𝑘ℎ − 𝜑𝑖𝑗(𝑘+1)ℎ. 𝑡𝑖𝑞𝑘ℎ + 𝜑𝑖𝑗𝑘ℎ. 𝑡𝑖𝑞𝑘ℎ  

Therefore, 𝜎 ≤ �́� if and only if  

�𝜑𝑖𝑞(𝑘+1)ℎ − 𝜑𝑖𝑞𝑘ℎ�𝑡𝑖𝑗𝑘ℎ ≤ [𝜑𝑖𝑗(𝑘+1)ℎ − 𝜑𝑖𝑗𝑘ℎ] 𝑡𝑖𝑞𝑘ℎ     (5.53) 

Or  

�𝜂𝑖𝑞𝑘ℎ�𝑡𝑖𝑗𝑘ℎ ≤ �𝜂𝑖𝑗𝑘ℎ�𝑡𝑖𝑞𝑘ℎ         (5.54) 

Consider the following possible values for 𝜂𝑖𝑗𝑘ℎ: 

1. 𝜂𝑖𝑗𝑘ℎ > 0;         𝑗 = 1, … 𝑙1  

2. 𝜂𝑖𝑗𝑘ℎ = 0;         𝑗 = 𝑙1 + 1, … 𝑙2  

3. 𝜂𝑖𝑗𝑘ℎ < 0;         𝑗 = 𝑙2 + 1, … 𝑙3  

  

  

A 

A 

B 

B 

i, j 

i, j i, q 

i, q 
r r+1 

r r+1 

𝜎: 

𝜎:́  
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In order to find a dispatching rule from inequality (5.54), the following cases must be 

considered, which will finalize the proof of Proposition 5.1.  

1. (𝜂𝑖𝑗𝑘ℎ > 0) and (𝜂𝑖𝑞𝑘ℎ > 0): inequality (5.54) results in 
𝑡𝑖𝑗𝑘ℎ
𝜂𝑖𝑗𝑘ℎ

≤ 𝑡𝑖𝑞𝑘ℎ
𝜂𝑖𝑞𝑘ℎ

. Therefore, 

these jobs must be scheduled based on the ascending order of 
𝑡𝑖𝑗𝑘ℎ
𝜂𝑖𝑗𝑘ℎ

. This type of 

rule is known as weighted shortest processing time (WSPT) in the literature on 

scheduling problems. 

2. (𝜂𝑖𝑗𝑘ℎ > 0) and (𝜂𝑖𝑞𝑘ℎ = 0): as is mentioned in Lemma 2, job 𝑞 does not have 

any contribution in the objective function, and can be scheduled any time after the 

jobs with (𝜂𝑖𝑗𝑘ℎ > 0). 

3. (𝜂𝑖𝑗𝑘ℎ > 0) and (𝜂𝑖𝑞𝑘ℎ < 0): inequality (5.54) results in 
𝑡𝑖𝑗𝑘ℎ
𝜂𝑖𝑗𝑘ℎ

≥ 𝑡𝑖𝑞𝑘ℎ
𝜂𝑖𝑞𝑘ℎ

, which 

always holds true, because  
𝑡𝑖𝑗𝑘ℎ
𝜂𝑖𝑗𝑘ℎ

> 0 and 𝑡𝑖𝑞𝑘ℎ
𝜂𝑖𝑞𝑘ℎ

< 0. Therefore, any job with 

𝜂𝑖𝑗𝑘ℎ > 0 must be scheduled before the jobs with 𝜂𝑖𝑞𝑘ℎ < 0. 

4. (𝜂𝑖𝑗𝑘ℎ < 0) and (𝜂𝑖𝑞𝑘ℎ < 0): inequality (5.54) results in 
𝑡𝑖𝑗𝑘ℎ
𝜂𝑖𝑗𝑘ℎ

≤ 𝑡𝑖𝑞𝑘ℎ
𝜂𝑖𝑞𝑘ℎ

, which 

means that all the jobs with 𝜂𝑖𝑗𝑘ℎ < 0 must also be scheduled with the WSPT 

rule, i.e. 
𝑡𝑖𝑗𝑘ℎ
𝜂𝑖𝑗𝑘ℎ

≤ 𝑡𝑖𝑞𝑘ℎ
𝜂𝑖𝑞𝑘ℎ

. 

5. (𝜂𝑖𝑗𝑘ℎ < 0) and (𝜂𝑖𝑞𝑘ℎ = 0): job 𝑞 does not make any contribution directly to the 

objective function, but since job 𝑗 must be delayed as much as possible, job 𝑞 will 

be scheduled before job 𝑗■ 

In the proof of Proposition 5.1, although the coefficient of 𝑥𝑖𝑗𝑘𝑡  is (∑ 𝜑𝑖𝑗(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1) −

∑ 𝜑𝑖𝑗𝑘ℎℎ∈𝑉𝑖𝑘 ), we ignored the summations and used the �𝜑𝑖𝑗(𝑘+1)ℎ − 𝜑𝑖𝑗𝑘ℎ� instead. The 

following lemma shows the eligibility of this substitution.  

Lemma 1: in the optimal solution of DLMP, for each 𝑖, 𝑗 and 𝑘, there can be only one 

ℎ ∈ 𝑉𝑖𝑘 so that 𝜑𝑖𝑗𝑘ℎ > 0. For all the other ℎ’s 𝜑𝑖𝑗𝑘ℎ = 0. 

Proof.  𝜑𝑖𝑗𝑘ℎ is correspondent to constraint (5.43) from LMP3: 

∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�

𝑛𝑖𝑘
𝑟=1 �𝜆𝑡𝑇

𝑡=1 ≥ 0  
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All sub-problems SP(k), 1 ≤ 𝑘 ≤ 𝑚, include constraint (4.9) from the original model 

(MILP1):    

∑ 𝑧𝑖𝑘ℎ = 1ℎ∈𝑉𝑖𝑘             

Therefore, among the constraints (5.43) for all ℎ ∈ 𝑉𝑖𝑘, only one of the constraints is 

active, consequently, the slack variables for all other constraints are greater than zero. 

According to the complementary slackness theorem in linear programming, the 

corresponding dual variables for all those inactive constraints must be equal to zero, and 

only one of the 𝜑𝑖𝑗𝑘ℎ’s has the chance to be greater than zero■  

Therefore, the dispatching rule in Proposition 5.1 can be also written in the following 

form: 
𝑡𝑖𝑗𝑘ℎ

(∑ 𝜑𝑖𝑗(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1)
−∑ 𝜑𝑖𝑗𝑘ℎℎ∈𝑉𝑖𝑘

)
≤ 𝑡𝑖𝑞𝑘ℎ

(∑ 𝜑𝑖𝑞(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1)
−∑ 𝜑𝑖𝑞𝑘ℎℎ∈𝑉𝑖𝑘

)
     (5.55) 

Lemma 2: the dispatching rule in Proposition 5.1 only has to be applied for jobs if 

|𝜑𝑖𝑗(𝑘+1)ℎ − 𝜑𝑖𝑗𝑘ℎ| > 0, where |.| is the absolute value function.  

Proof. Assume 𝜑𝑖𝑗(𝑘+1)ℎ − 𝜑𝑖𝑗𝑘ℎ = 0 for job 𝑗 in group 𝑖. Therefore, the coefficient of 

𝑥𝑖𝑗𝑘𝑡  is zero in the objective function of the sub-problem, and the completion time of job 𝑗 

does not contribute explicitly to the objective function value. However, job 𝑗 must be 

scheduled after all jobs with positive cost coefficients in the objective function, and 

before all jobs with negative cost coefficients. Since the sub-problems are minimization 

problems, jobs with positive cost coefficients should be completed as soon as possible, 

and jobs with negative cost coefficients should be scheduled as late as possible■ 

Lemma 3: there is no idle time in the optimal sequence of jobs within a group, for SP(k), 

1 ≤ 𝑘 ≤ 𝑚. 

Proof. The problem of sequencing jobs within a group for SP(k), 1 ≤ 𝑘 ≤ 𝑚, is 

equivalent to minimizing the weighted completion times on a single machine. Therefore, 

using the same technique as was used in the proof of Proposition 5.1, if there is any idle 

time in the sequence of jobs within a group, that sequence can be improved by removing 

the idle time■ 
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Revised MILP model for 𝑺𝑷(𝒌),𝟏 ≤ 𝒌 ≤ 𝒎:  

Since the schedule of jobs within all groups in each of the stages can be easily determined 

with the help of Proposition 5.1 and Lemma 3, it is possible and advantageous to 

reformulate the sub-problems in a way to use this information. In this reformulation, each 

group of jobs is treated as a single component with a runtime equal to the summation of 

the runtimes of all jobs within that group. The following steps are necessary to develop 

the new model: 

1. Find the optimal sequence of jobs with respect to the dispatching rule presented in 

Proposition 5.1. 

2. Re-index the jobs based on the sequence obtained from step 1, and represent the new 

sequence by [.], i.e. 𝑥𝑖[𝑗]𝑘 is the completion time of the job in slot 𝑗, in group 𝑖 and 

stage 𝑘: 

𝑥𝑖[1]𝑘 ≤ 𝑥𝑖[2]𝑘 ≤ ⋯ ≤ 𝑥𝑖[𝑛𝑖𝑘]𝑘        (5.56) 

3. Find the values of 𝑌𝑖𝑗𝑘𝑟’s based on the above sequence. 

4. Find the total runtime for each group in each stage:  

𝑇𝑖𝑘ℎ = ∑ 𝑡𝑖𝑗𝑘ℎ
𝑛𝑖𝑘
𝑗=1          (5.57)  

5. Develop the new MILP model as following: 

SP(k): 𝑀𝑖𝑛 𝑍𝑆𝑃(𝑘) = ∑ ∑ �∑ 𝜑𝑖𝑗(𝑘+1)ℎℎ∈𝑉𝑖(𝑘+1) − ∑ 𝜑𝑖𝑗𝑘ℎℎ∈𝑉𝑖𝑘 �𝑛𝑖
𝑗=1 𝑥𝑖𝑗𝑘𝑡

𝑔
𝑖=1 +

∑ ∑ �∑ (𝜑𝑖𝑗𝑘ℎ)𝑛𝑖
𝑗=1 �ℎ∈𝑉𝑖𝑘 𝑀 ∗ 𝑍𝑖𝑘ℎ𝑡

𝑔
𝑖=1 + ∑ ∑ ∑ �∑ (𝑡𝑖𝑗𝑘ℎ ∗ 𝜑𝑖𝑗𝑘ℎ)ℎ∈𝑉𝑖𝑘 �𝑛𝑖𝑘

𝑟=1 𝑟𝑎 ∗𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝑌𝑖𝑗𝑘𝑟𝑡 − �∑ ∑ ∑ (𝜑𝑖𝑗𝑘ℎ)𝑛𝑖
𝑗=1ℎ∈𝑉𝑖𝑘

𝑔
𝑖=1 �𝑀       (5.58) 

Subject to: 

∑ 𝑌𝑖𝑗𝑘𝑟𝑗∈𝐽𝑖𝑘 = 1; 𝑖 ∈ 𝐼𝑘;  𝑟 = 1, 2, … ,𝑛𝑖𝑘; 𝑘 = 1, 2, … ,𝑚    (5.59) 

∑ 𝑌𝑖𝑗𝑘𝑟
𝑛𝑖𝑘
𝑟=1 = 1;  𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘; 𝑘 = 1, 2, … ,𝑚    (5.60) 

𝐶𝑖𝑘 + 𝑀�1 − 𝐴𝑝𝑖𝑘� + 𝑀(1 − 𝑧𝑖𝑘ℎ) + 𝑀�1 − 𝑧𝑝𝑘ℎ� ≥ 𝐶𝑝𝑘 + 𝑆𝑝𝑖𝑘ℎ + 𝑇𝑖𝑘ℎ     

𝑖,𝑝 ∈ 𝐼𝑘;  𝑖 < 𝑝;  ℎ ∈ 𝑉𝑖𝑘 ∩ 𝑉𝑝𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟    (5.61) 

𝐶𝑝𝑘 + 𝑀(𝐴𝑝𝑖𝑘) + 𝑀(1 − 𝑧𝑖𝑘ℎ) + 𝑀�1 − 𝑧𝑝𝑘ℎ� ≥ 𝐶𝑖𝑘 + 𝑆𝑖𝑝𝑘ℎ + 𝑇𝑝𝑘ℎ   
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𝑖,𝑝 ∈ 𝐼𝑘; 𝑖 < 𝑝;  ℎ ∈ 𝑉𝑖𝑘 ∩ 𝑉𝑝𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟     (5.62) 

𝐶𝑖𝑘 + ∑ 𝑀(1 − 𝐴𝑖𝑝𝑘)𝑖−1
𝑝=1 + ∑ 𝑀(𝐴𝑝𝑖𝑘)𝑔

𝑝=𝑖+1 + 𝑀(1 − 𝑧𝑖𝑘ℎ) ≥ 𝑆0𝑖𝑘ℎ + 𝑇𝑖𝑘ℎ    

𝑖 ∈ 𝐼𝑘;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟       (5.63) 

∑ 𝑧𝑖𝑘ℎ = 1ℎ∈𝑉𝑖𝑘 ;        𝑖 ∈ 𝐼𝑘         (5.64) 

𝑥𝑖[𝑗]𝑘 + 𝑀(1 − 𝑧𝑖𝑘ℎ) ≥ 𝐶𝑖𝑘 − ∑ 𝑡𝑖[𝑞]𝑘ℎ ∗ 𝑞
𝑎𝑛𝑖𝑘

𝑞=𝑗+1 ;         𝑖 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘 ;  ℎ ∈ 𝑉𝑖𝑘  (5.65) 

∑ 𝑌𝑖[𝑗]𝑘𝑗
𝑛𝑖
𝑗=1 − 𝑛𝑖(𝑧𝑖𝑘ℎ) ≥ 0;          𝑖 ∈ 𝐼𝑘;  ℎ ∈ 𝑉𝑖𝑘         (5.66) 

𝑥𝑖𝑗𝑘 ≥ 0; 𝑧𝑖𝑘ℎ,𝐴𝑝𝑖𝑘 ∈ {0,1} (𝑝 < 𝑖)          

𝑖,𝑝 ∈ 𝐼𝑘;  𝑗 ∈ 𝐽𝑖𝑘;  ℎ ∈ 𝑉𝑖𝑘;         (5.67) 

Objective function (5.58) is the reduced cost obtained from the DLMP3 for finding the 

next promising column to enter the LMP3. Constraint (5.59) ensures that each job is 

assigned to only one position within its group. Similarly, constraint (5.60) makes sure 

that each position within a group is only assigned to one job. Constraint sets (5.61) and 

(5.62) determine the sequence of groups on each of the machines. With respect to these 

constraints, if two groups are processed on the same machine, the completion time of the 

succeeding group must be greater than the completion time of the preceding group, plus 

the sequence-dependent setup time and the run time required for processing all jobs 

within the succeeding group. Constraint set (5.63) ensures that the processing of any 

group in each of the stages only starts when the corresponding machine is setup for that 

group. Constraint set (5.64) guarantees that each group is assigned to exactly one 

machine in each stage, provided that it has an operation on that stage, i.e. it does not skip 

the stage. Constraint set (5.65) determines the completion time of each job with respect to 

the completion time of the corresponding group and the predetermined sequence of jobs 

in that group. Constraint set (5.66) assigns appropriate binary values to the 𝑌𝑖𝑗𝑘𝑟 variables 

with respect to the predetermined sequence of jobs in each group. Finally, constraint set 

(5.67) contains all the signs and binary constraints.  

5.1.4. Stabilization 

Column generation has been successfully applied to many large-scale problems 

particularly in the fields of routing and scheduling (Barnhart et al., 1998). However, this 

approach is known for its slow convergence. While the first iterations of column 
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generation usually achieve remarkable progress in a very short period of time, little 

progress is obtainable in later iterations, when the search is close to the optimal solution. 

This phenomenon is referred to as the tailing-off effect, and usually causes severe 

reduction in the efficiency of the algorithm (Lübbecke & Desrosiers, 2004).  

As mentioned earlier, in a column generation approach, the promising columns are 

identified with the help of the sub-problems. Objective functions of these sub-problems, 

which are obtained from the DLMP, represent the reduced costs of those columns. 

However, it is possible that these reduced costs are not appropriately estimated by dual 

values in the early iterations of column generation. Dual values, which are obtained from 

optimally solving the DLMP, are basically the extreme points of the dual polyhedron. 

These extreme points are characterized by very large values for some columns while the 

others are set at zero. Therefore, the reduced costs estimated by these extreme points 

oscillate vehemently, and this oscillation requires the algorithm to perform many more 

iterations to find the optimal solution of LMP.  

Several techniques, which are generally referred to as stabilization, are proposed in the 

literature, to accelerate the convergence of column generation. The main idea behind all 

these methods is to prevent the dual variables from taking extreme values either by means 

of bounding these variables or selecting interior points in the dual polyhedron. One of the 

earliest techniques for column generation stabilization is proposed by Marsten, Hogan, & 

Blankenship (1975). This technique, which is known as BOXSTEP, considers a box 

around each dual variable and modifies the MP in a way that the feasible dual solutions 

are limited to those boxes. Another technique which is proposed by Kim, Chang, & Lee 

(1995) pursues the same purpose, but in a different approach. In this approach, the MP is 

modified in a way that the distance between a dual solution and the previous dual 

solution is linearly penalized. du Merle, Villeneuve, Desrosiers, and Hansen, (1997) 

proposed a very well-known stabilization method that combines the concepts of both of 

the previous approaches. In this technique, which is referred to as BOXPEN, a soft box is 

considered for each of the dual variables to prevent them from taking extreme values. 

However, the dual variables are allowed to take values outside these boxes, although this 

will add a penalty to the objective function.  
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In a totally different approach, Rousseau, Gendreau, and Feillet (2007) proposed to 

generate several extreme points from the optimal dual polyhedron, and instead of using 

any of these solutions, compute an interior point corresponding to a convex combination 

of these points. Since this interior point has centralized dual values, it is considered a 

better approximation in calculating the reduced costs. However, in this research, we 

implement the BOXPEN method to stabilize the proposed column generation method. 

BOXPEN has been used by several researchers, and is shown to be very effective in 

reducing the total computation time. In the following two subsections, this stabilization 

method is implemented on DWD2 and DWD3. 

5.1.4.1.Stabilizing DWD2       

In this section, the BOXPEN stabilization method is implemented for DWD2. With 

respect to this implementation, the following modifications must be made in LMP2 and 

DLMP2 (there is no modification for sub-problems). 

𝑳𝑴𝑷𝟐𝐒𝐭𝐚𝐛𝐢𝐥𝐢𝐳𝐞𝐝:  

𝑀𝑖𝑛 𝑍 = ∑ (∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 ))𝜆𝑡 + ∑ ∑ ∑ ∑ (−𝛿𝑖𝑗𝑘ℎ− . 𝜉𝑖𝑗𝑘ℎ− +ℎ𝑘𝑗𝑖

𝑇
𝑡=1

𝛿𝑖𝑗𝑘ℎ+ . 𝜉𝑖𝑗𝑘ℎ+ )           (5.68) 

Subject to: 

∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�

𝑛𝑖𝑘
𝑟=1 �𝜆𝑡 − 𝜉𝑖𝑗𝑘ℎ− + 𝜉𝑖𝑗𝑘ℎ+𝑇

𝑡=1 ≥ 0   

           (5.69) 

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 2, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  

∑ 𝜆𝑡𝑇
𝑡=1 = 1;          (5.70) 

−𝜉𝑖𝑗𝑘ℎ− ≥ −𝜀𝑖𝑗𝑘ℎ−          (5.71) 

−𝜉𝑖𝑗𝑘ℎ+ ≥ −𝜀𝑖𝑗𝑘ℎ+           (5.72) 

𝜆𝑡 ≥ 0; 𝜉𝑖𝑗𝑘ℎ− ≥ 0; 𝜉𝑖𝑗𝑘ℎ+ ≥ 0 ;   

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘      (5.73)  

𝜉𝑖𝑗𝑘ℎ−  and 𝜉𝑖𝑗𝑘ℎ+  are the BOXPEN artificial variables, and the term 

∑ ∑ ∑ ∑ (−𝛿𝑖𝑗𝑘ℎ− . 𝜉𝑖𝑗𝑘ℎ− + 𝛿𝑖𝑗𝑘ℎ+ . 𝜉𝑖𝑗𝑘ℎ+ )ℎ𝑘𝑗𝑖  in the objective function (5.68) penalizes 

these artificial variables. Constraint set (5.69) is modified to include the artificial 
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variables in a way that they can put limits on the dual variables. Constraint sets (5.71) and 

(5.72) define upper bounds (i.e. 𝜀𝑖𝑗𝑘ℎ−  and 𝜀𝑖𝑗𝑘ℎ+ ) on 𝜉𝑖𝑗𝑘ℎ−  and 𝜉𝑖𝑗𝑘ℎ+ , respectively.  

Now, define the following new dual variables: 

𝜚𝑖𝑗𝑘ℎ−   Dual variables associated with const. (5.71) 

𝜚𝑖𝑗𝑘ℎ+   Dual variables associated with const. (5.72)  

𝑫𝑳𝑴𝑷𝟐𝐒𝐭𝐚𝐛𝐢𝐥𝐢𝐳𝐞𝐝:  

𝑀𝑎𝑥 𝑍 =  𝜓 + ∑ ∑ ∑ ∑ (−𝜀𝑖𝑗𝑘ℎ− .𝜚𝑖𝑗𝑘ℎ− − 𝜀𝑖𝑗𝑘ℎ+ . 𝜚𝑖𝑗𝑘ℎ+ )ℎ𝑘𝑗𝑖      (5.74) 

Subject to: 

∑ ∑ ∑ ∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ� 𝑛𝑖𝑘

𝑟=1 � ∗ℎ∈𝑉𝑖𝑘
𝑚
𝑘=2

𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝜑𝑖𝑗𝑘ℎ + 𝜓 ≤ ∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗𝑚𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡
𝑛𝑖
𝑗=1

𝑔
𝑖=1 )  

𝑡 = 1, 2, … ,𝑇          (5.75) 

−𝜑𝑖𝑗𝑘ℎ − 𝜚𝑖𝑗𝑘ℎ− ≤ −𝛿𝑖𝑗𝑘ℎ−          (5.76) 

𝜑𝑖𝑗𝑘ℎ − 𝜚𝑖𝑗𝑘ℎ+ ≤ 𝛿𝑖𝑗𝑘ℎ+           (5.77) 

𝜑𝑖𝑗𝑘ℎ ≥ 0; 𝜚𝑖𝑗𝑘ℎ− ≥ 0; 𝜚𝑖𝑗𝑘ℎ+ ≥ 0  𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘 

𝜓  𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑;          (5.78) 

Constraint sets (5.76) and (5.77) set limits on the dual variables. However, these variables 

are allowed to exceed those limits with the assignment of a penalty in the objective 

function (5.74). 

5.1.4.2.Stabilizing DWD3   

In this section, the BOXPEN stabilization technique has been implemented in DWD3. 

Similar to the DWD2, the only models that have to be modified are the LMP3 and 

DLMP3. 

𝑳𝑴𝑷𝟑𝐒𝐭𝐚𝐛𝐢𝐥𝐢𝐳𝐞𝐝:  

𝑀𝑖𝑛 𝑍 =

∑ (∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗(𝑚+1)
𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡

𝑛𝑖
𝑗=1

𝑔
𝑖=1 ))𝜆𝑡𝑇

𝑡=1 + ∑ ∑ ∑ ∑ (−𝛿𝑖𝑗𝑘ℎ− . 𝜉𝑖𝑗𝑘ℎ− +ℎ𝑘𝑗𝑖

𝛿𝑖𝑗𝑘ℎ+ . 𝜉𝑖𝑗𝑘ℎ+ )           (5.79) 
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Subject to: 

∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ�

𝑛𝑖𝑘
𝑟=1 �𝜆𝑡 − 𝜉𝑖𝑗𝑘ℎ− + 𝜉𝑖𝑗𝑘ℎ+𝑇

𝑡=1 ≥ 0    

           (5.80) 

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚,𝑚 + 1;  ℎ ∈ 𝑉𝑖𝑘;  𝑀:𝑎 𝑙𝑎𝑟𝑔𝑒 𝑛𝑢𝑚𝑏𝑒𝑟  

∑ 𝜆𝑡𝑇
𝑡=1 = 1;          (5.81) 

−𝜉𝑖𝑗𝑘ℎ− ≥ −𝜀𝑖𝑗𝑘ℎ−  𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚,𝑚 + 1;  ℎ ∈ 𝑉𝑖𝑘 (5.82) 

−𝜉𝑖𝑗𝑘ℎ+ ≥ −𝜀𝑖𝑗𝑘ℎ+   𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚,𝑚 + 1;  ℎ ∈ 𝑉𝑖𝑘 (5.83) 

𝜆𝑡 ≥ 0; 𝜉𝑖𝑗𝑘ℎ− ≥ 0; 𝜉𝑖𝑗𝑘ℎ+ ≥ 0 ;   

𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘      (5.84)  

Define the following new dual variables: 

𝜚𝑖𝑗𝑘ℎ−   Dual variables associated with const. (5.82)  

𝜚𝑖𝑗𝑘ℎ+   Dual variables associated with const. (5.83)  

𝑫𝑳𝑴𝑷𝟑𝐒𝐭𝐚𝐛𝐢𝐥𝐢𝐳𝐞𝐝:  

𝑀𝑎𝑥 𝑍 =  𝜓 + ∑ ∑ ∑ ∑ (−𝜀𝑖𝑗𝑘ℎ− .𝜚𝑖𝑗𝑘ℎ− − 𝜀𝑖𝑗𝑘ℎ+ . 𝜚𝑖𝑗𝑘ℎ+ )ℎ𝑘𝑗𝑖      (5.85) 

Subject to: 

∑ ∑ ∑ ∑ �𝑥𝑖𝑗𝑘𝑡 − 𝑥𝑖𝑗(𝑘−1)
𝑡 + 𝑀(1 − 𝑍𝑖𝑘ℎ𝑡 ) − ∑ �𝑌𝑖𝑗𝑘𝑟𝑡 ∗ 𝑟𝑎 ∗ 𝑡𝑖𝑗𝑘ℎ� 𝑛𝑖𝑘

𝑟=1 � ∗ℎ∈𝑉𝑖𝑘
𝑚+1
𝑘=1

𝑛𝑖
𝑗=1

𝑔
𝑖=1

𝜑𝑖𝑗𝑘ℎ + 𝜓 ≤ ∑ ∑ 𝑤𝑖𝑗(𝛼. 𝑥𝑖𝑗(𝑚+1)
𝑡 + 𝛽.𝑇𝐷𝑖𝑗𝑡

𝑛𝑖
𝑗=1

𝑔
𝑖=1 )  

𝑡 = 1, 2, … ,𝑇          (5.86) 

−𝜑𝑖𝑗𝑘ℎ − 𝜚𝑖𝑗𝑘ℎ− ≤ −𝛿𝑖𝑗𝑘ℎ−          (5.87) 

𝜑𝑖𝑗𝑘ℎ − 𝜚𝑖𝑗𝑘ℎ+ ≤ 𝛿𝑖𝑗𝑘ℎ+           (5.88) 

𝜑𝑖𝑗𝑘ℎ ≥ 0; 𝜚𝑖𝑗𝑘ℎ− ≥ 0; 𝜚𝑖𝑗𝑘ℎ+ ≥ 0  𝑖 = 1, 2, … ,𝑔; 𝑗 = 1, 2, … ,𝑛𝑖; 𝑘 = 1, … ,𝑚;  ℎ ∈ 𝑉𝑖𝑘  

𝜓  𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑;          (5.89) 

5.1.5. Early termination of column generation 

Although stabilization techniques reduce the number of iterations required by column 

generation, these techniques do not completely resolve the difficulties due to tailing-off 

effects, and there will still be a large number of columns required to optimally solve the 

LMP. However, instead of solving the LMP to optimality, or in other words, instead of 
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generating columns as long as there are improving columns, we can decide to 

prematurely end the column generation process and work with the bounds on the final 

LMP (Barnhart et al., 1998).  

The simplex-based column generation is a finite and exact algorithm (provided that the 

common precautions against cycling are considered), where the quality of the 

intermediate solution can be evaluated during the process (Lübbecke & Desrosiers, 

2004). In each iteration of column generation, when the sub-problem is solved to 

optimality, it is possible to find a lower bound for LMP with the help of the optimal 

solution of the restricted LMP (RLMP) and the optimal solutions of the sub-problems. 

Lasdon (1970), Farley (1990), and Vanderbeck and Wolsey (1996) describe different 

methods for calculating such a bound in column generation. In this research, we compute 

the lower bounds as it has been described by Lübbecke & Desrosiers (2004).  

Let 𝑍∗ denote the optimal solution of LMP, �̅� represent the optimal solution of the RLMP 

in an iteration of column generation, and 𝑍𝑆𝑃∗  denote the best reduced cost associated with 

this iteration. Lübbecke and Desrosiers (2004) describe that when there is an upper bound 

on the variables of LMP, such as ∑ 𝜆𝑗𝑗∈𝐽 ≤ 𝜁, where 𝐽 is the set of all possible columns, 

not only an upper bound, but also a lower bound can be established for the optimal 

solution of the LMP. Therefore, 

�̅� + 𝜁.𝑍𝑆𝑃∗ ≤ 𝑍∗ ≤ �̅�           (5.90) 

With respect to the convexity constraint in LMP (i.e. ∑ 𝜆𝑗𝑗∈𝐽 = 1), this inequality is 

stated as: 

�̅� + 𝑍𝑆𝑃∗ ≤ 𝑍∗ ≤ �̅�           (5.91) 

Also, it is shown that when there are multiple sub-problems, the bounds are obtained as: 

�̅� + ∑ 𝑍𝑆𝑃∗𝑘∈𝐾 ≤ 𝑍∗ ≤ �̅�          (5.92) 

Where 𝐾 is the set of all sub-problems. Therefore, it is possible to terminate the column 

generation process in any iteration of this algorithm, and obtain a lower bound for the 

optimal solution of LMP with the help of (5.91) and (5.92). It is worth noting that 
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although it is not necessary to optimally solve the sub-problems in all iterations of 

column generation, in order to find a valid lower bound in any iteration (and prematurely 

terminate the search), all sub-problems corresponding to that iteration have to be solved 

optimally. 

5.1.6. Branching rules 

The LP-relaxation of the master problem, as is described in previous sub-sections, may 

not result in integral optimal solutions. Therefore, in dealing with integer programs, 

column generation is used together with a B&B algorithm, which is usually referred to as 

B&P, in order to find integer solutions. However, combining column generation with 

B&B is not straightforward.  

The only integer variables of the master problem are the 𝜆 binary variables, meaning that 

branching must be performed on these variables. On the other hand, the master problem 

is restricted in the number of columns that it contains, or in other words, it does not 

include all the possible binary variables. If branching is performed on these variables, in 

each node of the B&B tree, new 𝜆 variables must be introduced to the master problem in 

order to maintain the optimality of this problem. Since there is an unlimited number of 

columns that can be introduced to this problem, and since branching on the 𝜆 variables 

does not provide an efficient strategy for restricting the number of these newly generated 

columns, this scheme of branching leads to an inefficient B&P algorithm. 

Furthermore, Barnhart et al. (1998) and Wilhelm (2001) describe how branching on the 

fractional values of the 𝜆 variables destroys the structure of the sub-problems. For 

example, the branch 𝜆 = 0 in one node of the B&B tree may require one of the sub-

problems to generate the second best solution. Similarly, when 𝑙 binary variables are 

fixed at the values of 0 or 1, i.e. at level 𝑙 in the B&B tree, a sub-problem is required to 

generate the (𝑙 + 1)st best solution. Hence, naïve strategies of branching may disrupt the 

structure of the sub-problems, and reduce the effectiveness of the decomposition.     

A remedy to these difficulties is to perform branching on integer variables of the original 

problem. After all, these variables are the main source of our information, and the 

purpose of integer programming is to find the optimal integer values for these variables. 
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An integrality constraint on one of the original variables, such as 𝑥, requires that 

∑ 𝑥𝑡𝜆𝑡𝑇
𝑡=1  be integral, where 𝑇 is the set of all columns in the RMP. This constraint is 

equivalent to 𝜆𝑡 ∈ {0,1} in the RMP model. However, instead of branching directly on 

the 𝜆 binary variables, the original variables are participating in the branching scheme, 

and all the above mentioned difficulties are avoided. 

All integer variables of the MILP1 are binary variables, and they are divided into the 

following three sets: 

• 𝑍-variables that determine the assignment of groups to the machines. 

• 𝐴-variables that determine the sequence of groups with respect to each other. 

• 𝑌-variables that determine the assignment of jobs to different positions within the 

groups. 

In order to get the most efficiency out of the B&P algorithm, the important decisions 

must be made in early stages of the B&B tree. Since the assignment of groups to 

machines can have the most significant effect on completion time of jobs, the 𝑍-variables 

are selected as the first choice for branching. These variables are followed by 𝐴- and 𝑌-

variables, respectively. However, since the purpose of this research is not to optimally 

solve the integer program, and instead to establish a lower bound for these problems, the 

branching process can be terminated anywhere in the tree, and the lower bounds can be 

determined with the rules of the B&B algorithm. 

With similar reasoning, i.e. moving toward finding a tight lower bound, a depth-first 

strategy is used to select the next node for branching. In this strategy, the node with the 

minimum objective function is selected for further branching. Therefore, any 

improvement in the objective function of this node, will directly improve the lower bound 

obtained by the tree. Also, in order to find the variable on which to perform the 

branching, the value of ∑ 𝑥𝑡𝜆𝑡𝑇
𝑡=1   is calculated for all integer variables, and the one 

which is closest to 0.5 is selected as the branching variable. It is worth noting that this 

selection is done with respect to the priority of 𝑍-, 𝐴- and 𝑌- variables, respectively. 
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As described earlier, even when stabilization is incorporated in column generation, this 

algorithm is known to be very time consuming. Although, efficient stabilization 

mechanisms can remarkably reduce the number of columns in a column generation 

algorithm, this algorithm still requires a huge number of columns. Therefore, when 

developing the branching strategies for a B&P algorithm, it is of vital importance to 

obtain the most improvement possible by visiting the minimum number of branches. 

Apart from the high contribution of the 𝑍-binary variables in the objective function of the 

master problem, the description below details how these variables are considered as 

candidates for reducing the total number of branches.  

Another look into MILP1 reveals that due to constraint set (4.9), i.e. ∑ 𝑧𝑖𝑘ℎ = 1ℎ∈𝑉𝑖𝑘 , 

these binary variables are interdependent and knowing the value of one of them will 

enable determining the values of the rest. For example, if group 1 is assigned to machine 

3 in stage 2, and there are a total of 4 machines in this stage, then it is known that 

𝑧123 = 1 and 𝑧121 = 𝑧122 = 𝑧124 = 0. Therefore, for group 𝑖 in stage 𝑘, if 𝑧𝑖𝑘ℎ = 1, the 

value of this binary variable for all the other machines must be equal to zero. In other 

words, when branching on the 𝑍-binary variables, it is sufficient to consider only the 

variables that are equal to one. Therefore, instead of considering the following possible 

branches for the above example: 

• 𝑧121 = 1 or 𝑧121 = 0 

• 𝑧122 = 1 or 𝑧122 = 0 

• 𝑧123 = 1 or 𝑧123 = 0 

• 𝑧124 = 1 or 𝑧124 = 0 

It is sufficient to consider: 

𝑧121 = 1 or 𝑧122 = 1 or 𝑧123 = 1 or 𝑧124 = 1 

Therefore, the number of branches is substantially reduced with the help of these 

considerations, when branching on 𝑍-binary variables. 
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6. EXPERIMENTAL SETUP AND DATA GENERATION 

The main purpose of this research is to develop an algorithm that is the best in dealing 

with the HFS scheduling problem encountered in this research. As is seen in chapter 4, 

eight different algorithms have been proposed for this purpose. In order to have a precise 

evaluation of these algorithms, two basic questions must be answered: 

1. Which algorithm, if any, outperforms the others for a given test problem? 

2. How well do these algorithms perform with respect to the optimal solution, or 

equivalently a tight lower bound as described in chapter 5?  

To answer the first question, a comprehensive set of experiments are tested with respect 

to a split-plot design (Montgomery, 2008). The factors in the main plot of this design 

include the structure of the problem, setup time to run time ratio, scenario and due date. 

The only factor in the sub-plot consists of the algorithm with eight levels representing the 

eight algorithms developed in this research. The second question is answered by 

comparing the results of the algorithms with optimal solutions or lower bounds obtained 

from CPLEX as well as B&P. Since the size of a problem is the main factor that directly 

impacts the performance of all meta-heuristic algorithms, as well as the B&P algorithm, 

this comparison is performed on a set of randomly generated sample problems with 

different structures as described next.    

The structure in these designs represents the size of the problem and is categorized in 

four levels: (small, small), (small, large), (large, small) and (large, large). The first term 

in the parenthesis denotes the range of the number of the groups, and the second term 

represents the range of the number of jobs within each group. In both cases, small refers 

to a number generated uniformly from [2, 5] and large indicates that the number is 

generated from [6, 10]. Although these ranges are unique to this research, they are in 

agreement with Schaller, Gupta, & Vakharia (2000), where the number of groups varies 

uniformly between 3 and 10, and the number of jobs within each group is generated 

uniformly from [1, 10]. For all levels of structure, the number of stages of the HFS is 

generated from a uniform distribution in [2, 7], and the number of machines in each stage 

varies uniformly between 1 and 6. 
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The setup to runtime ratio represents the scale of the average setup times compared to the 

average run times. Schaller et al. (2000) showed that this ratio has noticeable effects on 

the difficulty of a flow line scheduling problem with sequence-dependent setup times. 

Therefore, these effects have to be properly blocked in the design of experiments in order 

to have a precise evaluation on the performance of algorithms. Three levels are 

considered for this factor, i.e. 2/1, 5/1 and 10/1 meaning that the average setup time is 

two times, five times and ten times the average run time, respectively. These levels are 

consistent with the ones considered by Schaller et al. (2000).  

As mentioned in the very beginning of this dissertation, in an HFS environment the 

parallel machines in each stage are unrelated and have different capabilities for 

processing the jobs. For the purpose of computational experiments in this research, three 

levels are considered for machine capabilities, including least, medium and most capable. 

The least capable machines are eligible to process only 50% of all jobs, and they require 

the longest run time among all machines. The run times of jobs on these machines are 

randomly generated from a uniform distribution in [8, 28] minutes. The medium capable 

machines are slightly faster and are eligible to process up to 75% of all jobs. The run time 

of jobs on these machines varies uniformly between 5 and 25 minutes. Finally, the fastest 

group of machines has run times in [2, 22] and is eligible to process all jobs.  

However, all these randomly generated run times are the nominal run times of jobs, 

which do not account for the learning effect. The actual run times of jobs depend on 

positions of those jobs within their groups. In these experiments, the 95% hypothesis is 

considered for the learning effect, which implies that the run times of jobs decrease by 

5% with each redoubling of the production (Biskup, 2008). To be precise, with the 

position-dependent learning effect the actual run time of job in position 𝑘 is calculated as 

𝑝𝑘 = 𝑝 ∗ 𝑘𝑎, where 𝑝 is the nominal run time of the job and 𝐿𝑅 = 𝑘𝑎 is the learning rate. 

Therefore, 𝑝2𝑘 = 𝑝𝑘 ∗ 𝐿𝑅, and 𝐿𝑅 = 𝑃2𝑘
𝑃𝑘

= 𝑝∗(2𝑘)𝑎

𝑝∗𝑘𝑎
= 2𝑎 or 𝑎 = 𝑙𝑜𝑔2𝐿𝑅. According to 

the 95% hypothesis, 𝑎 = 𝑙𝑜𝑔20.95 = −.074 (Biskup, 2008). 

Scenario, in the main plot, represents the different combinations of the weights in the 

objective function, i.e. 𝛼 and 𝛽. Three levels are considered for this factor in these 
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computational experiments, including (𝛼 = 0.6, 𝛽 = 0.4), (𝛼 = 0.5,𝛽 = 0.5) and 

(𝛼 = 0.4, 𝛽 = 0.6). Since one of the criteria in the objective function is the tardiness of 

jobs, the structure of due dates plays an important role in the difficulty of the randomly 

generated sample problems. In these experiments, due dates are generated based on an 

approach introduced by Potts & Van Wassenhove (1982), which has also been used by 

Kim, Kim, Jang, & Chen (2002) to minimize the total tardiness in a set of unrelated-

parallel machines. According to these researchers, due dates are generated with the help 

of three controlling factors, i.e. a tardiness factor (𝜏), a range factor (𝑅) and an estimation 

of the makespan (𝐶𝑀𝑎𝑥). The tardiness factor determines the severity of the due dates and 

is defined as 𝜏 =  1 − �̅�/𝐶𝑚𝑎𝑥 (where �̅� is the assumed average for the due dates). This 

factor ranges between 0 and 1, where the smaller values result in generating tight due 

dates, and the larger values result in generating loose due dates. Different levels of the 

due date factor in the split-plot design are also defined based on this factor which 

include: 𝜏 = 0.2 (tight due dates), 𝜏 = 0.5 (medium due dates), 𝜏 = 0.8 (loose due dates). 

The range factor controls the average span of due dates and is defined as 𝑅 = (𝑑𝑚𝑎𝑥 −

𝑑𝑚𝑖𝑛)/𝐶𝑚𝑎𝑥 (where 𝑑𝑚𝑎𝑥 and 𝑑𝑚𝑖𝑛 are the expected maximum and minimum due dates, 

respectively). The 𝐶𝑀𝑎𝑥 that represents an estimation of the makespan of the scheduling 

problem is determined with the help of the following iterative equations: 

• 𝐶𝑖1𝑘 = ∑ �𝑚𝑎𝑥�𝐶𝑖1(𝑘−1),𝑚𝑟𝑖𝑘 + 𝛾𝑆�̅�𝑘� + 𝑡𝑖1𝑘ℎ�/𝑣𝑘
𝑣𝑘
ℎ=1 ,  

• 𝐶𝑖𝑗𝑘 = 𝑚𝑎𝑥�𝐶𝑖𝑗(𝑘−1),𝐶𝑖(𝑗−1)𝑘� +
∑ 𝑡𝑖𝑗𝑘ℎ
𝑣𝑘
ℎ=1
𝑣𝑘

;    ∀ 𝑗 > 1, and  

• 𝐶𝑖𝑗0 = 𝑟𝑖𝑗  

Where 𝐶𝑖𝑗𝑘 is the completion time of job 𝑗 in group 𝑖 and stage 𝑘. 𝑆�̅�𝑘 is the average setup 

time required for group 𝑖 in stage 𝑘. 𝑚𝑟𝑖𝑘 estimates the ready time of the first machine 

available in stage 𝑘 to process group 𝑖. This variable is calculated as:  

𝑚𝑟𝑖𝑘 = �𝑚𝑖𝑛 �𝐶𝑝(𝑛𝑝)𝑘�        ∀ 𝑝 = (𝑖 − 1), (𝑖 − 2), … , (𝑖 − 𝑣𝑘)               𝐼𝑓 𝑖 > 𝑣𝑘        
𝑎𝑘𝑖                                                                                                       𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒    

  

Where 𝐶𝑝(𝑛𝑝)𝑘 represents the completion time of the last job in group 𝑝 in stage 𝑘. With 

the help of these controlling factors, i.e. 𝐶𝑚𝑎𝑥, 𝑅 and 𝜏, the random due dates are 
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generated with the probability of 𝜏 from the uniform distribution in [�̅� − 𝑅�̅�, �̅�], and with 

the probability of (1 − 𝜏) from the uniform distribution in [�̅�, �̅� + (𝐶𝑚𝑎𝑥 − �̅�)𝑅].  

Examples of random sample problems that are generated with the help of the data 

generation mechanism described in this chapter are provided in appendices F, G, H and I, 

for sample problems with sizes of (small, small), (small, large), (large, small) and (large, 

large), respectively.   
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7. RESULTS 

In order to evaluate the algorithms developed in this research, several sample problems 

are generated following the data generation scheme described in Chapter 6. All these 

sample problems are tested on identical computers with Intel(R) Xeon(R) CPU X5650 @ 

2.67 GHz processors and 4.00 GB of RAM.   

7.1. Best algorithm 

The four factors in the main plot of the split plot design, as described in the previous 

chapter, result in a total of 4 × 3 × 3 × 3 = 108 combinations for treatments. Each of 

these combinations has been replicated 10 times to increase the power of the design of 

experiments. Finally, each replication has been tested by all the proposed algorithms and 

results in a total of 108 × 10 × 8 = 8640 response values for the split-plot design. The 

mathematical formulation for the design of experiments is presented as: 

𝑦𝑖𝑗𝑘𝑙𝑚𝑛 = 𝜇 + 𝜏𝑖 + 𝜉𝑗 + 𝜚𝑘 + 𝛾𝑙 + 𝛿𝑚 + (𝜉𝜚)𝑗𝑘 + (𝜉𝛾)𝑗𝑙 + (𝜉𝛿)𝑗𝑚 + (𝜚𝛾)𝑘𝑙 + (𝜚𝛿)𝑘𝑚

+ (𝛾𝛿)𝑙𝑚 + (𝜉𝜚𝛾)𝑗𝑘𝑙 + (𝜉𝜚𝛿)𝑗𝑘𝑚 + (𝜚𝛾𝛿)𝑘𝑙𝑚 + (𝜉𝜚𝛾𝛿)𝑗𝑘𝑙𝑚 + 𝜃𝑖𝑗𝑘𝑙𝑚

+ 𝜑𝑛 + 𝜔𝑜 + (𝜑𝜔)𝑛𝑜 + (𝜉𝜑)𝑗𝑛 + (𝜚𝜑)𝑘𝑛 + (𝛾𝜑)𝑙𝑛 + (𝛿𝜑)𝑚𝑛

+ (𝜉𝜚𝜑)𝑗𝑘𝑛 + (𝜉𝛾𝜑)𝑗𝑙𝑛 + (𝜉𝛿𝜑)𝑗𝑚𝑛 + (𝜚𝛾𝜑)𝑘𝑙𝑛 + (𝜚𝛿𝜑)𝑘𝑚𝑛

+ (𝛾𝛿𝜑)𝑙𝑚𝑛 + (𝜉𝜚𝛾𝜑)𝑗𝑘𝑙𝑛 + (𝜉𝜚𝛿𝜑)𝑗𝑘𝑚𝑛 + (𝜚𝛾𝛿𝜑)𝑘𝑙𝑚𝑛

+ (𝜉𝜚𝛾𝛿𝜑)𝑗𝑘𝑙𝑚𝑛 

𝑖 = 1,2, … 10 ; 𝑘, 𝑙,𝑚 = 1,2,3; 𝑗 = 1,2,3,4; and 𝑛 = 1, 2, … ,8  

Where 𝜇 is the overall mean effect; 𝜏𝑖  (𝑖 = 1, … 10) represents the replicate effect; 𝜉𝑗 is 

the effect of the jth level of the structure; 𝜚𝑘 is the 𝑘th level of setup to run time ratio; 𝛾𝑙 

represents the effect of the  𝑙th level of due date factor; 𝛿𝑚is the 𝑚th level of scenario 

and finally 𝜑𝑛 shows the effects of the 𝑛th level of search algorithm. 

The ANOVA table for these experiments is presented in Table 8. This table uncovers 

convincing evidence that all factors in the main plot of the design have non-zero impacts 

on the value of the objective function. After accounting for these effects, the ANOVA 

table represents convincing evidence of non-zero differences between levels of only one 

factor in the sub-plot, i.e. the algorithm. Performing Tukey tests on the levels of this 
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factor reveals that the bi-level GA is the best performing algorithm among the eight 

proposed algorithms, with a 95% confidence level.    

Table 8. ANOVA table for the natural log of data 

Source (main plot) d.f. Sum Sq Mean Sq F-Ratio P-value 
rep 9 14.6 1.622 0.829 0.589 
str 3 5523.9 1841.300 941.274 0.000 
sr 2 404.9 202.450 103.493 0.000 
dd 2 198.5 99.250 50.737 0.000 
sc 2 83 41.500 21.215 0.000 

str:sr 6 3.7 0.617 0.315 0.929 
str:dd 6 17.1 2.850 1.457 0.190 
sr:dd 4 3 0.750 0.383 0.821 
str:sc 6 7.4 1.233 0.630 0.706 
sr:sc 4 11 2.750 1.406 0.230 
dd:sc 4 33.9 8.475 4.332 0.002 

str:sr:dd 12 35.1 2.925 1.495 0.120 
str:sr:sc 12 26.3 2.192 1.120 0.339 
str:dd:sc 12 18.4 1.533 0.784 0.668 
sr:dd:sc 8 19.4 2.425 1.240 0.272 

str:sr:dd:sc 24 45 1.875 0.959 0.520 
Whole plot error 963 1883.8 1.956   
Source (sub plot) d.f. Sum Sq Mean Sq F-Ratio P-value 

alg 7 3.9 0.557 200.571 0.000 
str:alg 21 0.7 0.033 12.000 0.000 
sr:alg 14 0.2 0.014 5.143 0.000 
dd:alg 14 0 0.000 0.000 1.000 
sc:alg 14 0.1 0.007 2.571 0.001 

str:sr:alg 42 0.2 0.005 1.714 0.003 
str:dd:alg 42 0.1 0.002 0.857 0.730 
sr:dd:alg 28 0.1 0.004 1.286 0.143 
str:sc:alg 42 0.1 0.002 0.857 0.730 
sr:sc:alg 28 0 0.000 0.000 1.000 
dd:sc:alg 28 0.1 0.004 1.286 0.143 

str:sr:dd:alg 84 0.2 0.002 0.857 0.821 
str:sr:sc:alg 84 0.3 0.004 1.286 0.041 
str:dd:sc:alg 84 0.2 0.002 0.857 0.821 
sr:dd:sc:alg 56 0.2 0.004 1.286 0.075 

str:sr:dd:sc:alg 168 0.5 0.003 1.071 0.253 
Sub-plot error 6804 18.9 0.003   

Total 8639 8354.8    
rep=replicate; str=structure; sr=setup to runtime ratio; dd= due date 
sc=scenario; alg=algorithm 
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It is worth noting that, upon performing necessary tests, the normality assumption of the 

response variable was found to be complying with, for the natural log transformation in 

these experiments. However, the importance of this assumption is diminished due to the 

large number of experiments. 

Furthermore, to visualize the relative performance of all algorithms with respect to each 

other, the deviation of these algorithms from the bi-level GA (alg8) is calculated as 

𝑑𝑒𝑣 = �𝐴𝑙𝑔(𝑖)−𝐴𝑙𝑔(8)
𝐴𝑙𝑔(8) � ∗ 100; 𝑖 = 1, … ,7. The 95% confidence intervals (CI) for the 

means of these deviations are represented in Figure 10. The TS with progressive 

embedded perturbations (alg3) is the second best algorithm, with the mean deviation of 

1.1%. The third best algorithms are SA with embedded progressive perturbations (alg6) 

and GA (alg7) with mean deviations of 1.8% and 2.2%, respectively. There is no 

significant difference between the performances of these two algorithms. The next best 

algorithms are partial permutation SA (alg5) and TS (alg2), and non-permutation SA 

(alg4) with mean deviations of 3.7%, 3.9% and 3.7%, respectively. Finally, the largest 

deviation is obtained by the non-permutation TS (alg1) with a mean deviation of 8.2%. 

As suggested by these confidence intervals, there is no clear distinction between the 

performance of TS and SA-based algorithms. Although all SA-based algorithms 

outperform the non-permutation TS, it does not imply that they are superior compared to 

the TS-based algorithms. Nevertheless, it is also shown in this figure that the TS 

algorithm with embedded progressive perturbations outperforms all the other local search 

algorithms.   

 

Figure 10. 95% CI for the mean deviation from algorithm 8 (bi-level GA) 
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7.2. Algorithms versus optimal solutions and lower bounds 

In order to evaluate the performance of the algorithms with respect to optimal solution or 

tight lower bounds, a total of 40 randomly generated sample problems are tested. These 

experiments are divided into four groups of 10 problems performing on the four different 

levels of the problem structure, i.e. (small, small), (small, large), (large, small) and 

(large, large). Our preliminary experiments revealed that DWD1 and DWD2 are only 

capable of finding lower bounds for small-size problems. For larger sizes of the problem, 

the sub-problems obtained by these decomposition mechanisms are still so large that they 

cannot be optimally solved during the stipulated time of 8 hours. Therefore, DWD3 is the 

only approach that has been used in the B&P algorithm. In order to obtain high quality 

lower bounds and yet keep our experiments computationally manageable, both CPLEX 

and B&P algorithm are restricted to 8-hour time limit, which represents the common 8-

hour work-shifts in most manufacturing industries. Table 9 and Figure 11 demonstrate 

the progress of DWD3 during the iterative process of column generation for a small-size 

sample problem comprising a total of 8 jobs divided into 3 groups. The first row in Table 

9 represents the first iteration of column generation algorithm, where the objective 

function values of RLMP and DLMP are equal to the objective function value of a given 

feasible solution. This feasible solution can be chosen arbitrarily or it can be obtained 

from any of the proposed meta-heuristics. However, in order to increase the performance 

of the B&P algorithm, the bi-level GA is chosen to find this initial feasible solution. The 

very large negative value for the reduced cost in iteration 1 signifies the high potentiality 

in improving the objective function values of RLMP and DLMP, and consequently 

results in a very poor lower bound for that iteration. As column generation progresses 

through several iterations, the reduced cost gets less negative values. The algorithm 

continues until no more negative reduced cost can be found in iteration 174. At this 

iteration, LMP is optimally solved, and the value of RLMP is equal to the optimal value 

of LMP and consequently, a tight lower bound for the scheduling problem.  
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Table 9. Implementation of DWD3 for a small-size sample problem 

Iteration Objective function value Reduced 
Cost 

LB in 
each 

iteration 

Best LB 
SP(1) SP(2) SP(3) SP(4) RLMP DLMP 

1 -3002.9 -1.5 0.1 -1423.2 1423.2 1423.2 -4427.5 -3004.3 -3004.3 
2 0.0 0.4 0.1 -1423.2 1423.2 1423.2 -1422.7 0.5 0.5 
⋮          

46 0.0 1040.9 267.1 -2075.9 1422.9 1422.9 -767.9 655.0 802.5 
47 0.0 1138.5 231.1 -1871.8 1422.9 1422.9 -502.2 920.7 920.7 
⋮          

141 4.4 984.4 284.6 -1850.3 1153.7 1153.7 -577.0 576.7 920.7 
142 0.5 1021.0 287.2 -1451.7 1143.9 1143.9 -143.0 1000.9 1000.9 
143 0.5 1030.4 287.2 -1445.9 1143.8 1143.8 -127.8 1016.1 1016.1 
144 0.2 1069.9 278.8 -1416.7 1142.8 1142.8 -67.7 1075.1 1075.1 
⋮          

173 0.0 1080.2 266.4 -1357.6 1137.6 1137.6 -10.9 1126.7 1133.0 
174 0.0 1077.8 280.2 -1351.7 1137.6 1137.6 6.2 1137.6 1137.6 

 

 

Figure 11. Iterative progress of DWD3 on a small size problem 
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2, 3 and 5-8 were able to find the optimal solutions for most of the sample problems. The 

average gap from optimal solutions for these algorithms is only 2% or 3%. Algorithms 1 

and 4, on the other hand, represent a larger gap of 13% and 8%, respectively. One 

plausible explanation for these large gaps might be the structured deficiencies in the body 

of non-permutation TS and SA, as discussed in Chapter 4.2.1.2 (Figure 5). Hence, as a 

result of those deficiencies, the non-permutation searches are not as powerful as partial-

permutation searches in dealing with HFS problems. Although this table represents the 

outstanding performance of the proposed algorithms compared to the optimal solutions, 

these algorithms must be also evaluated with respect to larger sizes of the problem, where 

optimal solutions are not available.   

Table 10. Algorithms versus optimal solutions and LBs from B&P – (small, small) 

No Jobs Groups alg1 alg2 alg3 alg4 alg5 alg6 alg7 alg8 Opt CPX 
LB 

B&P 
LB 

1 6 3 906 877 877 877 877 877 877 877 877  835 
2 9 3 1801 1670 1670 1801 1801 1801 1670 1670 1669  1582 
3 7 3 1271 1170 1170 1170 1170 1170 1170 1170 1072  995 
4 7 3 1342 1342 1342 1342 1342 1342 1342 1342 1342  1215 
5 10 3 1631 1569 1569 1569 1572 1572 1584 1569 1569  1239 
6 9 2 1328 1096 1096 1328 1096 1088 1063 1063 1063  979 
7 10 3 2866 2500 2500 2642 2511 2501 2494 2494 2494  2197 
8 11 3 3505 2642 2642 3174 2642 2642 2642 2642 2642  2490 
9 6 3 1309 1246 1246 1219 1219 1219 1218 1246 1161  1010 

10 21 5 7395 6199 6199 7632 6389 6350 6204 6339  4717 5795 
Avg. dev. from B&P 

 
26% 13% 13% 21% 14% 14% 12% 13%    

Avg. dev. from Opt Sln 13% 2% 2% 8% 3% 3% 2% 2%    
 

Table 11 and Figure 12 represent the iterative progress of column generation on a fairly 

large size sample problem with a total of 43 jobs divided into 5 groups. The MILP model 

for this problem has 919 binary variables and 6497 constraints, and as seen in Figure 12, 

CPLEX is not only capable of optimally solving this problem, but also the lower bound 

identified by CPLEX is very poor in quality, i.e. a gap of 185.6% with the best known 

feasible solution. Therefore, comparing the proposed algorithms with the bounds 

obtained from CPLEX does not provide any useful information with regard to the 

performance of the algorithms. On the other hand, as seen in Figure 12, column 

generation outstandingly tightens this gap (to 13.2%) and establishes a baseline for 

evaluation of the proposed algorithms.   
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Table 11. Implementation of DWD3 for a large-size sample problem 

Iteration Objective function value Reduced 
Cost 

LB in 
each 

iteration 

Best 
LB SP(1) SP(2) SP(3) SP(4) RLMP DLMP 

1 -5059.6 -38.0 4.7 -27331.8 27331.8 27331.8 -32424.7 -5092.9 -5092.9 
2 0.0 1.3 17.4 -27331.8 27331.8 27331.8 -27313.1 18.7 18.7 
⋮          

100 0.0 2029.5 8406.0 -76715.4 27331.8 27331.8 -66279.9 -38948.1 4242.2 
101 0.0 1700.4 9243.4 -41671.2 27331.8 27331.8 -30727.5 -3395.7 4242.2 
102 0.0 1919.1 9073.5 -33544.3 27331.8 27331.8 -22551.7 4780.1 4780.1 
⋮          

500 0.0 13082.4 7362.7 -36349.2 27322.6 27322.7 -15904.0 11418.6 13081.1 
501 0.0 13299.4 7598.4 -36729.9 27322.6 27322.7 -15832.2 11490.5 13081.1 
⋮          

1000 0.1 14579.7 5617.6 -34815.6 27220.3 27220.3 -14618.2 12602.1 14485.0 
1001 0.0 14365.1 5787.9 -35041.4 27220.0 27220.0 -14888.4 12331.6 14485.0 
⋮          

2000 47.5 23571.8 1140.8 -28957.0 21593.5 21593.5 -4196.8 17396.7 19403.8 
2001 46.2 23483.4 691.2 -28529.9 21590.4 21590.4 -4309.2 17281.2 19403.8 
⋮          

2634 4.9 23912.1 959.8 -25133.2 21039.7 21039.7 -256.3 20783.4 20812.7 
2635 3.8 23888.9 911.3 -25099.1 21039.5 21039.5 -295.1 20744.4 20812.7 

 

 

Figure 12. Iterative progress of DWD3 on a large size problem 

-10000

-5000

0

5000

10000

15000

20000

25000

30000

1 501 1001 1501 2001 2501

Lo
w

er
 B

ou
nd

 

Iteration Number 

DWD3 Cplex LB Two-level GA (alg8)

18
5.

6%
 

13.2% 



95 
 

 

Tables 12, 13, and 14 compare the performance of the proposed algorithms against the 

lower bounds obtained from CPLEX, as well as the B&P algorithm for the sample 

problems generated from (large, small), (small, large) and (large, large) categories, 

respectively. As seen in these tables, performance of the proposed algorithms is 

outstanding even in dealing with large-size problems. The bi-level GA (alg 8), 

acknowledged as the best algorithm among all, is capable of identifying feasible solutions 

with average gaps of 15%, 17% and 23% for sample problems tested in (large, small), 

(small, large) and (large, large) categories, respectively. It is worth noting that problem 4 

in Table 14 is the largest sample problem with a total of 1,858 binary variables and 

14,654 constraints.  

As it was discussed in Chapter 5, when evaluating the performance of a non-exact 

algorithm, the quality of the lower bound is of a vital importance. As seen in Tables 12, 

20, and 21 the lower bounds obtained from B&P algorithm significantly outperform the 

lower bounds obtained from CPLEX. Except for problems 3 and 8 in Table 12, where 

CPLEX was able to find the optimal solution and a good lower bound, respectively, the 

B&P algorithm remarkably outperformed CPLEX in all the other problems in these three 

tables. As seen in Table 12, the average gap between the lower bounds obtained from 

B&P and CPLEX for the (large, small) problems is 36%, which is perceived to be a 

notable improvement in the quality of the lower bounds. This improvement is 

exceptionally remarkable for (small, large) and (large, large) categories where the lower 

bounds obtained from B&P are, on average, 162% and 233% better than the lower 

bounds obtained from CPLEX (Tables 13 and 14, respectively).    
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Table 12. Algorithms versus optimal solutions and LBs from B&P – (large, small) 

No Jobs Groups alg1 alg2 alg3 alg4 alg5 alg6 alg7 alg8 Opt CPX 
LB 

B&P 
LB 

1 23 9 9076 8001 8001 8456 8015 8008 8003 8027  6265 7640 
2 27 6 13614 11291 11291 13356 11294 11226 11273 11232  5862 10395 
3 15 7 5396 4062 4062 4307 4365 4307 4294 4062 3832  3500 
4 23 8 7524 6637 6637 6905 6670 6679 6635 6628  4719 4890 
5 32 9 14763 12926 12778 13188 12989 12868 12581 12509  6648 10985 
6 21 9 8453 7143 7143 7922 7096 7062 7237 7548  5678 5749 
7 27 8 14785 10716 10716 12811 10716 10665 10741 10698  6307 10640 
8 20 8 7577 6672 6635 6886 6721 6721 6999 6672  5567 5476 
9 28 9 12614 10185 10185 12730 10209 10209 10711 10177  5895 10132 

10 24 8 10277 8544 8110 9652 8086 8054 8446 8219  5904 6898 
Avg. dev. from B&P LB 39% 16% 15% 27% 16% 15% 17% 15%    
Avg. dev. from CPX LB 81% 50% 50% 67% 51% 51% 52% 50%   36% 

 

Table 13. Algorithms versus optimal solutions and LBs from B&P – (small, large) 

No Jobs Groups alg1 alg2 alg3 alg4 alg5 alg6 alg7 alg8 CPX 
LB 

B&P 
LB 

1 33 4 12331 12053 12053 13781 13885 13359 11772 11616 3902 10114 
2 38 5 18509 18067 16770 18582 18447 18305 17573 16553 5895 13592 
3 43 5 19583 21637 21621 20261 20271 20032 20090 19357 6542 16845 
4 31 4 11532 11486 11486 11477 11486 11414 11632 12436 2789 9630 
5 40 5 16837 15934 15880 16007 15934 15570 14970 14915 4423 13453 
6 38 5 17329 17077 16975 17968 16441 15661 17303 14944 4514 13311 
7 38 5 15586 16138 16138 17139 16138 15694 16245 15038 5288 12977 
8 43 5 20515 20417 20417 20207 20753 20196 19435 17651 5797 16554 
9 33 4 15896 15109 15109 15457 15162 15004 14838 14742 6153 12942 

10 31 4 13026 12213 12213 13041 12213 12146 12366 12311 5123 9761 
Avg. dev. from B&P LB 25% 23% 22% 27% 25% 22% 21% 17%   
Avg. dev. from CPX LB 235% 233% 230% 242% 236% 228% 225% 213%  162% 
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Table 14. Algorithms versus optimal solutions and LBs from B&P – (large, large) 

No Jobs Groups alg1 alg2 alg3 alg4 alg5 alg6 alg7 alg8 CPX 
LB 

B&P 
LB 

1 51 6 34883 31827 31827 34087 31684 31353 31139 30714 8659 24882 
2 61 8 51601 44129 44129 51442 44147 44269 45688 45792 9981 33897 
3 55 8 42094 39360 39360 41868 39795 39412 40851 39187 10039 31651 
4 79 9 56863 49797 49440 55827 50279 49479 54317 50460 8359 45962 
5 53 6 43408 37244 37244 43056 36082 35469 36296 35096 10794 27968 
6 60 7 50390 38945 38945 49421 38630 38829 39726 38062 9201 34266 
7 45 6 29594 25367 25367 29029 24787 24561 24614 25153 7450 19699 
8 62 8 49437 45664 45664 48439 45664 45328 47132 44634 10945 39302 
9 54 6 38452 37327 37327 37053 36558 37803 36104 36567 9190 28013 
10 59 8 41409 39105 39105 40552 38581 38479 38953 38004 10427 28792 

Avg. dev. from B&P LB 41% 25% 25% 38% 24% 24% 26% 23%   
Avg. dev. from CPX LB 371% 314% 314% 363% 312% 311% 322% 310%  233% 
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8. CONCLUSIONS 

In this research, we address a sequence-dependent group scheduling problem in an HFS 

environment with unrelated-parallel machines. The objective of the problem is to 

minimize a linear combination of total weighted completion time as well as total 

weighted tardiness of all jobs subject to operational constraints, which are common in 

modern industries, such as TFT-LCD or PCB manufacturing. These constraints include 

sequence-dependent setup times for switching the process between different groups of 

jobs, dynamic run times for jobs within a group (as a result of learning effects), dynamic 

machine availability times and dynamic job release times.  

Two MILP models have been developed to optimally solve this scheduling problem. 

However, since the problem is shown to be strongly NP-hard, the computation time 

required for any exact algorithm to optimally solve the problem increases exponentially 

as the size of the problem grows. Thus, it is not possible to solve large-size instances of 

this problem within a reasonable time. Consequently, meta-heuristic algorithms have 

been developed as the main approach to deal with this problem. 

Three well-known meta-heuristics, i.e. TS, SA and GA are considered as the basis for the 

proposed algorithms in this research. TS and SA-based algorithms are representatives of 

local search algorithms, where the search starts with an initial solution and exploits the 

neighborhood of this solution to find better solutions. Three different types of these 

algorithms have been developed in this research, i.e. non-permutation local searches, 

partial permutation local searches, and local searches with embedded progressive 

perturbations. Although it is shown that the optimal solutions of HFS scheduling 

problems are generally in the form of non-permutation sequences (Chen, Potts, & 

Woenginger, 1998), in this research some inherent deficiencies of non-permutation local 

search algorithms prohibit them from finding high quality solutions. These deficiencies 

lead us to devise partial permutation algorithms, where the search finds non-permutation 

solutions that are very similar to permutation sequences. The performance of partial 

permutation algorithms are even further improved by embedding them with progressive 

perturbations. 
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GA-based algorithms are representative of population-based algorithms, where the search 

starts with an initial set of solutions and this set evolves during several generations to 

include high-quality solutions (and possibly the optimal solution). The population based 

algorithms do not suffer from the inherent deficiencies of local search algorithms in 

dealing with HFS problems. Hence, these algorithms might have a higher chance of 

finding better solutions compared to the local search algorithms.      

In summary, a total of eight algorithms have been developed in this research to deal with 

the HFS scheduling problem, i.e. three TS-based algorithms, three SA-based algorithms 

and two GA-based algorithms. In order to find the best performing algorithm to deal with 

the HFS scheduling problem, a comprehensive design of experiments, based on split-plot 

design, has been conducted. The test problems have been randomly generated with the 

help of a detailed data generation mechanism. This mechanism has been devised in a way 

to represent different aspects of real world situations. Finally, with the help of statistical 

analysis, it has been shown that the bi-level GA outperforms all the other algorithms in 

finding the best solution for the HFS scheduling problem. Performance wise, the TSEPP 

and SAEPP follow the bi-level GA, respectively. Also it is seen from Figure 10 that the 

performance of the population-based algorithms (alg7 and alg8) are overall better than 

the local search algorithms.    

Although a comparison between all the meta-heuristic algorithms provides insightful 

information about the best technique to be used in industry practice, these algorithms 

must also be evaluated with respect to the optimal solutions to be sure that they provide 

high-quality solutions. For small-size problems, all the proposed algorithms have been 

compared against the optimal solutions obtained from the mathematical model, and the 

results revealed outstanding performance of the proposed algorithms. However, for 

medium and large sizes of the problem, it is not possible to optimally solve the problem 

within a reasonable amount of computation time. Therefore, a lower bounding 

mechanism is developed to establish the baseline for the evaluation of all the proposed 

algorithms.  

A B&P algorithm is used in this research to develop tight lower bounds for the HFS 

scheduling problem. The essence of this lower bounding mechanism is a column 
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generation algorithm that is embedded in the tree structure of a B&B algorithm. The 

column generation algorithm that is developed in this research uses Dantzig-Wolfe 

Decomposition to decompose the HFS problem into a set of smaller problems that are 

easier to solve. Three different decomposition methods are devised in this research (i.e. 

DWD1, DWD2 and DWD3), and the best among them, i.e. DWD3 has been used in the 

column generation algorithm.  

Although the sub-problems, obtained from decomposing the problem, are smaller than 

the original problem, it has been shown that these problems are still fairly large, and 

cannot be solved to optimality within a reasonable amount of time. However, with the 

help of DWD3, a novel dispatching rule is proposed for the sequence of jobs within each 

group that is proven to be optimal. With the help of this optimal dispatching rule, the sub-

problems have been reformulated in a way that they require drastically fewer variables 

and constraints. With this reformulation, it is extraordinarily easy to optimally solve even 

large-size instances of those sub-problems, which otherwise would not have been 

possible. Consequently, it is easy to find a tight lower bound within a reasonable amount 

of time for large-size problems.  

For medium and large sizes of the HFS problem, where CPLEX is not able to find 

optimal solutions, the proposed algorithms are compared against the lower bounds 

obtained from the B&P algorithm as well as CPLEX. These comparisons revealed 

outstanding performance of the proposed algorithms. The bi-level GA, acknowledged as 

the best algorithm among all, is shown to have average gaps of 15%, 17% and 23% for 

(large, small), (small, large) and (large, large) categories of problem, respectively. 

Furthermore, a comparison between the lower bounds obtained from B&P algorithm and 

the ones obtained from CPLEX, uncovers the impressive performance of the proposed 

lower bounding mechanism. The B&P algorithm is capable of outperforming the lower 

bounds obtained from CPLEX by 36%, 162% and 233% for (large, small), (small, large) 

and (large, large) categories of problem, respectively. 

The exceptional performance coupled with the remarkable speed of these algorithms 

makes them very promising for developing and implementing scheduling software in 

representative industries. These algorithms can be used in manufacturing industries that 
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are restricted to similar sets of assumptions and constraints. The working hours in these 

industries are usually divided into 8-hour work-periods (or work-shifts) and the best 

sequence of jobs must be determined before the start of each period. Therefore, these 

algorithms can be used in each work-period to determine the sequence of jobs for the 

next period. Using the lower bounds obtained from the B&P algorithm, the solutions 

identified from the algorithms developed are shown to be of high quality for problems of 

different sizes, particularly those of large size, either in the group level, job level, or both. 

These problems characterize the types of problems one can expect to see in 

manufacturing industries. While it is preferable to quantify the performance of the 

algorithms on each and every problem attempted, the high quality of solutions identified 

demonstrates that similar problems in industry can be solved and solutions implemented 

on the shop floor without such quantification. Doing so would reduce the computational 

burden that would otherwise be required for quantification.  

As for future research, there are several potential areas for improving the performance of 

the proposed algorithms. For the TS and SA-based algorithms, techniques such as 

diversification and intensification can be used to guide the algorithms to better explore 

the solution space, and consequently, find better solutions. These techniques are referred 

to as Long Term Memory (LTM) in the literature for TS algorithms. Similarly, for GA-

based algorithms using different types of crossover and mutation operators can result in 

further improvements in the performance of these algorithms. One of the major 

techniques for improving GA-based algorithms is to use adaptive parameters that results 

in adaptive GA (AGA). In AGA, instead of using fixed probabilities for crossover and 

mutation, the algorithm uses population information in each generation to adjust these 

probabilities. Another recommendation that can further improve the overall quality of the 

proposed algorithms is to combine the population-based algorithms with local searches. 

Such hybridization can exploit the benefits of both types of algorithms. However, the 

validity of such improvements must be investigated in future research.  

One of the main assumptions in this research is GTA that restrict all jobs within a group 

to be processed successively and on the same machine. Relaxing the GTA would result in 

a problem known in the literature as batch scheduling. Although GTA have several 
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applications in manufacturing industries, relaxing these assumptions introduces a new 

venue for future research that can be regarded as a generalization of the research pursued 

in this dissertation. While it is conceivable that a few modifications to the structure of the 

proposed algorithms may result in developing effective meta-heuristic algorithms for the 

new batch scheduling problem, constructing an effective lower bounding mechanism for 

this problem (such as the one developed in this research) can indeed be a challenging 

research issue to be pursued in the future.   
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APPENDIX A. A list of different types of TFT-LCD  
 

Table A.1 Different TFT-LCD types (“TFT LCD - Wikipedia” 2012) 

TFT-LCD Type Characteristics Remarks 

Twisted nematic (TN) Inexpensive and the most common 
display type used by consumers 

 

In-plane switching (IPS) Wide viewing angles and good 
color reproduction 

IPS has different types which 
are mostly developed by 
Hitachi and LG  

Advanced fringe field 
switching (AFFS) 

Superior performance and color 
range with high brightness 

AFFS was developed by Hydis 
Technologies Co., Ltd, Korea 

Multi-domain vertical 
alignment (MVA) 

Wide viewing angles, and high 
contrast at the cost of brightness 
and color reproduction 

 

Patterned vertical 
alignment (PVA) 

Eliminated off angle glowing of 
solid blacks and reduced the off 
angle gamma shift 

Mostly used by Sony BRAVIA 

Advanced super view 
(ASV) 

Advanced super view, also called 
axially symmetric vertical 
alignment 

ASV was developed by Sharp 

Plane Line Switching 
(PLS) 

Improved viewing angles and 
image quality, increased brightness 
and lower production costs 

PLS is a new technology 
developed by Samsung 
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APPENDIX B. Examples of 𝜶, 𝜷 and 𝜸 in the three field notation 𝜶|𝜷|𝜸 of Graham, 
Lawler, Lenstra, & Rinnooy Kan (1979) 
 

Table B. 1. Examples for α, β and γ 

Different values for 𝜶 Different values for 𝜷 Different values for 𝜸 
1: single machine 𝑆𝑇𝑠𝑖: sequence-independent 

setup time 
𝐶𝑚𝑎𝑥: makespan 

𝑭𝒎: flow shop with 𝒎 
machines 

𝑆𝑇𝑠𝑑: sequence-dependent 
setup time 

∑𝐶𝑗: total completion time 

𝑭𝑭𝒎: flexible flow shop 
with 𝒎 machines 

𝑆𝑇𝑠𝑖,𝑏: sequence-independent 
family setup time 

∑𝑓𝑗: total flow time 

𝑯𝑭𝒎: hybrid flow shop 
with 𝒎 machines 

𝑆𝑇𝑠𝑑,𝑏: sequence-dependent 
family setup time 

∑𝑇𝑗: total tardiness 

 𝑠𝑘𝑖𝑝: jobs are allowed to 
skip some stages 

∑𝑤𝑗𝑇𝑗: total weighted 
tardiness 

 Lag: positive lags are 
allowed between operations 

𝑈�: number of late jobs 

 Buffer: limited buffer 
between stages 

∑𝐸𝑗: total earliness 

 𝑟𝑗: dynamic job release time  
 𝑢𝑛𝑎𝑣𝑎𝑖𝑙: dynamic machine 

availability time 
 

 𝑀𝑗: machine eligibility  
 𝑛𝑜 − 𝑤𝑎𝑖𝑡: no-wait flow 

shop 
 

 𝑝𝑟𝑒𝑐: precedence 
constraints 

 

 𝑝𝑗𝑟 = 𝑝𝑗𝑟𝑎𝑗: learning effect, 
i.e. processing time of job 𝑗 
in position r, depends on the 
original processing time of 
this job, its position (r) and 
the learning rate of this job 
(𝑎𝑗). 
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APPENDIX C. Parameter tuning for TS-based algorithms 
 

Table C.1. Empirical formulae for non-permutation TS 

Parameter Formula 
TLS -0.53S +0.1G +0.08M +0.09J +3.56 
ILS (group and machine level) 0.17S +2.21G +0.32M +0.07J -6.26 
NIWI (group and machine level) 1.73S +1.24G -0.78M -0.52J -1.45 
ILS (job level) -4.51S -0.75G +1.43M -1.2J +39.04 
NIWI (job level) 0.28S +0.18G -0.12M +0.8J +4.06 
S = number of stages. G = number of groups. M = average number of machines in each stage. 
J = average number of jobs per group. NIWI = number of iterations without improvement 

 

Table C.2. Empirical formulae for partial permutation and embedded progressive permutation TS algorithms 

Parameter Formula 
TLS 0.04S + 0.5G + 0.03M + 0.2J - 1.48 
ILS (group level) 0.16G - 0.12M + 0.06J + 1.48 
NIWI (group level) -0.03S + 0.06G - 0.04M + 0.05J + 0.84 
ILS (machine level) -0.03S + 0.23G + 0.35M + 0.01J + 0.27 
NIWI (machine level) 0.26S + 0.26G + 0.22M - 0.08J - 0.53 
ILS (job level) 0.45S + 0.11G - 0.48M + 0.02J + 2.14 
NIWI (job level) 0.31S + 0.04G - 0.09M + 0.05J + 0.14 
S = number of stages. G = number of groups. M = average number of machines in each stage. 
J = average number of jobs per group. NIWI = number of iterations without improvement 
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APPENDIX D. Parameter tuning for SA-based algorithms 
 

Table D.1. ANOVA table for parameter tuning of non-permutation SA 

Source Df Sum Sq Mean Sq F value Pr(>F) 
Example 99 4559.7 46.058 16189.21 < 2.20E-16 

Initial temperature 3 0 0.016 5.7255 0.000659 
Freezing 

temperature 
2 0.3 0.127 44.5349 2.20E-16 

Cooling rate 3 4.2 1.416 497.7364 2.20E-16 
Residuals 4692 13.3 0.003   
* data are transferred with natural logarithm to comply with ANOVA assumptions 

 

Table D.2. ANOVA table for parameter tuning of partial permutation SA 

Source Df Sum Sq Mean Sq F-value Pr(>F) 
Example 99 4982 50.323 29726.8 2.20E-16 

Initial temperature 3 0 0.004 2.4386 0.06263 
Freezing 

temperature 
2 0 0.024 13.9756 8.88E-07 

Cooling rate 3 1 0.322 190.2133 2.20E-16 
Residuals 4692 7.9 0.002   
* data are transferred with natural logarithm to comply with ANOVA assumptions 

 

Table D.3. ANOVA table for parameter tuning of progressive embedded permutation SA 

Source Df Sum Sq Mean Sq F-value Pr(>F) 
Example 99 4458.6 45.036 52250.67 2.20E-16 

Initial 
temperature 

3 0 0.001 0.9905 0.396134 

Freezing 
temperature 

2 0 0.005 5.5538 0.003898 

Cooling rate 3 0.1 0.04 46.2077 2.20E-16 
Residuals 4692 4 0.001   
* data are transferred with natural logarithm to comply with ANOVA assumptions 
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APPENDIX E. Parameter tuning for GA-based algorithms 
 

Table E.1. ANOVA table for parameter tuning of GA 

Source Df Sum Sq Mean Sq F-value Pr(>F) 
Example 99 9580.9 96.777 93740.62 2E-16 
𝑷𝒐𝒑𝑺𝒊𝒛𝒆 2 2.1 1.059 1026.1 2E-16 

𝑴𝒂𝒙_𝑵𝑶𝑮 2 0.9 0.431 417.5223 2E-16 
𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚𝑪𝒓𝒐𝒔𝒔𝒐𝒗𝒆𝒓 2 0 0 0.4164 0.6595 
𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚𝑴𝒖𝒕𝒂𝒕𝒊𝒐𝒏 2 0.1 0.055 53.0652 2E-16 

Residuals 7992 8.3 0.001039   
* data are transferred with natural logarithm to comply with ANOVA assumptions 

 

 

Table E.2. ANOVA table for parameter tuning of bi-level GA 

Source Df Sum Sq Mean Sq F value Pr(>F) 
Example 99 9429.6 95.249 165924.5 <2e-16 
𝑷𝒐𝒑𝑺𝒊𝒛𝒆 2 0.2 0.102 178.382 <2e-16 

𝑴𝒂𝒙_𝑵𝑶𝑮 2 0 0.012 20.973 8.23E-10 
𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚𝑪𝒓𝒐𝒔𝒔𝒐𝒗𝒆𝒓 2 0 0.023 40.749 <2e-16 
𝑷𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚𝑴𝒖𝒕𝒂𝒕𝒊𝒐𝒏 2 0 0.013 22.555 1.71E-10 

Residuals 7992 4.6 0.000576   
* data are transferred with natural logarithm to comply with ANOVA assumptions 
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APPENDIX F. An example of a randomly generated sample problem of size (small, 
small) 
 

Table F.1. Stage and machine information for a sample problem of size (small, small) 

Stage 1 2     3    4 

Machine M11 M21 M22 M23 M24 M25 M31 M32 M33 M34 M41 

Machine Capability Mos
t 

Mediu
m 

Leas
t 

Mediu
m 

Leas
t 

Mos
t 

Mediu
m 

Mos
t 

Mos
t 

Leas
t 

Mos
t 

Machine 
Availability 

18 34 3 23 39 31 1 34 24 37 1 

 

Table F.2. Run times, weights, release times and due dates for all jobs for a sample problem of size (small, small) 

Group Job M11 M21 M22 M23 M24 M25 M31 M32 M33 M34 M41 Weight Release 
Time 

Due 
Date 

1 1 15 8 Inf 25 25 8 Inf 13 8 17 18 2 29 584 

1 2 8 12 Inf 9 24 13 Inf 13 22 23 13 3 44 607 

1 3 17 20 Inf 23 26 21 Inf 16 12 23 9 2 4 542 

1 4 22 26 Inf 23 25 17 Inf 22 23 10 14 1 7 529 

2 1 10 17 Inf Inf Inf 9 0 0 0 0 26 3 57 600 

2 2 13 17 Inf Inf Inf 8 0 0 0 0 18 1 1 589 

2 3 13 24 Inf Inf Inf 18 15 22 9 Inf 21 1 28 523 

2 4 22 0 0 Inf 0 0 26 27 25 Inf 15 1 24 615 

3 1 25 17 20 13 Inf 25 Inf 22 13 18 25 2 20 207 

3 2 0 9 15 17 Inf 17 Inf 16 8 26 0 2 6 228 

3 3 22 25 18 18 Inf 14 Inf 20 22 10 13 1 48 258 
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Table F.3. Setup times for a sample problem of size (small, small) 

  Second Machine 
Stage Machine First Group 1 2 3 

1 1 0 164 197 73 
1 1 1 Inf 171 157 
1 1 2 21 Inf 41 
1 1 3 16 52 Inf 
2 1 0 52 147 176 
2 1 1 Inf 16 32 
2 1 2 125 Inf 56 
2 1 3 110 40 Inf 
2 2 0 Inf Inf 15 
2 2 1 Inf Inf Inf 
2 2 2 Inf Inf Inf 
2 2 3 Inf Inf Inf 
2 3 0 95 Inf 189 
2 3 1 Inf Inf 48 
2 3 2 Inf Inf Inf 
2 3 3 100 Inf Inf 
2 4 0 144 Inf Inf 
2 4 1 Inf Inf Inf 
2 4 2 Inf Inf Inf 
2 4 3 Inf Inf Inf 
2 5 0 63 27 146 
2 5 1 Inf 196 163 
2 5 2 73 Inf 49 
2 5 3 177 149 Inf 
3 1 0 Inf 29 Inf 
3 1 1 Inf Inf Inf 
3 1 2 Inf Inf Inf 
3 1 3 Inf Inf Inf 
3 2 0 62 168 123 
3 2 1 Inf 197 4 
3 2 2 35 Inf 192 
3 2 3 142 54 Inf 
3 3 0 28 99 161 
3 3 1 Inf 23 186 
3 3 2 15 Inf 114 
3 3 3 126 21 Inf 
3 4 0 29 Inf 30 
3 4 1 Inf Inf 69 
3 4 2 Inf Inf Inf 
3 4 3 37 Inf Inf 
4 1 0 18 11 129 
4 1 1 Inf 184 196 
4 1 2 9 Inf 70 
4 1 3 77 56 Inf 

  



122 
 

 

APPENDIX G. An example of a randomly generated sample problem of size (small, 
large) 
 

Table G.1. Stage and machine information for a sample problem of size (small, large) 

Stage 1  2     
Machine No M11 M12 M21 M22 M23 M24 M25 

Machine Capability Most Medium Medium Medium Least Least Most 
Machine Availability Time  10 9 9 5 15 32 35 

 

Table G.2. Run times, weights, release times and due dates for all jobs for a sample problem of size (small, large) 

Group Job M11 M12 M21 M22 M23 M24 M25 Weight Release Time Due Date 
1 1 11 12 0 0 0 0 0 1 28 168 
1 2 24 21 19 26 Inf Inf 14 1 16 312 
1 3 12 26 21 12 Inf Inf 15 3 23 274 
1 4 11 9 22 25 Inf Inf 12 1 4 144 
1 5 26 16 25 24 Inf Inf 13 1 53 277 
1 6 18 20 10 23 Inf Inf 11 1 2 302 
2 1 27 27 16 20 Inf Inf 13 2 30 66 
2 2 10 27 27 8 Inf Inf 24 3 1 236 
2 3 21 24 22 17 Inf Inf 9 2 23 97 
2 4 27 14 19 22 Inf Inf 15 3 26 311 
2 5 23 15 16 19 Inf Inf 18 1 24 277 
2 6 13 22 17 15 Inf Inf 11 1 15 274 
2 7 23 19 8 15 Inf Inf 25 3 29 277 
2 8 18 12 17 18 Inf Inf 12 3 29 153 
2 9 12 21 8 25 Inf Inf 11 2 7 101 
3 1 15 Inf 21 16 16 26 18 1 11 273 
3 2 0 Inf 25 25 26 8 12 2 31 297 
3 3 23 Inf 13 21 27 23 20 2 7 291 
3 4 14 Inf 26 18 18 17 17 3 4 272 
3 5 25 Inf 22 17 26 18 23 2 14 297 
3 6 11 Inf 9 24 26 23 14 3 4 302 
3 7 14 Inf 22 24 19 17 9 3 27 286 
3 8 12 Inf 24 15 12 22 10 3 6 303 
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Table G.3. Setup times for a sample problem of size (small, large) 

  Second Machine 
Stage Machine First Group 1 2 3 

1 1 0 1 23 34 
1 1 1 Inf 10 38 
1 1 2 26 Inf 30 
1 1 3 1 12 Inf 
1 2 0 10 21 Inf 
1 2 1 Inf 3 Inf 
1 2 2 36 Inf Inf 
1 2 3 Inf Inf Inf 
2 1 0 1 12 3 
2 1 1 Inf 37 25 
2 1 2 39 Inf 3 
2 1 3 28 27 Inf 
2 2 0 2 9 16 
2 2 1 Inf 14 36 
2 2 2 26 Inf 31 
2 2 3 5 18 Inf 
2 3 0 Inf Inf 21 
2 3 1 Inf Inf Inf 
2 3 2 Inf Inf Inf 
2 3 3 Inf Inf Inf 
2 4 0 Inf Inf 31 
2 4 1 Inf Inf Inf 
2 4 2 Inf Inf Inf 
2 4 3 Inf Inf Inf 
2 5 0 32 12 25 
2 5 1 Inf 1 1 
2 5 2 4 Inf 33 
2 5 3 24 16 Inf 
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APPENDIX H. An example of a randomly generated sample problem of size (large, 
small) 
 

Table H.1. Stage and machine information for a sample problem of size (large, small) 

Stage 1    2   

Machine No M11 M12 M13 M14 M21 M22 M23 

Machine Capability Least Medium Least Most Most Least Most 

Machine Availability Time 30 7 17 28 29 39 12 

 

Table H.2. Run times, weights, release times and due dates for all jobs for a sample problem of size (large, small) 

Group Job M11 M12 M13 M14 M21 M22 M23 Weight Release Time Due Date 

1 1 Inf 15 Inf 24 24 26 8 1 44 64 

1 2 Inf 11 Inf 15 23 23 8 3 15 102 

1 3 Inf 8 Inf 12 13 17 17 2 16 65 

2 1 18 15 9 14 25 Inf 20 3 55 47 

2 2 0 0 0 0 23 Inf 18 2 15 34 

2 3 13 8 15 20 11 Inf 12 1 1 68 

2 4 20 25 18 8 27 Inf 22 3 16 286 

3 1 0 0 0 0 23 11 10 2 4 30 

3 2 Inf 9 Inf 25 10 27 23 2 9 294 

4 1 Inf 26 18 12 16 Inf 13 1 38 114 

4 2 Inf 20 21 22 13 Inf 10 2 6 66 

4 3 Inf 21 19 24 11 Inf 23 2 39 422 

5 1 17 21 Inf 24 17 18 25 3 25 84 

5 2 19 23 Inf 22 21 15 24 3 31 37 

5 3 27 10 Inf 26 18 8 16 2 10 94 

6 1 Inf 27 Inf 14 19 Inf 12 1 64 37 

6 2 Inf 23 Inf 11 19 Inf 15 2 53 51 

7 1 10 17 23 20 17 22 16 3 5 198 

7 2 20 17 9 15 22 12 23 3 5 352 
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Table H.3. Setup times for a sample problem of size (large, small) 

  Second Machine 
Stage Machine First Group 1 2 3 4 5 6 7 

1 1 0 Inf 66 Inf Inf 173 Inf 51 
1 1 1 Inf Inf Inf Inf Inf Inf Inf 
1 1 2 Inf Inf Inf Inf 188 Inf 130 
1 1 3 Inf Inf Inf Inf Inf Inf Inf 
1 1 4 Inf Inf Inf Inf Inf Inf Inf 
1 1 5 Inf 145 Inf Inf Inf Inf 93 
1 1 6 Inf Inf Inf Inf Inf Inf Inf 
1 1 7 Inf 29 Inf Inf 75 Inf Inf 
1 2 0 126 155 46 35 76 126 190 
1 2 1 Inf 178 70 180 131 94 60 
1 2 2 146 Inf 58 51 51 24 154 
1 2 3 15 45 Inf 132 18 83 116 
1 2 4 144 128 57 Inf 63 142 91 
1 2 5 128 16 9 101 Inf 136 176 
1 2 6 99 53 98 150 174 Inf 128 
1 2 7 73 90 62 196 29 110 Inf 
1 3 0 Inf 104 Inf 112 Inf Inf 146 
1 3 1 Inf Inf Inf Inf Inf Inf Inf 
1 3 2 Inf Inf Inf 31 Inf Inf 51 
1 3 3 Inf Inf Inf Inf Inf Inf Inf 
1 3 4 Inf 17 Inf Inf Inf Inf 124 
1 3 5 Inf Inf Inf Inf Inf Inf Inf 
1 3 6 Inf Inf Inf Inf Inf Inf Inf 
1 3 7 Inf 174 Inf 38 Inf Inf Inf 
1 4 0 167 118 184 22 41 186 95 
1 4 1 Inf 26 170 48 29 149 101 
1 4 2 19 Inf 116 128 89 4 78 
1 4 3 52 46 Inf 121 75 151 171 
1 4 4 56 65 70 Inf 4 145 193 
1 4 5 54 147 100 146 Inf 32 91 
1 4 6 75 4 41 170 75 Inf 166 
1 4 7 128 70 104 197 131 59 Inf 
2 1 0 19 138 32 15 146 103 121 
2 1 1 Inf 1 184 86 183 145 183 
2 1 2 188 Inf 156 99 46 68 110 
2 1 3 168 22 Inf 26 55 175 2 
2 1 4 1 72 84 Inf 37 15 1 
2 1 5 37 81 170 155 Inf 146 82 
2 1 6 67 59 133 11 4 Inf 160 
2 1 7 107 70 3 117 157 76 Inf 
2 2 0 178 Inf 74 Inf 127 Inf 181 
2 2 1 Inf Inf 191 Inf 29 Inf 135 
2 2 2 Inf Inf Inf Inf Inf Inf Inf 
2 2 3 131 Inf Inf Inf 3 Inf 53 
2 2 4 Inf Inf Inf Inf Inf Inf Inf 
2 2 5 140 Inf 74 Inf Inf Inf 95 
2 2 6 Inf Inf Inf Inf Inf Inf Inf 
2 2 7 103 Inf 196 Inf 60 Inf Inf 
2 3 0 61 179 189 142 72 135 138 
2 3 1 Inf 175 163 170 86 147 65 
2 3 2 13 Inf 34 10 18 178 9 
2 3 3 176 157 Inf 19 65 148 105 
2 3 4 198 84 114 Inf 8 46 185 
2 3 5 65 106 79 118 Inf 15 72 
2 3 6 186 164 63 74 36 Inf 40 
2 3 7 190 21 123 138 104 124 Inf 
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APPENDIX I. An example of a randomly generated sample problem of size (large, 
large) 
 

Table I.1. Stage and machine information for a sample problem of size (large, large) 

Stage  1 2    3    
Machine No M11 M21 M22 M23 M24 M31 M32 M33 M34 

Machine Capability Most Least Medium Most Most Least Most Medium Most 
Machine Availability Time 33 24 22 4 30 17 33 29 12 

 
Table I.2. Run times, weights, release times and due dates for all jobs for a sample problem of size (large, large) 

Group
 

Job
 

M1
 

M2
 

M2
 

M2
 

M2
 

M3
 

M3
 

M3
 

M3
 

Weight Release 
 

Due 
 1 1 0 Inf Inf 25 10 Inf 25 8 18 3 94 836 

1 2 24 Inf Inf 14 15 Inf 24 8 19 3 2 873 
1 3 8 Inf Inf 11 19 0 0 0 0 1 13 935 
1 4 15 Inf Inf 19 9 Inf 25 14 9 2 33 920 
1 5 13 Inf Inf 10 19 Inf 10 10 18 1 37 650 
1 6 18 Inf Inf 22 16 Inf 12 19 22 3 3 910 
2 1 24 Inf Inf 15 27 Inf 18 9 25 1 12 827 
2 2 24 Inf Inf 25 22 Inf 16 12 27 2 6 566 
2 3 0 Inf Inf 23 11 Inf 24 11 20 1 30 206 
2 4 21 Inf Inf 17 19 Inf 20 27 27 1 2 944 
2 5 8 Inf Inf 25 10 Inf 14 25 20 1 7 821 
2 6 17 0 Inf 0 0 Inf 18 19 9 3 111 888 
2 7 24 Inf Inf 20 14 Inf 15 20 10 1 21 844 
3 1 13 25 15 17 20 12 17 16 24 1 4 835 
3 2 0 19 18 16 22 11 21 21 26 3 68 819 
3 3 27 27 9 25 20 17 21 15 18 2 6 666 
3 4 13 26 12 17 18 0 0 0 0 1 11 808 
3 5 10 17 19 14 18 12 17 26 21 2 11 803 
3 6 10 25 26 21 26 16 13 14 20 2 1 665 
3 7 9 22 21 16 25 12 20 26 25 3 30 863 
3 8 14 12 26 26 22 15 10 16 15 1 2 812 
4 1 0 12 Inf 17 11 9 21 15 23 1 3 870 
4 2 19 23 Inf 16 8 23 25 14 12 3 14 860 
4 3 18 25 Inf 19 18 19 13 17 10 1 33 900 
4 4 11 19 Inf 19 20 8 20 18 13 2 12 804 
4 5 17 8 Inf 23 16 27 9 27 20 2 26 805 
4 6 20 0 Inf 0 0 17 10 11 17 1 0 935 
4 7 0 17 Inf 24 27 21 8 16 25 3 45 252 
4 8 8 15 Inf 13 22 27 11 12 8 1 5 893 
4 9 23 22 Inf 9 21 20 13 17 24 2 19 866 
5 1 13 25 16 14 11 0 0 0 0 1 18 828 
5 2 13 22 8 9 21 Inf 11 27 16 2 10 697 
5 3 0 16 13 23 21 Inf 16 23 22 2 22 809 
5 4 8 18 11 20 25 Inf 12 9 21 2 19 862 
5 5 27 16 16 22 18 Inf 15 8 24 1 10 814 
5 6 27 16 10 22 22 Inf 14 25 11 3 8 850 
5 7 24 0 0 0 0 0 0 0 0 1 48 862 
6 1 25 11 20 14 21 Inf 27 24 17 2 21 861 
6 2 22 25 14 11 24 Inf 22 9 13 3 24 832 
6 3 23 14 11 24 20 Inf 21 14 25 2 24 920 
6 4 25 26 19 18 8 Inf 26 27 10 2 2 312 
6 5 17 20 19 15 19 Inf 12 12 15 2 13 893 
6 6 18 14 13 22 22 Inf 16 14 25 1 13 941 
6 7 20 17 8 22 11 Inf 16 17 18 2 16 865 
6 8 26 22 15 22 25 Inf 9 15 23 3 87 897 
6 9 24 8 13 16 13 Inf 20 10 26 3 7 857 
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Table I.3. Setup times for a sample problem of size (large, large) 

  Second group 
Stage Machine First Group 1 2 3 4 5 6 

1 1 0 29 2 2 31 39 14 
1 1 1 Inf 16 6 11 32 33 
1 1 2 31 Inf 10 34 6 32 
1 1 3 32 16 Inf 19 3 15 
1 1 4 4 24 8 Inf 21 26 
1 1 5 17 10 1 31 Inf 23 
1 1 6 8 13 39 11 1 Inf 
2 1 0 Inf Inf 13 18 23 26 
2 1 1 Inf Inf Inf Inf Inf Inf 
2 1 2 Inf Inf Inf Inf Inf Inf 
2 1 3 Inf Inf Inf 36 29 14 
2 1 4 Inf Inf 13 Inf 10 14 
2 1 5 Inf Inf 23 9 Inf 39 
2 1 6 Inf Inf 13 8 33 Inf 
2 2 0 Inf Inf 18 Inf 2 22 
2 2 1 Inf Inf Inf Inf Inf Inf 
2 2 2 Inf Inf Inf Inf Inf Inf 
2 2 3 Inf Inf Inf Inf 21 1 
2 2 4 Inf Inf Inf Inf Inf Inf 
2 2 5 Inf Inf 14 Inf Inf 22 
2 2 6 Inf Inf 1 Inf 9 Inf 
2 3 0 33 24 8 27 27 29 
2 3 1 Inf 20 1 30 27 39 
2 3 2 5 Inf 20 6 6 20 
2 3 3 10 26 Inf 18 11 24 
2 3 4 6 35 3 Inf 3 7 
2 3 5 33 2 21 16 Inf 8 
2 3 6 8 18 24 29 39 Inf 
2 4 0 3 9 38 33 33 10 
2 4 1 Inf 17 1 8 5 19 
2 4 2 11 Inf 10 9 30 10 
2 4 3 32 4 Inf 8 4 38 
2 4 4 14 35 37 Inf 10 15 
2 4 5 6 12 19 33 Inf 15 
2 4 6 19 20 15 20 31 Inf 
3 1 0 Inf Inf 18 16 Inf Inf 
3 1 1 Inf Inf Inf Inf Inf Inf 
3 1 2 Inf Inf Inf Inf Inf Inf 
3 1 3 Inf Inf Inf 26 Inf Inf 
3 1 4 Inf Inf 36 Inf Inf Inf 
3 1 5 Inf Inf Inf Inf Inf Inf 
3 1 6 Inf Inf Inf Inf Inf Inf 
3 2 0 34 3 32 31 30 4 
3 2 1 Inf 17 7 4 10 18 
3 2 2 13 Inf 31 14 36 26 
3 2 3 12 32 Inf 14 30 33 
3 2 4 17 18 34 Inf 13 21 
3 2 5 15 14 33 5 Inf 21 
3 2 6 14 30 1 31 35 Inf 
3 3 0 20 3 16 28 8 31 
3 3 1 Inf 29 39 24 36 26 
3 3 2 2 Inf 39 29 35 22 
3 3 3 6 35 Inf 19 20 39 
3 3 4 27 19 25 Inf 25 3 
3 3 5 36 26 18 5 Inf 21 
3 3 6 3 13 38 28 5 Inf 
3 4 0 2 6 17 30 19 17 
3 4 1 Inf 23 31 23 2 36 
3 4 2 13 Inf 9 18 4 32 
3 4 3 18 29 Inf 38 31 16 
3 4 4 19 34 14 Inf 6 34 
3 4 5 34 6 15 28 Inf 38 
3 4 6 4 21 19 15 23 Inf 
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