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Accuracy requirements for positioning a vessel in the near shore

area have increased in recent years. To meet these requirements

several electronic positioning systems have been developed. One

such system is the Cubic Autotape Model DM-40. The Autotape is a

circular positioning system which utilizes the phase comparison

between transmitted and received microwave signals to measure the

respective distance to the ends of a known base line. Since line of

sight transmission is used, the accuracy is higher than many other

systems, but the useable range is limited to approximately 30 miles.

To evaluate the instrument under dynamic conditions, a second

order trilateration control network was established and adjusted using

least squares techniques. Autotape measurements were then recorded

together with a measure of the velocity of the interrogator antenna as

the instrument moved past a series of seven test stations. The



relationship between the velocity and the observation errors was then

investigated.

The instrument was used to measure known base lines and the

positions of the test stations under static conditions. The static

measurements were tested to determine the effects of classification by

day and mode using a three factor analysis of variance program.

Test station coordinates were computed from the static measurements

and compared to control values. Scale factors were also computed

from these measurements. The dynamic observations were scaled

and the relationship between the scaled observation errors and the

velocity was also investigated.

Although contrary to expectations, the dynamic measurement

errors tend to decrease as the velocity increases. A possible

explanation involves the filtering of the received signal. Coordinates

were also computed from the dynamic measurements and were found

to exhibit the same general trend as the range measurements. Final

results indicate that for the conditions of this project the relative

error of position for the repeatability of the instrument is one part

in 3330 and the relative error of the survey is one part in 2610.
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AN EVALUATION OF THE CUBIC AUTOTAPE UNDER
DYNAMIC CONDITIONS

I. INTRODUCTION

History of Ocean Positioning

The determination of his position in a marine environment has

been a problem for man since his first adventures on the ocean.

Originally the only sailing done was within sight of visible land masses,

and not until the development of the magnetic compass in the thirteenth

century did man dare to explore further out to sea. It is interesting

to note that with all of the technological advances in recent years, the

compass is still the most widely used navigational tool (12).

Navigation may be defined as the process of guiding a vessel

safely from one point to another. However, a greater emphasis has

been recently put upon the ability to continuously define the position of

a moving vessel and to be able to return to a specific position with a

great degree of accuracy. In these areas navigation becomes survey-

ing, and the older methods of navigation break down.

For the purpose of this paper, navigation will mean the safe

guidance of a vessel from an origin to a destination, and surveying

will mean the positioning of a vessel in such a manner that the vessel

may be returned to the same position with a high degree of accuracy.

Most positioning systems currently available are of the less
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accurate navigational type and serve to locate a vessel with an accu-

racy of from 15 feet to one mile at ranges from a few miles to thou-

sands of miles.. These systems include optical (fixing, celestial),

acoustic (doppler, sonar), inertial (gyro), satellites, and most elec-

tronic (microwave, radio) instruments. However, a few electronic

instruments have been developed to obtain this higher order of accu-

racy.

A listing of requirements needed for different purposes in Table

1 shows that there is a wide range of accuracies desired. It can be

seen that engineering needs are not limited, and that higher accuracies

than presently available are necessary.

Table 1. Accuracies required for various appli-
cations of ocean positioning.

Purpose Accuracy

Navigation (open sea) .5-1 mile
Navigation (inshore) . 2-.5 mile
Mapping or charting 10-15 ft
Scientific use 10 ft-15 miles
Engineering best available

Some applications of high precision positioning systems have

included hydrographic surveys, equipment positioning and retrieval

and other near shore location projects. The oil industry has been a

frequent user of offshore positioning devices in areas near Alaska,

California and in the Gulf of Mexico. The oil industry projects include
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prospecting studies, well location and drilling barge placement, and

pipeline laying. Other uses for which such a system is desirable

include water quality sampling for pollution studies, channel and

estuary studies and velocity-dye studies. In essence, anytime a

measurement of some quantitative value is made on a body of water, It

is necessary to know the position of that measurement. This position

may then be used to relate the measurements to one another and to be

able to return to the site for either further measurement or to use the

information in some engineering application.

Microwave Positioning Instruments

Microwave systems can be classified in four ways: 1) geometry;

2) wave propagation; 3) wave transmission; and 4) type of measure-

ment made. Each of these classifications can be further broken down

so as to define a particular instrumental method of operation.

Four types of geometry are encountered, the least common

being the azimuthal and elliptical types. The hyperbolic type is the

most widely used since it can generally be used by more than one

vessel at a time. The circular or range-range system is the fourth

type and is mostly a single user system. A hyperbolic system

requires at least three transmitting ground stations and works by

measuring the difference in the distance between two fixed points, thus

tracing a hyperbola for a line of constant difference. If two sets of
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fixed points are used simultaneously, two hyperbolae can be traced,

and the intersection of the two defines the ships position. To accom-

plish this, only a receiver is necessary aboard the ship. This way

more than one receiver may be used in a network at one time.

The circular type, on the other hand, requires only two ground

stations, and the position of the ship is defined by simultaneously

determining the distances from the ship to the two ground stations. A

major drawback occurs, however, in that the ship must have a trans-

mitter on board. This limits the network capacity to one ship in most

situations and is not practical for public use. Combinations of these

four types have been used, but these are exceptions and not the rule.

Microwave instruments utilize one of three forms of wave

propagation. These forms of propagation are related to the frequen-

cies used, with longer ranges being found at the lower frequencies and

shorter ranges in the higher frequencies. In applications where

longer ranges are desired, the sky wave is used. A sky wave is a

wave which is transmitted at lower frequencies and which travels

between the earth and the ionosphere, or upper atmosphere. The

wave is reflected alternately by the earth's surface and the ionosphere,

allowing the wave to travel over the horizon. The use of sky waves is

limited, however, by the instability of the atmosphere and the inability

to measure the properties of the atmosphere along the wave path.

Line of sight propagation is used for short range applications.
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Since this method is associated with higher frequencies, there are

fewer accuracy problems than with sky waves or ground waves. How-

ever, it may be necessary to elevate the antenna in order to increase

the range to a more desirable distance. This necessitates the location

of a station with sufficient elevation and the accessibility to such a

station may become a logistics problem. The highest accuracies

obtained with microwave instruments are found with line of sight

propagation.

For medium ranges, ground waves are used. Ground wave

transmission utilizes the conductivity of the earth's surface to increase

the area of coverage available in the middle frequencies. Since the

wave tends to follow the path of best conductivity, and the surface of

the earth has a high conductance, the ground wave follows the earth's

curved surface over the horizon. The ground wave uses a lower fre-

quency than with line of sight propagation, but eliminates the need to

elevate the antenna. The lower frequency does cause sky wave prob-

lems to occur, and accuracy is decreased as a result.

The two types of measurements made include the radar and the

phase comparison methods. The radar measurement compares the

leading edge of the outgoing and incoming signals and measures the

time lag due to the distance the signal has traveled. The phase com-

parison system compares the phase of the transmitted and received

signals, and by measuring the amount of phase shift needed to put the
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two in phase, the distance the signal has traveled can be found.

Microwave instruments use either a pulse or a continuous wave

transmission system. A pulse system has a better signal-to-noise

ratio and can attain a longer range. It is bothered very little by

atmospheric interference since sky waves always arrive later than

ground waves. Also, there are no lane identification problems since

the measurement is actually that of a change in time and not of a

fraction of a wave length. A lane corresponds to the distance at which

a system gives ambiguous readings. This distance is a function of the

frequencies used in the system. Since there is no lane to identify, a

pulse type network can be entered from the open sea side.

A continuous wave system, however, has the lane identification

problem, and unless a pulse is combined with a continuous wave, the

network cannot be entered from the open sea. A larger power source

is required to obtain the same range as with the pulse system but the

accuracy is generally higher with better repeatability. Since the

measured wave is being received continuously, the sky wave is also

being received continuously and the signal may become contaminated.

This occurs frequently when measurements are being made during the

period from sunset to sunrise. The frequency range is generally

smaller than the more powerful pulse and is thus easier to license.
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Purpose and Method of the Study

This research was conducted to evaluate the reliability of meas-

urements made with a specific electronic instrument, the Cubic

Autotape Model DM-40. The Autotape was chosen because of its high

accuracy and ease of operation.. The instrument is commonly used

in engineering projects and is well suited for a wide range of applica-

tions. The portability of the instrument allows the system to be

moved from one area to another easily, with set up time being neg-

ligible. Normal operation of the instrument requires minimal man-

power, and after the initial set up, the system needs little attention.

The Autotape is a microwave electronic positioning device which

operates in a frequency range between 2900 and 3100 MHz. The

modulation frequencies are 1500 KHz, 150 KHz and 165 KHz. This

set of frequencies yields a maximum unambiguous range of 10 kilo-

meters and a resolution of 10 centimeters. It is a circular system

with line of sight wave propagation. During normal operations, the

interrogator transmits simultaneously to each responder, which in turn

retransmits, on its own frequency, the original signal. The interro-

gator then filters out the incoming signals and simultaneously com-

putes the slope distance to each responder, displaying this distance

once each second in the automatic mode.

Since the instrument utilizes line of sight propagation, the
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useable range is approximately 30 miles for shipboard applications,

although distances of over 100 miles have been measured using

helicopters (5). The range accuracy is listed by the manufacturer as

50 centimeters plus one part per hundred thousand of the distance

being measured.

To evaluate the instrument, a second order control net was

established and seven test stations were positioned along a road form-

ing a mile long test strip. The control survey was made using tri-

lateration techniques. The Tellurometer MRA3 and the Geodimeter

Model 6 were used, and a least squares adjustment was performed on

the network. The adjusted coordinates obtained from this network

were used in measuring the accuracy of the Autotape.

The interrogator, or shipboard portion of the system, was then

anchored to a pickup truck as shown in Figure 1. The two responder

units were placed at either end of a base line. The sketch in Figure 2

shows the basic configuration of the control net which was located

four miles southwest of Corvallis, Oregon.

On four of the test days the unit was positioned over each of the

seven test stations and stationary measurements were made prior to

the test runs. This allowed a comparison between instrument modes

and also served as a checkout period for the instrument. The instru-

ment was also compared with a base line established between two

NGS (formerly USC&GS) stations in the area both before and after the
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Figure 1. Autotape antenna assembly as mounted on truck.



Bald eccentric

Thompson

Figure 2. Autotape control network.
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tests were completed.

The actual tests were made by driving the truck along the test

route and triggering the instrument externally as the antenna crossed

each test point. A measure of the velocity was recorded simultane-

ously so that a relationship between any errors in position and the

velocity of the truck could be investigated. In this manner the effects

of movement of the ship on the performance of the instrument were

evaluated.
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II. CONTROL NETWORK

A control network was established for this project using second

order procedures. Since time and weather hampered the measure-

ment of angles, it was decided to use the Geodimeter Model 6 and the

Tellurometer MRA3 to measure all of the lines of the network. This

provided a total of six redundant measurements and allowed a least

squares adjustment to be performed on the trilateration network.

Fieldwork

The base line for the network was established southwest of

Corvallis, Oregon. The north station was placed at an elevation of

656 feet on the south slope of Bald Butte. Bald Butte also has a NGS

second order triangulation station on it, but because of logistic prob-

lems in reaching the station consistently in the wet weather, it was

not used. It is hoped that at some future time the test course can be

tied into the existing control in the area. The south station was placed

on the north slope of a hill on land owned by Cy Thompson. The sta-

tion is approximately 1/4 mile from Bel 'fountain Road and 1 1/2 miles

south of Invale elementary school. The elevation of station Thompson

is approximately 515 feet. The two base line stations are intervisible

with all other points in the network. The base line was measured

twice using the Tellurometer MRA3 (see Figure 3). Each measurement
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Figure 3. Tellurometer MRA 3.

Figure 4. AGA Geodimeter Model 6.
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was the average of two separate measurements, one from each end of

the line. The values obtained, corrected to sea level chord distances,

were 47,881.906 feet on February 5, 1972,and 47,882.092 feet on

March 11, 1972. The mean value of 47,881.999 feet was then used as

a base line length in all further computations.

The probable error accuracy was computed using the difference

between the measurements and the mean of the two measurements as

the residual. The resulting probable error of 0.0885 ft for a base

line of 47,880 ft yields an accuracy of one part in 540,000. This

exceeds the second order class II triangulation specifications of one

part in 500,000 for the probable error accuracy of a base line.

The actual error accuracy was also computed using the manu-

facturers quoted accuracy. This value of 0.015 m plus three parts

per million of the distance yields an error of 0.059 m for the 14. 6 km

base line. This can be converted to an actual error of one part in

248,000 which exceeds the triangulation specification of one part in

150,000.

The distances from the two ends of the base line to all of the test

stations were also measured with the Tellurometer. Each distance

was reduced to a sea level distance. To do this, the field data from

the Tellurometer was analyzed and the fine readings plotted versus

carrier frequency. These plots allowed a check of the effects of

ground swing. By using the longitudinal axis of the sinusoidal
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variations as the best value, the effects of ground swing were reduced

(17). This slope distance was then reduced to a horizontal distance

and a correction made for the effect of the curvature of the earth (10).

The horizontal distance was finally reduced to a sea level plane upon

which all further computations were to be made.

The six distances between the test stations were measured to

provide the redundancies necessary to fully utilize the least squares

adjustment techniques. These distances also served to strengthen

the control net in the east-west direction. A Geodimeter Model 6 (see

Figure 4) was used to measure these lines. The distances were

reduced to the sea level surface and combined with the Tellurometer

lines to provide a network of 21 independent distance measurements.

Coordinate System

To simplify calculations a coordinate system was established on

the sea level computing surface with its origin at station Thompson,

the south end of the base line. The Y-axis was then defined to coincide

with the base line so that all computations were done in the first

quadrant. This also eliminated the need for a determination of azi-

muth. This plan was feasible since the only purpose of the network

was to check the accuracy of the Autotape position values at each sta-

tion.
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Adjustment of Network

The trilateration network was adjusted using the computer

program TRIPLX (11) which performs a rigid least squares (see

Appendix A) adjustment using weighted observation equations. The

program input consists of approximate coordinates for the unknown

values, fixed coordinates for the base line, and all measured distances,

together with an estimate of the standard deviation of the measure-

ments. Code numbers for the stations at either end of the line allow

the program to define the geometry.

The program performs several iterations of repeatedly calcu-

lating new coordinates and correcting the observed distances. With

each iteration the variations in the coordinates become smaller, until

they are less than some specified value which is close to zero. When

this occurs, the network is adjusted.

The adjusted coordinates are then listed along with the adjusted

observed lengths, the corresponding residuals and the estimated

standard deviations. The relative weight of each observation is also

printed out. The standard deviation of the X and Y coordinates

as well as the standard deviation in position is also given for each

station. The output of the control network is shown in Figure 5.

The final values for the coordinates of the test stations were

used in the statistical tests of the Autotape data. Where estimates of



AUTOTAPE RESEARCH CONTROL NETWORK

ITERATION NO. 1

APPROXIMATE COORDINATES
STATION X Y STATION

ADJUSTED COORDINATES
X Y

1 147300000 16025.000 1 14728.109 16826.270

2 13875.080 16090.080 2 13876.656 16488.002

3 13055.008 16145.080 3 13054.757 16147.373
4 12265.000 16205.000 4 12265.199 16205:146

5 11535.000 16250.080 5 11536.072 14256.97,

6 10785.080 16250.880 6 10785.163 16251.549

7 10860.008 1625111400 7. 10059.770 16248.967

8 0 0 8 0 I

9 0 47881.999 9 0 47881.999

COORDINATE VARIATIONS
STATION DELTA X DELTA Y

ADJ.08SERVATIONS:WTS.:RESIDUALS:DEVIATIONS
NO. FEET WEIGHT 11FT Srt

1 .1.879 1.267 1 853.689 22.3 41.013 .108

2 1.663 -2.000 2 824.040 23.0 .004 :106

3 0.8.246 2.374 3 791.070 23.0 .841 06

4 .795 .147 4 731.165 23.0 .017 .1116

5 .
1.067 .980 5 758.910 23.0 .841 .106

6 .158 1.551 6 _725.398 23.0 .402 .106

7 -0.239 -1.031 7 21765.995 2.6 .109 .317
8 21245.832 2.6 .111:147 .314

_9 20764.497 2.7 .030 .312

ITERATION NO. 2 Ill 40323.793 2.7 .00.149 :309
11 19929.25T 2:7 A1.246 .387

COORDINATE VARIATIONS 12 19504.681 2.8 .386 .306

STATION DELTA X DELTA Y 13 19118.937 2.8 .416 .304

1 .003 14 35095.658 1.8 .141 .382

2 -4.007 .001 15 34690.342 1.8 -0.194 .378

3 .003 -0.001 16 34314.912 1.8 .040 .377

4 .085 .11.0131 17 33968.704 1.8 ...0a8' -075

5 .005 .40001 18 33669.012 1:9 .06.276 .373

6 .004 .0.1101 19 33418.634 1.9 .508 .373

7 .109 -0.002 28 43196.091 1.9 :021 .372

ITERATION NO. 3 STD.ERROR OF COORDINATES
STATION X _ Y POSITION

COORDINATE VARIATIONS 1 .221 .301 .373
STATION DELTA X DELTA Y 2 .207 .292 :358

1 .000 41.080 3 .201 .285 :349
2 .000 41.800 4 .281 .279 .344
3 .008 -0.000 5 .207 .275 .344
4 .000 11.11100 6 .218 .272 :349
5 .000 41.000 7 :235 .268 .356
6 0008 -8.808
7 .008 -0.000

Figure 5. Autotape research control network adjustment.
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the variances of the control values were needed, the corresponding

estimated standard deviations of the adjusted coordinates were used.

Since the control network consists of both microwave and

electro-optical measurements and since these measurements do not

have the same degree of accuracy (4), the weights of the measure-

ments vary. The estimated standard deviation of a measurement made

with the Tellurometer is considered to be 4 cm plus 3 parts per mil-

lion (ppm) times the distance. These values range from 0. 189 m to

0.237 m for the lines from the base line to the test stations. The

lines measured with the Geodimeter are assumed to have a standard

deviation of 2 cm plus 1 ppm times the distance. The resulting values

are 0.066 m for all lines except the line from station 1 to station 2

which has an estimated standard deviation of 0.067 m. The weight

matrix, W, used in the adjustments program was formed by divid-

ing 0.1 by each of the squares of the estimated standard deviations of

the observations. Hence the diagonal element of W for the ith

observation is given as:
0.1

w..
11 2

Cr.
1

(1)

Since specific requirements for the measures of accuracy of a

trilateration control network have not yet been fully developed, only a

relative error of closure is computed for each station. The standard

error of position is divided by the shorter of the two distances from
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the base line to the particular station. This fraction was reduced to

a ratio of 1/P, where P is the precision of the triangle.

Values of P ranged from 53,000 to 59,500 and thus exceed the

requirements for closure in length for a second order triangulation

net. It may be noted in Table 2 that the precision generally decreased

as the station numbers increased. This can be explained by the fact

that the geometry worsened as the station numbers increased. The

angle of intersection at station 1 was 112 degrees while the angle of

intersection at station 7 was 129 degrees. The best strength of figure

is obtained with an angle of intersection of 90 degrees.

Table 2. Accuracies in position of control stations.

1 2 3 4 5 6

Std. error of
X coordinate, ft .221 .207 .201 .201 .207 . 218 .235

Std. error of
Y coordinate, ft .301 .292 .285 . 279 .275 .272 .268

Std. error of
position, ft .373 .358 .349 .344 .344 .349 .356

Shortest dist.
to station, ft 21765 21245 20764 20323 19929 19504 19110

Precision, P 58300 59500 59400 59000 58000 56000 53700

As can be seen in Figure 6, an angle of intersection of 90 degrees

allows a much smaller area of position error, part a, than does an

angle which is much less than a right angle, part b. In the figure,
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A
a) angle of intersection = 90°

B A

b) angle of intersection << 90°

Figure 6. Relationship of geometry to accuracy.
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distance errors aa' and bb' are equal in both parts, yet the

shaded region of possible position error is much larger for the

smaller angle.
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III. EQUIPMENT

Autotape

The Cubic Autotape Model DM-40 positioning system consists of

an interrogator, an interrogator antenna/RF assembly, two responders,

and two responder antenna/RF assemblies.

The central component of the system is the interrogator. The

interrogator, as shown in Figure 7, weighs approximately 50 pounds

and has dimensions of 11" x 20" x 21". It is powered by a standard

12 volt acid battery and is equipped with all connecting cables. The

interrogator contains the frequency generation unit and the electron-

ics necessary to resolve the received waves into distances. The dis-

tances are displayed on nixie tubes and may also be recorded by a

hard copy output device. The modulation frequencies generated by

the interrogator are transmitted simultaneously by means of the

interrogator antenna and RF (amplifier) assembly, shown in Figure 8,

to the responders at the base stations. The modulation frequencies

are superimposed on the carrier frequency of approximately 3000MHz.

The modulation frequencies used are 1500 KHz for the fine channel,

150 KHz for the intermediate channel, and 165 KHz for the intermediate

and coarse channels combined.

The modulated carrier signals are received by each of the

responders, shown in Figure 9, by means of the antenna/RF assembly,
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Figure 7. Interrogator with printer.

Figure 8. Interrogator antenna/RF assembly.
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shown in Figure 10. The responders detect the modulation frequen-

cies and apply them to each responder's unique carrier frequency.

These unique frequencies are then transmitted back to the interrogator

by the responders.

The signals received at the interrogator are mixed with a por-

tion of the transmitted signal, and the phase difference is measured

for each of the three modulation frequencies. These phase differences

are converted electronically to meters and displayed on the front

panel of the interrogator.

The interrogator antenna is omnidirectional and mounts,

together with the RF assembly, on a 1 1/2" diameter pipe. The

responder antennas are directional with an azimuth coverage of 60

degrees. The responder antennas and RF assemblies are bolted to a

bracket for tripod mounting.

The system's built-in output device is a digital nixie tube dis-

play. However, remote output is available, and a printer was used to

record the data for this test. Other output recorders available include

an automatic plotter and paper and magnetic tape recorders. The

printer uses a pressure sensitive paper and requires a separate

24 volt power source. One problem with the printer is that the

response time of the printing head is slow so that approximately one-

third of the data is lost when measuring in the fine mode. This is due

to the fact that in the fine mode of operation, the instrument measures
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Figure 9. Responder unit.

Figure 10. Responder antenna/RF assembly.
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the distance using only the fine or ten meter channel. By eliminating

the intermediate and coarse channels, the measurements may be made

three times per second instead of the normal once per second in the

automatic mode. Since the printing head consists of a hammer for

each number in each column, the correct combination of hammers

must be arranged before the value may be recorded. The time needed

to arrange the hammers varies, depending on what the last digit

struck by each hammer was and how far the hammer must move to get

to the new value. This is not a major problem, but one must assume

that the values printed are a random sample of the data even though

this is not true. The printer head can react quicker, for example, if

the next number to be recorded is the same as the previous number.

Thus the recorder is biased toward repeated measurements. This

means that if the instrument tends to repeat a measurement more

frequently when that measurement is correct, the recorder is biased

conservatively.

Trigger

Since the Autotape was to be tested under dynamic conditions, a

method of actuating the instrument as it passed the test station was

needed. In order to eliminate as much human error as possible from

the actual measurements, a triggering device was developed. By

connecting a switch arrangement to the "external read" connection of
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the interrogator, the instrument could be made to record whenever

the switch was closed. Since it was desired to close the switch just

as the antenna crossed the station, a short pipe was placed in a socket

in the ground immediately in front of each station. When the pipe was

encountered, the switch was closed, and the range values recorded.

The initial design of the trigger assembly called for a rubber

flap to be attached to a rod which was extended vertically below the

antenna to within a foot of the ground (see Figure 11). This flap was

to close a micro-switch when it struck the pipe marker at each sta-

tion. However, the combination of wet weather and the physical impact

of striking the marker made the micro-switch inoperable. Thus a

switch was constructed by coiling wire around the flap and placing a

contact of spring steel behind the flap so that the impact would not

deform the switch. This revised trigger is shown in Figure 12. When

the flap touched the contact, the circuit was closed and the instrument

then recorded the range values. This second design proved to be quite

successful.

The overall antenna/trigger assembly was allowed to move in a

direction transverse to the path of the truck by means of a boom

assembly. Since speeds of up to 30 mph were to be investigated, it

was originally felt that it would be necessary to have one person

operating the boom assembly as the truck moved by the station. A

guide path of surveyor flagging was laid out so that the operator could
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Figure 11. Trigger assembly approaching test station.

Figure 12. Trigger assembly.
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more accurately position the trigger. It was discovered, however,

that this really was not necessary since after a minimal amount of

practice, the driver could sit in the passenger seat of the truck, drive

with the left hand, and hit the target with good consistency. This

latter technique greatly increased the data acquisition volume since

the weather was generally not conducive to riding in the back of the

truck for long periods of time.

Velocity Measurements

Since the measurements were to be compared with the velocity

of the truck, a measure of the velocity was needed. Rather than rely

on the truck's speedometer for these velocity values, a set of timing

marks were used at each station. These marks were set at distances

of 75 ft and 200 ft apart and generally centered about the stations.

The two distances were used in order to keep all of the time measure-

ments within a shorter range. The values of time ranged from 4.5 to

15 seconds, which corresponded to speeds of from 5 ft/sec to 45ft/sec,

or from 3.5 mph to 30 mph. These times were recorded along with a

code indicating which set of marks were used. A stop watch was used

to measure the time intervals, and the time was recorded to a hun-

dredth of a second.

In order to remove the human tendency to speed up as soon as

the measurement was made, the truck's throttle was used. All
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changes in speed while enroute over the test course were made between

stations, allowing enough time for the velocity to stabilize before

reaching the next set of timing marks. Since the road is generally

level, with a maximum of 0. 2% grade, the change in truck speed

between timing marks due to grade was neglected.
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IV. STATIC MEASUREMENTS

Calibration

The first step in acquiring the experimental data was to com-

pare the Autotape with measurements of existing base lines. Both a

500 meter line and a 2700 meter line were used.

By placing a responder unit on the north station of the Oregon

State University quadrilateral base line and the interrogator on

the south station of the base line, the instrument was

calibrated at a relatively short distance. This calibration

was done for both responder units in each mode and the results are

shown in Table 3. The control value was derived from a series of

six Geodimeter measurements of the same line.

Table 3. Comparison of Autotape with quad base.

Auto Mode Fine Mode

Range 1, m
Range 2, m
Control, m

515.734
514.823
514.037

515.997
514.832

As can be seen from the data, the distance as measured with

range 1 is consistently larger than that measured by range 2. This

difference of approximately 1 meter is significant when it is consid-

ered that each of the above range values is the mean of from 150 to
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200 observations, and that the data sets show standard deviations of

approximately 0.2 m. When comparing the Autotape values with the

control value, we see that the Autotape measures the distance long,

with an error of from 0.8 to 1.7 meters.

The instrument was next compared with a base line between two

NGS stations. The interrogator was placed on station Lilly and the

responder units on station Bald. Table- 4 shows the values obtained

from this set of measurements. The control for the Bald-Lilly base

consisted of two sets of Tellurometer measurements and one Geodi-

meter measurement.

Table 4. Initial comparison of Autotape with
Bald -Lilly base.

Auto Mode Fine Mode

Range 1, m
Range 2, m
Control, m

2675.414
2671.963
2673.973

2675.142
2672.611

Again it can be noted that range 1 measures the distance con-

sistently longer than range 2. This spread has increased to approxi-

mately three meters at the longer distance. The values are an overall

mean of from 100 to 150 observations with a standard deviation of

approximately 0.7 meters. The control value does fall between the

two range measurements for this line, however.

During the dynamic testing period, the instrument was also used
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several times to measure the ranges to the test stations while the

truck was stationary over the points. This was done early in the

morning on four of the test days to serve as a check of the instrument's

accuracy on the observed lines. The truck was driven alongside each

station and moved slowly forward until the trigger was engaged. The

truck was then parked in this position, and sets of fine and automatic

readings were taken with approximately 60 observations in each set.

This data was used for two purposes. First the scale ratios for each

range relative to the control were calculated. This gave an added

distance at which the ranges could be compared to the control. The

data was also used in a three factor analysis of variance (ANOVA)

program to check the effect that the day, the mode and the station had

on the measurements. This will be discussed later in this section.

The ratios between each range and the corresponding control

values were computed for each station and listed in Table 5. The

means of the values were computed and compared to the base line

ratios in Table 7.

The mean differences between ranges and the control were also

compared. The difference between range 1 and the control distance

was +1.8 meters, indicating that range 1 measured the distance as

being too long. The mean difference between range 2 and the control

was the opposite with a -0. 9 meter error.

After the instrument had been used on the test course, and just
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prior to returning it to the lessor, a final check was made. The

instrument was again used to measure the Bald-Lilly base. The dis-

tances were compared to the control and the results are shown in

Table 6.

Table 5. Scale factors by stations.

Station R1 /Control R2 /Control

1 1.00057 1.00009
2 1.00018 0.999918
3 1.00029 0.999873
4 1.00004 1.00001
5 1.00006 0.999905
6 1.00014 1.00005
7 1.00030 0.999896

Mean 1.00023 0.999963

Table 6. Final comparison of Autotape with
Bald-Lilly base.

Auto Mode Fine Mode

Range 1, m
Range 2, m
Control, m

2675.969
2675.200
2673.973

2675.398
2675.034

The discrepancies between the two ranges have decreased so that

there is an average difference of 0.5 meters. However, the control

value is again from 1.5 to 2.0 meters below the instrument values.

On the basis of these calibration measurements, it was decided

to check the results of the dynamic test data using both the raw data

and calibrated or scaled data. In order to select the appropriate
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calibration values, the ratios of the automatic mode base measure-

ments to the control measurements were calculated. These are listed

in Table 7. The automatic mode was used for two reasons. First the

automatic mode is that which is commonly used in the field and was

the mode used for the test runs. Secondly, results of the three factor

ANOVA test performed on the stationary measurements along the

road showed that there was no significant effect of classification by

mode. This second point will be discussed more fully later in the

paper.

Table 7. Calibration ratios as derived from static measurements.

RI /Control R2 /Control Length of Line

Quad base 1.00330 1.00153 500 m

Initial Lilly base 1.00054 0.999248 2,700 m

Final Lilly base 1.00075 1.00046 2,700 m

Mean of static measurement
R1 1.00023 6,000 m
R2 0.999963 10,000 m

The ratios illustrate a significant characteristic of the particu-

lar system being used. In comparing the two ranges on any one base

line, or comparing the static measurements, we see that the ratio for

range 1 is consistently larger than the ratio for range 2. Apparently

there is a consistent difference between the two ranges for this par-

ticular interrogator and responders with range 2 yielding a smaller
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value for a given distance than range 1.

It was also noticed that the ratio did vary some with the length of

the line, and therefore there apparently was some constant error

involved. Thus, the ratios at the distances being investigated were

used in scaling the measurements. If the instrument were to be used

over a wider range of distances than those on this test strip, this

technique would not be valid. In such a case, it would be necessary

to use either a variable scale factor or a combination of a constant

correction term and a scale factor.

The ratio comparison was used somewhat arbitrarily, although

a common explanation of the instrumental differences is that there is

a normal drift in the modulation frequencies which causes the error

to be proportional to the distance being measured. It is realized

however, that some portion of this error may be a constant or instru-

mental "zeroing" error.

Uncalibrated Static Measurements

Prior to making the test runs on four of the days, the instrument

was positioned over each station and a series of measurements made

while the truck was stationary. Measurements were made in each

mode, so that a comparison between the two modes could be made.

This data was used in a three factor analysis of variance pro-

gram, *ANOVA3. This program was developed by the Department of
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Statistics at Oregon State University and is discussed in Appendix B.

Using this program, the effects of classifying the measurements by

station, day,and mode were investigated. Interaction terms between

each set of two factors and between all three factors were also com-

puted.

To utilize the *ANOVA3 program, it was necessary to find the

means of the approximately 65 observations made at each station in

each mode on each day. Using these means, the program produces

a table containing an analysis of variance. In this table the mean

square (see Appendix B) for each factor or interaction term can be

found. Using this mean square (MS), together with the value for the

mean square error (MSE) of the observations, an F test statistic can

be computed. However, the MSE of the observations was reduced by

computing the mean for each set of data. Therefore, it was necessary

to obtain this MSE from a one factor analysis of variance which was

performed on the data using the *ANOVA12 program (Appendix B).

Using the MSE from the output of this program, a valid F test

statistic was computed as:

MS due to factor being studied
test MSE of all observations being studied

If the Ftest statistic is larger than the tabular value at the

(2)

specified degrees of freedom, the test is significant. This significance
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implies that classifying the data by the levels of this factor does have

an effect, or that all levels of this factor are not the same.

The degrees of freedom for both the numerator and denominator

are used to enter the F table. The number of the degrees of freedom

corresponds to the number of observations involved minus one. The

one is subtracted from the number of observations because at least

one observation is necessary in order to have any observations, and

any added measurements add to the "freedom" of the value computed

from these observations. The one and three factor ANOVA tests were

used to analyze both ranges and the X and Y coordinates com-

puted from the ranges.

The first factor of interest was the day factor. Since the battery

at the range 1 responder had been found to be weak during the static

measurements on one of the test days, it was desired to check the

effect of the classification of the data by days. Testing the data for

this day effect, it was found that the F test was significant in range

1, but not significant in range 2. The coordinates also showed no

significant effect due to day. This is believed to be due to the stabil-

izing effect that range 2 had on the coordinates, providing enough

strength to reduce the variations in the coordinates to an insignificant

value.

After finding that day did have an effect, the data was visually

scanned. It became obvious that the third day of stationary
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measurements contained some very large deviations from the control

values. The data was then rerun with day three eliminated and the F

statistics shown in Table 8 were computed.

Table 8. F test statistics for day and mode.

R1 R2 X

Day 2. 96 0. 99 0. 39 2. 53
Mode O. 02 O. 16 O. 03 O. 19

In each case, the F value is less than the minimum tajDular

value of 3. 0 at the corresponding degrees of freedom. This value is

conservative at the 5% level of significance. Thus there appears to be

no significant difference between the remaining three days or the two

modes. The grouping by stations did yield a very high F value, as

was expected, since the stations were at different locations. This

effect was computed, however, so that the variation of the data due to

the different stations could be accounted for.

From these tests, it was concluded that the automatic and fine

modes did give the same results, and that the results of the tests

run with the automatic mode could be applied to the operation of the

fine mode.. This is logical since in the fine mode the instrument

samples the fine frequency approximately three times per second while

in the automatic mode the same frequency is sampled, but only once

per second. Therefore the distance values are obtained from the same
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frequency, and the rate of sampling should have no effect.

The information also furnished a comparison of data taken on

several days. The measurements should be consistent from day to

day if the corrections for atmospheric conditions are made and all

other variables remain constant. However, work done by Jones of the

Geodetic Survey of Canada (13) cites differences in measurements

from day to day of as much as 5 meters in a line 56,000 meters long.

In the calibration measurements conducted on the base lines there was

some fluctuation but not of the magnitude experienced by Jones.

However, the ratios of Jones' Autotape measurements to his control

values are 1.00009 if the error is positive and 0.999911 if the error

is negative. These ratios are similar to those experienced in this

project. This indicates that the discrepancies may be a function of

the instrument design and not of the individual instrument.

The three factor ANOVA results indicate that grouping the data

by days does not have a significant effect. However, since the F

statistics were beginning to approach the tabular F value in both

range 1 and the Y coordinate, the dynamic measurements made with

the instrument were categorized by days.

The stationary data was also tested to determine if the mean

coordinates calculated from the data were, in fact, the same coordi-

nates as the control coordinates. Since the variances of the experi-

mental coordinates and the control coordinates were not statistically
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was performed which corrected for this difference. This F test
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statistic is computed as the ratio of the larger variance to the smaller,

and compares this ratio to a tabular F value found in a manner simi-

lar to the Ftable value in the ANOVA tests.

where

The calculated T statistic used was:

Ttest
(X

1
-X

2
)- (u

1 -u 2)

X1 = the control value for the coordinate

X2 = the mean coordinate as calculated from the stationary

observations

u
1
-u

2
= the theoretical difference between the control and the

(3)

experimental value, in our case zero

S = an estimate of the combined standard error as given in

Equation (4)

Since the two values to be compared had different variances and

different numbers of observations, S was expressed as:

[s2
s2

LS = +
n1 n2

(4)
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S1
2

, S2
2 = variances of the control and experimental coordinates

n
1,

n2 = the number of observations making up the measurement

of the respective values.

The computed T value was then compared with a special

tabular value computed as:

whe re

wl ni

S2
for the experimental coordinate

w2 n2

2

T table wl+w
2

wltl+w
2
t2

for the control coordinate

(5)

t
1

= t value from standard t table with (n1-1) degrees of freedom

t
2

= t value from standard t table with (n2-1) degrees of freedom

If the Ttable value was larger than the tested value, there

was no significant difference between the control and experimental

coordinates. It should be noted that this is an approximation to the T

test and as such errs slightly but conservatively.

Table 9 lists the Ttest value and the Ttable value for each

coordinate at each station. From the values it can be seen that for

only two of the 14 X and Y coordinates does the value computed

from the measured distances correspond to that of the control at the



43

5% level of significance.

Table 9. T tests for uncalibrated stationary measure-
ments.

Station Coordinate Ttest Ttable

1 X 18.10 2.24
11.68 2.28

2 X 7.33 2.27
Y 22.03 2.34

3 X 9.21 2.26
Y 30.89 2.32

4 X 7.40 2.27
Y 0.97 2.34*

5 X 4.87 2.25
Y 11.12 2.28

6 X 18.41 2.26
Y 0.89 2.29*

7 X 11.82 2.26
Y 6.07 2.25

T test significant at 5% level of significance.

Calibrated Static Measurements

In order to refine the measurements made with the Autotape,

the measured distances were corrected by dividing by the mean ratio

for the static measurements of each respective range to the control

distance (see Table 7). After this scaling, the coordinates were again

computed and tested as to whether or not they were the same as the

control values. The T test for unequal variances was again used

and the results are listed in Table 10. The calibration appears to
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have little effect upon the accuracy of the measurements, however.

Whereas the uncalibrated data yields two coordinates which may be

considered the same as the control, calibration yields only three. It

can be noted, however, that the T test statistics were reduced in

general by the scaling, which indicates that the values may be inproved

somewhat, but they are still not considered statistically significant.

The fact that four of the five coordinates statistically equal to

the control coordinates are Y values is a reflection of the geometry

of the test net. The strength of the net is predominantly in the Y

coordinate, so these results are not unexpected.

Table 10. T tests for calibrated stationary measure-
ments.

Station Coordinate Ttest T table

1 X 13.33 2.24
Y 0.20 2.28*

2 X 10.41 2.27
Y 4.06 2.34

3 X 5.18 2.26
Y 14.85 2.32

4 X 12.22 2.27
Y 16.69 2.34

5 X 15.75 2.25
Y 0.23 2.28*

6 X 3.76 2.26
Y 12.84 2.29

7 X 1.61 2.25*
Y 5.20 2.26

T test significant at 5% level of significance.
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V. DYNAMIC MEASUREMENTS

To investigate the relationship between the velocity of the inter-

rogator antenna and the error in the position determined for it, the

antenna was anchored to a pickup truck. The pickup was then driven

at various velocities along a test course and a series of measurements

made with the Autotape.

Each time the antenna passed over a test station, the trigger cir-

cuit was closed and simultaneous measurements of the two ranges

were made and recorded. For each test station the elapsed time as

the truck passed between a set of timing marks was also recorded.

Unscaled Errors

The range measurements were reduced to sea level chord dis-

tances, and the time intervals were converted to velocities. A meas-

ure of the error in each measurement was found by subtracting the

respective control value. These values were then plotted versus their

respective velocities. The results are shown in Figure 13.

From these plots it can be seen that the magnitude of the maxi-

mum error tends to decrease as the velocity increases. This

"envelope of error" is approximately the same shape for both ranges,

and tends to be asymptotic to an error value relatively close to zero.

Table 11 lists some statistics of the data. In each case, the
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error value is the experimental value, minus the control value. Thus

a negative average implies that the Autotape distance measurement

was short.

Table 11. Unscaled dynamic range error
statistics.

Statistic Range I Range 2

Sample size 338 338
Average, m 0.947 -0.677
Median, m 0.938 -0.680
Maximum, m 10.740 6.944
Minimum, m -4.561 -14.668
Standard deviation, m ±1.732 ±2.018

The signs of the average errors agree with the fact that the

average Autotape to control ratio from Table 7 is greater than one for

range 1 and less than one for range 2.

Table 12 lists values comparable to those in Table 11 for the

static measurements at station 3. Comparing the dynamic and static

errors, several important facts may be noted. Generally, the average

static errors tend to have the same signs as the dynamic errors for

the respective ranges. However, the magnitudes of the average

dynamic errors tend to be smaller. In other words, the dynamic test

values tend to be closer to the control values than the static values.

Another significant fact is that the standard deviations are gen-

erally smaller for the static measurements than for the dynamic
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measurements. When combined with the fact that the average static

value tends to be further from zero, this indicates that the static

measurements form a closely grouped set of values centered about an

erroneous mean. This is also shown by the small range between the

maximum and minimum values for the static measurements. While

the dynamic measurements had error ranges of about 15 and 22

meters, the static measurements had ranges of only 1.6 and 2.2

meters. The frequency histograms in Figure 14 show the error distri-

butions for the static measurements summarized in Table 12. Note

that they are generally normally distributed, as is expected of random

measurement errors, but that the mean is not zero.

Table 12. Unscaled station 3 static range
error statistics.

Statistic Range 1 Range 2

Sample size 68 68
Average, m 2.681 -1.265
Median, m 2.740 -1.355

Maximum, m 3.440 -0.155
Minimum, m 1.840 -2.355
Standard deviation, m ±0.381 ±0.459

To investigate the possibility of a correlation between the cor-

responding errors in ranges one and two, the range observation errors

were plotted against each other. If there was some correlation

between the errors, the plot would tend to form a line. In Figure 15 it



49

Totals

.

..
U
0

cr
N

44

INT

Totals

2 5 3 2 4 3 6 13 10 8 2 3 4 2 1

*
*
*
* *
* *
* * *
* * *

* * * *
* * * * *
* * * * * * *
* * * * * * * * * *

* * * * * * * * * * * * * *
* * * * * * * * * * * * * * *
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1.84 2.68 3.44
Range 1 error, meters

3 1 1 3 5 11

*
*
*
*
*
*

11

*
*
*
*
*
*

6

*

13

*
*
*
*
*
*
*
*

6

*

4 0 1 2 1

*
*
*
1

*
2

*
3

*
*
*
4

*
*
*
*
*
5

*
*
*
*
*
6

*
*
*
*
*
7

*
*
*
*
*
8

*
*
*
*
*
9

*
*
*
*
*

10

*
*
*
*

11 12
*

13

*
*

14
*

15

-2.35 -1.26 -0.155
Range 2 error, meters

Figure 14. Frequency histograms for static range errors.



m

50

2.6500E-01 . 2

R= 6.4077E-02
1

1

7.0500E-01 1 1

1 1

3 1 1 1

1 1 1 1

1 2 2 1 3

1.2550E 00 2 1 1 1 1

1 1 2 1 1 1 2 1 1

1 2 1 1

1 1 1 1 1 1

1 1 2 1

1.8050E 00 1

.1 1

1

1

2.3550E 00 1 1 1

t t t t t

1.8400E 00 t 2.6400E 00 t 3.4080E 00
2.2240E 00 3.0240E 00

Range 1 errors, meters

Figure 15. Range 2 errors as a function of range 1 errors.



51

appears that there is no relationship between the errors in the two

ranges. This is also shown by the fact that the value R, the linear

correlation coefficient, is nearly zero. An R value of zero implies

no correlation and a value of one implies total correlation.

The statistical analysis of the test data, as summarized above,

leads to a conclusion essentially opposite from that expected. Since

the distance over which the instrument traveled while making meas-

urements increased with velocity, and since the width of the trigger

flap was increased at higher velocities, it was assumed that the errors

in the range measurements would increase as some function of the

velocity. If the errors did not increase, they were at best expected to

remain constant, implying that the methods of this experiment had not

been precise enough to expose the errors which did exist. But con-

trary to these hypotheses, the errors appear to decrease as the

velocity of the interrogator antenna increases. When confronted with

this apparent contradiction, the data and reduction methods were

carefully inspected so that any possible reason for this result might

be exposed. The data was plotted versus station, day,and trigger flap

size, and yet no correlation other than the decrease in error due to

velocity could be found.

It was noted that the measurements in range 1 at station 1 and in

range 2 at station 7 exhibited larger error ranges. The only differ-

ence for these two stations which could be observed in the field was
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the fact that in both cases there were trees near the line of sight. At

station 1, the range 1 line of sight passed between two trees which

were approximately 50 feet apart at a distance of 500 feet from station

1. At station 7, the line of sight for range 2 passed quite close to the

tops of several scrub oaks approximately 1 mile from the station.

These facts, together with the fact that all other variables, such

as geometry, atmosphere, etc. , were accounted for, suggest that

ground swing may be causing some of the errors observed. It is gen-

erally known that ground swing, the error in the distance measured

due to reflections of the microwaves from either the ground or some

object near the line of sight, changes from point to point along the ray

path. Wadley (18)discusses ground swing and gives an equation for

the phase error due to reflected signals:

whe re

2TrAd sin 2n Ad
()e = Ea. cos

X
c

(6)

= the amplitude of a reflected ray relative to the direct ray

X
c

= the carrier wavelength

= the modulation wavelengthm

Ad = the excess length in the reflected ray path

Using the situation in Figure 16 as an example, Ad can be

expressed as:
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ed = 2h2
d

(7)

Figure 16. Geometry of ground swing.

Computing this term, and allowing the cosine term in Equation

(6) to equal one, the maximum theoretical phase error for a particular

instrument can be found. Substituting typical values for this project

of h = 100 ft and d = 35,000 ft, and assuming a 20% reflectance,

the phase error for the fine channel of the Autotape becomes 0.036.

This corresponds to an error of 3.6 meters in one direction. Assum-

ing that the error occurs in both the transmitted signal to the

responder and the retransmitted signal, the error could amount to

7.2 meters. The range errors observed are of this order of magni-

tude, and thus the possibility of ground swing being a factor must be

considered.

It may be seen in Table 12 that the average error when station-

ary over the point tends to be considerable. Included in this error are



54

instrumental "zeroing" errors, frequency drift errors, errors due to

inaccuracies in the atmospheric measurements, and ground swing

errors. For any particular static range measurement at a station, the

ground swing error should be a constant if it is assumed that there are

no varying reflective disturbances, such as moving cars, etc. along

the line.

Also, since the topography was approximately the same along all

of the lines, the scaling of the measurements as discussed in the static

section should greatly reduce the ground swing errors. With the

exceptions of stations 1 and 7, this is true. As noted previously,

there does appear to be an explanation for these exceptions.

Scaled Errors

Assuming that scaling the measurements should reduce the

average of the errors, the mean scale ratios from Table 7 were

applied to the respective range measurements, with the results as

shown in Figure 17. The scaling has shifted the error axes toward

zero and has over corrected in the case of range 1. Table 13 lists

some statistics for the scaled dynamic measurements.

Comparing Tables 11 and 13, it can be seen that scaling has

improved the values somewhat. However, the range of errors

remains unchanged and the plot of Figure 17 shows that the general

trend of decreasing errors with increasing velocity is still present.
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Table 13. Scaled dynamic range error
statistics.

Statistic Range 1 Range 2

Sample size 338 338
Average -0.484 -0.292
Median -0-455 -0.291
Maximum 9. 212 7.340
Minimum -6. 086 -14.272
Standard deviation ±1.722 ±2.018

It is believed that this research has not provided enough data to

explain this trend. The shapes of the error envelopes in Figures 13

and 17 change significantly near zero velocity.since the range of the

static or zero velocity errors is smaller than those for low velocities.

However, this change can not be shown with the data available.

One possible explanation of this trend concerns the filtering sys-

tem of the instrument. Since there is noise associated with the recep-

tion of any form of electromagnetic energy, filters must be provided

to reduce this noise so that the signal may be evaluated. Perhaps the

range errors due to ground swing, etc., begin to appear as noise to

the instrument as the velocity of the interrogator antenna increases.

The filters would therefore eliminate some of these errors, allowing

the evaluation of a more accurate signal.

In making a measurement, the instrument compares the phase of

the received wave with that of the transmitted wave. This comparison

is accomplished by a servo-motor loop. The reaction time of the
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servo loop also serves as a built in filter. This "filter" would tend to

eliminate errors of a lower frequency than those eliminated by the

filter system. Either of these "filters" may reduce the errors as the

velocity increases, or the combination of the two may accomplish the

task. A detailed circuit analysis by an electronics expert would be

needed to verify this hypothesis.

Coordinate Errors

Using the two range measurements for each observation, the

coordinates of the respective station were computed. These values

were plotted as a function of velocity for both the unscaled and the

scaled measurements and are shown in Figures 18 and 19. Table 14

allows a comparison of the two sets of data. Note that scaling of the

measurements tends to over-correct in the X coordinate from

-1.31 ft to +2.66 ft. The Y coordinate error, however, is signifi-

cantly reduced from -2.93 ft to -0.02 ft.

The most important fact is that the standard deviations of the

errors are ±8.4 ft in the X direction and ±5. 4 ft in the Y direc-

tion. To compute an error of position, combine these values through

the following equation:

AP = [(AX)
2

+(.AY)
211/2

(8)

where AX and AY =-- the errors in the X and Y directions. The
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resulting error of position is approximately ±9. 8 ft or ±3. 0 meters.

Considering that the probability of any individual error being larger

than one standard deviation is 32%, this is a significant error. Using

the longer of the two distances to the station from the base line, the

minimum relative error of position for the repeatability of the instru-

ment is one part in 3330. If the standard deviation in position, 9.8 ft,

is combined with the average error of the measurements, 2.66 ft,

under the worst conditions the relative error becomes one part in

2610 for the scaled observations. These values are significantly be-

low that for third order closure of one part in 5000. It should be noted

that the Autotape errors should decrease in over-water applications

due to more uniform atmospheric conditions, less ground swing, etc.

Table 14. Coordinate error statistics.

Statistic
Scaled Unscaled

X Y X

Sample size 338 338 338 338
Average, ft 2. 66 -0. 12 -1. 31 -2. 93
Median, ft 2. 29 -0. 12 -1.69 -3, 06
Maximum, ft 57. 08 26.42 53.19 23. 20
Minimum, ft -31.86 -25.33 -35.75 -28.45
Standard deviaion, ft ±8.41 ±5.41 #8.41 ±5.44
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VI. CONCLUSIONS

From the field tests with the Autotape and the resulting statistical

analyses performed upon the data, the following conclusions have been

formed:

1. The Autotape is an easily operated near-shore positioning

system;

2. The accuracy of the measurements obtained with the Autotape

is sensitive to the strength of the power sources for both the

interrogator and responder;

3. There appears to be no significant difference between days of

operation if the measurements are corrected for atmospheric

conditions;

4. There appears to be no significant difference between meas-

urements made with either the fine or automatic modes;

5. For the instrument used in this project, the range 1 measure-

ment of a given line was consistently longer than the range 2

measurement of the line;

6. For the instrument used in this project, the range 1 measure-

ment of a line was consistently longer than the control value

and the range 2 measurement of a line was consistently

shorter than the control value;

7. Coordinates computed from static range measurements did
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not generally agree with the control coordinates;

8. Scaling the static range measurements did not significantly

increase their agreement with the control values;

9. The dynamic errors tend to decrease as the velocity of the

interrogator antenna increases;

10. Scaling the dynamic measurements shifted the average errors

for each range toward zero but did not affect the error-

velocity relationship;

11. The range of static errors is smaller than the range of the

low velocity dynamic errors;

12. The standard deviation in position for the dynamic measure-

ments is approximately 3.0 meters for instrument repeata-

bility and 3.8 meters for absolute position. These corres-

pond to relative errors in position of one part in 3330 and

one part in 2610 respectively.
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VII. RECOMMENDATIONS

As a result of the findings of this project, and in consideration

of the needs for the type of instrument that the Autotape represents, it

is recommended that:

1. A similar study be performed on another Autotape instrument

of the same model;

2. Precautions be taken so that ground swing effects may be bet-

ter evaluated;

3. The performance be investigated for velocities between zero

and 5 ft/sec;

4. A series of base lines be used to calibrate the instrument so

that the constant and scale portions of the error may be

investigated;

5. The possibility of the reduction of errors through a filtering

of the received signal be investigated;

6. Further tests be made to evaluate the instruments perform-

ance in a situation where ground swing varies due to changes

of the surface conditions including tests over a body of water.
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APPENDIX A

LEAST SQUARES ADJUSTMENT OF TRILATERATION
BY OBSERVATION EQUATIONS

The control network for this project consisted of 21 independently

observed distances measured with either a microwave or an electro-

optical instrument. Program TRIPLX was used to adjust the network.

This program utilizes observation equations in a least squares solu-

tion. This is accomplished by equating the observations to a function

of the most probable coordinates of the stations at either end of the

line. Approximate values are substituted into the equations and an

iterative process is used to refine the values until the variations in

the values of the coordinates are negligible, thus the, method of

"variation of coordinates. "

The observation equations are initially formed in terms of dis-

tances. Suppose one line is removed from a network, as pictured in

Figure A-1. The observed distance between the stations i and j

is D... The equation for the most probable distance in terms of the

most probable coordinates is:

where

211/2
D. + v. = [(X.-X.1 ) +(Y.-Y.)

3 3 1

v.. = the residual of the observed distance.

(A. 1)
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Y

Figure A-1. Distance observation between stations i and j.

Expressions for each observation of a network may be written in

a similar manner by substituting the correct subscripts.

A rigid least squares adjustment of the network can be made by

solving simultaneously all the observation equations such as Equation

A. 1. This is not practical, however, without linearizing the equations.

Linearization may be accomplished through the use of a Taylor series

expansion. For example, suppose L is an observed value which is

a function of the variables x and y, so that:

L = f(x, y) (A. 2)
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Using a Taylor series expansion and neglecting all second order

and higher terms, L may be approximated as:

L = [f]
o

+ [f' ]
o

dx + [fs (A. 3)x

where:

[ ]
o

= a quantity evaluated with approximations of x and y

f' ,f' = partial derivatives of f with respect to x and yy

dx,dy = unknown corrections to [X] andand [Y]
o

Letting:

G = D.. + v..
13 13

in Equation A. 1, the linear approximation from the Taylor series

expansion becomes:

(A. 4)

G = [G] + [G dX. + [G dY. + [G dX -f [G dY. (A. 5)o X.o Y.o 1 X.o j Y.o j
1 1 3

Evaluating the partial derivatives and rearranging yields:

X.-X. Y.-Y. X.-X. Y.-Y.
[ 1 ]

o D..dX. + [ 1 ]
o

dY
i D

+ [ .. 1 ]odXj +
D o

dYDij j
13 13

= D.. - [D..] + v..
o

where:

[D..] = [(x.-x )2+ (y -y )21112
13 0 i j 1 0

(A. 6)
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A linearized observation equation such as Equation A. 6 may be

written for each observed distance of the network by substituting the

correct station numbers for i and j.

Solving the system of linearized observation equations by least

squares yields the corrections dX., dY., , dXn, dY suchsuch that the
1

most probable coordinates are given by:

X. = [X.] + dX.
1 o 1

Y. = [Y.] + dY.
1 1 o 1

(A. 7)

X = [Xn]
o

+ dX
nn

Y = [Yn]o + dY
nn

where:

n = number of unknown stations in the network.

Since the linearized Equation A. 6 is an approximation, the new

coordinate s X., Y., . . . , Xn, Yn from Equation A. 7 are used as better
1

approximations in Equation A.6 and the process is repeated until the

corrections dX.,dY., , dXn, dY becomebecome negligible.
1 1

The solution of observation equations by least squares techniques

can be easily shown in matrix form. Equation A. 6 may be written as:

AX = L + V (A. 8)
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where:

A = an m x n rectangular matrix of the coefficients of the

unknowns

X = an n x 1 column vector of the unknowns

L = an m x 1 column vector of differences between observations

and their computed approximations

V = an m x 1 column vector of residuals

m = the number of observations

n = the number of unknowns.

The most probable solution of the set of observation Equations

A. 8 is:

X = (AT -1
A

TL

If the weights of the various observations are different, the

inclusion of an m x n diagonal weight matrix P yields:

and:

(A. 9)

PAX = PL + PV (A. 10)

X = (AT PA) -1
A

TPL (A. 11)

where Equations A. 10 and A. 11 correspond to Equations A. 8 and A. 9,

respectively.

The elements of P are inversely proportional to the square of

the estimated standard deviation of the observations. Thus:



1

Pkk cc 2

crk

where:

o-k = the estimated standard deviation of the kth measurement.

From the least squares solution the variance-covariance matrix

may be computed, and the standard errors of the adjusted coordinates

may be estimated.

Defining Q as:

T,Q = (A PA) -1

and the unit variance of the observations as:

2 1
S = V PV

o m-n

(A. 13

(A. 14)

where V may be found by solving Equation A. 8, the variance-

covariance matrix is computed as the unit variance times the Q

matrix.

The standard deviations of the adjusted values from the X

matrix may then be estimated as:

,1/2
S = So

o
1

where:

(A. 15)

q.. = a diagonal element of the Q matrix and.

X. = the unknown, such as the X or Y coordinate of station i or j.
1
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Program TRIPLX as described here is a revised version of the

program as it appears in Mezera's thesis (M. The original program

was written to perform a least squares adjustment on a network which

consisted of both distance and angle measurements. Since only dis-

tance measurements were used in this project, the program was

revised, so that the weight values were left as previously defined

rather than as a dimension-less number as is necessary when com-

bined with angle measurements.
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APPENDIX B

ANALYSIS OF VARIANCE PROGRAMS

In order to determine if there was a significant effect due to

classifying the static test data by the factors of day, mode or station,

the programs *ANOVA3 and *ANOVA12 were used. These programs

were written for use on the CDC 3300 computer and may be obtained

through the Department of Statistics of Oregon State University.

The input for program *ANOVA3 includes the observations being

studied together with an indicator of the level of each of the factors

for each observation. Output includes tables containing an analysis of

variance and means for each factor and for all combinations or inter-

actions of factors. The program computes the F statistics for each

factor and interaction term using the mean square (MS) of the factor

being tested and the MS of the error term.

The calculation of the analysis of variance table and the table of

means, using the variables I, J, K to represent the three factors,

follows. Let mi,mj and mk represent the total number of levels of

I, J and K, respectively. For every combination of the first and

second factors, the observations are added over the third factor,

giving:



mk

X ijk
k =1

i= 1, ... ,mi

j = 1, ... ,mj

The number of observations is given as:

mk

ni.jk
k =1

i = 1, ... ,mi

j= 1, ... ,mj
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(B. 1)

(B. 2)

The sum of squares for the interaction between the first and

second factors can then be computed as:

SS. .
1X3

=

mi mj

i=1 j=1

..6..

mk 2

E .

k=lxi.jk (B.3)mk
E n.

k=1 lik

and the entries for the table of means for the (ixj) interaction terms

are calculated as:

mk
E x..ijkk=1
mk
E n..ijk

k=1

i = 1, ... ,mi

j = 1, ... ,mj
(B.4)

The total number of observations in each level of the first fac-

for is given as:



mj mk
n ijk

j=1 k=1
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(B. 5)

and the sums of the observations in each level of the first factor can

be expressed as:

mj mk
xij..

k
j =1 k =1

The mean for each level of the first factor is given as:

mj mk
E E x..

j=1 k=1 liz.
mj mk
E E n..ijk

The sum of squares for factor I can be written as:

SS. =
1

mj mk
mi E E x..t.

j=1 k=1

=1
mk

i E E n..t.
j=1 k=1 13-1

(B.6)

(B. 7)

(B. 8)

The sum of squares for the second factor, J, can be found

from (B. 8) by exchanging the indicies on the summation notation so

that (B. 8) becomes:



SS. =
J

Tic

k =1 k =1
ijk

mk mi
1 E E n ijd

k =1 i =1
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(B. 9)

Likewise the main effect sum of squares for factor K can be

found using the same equations with the correct subscripts.

The sum of squares for the interaction of the J and K fac-

tors is computed as:

mj mk
=ixk

j=1 k=1

mk 2

x.[k=i
mk
E n

k=1 ijk
=NI

(B. 10)

Again, exchanging the notation yields the interaction sum of

squares for the I and K factors.

A correction term is next computed as:

C. T. =
N

(B. 11)

where N = the total number of observations.

The output ANOVA table consists of the degrees of freedom, the

corrected sum of squares, the mean square and the F value for

each factor or interaction term.

The degrees of freedom are computed as:



(i) main effect: DF. = mi - 1

m(j)main effect: DF. = j - 1

(k) main effect: DFk = mk - 1

(i x j) interaction: DF. . = (DF.)(DF.)
1

(i x k) interaction: DF. = DF.)(DF
k

)ixk 1

(j x k) interaction: DFjxk = (DF.)(DF k)
j k

(i (ix j x k) interaction: DF. = DF.)(DF.)(DF )ixjxk 1 j k

Total degrees of freedom: TDF = N - 1
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(B. 11)

DErrordegrees of freedom: EDF = TDF - DF.
1

- DF. Fk
.3

- DF DF-DF.DF DF.ixk jxk

- DFixjxk

The corrected sums of squares are computed as:
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F

Second (j)

Third (k)

1
C. T.

main effect sum of squares = SS. C. T.
3

main effect sum of squares = SSk
- C. T.

(1)

(2)

(3)

(i x j) interaction sum of squares = SS. . - C. T. (4)

- (1) (2)

(i x k) interaction sum of squares = SSixk - C. T. (5)

- (1) - (3) (B.12)

(j x k) interaction sum of squares = SS. C. T.jxk (6)

(i x j x k) interaction sum of squares E
nij..

k

(2) (3)

(x.. )2i'k - C. T. (7)

- (6) - (5) - (4)

(3) (2) (1)

Total sum of squares (TSS) = Z(x ik) 2 - C. T.
j

Error sum of squares (ESS) = TSS - (7) (6) - (5)

- (4) - (3) - (2) - (1)

From these values, the mean squares are computed for each

term in the table as:

MSCorrected sum of squares
= Degrees of freedom

and the mean square error (MSE) is calculated as:

(B. 14)



ESSMSE = EDF

The F statistic is computed as:

MSF = MSE
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(B. 16)

for each line in the table, unless there is only one observation per

cell. Then the MS of the three way interaction (ixjxk) is used as

the MSE. An example of the output is shown in Figure B-1.

The one/two way ANOVA program (*ANOVA12) uses the same

process to compute a similar table for either a one way or two way

test, eliminating one set of summations and reducing the number of

interactions to only (ixj). The output contains the same information

as described for the *ANOVA3 program. For this particular project,

the actual observations were used in ANOVA12 in a one-way analysis

of variance in order to compute the MSE for the nearly 3000 observa-

tions which could be classified into 42 separate combinations of day,

mode and station. The means of each set of observations were used

in *ANOVA3 to compute the MS for the three factors. The MSE from

*ANOVA12 was then used with the MS for the factors in *ANOVA3 to

calculate the F statistics as found in Table 7.



*ANOVA3 - THREE FACTOR ANALYSIS OF VARIANCE. VER. 3.6
OREGON STATE UNIVERSITY COMPUTER CENTER. DATE OS/13/72

SOURCE DF SS MS F
STA. 6 3025267.3927 504211.2321 12294674.677
MODE 1 .0066 .0066 .161
DAY 2 2.4138 1.2069 29.429
STA. X MODE 6 .1593 .0266 .647
STA. X DAY 12 63.6480 5.3040 129.333
MODE X DAY 2 .0210 .0105 .256
STA. X MODE X DAY 12 .4921 .0410 1.000

THREE FACTOR INTERACTION TERM IS USED FOR F TESTS.

TOTAL 41 3025334.133484

MEANS.

STA.
( 1 )

424.3562
( 5 )

- 138.8762

MODE

DAY

( 1 )
1.0743

C 2 )

263.2248
( 6 )

267.9613

2 )
- 1.0993

( 3 )

117.1992
( 7 )

-386.8852

C 4 )
.18.6652

- 18.8875
C 5 _1 )

- 138.9165
C 6 I )

-267.2715
C 7 I )

- 384.4155

MODE X DAY
( I .1 )

- 0.7110
C 2 1 )

.0.7883

STA. X MODE X DAY

.18.3705 .48;67375
.5 2) C 5 3)

- 138.9870 1383.7250
6 2 ) 6 3 )

- 267.2655 - 269.3470
7 2) C 7 3 )

- 387.1410 - 389.0990

( 1 2 ) C 1 3 )

- 1.2713 - 1.2406
C 2 . 2) C 2 0 3)

- 1.3010 .10$0117

!

C 1. l I) ( I l 2) I 10 3)
422.7480 422.6290 427.6060

( 1 2 I ) ( I 2 . 2 ) ( 1 2 3 )
422.9750 422.2330 427.9460

C 2 , 1 1 ) ( 2 , 1 . 2 )(2, I 3 )

263.3950 263.2160 263.0550

C 2 , 2 , 1 ) 2 2 , 2 ) ( 2 i 2 s 3 )
263.3070 263.2450 263..1310

( 3 . 1 , 1 ) 3 I 2) C 3 I 3)
118.0410 116.9630 116.4690

( 1 ) C 2) C 3) C 3 .2 .1 ) C 3 D.. 2, 2) 3 2 3)
-0.7496

STA. X MODE
( I a 1 )

424.3277
( 2 I )

263.2220
C 3 . I )

117.1577
( 4 I )

-18.6690
( 5 I )

I38.8713
C 6 / I )

- 267.8030
( 7 I )

-386.8840

STA. X DAY
C I r l )

422.8615
( 2 I )

263.3518
C 3 I )

118.0310
C 4 o I )

- 1.2861

C I 2 )

424.3847
C 2 2 )

263.2277
C 3 2 )

117.2407
( 4 2 )

'18.6613
C 5 2 )

-.138.8810
( 6 2 )

- 268.1197
C 7 2 )

- 386.8863

( I 2 )

422.4310
C 2 2 )

263.2305
3 , 2 )

117.0995
( 4 2 )

-1.2246

C I 3 )

427.7760
C 2 3 )

263.0930
( 3 3 )

116.4670
C 4 3 )

Figure B-1. Sample output of *ANOVA3.

118.0210 117.2360 116.4650

( 4 ( 4 . l . 2 )s 2 ) ( 4. 1. 3)
18.8880 18.3170 18.81120

4 .2 1 ) ( 4 2 2 ) C 2 3 )
- 18.8870 18.4240 18.67311

( 5 1 , I ) ( 5 r I 2 ) ( 5 I 3 )
...138.8640 - 138.8350 ...138.9150

( 5 2 1 ) C 5 2 2 ) ( 5 2 3 )

138.9690 - 139.1390 - 138.5350

( 6 1 1 ) ( 6 2 ) ( 6 1 3 )

- 267.0450 - 267.3350 - 269.0290

( 6 2 1 ) ( 6 , 2 . 2 ) ( 6 2 3 )
- 267.4980 267.1960 - 269.6650

( 7 I , 1 ) ( 7 , 1 , 2 ) 7 l 3 )

- 384.3640 387.2200 - 389.0680

( 7 2 1 ) ( 7 2 2 ) C 7 2 3 )
- 384.4670 -387.0620 - 389.1300

000


