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Mathematical modeling of phytoplankton populations based on

laboratory observations provides increased understanding of the

interaction among the environmental and biological mechanisms,

influencing growth dynamics. Such fundamental understanding is

necessary to estimate the impact of man-made perturbations on

natural population.

A three-compartment mathematical model was developed to

represent a phytoplankton population having the capability to store

nitrogen in a nitrate limited environment. Parameters were estimated

by fitting the model to data from two chemostat experiments reported

in the literature. The model was solved by numerical techniques on

a digital computer.

The model was used to simulate growth dynamics observed in

chemostat and batch experiments. The model demonstrated the



changes which may occur in the nitrogenous constituents of a phyto-

plankton population with time and environmental conditions. The

model also demonstrates three phenomena which have been observed

in field and laboratory experiments but which are not represented by

the customary Monod model: 1) uptake rates may significantly exceed

net growth rates, 2) high growth rates may be encountered at very

low environmental nitrate concentrations, and 3) the ratio of internal

nitrogen to population size may change significantly during a study

period. It is suggested that the amount of nitrogen in storage may be

used as an indicator of the physiological state of the population.

Parameters for the one-compartment Monod model were

estimated by customary methods from data generated by the three-

compartment model. It was shown that difficulties encountered in

estimating the yield coefficient and the decay coefficient may be

attributed to the intracellular storage phenomenon. It was also

demonstrated that the one-compartment Monod model was inadequate

to accurately represent population growth in chemostat experiments

when intracellular storage is a significant factor.

The model was applied to a completely mixed system to

demonstrate the succession of blooms and coexistence of species in

phytoplankton communities as influenced by temporal variations in

the environmental conditions.



The model was expanded to include the one-dimensional

vertical distribution of the phytoplankton in the water column. The

influences of light, temperature, and water turbulence on the growth

and distribution of the population were included in the model.
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MATHEMATICAL MODEL OF A PHYTOPLANKTON COMMUNITY
IN A NITRATE LIMITED ENVIRONMENT

INTRODUCTION

Life in aquatic environments is basically dependent on the

photosynthetic activity of the autotrophic organisms. In the presence

of suitable nutrients, these organisms utilize light energy to convert

carbon dioxide into the organic matter which is the rudimentary food

source for the higher life forms in the system. Phytoplanton gen-

erally make up the largest portion of the photosynthetic biomass and

these microscopic plants are sometimes referred to as the "grass of

the sea". Variations in the growth and distribution of the phytoplank-

ton can markedly influence the biological characteristics of an

ecosystem.

Phytoplankton production is controlled by the interaction of

many factors. These factors may be grouped into three general

categories: 1) physical factors including solar radiation, tempera-

ture, and turbulence; 2) chemical. factors including the presence of

toxic materials and the availability of nutrients in the photic zone;

and, 3) interaction among the organisms in the system which may

promote or hinder the production of certain species. When factors

change in a manner which promotes production, the system is said to

be undergoing eutrophication. The eutrophication of a water body may
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occur naturally or be stimulated, usually at an accelerated rate, by

the actions of man. For example, physical factors can be altered in

a water body by the construction of a dam and significant chemical

changes can be induced by domestic and industrial waste discharges

or runoff from agricultural lands. The relationship between eutrophi-

cation and the interaction among organisms is not well understood;

however, observations have indicated that, in general, the diversity

of the aquatic community decreases as eutrophication progresses.

Eutrophication may cause numerous undesirable effects in water

quality concerning public health, aesthetic, and economic considera-

tions. It is, therefore, important to study the various factors influ-

encing the growth and distribution of phytoplankton populations.

Purpose and Scope

Perhaps the most widespread cause of accelerated eutrophica-

tion is nutrient enrichment of the water in the photic zone. Nitrogen

is one of the nutrients which has been observed to stimulate growth,

especially in marine environments. Observations have also indi-

cated that phytoplankton have the capability to store nitrogen in intra-

cellular pools for use at a later time. This phenomenon has been

termed "luxury uptake".

The purpose of this study is to develop a mathematical model

representing the phytoplankton community in a nitrate limited
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environment. Mathematical modeling of a natural population based on

laboratory observations provides greater understanding of the inter-

action mong the environmental and biological mechanisms influencing

growth dynamics. Such fundamental understanding is necessary to

estimate the impact of man-made perturbations on natural populations.

The basic model is developed to represent a single phyto-

plankton species with the capability to store nitrogen growing under

optimum environmental conditions. The model is then expanded to

include more than one species competing in variable environmental

conditions. Finally the model is expanded to represent the vertical

distributions of the phytoplankton community in the water column.
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PHYTOPLANKTON MODEL

Introduction

Nutrient enrichment studies have indicated that phytoplankton

populations in the marine environment are frequently limited by the

unavailability of nitrogen in the water; however, the exact relationship

between the environmental concentration of this limiting nutrient and

the instantaneous growth rate of the organisms is not completely

understood.

Considerable success has been achieved in describing the uptake

rates of nitrate and ammonia by Michaelis -Menten kinetics, and half -

saturation constants (Ks) have been calculated for a number of

phytoplankton species (18,19,45). The relationship between environ-

mental nutrient concentration and cell growth, on the otherhand, does

not appear to be so easily described. Observations over short per-

iods of time have indicated, in some cases, relatively slow growth

concurrent with rapid uptake and, in other cases, rapid growth in

environments having low nutrient concentrations. These observations

suggest that intracellular nitrogen storage may be a predominant

mechanism influencing organism growth (11,18).

In this chapter a mathematical model is developed to represent

a phytoplankton population having the capability to store nitrogen in a

nitrate limiting environment. Parameters are estimated for the
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model and responses are compared to the results from chemostat

studies. The model is then run as a batch system and some charac-

teristic responses of such systems are demonstrated.

Model Concepts

Consider the phytoplankton population represented by the three

compartments in Figure 1. The average concentrations of inorganic-

nitrogen, organic-intermediates and protein within the cells are

identified by Ni, N2, and N13 respectively in the model. The

environmental concentrations of nitrate and excreted nitrogenous-

organics are identified by NI and No respectively. The size of

the population at any time is measured by the amount of protein in the

environment.

Figure 1. Flow of nitrogen in the phytoplankton model.



Variation in the uptake rate (GI) with environmental nitrate

concentration NI has been observed to follow a hyperbola (11, 17,

19,22,32,45,55). This function for GI can be represented in the

model by the Monod expression (43). Laboratory experiments have

indicated that significant amounts of this assimilated nitrate can be

stored as inorganic-nitrogen (Ni) in the cells (17,46, 65).

The inorganic-nitrogen within the cells is converted to inter-

mediate nitrogeneous -organics (N2) which are the precursors of

protein. Although the reduction and incorporation of N1 into N2'

is a complex series of enzymatic reactions, it is assumed for the

model that the net reaction rate (G1) can be approximated by a

6

Michaelis-Menten enzyme kinetic expression (54) where the reactant

is N1 and the product is N. Soluble organic-nitrogen has been

observed to accumulate in appreciable amounts within the cell during

batch studies with Scenedesmus (65). Significant amounts may also

be excreted from the cells into the surrounding environment (1,30,

38,46,65). The excretion is represented in the model by the first

order reaction rate, K4.

The synthesis of protein (N3 ) from the organic-intermediates

(N12 ) is approximated in the model by a Michaelis-Menten reaction

rate, G2. Breakdown of the protein has been observed in nutrient

starved cells (23, 65, 72) and is represented in the model by the first

order decay rate, K3.
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Nitrogenous-organics in the environment (N0) may provide a

nutrient source for the cells in two ways: direct uptake by the cells

(8, 38, 66, 68) and bacterial decay to inorganic nutrients (40,41).

These phenomena are represented in the model by the first order

rates, K5 and K6.

Model Derivation

The assimilation of nitrate into the cell and subsequent conver-

sion to amino acids and protein require energy consuming enzymatic

reactions. Energy may be derived directly from the photosynthetic

process or from the oxidation of organic storage products within the

cell. Each of the reaction rates conceptualized in the model, GI,

Gi, and. G2, represents the combined affects of many complex

reactions and may be influenced differently according to the energy

source available. For example, experiments with Ditylum brightwelli

suggest that nitrate assimilation (GI) continued for a period of time

after the removal of the light, but the nitrate reduction mechanism

was significantly inhibited causing an accumulation of inorganic. nitro-

gen in the vacuole (16, 17). The uptake of nitrate in the dark has also

been observed in natural populations (15). In order to include this

phenomenon in the model it would be necessary to include energy

production and storage components in the model and to define func-

tional relationships between the available energy and the reaction
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rates. The inclusion of other environmental variables, such as heat

and trace minerals, would also require delineation of functional rela-

tionships which are not available for the conceptualized model,

Therefore, the model equations will be derived for the specific condi-

tions of a chemostat operating at optimum light and temperature with

a single limiting nutrient in the environment.

Under these conditions, the net conversion of intermediate-

organics to protein can be described by the following expression:

d(ts
c
N' )

3

dt - av'c V2
N'

2
) K3+N' 3 3 c 3

2 2

in which,

Af-c = effective volume of cells (liters)

N12, N3 = average concentrations of organic-intermediates and

protein respectively within the cells (11g-at N/1)
-1,V2 = maximum growth rate (day )

K1
2

= Michaelis constant (11g-atil)

K3 = decay constant (day-1
)

(1)

Mass balance of the materials in the reactor provides the following

identities:

N3 =
3

/4f
3 c

N
2

= iv; N'c 2

(2)

(3)



where,

Je.= volume of reactor (liters)

N2, N3 = average concentrations of organic-intermediates and pro-

tein respectively in the reactor (µg -at N/1)

Combining Equations 1, 2, and 3 leads to:

d.N
3

N

dt
2

= V2( K'
)N3 K

3
N3

2 c
JO;

+ N
2

(4)

Equation 4 describes the population growth kinetics based on cell

protein where each nitrogen-component concentration is the average

concentration in the reactor. Equation 4 is similar in form to the

Monod expression (43) except the term 1.(12 .*
c

/V- replaces the half

saturation constant.

If the effective volume of cells, Ae-c,

ear function of the protein concentration, N3, then:

is assumed to be a lin-

'10
c

= aN 331F-

where a is a constant (liters cells /µg -at N3).

Combining Equations 4 and 5 leads to:

(5)

9
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N2

dN
3

N3

dt = V2( )N3 K3N3 (6)

K2+ N2
3

where K2 is a dimensionless constant equal to Ki 2a.

An expression similar to Equation 6 can be derived for N2 utilizing

N1 as a nutrient source.

Mass balance of the nitrogen in a completely mixed system can

be described by the following equations using the growth kinetics

derived in Equation 6.

N1
G1 = V1(

K
I
+N

I
)

N1

N3
G1 = V1(

K +
N1

1 N3

N2

N3
G = V

2
(

2

K +
N2

2 N3

dN
3

dt G
2

N3 K
3

N3 QN
3

(7)

(8)

(9)

(10)



dN1

dt = GINS G
1

N3 QN
1

dNI

dt -GINS + K
6
N0 + (C-N )Q

dNO

dt = K4N2 K
5
N0 - K

6
N0 QNo

where Q is the flow rate through the system and is equal to the

reciprocal of the residence time (day -1
) and. C is the nitrate con-

centration in the influent. A batch system can be simulated by setting

Q = O. Equations 7 through 14 can be solved simultaneously by means

of an analog-simulator program available for the CDC 3300 digital

computer at Oregon State University (56).

If Q and C are held constant, the nitrogen concentrations

in the system will approach steady state values. Equations 7 through

14 can be solved algebraically for the steady state conditions with the

following results:

N2
K 2(K 3+Q)

N3 V2 -K3 -Q

N2
K4

N3
3

N3 K
5

+K
6+Q

(15)

(16)
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N1
1 (17)

N3 V1

Q+(K + )N2 K NON3 5 N3

NI
V

I

K
I

- 1

N1

N3 N1

V 1(K

+11)
+ Q(N )

3

1 N3

(C -N
N3

NI 0
VI(

K
I
+NI

) K6
N3

(18)

(19)

These equations can be solved in sequence. Values of N2, No, and

N1 can be calculated by multiplying the results of Equations 15, 16,

and 17 by the value of N3 calculated in Equation 19.

Q, exceeds the maximum net growth rate ofIf the flow rate,

the organisms, then the entire population will eventually be washed

out of the reactor. The flow rate at which this condition first occurs

is the washout rate and is signified by TheThe washout rate can be

obtained for a particular set of parameters and an influent concentra-

tion, C, from the steady state equations. Assuming that recycling

is negligible (K5 = K6 = 0) and recognizing that N1 is equal to

C when there are no organisms in the reactor, Equations 16, 18,



and 19 can be arranged in the following forms:

K3 K2+QwK2
a =

V2 -K3 -Qw

b =
V1 -Q -aQw

aK K +Q K
4 1 w 1

V
I 1
C V b

KI+C Kl+b
Qw

N2 N1
where

N
and b =

N
. Equations 20 through 22 provide three

3

equations in the three unknowns Q , a, and b. An algebraic solu-

tion to these equations would be very complex so a simple trial and

error computer routine was prepared. An initial value is estimated

for Q and then Equations 20 through 22 are solved in sequence.

The value of Q calculated in Equation 22 is compared with the

initial estimated value. A new estimate of Qw is made so that it

falls between these values and the process is repeated until the esti-

mated and calculated values converge to within one percent of each

other.

13

(20)

(21)

(22)

Parameter Estimation

No laboratory or field data were available describing the

response of the various components which are conceptualized in this
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model. Therefore, the following methods of parameter estimation

are somewhat awkward and include several assumptions necessary for

the utilization of available data.

The data selected for this study were obtained from two

chemostat experiments using Isochrysis galbana, a small littoral

flagellate, in a nitrate limiting environment (10, 11). In one experi-

ment (designated "A") the influent nitrate-nitrogen concentration (C)

was 10.89 µg -at N/liter and in the other experiment (designated "B")

8.65 µg -at N/liter. During both experiments steady state populations

were obtained at several flow rates (Q). Cell numbers were meas-

ured and plotted vs. time for transient and steady state conditions.

The nitrate concentrations in the reactors were very low at low flow

rates and were not measured at high flow rates.

In order to estimate the parameters from the available data it

was assumed that recycling was negligible (K5 and K6 = 0) and the

steady state equations were rearranged into the following forms:

(23)G = (C-N )
1 I N3

G2 K3 =Q (24)

G = (C-N -N
1 I 1

)N3
(25)

(26)



N3
N2 = (G

1
-G

2
+ K3)

K 4
+Q

15

(27)

Values for Q and. C in the above equations are directly available

from the data. Values for N3 were estimated from the measured

cell concentrations by assuming that the amount of protein per cell

(q
0

) remained reasonably constant.

From the data, Caperon (10) estimated that the nitrogen content

of a cell with zero internal nitrogen storage (q0)

3.28 x 10-8 µg -at N/cell for Experiment A and

was

2.93 x 10-8 µg -at N/cell for Experiment B. If all of the nitrate in

each system was converted to protein, the maximum cell numbers

which could occur for these values of would be 3.32 x 10 8 and
q0

2.95 x 108 cells/1 for Experiments A and B respectively. However,

populations greater than 4.0 x 108 and 3. 5 x 108 cells/1 were meas-

ured in the reactor and, therefore, the above estimates of q0 are

too high to represent the maximum cell numbers observed without

violating the nitrogen mass continuity of the system. A
-8

q
0

= 5.07 x 10 i.tg-at N/cell has also been estimated for Isochrysis

galbana (32), but this value would also be high. In order to estimate

a more reasonable value of q0 it was assumed that approximately

80% of the nitrogen in the reactor was tied up in protein (N3) when

the maximum populations occurred. This assumption led to a
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q
0

= 2.0 x 10-8 p.g-at N/cell and resulted in steady state values for

(N3) as shown in Figure 2.

A wide range of values have been reported for the maximum

rate of nitrate uptake (VI) as shown in column 2 of Table 1. The

magnitudes of these values depend on the method used to measure the

population size and, therefore, it is necessary to convert them to

units which are consistent with the model (where protein is the meas-

ure of population size). The rates on line #1 of Table 1 were con-

verted from doubling /day to day-1 units by multiplying by the In 2

(0. 694). It was assumed that 75% of the cell nitrogen was in the form

of protein and a second multiplier of 1.33 provided units which are

consistent with the model as shown in column 5. The rate on line 2,

column 2 was converted to the value shown in column 5 by assuming

a constant protein per cell ratio, q = 2.0 x 10 -8 pg -at N/cell. The

rates on line 3, column 2 are already in units consistent with the

model. Column 5 of Table 1 shows, in consistent units, the wide

range of values reported for VI. Values for the half-saturation

constant (K
I)

also vary over a wide range with the great majority

coming between 0.1 and 1.5 µg -at Nil (19,45, 18).

In Equation 23, GI is insensitive to large variations in NI

when C is large relative to NI; so the values of VI and K
I

have very little effect on the steady state population for the range of

model responses encountered in this study. Therefore, the magnitude
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4

2

0

75

C) Experiment A, C = 10. 89

Experiment B, C = 8.65

(b)
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0.2 0.4 0. 6
Q (per day)

Figure 2. Steady state conditions in chemostat with
q0 = 2.0 x 10-8 rig-at N3 /cell.
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Table 1. Maximum uptake rates.

VI Estimated in
Line Maximum Uptake Rate Units of Population Units of the Model
No. Range Units Measure day-1 Reference
(1) (2) (3) (4) (5) (6)

1 6.6-12.0 doublings /day Total cell nitrogen 6.1-11.1 19,18

2 1.2 per hour 106 cells .575 16

3 .024-. 864 per day particulate nitrogen .024-. 864 45

Table 2. Parameters used in the model.

Parameter ciox 10 8

Set
Identification (µg -at N/cell)

VI K
I

V
1

K1 V
2

K2 K3 K4 K5 K6

per per per per per per per
day µg -at /1 day day day day day day

#1 2.0 4.0 0.38 4.32 1.0 3.57 2.51 0.2 0.2 0 0

#2 1.2 4.0 0.38 6.84 2.24 5.0 7.5 0.2 0.3 0 0
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of V1 and K1 do not have a significant influence onthe other

parameters estimated from the steady state populations of Experiments

A and. B. This observation was confirmed by several computer runs,

after all parameters were estimated, and will be discussed later.

Values of VI = 4. 0 and K
I

= 0.38 were selected arbitrarily for

use in the model. These values fall within the ranges reported in the

literature.

The remaining parameters were selected by the following

graphical method. For each steady state flow (Q), values of N3

were obtained from the data (Figure 2) and values of NI were cal-

culated from Equations 7 and 23 using the parameters selected above.

Equation 25 was solved at each steady state flow for five values of

N1 selected so that the dimensionless term -y = N1 /(C-N3-NI)

would have the values: O. 80, 0.40, 0. 20, O. 10, and 0.05. Values

of G1 calculated from Equation 25 were plotted versus N1/N3

for each value of y and each steady state flow as shown in Figure

3. By estimating a value for K3, G2 was calculated from Equa-

tion 24 for each flow rate.

Then Equations 25 and 27 were solved for values of N2 for the

same 5 values of -y and for an estimated value of K4. G2 was

plotted against N 2/N3 for specific values of Q and .y as shown

in Figure 4. In order to be consistent with the model, curves drawn

through these data and through the data in Figure 3 must both be
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0 0

.0
ao

0.5 1.0
Ni /N3 (relative concentration)

Figure 3. Plot of G1 vs. Ni /N3.
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hyperbolic and must provide identical values at the same flows.

Curves which approximately satisfy both of these conditions are

shown in Figures 3 and 4. The parameters which define these curves

are shown as parameter set #1 in Table 2. The steady state model

response for this set of parameters is shown by the continuous lines

in Figure 2.

The above method for estimating parameters is quite arbitrary

because of the scarcity of data available. If measurements of N2

and/or N1 had been taken, Figure 3 or 4 would have been defined

by the data and the remaining parameters could have been estimated

in a more determinate manner.

Computer runs were conducted to determine the affect of vary-

ing VI on the model response using the estimated parameters.

When VI was increased from 4 to 12 the change in the transient

and steady state population response was less than 4%. When VI

was changed from 4 to 24, the change in the population response was

less than 7%. Similar results were obtained for variations in KI.

Therefore, the assumption made earlier that VI and K
I

have a

small affect on the population response for the conditions encountered.

is valid.

After several runs it appeared that cell storage was underesti-

mated by this set of parameters. Therefore, a second set of param-

eters was estimated by the above procedures based on a lower fraction
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of protein per cell in order that more nitrogen would be available for

storage (Table 2). The steady state model response for this set of

parameters is shown in Figure 5.

Model Responses

The steady state model responses fit the observed population

data reasonably well as shown in Figures 2a and 5a. The population

size, measured by N3, decreases significantly with an increase in

flow rate (Q). Washout occurs at a flow of approximately 0. 9 9 per

day for parameter set #1 and 0.77 per day for parameter set #2.

Excreted organics (N0) reach a fairly stable level at low flows.

The nitrate concentrations in the environment remain at a low level

throughout the range of flows in the study.

The steady state cell composition changes significantly with

flow as shown in Figures 2b and 5b. The percentage of total cell

nitrogen which is in storage (N1 and. N2) increases rapidly with

flow. Since the average cell age varies inversely with flow, it appears

that the young cells in the model have greater nitrogen storage than

the old ones. Experiments A and. B had identical cell compositions,

based on percent of total cell nitrogen, at the same flows and so it

appears that the individual cell composition is somewhat independent

of the nitrate concentration in the influent (C). Thus, nitrogen

storage may be an indicator of the physiological state of the cell.
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The model appeared to fit the steady state data reasonably well,

so the entire chemostat runs were simulated. The population data

from Reference 10 and the model responses for both sets of param-

eters are shown in Figures 6 and 7. Experiment A (Figure 6) is the

most interesting because the effects of stored nitrogen can be seen.

Although very little nitrate is available in the environment (NI) at

any time during the chemostat runs, cell numbers surge dramatically

when the flow is stopped. In the reactor the nutrient for the increased

growth may have been derived from stored inorganic and organic

nitrogen products or it may have been derived from a decrease in the

amount of protein per cell. In the model the amount of protein per

cell is assumed constant so all nutrient for this growth is derived

from the storage products N1 and. N2. Figures 6 and 7 indicate

that parameter set #2 provides greater storage capacities in the model

than parameter set #1. Caperon was able to fit curves to the data (11)

using a two compartment model which incorporated lag times in the

uptake response of the cell to nutrient in the environment. However,

it was apparently necessary to use different parameters in the model

to fit the data for each chemostat run. In addition, the model violates

the law of continuity in that more nitrate is present in the reactor at

certain times than is available in the inflow.

Batch experiments were simulated by the model using parameter

set #1 (Table 2) for two initial nitrate concentrations: NI = 10. 89 and
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NI = 8.65 lag-at/1. The model responses shown in Figure 8a repre-

sent several characteristics which are typical of natural populations.

When starved cells are added to a nitrate rich environment, there is

a lag phase between the time of inoculation and exponential growth

(1, 10,11, 38, 40, 65, 66). There is a much shorter lag phase in the

uptake of the environmental nitrate and it may be depleted before the

maximum population is obtained (38, 47, 65, 66). If in the model, the

initial cell storage had been high, no lag would have occurred in the

growth. Significant amounts of excreted nitrogenous-organics (No)

may build up in the environment during the growth and decay phases

of a batch study (38, 23). Populations of cells have been observed to ex-

crete 35 of 4C% of their nitrogenous organic matter to the environment during

growth (1) in a manner similar to that shown in Figure 8a. A death

phase, as represented by the model, may be observed after the peak

population is obtained; however, in some cases recycling may signifi-

cantly reduce the rate of population decline (1, 23,38,65).

The model responses of cell nitrogen composition are shown in

Figure 8b. The storage compartments for N1 and N2 are filled

and depleted in sequence with most of the cell nitrogen eventually

ending up as protein. The cell composition changes rapidly

during the early stages of log growth. Such variations in cell nitrogen

have been observed in batch studies (19). The model protein (N3)

response falls within the range of 21 to 72% of total cellular nitrogen
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reported for a variety of cells in log growth (46). It has also been

observed that during growth the protein synthesis lagged behind

assimilation with a resulting accumulation of soluble-N in the cells,

most of which were amino acids (19). In this same study the protein

fraction remained high (between 90 and 95% of total cellular nitrogen)

and the amino-N dropped exponentially to a constant level during the

death phase. As in the chemostat study, the % nitrogen composition

of the cells at any particular time was identical for both runs.

The organic-N per cell has been reported for batch studies on

Chlamyd.omonas reinhardtii (38). These data and the model responses

from Figure 8 were non-dimensionalized and plotted in Figure 9 in

order to make qualitative comparisons between the model and an

actual batch experiment. In Figure 9a the lag and log growth phases

are apparent in both curves; however, the declining growth phase is

much more pronounced in the model. The changes in organic-N per

cell shown in Figure 9b indicated reasonable agreement between the

model response and the data. So, although parameters were esti-

mated from chemostat experiments on Isochrysis galbana, the model

gives a reasonable qualitative representation of Chlamydomonas

reinhardtii in a batch experiment.
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PARAMETERS FOR A ONE-COMPARTMENT MODEL

Introduction

The concentration of phytoplankton populations have been meas-

ured by a variety of methods including cell numbers, turbidity,

chlorophyll, volatile suspended solids, and total suspended carbon.

Models which describe the response of one of these measurable quan-

tities to environmental influences represent the cell population as a

single compartment. This type of model is, of course, more simple

to use than the three-compartment model derived in the previous

chapter; however, it lacks the flexibility to represent more than one

chemical component of the cell at a time. This difficulty has been

resolved to some extent by representing various chemical components

of the population as ratios to the substance which characterizes the

population size: for example the nitrogen per cell and chlorophyll to

carbon ratios. In general, these ratios do not remain constant over a

range of environmental conditions.

The Monod expression (43) has been used extensively to relate

growth rate to limiting nutrient concentration in mathematical models

using one cell compartment. The model appears to describe nutrient

uptake reasonably well for a wide variety of conditions (11, 17, 19, 22,

32,45,55). However, investigators have been only partially success-

ful in applying the model to the population growth response (9, 10,14,
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19, 34, 48, 69). It has been suggested that cell storage may be respon-

sible for some of the problems associated with applying the one com-

partment model to growth dynamics (11,19,48,72). Several models

have been developed which include storage as a separate cell com-

partment and these appear to represent some of the observed phe-

nomenon which cannot be represented by the one-compartment model

(11,72). It is important, therefore, to examine the type of inade-

quacies inherent in the simpler model when it is applied to a dynamic

system involving storage such as that presented in the preceding

sections.

In this chapter the model responses of the chemostat and batch

systems using parameter set #1 (Figures 2 and 8) are used as data

from which the parameters for the Monod model are estimated. In

this manner, the influence of storage on various methods of parameter

estimators may be observed. Using parameters determined from the

steady state data, the transient response of the Monod model is com-

pared to the results of experiment A.

Chemostat

The following set of equations is similar to those frequently

used to describe the response of a microorganism population to a

limiting nutrient environment in a chemostat:
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(28)

(29)

(30)

where P is the population concentration, Y is the yield coeffi-

cient in units consistent with P, Kd is a decay coefficient in day-1,

G is the Monod expression for the growth rate in day-1, p. is the

maximum growth rate, Ks is the half-saturation constant, and the

other symbols have been defined previously.

Methods have been developed to estimate the parameters in

Equations 28 through 30 from steady state chemostat data (48).

Values for Y and Kd can be estimated from a plot of

Q vs (C-N
I
)/(PQ) by drawing a straight line through the points.

The slope of the line is equal to Y and the abcissa intercept is

equal to -Kd. Values for p. and Ks can be estimated from a

plot of 1 /(Q+ Kd) vs. 1/NI by drawing a straight line through the

points. The slope of the line is equal to Ks/p. and the abcissa

intercept is equal to 1/p..

The phytoplankton concentration P in Equations 29 and 30 is

represented either in terms of cell numbers or mass. Cell numbers

can be obtained directly from Figures 2 and 8 by assuming a constant
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protein to cell ratio as was done in Chapter II

(q
0

= 2.0 x 10-8 µg -at N/cell). Mass may be represented by organic-

nitrogen (N
2
+N

3
) or total cellular nitrogen (N1 +N2+N3). Param-

eters for the Monod model were calculated using these various meth-

ods of estimating population size. The resulting parameters are

shown in Table 3.

Parameter Set Cl. The population sizes were represented as

cell numbers based on the N3 concentrations shown in Figure 2

These data were used with the corresponding NI and. Q values to

obtain the graphs shown in Figures 10 and 11. The points in Figure 10

clearly form a curvilinear relationship due to nutrient storage indi-

cating a variable yield coefficient. The dashed lines shown in Figures

10 and 11 were fit by least square linear regression giving parameter

set Cl shown in Table 3.

Parameter Set C2. The negative decay coefficient, Kd,

obtained for Cl is not consistent with the interpretation of the model.

Therefore, Kd was set equal to zero by forcing the regression line

through the origin as shown by the solid line in Figure 10. Using

Kd = 0 shifted the regression line in Figure 11 giving new values for

p. and. Ks as shown in Table 3.

Parameter Sets C3 and. C4. The same method was used to

obtain these parameters as was used for Cl except the population

size was measured by total cellular organic nitrogen (N2+N3) for
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Table 3. Parameters for Monod model estimated by various methods.

Parameter Population
(day ) (µg -at

Ks
(µg -at NA)Set Measurement

Y
Kd

(day 1)

Cl
Cell numbers
based on N3 1.28 .376

Cell numbers
C2 based on N3 1.05 .158

1 . 6 x 107
cells

( N)

2.0 x 107
cells

( N)

-.10

0.0

Cell mass based, .68
C3 on N

2
+N3 1.00 .163 µg -at N

2
+N3 -.03

µg -at N

Cell mass based .97
C4 on N

1
+N

2
+N3 .83 .108 µg -at N1 +N

2
+N3 +.04

-at N

B1
Cell numbers
based. on N3 .79 .41

1.2 x 107
cells

(µg -at N
0.0

Cell mass based .26
B2 on N2 +N3 . 80 .18 1.1.g -at N1 +N

2
+N3 0.0

and N1 + N2 + N3 ( )1.1.g-at N

Cell numbers
B3 based on N3 .008 -10.45

5 x 107
cells(n-at

N)
0.0

Cell mass based
B4 on N1+ N2+ N3 -0.0243 -11

20
1.1.g-at cell N

)N
0.0

Cell numbers
B5 based on N3 1.01

Cell mass based.
B6 on N2+ N3 1.26

Cell numbers x108
B7 based on N3 8.0

Cell mass based
B8 on N2+ N3 2.94
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C3 and by total cellular nitrogen (N1 +N2+N ) for C4.

Batch

When the flow (Q) is set equal to zero, Equations 28 through

30 represent a batch culture. Gates and Marlar (22) have developed.

graphical methods for estimating the parameters for these equations

from batch experiments. Two methods are provided: the first

utilizes the relationship between nutrient concentration and time, and

the second utilizes the relationship between population size and time.

Both methods assume that decay is negligible (Kd = 0) and require

fitting a straight line to the transformed variables of linearized forms

of the equations. Parameters were estimated from the data gen-

erated by the computer run shown in Figure 8 which was based on

parameter set #1 (Table 2).

Parameter Set Bl. This set of parameters was estimated by the

Gates and Marlar method based on nutrient concentrations in the

reactor. The initial cell population required by the method was based

on cell numbers. The transformed variables based on the nutrient

data and. the initial cell concentration are plotted in Figure 12. The

variables were plotted for increasing values of Y until the points

formed a straight line with negative slope as specified by the technique.

It appeared that this condition was most nearly achieved when

Y = 1.2 x 107 cells /µg -at N. A. straight line was fit by least square
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regression of X2 on X1 as shown by the solid line in Figure 12.

Parameter values were calculated from the slope and intercept of this

line (22) and gave the parameters shown in Table 3. If, for the same

data, X1 is regressed on X2 a much different line is obtained

and the resulting parameter values are 1.05 per day for P. and

3.2 µg -at N/1 for K . There is, therefore, a significant difference

between parameter values depending on the method used to fit a

straight line to the data.

Parameter Set B2. The same method was used to obtain these

parameters as was used for B1 except the initial population size was

measured as N2 + N3. The initial storage of inorganic-nitrogen was

negligible so cellular organic-nitrogen (N2+ N3) was equal to total

cellular nitrogen (N1+ N2+ N3) . The plot of these data is not shown.

Parameter Set B3. This set of parameters was estimated by

the Gates and. Marlar method based on population size estimated from

N3 concentrations (q0 = 2.0 x 10-8). The transformed variables

for population based on cell numbers are plotted in Figure 13. These

data were plotted, for increasing values of Y in an attempt to obtain

an alignment of the points with a negative slope as specified by the

technique (22). It appeared that for very high values of Y the points

approached a vertical line; however a negative slope could not be

obtained for values of Y as high as 500 x 107 cells /µg-at N.

Parameter Set B4. The same method was used to obtain these
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parameters as was used for B3 except the population was measured

by total cellular nitrogen (N1 +N2+N3). The plot of these data is not

shown. This method also resulted in unrealistic parameters as

shown in Table 3. An attempt was also made to estimate parameters

using cellular organic-nitrogen (N2+ N3) to represent population

size. However, similar results were obtained.

Parameter Set B5. Maximum growth rates have been estimated

from the slope of the growth curve in batch studies (33,34,48). One

method used to estimate this value is given by the following equation;

ln(X
t

t)-1n(Xt)

At
(31)

where [I = maximum specific growth rate batch, Xt = population at

time t, and At = a relatively small time increment. Parameter

set B5 was estimated from Figure 8 using cell numbers as the meas-

ure of population size.

Parameter Set B6. The same method was used to obtain these

parameters as was used for B5 except population size was measured

by cellular organic nitrogen (N2+N3).

Parameter Sets B7 and B8. These two parameters are nutrient

uptake rates estimated by an equation similar to 31. B7 represents

the maximum uptake rate based on cell numbers and B8 represents

the maximum uptake rate based on a population measured by (N2+ N3).
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Discussion

estimated by methods Cl through

B2, B5, and B6 fall within the range of values reported in the litera-

ture. Experiments have been reported comparing batch and chemostat

responses for Selenastrurn (33,48). Parameters estimated from these

data resulted in values of p. four times larger for the batch than for

the chemostat studies. The authors were unable to explain this

result. This trend was not found in the parameters estimated from

the synthesized data of this study, suggesting that the discrepancy is

not associated with the methods of parameter estimation or the

storage phenomenon.

The estimated uptake rates (B7 and B8) were three to ten times

larger than the estimated growth rates. This result is consistent with

the characteristics of the generated data and with reported observa-

tions.

The parameters estimated from the batch population data by the

Gates and. Marlar methods (B3 and. B4) were unrealistic. In general

it has been found to be more difficult to describe population data than

nutrient data by a one compartment Monod model. Comparison of

methods B1 and. B2 with B3 and. B4 indicates that the intracellular

storage phenomenon significantly distorted the parameter estimates

based on population data.
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Negative decay coefficients have been estimated from chemostat

studies (33, 34, 48). Two of the causes which have been suggested are

statistical variation in the data and a variable yield coefficient. Fig-

ure 10 indicates that the negative decay coefficient estimated by

method. Cl was caused by the variable yield coefficient. Comparison

of Cl and. C2 indicates that only a slight change in parameters

occurred when the -Kd was eliminated by forcing the linear

regression through the origin. The negative decay coefficient esti-

mated in C3 was also caused by the variable yield coefficient. The

variable yield coefficient due to intracellular storage may be respon-

sible for the negative values of Kd estimated in chemostat studies.

Yield coefficients estimated from the chemostat based on cell

numbers (C1 and C2) agree very closely with the values estimated

from the batch (B1). Values of Y based on cell mass do not agree

as well between the chemostat and the batch studies (C3, C4 and. B2).

Parameter set #1 (Table 2) was estimated from chemostat data

reported by Caperon (9, 10) for Isochrysis galbana. Using data gen-

erated by this parameter set, a yield coefficient of

2.0 x 107 cells/lag-at N was estimated (C2) for a one compartment

model. This value is surprisingly close to a yield coefficient of

1.97 x 107 cells /µg -at N reported by Kain and Fogg (32) from chemo-

stat experiments with Isochrysis galbana. This result implies that

the three-compartment model using parameter set #1 provides a
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reasonable representation of the nutrient-growth relationship for this

organism over the range of conditions encountered.

A series of model runs were conducted simulating batch studies

at various initial nutrient concentrations. Parameter set #1 (Table

2) was used in all runs. The results are shown in Figure 14. Figure

14a shows the specific growth rate as calculated by Equation 31 at

different times during the run in which NI (initial) = 22 p.g -at /l.

The maximum growth rate is seen to occur at approximately 2 days.

Similar shaped curves have been observed during batch experiments

(48,32). Figure 14b shows the manner in which II varies with

initial nitrate concentration. Similar responses were observed for

batch studies of Selenastrum and it appeared that 11 was reduced

when initial concentrations of environmental nitrogen were below

7 (34). Figure 14c shows the variation in Y with time

during a batch study using an initial NI of 22 µg -at /l. The shape

of this curve is similar to some observed for Selenastrum (34). The

sharp rise at the end of the curve occurs when NI reaches very- low

levels while cell growth continues due to the stored nitrogen.

In both chemostat and batch experiments, the total mass of

nitrogen removed from the environment during any time period must

be equal to the total nitrogen taken up by the population- Therefore,

a yield coefficient based on total cell nitrogen is theoretically equal to

unity. This is demonstrated by parameter set C4 where Y is
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slightly less than unity due to the leakage rate (K4) of the cells. In

a batch system the yield coefficient may vary extensively during a

run, as shown in Figure 14c. Variable yield coefficients have been

observed in a number of other studies (1, 19, 48, 55, 59). This wide

fluctuation in a batch run results in an estimated Y, based on total

cellular nitrogen (B2), of less than a third of that estimated from a

chemostat run (C4).

Equations 28 through 30 can be solved simultaneously by means

of an analog-simulator program available for the CDC 3300 digital

computer at Oregon State University (56). The model responses for

the parameters obtained by method C2 are shown in Figure 15. Com-

parison of Figure 15a with Figure 2 indicates that the chemostat data

are better represented by the more complex model. Figure 15b shows

the dynamic response of the model for the loading conditions in

Experiment A (Figure 6). It is obvious that the one-compartment

model lacks the capabilities to represent the influence of nutrient

storage on the growth of the organism during periods of zero flow.

The estimation of parameters and solution of equations for the simple

model is relatively easy. However, the simple model is not capable

of providing the same accuracy and information about the population

as the more complex model.
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COMPETITION AND COEXISTENCE

Introduction

It has been suggested that the most important feature of phyto-

plankton associations is the presence of numerous species in each

small sample taken from the environment (28). Usually one numeri-

cally dominant species, one or two subdominant species, and except

in the case of extreme ecological conditions, several rare species can

be found in each small sample. This apparent ability for numerous

species to compete successfully in the same homogeneous environment

is a complex phenomenon which is not completely understood.

Hutchinson (28) postulates that:

In general we may expect that in the presence of
suitable light and sources of C, N, P, S, K, Mg, Si, Na,
Ca, Fe, Mn, Zn, Cu, B, Mo, Co, and V and the three
vitamins thiamin, cyanocobalamin (B12) and biotin nearly
all algae can grow if the concentrations are correct and
certain physical conditions are satisfied.

It is reasonable to suppose that, for a specific combination of environ-

mental equilibrium conditions, the one particular species having

physiological characteristics which provide the greatest efficiency in

energy and resource utilization will dominate the system. The con-

cept of competitive exclusion theorizes that the less efficient species

will be gradually eliminated as resources required for their survival

are depleted from the environment by the dominant species (25).
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Coexistence at equilibrium conditions, therefore, could only occur

when the more efficient species does not completely remove any one

of the resources necessary to another less efficient species.

Several situations are conceivable in which coexistence could

occur at some equilibrium condition. If the population size of the

more efficient species is limited by some selective process, as for

example selective predators or high sinking rates, then sufficient

resources may remain to support a less efficient species. It is also

possible that symbiotic relationships may exist between species, as

in the case of the more efficient species requiring vitamins produced

by a less efficient species (28). However, it does not appear likely

that a sufficient variety of these situations occurs to account for the

large number of species found together in nature (27).

Hutchinson (28, 27) suggests that the continual variation in

environmental conditions with time is a major factor contributing to

the observed phenomenon of tens of species coexisting in the same

apparent isotropic environment. Thus, the species composition of a

phytoplankton community never really attains competitive equilibrium,

but is tending towards different equilibriums at different times. In

this chapter a computer program is developed to provide numerical

solutions to Equations 7 through 14. This model is then used to

demonstrate the succession of blooms and coexistence of species in

phytoplankton communities as influenced by temporal changes in
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environmental conditions.

Numerical Techniques

A computer subprogram was developed in order to solve Equa-

tions 7 through 14 for the case of a batch system (Q = 0. 0) which

contains more than one species of organisms. The subprogram name

is BIO and it is written in Fortran IV for the CDC 3300 digital com-

puter at Oregon State University.

The subprogram was prepared to be consistent with a previously

developed program (3) which describes hydrodynamic mechanisms in

aquatic systems. Subprogram BIO is used in conjunction with this

program in the next chapter to demonstrate the effects of several

mechanisms on the time and space response of phytoplankton in an

ecosystem.

Subprogram BIO provides an iterative process for solving the

following finite-difference forms of Equations 7 through 14 over one

time increment (A T).

N1
GI= VI

-
K

I+
NI

(32)

(33)



N2
G2=G2 = V2

K
2

N3+ N2

AN
3(J)

= [G -K AT
2(J) 3(J) 3(S)

AN2(j) = {[G1(j)-G2(j)+K3(j)11\1.3(j)- K4( 2(j)+ K5(j)NdA T

AN 1(J) = [GI(J) -G 1(J) FN3(J)AT

AN I(J) = [-G I(J)N 3(J)+K6(J)N 0 ]AT

AN M = {1( 1\7 [K + K 1171. }A T
O 4(J) 2(J) 5(J) 6(J) 0
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(34)

(35)

(36)

(37)

(38)

(39)

where AN is the change in the dependent variable during the time

increment AT, the subscript (3) identifies the particular species,

and N indicates an average value over the time increment AT.

The total change in environmental nitrogen over AT can be rep-

resented as follows:

ANI = AN I(J)
J=1

AN0 = A NOM

J=1

where n is the total number of species in the system.

(40)

(41)

Figure 16 shows the flow diagram for subprogram BIO. During
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Input Conditions at the
Beginning of A T

1
Solve Equations

Through
for Each Species

1
Have the Specified. Number
of Iterations Been Completed?

No

Estimate Average Value of N
Over the Time Increment AT

Output Conditions at the End
of AT and Return Control to
the Main Program

Yes

Figure 16. Flow diagram for subprogram BIO.
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the first iteration Equations 32 through 39 are solved for each species

by setting the average concentrations (N) equal to the respective

concentrations at the beginning of the time interval (AT). The

resulting changes in concentration (AN) are then used to calculate

concentrations at the end of the time interval. If a second iteration is

to be performed, the concentrations at the beginning and end of the

time interval are averaged to obtain new estimates of the average

concentrations (N) and Equations 32 through 39 are solved again

using these new values.

A main program was written to provide input, output, and time

incrementation for BIO so that a batch process could be simulated.

This program was run for the particular set of parameters shown in

Table 4 and for several values of AT. The values of the various

model components at the end of 12 hours were subtracted from cor-

responding values calculated by the analog simulation program,

MIMIC (56), used in the previous chapter. These differences are

shown in Table 4 and indicate that the responses from BIO converge

to those of the analog simulator as AT is decreased.

The results are reasonably accurate for all of the values of A T

shown, up to the value which causes divergence of the solution. The

use of two iterations improves the accuracy of the model and signifi-

cantly increases the maximum value of A T which can be used before

the solution diverges. The continuity of the system was maintained



Table 4. Differences between BIO and analog simulator program responses after 12 hours.

Time
Number of Increment,
Iterations AT N3 N2 N1 NI

per AT (hrs) µg -at /1 µg -at /1 µg -at /1

NO

N3 as %
of Total

Cell
Nitrogen

N2 as %
of Total

Cell
Nitrogen

N1 as %
of Total

Cell
Nitrogen

1 2 (1) (1) (1) (1) (1) (1) (1) (1)
1 +0.08 -0.01 +0.24 -0.34 +0.03 -1.94 -0.95 +2.89
.5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
.25 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

2 6 (1) (1) (1) (1) (1) (1) (1) (1)
5 -0.22 -0.37 +0.79 -0.09 -0.11 -4.53 -5.08 +9.61
4 -0.14 -0.18 +0.47 -0.07 -0.08 -3.07 -2.60 +5. 67
3 -0.07 -0.08 +0.25 -0.06 -0.04 -1.81 -1.19 +3.00
2 -0.02 -0.02 +0.10 -0.04 -0.02 -0.80 -0.40 +1.20
1 0.00 0.00 +0.02 -0.01 -0.01 -0.16 -0.06 +0.22
.5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
. 25 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

(1) Solution diverges
(2) Parameters: VI = 4.0,

K5 = 0.1,

K = 0.38, V
1

= 6.84, K
1

= 2.24,

K6 = 0. 1.

V2 = 5 . 0 , K2 = 7 . 5 , K3 = 0.2, K4 = 0.3

Initial Concentrations: C = 10.89, N3 = . 6, N2 = . 06, N
1

= . 006, N
0

= 0.0.



during each of the runs.

Figure 17 shows the responses of NI and N3 from the

analog simulation program and subprogram BIO when T = 6 hours.

The responses agree reasonably well until about 2.5 days when NI

curves very sharply. At this critical point, subprogram BIO over-

estimates the decrease in NI resulting in negative concentrations
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which cause the solution to diverge. This problem could be eliminated

by modifying the program to incorporate a variable length time incre-

ment (AT). The time increment could be automatically decreased

whenever a dependent variable became negative or a large second

derivative of the variable occurred. However, for this study it is not

expected that curvatures will be sharper than that shown in Figure 17.

In addition the length of AT will be limited in the next chapter by

the hydrodynamic program and, therefore, a more sophisticated pro-

gram is not warranted for this study.

Subprogram BIO was also run for two species using two itera-

tions and time increments of 1. 0 and 0.5 hours. Responses were

.compared with those from the analog simulation program for the same

two species. Agreement between the two models was approximately

the same as shown in Table 4. The subprogram was next run with

four species using two iterations and time increments from 6. 0 to

0. 25 hours. The model response changed very little when A T was

decreased from 0. 5 to 0. 25 hours; therefore, the response at
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A T = 0. 25 was accepted as the accurate solution. When the model

responses at larger time increments were compared to this one the

agreement was very similar to results shown in Table 4. It was

concluded that adding species to the model did not in itself introduce

errors into the solution for the range of conditions tested.

Large initial population concentrations for both the one and

four-species models resulted in very rapid uptake rates and, there-

fore, very sharp curvature in the NI curve when the nutrient
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approached minimum values. For the same parameters, smaller

A T's were required to prevent divergent solutions as the size of the

initial population was increased. The values of VI and K
I

also

have a significant affect on this critical curvature. A decrease in

VI would decrease the uptake rate over the whole range of the

response. An increase in K
I

would allow the same uptake rate at

high nutrient concentrations but would reduce the curvature of the NI

curve at low nutrient concentrations.

The model responses appear to be reasonably accurate for

practical values of A T, except at times when very large second

derivatives exist for any of the dependent variables. The variables

NI and N1 appear to be the most susceptible to this condition.

Subroutine BIO is appropriate, however, for the conditions to be

encountered in this study. The responses from BIO presented in the

following sections were checked periodically by identical runs



with MIMIC (56).

Completely Systems
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A computer program was developed to simulate advection

through,a completely mixed constant volume system such as a chemo-

stat. The finite-difference equation used in the model is:

S(T-FAT6T )
- S(T)

- [S.1 -
s

(T+.6T)
S(T)

(42)
2

where S(T) is the concentration of suspended material in the reactor

at time T and S. is the concentration in the influent. Equation

42 can be solved explicitly for S(T-F6T) as

2S.Q T+(Q AT+4)S(T)
1

s(T-F6T) 2+QAT
(43)

Subprogram BIO, using two iterations, was added to complete the

chemostat model. The model was tested for several flow rates and

,6T's by comparing responses with the digital analog simulator (56).

The length of AT was limited by the maximum value which could be

used in subprogram BIO and no noticeable errors were introduced by

the advection step.

Using a time increment of 0.5 hours, the program can be run

with two species for 90 days in less than 25 seconds of computer
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time. This is approximately one-fourth the running time required for

the analog simulator program (56) with oTMAX = 2.4 hours and

TMIN = 2 minutes. In addition, the analog simulator requires about

28 seconds of compilation time.

The model represents a completely mixed constant volume sys-

tem involving a single limiting nutrient and operating at constant,

optimum temperature and light. It includes the three independent

variables time (T), influent nutrient concentration (C), and flow

rate (Q). Although the model was developed to represent a chemo-

stat, it might be considered as a very simple model of a completely

mixed epilimnium above a strong thermocline where Q represents

the transport rate of materials across the thermocline due to mixing

and C is the nutrient concentration below the thermocline. This

concept of the water column is the same as in models used by Steele

and Riley (51,60) to describe phytoplankton growth, except that

selective removal of organisms due to sinking is not included here.

Species Competition

Enrichment studies have indicated that natural populations are

frequently limited by the deficiency of a single resource at a time in the

environment (27). In such cases competition among species for the "limiting

nutrient" is likely to be extremely severe. If the system is allowed

to continue without external disturbance, the theory of competitive
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exclusion holds that the particular species which is most efficient at

the existing conditions will eventually eliminate all other species from

the system (except when special symbiotic relationships exist). This

phenomenon can be demonstrated by the model developed in the pre-

ceding section. Consider two hypothetical species of phytoplankton,

A and B, with parameters shown at the top of Figure 18 similar to

those estimated for Isochrysis galbana in Chapter II. Species A is

given a slight advantage in assimilation rate and species B has the

advantage in growth rate (i. e. , rate of protein synthesis).

Steady state populations for independent growth are shown in

Figure 18 where A is seen to have a high washout rate and a larger

population at all flows. When the two species are competing for a

limiting nutrient in the same system B is eliminated at high flows and

A is eliminated at low flows as shown in Figure 19, Thus the external

condition of the flow rate has a strong influence on the species favored

by competitive exclusion and different species could be expected to

dominate at different flow rates. Field observations have indicated

variations in community species composition with variations in flow

(24); however, direct relationships are obscured by variations in

other important environmental factors (such as temperature, turbu-

lence, salinity and nutrient concentration), which are also related to

the flow regimen. Figure 19 illustrates that, within the scope of

assumptions incorporated in the model, the flow rate may have an
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Species
T 4

VI K
I

V1 K1 V2 K2 K3
K4 K5 K6

A 3.0 .35 4.3 1.0 3.6 2.5 0.2 0.4 0 0

B 4.0 .35 4.3 1.0 2.0 2.5 0.2 0.2 0 0

4

2 4

0
0

I

0. 2 0.4 0. 6
Flow (per day)

0. 8

Figure 18. Parameters and steady-state populations for species
A and. B when C = 22.0 µg -at /1.
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independent effect on the ability of specific species to compete

It has been suggested that two species might approach the same

biological efficiency for a set of essentially identical environmental

conditions (28). If these organisms entered into competition the dif-

ference in efficiencies might be so small that competitive exclusion

would proceed at an undetectably slow rate. As an example, at a flow

rate of Q = .495 per day (Figure 19) species B is being gradually

eliminated from the system, but the decrease in population size is

less than two percent in one hundred days. Thus, although the two

organisms cannot coexist at this particular set of constant external

conditions, the subdominate species can survive in appreciable num-

bers for a relatively long period of time. Species A was found to

obtain exclusive occupancy at flow equal to or greater than 0.495 per

day and species B at flow equal to or less than 0.48 per day. It is

probable that one flow occurs inbetween these two under which true

coexistence can occur.

Temporal variations in environmental conditions are typical in

natural systems where diverse species are observed to coexist. The

difficulty encountered in describing coexistence at a set of equilibrium

conditions suggests that such variation may be a predominate factor

in creating an environment suitable for coexistence. Hutchinson (28)

sugges ts:
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A population in a variable environment may now be
moving towards a condition in which one species is the
dominant and sole heir to the biotype and now towards a
condition in which a quite different species potentially
inherit the trophogenic waters of the lake. What, in fact,
we term the seasonal succession of the phytoplankton is
therefore really a series of false starts in everchanging
directions towards a momentarily defined unispecific
specificity, which is never achieved because the environ-
ment immediately changes and alters the direction of
competition pressure.

Figure 20 demonstrates this concept by showing the coexistence of

species A and B due to a variable flow regimen. The system tends

toward exclusive occupancy by species A at high flows and by species

B at low flows. However, the tendency of competitive pressure is

flip-flopped periodically by the abrupt change in flow rate. Thus, the

two species coexist by alternatively dominating the system in a suc-

cession of blooms. It is interesting to note that the environmental

nutrient concentration (NI) never exceeds 0.9 and, therefore, Fig-

ure 20 qualitatively illustrates many natural systems in which series

of blooms are observed to occur at very low nutrient concentrations.

A series of model runs were conducted with various flow regi-

mens in order to identify a range of conditions over which coexistence

could occur for species A and B. The results are plotted in Figure

21 where the abcissa is the period of the flow regimen (P in Figure

20) and the ordinate is the percent of time high flow occurs (100 h/p

in Figure 20). Each point represents two computer runs. In the first

run species A would have an initial concentration (N3) of 6.0 and
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Figure 20. Coexistence of species A and B due to a variable
flow; C = 22.0 µg -at /l.
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species B of 0.3 and in the second run vice-versa. If the smaller

population had a net increase during the fourth period it was assumed

that the species could survive indefinitely. If the smaller population

had a net decrease during the fourth period it was assumed that the

species would be eventually eliminated. Figure 21 shows the approxi-

mate region of coexistence for the two species. There is exclusive

occupancy by B below this region and by A above it. The ability for

these two hypothetical species to compete appears to be very sensitive

to the relative lengths of high and low flows but relatively unsensitive

to the length of the period. All of the points in Figure 21 were

obtained for the same range of flows; that is a high flow of 0.70 and a

low flow of 0.15 per day. There are probably various flow ranges at

which coexistence could occur and, therefore, at least three important

independent variables characterizing the flow regimen: 1) percent of

time high flow occurs, 2) period, and 3) amplitude of flow variation.

This three dimensional region of coexistence would be extremely diffi-

cult to describe; however, examination of the relationship of coexist-

ence to amplitude and period would be of interest.

It has been suggested that a region of coexistence may be defined

for various amplitudes and periods of an environmental factor fluc-

tuating as a sinusoidal function of time (5). This concept can be

demonstrated by the model for two hypothetical species of phytoplank-

ton, C and D, having the parameters shown at the top of Figure 22.
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Species VI K1 V1 K1 V2 K2 K3 K4 K5

C 4.0 1.5 4.3 1 3.5 0.5 0.2 0.2 0

D 2.0 .25 4.3 1 2.5 2.0 0.2 0.2 0 0

O

C

0

A 0

0

X

0

0

A A
A

0

X Exclusive occupancy by species C
C.) Species C and. D coexist

Exclusive occupancy by species D

10 20

Period (days)
30

Figure 22. Coexistence between two species of phytoplankton
for a sinusoidal variation in flow rate; where
mean flow = 0.35 and. C = 22.0
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Species C has a higher assimilation rate at high nutrient (NI) con-

centrations and species D has the relative assimilation advantage at

low concentrations. Species C appears to have the relative advantage

in growth rate (G2). The system was run with a constant nutrient

concentration in the influent (C = 22). Exclusive occupancy of the

system was obtained by species C at flows above about 0.45 per day

and by species D at flows below that value. When a sinusoidal flow

rate with a mean value of 0.35 per day was applied to the system a

region of coexistence was defined as shown in Figure 22. The two

species could coexist for about 30% of the possible amplitudes at per-

iods between 10 and 30 days. At periods less than 10 days the fre-

quency of the environmental fluctuation exceeds the biological response

time of the organisms and the average condition is approached (a

condition at which D dominates) as the period approaches zero. At

long periods, long term variations in the populations of both species

could be expected (5). At the resulting low population levels, the

probability of a species becoming eliminated increases and, therefore,

the region of coexistence would be expected to decrease for very high

periods (not shown in Figure 22).

The system was also run for average flows of 0.425 and 0.25

per day and a period of 10 days. The region of coexistence for these

runs was about 20% of possible amplitudes. Thus a three dimensional

region could be defined for the three independent variables: period,
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amplitude, and average flow.

Figure 23 shows one 10 day period of coexistence after equi-

librium conditions have been reached for an average flow of 0.35 per

day and an amplitude of 0.26. Species C exists in greatest numbers

throughout the period but species D survives indefinitely at the popu-

lation sizes shown. The following mechanisms appear to be respon-

sible for coexistence in this system. The nutrient concentration in

the reactor (NI) is low at all times during the cycle. The assimi-

lation rate for species C varies from 1.0 to 0.07 and that for species

D from 1.33 to 0.24 with the latter always having the advantage. With

the greater assimilation rate, D can accumulate more of the nutrient

than C resulting in storage for D ranging from 55 to 25% of cell nutri-

ent compared to storage from C from 30 to 5%. At high flows more

nutrient is being provided to the system so growth rates (G2)

increase as shown in Figure 23. The growth rate for C increases suf-

ficiently so that the population grows faster than it is washed out and

hence there is an increase in the population size. Species D on the

other hand can not achieve a large growth rate to overcome washout

and the population decreases. At low flows less nutrient is being pro-

vided to the system so the growth rates decline. However, because of

the greater assimilation rate and storage, the growth rate for species

D does not decrease as fast as that for C. Since the outflow rate is

low, the growth rate for D can exceed washout and conditions become
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Figure 23. Variation in population concentration and growth rate
for species C and. D during one flow period.
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suitable for the increase of population D. This series of events is

repeated during each cycle so there is no net gain or loss for either

species.

A run was made using four species with slightly different param-

eters (as shown at the top of Figure 24) in order to demonstrate the

use of the model for more than two competing species. Figure 24

indicates the succession of blooms as the flow rate is changed over a

time span of 200 days. Species G and. H alternately dominate the sys-

tem at high and low flows respectively. Species F is a very strong

subdominate species which blooms during periods of low flow. Species

E is becoming a rare species which may be headed for extinction.

Temporal variations in the flow rate have been shown to affect

the competitive ability of phytoplankton species in the model. One

might expect that temporal changes in the influent nutrient concen-

tration (C) may also affect this ability. Consider two hypothetical

species of phytoplankton, I and J, with parameters given in the fol-

lowing table.

Species V K
I

V1 K1 V2 K2 K3 K4 K5 K6

I 8.0 2.0 4.3 1.0 3.6 2.5 . 2 .2 0 0

4.0 .35 4.3 1.0 3.6 2.5 .2 .2 0 0

Species I will have a larger assimilation rate (GI) at high nutrient

concentrations in the system (NI) and species J will have the higher
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Figure 24. Four species competing for a single nutrient in an
environment with variable flow; C = 22. 0.
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assimilation rate at low concentrations. The transition point at which

I will overtake J is approximately NI = 2. 0. If Q and C are

held constant for a significant period of time the organism populations

will grow to sufficient numbers to decrease the nutrient concentra-

tion (NI) below 2.0. At this low level of NI, species J always

has the advantage and will obtain exclusive occupancy of the system.

Thus at constant conditions, species J will eliminate I from the sys-

tem. For example, Figure 25a shows the system response when

C = 22, Q = 0.4 per day and there is an initial nutrient concentration

of 22 in the system at time zero. Species I exhibits substantial growth

for about 6 days until the initial nutrient concentration is depleted,

after which species J dominates the system. When, however, the

same average nutrient is added in slugs (Figure 25c) instead of at a

continuous rate, species I dominates the system as shown in Figure

25b. The injection of each slug creates a high enough nutrient concen-

tration for a sufficient percentage of the time so that species I gains

the competitive advantage. It is probable that there is a range of

transient conditions for C which would establish coexistence

between I and J similar to the regions shown in Figures 23 and 24 for

Q. Thus temporal variations in the influent nutrient concentration

may be a significant factor in providing an environment suitable for

the coexistence of phytoplankton species.

Another mechanism which may be important in promoting
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Figure 25. Competition between two species for conditions of
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coexistence is the ability for one of the species to utilize a substitute

nutrient source. Consider the two hypothetical species, K and L, with

the parameters shown at the top of Figure 26. When the two species

are competing for a single environmental nutrient, species K invari-

ably dominates the system as shown for example in Figure 26a where

Q = 0. 15 and C = 22. However, if the excreted metabolites (No)

are made available as a secondary nutrient source for species L by

setting K5 = 0. 1 then this species can survive as shown by Figure

26b. At low flow rates L will dominate the system because of the

large accumulation of N
0

in the environment. At high flow rates

K will dominate because of its greater growth rate and the low concen-

trations of N
0

in the environment. The phenomenon, illustrated in

Figure 26, could be a significant mechanism promoting coexistence in

nitrate limited environments where significant amino acid concentra-

tions may be present.
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Figure 26. Coexistence when a secondary nutrient source
is available.
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MODEL OF A COMMUNITY IN A STRATIFIED
WATER COLUMN

Introduction

A mathematical model was developed in the preceding chapters

to simulate phytoplankton dynamics in a nitrate limited environment.

This model incorporates the capability for intracellular nitrogen

storage and has been seen to qualitatively represent certain observed

data from completely mixed systems reasonably well. The purpose

of this chapter is to introduce a spacial distribution into the model

in order to more closely approximate the natural environment and to

observe model responses representing phytoplankton blooms.

Although the general characteristics of Auke Bay, Alaska, are used in

the model to represent the physical environment, no attempt has been

made to quantitatively simulate a specific series of blooms.

Auke Bay is located in southeastern Alaska about 20 km north-

west of the city of Juneau. It is a small embayment, with an area of

approximately 11 km2, off a system of large fiords which connect the

open ocean. Depths of 40 to 60 m predominate in the upper end of the

bay.

Water chemistry and biological data were collected at Auke Bay

during the spring and summer of 1967 (8). The water temperature,

salinity, and certain nutrient concentrations were measured at surface,
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5, 10, 20, 30 and 50 m depths. These data revealed significant

changes occurring in the water column during the spring bloom (April

through June). The temperature increased progressively (from 3 to

13°C at the surface) and the salinity decreased (from 30 to 15%0 at the

surface) resulting in a strongly stratified water column. During the

same period, a succession of diatom blooms occurred. The nitrate,

phosphate and silica concentrations in the upper 10 m were reduced

drastically during the growth phase of the first bloom and remained at

low levels through the summer. Nutrient concentrations below about

20 m were not significantly affected. The relative concentration of

the nutrients in the epilimnion indicated that nitrate was limiting.

Significant phytoplankton blooms were observed to occur in

Auke Bay after the limiting nutrient (nitrate) had been depleted from

the environment. This phenomenon is not uncommon in natural

environments (28). It has been suggested that amino acids excreted

by one phytoplankton population may provide the nitrogen source for a

succeeding population, and field observations and thorough laboratory

experiments tend to support this theory (8). The following mathe-

matical model study will demonstrate the possible influence of amino

acid recycling on the succession of blooms in a stratified environment.

It is assumed for the purposes of this study that horizontal variations

in the environment are negligible compared to the vertical gradients

and that mechanisms in the Bay can be generally represented by
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The Model

General
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The time-space distribution of materials suspended in the water

of a channel with constant cross-sectional area is frequently repre-

sented by the following one-dimensional differential equation:

ac a ac a
) wc) + s

aT az az az (44)

where C = concentration of material, T = time, Z = distance,

D = dispersion coefficient, U = advective velocity and S = time rate

of addition (or removal) of material. The first term on the right-hand

side of Equation 44 is the dispersion term and represents the trans-

port of materials due to mixing. The second term represents advec-

tive transport and the third term represents a source (or sink) for

the material. An explicit, finite-difference scheme has been devel-

oped for the solution of Equation 44. Following is a general summary

of the model; however, specific techniques can be found in references

3 and 6.

The water column is conceptualized as being divided into seg-

ments of equal depth (AZ = 1.5 m). Because no significant changes

occurred in temperature, salinity, or nutrient concentrations below
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30 m, only the top 30 m of the water column were modeled. Each

segment is a completely mixed subsystem and reactions within each

segment are calculated over a finite-time interval (AT = 2 hours).

During each AT the program proceeds through three specific

steps. The first is to calculate the growth of each phytoplankton

species and the resulting environmental nitrate removal independently

in each segment. This step is accomplished by means of subprogram

BIO developed in the previous chapter. The second step is to advect

the various phytoplankton species between segments in accordance

with their respective sinking velocities. The third step is to disperse

the environmental nitrate and the organisms between segments as a

function of the dispersion coefficient at the interface. When suitable

values of AX and AT are selected, this stepwise procedure has

been shown to be efficient and to provide reasonably accurate solu-

tions (3,4,6).

Growth

Growth in each subsystem is described in Equations 7 through

14. These equations were developed to represent organisms growing

at optimum levels of temperature and light in a laboratory. In the

natural environment, however, variations in temperature and light

will cause significant variations in the biological reaction rates. The

effects of these environmental factors on the individual reactions
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described by Equations 7 through 14 are not known, but their influ-

ences on the net growth rate have been investigated.

Light provides the ultimate source of energy for the organisms

and, therefore, affects the energy requiring processes represented

by G1, G1, G2, and. K5. There is evidence to indicate that the

individual rates are not affected to the same degree by light varia-

tions (17, 67). Each of these reactions could be treated individually

in the model if the proper functions were known; however, for this

study the same light factor (Fr) is applied to each individual reac-

tion making up the overall growth rate. The temperature affect on

biological reactions is represented in a similar manner by multiplying

the optimum rate by a temperature factor (Ft). Thus, the biological

rates used in the model are represented as follows:

GI = G
I
F

,f
F t

(45)

G' = G
1
FI F

t1
(46)

G2 = G
2
F/ F

t
(47)

K3 = K
3

F
t

(48)

K'4 =K4 Fi F
t

(49)

K5 = K
5
F t

(50)

K6 = K6 Ft (51)
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where G1, G1, G2, K3, K4, K5, and K6 are the optimum rates of

Equations 7 through 14, and the primed values are used in this model.

The attenuation of light with depth can be approximated by an

exponential function:

= f exp(- kZ ) (52)

where / is the light intensity at depth Z and is is the intensity

at the surface. Auke Bay has a relatively shallow photic zone of about

12 meters which is represented in the model by using a value of k

equal to 0.38 per meter.

Experimental evidence indicates that the photosynthetic rate

increases with light intensity and will reach a constant, maximum rate

for a particular range of intensities (18,52,53,57,67,73). The photo-

synthetic rate is inhibited at light intensities above this optimum

range. Some mathematical models have used linear variation of

photosynthesis with light intensity (49, 61), some have used a hyper-

bolic function (12, 42), and others have used an exponential function

(13). Relative photosynthetic rates for diatoms were calculated from

the average curves reported in references 18, 31 and 52 and are shown

in Figure 27a, where

f Pmax
(53)

P = photosynthetic rate at light intensity , and Pmax = maximum
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photosynthetic rate. These data were fit by eye with the equation

f = 1 exp(-0. 0224.0 (54)

as shown by the solid line in Figure 27a.

Figure 27a approximates the instantaneous growth rate, relative

to the maximum, at a particular light intensity. During a 24-hour

period the light intensity will vary drastically and, since instantaneous

light intensities are not represented in the model, it is necessary to

estimate an average daily value of f.12 from an average daily value

of light intensity. The diurnal variation in light intensity on the sur-

face can be approximated by the cosine law (7):

1 1
= L cos(i÷

2
< T

2 /
f

= 0 otherwise

(55)

(56)

where = instantaneous light intensity, T = time measured from

local noon (days), T1 = length of daylight period (days), L = light

flux at noon (langlies per day). Substituting Equations 55 and 56 into

Equation 54 gives:

ff
Tr Tr

= 1 exp(-0. 0224L cos 0), --
2

< < +-
2

(57)

ff = 0 otherwise (58)



The time average value of f
1

over a day can be represented as

+T /2
F

Tr{1- exprO. 0224L cos(T T)}}dT
-T /2

Equation 60 can be reduced to the form:

2Tn Tr/2
F = T

1 Tr
- exp(-0.0224L cos 0)d0

0
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(59)

(60)

(61)

The average length of the daylight period at Auke Bay during the study

period was estimated to be about 2/3 days (7). The value of L can

be estimated from the following equation:

L
L

D
Tr

2T1
(62)

where LD = total langlies on the surface during the day. The integral

in Equation 61 was solved numerically for various values of LD and

the results are shown as the dashed line in Figure 27a.

The surface isolation (LD) at Auke Bay during the study per-

iod averaged about 175 langlies per day (8). Values of LD were

calculated at various depths by Equation 52 and then the dashed curve
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in Figure 27a was used to determine the average daily relative growth

rate (FI). The resulting values of FI
(shown in Figure 27b) were

used in the model, Equations 45 through 51, to represent the influence

of light on the phytoplanton community.

The variation in growth rate with temperature has been repre-

sented in mathematical models by exponential equations of the follow-

ing general form:

1
(T1 -T2)

= K
112

(63)

in which p. and = specific growth rates at temperatures
1

1.1.
T1

and T2 respectively and K
T

= a constant (42, 50, 60). The justifi-

cation for this approach is based on the observation that enzymatic

reaction rates tend to increase exponentially with temperature. A plot

of saturated growth rate vs. temperature has been constructed from

data from a number of sources (13). These data were widely scat-

tered, however, and no functional relationship was apparent.

The variation in growth rate as a function of temperature at

constant light intensities has been reported for three species of

tropical oceanic phytoplankton (67) and the diatom, Nitzschia

closterium (58). These data were normalized by calculating the fol-

lowing dimensionless variables:
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F
T 1.1max

T T
0

T =r T -Tmax 0
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(64)

(65)

= growth rate occurring at temperature 7, 11max = maxi-

mum possible growth rate, T = the temperature at which p.
max max

first occurs, and T
0

-= temperature at which zero growth occurs. In

some cases T and 7
0 max had to be extrapolated from the data.

F = the relative growth rate and Tr = the fraction of the tempera-

ture range between 7
0

and Tmax. Values of FT vs. Tr are

shown in Figure 28. These data were fit by the following second order

polynomial,

2F = 1. 92T 0. 7G7 0 < T <
T r r max (66)

as shown by the solid curve in Figure 28.

The optimum temperature for cold water diatoms is probably

in the neighborhood of 13° -16*C (28,31) so values for To and Tmax

were assumed to be 0 and 13°C respectively for the Auke Bay

model. Average weekly temperatures were estimated from the field

data (8) for each segment in the water column at Auke Bay. These

values were stored in a matrix in computer memory for use in Equa-

tion 66 during each model run. The maximum temperature occurring
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in Auke Bay during the study period was 13°C, so the range of Equa-

tion 65 is sufficiently large.

The optimum growth rate parameters of Equations 7 through 14

are not known for phytoplankton occurring in Auke Bay. However,

the objective of this study is an examination of mechanisms influenc-

ing blooms and not necessarily an attempt to specifically model Auke

Bay. Parameter set #1 (Table 2) was selected for this model because

it represented the growth and storage characteristics of a phyto-

plankton population reasonably well in a completely mixed system

(Figures 8 and 9).

Convection and Dispersion

If the organisms have a negative buoyancy, they will have a

downward velocity relative to the water. This sinking velocity is

designated by the symbol U in Equation 44 and represented the

advection of organisms between segments in the model. Phytoplankton

sinking velocities are related to the physiological state of the organism

and to water density (35, 44, 51). If cell storage is an indicator of the

organisms' physiological state, as suggested in Chapter II, this

model would be convenient for the incorporation of variable sinking

velocities. However, at this time a functional relationship between

cell storage and sinking velocities has not been defined and, therefore,

U will be considered constant over the study period.



Since the population size in any segment is represented by the

protein concentration (N3), it is the protein which is advected in
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accordance with Equation 44. The intracellular nitrogen (N1 and

N2) is advected between segments in proportion to the storage

associated with the advected protein.

The dispersion term in Equation 44 represents transport

between segments due to mixing in the water column and, therefore,

is applied to dissolved and suspended materials in the water (NI,

No, N3). As in the case with advection, it is the protein (N3) which

is dispersed in accordance with Equation 44. The intracellular nitro-

gen (N1 and N2) is dispersed in proportion to the storage associ-

ated with the dispersed protein.

Methods have been developed to estimate the dispersion coeffi-

cients (D) at various depths in the water column from changes in

the temperature or salinity profiles (4,45). These methods are based

on the assumption that all of the vertical transport of heat or salinity

in the water column can be represented by a diffusive-type expression.

Consider any cross section in the water column at depth Z. Diffu-

sive transport can be expressed by:

-(D --ae ) = Raz
(67)

where Z is the depth, 0 is the temperature (salinity), and. Rz is



the rate change in total heat (salt mass) below depth Z. As an

approximation one may write:

(Z+AZ/2) 1(Z-LZ/2) H(t)(t) 4+,6,0
/Z AZ At
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(68)

where A t is a finite time interval, H(t) is the total heat (salt mass)

below depth Z at the beginning of time interval At, and H(t+At)

is the total heat below depth Z at the end of the time interval. The

bars denote values averaged over the time interval. It is assumed

that flux in or out of the water column can occur only at the upper

boundary, i. e. , the top segment.

Dispersion coefficients were calculated at each water column

segment from average weekly temperature and salinity data for Auke

Bay (8). Changes in the salinity profile did not occur in sufficient

magnitude to calculate D until the first of May. Values of D

calculated from the temperature profile from May to July were gen-

erally one and a half to three times larger than corresponding values

calculated from the salinity profile. This relationship might be

expected because no attempt was made to account for changes in the

temperature profile due to the penetration of radiant energy. Also

error is undoubtedly introduced by the assumption in the estimating

procedure that no horizontal flux into or out of the water column

occurs except in the top segment. Values of D estimated from the
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salinity profile were used in the model for the period May to July.

Values of D estimated from the temperature profile were used for

the month of April. These values were adjusted down by factors of

three-fourths to one-half in order to be consistent with the values cal-

culated from the salinity data, The average weekly dispersion coef-

ficients for each segment were stored in an array in computer

memory for use during the model runs.

Profiles were calculated from the estimated dispersion coeffi-

cients for the given boundary conditions in order to check the esti-

mating procedure. Comparisons were made between the profile used

to estimate the coefficients and the profile generated by the estimated

coefficients The salinity profiles agreed within 3% and the tempera-

ture profiles generally within 20%. The dispersion coefficients

occurring at mid-April, mid-May and mid-June are shown in Figure

29. The curves show the same general shape as some estimated

by similar methods for lakes and reservoirs (4,45). In general, the

dispersion coefficients estimated for Auke Bay are about four to five

times larger than the ones for Lake Sammamish, Washington (4).

The increasing stability of the water column through the spring bloom

is indicated by the decreasing dispersion coefficients in Figure 29.
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Several runs were conducted in order to observe the time and

space response of the model. The top 30 meters of a water column

were modeled using a finite time interval A T of two hours and seg-

ment depths AZ of one and one-half meters. The average weekly

dispersion coefficients and temperatures estimated from Auke Bay

data for each segment were stored in arrays in computer memory.

A uniform daily surface insolation of 175 langlies and a 12 m photic

zone were assumed to approximate Auke Bay conditions during the

study period. The phytoplankton population was described by param-

eter set #1 (Table 2) and the influence of light and temperature on

growth are represented by the methods developed in the preceding

section.

The cost of one model run with a single species for the three

month study period was approximately $25.00.

Influence of Sinking Velocities

Four model runs were conducted using different sinking veloci-

ties (U). In each case the sinking velocities were constant over the

study period. The responses are shown in Figure 30 where the popu-

lation size is represented by the average N3 concentration in
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the photic zone.

Phytoplankton populations in the model decrease rapidly with

increasing sinking velocity. For example, an increase in U from

0.33 to 1.0 meters per day results in an almost 67 percent decrease

in the peak concentration. In all cases, the environmental nitrate

concentrations were reduced to very low levels in the upper waters of

the photic zone.

Figure 30 shows that low sinking velocities resulted in signifi-

cantly earlier blooms than high sinking velocities. A phytoplankton

population cannot increase when the organisms are sinking out of the

photic zone at a rate equal to or greater than the growth rate. This

condition apparently exists during the month of April for the case

when U = 1.0 m/day (Figure 30). However, as the water warms

the growth rate increases and apparently overtakes the sinking rate

during the first week in May. When nutrients are depleted in the

upper waters the population decreases rapidly.

Nitrogen Storage

Early in the season, the growth rates of the populations repre-

sented in Figure 30 are limited, by the cold temperatures. The model

indicates that during these conditions the phytoplankton have a

tendency to store large amounts of nutrient as N1 and. N2. These

intracellular nutrient pools are utilized for growth as the water warms,
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and when they are depleted the growth rate declines.

Figure 31 shows the variation of population size and intracellu-

lar nitrogen storage as a function of depth for two of the runs. The

solid and dashed lines show profiles occurring one week before and

after peak concentrations respectively. The solid line, therefore,

represents conditions during maximum rate of population increase and

the dashed line represents conditions during early stages of population

decline. Storage is seen to reach 75% of total cellular nitrogen when

the growth rate is limited by temperature in nutrient rich water. As

the season progresses, the water warms and the environmental

nitrate decreases causing the reduction in storage shown in Figures

31c and d. The vertical distribution of storage in the population is

the result of temperature limiting growth at the greater depths.

Comparison of Figures 31a and b indicates that sinking veloci-

ties may have a significant influence on the vertical distribution of the

population especially during periods of low nutrient supply. As the

season progresses nutrients are depleted in the upper segments of the

water column and the growth rate falls below the sinking rate resulting

in a decrease in the local population concentration. However, warm-

ing tends to increase the growth rate at the depths where intracellular

nitrogen is available for growth and, thus, the maximum population

has a tendency to occur at greater depths as the season progresses.
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Two Species System

Figure 32 shows the model response for a community of two

phytoplankton populations represented by the average N3 concen-

tration in the photic zone. The characteristics of population A are

defined by parameter set #1 and a sinking velocity of .33 meters per

day. Population B has the competitive disadvantages of a lower

assimilation rate (V1 = . 75) and a higher sinking velocity

(U = . 67). However, population B has the advantage of being able to

assimilate nitrogenous organics (No) from the water (K4 = 0.4).

Population A utilizes the available nitrate and blooms early in the

season. When the nitrate is depleted from the epilimnion (Figure 32b)

population A declines by sinking out of the photic zone. Population B

increases when the No excreted by population A builds up suffi-

ciently to support growth. Thus, this dependent relationship produces

the sequence of blooms shown in Figure 32.

Figure 33 shows the percent of total cell nitrogen in storage at

two levels in the photic zone for both species. The two populations

store relatively large amounts of nutrient if sufficient environmental

nutrient is available even when growth is limited by temperature or

light.

The Auke Bay spring blooms and nitrate concentrations for the

spring of 1967 are shown in Figure 34 (8). The nitrate is depleted
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in the surface water during the first bloom and remains at very low

levels for the remainder of the spring. The nitrate concentrations at

10 m (near the bottom of the photic zone) decreases gradually indicat-

ing that nitrate at this depth provided a nutrient source during the

entire sequence of blooms. Nitrate concentrations were not signifi-

cantly changed at 20 m.

Significant differences are apparent between Figures 32 and 34.

This is not unexpected because of the number of arbitrary parameters

selected for the model study. The initial bloom in the model occurs

almost two weeks earlier than the corresponding observed bloom.

One explanation would be that the model's response is too fast at low

temperatures and a slightly higher value of To should be selected

for Equation 65. The model peak could also be delayed by increasing

the sinking velocity to about . 7 m/day (Figure 30).

Sinking velocities are a function of the relative density of the

cells to that of the water and, if the density of the cells remained

constant, they would probably sink faster as the water warmed and

became less dense (51). This type of functional relationship would

tend to shift the peak to an earlier time.

The density of the cell probably changes with its physiological

condition (35). However, whether the cells became more or less

dense with the accumulation of storage products depends on the nature

of those products which in turn depends on the metabolic characteristics
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of the cells. With reference to Figure 33, if the cell density decreases

with the accumulation of storage products then the bloom would be

shifted to an earlier time (and vise versa).

The nitrate concentrations at the surface and 10 m are very

similar between the model and the observed values. At 20 m depth,

the model shows significantly more change than the field data, a con-

dition which might also be due to exaggerated biological activity in the

model at low temperatures.

The peak N3 concentration (Figure 32) divided by the peak cell

concentration (Figure 34) results in a q0 equal to 3.3 x 106 µg -at

N3 /cell. This value is significantly higher than the q0 associated

with parameter set #1 (Table 2) indicating that the growth parameters

used in the model are not characteristic of the species observed in

Auke Bay.

A closer correspondence between the model and the data could

probably be obtained if the following information were known about the

phytoplankton species in Auke Bay:

1. Parameters representing storage and growth characteristics

defined by the model.

2. Sinking velocities and their relationship to intracellular storage.

3. Functions describing the influence of temperature and light

on assimilation and growth.

4. The inclusion of grazing in the model.
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SUMMARY AND CONCLUSIONS

A three-compartment mathematical model was developed to

represent a phytoplankton population having the capability to store

nitrogen in a nitrate limited environment. The model was used to

simulate growth dynamics observed in chemostat and batch experi-

ments. The model demonstrated the changes which may occur in the

nitrogenous constituents of a phytoplankton population with time and

environmental conditions.

When the environmental nutrient concentration is high the

phytoplankton uptake rate exceeds the net growth rate resulting in the

storage of nitrogenous products within the cells. When the environ-

mental nitrate concentration becomes depleted, the cells rely on the

stored nitrogen and growth continues at a rapid rate until this source

is also depleted. Thus the model demonstrates three phenomena which

have been observed in field and laboratory experiments but which are

not represented by the customary Monod model: 1) uptake rates may

significantly exceed net growth rates, 2) high growth rates may be

encountered at very Low environmental nitrate concentrations, and

3) the ratio of internal nitrogen to population size may change signi-

ficantly during a study period. It is suggested that the amount of

nitrogen in storage may be used as an indicator of the physiological

state of the population.
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Parameters for the one-compartment Monod model were

estimated by customary methods from data generated by the three-

compartment model. It was shown that difficulties encountered in

estimating the yield coefficient and the decay coefficient may be

attributed to the intracellular storage phenomenon. It was also

demonstrated that the one-compartment Monod model was inadequate

to accurately represent chemostat experiments when intracellular

storage is a significant factor.

The model was expanded to represent several phytoplankton

species competing for a single limiting nutrient. Several model runs

were conducted to demonstrate the significance of intracellular

storage in improving the ability of an organism to compete when

environmental conditions are periodically changed. A synergistic

relationship was demonstrated where one species was dependent of the

by-products of another.

The model was further expanded to represent the one-dimen-

sional vertical distribution of phytoplankton in the water column. The

influences of light, temperature, sinking velocities, and water

turbulence were included. Parameters characterizing the physical

properties of the water column were estimated from data collected at

Auke Bay, Alaska. Functional relationships describing the growth

response of organisms to the influence of light and temperature were

based on generalized observations from the literature. Parameters
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describing uptake and growth characteristics under optimum conditions

were estimated from data reported on chemostat studies with Isochrysis

galbana. The model responses did not accurately simulate the observed

population dynamics in Auke Bay. However, the responses did demon-

strate a succession of blooms where one species utilized the environ-

mentalnitrate as a primary nutrient source and a second species

utilized the excreted nitrogenous organics of the first. It is felt that

a closer correspondence between the model and observed data could

be achieved if functional relationships between growth kinetics and

physical properties of the water column were defined for the parti-

cular organisms in Auke Bay.

The following conclusions may be drawn from this study:

1. The three-compartment model developed herein can

quantitatively represent phytoplankton growth dynamics

observed in chemostat experiments.

2. The three-compartment model can qualitatively represent

the temporal variations in intercellular nitrogen composi-

tion of phytoplankton populations observed in chemostat

and batch experiments.

3. Some of the problems encountered in estimating parameters

for the one-compartment Monod model can be explained by

the intracellular storage phenomenon.
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4. The three-compartment model can represent observed

chemostat and batch data more accurately than the one-

compartment Monod model when intracellular nitrogen

storage is a significant factor.

5. The three-compartment model can be used to demonstrate

the influence of temporal variations in environmental con-

ditions on the ability of various species of phytoplankton

to compete. Species which cannot compete at any

particular set of constant environmental conditions may be

able to coexist or dominate the system under periodically

varying conditions.

6. The three-compartment model can be included as part of a

more comprehensive model to represent a phytoplankton

community competing in a stratified water column. However,

considerable detailed information must be available for the

estimation of parameters defined in the model before it can

be expected to simulate a specific system.
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