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QUADRATIC UNBIASED ESTIMATION FOR TWO
VARIANCE COMPONENTS

1. INTRODUCTION

This dissertation is concerned with the estimation of linear

parametric functions of two unknown variance components. It is

assumed that the available data arises from an observable random

vector Y where Y has an n-dimensional multivariate normal

distribution with mean vector xp and covariance structure

D
0

= 01 + 02V. Within this framework, consideration is given to the

problem of selecting an estimator for an arbitrary linear combination

of the two variance components 01 and 02. The available class

of estimators is restricted to those estimators that are unbiased

quadratic forms in Y and are invariant under particular transla-

tions of the mean vector.

The estimation problem described briefly above has been of

concern to statisticians for a number of years. An extensive and

modern presentation of the voluminous work in the general area of

variance components is contained in a review article by Searle (1971).

Searle's article, necessarily discusses the problem of estimation of

variance components in terms of very general models. Very recently

a unified theory for quadratic estimation of variance components and

heteroscedastic variances has been proposed by C.R. Rao. In Rao



(1969) this theory appeared in the context of estimating heteroscedas-

tic variances and was named. MINQUE (minimum norm quadratic

unbiased estimation, or estimator, depending upon the context).

Later C.R. Rao extended the theory to include the variance component

problem as well as more general cases (see Rao (1971a), Rao (1971b),

and Rao (1972) ). The class of estimators considered in this disser-

tation are essentially within Rao's unified theory. However, even

with the restrictions Rao imposed on the estimators, his theory does

not necessarily resolve the problem of which estimator to use. His

theory is based upon the selection of a norm for a matrix and there

are numerous choices available. The choice of an appropriate norm

is one of the problems studied in the following chapters.

Recently, a very general theory of unbiased estimation from a

coordinate-free approach has been developed in a series of papers- -

Seely (1970a), Seely (1970b), Seely (1971), and Seely and Zyskind

(1971). The approach to variance component estimation in this dis-

sertation follows the general framework established in these papers.

This allows the use of many of the standard results of general linear

model theory in the variance component estimation problem. It has

also been shown in an unpublished paper by Seely and Soong (1970)

that the MINQUE theory of Rao can be derived from the work of Seely

and Zyskind (1971). Moreover, a very useful generalization for the

definition of a MINQUE was given by Seely and Soong and for
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convenience their results are established in Appendix II.

During this same period, Townsend and Searle (1971) derived

locally best quadratic unbiased estimators for the variance compo-

nents from unbalanced data following a random one-way classification

model. With an appropriate choice of norms, the results of Townsend

and Searle can be derived as a special application of the MINQUE

theory. One of the main contributions of their paper is in the investi-

gation of the performance of the locally best estimators. A similar

investigation will be completed in Chapter 4 for a restricted case of

the general model assumed in this work. The balanced incomplete

block designs with blocks random and treatments fixed are included in

this restricted case.

Although this paper is restricted to unbiased quadratic estima-

tors, it must be noted that alternative estimation procedures are

available. In particular, Hartley and Rao (1967) have considered

maximum likelihood procedures for a very general variance compo-

nent model. A detailed study of restricted maximum likelihood esti-

mators has been completed by Seely (1972) for the general model

assumed in this paper. The restricted maximum likelihood estimators

are compared to the Cramer -Rao lower bound in an investigation of

the performance of the estimators.

The estimation of variance components has also been approached

from a bayesian analysis viewpoint, at least for many of the balanced
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experimental designs. As an example of the type of analysis com-

pleted, Tiao and Tan (1965) derive the posterior distribution of the

variance components for a balanced random one-way classification

design. Using the results of Tiao and Tan for the one-way classifica-

tion, Klotz, Milton and. Zacks (1969) investigated the performance of

the maximum likelihood estimators and posterior means for two

quasi-prior distributions in terms of their mean square efficiency.

Little work seems to have been done for the unbalanced designs.

An important topic that arises in the estimation of variance

components with quadratic unbiased estimators is the problem of

negative estimates of nonnegative variance components. Although the

author recognizes the problem does exist, no attempt will be made to

discuss the problem in connection with this work. A modification of

the estimators derived from the MINQUE theory can be made in order

to insure nonnegative estimates. In this case, however, the property

of unbiasedness is lost. Rao and. Subrahmaniam (1971) have proposed

such a modification in their application of MINQUE's to the estimation

of heteroscedastic variances. They indicate that the modified

MINQUE estimator, when used in a weighted least squares estimator

for the fixed parameters, seems to perform as well as, and in some

cases better than, the original MINQUE.

The general model assumed throughout the remainder of this

paper is the following: Let Y be a random vector distributed
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according to an n-dimensional multivariate normal distribution with

mean vector xp where X is a known n x p matrix of rank

r< n and 3 is a p x 1 vector of unknown parameters. The

covariance structure is assumed to be of the form D0 = 0
1
I + 02V

where V is a known nonnegative definite n x n matrix and

0 = (01, 02)' is a vector of unknown nonnegative real numbers, called

variance components, such that D
0

is positive definite. More

precisely, the parameter space is RP x S2 where R E RP and

0E = {0: 01 >0, 02 >0 }.

It is possible for a more general parameter space to be defined

for the variance components and still insure that D
0

is positive

definite. If V were positive definite, then 01 could be equal to

zero with D
0

remaining positive definite. Alternately, if the

eigenvalues of V are denoted by kl, , km, then 0 +
1 i

0
2

for i = 1, ,m, are the eigenvalues of D0. Hence as long as

01 + X
i
02 > 0 for i = 1, ,m, D

0
will be positive definite. In

particular it is possible for 02 to assume some negative values

depending upon the value of 01 and the eigenvalues of V. The

additional generality obtained by the expanded parameter space does

not seem to be justified with respect to the possible applications.

Moreover, the additional generality creates bothersome difficulties in

the development of the theory.

Given the above general model the problem of interest in this
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dissertation is the development of invariant quadratic unbiased esti-

mators for linear parametric functions of the form 510, 5 E R2.

For fixed 6 E R2, the largest class of estimators for 6'0 con-

sidered will be the collection of all quadratic forms in Y such that

E(Y'AY I (3,0) = 5'0 for all (j3, 0) E RP x S2 and such that

(Y+X1)1A(Y+X(3) = Y'AY for all P E R. The criterion utilized in

this paper to compare estimators will be the variances of the estima-

tors. It is well-known that for particular cases of the general model

given above e.g. , Townsend and. Searle (1971), that best estimators,

i.e. , uniformly minimum variance unbiased estimators do not exist.

Hence only a reduction in the total class of estimators is possible.

Before proceeding some examples are given to illustrate the

various types of problems that may be formulated in terms of the

general model presented. Additionally, the examples will be used to

illustrate the procedures developed in the succeeding chapters.

The first example is an unbalanced one-way classification design

assuming a zero general mean and random treatment effects. Let

Y.. = T. + E..,
13 1 13

i = 1,...,c; j = 1,...,ni

c and not all n, arewhere n. > 1 for i = equal. Assume1 1

the T. are independently and identically distributed random vari-
i

ables following a normal distribution with zero mean and variance 02.
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Similarly, for all i and j assume E.. are independently and

identically distributed random variables following a normal distribu-

tion with zero mean and variance 01. Furthermore, as sume Ti,

and E are independent for all i, j, and i'. With these assump-

tions if Y= (Y11,.." 1
Y

n1
, , ycncr then the model may be

written as

Y=U
1

T+ E

where U
1,

T and E are appropriately defined. Thus Y has a

multivariate normal distribution with mean vector zero and covari-

ance matrix 011 + 02U1U11. By defining V = Ul Ut
1

it is clear that

this is a specific case of the general model with X being a matrix

of zeros. This is the model assumed by Townsend and Searle (1971)

in the derivation of locally best quadratic unbiased estimators for 01

and 02.

The second example is a balanced incomplete block (BIB) design

with treatments as fixed-effects and blocks as random-effects. Let

the observations Y.. = p +p. + T. + E be written in matrix form
13 0 1

1-3

as

and assume

Y = U0 p
0

U1 p+u 2T + E

R0, p corresponds to fixed-effects and T corres-

ponds to the random block effects. Further assume T is N
b (0,0 I ),
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E is Nn(0, 010 and that T and E are statistically independent.

Under the usual definition of a BIB design the following standard nota-

tion will be used:

t = number of treatments

b = number of blocks

k = number of experimental units per block, 2 < k < t

r = number of times each treatment is replicated

X = number of times any two treatments occur together in

a block.

Under these assumptions it follows that Y has a multivariate nor-

mal distribution with mean vector Xf3 = U0130 + U113 and covariance

structure 01I + 0
2

U
2 2

. This is one of the examples investigated by

Seely (1972) for restricted maximum likelihood estimators for 01

and 02. It will also be utilized to illustrate the theory specifically

developed in Chapter 4.

In the previous examples the matrix V associated with the

covariance structure has been strictly positive semi-definite. The

final example demonstrates that the matrix V can indeed be positive

definite for an interesting problem. Suppose that {B(t)} is a Wiener
p

process with drift f(t) = P.f.(t), where the functions f.(t) are
3 3

5=1
known and the coefficients p. are unknown. Then B(t) has a uni-

t

variate normal distribution with mean f(t) and variance 01t,



where 01 is positive but unknown. If the process is observed with

error at times to, t1, . . t , then a reasonable model is that

Y ,(t.)= B(t.) + e(t.), i = 0,1, ... ,n, where the e(ti) are independ-

9

ently and identically distributed random variables following a normal

distribution with zero mean and unknown variance 02. Furthermore,

it is assumed that B(t.) and e(tk) are independent for

i,k = 0,1, ,n.

In order to make use of the property of the independent incre-

ments that are associated with the Wiener process, the following are

defined:

Y =
Y(ti)

Y(tn)

Y(t0)

Y(tn-1)
X =

f (t1.) -

(tn)fl

f
1
(t

0
) ,

fl (tn-1 ),

... ,fp(t 1)

,f (tp n

fp(t
0

f (tp n-

(31

L

ti -to, 0 0

0 t2 -t
1,mi

2 -1 0 ... 0
-1
o

M2 =
. 0

-1
0 0 -1 2

0

0 0 tn -tn
1

By using the above mentioned properties of a Wiener process and by
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simple calculations it is seen that Y has an n-dimensional multi-

variate normal distribution with mean vector X13 and covariance

matrix 01M1 + 02M2. This is essentially the general model consid-

ered in this paper with the exception that M1 is not necessarily an

identity matrix. However, a simple matrix transformation applied to

the random vector Y would give the exact general model assumed.

It is sufficient to note that after such a transformation the matrix

associated with the second variance component will be positive

definite. An application of this particular stochastic model has been

given by Burnett (1964) in connection with the determination of ocean

currents off the coast of Oregon.

It is necessary at this point to introduce some notation and

terminology used in the sequel. For a linear operator Tr between

two finite-dimensional inner product spaces let R(TT), N(n), IT* and

r(n) denote the range, null space, adjoint and rank of it respec-

tively. Similar notation is employed for matrices except that the

transpose of a matrix A is denoted by A'. A generalized inverse

of a matrix A is denoted by A and is any matrix such that

AAA = A. The determinant and trace of a matrix A are denoted

by IAI and t (A) respectively.
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2. INVARIANT QUADRATIC UNBIASED ESTIMATION- -
GENERAL THEORY

Under the general model described in Chapter 1, interest is

centered upon the estimation of parametric functions of the form

6'0 where 6 e R2. In the development given in this paper the class

of estimators will be restricted to unbiased quadratic estimators that

are invariant under a particular group of translations. Also, the

performance of the estimators will be investigated using the variance

of the estimators as a measure of goodness. These criteria are best

formulated in terms of finite-dimensional real inner product spaces.

The general framework of unbiased estimation as presented in Seely

(1970a) is utilized.

Let ( - , ) } denote the inner product space of all n x n

real symmetric matrices with the trace inner product, i. e.

(A, B) = tr(AB) for all A and B in a., ; let denote the

subspace of Q consisting of all matrices A that satisfy the con-

dition AX = 0; and for any nonempty subset e of ez., let

{(A, YYTA E } . Then a parametric function 6:0 is said to

be et-estimable (A,-estimable) if and only if there exists an A E

(A e ,) such that (A, YY') = Y'AY is an unbiased estimator for

6'0. Further, for a fixed 5 E R2 the set of unbiased quadratic

estimators for 610 is denoted by a.6,
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= {(A, YY1): A e a, and (A, YY') an unbiased estimator for WO.

The set is similarly defined. It is clear that e consists of

all unbiased quadratic estimators for 5 0 and, as will be shown

later, the set VZ, consists of all unbiased quadratic estimators for

6'0 that are invariant under the group of translations considered.

For a fixed 8, the set of estimators `7Zi8 will be the esti-

mators studied in this dissertation. In general, '7,/
5

usually contains

more than one estimator and hence a choice must be made as to which

one to use in a particular problem. In the following sections two

reductions in 71, will be made in succession to obtain two particu-

lar complete classes. In the context of this paper a complete class of

estimators has the following interpretation. If g is a subset of

mss, then z56 is called a complete class if given any estimator

Y'AY E 7E/6 not in 6? 5' there exists an estimator Y'BY E `do

such that

Var(YIAYI 1:3, 0 > Var(VBY1 p, 0) for all ((3, 0) E RP x SZ

and strict inequality holds for at least one (fs, 0) E RP x

The next section formally introduces the translation group for

applying invariance. A maximal invariant is then derived along with

its associated properties. In particular a minimal sufficient statistic

is determined for the maximal invariant.
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2.1. Invariance and. Sufficiency Considerations

Since parametric functions of the form 5'9 are linear combi-

nations of the two variance components and since variances are

translation invariant parameters, it is reasonable to demand that the

estimators for 6'0 also be translation invariant. Specifically,

consider the group of transformations

= {g : g(Y) = Y + b and b E R(X)}

and let Q be an n x q (q = n - r(X) ) matrix such that

R(Q) = N(X') and QIQ = I . Then the following conclusions may be

drawn:

a. The family of distributions

{Nn (Xf3,D
0
): (p, 0) e R x

is invariant under the group

b. The random vector Z = QTY is a maximal invariant with

respect to 10--`

c. The probability model for the maximal invariant Z is

N
q(0,C 0)

where 0 E S2 and C
0

= Q'D Q

The following proposition states that the set of all unbiased

quadratic functions that are invariant under ytt is equivalent to the

class of estimators it = {(A, YYt): A EVI}. Additionally, it shows

that the elements of are in fact quadratic forms in the maximal

invariant Z.
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Proposition 2.1. A quadratic form Y'AY is invariant under

the group 4- if and only if A E 7L. Moreover,

{QAQI: A= AI, A a q x q matrix} ,

and hence a parametric function 6'0 is 7Z-estimable if and only if

there exists a symmetric q x q matrix A such that ZIA Z is an

unbiased estimator for 6'0.

Proof: It is easily verified that if A En', then Y'AY is

invariant under if . Suppose that Y'AY is invariant under .

Then

(Y+Xf)IA(Y+Xf) = Y'AY, for all f E RP and for all Y E Rn

implies that 2Y1AXf + f'X'AXf = 0 for all f E RP and for all

Y E Rn. It follows that Y'AXf = 0 for all f E RP and for all

Y E Rn, and therefore AX= 0, i.e. , A E 761.

The equivalence of 71-, and {Q.6.QT: A = 4 follows from

Lemma 1 of Seely (1970b). Then since 5'0 is 7r-estimable if and

only if there exists an A E >V such that Y'AY is an unbiased

estimator for 6'0, it follows that 6'0 is r7-estimable if and only

if there exists a A such that Y`QAQ'Y is an unbiased estimator

for S'0. But 1(1C2 Q'Y = ZIA Z and hence 6'0 is A-estimable

if and only if there exists a q x q symmetric matrix A such that

ZIA Z is an unbiased estimator for 6'0.
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The preceding proposition allows the original estimation prob-

lem to be considered in terms of the maximal invariant. That is,

unbiased quadratic estimation in terms of Z is the same problem as

invariant unbiased quadratic estimation in terms of Y. It is also

possible to obtain a further reduction by finding a minimal sufficient

statistic for the family of distributions of Z.

Consider the family of distributions Lp associated with the

maximal invariant Z, i. e. ,

`1) = {N
q

(0, 011+02W): A E

where W = Q'VQ. The family `()) is absolutely continuous with

respect to q-dimensional Lebesque measure and the associated

density functions are the usual multivariate normal densities

-q/2 11- /2 1
f(z10) = (27r) 1011+02W-1 exp{- .z ZI(01I+0

In order to apply the method of constructing minimal sufficient statis

tics as proposed by Lehmann and Scheff41950) it is convenient to

obtain the spectral decomposition of W. To this end let

0 < X
1

< X2 < < X denote the distinct nonnegative eigenvaluesm

of the matrix W and let El, ... ,Em be symmetric matrices with

ranks r
1

respectively such that

2a) E.E. = 0, i j and E. = E. for all j
1 3 1 1



m

b) W = X.E.; I
1 1

m
E..

1

1=1 i= 1

Further let T. = VE.Z for i = 1, ,m and let
1 1

T =
1

. . , Tm) .

Theorem 2. 1. Assume that Z Nq(0, 0
1I+0 2W)

where

8 E SZ and W is nonnegative definite. Then the following state-

ments are true.
-1 2a) r.(0 +X.0

2
) T i x (r.), i = 1, ..,m.

b) The random variables T T1" m are independent.

c) The random vector T is a minimal sufficient statistic

for `--P .

d) Fisher's information matrix is given by

1(0) = --2-

i=1

m

. (0 -FX.0 )
-2

2
X.

1

X

16

Proof: Let a. = (0 +X.0 )
-1, then r.(0 +X.0 )

-1 T. = Z'(a.E.)Z
1 1 2 1 1

and it is necessary to show that aiEj,(0 1I+02W)aiEi = aiEj and

tr(a E.(0 1+0 W)) =
i 1 1 2

But these follow immediately from the proper-

ties of the decomposition of W. Similarly, it follows that

= 0, i j and hence parts a) and b) hold. To show

that T is a minimal sufficient statistic note that the density may be

written as



f( 10) = (27)
-q

12101H-0 2W1
-1/2 exp

m

i=1

01 +X.02)- 1r.Ti} .

17

Applying the construction process of Lehmann and Scheffe" (1950), it

follows immediately that T is a minimal sufficient statistic for '70 .

m

Since 011 + 02W = (0
1

+X.0
2

)E. is the spectral decomposi-
i=1

tion of Oil + 02W, it follows that (Halmos, 1958, part 55)

Hence

m r.
10

1 2
1+0 W I = n (ei+Kjea)

i=1

ln f(z10) = K

m

i=1 i=1

where K is an appropriate constant. Additionally,

i=1

alnf(z10)
.901

r.
1

2
a. -a.

1 1

In f(z10) 1 2rX[a.-a.Tae 2
. . .]

2
Z., 1 1 1 1 1

i=1

0
1
+X.0

2
)
-1 Ti ,

Since E[
In f(z10)

ae. 10] = 0 for j = 1, it is easily verified using

T.'sdistributional properties of the T.' that



E{(
a ln f(z I 0)

)210 =ael

E[( ln f(z I 0)
)210] ="2

m

i =1

m

r.a.2

2 2r.X.a.
1 1

i=1

m

FE
a ln f(z10) ln f(z I 0) 2

I 0] = r.X.a.
1

ae ae
2

2

i=1

and hence finally

I(0) = r.(0
1
+X.0 )

-z

i=1

18

In order to apply Theorem 2.1 directly it is necessary to obtain

the spectral decomposition of W = Q'VQ where Q is n x q such

that R(Q) = N(X') and QIQ = I . In this form explicit knowledge of

Q is needed. However, for many situations, in particular when the

general model arises from an experimental design, use may be made

of matrix relationships that eliminate the need for determining Q.

Many of the estimation procedures used in this paper do not require

the determination of the spectral decomposition explicitly. That is,

with a knowledge of the eigenvalues , their multiplicities and the

minimal sufficient statistic the estimators may be computed.

Suppose that V = BB' where B is a known matrix of
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appropriate dimensions. Suppose also that the matrix Q is

not explicitly known. Then the spectral decomposition of the matrix

Q'BB'Q must be determined. It is well known, and easily proven,

that the matrices Q'BB'Q and B'QQ'B have the same positive

eigenvalues and may differ only in the multiplicity of the zero eigen-

value. Since QQ' is the orthogonal projection on the N(X') and

hence may be determined by the identity QQ' = I X(XIX)-XI,

BIQQIB is immediately available and therefore its spectral decom-

position may be obtained.

If the distinct positive eigenvalues, their multiplicities and their

associated orthogonal projection matrices of BIQQIB are given by

, ks; r1, , rs; and F1, , Fs respectively, then the dis-

tinct positive eigenvalues, their multiplicities and their associated

orthogonal projection matrices of Q'BB'Q are given by Xi, , X.s;

r1" r s' and E
1

. E
s

where the E.'s are defined as

E. = X.
-1 Q'BF.B Q, i = 1, ...,s.

I 1 1

If Q'BB'Q is positive definite, then the above gives the complete

spectral decomposition and in terms of the previous notation s =

When Q'BB'Q is positive semi-definite, then zero is an eigenvalue

with multiplicity q - and the associated orthogonal projection
i=1

matrix may be found as E = I
0 q

i=1

E.. In this case m = s + 1
1
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and an appropriate adjustment of the subscripts is necessary to con-

form to the previous notation for the spectral decomposition of

Q 'BB 'Q.

Although the E. in both cases are defined in terms of Q, it

is not necessary to know Q if the estimation procedure is a function

of the minimal sufficient statistic. The components of the minimal

sufficient statistic may be determined by noting that

'T.= Z'E.Z /r. = YIQE.Q Yir.
1 1 1 1 1

rYIQQ'BFiB'QQIY/riXi if Xi 0

Y'QQ'Y

i=2

Ti if Xl= 0

where it is assumed the decomposition of Q'VQ has eigenvalues

0 < X
1

< X.2 < < and the A. are defined to correspond to

the appropriate case as previously discussed,

Another method of determining the minimal sufficient statistic

is based on knowing the eigenvalues of Q'VQ. Formally, suppose
m

that the spectral decomposition of Q'VQ is given by Xi E.

Then it is easy to show that

= r
1
T1+ r2 T2 + ...+ r Tm m

i=1

Z'Q'VQZ = r K T+r X T +...+r X T
1 1 2 2 m m

ZI(Q'VQ)
-1 Z = r1X1m-1 mT + r2 X2 -1 T2 + ...+ rm mAm1Tm ,
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or in matrix notation and using Z = Q'Y

YIQQ'VQQ1Y

V(QQIV)
m-1

QQ'Y

r2

r X

rm
r Xm m

yr

m-1 m-1
r2X2 r Xm m

That is, S = AT where A is a matrix with determinant

m
( II r

k
) n

3 1
(x.-x.) i o

k=1 <m1<i<j

T1

T2

Tm

since X. (i = 1, ...,m) are distinct. Hence if "mil is small and

QQ' is easily determined, the minimal sufficient statistic T can be

computed as T = A-1S.

As an example of the preceding consider the balanced incomplete

block design introduced in Chapter 1. Recall the model was written

as Y = U
0

13 + U
1
p + U 1-+E where T corresponds to the ran-

dom

0

effect. Let N=UT1 U
2

be the t x b incidence matrix where

n..
if treatment i occurs in block j

otherwise .

It is known (Hall, 1967) that the incidence matrix N has the following

properties:
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a) NN' = (r-X)I XJ
t

b) INN'I = (r-1-(t-1)X)(r-X)t-1

where Jt is a t x t matrix of ones. From this it can be shown

that the eigenvalues of NN' are r-X and rk = (r-X) At with

multiplicities t-1 and 1 respectively. Hence the eigenvalues of

N'N are easily determined. If b = t, then r -X and rk are

the only eigenvalues with multiplicities t-1 and 1. If t < b,

then r-X, rk, and zero are the eigenvalues with multiplicities

t-1 and b-t.
Let Q be an n x q matrix such that Q'Q = I and

q

R(Q) = N(Up. Then

a) q = n - r(U1) = n - t

b) QQ' is the orthogonal projection on N(Up and

QQ' = In 1
U U' /r.

c) U'QQIU
2

= kIb - N'N/r.

The matrix of interest in determining the minimal sufficient statistic

T is Q1U
2
U'Q and its eigenvalues are easily determined from the

eigenvalues of N'N. There are two cases to be considered.

b = t. From the eigenvalues of N'N it is easy to see that

U'QQ'U
Z

has eigenvalues k - (r-X)/r = Xt/r and k rk/r = 0

with multiplicities t-1 and 1. It then follows that the eigenvalues

of Q'U
2 2
U Q are Xt/r and zero with multiplicities t-1 and



23

q - r(QIU
2 2

Q) = q b + 1 respectively. Therefore for this case,

m = 2 and T1' T2 may be determined by solving a 2 x 2 system

of equations.

b > t. From the eigenvalues of N'N, it follows that

U2QQ'U2 has eigenvalues Xt /r, k and zero with multiplicities t-1,

b-t and 1 respectively. Hence the eigenvalues of Q'U
2 2
UI Q are

Xt/r, k and zero with multiplicities t-1, b-t and q - b + 1 respec-

tively. In this case, m = 3 and a 3 x 3 system must be solved to

find the minimal sufficient statistic.

2. 2. The Class of Estimators

The purpose of this section is to show that the class of estima-

tors Vt can be reduced to considering the subspace .4 of

where

= {hIT:h E Rm }.

Specifically, the previous statement means that if 5'0 is

A-estimable and Z'AZ E '71 is an unbiased estimator for 6'0,

then there exists an h E Rm such that h'T is an unbiased esti-

mator for 510 and

Var(h'TI 0) < Var(Z'AZI A), for all 8 E f2 .

The next theorem will establish this result and the proof will give a
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constructive way through which the vector h may be obtained

utilizing a knowledge of the matrix A and the spectral decomposi-

tion of W = QtVQ

define

m

Let W = X.E. denote the spectral decomposition of W and
i =1

F. = r.1 /2E.,
1 1

i = 1, . ,rn. Let 4 be defined as

= sp{F . , Fm} ,

then -.4 = {Z'AZ: A E f } , which is consistent with the previous

notation. Also, let {e4, (-, -)} denote the real inner product space

of q x q symmetric matrices with the trace inner product. Then

a_ and {F1, . Fm} is an orthonormal basis for 7.
q

Extend this basis to an orthonormal basis for , say

Fm, Frn+i, , FM} and note that sp{F
.6) {F1' ..,F }m+1' m

and that is the direct sum of and Jj- . Since

is an orthonormal basis for

uniquely written as
M

A =

i =1

note that any A E a may be

(A, F. )F.
1 1

Let Tr be the orthogonal projection operator onto ,cY , then it fol-

lows that

TrA =

m

i=1

(A, F.)F. .
1 1
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Theorem 2.2. Given any quadratic form Z'AZ E 7i, there

exists a vector h E Rm such that h'T has the same expectation

as Z'AZ and

Var(h'T I 0) < Var(Z 'AZ 1 0) for all 0 E S2 .

Moreover, h may be selected as h' = (t (AE ), ...,tr(AE ))

which leads to h'T = V(rrA)Z.

Proof: Let Z'AZ be an arbitrary member of sl't and define

B = rrA. Then

Z'BZ =

m

i=1

A, F.)ZF.Z =

m

i=1

tr(AE.)T. =
I

where h = (tr(AE ), . ,tr(AEm))'. By Theorem 2.1 it follows that

m

E(Z1BZ 16) =

i=1
M

Then since A = (A, F.)F.,
I 1

i=1

tr(AE
i.
)(0 +X

i 2
) for all 0 E .

1

E( Z 'AZ 0) = tr(A(01I+02W))

m

0 +X.0 )tr(AE.) for all 0 E .
I. 2

i=1

Hence h'T and Z'AZ have the same expectation. Now
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Var(Z'AZI 0) = Var(ZIBZI 0) + Var(Z'(A-B)Z10)

+ 2 Cov(Z 1(A -B)Z, Z IBZ 1 0) for all 0 E S2;

and if the covariance term is zero for all 0 E 0, it will follow that

h'T = Z'BZ has a variance at least as small as Z'AZ for all

E 0. But since Z has a multivariate normal distribution with

mean vector zero and covariance matrix C ®= = ell + W

Cov{V(A-B)Z, Z'BZ} = 2 tr((A-B)C0BC0)

= 2 tr((AC0BC0) 2 tr(BC0BC0)

By using the expressions for A, B and Co in terms of the ortho-

normal basis it follows that the above covariance is identically zero.

Hence the proof is complete.

Corollary 2.1. A parametric function 5'0 is AT estimable if

and only if there exists an h E Rm such that h'T is an unbiased

estimator for 5'0.

Proof: Follows from Proposition 2.1 and Theorem 2. 2.

Corollary 2. 2. Let 5 E R2 be a fixed vector such that 5'0

is 77 -estimable and define

= th'T:h E Rm and h'T is unbiased for 5'01 ,
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then 6 is a complete class of estimators for 5'0.

Proof: It is clear that is a subset of 7(5, the set of

estimators under consideration. From Theorem 2.2 it follows that if

Z'AZ E 45, then there exists a vector h E Rm such that

E,36 and such that h'T has a variance at least as small as

Z'AZ for all 0 E 0. If Z'AZ is not in then A - B

where B = TrA, is not the zero matrix. To show jo is a com-

plete class, suppose that

Var(ZIAZIO) = Var(ZIBZIO) for all 0 E C2.

Then from the proof of Theorem 2.2 Var(ZI(A-B)A1 0) = 0 for all

0 E 0. But this implies that Z'(A -B)Z = 0 with probability one,

which is a contradiction of A B being non-zero. Hence for at

least one 0 E S-2 the variance of Z'BZ, i. e., h'T, is smaller

than the variance of Z'AZ. Therefore, ..:17
5

is a complete class.

Before proceeding with the main development of the paper, it is

interesting to note that Theorem 2.2 may be extended. Instead of

restricting the estimators to be of the form Z'AZ, consider esti-

mators of the form Z'AZ + f(Z) where E(f(Z) 10) = 0 for all

E S2 and

f(Z) =

k=1

q a.
Zi

i =1
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such that = Lk is any positive odd integer for k = 1, ...,K
i =1

and a ik, i = 1, ... q; k = 1, ,K are nonnegative integers. The

following theorem gives the desired extension.

Theorem 2.3. Let 6'0 be any estimable function and Z 'AZ

an unbiased estimator of 610. Then there exists an h E Rm such

that h'T is an unbiased estimator for 8'0 and

Var(hrTI 0) < Var(Z'AZ+f(Z)(0) for all 0 E 12

where f(Z) is any function satisfying the conditions in the preceding

paragraph.

Proof: Fix 0 at an arbitrary value in 12 and define the

q x q matrix B such that BB' = T3
1
I + 02W. Let U be a random

vector having a q-dimensional multivariate normal distribution with

mean vector zero and covariance matrix I, then Z and. BU

have the same distribution. Moreover,

q c. q c.
E[ ri U.3] = II E[U.3] = 0

J=1 j=1

is any positive odd integer. This is immediate by noting

i=1
that at least one c must be an odd positive integer and that all odd



moments of a standardized univariate normal are zero.

By the proof of Theorem 2. 2 there exists an h E Rm such

that E(1). = S'8 and

where

Var(Z'AZ+f(Z)1T)) = Var(htT) 6) + Var(Z'AZ+f(Z)-hiT10)

+ 2 Cov(ZTAZ+f(Z)-111T,htT18)

Cov(VAZ+f(Z)-h1T,h1T10) = E(f(Z)hIT10) .

29

It is easily determined that E(f(Z)htT10) is a linear combination of

where ai is a positive odd
q a.

terms of the form E( H Z.110)
1 =1 1

integer and the a.
1

i=1
are nonnegative integers. But

q ai q a.
E( H 1 e) .-- E( II ( b..U.) 110 )

13 3
1=1 i=1 .

3=1

q

where b.. is the (i, j)th element of B. When / b..U. is
13 1-3 3

j=1
raised to the appropriate power and the product is taken, only terms

q c.
of the form II U.3 where

j =1 J

j=1 i=1

appear. Therefore, by an earlier statement of the proof,
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q c.
E( H U.318) = 0

i=1 j

and it follows that E(f(Z)hITI0) = 0. The proof is completed by not-

ing that fixing 0 affects the proof only by having the matrix

depend on 0 and that E(f(Z)h'T = 0 implies

Var(hITI0) < Var(Z'AZ+f(Z)I0) .

2.3. Formulation of Estimation Problem as E(T 10) = GO

Theorem 2. 2 and its corollaries allow attention to be restricted

to linear functions of the minimal sufficient statistic T, when the

original class of estimators consists of all invariant unbiased quad-

ratic forms, i.e. , . Corollary 2-1 states that the estimability

of linear parametric functions 6'0 can be determined by the

existence of h E Rm such that h'T is an unbiased estimator for

5'0 Then for any fixed 6 such that 6'0 is -estimable,

Corollary 2. 2. states that is a complete class. These results

imply that the estimation problem can be stated in the form of a gen-

eral linear model and hence the results of general linear model theory

may be utilized.

The following statements are easily established by Theorem 2.1.

a) E(Ti) 0) = 01 + Xi02, i = 1, ...,
2b) Var(Til 0) = 2(01+Xj02) iri, i = 1, ...,m.
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c) E(T 16) = GO for all 0 E S2 where

GI =
1 , 1

X .. Xm

d) Cov(T I 0) = 2012 V(p) where p = 02/01 and

V(p) = diag{(1+X 1p)2 /r1' ..., (1+X
rn

p)zir
rn

} .

Note that under this formulation the usual definition of estimability

coincides with the condition given in Corollary 2.1. A result from

standard linear model theory that is very useful in the following

development is a particular characterization of all unbiased estima-

tors of an estimable parametric function 6'0 . Proposition 2. 2

gives this characterization.

Proposition 2.2. Suppose T is a random vector such that

E(T 16) = GO. If 6'0 is an estimable parametric function, then the

set of all vectors h E Rm such that h'T is an unbiased estimator

for 5'0 is given by

where t E Rm

t + N(G')

is any fixed vector with the property that t'T is

an unbiased estimator for 6'0.

Proof: Consider the estimator (t+f)'T where t'T is an

unbiased estimator for the parametric function 6'0 and f E N(C4 1).
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Then E((t+f)'T 10) = E(CTIO) + E(f1T1 0) = 5'0 for all 0 e S2 since

f E N(G') implies E(fIT1 0) = fIG0 = 0 for all 0 E Q. Suppose

S'0 is estimable, then there exists an h E such that

E(hITI 0) = 5'0 for all 0 E O. But h = t + (h-t) and h - t E N(G'),

so that h = t + f where f E N(G') and the proposition follows.

Another slightly different representation for the unbiased esti-

mators is obtained as follows. Let F be an m x s matrix such

that R(F) = N(G') where s = m - r(G) and note that F has full

column rank. Additionally, if it is assumed that all parametric func-

tions 5'0 are estimable, then s = m - 2. Using the notation of

Proposition 2.2 and the above definition it is trivial to show that

t + N(G') = {(t+Fa):a E R5}.

Suppose that 510 is an estimable parametric function. Then

it is easy to establish that 5 E R(G'). Conversely if 5 E R(G'),

then 5'0 is estimable. Hence an equivalent definition of estimabil-

ity is that 510 is an estimable parametric function if and only if

E R(G').

With the previous properties and the formulation of the estima-

tion problem, many of the methods of linear model theory are now

applicable. In particular, estimators obtained by using generalized

least squares are of interest. Let 5'0 be an estimable parametric
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function, then the generalized least squares estimators are 54(a)

for all a > 0 where ta) is any solution to the normal equations

GIV(a)
-1

GOs(a) = GIV(a) T.

If 6'0 is estimable for all 6 E R
2

, then GIV(a)
-1

G is

invertible and the variance of the generalized least squares estima-

tors 616(a) for any 0 E S2 is given by

20
2

61(GIV(a) -1
G)

-1
GIV(a)

-1 V(p)V(a) 1G(GIV(a) - 1G)
-1

6 .

If p = a, then the variance simplifies to

Var(61(a)I0) = 20 61(G'V(a) -1
G)

-16
1

= 61I(0)
-1

6

for all 0 E C2 such that p = /el = a, where I(0) is Fisher's

information matrix and 5'1(0)
-1

5 is the Cramer-Rao lower bound.

Hence the estimator 61(a) is a locally best, i.e., minimum vari-

ance unbiased, estimator for all 6 such that a = 02/01.

The final section in this chapter will utilize the development in

this section to show that the set of estimators for a fixed

6 E R2 may be further restricted. That is, suppose that 6'0 is

an estimable parametric function and that t E Rrn is such that

G't = 6 and F is an m x s matrix such that R(F) = N(G').

Then .-7- = {(t+FarT: a E RS) is the set of all unbiased estimators

for 6'0 that need to be considered. It will be shown for a E RS
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restricted to a particular proper subset of Rs, say a, that the

set of estimators {(ti-Fa)'T: a EN/} is a complete class.

2.4. The Complete Class '75

Let 5 E R2 be an arbitrary, but fixed, vector throughout this

section and assume that all linear parametric functions of the vector

e are estimable. In the remainder of this paper estimable will mean

sit -estimable. In Section 2.2 it was shown that j is a complete

class for the set of estimators Also, with the formulationof

the estimation problem in terms of a general linear model given in

Section 2.3, the complete class J may be written as

where tERm

= {(t +Fa)'T:a E RS}

is any fixed vector such that G't = S and F is

an m x s matrix of rank s = m - r(G) = m 2 such that

R(F) = N(G'). Note that r(G) = 2 by the assumption that all linear

parametric functions are estimable. For the rest of this section let

t and F be fixed such that the above conditions are satisfied.

A further reduction in the class of estimators
5

may be

obtained from an investigation of the covariance matrix of the random

vector. T. Recall that Cov(T 10) = 20 V(p) where p = 02/01 and

V(p) = diag{(1+X
1
p)2/r

1
, (1+X p)2/rm }



By defining three quadratic forms C.(a) = (t+Fa)'Di(t+Fa),

i = 1, 2, 3, where

D
1

= diag{1 /r
1

, . , 1 /rm

D2 = diag{X /r X /r m}
1 m

D3 = diag{X /r .. , X.m
2 /r

1
}

it is possible to write the variance of any estimator in jr as

Var{(t+Fa)'T 10} = 20(t+FarV(p)(t+Fa)
1

for all 0
1

> 0 and p>

= 20
1

2
{C

1 (a)+2pC 2(2)+p
2

C
3(a)}

. Now suppose al, a2 a Rs

35

are such that

(t+Fai)'T and (t +Fa2)'T are two different estimators for 6'0.

A necessary condition for

Var{(t+Fai)'T 10} < Var{(t+Fa2) IT 10} for all 0 E

is that C
1
(a

1
) < C

1
(a

2
) and C

3
(a

1
) < C

3
(a

2
). The necessity is

established by considering the properties of

V(aI p) = C1(a) + 2pC2(a) + p2C3(a)

when p = 0 and when p approaches infinity.

Consider the generalized least squares estimators introduced
A

in Section 2.3. It was shown for each a > 0, that 610(a) is a
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a ---locally best estimator. Moreover, 6I0(a) E
6

for all a > 0. As

a result any reduction in I6
locally best estimators. Since

must necessarily include these

f = V(a) 1G(GtV(a) -1G)
-1 G't - t E N(GI)

there exists an a E Rs such that Fa = f and hence

A
6'0(a) = tiG(GIV(a) -1

G)
-1 GtV(a) -1

T

= (t +Fa)'T .

Therefore, 6c4(a) may be written in terms of t and. F. These

considerations provide the motivation for introducing the next series

of lemmas.

Lemma 2.1. If C.(a), i = 1, 2,3, are defined as above, then
1

the following statements are true:

a) C.(a) > 0 for all a E Rs and i = 1, 2, 3.

b) C.(a)C.( ) is convex in a for i = 1, 2, 3.

c) F'D.F is positive definite for i = 1, 2,3.

d) For each i = 1, 2, 3, there exists a unique

inf{Ci(a): a E Rs} = Ci(ad

for i = 1, 2, 3.

a such that

Moreover, a, = )-(F'D.F

-1 F'D.t

Proof: The first statement is obvious, since the D. are

nonnegative definite matrices. The matrix of second partial
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derivatives of C.(a), which exist and are finite, is

82Ci(a)

aa((act.
i))= 2F ID.F = 1, 2, 3 .

k

But a real valued function defined on R s is convex if and only if the

matrix of second partial derivatives is nonnegative definite. Hence,

the second statement follows.

Assuming for the moment part c), the final statement is a con-

sequence of Appendix I. By making the obvious correspondences, by

noting that

inf{(t-Fw)'Di(t-Fw):w E Rs} = inf{Ci(a): a e Rs}

and by observing

only if

w. achieves the infimum of the left hand side if and

a, = -w, achieves the infimum of the right hand side,

Lemma I. 1 establishes the existence of ai and characterizes a, as

any vector a. such that (t+Fa)'D.Fa = 0 for all a E R . Let

a. = -(FID.F)-1FID.t and note that F(FID.F).-1FIDi is the projec-

tion on R(F) along N(F'D. ). Hence

t + Fa. = [I-F(F'D.F 1 FIDit e N(F'D.)

and it follows that a, satisfies the characterization. The uniqueness

of a, for each i = 1, 2,3 is established by checking the conditions

of Lemma I. 2. Since F is m x s and has rank s, F is one-to-

one. For i = 1, N(D1) = {0} and hence N(D1) and R(F) are
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disjoint. Now suppose f' = m(f1 _,...,f ) E N(1)
2
) r\ R(F), then

D
2
f = 0 implies f2 = ... = fm = 0 since X. > 0 for

1

i = 2, ...,m. Also f E R(F) = N(G') so that

G'f = 0 => lIf 0 =>f
1

= 0 =>f = 0.

It follows that N(D2) and R(F) a.re disjoint. A similar argument

establishes that N(D3) and R(F) are disjoint. Thus, the

iis established. Since D., = 1, 2,3, is nonnegative

definite and N(D.) and R(F) are disjoint, the positive definiteness

of F'D.F, i = 1, 2,3, is immediate and the lemma is established-
].

For the remainder of this paper, it will be assumed that al,

a
2

and a
3

are as defined in Lemma 2.1.

Lemma 2.2. For any fixed a > 0 the generalized least
Asquares estimator 518(a) may be written as (t +Fm(a))'T where

-m(a) = -(FIV(a)F) 1F1V(a)t. Moreover, al = m(0) and

inf{Ci(m(a)): a > 0} = C i(m(0)) .

Proof: Since for each a > 0, V(a) is positive definite and

R(F) = N(G1) , it can be readily established that

I - V(a)F(F1V(a)F) - IF' = G(G`V(a)
-1

G)
-1G'V(a) -1

Hence if t E Rm is such that G't = S and
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(a) = (GIV(a)-1
G)

-1
GIV(a)

-1
T, then

where

81(a) = CG(G)V(a)-1G)-1G1V(a)-1T

= tt(I-F(FIV(a)F) -1 FIV(a))IT

= (t +Fm(a))'T

m(a) = -(F1V(a)F) -1FiV(a)t.

From Lemma 2.1 inf{C (a): a E RS} where

a
1

= --(F'D
1
F) -1 F'D

1
t . But since V(0) = D1, al = m(0) and it

follows that

inf {C1(a):a E RS} = C1(a1) = inf{Ci(m(a)): a > 0 }

Lemma 2.3. Under the assumptions of Lemma 2.2,

lim 5I0(a) exists and is an unbiased estimator for 810. More -
a 00

over,

where

lim 5'6(a) = (t+Fm(00))IT
a-00

m(00) = lim m(a).
a-P-00

Also, m(00) = a3 and inftC3(m(a)): a > 0} = C3 (a3 ).

Proof: Consider the weighted least squares estimator

8'0(a) = 8'(G1V(a) -1
G)

-1GIV(a) - 1T. By performing the indicated
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GIV(a) iT

m
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m r.
(GIV(a)

-1
G)

-1 IGIV(a) -1G 1

2
Tr

where
N

= (1, inj = 1, ..., and
J

Tr.
1

+X1 .a)
1=1

for i = 1, ...,m. It is also easily shown that

G IV(a)-1G

and hence

Vt(a) =

rkri(k-Xi)
2

(1+X
k

a)
2(1+X. a)

2

1 <k <.Q <m

r.r.T.61Tr.y.
1 3 1 1 3

i=1 j=1 (
)1+X.1

a)
2

(1+X
3
.a 2r r (X -X 2

k k
2 2

1 < k < Q <m (1+X a) (1+X /a)

AIn order to find lim .5'9(a) two cases must be considered.
a Go

Case 1. Al > 0. Since all of the X. > 0, the limit clearly
1

exists and is equal to



lira 54(a) =
a-00

m m r.r.T.5'n.y.
1 3 3 1 3

2

i =1 j =1 2 2
X. X. r r

(X
k

-X/ )

i j k /
X

2
X

2

1 <k<11 <m k 1

2 -1 m
(Xk -XI)

rkr/ 2 2
Xk /k< X

i =1

= 5I(GID
3

1 1
G ) G'D
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where D3 is as previously defined and is invertible since X1 > 0.

Case 2. X1 = 0. Using the same approach as for Case 1 it is

necessary to consider the following terms separately as they behave

differently under the limiting operation: i = 1, j = 1; i = 1, j > 1;

i > 1, j = 1; i > 1, j > 1. After performing the indicated computations,

the final result is

m mr. ri
lim 6'61(a) = T.N.+ Stir. T

j j 2 i
a --4. 00 X2j=2 j i= i.

X.

=
1

T
1

+ 6

m r.
X.

j=2 3

= t(G ID#G) - 1G ID#T
3 3

where 5 = (61, 52)I and

r



0
2

-r2 /X2

-r2/X22 r2 /A2

0

)* -r /X2m m
0 0

0
2 '-r /X 0 4

"
0 r /X2m m m in.-
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For Case 2, D3 = diag(0, X 22 /r 2' ..., X
2 /rm) and it is easy to verify

that D3 a particular generalized inverse of D3. It is of passing
3

interest to note that D3# is not the Moore-Penrose inverse of D3.

The unbiasedness of lira 5'0(a) for either Case 1 or Case 2
a'00

follows by simply taking the expectation.

If it is assumed that the following matrix identity is true

I D
3
F(F'D3F)

-1 F' = G(G'D 3G
-1 Gil)

3

where D3 is either the inverse of D3 if X1 > 0 or the general-

ized inverse D
3

if 1`1 = 0, then the remainder of the lemma may

be proven. In particular, if S = G't , then

and

lirn
a ~00

6'8(a) = 6.1(G D-G)-1G'D--
3 3

= (t +Fa3)'T

t-F(F1D3F)-1F' t)1T

lira 510(a) = lim (t+Fm(a))'T = t'T + lirn (m(a)'F'T)
a." a"00

= + [ lim m(a)]'F'T = t'T + m(O0)'F'T.
a " 00
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Hence m(00)'F'T = which implies 3-rn(a))) = 0, and

finally a
3

= m(00) since N(F) = {O. For purposes of the limiting

operations note that m(a) = -(F117(a)F) -1 FtV(a)T and that each corn-

ponent of m(a) is the ratio of two polynomials in "a" and there-

fore m(a) is a continuous function of "a". Finally,

C
3

(a
3

) < inf{C
3
(m(a) ): a > 0} < lim C

3
(m(a)) = C3(m(o0))

a 1" 00

which establishes the last part of the lemma since m(00) = a
3

-

It remains to establish, however, the matrix identity

I - D
3
F(F'D3F) 1F1 = G(GiD 3G) 1G'D

3

where D
3

is the inverse of D3
1

if X > 0 or the generalized

inverse D3 X.
1

= 0. If X1 > 0, this is a well known identity
3

and has previously been utilized in Lemma 2.2. When Xi = 0, if it

can be shown that R(D3F) = N(GID3), then the right hand side is the

projection on R(G) = N(F') along ki(GID3) = R(D3F) and hence

equals the left hand side of the identity.

Suppose that Al = 0 and note that D3 = diag(0, B) and

D#
3

0 -1 IB

-B-11 B -1

where B = diag(X
2/r

2' m, X2 /rm ). Consider G (1, g), then
2
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since D
3 3
DG = (0, g), D

3 3
D#g = g e R(G) = N(F ). Hence

F'D3D3G = 0 and R(D3G) C N(VD3). Noting that D3 is non-

singular and that N(D3) and R(F) are disjoint, then

dim{N(VD3)} = m - r(D3F) = m - r(F)

= r(G) = r(DG).
3

It follows that R(D
3
G) = N(F'D

3
) and hence that R(D

3 3
F) = N(CVD ).

The matrix identity is established and the proof of Lemma 2.3 is

complete.

Lemmas 2.1 to 2.3 have established the facts essential to the

reduction of the complete class of estimators j8. Utilizing the

motivation given at the beginning of the section, the following sets are

defined:

and

8
= {a e Rs: C.(a) < K.1 }, i = 1, 2, 3,

i 1

8 i
= {(t +Fa)'T: a e

5
i = 1, 2, 3,

where K
1

m.= sup{C.( (a)): a > 0}, i = 1, 2, 3. Clearly, li is con-

tained in J8 for i = 1, 2, 3. Furthermore for each i,
5

rfi

defines an ellipsoid in Rs and K. < +00 since

Z57 = {m(a)): a E {0, +00D is a finite line segment, in particular a

closed and bounded set in Rs. Note that by definition e5 C vpdri

for i = 1, 2, 3, so that the class of locally best estimators,



extended to include the limiting case, is contained in "tf for
6 i

i = 1,2,3. Theorem 2.4 shows that the estimators based on

52/6 = (6 -di cm 0/3)

i.e.,
'w/o

, are in fact a complete class.

Theorem 2.4. If the sets 61i, i = 1, 2, 3 and are

defined as above, then for every a E Rs there exists an a E Jo

such that

Var{ (t+Fj)'T I 0} < Var{(t+Fa) 'T I 0} for all 0 E C2.

Moreover, if a 116, then there exists an a E 1
6

such that

strict inequality holds for at least one 0 E

Proof: Since Var{(t+Fa)'T I A} = 201 p) where

45

V(aI p) = C1(a) + 2pC2(a) + p2C3(a), it is enough to compare V(al p)

in making the necessary variance comparisons. The proof will be

given by cases.

Case 1. Suppose a 1
6
,/2 v b7/ Then either a E 6/11 or

3

a 011. If a I 11, then C. (a) > K.
1

for i = 1, 2, 3, and
1

a = m(a) for any a [0, + I implies V(al p) > V(71-1 p) for all

P > 0. If a E 611, then there exists a = m(a), a E [0,+09] such that

C1(a) = C 1(a). Hence V( I p) > p) for p > 0- and strict

inequality holds for p > 0. In conclusion, for any a ti .gtf
6 2 613

there exists a E 46 such that V(aI p) > V(al p) for all p > 0
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and strict inequality holds for at least one p > 0.

Case 2. Suppose a ti
5 1 v 5 vdr

2
Then by an argument

similar to Case 1, there exists an a t voro such that

V(al p) > V(a I p) for all p > 0 and strict inequality holds for at

least one p > 0.

Suppose that a E Rs. If a E ,tos then a = a completes the

proof. If a I57"5, then since

45 (54.15`2) (5.56(25°13)

either a I 11
5 1 5 2

or a I v
5 2 5 3

or a is not in

either set. By applying either Case 1 or Case 2, as appropriate,

there exists an a E 46 such that V(al p) > V(al p) for all p > 0

and strict inequality holds for at least one p > 0. The proof of the

theorem is complete.

Corollary 2.3. The set of estimators
5

is a complete class

for estimating 610.

Proof: By definition of complete class, Corollary 2.2 and

Theorem 2.4, the result follows.

An improvement is possible on the set if another assump-

tion is made. The proof of Theorem 2.4 depended in Case 1 and. Case

2 upon having

inf{C 1(a): a E RS} = inf{C (a)): a > 0}
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and

inf{C3(a):a E RS} = inf{C3(m(a)): a > 0} .

In general it is not true that

(2. 1) inf{C2(a):a E Rs} = inf{C2(m(a)): a > 0} .

However, if Equation 2.1 does hold, then an argument similar to the

proof of Theorem 2.4 establishes that the class of estimators based on

the set

) ( Th )
6 2 6 1 6

is a complete class.

Although Corollary 2.3 gives a complete class of estimators,

in general it may not be easy to determine the estimators in lo*
For the case when W = Q'VQ has three distinct eigenvalues, i.e.,

m = 3, it will be shown in Chapter 4 that j
6

can be improved

upon. In fact the set 196 will be shown to be a complete class.
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3. MINQUE

3.1. MINQUE's and. Their Relationship to Invariant
Quadratic Unbiased Estimators

C.R. Rao (1972) recently proposed a new method for estimating

variance components utilizing quadratic estimators. Under the

restrictions that Y'AY be invariant under the group and that

Y'AY be an unbiased estimator for a parametric function 5'0,

Rao introduced the notion of minimizing a matrix norm to find an

estimator. Although the choice of the norm is arbitrary, Rao chooses

the Euclidean norm for matrices in conjunction with the specification

of a particular matrix form. With this Rao states that a quadratic

form Y'AY is a MINQUE (minimum norm quadratic unbiased esti-

mator) for 5'0, if the matrix A is determined such that

tr(AD(a)AD(a)) for fixed a > 0 is a minimum subject to the condi-

tions AX = 0 and E(rAY I p, 0) = 5'0 for all (P, 0) E RP x O.

The coefficients 01 and 02 are unknown in general. However, if

their ratio is known, then the minimization may be completed. Other-

wise, Rao suggests that a ratio of one be utilized. That is, I + V

would be used in place of D(a). It should be noted that a reference to

a MINQUE in some journal articles refers to the latter.

As will be shown later, the above minimization problem with

0
leads to the locally best estimators derived in Chapter 2.



49

However, the minimization problem has been approached from a very

different viewpoint by Seely and Zyskind (1971). In their terminology

they derived a procedure for finding Z-min estimators in the general

framework of minimum variance unbiased estimation in linear spaces.

One of their examples gives the application to the estimation of vari-

ance components.

Using the approach of Seely and. Zyskind, Seely and Soong (1970)

stated a more general definition of a MINQUE. For the model

assumed in this dissertation a generalized MINQUE is defined as

follows.

Definition 3.1. A random variable (A, YY') is said to be a

generalized MINQUE for the parametric function 5'0 with respect

to the inner product (-, -)71. if A E 71, (A, YY') E ;t--6 and

inf{(B, B)Tr: B E 7 (B, YY') E 715 = (A, A).n.

where Tr is any positive definite linear operator on a. and.

D) = (C, riD) for all C, D E a .

Appendix II develops the theory of a generalized MINQUE as

presented by Seely and Soong. Although the approach taken by Rao

could be utilized to derive the necessary equations for finding

MINQUE's, the approach for generalized MINQUE's will be used.

For the remainder of this paper the following definition of a
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MINQUE is the definition attention will be restricted to. A reference

to a MINQUE will imply that the positive definite linear operator IT

in Definition 3.1 is of the form TrA = D(a)AD(a) for all A E a_

where D(a) = I + aV and a [0, +00).

Stated in this form it is clear that the parametric function 6'8

must be -estimable in order for a MINQUE to exist. Furthermore,

the notion of a MINQUE leads to an objective way of selecting a

quadratic estimator, subject to the selection of the linear operator Tr.

If the variance of (A, YY') E is considered, then for any 0 E

such that a = 02/01

Var{(A, YY') IP , = 2 tr(AD8AD8)

= 202 tr(AD(a)AD(a))
1

for all p E R. Hence if (A, YY`) is a MINQUE, the variance is

minimized locally. In Section 2.3 locally best estimators were

obtained for It-estimable parametric functions. It is reasonable to

expect that MINQUE's under the inner product defined by Tr are the

same as the locally best estimators. This is in fact the case and

hence all of the results concerning the locally best estimators hold for

MINQUEls

Assume throughout the remainder of this chapter that all

parametric functions of the form 6'0 are -estimable. Let Q
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be an n x q matrix such that R(Q) = N(X') and Q'Q = I. By

transforming to the maximal invariant Z = Q'Y and by applying

Theorem II. 2 and the discussion following, the MINQUE normal equa-

tions for estimating 5'0 are C( )0( ) = A(a) where

C(a) =

and

tr[(Q1D(a)Q)-21 tr[(Q1D(a)Q)
-2

Q'VQ]

tr[(Q'D(a)Q) -2
QIVQ] tr[(Q1D(a)Q) 1Q'VQ(Q1D(a)Q) - 1Q`VQ]

A(a) = [Z1(Q 'D(a)Q) -2Z , Z l(Q 'D(a)Q)
-1

Q'VQ(Q'D(a)Q)
-1

Z j'

Hence if 6'O is a 7T-estimable function, then the MINQUE is given

by 61 A
(a) where 0(a) satisfies the equation C(a1(a) = A(a).

Moreover, if 5 and y' = (y1, y2) are such that 5 = C(a)y and

A =
1
(Q1D(a)Q)

-2
+ y

2
(Q1D(a)Q)

-1
Q'VQ(Q'D(a)Q)

-1
, then Z'AZ

is another representation for the MINQUE of 5'0.

The matrices appearing in the MINQUE normal equations may be

stated in a more convenient form by considering the spectral decom-

position of W = Q'VQ as in Section 2. 1. As before, let
m

W = X.E. be the spectral decomposition of W with multiplicities
i=1

r1, .. , rm for the eigenvalues respectively. Then

Q'D(a)Q = I + aQ'VQ =

i= 1

(1+X.a)E. ,
1



and

(Q'D(a)Q) -1
=

C(a) =

A(a) =

m

i=1

m

i=1

(1+X.a)
-1E.

,

i=1

(1+X.a)
-2

.(1+X.a)-2T.
1 1 1 X.

1

1
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Note that since 6'0 is A-estimable for all 5 it must be true

that m > 2 and therefore C(a) is in fact nonsingular.

Now consider the estimation problem in the form E(T 0) = GO

and the resulting generalized least squares estimators introduced in

Section 2.3. The matrices appearing in the generalized normal

equations were G IV(a) 1
G and G'V(a) -1 T. By performing the

multiplications it is easily seen that these matrices are C(a) and

A(a) respectively. Thus, the MINQUE's and the generalized least

squares estimators are the same, as previously indicated.

The variance of the MINQUE 51(a) is given by

Var[51(a)I 0] = 51C(a)-1 Cov[A(a)10]C(a)-18

-
= 28

1
51C(a)

1

C(aI P)C(a)
-15

where



C(al p) =

m

i=1
1
.(1+k.p) (1+X.1 a)

-4
1 2

X.
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If p = a, then Var[E4(a)1 0] = 202151C(p)-15 = 5'I(0) -16 for all 0

such that p = 02/01 . Therefore the estimator 51(a) attains the

Crame'r-Rao lower bound and is a minimum variance unbiased esti-

mator for all 0 such that p = a = 02/01. It is well-known that

minimum variance unbiased estimators are unique with probability

one under the parameter points where the estimator is minimum

variance. This also verifies the supposition that the generalized least

squares estimators using the weighting matrix

V(a) = diag[(1+Xia)/r1, (1+Xma)/rm]

are the same as the MINQUE's when using the norm defined by

I aV. The uniqueness does not, however, imply that different

choices of the real number Ila" lead to different estimators. For a

fixed vector 5 E R2 and a fixed p > 0 it will be shown in Chapter

4 that there may exist two choices of Ha" that will give the same

estimator for 5'0.

A natural question that arises in connection with minimum vari-

ance unbiased estimators is when are they uniformly minimum

variance. This question has been pursued by Seely and Zyskind. (1971)
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and. Seely (1971). In the terminology of Seely (1971) the question con-

cerns the existence of an i(_-best estimator and Theorem 3 of that

paper gives the necessary and sufficient conditions. For the particu-

lar case under consideration, the condition is equivalent to the matrix

Q'VQ having m < 2 distinct eigenvalues. If m = 2, it is pos-

sible through direct calculation to show that 5I8(a) where

0(a) = C(a) -1 A(a), is independent of "a" for every 5 E R2. For

m = 1 it is easy to determine that the only parametric functions that

are IT-estimable are multiples of 01 + In In this case the

covariance matrix 0 e2QI + V
1

Q is of the form (0 +X
1

0
2

)I and the

estimator of 01 + X.102 is the usual unbiased estimator for the error

variance in a general linear model with the above covariance structure.

3.2. Examples of MINQUE's

The first example is the one-way classification random effects

model introduced in Chapter 1. The model is Y = UiT + E where

T N
c

(0,021) and. E N n(0,0 1
I) are independent and

U
1

= diag(ln , , ln). Hence Y has a multivariate normal dis-
1 c

tribution with mean vector zero and covariance matrix
1
I + 02V

where V = U1.U;:= diag(J1, Jc) and. J.
1

is an n.
1 1

n. matrix

of ones. The eigenvalues of V are zero with multiplicity n-c and

nl, ...,nc with multiplicities one respectively.

The normal equations for the MINQUE's using D(a) = I + aV
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to define the norm are

4...

-2 -2
sed -2tr D(a) tr D(a) V 0\1(a) YID(a) Y

=

tr D(a) -2V tr D(a) -1
VD(a)

-1 A
V 0 (a) Y'D(a) 1VD(a)

-1
Y

-. - 2 _

Suppose that n. n. for all i j. Then the spectral decomposition
1

of V is

i=0

X.E. where X = 0; X = n. (i = 1, c) and
1 1 0 1

diag(0,= iag(0, , 0, 1/n. J. , 0, , 0), i = 1, . . , c

E
0

= I - E.

i =1

The vector of minimal sufficient statistics, T, then is

T =

Y'EoY/(n-c)

Y
1

n.
1

i=1 j=1

Y..-Y. )2 /(ri-c)
11 1

2

Yl.

Y2 /nc c

where the dot notation is used to indicate totals. It follows that
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and.

C(a) =

A(a) =

i=1

(l+n.a) -2 n.(1+n.a)
-2

i=1

(l+n..a)
2n. (l+n.a-2

i=1 i=1

n-c)MSE + 1 ,-2
(l+n.a) Y.

1 1.

i=1

-2 2
(1 +n.a) Y.

1 1.

i=1

where MSE =
0
Y/(n-c). By solving the normal equations

A
C(a)0(a) = A(a), it is easily determined that the MINQUE's for 01

and 02 are the same estimators derived by Townsend and. Searle

(1971). The assumption that all ni are not equal is not necessary

for the above derivation. The same normal equations are obtained if

some of the n. are equal. Moreover, from Section 3.1 it follows

that the estimators for 01 and 02 will depend on "a" unless

all of the n. are equal. In this case, as is well known, the estima-

tors are uniformly minimum variance unbiased, i.e., best quadratic

unbiased estimators.

Townsend and Searle (1971) state that their estimators are best

quadratic unbiased. However, it is readily apparent that they are only

deriving locally best quadratic unbiased estimators. Also, the
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variances of their estimators are given as Var[e-i(a)10]=611I(0)-151

and. Var[02(a) I 0] = 6121(0)-162 where 51 = (1,0)' and 62 = (0, 1)'.

It is true that these are the correct variances when 0 is such that

a = 02 /01 and in fact the Crame'r-Rao lower bound. However, if 0

does not satisfy the condition above, then the variance formulas are

incorrect. The correct formulas are

and

Varre1(a)10] = 205'1 C(a)-1C(alp)C(a)-15
11

Var[e (a)10] = 205' C(a)-1C(al p)C(a)-15
1 2 2

where p = 02/01 and C(aI p) is defined as in Section 3.1.

The MINQUE's for 0
1

and 02 also give other previously

suggested estimators. If a = 0, then it may be verified that the

MINQUE's are Koch's normalized symmetric sum estimators (Koch,

1967). The limiting MINQUE, i.e., generalized least squares esti-

mator,mator, as approaches infinity for 01 and 02 also give

usual estimators. To see this, Lemma 2.3 is utilized. From the

proof of Lemma 2.3

lim 6'0(a) = 5
1
MSE + 62

a -- 00

c 2
Y.

2
. n.
i =1

MSE Ic .

Therefore 0
1
(co) = MSE is the usual ANOVA estimator. However,

A
02(00) does not give the ANOVA estimator. Further discussion of the
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properties of MINQUE's may be obtained from Townsend and Searle

(1971).

Consider the balanced incomplete block design introduced in

Chapter 1. In summary, Y w Nn (XI3,0
1
I + 02V) where

Xf3 = U0130 + U113 and V = UzUzi. Assume that b > t and let Q

be an n x q matrix such that R(Q) = N(X') and Q'Q = I. Then

from Section 2.2 the eigenvalues of Q'VQ are Xt /r, k and zero

with multiplicities t-1, b-t and q -b +l respectively. In order to

give the form of the normal equations for the MINQUE's using the

spectral decomposition of Q'VQ, it is necessary to determine the

minimal sufficient statistic T = (T1, T2, T
3
)'. There are two differ-

ent ways of determining T. The complete spectral decomposition of

Q'VQ imay be foundin particular the matrices E., = 1, 2, 3 - -or

the procedure described in Section 2.1 may be used.

From Section 2.1 the system of equations that must be solved is

Y'QQ'Y

Y'QQ'VQQ'Y

Y'QQ'VQQ'VQQ'Y

=

q-b+1

0

0

b-t

k(b-t)

k
2(b-t)

t-1

Xt(t-1)/r
2
t
2 (t-1)/r2 T

i.e. , S = AT. The inverse of A is

1 /(q-b+1) -(Xt+rk)/((q-b+1)Xtk) r /((q- b +1)Xtk

A-1 = 0 -Xt/((b-t)k(r-X)) r /((b-t)k(r-X))

2 2kr /((t-1)Xt(r-X)) -r /((t-1)Xt(r-X)
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By noting QQ' = I - 1.111JII/r and. V2 = kV, it then follows that

T
1

= [Y 'QQ1Y-Y `QQ1VQQ 'Y /k-YQQ1VU
1
U1 VQQ'Y/(Xtk)]/(q-b+1)

T2 = [Y'QQ'VQQIY/k-Y'QQ'VU
1
UT VQQIY/(k(r-X))]/(b-t)

T3 = [rYIQQIVU
1
UIVQQ1Y/(Xt(r-X)))/(t-1).

It is of interest to observe that the minimal sufficient statistics are

directly related to the usual analysis of variance procedure for a

balanced incomplete block design. In particular T1 is the intra-

block error mean square and T2, T3 are the treatment and remain-

der components respectively of the mean square for blocks eliminating

treatments. For any set of data the above equations are easily calcu-

lated and involve only matrix multiplication and addition. The normal

equations may now be solved for any particular estimator.

As mentioned above one could determine the spectral decompo-

sition of Q'VQ. In this particular case, the decomposition can be

found in general in terms of easily available matrices, except Q,

which will only occur in the minimal sufficient statistics as QQ',

an easily computed matrix. However, the process is tedious and

makes use only of the properties discussed in Section 2.1. The pro-

cedure to be followed is to determine the decomposition of NN` and

then use this to obtain the decomposition of N'N. Since

1.14:1Q1U2 = kI - 1\111\i/r, the decomposition of Uz'QQIU2 may be

found. Finally, the decomposition of Q'VQ is obtained. The final



result is

E
1

= I - Q'VQ/k - Q'VU
1
U' VQ/(Xtk)

E
2

= Q'VQ/k - QIITU
I Us 1VQ/(k(r-X))

E
3

= rQIITU
1

UIVQ/(Xt(r-X))
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with eigenvalues 0, k, Xt/r and the respective multiplicities

q -b +l, b-t and t-1. A simple computation then shows that T is

the same as derived by the other procedure.

From these two examples the procedure for finding the normal

equations has been demonstrated. If the minimal sufficient statistics

are desired, then the balanced incomplete block design indicates that

they may be difficult in general to find.

3. 3. Efficiency of MINQUE's

Suppose that Z has a q-dimensional multivariate normal dis-

tribution with zero mean vector and covariance matrix Oil + 02W,

W nonnegative definite. This is the distribution for the maximal

invariant discussed in Section 2.1. The problem is to estimate a

parametric function 6'0 utilizing MINQUE's Define D(a) = I + aW

for a > 0. The MINQUE's for any '0-estimable parametric function

6'0 are then given by 6'0(a) where 0(a) is any solution to

C(a)OA (a) = A(a). Note that under the present assumptions the appro-

priate matrices are



C(a) =
D(a)

-2 tr WD(a)
-2

tr WD(a) -2 tr D(a) -1 WD(a)
-1

W

61

and A(a) = [Z1D(a)-2Z, Z1D(a) 1WD(a) -1 ZP. If the spectral decom-

position of W is given by

eigenvalues are rl' rm

X.E. where the multiplicities of the
1 1

i=1
respectively, then the alternate form

of the normal equation matrices are

C(a) =

i=1

)Tiyi

i=1

i(1)i(a)Ai and A(a) = .(

where 4)i(a) = (1+Xia)
-2, yi = (1, Xi)' and Ai = yiy; for

i = 1,...,m.

For the remainder of this section assume that m > 2, i.e.,

that all parametric functions 6'0 are 471._-estimable. Under this

assumption recall that the variance of a MINQUE for 610 is

Var[0(a)1 0] = 20216'C(a)-1C(a I p)C(a)-16 for all 0 E O. The

Cramer-Rao lower bound is B(p) = 20 2
61C(p)

-1
6 for all 0

1
> 0,

1

p > 0. One reasonable definition for the efficiency of an estimator

ofti(a) is to define the efficiency as the ratio of the Cramer-Rao

lower bound and the true variance. That is, define the efficiency of

the estimator 618(a) as

-1
1

ef(alP) = B(P)/Var[61
6 C(P) 5(a)1 Pi =

1 -1
5'C(a) C(alp)C(a) 6
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Clearly, 0 < ef( al p) < 1 for all a > 0 and p > 0. To obtain the

efficiency of any estimator as a function of p, ef(a I p) is computed

with "a" fixed and with p varying. Note that if p = a, then

ef(a I a) = 1. Also if m = 2, then as shown in Section 3.1 5'8(a) is

not a function of "a" and hence ef(a I p) = 1 for all a > 0 and

p > 0.

If more than one parametric function is of interest, then a

definition of efficiency that is applicable in general is desirable.

Hence a definition is given in terms of generalized variances. Define

the efficiency of the generalized variances as

-1 -1 -11G(alp) = C(P) I / C( C(aIP )C(a)

for all a > 0 and p > 0. If a = p, then G(al a) = 1 so that an

efficiency of one is possible. Clearly G(al p)> 0 for all a > 0,

p > 0. However, it is not readily obvious that the efficiency is always

less than or equal to one. One way of proving this is to use the known

fact (Rao, 1965) that the determinant of the inverse of Fisher's infor-

mation matrix is a lower bound for the determinant of any covariance

matrix of unbiased estimators for the individual parameters 01 and

02.

Another direct proof using matrix relationships is possible.

Form the matrix
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C(p)

C(a)

C(a)

C(a I P)

m

i=1

m

i=1

i(1)i(P)

i4)i(p)

Oi(P)2Ai

clya)4>i(p)Ai

-4'i(P)vi

4)i(a)yi

(I)i(a)4i(P)Ai

4i(a)

(i)i(P)1(i

4i(a)y,

A,

In the latter form, it is clear that the matrix is nonnegative definite.

By pre-multiplying by the matrix

-C(a)C(alp)-

and post-multiplying by its transpose, the nonnegative definite matrix

C(p) C(a)C(al p) -1 C(a) 0

0 C(al p)

is obtained. Thus C(p) - C(a)C(al p)-1C(a) is nonnegative definite

and it follows that C(a)
-1 C(alp)C(a) -1

C(p)
-1 is nonnegative

definite since C(p) and C(a)C(al P)-1C(a) are positive definite.

Then by problem 9, page 56 in Rao (1965)

I C(a)-1c(a I oc(a)-11 C(p)- and hence G(al p) < 1 for all

a > 0 and p > 0.

Consider the two definitions of efficiency assuming that m > 3.

In choosing a MINQUE it is necessary to specify a > 0 as a guess
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for the true value of p > 0. If the guess is correct, i.e. , a .7- p,

then it has been shown that ef(al p) = G(al p) = 1. If in fact the guess

is incorrect, either larger or smaller, then it would be expected that

the efficiencies would decrease the farther away the guess was from

the true value. This is not true for ef(al p) even when m = 3.

That is, ef(al p) does not necessarily increase as

from zero to flail

p increases

and then decrease as p increases to infinity.

For m = 3, it will be shown that G(al p) does behave as expected.

In selecting a value of "a" to be used in the MINQUE estima

tion procedure, the efficiency for a particular 7-estimable function

can be utilized to obtain information on the performance of the esti-

mator based on "a". A comparison for several values gives a sub-

jective procedure for selecting "a" . If prior information is avail-

able to suggest that p is contained in a particular interval, then the

efficiencies need only be considered within the interval.

In some cases it may be of particular concern to know the

efficiency ef(al p) for p = 0 and the limiting efficiency as p

approaches infinity. If it is determined for a particular parametric

function 6t0 that ef(al p), "a" fixed, increases and then

decreases, then the endpoints will give- the minimum efficiencies.

The calculation of ef(a I 0) is straightforward. For the limiting

efficiency it is necessary to derive the limiting form. If W is posi-

tive definite, then by directly computing the limit the limiting
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where

and
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lira ef(alp) = 61A -1 6/61C(a) 1 BC(a) -16

13-4°°

B =

A =
tr(W -2) tr(W )

-1

tr(W -1) tr (I )

tr(D(a) -2
WD(a)

-2
W) tr(WD(a)

-2
WD(a)

-2W

tr(WD(a) -2
WD(a)

-2W tr((WD(a)
-1)4)

If W is positive semi-definite, then

lira ef(ai p)
-1 -1

61C(a) BC(a) 6

62
2 ir(W)

where 6' = (61,62).

When W is positive definite the limiting efficiency has an

interpretation in terms of an estimation procedure. Suppose that

instead of restricting 01 > 0, the parameter space for 0 is

defined to be {el 01 > 0,02 > 0} and suppose that the true parameter

is such that 01 = 0, 02 > 0. Then the Cramer-Rao lower bound for

any 6'0 is 2026'A-16. If the statistician proceeds to use a

MINQUE assuming a weighting matrix D(a) = I aV, i.e. , he con-

tinues to believe that 0
1

> 0, then the variance of the MINQUE

61t(a) is 20
2
2

61C(a) -1 BC(a) -1
6 since Cov[A(a) 101= 0, 02 >0] = 2022B.
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It is more difficult, if not impossible, to give a similar inter-

pretation when W is strictly positive semi-definite. The variance

of any MINQUE remains the same, but since X1 = 0 and W is

singular the covariance matrix of Z is singular. In this case, a

density does not exist in Rq so that the Cramer-Rao lower bound

can not be derived in the usual manner, if at all.

The limiting generalized variance efficiency may also be found

by directly performing the limiting procedure. If W is singular,

then lim G(al p) = 0. If W is nonsingular, then

-
lim G(alP)
p "() I C

II
(a) I

-1

where A and B are as previously defined.

A final remark concerning the efficiencies is that it is not

necessary to find the eigenvalues and their multiplicities of W in

order to compute ef(a1 p) and G(al p). The pertinent matrices

C(a) and C(al p) may be expressed in terms of D(a) and W.

The form of C(a) was previously given as

C(a) =
tr D(a) -2 tr WD(a) -2

tr WD(a) -2 tr D(a) -1WD(a)

and since Cov[A(a)I 0] 7- 2021C( Iv), C(al p) may be expressed as
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tr[D(a)-2D(p)D(a)-2D(p)] tr[D( 2D(p)D(a) 1WD(a) 1D(p)]

tr[D(a)
-2

D(p)D(a)-1WD(a) 11)(p)] tr[D(a) -1WD(a) - 1D(p)]2
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4. RESTRICTION TO THREE EIGENVALUES OF W

For the purpose of this chapter assume that Z is a q x 1

random vector distributed according to a multivariate normal distri-

bution with zero mean vector and covariance matrix 0
1
I + 02W,

where W is a nonnegative definite matrix. The parameter space

S2 is defined to include all 0' = (01,02) such that 01 > 0 and

0
2

> 0. Additionally, assume that W has three distinct eigenvalues,

0 < X.2 < X3. For convenience the pertinent notation and results

of previous chapters are summarized below for the special case con-

sidered in this chapter.

a) The minimal sufficient statistics are .T.=ZIE.Z/r. for
1 1 1

i = 1, 2, 3, where the spectral decomposition of W is

W klEl X2E2 k3E3.

b) T' = (T1,T2,T3); E(TI 0) = GO; and

Cov(TI 0) = 20 V(p) where
1

G' =
1 1 1

_Xl X.2 X3

V(p) = diag{(1+k
1
p) irr(10.

2
p)

z /r
2

(1+X
3

p) ir
3

}.

c) For any 5 E R2,
1

4
6

= {(t+farT: a R } where t and f

are any fixed vectors such that G't = 5 and f is any

3 x 1 vector such that R(f) = N(G').



d) For any a E R1, Var {(t +fa)'T 10} = 202V

p = 02/01 and

with

V(alp) = C (a) + 2pC 2(a) + p 2C
(

C 1( a ) =

i= 1
3

(t1 .+f1 .a.
2

C2(a) = k.(t.+f.a)2 /r.
1 1 1

i=1
3

C 3(a) =

i =1

2
X. (t.1

1
+f,a) 2/r.

.
1

p) where
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e) The MINQUE's for a parametric function 5'0 are given by

51(a) = (t +fm(a))'T where m(a) = -(f1V(a)f) 1f 1V(a)t for

all a > O.

f) inf{Ci(a): a E R1} = Ci(cLi) for i = 1,2,3 and

al

X.t.f. /

i =1

.f.
2 /

1 1

2 2
. f.

7

Furthermore, al = m(0) and a3 = m(00) = lim m(a).
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For the remainder of this chapter assume for any particular 5 E R2

that the above notation holds. In particular, the vectors t E R 3 and

f E R3 are assumed to be fixed, i. e. , they are selected and are not

changed in the discussion concerning the estimation of 6'0.

4.1. The Minimal Complete Class 06

In Section 2.4 the complete class
5

was found for estimat-

ing 5'0. Necessarily, the set of locally best estimators, including

the limiting estimator,

= {(t+fm(a)) : a E [0, +00]}

is contained in With the additional assumption made in this

chapter, i.e., that m = 3, it will be shown that
5

is a minimal

complete class, so that an improvement on ifs is possible.

and

Define the closed finite intervals

I
5

= [min(a , a2, a3), rnax(al, a2, a3)]

M6 = [inf{m(a): a > 0}, sup{m(a): a > 0}]

It is easily determined that m(a) is a continuous function of "a"

and is finite for all a > 0. Also, lira m(a) is finite so that the
a-00

interval M5 is indeed finite. Additionally, by direct differentiation

it may be shown that m(a) has at most one extreme point in the
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open interval (0, 4-00).

Consider the unbiased estimator of 6'0, (t+f a)'T where

a < mm (al, a2' a3). If a
0

= min(al, a2' a3), then since C.(-),

i = 1, 2, 3, are convex functions and a., i = 1, 2, 3, are the
I

respective minimums, Ci(a) > Ci(a0), i = 1, 2, 3. Hence

Var{(t+fa)'T I 0) = 2021[Ci(a)+2pC2(a)+P2C3(a)]

> 20
1

2[c
1
(a

0
)+2pC

2
(a

0)+p
2

C
3 (a 0)1

= Var{(t+fao) 'T 0} .

for all 0 e O. That is, there exists an unbiased estimator of 6'0

based on a
0

E 15 that has uniformly smaller variance. If

a max(al' a2, a
3), then by choosing a

0
= max(a a2, a 3) the same

result is obtained. Therefore, attention may be restricted to esti-

mators based on a contained in IS. Moreover, since the MINQUE's

(t+fm(a))'T are locally best, there does not exist any unbiased esti-

mator in J6 that has uniformly smaller variance. It follows that

M5 C 15. Note that by definition the limiting MINQUE, i.e. , a
3,

is contained in IS.

Suppose that M6 15 where strict inclusion holds. Then

there exists a E 15 such that a M5 and either

min(a , a , a ) < a < inf {m(a)} or sup { ( )} < a
1 2 3

< max(a ,a ,a ).
1 2 3

a >0 a> 0
Assume that the former holds and consider the estimator
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(t +fm(a))'T where a E [0, +00] is such that inf m(a) = (a). If

a is finite, then it follows immediately that

v(al;.)- vc (a7) I

a>0

) > 0. If a = +00, then a short limiting argument

implies that there exists a p > 0 such that

V(al p) V(m(a)I p) > 0. Define

Dif(p) = [V(al p)-V(m(:)1P)J/fIV(p)f

and suppose there exists p0 > 0 such that Dif(p0) = 0. Then

0 = Dif(p0) = 2(VV(p
0

)f)
0
)t(a-m(a))+(a 2 -m(a) 2

)

= [-2m(p0)+ci+m(:)lia-m(:)]

and a t m(a) imply

m(p0) = [a+m(a)] < m(a) = inf m(a),
a > 0

which is a contradiction. Hence there does not exist a p > 0 such

that Dif(p) = 0. But Dif(p) is a continuous function of p and is

positive for at least one p. Therefore, Dif(p) > 0 for all p > 0

and

Var{(t+fa) 'T I > Var {(t+fm(;)) IT 10}

for all 0 E 0. A similar argument for the remaining case, utilizing

m(a) = sup m(a), shows that (t+fm(a))'T has uniformly smaller
a >0

variance. In summary the following theorem has been proven.



Theorem 4. 1. For a fixed parametric function 6'0 if

(t +fa)'T, a E R1, is any unbiased estimator for 6'0, then there

exists a MINQUE, say (t+fm(a))'T, such that

Varf(t+fm(a))'T I 0} < Var{(t+fa)'T 0 }

for all 0E

.0*

Corollary 4. 1. For a fixed parametric function 6'0,

is a minimal complete class.
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Proof: Completeness follows by definition of a complete class,

Corollary 2. 2 and Theorem 4. 1. The minimality of .2576,

smallest complete class, is established by noting that the members of

are locally best estimators and hence must be in any complete

class. In the case of the limiting MINQUE, since m( °°) = a3 and

inf{C3(a): a E R1} = C3(a3) is the unique minimum from Lemmas 2. 1

and 2.3, if (t+fm(a))'T is any MINQUE, a E [0,+00), then

V(m(00) (p 0) < V(m(a) 1p 0) for some p0 > 0. That is, there does not

exist any MINQUE that has a variance at least as small as

(t +fm(cc))'T and strictly smaller for some 0 E S2. Hence the mini-

mality is established.

With the result of Theorem 4.1 the selection of a specific

MINQUE is the main problem remaining. In the following sections the



performance of a MINQUE is evaluated in terms of efficiency as

defined in Chapter 3.

4. 2. Properties of ef(a I p) for m = 3

Let 6'0 be a fixed parametric function and recall from Sec-

tion 3. 3 that the efficiency of a MINQUE for 6'0 is

where

and

-1
ef(a I p) = C(P) 6ST

-1 -1
SIC(a) C(alp)C(a)

C(a)

C(al p)

r.(i).(a)A.
1 1 1

1

i=1

1 X.

ri.t.i2 (a)(1+X.p)
2

i = 1, 2, 3

= (1+X.a)
-2 i = 1,2,3.

a > 0, p > 0

As previously discussed, it seems reasonable that for a fixed

value of "a" the efficiency of the estimator b'0(a) should

increase to one as p increases from zero to Ila and then

74

decrease as p increases to infinity. This statement is not true in

general even for m = 3. This section will show that it is true in

some particular cases and then will give a method for constructing
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some interesting counterexamples.

For fixed "au, define the following

Nriz
i 1

(1 +X a) ( X. ; qii(P) °Oi(P)/c0i(a), i = 1,2,3

and in an obvious manner write

C(p) = Hi(P)

C(a) = H.(a) +
1 1 1

C(alp) = Hi(alp) + l(p)gA'

i = 1,2,3

For each "i" consider the efficiency of the estimable parametric

function g!O. Except for a constant these parametric functions cor-
i

respond to estimating the linear combinations 01 + Xi02, i = 1,2,3.

Hence if X1 = 0, the case usually arising from experimental

designs, then the parametric function 01 + X102 is the first vari-

ance component 01. Note that for any constant c, the efficiency

of c5'0 and 5'0 is the same.

The efficiency of the estimator '6(a) is given by

ef(a ( p)
giiC(a)

-1C(a.
P)C(a)

-lg.

The problem is to show for the fixed a E {0, +00) that ef(al p)
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increases to one as p increases from zero to "a" and then

decreases as p increases to infinity. First, consider the numera-

tor t!C(p)-1.. From the above definitions and using a well-known

matrix inversion formula, the numerator may be rewritten as

= t;.[Hi(p)-FtPi(P)tit'iriti

=
Hi(())

-1

Hi(p) -4i(P) -1

1 1

Similarly

1 1tC(a) t. = -11+ViHi(a) ti

1H.,. (al P)Iii(a)-lti
VC(a) -1 -1 _H,(al p)C(

[1+tiHi(a)
-lti] 2

and hence the denominator may be written

t'iC(a)-1C(alp)C(a) li = t1C(a)-1Hi(a1P)C(a) lti+gii(P)-1[tliC(a) 1ti12

2H1(a)-1H1 .(a1P)111
1

(a)1.+1J.1 (p)1W1 H.(a)-1
1
.]

1
=

[1+Hi(all 2yC
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To simplify the expressions define gi(p) tj'Hi(a)1Hi(alp)Hi(a)-1i

and b. = ViHi(a) -1 y Then by noting that H.(a) and H.( 1 p) are

exactly the same matrices that would appear in the estimation pro-

cedure if W had only two distinct eigenvalues, it follows by direct

computation, or by the property of the MINQUE's in the case of two

distinct eigenvalues being uniformly minimum variance, that

= g.(p). Substituting the appropriate expressions the

efficiency may be rewritten as

(l+bi)2Iii(p)gi(p)
ef(a I p)

2[1+Liii(p)gi(p)][qii(p)gi(p)+bi]

Differentiating ef(aI p) with respect to p gives

,(l+b.) 2
[b. -ki.(P)

2
g2. Wil

dp
1

ef(al p) =
2 P kji(P)gi(P)][1-Fiii(p)gi(p)] 2[4ii(p)gi(p)+bi]

2, 2 2 2 2,
(l+b ) 1.(1) (a) b -4) (p)g (P)

d.

2 2 2
3 d [4)i(P)gi(P)]

11-hpi(p)gi(p)][iii( p)gi(p)+bi].Di(a) P

Clearly, the sign of the derivative is determined by the term

2 2 2 d
S. = [(I) (a) b g (p) I [4).(p)g.(p)]

1 i. 1 dp

Before performing the remaining differentiation it is convenient to



define the terms

r.k (l+k.a) -4
CH.(a)

-1
A.H.(a)

-1
g.

1 1 J 1

r.(1+k.a) -4VH.(a) A.H.(a) g.
-1 -1

J 1

jii

-1 -1r.X.(1+k.a) -4
t.'H.(a) A.H.(a) gi

J J J

so that gi(p) = di + 2eip + cip2. Then a direct computation gives

[4).(p)g.(p)] = 2(1+X..p) 3

dp
[(c.-k.e.)p+ X.-.d.)]

Suppose that dp
[4) (p)g

i
(p)] > 0 for all > 0. Then by

i

noting at p = a that clya)bi = (1)i(a)gi(a), it is easily determined

that

and

2
p > a => cpi(a)bi < cpi(p)gi(p) => 2 (a)b2 -

2 (p)gi (p) < 0

0 < p < a => 4:si(a)bi > 4i(p)gi(p) => cl)i2(a)bi2 - cO2(p)g2(p) > 0

Therefore, the sign of Si is negative for

0 < p < a. That is, ef(aI p) increases as

p

p

a and positive for

increases to
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and then decreases as p increases to infinity. A similar argument

establishes the same result when cTp-k)i(p)gi(p)] < 0 for all p > 0.
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Assuming the ordering 0 < < X2 < X3 the signs of the

derivatives of (1)1(p)g1(p) and (03(p)g3(p) are readily established.

By inspection el X1d.1 > 0, c1 ).1e1 > 0, e3 - X3d3 < 0 and

c
3

- X e
3

< 0. Hence

dP [4)1(P)g (P)} > °

dp [(1)3(0g3(p)] < 0 for all p > 0 .

A. ATherefore the efficiency of the estimators
1
0(a) and '30(a)

behave as anticipated. In particular if X1 = 0, then the efficiency

of 0
A

1(a) behaves as expected.

The efficiency of the estimator based on the middle

eigenvalue does not necessarily increase and then decrease from flan,

If (c
2

X
2
e 2)p + (e

2
-X

2d 2) has the same sign for all p > 0, then

the efficiency of 2Tio(a) increases as p increases from zero to

"a" and then decreases as p increases from "a" to infinity.

However, when (c
2

-X
2
e )p

0
+ (e

2
-)

2
d 2) = 0 for some p > 0 and

p
0

a, then ef(al p) has a relative minimum at p0 in addition to

the relative maximum at p = a. Moreover, it may be possible for

cl)i (a)
2

i
b. to equal 4)i( p)

2
gi( p)

2 for p Y a. If this is the case, then
..._

ef(a I p) has another relative maximum at p. For example, suppose

that r1 = 4, r2 = 2, r3 = 8, XI = 1, X = 2, X3 = 3 and that a = 0.

For these values (c2- X2e2)p + (e2 -).2d2) = (p-1)/16. Therefore,
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dp [42 (p)g
2

(p)] < 0 for 0 < p < 1,

>0 for 1 < p < +co,

and ef(0 I p) has a relative minimum at p = 1. Table 4.1 indicates

the performance of ef(al p) for selected values of "a" and p.

Table 4.1. Efficiency of V26(a) for selected values of
a and
X1 = 1

p when r1 = 4,
X.2 = 2 X3 = 3 .

r2 = 2, r3 = 8,

p ef(01p) 1
ef(-2 ) p) ef(ljp) ef(2.51p)

0.00 1.00000 0.99851 0.99830 0.99851
0.20 0.99920 0.99987 0.99980 0.99987
0.40 0.99856 1.00000 0.99998 1.00000
0.50 0.99839 1.00000 0.99999 1.00000
0.80 0.99818 0.99999 1.00000 0.99999
0.90 0.99816 0.99999 1.00000 0.99999
1.00 0.99816 0.99999 1.00000 0.99999
1.25 0.99818 0.99999 1.00000 0.99999
1.50 0.99822 1.00000 1.00000 1.00000
1.75 0.99826 1.00000 1.00000 1.00000
2.00 0.99831 1.00000 1.00000 1.00000
2.50 0.99839 1.00000 0.99999 1.00000
5.00 0.99863 0.99999 0.99997 0.99999

10.00 0.99880 0.99997 0.99994 0.99997
15.00 0.99886 0.99996 0.99992 0.99996
20.00 0.99889 0.99996 0.99991 0.99996
50.00 0.99895 0.99994 0.99990 0.99994

100.00 0.99897 0.99994 0.99989 0.99994
500.00 0.99899 0.99994 0.99989 0.99994

If the smallest eigenvalue, X1, is zero, then a simplification

of (c
2

-X
2

e 2)p + (e
2

-X
2

d
2

) is possible. Since X
1

= 0,
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c
2

- X
2

e
2

X
3

(X
3

-X
2
)r

3
(1-FX

3
a) -4

2
H

2
(a)

-1
A

3
H2(a)

-1
,

which is clearly positive. Similarly,
-1 -1

e
2

- X2d2 -r
1

X
2

t2 H
2

(a) A
1
H ( ) tz

+ r
3

(X
3

-X
2

)4)
3 2

(a)
2 ttH (a) -1

A
3H 2(a)

-1
t2

In order to determine the sign it is necessary to evaluate the matrix

expressions as

and

r r 2 2(X. -) )
2

t2 -1
A

3 H 2(a)
-1 t 2

2 3 3 2' H (
2

a)
2

(1+X
2
a)

2(14-X3a.) 4
1 H2(a)

r2r
1-2122-t' H (a)-1A

3
H

2
(a)-lt =

1 2 3
2 2 2

(1+X
2
a)2IH

2(a)I

After simplification
1211

r11-21.3-2-".3- )e
2

- X
2
d

2
= [r 1

X
2
-r

3
(X3 -X2)]

(1-FX
2

a)
2 4

(1+X3a) H2( a)

where the sign is determined by r1X2 - r3(X3-X2). Therefore, if
rrr11`2 - r3(X3-X2) is positive, then dd Li)2(p)g2(p)] is positive for

all p > 0. If it is negative, then 4-[(02(p)g2(p)] changes signs and

a relative minimum may occur in the efficiency function as described

above.

For the balanced incomplete block design, b > t, utilized in

this paper, it is of interest to know the efficiency for the estimable

function t20 arising from the middle eigenvalue. From Section

2.1 the pertinent quantities are r1 = q -b +l, r2 = t-1, r3 = b-t,
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Al = 0, k
2

Xtir and X.3 = k. Since the smallest eigenvalue is

zero, the above simplification applies and only the sign of

r1X2 - r3(X3-X2) needs to be determined. Substituting the appropri-

ate values from the BIB design and using the well known identities

q = n-t, n = bk, = r(k-1), we see that

r1X2 r3(X3-X2) (n- t)(l +t(k- 2)) /(t -1).

Since 2 < k < t and n > t, it follows that r
1

A
2

- r
3

(X
3

-X ) is

positive and hence
dp [(I)

2
(p)g

2
(p)] is positive for all p > 0. In

summary, for the BIB design with b > t the estimable parametric
Xtfunctions 0

1 r+
2

and 0
1

+ k02 have MINQUE's such that

the efficiencies increase to one as p increases to "a" and then

decrease as p increases from "a" to infinity.

Table 4.1 indicates that not only is it possible for the efficiency

of a MINQUE to have a relative minimum, but also that it is possible

for two relative maximums to occur where the maximums are both

equal to one. This is in fact true as the following will show. First,

however, suppose that al and a
2

are such that for the fixed

parametric function 5'0 , 8'0(a
1)

attains an efficiency of one at

both al and a 2. A second estimator 54(a2) is also known to

have an efficiency of one at a2. It was shown previously that locally

best estimators are unique with probability one so that in fact

816(ai) = 61(a2) .



In looking at the variances of the respective estimators for

particular values of p, the following is obtained:

Var[64 (a)101,a ] = 20 51C(a
1

)
-1

= Var[64(a2)1 Oral]

-1 -1
= 20

1
5 IC(a

2)
C(a 21 a

1
)C(a

2)
6

for 01 > 0. That is, 61C(a 1)1- C(a
2)

-1
C(a 21a 1

)C(a
2)

-1'6 = 0,

which implies C(a
1)

-1
- C(a 2)

-1 C(a la )C(a )
1-

2 1 2
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is strictly positive

semi-definite. A natural question to consider is whether for any given

a > 0 and p > 0, is C(p) -1 - C(a) -1 C(alp)C(a) -1 singular.

Equivalently, does there exist a nonzero vector 6 in

-1N(C(a) C(aip)C(a) -1 -C(p) -1
). It is convenient to restate the equiva-

lent condition in terms of the existence of a vector c(3,, 6,), such

that 6 0 and ( ) E N(B
0

) where

B0

.7

C(p)

0 C(a) -1 C(alp)C(a) -1 -C(p) -1

Consider the matrix

C(p) C(a)
B =

]
C(a) C(al P)

obtained by premultiplying B0 by the nonsingular matrix
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r"'
I 0

C(a)C(p) -1 C(a)

and post multiplying by its transpose. Then a vector (NI, II' )' such

that 71 V 0 is in N(B) if and only cif the vector

I C(p) -1 C(a)

C(a)

C(p) 0

0 C(a)
-1 C(ajp)C(a) -1 -C(p) - 1)

where 5 V 0. Therefore, the existence of a vector 5 0 may be

equivalently stated as the existence of a vector 1 V 0 such that for

some -y

(N) E N(B)

In this case then 5 = C(a)Ti.

hence

In Section 3. 3 it was shown that B is nonnegative definite and

C(a)
(Y) e N(B) 3-r1 Yo<=>(Y), (Y)=0 3-ni0

rl C(a) C(a p)

Expanding the quadratic form leads to the equation



(1+X.a)
2

3
2

2
(1+X.a) X.

ti4)i(P)4)i(a) 2

i=1
(1+Xip)

(1+Xip)
2

Xi

0 1110
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where the sum will be zero if and only if the individual terms are

zero. Hence the existence of a solution to the following homogeneous

system of equations such that ri 1 0 is equivalent to the original

question:

(1+X
1
a)2

(1+X
2
a) 2

(1+X
3
a)

2

X
1

( 1+X la)
2

X2(1+X2a)
2

X3(l +X3a)2

(1+X
1

p)
2

(1+X 202

(1+). 302

X1 ( 1+X
1

P)
2

X
2

(1+X
2

p)
2

X3(1+X3p)
2

11

= 0 .

Since there are fewer equations than unknowns, a non zero solution

always exists and by elementary row reductions a solution for which

1 0 may be determined.

A related question that may be asked is whether for a particular

5 vector, e.g., specifying a parametric function, and a particular

MINQUE, i.e. , an a > 0, does there exist p 1' a such that

ef(alp) = 1? By first determining 1 = C(a) -1
5 and using the row

reduced form of the previous system of equations it is possible to

determine if a p > 0 does exist. As an example let 0 = (1, 0)'

and suppose the MINQUE based on a = 0 is desired. If r
1

= 4,
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rz = 2, r3 = 8 and A1= 1, 1`2 = 2, K3 = 3, then is there a p > 0

such that ef(01 p) = 1 ? Direct computation gives = (21/38,-8 /38)'

and row reduction of the system of equations gives

1 1 (l+p) 2 (l+p) 2

0 1 3p2 + 2p 7p
2

+ 6p + 1

0 0 p2 P(6P+2)

0

0

CO J

If (y',T1')I is to satisfy the system, then it must be true that

21p 2 - 8p(6p+2) = 0. The only nonnegative value of p that satisfies

the equation is p = 0. Hence for the particular choice of 5 and.

a = 0, the estimator 5'0(0) does not have efficiency one at two

different points.

Continuing the example, suppose that instead of specifying 5,

a = 0 and p = 1 are specified. The reduced system of equations

becomes

1

0

1

1

0

4

5

1

4

14

8

( V) =
rl

0

0

and a non zero solution is '11= (1/10, -1/80)'. Hence

= C(0)i = (1, 2. 15)' and the estimator 74(0) attains efficiency

one at both p = 0 and p = 1.
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4.3. Selection of MINQUE's Using G(aj p) for m = 3

In the previous section attention was directed at the performance,

in terms of efficiency, of MINQUE's for a fixed estimable parametric

function. In many cases more than one parametric function is of

interest. For instance two parametric functions of usual interest are

01 and 02, the individual variance components. Table 4.2 gives

an example of a balanced incomplete block design comparing the

efficiencies for selected locally best estimators of the two variance

components. The problem facing the statistician is to choose a value

of "a" that will in some sense be near optimum. The differences in
Athe efficiencies of 01(a) and 02(a) make one choice for ila

difficult. Although there is no reason to prevent using two different

values of "a" in the estimators, the added computation may not be

desirable.

Using the generalized variance to define an efficiency, as is

done in Section 3.3, gives one an overall measure of the performance

of the estimators. Recall that the efficiency of the generalized vari-

ance is given by

G(al p) = I C(P)-i I /1C(a)-1c(al P)C(a) 11 = I C(a)12/(1C(P)1 I C(aI P) I )

It has previously been shown that 0 < G(al p) < 1 for all a > 0,

p > 0, and that G(al a) = 1 for all a > 0. When m = 3, G(a I p)



Table 4.2. Efficiencies of MINQUE ts for 01
b= 6, X= 1.

and 02 with the BIB design t = 4, k = 2, r = 3,

p

Efficiencies of 61(a) Efficiencies of 132(a)

a = 0 a = 1 a= 10 a= 20 a = 0 a = 1 a= 10 a= 20

0.00 1.00000 0.95444 0.93791 0.93760 1.00000 0.89999 0.83110 0.82616
0.20 0.98164 0.97961 0.96366 0.96334 0.97439 0.95764 0.89554 0.89066
0.40 0.94068 0.99121 0.97639 0.97606 0.93121 0.98345 0.93149 0.92695
0.50 0.91561 0.99453 0.98043 0.98011 0.91030 0.99027 0.94353 0.93919
0.80 0.83157 0.99933 0.98793 0.98761 0.85779 0.99900 0.96650 0.96279
0.90 0.80229 0.99984 0.98952 0.98920 0.84372 0.99978 0.97139 0.96788
1.00 0.77297 1.00000 0.99082 0.99050 0.83116 1.00000 0.97540 0.97207
1.25 0.70109 0.99920 0.99321 0.99290 0.80521 0.99910 0.98269 0.97978
1.50 0.63322 0.99715 0.99482 0.99450 0.78532 0.99722 0.98744 0.98487
1.75 0.57075 0.99417 0.99594 0.99562 0.76978 0.99504 0.99065 0.98837
2.00 0.51421 0.99046 0.99675 0.99644 0.75741 0.99284 0.99290 0.99087
2.50 0.41857 0.98126 0.99783 0.99753 0.73914 0.98885 0.99570 0.99406
5.00 0.17282 0.91092 0.99959 0.99932 0.70023 0.97707 0.99946 0.99876

10.00 0.05422 0.71592 1.0000 0.99988 0.68060 0.96913 1.00000 0.99986
15.00 0.02570 0.53157 0.99986 0.99998 0.67423 0.96620 0.99994 0.99998
20.00 0.01488 0.39206 0.99955 1.00000 0.67111 0.96469 0.99985 1.00000
50.00 0.00249 0.09568 0.99539 0.99975 0.66561 0.96190 0.99962 0.99995

100.00 0.00063 0.02603 0.98079 0.99871 0.66382 0.96095 0.99952 0.99990
500.00 0.00003 0.00108 0.66966 0.96649 0.66240 0.96019 0.99943 0.99986

+00 0.00000 0.00000 0.00000 0.00000 0.66207 0.96000 0.99841 0.99985
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has some very desirable properties as stated in Lemma 4.1.

Lemma 4.1. Under the assumptions specified at the beginning

of Chapter 4, the following statements are true.

1. For fixed a > 0, G(al p) increases to one as p increases

from zero to "a" and then decreases as p increases

from "a" to infinity.

2. For fixed p > 0, G(a( p) increases to one as 'fa If

increases from zero to p and then decreases as

increases from p to infinity.

Proof: Assume the three distinct eigenvalues are given by

0 < X
1

< X.
2

< X X. From the definition of G(a I p) note that the first

statement is equivalent to having I C(p) I I C(a I 01 decrease as P

increases to "a" and then increase as p increases from "a"

to infinity. Define h.. = r.r .(X.- X.)2, i, j = 1, 2, 3. Then by expand-ij
ing the determinants one obtains

I C(p)I I C(al = [h (I) (pH) (p)+h12 1 2 (I) ( P)(1)3(P)+h23 4)2 (P).3(P)]

2

h12(1)1(a)
2

(1)2(a)
2 2

hi 31)1 (a)(1)3(a)
2 2

h234)2(a)(1)3(a)

ci)1(P)(1)2(P) (1)1(P)43(P) 4)2(P)4)3(P)

2

h.4.(a)4).(a)
j

1< i< j < 3
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+ h h (1)(a)12 13 1

(1+X
2p)

(1+X
3p)

2

(1 +X
3 -FX2a)

2
p)(1

2
( 1 +X.

2
p)(1+X a

(1+X.
3p)

(1+X. p) 2

+ h
12

h
234:12(a)

1

2
(1+X

1
p)(1+X 3a) (1+X

3
p)(1+X a )2

1
(1+X. (1+X. 2

+ h
13

h
23(03(a)

2p) 1p)
2 21

(1+X
1

p)(1+X.
2
a) (1+X

2
p)(1+X a)

Differentiating each term and noting the ordering of X , , X. gives
1 2 3

the desired result.

If p is fixed, the second statement is equivalent to showing

that GV(a I p) = I C(a) I
-2IC(a

I p) I decreases as increases

from p to infinity. Differentiating yields the following:

d 1-3 d 1 1 1 d 1daGV(alp) = I C( )1 [I C(a)Ida I C(al 01-21C(al 01da I C(a)I 1

= I C(a) I -3S(a( P) ,

where after simplification

S(alp)
4h

12
h

13
(X

3
-X2)(1+Xl p) 2

(1+X
2

p)
2

(1+X.
3
a) 2

(1+X
3

p)
2

(1+X
1
a)

6
(1+X

2
a)3

(1+X
3
a)

5
(1+X

2
a)

2
(1 +X2P)2

X1)(1 +X1p)2(1 +X2p)2
_

(1+X
3
a)

2
(1+X.

3
p)

2

(0.+X

1
a)

3
(1+X 2a)

6
1+X

3
a) 5 J 1i+k a)

2
(1+X

1
p) 2

41113h23(X2-A.1)(1+X1p) 2 (1+X3p)2
(1 +X2a) (1 +X2p)2

(1+X.
1
a)

3
(1+X

2
a)5

(1+X
3
a) 6

(1+X.
1
a)

2
(1+X

1
p)

My.
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then S(af p) > 0 and if a < p, then S(a1 p) < 0.

The second statement of the lemma follows easily.

For a given general model suppose that the generalized variance

is used to define the efficiency upon which the selection of the MINQUE

is to be based. That is, for m = 3 a specified set of eigenvalues

and their multiplicities are available. By Corollary 4.1 it is known

that only the MINQUE's need to be considered. If no prior knowledge

exists concerning the true ratio of the variance components and

G(a I p) is the criterion used, then it is necessary to compute G(alp)

for enough values of "a" and p so that a value of "a" may be

selected. However, Lemma 4.1 shows that for fixed "a", only

G(a 10) and lim G(a 1 p) need to be considered to find the minimum
P-00

efficiency for that value of "a". When the smallest eigenvalue is

zero, the limiting efficiency is zero for all a > 0, so that the mini-

mum efficiency is not very useful in selecting "a". Therefore, some

other criterion must be considered in the selection of "a", unless

additional information is available.

Suppose that prior knowledge allows the restriction of p to a

closed finite interval, i.e., p E [p1, p2] where 0 < pi < p2 < +00.

In this case attention may be directed at evaluating the performance of

the MINQUE 's based on a E p 2] and the efficiency need only be

considered for p E [1:11,132] A reasonable criterion for selecting one



92

of the estimators is to find the value of "a" that will minimize the

maximum loss of efficiency in the interval. More precisely, select

a such that

min max [1-G(al = max [1-G(al p)]
a[pi,p2] pE[pi,p2] PE[P

1 ,P 2]

For the particular case m = 3 considered in this chapter the

above minimax problem is easily solved using Lemma 4.1. Rewriting

the minimax problem using properties of min and max results in

min max [1-G(alp)] = 1 - max min G(aIP).
aE[Pi, Pal PE1131, a e[131,1) ] P Eby P2]

Lemma 4.1 for a fixed "a" implies

min G(ajp) = min[G(alpi),G(al p2)] .

PE[Pl'P2]

Applying the second part of Lemma 4.1 it is seen that

max min[G(al PO, G(a I P2)]
aE[pi,p2]

is achieved when a E [p p 2] is chosen such that G(a I pl) = G(a I p 2).

Hence for m = 3, the procedure is very easy to complete. Once

the endpoints p1 and
P2

are determined, G(a I Pi) and G(al p2)

need to be computed for selected values of II a II until a is
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determined. Note that as a result of Lemma 4.1 a value of "a"

must always exist and it is unique.

As an example of the procedure consider the example introduced

in Section 4.2 where r
1

= 4, r
2

= 2, r
3

= 8, Al = 1, X
2

= 2, X
3

= 3

and suppose that p is restricted to be in the interval [.5,2.5].

Table 4.3 gives values for G(a1.5) and G(a1 2. 5). Inspection of

the table results in selecting a to be 1.0.

Table 4.3. Generalized variance efficiency for
selected values of a and p assuming
r

1
= 4, r

2
= 2, r

3
= 8, X1= 1, X2 = 2,

X3 = 3.

a G(a1.5) G(a12.5)

0.5 1.00000 0.97963
0.6 0.99967 0.98502
0.7 0.99891 0.98885
0.8 0.99794 0.99163
0.9 0.99687 0.99367
1.0 0.99577 0.99520
1.1 0.99469 0.99636
1.2 0.99363 0.99724
1.3 0.99263 0.99792
1.4 0.99167 0.99844
1.5 0.99076 0.99884
1.6 0.98991 0.99915
1.7 0.98910 0.99939
1.8 0.98834 0.99958
1.9 0.98762 0.99972
2.0 0.98694 0.99982
2.1 0.98631 0.99989
2.5 0.98410 1.00000
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The procedure for finding a E [p p2] may be approached in

two different ways. The first is to compute G(al p1) and. G(al p2)

for enough values of "a" so that a may be determined at least

approximately. This is the approach used in Table 4.3. The second

method is to consider the equation G(al p1) = G(al p2) as a function

in "a ". An equivalent equation is

)11C(P1)1 = I C(al P2)I IC(P2)I.

Then by multiplying the equation above by (1+X
1
a)

4
(1+X

2
a)

4
(1+X

3
a)4

an equivalent equation is obtained that is a fourth degree polynomial

in "a". At this point any of the numerical techniques for solving

polynomial equations may be used to find the solution a E [pi, p2] .

Table 4.4 presents the generalized variance efficiency for a

balanced incomplete block design. Inspection of the table allows the

selection of a using the minimax criterion for six different intervals

of p. p. The intervals used and the approximate value of a are

[0. 0, 10] a = 1.5
[0. 2, 10] a = 1.9
[0. 0, 15] a = 1.9
[0.2,15] a = 2.3
[0. 0, 20] a = 2.2
[0. 2, 20] a = 2.7
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Table 4.4. Generalized variance efficiency for selected values
of a and p assuming a BIB design with param-
eters t = 4, k = 2, r = 3, b = 6, and X= 1.

a G(a10) G(al .2) G(al 10) G(al 15) G(al 20)

0.0 1.00000 0.97323 0.05384 0.02561 0.01485
0.2 0.97929 1.00000 0.14123 0.07058 0.04174
1.0 0.89681 0.95764 0.70741 0.52631 0.38903
1.4 0.87755 0.94300 0.85475 0.72884 0.60602
1.5 0.87388 0.94012 0.87744 0.76545 0.65116
1.8 0.86473 0.93285 0.92472 0.84754 0.76042
1.9 0.86217 0.93079 0.93551 0.86747 0.78878
2.0 0.85982 0.92889 0.94453 0.88452 0.81366
2.1 0.85764 0.92713 0.95211 0.89911 0.83543
2.2 0.85563 0.92549 0.95850 0.91162 0.85444
2.3 0.85376 0.92397 0.96391 0.92236 0.87104
2.4 0.85201 0.92254 0.96850 0.93161 0.88552
2.5 0.85038 0.92121 0.97242 0.93958 0.89818
2.6 0.84886 0.91996 0.97578 0.94648 0.90924
2.7 0.84743 0.91878 0.97867 0.95246 0.91893
2.8 0.84609 0.91767 0.98116 0.95766 0.92743
5.0 0.82893 0.90338 0.99810 0.99456 0.98986

10.0 0.81677 0.89309 1.00000 0.99981 0.99942
15.0 0.81249 0.88944 0.99988 1.00000 0.99995
20.0 0.81030 0.88757 0.99975 0.99997 1.00000

The choice of a depends in part on the selection of p1 and

p2 as the endpoints of the finite interval. How sensitive is a to

the selection of P1 and p2 ? The answer depends upon the relative

smoothness of G(al p) in a particular problem. Although it is

extremely difficult to make any generalizations, in the few examples

that have been investigated the choice of a E [p1, p2] does not seem

to be any more sensitive to the selection of p
1

than to p2. This

statement must be interpreted with the view that p
1

= 0.05 is the



same as p
2

= 20 in the sense that one variance component is 20

96

times the size of the other. Therefore, the selection of p
1

at a

value less than one requires careful consideration with this interpre-

tation.

When Rao (1972) introduced the use of MINQUE's for the esti-

mation of variance components, he suggested that if no prior informa-

tion was available to indicate the true ratio of the variance components,

then the MINQUE with a = 1 should be used. There is

some indication, at least when m = 3, that if p E [pi, p2] where

then a better choice is a = 2. The abovep
1

= 1 /p
2

and p
2

> 5,

choice of an interval for p corresponds to a knowledge that neither

variance component is more than p2 times the size of the other.

As p
2

increases, the interval approaches an interpretation of no

information about P

A natural generalization of the minimax criterion involves the

selection of a proper prior distribution for p. If the prior distribu-

tion of p is denoted as

value of a such that

g(p), then the procedure would select the

oo oo

min S [1-G(alp)Jg(p)dp = S [1-G(alp)]g(p)dp
a 0 0

where the minimum is over all value of "a" in the support of the

distribution on p. Although some simplification is possible, in
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general the problem will require numerical integration to complete

the minimization. An investigation of this procedure was not carried

out.
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APPENDIX I

-)) be real finite-dimensional

inner product spaces and D a nonnegative definite linear operator

from j/ into Zi . Also, define = N(D) and construct the

quotient space 747( in the usual manner. That is, the vectors

V.'of 71 / LA are v = v +`71 where v E .61 and addition and scalar

multiplication are defined as

a) .;:(-1- = (v+7l) + (a+7t) = (v+u) + 71= v +

b) av = a ( v+ ) = av -F. tit = av

for an 7, u E `7(_ and a E R 1.

Define a function on 74 x ?// 'A into R1 as follows:

= (v, Du) for all v, u E

where v, u are any vectors in v, r. That the function is well-

defined is verified by considering v
1

, v
2

-v.'. and u
1
,u

2
EU for

any v, u E 7t. Then v
1,

u
1

may be written as

and u
1

= u
2

+ g where f, g E 7t. Hence

(v1, Du
1

) (v
2 '+f D(u

2
+g)) (v2, Dug)

and it follows that <-, ->

<-, ->

v1 =v2 +f

is well-defined. It is easy to verify that

is in fact an inner product on 1//(71.- by using the properties

f (-, -) defined on V.
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Since -11 is finite-dimensional, then T.,/71 is also finite-

dimensional (see Halmos, 1958). Therefore, (Otn,<-,->) is a

real finite-dimensional inner product space. The next proposition is

a restatement of the classical projection theorem as given by

Luenberger (1969). Note that is the norm induced by the inner

product, <-, ->, on 7-1/1.

Proposition I. 1. Let 74 In be any subspace of Z// ?1 and

an arbitrary vector in 7//7t. Then there exists a unique vector

m0 E 72 / 'It_ such that

in} 111/7 'IY-1011

Furthermore, a necessary and sufficient condition that ill'
0

be the

unique minimizing vector is that .<;i-i-rio,m> = 0 for all 1771--E VArit

The above proposition forms the basis for the proof of Lemma

Lemma I. 1. Let v be an arbitrary element of t/ and F

a linear operator from into /1. Then there exists at least one

a E VI such that

inf{(v-Fw,D(v-Fw)):w, E (v-Fa, D(v-Fa)).

Moreover, a necessary and sufficient condition for a E to
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satisfy the above equation is that (v-Fa, Drw) = 0 for all w E

Proof: Let = R(F) and note that

721. = {m :m= + and me }

is a subspace of 7/071. Let v be an arbitrary element of 6/

and consider v = v + . By Proposition I. 1 there exists a unique

vector m
0

/>1,_ such that

E = II
o

II .

But this is equivalent to saying there exists a unique vector

Mo e "fit/`71 such that

77-rri>:1-1 e = >0' 0

and the vector m0 is characterized by <v -m0, m> = 0 for all

NowE /71. N

inf{(v-Fw, D(v-Fw)): w E = inf{(v-m, D(v-m): m E

7inf{ < ri>: E VA}

and there exists at least one a E t&' such that

.-(v-Fa, D(v-Fa)) = (v -m0, D(v-m
0
)) = <v -m0, v-m

0
> where

0 = m0 + t m0 E rA Hence it follows that the existence of an

a E Itt is established to satisfy the equation. Note, however, that
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M
0

E rtk., is not necessarily unique nor is a E --ar necessarily

unique even if m0 is unique. The characterization of a E

follows by noting that <v -m0, = 0 for all m E Pit is

equivalent to (v -Fa, DFw) = 0 for all w E 1.41, , where m0 = Fa.

The next lemma states a condition that assures the uniqueness

of an a E tti satisfying Lemma I. 1.

Lemma I. 2. If F is one-to-one and VA and Lrt.. are

disjoint, then there exists a unique a E V such that

inf{(v-Fw, D(v-Fw)): w E 761} = -Fa, D(v-Fa)) = 6 .

Proof: From Lemma I. 1 there exists a unique m
0

/7(

such that <v -m0, v-M
0

> = A . Hence

{m E Thk (17-M, D(V-M)) = Mo

and since 'rit and 'IL/ are disjoint, m
0

is unique. Also, since

F is one-to-one, there exists a unique a E ta such that

(v -Fa, D(v -Fa)) = A , i.e., there exists a unique a E rt) that

achieves the infimum.
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Let Y be an n x 1 random vector with mean vector X(3

K

and covariance matrix where X is a known n x p

104

k=1
matrix of rank r < p < n; p is a p x I vector of fixed, but

unknown, parameters; V
k

(k = 1, ...,K) are known n x n non-

negative definite matrices; and 0 = (01, , 0K)' is a K x 1

vector of unknown parameters, called variance components, that are

nonnegative. Furthermore, let V1 = I and 01 be strictly posi-

tive. Then the parameter space may be denoted as

RP x S-2 = {(3, 0): > E RP 0 > 0, i = 2, ,K, 01 > 01.

Under the above formulation a parametric function 6'0,

6 E R , is said to be 'n- estimable if and only if there exists an

A E '7U such that

E[(A, u) I 13, 0 = 6'0 for all c(3, 0) E Rp x SZ .

The definition of .C-estirriability requires the existence of a quadratic

form in Y that is invariant under the group of transformations

y p, p E R(X), and that is an unbiased estimate for the parametric

function. C.R. Rao (1970, 1972) introduced a further criterion for

the selection of a quadratic estimator, that of minimum norm

quadratic unbiased estimation (MINQUE). Based on the motivation
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give by Rao (1970), the following generalized definition of MINQUE is

stated. Note that the notation at the beginning of Chapter 2 is

assumed, with the exception that YY' is denoted by the matrix

Definition II. 1. A random variable (A, U) is said to be a

MINQUE for the parametric function 610 with respect to the inner

product (-, -) if A E 7I , (A, U) is an unbiased estimator for

(5'0 and

inf{(B, B)
Tr:

B E 71, (B, U) unbiased for 810} = (A, A)ir

where 1r is any positive definite linear operator on a and

(C, D)
Tr

(C, TrD) for all C, D E Q .

The statement that (A,U) is a MINQUE is taken to mean

(A, U) is a MINQUE for its expectation. The set of matrices in 71-

that lead to a MINQUE may be defined as

Or) = {A E : (A,U) is a MINQUE with respect to (-, -)11.1 .

The remainder of the appendix is devoted to finding an alternate man-

ner of describing the set 7e (1T) and to deriving a set of "normal

equations" for obtaining MINQUE's.

Before proceeding it is necessary to introduce the following

linear operators. Let H be a linear operator from RK into a_
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such that Hp = pkVk p = pK)' E RK, and observe that
k=1

HO is the covariance matrix of Y. Under the usual inner product

<-, for RK, H* has the form H*A = [(V A), , (VK, A)]

for all A Ea, . Define Q to be any n x q matrix such that

R(Q) = N(X1) and (.e , (-, -)*) to be the inner product space of

q x q real symmetric matrices with the trace inner product. If S

is the linear operator from into a_ defined by SA = QA,C21

for all A E .e51 then it is immediate that S*A = Q'AQ for all

A E Q . Moreover, since Q': A E then tt. = R(S).

An equivalent definition for a parametric function 6'0 to be

'71-estimable may now be given. Since

E[(SA , U) I (3, 0] = (SA , xp(3ixt + HO)

= , Qixpp'xiQ + S*1710)*

= <H*S.6, , 0>

for all c(3, 0) E RP x S2, a parametric function 5'0 is ft.-estimable

if and only if 5 e R(H*S). Thus for a linear operator W from a

finite dimensional inner product space into the following con-

clusions may be drawn:

(II. 1)
a) If p, 6 are such that H*SWp = 6, then (SWp,U) is a

`rt.-estimator for 5'0 .
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b) If r(H*SW) = r(H*S), then 6'0 is IA-estimable if and

only if 5 E R(H*SW).

c) If r(H *SW) = r(SW) and if S E R(H*SW), then a unique

it -estimator for 6'0 is 5'0 where 0 may be any
A

solution to W4cS*H0 = W*S*U.

d) If r(H *SW) = r(H *S) = r(SW), then a unique 71-estimator

for each '71-estimable 5'0 is 5'18 where 0 is any
A

solution to W*S*H0 = W*S*U.

The uniqueness referred to in the conclusions means that for a fixed

5 E R(H*SW) the estimator 6'0 does not change with different solu-

tions for 0.

Lemma II. 1. Let = Z(ETTZ) E where n is a positive

definite linear operator on a and Z is the orthogonal projection

on 77 . Then g is a positive semi-definite linear operator on
Tr

a- that is independent of the choice of (ZTrZ) . Furthermore,

(Tr) = R(.1TH) and r(F141 H) = r(H4
Tr Tr

= r( H)
IT

Proof: Since Tr is positive definite it is immediate that

R(ETTE) = R(E) and hence that is independent of the choice of

the generalized inverse and is positive semi-definite. The rank con-

dition follows by the positive semi-definiteness of

show that

It remains to
Tr

k(Tr) = R(TrH). First note that the set of all B E `71_,/
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such that (B, U) is an unbiased estimator of zero is given by

{EB:B E N(H*E)} and hence A + {EB: B E N(H*E)} is the set of all

unbiased estimators of E[(A,U)I13,0] = 810 where A E 72 . Then

inf{(C, C)7T:C E E[(C, U) p, 0] = 8.e} = inf{(A-FB,MTE(A+B)):B E N(H*E)}

Therefore A E (n) if and only if A E y and

inf{(A+B, EirE(A+B))s B E N(H*E)) = (A, A)71.

By Theorem 1 in Seely and Zyskind (1971) A E achieves the

infimum if and only if (A, TrE8) = 0 for all B E N(H*E). Hence

(1T) = {A E (A,ITEB) = 0, for all B e N(H*E)}

= {EA:A E a., (ETrEA,B) = 0, for all B E N(FPZ)}

{EA: A E Q , arrEA e R(EH)}

= R(trrH),

which completes the proof.

The following theorem establishes the existence of a MINQUE

for each .7 -estimable parametric function and gives a set of normal

equations and conjugate normal equations analogous to those in linear

model theory.

Theorem II.2. For each 8'0 that is 71-estimable there

exists a unique A E R/(rr) such that (A,U) is an unbiased
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estimator for 6'8. Moreover, if 6 and p are such that

H** Hp = 5, then 5'0 = (*TrHp,U) is the unique MINQUE for 6'0

where a is any vector satisfying HE = U.
7r

Proof: If R(E) = R(tTr), then by letting S = *
Tr

and. W = H

in the conclusions at the first part of the appendix the theorem is

easily established. Since r(*Tr) = r(E(E7rE)E ); E(EITE)-EIT is the

projection of R(E) along N(E7r); and R(*.rr) R(E), it follows

that R(* Tr) = R(E). Hence from statement (II. 1) a unique

71-estimator for 5'0 is 5''6' = (*7rHp,U) where 0 is any

vector satisfying HM H8 =H**TrU. Define A to be * Hp. Then
Tr

by Lemma II. I A E 7Z (Tr) and the uniqueness of A follows from

the uniqueness of 5'0. The proof is complete.

The normal equations may be expressed in matrix form by

utilizing the properties of H. The resulting forms are

(V1 , V1) . . (V1, tiTV 1)
1-1** V =

(V
K

V1) (V V ) Tr
K Tr K

Hence if *TrVk, k = 1, ...,K can be readily computed, then a simple

K x K system need only be solved, since the trace inner product is

used. A particular case that is easy to solve is when X = 0. Then

`7t = a and E = I imply that *Tr =
-1 so that only the inverse



110

of Tr needs to be determined.

Define V = Hp for some fixed p e RK such that p
1

> 0

and p
k

> 0 (k = 2, ,K). Then V is positive definite and

TrA = VAV for all A e a defines Tr as a positive definite linear

operator with its inverse being ir-1A = V -1AV-1 for all A e .

If N is the orthogonal projection on N (X I), then E may be

given as EA = NAN for all A E L . Let (NVN) be any sym-

metric generalized inverse of NVN and define

(ThrE)A = (NVN)A(NVN)- for all A E a.

which is a particular generalized inverse of ETrE. It then follows

that k as defined in Lemma II. 1 is given by

trrA = RAR for all A Ea-

where R = N(NVN)N. The elements of the matrix form of HRH

are then tr(V.RV.R) and of H**.n.0 are Y YIRV.R The matrix
1 j

equations are the same as those given by Rao (1972) where H*17TH

corresponds to his S and H4TrU corresponds to his u. The

equivalency is more readily apparent if R is expressed in terms of

X. Before doing this it is convenient to state the following facts

concerning projections.
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Let V and A be linear operators such that V is

positive semi-definite and r(VA) = r(A). If B is any

linear operator such that R(B) = R(A), then

and

VA(A*VA)-A* = VB(B*VB)13*

A(A *VA)'A* = B(B*VB)-134,

b) Let V be a positive definite linear operator and suppose

A and C are linear operators such that R(A) = N(C),

then

- V 1A(A*V - 1A) = C*(CVC*) CV.

Since Q is any n x q matrix such that R(Q) = N(X') and

V = Hp is positive definite, (II. 2. b) implies that
-I - V 1X(X'V 1X) Q(Q'VQ)Q1V. Then (II. 2. a) and R(N) = R(Q)

imply that N(NVN)NV = Q(QIITQ) Q'V Hence

R = N(NVN) N = V-1 - V -1
X(XIV

1 X) X'V-1

which is Rao's GG'. Additionally, if a matrix A of full column

rank can be found such that R(A) = R(X), then (11.2.a) will allow X

to be replaced by A and AIV -1
A will be invertible.

In some cases it may be desirable to find a matrix Q such

that R(Q) = N(X') and Q'Q = I and then transform the model to



Z = Q'Y. In this case the mean vector is zero and the covariance

matrix is Q'VQ where V = HO. As previously noted for a zero

TrTr
mean,

and

and the pertinent quantities are

-11t
(r[Q'V.Q(Q'VQ)

1Q'V.Q Q'VQ)

Z
(1(Q'VQ)1Q'V.Q Q'VQ)

-1 Z = VQ(Q'VQ)
-1

Q'V.Q(Q'VQ)
-1 Q'Y.
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But R = Q(Q'VQ) -1Q' and hence the normal equations are the same

as if the vector Y was not transformed. Depending upon the par-

ticular matrices that are known in any problem the normal equations

may be expressed to take advantage of this information.


