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ON THE POLYPARAMETRIC SENSITIVITY OF PARK'S
EQUATIONS BY COMPUTER SIMULATION METHODS

I. INTRODUCTION

A. Previous Work

While sensitivity analysis of systems is not new in concept, its

application to power systems has been a relatively recent development.

In 1967, the first major work (1) was presented by the Japanese. The

kinetic energy of a system was employed to derive a stability meas-

ure, and thereby a stability margin, for this system. The utility of

this measure was demonstrated through a parametric sensitivity

analysis. In 1969, a further study (11) combining the kinetic and

potential energy of a system was presented. The technique of para-

metric sensitivity analysis was used to determine the influence of

parameter variations on the stability of the simulated system. Both

investigations were conducted in the absence of models of machine

controllers (governors and voltage regulators) and changing flux

linkages.

Another type of problem was solved in 1968 (13). Some of the

coefficients of the admittance matrix of a simulated large dynamic

system might contain errors. The method of parametric sensitivity

was again applied to measure the effect of these errors on the stability
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of the system model.

More recently, two contributions from India (3, 4) have been

made in this field of endeavor. They have been concerned with the

linearized equations of a synchronous machine and its controllers.

The characteristic equation of the system was developed from which

the eigenvalues of the system were found. The parametric sensitivi-

ties of these eigenvalues with respect to the various parameters of

the control system were calculated and analyzed as a basis for optimal

controller design. These two papers contained an extremely simpli-

fied, linear system model which was subjected to parametric sensi-

tivity analysis.

All previous work in this area has been accomplished on prob-

lems directly involving stability analysis or control system design.

While these are certainly important applications of sensitivity analysis,

they attempt to be an end in themselves. There is an opinion (12),

which is also held by this author, that the utility of this method of

analysis is best exemplified in its use as a means to an end rather

than an end in itself.

B. Scope of the Problem

The general equations for the transient behavior of a synchro-

nous machine were presented in 1929. They have been used in

virtually every study on power system dynamics through the present



time. They have been modified, linearized and simplified, generally

without very rigorous justification, depending upon the needs and

thoughts of various individual authors.

The preceding section enumerated the prior work which has

been done. The research presented herein is considerably more

fundamental. The general equations, Park's equations, for the tran-

sient behavior of a synchronous machine, contain six parameters (7).

Investigation of the sensitivities of these parameters will form a

nucleus from which the following questions will be answered:

1. If Park's equations are linearized about an operating point,

and one of the parameters is in error by a specific amount,

what response error results?

2. Conversely, if a response error criterion is set, what

parameter tolerance will satisfy this measure?

3. If several parameters are in error by specific amounts,

what response error is encountered?

4. If a small parameter is set equal to zero, what is the re-

sponse error resulting from its elimination?

5. Is there any relationship between the magnitudes of these

parameters and their sensitivities?

6. Does the sensitivity of any of the six parameters guarantee

relative polyparametric insensitivity according to some

criterion?
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7. What bearing do the separate relative magnitudes of these

parameters have upon the above errors?

These are some of the more important questions to be considered.

Other points will be presented as the development proceeds.

The block diagram showing the major components of a hydro-

electric system is shown in Figure 1. The equations (model) describ-

ing the system will be presented from which the sensitivity equations

will be formulated. Since relatively few studies have considered

machines operating at leading power factors (underexcited), this re-

search has been specifically concerned with this condition. The sys-

tem model, with various polyparametric combinations, will be sub-

jected to a step input; its response will be observed in the time

domain simultaneously with the sensitivities. Examples of these are

shown on Figure 3. Calculations will be made on various aspects of

the observed data; from the computations, conclusions will be drawn

on the model. The available simulation framework on a digital com-

puter will demonstrate the facility for the methods involved.
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II. SENSITIVITY

In order to make the mathematics tractable, consider the fol-

lowing model:

6

F(X, x, x, t, a) = 0 (2. 1)

which has a solution, x = x(t, a). Only one parameter a is taken

here, but neither the order of the equation nor the number of param-

eters affect the generality of the result. If Equation 2.1 is solved

successively for various parameter values,

F(X, x, x, t, a+Aa) = 0, (2. 2)

the solution of Equations 2.1 and 2. 2 can be compared to obtain an

indication of system structural stability as follows:

x(t, a+Aa)-x(t, a)
Au = (2. 3)

to

a, dxSensitivity is defined as x .da

lim x(t, a+,6,a)-x(t, a) dx(t, a) = u(t, a).
Aa da

(2. 4)

The function u(t, a) is called the sensitivity coefficient of the

dynamic system. It is a function of time t and a presumed fixed

parameter a. This represents some difficulty because one of the
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interests here is the parameter tolerance near this value of a .

Modern engineering does not always justify this presumption since

parameters can change within broad limits, i.e. , c < a < b. In

the general case, a dynamic system has several parameters and the

sensitivity coefficient u(t, al, ... , am) will change with the position

of the point in parametric space.

But

The preceding will distinguish these two types of sensitivity:

u(t, a) = ut is the dynamic sensitivity coefficient

u(t, a
1

, , am) = ua is the parametric sensitivity coefficient.

The partial derivative of Equation 2.1 with respect to a is

aF aF ak aF ax aF
85E aa as ax aa aa

ax a 8x .
2

a 8x ..

8a at aa u
and aa =

at2
(aa ) = u.

Then, Equation 2. 5 will read,

aF., aF aF aFu+u=--
ax ax aa

(2. 5)

(2. 6)

Equation 2.6 is called the sensitivity equation since u(t, a) is ob-

tained by solving it (12). By the simultaneous solution of Equations

2.1 and 2.6, x(t, a) and u(t, a) are obtained.
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How great a difference exists between x(t, a) and x(t, a+LIa)

can be determined from the following. Let

Lx = x(t, a+Aa) - x(t, a). (2. 7)

The tacit assumption that the solutions depend analytically on the

parameters and that Ax and Ea are small, allows a Taylor

series expansion of x(t,

8x 1 a
2
x 2x(t, a.-f-,6,a) = x(t, a) + aorta + (Aa) + ...

aa. 2! 2as
(2. 8)

Two questions immediately come to mind in connection with

Equation 2.8. When using a computer, Ax could be computed

directly from Equation 2.7. However, with small values of Aa

the difference Ax can also be small, and machine results can be
xunreliable. By solving Equation 2. 6 for u and using that value

aa

in Equation 2.8, the accuracy in the calculation of Ax is consider-

ably increased.

The second question concerns stopping with the first order term.

The calculation of parameter tolerance will then be reduced to a linear

problem where the principal of superposition holds (10). This lineari-

zation will facilitate the calculation of Ax where several parameters

are involved according to the following:



x(t, a
1

+Aa
1,

.. , am+Aam) = x(t, a
1

, , am) +

j=1

ax
aa. +

3

Rearranging Equation 2.8 and substituting Equation 2.7 therein,

Ax = u(t, a)Lia + R(t, a), t < t < t
o 1

9

(2. 9)

(2. 10)

Since a finite time interval is involved, the difference between Ax

and the linear approximation is always finite (12). By fixing R,

must be decreased so that Equation 2.10 is valid. At some time

in the interval t
o

< t < t
1

, R(t, a)1 = Rmax. This means t can

possibly be eliminated from Equation 2.10,

= u(a)Da + R, (2.11)

providing the convention that maximum errors of the linear approxi-

mation is adopted. Rearranging Equation 2.11 and taking absolute

value s

Ax-R
I I I u(a)

(2. 12)

Unfortunately, Equation 2.12 must be written in a different form if

several parameters are involved,

m

u(a. )AaJ d < Ax-RI (2.13)
3

j=1
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Two statements deserve to be made here due to their importance.

First, the dynamic system sensitivity in parametric space is the

neighborhood of a point (a+k,a) within which the linear approxima-

tion of a nonlinear system is valid in the sense of a permissible error

R. Second, a dynamic system may be approximated by a linear

mathematical model in a reasonably close neighborhood of every point

of parametric space and in a finite time interval, as a basis for the

definition of parametric sensitivity (12).

The polyparametric sensitivity problem is formulated along the

same lines as the parametric problem.

x = x(t, a
1

, , a )

8x
Max Maxt u(t, al, , , am) = ut aa 1 a, 3

a., < a < aj2' j = 1,...,m

t < t < t
o 1

(2. 14)

In System 2.14, the term u has a plus or minus sign affixed to it
a, 3

depending on whether the greatest magnitude attained in the time in-

terval t
o

< t < t
1

is positive or negative. Note on Figure 3, page 25,

although the sensitivity coefficients vary positively and negatively with

time, u . is positive for j = 3 only.a, j

The parameters change values in definite intervals and each
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polyparametric sensitivity coefficient is considered at various points

in m-dimensional parametric space. This allows observation of the

sensitivity of the dynamic system with respect to a chosen parameter,

interdependent on the zone of multi-dimensional parametric space.
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III. SYSTEM MODEL

In order to make the model manageable for the purposes of this

research, certain assumptions about the physical system will be made.

1. The stator windings are distributed to produce a sinusoidal

magnetomotive force wave in the air gap of the synchronous

machine.

2. Rotor inductances are not affected by the slator slots.

3. Damping due to damper bars or windings is neglected.

4. Saturation of machines is neglected.

5. The balanced load of the system requires constant current.

6. The turbine is ideal and operating at full load.

7. Frequency of the ac wave is 60 Hz.

8. The parameters for the general system equations as well as

those of the voltage regulator and hydrogovernor are constant

and known exactly.

Park's equations are presented in their original form (7).

ed 4jd + rid + 1Pqw °

eq
d

= 0
q q

4d -ed+xid+ 377xdi Tdiold + Td'oLljd

ip +xi =0
q qq
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TS - iq Lpd + i
d

- MC) = 0 (3. 5)

General system equations are based on the phasor diagram in Figure

2.

et - (e
d

2
+ e2 )1

/2
= 0 (3. 6)

q

id sin (60 +4) = 0 (3. 7)

iq -
L

cos (6 +4) = 0 (3.8)

8 _ w + coo = o (3. 9)

Voltage regulator equations are those in general use (2).

w + TEefdw = 0KEe,
VRLIM

(3. 10)

VRLIM
- V

R
= 0, if V

RMIN
< V

R
< V

RMAX
(3.11a)

V RLIM - V
RMIN

= 0, if V
R

< V
RMIN

(3.11b)

=vRLIM vRMAX 0, if V
R

>V
RMAX

(3.11c)_

VR - KAVREF + KAet + KAVS + TAVR = 0 (3. 12)

V
S KF6fd- + TFV

S
= 0 (3. 13)

Hydrogovernor and turbine equations are also those in general use (8).

T
W

- + T
W

1
2LIM

+ T
S

= 0 (3.14)
TS

P LIM

P
LIM

- 13D = 0, if 0 < P < P
MAX

(3.15a)
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LIM
= 0, if 0 > p >p

MAX

PLIM - P 0 , if 0 < P < P
MAX

LIM = 0, if P < 0

- P
MAX

= 0, if P >PMAXLIM

P - PREF - PD = 0

PD 1 (w
o

-w-T (:)) + (T
1
+T

2
)1"

D
+ T

1
T

2
P

D
= 0

Cr

(3.

(3.

(3.

(3.

(3.

(3.

15b)

15c)

15d)

15e)

16)

17)

The predisturbance (steady-state) phasor diagram for the synchronous

machine appears in Figure 2.

Direct
axis

A

qq

id y

eq riq
efd. Quadrature

axis

ed V_ riLri
d

Figure 2.

x_1

x i
q q



Applying Equation 2.6 to Park's equations to obtain the models

for the sensitivities,

aF
1

u1
u2 ru3 wu4 Lciu5

8F2

u6 d4 ru7 " 2 d
u

5
= -

8a.
3

u
2

- u
8

+ xd u
3

+ 377T' x' ti + T' -do d 3 do 2 8a .

3

aF3

8F4

u4 xqu7 Da.
3

8F5

u9 4)du7 iqu2 ITiqu3 +idu4 Md5 8a.

The general system sensitivity equations are

u10 (ed2+e2)-1/2(e dul+equ6)
= 0

u3 = 0

u
7

= 0

dll u5

The sensitivity equations for the voltage regulator are

15

(3. 18)

(3. 19)

(3. 20)

(3. 21)

(3. 22)

(3. 23)

(3. 24)

(3. 25)

(3. 26)

KEu8 - VRLIMuS + TE(wa8+efdu5) - cou15 = 0 (3. 27)



u15 u 14

u15

if VRMIN < V
R

< V
RMAX

if V
R

< V
RMIN

u15 = 0, if VR > VRMAX

KA(u10 +u13) + T
A

1114 + u
14

= 0

u13 - KF6.8 + TFal3 = 0

16

(3. 28a)

(3. 28b)

(3.28c)

(3. 29)

(3.30)

For the hydrogovernor and turbine, the sensitivity equations are

u9 u16 + TW1116 + TWL719 °

1116
u =

'116 0,

if 0 P < P
MAX

if 0 >P >P
MAX

u16 u 18 0,

u16 0,

if 0 < P < P
MAX

if 0 > P > P
MAX

u18 u 17 °

u17
1

15+Tr6-5) (T1 +T2)(117 + T1 T2t117

(3.31)

(3. 32a)

(3. 32b)

(3. 32c)

(3. 32d)

(3.33)

(3. 34)

In the above sensitivity equations, the subscript on the sensitiv-

ity coefficient u denotes a chosen variable in Equations 3.1 through

3. 17; i.e. , 1 corresponds to ed, 2 corresponds to

18 corresponds to P. These subscripts denote when that variable is

encountered in the equations. They are not to be confused with the a



in ua in the preceding chapters. So,

aed

u1 1 as
a'-Pdu, . ,

2 aaj
ap

u18 aa.
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Let parameters al = r, a
2

= x
d

, a
3

= xd a
4

= Tdo , a
5

= x ,
q

a
6

= M. These are the six parameters in Park's equations and are

the only parameters with which this research is concerned. Actually,

Equations 3.18 through 3.34 define six separate sensitivity models,

one for each parameter, al, a
2,

... , a
6. The non-homogeneous part

of Equation 2.6 is a forcing function for the sensitivity model.
aF

n = 0 prior to the system disturbance.aa.

In the first model, the sensitivity with respect to al = r will

be examined. In Equation 3.18, n = 1

aF aF
1 .

raa.a 1

aF1
= o, j8a

In Equation 3. 19, n = 2

aF
2

8F2
-

aa r,a q
j = 1
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ar
2

o v

In the second model, the sensitivity with respect to

will be determined. In Equation 3.20, n = 3

aF3 aF3
j = 2

aa. axd

a2 xd

The third model is concerned with the sensitivity with respect

to a
3 d

= xl . In Equation 3.20, n = 3

aF3 aF3
= = 377Tdo' id' j = 3aa

j
ax'

The investigation of the sensitivity with respect to a
4 d

= TI
o

is

the topic of the fourth model. In Equation 3.20, n = 3

aF3 aF3

arr 377xdi + 4do

aF3
= 0, j 2,3,4

The sensitivity with respect to a
5

= x is the subject to be
q

researched with the fifth model. In Equation 3.21, n = 4



aF
4 aF

4
=

aa ax
3

aF
4

aa.

,

q

=0, jy5

j = 5

The sixth model has to do with the sensitivity with respect to

a
6

= M. In Equation 3.22, n = 5

aF
5

aF
5

= j = 6aa 8M

aF
5

8a.
3

-0, j 6

19

Since none of the six parameters appears in the remaining sys-

tem equations,

aFn
8a.

= 0, n= 6,7, ... , 17
J

j= 1,2, , 6

as shown in Equations 3.23 through 3.34.

Seven models have now been defined, one system model and six

sensitivity models. The step input to the system model will simulate

the machine line current iL, while the response of interest will be

the model machine terminal voltage

of interest then will be

et. The sensitivity coefficients
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aet

u10 8a.
J

j= 1, 2, , 6.

A graphical representation of these variables of interest in the time

domain appears on Figure 3.



IV. EXAMPLE
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The example for this study must necessarily be all the water

wheel generators, without dampers, having parameters included

within the following ranges (5, 14).

Representative
Parameter Range Value

a
1

=r 0.003 <al <0.015 0.01

a2 xd 0.9 < a2 < 1.6 1.25

a
3

- X
d

1 0.2 < a
3

< 0.5 0.3

a4= T' 4 < a
4

< 9 5
do

0.4 < a < 0.8 0.7a5 = X
q 5

a6 = M = 2H 4 < a
6

< 8 6

The representative values of voltage regulator parameters are

as follows (6).

Representative
Parameter Value

KE 2.13

TE 0.1428

KA 27.0

TA 0.06

KF 0.0423

1.0
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Hydrogovernors and turbines have representative parameter

values as follows (8).

Parameter
Representative

Value

TW 1. 0

a- 0. 04

T r 5. 0

Tl 48. 8

T2 O. 513

The chosen range of an initial leading power factor angle is

15° < (4) < 60°. This corresponds to a power factor range of 0. 977

down to 0.5.

The selected framework for the implementation of the solutions

of the models was MIMIC (9), a digital-analog simulator. The MIMIC

SOURCE - LANGUAGE PROGRAM, a listing of which appears in Appen-

dix I, was written directly from Equations 3. 1 through 3.34. The Con-

trol Data Corporation Model 3300 Computer at Oregon State University

was employed for the actual computer simulations.

The integration subroutine incorporated into MIMIC is a fourth

order Runge-Kutta method coupled with a Richardson extrapolation

method to reduce the error at each step. It automatically adjusts its

step size to either preserve a subroutine-specified error criterion, or

ranges from a user-specified maximum to minimum step size. The
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MIMIC-specified relative error is 5 x 106. Since any numerical in-

tegration method is a "step -by- step" procedure over a discrete step -

size interval, extreme care must be exercised if the integrand is a

discontinuous function.
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V. RESULTS

A certain polyparametric combination was chosen for investiga-

tion. This combination was tested with one of the sensitivity models

at one particular initial leading power factor angle. These conditions

were defined for one computer run. With a combination of as few as

three values of each of six parameters, five power factor angles and

six models, some arithmetic reveals that an incredible

36 x 5 x 6 = 21,870 runs would be required. This number was con-

siderably reduced by later developments.

All quantities are in per unit except time and time constants

which are in seconds, and angles which are in degrees.

Figure 3 shows graphically the results of six typical runs. The

conditions for these runs were:

r = 0 . 0 1 , xd = 1.25, xd' 0.03, Td'o = 5.0, x = 0.7,
q

M = 6.0, (I) = 30° leading (power factor = 0.866),

initial i = 1.0 (predisturbance),

final i = 0.5 (postdisturbance).

The sensitivity coefficients, ua,
2

and ua,
6

have a value

of about 4 x 103. From Equation 2.11, even with the extreme situa-

tion of R = 0 and Axd = AM = 1.0,
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Aet = 4 x 103 x 1.0 = 0.004.

In words, a difference of only 0.004 would exist, between the maxi-

mum of simulated terminal voltages using some predetermined value

of xd or M, and substituting xd ± 1.0 or M ± 1.0. More

reasonable values of and AM are 0.2 and 0.5 respectively;

these values would reduce Ae
t

even more. This evidence indicated

that perhaps parameters a
2

xd and a
6

= M could be eliminated

from further study. Subsequent computer runs with various levels of

parameters confirmed that the effects of xd and M were negli-

gible and they were withdrawn from consideration.

The deletion of these two parameters would reduce the number

of computer runs to 34 x 5 x 4 = 1620. Numerous test runs were

made to determine if all 1620 runs were necessary. It was found that

four, rather than five, power factor angles would suffice to determine

the complete performances of the models. Many more computer test

runs showed that the sensitivities displayed an interesting pattern,

especially at lower values of T'do . It is estimated that about 500

separate computer simulation tests were performed in the course of

this research.

Since this thesis is mainly concerned with polyparametric

sensitivity, consider the system of Equations 2.14. Specifically,

notice the expression



ua, = Maxt u(t, a
1

, , a., . . , a ) = u(a
1

, , a., . , a )

which represents a vector. Calculation of the vector norm can be

accomplished according to

II uct,i 11 = fall +...+ I ail + + I am I

Applying this formula to this research problem,

u
CL

= al + a3 + a4 + a5, j = 1,3,4,5
, j

= r + x' + T' +x ,
do q

because all the parameters have positive, real values. Figure 4

shows graphically the complete results of this research. Depicted

here are curves of u versusa, j u
a, J

for j = 1, 3, 4, 5. The

27

envelopes show the range for each u . due to the different leadinga, j

power factor angles. Although the evidence is not contained herein

because of its enormous volume, a permutation of parameter magni-

tudes showed that the illusory discontinuity in all curves between the

norms of 4. 9 and 5. 0 was unmistakably due to increasing x only;
q

exactly the same can be said of the curve ua 5 between the norms
,

9. 9 and 10.0. Figure 5 shows this phenomenon for ua, 5 versus

II ua, 511 in greater detail. Data points are illustrated here for the

shaded interior region exhibited on Figure 4.
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Another facet of the polyparametric sensitivity problem is

whether a mutual influence of the parameters upon the sensitivity of

each other exists at various magnitudes. x was discussed above;
q

its influence upon all sensitivities is seen to be most marked at low

values of T1
do

, and in addition upon its own sensitivity at high levels

of TIdo d
. Low T'

o
means high sensitivity values in all cases and

vice versa. A permutation of magnitudes of parameters again showed

that r and x' have no mutual effect on any sensitivity at any

level.

Some applications will now be given. Reasonable errors in

parameter values would be as follows.

Parameter Absolute Value

Or 0.015

Axd
0.1

Td
0. 9

Ax 0.2
q

Equation 2.13 reduces to Equation 2.12 when a single parameter

only is under consideration. For these equations, assume the chosen

linear model response approximates that of the nonlinear model, in

the time interval of interest, so close that R is negligible.

Selecting r = 0 (which is often done in power system dynamic

studies), x' = 0.3, T'
do

= 5.1, xq = 0.6,
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11 = 6.0.

Referring to Figure 4, these values were chosen as representative

parameter values (5, 14). If, indeed, the true values of the machine

parameters are r = 0.015, xd' = 0.2, T' = 6.0, x = 0.8, then
do q

the parametric errors /la, are as described above. Choosing a
J

nominal (power factor angle of 35° to 40° leading) value for

ua, . : u a, 1 = -O. 6; ua,
3

= 0.4; ua,4 = -0.09; ua,
5

= -0.3; apply-

ing Equation 2.9,

Aet = (-0.6)(-0.015) + (0.4)(0.1) + (-0.09)(-0.9) + (-0.3)(-0.2)

= 0.19.

This bizarre example adduces the error that a given set of

extreme circumstances might produce. If the norm were less than

the one calculated above, the sensitivities would be greater, but the

parametric errors might be less or of different signs; if the initial

operating angle were greater or less than nominal, the sensitivities

would vary as shown on Figure 4. Each case should be checked in all

possible detail.

Another example might be to suppose a response error, due to

parameter value inaccuracy, were acceptable as I Eet I = 0.05. If

the norm calculated 8.0, the initial leading power factor angle of inter-

est was 15°, and T'
do were suspect, Equation 2.12 shows



32

Ae
AT t 0.05 = 1.0 second.

do u Ia, 4 0.05

If this was accepted as a reasonable parameter tolerance, the

results would be within the prescribed limits. However, had the norm

been less, more field testing for the actual parameter value might be

in order.

A last example might be called for here. Much appears in the

literature about trying to build relatively insensitive or invariant sys-

tems. Designers try to do this as a natural outgrowth of the idea that

a relatively invariant system's response will not be disturbed nearly

so much by a "shock" input, as a fairly sensitive system. This

author agrees with this in principle, but not in implementation. Fig-

ure 4 shows that a norm of about 10 will render the system compara-

tively insensitive. However, this higher value of TI
do

, the domi-

nant parameter, will produce a slower system response. So, while

the response is less dynamic, the compensation for it could be next to

impossible. An engineering compromise will almost certainly be

necessary in most cases.

The error R introduced in Equation 2.10 is basically the

truncation error in stopping at the first order term of a Taylor series.

Calculation or estimation of it requires a knowledge of higher order

derivatives of the functions involved. While analytically, these are
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not difficult to express, their calculation by computer methods re-

quires a separate additional model for each higher order desired for

each parameter. This is clearly beyond the scope of this research.

The exact numerical results compared to the computer results

is not the main issue in this thesis since qualitative rather than quan-

titative evidence is proffered. However, the numerical accuracy of

the integration routine in MIMIC deserves a few comments. Since the

method is a fourth order Runge-Kutta type, the expected error per

step per integrator is of the order of (At)
5 or the order of (.604

over the unit interval. The Richardson extrapolation reduces the unit

interval error to the order of (.605.

Errors due to the computer (roundoff and floating point subrou-

tines) are beyond the scope of this investigation, except for the follow-

ing observations. Total error in the numerical printout is the sum of

the error in the Runge-Kutta method and that due to the computer.

Several test runs were made with specified minimum step sizes of

At = 104 and At = 105. No significant difference was observed,

in the length of time per computer run nor in the actual printed result,

between these minimums and At = 103 which was the minimum

step size finally used. All results agreed in the first three decimal

places, the maximum required.
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VI. FUTURE INVESTIGATION

This thesis can only be considered a means to justify an end.

While being extensive and having immediate application, each result

seems to present several more research topics. Very recently, this

realm of sensitivity in power systems dynamics has gained favor (4,

11), especially in India. At the 1970 Summer Power Meeting of the

Institute of Electrical and Electronics Engineers, at least two papers

are being presented on this subject, one of which is from India; again,

both are on the topic of transient stability.

Sufficient motivation seems to exist; hopefully, time and money

are available to explore some of the following areas:

1. The polyparametric sensitivity of the synchronous machine

equations simulating unity and lagging power factor angles.

2. The sensitivities of this simulated system with respect to the

parameters of the voltage regulator and the hydrogovernor.

3. The sensitivities at other simulated constant current load

points.

4. The sensitivities with simulated loads other than constant

current.

5. Simulated system inputs, other than a step, and their effects

on the sensitivities.

6. Refinement of the machine models to include effects of
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saturation, leakage reactance, damping due to damper bars

and windings, etc. , and their influence on the sensitivities.

7. Extension of the system model to include tie lines, busses

and networks, and their resulting influence on the sensitivi-

ties.

8. The polyparametric sensitivity of simulated systems other

than hydro systems.

9. Extension of the models into the framework of a simulated

multimachine system.

10. Investigation into the error R in the sensitivity system

Taylor series caused by stopping at the first order term.

11. Research into the methods and accuracy of field testing for

the necessary parameters.

The above are rather broad areas, each capable of being sub-

divided several times perhaps. But, there is no doubt now that the

methods and mathematics are available for these further investigations.
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VII. CONCLUSIONS

Before stating the conclusions, it must be remembered that

this investigation was made on a model of an idealized hydroelectric

machine, operating at leading power factor angles, having representa-

tive parameter values for the simulated voltage regulator and hydro-

governor; the step input consisted of a decrease in simulated current

from 1.0 to 0.5; the simulated terminal voltage constituted the sys-

tem response. With these facts firmly reestablished, the following

conclusions are drawn.

1. In Park's equations, the relative parametric insensitivity

of xd has shown that simulated system response error is

negligible for all reasonable parametric variation. The

same is true for the parameter M. This was found over all

investigated polyparametric space.

Z. The parameter x in Park's equations influences not only
q

the model response, due to its sensitivity, but the other

sensitivities at low values of polyparametric norms.
q

also affects its own sensitivity at low T1do and again at

high T.
3. Increasing x reduces all sensitivities at low values of

q

do

4. At a high value of
do , the polyparametric sensitivity of
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x not only increases slightly, but changes signs from minus
q

to plus as x is increased.
q

5. r and xa, while having their individual effects on model

response, have no effect on any sensitivity in all the points of

polyparametric space studied.

6. All points in parametric space show high sensitivity at low

values of T'
do

; the converse is also true.

7. Tolerances in parameter values must be narrower at low

values of T1
do than at higher values since this parameter

is the dominant part of the parametric norm; tolerances may

be wider at high values of T1
do

for the same simulation

response error.

8. This method is applicable to systems of linear differential

equations as well as nonlinear ones. It is not required to

linearize the nonlinear equations.

9. The computer greatly facilitates this method of systems

analysis, especially when investigating a given system in

detail.

10. Utilizing the norm of the parameter vector, the various poly-

parametric sensitivities of Park's equations are now readily

available for application to power system dynamic studies.
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APPENDIX II

Symbol List

All quantities throughout this thesis are in per unit except time

and time constants which are in seconds, and angles which are in

degree s.

a general parameter

a, the jth parameter

ed terminal voltage on the d axis

efd field voltage

terminal voltage on the q axis
q

et terminal voltage

F general function

Fn the nth function

H inertia constant

id
line current on the d axis

iL line current

i line current on the q axis
q

KA regulator gain

KE exciter constant related to self-excited field.

KF regulator stabilizing circuit gain

M mechanical starting time constant



Max maximum

Min minimum

P turbine gate position deviation

PD turbine gate position

PREF turbine reference gate setting

R terms truncated after the first order term in a Taylor series

r armature resistance

TA regulator amplifier time constant

TE exciter time constant

TF, regulator stabilizing circuit time constant

TS mechanical torque applied to machine rotor

TW turbine water starting time

Tr governor dashpot time constant

T
1,

T2 simplified governor time constants (8)

Tv
do

direct-axis transient open-circuit time constant

t time

u general sensitivity coefficient

u a parametric sensitivity coefficient (for a)

uk ax
k x

/8a. where is the kth variable
3 k

ut dynamic sensitivity coefficient

ua, . polyparametric sensitivity coefficient (for a.)
3

V
R

regulator output voltage

VREF regulator reference voltage setting
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V regulator stabilizing circuit output voltage

x general variable

x
d
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first derivative or partial derivative of x with respect to time

second derivative or partial derivative of x with respect to
time

synchronous reactance on d axis

synchronous reactance on q axis
q

xo initial value of x

x' transient reactance on d axis

Ay increment of y

5 torque angle

cr governor permanent speed droop

power factor angle

flux linkage on the d axis

flux linkage on the q axis

angular velocity of rotor

iq


