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A cellular logic multiplier for the multiplication of

12 x 12 signed numbers has been designed. The algorithm

used for this operation can be summarized in the following

steps.

1. Examine the sign bit of the multiplier. If neg-

ative, take the two's complement of both the multiplier

and the multiplicand regardless of the sign of the latter.

If positive, no complementation is needed'.

2. Generate the summands in parallel by multiplying

each bit of the multiplier (a1, i = 1,2 . . 11) with all

bits of the multiplicand (di, j = 1,2 . . . 12). A matrix

is formed from these summands. The ith row in the summand



matrix consists of all summands (B
j'

) which are gener-
s

ated by multiplying the ith bit of the multiplier with

all bits of the multiplicand. The summands 4't for k =

12, 13, 14, . . 22 are all identical. The matrix has

22 columns.

3. Add up the summands (with carries) in each col-

umn. The sum of this addition is the product of the multi-

plication. The product is in the proper two's complement

form. Hence, no complementation of the product is needed.

The addition of the summands is performed through a

reduction process. Each three rows of summands are re-

duced to one by combining three summands in a full-adder.

This is the first stage in the reduction of the summand

matrix. The carries from this stage are sent to the next

stage in the next column. The sums are combined with the

carries of the first stage from the previous column. This

forms the second stage. The third stage is formed by com-

bining the sums of the second stage with the carries of the

second stage from the previous column. The process continues

until two sets (rows) of numbers are formed.

An intelligent-adder is used to combine these two sets

of numbers to give the product. The intelligent-adder is a

combination of a ripple-adder, and a carry-look-ahead-adder.

The cost is defined in terms of number of chips and

time delay. Total multiplication time (Tt) for some of the



current parallel multipliers ranges from 38t to 54t, where

t is the propagation time delay for a single logic gate.

Tt for this design is 25t. Using TTL gates, Tt for those

current multipliers is 494 - 700 nsec. T
t
for this design

is 325 nsec. Total number of chips required in this design

is 596 which is comparable to that of the others.
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CELLULAR LOGIC MULTIPLICATION

I. INTRODUCTION

Multiplication is an essential operation of digital

computers. The most primitive method of multiplication

is the shift-and-add algorithm. This type of operation

is normally performed through software

is applicable to small computers where

subroutines. It

only simp]e arith-

matic operations are performed at a very reasonable cost

since no extra hardware is needed.

Parallel multipliers complete the multiplication

operation in one computer cycle. This is in contrast to

the previous method where several sequential cycles may

be involved. These multipliers are hardware implemented

in most sophisticated computers. Parallel multiplication

is much faster than the previous method but is more ex-

pensive. The operation can be summerized in the follow-

ing steps:

1. Pre-Conversion: Before the operation starts,

the sign of-the multiplicand and the multiplier are

checked. The negative number is complemented. It can

be either one's or two's complement. Most of the current

parallel multipliers use the latter complementation.



2. Generation of Summands: A summand B. is de-

fined as the product of the ith bit of the multiplier

(ai ) and the jth bit of the multiplicand for

j = 1,2,3 ...n

3. Reduction of the Summand Matrix: For multi-

plying two n x n signed-numbers, (n-I)
2
summands are

generated. Fig 1.1 shows a typical summand matrix for

multiplying two numbers A and D.

A = an an
-1 an -2

...a2 al

D =
do do-1 do-2

...d2 d
1

The nth bit of both numbers is a sign bit. The first

do-1
...d4d3d2d1

an_i 4a3a2a1

1 1 1 1 1 1
B ...BBBBB
n-1

B5 BL
3 2 1

2 2 2 2 2 2
Bn_i Bn-2 . B4B3B2B1

B
3

B
3

B
3

..... B B
3
B
3

n-1 n-2 n-3 3 2 1

o

n-2
B
n-1

n- 2
Bn-

2
B2

1

n-1 n-I n-1
B
n-1

Bn-2
B
1

P2nP2n-1P2n-2P2n-3
P
5
PP
1.1.3

P
2
P
1

Fig 1.1 Summand Matrix for the Multiplication of AD.



row of the summand matrix is the product of each bit

of the multiplicand and the first bit of the multiplier.

Since the magnitude of the multiplicand has n-1 bits,

there are n -i bits in the first row. The bits in the

second row are the product of the first (n-1) bits of the

multiplicand with the second bit of the multiplier. The

whole row is shifted one place to the left. The bits in

the third row are the (n-1) bits of the multiplicand multi-

plied by the third bit of the multiplier and all are shift-

ed two places to the left. The process continues down the

line until the (n-1)st row. This last row is formed by

multiplying the first (n-1) bits of the multiplicand with

the (n-1) bit of the multiplier. The row is shifted n-2

places to the left. All rows are produced in parallel.

The product (P = AD) is obtained by the addition of

these summands. Different schemes have been developed

for such addition. Parallel multipliers perform the addi-

tion in steps. In each step, the number of rows in the

summand matrix is reduced. The reduction continues until

there are only two rows left.

Dadda -(1965) reduced the summand matrix by taking

each pair of summands in the same column and adding them

together. As shown in Fig 1.2, the sum of these two

summands is added to other summands and so on until a

matrix of two rows is formed.



Habibi and Wintz (1970) introduced different proce-

dures for the reduction of the summands. Their procedure

is similar to that of Braun (1963). The first step in the

reduction process of (n-1) 2 summands is the use of (n-2)

half-adders to generate the second least significant bit of

the product. Each one of the following steps requires n-2

full-adders. Consequently, one more bit is generated each

time starting from the least significant bit and on to the

left as shown in Fig 1.3. Their scheme is called the carry-

save scheme.

5. Carry-Look-Ahead-(CLA)-Adder: The fourth step in

the operation of parallel multiplication is the addition

of the last two rows which are left after the reduction

process. Both Dadda and Habibi suggested the use of either

a carry-look-ahead-adder or ripple-adder for the addition

of these two sets of numbers. The sum of this addition is

the product of the multiplication. It was suggested to use

CLA-adders in the reduction of the summand matrix. This

method is prohibitively expensive and doesn't increase the

speed of the operation too much. This is due to the fact

that the carries and sums of a row are produced at the

same time' independently of the position of the column.

5. Post-Conversion: The last step in the operation is

the complementation of the product if either the multiplier

or the multiplicand is negative.
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Design Analysis

In the previous multipliers, the summand matrix is

reduced by taking two rows of summands and reducing them

to one. When two are added, two other numbers a sum and

a carry, are produced. However, the carry is sent to the

next column and the sum remains in the same column. Thus

the reduction essentially is from two to one. Now if three

summands are combined in a full-adder, there are still only

two outputs. Hence the reduction is from three to one.

Therefore, Dadda's and Habibi's multipliers could have been

more efficient had they taken three summands together instead

of two.

Both Dadda and Habib! used strictly either the carry-

look-ahead-adder or ripple-adder to add the last two sets

of numbers in order to obtain the product. The CLA-adder

can be used more intelligently than it has been suggested

by Dadda, Habib!, and Wallace (1967). Designating the last

two sets of numbers in the reduction process by S and C,

Sk and C would be the kth bits of these two numbers. In

order to obtain the kth bit of the product, Sk, Ck, and

D
k-1

are added together. Their sum is P
k
and the carry is

D
k

. D
k-1

is the individual carry from the (K-1) first col-

umn in the last stage of adding S and C.

Using ripple adders, let the time delay to produce

Dk-1 be 10t, where t is the. propagation time delay



for a single gate. There would be no need for using carry-

look-ahead instead of the ripple-adder to speed up the pro-

pagation of D
k-1

if the minimum time delay for the produc-

tion of S
k

or C
k

is 13t. If S
k

has less time delay, then

a carry-look-ahead-adder can be used effectively. However,

if a carry-look-ahead-adder was used and the S
k
still has

less time delay, it might be beneficial to combine Ck and

Sk together. This absorption can be achieved by the use of

a half-adder. The sum of the new adder now is S
ki

The re

sult is that there would be only two inputs (Sk and Dk_i)

to form Pk. This facilitates the use of a carry-look-ahead-

adder more effectively for the next columns. This combina-

tion of ripple as well as carry-look-ahead-adders will be

called an intelligent-adder.

The other problem associated with most of the current

multipliers is the fact that the operation is performed only

on positive numbers. Hence, pre- and post-conversion are

necessary. The necessity of these two operations, especially

the latter one since the length of the product is almost

twice as long, will somewhat slow down the multiplication

operation, and will increase the total cost.

Dadda's multiplier performs the multiplication of

12 x 12 positive numbers in 32t. Using a ripple-adder the

multiplier requires 132 full-adders. Using carry-look-

ahead-(CIA)-adder, it requires 110 full-adders and 315



"multi-input gates". Since the number of inputs to a

multi-input gate varies from two to eight, it is diffi-

cult to find an accurate estimate of the cost when CLA

adder is used.

Habibi's multiplier requires 132 full-adders at a

speed of 48t when a ripple-adder is used. If CLA-adder

is used, the cost is 120 full adders and 153 "multi-input

gates" at a speed of 49t.

Design Objectives

A design for parallel multiplication will be presen-

ted in this paper. It is for the multiplication of two

12 x 12 bit signed numbers. The multiplier will be held

in a 12-bit register R. The multiplicand is stored in the

accumulator. The product will be present at the outputs

of the intelligent adder. Normally the highest order bits

will be gated into the R register. The summands are gener-

ated in the same way as in any other parallel multiplier.

The reduction of summands will be done by taking three

summands together and reducing them to one. The intelligent

adder will be used for the addition of the last two sets

of numbers.



A new algorithm for negative and positive numbers

will be used. In this algorithm, no post-conversion is

needed. Details of the algorithm with examples will be

given.

In using CLA-adder for their design, Habibi and

Dadda specified the cost in multi-input gates. Since

these gates, are hard to estimate in cost, a new cri-

teria for cost and minimization will be given in the

sequel.
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II. MINIMIZATION CRITERIA

Gate-Limitations

Fan-in is defined as the maximum number of inputs

that can be used to drive a gate. Due to current leak-

age, there is a ceiling on the number of inputs to a gate

that can be used. Most logic gates can be driven with

a maximum of eight inputs.

Fan-out is defined as the maximum number of gates

that can be driven from a single gate. This number varies

from 10 for standard TTL gates to 30 or more for some

ECL gates.

Integrated Circuits

Logic gates are commercially available in integrated

circuits fabricated on different types of chips. The num-

ber of gates on a chip is a function of the number of in-

puts per gate.

As shown in Table I, a chip can have 4 gates of two

inputs each, or 3 gates of three inputs each, and so on.

Thus, if a function requires five of 8-input gates, six of

3-input gates, and eight 2-input gates, the total number of

gates required is written as 5(8) + 6 (3) + 8 (2) or a

total of 9 chips.
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Table I

Number of Inputs and Gates per Chip

No. of Inputs /Gate No. of Gates/Chip

2 4

3 3

4 2

8 1

Notice that the total number of gates is 19. How-

ever, this number doesn't tell much unless the type of

gates is specified or the number of chips is given.

Table II

Type, Speed1 and Cost2 of Different Gates

Type Series No. Speed Price/Chip
infec) (100 or up)

TTL MC7400P 13 $ 1.10

TTL MC7400F 8.5 $ 2.50

ECL MC1200P 6 $ 2.95

ECL MC1000 3 $ 4.80

ECL MC1200 1.1 $ 8.50

1The speed is obtained from The Microelectronic Data
Book published by Motorola in December 1969.

2
The cost is obtained from the 1971 Industrial Catalog

published by Allied Electronics.
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As shown in Table II, the faster the gate is, the

more expensive it will be. For Standard TTL, the aver-

age propagation-time is about 13 nsec. at a price of

$ 1.10 a chip. The speed and cost are approximately

proportional. Increasing the speed to 6 nsec, the

price is almost doubled to $ 2.95 a chip.

Gate Minimization

Minimization of gates has been the object of many

logic designers and the topic of many authors. Let n

be the number of gates that is required to realize a

function f. It may be possible to realize the same

function with only m gates where m is less than n. This

minimization is done in the hope that minimum number of

gates will require fewer chips. Unfortunately, this is

not always true. This fact is demonstrated in the

following realization of an arbitrary function f1.

f
1
=x6 x5 x x

3
+x6 x5 x4 x2 x1 + x6 x5 x3 x2 x1

+-x7 x5 x4 x3 + x7 x5 x4 x2 xi + x7 x5 x3 x2 x

+ x7 x6

x7, x6, x5 . . . xl are binary input variables .

can be realized with Standard NAND and NOR gates in
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at least two different ways. One of the realizations is

shown in Fig 2.1 (a). The other realization is shown in

Fig 2.1 (b). Part (a) shows that the function f1 can be

realized with a minimum number of eight gates. The gates

are specified as follows:

No. of gates in part (a) = 5(8) + 2(4) + 1(2)

= 6* chips

Part (b) has 15 gates specified as follows:

No. of gates in part (b) = 1(8) + 7(3) + 1(2)

5 1/12 chips

It is clear that the minimization in part (a) didn't

yield minimum cost (least number of chips) although it

has the minimum number of gates. In part (b), the num-

ber of chips is 5 1/12. The fraction means that if 6

chips are bought, 5 1/12 of them will be used in the real-

ization of the function. The remaining 11/12 of a chip

which are specified as one 2-input, and two 3-input gates

will still be available for other purposes. 1(2) + 2(3)

11/12 chips.

Therefore, the purpose of this design is to perform

the multiplication operation with minimum cost and time

delay. The cost criteria is the number of chips. The

speed of reference will be t, the propagation time delay

for a single gate.



1 5-7<

74.

(a)

(b)

Fig. 2.1 `Realization of the funtion f1 with (a) mini-

mum number of gates and (b) minimum no. of chins



III. ALGORITHM

Method A

This algorithm can multiply two n-bit signed num-

bers regardless of their signs. No post-conversion is

necessary since the product (1° = AD) will be in the right

form. Two's complement representation is used in all

operations. The steps in the multiplication are as

follows:

1. Take the two's complement of both the multi-

plier and the multiplicand if the multiplier

is negative regardless of the sign of the

multiplicand, otherwise no complementation

is required.

2. Generate the summand matrix as shown in Fig

3.1. The bits in each row starting from the

summand B12, which is formed as the product
1

of the sign bit of the multiplicand and any

bit of the multiplier, are all identical.

3. Add- the summands in each column (with carries).

The sum is the product which is in the correct

two's complement form.

Since the arithmatic operations are performed

in two's complement, the overflow is ignored.
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Fig 3.1 Summand Matrix Generation

B. = a. d. A.D = P
j '
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Example One: Positive . Positive

The multiplier is designed for 12 x 12 bit multi-

plication. For simplicity, the examples are given for

6 x 6 bits. Addition is performed in two's complement

form. Attention should be paid to the fact that when

6-bit numbers are placed in a 12-bit register, the bits

from 7-12 will be identical to the sign bit of the num-

ber, i.e. the 6th bit.

23 x 27 = 621

010111 x 011011 = 001001101101

1. Since the sign bit of the multiplier (a )

positive, no complementation is needed.

2. Generate the summands, and add them to obtain

the product.

000000011011
010111 row

000000011011 1

00000011011 2
summand 0000011011 3
matrix 000000000 4

00011011 5
001001101101
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Example Two: Positive . Negative

Positive Two's Complement,representation is

A s Multiplier

D : Multiplicand

P Product

Negative Two's Complement representation is

22n - A : Multiplier (negative)

2
2n D s Multiplicand (negative)

2
2n - P : Product (negative)

AD =P

(A)
(22n

- D) = (A + 1 -
1) (22n D)

(A - 1) 22n + 22n - AD

(Ignoring the
overflow) = 22n - AD

22nz - P

23 x -27 = -621

010111 x 1001.01 = 110110010011'

1. Since the multiplier is positive, no comple-
.

mentation.is needed.

2. Generate the summands and add them to obtain

the product.



111111100101
000000010111
111111100101
11111100101
1111100101
000000000
11100101
110110010011

Example Three: Negative . Positive

(22n A) (D)

Taking the two's complement of both numbers we get

(-2n [22n (22n _A)] 2n- A) (D) D)

A (2
2n

-D)

(A 1 +1) (22n D)

22n n
AD

(Ignoring the
overflow)

= 2
2n

- AD

2
= 2 n

P

19

-23 x 27 = - 621

101001 x 011011 = 110110010011

1. Take the two's complement of both the multiplier

and the multiplicand since the multiplier is negative.

2
2n

- (2
2n

- A) = 010111

2n
2 D = 100101

Notice that the example now is similar to example

two where positive and negative are multiplied,
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Example Four: Negative . Negative

- A) (22n D)

Taking the two's complement of both numbers we get

(22n
A) (22n -

[2n (22n A) 2r). (22n D)

= (A) (D)

= AD

p

23 x -27 = 621

1. Since the multiplier is negative, take the two's

complement of both the multiplier and multiplicand.

2. Once the conversion is done, the example is sim-

ilar to example one.

Method B

When the multiplier is loaded first, it can be com-

plemented at-the time when the multiplicand is in the pro-

cess of being loaded. Therefore, the time delay for such

complementation doesn't increase the total time for the

multiplication operation.
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The time delay for the complementation of both the

multiplicand and the product does add to the total time

for the multiplication operation.

Method A requires the complementation of the multi-

plicand. Method B, as will be explained in the sequel,

doesn't require this complementation.

1. Take the two's complement of the multiplier if

negative, otherwise no complementation is required.

2. Generate the summand matrix as shown in Fig 3.1.

3. Perform the addition on the summands if the sign

bit of the multiplier before complementation is "0".

Otherwise subtraction is performed regardless of the sign

bit of the multiplicand.

4. The overflow is ignored as in Method A.

Example Five: Positive . Positive

This example is similar to example one.

Example Six: Positive . Negative

This is similar to example two.
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Example Seven: Negative . Positive

In two's complement arithmatic, the repeated sub-

traction of a number is equivalent to repeated addition of

the two's complement of the number.

Proof: Let A and D be two positive numbers. (2
2n -D)

is the negative of D in two's complement form. We have

to show that CA - (2
2n

- = A + D.

[4 - (22n - D)] = A + D 22n

(Ignoring overflow)

A +D

The operation A D or (A) (D) is meant to be the

multiplication which is to be performed through repeated

shift and addition.

The operation A * D or (A) (D) is meant to be the

multiplication which is to be performed through repeated

shift and subtraction.

In this-example, we have

22n - A : Multiplier

D : Multiplicand

2
2n

- P : Product



According to Method B, take the two's complement

of only the multiplier since it is negative. Then per-

form the operation of subtraction. Therefore, we have

to show that

Proof:

2

2n (22n (D) =

[22n
-

(22n
(D) = (A) * (D)

(22n

(A - + 1) (22n - D)

= (A - 1) 22n +
(22n

- AD)

(Ignoring overflow)

= 2
2n

- AD

= 2
2n

- P

-23 x 27 -621

101001 x 011011 = 110110010011

1. Since the multiplier is negative, take its two's

complement. A = 010111

2. Generate the summands and subtract them from zero

in order to obtain the product.

011011
* 010111

000000011011
summand 00000011011
matrix 0000011011

000000000
00011011
110110010011
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Example Eight: Negative . Negative

2
2n

- A Multiplier

2
2n

D Multiplicand

AD Product

Method B operation is to take the two's complement.

Repeat the operation of shift and subtraction. The pro-

duct should result.

(22n A) * ( - D)

-23 x -27 621

= (A) * (22n D)

= (A) (D)

= AD

= p

101001 x 100101 = 001001101101

1. Take two's complement of the multiplier.

multiplier = 010111

multiplicand = 100101

2. Generate the summands and subtract them from

zero in order to obtain the product.

100101
* 010111

111111100101
11111100101
1111100101
000000000
11100101
001001101101



IV. LOGIC DESIGN

Method B requires addition and subtraction. There-

fore, to implement this method, an adder-subtractor is

needed. To combine an adder and a subtractor so that

both operations can be performed, requires extra logic.

This is the main disadvantage of method B. This is in

addition to the fact that a carry-look-ahead-adder-subtrac-

tor which will be needed for the implementation of this

method is fairly complicated since each carry-borrow has

extra logic.

Method A offers the advantage of simplicity since

only the addition operation is allowed. As a result, the

algorithm of this method can be implemented with typical

adders. The only requirement for this method is the com-

plementation of both the multiplier and the multiplicand

if the former is negative. It is this method that will

be implemented in the design of the multiplier in this

paper. The logic equations required for the complementa-

tion are shown next.

Two's Complementation

The traditional method of taking the two's complement

falls in two steps:

1. Take the one's complement.

2. Add one to the one's complement.
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The one's complement is taken because it is easy to

implement since it can be obtained by simply complementing

each bit independently of,the others. One NAND 2-input

gate or an invertor can be used for each bit.

The addition of one in the second step is obtained

by the use of a carry-look-ahead-adder. This is easy to

construct since its equations are already well established

in many texts.

This method of implementation is not too economical

and not fast enough. An alternate, method is shown below.

The ith bit of the multiplier or multiplicand is two's

complemented if any of the preceeding bits is "1" and the

sign bit (a
12

) of the former is "1" before being comple-

mented.

Let the multiplicand before complementation be E,

and D after being complemented.

D = 2n AE

d
1

= e
1

d2 e2 e1 a1262e1

d3 al2e3
+ e3e2e1

d4 al2e4 +' (3.62-61)

d5 = a12e5 + e5 "04 (;;e2; )

Let K1 be = e4 + e3 + e2 + el

A
12 3

(e
2

+ e
1

)

+ a 12e-4 (e
3
+ e2

4- e 1

a12-65 (e4 e3 e2 e )
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d6 a12e6
e6.45(45321) a12 -66 (K1)

7 a12e7 e7(6J.5)(.44-43-421)-4-a12.e.7(e64-e5)-1-a127(K1)

8
a12e8

e8-67(66.45)(.64.6321)+a1268(e74-e6+e5)+a1268( 1)

d9 = 3.12e9 e9(8671".1) a129(eee7-1-eee5)-fa12e-9 (K1)

d10 = 512e10 e10e9(7.1.61) a1210e9+a1210(e8 +e7...e1)(K2)

Let K2 be = e8 + e7 + e6 + e5 + e4 + e3 + e2 + el

d11 = '.12e11-1-e11109(.6j7":41) a12 a1 (e1ee9)-1-a 2 1

d12 512e12 a12e12

The two's complement of the multiplier has the same

implementation except the sign bit. The sign bit must

always be "0". This can be achieved by grounding it or by

taking the output from 512a12. The other alternative is

not to complement the sign bit, and not to take it into

account in generating the summands. It is the latter

method that is adopted in this design.

The number of gates (Gc) needed for the complementation

of both the multiplier and the multiplicand is 95 gates.

They are specified as follows;

= 2(8) + 18(4) + 48(3) + 27(2)

. 33 3/4 chips

The operation is performed in 3t.
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Generation of the Summands

A summand B, is generated by multiplying each bit of

the multiplier ai by each bit of the multiplicand dj. This

is obtained by using a NOR 2-input gate with the complement

of the bits ) as its inputs.
j

B. = a.d. = (a. + d
3 1

The complement of the summand can be obtained by using

a NAND 2-input gate after the generation of the summand.

However, this realization would have a time delay of 2t to

generate the complement of a summand. An alternative method

is to use a NAND 2 -input gate with the bits ai and d as

its inputs. This realization would generate the complement

of a summand in a time delay of it which is the same time

for the generation of the summand itself.'

Since the sign bit of the multiplier after the first

step of the multiplication operation is "0",, there are 132

summands which require 132 of 2-input NOR gates and another

132 of 2-input NAND gates to generate the summands and

their complements similtanuously.
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Therefore, the total number of gates (Gg) needed

for the generation of the summands and their complements

is 264 (2) gates.

Gg = 264 (2) = 66 chips

The time delay is only it.

Reduction of the Summand Matrix

Dadda and Habibi start the reduction by combining two

rows of the summand matrix as shown in Figs 1.2 and 1.3.

Dadda's scheme can be improved by combining the summand

B4 with the other two summands B23 and Bi4 . By so doing,

there would be only two inputs instead of three to produce

2
C4. By the same argument B5 and B5 can be combined with

B
'

B
5 and B

3' 2
B
5
respectively. The result is that only

2

half-adders instead of full-adders will be needed in the

last stage in the reduction process. This organization

enables the designer to use the carry-look-ahead-adder

more effectively.

Take fot an example the sixth column in the summand

matrix of Fig 3.1. There are six summands in this column,

and three carries coming from the fifth column. Each

three summands are combined together as shown in Fig 4.1 (a).

The numbers inside the adders indicate the number of time

delay for the production of the sum or carry of the adders



in question. The sum of each full-adder used in these

two addition of the six summands has a time delay of 2t

as indicated in the figure. The two full-adders used,

form the first stage in the reduction process.

After this time delay, two carries from the fifth

column would be available. Hence, the above two sums

and one of the carries can be combined in a full-adder to

produce the sum for the second stage. As shown in Fig 4.1,

the sums from one stage can be the inputs for the next

stage. At the end of this stage, i.e. after a time delay

of 5t as indicated in the figure, another carry from the

fifth column joins the summands and carries in column six.

Now, there are only three inputs: the two carries and

the sum from the second stage. These three inputs can be

combined in a full-adder to form the third stage with a

time delay of 8t.

The advantage now is in the fact that there are only

two inputs to produce the individual carry D.o
from the

sixth column in the intelligent-adder. This fact enables

the carry in the intelligent-adder to propagate much farther

into the next columns without violating the limitations of

the state of the art such as Fan-ins or Fan-outs. In Daddass,

the third stage has a full-adder without C
5
being considered

as one of its inputs since the first stage starts with only

two summands. Therefore, C5 is sent to the carry-look-ahead-

adder in his scheme.



The above combinations can be applied to Habibi's

scheme. However, Habibi preferred simplicity over speed.

Thus his multiplier has less complex functions but much

slower. Using the same logic gates, Dadda's multiplica-

tion time is 415 nsec. and that of Habibi's is 620 nsec.

This is in addition to the fact that as the number of

bits increases, Dadda's becomes much faster than Habibi's.

The organization developed in this paper, has another

advantage as the number of rows in the summand matrix

increases. As shown in Fig 4.1 (a), the sum S9 in the

ninth column has been produced by the use of seven full-

adders and in a time delay of 14t. Using Dadda's scheme,

one more half-adder would have been needed. The addition

of the half-adder, would increase the time delay to 17t.

As a result, the individual carry D
9
in the intelligent-

adder would have had a time delay of 16t instead of 13t.

As mentioned earlier, the summands which proceed the

summand formed by the sign bit of the multiplicand and the

ith bit of the multiplier are all identical in each row.

Therefore, part of these summands are repeated in some

columns. Take for example column 19 in Fig 3.1. There

are 11 summands and five carries in this column. Seven

of these summands are repeated in column 18, i.e. B12 for

i = 1,2 . . .8. It has been possible to combine six of

these seven summands. As a result, the sum of these six
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summands can be sent to the 19th column. Hence, if we

are to combine these 11 summands and five carries, a

total of seven full-adders and one half-adder would be

needed. This combination would generate eight carries

which are to be sent to the 20th column.

Now, if we use the sum of those six summands that

are already combined in the 18th column, a total of only

four full-adders and one half-adder will be needed. This

is in addition to the fact that only five carries will be

sent to the 20th column.

The reduction of the summand matrix is done by this

method. As a result, the reduction is obtained mainly

with typical full-adders arid some half-adders. The total

number of full-adders for this reduction is 110. The num-

ber of half-adders used is 12. A typical full-adder has

12 gates as follows:

1(4) + 5(3) + 6(2)

The half-adder has 6(2) gates.

Total riumber of gates Gs = 110(4) + 550(3) + 730(2)

= 55 + 183 1/3 + 182

. 420 5/6 chips
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Intelligent-Adder

The intelligent-adder is a combination of a ripple-

and a carry-look-ahead-adder. It is used to combine the

last two sets of numbers (S Ck
) resulting from the reduc-

tion of the summand matrix. The output of this addition

is the product Pk and an individual carry Dk. The carry

Dk is added to the next column to the left.

The idea behind the intelligent-adder is to determine

ahead of time the time delay required for the production

of Sk and Ck. In the light of this determination, the time

delay necessary to produce Dk can be controlled in such a

way to make it comparable to that of Sk and Ck. The con-

trolability can be achieved by the use of either a ripple

adder or a carry-look-ahead(CLA)-adder, or a combination

of both.

Using CLA-adder, D5 in Fig 4.1 (a) can be produced with

either 6 or 7t depending on how much logic one is willing

to sacrifice for the sake of speed. The minimum time delay

to produce S6 is 8t. S6 and D5 are supposed to be combined

together to-produce the sixth bit of the product (P6) and

the individual carry D
6*

Using a ripple adder, D
5

can be

produced with a time delay of 8t. Therefore, there is no

sense of using CLA-adder to speed up the generation of D5

as long as S6 has longer time delay.
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On the other hand, had a strictly ripple adder been

used, D
10

would have had a time delay of 19t. Knowing

that the time delay for the production of S11 is 14t, an

intelligent-adder can be used to generate D
10

with a time

delay of only 13t which is comparable to that of S11.
The

time delays that are required for the production of all

outputs are shown in Fig 4.1. They are either listed in

two brackets or inside the adders.

All bits of the products are produced in the same pre-

ceeding manner. The logic equations for the intelligent-

adder are in the sequel. The time delay for the production

of each bit is in brackets.

1. The least significant bit of the product P
1

is the first

summand in the rightmost corner of the summand matrix.

P = B
1

1 1

2. The second bit (P
2

) is the sum of the combination of

1 2
both summands B

2
and B

16

P
2

= S
2

(2t)

3. The third bit P
3
is the sum S

3
of the second stage in

the reduction of the summand matrix as shown in Fig 4.1.

P
3

= S
3

(5t)

4. P4 = S4C3 + S4C3 (8t)

D
4

= S4C3 (6t)
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The carry D4 will be combined with S
5
and C4 to pro-

duce P
5
and D

50
The time delay for the generation of D

is 6t where as the time delay for the production of S5

and C4 is 5t. However, there is no need for speeding up

the generation of D4 or any of the following D for

K = 5,6 . . 10. Using a ripple-adder, all bits of the

product starting from the least significant bit to the

11th bit are produced in a time delay of less than 21t

which is the time delay needed for the production of the

higher order bits of the product. Thus a CLA-adder is

not necessary at this time.

5. P
5
=Eop +Ec4 i5 +sO-15+

5 4 4 5 4 5 4 4

D5 = s5D4 + s5c4 + c4D4 (8t)

S5C4D4 (9t)

6. P
6
= s6D5 + s

6
B
5

(lit)

D
6

= S
6
D
5

(9t)

7. P? = S7C6D6 + §7c6E6 + S7C6D6 + S7C6D6 (12t)

7 = S7C6 + s7D6 + 006

8. P
g

= s87 + s D
7 (14t)

(1.D
8
= S8D7 (12t)

P
9
= S908D8 + S9C8D8 + S9C8D8 + S9C8D8 (15t)

D9 = S9C8 + S9D8 + C8D8 (14t)
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10. .E ED+E c15-Fs C9D9 + S c (17t)
1 lo 9 9 10 9 9 10 9 9 0 9

D
10

=S
10

C
9
+S

10
D
9
+C9 D

9
(16t)

.

11. P = +SE (19t)
11 11 10 .11 10

D
11

= S
11

D
10

0C
+ + SD +S S C

S11S10S9C8 11 10 9 8 11 10 8
D
8

+ S
11 9 9 8

+S
11

C
9
S
9
D
8

9C 8D8 (14t)

The carry D
11

will be combined with c
11
and S

12
to

produce P
12

as well as D
12.

The time delay for the pro-

duction of S
12

and C
11

is 14t, as indicated in Fig 4.1.

Using a ripple-adder, D11 would be generated in a time delay

of 17t. Therefore, a two-stage CLA-adder has been used

so that D
11

is produced in 14t.

12.P =EaD +Eel +SOB +SCD (17t)
12 12 11 11 12 11 11 12 11 11 12 11 11

D =SC + D +CD (16.t)
12 12 11 12 11 11 11

13.
P
=EED +SCD +saii +SCD (19t)

13 13 12 12 13 12 12 13 12 12 13 12 12

D13 = SC +SSC +S$1.) +SC13 12 13 12 11 13'12 11 13 11
D
11

+C S C +C S D +C C D (i6t)
12 12 11 12 12 11 12 11 11
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The carry D
13

will be combined with C
13

and
S1414

produce P
14

and D
140

The time delay for the production

of S
14

and
C13

is 14t. For reasons that will be discussed

later, one-stage CLA-adder has been used so that D13 is

generated in a time delay of 16t.

140P =gED +ECI5 S + s C D (19t)
14 14 13 13 14 13 13 4 13 13 14

D14 =S4 C
13

+ S
4 1

+ C
13

D
13

(18t)

Despite the fact that the time delay for the production

of S
1

and C
14

is only 14t, a CLA-adder has not been used

to generate D14, although the time delay for the generation

of D
14

is 18t. This is done for two reasons. Firstly, a

two-stage CLA-adder will be used to generate D15, three-

stage CLA-adder for. D16, four-stage CLk-adder for D17 and

so on. Hence there is no need to speed up the generation

of D14, Secondly, with a time delay of 18t for the gener-

ation of D14, P
15

will be produced in a time delay of 21t

which is the same for P16, P17, P
18

and so on.

15.
P15 ...15614D14 15c141514 s1 41514 si

D15
+SD

+15 14 15 14 14
D
14

= S15C14 + S15S14C13 + S15S14D13 + S15C13

(18t)

4D14 (21t)
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This realization generates D
15

with a time delay of

18t. Taking advantage of the fact that the time delay for

D
13

is 16t whereas all other variables which produce D15

haVe a time delay of 14t, D
15

can be generated in the

following realization.

D15 S15C14+ S15 14C13 C1014 1

(315S14 + S15C13 C14S14+ C24C13) D13 (18t)

This realization still generates D
15

with a time delay

of 18t. In addition, it offers the following essential

advantages.

1. It is possible now for a carry-look-ahead-adder

to be used effectiVely in generating the next carry

(D
16

) with the same time delay of D
15.

As a

matter of fact, using the same principles of

realization,D16 ,D17 ,D18 4D19 , and D20 can

be generated, as shown below, with a time delay

of only 18t.

2. This realization requires 2 2/3 chips, whereas

the previous realization requires 34 chips.

It should be emphasized that had all the variables

which generate D
15

had equal time delays, it would have not

been possible to achieve the same results. An example for

this case is the generation of D
13

where all variables

involved have equal time delays. A realization of the
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type used for D
15

would generate D
13

with a time delay

of 18t instead of 16.

16. P16 ED D +S CI5 + S16C (21t)
16 15 15 16 15 15 16 15 15 16 15

D16 015 +
16 = S

S16 15 4- C15D15

In order to facilitate the function, the following

designations are used

Ro = S16 + C15

as

R
1 = 515014 S 5C14C13

S C
14 13

R2 Sl5S14 S15C13 + 4514
+ C

14
C
13

Using these designations the function can be written

D16 = +RR +RRD
5 0 0 2 13

17. P
17

= E
7
c

6-n16 E r 6

(18t)

+ +
S17E16E16 517C 6D16 (21t)

D
17

= S
17 16

+SD +C
17 16 16

D
16

Let R3 = S17C +CS.0 +SS
3 17 16 6 16 15 17 16

C
15

Therefore, D
17

= R
3 1
+ (S17

13

+ C16)

(18t)

R (S17 + C16)

18 P
18

= E
18



D = S18C +SD D
1D18 18 17 18 17

Let R4 =S18 S
17

+S18 C
17

+C17 S
17

+ C

Substituting for D17, we get

1

ko

D
18

= S
18

C
1

+ (518 + C1 ) R3 + R0R1R4 +R
2
RD

13
(18t)

- -
19. P19 = S19C18D1 +S9 C8 D

18
+S

9
C
18

D
18

+ S
19

D
19

= S
19

C
18

+ (S
19

+
18

= S19C18 + (s
19

+ 018) (s
18 01

+ (S
19

+RRR +RRR1RR5
2 4R 5

where

R5 =

(18t)

1
s

6
s
19

c
15

+
18

5
16 + 018 015

20. P =E E D + CB +sob' + s
20 20 19 19 9 19 20 19 19 20

)D = S C + (S
20 20 19 20

+ ( + ) s9 20 19 S19 18 R6S18C17

+ R1R4R5R6 + (S
2

+ C19) R2R4R5D13 (18t)

D
18

(21t)

(21t)

21. The time delay for D
20

is 18t. The time delay for

C
20

is 14t. S
21

can be produced with a time delay of 14t.

However, one more stage can be added for this 21st column.

020 and S21 can be combined together with another carry

from the 20th column. A full-adder can be used for this



stage. The sum for this stage is the new S21 which is

sent to the intelligent adder as shown in Fig 4.1.

P
21

= S
21

D
20

+ S
21

D
20

(21t)

D
21

= S
21

D20 (19t)
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P
21

is produced in a time delay of 21t which is the

same as the last few bits of the product as shown in

Fig 4.1.

22. P = §ED + §CD + D
2122 22 21 21 22 21 21 22 21 21

= 2E20211)20 c
21 21

+ D20)

+ S
2

E
21 ( 21 + D20)

= S22C21S21D20 +
1 21

+

+ S
22 21

5
20

+ 5
22

C
21

S
21

D
20

21D20

D
20

has a delay of 18t. Each of the other variables in

the above function has a delay of 17t. Therefore, this

realization produces P22 with a time delay of 21t. It

requires 4 1/3 chips. There are several realizations

that would require much less number of chips, but with

a time delay of at least 22t. However, taking advan-

tage of the time delay for the availability of these

variables, the following realization produces P
22

with

the same delay, i.e. 21t, but requires only 32 chips.



P
22

= S D
2

+ c ) (s + C
22 21 22 21

42

S21 (S22 321)(S22 + C21.) D20 (g22 321)(S22

(21t)

D
22

is not needed since the 23rd bit of the product

(P23) is the same as the 24th which is the sign bit.

23,24 P=P =da
+

(2t)
P23 24 12 12 12 12

Total number of gates (G p) required to produce the

product is 139 specified as follows:

G = 14(4) 55(3) + 70(2)

Total number of gates (Gd) required to generate the

carries D
k's

is 93 spe-Cified as follows:

G
c

= 5(8) + 13(4) + 26(3) + 49(2)

Total number of gates (Gi) required for the construc-

tion of the intelligent -adder is 232 gates as shown

below.

G. = G + Gd p

= 5(8) + 27(4) + 81(3) + 119(2)

= 75* chips

Total time delay for the production of the higher

order bits in the intelligent-adder is 21t as shown

in Fig 4.1.

The time delay for the generation of summands and the

complementation of the multiplier or multiplicand is 4t.

Therefore, total multiplication time is 25t.
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V. COMPARISON OF DIFFERENT SCHEMES

The number of gates (Gi) required for the intelligent-

adder is 232 as specified above. For the reduction of the

summand matrix, about 116 full-adders are needed.

Total number of gates required for the whole design

is
G
t
=Gc + Gg -1-Gs + G.

= 595 5/6 chips

where, Gc = (Gates needed for complementation)

33 3/4 chips

Gg = (Gates needed for the generation of summands)

= 66 chips

Gs = (Gates needed for the summand matrix reduction)

= 420 5/6 chips

G. = 751 chips

Let Tg be the time delay for the complementation of

the negative numbers and the generation of summands. As

shown in Table III, in both Habibi's and Dadda's scheme,

Tg = 5t. T is the time delay for the complementation of

the product: This time is not specified in either design.

However, since their schemes produce always positive pro-

ducts, its complementation is necessary if either the multi-

plier or the multiplicand is negative. Therefore, a rough

estimate of 6t is added to each scheme. This operation is



not needed for the cellular multiplier since the product

is produced in the proper form. Hence Tc = 0

The time delay (Tra) for the reduction of the summand

matrix and the addition of the last two sets of numbers in

the final stage is equal to 27t in Dadda's scheme. This

time is almost the same whether he uses the CLA-or ripple-

adder for the last step of addition. In Habibi's, this

time differs slightly. It is 43t if a CLA-adder is used,

and 44t if a ripple-adder is used. Tra for the cellular

multiplier is 21t as shown in Fig 4.1.

Table III Time Delay Comparison

Type of T T T Total Time Total Time
Multiplier 115 () iI51_ W_____ Llf13=2.

Dadda's

Habibi's

Cellular

5 6 27 38 494

5 6 43 54 702

4 0 21 25 325

A cost comparison for the reduction of the summand

matrix and the addition of the last two sets of numbers

for different schemes of multiplication is shown in Table

IV. Since the type of multi-input gates is not specified

in either Dftdda2s or Habibi's, it is not possible to give

an accurate estimate for the number of chips used in their
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schemes. However, when a ripple-adder is used, the number

of chips in Dadda's and Habibi's is 484 chips each. The

number of chips required in this design is 497 chips. The

slight increase is due to the fact that the summand matrix

for this design is more complex than the summand matrix

used in Dadda's and Habibi's schemes since the former mat-

rix is for positive and negative numbers.

Table IV Cost Comparison

Type of Type of NO. of NO. of multi- NO. of
Multiplier Adder for Full- input Gates Chips

Last Stage Adders For CLA-Adder

Dadda's CLA 110 315 undetermined

Dadda's Ripple 132 00 484

Habibi's CLA 120 153 undetermined

Habibi's Ripple 132 00 484

Cellular Intelligent 116 232 497
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VI. CONCLUSION

A design for the multiplication of 12 x 12 bit signed

numbers has been presented. Two algorithms for the multi-

plication operation are discussed. The first algorithm

requires the two's complements of both the multiplier and

the multiplicand if the former is negative. No complemen-

tation is needed if the multiplier is positive regardless

of the sign of the multiplicand. The second algorithm re-

quires only the two's complement of the multiplier if it is

negative. No complementation is needed if it is positive.

Both algorithms give the product in the proper two's com-

plement form. Hence, no post-conversion is needed.

A cost criteria has been developed in terms of number

of chips and time delays. It has been shown that the mini-

mum number of gates doesn't give the minimum number of chips.

In the reduction process of the summand matrix, combining

each three summands together is more efficient than combining

only two of them together.

For the addition of the last two sets of numbers, most

of the current parallel multipliers use either a ripple-

adder or a carry-look-ahead-adder. A combination of both

has proved to be more effective.



In the addition of the last two sets of numbers,

most parallel multipliers in the current literature use

either a ripple-adder or a carry-look-ahead-adder. A

combination of both adders has proved to be more effec-

tive.
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