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The crankshaft of an internal combustion engine

experiences torsional vibrations which become critical at

certain running speeds and can cause overstressing in the

crankshaft, leading to failure in some cases.

The object of this study was to design, construct and

test an instrument to measure these oscillations at one

point on the crankshaft. This information along with a

knowledge of the natural frequencies and mode shapes of

the crankshaft can be used to determine the maximum ampli-

tude of vibration.

The output sensitivity of the instrument built com-

pared favorably with that predicted from its analytical

model except for an increase in sensitivity with frequen-

cies above approximately 40 hz. This was thought to be due

to a characteristic of the calibrator system itself.

Torsional vibrations at the front of an engine crank-

shaft for different speeds and loading conditions were



measured with the instrument. The absence of natural fre-

quency and mode shape data for the crankshaft prevented

any determination of the maximum amplitudes of vibration.

The instrument fulfilled the original criteria and

performed satisfactorily in the several hours of testing.

When used in conjunction with a storage oscilloscope, it

provided a means of monitoring or permanently recording

a torsional vibration waveform.



Design, Construction and

Testing of Torsiograph

by

David Eugene Hamann

A THESIS

submitted to

Oregon State University

in partial fulfillment of

the requirements for the

degree of

Master of Science

June 1971



APPROVED:

Redacted for Privacy

Associate Professor of Mechanical Engineering
in charge of major

Redacted for Privacy

Head of Dep tment of Mech

V

cal and Nuclear Engineering

Redacted for Privacy

Dean of Graduate School

Date thesis is presented

Typed by Erma McClanathan for David Eugene Hamann



ACKNOWLEDGMENT

I would like to express my appreciation to Professor

C. E. Smith for his advice and comments on this thesis.

In addition I am also indebted to Bill Verhoef and his

Mechanical Applications Group at Tektronix for their

advice and encouragement. Finally there is sincere

gratitude to my wife Alice whose support in many forms

made these studies possible, and to my parents who

taught me the value of an education.



TABLE OF CONTENTS

Introduction 1

Analysis of Forced Torsional Vibration 2

Idealized Model 2

Applied Torque 2

Equations of Motion 4
Steady State Solution 6

Shear Stress 13

Procedure for Determining Torsional Vibrations
in a Crankshaft 15

Introduction 15
Analytical 15
Experimental 17

Current Devices Used to Measure Torsional
Oscillations 21

General Motors Torsiograph 22
C.E.C. Torsional Vibration Pickup 24
General Motors Phase Shift Torsiograph 27

Design of Instrument 30

Introduction 30
Design Criteria 30
Instrument Theory 31
Instrument 35
Theoretical Electro Mechanical Response 40

Calibration of Instrument 43

Static Calibration 43
Dynamic Calibration 48

Typical Engine Test 61

Results and Conclusions 66

Bibliography 68

Appendix 69

Natural Frequency of Calibrator System 69



LIST OF FIGURES

Figure

1. Idealized Model of the Rotating System of an

Page

Internal Combustion Engine Installation 2

2. Typical Applied Torque of a Four-Cycle
Internal Combustion Engine Cylinder 3

3. Crankshaft Journal 14

4. Mode Shapes of System Composed of Four-Cylinder
Engine, Driveshaft and Rear Wheels 16

5. Amplitude of First Mode of Vibration for
System of Figure 4 20

6. General Motors Mechanical Torsiograph 23

7. C. E. C. Torsional Vibration Pickup 26

8. Pickup Signal 28

9. General Motors Phase Shift Torsiograph 29

10. Idealized Model of Torsiograph 32

11. Frequency Response Curve of Idealized
Torsiograph 34

12. Torsiograph Assembly 36

13. Strain Gage Location and Circuit 37

14. Torsiograph 37

15. Leaf Spring Mounting Arrangement 38

16. Assumed First Mode of Vibration of Leaf Spring. 39

17. Strain Gage Installation 40

18. Cantilever Leaf Spring 40

19. Block Diagram of Calibration and Test Setup 44

20. Static Calibration Curve of Torsiograph 46

21. Free Vibration Output Signal of Torsiograph 47



Figure

22.

23.

24.

25.

Hooke's Joint

Hooke's Joint Characteristics

Calibrator Layout

Calibrator

Page

48

51

52

53

26. Dynamic Calibration Setup 53

27. Frequency Response Curve of Torsiograph 55

28. Typical Calibration Waveform 57

29. Possible Extension of Frequency Response Curve. 59

30. Torsiograph Test Setup 62

31. Typical Engine Test Waveform 64

32. Calibrator System 69

33. Idealized Model of Calibrator System 69

LIST OF TABLES

Table

1.

2.

3.

4.

5.

6.

Natural Frequencies and Mode Shape Values
Shown in Figure 4

Critical Speeds for System Shown in Figure

Static Calibration Data

Second and Fourth Harmonics for Hooke's
Joint Relation

Dynamic Calibration Data

Technical Data of Torsiograph

4...

16

18

45

50

54

67



LIST OF SYMBOLS

Ak Coefficient in the series expansion of T.

2

Bk Coefficient in the series expansion of T.

2

C Spring constant of torsiograph leaf spring

C
T Torsional spring constant of idealized model of

torsiograph

(Ck
j) Coefficient in the series expansion of P.

1(See equation (12))

D Diameter of crankshaft journal

D (i) Coefficient in the series expansion of P.
k I(See equation (13))

E Young's Modulus of Elasticity

Ein Input voltage of strain gage bridge

Eout Output voltage of strain gage bridge

(i)
E n Coefficient in the series expansion of Pi

(See equation (15))

F (i) Coefficient in the series expansion of P.
(See equation (16))

G Shear modulus of elasticity

G.F. Gage factor of strain gage

G (i) Coefficient in the series expansion of P
i(See equation (18))

I Mass moment of inertia

Ii Equivalent mass moment of inertia of idealized
model of internal combustion engine installation
in principal coordinates (See equation (10))

Ix Second moment of inertia of leaf spring



J. Equivalent mass moment of inertia of idealized
model of internal combustion engine installation
in system coordinates

k. Equivalent spring constant of crankshaft between
equivalent inertias j and j + 1

L Length of crankshaft journal

M Moment on leaf spring

P Load on leaf spring

P. The forcing term of the i
th differential equation

of motion in principal coordinates
(See equation (9))

Tm
Average torque on a cylinder

Tn-1
Applied torque acting on the inertia of the
flywheel

Tn
Applied torque acting on the inertia of the load

T. Applied torque acting on the equivalent inertia
of cylinder j (See equation (1))J

Z Constant in Hooke's joint relation
(See equation (31))

c h/2

d Distance from point of force to strain gage
location on leaf spring

f Frequency in hz

fn
Natural frequency in hz

h Thickness of leaf spring

Length of leaf spring

pi The ith principal coordinate

r(1)() .th .th
The principal mode shape of the 3 system
coordinate in equation (4)



t Time from top dead center position of cylinder
No. 1

y Displacement of leaf spring

a Angle between input and output shafts of Hooke's
joint

a. Phase angle between cylinder No. 1 and j

P Angular rotation of output shaft of Hooke's joint

Phase angle in series expansion of Pi
(See equation (19))

Angular displacement of input of idealized model
of torsiograph

6 Angular displacement of seismic mass of idealized
model of torsiograph

Strain in leaf spring at strain gage location

8 Amplitude of torsional vibration of output shaft
of Hooke's joint

th.
8. Angular displacement of equivalent inertia of 3

cylinder

a

Mass per unit length of leaf spring

Stress in leaf spring at strain gage location

Shear stress in crankshaft journal

Relative angular displacement between input shaft
and seismic mass of idealized model of torsiograph

* Angular rotation of input shaft of Hooke's joint

co
n

Running frequency of engine

Natural frequency of crankshaft in ith mode
(See equation (7))

Natural frequency of idealized model of torsiograph
(See equation (26))



DESIGN, CONSTRUCTION AND TESTING OF TORSIOGRAPH

Introduction

The work presented in this thesis is a study of the

torsional crankshaft vibrations that occur in an internal

combustion engine and the design and testing of an

instrument to measure these vibrations at a point on the

crankshaft. With the experimental data obtained with the

instrument and an analysis of the natural frequencies and

modes of vibration of the crankshaft, the maximum angular

deflections can be calculated for a certain running

speed. From the angular deflections the corresponding

stresses can then be found and this information is used

to determine whether or not crankshaft failure may be

expected to occur.
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Analysis of Forced Torsional Vibration

Idealized Model

Consider an idealized model of the rotating system

of an internal combustion engine installation with n

degrees of freedom.

IF lr

1 Ah 2

lr
3

1
J2 J3

Ki 41, K2 K3

T1 T2 T3

On
- 1f IP

J
J

n - 1J
n - 2

K
n - 2

Kn
- 1

n

iTn
- 2 Tn

- 1
Tn

FLYWHEEL LOADCYLINDERS

Figure 1. Idealized model of the rotating
system of an internal combustion
engine installation.

Applied Torque

The typical applied torque on each cylinder of a

four-cycle internal combustion engine is shown in Fig-

ure 2. The torque-displacement curve is assumed to be

the same for each cylinder, differing only in phase

shift from the T.D.C. position of cylinder No. 1.
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PHASE SHIFT BETWEEN TORQUE CURVES

Figure 2. Typical applied torque of a four-cycle
internal combustion engine cylinder.

This applied torque, acting on the equivalent

th

iner-

tia of a 3 cylinder, can be expressed as a Fourier

series:

T = Tm + A
1 2

1
sin --(wt-a

j
) + A

1
sin (wt-a

j
)

j

+ A3 sin -}(wt-ai) + + AN sin 1\2 -(wt-ai)

+ B1 cos 1
--(wt -a

j
) + B

1 J
cos (wt-a,)

7
2

3+ B
3
cos

2
--(wt -a

j
) + .... + B

N
N

cos --(wt -a
j

)

2

2 2-
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or more compactly as:

N
T =T

m
Ak sin -f(wt-a.) + Bk cos

2
--(wt-a.) (1)

k=1 3

4 T

The applied torque (Tn_1) acting on the inertia

(0"
n-1

) of the flywheel is assumed to be zero.

And finally, the applied torque (Tn) acting on the

inertia (Jn ) of the load is assumed to be a function of

the running speed, as would be the case if the load in

question were a generator. Hence:

Tn = TL(w) (2)

Note that this load torque will act in the opposite direc-

tion of the cylinder torques.

Equations of Motion

The differential equation of motion for the idealized

model can be written as:

r -
J161

J
2
e
2

Jnen On

J

T
1

T
2

( 3 )



Therelaticebetweenthesystemcoordinates.ej and the

principal coordinates pi can be expressed as:

-N e -N

0 r(1)
r12)

1 1

6
2

(1) 42)r2

. > =pl ". P2

en
(1)

r
n

5

r1n)

r(n)

+ + pn . > (4)

r(2) r
(n)

r
n

N. -1

where {..r(i is the ith mode shape of the idealized model

in free vibration. It can also be expressed more com-

pactly as:

[r]{P)

Substituting the above into the differential equation (3)

gives:

(5)

where:

[71..jni

and:

{T) = .(Tj}

Multiplying equation (5) by [r]T, the result is:

[r]T[J]Cr*) + [r]T[k][r].(P} = [r]1:(T)
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and rearranging:

[r]:[k][r [ T

f [r] [Jar I Er] T[J][r]

Finally the differential equation of motion in principal

coordinates can be expressed as:

where

and:

w2

[

] is a diagonal

21

P()

41w1(P)
matrix expressed

[r] T [k][ r]

P)

as:

co
2

1

*.w2
n

-1

(6)

(7)

[r] T [J][r]

kr'
(7,

[r] T[Ji[r]

Steady State Solution

Consider the ith equation from the equations of

motion (equation (6)):

where:

and:

Pi cuipi Pi
(8)

P.

r (i)L J
(9)

Ii = LF(i)1 L,71(rn (10)

Expanding equation (9):



r(i)T r )

P. =
T

1 1 2 2

1
1 1

7

and substituting equations (1) and (2) into the above, the

result is:

P. =
1

1

rli) N
Tm + E Ak sin 2 -(cut-al) + Bk cos 1-(cut-al)

k=1
2

r ( )

n-2 N
Tm + 2] Ak sin --2 --(cut-an_2)

k=1

The above may be rewritten as:

r(i)
P. =
1 I.

+ Bk cos Ipt-an-2)

2

r(i)

Ii
TLcu

N
Tm + E (Ak cos gal

2
+ Bk sin -a ) sin --2-tzt

2

k
1

k=1
2 2

+ (Bk cos Ak sin ri) cos vt

N k
2 n

k
n-2

k
Tm + E (Ak cos -a

-2 .K 2
+ B. sin -a ) sin rt

k=1 T
2-

r (i )

. k
+(Elk cos -a - Ak sin -2' a

n-2
) cos -1(.0t)- [111

L
w]

2 n-2 2

T T



and by letting:

and:

(j) k
Ck = Ak cos -a + Bk sin -a

2 j 2 j
2-

D (j) = Bk cos -a - Ak sin -a
2 j 2 j

2 2

8

(12)

(13)

= 1,2,....,n-2)

(k =

which when substituted into equation (11), one has then:

P.
1

1
I1

Tm
(C(1) sin lIwt + D(1)cos 1-03t)

2 2
k=1

r (i) N
n-2 (n-2) k (n-2) k -.

+ Tm (Ck
sin -wt + Dk

cos -w-c)
I 2 2
1 k=1

+

Rewriting the above:

P. =
1 I.

1

Trn

1

1

1
Ii

r (i) + r (i) +
1 2

T
L (j3

+ r(i)
TL(w)

I.
(03)n-2

r(1 i)C1.1)+ 4i)C1.2)+ + r
(i) (n-2)sin ,1wt
n-2

C
1 2

r(1)D(1)4. r(1)D(2)4. +r(i)D(n-2)
1 1 2 1 n-2 1

cos
1
--mt
2



and letting:

and:

(i) (i) (1) (i) (2) (i) (n2)
E) = rl C/ + r2 C/ + + r

n2 -C /

F (i)

I
4j)D11) + i21')D12)

(1 = 1,2,... ,N)

± + r
(i) (n-2)
n-2D /

Upon substitution into equation (14), the result is:

P(1)
Ii

Tm

Now letting:

and:

1

Ii

1

i

r(i)+ r i)+ +
TL( -r(i)-

1

Ell)1sin wt + F (i) cos -atEli)
2 2

E
(i) sin -N2-wt + F (i)

cos -2 wt

F (i)

(i) = tan-1 mm
E (i)
m

(m = 1,2,...,N)

+ . .

And substituting the above into equation (17) the

result is:

9

(15)

(16)

(17)

(18)

(19)



m (i) (i) till [
P. = r + r + + rl ' - 03) r(1)
i

Ii
21 n-2 I

i
n

} G(1)sin ( 1 (i)

Ii 1
Tat + p

+ LIGN") sin (kt + p(i))]
2

And finally, substituting equation (20) into equation

(8) the resulting differential equation is:

pi + T. Pic r i)+ + -- 03) r
ipi I. 1

+
1 [ (i)
--- G sin (lout + p(i)) + ....
II. 1 2 1

+

[
17- 411) sin (titzt + pi))

10

(20)

(21)

Special attention should be given the rigid body mode,

where:

and:

cut = 0
1

Equation (21) for i = 1 is then:

T N k .,]
P = m(n-2) -

T
"(co) +. .1= G1 sin (r P

(1)
)kt +

1 I1
1 1 k=1

k

which has a steady state solution of the form:

1

p
1

= Tm(n-2)- TL(0.)
t 4-

. 2

21
1 i1 k=1 40

>] sin (t + pkm)]
N

[
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Hence the condition for constant speed operation of the

engine is:

T (n-2) = T
L
w

or the total average cylinder torque of the engine must

equal the load torque. Since in this case the magnitude

of the torque was constant and the load was a function

of engine speed there existed only one equilibrium or

constant speed point. In an actual case the torque is

a function of speed and other parameters giving such

systems a variable operating speed.

The general solution to equation (21) is:

Tm
= ---,

n-2 w.'
2 (r(i4r(i)+ ...+r(i) -TIL.

Pi I .w. 1 2
1 1 1

N
G(i)

w
a(i)Nsin (]5.03t + Pk )T 2 kk=1

wr (i)
n

(22)

The first two terms in the above equation represent

a constant deflection in the torsional system, and the

last term represents the oscillatory motion.

Considering only the oscillatory motion of the

crankshaft, equation (4) can finally be written as:



6
2

en

\--1 1
>

j=1 ij

r(j)
n

12

N

(j)Gk kwt _Lpt(j)%

k=1
2 kw 2sin' 2 -"k
3 2

(23)

A typical torque-time curve can usually be described

adequately by equation (1) with terms up to about the

ninth order.
1

The largest values of the coefficients

Ak and Bk occur around the first order, which is the

2 2

running frequency of the engine. Hence the expansions

of the coefficients G (i) which are related to Ak and Bk

from the preceeding analysis follow in the same suit,

with the most influential terms occurring at low values

of k.

Noting the terms on the right-hand side of equation

(23) it can be seen that as the driving frequency or

some multiple of it (i.e., w/2, w, 3/2w, 2w, etc.)

approaches one of the natural frequencies of the tor-

sional system (wi), the terms in which this occurs will

approach infinity along with the displacements related

to that particular mode. Therefore, in practice it is

important to insure that none of the torque harmonics

1 This is covered in detail in: Den Hartog,(1956),
p. 197-200.
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coincide with any of the natural frequencies of the tor-

sional system for at least any length of time.

In practice, the test data from the front of the

crankshaft (8
1
location) is also composed of many har-

monics. This data is harmonically analyzed to reduce it

to a form which shows the contributions of each harmon-

. 2
lc. The engine tests are normally run at a speed which

will excite one of the natural frequencies of the system

and, as in the analytical case, the experimental 81 is

expected to be dominated by the term corresponding to

that natural frequency. It is possible too that other

natural frequencies of the actual system could be

excited by multiples of the running speed with their

influences also showing up in 81.

Shear Stress

Once the displacements are known, the shear stress

can then be computed. 3
Referring to Figure 3, the

relation for the shear stress in the crankshaft journal

between cylinders j and j+1 is expressed as:

2

(8. - 8.) DG

s

3+1
2L

3
(24)

This relation would have a form similar to the 8
1portion of equation (23).

3 An example of how the displacements are determined
from test data is given in the following chapter.
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r-- L -1

j+1

Figure 3. Crankshaft journal.

The value of the shear stress is then used to

determine whether or not crankshaft failure will occur

for the particular set of conditions corresponding to

the displacements.
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Procedure for Determining Torsional

Vibrations in a Crankshaft

Introduction

The procedure for determining the torsional vibra-

tions in a crankshaft may be divided into two parts:

1. Analytical

2. Experimental

Analytical

The analytical portion of the procedure is con-

cerned with the determination of the natural frequencies

of the crankshaft and the respective modes of vibration.

This analytical procedure is clearly outlined in several

textbooks on vibrations, including References 1 and 4.

Generally this information is calculated by the

engine manufacturer. Table 1 and Figure 4 are an

example of this type of information.
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Table 1. Natural Frequencies and Mode Shape
Values of System Shown in Figure 4.

Sta.
Natural Frequency

5.54 hz 123.2 hz 321.Z hz

,

1 1.0000 1.0000

.

1.0000

2 0.9997 0.8496 -0.0244

3 0.9991 0.5713 -1.0238

4 0.9982 0.2072 -0.9744

5 0.9970 -0.1882 0.0731

6 -0.0892 0.0026 -0.0009

STA 1 2

9
(degrees)

4 5

/
\ /

CYLINDERS '/
1/1

\-----i FLYWHEEL

THIRD
MODE

6

FIRST MODE

DRIVESHAFT

SECOND
MODE

REAR WHEELS

Figure 4. Mode shapes of system composed of
four-cylinder engine, driveshaft
and rear wheels.
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Experimental

The experimental portion of the procedure, as men-

tioned in the previous chapter, consists of measuring the

torsional vibration at the front of the crankshaft (Sta. 1,

Figure 4). The engine installation is tested at a frequen-

cy or speed in the operating range that will excite one of

the natural frequencies of the system, since operation at

a natural frequency is considered to be the worst possible

vibration condition. Also, the mode of vibration at a

natural frequency is known and it can be used with the one

experimentally determined displacement (81) to find the

others (82, 0
3'

...,
n
), From these displacements the

shear stresses in the crankshaft are calculated.

The speeds that excite the natural frequencies of the

system are called critical speeds. They occur when one of

the orders of the torque relation coincides with a natural

frequency. Each criticalengine speed is expressed as:

Critical engine speed = Natural frequency
Order number

The critical speeds for the system of Figure 4 are shown

in Table 2. Although they are numerous, fortunately not

all of them are of practical significance. The most

important critical speeds lie in the range of engine oper-

ation and are of lower orders, since, for example, a first

order torque harmonic can have a magnitude that is several
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Table 2. Critical Speeds for System Shown in Figure 4.

Torque
Harmonic

Critical Engine Speeds Hz

1st Mode
f
n

= 5.54 hz
2nd Mode

f
n = 123.2 hz

3rd Mode
f
n
= 321.2 hz

2 11.08 246.4 642.4

1 5.54 123.2 321.2

1% 3.69 82.25 214.0

2 2.77 61.6 160.5

22 2.215 49.3 128.5

3 1.845 41.0 107.0

3% 1.583 35.2 91.8

4 1.383 30.8 80.3

4% 1.230 27.4 71.4

5 1.108 24.65 64.2

52 1.006 22.4 58.4

6 0.923 20.55 53.5

6% 0.852 18.95 49.4

7 0.792 17.6 45.9

71 0.739 16.43 42.8

8 0.6925 15.4 40.1

8% 0.652 14.5 37.8

9 0.615 13.7 35.7

9% 0.583 12.98 33.8

10 0.554 12.32 32.12
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times greater than a fourth order.

The data obtained from one of these tests at a criti-

cal speed is harmonically analyzed. The resulting rela-

tion is generally composed of several harmonics with the

amplitude of the excited natural frequency predominating.

This amplitude is then used with the corresponding mode

shape to find the deflections and stresses in the crank-

shaft for that particular condition of operation.

For example, if the engine system in Figure 4 was run

at 5.54 hz and the harmonically analyzed data yielded an

amplitude of 81 = ± 2.5° for the first natural frequency

(5.54 hz), then the corresponding mode of vibration would

be multiplied by a factor of 2.5 to give the maximum

angular deflections (see Figure 5).



20

STA 1 2 3 4 5 6

2.5

2.0 I--

1.5

1.0

0.5

9 0

(degrees)

0.5

1.0

FIRST
MODE

S

Figure 5. Amplitude of first mode of vibration
for system of Figure 4 with
8
1

= 2.5°.
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Current Devices Used to Measure

Torsional Oscillations

The following are some of the more widely used

devices for present day measurement of torsional oscil-

lations:
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General Motors Mechanical Torsiograph

The General Motors Mechanical Torsiograph is a re-

finement of the earlier Geiger and Sommers instruments.

It is a displacement type pickup consisting of an iner-

tial mass elastically coupled to the shaft under test

by four springs. The relative displacement between the

seismic mass and the shaft actuates an indicating stylus

finger through a mechanical linkage. The stylus then

records the motion on a sensitized paper attached to a

hand held member which is momentarily pressed against

it. Hence a polar diagram of the torsional oscillation

is obtained.

TECHNICAL DATA

Frequency Range 16.7 to 334 hz

Amplitude Range ± 0.05° to 2.5°

Recording Method Stylus on Sensitized Paper

Natural Frequency 8 hz

Power Requirement None

Attachment Method 1" Collet

Dimensions 6 1/4" dia. X 10"

Weight 9 1/2 lbs.



INDICATING
ARM
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23

Figure 6. General Motors Mechanical Torsiograph.
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C. E. C. Torsional Vibration Pickup

The Consolidated Electrodynamics Corp. torsional

vibration pickup is also a seismic type of instrument.

The seismic mass in this case is a magnet mounted on

ball bearings around an armature which is attached to

the crankshaft by means of a collet. The mass is elas-

tically coupled to the armature by its strong magnetic

field. An induction coil is attached to the armature

and its turns are cut by the magnetic lines of flux be-

tween the seismic mass and the armature. The relative

motion between the mass and the induction coil generates

a voltage which is proportional to the angular velocity

between the two. This voltage signal is picked off the

rotating instrument by means of silver slip rings. The

voltage can be used directly for indication of vibratory

angular velocity or integrated to find angular displace-

ment oscillations.
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TECHNICAL DATA

Frequency Range 10 - 10,000 hz

Amplitude Range + 0.05° to 2°

Recording Method Varies

Natural Frequency 3 hz

Power Requirement Self Generating

Sensitivity 9 Millivolts/degree/second

Attachment Method 1 1/4" Collet

Dimensions 3 3/4" dia. X 5 3/4"

Weight 9.5 lbs.
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Figure 7. C. E. C. Torsional Vibration Pickup.
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General Motors Phase Shift Torsioqraph

This device utilizes a gear placed on the end of

the crankshaft and two magnetic pickups placed in series.

During operation the teeth of the gear move past the

pickups generating a relatively high frequency A.C.

voltage. A saw tooth wave is then synchronized to the

average frequency of the pickup signal and it is analo-

gous to the seismic mass of the instruments previously

discussed. This saw tooth wave is applied to the verti-

cal channel of an oscilloscope. The positive peaks of

the pickup signal are then converted into sharp pulses;

these pulses are then used to modulate the intensity of

the saw tooth waveform on the oscilloscope screen.

Hence along each slope of the saw tooth wave there will

appear a bright dot. If the pickup signal has a constant

frequency the dots will appear at the same spot on each

slope of the saw tooth, but if the pickup signal has a

variable frequency due to a torsional vibration the dots

will rise and fall on the saw tooth slopes because of

the change in phase (see Figure 8).

When the sweep speed of the oscilloscope is adjusted

to the crankshaft speed, the saw tooth wave will appear

as a rectangular band of light with the dots appearing

as a broken horizontal line if the pickup signal has a

constant frequency, or as a dotted waveform depicting the
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torsional vibration if the pickup signal has a variable

frequency. The amplitude of the torsional vibration can

be referenced to the height of the saw tooth wave which

is the angular displacement between the gear teeth.

a)

b) ///////////
11 L_L

7z--/-7771-.77/7/4,67-,Azyff

c)

d)

Figure 8. a) Signal from magnetic pickup.

b) Saw tooth wave synchronized to the
average frequency of the pickup
signal.

c) Pickup signal broken into series
of sharp pulses.

d) Saw tooth wave with intensity
modulated by pulses from pickup
signal. Dots trace out the
torsional vibration.

Technical data on General Motors Phase Shift
Torsiograph was not available.
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Figure 9. General Motors Phase Shift Torsiograph.



Design of Instrument

Introduction
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A seismic type of torsiograph utilizing a strain gage

displacement transducer to measure the relative motion

between the seismic mass and the input shaft was decided

upon for a number of reasons:

1. This would be a direct displacement readout

device.

2. Static as well as dynamic calibrations could be

performed on the instrument.

3. Recording equipment compatible to strain gage

transducers was readily available.

Viscous metal (mercury) slip rings provided the means

of transferring the electrical signal from the rotating

instrument to the recording device. This type of slip

ring, with its low noise and almost constant resistance

throughout the speed range, solved one of the primary

problems involved with the instrumentation of rotating

systems.

Design Criteria

The design criteria for the instrument were as

follows:



31

1. Amplitude range: 0.1°to 10° of peak to peak

angular displacement

2. Bandwidth: 20 to 400 hz

3. Natural frequency: Less than 10 hz

4. Full scale output: At least 2 millivolts/volt

5. Mounting: Self centering collet for 1" shaft

6. Dimensions: Less than 7" dia. and 6" long

7. Weight: Less than 5 lbs.

Instrument Theory

Consider an idealized model of a torsiograph as

shown in Figure 10, with the input y composed of a con-

stant velocity displacement and an oscillatory motion

expressed as:

y wot + 7),(t)

The differential equation of motion of the ideal-

ized model can be written as:

Ig + CT4) = 0

or

+ w (0 = 0

where the natural frequency is:

C
T

co
2

I
(rad/sec)

2

n

(25)

(26)



SEISMIC
MASS

INPUT
SHAFT

Figure 10. Idealized model of torsiograph.

From Figure 10:

and thus:

= +'Y

Upon substitution of the above into equation (25), the

resulting expression is:
2

(0 + w
n

= - y

32

(27)

Assuming that the oscillatory motion y of the input func-

tion y is sinusodial, then:

iwt
Yoe

and it follows that:

2 iwt
= -w Yoe
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Substituting the above into equation (27), the result is:

.4;

+ wn0 = w
2
Toe

iwt

The solution to the above differential equation of motion

is of the form:

= Oeiwt
o

which, upon substitution, gives:

- w2 0 +
n
2Oo = w2yo

Finally, the above can be rewritten to express the fre-

quency response:

or:

where:

0
o

(w/wn)
2

yo 1-(wiwn)2

0
(f/fn)

2

o _

yo 1-(f/fn)2

f = 2y (hz)

(28)

(29)

Figure 11 shows the frequency response of the ideal-

ized model of the torsiograph with a natural frequency

of 5 hz.
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Figure 11. Frequency response curve of idealized torsiograph with fn=5hz.
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Instrument

The instrument design is shown in Figure 12. Essen-

tially it consisted of an aluminum mass which revolved

about a hollow shaft on an oilite bearing. The shaft

could be slipped over a one-inch diameter shaft and se-

cured by means of a collet. The mass was coupled to the

shaft by two leaf springs, mounted as cantilever beams,

one end being fixed to the mass and the other end being

displaced by the shaft. The full scale deflection of the

instrument was limited to ± 5° by rubber stops. The con-

figuration of the springs was the result of an attempt to

keep the deflection and corresponding stresses in the leaf

springs below a certain value, and the lowest natural fre-

quency of the springs at a maximum. Strain gages were

mounted on both sides of each spring, thus forming a dis-

placement transducer with a full bridge. The two input

and the two output leads to the bridge were fed through

the shaft to a four-pin connector which was coupled to its

four-pin counterpart on the slip ring assembly.

The inertia of the mass alone was calculated to be

0.01398 lb -in-sect. The torsional spring constant was

found as follows:



SPRING
D/SPLACER

ADTUSTAB1E
KNIFE E0615

4- P/N
CONNECTOR

SEISMIC MASS

BEARING

SHAFT

////

VIEW A -A
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BUMPER

SPRING HOLDER

STRAIN aRaE

LEAF SPRING

COLLET

COLLAR

Figure 12. Torsiograph assembly.
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SLIP RINGS

Ei
in

E
out

.gure 13. Strain gage location and circuit.

Figure 14. Torsiograph.
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Consider the mounting arrangement of the leaf spring:

LEAF
SPRING

Figure 15. Leaf spring mounting arrangement.

The relation between the spring displacement and the angu-

lar displacement of the shaft is expressed as:

y = 0.813 0 (0 in radians)

and the spring constant of the leaf spring is:

C =
13

3E1

Hence the torsional spring constant due to both leaf

springs is:

CT = (2)
0

Finally, for a steel leaf spring 0.019" thick and 1/2" wide

the torsional spring constant is then:

C
T

= 27.4 lb-in/rad
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and the theoretical natural frequency of the instrument is

found to be:

1
f
n

=
2v

= 7.03 hz

A lower experimental value for the natural frequency

was expected since the inertia of the seismic mass would

increase with the addition of the springs and mounting

hardware..

To determine the natural frequency of the leaf spring,

its mounting condition was assumed to be fixed-hinged.

The frequency corresponding to the first mode of vibration

is: (Harris and Crede, 1961, Chap. 1, p. 14)

1 tElf = (15.4)2v 04

FIXED HINGED

Figure 16. Assumed first mode of vibration of leaf
spring.

From the above relation the natural frequency of the leaf

spring was found to be 1635 hz. This value was large
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enough to alleviate any fears of the displacement trans-

ducer approaching its first resonance point during the

operation of this instrument in its intended range.

Theoretical Electro Mechanical Response

The strain gages were located on the leaf springs

as shown in Figure 17.

,

5

16

13

16

1 +

STRAIN GAGES

LEAF SPRING

Figure 17. Strain gage installation.

A relation between the stress at the gages and the

displacement of the spring can be derived as follows:

Figure 18. Cantilever leaf spring with the
properties E, Ix and thickness h.



41

The displacement of the spring can be written:

or by rewriting:

3EIxy
P 3

Mc
pdy

=
Ix

Ix

The strain at the gage location is expressed as:

3 dhy
2 13

and from the previous section:

y = 0.813 (0.

Upon substituting, the result is:

e (2)) (0.813) dh
2

)3

Rewriting and substituting for the leaf spring, one then

has the following relation for the strain at the gage

location (strain at each gage):

or

= 13,200 microstrains/radian

5- = 230.0 microstrains/degree

The full scale output can be found from the relation:

Eout
E.
in

,G.F.k---T)(total strain)
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The gages used in the instrument have a gage factor

of 1.83, and the total strain for a deflection of 5°

would be 4600 microstrains. The full scale output is

then:

= 2.1 millivolts/volt
E
o

To summarize, the idealized model of the instrument

has the following properties:

f
n

= 7.03 hz

Sensitivity = 920 microstrains/degree

These properties were determined to give an idea of what

to expect from the instrument, and to be used for compar-

ison with the actual properties in order to check the

assumptions made about linearity.
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Calibration of Instrument

Static Calibration

The instrument was both statically and dynamically

calibrated. The static calibration was accomplished by

displacing the instrument a known amount and reading the

output in microstrains on a C.R.T.

The same readout system was used for both the cali-

brations and the engine test. Input and output of the

full bridge of the instrument were connected to a Tek-

tronix 3C66 carrier amplifier and Type 564 storage oscil-

loscope through mercury slip rings.

The carrier amplifier was calibrated for 120 ohm

strain gages with a gage factor of 2.00. The strain

gages used in the instrument were 120 ohm with a gage

factor of 1.83. Hence the readings from the calibration

setup were adjusted by a factor of
2 00 to give the

actual strain. The average sensitivity of the instru-

ment was found to be 1025 microstrains per degree, or in

terms of full scale output (5°) the sensitivity was 2.55

millivolts per volt.

The natural frequency of the instrument was experi-

mentally determined by recording the free oscillations of

the seismic mass about a fixed input shaft (see Figure

21). The experimental value was 6.25 hz, which was
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Figure 19. Block diagram of calibration and
test setup.



Table 3. Static Calibration Data.

Angle Actual Strain

+50 5100 microstrains

+4° 4100

+30 3100

+2° 2100

+1° 1050

0° 0

-1° 1000

-2° 2000

-3° 3050

-4° 4050

-5° 5050

Sign convention:

45
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INPUT
(degrees)

4

Figure 20. Static calibration curve of
torsiograph.
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Vertical: 2000 microstrains/division
Horizontal: 50 milliseconds/division
Natural Frequency: 6.25 hz

Figure 21. Free vibration output signal
of torsiograph.
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lower than the calculated value of 7.03 hz as expected

from previous discussion.

Dynamic Calibration

The dynamic response of the instrument was deter-

mined, using a Hookes Joint calibrator. This device

utilizes the principle that a Hooke's joint with a uniform

input velocity, when set at a given angle, will produce

at the output a uniform velocity plus a torsional oscil-

lation of amplitude (e) and fundamental frequency of

twice that of the input.

INPUT

Figure 22. Hooke's joint.

The amplitude of the torsional vibration is ex-

pressed as: (Wilson, 1941, Vol. II, p. 283)

3

8 = op-p) Z sin 213 +
Z
2

sin 4P + sin 0 +

(30)



where:

1 - cos a
Z - 1 + cos a
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(31)

The components of the second and fourth harmonics of

equation (30) for values of a up to 20° are listed in

Table 4. The relation is plotted in Figure 23.

The calibrator was laid out as shown in Figures 24

and 25. The readout system was the same as for the

static calibration, as shown in Figure 26. The angle of

the Hooke's joint was set at 15° and the corresponding

output relation was:

8 = 0.99307 sin 213 + 0.008606 sin 4P

Considering only the second and fourth harmonics as

shown above, the maximum amplitude of the output would

be approximately the coefficient of the second harmonic.

The procedure consisted of running the calibrator at

a certain speed, storing the output trace on the oscillo-

scope screen and photographing it for later analysis.

This procedure was then repeated for another speed. The

resulting data was used to plot the frequency response

curve shown in Figure 27.

The frequency response curve is the actual strain

in the instrument plotted versus the fundamental fre-

quency of the torsional vibration input from the Hooke's

joint. The first resonance of this curve occurred at a
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Table 4. Second and Fourth Harmonics for
Hooke's Joint Relation.

a Z
Z
2

-f

00 00 00

1 .00436 0

2 .01746 .000003

3 .03929 .000013

4 .06987 .000043

5 .10922 .000104

6 .15737 .000216

7 .21434 .000401

8 .28016 .000685

9 .35489 .001099

10 .43856 .001678

11 .53122 .002463

12 .63294 .003496

13 .74378 .004828

14 .86380 .006511

15 .99307 .008606

16 1.13169 .011176

17 1.27974 .014292

18 1.43730 .018028

19 1.60448 .022466

20 1.78140 .027693
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Figure 23. Hooke's joint characteristics.

/
20



RING
Bars

MOTOR
1--BRSE PLATE BASE PLATTE

VAR/ABLE
SPEED
/107-LW

FLYWI-/IEL

BEAR/t/6.5

TORSIOGRWPH

Oor Pur
SHAFT

TOR SIOGITAPH
MOUNTING

PLATE

Q

't 6toV`
SLIP

e,EAR/Nc,..; emG5

HooKE'S ,To/NT

Figure 24. Calibrator layout.
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Figure 25. Calibrator.

Figure 26. Dynamic calibration setup.
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Table 5. Dynamic Calibration Data.

Frequency Readout Actual Strain

5.7 hz 1900 microstrains 2055 microstrains

6.06 2500 2730

6.25 2800 3060

7.15 4200 4590

7.7 2600 2840

8.45 2300 2510

9.3 1700 1860

10 1500 1640

11.8 1200 1310

15.4 1100 1200

18.2 . 1000 1093

21.7 950 1038

34.5 910 994

40.7 910 994

52.2 950 1038

62.5 950 1038

71.4 1000 1093

81.4 1000 1093

92.5 1050 1148

104.7 1070 1170

109.7 1100 1200
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Figure 27. Frequency response curve of torsiograph.
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frequency of approximately 6.25 hz which agreed with the

previously determined natural frequency of the instrument.

To the right of the resonance point at about 25 hz the

curve became a horizontal line at 994 microstrains. From

40 hz on, the curve assumed a slightly increasing positive

slope. The waveforms corresponding to this portion of the

curve had sharper peaks as compared with the smoother

lower frequency waveforms (see Figure 28). The reason for

the differences in the waveforms and the corresponding

slope in the response curve was attributed to either one

or both of the following:

1. A certain amount of play in the universal joint

which, as the frequencies increase and the

corresponding inertial forces become larger,

could add to the output amplitude.4

2. This increasing slope could also be due to the

influence of a second resonance point in the

response curve which was the first resonance

point of the calibration system itself. This

first mode of the calibration system was calcu-

lated to be 525 hz (see Appendix). The limited

4 Experimental work in this area is discussed in:
S.A.E. War Engineering Board (1945), p. 99-125.
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Vertical: 2000 microstrains/division
Horizontal: 50 milliseconds/division
Frequency: 7.7 hz
Amplitude: 2600 microstrains

Figure 28(a). Typical calibration waveform.



Vertical: 1000 microstrains/division
Horizontal: 5 milliseconds/division
Frequency:
Amplitude:

Figure 28(b).

109.7 hz
1100 microstraihs

Typical calibration waveform.
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frequency range of the calibrator prevented any experi-

mental determination of this point.

OUTPUT

FIRST RESONANCE
POINT

SECOND
RESONANCE
POINT

SLOPE DUE TO INFLUENCE OF SECOND
RESONANCE POINT

FREQUENCY

Figure 29. Possible extension of frequency
response curve.

It was assumed that the instrument had a flat fre-

quency response curve from 25 hz. The corresponding

sensitivity was 1001 microstrains /degree, which

varied from the sensitivity arrived at in the static

calibration by 2.4%. The instrument could be operated

down to a frequency of 10 hz with the use of the fre-

quency response curve.
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The theoretical and experimental properties of the

instrument are compared as follows:

Theoretical Experimental

Natural
Frequency 7.03 hz

Sensitivity 920 micro-
strains/degree

6.25 hz

1001 micro-
strains/degree

The natural frequency of the actual system was

lower than the calculated value which was expected as

mentioned previously. The sensitivity of the actual

instrument compared favorably with the theoretical value.

This indicated that the instrument functioned both

mechanically and electrically as predicted from the

analytical model, therefore the assumption made about

the lineality of the instrument was valid.
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Typical Engine Test

The instrument was tested on a Chrysler Corporation

six-cylinder engine coupled to a General Electric Dyna-

mometer as shown in Figure 30. It was attached to the

crankshaft pulley by means of an adapter. The adapter

consisted of a one-inch diameter shaft welded to a three-

hole flange which was bolted to the face of the pulley.

The concentricity of the adapter with the crankshaft was

set with a dial indicator. The instrument readout set

up for the test was the same as for the calibrations. A

General Radio Strobatach was used to monitor engine

speed.

The method of testing consisted of running the

engine through a speed range (600 to 2500 RPM) both

loaded and unloaded and observing the torsional vibration

on the oscilloscope screen. At only one point was the

amplitude of the vibration observed to increase consid-

erably over the normal amplitude of 0.7° peak to peak.

This was with the engine at approximately 1000 RPM under

full load and the amplitude in that case was 2.4° peak

to peak.

Two waveforms of the torsional vibration for the

same engine speed but different load conditions are

shown in Figure 31. The first waveform is typical of
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Figure 30(a). Torsiograph test setup.

Figure 30(b). Torsiograph test setup.
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Figure 30(c). Torsiograph test setup.

Figure 30(d). Torsiograph test setup.
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1000 RPM at no load
Vertical: 1 degree = 1 division

Horizontal: 1 revolution = 1.1 divisions

Figure 31(a). Typical engine test waveform.

Figure 31(b). Same as 31(a) except engine at
full load.
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what was observed throughout the test. The frequency of

this waveform was the same as the frequency of the power

strokes of the engine, as would be expected from a sys-

tem with a forced vibration. The one higher peak of the

waveform was periodic with the power stroke of one cyl-

inder and was attributed to a faulty valve which was

audible as well as visible on the scope. The second

waveform was the only resonance point found in the test-

ing, as mentioned previously. Information about the

natural frequencies and modes of vibration of the engine

dynamometer system was not available for comparison with

test results.
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Results and Conclusions

The instrument described in this thesis fulfilled

the original criteria except for one question concerning

the bandwidth. This question arises from the calibration

limit of 100 hz which prevented any means of verifying

that the response curve was flat above that frequency.

The resolution of the instrument was ten times greater

than the criteria when used in conjunction with a Tektron-

ix Type 3C66 Carrier Amplifier. In that case, with the

amplifier in the most sensitive position of ten micro-

strains/division, the output of the Inotrument was 0.01

degrees/division.

The mechanical portion of the instrument performed

well in the several hours of calibration and engine test-

ing. The problems that did occur involved the strain

gages, wiring, and the four-pin connector. The only criti-

cal aspect of setting up the instrument for testing was

aligning the slip ring assembly with the instrument shaft.

Any misalignment between the two resulted in strains on

the mechanical and electrical connection, with resulting

vibrations in the slip ring assembly causing in some in-

stances a loss of mercury.

Further work on this instrument should probably in-

clude extending the calibration to a higher frequency
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and a comparison of actual engine test data with that

taken with one of the commercially available torsio-

graphs. A further development recommended on the instru-

ment itself is some improvement in the mechanical and

electrical connection between the instrument and the

slip rings and a means of aligning the two when setting

up for a test.

Table 6. Technical Data of Torsiograph.

Frequency Range

Amplitude Range

Recording Method

Natural Frequency

Power Requirement

10 to 100 hz

± 0.01° to 5°

Varies
6

6.25 hz

5

5 volts A.C. or D.C.

Sensitivity (Full Scale) 2.55 millivolts/volt

Attachment Method 1" Collet

Dimensions 5 3/4" dia. X 5 1/2" long

Weight 3 lbs.

5 When used in conjunction with Tektronix Type 3C66
Carrier Amplifier.

6
Note that torsiograph is connected to recording

apparatus by slip ring assembly (Rotocon Type MSD-4).



68

Bibliography

Den Hartog, J. P. 1956. Mechanical vibrations.
4th ed. New York, McGraw-Hill. 436 p.

Doebelin, E. 0. 1966. Measurement systems, applica-
tions and design. 1st ed. New York, McGraw-Hill.
743 p.

Harris, C. M. and C. E. Crede. 1961. Shock and
vibration handbook. New York, McGraw-Hill. 3 vol.

MacDuff, J. N. and J. R. Curreri. 1958. Vibration
control. New York, McGraw-Hill. 465 p.

Nestorides, E. J. (comp.) 1958. A handbook on
torsional vibrations. Cambridge University. 664 p.

S.A.E. War Engineering Board. 1945. The development of
improved means for evaluating effects of torsional
vibration on internal combustion engine installa-
tions. (New York) 528 p.

Shigley, J. E. 1956. Machine design. New York,
McGraw-Hill. 523 p.

Wilson, W. R. 1941. Practical solutions of torsional
vibration problems. Vol. II. New York, Wiley.
694 p.



APPENDIX



69

Appendix

Natural Frequency of Calibrator System

FLYWHEEL HOOKE'S JOINT

TORSIOGRAPH w/o
3
T SHAFT

I I

1

2
SHAFT

SEISMIC MASS

Figure 32. Calibrator system.

Assuming that the coupling is rigid, have idealized

system:

I = 0 123
1 2

lb-in-sec

= 148.7x10
3

lb-in/rad

18.4x10
3

lb-in/rad

11
. 0.0042 I = 0.00149
lb -in-sect

3
lb -in -sec

Figure 33. Idealized model of
calibrator system.

The relation for the natural frequency of the above sys-

tem is:



2
---

1
cu ,..n 2

where:

B =

Substituting:

4k
1
k
2

I I I
(1

1
+ I

2
+ I

3
)

1 2 3

k
1

k
2

k
1
+k

2
+ --- +

I
1

13 1
2

70
0 7

(rad/sec)

B -
148.7x10

3

+
18.4x10

3

+
(148.7+18.4)x10

3

0.123 0.00149 0.0042

= 1210x103 + 12350x10 3 + 39750x103

= 53610x103 = 53.61x106

w2 = 1

n 2

w2 2 1

n 2

53.61x10 6
+

2870x10
12

-
(4) (148.7) (18.4)x106 (0.12869)
(0.123)(0.0042)(0.00149)

53.61x106 ± 2870x1012 - 1830x1012

w2 I. 53.6x106 ± 32.2x106
n 2

= 1 [21.7x106 ,]
2 2

1 [85.8x106

w2 = 10.9x106 rad/sec, 42.9x10
6 rad/sec

n

w
n

= + 3.3x10 3 rad/sec, ± 6.5x10 3 rad/sec

fn =
wn = 525 hz, 1035 hz
2 ir

7 Reference: Harris and Crede, Shock and Vibration
Handbook, Chap. 1, p. 12.


