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NOMENCLATURE

A(v) = continuum expansion coefficient in slab geometry

a
±

= discreet expansion coefficients in slab geometry

c = Zs /Et

E = average energy of neutron energy group g
g

AE width of neutron energy group g
g

1

fk(v)
=

1'k(µ) (1)v (14 dil-1

flmn(v) cylindrical equivalent of fk(v)
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Pn(° nth order Legendre polynomial

p (v), qi(v) = expansion coefficients in cylindrical geometry

r

t

V

ti

vector space coordinate describing neutron position

isotropic neutron source

time coordinate

volume of reactor cell region i

neutron speed coordinate

scalar space coordinate describing neutron position in
slab geometry

tx



Y lm(0,0 = spherical harmonic functions

a (A - 1)2
A + 1

"Y = separation of variables parameter for PN and SN
theory-equivalent to 1/v

6 - v) = Kronecker delta function

e

X (v)

VO

reactor cell disadvantage factor

scalar angular coordinate describing neutron velocity
direction

function arising in the continuum solutions

cos (0)

discreet root found when separating variables

separation of variables parameter - continuous on the
interval [ -1, 1]

scalar axial neutron position coordinate in cylindrical
geometry measured in total mean free paths

v = number of neutrons produced per neutron absorbed

a

times the macroscopic fission cross section

macroscopic absorption cross section

Zs macroscopic scatter cross section

Es(E1--.-E ) = macroscopic scattering transfer kernel

Et Es Z
a



(D(r,12) neutron angular flux

(1, n(x) ..511 Pn(ii) (1.(x, p.)
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+ 1t'lm(p) aTrdtp S sin 0 d0 Y (0,) cD(p ,)
4-rr
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0(0
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5 V. V.

= discreet angular eigenfunctions

= continuum angular eigenfunction

X fission spectrum distribution

scalar angular coordinate describing neutron velocity
direction
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direction consists of the scalar pair (0,4))



NUMERICAL SOLUTIONS OF THE NEUTRON
TRANSPORT EQUATION

I . INTRODUCTORY REMARKS ON REACTOR CALCULATIONS

Introduction

Use of electric power in the United States has doubled every

ten years throughout this century. It is increasing at a rate twice

our GNP, three times our industrial productivity and five times our

population (31, 44). Electric Utilities are attempting to satisfy these

demands by utilizing cheap forms of power. Nuclear power is one of

the cleanest and most efficient. Thus, the use of nuclear power is a

natural step taken to supply the nation's power needs.

With any industry of this magnitude, there comes a whole host

of engineering support programs. They are needed to evaluate both

the economic and safety aspects. These engineering programs be-

come both a necessary and an integral part of the total picture. In

terms of dollars and cents, these programs are quite costly. Both

computer and experimental studies are expensive.

For an example, let us examine a fuel management program.

A typical reactor fuel loading can cost upwards of 30 million dollars.

Therefore it becomes mandatory fuel cycle calculations be done accu-

rately. Most calculational schemes of sufficient accuracy require .

significant amounts of high cost computer time. The cost of running

a single calculation of a reactor fuel cycle can cost thousands of dollars.
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With this in mind, one is lead to examine a typical fuel cycle

calculation to see if improvements can be made in the accuracy and

speed of the calculation.

The Reactor Calculational Model

In order to evaluate a reactor model one must solve the time

dependent transport equation. This equation describes the neutron

flux density, I., in a reactor as it is perturbed by neutron absorption,

scattering and fission processes. These process probabilities (cross

sections) are described by Ea, andand Z
f respectively. The trans-

port equation describing the balance of neutrons at position 17, travel-

ing at speed v in direction 5 at time t is,

1 8

v at (1)(r, S2, v, t) = X (v) v
f
(r, v', t) (r, v t) dv' diT

Es(r, v' t) 41)(r, v° t) dv' dr2- '
v', Si'

- E
a (r,- v,t) .1(r,S1,v,t) V Cr,S-2,v,t)

where v x (v) describes the output distribution of fission neutrons.

Each of the terms respectively represents the neutron time rate of

change, fission source, scattering source, absorption loss and leak-

age of neutrons from a reactor volume element.

Note that the neutron flux density is a function of seven vari-

ables (three variables describing the reactor position, r, two
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variables describing the flux angle, c2, plus velocity, v and

time, t). The reactor absorption, scatter, and fission cross sec-

tions are also functions of time. This is because they are properties

of the reactor materials, which are continually undergoing transmu-

tation from absorption and fission events. Thus, this equation is

quite complex and is not solved, even numerically, without simplify-

ing assumptions. This involves breaking the equation up and solving

as a set of separate calculations. In this way' each calculation utilizes

assumptions which are valid within their own respective domain.

Figure 1-1 is a typical flow diagram of the major calculational

levels. Some of the major computer programs are also listed for

LEVEL

I

II

III

IV

CALCULATION

Basic Cross Section
Data

CINDA (13)

Cross Section Averaging

Epithermal Thermal
GAM-I* (26); MUFT (5) THERMOS (25), TEMPEST-Pn MARC (21)

Reactor umup and
Isotopic Data

FEVER (47), FLARE (16)

Fuel Cycle
Economics

CINCAS (14)

*GAM-I and TEMPEST-P3 are combined in the GAMTEC II code (9).

Figure 1-1. A diagram of a fuel cycle calculation.
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each level. In this figure many things have been "swept under the

rug" with broad titles, but it does show the fundamental pattern. One

starts with a basic collection of cross section data and a knowledge

of a desired reactor type. After organizing cross section libraries

(LEVEL I) for the cross section averaging codes we are ready to

begin the calculation cycle.

In this step (LEVEL II), we compute the energy and region flux

averaged cross sections. This is done for both thermal and epither-

mal neutrons in a typical reactor cell. These numerical theories

use time independent transport theory or something equivalent.

They compute region and energy dependent fluxes and average the

cross sections over these fine structure spectra. Thus they obtain

few group parameters necessary for the more gross reactor calcu-

lations to come.

These cross sections are then fed into a reactor burnup calcu-

lation (LEVEL III). Burnup methods are largely time dependent

diffusion theory codes. They employ one or more space dimensions

and calculate fuel burnup and isotope production as a function of

time. When calculating the total fuel burnup over the fuel lifetime

in the reactor core LEVELS II and III are recycled several times.

This is because a burnup of fuel will change fuel compositions, pro-

duce poisons, and change the neutron flux shapes. Hence, the

average cross section values of LEVEL II need to be recalculated.
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After the fuel burnup has been computed we can then input this

data into an economics calculation (LEVEL IV). This will give us

the necessary financial data for the cost analysis study.

This is the basic calculational scheme and some of the theories

and methods listed are fast and accurate enough for todays power

reactor studies. However, the scheme is not without areas where

additional work can be done.

Thermal Parameters from Reactor Cell Calculations

In particular, for this paper we have chosen to study alternate

methods for thermal neutron cell cross section averaging. This is

because THERMOS (25, 43, and 48) and MARE (21), the industry

standards, are time consuming. Also, the other more approximate

methods such as GAMTEC (9) or TEMPEST (41) coupled with the ABH

method of cell homogenization (42) are not sufficiently accurate. Let

us then look more closely at what is required of this type of calcula-

tion.

The flux calculation is the heart of all of these codes. This

computation is by far the most time consuming part of the total pro-

cedure. It varies widely in complexity and accuracy from one code

to another. Once the fluxes are known, however, the averaging of

the few group cross sections is almost trivial. These cross sections

are calculated as,



Eth
E(r, E) dV dE

=
V 0

th rf, dV dE
V 0

(1-2)

The volume of integration, V, is a small reactor fuel cell.

Supposing the reactor fuel is made up of small closely spaced fuel

plates with a moderator-coolant flowing between them. The computa-

tional model used, then, is a cell in slab geometry. It is typically

made up of three regions; fuel, fuel cladding, and moderator. If the

fuel is made up of small rods immersed in a coolant channel then we

are talking of the same three region types, but in cylindrical geome-

try. Both cell models are shown in Figure 1.2, and have reflected

outer boundaries. The slab cell has an additional inner reflection at

the fuel center line.

Clad

/
Moderator /

Slab Geometry Cylindrical Geometry

Figure 1.2. Three region reactor cells.



This is the model normally used. It's main advantage is that it

allows the use of a single space dimension in solving the transport

equation. While this assumption does not describe the cell boundary

properly for a square or hexagonal lattice, it is usually accurate

enough for most flux calculations.

One of the most sensitive measures of the accuracy of a calcu-

lated flux is the disadvantage factor. This quantity is defined as the

ratio of the average flux in the moderator to the average flux in the

fuel. In equation form this is,

th dV dE/ dV
Vmod 0 Vmod

t

Vfuel 0
d)(F, E) dV dE/ g dV

fuel

This is a quantity which will be utilized often in our investigation.

Other Methods

(1-3)

We have briefly considered what is desired from a calculation

of this type. Next let us look at what is being done in calculations at

the present time. All thermal neutron codes divide the thermal neu-

tron energy region up into many small-width energy groups. Thus,

they treat a continuous variable in a discrete manner. This allows

the calculation of rather complex scattering kernels at a discrete

number of points. This procedure is adequate for most purposes.
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Spatially, however, there are three types of flux calculations.

The first type is extremely fast but only moderately accurate. It

begins by taking each thermal energy group separately. The absorp-

tion and scatter of neutrons within this group is considered, due to a

flat neutron source in the moderator region only. Thus a monoener-

getic disadvantage factor is calculated utilizing one of several simple

methods. Some codes such as GAMTEC (9) use a spherical har-

monics (P3) calculation. Others use a combination diffusion theory-

first flight transport theory approach of the type given by the ABH

method (42, 3). They then spatially average all cross sections. As

a next step these averaged cross sections are used to calculate an

homogenized neutron energy spectrum. The cross sections are then

energy averaged with this spectrum. Of course, as long as the neu-

tron energy and space spectrum is separable as

R(i7)1)(E) (1-4)

we can use this process and calculate a set of averaged cross sections

quite accurately. But in many cells, particularly those containing

quantities of
94Pu 239, certain energies and regions are quite black

to thermal neutrons and the above assumption is not adequate.

For this reason we have a second generation of codes with

THERMOS (25) and its various versions (43, 48) as leading contri-

buters. THERMOS is a code which solves the neutron transport
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equation in an integral form. This is different than the differential

form of equation (1-1). The integral equation is

N(r,v) T(r1--r,v){Sext(r , ) P(14,v1--i-v)N(ry,v9dvi}dV' (1-5)
V' vi

where we are describing the neutron density, N(r,v), at cell position

r and velocity v. The bracketed term describes the source of neu-

trons at velocity v from position r'. It contains an external source

Sext. This is usually taken to be the source of down scattered neu-

trons from epithermal energies into the thermal velocity group v at

r'. It also contains a source of neutrons from velocity v' which are

scattered to velocity v with probability P(rt,vi --P-v). The kernel

T(r' r, v) is then the probability of transfering from r' to position

r at velocity v without suffering a collision.

Also in use at several installations is the MARC code (21).

MARC is based on Monte Carlo theory (12) which is by far the sim-

plest and most accurate of all the transport equation solutions. The

theory's simplicity comes from following individual neutron histories.

Thus each neutron moves around the reactor cell and has collisions

(either absorption or scattering) probabilistically, in much the same

manner as given by the billiard ball model of atomic theory. As each

neutron travels around, MARC keeps track of total path lengths and

other information necessary to describe the reactor cell. Unfor-

tunately, Monte Carlo theory is not only accurate but also the most
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time consuming of the various theories. Hence cell averaged cross

sections are very costly to calculate in this manner.

There are other methods which could be used but which have not

gained as wide an acceptance for this particular problem. They in-

volve the use of discrete ordinants, or Sn, theory (7, 8, 17) and

spherical harmonics, or Pn, theory (15, 27). These methods solve

the differential transport theory equation (1-1) by finite difference

approximations.

This Method

The purpose of this research was to formulate and execute an

additional computer method for calculating thermal neutron fluxes

and averaged cross sections. In the beginning we formulated the

following criteria;

1. Although goals of accuracy and speed are opposing by

nature, we would include both whenever possible.

2. Since THERMOS is an industry standard, all computer

input and output was to be made compatible with it.

3. The results were to be compared with the standard methods

i.e. THERMOS, Pn, S , and Monte Carlo theory.

The method developed herein involves an extension of Case's

solution of the slab geometry transport equation (10). It also utilizes

work done by Robinson (36, 37) and Ferziger and Robinson (19, 40).



11

II. CASE'S METHOD OF EIGENFUNCTIONS IN SLAB GEOMETRY

Summary of Case's Work

The monoenergetic form of the neutron transport equation for

slab geometry with isotropic scattering can be written as,

1
(x0.1.) S(x)+ Etflx,p.) = +ax 2

(2-1)

where Et is the total cross section (Ea+ Es) and S(x) is an isotropic

neutron source. Here [I is the cosine of the flux angle, 0, measured

from the x axis as shown by Figure 2.1.

Figure 2.1. Slab Geometry.

At this point it is necessary to make notation changes. Mea-

suring distances in total neutron mean free paths, we will use,

x Etx

Also, a cross section ratio, c, is defined as,

c = Z
s
/E

t
ti

Both c and x are material dependent quantities. The transport

(2-2)

2-3)



equation then becomes

acs(g,p.) 0 61,, = p,) dp. +
2

12

(2-4)

where the source is assumed constant over the region of interest.

The eigenfun.ctions of the homogeneous equation were found by

Case (10). By assuming

p.) = e cbv (4) (2-5)

the variables can, be separated. By substituting equation (2-.5) into

(2-4) and using the normalization

cl

v
( µ ) d µ

-1

one finds the form of O(p.). That is,

c v
4)v(11) 2(v 11)

1 (2-6)

Since the value of v is not specified, its range will be

(2-7)

[-oo < v < 00]. 1 This means equation (2-7) has singularities at the

points where p, = v (i. e. in the interval -1 < v < 1). At these points

Case Points out that the solution contains an additional term

X (v) 6 (p. -v). The general form for 4)1,(1) becomes

$v(µ) =

2 P(
v-v p.

)

c vi v-p,

+ X(v)6(v-p.) [-1 <- v < 1]

[otherwise]
(2-8)

Case, in his work, allowed c to be both greater than and less
than one. This allowed v to be complex. However, with our defini-
tion of c as given by equation (2-3) it can only be less than one.
Hence all values of v are real.



where P denotes the principal values of the integrals involving

'Pv(11).
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For v outside the interval [ -1, 1] the normalization condition,

(2-6), yields the equation

c v tan h-1( 1 ) = 1 (2-9)

This equation can also be written in a form more suitable for com-

putation,

cv v +1Ln = 1 (2-10)
2 v -1

This transcendental condition is then used to determine v outside the

interval [ -1, 1]. There are two real roots to this equation which are

equal and of opposite sign. These are denoted as ±v .
0

ponding eigenfunctions are written as

gives

(1)±(11) 2 v (J.
0

The corres-

(2-11)

For v inside the interval [ -1, 1] the normalization condition

X (v) = 1 - c tan h -1
(v) (2-12)

This determines ). (v) for v in the interval [-1, 1]. Hence the com-

plete flux solution will contain a continuous term in v over the range

[ -1, 1] as well as discrete values of ± v
0

outside this interval.

The above procedure gives the eigenfunctions of the transport

equation (2-4). The particular solution for a constant source is found

by assuming it. (-x--,p.) to be a constant and substituting this into equation



(2-4). This yields,

'1' (1%14 2(1 -c)E
S

The total solution is then given as
ti

Cx,p.) = a
+

4:0

+
(p.) e

--x/vo + a cp. (p.) e
X/vn

1

+ ,11 A( v) c.v(p$.) e
-x/v

dv + 2(1 - c)
-1

14

(2-13)

(2-14)

Just as in diffusion theory the values of the coefficients, a±

and A(v), must be found from the boundary conditions of the problem.

For reflected reactor cells with an outer reflected boundary, the flux

boundary condition is,

p.) = -p.) (2-15)

This condition, coupled with flux continuity at material interfaces,

i. e. with i and i -+ 1 as region superscripts,

(i) (i+1)
(D (x, p.) = (x, p.) (2-16)

forms a complete statement of the problem.

Summary of Other Work

The solution of the problem, as stated, is not easy. The main

difficulty being that the equations for the coefficients are singular

integral equations with a Cauchy type kernel (4, p. 234). Analytical

solutions to these equations have been found for a few problems (19,
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29, 31, 32). Case and Zweifel (11) give a good review of these. How-

ever, the solutions are very complex and usually a numerical method

must be used to evaluate them. Simpler alternatives have been sug-

gested (36). These methods as well as others were investigated.

The work reported here is an extension of the method suggested

by Robinson (36). This method avoids the very difficult problem of

the singular integral equations by using angular moments of the flux

continuity condition, i. e.

511 µn (i) 1

(x, p.) dµ = 4)(i-F1)6,c, for n= 0,1, (2-17)
-1 -1

to yield equations for the unknown coefficients in the eigenfunction

expansion. This method is much easier than solving the singular

integral equations. However it yields approximately the same degree

of accuracy when six or more moments are used. Finally, the

moments method makes it possible to extend the basic approach of

Case's eigenfunctions to cylindrical geometry.
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III. NUMERICAL APPROXIMATIONS IN SLAB GEOMETRY

Introduction

For simplicity, let's examine the application of Case's eigen-

functions for two region infinite slab cells with both boundaries

reflected as shown in Figure 3.1.

// //////
/ Region I

S =

// Fuel/ //// ,/
x= 0 7 x= a

Region II

II
= 1

neutron //
cm. sec.

/// /M/o r t/o/r

x= b

Figure 3.1. A two region reflected cell.

For reflected boundaries both left and right, we have,

(t. (0, p.) = -p.) and II
(b, = .11.

II (b, - (3-1)

Applying these conditions to the fluxes as given by equation (2-14),

t.(i)(x, = a (i) (i)(11)
esx+ +

yields;

(i) (i)
110 + a 4) (p.)

/v(i)

1

.51 A(i)(v) it.v( (4) e / vd
v + S(i)/[ 2(1 - c.) Ti-1

(3-2)

IRegion I. a I = a
+

A (-v) = A (v)
(3-3)tiII IIII b /vo II -b /vo It is; /v IL -b /vRegion II. a =(- )e A (v)e

These conditions plus flux continuity at the fuel moderator interface,



(a, 11) = (1,
II

(a ,

form the problem statement.
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(3-4)

The problem posed by these equations can be solved by assum-

ing, as Robinson did (36), that A (i)( v) has the form

bi(oi)

, (3-5)A (i)(v) = e -T
(i)

/v g(c., v) [b(i) +
1

(i)
2

2

2
v0

on the positive half of the v interval and A(1)(v) = A (i)(-v). Here

T. is the region thickness and

g (c, v) = 1[1 - cv tanh-1(v)]2 + [
]2 -1 (3-6)

Substituting this form into the moments equation (2-13),for the first

six moments of the flux at each media interface, will yield the values

of coefficients of the A(v) expansion, b1 and b2, as well as those of

the diffusion terms, a+ and a This method gives good values of the

disadvantage factor. Some of these values are shown in Table 3.2

for water moderated slab cells and are compared against 58,

THERMOS and other theories.

Another approach is to treat the integrals of A(v) numerically,

without trying to approximate the form of A(v). That is, we can

break up the integral involving v into a sum of 2N terms and use a

numerical integration scheme

J:,
0

F( v) d v =

N

n=

W. F(vi)
1 1

(3-7)
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on both the positive and negative halves of the integral. This pro-

cedure is simpler but, as will be shown later, still very accurate.

This means that each equation for the flux has ZN +2 unknowns.

For two regions we will then need 4N +4 equations to solve for the

coefficients. Applying the boundary conditions, as represented by

equations (3-3), we get ZN +2 equations. These are half of the equa-

tions necessary to solve for the two region fluxes. The other equa-

tions necessary for the flux solution will come from the interface

continuity condition equation (3-4).

This can be done by one of several methods:

Method I. Moments Matching. One can integrate equation

(3-4) over different powers of the flux angle, µ,

and match the angular moments of the flux at the

interface

)cl. µ for n= 0,1,, 2N+1s
-1 -1 (3-8)

Method II. Discrete Ordinants Matching. One can match vari-

ous discreet values of 1.1. at the region interface, as

II(a,
/1.3)

. = CI (a, µj) for j = 1, 2, , 2N+2 (3°9)

This would satisfy the flux continuity condition as

given by equation (3-4) at the discreet points.

Method III. Ordinant Widths Matching. One could also integrate

(3-4) over a Ail width as
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II
(1)1(a',11,)dil, (a,p.)dµ for j = 1, 2, °, 2N+2 (3-10)

Of course, some combination of the above could also be used.

One possibility being to match the first two angular moments, i. e.

flux and current, and then require continuity of 2N discrete ordinant

values. This would then require continuity of the two most important

integral quantities and still match 2N discrete values of the angular

flux.

The important thing is that no matter which method we use we

can obtain 4N +4 equations and 4N +4 unknowns. Hence we have

several alternatives to choose from for the flux solution in the two

regions.

This can also be generalized to a problem of three or more

regions. For each additional region introduced, one can use a new

flux continuity condition at each new interface. This will supply an

additional 2N +2 equations for each new region. Since we have in-

troduced only 2N +2 new variables, we still have the same number

of equations as unknowns. Therefore a solution is possible for any

number of regions.

Method I: Moments Matching Theory

Let us look more deeply at the moments matching method. At a

material interface we are interested in preserving the quantity
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1

n(x) = (D(x, p.) dp. for n= 0,1, , 2N +1 (3-11)
- 1

One can equivalently use a quantity based on Legendre polynomials.

This involves computing

1

.T.n(x) = J P
n(p.)

t.(x, p.) dp. for n= 0,1, , 2N +1 (3-12)
- 1

at each interface. Since Legendre polynomials, P (p.), are linear

combinations of H. for i= 0,1, ... , n the results from either form

will be identical. Which method one uses then can be dictated by

convenience. The equations given by (3-11) certainly have more

physics connected with them, but the Legendre equations given by

(3-12) are simpler algebraically due to orthogonality. For the latter

reason equations (3-12) are used as the integral quantities to be con-

sidered in the work.

For review, the first few Legendre polynomials are (4, p.

422-27)

and,

1

3 2 1

In addition, they obey a recursion relation

(2n +1)p. Pn(p,) (n +1) Pn+1(11) +n Pn-1 (p.)

and are orthogonal to each other, i. e.

(3-13)

(3-14)
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0P Pm dP. = 2/(2n +1)n

-1

mi n
m= n
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(3-15)

Note that the first two moments, lin, and, P(p..), are identical. This

means that fluxes and currents are the zeroth and first moments,

(Do(x), and,
1
(x), respectively. Hence the flux and current continu-

ity conditions will be satisfied by this method.

Now, define the quantity

1

fk(v) = Pk $v(µ) dµ
-1

From the form of 4 v(4) given by equation (2-8), one finds that

and

f
0

(v)= 1 f
1
(v)= (1 -c)v

f (v)
k+1 k +1

(2k+l)vfk(v) k fk_i(v)

f
k
(-v) = (-1)k

fk(v)

(3-16)

(3-17)

(3-18)

By using the form of 0±(v) given by equation (2-11) one also

finds that

and
+ Pk d11 =

-1
(3-19)

1

S ..(1.1) 1'k(µ) dµ = fk -v0) = (-1)k
f
k

(v0) (3-20)
-1

One can now apply these forms to the flux integrals of equations

(3-12). The Legendre moments of the flux then turn out to be,



n(
tz) a a+ fn

0

e-x/v0 (-1)na
- n 0

ex /v0

1

+ J A(v)fn(v) ex/vdv+ (-1
()

A(-v)fn(v
0

ti
x
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(3-21)
o°

vdv+ (1-c)
n
E

These integrals can then be evaluated numerically by assuming

discrete values of v in the continuous range as shown by equation

(3-7).

Numerical Calculations of the Moments Matching Method

The integrals of equation (3-21) were evaluated by central point

numerical integration methods. Various types of integration schemes

were tried. Among them were central point trapezoid and Gaussian

Quadrature (1, p. 921). None of these methods were effective, how-

ever, since it took two or three points in the numerical integration

scheme to give sufficient accuracy. What was desired was an inte-

gration scheme that would represent the fluxes well with fewer

intervals. This would then keep the total number of equations and

variables involved down to a minimum.

In particular it would be ideal if we could represent the integral

from zero to one by a single point. That is,
1 ti

F(v) dv F(vi) (3-22)
0

for some appropriate value of v
1.

This represents the optimum

method since if we ignore the integrals completely we have ordinary
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diffusion theory (28, p. 131), which does not have enough accuracy

for this type of calculation.

In order to find the best single value, however, one needs to

know a simple analytic form for A(v). This is not known in general,

but Robinson (37) has obtained some rather complex forms and has

found numerical values for this function fox' several different cases

in slab geometry. These show that A(v) is either predominantly flat

or peaked below v = . 5.

By doing a study of several different cell types we were able to

arrive at a ''best" value of v. Table 3.1 shows the results of one

portion of the study. The example listed here is the water moderated
2cell Al. For this cell the correct value of the disadvantage factor

is about 1.624. Note that there are many different combinations of

v in regions 1 and 2 that give the correct disadvantage factor. How-

ever, there is only one spot where we can use a single value. This

is for v = .35.

Other cell types which were calculated using this value of .35

for the numerical integration point also showed the same behavior.

These results are shown in Table 3.2. In this table we have com-

puted disadvantage factors for water and graphite moderated slab

cells in one thermal energy group. These cells were calculated as

two regions with sizes shown and using cross sections as shown in

2See Appendix A for complete cell specifications.



Table 3.1. Variation of the disadvantage factor with v for a two region problem (cell Al)

v - Region 1 v - Region Z

.2 3 .4 5 6 .7 .8 .9

. 1 1.780 1.771 1.766 1,762 1.760 1.758 1.756 1.755

.2 1.707 1.680 1.662 1.650 1.640 1.633 1.627 1.623

. 3 1.681 1.646 1.623 1.605 1.592 1.582 1.574 1.567

. 4 1.670 1.631 1.605 1.585 1.570

. 5 1.664 1.624 1.596

.6 1.662 1,620 1,591

. 7 1.660 1.617 1.588 Exact Result = 1.624

.8 1.659 1.616

.9 1,658 1.615



Table 3. 2. Disadvantage factor calculations for two region cells in slab geometry.

Cell
No. ( xf, xm)

Diffusion
Theory Thermos

Discrete
Ordinants

S8

Robinson
"Exact"

Thermos
(Approx. )*

Robinson
Moments
Matching

Spherical
Harmonics

P3

Method

Water Moderated Slab Cells

Al ( 4, 1.4) 1.431 (-12)** 1.612 1. 628 1. 624 1. 532 (-6)** 1, 627 1. 579 (-3 )** 1.624

A2 (. 3, 1.05) 1. 244 (-11) 1. 401 1.404 1. 401 1.320 (-6) 1.404 1.355 (-4) 1. 395

A3 (.2, . 70) 1. 109 (-9) 1.230 1. 224 1.227 1. 157 (-5) 1.225 1. 178 (-4) 1.211 (-1)**

A4 (. 1, 35) 1. 027 (-6) 1.097 1.086 1.094 1.049 (-3 ) 1.087 1.052 (-3) 1.070 (-1)

Graphite Moderated Slab Cells

B1 (. 5, 1. 5) 1. 110 (-15) 1.316 1.312 1.210 (-8) 1.227 (-7) 1. 291 (-1)

B2 (. 5, 5.0) 1.292 (-13) 1. 494 1. 496 1. 404 (-4) 1.446 (-3 ) 1. 497

B3 (. 5, 10.0) 1.551 ( -12) 1, 746 1, 757 1.686 (-4) 1. 713 (-2) 1. 757

B4 (2. 5, 1. 5) 2.097 (-32) 3.091 3.093 2. 806 (-9) 2. 914 (-6) 3. 131 (+1)

B5 (2.5, 5.0) 3, 005 (,20) 3. 747 (.1) 3, 783 3,776 3, 716 (-2) 3. 802

B6 (2.5, 10.0) 4.299 (-14) 4.948 (-1) 5.020 5. 187 (+3) 4. 949 (-1) 5. 003

*An approximate Thermos calculation (cosine currents) from SRL (7).
**Figures in parentheses are percent deviation from the S8 results. Figures less than 1% are not quoted,
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Appendix A. The diffusion theory calculations used a diffusion coef-

ficient from Case's method as given by La Marsh (28, p. 131). The

S8 results were calculated here at Oregon State and used trapezoidal

weight factors for the angular flux integration. Both sets of

THERMOS values were computed with the Battelle version of the

code (43) which has been adapted to the CDC 3300 here at OSU. Both

Robinson's "exact" values (19) and his moments matching values (36)

have been included for comparison purposes.

Note that the agreement between this method and 58,

THERMOS and other high order accuracy methods is excellent in all

cases. Although investigations did not include all extreme limits of

cell sizes and cross sections, the calculations did span the realm of

normal computations, For both the graphite and water moderated

cell the deviations were less than 2% for every case investigated.

One can see also that the P3 calculations, whose theory is

outlined in the next chapter, are about three to four percent low for

most calculations. Hence, Method I gives much better accuracy

than this more standard scheme. However, our method involves the

same number of moments as P3 theory and therefore takes the same

amount of computer time to solve. Because of this it was felt that

Method I did show promise and should be investigated further.
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Method II: Discrete Ordinants Matching

The method of discrete ordinants matching was also investi-

gated. Its theory is rather self explanatory. At each cell boundary

we can match

J)
11=

(i+1)(x, .), for j - 1, 2, 2N +2. (3-23)

This gives the necessary 2N +2 equations at the interface.

This method was found to be extremely sensitive to the type of

numerical integration procedure (e.g. trapezoidal, Gaussian

and to the values of Eij used. The only integration routines and sets

of that were found to give reliable results were those which satis-

fied the Sn method equations discussed in Chapter IV. Other values

of the disadvantage factor calculated were highly unstable and unpre-

dictable. No numerical data is included here since values of the

disadvantage factor were both positive and negative and hence really

quite meaningless.

Method III: Ordinant Width Matching

As shownby equation (3-10), this method involves integrating

the angular neutron flux over a set of angles, Ap.j, at each interface.

Instead of preserving the moments of the flux, as shown by Method I,

or at some set of discrete ordinant points, as shown by Method II, the

angular flux is preserved in some interval width.
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Here the integ`rals over the flux angles are, for v not between

p.. and
1+1

S 1'1)41
cl)v(p.) dp. =

and for v in the interval (p.i< v <

cv Ln
2

1+1 Ln

V

V
i

vp

1+1

(3-24)

+ X (v) (3-25)

The angular fluxes when integrated over the angle intervals can then

be written in the form

P'i+1
p.)diu = a+13(vo, p,i+1) 3c1)/0a-13(-v Ijit P1+1) e

1

+ A(v) 13(v , p.. , p.. ) e v + S A( -v)13( -v, p.. , p.. )
1+1 1+1

0 0

where

f3
(v,

cv
2

Ln

s(P.i+1 4i)
2(1 - c)E

T

V

v- p..cv Ln
2 vp..

+11

ex/vdv (3-26)

> v > p..
1+1

+ X(v) p.. < v<p..
1+1

(3-27)

and I have assumed that µi <

The integral on v can now be broken up by a numerical integra-

tion scheme as for Method I. By matching these angular integrals at

each interface we can obtain the required number of equations.
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Calculations using this method proved to be very stable numer-

ically, but they converged quite slowly. Table 3.3 shows computa-

tions made for cell Al. Note that while the number of integration

intervals were being doubled convergence was being obtained. How-

ever, this was only at a supreme cost of computer time.

Table 3.3. Disadvantage factor convergence comparison.

Number
of intervals

N

Number
of widths
matched

2N +2

Disadvantage Factor
(Cell Al)

Method I '4,1*Method III

2 6 1.688 (+4) * 1.615 (-.5)
4 10 1.610 (-1) 1.623 (0)

8 18 1.616 (-.4)
16 34 1.619 (-.2)

"Exact" 1.624

* Percent errors are shown in parentheses.
** Method I used trapezoidal center point integration.

These results are quite poor when compared with the values of

Method I. They are even poorer when compared with the special

procedure of Method I where we obtained 1.624 for N= 1. With

Method III, even after 34 angular integrals were preserved, the

fluxes were still slightly in error.
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Conclusions

After all calculations were performed, it was rather obvious

that only one method should be pursued further. Method I results

were superior in every case tried. The special value of v which

was used had made these results even better. Moreover, as will be

shown later, the moments matching technique could be easily extended

to cylindrical geometry. Therefore, this method, with the special

v value, was utilized in all subsequent calculations.
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IV. SIMILARITIES OF SPHERICAL HARMONICS AND
DISCRETE ORDINANTS THEORIES

Introduction

There are many similarities between the numerical solution of

the Boltzmann equation using Case's eigenfunctions and standard

numerical theories. Let me briefly outline and discuss the parallel-

ism of the two most common. These are the spherical harmonics,

or PN theory, and discrete ordinants, or SN theory. Davison gives

similar treatments of these (15, P. 116-181).

Spherical Harmonics Theory

Taking the slab geometry transport equation as given by (2-1)

we expand the flux as

6c,1-1,)
4Tr

/ (2n +1) Pn(p.)er)n
(4-1)

n= 0

where the Pn(p.) are Legendre polynomials. Now, if we multiply the

transport equation, (2-1), by (2n +1)Pn(p.) and integrate over the

range of H., (-1 < < 1), we form equations for the Legendre flux

moments,

and
dxA,

1
(3) + (1 - c) 0(x) for n= 0

(4-2)

n + 1 )
d

n+1(1) + n 6 i ) + (2n +1) O(3) = 0 for n > 0
(13-c n-1
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Now, truncate the series (4-1) at N terms. Equations (4-2)

will form a set of N +1 equations in N +1 unknowns. The solution of

this problem is obtained by postulating

n(x) =g eNx for n= 0,1,, N (4-3)

Substituting into (4-2) yields,

yg
1

+ (1-c)g0 = 0 n= 0
(4-4)

-y[(n+l)gn+1 + ngn_i] + (2n+l)gn = 0 n= 1,...,N

This is a homogeneous set of equations. Hence, in order for a

solution to exist the determinant of the coefficients must vanish.

This gives

1 - c "/ 0 0

Y 3 ay 0

0 ay 5 3y

0 0 3y

'21\T - 1 NY

Ny 2N +1

0 (4-5)

This determines the permissible values of .y. For c < 1 and n odd,

.theywill occur in symmetric pairs, ±y In general, two roots,

±liyo are greater than 1 in absolute value and the rest ±1/Ni all lie

between zero and one in absolute value.

These roots, ±1/y. roughly correspond to the values of ±v.

that are used in the numerical integration of v on the range (-1< v <1).

The two largest roots, ±1/y0' approach ± v
0

in value as N becomes
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large. For a comparison of these roots see Table 4.1.

Thus, Pn theory may be thought of as a specialization of the

moments matching theory, Method I. However, in this case all v.

values are specified by the determinant (4-5). Our numerical method

deviates from this theory, then, in that it specifies only the values of

* v0 and leaves the other values to be predicted by the numerical

integration procedure.

Discrete. Ordinants Theory

In this theory, the solution is postulated to be of the form

n= 1

A . Onx for j= 1, 2, , N (4-6)

A numerical integration scheme of the form,
N

1

S1)(x, 1.1.) =

-1
µ.)mµ. (4-7)

is used for the angular flux integral. Substitution of this into the

Boltzmann equation gives
N

i=

- 11 + n
(4-8)

This equation is the SN equivalent of the flux normalization condition

given by equation (2-6). However, here we have an important differ-

ence. Given a specified set of values, equation (4-8) becomes a
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condition for determining yn. Hence, as in PN theory all values of

Nn are predetermined. For c < 1 and even N roots of the absolute

value of ±l /yn lie between each positive pair of µ, and
11j+1

one pair of roots, I±1/No I , is also larger than the largest p...

where

Using these roots, we can now write

=c1:0x,
11,J

.)

An

N

n= 1

N

njA .

i= 1

An
-Ynxe

1 + p.j n
(4-9)

(4-10)

Again, as with PN theory, the SN method represents a close paral-

lel to one of our numerical theories. However, in this case it is our

Method IL The important difference with SN theory. is that once

the values of p.i are picked equation (4-8) specifies all values of ±,/
n

to be used. Our discrete ordinants matching method, on the other

hand, specifies only the discrete values of ± v0. It leaves all other

values to the numerical integration routine.

Numerical Calculations

Both of the above methods are quite often solved using the finite

difference forms of the equations (12, p. 184-216). This does, how-

ever, provide us with an insight into their similarities with our

numerical solution.
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In order to get a better look at all methods, Table 4.1 shows

typical root comparisons of 1/Nn for the PN and SN theories. Also

listed are equivalent v values for our numerical method which I have

labelled IN (where N indicates the number of integration intervals

for 0 < v < 1). They are shown for two different values of the ratio

of the scatter to total cross section, c. The first of the two c values,

c = . 554, corresponds to the scatter to total cross section ratio of

the fuel of the cell set A (Appendix A). The second, c = .992, cor-

responds to the one group water values of the same cells. In the SN

example, the 1.1.j values used assumed a trapezoidal center point

integration routine.

Note specifically, that except for v0, our numerical roots are

not a function of material. It was precisely this property that allowed

the best choice of v= .35 to be picked for the excellent agreement of

Table 3.2. Further, the values for v
0

given by our numerical

method are precisely the correct values for the asymptoic terms of

Cases expansion as given by equation (2-14). Thus, our method

gives the correct shape for the asymptotic flux.

Table 4.2 is also included to show the typical convergence of

these three theories. This table was set up to show convergence for

equivalent orders of accuracy with the three methods. Equivalent

accuracy in that an 13 calculation matches eight flux moments as

does P1 theory while S0 matches eight discrete flux angles.
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Of the various moments matching theories (PN and IN), the

IN theory (Method I) seems to consistantly give better results. This

is true for both the trapezoidal central point integration and Gaussian

integration schemes. And, of course, the special v value, v= . 35,

gives better answers than all methods of equivalent accuracy including

S4. However the S4 did a particularly good job in this calculation

since 1. 622 is very close to the exact answer of 1. 624.

This could also possibly be used as additional justification for

our special procedure. Ignoring the last method for the moment, SN

theory seems to converge faster than all other theories shown in

Table 4.2. Although it may not be proper to generalize from a single

calculation, the lower values of the SN roots of ltyn seem to more

adequately represent the flux expansion in slab geometry. And al-

though the excellent agreement of the S4 calculation in Table 4. 2

does not hold for all cells calculated, it does show the general trend

set by the lower v values. This, then becomes an additional justifi-

cation for our choice of the single v value of . 35 shown in Chapter III.
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Table 4.1. Expansion roots of v and 1/y for a typical P7 or S8
calculation.

Method v2

c = .554 (One group fuel value")
S

8
1.0361 .68145 . 40452

P7 1.0701 .86918 . 58138

13 (Trap. Int.) 1.0711 .83333 . 50000

13 (Gauss. Int.)
1.0711 .88729 . 50000

.13435

.20416

.16667

.11270

c = 992 (One group water moderator value
**

S
8

6.2816 . 72627 . 43024 .14276

P7 6.3323 . 90612 .62749 .22391

13 (Trap. Int. ) 6.3323 .83333 . 50000 .16667

13 (Gauss. Int. ) 6.3323 .88729 . 50000 .11270

Table 4.2. Disadvantage factors for cell Al.

Method N = 1 N = 2 N = 3

2N+2 1.622 1.628 1.628

P2N+1 1. 579( -3) 1.608(-1) 1.618

IN (Trap.) 1. 575( -3) 1. 615( -1) 1.624
IN (Gauss. ) 1.575(-3) 1.631

IN (v1 =. 35) 1.624

* Percent errors are shown in parentheses. Errors less than one
percent are not shown.

** See cells Al through A4, Appendix A.
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V. NUMERICAL SOLUTIONS IN CYLINDRICAL GEOMETRY

Introduction

Having investigated the various methods in the simplest of

geometries the next problem is to extend the most promising method

to cylindrical geometry. Since a general eigenfunction method equiva-

lent to that of Case's theory in slab geometry has never been exhibit-

ed, the solution is not as easy. However, several people have done

work on this problem and have given a general idea of which direc-

tion to follow. Mitsis (32) devoted a large section of his thesis to this

and solved the bare cylinder critical problem. He also exhibited

expansions for the zeroth and first angular moments of the flux, i. e.

the flux density and current. Further, Robinson (37, 41) developed

some approximate methods for the two region fuel-moderator cell.

By utilizing these ideas and ideas from the spherical harmonics

theory developed in the previous chapter, we were able to formulate

the necessary spherical harmonics flux moments of our method with-

out solving the general case. To do this, we developed an approach

paralleling the work done in cylindrical geometry by Kofink (27).

Briefly, as a matter of review, the transport equation in

cylindrical geometry, is



a sin iP a + t.Cp-,0, LP)sinO[cos 4,11
a

2Tr Tr S(P)
= t.(p, 0, gi) sin 0 d 4d0 +

4Tr
0 0
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(5-1)

where once again, we are working in distances measured in mean

free paths i. e.

(5-2)

The angles are defined differently from the slab geometry problem

as shown in Figure 5.1.

Figure 5. 1. The geometry of the cylindrical cell.

Note that we have taken a direction of neutron travel, Q, and

defined it by two angles, 0 and Lp. By comparison with Figure 2. 1

one can see that the principal difference between slab and cylindrical

geometry is this flux dependence on these two angles instead of just

one. This complicates the problem considerably since it doubles the

amount of work necessary to calculate angular neutron fluxes. How-

ever, as will be seen later, some of this work can be recovered

since we are using the simple isotropic scattering form of the trans-

port equation in a reflected reactor cell.
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Moments of the Flux

Following the work of Kofink (27) this method solves the trans-

port problem by expanding the flux in spherical harmonics. This

expansion is of the form

, 0 , ) =

1=0 m= -1
frn(p ) Y fm (0,4J)

where the Y/m (0,4J) are defined as,

Yirri(0, = (-1)111

(5-3)

1

[(1 m)!
(/ + m)li P/m(cos 0) ei" (5-4)

The various spherical harmonic moments of the flux are then written

as
Tr(;

4Tr

+ 1
dklig sin 0 dB Y/m (0,4J) , 0, Ili) (5-5)

0 0

where Yim is the complex conjugate of Y/m. It is precisely these

moments of the flux that we wish to preserve in our flux calculation.

Kofink gives a general form for these moments postulated in

terms of the modified Bessel functions I (x) and K (x),m m

.t1m (P) = fm(v) Im(P ly) + (-1)m q.em(v) Km (; /v) (5-6)

Following on through his solutions for the spherical harmonics equa-

tions, one obtains the standard PN equations for cylindrical geome-

try. What we wish to do is to extrapolate his solutions to the limit as

N goes to infinity. This will then give the equivalent spherical
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harmonic moments for Case's solution in cylindrical geometry.

To summarize briefly, as N goes to infinity, one finds a dis-

crete flux term as well as a continuous portion distributed on the

interval 0 < v < 1. Using this extrapolation, one can come up with

a cylindrical geometry equation for the flux moments identical in

form to the slab geometry equation given by (3-21). This is,

plm(vo) Im( 1v0) + (-1)m qlm(vo) Km(Vvo)

1

m(v) Im(P7v)dv + (-1)11-154 qlm(v) KmCp7v) dv
0 0 (5-7)

6+ (1 - c)ZT 6/ 0 m0

Note that we now have two subscripts, / and m, instead of one shown

in equation (3-21). This is due to the additional angle in cylindrical

geometry. The v0 given here is a function of material only and not of

geometry. Hence it is still given by the solution of the transcendental

equation (2-9).

This is exactly the sort of equation we need to solve the cylin-

drical geometry problem. By equating the necessary moments

41)

.erri
(p) at each media interface, we can construct the fluxes exactly

as in slab geometry. The only difference being that here we have to

use more moments in order to obtain an equivalent accuracy.

However, some of these flux moments can be eliminated.

Kofink points out that the symmetries of the infinite cylindrical
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geometry limits us to the flux moments for which m is positive and

+ m is even. Hence, the problem simplifies to that of determining

the flux by matching the moments,

00
(p) The neutron flux,

11
(p) a- The neutron current,

and .1)20' <1.22' z1.31' (1)33' at each media interface.

To complete our theory we need a relation between the pim(v).

Since these are identical to the relations of PN theory they have been

extracted verbatim from Kofinks work. Following through his method,

he obtains a "splitting" of solutions. The easiest way to describe

this split is to express the first few moments in terms of a new set

of variables pn(v), n(v) and a "soon to be known" function, flmn(v).

Here, the first few moments look like,
1

00(p) p0(v0) VPiv()) q
0

(v
0

) K
0

( 7v
0

) p
0

(v) I
0
(P7v) dv

0 (5-8)
1

+ q0(v) Ko(P 7v) dv+ S/[ (1 - c)Z
0

11(p) fl 10(10) [P'0(v0) I1(7340) - K (p/v0)]

f1
o

f110(v)
[p (v) I

1
(p/v) -q

0
(v) K

1
(p/v)] dv

and

(5-9)
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20
) f

200
(v

0
) [ p

0
( v

0
) I

0
( 7 3 /v0) + q

0
(v

0
) K0(3 /v

0
)

`1
f200(v) [13 0(v)

VP Iv) + q0(v) K0(P Iv)] d v (5-10)
0

pi (v) I0 (p /v) + qi(v) KoCii /v)] dv
0

Note that in ts
20

Cp-:) we have picked up a new set of independent

functions p
1(v),

and q
1(v). This will be true for each //2 new

moments introduced, i. e. for
u

These p ( v) and

q1(v) functions are unknown in general. They are found from the

boundary and interface matching conditions for the particular reactor

cell being studied. Hence they are the cylindrical geometry equiva-

lents of a
+

, a
-

and A(v) given for slab geometry by equation (3-21).

The various moments of the cylindrical geometry flux can now

be written in general form which utilize these new functions as,

(I)im (P. ) = fIm0 ( v
0

) [ p
0

(v
0

) Im (757v
0
) + (-1)mq (v ) Km (p7v0

)]

/ /2
S1 f nnan(v) [ p n(v) ImCp1v) + (-1)mqn(v) KmCp1v)1 d v

0
n=0 (5-11)

S 5 5/0 m 0
(1 - c)ET

Again using Kofink, the flmn(v) are found as follows,

f2n, m, n(v) = 1

and

(5-12)
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(The gi n) (v) obey the following relations

g(11)(v) 0

(n)
g (v) = 1

gi0)
(v) = v(1 -c)

g(n)(v) = (4n+1)v

and the recursion relation,

for Q < 2n

for I = 2n

for I = 1

for I = 2n +1
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(5-13)

(5-14)

(n) -)gi (v) - 1 2n (2/ -1)v g(n)
1
(v) - (/ +2n- 1 ) gi

n
z(v)] (5-15)

The constants, cim, obey the following;

(0)
= 1cern

c(n)
0

= 1 for I = 2n

and the recursion relations

(5-16)

c(n) -1 -m +1 c(n) for / = 2n (5-17)im / +m-1 .e,m-2

(n) -m (n) +m (n)
fm 2(1 +2n) ci-1,m+1+ 2(1 +2n) c/-1,m-1

for I > 2n
(5-18)

These relations are sufficient to define f/mn(v). The first few func-

tions necessary for our method with one numerical integration inter-

val (or equivalently, a P3 calculation) have been listed in Table 5.1.

We now have a complete theory except for the boundary
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Table 5.1. The functions f/mn(v).
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conditions at the right and left reflected boundaries of the cell. At

the left boundary the condition is that of finite flux. Hence Km( /v)

must vanish for all m at this boundary. This means that all qn(v)

must be zero in region 1. At the outer cell (right) boundary we will

apply the reflected boundary condition by requiring that the neutron

current and all other odd flux moments be zero. Hence here,

(1,11 CO') -= (15) = 33(P ) = 0. (5-19)
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Numerical Calculations of C lindrical Cells

This method was programed for the CDC 3300 computer. The

program included a P3 calculation as a special case. Since the two

methods are so similar, the additional programing necessary for this

is trivial.

At this point, efforts turned toward finding the "best" value of

v just as in the slab geometry case. But in doing this, one has to be

careful because here the flux is described by two angles instead of

one. Further, the curvature of the cylindrical geometry cell makes

flux description much more complex. For example, the additional

complexity of our cylindrical geometry theory over and above the slab

geometry theory bears witness to that fact.

First, we tried to find a single value of v that would describe

the continuous v range from zero to one. In cylindrical geometry,

we found that v behaved in an opposite manner to slab geometry.

Where smaller v values gave larger disadvantage factors in slab

geometry, larger values gave the same effect in cylindrical. Hence,

in cylindrical geometry, our best value of v would not be . 35 but

some other value. In a good number of cases, we found v= . 65 was

adequate for the representation of the continuous v range from zero

to one However, we also found calculations where cylindrical geome-

try was too complicated to be represented by a single value of v.
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Hence this approximation was too crude for cylindrical geometry and

we needed to look more deeply at the problem.

Our study led us to conclude that we were representing the

asymptotic terms of the flux expansion exactly with ± v0 for the

discrete roots. However, we needed a set of v values in the con-

tinuous range which were larger for moderator like materials and

smaller for absorber materials. Since this property is displayed by

the P3 roots, 3 we examined possibilities of using them in some way.

Using the smallest P3 root for the continuous representation gave a

slight improvement but not as much as is necessary to make this a

good calculational scheme. As a next step, we attempted to improve

this by magnifying its deviation from its smallest possible value (.34)

by some factor. Specifically, we calculated the v value by

v = .34 - 34 - 1 ] (5-20)

where a is an over relaxation factor applied to the deviation. By

magnifying this deviation by a = 1.5 we found good agreement with

the more standard methods in cylindrical geometry also. I should

point out at this point that there is nothing fixed about equation (5-20)

for picking a good value of v. This particular method gives good

3To be specific, we are talking here about the inverse P3 roots
±1 /-y in much the same way as we discussed them in Chapter IV. The
smallest of these roots (1/y) varies over the range of .34 < 1/y < . 51
depending upon the material cross sections present.



answers but other methods may exist which will do better.

Calculations were then performed on both water and graphite

moderated cells similar to those of slab geometry. These results

are shown in Table 5.2. Diffusion theory calculations have been

included to show the gross change produced by the P3 calculations

and our Method I from preserving additional moments of the flux.

The diffusion theory calculations used a diffusion coefficient from

Case's Method (28, p. 131). One can see from these calculations

that there is considerable improvement in our method over P
3
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theory, especially in the graphite type cells. Note that the calcula-

tions of THERMOS and our Method I are within 3% in all cases.

CDC 3300 running times were about five seconds per case for our

method (and P3) and 17 seconds per THERMOS case. These time

differences reflect only flux calculational differences since the set

up and edit routines for both codes are identical.

Next we investigated some cell types shown by Amouyal,

Benoist, and Horowitz (3). These results are shown in Table 5.3.

Here, the ABH method is shown to agree very well with S8 calcula-

tions run by Lathrop (37, p. 107). The S8 results were established

as the most accurate for comparison purposes. Again there is a

large improvement of P3 theory over diffusion theory results. And

again an additional improvement of our method over P3 theory. For

these cells THERMOS was 3 - 4% higher than S8 theory and our



Table 5. 2. Disadvantage factor calculations for two region cells in cylindrical geometry.

Cell
No. (AP f AP m )

Diffusion
Theory THERMOS

Spherical
Harmonic s

P3

Method
I

Water Moderated Cylindrical Cells

El (. 4, 1. 4) 1. 165 (-7)** 1. 244 1.231 (-1)** 1. 233

E2 (. 3, 1. 05) 1.093 (-6) 1. 162 1. 143 (-2) 1. 148 (-1)**
E3 (. 2, . 70) 1. 042 (-5) 1. 096 1. 074 (-2) 1. 084 (-1)
E4 (. 1, . 35) 1. 010 (-4) 1. 048 1. 026 (-2) 1. 041

Graphite Moderated Cylindrical Cells
Fl (. 5, 1. 5) 1. 043 (-20) 1.258 1. 139 (-10) 1. 227 (-3)
F2 (. 5, 5.) 1. 078 (-14) 1. 225 1. 142 (-7) 1. 231

F3 (Z. 5, 5.) 1. 841 (-27) 2. 337 2. 278 (-3) 2. 300 (-2)
F4 (2. 5, 10. ) 2. 227 (-19) 2. 654 2. 640 2. 661

* See Appendix A for a complete cell description.
** Percent deviation from the THERMOS results are shown in parentheses. Figures less than

1% are not quoted.



Table 5.3. Disadvantage factor comparisons with Amouyalls cells.

Cell
No. p f,Apm)*

Diffusion
Theory

Discrete
THERMOS Ordinants

S8

Spherical
ABH Harmonics

P3

Method
I

Graphite Moderated Cylindrical Cells
G1 (1. 3, 9. 98) 1.538(-21)** 1.930(+3)** 1.869 1.877 1. 784( -5) ** 1.843(-1)**
G2 (1. 3, 10. 6) I. 553(-21) 1.937( +3) 1.884 1.891 1. 800(-5) 1.858( -1)
G3 (1. 3, 6. 63) 1.461(-22) 1.838(+3) 1.788 1.791 1.708(-5) 1. 762( -2)
G4 (1. 5, 6. 43) 1.560(-23) 1.994(+4) 1.925 1.931 1.848(-4) 1. 894( -2)
G5 (1. 7, 6. 23) 1.660(-24) 2.143(+4) 2.062 2.070 1.988 (-4) 2.028(-2)

* See Appendix A for complete cell description.

** Percent deviation from the S8 results are shown in parentheses. Figures less than 1% are not
quoted.
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method 1 - low. The P
3

calculations were 4 - 5% low. Hence

again in this table our method shows high accuracy.

Numerical Calculations of Small Square Cells with Cylindrical Rods

Of course, no calculational method would be complete without

looking at the problems involved in calculating small light water

moderated square cells containing cylindrical rods. The particular

cells which have commanded the most attention are those originally

given by Thie (46). Much work has been done on this and has been

reported by Thie (46), Weiss (50), Adir (2), Dudley (18) and Henry-

son (23).

Thie showed in his calculations that the ABH method utilizing a

Wigner-Seitz cell most closely agreed with Monte Carlo calculations

which were performed with the actual x-y geometry. These results

were generally confirmed by Weiss. Other calculational methods

have been formulated by Dudley and Adir utilizing P3 approximations

and specify conservation of the flux moments at certain points on the

actual square boundary. Thus, there is a good deal of literature

available on these particular cells and the error limits have been

quite well defined.

These cells contain . 381 cm radii, 1.5% enriched rods in

boiling water with a void fraction of from 25% to 95%. There are

two moderator sizes with moderator to fuel volume ratios of 4. 096
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and 1.861. They are meant to demonstrate the problems involved

when the absorption of the water moderator is decreased significantly.

All standard one dimensional transport methods such as

THERMOS, PN, and SN theory which utilize reflected outer flux

boundaries have a problem in calculating these cells. Here, the

effects of the flux reflection and the Wigner-Seitz cell approximation

seem to amplify one another to yield large errors in the disadvantage

factor. These errors can be seen in Table 5. 4 by comparing the

reflected boundary calculations with ABH and Monte Carlo theory.

The ABH and Monte Carlo calculations are those reported by Thie.

Note that while the errors start out small they become quite large for

small values of moderator absorption (cell H6 has the largest void

fraction and hence smallest absorption).

Honeck (24) has suggested that one use an isotropic flux return

condition at the boundary to correct for the poor Wigner-Seitz cell

approximation. This condition is easy to set up since it requires no

modifications to the existing codes. One simply puts in an additional

region at the outer boundary which contains a heavy scatter that has

negligible absorption. This region should be at least two mean free

paths thick.

For these calculations this was simulated by adding a region

that was 2 cm. thick and had a scattering cross section of 1 cm. -1.

The disadvantage factor results are shown in Table 5. 4. The



Table 5. 4. Disadvantage factor comparisons for Thie's lattices.

Cell
No.

Diffusion
Theory

Monte
Carlo ABH Isotropic Boundary Return

THERMOS P3 Method I

Reference
H1 1. 045 1. 135±. 03 1.170 1.159 1. 095 1. 129
H2 1. 033 1.169 1.156 1. 076 1. 136
H3 I. 030 1.155 1.148 1. 071 1 108
H4 1. 023 1. 137±. 01 1.159 1.149 1. 059 1 122
H5 1. 017 1.169 1.146 1. 047 1 183

H6 1. 011 1. 161±. 01 1.189 1.145 1. 037 1 728

Reflected Boundary Condition
THERMOS S8 P3 Method I

H1 1. 268 1. 233 1. 165 1. 195
H2 1.334 1. 289 1. 188 1. 239
H3 1. 322 1. 276 1. 206 1. 235
H4 I.. 426 1. 364 1. 264 I. 309
H5 1. 724 I. 625 1. 439 I. 513
H6 3. 621 -- 2.417 2. 129
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isotropic boundary return condition caused the P3 results to be 7 to

15% lower than the ABH results. However, with the exception of the

last case, both THERMOS and our Method I gave acceptable results.

The agreement of these two methods was within the Monte Carlo

uncertainty for the cases shown.

At the last point, however, Method I rises to give a high value

while THERMOS remains consistent with the Monte Carlo results.

However, this rise in the disadvantage factor of some 50% is not as

bad as it might seem. First of all one should note that this is the

limiting case of small absorption with a 95% void coefficient which is

physically unrealistic in present day power reactors. But, even so,

let us look at Table 5.5 which shows values of the thermal utilization

as formulated by Adir (2).

For review, the thermal utilization is defined as

f =

Ea V
f

Ea + Ea mf

(5-21)

The subscripts f and m refer to the fuel and moderator respectively

and f is the disadvantage factor. The reason we are concerned with

effect of the thermal utilization is that it enters directly into the cal-

culation of the effective multiplication factor and is the quantity which

shows the effects of overall errors. One will note that in this table

our value is low by only about . 1%. This is because the void fraction

is so large that the absorption in the moderator is almost zero.



Table 5.5. Thermal utilization in Thie's square lattices.

Cell
No. ABH

Square Cell Calculations
Monte Dudley Adir
Carlo P3 P3

Isotropic Boundary Return
THERMOS P3 Method I

Reference

H1 . 9019 . 9045±. 0023 . 9070 . 8955 9026 . 9076 9050

H2 . 9326 . 9372 .9279 . 9332 9376 9344

H3 9532 . 9563 9300 . 9535 .9566 9551

H4 . 9683 9690±. 0004 9708 . 9483 9686 . 9710 . 9693

H5 .9839 .9605 .9842 .9856 .9837

H6 9970 . 9970±. 0000 . 9861 9970 9973 9954



56

Hence, the thermal utilization is not affected by a disadvantage factor

gain for this small an absorption.

One should also notice that all calculations using isotropic

boundary return have values of the thermal utilization which agree

quite well with ABH and Monte Carlo theories. Also, our P3 values

are almost exactly the same as those obtained by Dudley.

One surprise, though, is the column calculated by Adir and

Lamarsh (2). These values of thermal utilization are consistently

lower than all other calculations. A low thermal utilization indicates

a high disadvantage factor. In particular, for the last case shown,

their thermal utilization of . 9861 would require a disadvantage fac-

tor of about 5.3. When compared with the other disadvantage factors

in Table 5. 4 this seems quite high.

In conclusion, I believe it is again safe to say that our method

gives good agreement with most standard theories. The fact that it

is 4 to 6% lower than THERMOS in some cases is not necessarily bad

as shown by its agreement with S8 theory in Table 5.3. And it does

have a definite plus in that computer running time is about one third

that of THERMOS. Thus, it appears that our method is worth pur-

suing further.
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VI. NUMERICAL SOLUTIONS WITH ENERGY DEPENDENCE

Introduction

Robinson (37, p. 62) has shown that the problem of solving the

transport equation with energy dependence added is an area for

research all by itself. Unless some simple multigroup treatment is

used, the whole solution is very complex. However, energy depen-

dence is essential to an accurate solution of a reactor problem. And

while the use of the multigroup treatment is possibly not the most

elegant way to treat the problem, it is certainly the most straight

forward.

In treating the thermal reactor cell we then utilized these

simple multigroup methods. This enabled us to obtain a numerical

solution which is both quick (in terms of computer time) and accurate.

Theory of the Multigroup Method

The multigroup method allows us to write the transport equa-

tion for a small energy group of width AE at an average energy E

as,

Eg) +'r9 Eg) =

c(Eg)
fir, Eg) d + SCI4"rrEg)

41T

(6-1)

where the first term is the generalized (geometry independent) form
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ti

for the neutron leakage. Here we are still using distance, r, mea-

sured in total mean free paths. The spatially dependent neutron

source term is of the form
NG Es.(En- Eg)6 En

SEg) = ext(Eg)
g(E

gr,7- 2 En) di2 2)
Z;T g) )

h=-1. *T2'

with i as a material region subscript. Note that we have defined the

cross section ratio, ci, in a different way as,

ci(Eg)

E
s

(Eg--..-Eg)AEg

Z
T

(Eg) (6-3)

The transport and source equations suggest an iterative method

for determining the fluxes in the cell. The algorithm is as follows:

(1) Starting with the source equation (6-2), we assume Sext to be the

down scatter source of epithermal neutrons and the flux to be either

zero or Maxwellian shaped. Both the source and the flux (if nonzero)

should be normalized so that the same number of neutrons enter the

thermal reactor cell as are absorbed. They are usually normalized

to one neutron per cm3. Hence

.1 Eg) dV dEg = 1 (6-4)

SEa (Eg)C7, SZ, Eg) dV do dEg = 1 (6-5)

and

(2) This then supplies us with the necessary source term for equation

(6-1). Therefore we can solve this equation for the multigroup fluxes
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in the cell. (3) These new fluxes can be normalized to the same

absorption value as in step (1). In this case it is again taken to be

one neutron per cm3. (4) These new fluxes should be better estimates

of the true converged fluxes than the original Maxwellian or zero flux

guess. Thus we can use them in step (1) in place of the poorer values.

To complete the iteration scheme, then, we will iterate steps (1), (2)

and (3) until all fluxes have converged to within some small fractional

error (10-5 is quite often used). This will give us converged neutron

fluxes in the reactor cell.

The problem with using (6-1) and (6-2) is that the form of (6 -2,)

allows a spatially dependent source. Our investigations thus far are

only for constant region sources and have not included spatial depen-

dence. Let 4s look briefly at the problems involved with solutions

which have spatial dependence.

For an example, let's take the slab geometry problem where

the cross scattering source terms are of the form,

S(3) = ex /p (6-6)

If we are not in resonance with the homogeneous flux terms in the

group (i. e. p#v), we can assume a particular solution to equation

(2-1) to be of the form,

(1)(;c, [I) KOp.) e3/P (6-7)

This is very similar to that done by Case and outlined in Chapter IL

However, this oversimplifies the problem and leads to troubles.
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This is because the cross scattering sources have terms which are

directly in resonance with the homogeneous terms of the flux. All

terms of the form

Soo = e3. 35 (6-8)

will be in direct resonance with the homogeneous terms of the flux.

Hence its contribution will have to be of the form

1)(x, = K4)(4) xe ix p

Many other terms of the form

S6',c) = e;/110(Eg)

(6-9)

(6-10)

will be in near resonance from the similar values of the various dis-

creet roots. That is, two energy groups which are close to each

other will have almost the same discreet root values for v0. Hence,

if we assume the nonresonance form of the particular solution as

given by equation (6-7) we will have numerical problems from these

forms.

It was felt that the easiest way to overcome these difficulties

was to treat the inscattering source to a group as spatially flat within

each energy group and material region. If more accuracy was

desired and/or if a material region is large, it could always be split

up into several space intervals. Further, for the unmoderated fuel

regions where no cross scattering is present, a single space interval

will define the region exactly. Hence, the average fluxes were used

within each space interval to give a flat source form for the source



term in our calculations.

If we use P for the iteration index and include the spatially

averaged flux source terms, equations (6-1) and (6-2) look like,
va)P+1(7,1.2,Eg) 1)P+1(Eg)

and

c.(Eg) ES.( g)

Eg)
P+1

41T
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(6-11)

SG) (Eg) NG E (Es. n
S (P. Eg)= ext i E (i)(Eg)] P (6-12)ET (Eg) T(Eg) n 0

i h=l i
hg

with the average flux in region i calculated as

= 2, Eg) df2 dVA dV
5 V V

(6-13)

By utilizing the flux form for slab geometry as given by equa-

tion (3-2) and the flux moments form from equation (3-21), one can

arrive at a simple expression for the average space interval flux.

This is
(I)(i)(V, Eg) Eg)

cD(i)(Eg)
1 1

0 (1 c.) T.
-F (6-14)

where the region extends from a to b. Again, b and a are mea-

sured in total mean free paths. In cylindrical geometry, the form is

similar,
2[t (i(i)(1;,Eg) Eg)](i)(Eg)

=
1

0
(1 - ci)(13. -

(1 -ci)ET (6-15)

This then yields the form of the transport equation in a manner
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which can be solved by iterative methods, utilizing the theory of the

previous chapters. To make things clear let's summarize the itera-

tion scheme. (1) Using a down scattering neutron flux source and a

set of guessed spatially averaged fluxes for each interval, we make

up a source by using equation (6-12). (2) This source is then used in

equation (6-11) to calculate the coefficients of the flux terms. These

are calculated using the moments matching theory of Chapters III

and V. (3) These coefficients are then used to compute a new set of

spatially averaged fluxes by means of equations (6-14) and (6-15).

(4) These are in turn used in step (1) instead of the guessed values

to compute a new source. Steps (1) through (3) are then repeated

until the region average fluxes converge to some small fractional

error. Note that in using this algorithm, the angular neutron fluxes

are never computed. Also, the point currents are computed only at

a boundary when calculating the region average fluxes. Thus we have

optimized the flux calculation time on the computer.

Until now, very little has been said about the neutron slowing

down source. This is, of course, a slowing down source of neutrons

from epithermal energies. This is best defined by

S(i) (Eg) e (i) (E') dE'ext Eth
(6-16)

A simple way to obtain an approximate value for this is to assume a

1/E slowing down flux and the isotropic scattering model (28, p. 170).



Under these assumptions, we set

(i) (El) = R.E
c

/E
0

and for each isotope, j, which scatters isotropically, we use,

E (E/--.-Eg)s.

E0)(E )
s h.t

(1 -a.)El
3
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(6-17)

for El< Eg/a. (6-18)

The source of down scattered neutrons then becomes,

Sext (Eg)

J

R. E 0) (E )
_

i s t h a. E th1 3

(1 - a.) Eg
3

(6-19)

where R. is a spacial distribution which is generally flat across the

reactor cell. This is similar to the source used by Honeck in

THERMOS (25) except that his is in velocity coordinates instead of

energy.

fro= iri.E.Methods

This theory was also programed for the CDC 3300 computer.

In order to make cross comparison with THERMOS as easy as possi-

ble, this method was put directly into the THERMOS/BATTELLE

code. The only subroutines that were changed were those essential

to the flux calculation. Only Method I of Chapters III and V was con-

sidered (in addition to P3). Due to memory and time limitations on

the CDC 3300 computer, we were limited to three material mixtures,

eight space intervals and four energy groups. However it was



programed in such a way that these limitations could easily be

expanded on larger and faster machines,

There are some important factors which we used to optimize

running times. First of all, step (1) in the iteration algorithm is

solving a matrix equation,

A cDP+1 SP

64

(6-20)

Here A is a square matrix containing the various moments matching

terms at each interface and the boundary conditions at the cell boun-

daries. (1) is the matrix of the coefficients of the flux for all regions

(a+, a_, A(v.) and A(-v.) in slab geometry). S is the source term

as given by the angular moments of equation (6-12).

As a first step in computation we inverted the A matrix, This

is a time consuming procedure but since equation (6-20) may be

solved fifty to one hundred times it is faster than performing an

equation reduction each time. Moreover, if one looks closely at the

source matrix, the whole process can be optimized. Equations (3-21)

and (5-11) state that due to orthogonality, the only nonzero source

terms are for the zeroth moment of the flux. Since the inverted A

matrix, A-1, multiplies the source matrix which is made up of these

source moments, only those elements of the inverted matrix need to

be computed which multiply nonzero elements in S. Hence in slab

geometry we only have to compute one out of every four columns of

A-1 and in cylindrical geometry it is one out of every six.
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Next, in the iteration procedure, we are only interested in

region average fluxes and currents and not in higher angular moments

of the flux. Hence in cylindrical geometry we do not have to compute

the pair of coefficients pi(v) and q1(v) as shown in equation (5-10).

This is because these coefficients do not occur in the equations for

the flux and current, (5-8) and (5-9). Hence, although these moments

must be set up and used in the matrix inversion routine, those rows

of the inverted matrix do not need to be kept for the flux iteration

procedure. Hence the flux iteration routines in slab and cylindrical

geometry use the same size matrix for A-1. The only additional

work done in cylindrical geometry is that used to invert the matrix

initially. As a matter of fact, in programming this method in both

geometries, the program uses a single flux iteration routine with two

separate geometry routines to supply the A-1 matrix.

Other, more typical optimizing procedures were also used and

will be mentioned briefly. For example, Bessel function or exponen-

tial routines were run only once prior to the flux iteration and all

values stored for quick reference. Further, full advantage was taken

of the diagonal nature of the A matrix in both storage and inversion

processes. This was necessary since if we had not done it, the eight

space interval problem would have given the matrix a 48 by 48 dimen-

sion or 2304 elements for each of four energy groups (cylindrical

geometry). This would have made both storage and inversion
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virtually impossible. However, so as not to compromise the accur-

acy of the method both scaling and partial pivoting were utilized in

the matrix inversion routine (but only within the limitations set by

the above storage considerations).

Numerical Results

Once the program was written and debugged, runs were made

to test the foregoing theory. One of the first assumptions checked

was the spatially averaged flat flux source used for the particular

solution. In particular we wanted to know how many space intervals

would be needed to converge a flux calculation in a moderator region.

The results of tests run for water moderated, four group cells are

shown in Figure 6.1. The important thing that we found here, is that

whether one is using cylindrical or slab geometry, one space interval

per total mean free path is sufficient to converge the solution for the

cell disadvantage factor to 0. 1% or less. This criteria was then

used for all subsequent calculations.

Calculations were then run for some water moderated, natural

uranium cells reported by Robinson (39). These results are shown

in Table 6.1. These cells used four energy groups and two regions

in slab geometry and are shown as set C in Appendix A. Other cal-

culations, which are listed for comparison purposes, are Monte Carlo

calculations made here at Oregon State University (38) and S8 and
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Figure 6.1. Cell disadvantage factor convergence with number of
space intervals in moderator.



Table 6.1. Disadvantage factors for four group calculations in plane geometry.

Cell
No. (Zixfuel, Axmod.) O.S.U.

Monte Carlo S8 THERMOS
3

Method
I

Cl

C2

C3

C4

.4,1.4

.3,1.05

. 2, . 70

.1,.35

1.533 ± .010(a)

1.359 ± .025

1.200 ± .010

1.093 ± .025

1.491

1.183

1.533

1.355

1.205

1.087

1.490

1.317

1.162

1.050

1.528

1.346

1.188

1.064

(a) Confidence limits are one standard deviation errors (.4 66% confidence limit)
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THERMOS calculations which were also listed by Robinson.

These calculations show that with the exception of the P3

calculations all methods are fairly consistent. The P3 calculation

results were about 4% lower than the Monte Carlo results in all cases,

While THERMOS appears to have the best agreement with the Monte

Carlo results, our Method I also lies within the one standard devia-

tion error bars of those calculations.

In the worst case shown, our method deviates from the

THERMOS by less than 1.5%. Hence the Method I slab geometry

disadvantage factors appear to be in excellent agreement with more

standard methods.

U235 disadvantage factors were also calculated for this same

set of cells and are shown in Table 6.2. For review, the U235

Table 6.2. U235 disadvantage factors for four group calculations in
plane geometry.

Cell
No. (Axfuel,Axmod.) THERMOS Method

I

Cl .4,1.4 1.688 1.685

C2 .3,1.05 1.460 1.453

C3 .2,.70 1.268 1.251

C4 .1, .35 1.113 1.088
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disadvantage factor is defined as the flux averaged U235 absorption

cross section in the moderator divided by its average value in the

fuel. This table shows that the Method l values are less than 2%

lower than the THERMOS values.

Comparison of Tables 6.1 and 6.2 shows that the spectra cal-

culated by THERMOS and Method I are also in good agreement since

deviations of the two methods are the same in both tables. We also

found that a comparison of actual spectra printed out of the two codes

were virtually identical. The absence of any flux skewing in these

slab geometry cells tends to strengthen one's confidence in spatially

averaged flat flux source method.

Another interesting set of cells that were calculated are those

reported recently by Volpe (49). These are water moderated, UO2

rods with aluminum cladding. The experiments were performed (22)

with rods which were .386 inches in diameter with various water to

fuel volume ratios. Other specifications for these are shown as set

I in Appendix A. The U235 disadvantage factors are listed in

Table 6.3 and the flux disadvantage factors in Table 6.4. In Table 6.3

along with the experimental values, 30 energy group THERMOS and

36 group Monte Carlo results by Volpe are also listed. The Monte

Carlo calculations were run with the MARC code (21). Results of

both THERMOS and MARC agree well with the experimental values.

Also shown in these tables are some natural uranium metal



Table 6.3. U235 disadvantage factors for water moderated cells.

Cell
No. W/ U Experiment THERMOS

30 Group
MARC

36 Group
THERMOS

4 Group
3

4 Group
Method I
4 Group

Cylindrical Rods - UO2

Il 1.0000 1.205 ± .012 1.242 1.255 ± .002 1.343 1.248 1.265

12 2.352 1.317 ± .013 1.308 1.304 ± .004 1.340 1.280 1.300

13 3.018 1.344 ± .012 1.333 1.337 ± .007 1.356 1.300 1.321

14 4.023 1.378 ± .013 1.366 1.379 ± .010 1.380 1.329 1.350

15 8.108 1.455 ± .013 1.453 1.454 ± .011 1.478 1.416 1.438

Slab Cells - Natural Uranium

D1 0.160 1.697 1.693 ± .005 1.695 1.695

D2 0.500 2.196 2.185 ± .007 2.193 2.237

D3 1.083 2.843 ± .025 2.902 2.899 ± .011 2.925 2.908
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Table 6.4. Disadvantage factors for water moderated cells.

Cell
No. W/U THERMOS THERMOS P3

30 Group 4 Group 4 Group
Method I
4 Group

Cylindrical Rods - UO2

Il 1.0 1.229 1.277 1.190 1.205
I2 2.352 1.264 1.208 1.229
13 3.018 1.318 1.275 1.224 1.245
14 4.023 1.352 1.294 1.246 1.268
15 8.108 1.373 1.317 1.340

Slab Cells - Natural Uranium

D1 .160 .... 1.491 1.483
D2 .500 1.848 1.880
D3 1.083 2.423 2.429

slabs immersed in water at various spacings. These were also

reported by Volpe (49). Experimental data by Hardie (22) is sparse

but the one value listed agrees fairly well with THERMOS and MARC

calculations. Cell specifications are shown as set D in Appendix A.

These tables also show our four group THERMOS, P3 and

Method I runs. While one can not cross compare these four group

results to the 30 and 36 group results, we can compare our method

with THERMOS. In these tables, we have a situation almost identical

to that shown with the one group methods. Slab geometry cells, D1

through D3, show agreement to within two percent between Method I
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and THERMOS. In cylindrical geometry, cells Il through 15, we have

Method I consistently 3 to 6% lower than THERMOS.

This is exactly the same case as shown in Chapter V where we

are quite often slightly lower than THERMOS. It was shown in

Chapter V when we were comparing with discrete ordinants theory

there is the same type of spread in Method I and THERMOS results.

In Table 5.2 we are 1 - 2% low while THERMOS is 3 - 4% higher than

S8 theory. Hence, in those calculations, our method was in better

agreement with S8 than THERMOS. In view of this, definitive con-

clusions can not be drawn from this table as to which method is more

accurate. However, we can at least say that the errors in both cal-

culational methods are small,

Comparisons of Tables 6.3 and 6.4 show that again both cylin-

drical and slab cell calculations of Method I had the same flux shape

as THERMOS since the deviations from THERMOS results are about

the same in both tables.

Running times on the CDC 3300 computer for some typical cases

are shown in Table 6.5. These are for cylindrical geometry and run

about 30% longer than the corresponding slab cells. Depending upon

the number of space intervals needed, our theory runs from two to

three times faster than THERMOS. The big savings in time comes

from not having to use many space intervals in moderator regions

and only one space interval in nonrnoderator regions.
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Table 6.5. Comparison of code running times in cylindrical
geometry.

Cells Calculated THERMOS Method I

One velocity group

G1 through G5

H1 through H6 (Iso. bndry.)

H1 through H6 (Refl. bndry.)

Four velocity groups

Ii

15

16 sec/case 5 sec/case

25 sec/case 5 sec/case

45 sec/case 5 sec/case

51 sec/case 20 sec/case

97 sec/case 35 sec/case
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VII. SUMMARY AND CONCLUSIONS

In summarizing this, there are several important factors which

should be pointed out. First of all, the fact that both slab and cylin-

drical geometry gave consistant results in one group and multigroups

is most promising. This means that both the assumption of multi-

group treatment and the use of region average flux sources for par-

ticular solutions to the transport equation are adequate for the treat-

ment of the cell. Secondly, the absence of flux energy skewing,

shown in Chapter VI by comparison of U235 and flux disadvantage

factors, is also heartening. In short, from what we have seen, this

method certainly does show promise and should be investigated

further.

It has several advantages over standard calculational methods.

Its main advantage over P3 theory is that while our method generally

has better results, it represents no more work than that more stan-

dard theory. In comparison with THERMOS, our method calculates

disadvantage factors which are in agreement in slab cells and

slightly lower in cylindrical cells. However, as was pointed out in

Chapter V, this may not be bad since our method was closer to S8

results than THERMOS. And, of course, its main advantage over

THERMOS is the factor of two or three savings in running time.

In conclusion, since its accuracy is quite good and running
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time low, it may have areas of applicability. For instance, in survey

calculations for power reactor fuel types where many computer runs

are made, this method could give a considerable time savings over

THERMOS or Monte Carlo theory. Hence when this method is thor-

oughly checked out it may be of use to the nuclear industry. However,

as with any theory or method developed, it can not be adopted on its

preliminary merits alone. Only after much continued effort of check

out, debugging, perfecting, and reporting will it become useful to the

power reactor industry.

In any case, as with any research project, more areas can be

found where work needs to be done, However, similarly, all research

projects must be concluded at some point. This has been concluded

here, but, in like manner, it is not without those additional work

areas.

Two areas in particular could use more attention. First, work

could be done on the particular solutions to the transport equation for

spatially dependent sources. As was briefly pointed out in Chapter

VI, there are both numeric and resonance problems which would need

to be overcome. However, if simple forms could be found for these

solutions, one could obtain an additional savings in computer time

since moderator regions would not have to be broken up into smaller

intervals.

Also, additional research can be done in the area of choosing a
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best value of v to represent the continuous variable from zero to one.

Perhaps by looking at expressions for A(v) developed by Robinson

(37), better methods could be exhibited. There was nothing sacred

about either the use of v= .35 in slab geometry or the over-relaxed

P3 value used in cylindrical geometry. These gave good results and

therefore were used, but I am sure more exacting and theoretically

sound values could be found.
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APPENDIX A

CELL SPECIFICATIONS

UNITS

1. All macroscopic cross sections are given in cm-1.

2. All microscopic cross sections are given in barns.

3. All densities are given in atoms/barn. cm,

4. All thicknesses are in cm.



84

SLAB GEOMETRY

A. One energy; two region; water moderated (11, p. 106)
References: (7, p. 388), (11, p. 106), (25)

Material cross sections
Fuel

Ea = .32 Zs = .397 ET = .717

Moderator
Ea = .0195

Cell dimensions

Es = 2.3105 ET = 2.33

Cell Fuel Moderator
No. Thickness Thickness
Al .4 1.4
A2 .3 1.05
A3 .2 .70
A4 .1 .35

B. One energy; two region; graphite moderated
References: (31), (32)

Material cross sections
Fuel

Ea = .287 Es = .392 ZT .679

Moderator
Ea = .00036

Cell dimensions

Es = .36214 ET = .3E25

Cell Fuel Moderator
No. Thickness Thickness
B1 .5 1.5
B2 .5 5.0
B3 .5 10.
B4 2.5 1.5
B5 2.5 5.0
B6 2.5 10.
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C. Four energy group; two region; water moderated
References: (11, p. 109)

Material cro s sections
Group v-s7/

2200 Av/v2200 Eupper (eV)

1 .288 .476 .007
2 .80747 .56293 .030
3 1.9503 1.7227 .200
4 3,8909 2.1587 . 625

Hydrogen

Group u a- u
s- Cr

T

1 .8578 80.4885 81.3463
2 .4008 53.9294 54.3302
3 .2097 29.3538 29.5635
4 .0913 25.1573 25.2486

a s(1-'-i)AE(i)

1\j 1 2 3 4-
1 53.7014 22.2317 4.5554 0.
2 1.5068 46.2841 6.1385 0.
3 .1642 3.3274 25.8622 0.
4 . 0468 . 4556 8.0631 16.5819

Oxygen

Group u
a- 0- *

s- Cr r
1 0. 5.7308 5.7308
2 0. 4.4013 4.4013
3 0. 4.2345 4.2345
4 0. 4.2087 4.2087

in-group scattering only (i. e. s(i-j). 0 for j

92
U235

Group 6a
0-

s- o- r-
1

-
1734.5 15.384 1749.884

2 811.55 15.048 826.598
3 383.68 15.008 398.688
4 171.29 15.002 186.292

in-group scattering only.



C. continued

U238
92

Group 0- a
0

s r
1 6.4458 8.5102 14.9560
2 3.1939 8.3267 11,5206
3 1.6782 8.3046 9.9828
4 .7417 8.3012 9.0429

* in-group scattering only.

21122 en .21ion.....specifications

Quantity Region I Region 2

Hydrogen density 0. .066888
Oxygen density 0. .033444
U(235) density .0003443 0.
U(238) density .047479 0.

Cell Fuel Moderator
No. Thickness Thickness
Cl .4 1,40
C2 .3 1,05
C3 .2 0.70
C4 .1 0.35

D. Four energy group; three region; water moderated,
References: (35), (36)

Material cross sections
Same as set C

Dimension specifications

Quantity

Hydrogen density - region 2
Oxygen density - region 2
U23 density - region 1
U238 density - region 1

6.689 x 10-2

3.344x 10-2

3.480 x 10-4
4,798 x 10°2

86
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D. continued

Cell
No.

D1
D2
D3

. 160

. 500
1.083

Fuel Moderator
Thickness Thickness

1.270 .203
1.270 .635
1.270 1.375

CYLINDRICAL GEOMETRY

E. One energy; two region; water moderated

Material cross sections
Same as set A.

Cell dimensions

Same as set A.

F. One energy; two region; graphite moderated

Material cross sections
Same as set B.

Cell dimensions

Cell Fuel Moderator
No. Radius Thickness
Fl .5 1.5
F2 .5 5.0
F3 2.5 5.0
F4 2.5 10.

G. One energy; two region; graphite moderated.
Reference: (18)
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G. continued

Cell cross sections
Fuel Moderator

.0003118 .3721
It 11

Of
. 3925

U u
If II

Cell
No. la
GI
G2
G3
G4
G5

.323
H

II

u
u

.7221
Of

If

U

u

Cell dimensions
Cell Fuel Moderator
No. Radius Thickness
G1 1.3 9.98
G2 1.3 10.60
G3 1.3 6.63
G4 1.5 6.43
G5 1.7 6.23

H. One energy;

Reference:

two region;

(11), (26), (27),

boiling water moderated.

(28), (29), (31), (32)

Cell cross sections

Cell Fuel Moderator
No. Ea ET Ea

T

H1 . 0387 . 780 . 0088 1.053
F12, ft II .00587 .702
H3 IP If .0088 1.053
H4 ft 11 . 0058 7 .702
H5 IV IV . 00293 .351
H6 II II .000587 .0702
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H. continued

Cell dimensions

Cell Fuel Lattice W* Equivalent
No. Radius Pitch U Radius

HI .381 1.524 4.09 .860
1-12 II It It It

H3 u 1.143 1.87 .646
H4 U u u U

H5 U It II II

1-16 If II If If

water to fuel volume ratio

1. Four energy group; three region; water moderated.
References: (30), (35), (36)

Material cross sections
Same as set C with Aluminum

Aluminum
0Croup a

added.

CT

s 0

1 .543 1.40 1.943
2 .269 1.40 1.669
3 .141 1.40 1.541
4 .0624 1.40 1.4624

* in-group scattering only.

Dimension specifications

DensityQuantity

Hydrogen density - region 3 6.689 x 10-2
Oxygen density - region 3 = 3.344x 10-2
Aluminum density - region 2 5.180 x 10-2**
U235 density - region 1 6.288 x 10-4
U238 density - region 1 4.719 x 10-2

** concentration reduced by .86 from normal density
to account for air gap between fuel and clad.
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I. continued

Cell
No.

Fuel
Radius

Clad
Thickness

Moderator
Thickness

1.000 . 4915 .0838 . 1814
12 2.352 . 4915 .0838 3729
13 3.018 .4915 . 0838 . 4543
14 4.023 . 4915 .0838 . 5661
15 8.108 . 4915 0838 .9379


