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Suppose that the random variable X has cumulative distribu-

tion function F(X, 0) E 'a where the vector-valued parameter

has an unknown cumulative distribution function G(0) E '8&. The

unconditional cumulative distribution function of X is a G-mixture

over

(i) HG(x) F(x, 0)(1G(0)

the class of mixtures generated by (i) as G varies over

, is said to be identifiable if the relationship

(ii) F(x, 0)dG(0) = *5' F(x, e)dG *(e)

implies G = G* for all G* E 2i. The problem of making inference



concerning G, under the assumption that /91. is not identifiable,

is developed in this thesis.

A linear functional is defined to be weakly identifiable on

if it is constant on any two elements, say G1, G2 E )2;:1 such that

HGI = H
G2.

By imposing an additional restriction on a weakly

identifiable linear functional we define what we mean by a strongly

identifiable linear functional. Inference is made about G by char-

acterizing and estimating almost surely any strongly identifiable

linear functionals on 2'. The two concepts of weak identifiability

and strong identifiability are seen to coincide if the sample space

associated with is finite.

Examples are given where (a) is the family of binomial

distribution functions and where (b)-- is the family of uniform

distribution functions.
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A CHARACTERIZATION OF STRONGLY IDENTIFIABLE
LINEAR FUNCTIONALS OF MIXING DISTRIBUTIONS

I. INTRODUCTION

Suppose that the cumulative distribution function of the random

variable X is a member of .0" {F(x, 0), 0 E Bm }, where Bm

is a measurable subset of Euclidean m-space Rm, and x E

Then for any m-dimensional cumulative distribution function G,

whose induced Lebesque-Stieltjes measure µG assigns measure

one to Bm, the cumulative distribution function

HG(x) =Sm F(x, 0)dG(0)

is called a G-mixture of or more briefly, a mixture.

In numerous problems in probability and statistics, one is

interested in the distribution of a random variable X but knows only

the conditional distributions of X given the values of some auxiliary

random variable Y. Then the desired distribution of X is simply

a mixture of the known conditional distributions. For example, in

empirical Bayes problems the mixing distributions G are prior

distributions of a random variable X given 0 E Bm, and the

mixtures HG are the unconditional distributions of the observations.

Mixtures of distributions are also encountered in the study of
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convolutions, in the course of determining limit distributions of sums

of interchangeable random variables, and when dealing with the com-

pound Poisson distributions.

An important question concerning mixtures is that of unique

characterization. That is, for a specific family which dis-

tributions HG uniquely determine the mixer G. Henry Teicher

refers to this quesion as the problem of Hidentifiability" of mixtures.

Teicher (1961) defines identifiability as follows. Let lb denote a

class of cumulative mixing distributions (G), and 34 the

induced class of mixtures (HG). 14- will be called identifiable in

, with respect to 4-, if (1. 1) effects a one-to-one corres-

pondence between and If; equivalently, if the relationship

(1.2) F(x, 0)dG(0) = F(x, 0)dG*(0)
Bm Bm

implies that G = G> for all G* E J.
HG is called a finite mixture if its mixing distribution or rather

the corresponding measure P-G is discrete and assigns positive

mass to only a finite number of points in Bm. Then the set .14

of all finite mixtures of a class of distributions is the convex

hull of
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n n

(1.3) 1 = {HG(x): HG (x) = (c.F x, 0.), c. > 0, c. =

i= 1 i=1

F E n = 1,2, ...} .

The 0.'s are presumed distinct and the subscripting is not meant

to imply anything about the cardinality of In the context of

finite mixtures the definition of "identifiable" implies generates

identifiable finite mixtures if and only if the convex hull of Z- has

the uniqueness of representation property:

n m

(1.4) c.F(x, 0i ) = c!F(x, 0!)
k_,,, i

i=1 i =1

implies n = m and for each i, 1 < i < n, there is some

1 < j < m, such that c. = c! and F(x, 0.) = F(x, 0!) .

Clearly the identifiability question must be settled before one

can meaningfully discuss the problem of estimating the mixing dis-

tribution G, on the basis of observations from the mixture HG.

Here, the functional form of would be presumed known.

Henry Teicher initiated the general study of the identifiability

of mixtures. Prior to his work the only positive identifiability result

was the case where is the Poisson family (Feller, 1943).

Teicher (1960) first showed that the class of mixtures generated by

the normal family with either the mean or the variance fixed is



identifiable. A year later he developed a theorem and a proposition

which enabled him to show that identifiability holds if is (a) a

one parameter additively closed family, (b) the gamma family with

either a or p fixed, (c) the uniform family with either 1-1. or

Cr fixed or (d) the binomial family with p fixed. He then turned

4

his attention to the study of the identifiability of finite mixtures.

Teicher (1963) derived a sufficiency condition that a class of finite

mixtures be identifiable and from it established the identifiability of

all finite mixtures of the normal and gamma families.

John Spragins and Sidney Yakowitz (1968) proved a theorem

which may be regarded as an extension of theorem one of Teicher

(1963). It can be used to show that finite mixtures of are

identifiable if is any of the following: the family or n-products

of exponential distributions, the multivariate normal family, the

union of the last two families, the Cauchy family, the non-degenerate

members of the negative binomial family or the translation parameter

family generated by any one-dimensional cumulative distribution

function.

After the identifiability of "" has been established the next

problem is that of estimating G, the mixer. Two papers on this

topic will be mentioned. The paper of J. J. Dee ly and R. L. Kruse

(1968) gives an explicit construction of a sequence of distributions

which estimates a mixing distribution. The sequence constructed in
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the paper consists of discrete distributions whose weights are deter-

mined by the solution of a linear programming problem. The paper of

Sidney Yakowitz (1969) deals only with finite mixtures. In it he shows

that if a parametric family of distribution functions is weakly continu-

ous with respect to the parameter then an algorithm can be developed

to obtain a consistent estimator for the mixing distribution G.

Yakowitz also mentions that Dee ly and Kruse's methods cannot be

used directly if generates identifiable finite mixtures but

unidentifiable arbitrary mixtures.

Certainly there exist families of distribution functions which

fail to generate identifiable classes of mixtures. Teicher (1960, 1961)

has shown, for example, that the binomial family with m fixed, as

well as the normal, uniform, and gamma families when mixed on both

parameters, do not generate identifiable classes. Yet the experi-

menter still desires to make inference about the mixer.

As an example, consider the following acceptance sampling

problem. Lots of some incoming product are to be accepted or

rejected based on the number of defectives in a sample of size m

from each lot. 0 represents the proportion of defective product in

(ilot. One does not know 0. ( = 1,2, ... , n) the true proportion

of defectives in the "ith" lot, but only observes x. (i = 1,2,...,n)

the number of defectives in a sample of size m from the "ith"

lot. The random variables Xi (i = 1, 2, ... ,n) are binomially
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distributed with parameters m and O. Their values are to be

used to make inference about the distribution of A. This example is

not identifiable. The question then arises as to whether or not any

inference can be made about G, the mixer, when identifiability

fails to obtain. We will see that in this and other examples the answer

is yes.

If is not identifiable, then vti may be thought of as

being partitioned into mutually disjoint equivalence classes, two ele-

ments being in the same class if and only if they generate the same

mixture. The elements in each equivalence class may have charac-

teristics in common which can be expressed as linear functionals on

the span of )j'. Then, even though the mixer cannot be estimated,

it still may be possible to estimate linear functionals of the mixer.

A linear functional, say X, will be defined to be weakly

identifiable on )21 if it is constant on any two elements

G1, G2 E )67 , that generate the same mixture. This implies that X.

is constant on all equivalence classes of )& , which seems to be a

necessary requirement if we want to estimate X(G). By imposing an

additional restriction on a weakly identifiable linear functional we will

define what we mean by a strongly identifiable linear functional. It

will be seen that if X is a linear functional on the span of

which satisfies the conditions of strong identifiability as given in

Chapter II, then it may be characterized as



(1.5)

where

(1. 6)

MG) = ,r (0)dG(0)
B

(ISI) = S
1

F(x, 0)P(dx),
R

7

and 13 is a bounded additive set function which vanishes on sets of

Lebesque measure zero. We will also show that for each linear

functional of the form (1.5) there is a corresponding sequence of esti-

mates given by

(1.7) (KG)n = S
1

Hn (x)P(dx) ,

R

where Hn is the empirical distribution function based on a random

sample of n observations from H. The sequence {(KG)n} is

shown to converge almost surely to X(G). The two concepts of weak

identifiability and strong identifiability are seen to coincide if the

sample space associated with .0" is finite.

In Chapter III we apply the theory developed in Chapter II to the

cases where (a),- is the family of binomial distribution functions

and where (b),0- is the family of uniform distribution functions.
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II. THEORY

Suppose that we have repeated observations of the random

variable X, whose cumulative distribution function is

(2. 1)

where

(2. 2)

HG(x) = J F(x, 0)dG(0) ,

F E

and the vector-valued parameter 0 has the unknown cumulative

distribution function

(2.3) G E

Here ,Lf represents the space of all cumulative distribution func-

tions over B , a measurable subset of Euclidean m-space Rm;

111{F(x, 0)) 0 E B }, where F(x, 0) is a cumulative distribution

function over the real line for each 0 E B , and is also measurable

on the product space of x and 0; 1-- will denote the class of

cumulative distribution functions HG, generated by (2. 1) as G

varies over vb. We are interested in the case that )4 is not

identifiable, that is, there exists elements G1 and G2 in 17

such that

(2.4) m F(x, 0)dG
1
(0) = J F(x, 0)dG

2
(0) ,

B
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and GI G2.

What we would like to do is to make inference regarding G,

using observations of the random variable X. We begin by formu-

lating the problem in a normed linear space framework so that we

will be free to use some structure from the field of functional analysis.

It should be pointed out at the start that even though Theorem 2. 1

and both propositions in this chapter are proved to hold on the

span of if , our interest will be when G E Restricting

attention to assures us that the mixer G, as well as the

resultant mixture HG, is a cumulative distribution function.

The integral (2. 1) may be thought of as defining a mapping from

'817 onto Let T denote this mapping and write

(2. 5)

T:Ze

T(G) = J F(x, 0)dG(0) VG E
Bm

Let 27is denote the span of the class of functions

generated by (2. 1) as G varies over ; and Ts the mapping

from
s

onto )4- . We write
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r

(2. 6) <

Zfs = {G: G(0) =

n

i=1

a.G.(0), G. E
1 1

)b 7 a. E R1; i=

-4s = {HG:HG(x) =
M

F(x, 0)dG(0), G E
s

T : 34,s s s

Ts(G) F(x, EndG(0) G E /
Bm

It is easily seen that Ts is a linear transformation, and that both

Yki s
and 14 are linear spaces.

s

Let N(Ts) denote the null space of the transformation Ts.

That is, N(T) contains all the elements G E ji , which T
s s s

maps into zero. We write

( 2 . 7) N(Ts) = {G E
s

T
s

(G) = F(x, 0)dG(0) = 0} .
Bm

1pf
s

is a linear space and N(Ts) is a linear manifold in

Two elements G1 and G2 in .>b
s

are said to be equivalent

modulo N(Ts) if G1 - G2 belon.qs to N(Ts). This implies that

G1 and G2 are equivalent if and only if they generate the same

mixture, since
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(2. 8) S. F(x, 0)d(G
1
(0)-G 2(0)) = 0

B
m

if and only if

(2.9) F(x, 0)dG
1
(0) = F(x, 0)dG 2(0) .

Bm Bm

s
is thus divided into mutually disjoint equivalence classes, two

elements being in the same class if and only if they are equivalent

modulo N(T
s

), or equivalently, if and only if they generate the

same mixture. Let [G] denote the equivalence class containing the

element G in
s

. The set of all such equivalence classes will be

denoted by

Addition and multiplication by scalars in )4117
s

may be defined

so that it becomes a linear space. We make the definition

[G
1
] + [G2] -= [G1 +G2]. To show that [G

1
] + [G2] is unambiguously

defined we have to show that [G1 +G2] = [G3+G4] if [GO = [G3]

and [G2] = [G4]. This is evident, however, because

(G1 +G2) (G3+G4) = (G1-G3) + (G2-G4) and N(Ts) is a linear

manifold. We also define a[G] = [aG], noting that [aG1] = [aG2]

if [GO = [G2]. It is an easy matter to show that as a result of these

definitions Zs becomes a linear space. The zero element of

)4is is [G = 0], which is the same as N(Ts). The linear space

s
is called the quotient space of modulo N(Ts) and is



often symbolized as )2O /N(T ).
s s

Let us define a mapping, say Ts , on the space .obs, by

letting

(2. 10) Ts ([G]) = Ts(G) \2/ [G] E Ls,

where T (G) denotes the transformation Ts evaluated at any

12

element G belonging to the equivalence class [G]. Notice that the

function Ts(G) is the same regardless of which element in [G] is

selected. Ts maps 2:/s onto )4s We write

(2. 11)

Ts([G]) = Ts(G) Ir (x, 9)dG(0) \V [a] E
s

Statement 2. 1. Ts is linear and one-to-one.

Proof. 1) (Linearity) assume that [G1] and [G2] belong to

and that a and b belong to Rl. Then

Ts (a[G
1

] -Fb[G
2

]) = Ts([aG1]+[bG2]) = Ts ([aG
1 +bG a])

T
s

(aG
1

+b = aTs(G1) + bTs(G2)

aTs([G
1])

bT
s

([G
2

])

2) (One-to-one) If [G1] and [G2] are elements in such



that T
s

([G
1

]) = T s ([G 2]), then T
s

(G1) = T
s

(G
2

). Thus

Ts(G1-G2) = 0, so that G1 and G2 belong to the same equiva-

lence class, and therefore [G O = [G2].

The elements of )=1- are bounded functions defined on the

real line. We define

(2. 12)

and

(2. 13)

S(N) = sup{i HG(x) I :x I N}

Noo (HG) = inf {S(N): N E 13 I 1.1(N) = 01 .

13

Here, p. is Lebesque measure defined on 13 1, the Borel subsets

of the real line. Noo is a norm on N-s and is called the essential-

supremum norm.

on

It can be shown that No0

-)4s

is the same as the supremum norm

since functions in are right continuous. In subse-
s

quent work, however, it is necessary to use the norm N. We may

also associate a norm with by letting

(2. 14) N
1

([G]) = Neo Ffs ({G ]) [G] E .

Using the fact that Noo is a norm, it is easily shown that N1, as

defined above, is a norm on We will see later that both No0

and N1 turn out to be appropriate statistical norms in our setting.

We have now defined a one-to-one, onto linear transformation Ts,
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from one normed linear space ( Zs, N1) to another normed linear

space ( -14 ,N
co

).
s

When .14 is not identifiable, it makes no sense to estimate

G, the mixer, since there exists a set of distinct G's, [G], all

of which generate the same mixture. The elements in each equiva-

lence class in
s

, while not being identical, none-the-less may

have characteristics in common which can be expressed as linear

functionals on vbs. Thus, even though the mixer cannot be esti-

mated, it still may be possible to estimate linear functionals of the

mixer. In an effort to characterize these linear functionals, we begin

with the following definition.

Definition 2.1. X., a linear functional on )6' s, is called

weakly identifiable on b, if for any G and G in
s s

we have

(2. 15) Ts(G1) = Ts(G2) X(G1) = X(G 2)

The above definition states that if X is weakly identifiable on

then it is constant on each equivalence class in s This

seems to be a necessary requirement if we want to estimate X(G).

We are only interested in requiring X. to be weakly identifiable

on 2;). It turns out, nevertheless, that if X. is weakly identifiable

on it is also weakly identifiable on



Proposition 2. 1. If X, a linear functional on b
s

, is

weakly identifiable on Nii (i. e. , T(G I) = T(G 2) => X(G
1

) = X(G 2)

VG1,G2 E .7/ ) 7 then it is also weakly identifiable on )41s

Proof. We are given that T(G
1

) = T(G 2) => X(G1) = X(G 2)

\V'GI,G2 e and are to show that

Ts(G1) = Ts(G2) => X(G 1) = X(G
2)

VG 1,G2 E )bs. Since

GI, G2 E )17
s

we know they may be written as

(2. 16)

n

GI = a.G. and G2 =
i=1

15

where G., G: E )6 and a., b, E R 1 (i = 1, 2, .. , n; j = 1, 2, , m).
1 j 1 j

If we let HG (x) = Ts(G1) and H
G

(x) = Ts(G2) we can write
1 2

(2. 17) HG (x) = F(x, 0)d
1 `dBrn

Therefore,

(2. 18)

H (x) .
G2

lim HG (x) =
x-'° 1

n

i=1

n m

1 ma.G.(0) = .c F(x, 0)d b,G '(0)
B

1 J J

i=1 j=1

rn

= lim H
G

(x) = b. a g
J 1x-00 2

j =1

Let a denote a positive a. and a: a negative a.. Similarly

sband b: will denote the positive and negative b.' s. It is



16

sassumedthat none of the a.' or b.'s are zero. From (2. 18)
1 3

we know that

k

(2.19)
+

a. + a.. = b. + b ,
i

+

.1 3

i=1 i=k+1 j=1 j=k +1

swherethe a.' and b.'s have been ordered according to sign.

Clearly,

(2. 20)

k m

+a+
1

(-bJ ) =

i=1 j=k1+1 i=k+1

By assumption Ts(G1) = Ts(G2), or equivalently

n m

-a. ) = g
2

.

(2. 21) a. G.+ a. G.) = Ts( b. G!+ b. G I.)
J J J J

i=1 i=k+1 j=1 i=k'+1

Since Ts is a linear operator, then

(2.22) Ts

k m
a. G.+

1 1
)G!) = T

J 3 s
i=1 j=1C+1

n

b. G!+
J

j=1 i=k+1

.
1 1

+ * *
Let c. = a. , G. = G. (i = 1,2, ... ,k); c. = -b G. = G'

1 1 1 1 1 i+kl-k7 1 i+kl-k

(i = k+1,k+2,...,k+(m-k')); d. = b., G.
**

= (j = 1,2, ,k1);
J J J J

**
d. = -a. , , G. = (j = k 1+1, k '+2, . . . , k'+(n-k)). Now

..1
3+k-k 3 Gj+k-k'

(2. 22) may be written as



k+n-k' k'+n-k

(2. 23) Ts
i

( cG. ) = Ts( d.G. )
1 3 J

i =1 j =1

After multiplying (2. 23) by 1/g2 and letting ei = cjig2 and

f. = d. /g (i = 1, 2, ... ,k+m-k'; j = 1,2, ...,kl+n-k) we have
J j 2

k+m-k' k'+n-k

(2. 24) T( eG. ) = T ( f.G. )
s i 1 s 3 3

i =1 j=1

e.ghe ' and f.'s are positive numbers such that
1 3

(2. 25)

Thus

(2. 26)

k+m-k'

e.

i=1

k'+n-k

f. = 1.
3

j'1

k+m-k' k' +n -k

G = e.G, and G = f.G**.

J J

i=1 j = 1

17

are both elements of ,b since a finite convex linear combination

of cumulative distribution functions is itself a cumulative distribution

function. Using the assumption that X is weakly identifiable on

, together with (2.24) allows us to write

(2.27) T G = Ts(G ) X(G ) X(G )

Since X. is a linear operator we may perform the same manipulations
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on the equality X(G
*

) = X(G ) as we did on the equality

Ts(G1) = Ts(G2), only in reverse order, to obtain the desired

result that X(G
1

) X(G
2

).

If X is any weakly identifiable linear functional on s,

then we can define a corresponding X on
s

by letting

(2. 28) T([G]) = X(G) b [G] E
s

Of course such a definition is possible only for a weakly identifiable

X, and clearly X. is a linear functional on Zs Moreover, since

Ts-1 exists we see that if the true mixer is G and HG is the

corresponding mixture, then

(2. 29) X(G) = RTs 1(H
G

)1.

The primary objective of this study is to obtain a useful char-

acterization of identifiable linear functionals, analogous to the char -

acterization of estimable linear functions in statistical linear models.

It does not seem possible to set down reasonable regularity conditions

under which this may be done, with the definition of weak identifiability

given thus far. A stronger notioii of identifiability, which seems

reasonable from a statistical viewpoint and allows the analogy to be

developed, will now be considered.

If one knew HG exactly and X were weakly identifiable then
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one could compute X(G) from HG by the use of T. In practice,

however, one will have only an estimate of H
G.

Since the empirical

distribution function converges uniformly to HG it seems reasonable

to require of X that when H E 44 is "near" the true HG in

terms of the supremum norm then T[i's-1(1-)] is "near"

-Q1" s-1(HG)]. In view of the definition of N1 on we can

state this requirement as follows.

Definition 2. 2. X, a linear functional on , is called

strongly identifiable on Zs if (a) X. is weakly identifiable on

and (b) its induced linear functional on is continuous withs'
respect to N1.

The following proposition shows that, if the sample space

associated with is finite, then all weakly identifiable linear

functionals are strongly identifiable.

Proposition 2.2. If X is a weakly identifiable linear func-

tional on
s

and is a family of cumulative distribution

functions on a finite sample space, then is a strongly identifiable

linear functional on )6s.

Proof. We assume that the sample space is finite, that is,

there are at most a finite number of different values, say

{a.; i = 1,2, ... ,n}, which have probability assigned to them by an

s



element of We will also assume that the {a.} are ordered

according to size.

by the equation

(2.30)

20

)4. represents the class of mixtures generated

HG(x) = J F(x, 0)dG(0)

as G varies over 1.1s. Any G(0)-mixture is a step function with

a jump of

(2. 31)

at al, and a jump of

F(a , 0)dG(0)
Bm

1

(2.32) pi [F(a., )-F(a. -1' OndG(0)
1

BM
1 1

at a
i

(i( = 2,3, ... , n). To each element in -Hs we correspond

the point ( pi , p2, - .. , pn) where {pi} represent the weights

assigned to {ai} by HG. Thus -Hs is isomorphic to a subspace

of n-dimensional Euclidean space and must therefore be finite

dimensional. Ts is a linear operator whose domain is ),:1
s

whose range is all of , and whose inverse Ts-1 exists. Thus

the linear spaces and are isomorphic. This implies

that >tis must also be a finite dimensional space with the same
-a

dimension as 34 . So we know that )igls and R(X) are normed



linear spaces, s
is finite dimensional, and A is a linear

operator on onto R(X), all of which imply that T. is

necessarily continuous (Taylor, 1967, p. 98).

Since there is a one-to-one canonical correspondence between

linear functionals on

21

;25s and weakly identifiable linear functionals

on Zs (see 2. 28), Definition 2.2 implies that the space of strongly

identifiable linear functionals on is essentially the conjugate

space 2) 1
of continuous linear functionals on We now

establish an important relationship between 1 ' and 3=kT , the
s s

conjugate space of continuous linear functionals on s

Since Ts is a linear operator with domain Zs (normed

linear space) and range )4 (normed linear space), Ts-1 exists,

and norms N and N1 have been defined so that

NooRs([G])) = NiaG1) V[G] E s, we may conclude that li
s

and 14- are congruent spaces (see Appendix). We say that Ts

maps "ti congruently onto all of -)z.1 Furthermore, T' , the
s s s

conjugate operator (see Appendix), maps 14' congruently onto all

of >5 ' .

L a space of essentially bounded functions.

L
oo

= L
co

(R1, , µ) consists of all the equivalence classes of

measurable real-valued functions which are almost everywhere

bounded, two functions being equivalent when they are equal 11-almost

se) 1
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everywhere. Here H. is Lebesque measure, R1 is the real line,

and 11 is the Borel sigma-algebra. N00, defined in (2. 13), is a

norm on Loo and (L
co

,Nom) is a normed linear space (Bartle,

1966).

Clearly any member of
s

, being bounded, must belong to

Lam. We have also said that N is a norm on )=4-s Thus, by the

Hahn-Banach Theorem (Nirenberg, 1960), we know that if y is any

continuous linear functional on -44 , there exists y*, a continu-
s

ous linear functional on L , such that
00

(2. 33)

and

(2. 34)

where

Y*(f) = y(f) \Vif E

N;)0(y*) = 1\1(r,o(y)

1\c)(Y*) = sup Y*(f)1
Noc(f) <1

If y* is any continuous linear functional on Loo, then it has

characterization

(2. 35) y*(f) = f(x)P(dx) f E Lam,
R

where p is a bounded additive function on 12)1 which vanishes on

sets of fl- measure zero (Dunford and Schwartz, 1966). Conversely,
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any linear functional having the above representation is continuous.

Clearly, if y is a continuous linear functional on 14 with

respect to Noo it has characterization (2.35).

We are now ready to prove Theorem 2.1, the main result of the

paper. It allows us to characterize all strongly identifiable linear

functionals on s.

Theorem 2.1. Every strongly identifiable linear functional, X,

on ).) has character ization

(2. 36) X(G) = S HG(x)P(dx)
R

where HG FdG E .

Proof. The conjugate operator T' is a linear operator from

141 to Its definition is expressed by the equality

(2. 37) 'is' y([0]) = y('i's([G])), [G] E y E

We know that T' being a congruent operator, is one-to-one and

onto. Thus for any given X E oneone can always find a unique

Y E such that T' (Y) = T. So for every strongly identifiable

linear functional X on jj) its induced linear functional X can

be uniquely expressed as T' (y). We write
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(2.38) )7([G]) = YFfs([G])), [G] E

Since X is strongly identifiable, it is constant on each [G] in

so we may unambiguously write

(2.39) X(G) = T({C]) = y(1-s([cd)) = )/(FIG)

So every strongly identifiable linear functional X on h must be

the conjugate image of a continuous linear functional, say

14-s and must therefore be of the form

(2.40) k(G) = -y(HG) = HG(x)P(dx)
R

11, on

The above characterization of X(G) becomes a finite sum if

the sample space is finite. Assume that there are at most a finite

number of different values, say {ai; i = 1,2, . . which have

probability assigned to them by an element of a Also assume

that the fail are ordered according to size. Then from (2.36) every

strongly identifiable linear functional on has characterization

(2.41)

,(G) = SR1 HG(.)p(d.)

n-1

i=1
n

H
G

(a
i
)P(a., a i+1

) + P(an ,00)

p.P(a.,00)

i=1
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where {p.; i = 1,2, ...,n} represent the weights assigned to the

{a.} by the mixture H
G.

The following theorem gives a more tractable characterization

of strongly identifiable linear functionals. It states that strongly

identifiable linear functionals on s , when restricted to ,

represent the expected value of a function of 0, say (0), where

0 is the mixing parameter.

Theorem 2.2. Assume that F(x, 0) is continuous in 0 for

each x, and that it can be written as

F(x, 0) = 0) + a2F2(x, 0) (al +a2 = 1, a. > 0) where for each

0, F
1 '
(x 0) is absolutely continuous in x and F

2(x,
0) is the

cumulative distribution function of a discrete random variable

taking on values {0, 1, 2, ...}. Then if X is a strongly identifiable

linear functional on

written

(2.42)

where

(2.43)

restricted to Al, then it may be

X (G) = j(0)dG(0)
B

(0)
1

F(x 0)p(dx).
R
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Proof. Using the characterization of X (2. 36) and the defini-

tion of a mixture we may write

(2.44)

that

Consider

F(x, 0)

X.(G) = S
R

R

the integral enclosed

is continuous in

HG(x)13(dx)

F(x, 0)dG(0)
B

in brackets.

0 for each fixed

13(dx) .

The assumption

x, along with the

fact that the integrator G is a function of bounded variation,

implies that the Riemann-Stieltjes integral exists (Hobson, 1957). In

defining this integral we fit a net over Bm and let 51,52, . . . , 8n

denote the cells of the net, and in the notation of Hobson (1957) let

o G(01,02, .. , Om) be the mass assigned by G to the cell Sr.
r

Let M(5r) denote a value of F(x, 01,02, , Am) in the cell Sr.

As the net becomes finer and finer the approximating sum

n

r =1

converges to H
G

(x) (since the integral exists). Sn(x) is a convex

(2.45) Sn(x) = M( 8r ),6
5

G(01,02, . ,Am)
r

linear combination of cumulative distribution functions, and is thus

itself a cumulative distribution function in the variable x. We now

argue that the sequence of functions Sn(x) converges uniformly to
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HG(x). It is sufficient to show that both the absolutely continuous and

discrete parts of Sn(x) converge uniformly. This follows from the

facts that (i) a sequence of convergent absolutely continuous distribu-

tion functions must converge uniformly (Rao, 1966, p. 100), and

(ii) a sequence of convergent distribution functions of the discrete

type must converge uniformly (Rao, 1966, p. 106).

If p is a finitely additive set function its semi-variation is

defined by

(2.46) II PH (E) = sup x. (E.) I , E e "el 1
I 1

i=1

where the supremum is taken over all finite collections of scalars

with I xil < 1 and all partitions of E into a finite number of dis

joint sets in . Letting E = R 1 we have

II 13 II (R1) = sup
1
P(E. )

= 1

(2.47) < sup

n

=1

I
sup I P(E.)

i=1
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Since p is bounded, I P(E.t ) I < M, where M is a real constant.

Thus we know (Dunford and Schwartz, 1966) that

(2.48) sup

n

13(E. ) I < zm

which clearly implies that 111311 (R1) <

We have now shown that the conditions for Theorem 8 (Bartle,

1956) are satisfied. We apply it directly to conclude that HG is

integrable over the real line and that

(2.49) <

S(x)f3(dx) = lim
1

S
n

(x)13(dx)
R

n

l= im 5 M(6r ).66 G(0)P(dx)
n --.- co R r

r=1

= lim S 1
M(br)P(dx),66

r
GO)

n--00

rr,[y F(x, 0)P(dx) dG(0)
B R

8,(9)dG(0)
B

.

rr

We have characterized all strongly identifiable linear functionals

on (2.36), and thus all strongly identifiable linear functionals
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restricted to lb. We now proceed to estimate them. In what fol-

lows, our interest will be in estimating X(G), where G is

restricted to >Li .

If X is any strongly identifiable linear functional on s
we

know that there exists a unique continuous linear functional

, such that

(2. 50) MG) = y(HG) .

on

Thus it seems reasonable to use a conjugate-type estimate of MG),

that is

(2.51) = y(HG) y*(HG)

where the y* notation indicates that HG belongs to L but not

necessarily to )4s. We will use Hn , the empirical cumulative

distribution function based on a random sample of size n from HG,

to estimate HG. That is, HG= Hn. The left and right hand sides of

(2.51) may be more appropriately written as

(2.52) (XG)n = y*(Hn),

the n indicating that the estimate of X(G) depends on the sample

size.

Hn converges almost surely to withwith respect to the sup
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norm, by the Glivenko-Cantelli Theorem (Fisz, 1967). Similarly,.
we will now show that (XG)

n
converges almost surely to X(G), if

N1 is taken to be the norm on We We have already said that if

X is strongly identifiable, the fact that its continuous with respect to

N1, along with the congruence of TI , allows us to write

X(G) = y(HG). y* being continuous with respect to N
co

implies that

if Hn is any sequence of elements in L
00

which converges to

HG, then the sequence y*(Hn)
converges to -y*(HG). Letting

P(A) denote the probability that the event A occurs we may write

(2.53) 0 < P(Hn
H

G
) < P(y*(Hn)N*(H

G
)) < 1 ,

or more precisely,

(2. 54) 0 < P( lim N
00

(H
n

-H
G

) = 0)
n'00

< P( lim ly*(Hn
)-N*(H

G
)1 = 0) < 1.

n-00

Since N
00 00is bounded by the sup norm on this necessarily

implies that

(2. 55) P( lira No0(Hn-HG) -= 0) = 1,
n -00

which, in conjunction with (2. 54), shows that

(2. 56) P( lim I y*(Hn)-y*(HG) I = 0) = 1.
n 00



Remembering that y*(Hn) = (XG)n and y*(HG) = y(HG) = X(G) we

see from (2. 56) that our conjugate-type estimate (X.G)n
converges

almost surely to X(G). Almost sure convergence implies conver-

gence in probability, thus {(XG)n} is a consistent sequence of

estimates of X(G)

It is easy to characterize the conjugate-type estimate. From

(2. 35) and (2.52) we may write

(2.57) (XG) n J 1
Hn (x)f3(dx) ,

31

which seems reasonable in that it replaces HG, in (2.36), with its

estimate Hn
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III. APPLICATIONS

We begin by applying the theory developed in Chapter II to a

discrete family of cumulative distribution functions, the binomial

family. Here we do not have to assume X-continuity and may simply

refer to weakly identifiable linear functionals. This is because from

Proposition 2.2 we know that all weakly identifiable linear functionals

associated with the binomial family are automatically strongly

identifiable since its sample space is finite. Assume that

= {F(x,m,p):0 < p < 1; m = 1,2,...,}, where

(3. 1) F(x, m, p) =

1 ,

[x]

(111)pY(1p)111-y

y=0

0,

x > m

0 < x < m

x < 0

and [x] denotes the greatest integer less than or equal to x. From

Teicher (1961) we know that when m is fixed, the class of

G(p)-mixtures of 0- is not identifiable.

Let us examine some weakly identifiable linear functionals of the

form given by Theorem 2.2 in Chapter II. In this application we write

(3. 2)
1

X(G) (p)dG(p)
0



where

oo

(3. 3) (p) = F(x,m,p)I3(dx) .

_co

We will determine a sequence of bounded, finitely additive set func-

tions,
{Ps}

and evaluate the integral in (3.3) to obtain a corres-

ponding sequence of functions, whose expected values are

constant on any equivalence class [G] in rbrs

(3.4)

Let us define a sequence of functions

fs (x) =
X X E {0 Tr]

otherwise
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where (s = 1,2, ... ). Since fs is continuous on [0, m] and its

derivative I is bounded for all x in (0,m), then f is of
s s

bounded variation on [0,m] for all (s = 1,2, ... ) (Apo stol, 1964).

Letting

(3. 5)

and

(3. 6)

}Is ([0, d]) = fs(d) fs(0)

µs ((c, dj) = fs(d) - fs (c)

for 0 < c < d < rn we obtain a sequence of regular real-valued

additive set functions on E, the field of all finite unions



(3. 7) E = I
1

v I2 v In

of intervals I. (j = 1, 2, ..,n) where each I. is of the form
3 3

[0, d] or (c, d]. It may be shown that each member of
{i-Ls}
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has a

regular countably additive extension to the sigma-field of all Borel

sets in [0, m]. The restriction of this extension to the sigma-field of

Borel subsets of (0, m) is called the Borel-Stieltjes measure in

(0,m) determined by the function fs. We will denote the sequence

of Borel-Stieltjes measures determined by the sequence of functions

{f5}' as fp
s

1. If g is p
s

-integrable then one often writes

(3. 8) .-'1-ng(x)Ps(dx) mg(x)dfs(x) .

0 0

The sequence of measures just obtained, {Ps}, is bounded

and finitely additive. In addition, F (x, m, p), being a cumulative

distribution function, is p -integrable. So we may let

(3.9) s(P) = F(x, m, p)Ps(dx)

for (s = 1, 2, ...). From (/ 8) we know that
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(3. 10) <

m

s(p)

r
F(x, m, p)sxs- 1 dx

[x]

y=0

m-1
i+1

i=0

)py(1-p)m-ysxs -1
dx

y=0

)py(1-p) m-ysxs -1
dx

m-1

(m)pY(1-p)mY[(i+l)s
i=0 y=0

m-1

(1-P)m +

m-1
s

i=0

s sm .

+1)S-is

j=0

71)p3 (1-p)mi]

where i is distributed as a binomial random variable with param-

eters m and p, and E stands for expected value. Letting

s(G) = Es(p) we may insert the proper moments of i to obtain



(3. 11)

X
1
(G) = m mEp

2
X

2
(G) = m2 - mEp - m(m-1)Ep

X. 3(G) = m3 - mEp - 3m(m-1)Ep2 - m(m-1)(m-2)Ep 3

X 4(G) = m4 - mEp - 7m(m-1)Ep 2
- 6m(m-1)(m-2)Ep

3

- m(m-1)(m-2)(m-3)Ep
4
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The list of linear functionals given above represents a set of weakly

identifiable linear functionals associated with This means that

if a Gl-mixture of and a G 2-mixture of are identical

they must have the same moments as given in (3. 11).

We know from (2. 57) that the set of estimates corresponding to

the set of linear functionals given in (3. 11) may be written as

(3. 12) (XsG)n Hn(x)Ps(dx) .

0

Clearly Hn(x) is Ps-integrable so we may use (3. 8) and write

(3. 13)

KG) = f H(x)sxs -1 dx
s n

0
n

InH(x)sxs 1 dx
n

x
1

x3x2
y 1 s-1 1' 2 s-1x dx+ x dx+ +

xxl x2



=
n

x m
n

xn-1 xn

n-1 xs-ldx +
St xs -1

S S_S Sx2 -xi+G(x3-x2)+...+

n
s 1m - x. ,

i=1

-1)(xsn -x n -1) + ms - xsn
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where {x.; i= 1,2,...,n} represents an ordered random sample of size

n from HG. Thinking of the above sequences of estimates as sequences

of random variables, we know from Chapter II (2.56) that each member of

{(XsG)n} converges almost surely to the corresponding member of

{Xs(G)}. We will now state and prove a very useful proposition.

Proposition 3. 1. If {Xi; i = 1, 2, . . . , m} are strongly

identifiable on Ifs and

(3. 14) X.(G) = a
1

X.
1
(G) + a

2
X 2(G) + + a

rn
). (G)m

where a. (i = 1, 2, , m) are non -zero constants, then X is

strongly identifiable on s If (XG)
n

is the conjugate-type esti-

mate of X(G) then

(3. 15) (X.G)
n

= a
1
(X G)

n
+ a

2
(X. G)

n
+ + am (('----d) n

,
1 2 m



38

where {(X.G) ; i = 1,2, ... , are the respective conjugate-type
n

estimates of {Xi(G); i = 1,2, ...

Proof. 1. (Weak identifiability) Assume that G
1,

G2 E )15 s

and have

(3. 16)

m

X(G
1

) = a.X..(G
1

) =

i=1

m

i=1

a.X.(G
2

) = X(G 2) .

2. (Continuity) Assume that {X.; i = 1,2, ... , m} are continu-

ous at [G0] E . Then for every E > 0 it is possible to find

a 5 > 0 such that

(3. 17) [T( C4])-K-.([G 0
< m l a.

when N1([G])-[G
0
]) < 5 for ( i = 1, 2, . . . ,m). This, along with the

fact that
m

(3. 18) X([G]) = X(G) =

i=1

assures us that

.X.(G) =
1 1

m

a.T.([G])
1 1

i =



(3. 19)

17(EG1)-7(EG01) =

m

m

a.T.([G])

i=1

m

m

a.X. ( {G
1 0

i=1

([c]) -T.(EG 0 1) I

when N1([G] -[G0]) < 6, implying that 7 is also continuous at

[G0]. 3. Since X and {X.} are strongly identifiable we know

there must exist unique continuous linear functionals, say y and

{Ni
}, such that

(3. 20)

for (i = 1, 2, .

(3. 21)

for (i = 1, 2,

(3. 22)

k(G) = y(HG)

X. (G) = yi(HG)

, m). From (2.55) we know that

(KG) n = y*(H n)

(X.G) = y. )
t n i n

. , m) . Thus

m

y (HG) X(G) a. .(G) =

i=1

m

i=1

J.

aiyi (HG),

39



which gives us the desired result that

m
..".. * *

(3.23) () .G)n = y (Hn) =- a.1 y. (H
n

) =
i

i= 1

m

i=1

a.1 (X-G) n1
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An important thing to notice at this point is that (3. 11) implies

that the first m moments of the random variable p are constant

on any given equivalence class. For example, if m = 2 then

Proposition 3.1 and (3. 11) imply that Ep and Ep
2 are the same

for any G E [G], but say nothing about the higher moments of

{Epk; k = 3,4 , . .

131

since all terms involving these moments vanish.

We have thus determined that if a Gl-mixture of "" and a G2-

mixture of are identical then G1 and G2 must have the

same first m moments. This result has also been proved by

Teicher (1961).

Proposition 3.1, together with (3. 11) and (3. 13), allows us to

state that

(3.24)

n
1

X.nm
i=1

n n

2
X X. X.

i=1 i=1 a. s
> Ep2nm(m-1)

a. s. > Ep



n

3
X.

n n

X.
2

+ 2 X.

i=1 i=1 i= 1

nm(m- 1) (m-2)
a. s. > Ep 3
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The moments on the right hand side of (3.24) are weakly identifiable

and the estimates given on the left hand side of (3. 24), being conjugate-

type estimates, converge almost surely to the expected value on the

right hand side. Notice that the estimates are meaningful only if

m > s. That is, we can only estimate the first m moments of p.

It is interesting to determine the first m moments of a ran-

dom variable X which is distributed as a mixture of binomial dis-

tributions. Teicher (1961) has shown that any G(p)-mixture is a step

function with a jump of

1
m-x

1

(3. 25) ( m )px(1 -p)m-xdG(p) = ( m ) ) pi+xdG(p)

i=0
0

at (x = 0,1, , m). Consequently we know that

m m

(3. 26) EXk = xkP(X=x) =

x=0 x=1

1-1>i(m-)E p'
i

for (k = 1,2, . , m) . Letting (k = 1,2, . . . , m) and paying

particular attention to the coefficients of Epi+x, we may evaluate
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(3. 26) to obtain

(3. 27)

EX = mEp

EX
2 = mEp + m(m-1)Ep 2

EX
3 = mEp + 3m(m-1)Ep2 + m(m-1)(m-2)Ep 3

Armed with these results we can now show that the conjugate-type

estimates given in (3.24) are unbiased. That is,

(3.28) <

n

X.

E(Ep) E
i=1 1

nm nm

n n

n

EX. = = Epnm

X.
2

X
i i

72 i=1 i=1 nmEp+nm(m-1)Epz -nmEp EpE(Ep ) = E nm(m- 1) nm(m -1)

So we have made inference about G, when .14 is not

identifiable, by identifying and estimating some of the weakly identi-

fiable moments of p. The conjugate-type estimates of

{Epk; k = 1,2, ... ,m} were shown to be unbiased and are known to

converge almost surely.

As a second example we will consider a continuous family of

cumulative distribution functions, the uniform family. Assume that
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"Z- = {F(x, p., cr): -00 < a < p.-0- < 1.1+o- < b < cc }, where

(3.29) F(x, p., o-) =
x+o--p,

2o-

0,

x > p.+o-

, p.-o- < x < p.+cr_

x < p.-o- .

Of course, o > 0 and p. E R1. The constants a and b are

arbitrary and may be assumed to be known by the experimenter thru

experience. From Teicher (1961) we know that (i) if 0" is fixed,

say 0" -7 00, the class of G(µ)- mixtures of = {F(x, p., v0)} is

identifiable and (ii) if p. is fixed, say p. = p.o, the class of G(o)-

mixtures of a = {F(x,,,,,a-)} is likewise identifiable. However,

the class /4 of all mixtures of ,.." is not identifiable. In fact,

a uniform distribution is itself a mixture of uniform distributions.

For example,

(3.30) F(x, 1/2,1/2) = 1/2F(x, 1/4,1/4) + 1/2F(x, 3/4,1/4),

which implies the non-identifiability of H.
Using the same procedure as in the first example, we begin by

examining some strongly identifiable linear functionals of the form

given by Theorem 2.2 in Chapter II.

In this application we write



(3. 31)

where

(3. 32)

oo poo

X(G) = 0-)dG(11, ,

0 -co

co

cr) 6)13(dx)
_00

We define a sequence of functions

(3. 33) f (x) =
xs, X E [a, b]

0, otherwise

44

where (s = 1,2, ...). This sequence of functions is of bounded varia-

tion on [a, b] and may thus be used to determine a sequence of

Borel-Stieltjes measures, say s' defined on the sigma-field of

Borel subsets of (a, b). The sequence of measures, {Ps}' is

bounded and finitely additive. In addition, F(x, µ, o), being a

cumulative distribution function, is Ps-integrable. So we may let

(3. 34) cr) F(x,11, cr)Ps(dx)
a

for (s = 1,2, ...). From (3. 8) we know that



r-
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cr) =

(3. 35) <

$bs-ldx
a

xdLELE,

2o-
sxs-1 dx + sxs-ldx

11+Cr

cfL+cr
x

s
dx + 21:-E sxs 1 dx +

2 2o-

P 11Cr

2o-
{(11+0-)SS+1

+ bs - (µ+a-)s

b
s-1sx dx

Letting Xs(G) = , we may evaluate Xs(G) by setting

(s = 1,2, ...) and obtain

X1 (G) = b

X.2 (G) = b2
-

2
1/3E0-2

X- 3(G) = b 3
- Eµ62 Ey-

3

,
(3.36) X4(G) = b4 - Eµ4 - 1 t5Ecr

4
- 2Ep.

2o-2

X-5(G) = b
5

- EI-L
5

Ep.64 10 /3Eµ32

X- 6(G) = b6 Ep.
6

1/7Ecr
6

- 5E1.1.40-2 - 3E1-12Cr
4

The list of linear functionals given above represents a set of strongly

identifiable linear functionals associated with. This means that

if a Gl-mixture of and a G 2-mixture of are identical
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they must have the same mixed moments as given in (3.36).

We know from (2.57) that the set of estimates corresponding to

the set of linear functionals given in (3.36) may be written as

(3. 37) (X.sG)n = Hn(x)Ps(dx) .

a

Again H
n

(x) is 13s-integrable so we may use (3. 8) and write

b
(X G) = H (x)sxs-ldxSri.) n

a
(3. 38)

n
s 1= b - x. ,

i=1

where

size n

i{x.; = 1,2,

from HG.

... n} represents an ordered random sample of

Thinking of the above sequences of estimates as

sequences of random variables, we know from Chapter II (2.56) that

each member of {(XsG)n} converges almost surely to the corres-

ponding member of {Xs (G)} . Thus Proposition 3.1, together with

(3. 36) and (3.38), allows us to write



(3. 39) <

n

a. s.
X. >Ep.

X,
2 a. s.

> Eµ2 + 1/3E0-
2

i
i=1

n

i=1

n

i=1

n

i=1

3 a. s .
X Ep.

3
+ Epx-

2

a. s .
> Eµ4 + 2Ep.

2
cr

2 + 1 /5Ecr
4

X
4
i

X5 a. s . > Ep.5 + 10/,3Ep.3o-2
+ Ep.cr4
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L

Proposition 3.1 tells us that the mixed moments on the right hand side

of (3.39) are strongly identifiable and that the estimates given on the

left hand side of (3. 39), being conjugate-type estimates, converge

almost surely to the corresponding expected value on the right hand

side.

Now let us see what happens when o- is fixed. If the set of all

possible values on a random variable X is bounded from both sides,

then the set of moments {EXk; k = 1,2, ...}, uniquely determines

the distribution function F X (x) (Fisz, 1967). Thus, since p. E [a,b],



{Ep.k; k = 1,2, ... } uniquely determines G(p.), the distribution

function for the random variable p.. If cr is fixed in (3.39) then

Proposition 3.1 tells us that if G
1

and G2 generate the same

mixture then

(3.40) c° kp. dG (p.)
1

p.
k

dG 20-0

(k = I , 2 , . . . ) , implying that G1 = G2. So {F(x, p., cro)}

generates an identifiable class of mixtures, agreeing with what

Teicher (1961) has already shown. Letting Cr = v0 in (3. 39), we

may use Proposition 3.1 to see that

(3.41)

n

i=1

n

n

n

i= 1

a. s .
X. >Ep.

2 1 2 a. s. 2
Xi - 3 o-

0
>Ep.

2 n
Cr

X3 X.
n

i=1

a. s. 3

X".
4 2 2

+

2cr
0

X.2
1 4

0- a.s. >Eµ4
3 0 5

i=1
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With cr fixed we have estimated the moments of p. about the

origin almost surely.

Similarly when p. is constant, say p. = p.o, we may apply

Proposition 3.1 to (3.39) and conclude that if Gi and G2 generate

the same mixture then

oo oo

(3.42) Cr2kdG (0") = CT2kdG2(0-)
0 0

(k = 1,2, ...). This shows that all even order moments of the random

variable Cr are the same but does not necessarily imply that

GI = G2, as Teicher (1961) has shown to be true. Two possible

means of explanation come to mind. First we may not have picked the

correct sequence of functions
{f5}

to show that the odd order

moments of Cr can be represented as in Theorem 2.2. or secondly

the odd order moments of cr might represent weakly identifiable

linear functionals which are not strongly identifiable and thus are not

capable of being characterized as in Theorem 2.1. We may estimate

the even order moments of CT from (3. 39) as follows



(3.43)

n

i=1

n

2 2 a. s.
X. 3p. >Eo-

2

0

2 n

X.
4

611
0

X
2+ 4 a. s. >Ecr

4
i n

,Y._i .

P'0

i =1 i =1
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The theory in Chapter II has enabled us to make inference con-

cerning G, when -4 is not identifiable, by allowing us first to

determine and secondly to estimate almost surely some strongly

identifiable mixed moments of p. and Cr. In the cases where )4

was known to be identifiable, that is when either p. or CT was con-

stant, inference was made by estimating almost surely the moments of

about zero {Ep.k; k = 1,2, ...}, and the even order moments of

{Ecr2k;
=Cr about zero

The examples studied in this chapter were selected for two

specific reasons. First, they were chosen to check the theory of

Chapter II against the known results of Teicher (1961). Secondly,

the particular examples were mathematically tractable, that is, com-

paratively easy to work with. It should be pointed out that in working

with other families of distribution functions ), the integration

necessary to obtain strongly identifiable linear functionals can be

rather difficult, though it still may be possible to obtain meaningful

results.
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APPENDIX

The Appendix contains a brief discussion of some of the symbols

and terminology used in Chapter II. This is done because of the

variety of different ways authors use to convey the same idea,

especially in the field of functional analysis. Further discussion of

these topics may be found in Taylor (1967).

Some of the basic concepts used in the second chapter were

those of conjugate space, conjugate operator, and congruent spaces.

We now define what we mean by these terms.

Let X be a normed linear space and let A be the associated

scalar field. The conjugate space of X is the space of all continu-

ous linear operators on X into A. That is, the space of all con-

tinuous linear functionals on X. We denote this space by X'. Some

authors call X' the dual space or the adjoint space of X. It is

sometimes denoted by X* or X.

Let X and Y be normed linear spaces, and suppose A

is a continuous linear operator from X into Y. If y' is an

element of V, then the linear functional defined on X by

(A. 1) x'(x) = yt(Ax)

is clearly continuous. We write x' = A'y'. The operator A', which

is linear and maps Y' into X', is called the conjugate of A.
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The definition of A' is expressed by the formula

(A. 2) A'y'(x) = y'(Ax) x E X , y' E Y'.

Other notations and terminologies have been used for A'. It has been

denoted by A* or A and has been called the adjoint of A and

the dual of A. In Taylor (1967) the notation A* and the term

" adjoint" are used only in connection with linear operators in Hilbert

space.

In order that two normed linear spaces X and Y be con-

gruent, it is necessary and sufficient that there exist a linear operator

A with domain X and range Y, such that A
-1 exists and

N
1
(Ax) = N 2(x), for all x E X. Here, N1 and N2 denote

norms on Y and X, respectively. If X and Y are congruent

spaces, we say that A maps X congruently onto all of Y.

Furthermore, if A maps X congruently onto all of Y, then

A' maps Y' congruently onto all of X' (see below).

The following proposition was referred to in Chapter II. It is

given in Taylor as an exercise.

Proposition A. 1. If X and Y are normed linear spaces,

and A maps X congruently onto all of Y, then A' maps Y'

congruently onto all of X'.

Proof. 1. (Linearity) Assume that yl and y2 belong to
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Y', and that a and b belong to Rl. If z' = ay' + by' , then

A'ayi + by(x) = A'z'(x) = zT(Ax) ayl(Ax) + by(Ax)=aA'yil (x)+bAly12(x).

2. (Norms) We will use the following formula for the norm of A'y'

(A. 3) 11A'Y'll = sup 11Alyt(x)11
11x11 5 1

By applying the definition of the conjugate operator and the fact that

A maps X congruently onto all of Y we see that

(A. 4 11 A 'y' II = sup 11 A 'y'(x) II = sup II y'(Ax) II

114 <1 114 <1

= sup
11 (Ax)11 = sup Y?(Y)11 = My' 11

Ax11 < 1 11)4 < 1

3. (One -to -one) Assume that yl and y2 are elements in Y'

such that A'yi = Aly. This implies that A1(yli-y12) = 0. From (2)

above we know that

1
=Y Z

11 A ?(Yil = = 0, and thus

4. (Onto) Let x' be any element of X'. We must show

that there always exists an element yl Y' such that A'y' = x'.

By applying the definition of the conjugate operator we see that

-1'
(A. 5) x'(x) = xl(A 1 Ax) = (A -1 Arx1(x) = A'A x'(x) .

-1'
Letting y' = A x', we have x'(x) = A'y'(x) \Cix E X.


