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Occasions arise in engineering for conducting probabilistic analyses concerned

with the "state" character of systems which range in scale from the circuit level (and even

below) through the black box level and on up through the system level.

These stochastic systems are systems with random as well as deterministic features.

Such a system often has the following character: it has a finite number of states (or

modes) and at any time is in one of these states; it is subject to external events "input"

events which tend to induce changes of state; it is the source of events, the occurrence

of these "output" events being dependent on the current state and the current input

event.

A necessary background in finite-state, discrete-time Markov chains is first pre-

sented. Then the stochastic chain is formulated and, as an illustration, applied to a rather

complex though not untypical problem, that of evaluating the worth of two alternative

aircraft navigation systems.

Following this practically based example, an entropy analysis is worked out. The

information theory notion of entropy is used to measure the randomness of the sets of

events constituting inputs and outputs of stochastic chains. Also, methods of matrix

analysis are developed; these methods provide tools for framing solutions to the canonical

equations of discrete-time variable and continuous-time variable stochastic chains.

Solutions are developed not only for the general case, but also for important spe-

cial cases. Digital computer solution methods are outlined too, and are illustrated by

two-state examples.



The formulation of continuous-variable stochastic chains, and the derivation of

solution forms and outlining of computer solution techniques completes the treatment of

single stochastic chains. The rest of the thesis extends the model: networks of stochastic

chains are formulated and applied.

Such networks can be applied to stochastic analysis problems of potentially arbi-

trary complexity; indeed, without such networks, stochastic chain analysis would be lim-

ited to systems possessing only a relatively few states (or modes) of operation. Finally,

three particular application areas are explored: reliability of electronic equipments

(briefly); and simulation analysis and probabilistic logics (both of these latter in consider-

able detail). In each area, stochastic chains used in the network context can provide

potent means for analyzing complex and, in many cases, previously intractable problems.
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DEVELOPMENT AND APPLICATION OF A MODEL
FOR STOCHASTIC SYSTEMS

CHAPTER I. INTRODUCTION

Stochastic systems are physical systems, either naturally occurring or artificially

constructed, which to some extent have a random aspect. Such a description applies to
nearly all systems of any significant size and even to some of little size. This paper develops
a model the stochastic chain for analyzing such systems. It then applies this model in

several areas: to reliability analysis, to system simulation and to probabilistic logics.

The concept of "system" requires further comment. In a recent book on modern
system theory, Zadeh (1969, p. 3) asks these questions:

"What is a system? What is a state of a system? How can these notions
be given precise yet general meaning, and how can they be related to
some of the other concepts in system theory? These are . . . central
questions . . ."

Concerning the notion of a system, Zadeh answers his question as follows:

"A system, according to a dictionary definition, is a collection of
objects united by some form of interaction or interdependence. In
this sense, almost everything is a system of one kind or another.
Indeed, in its broad interpretation, the notion of a system is one of
the most pervasive ideas in the domain of human thought."

Concerning the states of systems, this paper will consider stochastic states as the

states of interest. The meaning of a state, in this sense, will be made clear in the following
pages.

Several kinds of systems will be considered. Although one can discourse at great
length on the nature of a system, as many have, Zadeh's definition will be sufficient,

except for a restriction: we will be mostly concerned with engineered systems and their

interaction with their surroundings. One could, alternatively, be interested in such

natural systems as atoms and molecules in the inanimate sphere or with biologic systems
in the animate sphere.
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As to the organization of the paper, this present chapter serves as a general

introduction, orientation and overview. Subsequent chapters are organized into three

parts:

Part I, Chapters II and III: Background

Part II, Chapters IV through IX: Development of Stochastic Chains

Part III, Chapters X, XI, and XII: Applications

The final chapter is a summary.

BACKGROUND

The well-known Markov chain can be used to analyze stochastic systems. Markov

chains have, for a number of years, been studied and successfully applied to a huge domain

of problems and the entity considered in this paper, the stochastic chain, is a generalization

of the Markov chain. To quickly focus interest on the subject at hand, consider a simple

application of Markov chain theory to the analysis of common stocks.

A sample of listed stocks (New York Stock Exchange) were studied and were

classified by their average annual growth rate and the extent of their price fluctuations, as

shown in Table 1-1:

TABLE 1-1. CLASSIFICATION OF COMMON STOCKS OVER THE
PERIOD (1959-1964)

Stock Class Fraction of Sample

Growth 0.33
Cyclic 0.42
Income 0.21
Recessive 0.04

.

The price behavior of these same stocks in the 1965-1970 period was then

examined. Those issues making transitions from class to class were identified, the results

being as shown in Table 1-2.
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TABLE 1-2. FRACTION OF COMMON STOCKS WHICH, FROM THE 1959-1964
PERIOD TO THE 1965-1970 PERIOD, MADE TRANSITIONS AS
INDICATED

Class Occupied in
1959-1964

Classes Occupied in 1965-1970

Growth Cyclic Income Recessive

Growth, G 0.4 0.4 0.1 0.1
Cyclic, C 0.2 0.6 0.1 0.1
Income, I 0 0.2 0.4 0.4
Recessive, R 0 1 0 0

One now asks the question: having bought a stock in one of the four noted classes,

what are the probabilities that the stock will be in each of the four classes after 1, 2, . . n

six-year periods? To find the answer one could use the data of Tables 1-1 and 1-2 to con-

struct a Markov chain (mathematical) model. This model would yield probabilities of the

classes G, C, I and R by means of the following equations (in the following chapters, num-

ber subscripts 1, 2, . . . will generally be used rather than letters):

PG(n+1) = 0.4PG(n) + 0.2Pc(n) + OP1(n) + OPR(n) (1-1)

Pc(n+1) = 0.4PG(n) + 0.6Pc(n) + 0.2131(n) + PR(n) (1-2)

P1(n+1) = 0.1PG(n) 0.1Pc(n) + 0.4131(n) + OPR(n) (1-3)

PR(n+1) = 0.1PG(n) + 0.1Pc(n) + 0.4P1(n) + OPR(n) (1-4)

Of course there are several assumptions implicit in predicting future stock prices in

this way. We will not dwell on them now, however, as this example is intended to illus-

trate a procedure rather than to actually predict (even probabilistically) future stock prices.

As to the application of Equations (1-1), (1-2), (1-3) and (1-4), had one bought a

growth stock in 1965-70 for instance, one would set PG(1) = 1, Pc(1) = P1(1) = PR(1) = O.

Then one would solve the above difference equations for n = 2 (1971-76), n = 3

(1977-82) and so forth. The computed PG, Pc, Pi and PR values would then answer the

question originally posed.

This simple problem illustrates the "state character" of systems referred to in the

opening paragraphs: here, the "state" of a stock is the class G, C, I, or R it is in.
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Originally the concept was applied to sequential logic circuits but was widely applied later

in the control theory field and in other areas as well. In our applications, the states of a

system are discrete conditions the system may assume. A system may change state. Tran-

sitions from state to state may take place deterministically or according to probability

laws. We will be interested in the probabilities of the several states as functions of discrete

or continuous time.

DEVELOPMENTS RELATED TO STOCHASTIC CHAINS

Most directly, the stochastic chain applies to sequential machines, the model appro-

priate to digital computer theory. Moore (1956, p. 133), in defining the sequential

machine, wrote:

"Each machine will have a finite number n of states, which will be called
ql, q2, . qn, a finite number m of possible input symbols which will be
called sl, s2, . . sm, and a finite number p of possible output symbols,
which will be called sm+1, sm+2, sm+p . . .

"Time is assumed to come in discrete steps so the machine can be thought
of as a synchronous device . . .

"The state that the machine will be in at a given time depends only on
its state at the previous time and the previous input symbol. The output
symbol at a given time depends only on the current state of the machine.
A table used to give these transitions and outputs will be used as the
definition of a machine . ."

The above sequential machine notion has been widely applied to sequential circuit

synthesis.

Stochastic aspects of sequential machines are apparent. Early analyses of sequen-

tial machines by means of Markov chains were performed by several investigators, for

instance by Gillespie and Aufenkamp (1955). Consideration was later given to generaliza-

tions on the Markov chain notion.

In an excellent review article, J. W. Carlyle, in the book of Zadeh and Polak, gives

mathematical form (1969, p. 388) to these generalizations:
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"A stochastic sequential machine is defined . . . through the specification
of three finite sets, say X, Y, and S, and a conditional probability function

p(y,s '/s,x)

defined for all s and s' in S, x in X, and y in Y. The physical interpretation
is that the numeric value of [the above] is supposed to be the probability,
when the internal state of the machine is s and the input is x, that the
observed response will be y and the new state will be s'. An autonomous
machine (a finite-state stochastic generator or source) is governed by [the
above expression] with x and X deleted, or with X a one-element set."

The stochastic chain referred to in this paper is substantially Carlyle's stochastic

sequential machine. Carlyle presents numerous results from the theory of such machines,

applicable mainly to theoretical questions analogous to those encountered in sequential

machine theory. Practical applications are mentioned in passing.

APPROACH TO THIS STUDY

Models and modeling have been mentioned. Porter (1969, pp. 79-80) says of

modeling:

"During the past twenty years or so the art of modeling and simulating
systems has established itself as one of the most important research and
design techniques available to science and engineering. This is not sur-
prising because many of us believe that man searches continually for
likenesses, in order to learn about his environment, by evolving patterns
and structures in knowledge."

Porter concludes the remark with the following interesting generalization:

"For many years scientists have been conscious of the importance of
models in scientific research and some scientists regard science itself
as necessarily a model of reality in much the same way as the theatre
is the model of society."

Fundamentally, this study developed a model. As a preliminary to the stochastic

chain, the simple Markov chain model was first reviewed. Then two types of stochastic

chains were formulated, discrete and continuous. The properties of these types of chains

were explored and methods of solution were developed. Finally applications were con-

sidered. More general structures stochastic networks were formulated for efficiently

analyzing large scale systems.
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Summarizing, the objectives of this research were:

To formulate discrete time variable stochastic chains and to devise convenient

solution methods.

To formulate and survey the extension to the continuous time variable.

To apply stochastic chains to the analysis of several engineering problem areas.

Finally, to unify as much as possible several apparently different domains of

applications.

The following sections, presenting outlines of the three parts of the paper, describe how

these objectives were accomplished.

OUTLINE OF PART I BACKGROUND AND ORIENTATION

Part I consists of Chapters II and III. These chapters introduce the subject of

reliability and explain the Markov chain technique for analyzing reliability problems. The

reliability area offers a rich source of examples for the analysis.

Of course, reliability of complex engineered systems is of interest in its own right.

In recent years there has been a need for troublefree operation over weeks or even months

or years with little or no maintenance of extremely complex systems. Requirements

on space hardware, which have been particularly severe, have greatly stimulated the prac-

tice of reliability engineering.

OUTLINE OF PART II DEVELOPMENT OF STOCHASTIC CHAINS

Part II consists of Chapter IV, Formulation of Discrete Stochastic Chains;

Chapter V, An Application: Navigation System Reliability; Chapter VI, Entropy: Measure

of Randomness; Chapter VII, Matrix Representation; Chapter VIII, Solution of Discrete

Stochastic Chains; and Chapter IX, Continuous Stochastic Chains. Of these, Chapters VI

and VII are mostly tutorial; Chapters IV, V, VIII and IX contain new material.

Equations for stochastic chains are formulated in Chapter IV. Then an application

of a discrete stochastic chain to a practical engineering problem is given. A navigation

complex is to be developed for a military aircraft; the problem being solved is this: given
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that the interrelated complex of navigation equipments must yield a specified mission

success probability (at least) for the military aircraft, show that a proposed equipment

complex account being taken of all significant modes and on/off conditions actually

does furnish the required probability.

After this illustrative application, tutorial chapters covering the concept of entropy

and the application of matrix analysis precede the development of solution techniques.

The relationship between stochastic phenomena and the entropy concept has been

explored by Claude Shannon of the Bell Telephone Laboratories. His application of the

entropy concept was to communications problems. Subsequently, though, the concept

has become, through several contributions, accessible for other engineering applications

including (the use made here) the measurement of randomness in general.

Matrix analysis has been quite useful in several engineering disciplines for a number

of years. In this paper, matrices are essential in developing solution forms.

Both closed-form and computer simulation-type solution methods are developed

in Chapter VIII. There is found to be a great deal of computational labor involved in solving

even the simpler stochastic chain problems. Therefore one generally prefers computer

solutions.

OUTLINE OF PART III APPLICATIONS

Part III consists of Chapter X, Coupled Systems; Chapter XI, An Application:

Simulation; and Chapter XII, An Application: Probabilistic Logics.

Solving really complex problems involving stochastic interactions on a large

scale is only possible because means are available for coupling together simpler system

models. These coupling methods are developed in Chapter X where the stochastic network

is formulated as a model for analyzing large-scale systems. Such networks can be solved

not only in principle but also in a practical way. Computer solutions are again preferred.

The first specific application area, reliability, is outlined in Chapter II as an intro-

duction to the type of analysis developed in the paper.
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A second application area is simulation. This is a very general subject: the

simulation of physical systems operating in their intended environment. In recent years,

as the previously quoted comment of Porter indicates, this has come to be an extensively

practiced area of engineering analysis. There are sound economic reasons for simulating

systems; by means of a simulation the operation of a large-scale and expensive system can

be understood before a commitment to hardware must be made. Other benefits of simu-

lation can also, of course, be cited.

The third application area, probabilistic logics, deals with computation taking

place in faulty computing systems. The problem addressed by probabilistic logics, as

outlined in the fundamental paper by John Von Neumann (1956), is this: given a collec-

tion of computing elements such as encountered in artificial or natural computer systems;

how does one design a system which will function reliably even though the available func-

tional elements do not? Chapter XII does not address exactly this problem but a similar

one: given a general computing system or device, subject to errors and failures, how does

one go about computing the probabilities of its several outputs?

BIBLIOGRAPHY

While a vast literature could be cited in support of this research, those references

listed in the Bibliography are the ones most directly applicable. As a rule, the sources

most pertinent to each chapter are mentioned in the chapter introductory remarks. Gen-

eral references for this research include the Mathematics Dictionary of James and James

(1959) for definitions of terminology; Dwight's handbook (1947) for miscellaneous equa-

tions, tables and data; Burington's (1949) for similar information; and Lipschutz's book

(1966) for abbreviated treatments of such subjects as probability theory, Markov chains

and introductory matrix theory.

The already cited chapter by Carlyle (in Zadeh's and Polak's book) reviews the

field of finite-state stochastic models. Carlyle's point of view was that of the mathema-

tician who regards Markov/stochastic chains as entities or "machines" to be studied

mostly in their own right. This paper, as suggested, takes a different point of view: it

consistently regards them as mathematical models for analyzing physical systems. Porter
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(1969) has discussed, as indicated, the relationship of models to reality, as have many

others since the time of Isaac Newton and even before.

Interestingly, as many have noted, no extensive models of physics, with the sole

exception of quantum theory, have been intrinsically probabilistic in nature. Probability

has been used in physics in a practical way, of course, and has in the past twenty years or

so been ever more widely applied in engineering, particularly in reliability engineering.

Shooman's book (1968), for instance, systematically applies probability theory notably

Markov chains to component, circuit and system reliability problems.

One may consider that probability, in its modeling application, is used to represent

phenomena about which we have insufficient information or time or inclination to be more

precise. Except as noted, this has historically been its role in the models of physics and is

also its role in this study.
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CHAPTER II. SOME PROBABILITY PROBLEMS IN ENGINEERING

Military and space systems built during and since the cold war have been orders of

magnitude more complex than anything previously attempted. As a result of the tremen-

dous engineering effort needed to develop these systems, a thorough understanding of

reliability was attained.

An extensive data base on component and equipment failure was gathered. Much

of this data is now available to the engineering community; the Department of Defense

book (MIL-HDBK-217A, 1965) is an example. Reliability techniques and methodologies

for the analysis and design of complex systems were needed too. Shooman (1968) covers

many of the presently practiced techniques.

One notes, in reviewing this reliability work, that most of the mathematical

methods of reliability engineering are based more or less directly on the approaches of

either Moore and Shannon (1956) or Von Neumann (1956). Roughly speaking, the

former approach dealt with the reliability of relays and equipment whose failure behavior

was relay-like. The latter approach, on the other hand, addressed the reliability of com-

puting machines ("organs" according to Von Neumann) constructed of natural or artificial

switching circuits.

Moore/Shannon methods have enjoyed wider applicability because the majority of

real-world system reliability problems, it turns out, can be handled with relay-like analysis.

The papers of Flehinger (1958), Dickenson and Walker (1958), Rosenheim and Ash (1959)

and Hisaki (latter fifties) develop typical applications of Moore/Shannon analysis. There

have also been a few uses made of Von Neumann analysis. Chapter XII reviews these.

Probability has been applied in areas other than reliability, of course, and some of

these are referred to in the text. The practice of operations research (or systems analysis,

or operations analysis), for instance, has uncovered a host of applications of probability

analysis to engineering problems.
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The topics covered in the present chapter are as follows:

A Typical Problem Area Reliability

Probability Analysis

A Generalization: Effect of Components on Equipment

Matrix Representation of Reliability Equations

An Example: Resistor Failure Influencing Equipment Operation

A Second Generalization: Effect of External Events on Components

A Third Generalization

A TYPICAL PROBLEM AREA RELIABILITY

The reliability of an item (product, component, or equipment, etc.) is generally

defined as the probability that it will function within specified limits for at least a speci-

fied period of time under specified environmental conditions.

A commonly used mathematical model for reliability calculations is the exponen-

tial failure law. With this law one assumes that the item for purpose of discussion, a

resistor, say has two possible conditions or states, either "up" (the satisfactory operation

state) or "down" (the failed state). Once the part has failed it is assumed to remain so.

The exponential failure law does not, therefore, apply to intermittent failures. The restric-

tion to two possible failure conditions, either "up" or "down," is not too serious a restric-

tion. It can easily be removed, as will be shown.

Proceeding now to derive the standard expression for the exponential failure law,

consider a component, a resistor for instance, which is to be used in an electronic equip-

ment. One could specify tolerances on the value of the resistor and then could design the

equipment to operate properly so long as the resistance of the part fell within these toler-

ances. The resistor would be incorporated into the equipment where it would be subjected

to its operating environment. Over a period of time a number of resistors might then

assume the values plotted in Figure 2-1.
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According to the above definition of failure, the five resistors of the figure failed

after the following time intervals of operation:

TABLE 2-1. RESISTORS AND FAILURE TIMES

Resistor Failure Times

Ri
R2
R3
R4
R5

5,200 hours
10,800 hours
20,000 hours

7,800 hours
5,600 hours

The mean time to failure of these resistors, the average of the Table 2-1 figures, is

found to be 9,880 hours. A failure is, of course, a random event. A probability equation

to represent this aspect is developed in the next section.

PROBABILITY ANALYSIS

Initially, a discrete time analysis is used. We divide the time scale into one hour
intervals and then write an equation for the probability P(k+1) that a resistor operates at
the end of the (k+1) hour: Prob [operating after (k+1) hour] = Prob [operating after kth
hour] x Prob [no failure in (k+1) hour] . Thus:

P
1
(k+1) = Pi (k) [1 «(k)] (2 -1)

The quantity a is the probability that the resistor failed in the (k+1) hour. Notice that as

indicated in the above notation, a is in general a function of k.

We can solve the P1(k) difference equation as follows:

P1(1) = [1 a(0)] P1(0)

P1(2) = [1 - a(1)] P1(1) = [ 1 a(I )] [1 a(0)]

n-1

P (n) = [ 1 a(k)]) P1(0)
k=0

P1(0)

(2-2)

(2-3 )

(2-4)
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Notice that allowing for P1(0) < 1 accounts for the possibility that some of the

resistors may not have been operating properly at the starting time of t = 0 hours.

Probability of failure in a single hour is generally small, so that we can validly make

the approximation:

1 a(k) = e-a(k) (2-5)

Substituting (2-5) into (2-4),

n-1 n-1
P1(n)

='="" e-a(k)) P1(0) = P1(0) exp a(k))
k=0 k=0

(2-6)

The probability that the resistor does not fail up through the nth hour is given by

P2(n) = 1 P(n); thus:

n-1

P2(n) = 1 Pi(n) :1--= 1 - P1(0) exp E a(k)
k=0

(2-7)

We now pass from the above discrete version of the problem to a continuous ver-

sion. We write equations for P1 and P2 as follows:

P1(t + At) = P1(t) [1 - a(t, At)]

P2(t + At) = P2(t) + [1 P2(t)] a(t, At)

We assume that a(t, At) has the following form:

a(t, At) = A(t) At

(2-8)

(2-9)

(2-10)

Equations (2-8) and (2-9) may therefore be written as follows, after substituting (2-10):

P1(t + At) = P1(t) [1 x(t) At]

P2(t + At) = P2(t) + [1 - P2(0] x(t) At

Passing to the limit of small At, one finds from (2-11) that:

(2-11)

(2-12)

dP1 /dt = Lim [131(t + P1(01/ At = x(t)Pi(t) (2-13)
At-00
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This simple differential equation may be solved as follows. Rearranging (2-13)

gives dPi/Pi = -Adt or f: dPi /Pi = f t Adr. Performing the indicated integration yields

in [P 1(t) /P 1(0) = f
t

Xdr. Passing to an exponential form and rearranging, one finds:

P
1
(t) = P1(0) exp -f Cdr (2-14)

Also, in a similar manner, one obtains for P2(t) the following expression:

P2(t) = 1 Pi(t) = 1 - Pi(0) exp -fot Xdr)( (2-15)

One can now determine mean time to failure T as follows:

1

J t dP2 f
T o ° 0

f f (dP2 / dt)dt
0

(2-16)

We evaluate this expression for the special case X= constant. For this case (2-14) becomes:

P1(t) = P1(0) e-At (2-17)

Also dP2/dt = -dPi/dt = X P1(0) e-At; substituting this expression into (2-16) we find for

T the following expression:

Evaluating the integrals,

f tXPi(0) e-At dt
T = ° (2-18)

f(11 X Pi(0) e-At dt

e-At dt
T = ° 1/A (2-19)

re-At dt
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The previously mentioned five resistors are members of a population of similar

resistors; we might roughly approximate mean time before failure by the previously cal-

culated value, T = 9,880 hours. Of course, the five resistors are a rather small sample. Sup-

pose, though, that a much larger sample were considered; then it would happen that T

approximated 10,000 or so hours and we could represent resistor failures by:

(t) = e-t/10,000 hours

P2(t) = 1 pi (t) = 1 pi (0) e-t/10,000 hours

(2-20)

(2-21)

These two expressions typify the exponential failure law for electronic parts. They

are plotted in Figure 2-2 for the special case of P1(0) = 0.75 .

A GENERALIZATION: EFFECTS OF COMPONENTS ON EQUIPMENT

One often assumes that when any component of an equipment fails in the sense

we have been considering then the equipment as a whole fails. This assumption is cer-

tainly a conservative one and seems to be reasonable when making "ballpark" calculations.

The assumption would seem to be physically valid because if a component no

longer performs its function (drifts out of tolerance, for instance), either the equipment

as a whole must fail in which case the component was truly needed or it does not

fail in which case the component was perhaps not needed after all and in the interests

of economy should be removed. One tacitly assumes the equipment was well engineered.

The conclusion is that the first case must hold.

This assumption is the serial reliability rule: when any part fails the equipment as

a whole fails.

Though it seems reasonable, the serial reliability rule does not strictly hold even for

well designed (irredundant) equipment, for several reasons. One of them has to do with

the well-engineered-equipment assumption. Many equipments continue to work well even

though some of their components drift out of tolerance. One concludes that the serial

rule may be overly conservative. Accordingly, we introduce a complication into the pre-

vious problem, the effect of the resistor on the equipment of which it is a part.
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When the resistor value drifts outside its allowed tolerance, the equipment as a

whole may fail as first assumed; on the other hand, the equipment still may perform even

with the degraded resistor. Moreover, to complete the picture, we note that the equipment

may fail on account of other causes even though the resistor has not yet failed.

We are, at this point, discussing the occurrence of an event different from resistor

failure, namely the event "equipment failure." The resistor may naturally contribute

toward the occurrence of this event. But other causes may too.

We now consider as before that the resistor has two states, operative and failed, We

assume also that the equipment as a whole has two states, operative and failed. Returning

to the discrete time analysis and considering an arbitrary interval of time, the probabilities

relevant to the equipment as a whole are as shown in Table 2-2.

TABLE 2-2. REPRESENTATION OF RESISTOR/EQUIPMENT INTERACTION

State of Resistor Equipment Event

Conditional Probability
of Equipment Event
Given Resistor State

S 1 Operative

S i Operative

S2 Failed

S2 Failed

Doesn't Fail F1

Fails F2

Doesn't Fail F1

Fails F2

S (F1 I Si)

S (F21 Si)

S (F1 I S2)

S (F2 I S2)

Referring to the table, if the equipment absolutely depends on the resistor, then

S (F1 I S2) = 0 and S (F2 I S2) = 1. If only the resistor can cause the equipment to fail,

then S (Fil Si ) = 1 and S (F2 I Si) = 0.

With the above definitions of several new probabilities we see that we can represent

the failure behavior of the equipment as a whole by the following enlarged set of equations:

P
1
(k+1) = Pi(k) [1 a(k)]

P2(k+1) = 1 - Pi(k+1) = P2(k) + a(k)Pi(k)

(2-22)

(2-23)



(k) = S (F1 I Si) (k) + S (Fi I S2) P2(k)

q2(k) = S (F2 I Si) Pi (k) + S (F2 I S2) P2(k)
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(2-24)

(2-25)

The parameters Pi and P2 refer to resistor states and have the same meanings as

before. The new parameters q i(k) and q2(k) are probabilities the equipment does not fail

in interval k and does fail in interval k, respectively. We notice that q 1(k) + q2(k) = 1, and

that S (Fi I Si) + S (F2 I Si) = S (Fi I S2) + S (F2 I S2) = 1.

Before proceeding to an illustrative example, we must digress briefly to consider the

matrix representation of the above four reliability equations. Only a minimal sketch of

basics is given at this point. A lengthy development of more advanced topics in matrix

theory is given in Chapter VII.

MATRIX REPRESENTATION OF RELIABILITY EQUATIONS

The reliability equations developed above are a set of four linear simultaneous equa-

tions in four unknowns. More generally, the set of linear equations

al i xi + a12x2 + + ainxn = yi

am x + am 2 x 2 + . . . + amnxn ym ,

which relate the variables x1 . . . xn and the variables y I . . . ym, can be completely charac-

terized by the ordered array of the coefficients aii:

A

al 1 a12 a 1 n

aml amt amn

(2-26)
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The above linear equations can then be written as Ax = y provided one formulates a

suitable definition of the product Ax. This will now be done.

One defines a matrix as a rectangular array of quantities such as in (2-26), which

obeys certain rules of addition, subtraction, multiplication and equality. The elements of

the matrix all amn appear with a double subscript notation: the first subscript indi-

cates the row in which the element appears in the array; the second subscript indicates the

column. A matrix is represented by a letter A, B, a, b, or by its general element [ aii]

enclosed, as indicated, by square brackets.

A matrix with m rows and n columns is called an (m x n) matrix or is said to be of

order m by n. For a square matrix (m = n), the order is simply n.

Several special kinds of matrices are of interest. An (m x 1) matrix might appear as:

A

al

am

This is termed a column matrix. A matrix containing a single row of elements, a (1 x n)

matrix, is called a row matrix, or a row vector.

The principal diagonal of a square matrix consists of the elements aii. A diagonal

matrix is a square matrix of the following general form:

D

a I all other
elements

a22 zero

all other
elements
zero ann



A unit or identity matrix is a diagonal matrix whose diagonal elements are unity:

I=

1 0 0 0

0 1 0 0

0 0 0 . 1

A matrix with all of its elements identically equal to zero is called a zero or null

matrix.
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As to operations that may be performed on matrices, transposing a matrix A is the

operation of interchanging the rows and columns. The transposed matrix is denoted by

AT. If A = [a.-] , then AT = [a--)1 ] , i.e. the element of the ith row, jth column of A appears

in the jth row, ith column of AT. The transpose of an (m x n) matrix is, of course, an

(n x m) matrix. Note that (AT)T = A.

Matrices may be combined in various ways. When two matrices are both of order

(m x n), then the sum of these two matrices is defined. It is the matrix C = A + B whose

elements are:

c- = a-- + b.- (2-27)

The addition of matrices is both commutative and associative, since these are properties of

the elements of the matrices being combined:

A + B = B + A Commutative Property (2-28)

A + (B + C) = (A + B) + C Associative Property (2-29)

The difference of two matrices, both of order (m x n), is the matrix D = A B whose

elements cl- are:

d- = a- b.- (2-30)
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Two matrices A and B (necessarily of equal order) are equal if their corresponding

elements are equal: A = B if and only if aij = bii for each i and j.

The product of matrices is a somewhat complex operation and requires detailed

treatment. The product of an (m x n) matrix by an (n x 1) matrix (or column vector) is the

following column matrix:

Ax = E a- x1
13 J

j=1

(2-31)

This product is referred to as the postmultiplication of A by x, or the premultiplication of

x by A. This distinction is needed because multiplication is generally not commutative:

AB BA for most matrices.

The product of two general matrices AB is the following matrix C:

C = AB = [cik] = [ E aii bjk
j=1

(2-32)

The first subscript of cik is the row index of the matrix product, the second is the column

index. Clearly, in order for the product to be defined, the number of columns of A must

equal the number of rows of B. For the general case, then, the product of two matrices

A (m x n) by B (n x p) is defined in terms of the typical element of the product C as above,

the i,j element of C being the sum of the products of the elements of the ith row of A and

the corresponding elements of the jth column of B. The resulting matrix C is an m x p

matrix.

Matrix multiplication is associative and distributive but as mentioned is not in gen-

eral commutative (the commuted product may not even be defined):

A(BC) = (AB)C Associative Property (2-33)

A(B + C) = AB + AC (2-34)
Distributive Property

(A + B)C = AC + BC (2-35)

AB # BA (in general) Commutative Property
may not hold

(2-36)
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Among the several special types of matrix multiplication are the following.

Premultiplication or postmultiplication of a matrix by a scalar multiplier k multiplies each

element of the matrix by k, the typical element of the product kA being kajj. Postmultipli-

cation of a matrix A by the diagonal matrix D is equivalent to an operation on the columns

of A. Correspondingly, premultiplication of a matrix A by the diagonal matrix D is an oper-

ation on the rows of A. Premultiplication or postmultiplication by the unit matrix I leaves

the matrix unchanged.

We can now express the previously derived reliability equations in the following

matrix form:

Pi(k+1)

P2((+1)

ql(k)

q2(k)

T a(k) 0 P
1
(k)

a(k) 1 P 2(k)

S (Fi I Si) S (F i I S2) Pi (k)

S (F2 S1) S (F2 S2) P2(k)

(2-37)

(2-38)

We see that in order to solve for the q 1(k) and q2(k) probabilities the equipment

does or does not fail in the time interval under consideration we must solve first for the

Pi (k) and the P2(k).

We find the following set of equations by letting k take on successively the values

0, 1, 2, ... .

T1(2)

P2(2)

1 a(0) 0

a(0) 1

1 cx(1 ) 0

a(1) 1

Pi(0)

P2(0)

1 a(0)

a(0)

0

1

,
Pi (0)

P2(0)

(2-39)

(2-40)



Thus we have the result that:

P1(n) n-1 - a(k) P1(0)

n
P2(n) k=0 a(k) 1 P2(0)

qi(n) and q2(n) can then be expressed in terms of P 1(n) and P2(n).
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(2-41)

AN EXAMPLE: RESISTOR FAILURE INFLUENCING EQUIPMENT OPERATION

We now complete the derivation that was previously started, by the use of a matrix

formulation. A numerical example is worked out to illustrate the points developed in this

chapter. This solution, while quite trivial and already well-known, serves to introduce the

general solution techniques taken up later. In particular, the evaluation of a matrix raised to

a power is illustrated; this problem turns out to be fundamental to solving more general

stochastic analysis problems.

Assume that the probability a resistor fails in 1000 hours, equal to a(k), is 0.2 for

all time intervals k = 1, 2,. . . . We then have the following

P2 (k+1) .2 1

matrix equation:

P

In general, we have for the probabilities of the two states:

2(k)]

k

P2(k) 0.2 1 1'2(0)

(2-42)

(2-43)

The matrix raised to the kth power in (2-43) can be evaluated by informal methods.

One finds that:

P1(1) = 0.8 P1(0)

P1(2) = 0.8 P1(1) =

(k) = 0.8k P1(0)

0.82 P1(0)
(2-44)
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Thus the matrix raised to the kth power in (2-43) must be of the form:

[3.8k 01

x y

A little thought reveals that the sum of the column elements equals unity; we find

that x = 1 - 0.8k and y = 1 so that:

k 0.8k

0.2 1 [ 0.8k 1

(2-45)

Continuing the example by representing the effect of the resistor upon the equipment it is

in, assume that the values shown below apply:

Probability (Equipment doesn't fail I Resistor operative) = S (F1 I S1) = 0.95

Probability (Equipment fails I Resistor operative) = S (F2 I S1) = 0.05

Probability (Equipment doesn't fail I Resistor failed) = S (F1 I S2) = 0.4

Probability (Equipment fails I Resistor failed) = S (F2 I S2) = 0.6

We then find that the qi(k) and q2(k) are given by:

rq2q2(k)

0.95 0.4

0.05 0.6

0.8k

1 0.8k 1

0.4 + 0.55(0.8)k 0.4 P1(0)

0.6 0.55(0.8)k 0.6 P2(0)

(2-46)

These are the probabilities that the equipment as a whole does not (q1) or does (q2) fail in

the kth interval.

Notice that if the resistor were perfectly essential to equipment operation we would

have encountered the following equations:



q1(k)

q2(k)

1 0

0 1

0.8k

1 -0.8k 1

0.8k

1 (0.8)[

0 P1(0)

k I P2"
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(2-47)

We can compare the two situations by means of the q1(k) equations (assuming P1(0) = 1,

P2(0) = 0):

for case 1: q 1(k) = 0.4 + 0.55 (0.8)k

for case 2: q i(k) = (0.8)k

(2-48)

(2-49)

These two equations are plotted in Figure 2-3. So far as the total equipment is concerned,

case 1 is better than case 2, just as one would expect on common sense grounds.

A SECOND GENERALIZATION: EFFECT OF EXTERNAL EVENTS ON COMPONENTS

As a second generalization, consider how external events may influence components

within an equipment. Recall that the failure mechanisms of the previous sections were

undefined. We simply assumed that they did or did not occur at random in the successive

discrete time intervals; we then determined their effects, as measured by the state probabil-

ities, on the component. Now we consider how external events voltage transients, say

may be the causes of failures of components.

Consider the resistor on an hour-by-hour basis (the discrete time analysis). In any

given time interval a voltage transient may or may not occur. Let p be the probability the

transient occurs, 1 p the probability it does not occur. Depending on whether the transient

did or did not occur, the resistor may or may not fail. We represent this phenomenon as

shown in Table 2-3:
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TABLE 2-3. REPRESENTATION OF EFFECT OF VOLTAGE TRANSIENT

State of Resistor Voltage Transient New State of Resistor

S 1 Operative Occurred p Si b(Si -4 Si)

S2 b(Si ---* S2)

Si Operative Didn't occur 1- p Si r(Si --4 Sll 0)
S2 r(Si --4 S2 19)

S2 Failed Occurred II SI 0 =*- b(S2 S1)

S2 1 = b(S2---0 S2)

S2 Failed Didn't occur 1 p Si 0 = r(S2 4 S1 19)

S2 - 1 = r(S2 4 S2 I9)

The quantities b( ) and r( ) represent probabilities that the indicated transitions of

states occur: b(S ) Si) represents the probability of a state Si to state Si transition, when
1

a transient occurs; b(Si Si I 0) represents the transition probability when no transient

occurs.

Because a resistor which has failed cannot (by assumption) be revived, we have set

b(S2 Si) = 0 = r(S2 SI 10) and b(S2 S2) = r(S2 S2 19) = 1 in the table. In the

following equations, however, the general expressions will be used.

The state probabilities can be written as follows:

P1(n+1) = [Pi(n) b(Si Si) + P2(n) b(S2--, Si)]

+(1 [Pi (n) r(S Si I 0) + P2(n) r(S2 --0S 19)]

P2(n+1) = p [Pi(n) b(Si S2) + P2(n) b(S2 --+ S2)]

+ (1 p) [Pi (n) r(S1 S2 19) + P2(n) r(S2--, S2 I 0)]

(2-50)

(2-51)
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Equations (2-50) and (2-51) can also be written in matrix form as follows:

P1(n +1)

P2 (n+1)_

b(Si

1.1

b(Si

---0 S1) b(S2

S2) b(S2 4 S2)

r(Si Si I r(S2 S1 e)

(1

r(S S2 I 0) r(S2 S2 ) P

(2-52)

Notice that with p = 0 (transient never occurs) the matrix equation becomes:

P1(11+1 r(Si 4 Si 0) r(S2--- S1 P1 n)
(2-53)

P2(n+1) r(S1 S2 64) r(S2" S2 19) P 2(n)

Comparing this with our previous expression, we have the following equivalence:

r(S *Si 0) r(S2 --> Si I 0) a(k) 0

r(S1 S2 ) 0) r(S2 S2 0) a(k) 1

(2-54)

Thus we have for the r values r(S S2 19) = 1 a(k), r(S > S2 19) = a(k), r(S2 Si 19)

= 0 and r(S2 S2 0) = 1.

In order to solve for the state probabilities we must, as before, compute a product of

matrices, this time finding that the following expression must be evaluated:

n-1 b(Si 1) b(S2 > S 1) r(S1 S119) r(S2 4 Si 18)

11 p
+(1 -AL)

k=0 b(S1 > S2) b(S2 S2) r(S S210) r(S2 'S2 6)
(2-55)

Methods for evaluating such expressions are developed in Chapter VII and are applied in

Chapters VIII and IX.



30

A THIRD GENERALIZATION

A third generalization combines the previous two states of a component affecting

the equipment, external events affecting the component into a single unified representa-

tion. By means of this model, failure behavior can depend on external influences and fur-

thermore can influence the external environment.

A possible set of equations would seem to be the following:

Pi(k-")
= [pA0+(1

P 2(k+1)

q P1(k)

= C

q2(k) P2(k)

Where A0, Al and C are in this case (2 x 2) matrices,

b(S1 ---,Si) b(S2 S1)

b(Si --, S2) b(S2 -4 S2)

P1(k)

P200

r(Si --> Si 19) r(S2 19)
Al

r(Si S2 19) "2 S2 19)

S(Fi I Si) S(Fi I S2)

C=
S(F2 I S1) S(F2 I S2)

These equations combine the two cases previously developed.

(2-56)

(2-57)

(2-58)

(2-59)

(2-60)

These expressions, though fairly general, are still not quite generalenough because

we have not yet shown how the matrix C depends on the input event probabilities. This will

be done in Chapter IV.
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To conclude, the problems considered in this chapter have mainly been of the

discrete time variable type. The solution of such problems called for evaluating a matrix

raised to an integer power. Such problems can be solved in the context of Markov chain

analysis, which is outlined in the following chapter.

SUMMARY

The well-known exponential failure law for electronic components was derived.

This law actually applicable to any type of component, whether electrical or mechanical

assumes that a part or equipment has two possible states, either operative or failed. One

postulates that in an interval of time At there is a probability AM that the part will fail if it

has not already failed. The probability of the operative state is then given by (2-14):

t
P1(t) = P1(0) exp (-f A dr)

where P1(0) is the probability that at time t = 0 the part was operative. Three generaliza-

tions on this process were considered.

With the first, the state of a component was able to influence the state of the equip-

ment of which it was a part. The equipment itself could have two states, operative and

failed: if initially operative it could be triggered into a failed state by failure of the compo-

nent. The behavior of the component was thus described not only by equations defining

probabilities of its two states but also by other equations giving probabilities of failed/

nonfailed events for the equipment as a whole.

The second generalization accounted for the external environment about the compo-

nent. In the exponential failure derivation, and also with the first generalization, sponta-

neous failures (changes of state) were postulated. Now, though, we allow external events to

cause (in a stochastic way) these changes of state.

The third generalization combines the above two and indeed the initial case, sponta-

neous changes of state, as well. Now external events can cause changes of state of the compo-

nent; further, the component depending on its state can originate events which influence

the surrounding environment.
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CHAPTER III. REVIEW OF MARKOV CHAINS

The Markov chain and there are several types, finite state or otherwise, discrete

or continuous has proven to be an extremely useful model for analyzing physical sys-

tems. To mention a few applications: Markov chains have been used in physics to analyze

diffusion problems; of particular interest to engineers, they have been used to analyze the

transmission of information; and they have been used to some extent in reliability analysis.

The literature on Markov chains is vast.

A readable yet mathematically meticulous development of finite-state discrete

Markov chains is given in Kemeny and Snell's book (1960). Applications to several prob-

lems of physics for example, to diffusion theory are given in Wax's collection of

papers on noise and stochastic processes (1954). As mentioned, Shooman (1968) applied

Markov chains to reliability problems. Skolnik (1962) cites an application of Markov

chain theory (by Sponsler) to a problem of radar detection and Clark (1964) derived a

straightforward model for a particular type of radar detection logic.

Since Markov chains are so closely related to the stochastic chains of this paper,

finite-state discrete Markov chains appropriately introduce the subject of stochastic chains.

A somewhat more formalized notation will be used henceforth. The variable t will

refer to discrete or continuous time: t = 0, 1, 2, . . . in the former case, 0 < t s .0 in the

latter. Generally, if there is no ambiguity, the upper and lower limits of sums and products

will not be shown explicitly; the index of summation/product will show the nature of the

operation.

The subjects covered in this chapter are as follows:

Probability Vectors

Stochastic Matrices

Description of Markov Chains

Fixed Points of Stochastic Matrices

An Algorithm for Determining Ergodicity
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An Illustrative Application

Introduction to the Solution of Markov Chains

A Detailed Example: Three-Mode Failure Analysis

These subjects depend on those introductory definitions and applications of matrices which

were covered in Chapter II.

PROBABILITY VECTORS

We previously dealt with column matrices of probabilities the P(n), Q(n) matrices

of Chapter II whose element sums were unity. We now make the following definition:

a column matrix is called a probability vector if its components are nonnegative (some of

them may be zero) and sum up to unity. Each individual probability value is referred to as

a component of the probability vector.

As examples of probability vectors, refer to the common stock example of Chap-

ter I and the exponential failure law of Chapter II. In Chapter II, for instance, it was

shown that probabilities Pi(t) and P2(t) of a failed/nonfailed equipment, respectively, can

be arrayed in a column matrix:

This is a probability vector since P1, P2 a 0 and also P1 + P2 = 1.

In Chapter I, in Table 1-1, the probabilities of Growth, Cyclic, Income and Reces-

sive Stocks were tabulated. These probabilities can also be written in column matrix form

as:

0.33

0.42

0.21

This is another example of a probability vector since no entry is less than zero and the

sum of probabilities is unity.
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Because the components of a probability vector must add up to one, a probability

vector with n components can be represented in terms of only (n-1) unknowns.

Probability vectors with two and three components can, for instance, be represented as

col(x,1-x) and col(x,y,l -x -y).

We next consider a particular kind of square matrix repeatedly encountered in

analyzing Markov and stochastic chains.

STOCHASTIC MATRICES

Those square matrices encountered in the reliability analysis of Chapter II have

certain special properties and are termed stochastic matrices. We define: a square matrix

M = [pij] is called a stochastic matrix if each of its columns is a probability vector, i.e. if

each entry of M is nonnegative and if the entries in every column add up to unity.

It is not difficult to prove the following: given stochastic matrices A and B, the

product AB is a stochastic matrix. A corollary is that any power of a stochastic matrix is

also a stochastic matrix: given M, a stochastic matrix, the powers M2, M3, . . Mt are also

stochastic matrices. We illustrate with an example.

Suppose M is the following stochastic matrix:

M =
0.6 0.8

We easily calculate the matrices M2, M3 and M4 to be as follows:

M2

13.72

0.256

M3 =

0.76 0.744

0.2509 0.2492
m4

0.752 0.7491 0.7508

The above powers of M seem to be approaching a constant limiting matrix. This is the case

with many stochastic matrices, as will shortly be explained.

We consider next those (n x n) stochastic matrices with a single nonzero entry

necessarily unity, since the matrices are stochastic matrices in each column. Clearly

there are nn of these matrices since the unit element can be placed anywhere in the first
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column (n possibilities), anywhere in the second column (n possibilities again), and so on

until n n . . . n = nn matrices can be formed. These matrices have a deterministic charac-

ter since state-to-state transitions take place either with probability one or with probability

zero in either case, deterministically. There are, for instance, 22 elementary stochastic

matrices having 2 rows, 2 columns; they are as follows:

1

0

0

,

1

0

1

0 1 1 () 1

, ,

1 0 0 1 0

There are 27, 256, 3125, . . . matrices of this type having, respectively, 3, 4, 5, . . .

rows/columns.

Given any stochastic matrix M, we now define its associated unit matrix as that

matrix with ones in every row/column intersection where M has nonzero elements and

zeros elsewhere. We use the notation MA to denote the associated unit matrix of M. For

example, given the following matrix:

0 0.1 0.3

M = 0.4 0.5 0.3

0.6 0.3 0

The associated unit matrix MA is the following:

0 1 1

MA = 1 1 1

1 1 0

We also define an operation of matrix union as follows: given two matrices A and

B, A U B = C is the matrix such that cif is one if and only if either aid > 0 or bid > 0;

cif= 0ifaij = 0andbij =0.
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With this definition in mind we see that given any stochastic matrix M, its

associated unit matrix MA can be written as the union of elementary stochastic matrices;

in other words, given M we can find Ea Ea2, . . . such that:

MA U Eai
ai

The U notation means the union of the matrices Eaj. For the matrix M given above,

0 1 1 0 1 1 0 0 0 0 0 1

MA = 1 1 1 1 0 0 U 1 1 1 U 0 0 0

1 1 0 0 0 0 0 0 0 1 1 0

The preceding definitions are presented at this point in anticipation of the follow-

ing discussion of a particularly useful class of stochastic matrices. Elementary stochastic

matrices will also be used in Chapter IV.

DESCRIPTION OF MARKOV CHAINS

Consider a sequence of trials of an experiment whose outcomes, say X1, X2, .

have the following properties: first, each, outcome is one of a finite set of outcomes

S2, . . Sm , these being termed the states of the system. If the outcome on the tth

trial is Si, then we say that the system is in the state Si at time t or at the tth step. Second,

the outcome of a trial may depend on the outcome of the immediately preceding trial but

not upon any previous outcome. That is, to each pair of states Si, Si there corresponds a

probability pig that Si occurs immediately after Sj occurs. Such a stochastic process is

called a (finite) Markov chain. The numbers pig are called transition probabilities.

The pig can, as shown in Chapter II, be arrayed in a matrix as follows:

M=

13 1 1

P21

Pml

p12

p22

Pm2

p1m

P2m

Pmn_
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This matrix M is called the state transition matrix.

Thus with each state Si there corresponds the ith column (pii, p2i, pmi) of the

state transition matrix M and if the system is in state Si, then this column vector contains

the probabilities of all the possible outcomes of the next trial. It is, therefore, a probability

vector and we have the result: the transition matrix M of a Markov chain is a stochastic

matrix.

As an illustration of this result, recall that the state transition matrix for the resis-

tor example of Chapter II was the following:

M =
0.2 1

The t-step transition matrix for this example was found to be:

Ot 0.8t
Mt

0.2 1 1 0.8t

Both of these matrices M and Mt are clearly stochastic matrices.

The state transition matrix for the common stock example of Chapter I was as

follows:

0.4 0.2 0

0.4 0.6 0.2 1

M =
0.1 0.1 0.4 0

0.1 0.1 0.4 0

This matrix also is clearly a stochastic matrix.

Since an entry pig in the transition matrix M of a Markov chain is the probability

that the chain passes from the state S. to the state Si in a single step, one asks the question:

what is the probability denoted by p1 (t) that the system changes from state Si to

state Si in exactly t steps? If the p..(t) are arrayed in a matrix M(t), called the. t-step
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transition matrix, then this t-step transition matrix, one easily sees, can be written as

M(t) = Mt.

Supposing that at some particular time the probability of the chain being in state

Si is Pi, we denote these state probabilities by the probability vector P = col (P1, P2, . .

Pm) which is called the probability distribution of the system at that time. When the chain

starts at t=0, P(0) = col [P1(0), P2(0), . . Pm(Olis the initial probability distribution;

further, P(t) = col [Pi(t), P2(t), . Pm(t)] denotes the t step probability distribution. If

P(s) is the probability distribution of the system at some arbitrary time, then MP(s) is the

probability distribution of the system one step later and MtP(s) the probability distribution

t steps later. We have the following results:

P(1) = MP(0) (3-1)

P(2) = MP(1) = M2P(0) (3-2)

P(t) = MP(t) = M(t)P(0) = MtP(0) (3-3)

For example, were the common stock example of Chapter I truly valid for all

future six-year periods, we would write for the probabilities that a randomly selected stock

is in the Growth, Cyclic, Income or Recessive classes the following expression:

PG(t) 0.4 0.2 0 0 t

P (t) 0.4 0.6 0.2 1 0.42

PI(t) 0.1 0.1 0.4 0 0.21

PR(t) 0.1 0.1 0.4 0 0.04

Since by assumption the stock was initially chosen at random, the probability vector P(0)

is col (0.33, 0.42, 0.21, 0.04). Had one chosen a stock in a particular class say in the

Growth class then an initial probability vector such as P(0) = col (1, 0, 0, 0) would have

been appropriate.
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FIXED POINTS OF STOCHASTIC MATRICES

The asymptotic behavior of transition matrices Mt is of interest. To begin with, we

must define fixed points: a nonzero vector P = (P1, P2, . . Pn) is called a fixed point of a

square matrix M if P is not changed when multiplied by M. That is, P satisfies:

P = MP (3-4)

We do not consider the zero vector as a fixed point of any matrix since by its very nature

it is left fixed by every matrix M. We notice in passing that if P is a fixed point of a matrix

M, then for any real number X 0, the scalar multiple XP is also a fixed point of M.

We now define an important class of stochastic matrices and an important subclass

of this class. A Markov chain is ergodic, and its transition matrix M is said to be ergodic, if

it is possible to pass from any state to any other state. A subclass of these Markov chains

are the regular Markov chains: for these, after some number of steps, it is possible to be in

any state. For a regular Morkov chain M(t) = Mt has, for some t, no zero entries.

Regular Markov chains are useful in several areas of application (we will see one in

Chapter VI). For now we take note of the relationship between regular stochastic matrices

and fixed points: if M is a regular stochastic matrix, then M has a unique fixed probability

vector T, all of whose components are nonzero. The sequence M, M2, . . . of powers of M

approaches a matrix R each of whose columns is the fixed point T. Finally, if P is any

probability vector, then the sequence of vectors MP, M2P, M3P, . . . approaches the fixed

point T (Lipschutz, 1966).

In simpler terms, if a Markov chain is regular, then regardless of which state it

may start in its state probabilities will approach fixed values. Clearly it is important to

determine if a Markov chain is ergodic and further, if it is regular. For general large-scale

Markov chains, this is not an easy task. To begin with, we must consider ergodicity; later

we will consider the limiting behavior of Mt for large t.

AN ALGORITHM FOR DETERMINING ERGODICITY

By way of expanding upon the previous definition, a Markov chain is ergodic if

it is possible to pass from any given state to any other given state in some finite
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number of steps. Consider a stochastic matrix M of a Markov chain. The pii element of M

is, as explained, the probability of passing from state j to state i in a single step. Ifpii(k)

are the entries of Mk, then p.-(k) is the probability of a transition from state j to state i in

k steps. Thus if for each pair of states i and j pii(k) is nonzero for some k = 1, 2, . .

then the Markov chain is ergodic.

One could simply compute the powers M, M2, . . . in order to determine ergodicity.

The following algorithm is simpler: one writes down the given stochastic matrix and

selects an initial state. It is to be determined if a transition from this state to every other

state is possible. This is to be done for all states.

Having written down the matrix M, replace it by its associated unit matrix and deal

with this new matrix MA instead (ergodicity and regularity do not really depend on the

magnitude of the elements of M, only upon whether they exceed zero; thus any matrix

having zeros in the same locations as M will do to test for ergodicity).

Now proceed as follows: draw a construction line along the principle diagonal of

the matrix MA. Across the top of MA label the matrix, left to right, with the state labels.

Choose a starting state and enclose it with a square. Draw a line vertically from the initial

state. Then across every row where this vertical line passes through a one draw a horizontal

line. Then in all columns where these horizontal lines intersect the diagonal draw vertical

lines. Circle the labels heading these columns. This completes cycle 1 of the procedure.

Cycle 1 identifies all states that can be reached from the initial state in a single step

of the chain. Drawing a line through row i when there is a one in column j denotes that

state i can be reached from state j since there is a nonzero probability of this transition

(the significance of the one in the i,j intersection) occurring. If all state labels are circled

in cycle 1, then all states can be reached when the chain is started in the given initial state.

Should all not be encircled, the process is repeated for cycle 2. Cycle 2 proceeds as did

cycle 1. Where all vertical lines pass through a one draw horizontal lines and where these

intersect the diagonal draw vertical lines and encircle state labels as with cycle 1.

Continue this procedure until all state labels are encircled in which case all states

can be reached from the given starting state or until the process can be continued no
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further. This latter outcome will occur when not all states have been encircled and when

none of the vertical lines drawn to conclude the preceding cycle pass through ones.

Should this happen, a new cycle cannot be started and therefore no more states can be

circled. Since all states have not been circled, all could not have been reached from the

given initial state and therefore the given chain cannot be ergodic.

If all states can be reached from the given initial state in other words if the pro-

cedure as outlined runs to completion, all states being encircled then the procedure must

be repeated with a second starting state, a third state and so forth until all states have been

tested. From this complete testing of all states the ergodicity of the chain is determined.

AN ILLUSTRATIVE APPLICATION

As an example of the procedure, consider the following stochastic matrix:

0 0 0.7 0.5 0.1

0.3 0 0 0 0.2

M= 0.3 1 0 0 0

0 0 0.3 0.5 0

0.4 0 0 0 0.7

Replacing M by MA and constructing the diagonal, labeling states and selecting state S4 as

the starting state yields the following:

SI S2 S3 S4 S5
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After cycle 1, the matrix looks like this:

One concludes that states S1 and S4 can be reached from S4.

Proceeding to cycle 2 of the algorithm, one obtains:

After cycle 2 the procedure terminates. All states are encircled and this means that all

states can be reached from S4.

From the nature of this procedure, clearly no more than (n 1) cycles need to be

executed to determine if transitions from a given state to the same or to the other (n 1)

states are possible. Therefore one must be able to determine ergodicity by calculating just

the matrix powers M, M2, . . . M. Accordingly, we have the result: M is ergodic if and
n-1

only if the matrix K --= E Mi has no zero entries.
i=1

INTRODUCTION TO THE SOLUTION OF MARKOV CHAINS

A solution method for Markov chains was outlined by quite informal methods in

Chapter II. Now, to provide continuity in our discussion of Markov chains, we state how

solutions can be obtained by a result of matrix theory known as Sylvester's Theorem. This

theorem in its most general form will be presented in Chapter VII and will be applied sys-

tematically in Chapter VIII and IX.
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The problem in solving Markov chains is simply stated: to evaluate a matrix raised

to an integer power. Given M, we want to evaluate Mt since, given a matrix of probabilities

P(0), we have the equations (3-1), (3-2), (3-3) for the t-step probability distributions:

P(1) = MP(0)

P(2) = M2P(0)

P(t) = MtP(0)

Sylvester's Theorem, applied to this problem, is as follows: if all eigenvalues Al, . . An of

M are distinct, then:

where the matrices Zo are:

Mt = E Ait
i=1

rf (M -AEI)
zo(x,)

iWO (Ai A))

The eigenvalues of a matrix M are the quantities A for which det (M - XI) = 0.

As an example, to evaluate by Sylvester's Theorem the matrix

t

13.2 1

one writes

Mt = xit zo(Ai) + A2t Zo(A2)

where Al and A2 are the two (assumed distinct) eigenvalues of the matrix M.

(3-5)

(3-6)

(3-7)



The matrices Zo(Ai) and Zo(A2) are, for (2 x 2) matrices, as follows:

M A21
Zo(X )

M 1!Zo(A2) =

44

(3-8)

(3-9)

We find from det (A XI) = 0 that Al = 0.8 and A2 = 1. Thus substituting A1, A2

and M into (3-8) and (3-9) we have the following:

Zo(Xi )

Zo(X2)

[5.8 1 0
1 0

0.2 1 -1

0.8 1

[1 0

[0.8 - 0.8 0

0.2 1

1 -0.8

Substituting these matrices into the Mt solution form (3-7),

1 0 0 0 0.8t
Mt = 0.8t

1 0 1 1 1 0.8t 1

This equation agrees, of course, with the result given in Chapter II.

A DETAILED EXAMPLE: THREE-MODE FAILURE ANALYSIS

(3-10)

We now give a further example, an analysis of an electronic equipment having not

two operating modes, operating and failed, but three: operating, degraded and failed. As

before we fix attention on a string of time instants of fixed size A. The condition of the

equipment after instants A, 2 d , . td is then of interest.

We define the three failure states as condition X corresponding to no significant

failures; Y failures have occurred such that the operation of the equipment is degraded;

and Z a third level corresponding to the equipment being completely inoperative and not

at all usable for its intended purpose.
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The Markov chain formulation is illustrated in Figure 3-1 which represents the

three possible states of the unit by circles labeled Condition X, Condition Y and Condi-

tion Z. The arrows between the state circles represent transitions that can take place after

a single instant A. For example, the arrow leading from X to Y shows that after an instant

A, a previously undamaged unit may pass to the Y level of failure. No arrow leads from Y

back to X because we assume no repair is done to return the equipment to an improved

status again. Similarly, there are no arrows from Z to X and from Z to Y, the assumption

being that a unit already failed to these levels cannot be brought back again to improved

levels of operation.

The p's by the arrows represent the probabilities of the indicated transitions occur-

ring during an instant of duration A. p33 has been set equal to one: a system once failed

remains failed (with probability 1). Detailed definitions of the transition probabilities are

given in Table 3-1.

TABLE 3-1. DEFINITION OF PROBABILITY TERMS

Transition
Probability Term Definition

P 11

P21

P31

P12

P22

p32

P13

P23

P33

Conditional probability of no serious failure given
that the unit was in Condition X.

Conditional probability the unit fails to degraded
given that it was in Condition X.

Conditional probability the unit fails completely
given that it was in Condition X.

This probability is zero.

Conditional probability the unit remains in Condi-
tion Y given it was in Condition Y.

Conditional probability the unit is failed completely
given it was in Condition Y.

This probability is zero.

This probability is zero.

This probability is one; once the unit is failed it is
assumed to remain so.

1
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P33=1

Figure 3-1. Diagram of Markov Chain Model for Three Modes of Failure
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The problem now is: if the unit starts initially in condition X, what is the probabil-

ity that it is in any of the three states after some number of time instants have passed?

Table 3-2 shows the analysis steps leading from single to multiple instant probabilities. The

left-side column lists and discusses the analysis steps and the right-side column gives the

mathematical formulation.

The first step assumes the state of the unit after the (t+1) instant can be related to

the state after the tth instant. The next step solves the matrix difference equation of

step 1 in terms of the probabilities of each of the three states before the first instant,

[Px(0), Py(0) and Pz(0)1. The other solution matrix term is Mt which is the tth power of

the matrix of pii given in the first line.

The third step is to find explicitly the Mt elements. Sylvester's Theorem gives the

solution as:

Mt t
(LM

A2I)(M
+ L

A11)(M - A3I)] A1 1)(M A2I]

X2)(A1 - A3) 2 (A2 - )(X2 A3) "3 (A3 A1)(A3 - A2)

(3-11)

where Al = 1, A2 = p and A3 = p22 are the eigenvalues of M and I is the identity

matrix.

SUMMARY

As suggested in Chapter II, reliability problems are typical of Markov chain appli-

cations. A Markov chain is an object having a set of distinct states. At each time point the

chain may be in any one of these states; at the next time point it may be in the same state

or in some other one of its states. The probabilities of such transitions are arrayed in a

state transition matrix. The specification of the initial state probabilities completes the

definition of the Markov chain.

A Markov chain is ergodic (and its state transition matrix is said to be ergodic) if,

given any state, a transition to the same or to any other state is possible in a finite number

of steps. A Markov chain is regular if after a finite number of steps all states are possible.
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TABLE 3-2. OUTLINE OF THE THREE-MODE ANALYSIS

Discussion of
Analysis Steps Formulations

Express the probabilities
the unit is in failure
conditions X, Y and Z
after t instants in the
matrix form as shown.

Conclude that, after t
instants, PX(t), Py(t),
Pz(t) are given by Mt
times the vector of
initial probabilities.

Use Sylvester's Theorem
to solve for Mt with the
result as shown (assumed
distinct eigenvalues)

Px(t+1)

Py(t+1)

PZ(t+1)

PX(t)

Py(t)

PZ(t)

tMt =

= Mt

,

(P12)
P11

"lit
-

1311 P12

P21 P22

p31

PX(°)

Py(0)

Pe)

t
Pll

1+

P13

p23

P32 P33

P1 1
t

_

(P22 )
t

_

PX(t)

PO)

PZ(0_,

_ 1

1

0 0

P22t
0

1 P22t 1

Pll
22

_

)
_ P11

P12)[(13Pt(
-ii (22

Pll )

Regular Markov chains are of interest because of the following result: if a Markov chain is

regular, the probabilities of the several states approach fixed, constant values regardless of

their original values. In other words, the probability values for a regular Markov chain

"settle down" after an initial transient interval.

A graphical algorithm for conveniently determining ergodicity was presented. It

follows from this algorithm that the ergodic property can always be established by comput-

ing powers no higher than the (n 1)st of the given matrix. Regularity will be considered

further in future chapters.

A fundamental problem of Markov chain theory is this: given the initial set of

state probabilities and the matrix of transition probabilities; what, after some given number

t of steps, are the probabilities the given Markov chain is in each of its several states? This
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problem reduces to that of determining matrix powers since the state probabilities P(1),

P(2), . . P(t) after 1, 2, . . . t steps of the chain are given by (3-1), (3-2), and (3-3):

P(1) = MP(0)

P(2) = M2P(0)

P(t) = MtP(0)

M is the matrix of transition probabilities and P(0) is the column matrix of initial state

probabilities.

A particularly straightforward solution method is furnished by Sylvester's Theorem,

a general and elegant result of matrix theory. An application of this theorem was given

here; repeated applications will be made in the, sequel.
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CHAPTER IV. FORMULATION OF DISCRETE STOCHASTIC CHAINS

We now derive the equations for stochastic chains of the discrete type, those for

which the time variable is quantized. When this is done, we can easily show that part of

the stochastic chain is a Markov chain. A somewhat more startling result is obtained also:

a Markov chain can be expressed as a particular type of stochastic chain.

Discrete stochastic chains can be viewed (as disclosed by Carlyle, 1969) as a model

for stochastic variants of the sequential machines formulated by Moore (1966). As men-

tioned, this Markov chain aspect of sequential machines was noted at -an early time; the

previously cited paper of Gillespie and Aufenkamp (1958) gives some interesting results.

Further studies of stochastic chains from various points of view have since been conducted

by a number of researchers. Carlyle's survey chapter (already cited in the book of Zadeh

and Polak, 1969) summarizes these developments.

The notion of a stochastic source is fundamental to the stochastic chain concept.

Recall that Carlyle (Chapter I) defined a stochastic source as a particularization of his

stochastic chain definition. The concept of the stochastic source is handled differently in

this paper, in accordance with Khinchin's (1957) approach.

Only the formalism of discrete stochastic chains is developed in this present chap-

ter, solution methods being deferred until Chapter VIII. Chapter V gives a detailed exam-

ple. The narrative is then interrupted by Chapters VI and VII which present certain topics

of a background nature, namely the entropy concept and an account of methods of matrix

analysis. This latter topic is essential for developing the solution methods for both discrete

and continuous stochastic chains.

The topics covered in this present chapter are the following:

Events and Their Probabilities

Definition and Description of Stochastic Chains

A Detailed Example: Computer Logic

Probability Analysis of Stochastic Chains
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Stochastic Matrix Representation

Elementary Examples: Two-State Stochastic Chains

Decomposition of Stochastic Chains

An Illustration of the Decomposition Algorithm

The incorporation of events and the ability of stochastic chains to receive and pro-

duce them is the major difference between Markov chains and stochastic chains: the

former are in a way "free-running"; by contrast, stochastic chains are driven by events and

can produce them. The opening topic of this chapter characterizes events.

EVENTS AND THEIR PROBABILITIES

At each discrete time point, we specify that one and only one of a finite set of

possible events may occur. A set of events and an illustration of event occurrence is given

in Figure 4-1. A quantized time scale is shown. Occurrence of three possible events is

illustrated by spike-type waveforms which assume the values zero or one depending on

which of the possible events El , E2 or E3 occurred at each point of time.

The probabilities of the events E1, E2 and E3 were taken, respectively, as 0.2, 0.2

and 0.6. Event occurrences for this example were determined by a monte-carlo method

(which will be further discussed in connection with simulation problems in Chapter XI):

for each time point t a random number Nt between zero and one was drawn from a table

of random numbers. If the numbers drawn were in certain ranges, then the events were

considered to occur as follows:

0 Nt < 0.2 E1 occurs

0.2 < Nt < 0.4 E2 occurs

0.4 Nt 1 E3 occurs

Notice that the relative frequencies observed for the events E1, E2 and E3 were actually

0.267 (= 4/15), 0.133 (= 2/15) and 0.600 (9/15). Had a larger set of time instants been

examined, these numbers would more closely have approached the numbers 0.2, 0.2 and

0.6.
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I I II 1111 III 1 II
4 5 6 7 8 9 10 11 12 13 14

1 2 3

Time Point, t

Figure 4-1. Illustration of Three Random Events, E3, E2, El:
Prob (E3) = 0.6, Prob (E2) = 0.2 and Prob (E1) = 0.2
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In many applications a physical meaning is assigned to all but one of the events, the

remaining one being taken as the "null" event, that fictitious event such that no actual

physical event takes place. If the time points are taken to be trials, then according to our

characterization of events, each trial may yield one and only one event of the given set.

Such a set is referred to in probability theory as a complete system of events. The null

event can be a member of a complete system of events.

Associated with an event set is a set of probabilities. Following the terminology

of Khinchin, given the events, E1, . . En of a complete system of events, together with

their probabilities pl, pn (with each pi 0 and with pi = 1), we say that we have

a finite scheme and represent it by the following notation:

E2, E
E=

Pl, P2, pn
(4-1)

As an example of this definition, consider a single die. Designating the appearance

of the i faces by Ei, i = 1, . . ., 6, the following finite scheme represents events which occur

when the die is tossed at random:

E2 E3 Ezt E5 E6
E =

1/6 1/6 1/6 1/6 1/6 1/6 /

Every finite scheme, being a pairing of possible events and their probabilities,

describes a state of uncertainty. The finite scheme corresponds to an experiment the out-

come of which must be one of the events E1, E2, . . En, but we do not know a priori

which event will indeed occur, only the probabilities of the several possible outcomes.

Therefore, uncertainty is present.

The amount of uncertainty must of course be different in different schemes. For

instance, of the following two schemes:

(E1 E2 E1 E2

\ 0.5 0.5 0.99 0.01
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the first scheme quite obviously contains a great deal more uncertainty as to its outcome

events than does the second: in the second case the result of the experiment is almost

surely E1, while in the first case the two outcomes are equally likely.

In Chapter VI we will measure the amount of uncertainty of finite schemes. For

now, our purpose is to use the concepts introduced above to define stochastic chains.

Anticipating Chapter X, we use lines to represent finite schemes on diagrams, as

shown on Figure 4-2. The lines convey four events (including perhaps the null event) from

one point to another on the diagram. A source of events is represented, as shown, by a

circle with a line emanating from it.

DEFINITION AND DESCRIPTION OF STOCHASTIC CHAINS

Recall that we visualized a Markov chain as follows: it was an entity possessing a

finite number of states and at any time was in one of those states. It could then make a

transition to the same state or to a different state by the next time instant. Stochastic

chains are similarly defined:

We consider an object having a finite number n of states, S1, . . Sp. There are m

input events E1, . . Em associated with the chain and p output events Fi, . . Fp. At

some point the stochastic chain is in some one of its states. An input event from the spec-

ified set may occur, thus forcing a transition to the same or to some other state. Further-

more, the stochastic chain may produce any of its output events at any particular time

point. The input events along with their probabilities constitute a finite scheme. The

transitions to new states occur probabilistically, as does the production of output events.

The output events along with their probabilities constitute a finite scheme.

As mentioned, stochastic chains can be viewed as a generalization of sequential

machines. Necessarily, then, sequential machines are special cases of stochastic chains.

We next consider sequential machines to illustrate the stochastic chain definition.

A DETAILED EXAMPLE: COMPUTER LOGIC

A particular flip-flop circuit, a parity-determining circuit, is considered. Such a

circuit examines an input string of binary bits and produces an output which is logical one
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Figure 4-2. Diagrammatic Representation of Events
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if the input stream had an even number of logical ones up to and including the present

input bit, an output of logical zero if the number of ones in the input stream was odd.

Table 4-1 defines the operation of this circuit.

TABLE 4-1. LOGIC STATES OF THE PARITY CIRCUIT

Input, I(t) State Q(t) Output F(t) Next State Q(t+1)

0 0 0 0

0 1 1 1

1 0 1 1

1 1 0 0

The Boolean algebra flip-flop equations are as follows (the variables in the table

and in the following equations are Boolean variables. They can assume only the values

logical zero, logical one).

Q(t+1) = Q(t) i(t) + 0(t) I(t)

F(t) = Q(t) I(t) + I(t)

If we use a so-called JK flip-flop in the circuit, whose operation is defined by

Q(t +l) = J(t) Q(t) + R(t) Q(t)

then we have at once the equations for the J and K inputs as follows:

K(t) = I(t)

J(t) = I(t)

The parity checking circuit is shown in Figure 4-3.

(4-2)

(4-3)

(4-4)

(4-5)

(4-6)

We now see, applying the stochastic chain definition, that the states for this system

are S1 (an odd number of input ones have been received up to the present) and S2 (an even

number have been received). Two input events are possible, occurrence of a zero or occur-

rence of a one. Also there are two output events, occurrence of a logical zero or logical one.



FLIP/
FLOP

Figure 4-3. Circuit for the Example
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First, consider only the state probabilities for the circuit. With p as the probability

that I(t) = 1 and 1 p as the probability that I(t) = 0, we have the following state probabil-

ity (matrix) equation:

rP2 (t1-t+I )

= p
1

(1

1 0 0 1)

Pl(t)

P2 (t)

(4-7)

The square matrices in the above expression are clearly elementary stochastic matrices as

defined in Chapter III.

Now consider the output probabilities. The probabilities of the two outputs can be

expressed as follows:

qi(t)

q2(t)

0

1

(4-8)

These matrix equations typify the equations for stochastic chains. Equations like

these were first encountered in Chapter II. The next section formulates the probability

equations for the general case.

PROBABILITY ANALYSIS OF STOCHASTIC CHAINS

Consider a general stochastic chain. Referring to Figure 4-1, consider one of the

time intervals, say the tth interval, and define probabilities as follows: Pi(t), P2(t), . .

Pm(t) are probabilities that the stochastic chain is in states 1, 2, . . in at time t; Pi(t+1),

P2(t+1), . . Pm(t +l) are a similar set, applying to time (t+1). p1, ...,ps are probabilities

of occurrence of the input events 1, 2, . . s; pii,k are conditional probabilities of a state j

to state i transition, given that input event k has occurred; q1, q2, . . Lir are probabilities

of occurrence of output events 1, 2, . . r; and qul,k are conditional probabilities of output

event u occurring given the system is in state 1 and input event k occurred.

Clearly, the following relationships must hold: E Pa (t) = E
"

P,(t+1) = 1; the
a a

chain is always in some one of its states. Z Epk = qu = 1; some input event always
k u

occurs, some output event always occurs. pii k = 1 for each j and k; a transition to
.1,
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some state must always occur. E q
u1 k

1 for each 1,k; given a state, and an input event,
u

some output event must always occur. We now write equations for the Pa(t+1) and the qu

in terms of the Pa(t), the pk, the pii,k and the qui,k.

We write down state probabilities by noting that the probability of occurrence of a

state equals the sum of probabilities of all the distinct ways in which it can occur. For

instance, the following is a typical way of passing to state i at time t + 1: in state j, input

event k occurs ---,transition to state i.

The probability of state j is Pj(t) and the probability that input event k occurs is

pk. The probability of a transition to state i is pij,k. The probability of occurrence of

this particular way of getting state i is then the product Pk Pij,k pi(t)

This is only one way of getting to state i there are others as well. We therefore

must add up all these probabilities, obtaining the following expression:

Pi(t+i) = E Epkpii,k Pp) for each i
k j

(4-9)

We next consider the output events. An argument somewhat like that given above

applies to the output event probabilities and we find that:

qu E EPk quj,k Pj(t) for each u
k j

(4-10)

The above two sets of equations relate the input event, state and output event

probabilities. Chapter VII will consider their solution.

STOCHASTIC MATRIX REPRESENTATION

The equations derived above are linear equations, as were the Markov chain equa-

tions of Chapter III. Applying the definition of matrix multiplication given there, one

finds that the two sets of equations can be written in an elegant matrix form:



P(t+1) = (E Pk P(t)
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(4-11)

Q(t) = (E pk Bk P(t) (4-12)

The matrices in the above equations are as follows:

P(t) = [Pa(t)] , a column matrix (4-13)

P(t+1) = [Pa(t+1)], a column matrix (4-14)

k square matricesAk [pii, 1, (4-15)

Q(t) = [qu], a column matrix (4-16)

Bk = [quj,k] , rectangular matrices (4-17)

The P(t), P(t+1), Q(t) are probability vectors; the Ak are stochastic matrices; and the col-

umns of the Bk are probability vectors.

Notice that the equations for P(t+1) are simply Markov chain equations, which can

be written as:

P(t+1) = M P(t) (4-18)

where the matrix M has the following form:

M E Pk Ak
k

M is easily shown to be a stochastic matrix.

(4-19)

Although the state equations can be written in Markov chain form, the output

equations are unique to stochastic chains: they are not ordinarily considered in association

with Markov chains. Several elementary examples of stochastic chains are presented next

to illustrate the ideas of this section.
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ELEMENTARY EXAMPLES: TWO-STATE STOCHASTIC CHAINS

The following three stochastic chains were programmed and run on a digital

computer (the program is described in Chapter VIII). Each of the chains has two states,

each may accept two input events and each may produce two output events. The equa-

tions for the first chain are:

2(t+1)

= (0.3
0.7 0,2

0.3 0.8 0.1 0.4 Pig)
+ 0.7

0.9 0.6 P2(t)

0.1 0.5

= 0.3 + 0.7

0.9 0.5

0.3

0.7

0.6

0.4

Pi (0-

P2(t)

The results given in Table 4-2 were obtained during ten steps of the chain, the

initial state probability matrices being P1(0) = 1.0, P2(0) = 0:

TABLE 4-2. TEN STEPS OF THE FIRST STOCHASTIC CHAIN EXAMPLE

Discrete
Time Point, t P1(t) P2(0 c11(0 q2(t)

0 1.00 0.0 0.24 0.76

1 0.16 0.84 0.52 0.48
2 0.46 0.54 0.42 0.58
3 0.35 0.65 0.45 0.55

4 0.39 0.61 0.44 0.56

5 0.38 0.62 0.45 0.55

6 0.38 0.62 0.44 0.56

7 0.38 0.62 0.44 0.56

8 0.38 0.62 0.44 0.56

9 0.38 0.62 0.44 0.56

10 0.38 0.62 0.44 0.56

As a second example consider a stochastic chain having the same equations for

P(t +l) and Q(t), but having different initial probabilities: P1 = 0.5, P2 = 0.5. Ten steps of

this stochastic chain are shown in Table 4-3:
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TABLE 4-3. TEN STEPS OF THE SECOND EXAMPLE; P1(0) = 0.5, P2(0) = 0.5

Discrete
Time Point, t P1(t) P2(t) q1(t) q2(t)

0 0.50 0.50 0.40 0.59
1 0.34 0.66 0.46 0.54
2 0.40 0.60 0.44 0.56
3 0.38 0.62 0.45 0.55
4 0.38 0.62 0.44 0.56
5 0.38 0.62 0.44 0.56
6 0.38 0.62 0.44 0.56
7 0.38 0.62 0.44 0.56
8 0.38 0.62 0.44 0.56
9 0.38 0.62 0.44 0.56

10 0.38 0.62 0.44 0.56

Finally, as a third example consider a stochastic chain with the same state and

output equations as before but with P1(0) = 0 and P2(0) = 1 as the initial state probabili-

ties. Ten steps of this chain are given in Table 4-4:

TABLE 4-4. TEN STEPS OF THE THIRD EXAMPLE; P1(0) = 0 AND P2(0) = 1

Discrete
Time Point, t P1(t) P2(t) q1(t) q2(t)

0 0.0 1.00 0.57 0.43
1 0.52 0.48 0.40 0.60
2 0.33 0.67 0.46 0.54
3 0.40 0.60 0.44 0.56
4 0.38 0.62 0.45 0.55
5 0.38 0.62 0.44 0.56
6 0.38 0.62 0.44 0.56
7 0.38 0.62 0.44 0.56
8 0.38 0.62 0.44 0.56
9 0.38 0.62 0.44 0.56

10 0.38 0.62 0.44 0.56

The interesting aspect of these three examples is that even though each stochastic

chain started with different initial state probabilities, they all quickly reached the same

limiting probabilities. The properties of ergodicity and regularity, introduced in Chapter III,

would therefore seem applicable to stochastic chains. These properties will be further dis-

cussed in Chapter VIII.
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DECOMPOSITION OF STOCHASTIC CHAINS

We easily showed how a stochastic chain can be written as a Markov chain, the

input event probabilities partly determining the elements of the state transition matrix M.

The converse of this proposition is also true: not only can a stochastic chain be expressed

as a Markov chain, but also any Markov chain can be put into the form of a stochastic

chain. Specifically, given any Markov chain whose transition matrix is M, we can find

input event probabilities and corresponding transition probability matrices such that the

state equations can be expressed in a stochastic chain representation. We hasten to add

that the representation thus arrived at is not at all unique.

Before proceeding to the stochastic chain decomposition result, consider those

elementary stochastic matrices defined in the last chapter whose union is the associ-

ated unit matrix for the given stochastic matrix M. We will call these elementary stochastic

matrices the elementary covering matrices of the given stochastic matrix. Such a set is

clearly not unique in general.

A simple way to generate elementary covering matrices for a stochastic matrix is

as follows: given the matrix M, generate the matrices Aij each of which has a one in the

i,j position if the given stochastic matrix has a nonzero element in that position. If the

given matrix has K nonzero elements, there will be K such matrices Aii. Arrange these in

sets S1, S2, . . ., such that the set S l has all Aii with a one in the first column; S2 has all

Aii with a one in the second column; and so forth. That set of matrices formed by sum-

ming in all possible ways the Aii matrices taken one from S1, one from S2, one from

S3, and so forth, is clearly a covering set for M.

Consider now the nn elementary stochastic matrices E 1 , E2, . . Enn, each of

which has a single nonzero entry (unity) in each column. We can show that: given any

stochastic matrix M, there are probabilities pi, . . pq and elementary stochastic matrices

Eat, E . Eaq such that M can be written asa2,

(4-20)
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In other words: any Markov chain can be decomposed into a stochastic chain of the rather

special type given above. The result is proved by exhibiting an algorithm for finding the

desired ps and Eas.

The algorithm is as follows. In the given matrix M = [pii] find the smallest nonzero

element rri ; this element appears, say, at the intersection of the al row,b1 column. Now

select some Ea from the covering set of M, this Ea having a one in the a1 row, b1 column.

Discard other matrices having this property; they are no longer needed. Designate the

selected matrix as Eai,bi and write the matrix M as follows:

M = Tri Eat b1 + M 7r1 (4-21)

Suppose that M 7r1 Eal,b1 = 0; then we have the desired result. In this event,

clearly 7r1 = 1 and M = Eal,bi. Suppose not, though; suppose that 7r1 < 1. Then we

continue.

Write M as a matrix of column matrices:

M = [Ci, C2, ..., Cn]

Note that 7r1 Eai,b1 can be written in a similar form:

Ea],bi ]7r1 61, nl 62, 6n]

(4-22)

(4-23)

where the 61, . . 6n are column matrices, each having one and only one unity element,

the other elements being zero. Notice that 6b1 has its one in the al row.

Substituting (4-22) and (4-23) into (4-21) we have:

M 7r1 Eat ,b + [C1 in 61, C2 - 7r1 62, . . Cn - 771 6n] (4-24)

The elements of each Cr 7r1 6r 0 in (4-24) because 7r1 was chosen to be a mini-

mal element of M and because the matrices E were chosen as the covering matrices of M,

this latter ensuring that we never are subtracting 7r1 from a zero in one of the Cr. Notice

further that the sum of all elements in each column matrix Cr 771 br is the same value,

namely 1 n1 > 0: the sum of elements in each Cr is unity since M is a stochastic matrix
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and because each 6r has one and only one nonzero element (it is unity); thus the sum of

elements in each column matrix 711 er is just 7ri and hence each sum in Cr - 7ri br is

1 7ri > 0.

Now normalize the matrix [C1 - 7r1 61, C2 7r2 62, ..., Cn in on] of (4-24). This

is done as indicated in the following equations:

[C1 7ri bp C2 7ri 62, Cn Iri bn] = (1 - 7r1)(1/1 7ri (C1 - ai b1),

1 / 1 7ri (C2 7 r i 62), . ., 1/1 - 7ri (Cn 7ri 6n)] = (1 ) M1 (4-25)

From this normalization operation a new matrix M1 emerges. It is a stochastic

matrix because each of its elements equals or exceeds zero and because after the normali-

zation all column sums are unity.

Now either M1 is an elementary stochastic matrix in which case the result is

proved with p1 771, p2 = 1 7ri and Ea1,b1 = Ear M1 = Ea2 or it is not. If not, con-

tinue the development. Decompose the stochastic matrix M1 just as was done with the

original stochastic matrix M. The covering set of this new matrix will of course be a proper

subset of the previous covering set: we took out at least one elementary stochastic matrix

and used it in the previous step.

The above procedure will eventually yield the following form for M:

M = 7ri Eal + (1 79(77-2 Ea2 + (1 7r2)(7r3 Ea3 + (1 - 7r3)(Ea4 + ))) )) (4-26)

We finally multiply out the coefficients in (4-26) obtaining (4-27):

M = 7ri Eal + (1 - 711) n-2 Ea2 + (1 - 70(1 - 7r2) 7r3 Ea3

+(1 70(1 7x2)(1 7r3) 7r4 Ea4 + .

It can be shown that the above algorithm terminates and that the 'ti, (1 7r1)77.2,

(1 7ri )(I - 77.2)73, ... qualify as the RI, p2, p3, . of the theorem: they all exceed zero

and their sum is unity. We now proceed to an example.

(4-27)
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AN ILLUSTRATION OF THE DECOMPOSITION ALGORITHM

Applying the foregoing procedure, consider the Markov chain with the following

transition matrix M:

M =
0.9 0.3

A set of elementary stochastic matrices suitable as the elementary covering matrices for M

are:

E
1

=

1 0

E2 -=

0 1

1 1

E3 [0 0

1

E4 -=

1

We commence with step 1 of the algorithm. The smallest nonzero element of M is

0.1 in the first row, first column. Thus one can write:

1 0 0.1 - 0.1 0.7

M = 0.1
0 1 0.9 0.3 0.11

= 0.1
1 0 0 0.7

+

0 1 0.9 0.2

The matrix M 0.1 E2 is not zero so we must continue with step 1.
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We normalize, as explained, and write M as follows:

M = 0.1 + 0.9

0 1 1 0.22

Since the second matrix in the above expression is not an elementary stochastic

matrix, we must go on to step 2; we repeat the procedure outlined above:

M = 0.1
13 1

Performing the indicated subtractions,

M = 0.1
0

0 1

+ 0.9 (0 22

+ 0.9 0.22

0

1

[

1

0

1

0

1

+

0

1 - 0.22

0

0.78

0.22

0.78

0

0.78

0.22

Factoring out the value 0.78 (normalizing):

0

M = 0.1 + 0.9 0.22 + 0.78
13 1 1 1 1 0

We have by now arrived at elementary stochastic matrices throughout. The proce-

dure is therefore finished and we multiply out to arrive finally at:

1

M = 0.1 + 0.198 + 0.702
13 1 1 1 1 0

We notice that 0.1 + 0.198 + 0.702 = 1 as the algorithm guarantees will be the case.

SUMMARY

The difference between the Markov and stochastic chains is that Markov chains are

"free running": they progress through their states spontaneously. Stochastic chains, on

the other hand, are driven by external events and also can produce events to the external

environment.
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Events and their probabilities give rise to the notion of the finite scheme: given a

set of events El , E2, ..., En and the corresponding probabilities P1, P2, . . pn such that

pj + P2 + + pn = 1, the following symbolizes a finite scheme:

E=
Ei, E2, ..., En

kPl, P2,

Stochastic chains accept events as inputs and produce them as outputs. We define

a stochastic chain as an entity with an input finite scheme and an output finite scheme,

having a finite number of states. Its next state, after any given time point, is (probabilis-

tically) determined by its current state and the current input event. Also, the current

output event is determined (again probabilistically) jointly by the current state and the

current input event.

where:

The following pair of matrix equations, (4-11) and 4-12), can be obtained:

p(t+1) = pk Ak P(t)

Q(t) = p k Bk P(t)

P(t), P(t +l) are state probabilities at time instants t, t + 1; they are column matrices

p k is probability of the kth input event

Ak are stochastic matrices, for k = 1, 2, . . .

Q(t) are output event probabilities at time instant t; Q(t) is a column matrix

Bk are rectangular (generally) matrices of probabilities.

The state equations P(t+1) = (Z pk Ak) P(t) represent a Markov chain with state

transition matrix pk Ak and to this extent a stochastic chain reduces to a Markov chain.

The converse is also true: given a Markov chain whose state probabilities are P(t+1) = MP(t),

we can find event probabilities p1, p2, . . . such that
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P(t+1) = (E Pk Ak) P(t)

An algorithm for finding the probabilities pk and the matrices Ak was given.

Interestingly, the stochastic matrices Ak produced by this algorithm have a special charac-

ter: their entries are either zero or one. They are thus elementary stochastic matrices, as

defined in Chapter III.
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CHAPTER V. AN APPLICATION: NAVIGATION SYSTEM RELIABILITY

Before leaving the subject of stochastic chains to develop certain background topics,

we present a detailed example of the application of discrete stochastic chains to an engi-

neering problem. Most examples presented heretofore have been elementary illustrations

of the points developed, perhaps more pertinent to the techniques of analysis than to par-

ticular applications. It is therefore most appropriate now to present a more practically-

based example to illustrate the kind of analysis that may be called for.

This chapter elaborates on a navigation system reliability model outlined for a pre-

proposal study for the Air Force B-1 bomber (Clark, 1970). Similar analyses were per-

formed earlier (Clark, 1969) in connection with the mission reliability of an all-electronic

helicopter control system (a so-called "fly-by-wire" system). As part of the helicopter

study, natural failures and also those possibly induced by enemy fire were accounted for.

Somewhat less sophisticated reliability studies were also performed for a long range patrol

aircraft (Clark, 1971) and for an advanced instrumentation system the U.S. Navy planned

to develop (Clark et al., 1971).

The background for the present example is as follows. A navigation system is to be

developed for a military reconnaissance aircraft. This system can be configured in a variety

of ways; in this example, in order to limit the scope of the problem, we consider only two

system configurations.

The problem being solved is: given that the interrelated complex of navigation

equipments must yield at least a minimum specified value of mission success probability

for the aircraft (all other aircraft equipments, by hypothesis, operating perfectly), to show

that a proposed complex actually does furnish the required probability. Of several possible

systems combinations of navigation equipments which might be considered, one is then

interested in that system which yields the greatest mission success probability. A mission

is a typical flight of the aircraft; it will be specified in greater detail as the example unfolds.
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The following topics are taken up in this chapter:

Outline of the Problem

Mission of the Aircraft

System Modes, Configuration A

Mode Transition Probabilities, Configuration A

Input and Output Events, Configuration A

Stochastic Chain Model, Configuration A

Analysis of System Configuration B

OUTLINE OF THE PROBLEM

The subsystems which may comprise the two navigation systems are inertial naviga-

tion systems and a star tracker. Each of these by itself is a device of considerable complex-

ity but each will be treated only at the "black box" level for this analysis.

As to the contents of these black boxes, we need only mention that an inertial sys-

tem consists of a gyro-stabilized, gimbal-suspended platform (stable platform) upon which

are orthogonally mounted sensitive accelerometers. The latter measure accelerations in x

and y directions, these quantities then being integrated twice in a digital computer to fur-

nish components of the distance traveled. The platform, of course, also produces aircraft

flight attitude and heading information.

A star tracker consists of a telescope mounted on a gyro-stabilized, gimbal-mounted

platform. An associated computer stores an appropriate catalog of star data, and aircraft

position fixes are obtained by the well-known principles of celestial navigation.

The two configurations being analyzed are illustrated schematically in Figure 5-1.

Each has two stabilized platforms but the two configurations differ in that Configuration B

has the star tracker mounted on one of the platforms. In other words the star tracker and

one inertial system share a platform. Configuration A, by contrast, has all units separate:

the inertial navigators and the star tracker each have their own gyro-stabilized platforms.



P2

T

P1

a) System Configuration A
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P2

T

P1

b) System Configuration B

Figure 5-1. Representation of Two System Configurations; with System B
the Tracker and Platform are Coupled Mechanically
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MISSION OF THE AIRCRAFT

We now consider the basic mission of the reconnaissance aircraft and how the

condition of the navigation system affects the successful completion of this mission. The

mission used for analysis and configuration comparison purposes is illustrated in Figure 5-2.

It shows three distinct phases, the aircraft taking off at the beginning of Phase l and pro-

ceeding on a high-altitude flight, dropping for a penetration phase and then climbing again

for Phase 3, after which the mission is over.

Navigation system functions have been aggregated into gross categories termed

"mission-essential" functions: these functions must be performed in order for the mission

to be successful.

During the first flight phase, stellar updating of the inertial systems is necessary for

navigation and if not performed, the aircraft mission will fail. During the next phase, low

altitude flight, stellar navigation is no longer necessary since other forms of updating may

be used. Finally, for the recovery phase, very gross navigation only is required: neither

inertial system nor the star tracker is really needed.

We shall assume certain critical mission events can take place at some time during

each mission phase. For Phase 2 we will calculate, for example, the probabilities of the fol-

lowing mission outcomes:

Unscathed There is no significant damage

Aborted The aircraft is badly damaged and cannot complete its mission

Degraded The aircraft is degraded in performing its mission

Destroyed The aircraft is completely destroyed

The same possibilities will be provided for during the other two phases (one and three)

except for the destroyed event which can occur only during Phase 2 when ground fire is

perhaps directed against the aircraft.
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Figure 5-2. Identification of Gross Mission Phases
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SYSTEM MODES, CONFIGURATION A

Proceeding first to analyze Configuration A, with the two inertial systems and the

star tracker separate and independent, consider that any of the three equipments may

either operate or be in a failed condition. All combinations of these possibilities yield the

set of system modes of Table 5-1:

TABLE 5-1. SYSTEM A MODES; P2, P1, AND T MAY BE
OPERATING (0) OR FAILED (F)

System Modes P2 PI T

PI 0 0 0

112
F 0 0

P3 0 F 0

/14 0 0 F

P5 0 F F

P6 F 0 F

117
F F 0

118
F F F

Eight system modes must clearly be dealt with. Notice that if each subsystem had

three modes instead of two as operative, degraded and failed as in the Chapter III exam-

ple then the table would have had 27 entries instead of only eight. Continuing this

reasoning, the number of system modes M is given in general by the following equation:

M = FT (number of modes for subsystem j) (5-1)

Thus if all subsystems have the same number k of possible modes there being N subsys-

tems one must deal with Nk system modes. The rapid growth of system modes is a

serious problem, one that will be solved in Chapters X, XI, and XII.

Again considering the total navigation system initially operating in mode pi with

all equipments up and operating as time elapses, transitions between modes will take

place as the equipments fail. Failures are, of course, nondeterministic.
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Not all mode-to-mode transitions can take place. An illustration of mode

transitions that can and cannot take place is furnished by a single equipment which is

either operating or failed. It can pass from operating to failed but not ordinarily the other

way. On the other hand the reverse transition sometimes can take place: if in-flight repair

were possible or if a standby unit could be switched in, then the reverse transition could

take place.

The mode transitions for the present example are shown in Figure 5-3. The modes

constitute, mathematically, a partially ordered set, the ordering relationship pertaining

physically to the sequences of modes which might unfold as single failures occur. Part a)

of Figure 5-3 illustrates the single failure mode ordering relationships. One mode is above

another in this diagram if it has fewer subsystem failures in it. Thus mode pi is higher, for

instance, than all others because it contains (see Table 5-1) no failures. A single failure

causes a transition to either p2, p3 or p4. Further failures result in ever more degraded

modes, down to the lowest modes in the partial ordering. Finally p8, the mode for which

all three units are failed, is reached.

The arrows in Figure 5-3a show all possible single-failure transitions. Part b) is sim-

ilar to part a) but is more complete, showing not only all possible mode transitions that can

take place but also the number of subsystem failures contributing to each transition.

MODE TRANSITION PROBABILITIES, CONFIGURATION A

The modes explained in connection with Table 5-1 and Figure 5-3 correspond to

the states of a stochastic chain representing the failure behavior of the system. It is a

straightforward though somewhat tedious problem to calculate the probabilities of mode-

to-mode transitions. Letting b1, b2 and b3 be probabilities of failure in a period of opera-

tion of the inertial systems and star tracker, one obtains the results of Table 5-2.

For each column/row intersection of Table 5-2 the probability of a transition from

the mode at the head of the column to the mode given as the row label to the left-hand side

is given. Because the equipments have no effect on each other, the probability formulas

all have a product form appropriate to probabilities of independent events.
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/1.8

a) Mode Ordering Relationship. These are the transitions caused by a single failure of

P1' P2 or T

b) Number of failures PRESENT MODE

"1 "2 113 "4 "5 "6 P7 "8

111 0

"2 1 0

P3 1 0

"4 1
0

"5 2 1 1 0

"6 2 1
1 0

07 2 1 1 0

"8 3 2 2 2 1 1 1 0

Figure 5-3. Mode Transition Possibilities System A

(blanks correspond to impossible transitions)
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TABLE 5-2. GENERAL FORM1 OF THE MODE TRANSITION PROBABILITIES FOR VARIOUS SYSTEM
MODES ON ASSUMPTION OF NO ATTACK DURING PHASE 2

Mode p1 Mode p2 Mode p3 Mode /14 Mode p5 Mode p6 Mode p7 Mode p8

To Mode pi (1 - b1)(1 b2)(1 - b3)2) 0 0 0 0 0 0 0

To Mode p2 (1 - b1)b2(1 b3) (1 - b1)(1 b3) 0 0 0 0 0 0

To Mode p3 b1(1 - b2)(1 - b3) 0 (1 - b2)(1 b3) 0 0 0 0 0

To Mode p4 (1 b1)(1 b2)b3 0 0 (1-b1)(1-b2) 0 0 0 0

To Mode /15 b1(1 - b2)b3 0 (1 b2)(b3) b 1(1 b 2) 1 -b2 0 0 0

To Mode /16 (1 bdb2b3 (1 - bl )b
3

0 (1 131 )b2
0 1 -b2 0 0

To Mode 117 bib2(1 - b3) b1(1 b3) b 2(1 b ) 0 0 0 1 - b
3

0

To Mode p8 bib2b3 b
1
b

3
b2b

3
b

1
b

2
b 2

bl b3
1

NOTES:

"These expressions apply for each mission phase 1, 2, and 3; expressions for b1, b2, b3 depend, however, on mission phase.

dt2
2)Assuming exponential failures, bi(1) = 1 - e -",b1(2) = 1 e ... and so forth, where A's are failure rates and the At's are time durations of the

mission phases.
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Although Table 5-2 gives the probabilities of certain combinations of equipment

failures, it does not disclose how these failures affect the reconnaissance aircraft mission.

Of course the influence of failures on mission outcomes must depend upon which phase of

the mission the failures occur in; this influence remains to be accounted for.

INPUT AND OUTPUT EVENTS, CONFIGURATION A

According to the general equations developed in the previous chapter, the state

transitions for the present example are governed by two stochastic matrices Al and A2.

The effect of failures on the mission outcomes are determined by the matrices B1 and B2.

We proceed now to determine these matrices.

Recall that each of the four matrices A1, A2, B1 and B2 varies from phase to phase

of the mission. This variation can be accounted for by incorporating certain special func-

tions into the formulation of equations. We use the functions 6(t 1), 6(t - 2) and 6(t 3)

to formulate composite matrices which will be valid throughout the entire mission of the

aircraft. These functions, for any integer p, are:

6(p) = 1 if p = 0
(5-2)

= 0 if p 0

We can write, for the 6(t 1), 6(t - 2) and 6(t 3), that:

6(t 1) = 1 if and only if t = 1 (5-3)

6(t 2) = 1 if and only if t = 2 (5-4)

6(t 3) = 1 if and only if t = 3 (5-5)

The functions are all zero otherwise.

Two possible events can occur during a mission phase. There can be an antiaircraft

attack from the ground and the resultant damage can cause equipment to fail or can even

cause total destruction of the aircraft or there may be no such attack but yet equipments

may still fail by the usual physical processes of failure. Suppose a separate mission analysis

has disclosed that ground fire may take place only during the second mission phase when
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the aircraft flies close to the ground. It has been shown, say, that the probability of ground

fire during the second mission phase is 0.2.

With this information and with the above special functions we can write the input

event probabilities as follows. For event 1, ground fire not occurring,

pi = 6(t 1) + 0.86(t - 2) + 6(t 3) (5-6)

For event 2, ground fire occurring, we have:

p2 = 0.2 6(t 2) (5-7)

Shortening the notation somewhat, writing 61 = 6(t 1), 62 = 6(t 2) and

63 = 6(t 3), we find that (5-6) and (5-7) can be written as:

pl = 61 + 0.8 62 + 63 (5-8)

p2 = 0.262 (5-9)

With the aid of the functions 61, 62 and 63 we can also write the probabilities of

occurrence of the four outcome events Unscathed, Aborted, Degraded and Destroyed

as shown in Table 5-3.

TABLE 5-3. PROBABILITIES OF OUTPUT EVENTS, FOR VARIOUS SYSTEM
MODES, ON ASSUMPTION OF NO HOSTILE ATTACK

Outcome
Events Mode p1 Mode p2 Mode p3 Mode p4 Mode p5 Mode p6 Mode p7 Mode p8

Unscathed 1 1
I 62 + 63 62 + 63 62 ÷ 63 0 0

Abort 0 0 0 61 61 61 61+ 62 61+ 62

Degrade 0 0 0 0 0 0 63 63

Destruc-
tion

0 0 0 0 0 0 0 0
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The probabilities of Table 5-3 show how the navigation equipments affect the mis-

sion. For instance, should the navigation equipments be in mode p7 during mission

Phase 3 both inertial platforms P1 and P2 failed but the star tracker not failed then

the mission will only be degraded (recall that navigation is not critical during this phase).

If these failure conditions obtained during Phases 1 or 2, however, the mission would have

to be aborted.

Now consider how the mode transition probabilities depend on damage. Enemy

ground fire during Phase 2 may damage the navigation subsystems, forcing them to fail

over and above their natural tendancy to do so. We suppose that damage probabilities have

been determined by a separate analysis as follows:

Probability of aircraft destruction = 0.1

Probability of "failure" damage to P1 = 0.01

Probability of "failure" damage to P2 = 0.02

Probability of "failure" damage to T = 0.03

In that mission phase when ground fire may be encountered, the failure probabilities of the

three subsystems must clearly be adjusted as follows:

Prob(fail) = Prob(natural fail) + Prob(ground fire "failure" damage) (5-10)

The assumption underlying (5-10) is that both types of failure cannot occur simultaneously;

in other words, natural failures and ground fire failures are mutually exclusive events.

The outcome of the damage analysis is a set of values like those of Table 5-3 but

somewhat different to account for damage to the three subsystems. Equations for the case

where damage contributes to equipment failure are given in Table 5-4.

Table 5-5 gives probabilities of occurrence of the several mission outcomes for each

of the modes (states) that the system may assume.



TABLE 5-4. TRANSITION PROBABILITIES,1) FOR VARIOUS SYSTEM MODES, ON ASSUMPTION
OF ATTACK DURING PHASE 2

Mode pi Mode p2 Mode ,u3 Mode ,14 Mode /15 Mode 06 Mode p7 Mode k18

To (1 -b1 - 0.01)
Mode (1 - b2 0.02) 0 0 0 0 0 0 0
Pi (1 - b3 - 0.03)

To (1 -bi - 0.01)
Mode (b2 + 0.02) (1 - b1 - 0.01) 0 0 0 0 0 0
/12 (1 - b3 0.03) (1 - b3 - 0.03)

To (b1 + 0.01)
Mode (1 - b2 - 0.02) 0 (1 - b2 - 0.02) 0 0 0 0 0

/13 (1 - b3 - 0.03 (1 - b3 - 0.03)

To (1 - b1 - 0.01)
Mode (1 - b2 - 0.02) 0 0 (1 b1 - 0.01) 0 0 0 0
P4 (b3 + 0.03) (1 - b2 - 0.02)

To (b1 + 0.01)
Mode (1 b2 0.02) 0 (1 b2 - 0.02) (b1 + 0.01) (1 - b2 - 0.02) 0 0 0
/15 (b3 + 0.08) (b3 + 0.03) (1 - b2 0.02)

To (1 - b1 - 0.01) -
Mode (b2 + 0.02) (1 - bi 0.01) . 0 (1 -131 - 0.01) 0 1 - b1 0.01 0 0
I/6 (b3 + 0.03) (b3 + 0.03) (b2 + 0.02)

To (b1 + 0.01)
Mode (b2 + 0.02) (b1 + 0.01) (b2 + 0.02) 0 0 0 1 b3 0.03 0
/17 (1 b3 0.03) (1 - b3 - 0.03) (1 - b3 - 0.03)

To (b1 + 0.01)
Mode (b2 + 0.02) (b1 + 0.01) (b2 + 0.02) (b1 + 0.01) (b2 + 0.02) b 1 + 0.01 b3 + 0.03 1

118
(b3 + 0.03) (b3 + 0.03) (b3 + 0.03) (b2 + 0.02)

NOTES:

1)See footnote to Table 5-2: since the above applies only to phase 2, we write bi = 1 - e = 1 - e-A24t2, b3 = 1 - e



TABLE 5-5. PROBABILITIES OF OUTPUT EVENTS, FOR VARIOUS SYSTEM MODES, ON ASSUMPTION
OF HOSTILE ATTACK

Outcome
Events Mode pi Mode p2 Mode p3 Mode ,./4 Mode p5 Mode p6 Mode p7 Mode p8

Unscathed

Abort

Degrade

Destruc-
tion

R

61 + 0.962

0

0

0.162

+ 63 61 + 0.962

0

0

0.162

+ 63 61 + 0.962

0

0

0.162

+ 63 0.962 + 63

61

0

0.162

0.962 + 63

61

0

0.162

0.962

61

0

0.162

+ 63 0

61 + 0.962

63

0.162

0

61 + 0.962

63

0.162



STOCHASTIC CHAIN MODEL, CONFIGURATION A

When all the previous tabulations are combined the matrix expressions of (5-11)

and (5-12) can be constructed:

where

Al =

P
1
(t+1)

P2(t+1)

P3(t+1)

P4(t +1)

P5(t+1)

P6(t+1)
P7(t+1)

P8(t+1)

ql(t)

q2(t)
q3(t)

q4(t)

PI 1,1

P21,1

P31,1

P41,1

P51,1

P61,1

P71,1

P81,1

84

P1(t)--

P2(t)

P3(t)

= [(61 + 0.862 + 63) P4(t)+ (0.262) A21 (5-11)

= 1(6 + 0.862 + 63) B1 + (0.262) B21

P5(t)

P6(t)

P7(t)

P8(t)

_ _
P (t)

P2(t)
P3(t)

P4(t)
(5-12)

0 0 0 0 0

P22,1 0 0 0 0

0 P33,1 0 0 0

0 0 p44,1 0 0

0 P53,1 p54,1 P55,1 0

P62,1 0 P64,1 0 P66,1

P72,1 P73,1 0 0 0

P82,1 P83,1 P84,1 P85,1 P86,1

P5(t)

P6(t)

P7 (t)

P8(t)

0 0

0 0

0 0

0 0

0 0

0 0

P77,1 0

P87,1 P88,1



A2 =

B 1 =

B2 =

85

P11,2 0 0 0 0 0 0 0

P21,2 p22,1 0 0 0 0 0 0

P31,2 0 P33,2 0 0 0 0 0

P41,2 0 0 P44,2 0 0 0 0

P51,2 0 P53,2 P54,2 P55,2 0 0 0

P61,2 P62,2 0 P64,2 0 p66,2 0 0

P71,2 P72,2 P73,2 0 0 0 P77,2 0

P81,2 P82,2 P83,2 P84,2 P85,2 p86,2 P87,2 P88,2

1 0 0
1 62 + 63 62

63 62 + 63

0 0 61 al 61 61 1- 62 61 +62

o 0 0 0 0 63 63

0 0 0 0 0 0 0

61+ 61+ 61+ 0.962+ 0.962+ 0.962+ 0 0
0.962+ 0.962+ 0.962+ 63 63 63
63 63 63

0 0 0 61 61

0 0 0 0 0

61+ 61+
0.962 0.962

0 63 63

0.162 0.162 0.162 0.162 0.162 0.162 0.162 0.162

These two matrix equations relating (top equation) probabilities of the next state

with those of the present state and accounting for the possible occurrence of damage as

well as of natural failures, along with (bottom equation) probabilities as functions of state

probabilities and input probabilities represent the failure behavior of the navigation sys-

tem throughout the mission.

In (5-11) and (5-12), the probabilities P1( ), . . ., P8( ) are probabilities of the

modes (states) pi , . . p8 (S1 , . . ., S8), the initial state probabilities being Pi(1), ..., P8(1).

Ensuing state probabilities P(2), P(3) and P(4) are to be computed. The probabilities of

Unscathed, Aborted, Degraded and Destroyed events are q i(t), q2(t), q3(t) and q4(t),

respectively. The computation of these probabilities is to be done for t = 1, 2 and 3.



The general form of the equations, as mentioned, is:

P(t+1) = (pi Ai + p2A2) P(t)
for t = 1, 2, 3

Q(t) = (p iBi + p282) P(t)
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(5-13)

(5-14)

As explained, pi, p2, Ai, A2 depend on t; pi and p2, for instance, are given by (5-8) and

(5-9):

pl = 61 + 0.862 + 63

p2 = 0.2 62

The matrix A2 can be written as A2(dt2) since it may consist of the equations in

Table 5-4 evaluated for time interval dt2. Ai is a bit more complex: it consists of the

equations of Table 5-2 evaluated at dti , dt2 and dt3 during phases 1, 2 and 3 respectively.

Therefore, Ai can be written as follows:

Al = 61A1 (dt ) + 62A1 (dt2) + 63A1 (dt3) (5-15)

The index t (starting at 1 rather than 0 as heretofore) refers to mission phases; the

state probabilities Pi(t), . . P8(t) therefore refer to states assumed by the system before

the tth mission phase, t = 1, 2, 3. Thus probabilities P(2) depend on P(1) and on events

which may happen during Phase 1 (with probabilities pi = 61, p2 = 0); P(3) depends

on P(2) and on events which may happen during Phase 2 (with probabilities p i = 0.8 62,

p2 = 0.2 62); and P(4) depends on P(3) and events during Phase 3 (with probabilities

P I 63, P2 = 0).

A peculiarity of the solution is that probabilities of output events Q(t) depend on

event probabilities pi (t), p2(t) but not on states caused by the events that occurred with

these probabilities. For instance q4(t) probability of the destruction event depends on

ground fire probability p2(t) = 0.2 62 but it depends on state probabilities established

before the ground fire event occurred. This peculiarity comes about as the result of some

of the simplifying assumptions made for the analysis and is not troublesome in the present

case. Should this aspect become troublesome in other practical applications there are

several ways to remedy it.
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ANALYSIS OF SYSTEM CONFIGURATION B

We now analyze Configuration B, which differs from Configuration A in that now

there is some dependence of the star tracker upon one of the inertial systems, this depen-

dence being that when the inertial system fails, then so also does the star tracker since the

latter relies on the stable platform of the former. Two of the seven possible failure modes

of Configuration A cannot, therefore, be assumed by Configuration B, as shown in the fol-

lowing tabulation of modes:

TABLE 5-6. CONFIGURATION B MODES; P2, P1 AND T MAY BE OPERATING (0)
OR FAILED (F) SUBSYSTEMS

System Modes P2 P1 T Comments

"1 0 0 0

"2 F 0 0

P3 0 F 0 Impossible

P4 0 0 F

P5 0 F F

P6 F 0 F

P7 F F 0 Impossible

PS F F F

Modes p3 and p7 are not possible. These are the modes for which the star tracker

is operative while at the same time the associated inertial system P1 is in a failed condition.

The mode transitions and mode ordering relationships for Configuration B are

shown in Figure 5-4 and are the same as for Configuration A except that modes p3 and p7

have been deleted. Another way to account for their impossibility would be to set to zero

the probabilities of transitions into and out of these modes: one would then always calcu-

late zero for the probabilities the system is in the modes p3 and 147. This is, probabilisti-

cally, the meaning of impossible modes.

The equations for Configuration's are as follows:



a) Mode Ordering Relationship

b) Number of failures

P8

PRESENT MODE

#4

111 #2 #3 #4 #5 P6 #7 #8

0

#2 1
0

p3 0

114 1
0

N5 2 1 0

#6 2 1 1 0

P7 0

#8 3 2 2 1 1 0

Figure 5-4. Mode Transition Possibilities System B
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where

Al =

_
P

1
(t+1)

P2(t+1)

P3 (t+1)

P4(t+1)
P5(t+1)

P6(t+1)
P7(t+1)

P8 (t+1)

ql(t)

q2(t)
q3(t)

q4(t)

P11,1

P21,1

0

P41,1

P51,1

P61,1

0

P81,1

+ 0.8 62 + 63) Al + (0.2 62) A2 I

= 1(61 + 0.862 + 63) B1 + (0.262) B21

0

P22,1

0

0

0

P62,1

0

P82,1

P
1
(t)

P2(t)

P3(t)

P4 (t)

P 5(t)

P6(t)
P7 (t)

P8(t)

P1(t)

P2 (t)

P 3(t)

P4(t)

P5 (t)

P6(t)

P7(t)

P8(t)
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(5-16)

(5-17)

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 P44,1 0 0 0 0

0 P54,1 P55,1 0 0 0

0 P64,1 0 P66,1 0 0

0 0 0 0 1 0

0 P84,1 P85,1 P86,1 0 P88,1



A2 =

B
1

=

B2 =

90

P11,2 0 0 0 0 0 0 0

P21,2 p22,2 0 0 0 0 0 0

0 0 1 0 0 0 0 0

P41,2 0 0 P44,2 0 0 0 0

P51,2 0 0 P54,2 P55,2 0 0 0

P61,2 p62,2 0 P64,2 0 1366,2 0 0

0 0 0 0 0 0 1 0

P81,2 p82,2 0 P84,2 P85,2 186,2 0 P88,2

1 1 1 62 + 63 42 + 6 a + 63 0 0

0 0 0 61 Si 61 61+ 62 61+62

0 0 0 0 0 0 63 63

0 0 0 0 0 0 0. 0_

61+ 6
1

+ 61+ 0.962+
6

0.9 62 + 0.9 62 + 0 0
0.962 + 0.962 + 0.962 + 63 2 63 63
63 63 63

0 0 0 Si
61 61 61+ 61+

0.962 0.962

0 0 0 0 0 0 63 63

0.162 0.162 0.162 0.162 0.162 0.162 0.162 0.162

Notice that the output matrices in (5-17) are exactly the same as for Configura-

tion A: when Configuration B finds itself in states comparable to those of A, the probabil-

ities of the several outcome events must be the same. The difference between the two

systems lies strictly in the transition matrices given in (5-16).

Since two of the original eight modes are now impossible for Configuration B the

stochastic chain could be reduced to six states if desired. This was not done here in order

to preserve parallelism with the Configuration A equations. The impossibility of states S3

and S7 was provided for by adjusting the state transition probability matrices with zero

entries so that no transitions from states SI, S2, S4, S5, S6 and S8 into S3 and S7 can
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occur. This, along with the fact that P3(1) = 0 and P7(1) = 0 ensures that the system will

never be in the states S3 and S7. Notice that ones were entered in columns three and seven

in order to make these matrices stochastic matrices.

Not given here are the transition probability equations; these differ somewhat from

those given in Tables 5-2 and 5-4 because statistical independence, appealed to in writing

the Configuration A probabilities, clearly cannot apply for Configuration B. For example,

p81,1 is not b1 b2 b3 because the system reaches mode ,48 if 1) both platforms fail and

the tracker does not fail, or 2) if all three items fail. In other words, we have:

p81,1 = bl b2 (1-b3) + b b2 b3 = bl b2 > bl b2 b3

SUMMARY

(5-18)

The concepts developed in Chapter IV are illustrated by the detailed example of

this chapter. Not only is the reliability application illustrated but another cause of func-

tional failure damage caused by an external agent was explained and incorporated into

the analysis as well.

The problem solved was: a military aircraft will be equipped with a redundant nav-

igation system comprised in part of dual inertial navigation systems and a star tracker. The

navigation system will allow the aircraft to penetrate enemy territory to perform its recon-

naissance missions if it retains in spite of equipment failures and damage due to hostile

ground fire certain minimal levels of functional capability. These levels depend of course

on which particular phase of its mission the aircraft happens to be executing, three consec-

utive mission phases being of interest: high altitude approach, low level penetration of

enemy airspace and then high level recovery/return to base.

The question then arises: given two proposed candidate systems (and all necessary

data for defining the mission of the reconnaissance aircraft), what are the probabilities that

the aircraft equipped with each candidate will successfully perform its mission?
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The practical importance of the example is that one of the two navigation systems

is to be chosen for the aircraft. Although many considerations will figure into the final

choice weight, size, cost and maintainability, to mention a few certainly overall per-

formance, as measured by mission probability of success, would be a primary consideration.
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CHAPTER VI. ENTROPY: MEASURE OF RANDOMNESS

The relationship between stochastic phenomena and the concept of entropy had

been known at least partially for quite a few years but it has been only recently, after the

work of Claude Shannon of the Bell Telephone Laboratories, that entropy and probability

have become associated in engineers' minds. The original application of the entropy con-

cept was to communications problems; subsequently, though, the entropy notion has been

accessible for other engineering applications and for applications in other disciplines as well.

Although the analysis of Shannon (Shannon and Weaver, 1949) was anticipated

somewhat by the work of Gabor, Hartley and Szilard, most of the fundamental results of

information theory were first formulated precisely and proved by Shannon. Books and

papers on the subject have since proliferated; early examples are Goldman's book (1953)

and the excellent short treatise of Khinchin (1957).

Besides papers applying entropy theory to engineering problems, several have dealt

with philosophical implications. The unpublished paper of Olivares (1968), which discov-

ers certain information-theoretic aspects of industrial research and development, is an inter-

esting example.

This present chapter, an introductory account of the entropy concept sufficient for

application to the present subject, is based mainly on Khinchin's formulation of the theory

rather than that of Shannon. Khinchin dealt with the subject in a general manner, his

approach being as a result more appropriate to the applications of this paper. This chapter

considers the following topics:

Definition of Entropy

Information Sources

Classes of Finite-State Chains

Entropy of Statistical Sources

Entropy for General Stochastic Chains
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An Example Entropy Analysis

Stochastic and Deterministic Chains

DEFINITION OF ENTROPY

In Chapter IV, to aid in formulating discrete stochastic chains, the concept of the

finite scheme was introduced. Recall that a finite scheme is a complete set of events along

with their probabilities. A finite scheme A is represented by:

A2, ..., An

A =
Pl, P2, Pn

(6-1)

The uncertainty of a finite scheme resides, as pointed out in Chapter IV, in the probabilities

, p2, pn A single number entropy, a function of these probabilities can be used

to measure this uncertainty.

The quantity H(p1, p2, . pn) termed the entropy of the finite scheme is

defined by:

H(pi, p2, pn) = E pk log pk
k =1

(6-2)

In such expressions, pk log pk is defined to be zero when pk = 0. The logarithms of (6-2)

can be taken to an arbitrary base but generally logarithms to the base two are used. When

this is done, the units of entropy are "bits."

The logarithmic function of (6-2) has several properties that one intuitively requires

of a measure of uncertainty. First of all, notice that H(p1, p2, . . pn) = 0 if and only if

one of the numbers is one while (necessarily) all of the others are zero. This is the case

when the result of a random trial is known beforehand with complete certainty: there is

then no uncertainty whatever as to its outcome and H = 0 reflects this perfect certainty.

Aside from this case the computed entropy is a number greater than zero.

Given schemes with the same number of events, it seems intuitively obvious that

the scheme having the most uncertainty should be the one with equally likely outcomes,
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i.e. that scheme with pk = 1/n, k = 1, . . n. One finds that the entropy does indeed

assume its largest value for just these values of the variables pk, a fact expressed by the

following inequality:

H(p 1, p2, pn) < log n = H(1/n, l/n, ..., 1/n) (6-3)

The entropy of the simplest finite scheme, a two-event finite scheme, is shown in

Figure 6-1. Two abscissas, corresponding to the probability p of one event and q = 1 - p

for the other, are shown. The entropy curve is symmetrical about p = q = 1/2; it rises

steeply from an initial value of zero bits when p = 0, q = 1, and peaks at the one-bit value,

where the two events of the scheme are equiprobable. The H function then falls again,

becoming zero when p = 1, q = 0.

Now suppose that we have two finite schemes A and B as follows:

A1, A2, . An

A = (6-4)

Pl, P2, Pn

, . Bm

B =

ql, q2' qm

(6-5)

Assume that these two schemes are independent. Mathematically, the probability nkl of
the joint occurrence of the events Ak and B1 is simply the product pkqi. The set of event

pairs Ak B1, 1 < k < n, 1 < 1 < m, with probabilities 7rki, then represents a third finite

scheme called the product of the schemes A and B. It is designated by AB. Letting H(A),

H(B) and H(AB) be the entropies of the schemes A, B and AB, one finds that:

H(AB) = H(A) + H(B) (6-6)

Two independent finite schemes along with their product scheme are illustrated in

Figure 6-2 which shows all possible outcomes resulting when dice are thrown randomly.

The three finite schemes of interest are:
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Al A2 A3 A4 A5 A6

A = (6-7)

1/6 1/6 1/6 1/6 1/6 1/6

B1 B2 B3 B4 B5 B6

B = (6-8)

1/6 1/6 1/6 1/6 1/6 1/6

C = AB =
C C2 C36

1/36 1/36 .. 1/36

(6-9)

6
The entropy of each of the schemes A and B is H(A) = H(B) = 1/6 log 1/6 = log 6 =

36 1

2.58 bits; the entropy of scheme C is 11(C) = H(AB) = Z 1/36 log 1/36 = log 36 =
1

5.16 bits = H(A) + H(B).

Turning next to the case of dependent schemes A and B, denote by qki the prob-

ability that the event B1 of the scheme B occurs, given that the event Ak of the scheme A

occurred. Thus, for 1 < k < n and 1 5. 1 < m; we have 7rki = pk qki The entropy of the

product scheme AB can be written out as:

-H(AB) = E E Pk qkl (log pk + log qki)
k 1

= E pk log pk E qkl E Pk E qkl 1°g qkl
1

(6-10)

(6-11)

Notice that Z qki = 1 for each k. The sum - Z qkl log qki is regarded as the con-

ditional
1

ditional entropy Hk(B) of the scheme B calculated on the assumption that the event Ak of

the scheme A occurred. The above expression can then be written in the following form:

H(AB) = H(A) + E pk Hk(B) (6-12)

The conditional entropy Hk(B) is a random variable in the scheme A: its value is

completely determined if one knows which Ak of the scheme A actually did occur. The

last term of the right side of (6-12) is thus the mathematical expectation of the quantity
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Hk(B) in the scheme A. It is designated by HA(B). In the most general case, therefore, for

both independent and dependent schemes, one has for the entropy H(AB):

H(AB) = H(A) + HA(B) (6-13)

Clearly this equation reduces to the previous one if the schemes A and B are inde-

pendent. It may be proved that in all cases HA(B) -5_ H(B) and this inequality may be

interpreted by saying that, on the average, knowing the outcome of the scheme A can only

decrease the uncertainty of the scheme B.

INFORMATION SOURCES

Suppose one has a simple communication system, a telegraph system, which trans-

mits information by means of four symbols: dot, dash, word space, letter space. As is well

known, this system can generate any text in the English or any other language if all letters,

numerals and punctuation marks of the language are suitably encoded into dot/dash se-

quences, the letter and word spaces being used as appropriate (actually, only dots and

dashes are really needed if all symbols of the language, including spaces, are suitably

encoded).

An information source producing the above four symbols, according to Shannon,

may be modeled by a statistical representation which accounts for the conditional prob-

abilities of each possible symbol, given that each possible preceding symbol occurred. In

other words we represent the statistical nature of a telegraph information source by condi-

tional probabilities:

Pr(dot I dot)

Pr(dot I dash)

= probability of a dot occurring, given a dot has just

occurred

= probability of a dot occurring, given a dash has just

occurred

Pr(letter spacelletter space) = probability of a letter space occurring, given a letter

space has just occurred.



100

In general, we would have the following matrix equation to describe the telegraph

system:

q2(t)
q3(t)

q4(t)

Pll

P21

P31

P41

P12

P22

P32

P42

P13

P23

P33

P43

P14

P24

P34

P44

P1(t)

P2(t)
P3(t)

P4(t)

(6-14)

The qi(t), . . q4(t) are probabilities that the source produces dot, . . ., letter space at

time t and the Pi(t), . P4(t) are the probabilities of states Si, . S4, each such state

corresponding to the generation of dot, . . ., letter space at the previous time point.

By means of the above representation, we have described the information source by

a model with "memory" enough to remember what was transmitted at time (t 1) and by

means of the conditional probabilities pI 1, . P44. Along with the above matrix equa-

tion, we also must have the following matrix equation to account for the memory referred

to:

P1(t +l)

P2(t+1)
P3(t+1)

P4(t+1)

qi(t)

q2(t)
q3(t)

q4(t)

(6-15)

Writing Q(t) = AP(t) for the first matrix equation and P(t+1) = Q(t) for the second,

we easily derive the following pair of matrix equations:

P(t+1) = AP(t) (6-16)

Q(t) = AP(t) (6-17)

These are the equations of a special type of stochastic chain, one having a single input event

occurring with probability pi = 1 and with Bi = Ai. Thus a stochastic chain can be used to

model a discrete information source of the type being considered.

An easy generalization yields the following general equations for the so-called

finite-state statistical source:
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P(t+1) = MP(t) (6-18)

Q(t) = NP(t) (6-19)

Several other classes of stochastic chains will next be considered.

CLASSES OF FINITE-STATE CHAINS

The numerous entropy relationship worked out in connection with the early devel-

opment of information theory can be applied fairly directly to discrete stochastic chains.

Indeed, as suggested in the previous section, the latter were applied in one way or another

in the classical analyses of information theory. In the present context, however, the rela-

tionships need not have meaning in terms of information but rather in terms of Khinchin's

neutral entropy concept.

Table 7-1 presents the several types of finite-state chains discussed in the first chap-

ter of this paper. The table classifies the special stochastic chains in terms of numbers of

states, inputs and outputs; and as to the conditional probabilities being fixed or variable,

stochastic or deterministic. Entries of the table give typical applications. All models of

the several physical entities, it is stressed, are special cases of the general stochastic chain

whose equations were derived in Chapter IV:

P(t+1) = (E pk Ak) P(t)

Q(t) = (E pk B P(t)

(6-20)

(6-21)

Some of the possible special cases resulting from these expressions are meaningless

or trivial and were excluded from the table. For instance, stochastic chains with only a

single output are not particularly interesting nor is a one-state stochastic chain with no

outputs at all.



TABLE 6-1. CLASSIFICATION OF STOCHASTIC CHAINS, ALONG WITH PHYSICAL SYSTEMS THEY MODEL

Number of
States

Number of
Inputs

Number of
Outputs

Fixed Quantities

Variable QuantitiesStochastic Deterministic

Infinite Not considered in this paper

Finite, 2

0,1

0
Markov chain

Common stock example
(Ch 1); reliability
problems (Ch II)

Free running sequential
circuits with no outputs

Generalizations of
Markov chain
applications

>2
Markov chain
with output

Finite state statistical
source; reliability prob-
lem (Ch II; part exerts
external influences)

Free running sequential
circuit with outputs (a
counter)

Generalizations of
those to left

2

0
Stochastic chain
with no output

Reliability problem
(Ch II; part subject to
external influence)

Sequential circuit, with
inputs, but with no
outputs

Generalizations of
those to left

>2
General stochas-
tic chain

Discrete noisy channel
with memory; reliability
problems (Ch II)

Discrete noiseless channel
(transducer) with memory;
sequential circuits (Ch IV)

Navigation system
example (Ch V); gen-
eral application areas
in Chs XI, XII

0,1
>2
Statistical source

Statistical source with
no symbol-to-symbol
influence

Single event (or symbol)
generator

Generalizations of
those to left

?_- 2
>2
Conditional prob-
ability transducer

Discrete noisy channel
without memory

Discrete noiseless channel
without memory

Generalizations of
those to left
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Markov chain: P(t+1) = MP(t) (6-22)

Markov chain with output: P(t+1) = MP(t) (6-23)

Q(t) = NP(t) (6-24)

Stochastic chain with no output: P(t+1) = ( E pk Ak) P(t) (6-25)

General stochastic chain: P(t+1) = ( Z pk Ak) P(t)
k

(6-26)

Q(t) = ( Z pk Bk) P(t) (6-27)

Statistical source: Q(t) = Q (6-28)

Conditional Probability Transducer: Q(t) = (k pk Bk) (6-29)

Recall that the elements of the various matrices M, N, Ak and Bk may in general be either

fixed quantities stochastic or deterministic or variable.

The following sections present entropy relationships and results for the classes of

stochastic chains given in Table 6-1.

ENTROPY OF STATISTICAL SOURCES

Of the models summarized in Table 6-1, those of interest are the Markov chain with

output, the general stochastic chain, the statistical source and the conditional probability

transducer; others are subsumed by the above. In information theory statistical sources,

either with or without symbol-to-symbol (or more generally, as in our usage, event-to-event)

influence have been of major interest since, as pointed out, they serve as models for real-

world information sources.

To begin with, consider the statistical source. An example given in Chapter IV con-

sidered events El, E2 and E3 whose probabilities were:

0Q(t) = [012 2]
0.6
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The entropy of this source is found to be H = -0.2 log 0.2 - 0.2 log 0.2 - 0.6 log 0.6 =

0.952 bits. A more general type of statistical source, the finite-state statistical source, was

discussed in the previous section. Its equations, (6-18) and (6-19), were found to be:

P(t +l) = MP(t)

Q(t) = NP(t)

We see that the output finite scheme of such a source depends on which state the source

happens to be in.

A useful entropy to deal with in this case is the average entropy of the output, ex-

pressed as follows:

H = E
J.J

J

(6-30)

where 11J = -E b log b- is the entropy of the output scheme existing when the finite-state

source is in state S.
J.

The matrix N = [b-] is the matrix of the conditional probabilities of

output events.

Consider a particular case, that with M = N. Assuming that M is regular and that

the source has settled down, we have:

P(t+1) = MP(t) = P(t) (6-31)

The source generates sequences of events and there are nr sequences which can be produced

in r steps, where n is the number of output events. Those r-event sequences produced start-

ing with the source in state Si will have entropy H. The average entropy of the sequences

can be expressed as:

H(r) E No Pi
J

The values ft- and H = E P can, of course, be written as H-(1) and H(1).
J J J

(6-32)



105

We can now state (without proof) the following important results concerning

sources:

1) The sequence entropy of r-event sequences, H(r), is just r times the single

event entropy H(1):

H(r) = rH(1) = rH (6-33)

2) As sequence lengths r become increasingly long, nearly all output sequences

occur with probabilities 2-111 or with probabilities 0.

3) The number N(q) of r-event sequences, as sequence lengths become increasingly

long, whose probabilities in order of decreasing probability add up to a total

amount q(q 0, t 1), is about 2rH.

Proofs for these results can be found in Khinchin's treatise and in Shannon's original paper.

We shall now interpret these results in terms of information. One would expect

intuitively that the information from a source should increase in proportion to the length

of its messages. A special case is that of independent symbols: since each of r symbols

produced is independent of the others, using the entropy equation for independent finite

schemes we at once can write down H(r) = rH(1). Thus the first result is plausible.

The second and third of the above results are somewhat more startling. The second

means that although nr = 2r log n r-event output sequences can be produced, some are

likely and some are highly unlikely. The probabilities of sequences in the first group

approach 2-rH and the sum of probabilities in the second group becomes arbitrarily small.

The third result, closely related to the second, means that the number of likely messages is

about 2rH. Notice that since H < log n (except for a special case), the fraction of all mes-

sages which are likely messages (= 2r11/2r log n.) approaches zero as r increases without

bound:

likely messages

possible messages,
imm _

r

i 2r(H - log n) =li 0

400
(6-34)
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ENTROPY FOR GENERAL STOCHASTIC CHAINS

We now take up the other cases of interest, the general stochastic chain and the

conditional probability transducer, the simplest being the latter with the following

equation:

Q(t) (E pk Bk)

In terms of the general stochastic chain notation of Chapter IV, q- = k pk bilk for each

i. This is, in terms of our previous notation, a single-state device.

Consider how the output scheme Q is related to the input scheme P. The entropy

of the scheme PQ is found by applying (6-13), the general equation for dependent schemes:

H(PQ) = H(P) + Hp(Q)

= H(Q) + HQ(P)

The output entropy in terms of the input entropy is therefore:

H(Q) = H(P) + Hp(Q) HQ(P)

Clearly H(Q) can be either greater than, equal to or less than H(P).

(6-35)

(6-36)

(6-37)

The quantity HQ(P) is termed the equivocation and the quantity H(P) HQ(P) =

H(Q) - Hp(Q) is termed the rate of transmission in information theory. The maximum value

of this latter quantity, when the probabilities of the input scheme P are properly chosen, is

termed the (channel) capacity; it is given by:

C = max[H(P) - HQ(P)1 (6-38)

The channel capacity has important applications in information theory.

We now proceed to the general stochastic chain and its entropy analysis. We first

remove a restriction made in the previous section in analyzing the finite-state statistical

source. Consider the equations of a general statistical source:
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P(t+1) = MP(t)

Q(t) = NP(t)

The matrices M and N are given by M = [pij] and N = [bu] . M is a stochastic matrix while

N is in general a rectangular matrix whose columns are probability vectors.

The typical term bij Pj(t) expresses the probability of the joint event "occurrence of

state j, generation of output event i." This same probability can, of course, be written as:

c.ji cp(t) = b. P.(t) (6-39)

where the c.
J1

are conditional probabilities of states j given that events i have occurred.

Rearranging (6-39) one has:

Also note that:

c.
1

= P(t)
J qi(t) J

(6-40)

= E cji qi(t) (6-41)

The columns of the matrix [c.ji ] are probability vectors since each element lies be

tween zero and unity and each column sum is unity; demonstrating this, for each i:

Also, note that:

b q(n)
1 - p = 1jiL. L., kn,, =cii qi(n)

(n) =
qi(n)

oi

b b.

qi(
0 s P.(n) 5_ q (n- 13. (n) = 1

i

We have at this point expressed P(t) in terms of Q(t), as follows:

A
P(t) = NQ(t)

(6-42)

(6-43)

(6-44)
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A

where N = [c.ji ] is an inverse probability matrix. We next see that

Q(t +1) = NP(t +l) = NMP(t) (6-45)
A

Substituting P(t) = NQ(t) into (6-45) we find that:

Q(t+1) = NMNQ(t) (6-46)

or:

Q(t +l) = GQ(t)

This last expression is formally the same as the matrix equation for a Markov chain.

If we now define a set of state variables P such that

P(t+1) = Q(t)

then we can proceed as follows; from (6-48),

P(t) = Q(t-1)

Similarly, from the previous Q(t) equation of (6-47),

Q(t) = GQ(t-1)

Thus Q(t) = GP(t); and since P(t+1) = Q(t), we find that P(t +l) = Q(t) = GP(t).

Thus we have arrived at the equations of a finite-state statistical source:

P(t+1) = GP(t)

Q(t) = GP(t)

(6-47)

(6-48)

(6-49)

(6-50)

(6-51)

(6-52)

Although G is generally a function of t, if the stochastic chain is regular then G

approaches a constant matrix and furthermore, is itself regular. The results of the previous
section apply, therefore, with:

H.; = = E
ciJ

log
ciJ

H = H(1) = E q. H-
J J

J

(6-53)

(6-54)
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Now consider the general stochastic chain with constant matrices Ak and Bk,

driven by a statistical source with constant event probabilities Pk and with no event-to-

event correlation. Its equations are:

P(t+1) = pk Ak) P(t) = MP(t)

Q(t) (E pk Bk) P(t) = NP(t)

We assume that M = Z pk Ak is regular. We then arrive at the following conclusions:

1) The events whose probabilities are Q(t) constitute a regular Markov chain

whose equations are:

Q(t+1) = GQ(t) (6-55)

with G = [c.] = NMN; also N = pk Bk and M = pk Ak.

2) The average single-step entropy of the output is

E q. 1-1J-

J

(6-56)

where 1-1j - f cij log cij, the cij being as given above; and finally,

3) The nature of the r-event output sequences is as given before:

H(r) = rH(1) = rH

Probability of output sequences 0 or rill as r--00.

Number N(q) of sequences whose probabilities sum to q 2rH as r--00.

Calculations illustrating these results are presented in the following section.
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AN EXAMPLE ENTROPY ANALYSIS

Consider a stochastic chain having the following parameters:

Initial state probabilities: P1 = 0.2, P2 = 0.8.

Input event probabilities: p1 = 0.3, p2 = 0.7

0.1 0.4
Transition matrices: Al = , A2 =

1 0 0.9 0.6

0.1 0.5 0.3 0.6
Output matrices: B1 = , B2 =

0.9 0.5 0.7 0.4

The matrix M for this particular stochastic chain is found to be:

0.07 0.58
M =

0.93 0.42

and it will be shown as an example in the following chapter that the fixed point for M is:

= M
0.62 0.62i

The matrix N is then found to be:

N =
[0.24 0.57

0.76 0.43

The output probabilities Q are shown in the following chapter to approach the values:

0.44

Q [0.56



111

We now proceed

Gathering these four quantities

A
The matrix G = NMN is

G=

to calculate the

b11

cii

P 1

n
rl

"2

D
2

into

as follows:

(0.24) . 0.38 =

=

=

N:

0.20

0.52

0.80

0.48

0.20

0.80

0.52

0.48

c 11

b21

0.44

(0.76) . 0.38
c 12 q2

c21
b12

q 1

b22
c22 q2

together

A
N =

as follows:

0.24 0.57

0.76 0.43

[0.412 0.465

0.588 0.535

0.56

(740.57) 0.62(-4-

= (0'43) 0.620.56

the matrix

0.52

0.80 0.48

0.07 0.58

0.93 0.42

We can now test this matrix to verify if, as required, it does reproduce Q = col

(0.44, 0.56).

[0.412 0.465 0.44

0.588 0.535 0.56

Developing the product, one finds Q = col (0.44, 0.56). This verifies the assertion.
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We next find the output event entropies H1 and H2:

H1 = -0.412 log 0.412 - 0.588 log 0.588 = 0.977 bits

H2 = -0.465 log 0.465 0.535 log 0.535 = 0.985 bits

Thus the average entropy H is:

H2 = (0.44)(0.977 bits) + (0.56)(0.985 bits) = 0.982 bits

The result happens to be rather close to the maximum possible value of 1 bit.

We now find the sequence quantities of interest. The r-event sequence entropy for

this example is H(r) = rH = 0.982r. For example, the entropy of thousand-event se-

quences is 982 bits. These sequences occur either with nearly zero probability, or with

probability approaching 2"0.982r = 2-982 = 10"295. The maximum possible value for this

probability would be 2" 1000 = 1001. Finally the number of high probability sequences

N(q) is found to be 10295.

STOCHASTIC AND DETERMINISTIC CHAINS

These two classes of stochastic chains differ, one recalls, in that the deterministic

chains have strictly zeros and ones in the matrices Ak and Bk. The relationship between

stochastic and deterministic chains, introduced by the decomposition rule of Chapter IV,

is now considered further.

For a given finite-state source, whose equations are

P(t+1) = MP(t)

Q(t) = MP(t)

it was shown that by applying the decomposition rule of Chapter IV, the equations could

be written as:



P(t+1) = (E pk Ek) P(t)
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(6-58)

Q(t) = pk Ek) P(t) (6-59)

where the Ek are elementary stochastic matrices. These equations apply to a special kind

of deterministic stochastic chain, termed by Shannon a discrete finite-state transducer.

If there exists a second transducer which operates on the output of this transducer

to recover the input, then the first transducer is termed nonsingular; otherwise it is termed

singular. Shannon showed that the average output entropy of a finite-state transducer is

less than or equal to the input entropy. Equality holds if and only if the transducer is non-

singular. Thus we have the result: a finite-state statistical source can be represented as an

independent-event source driving a discrete finite-state transducer. The average entropy of

the transducer output does not exceed the entropy of the source; equality holds if and only

if the transducer is nonsingular.

To illustrate, consider the following source:

P(t +l) = P(t) (6-60)

0.9 0.6

0.1

Q(t) = P(t) (6-61)

0.9 0.6

For this stochastic chain, P(t) col (0.31, 0.69). We determine the output entropies to be:

H1 = -0.1 log 0.1 - 0.9 log 0.9 = 0.45 bits

H2 = -0.4 log 0.4 - 0.6 log 0.6 = 0.97 bits

H = 0.31(0.45 bits) + 0.69(0.97 bits) = 0.81 bits

On applying the decomposition rule, the stochastic chain can be written in the fol-

lowing form:
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1 0
P(t+1) = 0.1

] [
+ 0.4 ] + .5

, ,

P(t) (6-62)
0 1 1 0

(

I 0 0 1 0 0
Q(t) = (0.1

0 1

+ .4 + 0.5 P(t)
1 0 1 1

(6-63)

Now the entropy of the input is computed to be Hinput = -0.1 log 0.1 - 0.4 log 0.4

- 0.5 log 0.5 = 1.36 bits. Since the transducer is clearly singular, the output entropy is less

than the input entropy, 0.81 bits < 1.36 bits, an amount 0.55 bits having been lost in the
transducer.

SUMMARY

One can measure the randomness of a set of chance events by means of the entropy

measure. Given a finite scheme E, as defined and discussed in Chapter IV,

E =
(Ei, E2, ..., En

Pl, P2, Pn

we define the entropy H of the scheme by H = Z pk log pk. Logarithms are usually

taken to the base two and the units of entropy are then termed "bits."

Entropy is a reasonable measure of randomness of a set of events, since H is zero

when one of the events is certain (has probability one) and is maximum when all events are

equiprobable.

The first application of the entropy concept in electrical engineering was to the

measurement of the amount of information produced by an information source. An infor-
mation source such as a telegraph source, a speech source, or any other generator of in-

formation symbols can be modeled by a particular kind of stochastic chain. The stochas-

tic chain accounts for the symbol-to-symbol influence known to characterize real-world

information sources.
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It is helpful to group stochastic chains into classes of special cases. Some of these

special cases have been analyzed quite extensively during the development of information

theory. Examples are the finite-state statistical source (modeling information sources); the

independent symbol statistical source; and the discrete channel, both with and without

noise, and with and without memory.

One can apply the results of information theory to stochastic chains, thereby deter-

mining certain of the interesting statistical properties of stochastic chain output sequences.

The main results are found to be:

1) The output events of a regular stochastic chain constitute a regular finite-state

statistical source; there is a stochastic matrix G = [cii] such that Q(t+1) =

GQ(t). Q(t) is the column matrix of output event probabilities.

2) The average single-step entropy of the output is H = = q. H. with H.j J J'
= f cif log TheThe r-step entropy of the output sequences is H(r) = rH(1).

3) The stochastic nature of r-event output sequences is as follows:

Probability of output sequences -- 0 or 2-rH as r.00.

The number N(q) of sequences whose probabilities, in descending order,

add up to q 2rH as r -4 00.
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CHAPTER VII. MATRIX REPRESENTATION

Several elementary properties of matrices were developed in Chapter II as an aid in

formulating the Markov chains used in the introductory problems discussed there, and in

Chapter IV to simplify the formulation of stochastic chains. In the following chapers we

make extensive use of matrices, not only to concisely represent the equations of stochastic

chains but also to analyze them.

Matrix theory is now commonly used in engineering analysis. Matrices find appli-

cation in electronic circuits, structures analysis, dynamics analysis, control theory, eco-

nomic analysis and in dozens of other specialized areas.

Treatments of the subject range from purely mathematical to completely applica-

tion oriented. For instance, Perlis' book (1952) gives a concise and rigorous development

from a mathematician's viewpoint; Pipes' treatment (1963), on the other hand, is perhaps

better for engineers, being somewhat more applications oriented. Also useful from the

applications viewpoint is the handbook of Korn and Korn (1961). Aside from books

dealing with matrices per se, most of the advanced texts covering the several engineering

specialty areas noted above give short, tailored expositions of matrix theory.

Much of the material of this present chapter is fairly standard. The development

is from the stochastic analysis viewpoint, though, and it is helpful when reading this chap-

ter to think of probability vectors, stochastic matrices and so forth. The subjects pre-

sented are:

Basic Matrix Algebra

The Characteristic Equation

Matrix Polynomials

The Cayley-Hamilton Theorem

Sylvester's Theorem

Matrix Calculus

Application of Matrix Analysis to Stochastic Chains
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The first topic, Basic Matrix Algebra, reviews the use of matrices in solving

simultaneous linear equations and logically follows the introductory material of Chapter II.

BASIC MATRIX ALGEBRA

The elementary application of matrix algebra which is familiar to all is to the solu-

tion of ordinary linear simultaneous equations. Assume that a nonhomogeneous set of n

linear equations is given by the following expressions:

al 1 xl al2 x2 + + aln xn yl

a21 x 1 +a22x2 +... +a2nxn Y2

x1 an2 x2anl + ÷ + ann xn yn

(7-1)

The ail
and yi in the set (7-1) are known numbers and the n unknown quantities are to be

found. The number of equations in the xi is equal to the number of unknown xi.

As pointed out, the above equations can be written in the forms:

Eajj xj = yi, i = 1,2, . . . n, or AX = Y

where the X and the Y are column matrices,

X =

xl

x2

xn

and A is a square matrix of coefficients

Y=

Y1

y2

yn

(7-2)

(7-3)
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We now seek a matrix A-1, termed a left inverse of A (it can be shown that if A is a

square matrix whose left inverse exists, then the left inverse is unique and equals the right

inverse), such that A-1 A = I, the identity matrix. If such a matrix A-1 exists, then we

can develop the solution X as follows:

A-1 (AX) = A-1 Y (7-4)

(A-1 A) X = A-1 Y (7-5)

IX = X = A-1 Y (7-6)

The inverse A-1 can be shown to exist if and only if Det(A) # 0. Assuming that

the inverse of A does indeed exist, we form this matrix according to the following

procedure:

Replace each element aii of the matrix A by the determinant of the matrix

formed by crossing out the i-th row, j-th column of A; call this new matrix A'.

Multiply the i, j elements of this matrix A' by Call this matrix A ".

Interchange rows and columns of A"; call this matrix A"'.

The inverse of A is then A"'/Det(A).

If the right-hand quantities yi, y2, . . . yn above are zero, then the set of equations

is termed homogeneous. In this case, if I A I does not equal zero, then there results only the

trivial solution xl, = x2 = . . . = xn = 0. On the other hand, if I A I does vanish, then

two or more columns of A are linearly dependent in which case a nontrivial solution for

some of the x's in terms of the others can be obtained.

THE CHARACTERISTIC EQUATION

The topic of characteristic equations and characteristic values is important be-

cause the solution of many practical problems depends on finding characteristic values.

In particular, solution methods for stochastic systems, taken up in Chapters VIII and IX,

require their determination.
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Given the matrix equation Y = AX, where the Y and X are column vectors and A

is a square (n x n) matrix, the question arises whether there exists a column matrix X and

a constant X such that:

Y = AX = XX (7-7)

A value of A for which a non-zero solution X of (7-7) can be found is called a character-

istic value of A. The corresponding column matrix X is called a characteristic vector of A

associated with the characteristic value X . The terms eigenvalues/eigenvectors, or latent

roots/latent vectors, are sometimes used instead of characteristic values and characteristic

vectors, respectively.

The condition for a matrix to have a characteristic vector (and corresponding

characteristic value) is easily discovered. The equation AX = XX is written down as the

set of homogeneous linear equations:

(all X )x 1 + a 1 2x2 + + a 1 nxn =

a21x1 + (a22 A) x2 + + a2nxn

anlxl + an2x2 + + (arm X) xn

(7-8)

Alternatively, in matrix form the system (7-8) can be written as (A - X) X = 0. A non-

trivial solution then exists if and only if the determinant of the coefficients of (7-8)

vanishes. We must therefore have:

IA- XII = 0 (7-9)

Equation (7-9), an nth order polynomial in A , is called the characteristic equa-

tion of the matrix A. The general form for the characteristic equation is:



P(x) = xn x11-1 +
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= 0 (7-10)

It is known from the theory of equations that such an equation has n roots.

The roots of the characteristic equation are clearly the characteristic values of A.

These characteristic values may all be different (distinct) or some may be the same

(repeated). In general the characteristic values may be real or complex.

The two coefficients al and an of the characteristic equation (7-10) are of special

interest. Setting k = 0 one obtains P(0) = I -A I = an so that clearly an = (-1)11 I A I -

Further, if P(x) is written in factored form (assuming distinct characteristic values), one

finds that :

P(0) = A-A i)(X-X 2) ... (X-X n)

It then follows that:

P(0) = (-1)n I A I = (-1)n (Xi x2 ... X n)

(7-11)

(7-12)

From this it can be stated that the product of characteristic values equals the determinant

of A:

X l X2 xn IA 1 (7-13)

If the determinant I A- XI I is expanded, one finds that the coefficient of A n-1

equals the negative sum of the diagonal elements of A:

al ( X1 + A2+ + Xn) (all + a22 + + ann) (7-14)
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Therefore a result which will be used in Chapter VIII - the sum of the diagonal elements

of a square matrix, this sum being the trace, equals the sum of its characteristic values.

This result may be written as:

1
+ 2 + + An = trace ( A ) = a 1 1 + a22 + + ann (7-15)

Denoting the trace of Ak by Tk, one writes the following formulas for the coef-

ficients of the characteristics equation in terms of the Tk:

al = -Tl

a2 Y2 (al T1 + T2)

an = 1/n (an-1 T1 + an -2 T2 + . . . + Tn)

The formulas (7-16) sometimes provide a convenient method for determining the

characteristic equation.

MATRIX POLYNOMIALS

(7-16)

Since the operation of matrix multiplication has been defined, integer powers of

matrices may also be defined. Thus in particular, polynomials in matrices are also defined.

The matrix product AAA . . . A A being a square matrix of order n can be written as

Ak where k is the number of factors involved in the product. The matrix A° is of course

defined to be the unit matrix of order n and the following rules for matrices raised to

integer powers apply:

Ak Am = Ak + m

(Ak)m = Akm

(7-17)
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If a matrix is to be raised to a negative power, the same rules apply so long as the matrix

A is nonsingular:

(A-1)m = A-m (7-19)

The nonsingularity condition insures the existence of A-1.

Rules similar to the above apply if a fractional power of a matrix is to be found.

If Am = B, A being a square matrix, then A is an mth root of B. Unlike the case with the

complex numbers there is no rule as to how many mth roots of a matrix there are.

Consider a general polynomial Q(x) of order n in a scalar variable x:

Q(x) Pn xn + Pn-1 xn-1 + + PO (7-20)

If the scalar variable x is replaced by the n x n square matrix A, a matrix polynomial Q(A)

results as follows:

Q(A) Pn An + Pn-1 An-1 + + POI

Note that the last term of (7-21) consists of a scalar multiplied by the nth order unit

matrix I.

(7-21)

The original polynomial Q(x) of (7-20) may be factored into the following form:

Q(x) = pn (x - Ai) (x - A2) (x - An) (7-22)

where the A1, A2, . . An are the roots of the polynomial Q(x) = 0, all assumed at present

to be distinct. The factored form for the associated matrix polynomial (7-21) can simi-

larly be written as:

Q(A) = pn (A I I) (A A21) . . . (A - (7-23)



123

Next consider, as a generalization of the polynomial, an infinite series in a scalar

variable x:

oo

S(x) = ao + ai x + a2 x2 E ak xk
k=0

(7-24)

As before, the a's are scalars. The argument x of this infinite series can nowbe replaced

by the square nth order matrix A, the following series then being obtained:

oo

S(A) = a0I + al A + a2 A2 + . . . = E ak Ak
k=0

(7-25)

Convergence of the series is of interest. This series can be shown to converge as k

approaches infinity if all the corresponding scalar series S(A i = 1, 2, . . . n converge,

where the X i are the characteristic values of A.

A particularly useful infinite series of matrices, one that will be used in a future

chapter, is that defining the exponential function:

S(A) = eA = I+A+1/2A2+1/3A3+... (7-26)

The exponential series (7-26) can be shown to be absolutely and uniformly convergent.

The matrix exponential series satisfies many of the conditions satisfied by the

scalar exponential. Notice, though, that while ex e Y can be written as either

ex eY or e y e x, x and y being scalars, the analogous matrix product eA A. e B

cannot be written as eB eA unless A and B happen to commute. In other words,

eA. e B eA if and only if AB = BA (7-27)

The commutativity condition required for (7-27) is satisfied, for instance, if B = +A.

When B = -A one finds that



eA e-A = e(A-A) = I
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(7-28)

From this equation one concludes that (eA)-1 = CA or that CA is the inverse matrix

of eA.

THE CAYLEY-HAMILTON THEOREM

One of the more intriguing and elegant results of matrix theory is the Cayley-

Hamilton Theorem. It is presented in this section without proof.

The Cayley-Hamilton Theorem states that "a square matrix A satisfies its own

characteristic equation." In other words if the characteristic equation of a matrix A is

P(A) = 0, then also, P(A) = 0, the n x n matrix of zeros.

We proceed to illustrate the Cayley-Hamilton Theorem by proving a useful

result: A = 1 is an eigenvalue of any stochastic matrix. The proof is by a reductio ad

absurdum argument.

Given a stochastic matrix M, assume that A = 1 is not an eigenvalue. This means

that we are assuming A =1 is not a solution of the characteristic equation for M, i.e.,

unity is not a root of the equation:

+ n-1 + + = 0 (7-29)

Substituting A = 1 into the above, we are thus assuming that:

1 + a + a2 + . . . + an # 0 (7-30)

We now show that this assumption leads to a contradiction, as a result of which we must

conclude that A = 1 is indeed an eigenvalue of the given arbitrary stochastic matrix M.

We note that M must satisfy its own characteristic equation. By the Cayley-

Hamilton Theorem, then, we write:



mn +
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T411-1 + . . . + anI = 0 (7-31)

Now consider the matrix powers in the above expression; these can be written as:

Mk = [pi j(k)] for k = O. 1, n (7-32)

Each of these matrices is a stochastic matrix, as is known from Chapter III; therefore:

Epii(k) = 1 for each j = 1, 2, . . . n

i=1

We can write the characteristic equation in terms of matrix elements as follows:

P
n..( pii(r0 + an = 0 for each ij

(7-33)

(7-34)

After summing (7-34) over the index i we have (where we define a0=1 and pii(°)= 1):

n n

E E an-k Pe) 0
i=1 k=0

Interchanging the order of summation and rearranging,

n

E an-k p..(k)
= 0

k=0 i=1

But E pii(k) = 1 as shown above. Thus we conclude that:
i=1

(7-35)

(7-36)



Ean_, = i+al + . . . + an = 0

k=0
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(7-37)

This, however, contradicts the consequence of assuming that A = 1 is not an eigenvalue of

M. Therefore we must conclude that A = 1 is indeed an eigenvalue of the arbitrary

stochastic matrix M. We have thus proved the proposition.

SYLVESTER'S THEOREM

This result of matrix theory was introduced and applied to a simple problem in

Chapter III. We first consider the theorem for a particular case, the case of distinct roots.

Sylvester's Theorem for this case is: N(A), a matrix polynomial in A, can be expressed as:

where

N(A) = E N (Ai) Zo (Ai)
i=1

(7-38)

n

fl (A Al)

j=1 (jti)
Zo ( Ai) = (7-39)

Nati)

A proof of Sylvester's Theorem can be found in several of the references.

A further form of Sylvester's Theorem can also be derived. Since it can be shown

that the quotients of prc, acts of (7-39) can be written as

Ti (A Ain
i(#i)

(A

j(ti)

A)

Adj [A I A]
dP(A) /dA

(7-40)



where P( A) is the characteristic polynomial of A, the above equation for N(A) can also

be written as follows:

N(A) = E
i=i

N( Adj [AI -A]

dP(A)/dA I A., Ai
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(7-41

A restriction on Sylvester's Theorem was that of distinct characteristic roots.

Although the matrices of most practical problems encountered do, as assumed above, have

distinct characteristic values, repeated roots are sometimes encountered. A somewhat

different form of Sylvester's Theorem applies to these cases; the modified form is called

the confluent form.

Given a matrix A, assume there is a characteristic value A i of A, of order si. The

contribution to N(A) from this repeated root can be shown to be:

1 I d
sr 1

N( A) Adj (XI -
77 s,

(s1-1)! d A I n -

j(i)
X X.

(742)

The desired N(A) is, of course, the sum of the contributions of all the roots, repeated or

not. Thus we have, considering all roots A i, that

N(A) = E 1

( si-1)!

d 81.1 N( A) Adj ( X I - A)

d 1

11 (A- Apsi
}

X= X.

(7-43)

the summation being taken over the different roots. A typical term of the summation can

be written out as:



where

d
s-1

s.-
d X 1

1

MATRIX CALCULUS

N( X) Adj ( X I -
N(k -1)

E v
z (A

v)

" "J)
Si

.i(40 A = A.

1100 ( Xi)
dk N( A)

d k

k=1 (k-1)!

X.
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(7-44)

(7-45)

We need only develop here such matrix calculus and algebra as will be needed in the

following chapters. First, consider the operation of differentiation for matrices. The

usual ideas of differentiation associated with scalar variables carry over to the differentia-

tion of matrices and matrix products provided that the order of the factors is observed.

Specifically, if A(t) is an (n x n) matrix whose elements aii(t) are differentiable functions

of the scalar variable t, we define matrix differentiation as follows:

A(t) =
dt

[A(t)

&MI

dai i(t) dain(t)
dt dt

da
dt

ml(t) da. mn(t)
dt

(7-46)

From this definition the derivative of the sum of matrices is clearly the sum of the

derivatives,

d [A(t) + B(t)] = A(t) + B(t) (7 -47)
dt
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The derivative of a matrix product is formed in the same way as the derivative of a

scalar product. As mentioned, the order of the product must be preserved, as shown by

the following:

dt [ A(t) B(t)] = A(t) B(t) + A(t) 13(t) (7-48)

Regarding integration, the integral of a matrix similar to the derivative of a

matrix is defined as the matrix of the integrals of the elements:

fA(t)dt =

f a i(t)dt . . . f a
1
n(t)dt

fam (t)dt famn(t)dt

Matrix analysis will now be applied specifically to stochastic chains.

APPLICATION OF MATRIX ANALYSIS TO STOCHASTIC CHAINS

(7-49)

The first problem is to derive an expression for a stochastic matrix, whose

eigenvalues are distinct, when it is raised to an integer power. With distinct eigenvalues we

find, upon directly applying the first form of Sylvester's Theorem, the following

expression:

Mk = E A.kz i .)(
o's

where Zo (Ai)

(M
XJI)

(Ai- xi)

00

(7-50)

(7-51
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The formula is a bit more complicated when the eigenvalues of M are not distinct; in the

following chapter the solution for the nondistinct eigenvalue case is developed.

Two immediate and interesting consequences of the above formula are obtained by

setting k equal to zero and to unity. We then see that:

I = E zo (xi)

M = E xi zo (xi)

(7-52)

(7-53)

The first expression is useful in checking calculations of M raised to some integer power:

having found the matrices Zo( X i) one sums them up to check the work; they should sum

up to the identity matrix. The second of the above expressions is an interesting expansion

of the given matrix M in terms of its eigenvalues and a particular set of matrices Zo (X i)

As a typical application of Sylvester's Theorem, consider a Markov chain having the

following transition matrix:

M =

The eigenvalues of M are found to be 1.0

Raising M to the tth power, one

M (-0.3) I

0.1 0.4

0.9 0.6

and -0.3.

finds, using Sylvester's

+ 013y. [

Theorem,

M-(1)I

(7-54)

that:

(7-55)Mt (1)t [
1 (-0.3) -0.3) 1

(The discrete variable t is used once again to represent a time variable in the equations.)



Substituting M into the above and simplifying:

Mt
0.308 0.692 -0.308

+ (-0.3)t

0.692 0.692 -0.692 0.308

Clearly M is regular and Mt approaches the following limit as t grows large:

[0.308 0.308

0.692 0.692
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(7-56)

Should the chain start with P1 = 0, P2 = 1 as its initial state probabilities, one

finds that:

lim

t--I,- 00

Mt
0.308 0.308 r0

1 0.692 0.692 L. 0.692

(7-57)

Figure 7-1 shows that the Markov chain very quickly reaches its limiting values.

Notice, however, that the probabilities P1 and P2 do oscillate slightly before finally

settling down to their limiting values.

If a large k limit exists it is obvious that, in the case of distinct eigenvalues,

this limit is given by:

lim Mt

t 00

(M -XI)

i(A)1)

ri (1- xj)
j(xti)

(7-58

We now give another example of an oscillatory Markov chain, one whose

transition matrix, when raised to an integer power, does not approach a limit. The

Markov chain with the transition matrix:
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C

0

L 0J

yields an oscillatory pair of state probabilities because one of the two eigenvalues is -1;

the other eigenvalue, of course, is unity. Ten steps of this chain, given in the following

table, illustrate the oscillatory behavior of this Markov chain:

TABLE 7-1. TEN STEPS OF A MARKOV CHAIN WHOSE
STATE PROBABILITIES OSCILLATE

Discrete
Time Point, t

P1 (t) P2(t)

0 0.20 0.80
1 0.80 0.20
2 0.20 0.80
3 0.80 0.20
4 0.20 0.80
5 0.80 0.20
6 0.20 0.80
7 0.80 0.20
8 0.20 0.80
9 0.80 0.20

10 0.20 0.80

Finally, consider a stochastic chain whose input event probabilities do approach

fixed values but in a markedly oscillatory manner. The parameters of this chain are as

follows:

Initial state probabilities: Pi = 0.2, P2 = 0.8

Input event probabilities: p l = 0.3, p2 = 0.7

Transition probabilities: Al =
1

1 0

, A2 =

0.1

0.9

0.4

0.6



Output matrices: B1 =
0.1 0.5 0.3 0.6

B2 =

0.9 0.5 0.7 0.4
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Notice that while only one of the two transition matrices Al is oscillatory, it

exerts an influence which makes the chain as a whole oscillate as it approaches its limit.

The results of the ten steps are given in Table 7-2.

TABLE 7-2. OSCILLATORY STOCHASTIC CHAIN

Discrete
Time Point, t P (t) P2(t) qi(t) q2(t)

Output
Entropy,

Bits

0 0.20 0.80 0.50 0.50 1.00
1 0.48 0.52 0.41 0.59 0.98
2 0.34 0.66 0.46 0.54 0.99
3 0.41 0.59 0.44 0.56 0.99
4 0.37 0.63 0.45 0.55 0.99
5 0.39 0.61 0.44 0.56 0.99
6 0.38 0.62 0.44 0.56 0.99
7 0.39 0.61 0.44 0.56 0.99
8 0.38 0.62 0.44 0.56 0.99
9 0.38 0.62 0.44 0.56 0.99
10 0.38 0.62 0.44 0.56 0.99

SUMMARY

Matrix algebra, introduced in Chapter II, is further developed in this chapter.

Matrix theory will be used to solve stochastic chains of both the discrete and continuous

types.

Characteristic equations and characteristic values are important subjects of matrix

theory: given a square matrix A, which may as well be taken as a stochastic matrix, the

determinant IA Al = An + a1 xn-1 4. an
n = 0 is termed the characteristic

equation of A. The roots of this equation either real or complex, distinct or repeated

are termed the characteristic values of A. We find that each stochastic matrix has at least

one characteristic value which is unity.
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An important result of matrix theory is the Cayley-Hamilton Theorem, succinctly

stated as: every square matrix satisfies its characteristic equation. In other words, given

the square matrix A whose characteristic equation is Xn + a An-1 + . . + an = 0, the

following equation must hold:

An + a An-1 + . . . + an I = 0

Another important result, which can be derived with the aid of the Cayley-

Hamilton Theorem, is Sylvester's Theorem: a polynomial function f(A) of a square

matrix A can be expressed in the form:

f(A) = E f(Xi) Gi

The A i are the (assumed distinct) characteristic roots of A and the Gi are particular

matrices constructed from the matrix A and its eigenvalues. This form of the theorem

applies if the characteristic values of A are distinct; a slightly different form, the con-

fluent form, applies when the eigenvalues are not distinct.

Sylvester's Theorem is the key to the solution of a large and useful class of Markov

and stochastic chains, as will be shown for the discrete case in the next chapter, and also

for the continuous case in Chapter IX.
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CHAPTER VIII. SOLUTION OF DISCRETE STOCHASTIC CHAINS

In this chapter, general solution forms are derived for discrete stochastic chains.

Closed-form solutions, it turns out, are fairly easy to formulate; in the most general

case, though with the input event probabilities and the transition probabilities varying

as functions of discrete time these solutions are not too instructive. They are not

easy to use, either. Therefore it is better to pass quickly over the general solutions to

the interesting and useful special case for which the input and transition probabilities

assume constant values.

To review the literature on solution methods, Feller (1959) discusses Markov

chains (along with other probability topics) to a considerable extent. He presents

somewhat awkward solution methods, though, and those in only summary fashion,

deficiencies which must be remedied since most practical applications involve finding

multiple-step transition probabilities. Books on modern control system theory (such as

that of De Russo, Roy and Close) present techniques for deriving solution forms of the

type worked out in this chapter. This applicability of modern state variable methods

to Markov chains was noticed by Clark (1966); state variable methods were extended

to apply to stochastic chains (Clark, 1969) and subsequently, to the detailed work of

this paper.

The solutions of this chapter are matrix equations. Since the required matrix

operations are so tedious to perform one prefers computer solutions even when a

closed-form solution is possible, certainly for systems having more than three or four

states. This chapter concludes, therefore, with a discussion of digital computer solution

methods, these methods being illustrated with two-state examples.

The following topics are covered in Chapter VIII:

General Closed-Form Solution: t-Step Transition Matrix

A Special Solution: Fixed Systems, Distinct Eigenvalues

A Special Solution: Fixed Systems, Repeated Eigenvalues

Two-State Stochastic Chains
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Ergodicity and Regularity

General Computer Methods

Typical Results from Computer Runs

We begin by outlining the problem of devising solutions, a problem touched on briefly in

the Chapter III discussion of Markov chains.

GENERAL CLOSED-FORM SOLUTION: t-STEP TRANSITION MATRIX

As with Markov chains, solving stochastic chains requires the evaluation of a

product of stochastic matrices. Having noted this fact, no further progress is possible

unless one deals with special cases. Nevertheless, some insight is gained by dealing first

with the general case.

To solve the general stochastic chain problem, with the input probabilities varying

with time, one proceeds as follows: an explicit expression is found for the state probabili-

ties; this expression then is substituted into the matrix equation for the output event

probability vector.

Proceeding, we begin with the matrices M(t) = E pk (t) Ak (t) and write the
k

state probabilities as:

P(1) = M(0)P(0)

P(2) = M(1)M(0)P(0)

The above equations (8-1) can be summarized by:

(8-1)

P(t+1) = B(t)P(0) (8-2)

t

Where the matrix B(t) = M(s).

s=0
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Substituting P(t) into the Q(t) matrix expression,

Q(0) = pk(0) Bk(0)) P(0) (8-3)

Q(t) = pk(t) Bk(t)) B(t-1) P(0) for t > 0 (8-4)

To illustrate the steps in developing the general solution, consider a time-varying

stochastic chain whose input event probabilities are p 1(t) = 0.5, p2(t) = 0.5. The tran-

sition matrices for the example are as follows:

A
1
(t) =

A2(t) =

[cost tO sin2 t w

sin2 to cos2 t w

sin2 to cos2 tw

cos2 tO sin2 t w

The output matrices B1(t) and B2(t) are:

B
1
(t) =

sin at

1-sin at

1 0

B2(t) =
0 1

cos at

1-cos at

The output event probabilities are of course given in general by:

Q(t) =
qi(t)

q2(t)

(8-5)

(8-6)

(8-7)

(8-8)

(8-9)
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The solution outlined above requires first finding the matrices

M(t) = E pk(t) Ak(t), then multiplying these together to obtain B(t). Proceeding, one

finds that:

M(t) = 0.5
cos2 to

sin2 tO

sin2 tw

cos 2 tw
+0.5

to sin2 tw

ccos 2 tO cos2 tw
(8-10)

After using the trigonometric identity sin2 t e + cos2 to = 1, M(t) becomes simply

a matrix of constants:

0.5

M(t) =
0.5

0.5

0.5

(8-11)

In this particular case, M(t) actually is independent of t and the product B(t) turns

out to be:

t 0.5 0.5
B(t) = M(s) (8-12)

s=0 0.5 0.5

Surprisingly, B(t) is constant. One sees that had pi (t) and p2(t) been other than

0.5 we would have arrived at time-varying M(s) matrices.

The solution vector Q for this problem, for t = 0 and t > 0, is as follows; for t = 0,

Q(0) = (0.5

0

1-sin 0

cos 0
+0.5

1-cos 0

For t > 0 the Q(t) expression is:

(Q(t) = 0.5

sin at

1-sin at

0.5 0.5

P(0) = P(0) (8-13)
0 1 0.5 0.5

cos at 1 0 0.5 0.5

+0.5 P(0) (8-14)
1-cos at 0 1 0.5 0.5
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0.25 (1 + sin at + cos at) 0.25 (1 + sin at + cos at)
Q(t) = P(0) (8-15)

0.25 (3 sin at -cos at) 0.25 (3 sin at -cos at)

One sees that for any initial probability vector P(0),

0.25 (1 + sin at + cos at)
Q(t) =

0.25 (3 - sin at - cos at)

this expression applying for t = 0, 1, 2, . . .

(8-16)

Consider next a second example, with p i(t) = 0.5e- at and p2(t) = 1 - 0.5e-at,

where a is a constant. The matrices A1(t) and A2(t) for this example are:

0

A1(t) =
[0 1 ]

(8-17)

10 1

A2(t) =

L 1 0

(8-18)

The matrices B1 (t) and B2(t) are also constant matrices, as follows:

0 1

B (t) = (8-19)

o

1 o

B2(t) =
[o

(8-20)

1

It is now easily shown that:

M(0) =

0]
0.5 .5

0.5 0.5
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Also one can show that:

M(1) M(0) = M(0) (8-21)

M(2) M(1) M(0) = M(0)

Thus as before the matrix B(t) consists merely of constants:

t 0.5 0.5

B(t) = M(s) = (8-22)

s=0 0.5 0.5

The solution for Q(t) can readily be found; for t = 0, one has:

Q(0) = (0.5
1 0

+0.5
0

P(0)

P(0) (8-23)

0.5 0.5

for t >0, Q(t) is:

Q(t) = atOS&( +(1 -0.5e- at)
1 0 0.5 0.5

P(0)
1 0 0 1 0.5 0.5

1 0.5e at 0.5e-at 0.5 0.5

P(0)
0.5e-at 1 - 0.5eat 0.5 0.5

0.5 0.5

P(0) (8-24)

0.5 0.5
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One sees that, given any initial probability vector P(0), for t = 0, 1 , 2, . . . . the solution

Q(t) is:

Q(t) =
[ 0.5

In this case the input probabilities are time-varying, but the outputs are not.

A SPECIAL SOLUTION: FIXED SYSTEMS, DISTINCT EIGENVALUES

The foregoing examples illustrate the problems one encounters in developing solu-

tions for the general case. As special cases yield more illuminating results, these are taken

up next.

An interesting special class are the fixed systems, those for which the matrix M

given by M(t) = E pk(t) Ak(t) contains only time independent entries. The solution

Q(t) for fixed systems is easily found because the previously defined product matrix B

can be evaluated by Sylvester's Theorem in either its distinct eigenvalue form or the con-

fluent form. Several illustrations of this procedure have already been given. We now again

consider the application of Sylvester's Theorem.

Suppose that all the M(s) in the previous equations are equal, independent of

discrete time. The state probabilities may then be written as follows, for t = 1, 2, . . . :

P(t) = Mt P(0) (8-26)

This is the same expression as derived in Chapter III for the state probabilities of Markov

chains.

Assuming for now that all eigenvalues of M are distinct, and applying Sylvester's

Theorem, we find an explicit expression for Mt:

Mt = xi z (x.) (8-27)



The matrices Zo (Xi)

11 (M - X iI)
.0 0

(Xi xi)
i(#0

for i = 1, 2, .

We thus find, substituting (8-27) in (8-26), that the state probabilities are as

follows:

P(t) = Xti Zo (Xi)) P(0)
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(8-28)

Defining Hi(0) to be the column matrices Zo (Xi) P(0) one can write (8-28) as:

P(t) = E )1/41 Hi(0) (8-29)

In other words, the state probability matrix P(t) is a linear combination of initial value

vectors.

t >0
When (8-29) is substituted into the Q(t) general solution form, there results, for

Q(t) = (Epk(t) Bk(t)) (E X.! Zo ( Xi)) P(0)

i 1

or, multiplying out the summations,

Q(t) = (EEpk(t)Xf Bk(t) Zo ( Xi)) P(0)
k i

A SPECIAL SOLUTION: FIXED SYSTEMS, REPEATED EIGENVALUES

(8-30)

We now pass to the non-distinct eigenvalues case. Once again we can express the

state transition matrix in closed form, using now the more general form of Sylvester's

Theorem presented in Chapter VII. There it was shown that with repeated roots Xi, each

of multiplicity s i, a matrix function F(M) could be written as:

F(M) = E711 dsrl F( X )Adj ( X I-M)
(8-31)).

dX 1 (x- x)si ]1 x. X.
J(#i) ' 1



When F(M) = Mt, the function presently of interest,

Mt = E dk-1 A At

k d

Zsik (Ai)

A = (k-1)!

where the following substitution, explained in Chapter VII, has been made:

si
1 dsi-1 XtAdj(A I-M) E dk-1 At

=
(si -1)! Asi-1 n (A' t)si

k=1 d Ak-1
yt 0 A= A.

r

and where the matrices Zs _k ( Ai) are given by:

Zsik (Ai) =

Zs.-k (Ai)

A= A.

1 { dsik [ Adj (A I-M)
(si-k)! dsArk n si

i(# =

(k-1)!

Toward developing a more explicit version of (8-32), we next evaluate

derivatives such as dkAt . We find that:
dAk A =Ai

dk At
Ai( t(t-1) . . . (t-k+1) At-k for t-k > 0
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(8-32)

(8-33)

(8-34)

(8-35)

= 0 for t-k < 0

We now define a function g(t,k) as follows:

g(t,k) = 1 if t k
(8-36)

= Oift<k

Therefore, using (8-36) in (8-35), we have the following expression for the derivatives:

dk At = g(t,k) t! At-k

dAk (t-k)!

Substituting (8-37) into (8-32) we find that:

si
Mt =E E g(t,k-1) t! .-t-k+1)

Z ( A.)

i k=1 (t-(k-1))!(k-1)! si

(8-37)

(8-38)
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Noting that t!/(t-(k+1))!(k-1)! =
k t 1) , the number of combinations of t things taken

k 1 at a time, we write Sylvester's Theorem as:

si

Mt = E
Ls g(t,k-1) t fit -k +1)

i k=1 k1 i
;0( (Xi) (8-39)

kWhere (Xi) is as given above and where the X i are the distinct eigenvalues of M,

each being of multiplicity s i.

The state probabilities P(t) and the output probabilities Q(t) are readily found by

substituting the above equations into the general expressions previously derived. The

results, though straightforward, are somewhat complex and are not presented here.

The above solution carried to the large t limit is of interest. For this case, with

t > k-1, it follows at once that g(t,k-1) = 1. Writing the distinct eigenvalues in their

polar form Xi = piejC9i and substituting these into (8-39),

si
Mt = E E (kt1 ,s(t-k+1) j(t-k+1) i Zs._ ( X 0

i k=1 r
(8-40)

It then follows easily that, as with the distinct eigenvalue case, if a limit exists it is given

by:

lim Mt = (1) (8-41)
t co

. The eigenvalue X = 1 cannot be multiple.

TWO-STATE STOCHASTIC CHAINS

It would be a happy outcome if the input probabilities could to some extent be

separated out from the state transition probabilities. In this event one could perhaps

generate an input/output form for the stochastic chain equations. In general this is not

possible, except for one special case which is actually of some interest in reliability

applications the two-state case. We now consider this special case.



Given the matrix M = pk Ak, the pk being input event probabilities, let

the eigenvalues of Ak be A ki, j = 1, 2, . . From the discussion about the trace

of a matrix given in Chapter VII, we have:

Tr(M) = E pk Tr(Ak) (8-42)
k

Also of course Tr(M) = E p i, where the p i are the eigenvalues of M. Further, we

have Tr(Ak) = E x ki, as a result of which

E E pk E X kj

Now consider the two-state case. All of the matrices under consideration

having only two eigenvalues,

+ 112 E Pk ( Xkl Xk2)
k

From Chapter VII we know that one eigenvalue of M, say pi, is unity;

also one eigenvalue of each Ak, say A id, is unity. Thus we have 1 + p 2 =

k
Pk+

k
pk Xk2; but Z pk = 1, so that:

that:

112 Pk Xk2

Assuming distinct eigenvalues, we now apply Sylvester's Theorem, finding

)Mt = + (P-2
(M- p2I) t (M-I)

(1-112) (P-2-1)

Rearranging, one has the following:

1- p.2 1-p-2 )

(8-43)

(8-44)

(8-45)

(8-46)

(8-47)

146



Thus, substituting (8-47) into the P(t) expression,

As given above,

2
t

2
P(0)1-112t MP(0) - )P(t) =

P-I.4

-22 1- k4

A2 fc Pk Xk2. The output probabilities are then given by:

Q(t) =

for t = 0, 1, 2, . . .

p, t
P k Bk) R11_11,2

147

(8-48)

(42-11 44

40 P(0)
2

(8-49)

Notice that a large t limit for Mt exists if lc 2t 00 as t oo. This will be the

case if I p.21 < 1 (note that IL2 is necessarily real). The limiting matrix Mt for large t

is then as follows:

lim Mt 1

t co 1 -/-1.2 (M-P-2I

Substituting for k 2 and M and using the fact that Tc pk = 1,

Pk (Ak" Xk2

t E Pk (1- Xk2)
k

To illustrate the foregoing results, consider the following matrix M:

[0.8 0.7
M = 0.2

[0.3 0.5] + 0.8
0.7 0.5 0.2 0.3

[0.70 0.61
0.30 0.34

The non-unity eigenvalues of Al and A2 are x12 = -0.2 and k22 = +0.1. Thus

one finds that it 2 = (0.2)' (-0.2) + (0.8) (0.1) = 0.04; Mt is therefore given by:

Mt

(1-(0.04)t \ [0.70 (0.04-(0.04t)) [1 0

0.96 ) 0.30 0.34 0.96 0 1

(8-50)

(8-51)

(8-52)
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This result can, of course, be expressed in simpler terms. Of more interest, though,

is the limiting expression which is given by:

lim Mt =
t

[0.688 0.688

0.312 0.312

Unfortunately, the two-state solution form cannot be generalized. The rule

implicit in the two-state result, that the eigenvalues of linear combinations of matrices can

be conveniently found from eigenvalues of the constituent matrices, does not hold true for

general matrices. However, a weaker result is implied by the matrix trace formula of Chap-

ter VII. This result is: given a matrix M, with M = z pk Ak, the sum Z 14.; of the eigen-
k j

values of M is given by:

E IL; E Pk X ik
j i,k

The Xik in (8-53) are the eigenvalues of the matrices Ak. This result can be used in check-

ing calculations.

(8-53)

ERGODICITY AND REGULARITY

Again consider stochastic chains whose matrix M = pk Ak is constant. Since

stochastic chain state equations reduce to Markov chain equations, one might inquire into

the conditions under which a stochastic chain has an ergodic and also, has a regular sto-

chastic matrix M for its state transition matrix. Recall that if M is ergodic, we can pass

from any state to any other state after some number of steps. If M is regular, there is

some power of M having all non-zero transition probabilities.

As shown in Chapter III, ergodicity of a Markov chain depends upon there being

no zero elements in the matrix M + M2 + . . . + Mn_1. We saw that instead of dealing with

the matrix M we could equally well have dealt with any matrix having zeros in the same

locations as M and positive elements elsewhere.

The concepts of ergodicity and regularity can obviously be extended to apply to

stochastic chains. When we speak of a stochastic chain whose transitions are determined

by the stochastic matrix M = pk Ak, we define M to be ergodic (and say that the sto-
k

chastic chain is ergodic) in the same sense as previously defined for Markov chains. If the
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pk and the Ak are constant, we can establish ergodicity of the stochastic chain as a whole

simply from the matrices Ak. In other words, for this case ergodicity does not depend on

the pk of the input events so long as they are all non-zero. We can determine ergodicity

from powers of the matrix Ak or even from the powers of the union of associated unit

matrices of the Ak. We easily see that a stochastic chain may as a whole be ergodic even

though not all indeed none of the Ak taken separately have this property.

The solutions discussed above are useful; but more practical computational meth-

ods are needed. We next proceed to methods which, though perhaps not so elegant, are to

be preferred on account of their practical usefulness.

GENERAL COMPUTER METHODS

Computer methods would seem to be best for solving stochastic chains from a

practical viewpoint even in simple cases. Matrix operations involving as they do simul-

taneous calculations with a number of quantities are quite tedious even when the matri-

ces are small ones, even as small as (2 x 2) or (3 x 3). Computer solutions, on the other

hand, are so simple as to be almost trivial once they are programmed and checked out.

To illustrate the computer approach to solution, a program was written for per-

forming calculations on two-state systems. It was used for many of the examples of this

paper. A flow chart is given in Figure 8-1; Table 8-1 gives the Fortran listing for this pro-

gram. The program, though simple, is of course representative of more general programs

one would use for solving multistate stochastic chains.

The calculations are done in a step-by-step fashion, starting with the first step

indicated by the n = 1 box of Figure 8-1. After each step n the state probabilities for step

(n + 1) are computed, as are the output event probabilities. Also computed is the output

event entropy. The program prints the step number, the output event probability and the

state probabilities on one line; on the next line, the entropy of the output events. After

the intended number of steps have elapsed the program stops.

Lines 2 through 23 of Table 8-1 define the case being run. Line 24 initializes for

the first step. Lines 43-46 provide for computing the next state probabilities, while lines

30-38 provide for the computation of the output event entropy. Lines 40 and 41 are
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START

ENTER INITIAL
STATE PROBABILITIES

ENTER INPUT
EVENT PROBABILITIES

ENTER AK, BK
MATRIX DATA

SET INDEX n--.0

CALCULATE In)

CALCULATE
OUTPUT ENTROPY

PRINT RESULTS

COMPUTE NEW
STATE PROBABILITIES

I STOP

NO
n+1 -4 n

Figure 8-1. Flow Chart of Stochastic Chain
Demonstration Program
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TABLE 8-1. LISTING OF THE STOCHASTIC CHAIN DIAGRAM

/JOB GO
C INITIAL STATE PROBABILITIES

SP1=1.
SP2=0.

C INPUT EVENT PROBABILITIES
EP1=0.3
EP2=0.7

C A Ala 3 ,IATt:IX DATA
P111=0.3
P211=0.7
P121=0.3
P221=0.2
P112=0.1
P212=0.9
P122=0.4
P222=0.6
Q111=0.1
Q211=0.9
Q121=0.5
Q221=0.5
Q112=0.3
Q212=0.7
Q122=0.6
Q222=0.4
K=0

C FIND OUTPUT EVENT PROBABILITIES
10 CONTINUE

EQ1=EP1*(Q111*SP1+Q121*SP2)+EP2*(Q112*SP1+Q122*SP2)
EQ2=EP1*(0.211*sP141221*SP2)+EP2*(Q212*SP1+O222*SP2)

C CALCULATE ENTROPY OF OUTPUT FINITE SCHEME
IF(EO1)20,20,30

20 NEQ1=0-
GO TO 40

30 dEQ1=-3.32*EQ1*ALOG10(EQ1)
40 IF(EQ2)50,50,n0
50 HEQ2=0.

GO TO 70
60 NEO2=-3.32*EQ2*ALOG1C(EQ2)
70 H=HEQ1+HEQ2

C PRINT RESULTS
dRITE(6,30)K,SP1,SP2,E0.1,EQ2,H

30 FORMAT(15,5F10.2)
C UPDATE STATE -,RoilABILITIE

TSP1=EP1*(13111*3P1+P121*sP2)+CP2*(P112*SP1+P122*SP2)
T3P2=EP1*(P211*:011+P221*SP2)+EP2*(P212*SP1+P222*SP2)
SP1 =TSP1
SP2=TSP2

C TEST FOR CO;s0LETION
IF(1:-10)00,100,100

90 ,:=I:+1

GO TO 10
100 STOP

ENo



152

output statements and lines 48-52 advance the stochastic chain or stop the computations

if enough steps have elapsed. This particular program is set up to compute ten steps.

TYPICAL RESULTS FROM COMPUTER RUNS

The program of Figure 8-1 was used in computing several examples throughout

this paper. Recall that an oscillatory stochastic chain example was given in Chapter IV.

Its parameters were:

Initial state probabilities: p1 = 0.2, p2 = 0.8

Input event probabilities: 0.3, 0.7

Transition probabilities:

1 0.1 0.4

A2 =
1 0 0.9 0.6

Output matrices:

0.1 0.5 0.6
B = B2 7--

0.9 0.5 0.7 0.4

When this chain was run through ten steps by means of the program of Figure 8-1,

the results of Table 7-2 were obtained. These results are plotted in Figure 8-2 which

shows how the state probabilities, the output event probabilities and the output event

entropy varied as the stochastic chain advanced step by step.

SUMMARY

The two matrix equations defining a stochastic chain are first, the state equations

which relate the current state and input probabilities to the next state probabilities and

second, the output equations, relating the output event probabilities to the current state

and input probabilities.



1.0

0.8

.`".4'6 0.6

0
4.1
0)

v, 0.4-

0.2 -

1.0

0.8

0.6

0.4

0.2

0 L

0
I -1

2 4 6

Steps of the Stochastic Chain, t

8

Figure 8-2. Plot of the Data of Table 7-2, Produced by the Stochastic Chain Program

10

Output Entropy,
Bits

P2(t)

Pi (0



154

Stochastic chains are solved by determining the state probabilities as functions of

the single-step transition probabilities and input event probabilities at each step, and then

by substituting the result into the output matrix equation.

To obtain the solution for the general case is a straightforward matter; the output

event probabilities are as follows:

Q(0) = (E pk(0) Bk(0)) P(0) for t = 0

Q(t) = (E p k(t) Bk(t) B(t-1) P(0) for t > 0

t-1
Where B(t - 1) is the matrix II M(s), with M = E pk(s) Ak (s); P(0) is the vector of

s=0 k
initial state probabilities; the pk(t) are input event probabilities; the Ak(t) are the various

state transition matrices; and the Bk(t) are the output matrices.

The result, somewhat illuminating in its structure, is not helpful when one deals

with a large and useful class of stochastic chains, those having fixed quantities. More

explicit solutions can be obtained for these special stochastic chains. When all the M(s)

are equal to a constant matrix M, the solution is of the form:

Q(t) = (E p k(t) Bk(t)) MtP(0) for t = 0, 1, 2 . . .

k

Then Sylvester's Theorem in one of its two forms, regular or confluent can be used to

evaluate the matrix powers Mt. An especially simple result can be derived for a useful

class of stochastic chains, those having (2 x 2) transition matrices.

A stochastic chain, analogously to a Markov chain, is ergodic if in a finite number

of steps any state can be reached from any other (or the same) state. Regularity of a sto-

chastic chain can also be defined. These properties are found to be independent of the

input event probabilities so long as all exceed zero.

Finally, as to solution methods, although analytical solutions are illuminating and

occasionally are useful for computing results, digital computer solutions are easy to

develop. Such solutions make stochastic chains computationally tractable.
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CHAPTER IX. CONTINUOUS STOCHASTIC CHAINS

To a degree, the development of continuous stochastic chains is like that of

discrete chains. However, continuous chains are treated much more briefly for two rea-

sons: first, many details of the continuous chain analysis would simple parallel those

worked out for discrete chains, the difference lying mainly in a passage to a small 4 t

limit; secondly, continuous chains seem not to be as applicable as discrete chains to prac-

tical problems. The reason for this is that given any basically continuous physical prob-

lem, one can always use a discrete-time approximation to arrive at a satisfactory solution.

Continuous stochastic chains can be solved by state variable methods (De Russo,

Roy, Close, 1965), since the state equations have the same form as those encountered in

control system work, for instance X = AX where the X, X are column matrices and A is

a square matrix. The solution for a general time-varying matrix A is given by De Russo

et al (1965), earlier by Pipes (1963) and by Courant and Hilbert (1953).

Faced with the special-case equation X = AX, the elements of A being for now

constant values, electrical engineers would approach the solution by means of La Place

Transforms (Gardner and Barnes, 1942). This approach has the deficiency, though, of

not leading to the solution as quickly and easily as does Sylvester's Theorem applied to

the matrix equation X(t) = e A(t-T) X(r), this latter being easily verified by substitution

as the solution of the equation X = AX. State variable methods are applied here to con-

tinuous stochastic chains, as they were previously to the discrete version.

This chapter covers the following topics:

Continuous Stochastic Chains State Equations

Continuous Stochastic Chains Output Equations

General Closed-Form Solution

Special Closed-Form Solution: Fixed Systems

Limiting Approximation

Computer Solutions: Analog and Digital Methods
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An Example: A Two-State Stochastic Chain

A Three-State Markov Chain Example

CONTINUOUS STOCHASTIC CHAINS STATE EQUATIONS

We develop continuous stochastic chain equations from those for discrete chains

by means of a limiting process. We start with the discrete chain equations derived in

Chapter IV which, fof n = 0, 1, 2 . . . , were as follows:

P(n +1) = (E pk Ak P(n))

Q(n) = (E pk Bk P(n) )

(9-1)

(9-2)

We now reintroduce the discrete time variable t, which satisfies at discrete points n = 0,

1, 2 . . . the equations tn+1 = to + At.

Notice that t is now to be used as a continuous time variable rather than a discrete

one as previously. n is used in this chapter as the discrete variable. The derivation now

proceeds from the above P, Q equations (9-1) and (9-2) to a continuous set by letting the

time interval zit diminish to zero.

We first write the input event probabilities pk as follows:

A

Pk Pk dt for k > 1 (9-3)

A
= 1 2 Pk) At for k = 1

k >1

Substituting these into (9-1), we then find that:

P(n + 1) = [(1 - dt A

[mil pk) AI
k >

E
1

pk Ak At] P(n)
k >

(9-4)

(9-5)



The forward difference a P(n) is given by:

P(n) = P(n+1) - P(n)

A
= [(I- at L p )

k > 1

Rearranging (9-6),

d P(n) = [A1 - at E
k >
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+ L
k

13k Al
1

A
pk Ak dt I

1

A
pk Ak

k >1

P(n)

at I] P(n)

(9-6)

(9-7)

Now we identify event number 1 as the null event and consider the matrix A1 in

further detail. Recall from Chapter IV that the elements of Al satisfy:

PJJ, l
1

We set pii,1 pii,i at for i j and write:

E
i,i j

A
Al = I+Al dt

(9-8)

(9-9)

A
Notice that the matrix A1 has negative or zero elements ( E p.- ) on its principle

ij 4diagonal. Its column sums are zero.

We next substitute for A1, obtaining:

A
2.4

A A A
dP(n) = I + Al dt dt pk (1 + Al dt) + pk Ak dt Il P(n) (9-10)

k >1 k >1

or, expanding and simplifying,

A
dP(n) = [A1 dt dt E pk I- dt2 E pk + pk Ak P(n) (9-11)

k >1 k >1 k >1

Grouping terms in (9-11):

[ v - A A v - ,
2,LP(n) = dt 2,( pk Ak + Al - pkI) dt2 ( E pAk Al P(n) (9-12)

k >1 k >1 k >1



We simplify this expression by combining summations in the At parentheses

above; when this is done, there results the following expression:

(Al
A A A

AP(n) = [ At A + pk(Ak-I)) - pk Al )] P(n)
k >1 k >1
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(9-13)

We now form the quotient A P(n)I A t and pass to the small M limit, finding that:

Al
AdP = AP(n) + E pk (Ak P(n)

dt M-3-0 At >1
(9-14)

A A
Finally we define pi = 1 and Ak -I = Ak, and find the state equations to be:

3 E PAk `11
An (9-15)

This form is about the same as for the discrete case. Notice, though, that many of
A

the properties of stochastic matrices do not apply here. For instance, although pk > 0, it is
A A

not necessarily true that Epk = 1; in fact, generally pi, >1. Also, the elements of
k

Ak are not all greater than zero; the diagonal elements, for instance, are 5 0. Also, the
A

column sums of the Ak are not unity; they are zero.

CONTINUOUS STOCHASTIC CHAINSOUTPUT EQUATIONS

We next develop the 'output equations in a similar manner, by means of a limiting

process. To begin with, we see that the output event probabilities in the discrete formula-

tion are redundant. If the output event 1 is considered as the null event, we can define:

Q(n) =

A
1 2.4 qi t

i

v-%

A

q2 At
E Pk Bk)P(n) (9-16)

A
The probability 1

i 2 1

q. At of the null event depends completely on all the other prob-

abilities and so we can drop it from consideration, reducing (9-16) to (9-17) :



A q2 At]
Q At = [ = (E pk B' ) P(n)

k

where now the B' k consist of the matrices Bk with the top rows removed.
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(9-17)

A A
wNow, as before, set pk = pk it for k >1 and also, p 1= 1 - pk) A t; rite

A k >1 A

conditional probabilities of output events given various states as Bi At = B1, and Bk = Bk

when k >1.

Substituting, one finds that:

6 et = E 'Pk et) Bl at + E 1/1k it ilk P(n)
k >1 k >1

Expanding (9-18),

(9-18)

A A v--, A A A A
Q At = B At- pk At`+

1
pk A t Bk) P(n) (9-19)

k..>1 k >1

A
or, solving for Q,

= E '4 131 A t+ E /Pk Bk) P(n)
k >1 k>1

Passing to the limit of small At we have, as At 0, that:

A A A A
+ 2.4 Pk Bk ) P

k>1

(9-20)

(9-21)

The state probabilities and other quantities indicated above are now functions of the
Acontinuous time variable t. Recalling that we defined p1 = 1, we have

(9-22)

A
Remembering that the Q are now probability density type functions for events

A
other than the null event, we can write Q instead of Q without confusion, obtaining the

following pair of matrix equations for continuous stochastic chains:

A A
1.3 =(E Pk Ak P MP

k
(9-23)



Q=
(EA

Pk Bk ) P NP
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(9-24)

We now consider formal methods for solving these equations, realizing as before

that the major problem lies in determining the state probabilities P.

GENERAL CLOSEDFORM SOLUTION

We will shortly point out the digital computer solution as the most promising

practical solution technique. However, the general analytic approach is also of interest.

Referring to the matrix equations developed, P = MP and Q = NP, the first step is to find

a general expression for the matrix P.

If this equation happened to be a scalar equation (M being a scalar function of

time), the solution would be determined as follows :

or, rearranging,

dP
= Mdt

exp P(t) )=i Md X
Pr

ftP(t) = P(r)e

(9-25)

(9-26)

MdX (9-27)

Generalizing, one might think that a possible matrix solution would have the same form.

This is the case only when the matrix M has the following special commutativity property:

M(t2) M(ti) = M(ti) M(t2) (9-28)

where t1 and t2 are two different values of time. In the general case, the matrix M does

not have this commutativity property.

A general solution form can be developed, however, as follows. The matrix P can be

found in terms of a so-called vector Volterra integral equation. By direct integration

between the limits of r and t of the state matrix equation, we find that:

P(t) = P(r) + f M ( X) P ( X) dX (9-29)



161

This equation can be solved by repeated substitution of (9-29) into its own right

side. After doing this once, one obtains:

X

P(t) = P(r) + fM ( ) [P(r) + f M(s) P(s) ds] dA (9-30)

Using the operator defined by Ili( ) = f( ) d X , one obtains the following:

P(t) = [1 + 11/(M) + W(M!P(M)) + (M Ii (M (M))) + 1 PM

One computes the terms of this series in a step-by-step fashion, finding that

P(t) = [ Ho + Hi + H2 + . . . 13(r)

(9-31)

(9 -3 2)

where H0 = I and H1 = tif(M); one finds H2 = tli(MH1) from H1 and in general,
A

= W(MHn). Because M is a linear function of the matrices Ak we also have the

following expressions:

Ho = I

AA

H1 E ip(pAk 'Ai()
k

(9-33)

H2 = E 11(Pk A.k Hi )
k

A A
Hn+1 = E w(pkAkHn)

k

If the elements of M remain bounded between the limits of integration, then it is

known that the series H0 + H1 + H2 + . . . is absolutely and uniformly convergant. The

matrix G(M) = H0 + H1 + H2 + . . . thus defined is termed the "matrizant."

The solution expression developed above can therefore be written as:

P(t) = G(M) P(r) (9-34)
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Finally the solution Q can be written as follows:

Q = NG(M) P(r) (9-35)

Although these expressions are quite concise, there is obviously a great deal of

labor involved in their explicit determination. Furthermore, the equations, as they stand,

do not present a simple input/output relationship.

Expressions like the above are encountered in control system theory. The matrix

G(M) is termed the state transition matrix and is written as 0 (t,T). Using this notation,

we can write the Q(t) expression as:

Q(t) = N 0 (t,T) P(r) (9-36)

One special case solution method closely related to the above development is of

interest here. This method termed Kinarawala's method is useful when the matrix

M has a certain commutativity property.

We decompose M into the sum of two matrices, M0(t) and M1(t) where, for this

special case, M0(t) satisfies, for all t1 and t2, the special commutativity condition that:

M0(t 1) M0(t2) = M0(t2) M0(t 1)

We are thus considering that .Ml is a perturbation added to the matrix M0(t).

The unperturbed state equation is as follows :

PO MO(t) PO

This equation has the solution

where

P0 (t) = 0 (t, T) Po(r)

00 (t,T) = exp
t

mo (x) dx]

(9-37)

(9-38)

(9-39)



163

We now assume that the solution to the original equation P = M(t)P has the form

P(t) = 0 (t,r) P(r), successive corrections being made to account for the perturbation.

We can then show that P(t) can be written as:

P(t) = (t,r)P(r)+ f 00(t, X)M1 (X)P (X)dX (9-40)

This is a Volterra integral equation and 0 (t,r) is found to be:

'P(t,T) = CI + ;fr) 0 mo w(po 0 mi))

As before, IP( ) =
t

( ) d X .

.1 00 (t,r) (9-41)

If the elements of M1(t) are small, then only the first few terms of the above series

provide an adequate approximation to 0(t,r). For instance, if only the first two terms are

adequate we arrive at the following approximate expression:

where

t
0(t,r) (I +f (/) Mid X) 00 (t,r)

T

00 (t,T) = exp [f M0 ( A) dX]

(9-42)

We illustrate this result with a case of particular interest, that of a constant matrix

M0. This case may be useful in calculating reliabilities because the probabilities of com-

ponents failing in most time periods ordinarily of interest are quite small.

Assuming small probabilities and substituting the 0 0 expression, we have:

0(t,T) = (1 f
m

eMO(X-T)..1 " e M0(t -T) (9-43)

The result can be reduced somewhat further; for instance, the exponentials can be evaluated

by means of Sylvester's Theorem if desired.
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SPECIAL CLOSED-FORM SOLUTION: FIXED SYSTEMS

The formulas of the previous section, while quite succinct, are generally intractable.

It is their generality that makes them so. Relatively simple and elegant results can be

obtained for fixed systems, those for which the matrix elements do not change with time.

This section and the following section consider fixed systems only.

When the M matrix has only constant entries, the state transition matrix is easily

found to be:

(t,r) = e M(t-T) (9-44)

The state variables P are then given by the following:

P(t) = ib (LT) P(r) = e M(t-T) P(r) (9-45)

The solution for Q, even with time-varying values in N, is:

Q(t) = Ne M(t-r) P(r) (9-46)

We can give the above expression an interesting input/output form as follows.
ASince (t, r) = eM(t-T) and since M = pk Ak, we write (Cr) as follows:

A A
pk(t-r) Ak

(t, r) = e 17'

11
e

iik(t-r) Ak

(9-47)

(9-48)

We now make a straightforward application of Sylvester's Theorem to solve for the
A A

ePk(t-T)
Ak.

Letting X ik be the (assumed distinct) eigenvalues of the matrices pka-r) Ak,

Sylvester's Theorem yields:

A

epk(t-r)
Ak E e Xik Zo ik) (9-49)

The matrices Zo (X ik) are of the same general form as previously presented.
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Now the eigenvalues X ik of ilk(t-r) Ak are just fik(t-r) times those of Ak. Designate

the latter by izik so that X ik = pk(t-T) One then has:

A

eiik(t-T) Ak epk f+

Zo (pik)
i

(9-50)

A
The matrix used in computing the Zo (p.ik) is Ak. Therefore, irp(t, T) can be written

as follows:

(t,T) = E
k i

,
epk

ixikkt-r)
Zo (9-51)

We illustrate this result by writing out the solution for a three-state system as

follows:

A A A

(t,T) = (eP1 fall(t-T) 131 1121(t-T) p 0.4.3 (t-r)
Zo(1110+ e Zo(kL21)+ e Zo(/.2.31))

A j+ A i+ (9-52)
p2pilkL-T)

(eP214.12(t-T)Zo(412)+ eP2P-22kL-T)7'"O(i122) + e Zo(i1.32))

A A A t,
(ep3

/J. 3(t-T)
4_ P3 P'23(t-r)7 ( p3,12.3,2kL-T)

Zo(kLi3, . e Zo(y.33))

Consider now several properties of the solutions developed above.

The ek are all greater than zero and though the p.ik may be complex, their real

parts may not exceed zero, otherwise the 0(t,r) will not be bounded. These observations
A

lead to the result: complex eigenvalues of the Ak must have real parts less than or equal to

zero.

Next, notice that complex eigenvalues yield oscillatory terms for the matrix

0 (t, r). Thus in order for 0 (t, r) to approach a limit, all of the complex roots must have

non-zero hence by the above remark, negative real parts. This insures that the oscil-

lations die away as t r grows large.
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A
Finally, it can easily be shown that each Ak must have a zero eigenvalue. If this

were not true the matrix (t,r) would go to zero and the state probabilities P(t) would

not constitute a probability vector.

LIMITING APPROXIMATION

Once again considering fixed systems, one is interested in the behavior of P(t) as

(t-r) becomes large. One considers the expression P(t) = eM(t- r)P(r). Assuming the

eigenvalues of M are distinct, one has

P(t) = E e A i(t- T) )Z (X i) P(r) (9-53)

the X i being the distinct eigenvalues of M. Notice that the matrices Z0( Xi) are indepen-

dent of t- T.

Assume that P(t) approaches a limit for large t- T. Recall that, as pointed out pre-

viously, M has a zero eigenvalue and that in order for a limit to exist, the other (non-zero)

eigenvalues of M must have negative real parts. If the limit exists, the limiting solution

form is clearly

lim P(t)
(t -r)---

where the matrix Zo(0) is given by

= Zo (0) P( r)

(M- I)
Z0(0) = J = n (I _i/xim)

and the X are all the non-zero eigenvalues of the matrix M.

(9-54)

(9.55)

By analogy with discrete Markov and stochastic chains, a continuous stochastic

chain is ergodic if it is possible to go from any one state to any other in a finite time. Since

P(t) = M(t--r) P( r), ergodicity requires that each i, j element of e M(t-r) be non-zero for

some time interval t-r. .



167

The conditions under which a continuous stochastic chain is ergodic can be

established by examining the state transition matrix eM(t. T). The P(t) solution can be

expanded as:

2
P(t) = eM(t-

m
P( r) = (I + M(t- r) + (t- r)2 + . . . ) P( r)

2!
(9-56)

Clearly a transition from a given state j to a state i can take place if and only if, for some

t-r > 0, the matrix I + M(t- r) + M2/2! (t- r)2 + . . . has a nonzero element in the i, j posi-

tion. Notice that if Mk happens to have a zero element in some i, j position for every

k 0, then the continuous stochastic chain cannot be ergodic.

A continuous stochastic chain is regular if, for some t -T > 0, all elements of

eM(t-T) are non-zero. Referring to the previous solution form we see that P(t) approaches

a fixed limiting value if the columns of the state transition matrix 0(t-r) approach identi-

cal column vectors as (t- r) approaches infinity. When this is true, the limiting P(t) is, as

for the discrete case, the same as one of these columns.

COMPUTER SOLUTIONS: ANALOG AND DIGITAL METHODS

Since the continuous stochastic chain involves time derivatives, an analog com-

puter setup would seem to be the most appropriate machine method for producing solu-

tions. Consider the following state equations:

A A A
[ 1)1 = [ 1 1,1 a 12,1 42 a11,2 a12,2 .

1

A A A A
2 a21,1 a 22,1 a21,2 a22,2 [ PP2

Suppose also that there is the associated set of output equations, as follows:

[qi]
q2

A
A(p1 b12,1] .+.1 b11,2 1/12,2] [ 131]

AlA311,1 A 2 A A
P2b 21,1 b 22,1 b21,2 b22,2

(9-57)

(9-58)
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These two sets of equations can be solved by means of an analog computer setup having

appropriate functions available. An analog simulation of the state equations is shown in

Figure 9-1.

Referring to the figure, the analog devices used are the dc sources /.11,1 . .

A
PIa22,2, the sources of probability variables and 1, the summing elements, the opera-

tional amplifiers whose gain is variable and the integrating elements. The circuits model

the equations in a straightforward way: the matrices of elements are represented by

the eight sources at the top of the figure; the matrix multiplications by the sixteen

variable-gain amplifiers; and the additions of matrix elements by the six summation units.

Integration of Pi and P2 to obtain P1 and P2 is accomplished by the two integrators.

The diagram of Figure 9-1 suggests at once the necessary extensions to the general case.

Digital computer solutions can also be devised. These are necessarily finite-

difference approximations to the continuous time variable state and output equations.

Chapter VIII suggests how digital computer programs can be devised for solving continuous

stochastic chains.

AN EXAMPLE: A TWO-STATE STOCHASTIC CHAIN

As an illustration of the foregoing development, consider a resistor acted upon by

an external event. Such a situation was discussed in Chapter II. For this example, only the

states are important, the pertinent equations being:

+ P11,2 PI(t)

+p2
P2(t + et) P21,1 1 P21,2 1 P2(t)

d P2 as:

(9-59)

We illustrate the derivation of this chapter by writing the differences .6 Pi and

API 0

(1-P2A0 42'41
[6132 P21,1 1 P21 ,2 0 1 P2(t)

(9-60)
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A A
I -P1 = P2 1

P2

P

Figure 9-1. Schematic of an Analog Setup, Two-State Example



Equivalently, one has:

1421,1 t
A

P11,2
+P2At -I

P21,1 zit P21,2 1 P2

We then find that:

Thus we have:

170

(9-61)

A
dt (9-62)

1

A

A

0

Al =

P21,1 0

Following the previous procedure, we also have:

A2 = A2 -I =
P11,2-1

1-P11,2[P21,2

A P11,2-1

AFurther, Pi = 1 and p2 is as shown above, so that:

[11 [-'1121,1
P= = 1

A
I32 P21,1

The matrix M is given by:

M =

0

0

0

0

0

0

A
+P2

1-P11,2

A
+P2

1-P11,2

ip

0] I LP2]

001)

(9-63)

(9-64)

(9-65)

(9-66)
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For this simple problem we easily find the general solution for 0 (t,r) by using

Sylvester's Theorem to evaluate 0(t,r) = eM(t-T). The eigenvalues of M are the roots of:

4)21,1 1-12(P11,2 1) -X
Det

A
P21,1 +1/2(1 -1311,2) -X

The characteristic equation is X (p21,1 +1=)2(P11,2 1) - X) 0. Thus the two

characteristic values are Xi = 0 and X 2 = 421,1 +1/2(P11,2 1).

(9-67)

The transition matrix 0 (t,r) is then as follows:

(t,r) = Z0(0) + e X2(t-r) Z (X) (9-68)

After a considerable algebraic development, the matrices Zo(0) and Zo(X 2) are found

to be:

Zo(0)

Zo(X2)

=

=

0 0

, ,

1

-1 0

(9-69)

9-70)

Written out in detail, (9-69) and (9-70) being substituted in (9-68), 0 (t,r) is as

follows:

e-(1/21,142(1-1311,2))(t-T)

(t,r) =
1 e-(P21,1 +P2(1- P1 1,2))(t -r)

01]

Comparing this result with that derived in Chapter II, with X = 0.0001 hr,

P1(t)

[P2(t)

e_t/104hr

1
_e_t,104hr

0 (0)

1

P2(0)

9-71)

(9-72)
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It is apparent that the effect of the external event is to increase the resistor failure rate

from 1:121,1 to p21,1 + I/;2(1-P11,2), where P2dt is the probability that the external

event occurs in a small time interval A t and 1 P11,2 is the probability of a transition

from the unfailed state when the external event occurs.

A THREE-STATE MARKOV CHAIN EXAMPLE

Solutions to continuous stochastic chains can sometimes be conveniently derived

from solutions of discrete chains by a direct appeal to limiting processes after the discrete-

time solution has been obtained. As an illustration, we derive a three-state continuous-

time representation from the discrete-time Markov chain example of Chapter III.

In the discrete analysis, the probabilities of the states X, Y, and Z were found to

be P(n) = MnP(0) = G(n) P(0), where G(n) = Mn. We now set n = t/4 t and pass to the

following form:

P(t, At) = G(t, At) P(0) (9-73)

A limiting process applied to (9-73) then yields (9-74):

P(t) = (lim G(t, d t)) P(0) = G(t) P(0) (9-74)
t

The transition probabilities are chosen as follows:

P21 X21 At

P31 = X31 At

Pll 1-P21-P31 1 -(X21+X31) At

P32 X324t

P22 1
p32 = 1 - X 32dt

(9-75)

When the equation (9-75) variables are substituted into the Mn equation, terms like
+x3i)Aot/dtPlltiAt= 0-(A21 appear.' In the small A t limit, these approach expo-

nentials by the following typical reasoning:
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P11
-t/dt ,._(x2i±x3imot/dt
"

2 ), 3 t
1

(1 -(A21 + X 31)4t)
(A21 A31)At

p.)1/421 + X 31)t+
When all terms are carried to the small d t limit there results the following matrix expres-

sion for G(t):

G(t) = lim Mn/At =
t

e-(X21+X31)t 0 0

X21 X32t -e (X21

X 2 1 + X 3 1 X 3 2
e

X3
0

1-e-(X2 +X31)t

-X21
(eX32t _e(X 21+ X31))

1 -e X32t 1

X21+ X31-X32

(7-76)

To complete the example, suppose an equipment initially in state X is turned on

and is operated for an hour; what, one inquires, are subsequently the probabilities of the

X, Y, and Z states? Assume that the following data apply:

X21 = 0.1 hr-1

X31 = 0-3 hr-1

X32 = 0.5 hr-1



174

G(t) is found by substituting these quantities into the previously given matrix expression:

e0.4t 0 0

(G(t) ... + e-0.4t e-0.5t e-0.5t

I 2e-0.4t + e-0.5t 1 e-0.5t 1

The probability column matrix

PX(t)

Py(t)

PZ(t)

is:

,
e-0.4t

e-0.4t e-0.5t

1- 2e-0.4t e-0.5t

Thus, one hour after being turned

-
on, the following values apply:

PX(1) 0.67

Py(1) 0.06

P (1) 0.27

In other words, there is a 67 percent chance of perfect operation an hour after turn-on,

a 6 percent chance of degraded operation and a 27 percent chance of complete failure.

SUMMARY

Up through Chapter VII, the analysis of this paper was based on a discrete time

variable. One can also, though, develop continuous versions of these results. A simple

approach is to begin with the equations for a discrete stochastic chain, then pass to the
t 0 limit.

When this is done the (matrix) state equations which are difference equations
in the discrete time case become ordinary differential equations. The output equations
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retain essentially the same form as previously. One arrives at the following matrix

equations:

P (E 1)\1( /11() P

Q

(A A

Za Pk Bk)
k

The significance of the quantities in these equations is different than for the dis-

crete case. For instance, an input event quantity ilk (k >1) now has this interpretation:
A
pk dt is the probability of occurrence of input event k in a small time interval dt. We

find that we must invoke a special event, the null event. Its probability of occurrence in

dt is 1 E Pk dt.
k >1

Closed-form solutions can be developed for the continuous chain equations. As in

the discrete case, one first solves for the state probabilities. Most generally, the state

matrix P is found as the solution to the integral equation

t
P(t) = P(r) + f M(X) P(X) dX

r
A

wheiV M( X) = pk Ak. The solution, though far from easy to obtain, can at least be

written out explicitly; it is:

P(t) = G(t,r) P(r)

G(t,r) is the so-called matrizant, given by:

G(t,r) = I + W(M) + ill(MW(M)) + . . .

with W being an operator such that W ( ) = ) dt.t

Although the general case does not yield simple results, important special cases do.

If the quantities are fixed, for instance, Sylvester's Theorem furnishes fairly elegant results.

Still, computer solutions appear to be the best. Either analog or digital methods are

suitable.
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CHAPTER X. COUPLED SYSTEMS

This chapter serves as an introduction to the following two chapters. For analyzing

large-scale systems, a method is needed for joining together elementary system models into

an extensive system model, somewhat analogous to what digital computer designers have

done for a number of years (Phister, 1958). They have built up complex computing net-

works from simpler circuits. With regard to computer circuits, only a quite small number

of basic switching circuits are found to be sufficient for synthesizing all possible computing

machines (Cleary, 1964; and numerous others as well).

By analogy with computer synthesis methods, the approach of this chapter is to

define a small set of stochastic building blocks and to formulate appropriate interconnec-

tion rules; then from this starting point, it is shown that quite general large-scale stochastic

models can be synthesized.

Three application areas are introduced: the first reliability of engineered

systems has been used repeatedly throughout this paper to illustrate stochastic analysis

methods. Reliability analysis of large-scale systems benefits from the approach of this

present chapter. The second probabilistic logics is a reliability problem in a sense,

but one with relevance to a more limited, but in a way, more interesting realm of applica-

tions. The third application area is the simulation area. This latter area is concerned with

representing system behavior or operation by means of mathematical models.

The topics covered in this chapter are as follows:

Requirements on Stochastic Models

Examples of Coupled Systems

Stochastic Networks

Solution of Stochastic Networks

Properties of Stochastic Networks

Entropy of Stochastic Networks

Application Areas: Reliability, Simulation, Probabilistic Logics
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REQUIREMENTS ON STOCHASTIC MODELS

Stochastic chains of the type previously considered are appropriate for analyzing

systems when the number of states is not too large no more than six to eight, say. With

more than these numbers of states, analyses rapidly become unwieldy, a fact clearly evi-

dent in the navigation system example of Chapter V. Even moderately complex systems

encountered in engineering analysis have many more than eight states.

True, simplifications can sometimes reduce the number ofstates to be dealt with;

still, more efficient ways of handling large systems are definitely needed.

Consider the problem of investigating the reliability behavior of a system consisting

of several subsystems, each subsystem having K1, K2, . . . Kn different independent fail-

ure modes. The system as a whole has K = K1 K2 . . . Kn failure modes. As an exam-

ple, a system with ten subsystems, each capable of three failure modes (including fully

operative) has 310 = 105 failure modes. This is far too many modes to handle conve-

niently. Because the number of modes can be so large, it may be infeasible in practice to

analyze more than the dominant failure modes by the methods developed in previous

chapters. Alternatively, networks of stochastic chains may be used.

One obviously would like to avoid dealing with numbers as large as 105. Rather

than dealing explicitly with total system modes, one prefers to handle the subsystem

modes. One would like to provide, if possible, for stochastic interaction in a manner such

as shown schematically in Figure 10-1. Each circle represents a stochastic chain of the

type defined previously, and the arrows represent coupling between them. Physically, the

arrows represent events from one device influencing some other device, although in actu-

ally performing probability calculations, it is the variables which are effectively communi-

cated among the various stochastic chains.

Figure 10-1 is conceptual. It is the purpose of this chapter to show how this con-

ceptual approach can become a viable analysis method.

We first pose a few general requirements on network models for large-scale systems.

First, a network model should theoretically be capable of modeling in full generality

virtually any system likely to be encountered in engineering analysis, not only as to its
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Figure 10-1. Large-Scale Coupled System of Stochastically Defined Units
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stochastic aspects, but also as to deterministic aspects as special cases. This requirement is

difficult to formulate in operational terms and we will use it as a general guideline only,

showing that the stochastic analysis technique outlined here is powerful enough to model

quite general classes of systems indeed; the exact limits of the technique will not be estab-

lished, though.

Secondly, the model should be modular. In practice, all physical systems are

decomposable into disjoint parts. In the case of engineered systems and also natural sys-

tems, this means that a large-scale system breaks into an interacting collection of sub-

systems. This characteristic of nature makes analysis feasible; this feature also, of course,

makes possible the design and fabrication of large systems.

Thirdly, although the model need not necessarily be amenable to hand calculation,

it should at least be appropriate for computer calculations. In other words, a practical

model is wanted.

EXAMPLES OF COUPLED SYSTEMS

Several simple examples of coupled systems have already been considered. These

are illustrated in Figure 10-2. As indicated in 10-2a), the ordinary stochastic chain defined

in Chapter IV is a coupled system in a sense, since it couples a particular kind of stochastic

chain, in the classification of Table 6-1 of Chapter VI, to a general kind.

A more interesting coupled system could be based on one of the examples of

Chapter II: a resistor in an electronic equipment may fail as time goes on; its failure may

or may not cause the equipment as a whole to fail. This situation was analyzed in Chap-

ter II with a single stochastic chain and the equations were found to be:

0

0.2 1

0.95 0.4 PO)

0.05 0.6 P2(t)

(10-1)

(10-2)
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P1 and P2 are probabilities of unfailed and failed resistor states, respectively; q1 and q2

are probabilities that the equipment as a whole is caused, or not caused, to fail.

Applying the decomposition rule of Chapter IV, we can express this rather special

stochastic chain as a source driving a more general chain; the equations are, for the source,

r2

and for the resistor stochastic chain,

D

1

[qi(t) 0.95

q2(t) 0.05

_
0.2

(10-3)

0.8

1 l

+ r2 (10-4)

0 1 P2(t)

0.4 Pi(t)
(10-5)

0.6 P2(t)

Finally, if we allow the equipment as a whole to have two states, up and failed,

then its behavior is described by the following stochastic chain:

L R2 (t+i)
(ql

0

[1 1

11 0

0 1

Ri (t)1

R2 (t)

(10-6

where R1 and R2 are the probabilities that the equipment as a whole is unfailed or failed,

respectively.

A third example of coupled chains is a special case of Shannon's communication

system model. The information Source of Figure 10-2 is a finite-state statistical source

producing symbols with an average entropy I-Is bits per symbol. The Transmitter, a

finite-state nonsingular transducer, encodes the original set of symbols onto a new set,

changing the probabilities but not the entropy of the symbols. The Channel, which may
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introduce noise and corrupt the information, is modeled with a stochastic chain. Finally,

the Receiver (a decoding device) is a finite-state nonsingular transducer which converts

the symbols out of the channel into a set appropriate for the receiver.

The quantities defining the information system are:

HS = Source average entropy

HT = Transmitter average entropy

Hc = Entropy of Channel output

HR = Entropy out of receiver = HC

Hc(T) = Conditional entropy at the input of the channel,
given the channel output; the equivocation of
the channel

C max (H(T) Hc(T)) = channel capacity.

A celebrated result (the Fundamental Theorem for a Discrete Channel with Noise) of

information theory is as follows: if Hs < C, there is a coding system that is a finite-

state transducer serving as the Transmitter such that the output of the Source can be

transmitted over the Channel with an arbitrarily small frequency of errors (or arbitrarily

small equivocation). If, on the other hand, Hs ?_ C, then it is possible only to encode the

source so that the equivocation is less than Hs C + E . with E arbitrarily small; there is,

in this second instance, no method of coding which will give an equivocation less than

H C.

STOCHASTIC NETWORKS

One could construct networks of only the stochastic chains we have considered

heretofore. However, such networks would lack generality; they would not be useful

in modeling all physical systems one might encounter in practice. A somewhat enlarged

set of building blocks is needed. The need for the added building blocks will be apparent.

A set of building blocks for stochastic networks is shown in Figure 10-3, along

with their corresponding entropy relationships. Notice that stochastic event sources and

stochastic chains now constitute only two of the five types of apparently needed elements.
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Ho = Entropy
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H(B) = H(A) + HA(B) - HB(A)

Figure 10-3. Elements for Constructing Stochastic Networks
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We now consider each of these elements, reviewing first of all the stochastic

source which was first described in Chapter IV.

The stochastic source produces events E 1 , E2, . . . Ek in a steady stream, one after

another, according to the probabilities pi., p2, . . . pk, which latter may of course depend

on the time interval of interest. An important quantity for a stochastic source is its

entropy, this quantity being expressed, as outlined in Chapter VI, by the following

equation:

H = E pk log pk (10-7)

k

Next, referring again to the figure, the transmission link is used to convey events

from one element to another. The input events into the transmission line are the same

as the output events; the probabilities are of course the same too, and consequently the

entropies of input and output are also the same. Notice that there is no delay between input

events and output events.

The purpose of the branch unit is to allow events to be tapped off of one link and

conveyed elsewhere. The output events of the branch are the same as the input; indeed,

the branch unit is a generalization of the transmission unit. We allow any number of

branches to emanate from a single input, entropy of each output branch being, of course,

the same as the entropy of the input.

Another unit, the merge, is essential for full generality of the stochastic building

blocks. We allow any number of sets of events to merge, as indicated in the diagram. The

output events from the merge are the cartesian product of the input events. Entropy of

the output is related to entropy of the inputs as shown.

Finally, stochastic chains in all their generality complete the set of building

blocks. These units are, of course, the more complex of those needed. As pointed out in

Chapter VI the entropy relations for these elements are not simple because the output

events depend not only on the current input events but also on the present state as well

and this present state has evolved from the interaction of past states and past input events.
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An illustration of the use of the stochastic network building blocks is given in Figure

10-4. A stochastic network consisting of two sources, two stochastic chains, one merge,

two transmission links and two branch units is shown. The units, labeled U1, . . . U9 in

Figure 10-4, are as follows:

Sources: U1, U9

Stochastic Chains: U2, U6

Merges: U7

Transmission Links: U5, U8

Branch Units: U3, U4

This example will be considered further in the following section.

SOLUTION OF STOCHASTIC NETWORKS

Chapter XII applies the general method for solving stochastic networks to a

special case; anticipating these results, the following plausible conclusion can be stated:

given the defining parameters for all units of a stochastic network, the initial state

probabilities for the stochastic chains, and the probabilities of the several input finite

schemes; one can determine all output event probabilities and all state probabilities, for

each time point t = 0,1, 2, . . . . In other words, one can solve for all probabilities for all

time instants.

The general idea of the solution can be made clear with the aid of the Figure 10-4

example. Each node of a stochastic network, such as illustrated in Figure 10-4, has

associated with it a finite scheme. Since all state probabilities and the input event proba-

bilities are known for time zero, one can systematically compute probabilities for each

node at time zero as follows (refer to Figure 10-4):

Step 1 Compute the scheme probabilities for node 2 from the (given)

scheme probabilities at node 1 and (given) probabilities for U1.

Step 2 Scheme at node 4 equals scheme at node 2.

Step 3 Scheme at node 10 equals scheme at node 2.

Step 4 Scheme at node 11 equals scheme at node 12 (given).
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Step 5 Compute scheme probabilities at node 9. The number of events

of this scheme equals (number of events at node 10) x (number

of events at node 11). Since the input events are independent, node

9 event probabilities follow immediately.

Step 6 Scheme at node 5 equals scheme at node 9.

Step 7 Scheme at node 8 equals scheme at node 9.

Step 8 Compute scheme probabilities at node 7 from the scheme proba-

bilities at node 8 and (given) state probabilities of U6.

Step 9 Scheme 6 equals scheme 7.

Now since all state probabilities and all node scheme probabilities are known at

t = 0, all scheme probabilities for t = 1 can surely be found: the above calculations are

simply repeated and yield scheme probabilities at all nodes for t = 1. The procedure is

then repeated with t = 2, t = 3, . . . and so forth, probabilities of states and events for all

time points being thus computed.

The example suggests a general algorithm. There is a complication, however, which

will be dealt with in Chapter XII.

PROPERTIES OF STOCHASTIC NETWORKS

A stochastic network containing several multistate stochastic chains can be

regarded as having "states" consisting of combinations of states of the constituent

stochastic chains. For instance, if the states of U2 and U6 in Figure 10-4 are respectively

S1 and S2, and T1 and T2, then the stochastic network shown there has the following

"States:" SI, Ti; Sl, T2; S2, T1; and S2, T2

In general, the probabilities of network outputs depend on all states as defined

above and also on all independent inputs. In particular cases, as will be shown, this may

not be true: an output may depend on only some of the inputs and only some of the

states.

In this latter case one can find a proper subnetwork of the original network which

produces the output set in question. Subnetworks which produce each output can then be
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derived by simply tracing backward through the network in a direction to oppose the

forward direction of the arrowheads. As an example, the three subnetworks that produce

each output at nodes 4, 5 and 6 are shown in Figure 10-5.

In determining output event probabilities, each subnetwork can be analyzed in-

dependently of the others, and each of these single-output networks can be represented

by a single stochastic chain derived by the following procedure:

Define a stochastic chain having one state for each combination of states of the

single-output stochastic subnetwork, say N states total, and an input event for each

combination of input events of the subnetwork, say M inputs total. Let this stochastic

chain have output events corresponding to outputs of the subnetwork.

Now assume the original stochastic network is successively in each of its possible

states and receives each possible combination of input events. Clearly, there are MN input-

state conditions to consider. For the original network, for each condition of input set i

and state j, compute output probabilities qkj,i of output event k, and transition proba-

bilities psj of passing to state s from state j given input i. Since the inputs of the original

stochastic network are assumed independent, probability pi of input i of the derived

stochastic chain is the product of the probabilities of appropriate input events in the

original network. The probability of a transition to a state of the derived stochastic chain

is the product of probabilities of transitions to states of the original network. Proba-

bilities Ps of derived stochastic chain states are products of probabilities of appropriate

original network states.

We then have the following equations governing the derived stochastic chain:

Ps (t+1) = E E pi psi, Pi (t)
i

qk (t) E E Pi qki,j Pj(t)
i j

(10-8)

(10-9)
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These are of course recognized as the standard equations of a stochastic chain which,

placed in matrix form, are as follows:

P (t+1) = ( E pi Ai) P (t) (10-10)

Q (t) = ( E Pi Bi) P (t) (10-11)

Applying the above procedure to the Figure 10-4 example, one determines that

the stochastic subnetworks of Figure 10-5 can be modeled by the stochastic chains of

Figure 10-6.

ENTROPY OF STOCHASTIC NETWORKS

The statistical structure of network outputs, in the sense that this structure is

governed by the average output entropy, is of interest. In Chapter VI the average entropy

for a general stochastic chain was determined, the output events from a stochastic chain

driven by an independent-event source being expressed as the output from a finite-state

statistical source. The results of the entropy analysis of such sources were then applied.

We showed in the previous section that corresponding to each output of a stoch-

astic network there is a stochastic subnetwork which generates that particular output and

that this subnetwork can be modeled by a stochastic chain. We now restrict consideration

to networks whose elements have fixed quantities and whose associated stochastic chains

are regular. We call these networks regular networks. We can then directly apply the

results of Chapter VI, the following conclusions applying then to stochastic networks:

A stochastic network having K outputs can be decomposed into K subnet-

works, each yielding one of the outputs of the original network.

Each of the above subnetworks can be modeled by a single one-output

stochastic chain.

Each of the above stochastic chains, if regular, can be modeled in turn by a

finite-state statistical source which is regular.
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The nature of the r-event output sequences from each of these (regular)

statistical sources is as follows: H(r) = rH(1) = rH, H being the single-step

entropy of the source in question, computed as explained in Chapter VII. The

probability of r-event output sequences 0 or VII as r becomes large and

the number N(q) of sequences whose probabilities sum to q 2rH as r

becomes large.

The character of r-event output sequences, as described above, applies to the

outputs of the given stochastic network if it is regular.

These results are succinctly rephrased as follows (subject to the conditions

established above): the outputs of a stochastic network have the same character as the

outputs from finite-state statistical sources (notice that the various transformations in-

voked in this discussion may involve extensive and tedious computations in practical cases;

they can, however, theoretically be carried out).

APPLICATION AREAS: RELIABILITY, SIMULATION, PROBABILISTIC LOGICS

An obvious application area is reliability. Reliability problems involving inter-

actions of many subsystems can quickly reach unmanageable proportions. This problem,

and the conceptual approach to its solution, was stated by Shooman (1968, p. 119):

"In performing the reliability analysis of a complex system,
it is almost impossible to treat the system in its entirety. The logi-
cal approach is to decompose the system into functional entities
composed of units, subsystems, or components."

The network approach of this chapter implements Shooman's suggestion.

A second application area is in the simulation of physical systems. Stochastic

chains can be used in many cases to model the probabilistic aspects of systems. This can

lead to several simplifications and greater efficiency in the rapidly growing area of simula-

tion which, according to Evans, Wallace and Sutherland (1967, p. 16),

Li
. . has become popular and important in recent years largely

because of the tremendous growth of the field of automatic digi-
tal computing."
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The methods developed here are appropriate for computer solution because, again

quoting Evans et al,

"Although simulation can be undertaken without benefit
of a computer, the practical advantages of employing a com-
puter in simulation studies have encouraged a very rapid ex-
pansion in the use of simulation as a problem-solving method.
Because the development of simulation methods has been tied
so closely to the use of computers, it is appropriate to devote a
chapter to the subject of computing and its relation to simulation."

A third, and truly fascinating area of application, is to reliability of computation.

Von Neumann' s preface to his paper (1956, p. 43) defined the notion of probabilistic

logics as follows:

"The subject-matter, as the title [of this paper] suggests, is
the role of error in logics, or in the physical implementation of
logics in automata-synthesis. Error is viewed, therefore, not
as an extraneous and misdirected or misdirecting accident, but
as an essential part of the process under consideration its
importance in the synthesis of automata being fully comparable to
that of the factor which is normally considered, the intended and
correct logical structure."

SUMMARY

The practical utility of stochastic chains would be severely limited if only single

chains could be used to construct stochastic models. The problem is combinatorial: given

a system of n subsystems, each of which can assume any one of K different failure modes,

one finds that the system as whole can assume Kn different failure modes. For even

simple systems, this number can be overwhelmingly large.

One wishes, therefore, to couple together several stochastic chains to construct

suitably extensive models. Instead of dealing with a stochastic chain having Kn different

states, one prefers to deal with n stochastic chains (one for each subsystem), each having K

different states. A family of elements is needed for constructing networks of the desired

type
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A suitable family incrudes a) stochastic sources to furnish events according to

specified probabilities; b) transmission links, to convey events from one element to

another; c) branch units, so that events may be conducted to more than one destination;

d) merge elements, so that events can be combined in a certain way; and e) stochastic

chains, of general and special types.

Reliability analysis is an area of application of stochastic networks; there are others

as well, and two of these simulation and probabilistic logics are taken up in the fol-

lowing two chapters.
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CHAPTER XI. AN APPLICATION: SIMULATION

Several good books, among them that of Evans, Wallace and Sutherland (1967),

cover the theory and practice of digital simulation. Analog simulations, predating digital

simulation, has been practiced since before World War II but digital simulation is by now

more widespread. University courses and even industry courses (as those given throughout

each year by Consolidated Analysis Centers Incorporated C.A.C.I. in Washington,

D.C.) cover the theory of digital simulation as well as a multitude of application areas, such

as Engineering Technology, Physical Sciences, Military Operations, Urban Planning,

National Defense, and Economic Development, to mention only a few.

Many large-scale simulations are of the monte carlo type, this technique being a

convenient (and often unavoidable) way to handle the inevitable uncertainty inherent in

large scale operations and processes. The monte carlo technique is touched on in this chap-

ter. D'Abro (1951) discusses the possible origins of genuine uncertainty in nature and some

comments on the subject were made in Chapter I. Practically speaking, as pointed out in

Chapter I, one chooses to render certain aspects of an operation stochastically rather than

to cope with the labor of a deterministic treatment.

In recent years, simulation has come to be an extensively practiced area of engi-

neering analysis since by this means, the operation of large-scale, very complex and very

expensive systems can be examined and understood before a commitment to hardware

must be made. Both deterministic and stochastic analysis may be performed.

A host of different programming schemes are presently used to facilitate simulation.

According to Evans, Wallace and Sutherland (1967, p. 36):

"Programming languages of all types have been used exten-
sively in the programming of simulation routines. In the early
nineteen-sixties, general-purpose, ma: thematically-oriented com-
plier languages, such as various versions of FORTRAN and the
various ALGOL-type languages, probably were the most common
languages for simulation."
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Evans et. al. concluded their remark with:

"As programmers have gained experience and famil-
iarity with the nature of their work, they have found it
possible to create programming systems specially oriented
to simulation."

The present treatment, it must be noted, is not directed toward a programming sys-

tem; rather, it is directed toward the underlying structure of the physical problems to

be simulated.

Chapter XI develops the following subjects:

Outline of Simulation Analysis

Illustrative Problem: Body Falling in a Fluid

A Canonical Representation

Type I Systems

Type II Systems

Type IIIA Systems

Type IIIB Systems

Type IIIC Systems

This chapter cannot pretend to treat simulation thoroughly. The main idea is to

sketch the applicability of stochastic chains to several types of simulations, showing

how they may be used and how their use may improve simulation practice. Numer-

ous examples are given.

OUTLINE OF SIMULATION ANALYSIS

A °simulation, which is really a complex model of a system or operation,

facilitates one's thinking about the system. According to Evans, et. al. (1967, p. 2):

"Before proceeding with the discussion of simulation,
let us reflect on the nature of a study associated with a sys-
tem. A study usually requires that one or more questions
be answered about a system. To start the study, one may
create a model of the system."
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Remarks concerning the nature of models have already been quote pre-

viously. The following comment by Evans, Wallace and Sutherland (1967, p. 2) is an

interesting discussion of the model vis-a-vis the system:

"Such a model [as they have been considering] consists of
[a] representation of the parts of a system and of the inter-
actions of the parts with one another. In some cases the model
may be a symbolic representation (e.g., mathematical model);
and sometimes the system and model are one and the same.
In most cases, the model is a partial representation of the system
and the quality of its representation is determined by comparing
its behavior with that of the real system."

An important point is that most models are partial representations only.

Simulation analysis, being partial, must contain those variables most pertinent

to the operation of a physical system, relate these variables mathematically and then

cause a period of simulated time to unfold. The simulated system develops as

simulated time passes.

The main purpose of simulation (in engineering, at any event) is to produce

numerical results of some sort about the system under consideration, as to how it

will perform in its intended environment. Such results aid in making technical

decisions as to system parameter values worth achieving. Simulations can thus furnish

quite a bit of information about the way the selected system will eventually perform.

Of nearly equal importance, a benefit which is often overlooked completely,

is the insight gained by those who develop and operate the simulation. Engineers

who develop a simulation quickly learn which of the thousands of parameters

characterizing a system and its operation are truly important and which are of only

secondary importance. True, in the course of system development, the latter have

to be established sooner or later. The point is, though, that their values are not

critical. There can be a great deal of latitude in choosing them because they are not

critical; the engineering staff can focus attention and effort on more important

system parameters.
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ILLUSTRATIVE PROBLEM: BODY FALLING IN A FLUID

Consider an object falling in a fluid, say through the atmosphere or perhaps

in water (this problem will be used in several of the illustrations of this chapter). The

situation is illustrated in Figure 11-1. For definiteness, suppose the body is falling in

air.

The body is dropped from a given height and as it falls, is acted upon by the

forces of drag and gravity. The drag force D is:

D = CD qA (11-1)

where CD is the drag coefficient, A is a reference area and q is the dynamic pres-

sure. Dynamic pressure q is given by:

q = 1/2 p S2 (11-2)

In Equation (11-2), p is air density and S is speed.

The difference in forces acting on the body, weight minus drag, is the net

force acting on the body:

Net force = W D (directed downward) (11-3)

From Newton's Second Law of Motion we have:

W D = (mass) x (acceleration) (11-4)

or, substituting values, one finds that:

W CDA 1/2 pfl 2 = mH (11-5)
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Figure 11-1. Forces Acting on a Falling Body
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We can express mass m as in = W/g, where g is the acceleration of gravity.

Thus we find that:

or, rearranging (11-6),

W 1/2 CD APH 2 = W H (11-6)
g

1/2 pH2g
g

(W/CDA)
H (11-7)

After rearranging slightly, the following equation results:

H.2H +1/2 ( Pg g = 0

The parameter /3 is the drag/weight parameter, W/CDA. is clearly an

inherent property of the falling body.

(11-8)

The falling body eventually achieves a fixed terminal speed, that speed for

which H = 0; from (11-8) the terminal speed is found to be:

H = 72A
(11-9)

The above differential equation for H can be solved in closed form if p is

assumed constant. We shall instead pass to a consideration of a computer solution.

A simulation-type approach is illustrated in Figure 11-2. The body is dropped

from height H = HM with H = 0 and H = g; a record of its fall H, H and H

versus time t will then be computed by the analog setup of Figure 11-2.

We next outline a somewhat more complicated falling body problem, the falling

body now being a parachutist. He commences his fall at time t = 0 and the first phase of

his fall is governed by a certain value for R. At some random time he pulls the ripcord

and the parachute opens. The remainder of the fall is governed by a /3 different from the

previous value, the new value being of course appropriate to an opened parachute.
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We take up the solution to this problem in the next section, the analysis of a

system having both a deterministic and a stochastic character.

A CANONICAL REPRESENTATION

The representation of Figure 11-3 applies to many systems. It shows how physical

systems with both deterministic and stochastic aspects may be represented. The box to

the left of A-B corresponds to the customary equations of engineering and physics; these

are equations defining how the deterministic parameters of the system, body, phenomenon

or process evolve in time. The part to the right of C-D represents the stochastic aspect;

inputs to this part are events, outputs being also events.

The figure shows states as being outputs: they are outputs only in a rather

special sense, though, as will be explained. We now must define the interrelationships

shown schematically between A-B and C-D of Figure 11-3.

Consider the system variables, related by a set of equations over the time period

of interest. These equations must surely depend on the state of the system. In other

words, there generally is a different set of equations relating the system parameters for

each state the system may assume. The system may be influenced by events which occur

within it, or by events which occur in the surrounding environment. Probabilities of

the former class depend upon both the system and the environmental variables.

Now consider several classes of system analysis problems in terms of the repre-

sentation of Figure 11-3. These classes are termed Type I, purely deterministic; Type

II, purely stochastic; Type IIIA, mixed deterministic/stochastic; and Types IIIB and IIIC,

two other mixed deterministic/stochastic systems.

TYPE I SYSTEMS

Type I systems are purely deterministic. The falling object problem where the

body, once released, continues to fall forever is an example. Such systems can be analyzed

solely by means of the left- hand block of Figure 11-3, there being no events to be con-

sidered. As an example, the falling body is dropped at t = 0 and, falling forever, is
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described by the equation previously derived, H + 1/2 (pgl 13) H2 g = 0. This single

(deterministic) equation completely defines the system's behavior for all time t 0.

TYPE II SYSTEMS

Type II systems are purely stochastic. The simpler reliability problems we have

discussed are examples, as are also the somewhat more complex probabilistic logic analysis

of the next chapter. Such problems can be analyzed in terms of stochastic chains and

associated methods. There are no system variables of the type usually encountered in

engineering and physics to deal with. The external environment does not influence the

process.

TYPE IIIA SYSTEMS

Type III systems are those having a stochastic as well as a deterministic character.

We must consider three subclasses of Type III systems, on account of the quite different

approaches one would likely take in solving them.

First consider Type IIIA systems. With this type, there is a system-variables-to-

stochastic influence only. With such systems the stochastic states exert no influence on

the unfolding of the system variables. An example is the following: a depth charge

(falling body problem) is set to go off at a particular depth in the ocean. It may of course

explode earlier or later than the set time or it may if its mechanism fails never go off

at all. The two states of the depth charge are "undetonated," probability P2, and

"detonated," probability P1. The event that may occur is "trigger." Its probability of

occurring can be characterized as shown in Figure 11-4.

The state equations for this problem are as follows:

P1 (t+1)

Pi2 (t+1)P2

1 Y

[

1

+ P2
0 1-y 0

x P1

1-x P2 (t)
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0

Limit placed by o feral' relia lity of the epth charge

Depth, H, feet tHT, desired depth for
the detonation

Figure 11-4. Probability p 1 that the "Trigger" Event Occurs at Depth H
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The quantities y and x are, respectively, probabilities that the device detonates when

triggered, and detonates when not triggered. p 1 is probability of the event "trigger"

occurring, p2 the probability it does not occur. The system variables change in accordance

with H + 1/2 (pg/S) H2 - g = 0.

To solve problems such as this, one might first develop the solution for the deter-

ministic part of the problem. Then as this part unfolds in time as in a computer

simulation the solution for the stochastic part could be generated.

The depth charge problem would be solved by using the analog setup of Figure

11-2 to produce the system variable H. H would then be used to generate a probability-

of-trigger p1 function such as shown in Figure 11-4. This probability p1 and its

complement p2 = 1 - p1 are all that are needed to determine the probability the depth

charge is or is not in a detonated condition at each depth as it sinks in the water. The

curve of Figure 11-4 reflects the fact that a depth charge is set to explode at some desired

depth HT but may fail to do so for various reasons, among them precision of the depth

sensor which activates the tirgger and also, of course, the overall reliability of the

munition.

A rather complex problem of this type is now outlined. The problem involves a

sophisticated modern-day duel between an aircraft and a ground-based rapid-fire cannon.

One wants to find the probability that each of the two combatants survive the duel.

As to the tactical setting for this duel, a "Cobra" helicopter proceeds to attack a

reported military target, the latter being either defended or undefended. It flies past the

target, which may be the gun, and on detecting it attempts to destroy it. Similarly, when

the gun crew detects the helicopter, they attempt to destroy it.

This situation is simulated as follows: the helicopter's advance along its flight

path toward the target is simulated by a digital computer program. Initially the helicopter

in the air and the gun on the ground are hidden from each other by intervening terrain

high hills, brush and trees. Eventually, though, the helicopter comes into view above the

masking terrain and when this happens, both combatants start firing at each other (after

appropriate reaction time values have elapsed). They continue firing as time advances, the
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helicopter eventually approaching and passing the gun, until both combatants at last

exceed the ranges of their weapons.

Besides the geometry of the encounter, accounting for the left hand side of Figure

11-3, the stochastic aspects of the encounter must be simulated. These account for the

right hand side of Figure 11-3 and can obviously be modeled by means of a stochastic

chain with the following states:

State A: Cobra destroyed, defense surviving

State B: Cobra surviving, defense surviving

State C: Cobra surviving, defense destroyed

State D: Cobra destroyed, defense destroyed

The simulation of this problem, a Class IIIA system, is further discussed in the Appendix.

TYPE IIIB SYSTEMS

Type IIIB systems are mixed, but with a stochastic -to - system - variables influence

only. The unfolding of such a system depends on the states of the stochastic part as well

as the deterministic part; there is no straightforward closed-form solution. A solution can

be devised for problems of this type, but it is not a closed-form solution.

We now illustrate the Type IIIB situation to show the difficulties inherent in

analyzing systems of this type.

Consider the falling object problem, the object being a parachutist. The `chutist

jumps out of an airplane at time t = 0 and pulls the ripcord some random time later. The

parachute may or may not open. The problem is to determine the distance the `chutist

falls and his speed and acceleration as functions of time.

Let the states of the parachutist be S free fall; S2 drifting; and S3 fouled.

These three states correspond to the ripcord not having been pulled, a successful 'chute

deployment having occurred and an unsuccessful 'chute deployment having occurred.
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The state equations are as follows:

11,

P1 (t+1) 0 0 0 1 0 0 P1 (t)

P2 (t+1) = Pi 0.9 1 0 + p2 0 1 0 P2 (t)

P3 (t+1) 0.1 0 1 0 0 1 P3 (t)

(11-11)

p 1 is the probability the ripcord is pulled at instant t; p2=1 - p 1 is the probability it is not

pulled at t. The conditional probability the chute deploys properly when the ripcord is

pulled is 0.9 in this example.

The equations of motion of the parachutist clearly depend on the state of the falling

body because the drag/weight parameter fl depends on whether a man and furled 'chute are

falling (III ); a man with an open 'chute is falling (,32); or a man with a fouled 'chute are

falling ($3). From obvious physical reasoning, PI > /33 > 192

The difficulty in solving such problems appears at once. It is this: the distance,

speed and acceleration at each time instant are not deterministic; these quantities are

random variables. They are random because the equations which determine them depend

on the state of the system, whether S , S2 or S3, and these system states are randomly

determined. Because, in a general problem of this type, the equations for the deter-

ministic part are completely arbitrary having no regularity, no structure that can yield

to a closed-form analysis it is not possible to devise a closed-form solution which couples

both the deterministic and the stochastic aspects of the system.

This does not mean that oo solution to such problems can be found, only that

no closed-form solution can be found. The well-known approach to a solution is the

monte-carlo method. It is discussed in the following section which is concerned with the

most general problem: that of systems having generally coupled deterministic and

stochastic aspects.

TYPE IIIC SYSTEMS
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We illustrate this problem, as before, by a parachutist example. Given that the

`chutist jumps from an aircraft at some height; what is the probability he hits the ground

at an unsafe speed, that is at a speed exceeding Sc, a certain critical (fatal) speed for

humans? The states of the `chutist are as follows:

Freefall no attempt has been made to open the chute.

Drifting Parachute successfully deployed.

Fouled Parachute unsuccessfully deployed.

On Ground Alive Parachutist has hit the ground and is alive.

On Ground Dead Parachutist hit the ground with S > Sc.

The following events may occur (we assume the `chutist does not simultaneously

hit the ground and pull the ripcord):

Pull ripcord

Hit ground

Null (neither of the above)

The flow chart for the monte carlo solution of the problem is shown in Figure 11-5.

Referring to the figure, many of the computational steps such as update

dynamics (using, of course, the applicable /3 values) are deterministic; but there are

stochastic aspects as well. "Event 1(?)" would be a probabilistic event unless the para-

chutist pulled the ripcord at exactly a pre-set altitude. Notice that Event 2 is determin-

istic: it occurs with probability one when the altitude H of the parachutist becomes zero.

The "Parachute Open (?)" step is random.

For simulating Type WC systems, random events must be determined during

a particular computer run by a random process (random number generated within the

machine). A single run results, not in a set of probabilities for the distinct outcomes in

this case, On Ground Alive or On Ground Dead but in one or the other of these pos-

sibilities. In order to estimate probabilities of the outcomes, one must reiterate the

program many times over, perhaps tens, hundreds or thousands of times depending on the

precision desired of the result. Oftentimes these repeated runs become quite expensive.
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Stochastic chains can be used to model randomness even in Type IIIB and

Type IIIC simulations. However, state transitions must be provided for by monte carlo

methods, it being no longer feasible, as mentioned, to compute probabilities in accordance

with the Chapter IV equations.

SUMMARY

Although the simulation of physical systems can be handled informally, by

straightforward digital computer programming, there may be a great deal of benefit to be

derived by applying stochastic chain theory. One must recognize that physical systems

have, most generally, two aspects: deterministic and stochastic.

Most engineering analysis of a limited nature is deterministic, although large-scale

deterministic simulation is not uncommon. Large-scale simulation of mixed deterministic/

stochastic system behavior is commonly done by monte carlo methods although, as shown

in this chapter, such an approach is not needed or even desirable for all types of simulation.

We can classify simulation problems as Type I, purely deterministic; Type II,

purely stochastic; and Type III, mixed. Of the Type III systems, we differentiate IIIA,

the deterministic variables influence the stochastic part, but not the reverse; IIIB, the sto-

chastic part influences the deterministic part, but not the reverse; and IIIC, each part

influences the other.

Of these, Type I clearly requires no attention to stochastic aspects; Type II can be

handled by the methods developed throughout this paper; Type IIIA can also be handled

by use of stochastic chains; and Types IIIB and IIIC must generally rely on monte carlo

methods.

A point deserving emphasis is this: monte carlo solutions generally require that

numerous independent trials be run on the computer. These runs often are expensive.

Also, the results are generally noisy (there is a relationship between the cost of the runs

and the noisiness of the answers). Neither of these remarks applies to stochastic chain

solutions: only a single run is needed and the result is theoretically accurate. Accordingly,

stochastic chain analysis is an economical method for many apparently complex simulation

problems.
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CHAPTER XII. AN APPLICATION: PROBABILISTIC LOGIC

This final application area, somewhat similar to the reliability area, differs from it

in being limited to a particular single class of systems: computing systems. The problem

addressed by "probabilistic logics," outlined in a fundamental paper by John Von Neumann

some years ago, is this: given a collection of computing elements such as one finds in arti-

ficial or natural computer systems; how would one structure a system to function reliably

even though the individual functional elements one has at hand do not?

The solution was found in replication, or redundancy, of the elementary computing

elements. Von Neumann proposed a particular logic architecture for building redundant

computing organisms. This architecture involved the extensive replication of components,

no problem with natural organisms where cost is not a consideration. Artificial computers

turn out to be much more reliable than natural ones; at the same time, large-scale replica-

tion of artificial components turns out to be prohibitively expensive.

Nevertheless, in spite of the high cost of redundant systems, a host of papers have

considered applications of various forms of Von Neumann's methods. Some redundant

systems have actually been built. Early papers treating Von Neumann-type redundancy

are those of Depian and Grisamore (1960); Kilmer (1959); Lowenschuss (1959); and

Lofgren (1958).

While practical solutions to real-world computer reliability problems have to a

degree used Von Neumann's methods, these methods were generally used in a trivial way.

The level of redundancy (amount of replication) has seldom been used more than two-fold

(use of a back-up equipment) or three-fold (as in transoceanic passenger jet aircraft which

carry three inertial navigators).

Von Neumann's work is, as of the present time, of perhaps more theoretical than

practical interest. His specific conclusion: under certain circumstances, if the given com-

ponents one must use are not too terribly poor, one can construct from them a computing

organism that will operate arbitrarily well. In other words, one can make the probability

of error in the output of the properly constructed computing organism as small as one

might desire.
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A problem which is related to Von Neumann's has emerged; it is: given a

general computing system, whether redundant or not; how does one go about computing

its reliability? This is a problem of practical interest whether redundancy is to be used or

not. The stochastic network approach developed here a special application of the gen-

eral networks of Chapter X solves this problem.

This present chapter addresses the following subjects:

Models for Logic Elements

Detailed Analysis of Logic Element Models

Probabilities in Combinational Logic

T Matrices For AND/OR/NEGATION

Probability Computation Algorithm

Probabilities in Sequential Logic

Appendix IV develops some related aspects of this subject.

MODELS FOR LOGIC ELEMENTS

The models for analyzing probabilities in logic networks are somewhat special:

the events are occurrence of either a "zero" or a "one" voltage level, or are combinations

of these levels occurring on several wires. A possible set of events could, for instance,

be the following pair:

E1, occurrence of a Logical 1

E2, occurrence of a Logical 0

We could also have four possible events, as follows:

E 1 , occurrence of 0, 1 on two lines

E2, occurrence of 1, 0 on two lines

E3, occurrence of 1, 1 on two lines

E4, occurrence of 0, 0 on two lines
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We now adopt the notation that when, as above, two events only may occur, we

represent the probability of one of them by a letter as p and the other the complemen-

tary event by 1) = 1-p. This convention yields an economy of notation. Also, when

speaking of several lines, we will label events as above, the subscripts being derived from

the 0, 1 events in an obvious way (the latter being binary coded versions of the former).

Stochastic chains were previously used to analyze sequential circuits. It has been

made clear that computing circuits such as flip-flops and gates can be modeled by

stochastic chains of one kind or another. These models can of course be interconnected

into networks as explained in Chapter X.

Suitable models for combinational logic elements are as shown in Figure 12-1.

These are combinations of the symbols introduced previously, but have been specialized

for the present application. Notations are provided within the blocks as mnemonic aids.

Note that AND, OR and NEG are nothing more than special types of stochastic

chains, having only single states. In the classification of Chapter VI, they are conditional

probability transducers. The equations have been written in Figure 12-1 as output equa-

tions of special types of stochastic chains.

Several typical memory devices are shown in Figure 12-2, including the simple

delay element which, if the output is turned around and fed into the input, can be used

as a memory device; the specially connected flip-flop of Chapter IV; and finally a J-K

flip-flop.

DETAILED ANALYSIS OF LOGIC ELEMENT MODELS

The equations in Figure 12-1 define perfect elements, which operate determinis-

tically on the inputs. With the simple (perfect) delay element as an example, we would

have the following truth table:
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TABLE 12-1. TRUTH TABLE FOR THE DELAY ELEMENT

P(t) Input P (t+1) Output

0, 1 0 0, 1 0, 1

0,1 1 1,0 0,1

1, 0 0 0, 1 1, 0

1,0 1 1,0 1,0

Writing out the stochastic chain expression for the states in detail, we have:

For the outputs,

[
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1 0 (01
+

) [Pi

(12-1)

0 0 1 P2 (t)

1 0 [P1 (t)
(12-2)

0 1 P2 (t)

When the input probabilities p, p are known, along with the initial values for P1 and P2

we can solve for the state probabilities, P(t) and for the output event probabilities

as previously explained.

If the logic devices are not perfect, their faulty operation can be represented by

appropriately altered expressions in place of the matrices of Figures 12-1 and 12-2. For

example, the equations for an imperfect "simple" delay element are:

0. 1 5 0.25

P (t+1) = P(t) (12-3)

.01 0.05 0.85 0.75
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P(t) (12-4)

One easily calculates the probabilities for faulty components by solving Equations (12-3)

and (12-4) by the methods developed previously.

Sufficiently faulty operation can make one device perform like another. For

instance, a perfect AND gate has equations which, from Figure 12-1 are:

rl

0

1 1

0 0 1

1 1 [ 0 1 1

1 0 Or 0.5

r3

+ r4

0.5

(12-5)

This device may now operate poorly, and instead of the above, may have the following

equations to define its probabilities:

0.2 0.2
rl

0.8 0.8
r2

[0.2 0.2

0.8 0.8
101

(12-6)

0 0 0.5

r4
1 1 0.5

It may operate very poorly indeed and may have the equation:

s 1 1 1 1 0 0.5

(r1 r2 + r4

)0 0 0 0 0 0 1 1 0.5

(12-7)
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In this last case, the extremely poor AND gate would referring to Figure 12-1 perform

like a perfect OR gate. We see that the following ranges of functional performance exist:

AND 4--io OR

NEGATION 4--- IDENTITY

The above equations are based on state probabilities P1 = P2 = 0.5. If these

values were different a suitable P (t+1) equation being added then even the AND, OR,

NEGATION and IDENTITY units would have a state-like character and would resemble

memory devices.

To illustrate the use of the various elements, consider the circuit of Chapter IV.

The resulting model is shown in Figure 12-3. The problem of this present chapter is to

calculate the probabilities of events throughout logic networks such as this.

Chapter X outlined the approach. The problem will be solved in two parts: first,

we will consider in detail how probabilities may be computed throughout strictly combina-

tional logic circuits. Then we will conclude with an extension, considering how the state

probabilities change from one time instant to the next.

PROBABILITIES IN COMBINATIONAL LOGIC

"Combinational logic" refers to digital logic circuits having no memory from one

time instant to the next. In analyzing such circuits, times does not enter into probability

calculations since one is not concerned with changes of state. Combinational logic is that

logic constructed with AND, OR and NEGATION circuits only.

In Chapter IV we characterized a stochastic source as a set of possible events along

with their probabilities of occurrence. A stochastic source, in the terminology of Chapter

IV, is a finite scheme. We now consider not only single sources and several independent

sources, but also sources that are stochastically dependent. For these latter the occurrence

of events of one source depend on the occurrence or non-occurrence of events of the other.
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First consider independent sources. Given two independent stochastic sources

we see that one of these sources can be represented (probabilistically) in terms of the

other, an example being as follows: one is given sources producing events E1, E2 and E3,

and events F 1 and F2, the probabilities of these sets of events being p1, p2, p3 and qi,

q2 respectively. We can then easily express the latter in terms of the former as follows:

ql

q2

ql

q2

ql

q2

ql

q2

P2[
P

P3
(12-8)

These are the equations of a conditional probability transducer.

A numerical example is as follows:

0.3
0.3 0.3 0.3 0.3

I0.7

0.1

0 0.7 0.7
0.6

The matrix expressing the dependency relationship simply has identical elements in each

row, these values equalling the probabilities for events of the second source.

Next consider two correlated sources, as before, the first having three events

E1, E2 and E3, and the second having two events F1 and F2. The correlation between

the two sources can again be represented by an equation such as that given above. As an

illustration, suppose that:

q1

q2 I. 0.3 0.7 0.9

I0.7 0.3 0.1

P2

P3

(12-9)
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The entries in the rectangular matrix are the conditional probabilities that the events F1

and F2 occur, given that events E1, E2, E3 occurred.

Given relationships such as those written above, one also can easily find, by means

of Bayes' Rule, an inverse relationship expressing the p's in terms of the q's.

T MATRICES

Although AND, OR, NEGATION and the conditional probability transducer can

be expressed as stochastic chains, a more convenient form is a matrix expression with the

output probabilities expressed as functions of input probabilities and conditional proba-

bilities (of outputs given inputs). Matrices relating inputs and outputs are called "T

matrices" (for "transfer matrices", or "conditional probability transducer matrices").

Such matrices are shown in Figure 12-4. Notice that a merge has two T matrices,

Tp and TQ. Which one is used depends on which of the two inputs the output is

explicitly being related to. In other words, given input event probabilities P and Q, and the

output probabilities R, we have:

R = Tp P = Q Q
(12-10)

The merge element requires further attention since with the merge element,

statistical correlation must be accounted for. This causes a few complications.

The complications arise for the following reasons. Suppose one is to perform a

network calculation for combinational logic and decides, as a first step, to represent the

stochastic sources in terms of a single one of them. The computation would then proceed

about as outlined in Chapter X. We showed above that all sources to a network can in-

deed be reduced to a single source as required for the calculation.

Consider the AND, OR and NEGATION elements. From each of them, a single

pathway can be drawn through the combinational logic network. There is only a single

input (although it may convey as many as four events) to each of these network models

and it can be traced to the single source; there can be no complication due to two possibly

correlated inputs to an element.
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Next consider the merge. It, unlike the others, has two inputs. In some instances

one can trace backwards through the logic network from these two inputs and arrive via

both pathways at the same single driving source. The inputs to themerge could therefore

be correlated, in which case the simple formula of Figure 12-1 would not apply.

Of course, merge inputs need not necessarily be correlated: if one can express

probabilities of one input in terms of another by means of a T matrix, each of whose rows

contains identical elements as was explained earlier then the merge inputs would be

uncorrelated and the expression of Figure 12-1 would correctly relate output probabil-

ities to input probabilities.

The merge element is analyzed in Appendix II. The results derived there are as

follows: given merge probabilities col (p, 15) in terms of col (s,7), the source probabil-

ities; and input probabilities col (q, ID in terms of col (s, i); we can, by means of an

appropriate T matrix, compute merge output probabilities col (r1, r2, r3, r4) in terms of

the source probabilities. Having established this necessary result, we now give an

algorithm for computing all probabilities throughout combinational logic networks.

PROBABILITY COMPUTATION ALGORITHM

We assume a given combinational logic circuit has been decomposed, as explained

in Chapter X, into several single-output networks, each of which is now to be analyzed.

Also, we suppose that all sources to this network have been reduced, by the method

described, to one single source.

We note, to begin with, that combinational logic has no feedback, only feed-

forward: all signals flow into the logic input lines, whether from memory elements such

as flip-flops or from stochastic sources, to output lines. This property is shared by the

stochastic networks which model logic nets: event influences progress from inputs,

through the network to outputs; probability calculations can proceed the same way.

The network of Figure 12-5 illustrates the feedforward property. One sees at

once that, as pointed out, there is obviously no feedback in either the circuit (top) or its

stochastic network representation (bottom).
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In deciding how to perform calculations systematically, one sees that there is no

need to use fully developed diagrams such as shown in Figure 12-5; instead one can use

simplified networks of nodes and interconnecting links such as shown in Figure 12-6. Each

node of this figure corresponds to a stochastic element such as shown in Figure 12-5 while

each line corresponds to an interconnection.

We systematically solve for all network probabilities as follows. Consider the sim-

plified network for a general logic network, all event sources having been reduced to a

single source. Between each node and the source, there may be (in general) several path-

ways. For instance, in Figure 12-6 there is one path between the source and the nodes B

and C, two between the source and the node E and so forth.

Let the longest distance of a node from the source along a pathway be measured

by the number of links along the pathway. For nodes A, B, . . . , let DA, DB, . . . be the

lengths of the longest paths separating A, B, . . . from the source. We note that there is

always at least one node with D = 1, one with D = 2 and so forth up to some maximum

value Dmax. For the example of Figure 12-6, Dmax is six and we have the following dis-

tances for the nine nodes: DA = 0, DB = 1 and Dc = 1; DE = 2; DF = 2 and DD = 3;

DH = 3, DG = 4 and DI = 5; and DJ = 6.

We calculate probabilities for the events which exit each node as follows. To

begin with, we can clearly calculate probabilities of the events emanating from nodes at a

distance one from the source: we know the source probabilities and the T matrices of the

nodes; thus we can find the required output probabilities in terms of the source

probabilities.

We now make the hypothesis: we suppose we have expressed the output proba-

bilities for nodes at a distance less than or equal to n, for n 1, in terms of the source

probabilities. We next will show that we can compute the output probabilities for nodes

at n + 1 and hence can find all output probabilities for nodes at distances less than or

equal to n + 1 from the origin. As a consequence, all node probabilities can be found.

Proceeding, each node at a distance n + 1 or less from the source receives its

inputs from nodes which are at a distance of n or less from the source. By the initial



Figure 12-6. A Linear Graph Representation for the Circuit of Figure 12-5
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hypothesis, all these probabilities are known. Therefore since all T matrices of the network

are known including, of course, those for nodes at a distance n + 1 units from the

source the outputs of these nodes can readily be determined.

But n was any distance. Thus we have proved that all probabilities throughout the

network can be computed. We remark in passing that the induction proof sketched above

can be the basis of a computer program for calculating probabilities for combinational

logic circuts.

PROBABILITIES IN SEQUENTIAL LOGIC

Sequential logic is, of course, the most general type of logic. Such logic networks

consist of memory devices as well as combinational logic, the latter providing logic

levels to the former while the memory devices flip-flops or delay elements of the several

different types furnish inputs to the combinational logic. The we11-known canonical

form for sequential logic circuits, shown in Figure 12-7, illustrates these comments. Notice

that this canonical form differs slightly from the form described by Moore (quoted in

Chapter I).

The memory devices shown in the figure are two-input devices, J-K flip-flops for

instance, although other memory devices could also be used. The block labelled "combin-

ational logic" is constructed of AND, OR, and NEGATION circuits, or an equivalent set.

This box accepts inputs from some source and provides inputs to the memory devices.

Also, it provides outputs from the circuit as a whole, as shown.

The problem with sequential logic is: given the probabilities of the input events

for each time instant, and the initial state probabilities for all memory devices; and also,

given probabilities characterising the circuits; to determine, at each time instant, the output

probabilities. To solve this problem one proceeds as follows.

First construct a stochastic network model for the given (physical) circuit. This

network contains sources (representing inputs), merges, and stochastic chains of the

general type (for the memory elements) and of special types (for the combinational logic

circuits). Next, one treats the feedback lines (outputs from the memory-type circuits) as
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stochastic sources, analogous to the sources used to model the inputs. One then represents

all sources in terms of a single source as was explained.

Finally, one solves for the probabilities of the combinational logic circuit. (The

probabilities most needed are those for the outputs and those for the lines feeding into

the memory devices.) When this computation has been finished, the given problem will

have been solved for time instant zero.

Suppose that the combinational logic circuit has been solved for an arbitrary

time instant t > 0; we easily see that the combinational logic circuit can be solved for

t+1 and therefore that the stated problem can be solved at t+1. We therefore conclude

that we can solve the stated problem for all time points.

SUMMARY

Probabilistic logics is concerned with building reliable computing organs from un-

reliable components. Closely related questions are: given a computing organ (or machine) ,

what is its reliability? What are the probabilities of its outputs?

Several ways to improve reliability of computing devices are now known, and, in a

way, the second problem is equivalent to the first since one can start with an irredundant

logic network, determine its reliability by methods developed in this chapter and

then decide if the results are satisfactory. If they are not, one can synthesize, by some of

the well-known improvement methods, a redundant and more reliable network. Then

once again, one can calculate the reliability of this network and compare the result to the

specified requirement. The improvement process can be repeated if necessary.

The several apparently unrelated stochastic aspects of this problem can, with the

stochastic chains and the network elements introduced in Chapter X, be treated in an

integrated fashion. These aspects include: the probabilistic nature of the information

input to the logic network; the stochastic nature of errors and failures originating in the

computing elements; and the propagation of stochastic events through combinational

networks and also through sequential circuits.
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Concisely stated, the problem solved by this chapter is: given computing ele-

ments of a stochastic nature, along with sources of information driving a logic network

(most generally a sequential circuit); to compute, for all time instants, the probabilities of

the several outputs.

A step-by-step algorithm was developed for the calculations. Combinational logic

circuits were first addressed; an easy generalization adapts the algorithm to sequential

circuits. One can compare a proposed mechanization with another by comparing proba-

bilities or entropies of the outputs of the two mechanization and from this comparison,

can decide if any of the several well-known redundancy techniques can improve system

reliability.
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CHAPTER XIII. SUMMARY AND CONCLUSONS

To summarize generally, probability theory has been increasingly applied to

engineering analysis on even a routine basis over the past two decades or so. The subject

of this paper is the use of a probabilistic model the stochastic chain, a generalization of

the well-known Markov chain in solving several classes of problems encountered by

electrical engineers.

Markov chains have been studied for a number of years and have been success-

fully applied to a huge domain of problems. Stochastic chains have also been studied, but

have not been so widely applied,

Two classes of stochastic chains were examined, discrete and continuous. Three

application areas were considered: Reliability, Simulation and Probabilistic Logics.

The purpose of this research was to:

Formulate equations for discrete-time-variable stochastic chains and devise

convenient analytical and computer solution techniques.

Formulate an extension from the discrete-time-variable case to the con-

tinuous-time-variable case.

Outline applications of stochastic chains to several engineering problem

areas.

Unify as much as possible several apparently different domains of

application.

The following three sections review the results and frame the resulting

conclusions.

RESULTS OF THE ANALYSIS BACKGROUND AND ORIENTATION

In Chapter II, following the introductory remarks of Chapter I, the well-known

exponential failure law was derived. This law is applicable to any component, whether

electrical or mechanical. It assumes a component has two possible states, operative and
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failed; probabilities of these two states were derived. To introduce the stochastic chain

notion, three generalizations on the exponential law were considered.

For the first, the state of the component was assumed to influence the state of

the equipment of which it was a part; the second generalization accounted for the effect

of the external environment on the component; and the third generalization combined the

above two with the initial case.

With this last generalization, external events can cause changes of state of the

component; further, the component, depending on its state, can originate events and

thereby influence the surrounding environment. Upon this third generalization is based

the idea of the stochastic chain.

Markov chains were then reviewed. By way of definition: a finite-state, discrete-

time Markov chain is an object having a specified number of states; at any discrete

time point, the chain may be in one of its states and at the next time point, may be in

the same state or in some other one of its states. The probabilities of all possible transi-

tions are arrayed in a state transition matrix and the specification of the initial state

probabilities completes the definition of the Markov chain.

A practical computational problem of Markov chain theory is this: given the

initial state probabilities and the (assumed constant) transition probabilities; what, after

some given number of steps, are the probabilities the system is in each of its several

states? This problem amounts to finding the elements of a stochastic matrix raised to an

integer power. An elegant solution to this problem is furnished by Sylvester's Theorem, a

result of matrix theory. Sylvester's Theorem can be used as a general closed-form solution

method for stochastic chains as well.

This first part of the paper shows that several problems in the reliability field, and

in other fields as well, require more general analysis tools than the Markov chain. It sug-

gests directions the needed generalizations should take. Part II carries out the generali-

zing process.
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RESULTS OF THE ANALYSIS DEVELOPMENT OF STOCHASTIC CHAINS

Markov chains are closely related to stochastic chains:: there are differences,

though. The main difference between the two is that Markov chains are "free-running:"

changes of state occur spontaneously. On the other hand, stochastic chains are not only

driven by external events; they also produce events to the external environment.

The characterizing equations for stochastic chains have the form:

P (t+1) = pk Ak P(t) (13-1)

Q(t) = pk Bk) P(t) (13-2)

where P(t), P(t +l) are state probabilities at time instants t and t+1 respectively column

matrices; pk is probability of the kth input event; Ak is a stochastic matrix; Q(t) consists

of output event probabilities at time instant t a column matrix; and the Bk are rectangu-

lar matrices (generally) of probabilities.

The state equations P(t+1) = (Ek pk Ak) P(t) characterize a Markov chain with

state transition matrix E pk Ak and in this sense a stochastic chain reduces to a Markov

chain. The converse is true as well: a Markov chain can be expressed as a particular type

of stochastic chain.

To illustrate how stochastic chains can be used to solve complex reliability

problems, a detailed example was worked out: a military aircraft will be equipped with a

redundant navigation system comprised, in part, of dual inertial navigation systems and a

star tracker. The problem is: given two candidate systems, along with information de-

fining the mission of the aircraft, with what probabilities will aircraft equipped with each

candidate successfully perform their missions?

Largely tutorial accounts were given of two background areas. These areas are

Entropy Theory and Matrix Theory.



Entropy measures the randomness of chance events. Given a finite set of events

and their probabilities of occurrence, p , p2. . . . pn, we define the entropy H of the

events by the equation:

H = - E pk log pk
k
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(13-3)

When the logarithms are taken to the base two, as is usually the case, the units of entropy

are bits.

Clearly the H function qualifies as a good measure of randomness of events, since

H is zero when one of the events is certain (has probability one) and is a maximum when

all the events are equally likely (when, in other words, the randomness is intuitively

greatest).

The entropy concept can beneficially be applied to stochastic chains. Many

entropy results developed originally for Markov chains apply directly to stochastic chains

as indeed they must since stochastic chains have, as mentioned, a Markov chain

representation.

Concerning the second tutorial subject, matrix representations very greatly

simplify stochastic chain analysis. A few useful results may be cited.

Given a square matrix A, the polynomial I A- XI I = An + a xn-1 + = 0

is termed the characteristic equation of A, the roots of which either real or complex,

singular or multiple are termed the characteristic values of A. We find that each

stochastic matrix has at least one characteristic value equal to unity.

An important result of matrix theory, the Cayley-Hamilton Theorem, is suc-

cinctly stated as: every square matrix satisfies its characteristic equation.

Another key result, which can be derived with the aid of the Cayley-Hamilton

Theorem, is Sylvester's Theorem: a polynomial function of a square matrix f(A) can be

written in the following form:
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f(A) = E f ( X i) Gi (13-4)

The Xi are the (assumed distinct) characteristic roots of A, and the Gi are particular

matrices constructed from the matrix A and its eigenvalues. A slightly different form, the

confluent form, applies when the eigenvalues are not distinct. Sylvester's Theorem is the

key to the solution of Markov and stochastic chains with fixed transition probabilities.

As to methods for solving stochastic chains, note that there are two parts of a

stochastic chain: the state equations, relating the current state and input probabilities to

the next state probabilities; and the output equations, relating the output event proba-

bilities to the current state and input probabilities. A stochastic chain is solved by finding

the state probabilities in terms of the single-step transition probabilities and input event

probabilities, at each time step, and then substituting these state probabilities into the

output equations.

The output event probabilities can thus be written as

Q(0) = pk(0) Bk (0)) P(0) (13-5)

Q(t) = pk(t) Bk(0) M(s) P(0) (13-6)

s=1

where the M(s) are the matrices E pk(s) Ak(s), P(0) are the initial state probabilities,
k

pk(s) are input event probabilities, Ak(s) are the various transition matrices and the Bk(t)

are the output matrices.

When the M(s) are all equal, the output probabilities, for t > 0, are as follows:

Q(t) = pk(t) Bk(0) Mt P(0) (13-7)
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Sylvester's theorem in one of its two forms, regular or confluent as appropriate, can be

applied to evaluate the matrix power Mt.

Analytical solutions are illuminating, though generally tedious to develop, and are

occasionally useful for computations; but digital computer solutions are preferred solution

techniques. The programming is straightforward.

Continuous as well as discrete stochastic chains may be defined. A simple approach

to formulating the continuous chain equations is to start with discrete chain equations and

then pass to the At --+ 0 limit. The state equations difference equations in the

discrete case become ordinary differential equations for the continuous case. They are:

P E k

Q = (E

(13-8)

(13-9)

The meaning of the quantities in (13-8) and (13-9) is somewhat different than for the

discrete case. An input quantity pk (k >1) now has this interpretation: pk dt is the

probability that input event k occurs in a small time interval dt. Also, there is a need

for a special null event.

Closed-form solutions can be derived for the continuous stochastic chain equa-

tions. Again, the general case does not yield simple results but important special cases do.

Sylvester's Theorem furnishes fairly elegant results for some cases; still, computer solutions

appear to be best. Either analog or digital methods are suitable.

To review, the discrete and continuous stochastic chains suggested by Part I are

formulated in Part II and closed form solutions are derived. Several practical applications

are outlined.
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RESULTS OF THE ANALYSIS APPLICATIONS

Networks of coupled stochastic systems coupled chains allow a considerable

enlargement in applications. Applications would be quite limited indeed if only simple

chains could be used to construct stochastic models of systems.

A family of network building blocks is needed. A suitable family includes a)

stochastic sources which furnish events according to specified probabilities; b) transmission

links for conveying events from one element to another; c) branch units, so that events may

be conducted to more than one destination; d) merge elements, so that events can be

combined in a certain way; and e) stochastic chains of general and special types.

The networks built up from these elements can be applied to analyzing the

reliability of complex systems, to simulation problems, and to probabilistic logics. The

reliability application is obvious and is only sketched out. The other two are developed in

detail.

System simulation can be, and for a number of years has been, handled by

straightforward computer programming. Stochastic chain theory can be applied to

simulation problems if one recognizes that physical systems have two separable aspects,

deterministic and stochastic. Most small-scale engineering analysis is deterministic,

although large-scale simulation is at least partly stochastic.

It is convenient to classify simulation problems as Type I systems, purely deter-

ministic; Type II, purely stochastic; and Type III, mixed. Of the Type III systems, there

is Type HIA, the deterministic variables influence the stochastic part but not the reverse;

IIIB, the stochastic part influences the deterministic part but not the reverse; and IIIC,

each part influences the other.

Type I problems require no attention to stochastic aspects. Type II can be

handled by the stochastic chain methods developed in this paper as can Type IIIA. Types

IIIB and IIIC must be handled by monte carlo methods.

Probabilistic logics, the second area developed in detail, deals with building

reliable computing organs from unreliable components. A closely related question is:
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given a computing organ (or machine) what is its reliability? More specifically, what are

the probabilities of its several outputs?

Over the years, several means to improve the reliability of computing devices have

been discovered, so that the second problem is equivalent in a way to the first. One starts

with an irredundant logic network, determines its reliability and then decides if the re-

sults are satisfactory. If not, one synthesizes by some of the well-known improvement

methods a redundant and more reliable network. Then one calculates the reliability of

the improved system and compares the result to the specification. This process can be

repeated until a satisfactory design results.

There are several interrelated aspects of this problem. They include the proba-

bilistic nature of the information input to the logic network; the stochastic nature of

errors and failures originating in the computing elements; and the propagation of

stochastic events through combinational networks and through sequential circuits. With

the aid of stochastic chains these aspects can be treated in an integrated fashion.

Step-by-step algorithms were developed for making the probability calculations

in both combinational and sequential logic circuits.

Part III, in summary, extends the domain of applicability of stochastic chains.

The network technique allows individual stochastic chains to communicate events with

each other.

CONCLUDING COMMENTS

Stochastic chains, one must conclude, have application to all of the problems

previously analyzed by Markov chains. Being more general, stochastic chains can be used

where Markov chains cannot be used.

Stochastic networks for arbitrarily large and complex systems can be built up;

thus stochastic influences can be communicated among models representing parts of

systems and the combinatorial barrier to analyzing systems with hundreds and thousands

of states (or modes) is sidestepped. A more specific statement makes the point: if a

large-scale system has n subsystems, each with K modes of failure, then the system as a
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whole may have Kn failure modes. With the stochastic network approach, the often

prohibitive effort of constructing and analyzing a Kr' state stochastic model is replaced

by the much more modest work of constructing n separate K-mode models.

Stochastic chain calculations, one may conclude, are best performed by digital

computer methods. Closed-form solutions are available, too; they shed considerable light

on the properties of stochastic chains and may produce useful specific results in some

cases. Computer programs are easily written, though, and one easily solves problems of

very great complexity with them.
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APPENDIX I. A HELICOPTER/CANNON DUEL

A simulation of a military combat engagement an armed helicopter ("Cobra")

attacking a ground target, with the latter returning the fire is discussed in this appendix.

The simulation is of the Class III A type, system-variables-to-stochastic influence in the

terminology of Chapter XI. The duel simulation which was actually developed and

programmed is more general than outlined in Chapter XI; the computer program handles

not only the duel problem but also has options for simulating Cobra attacking an unarmed,

undefended target and also an unarmed target protected by a nearby cannon. The duel

is the most interesting case, however.

TACTICAL SITUATION

The Cobra helicopter has a rapid-fire gun, perhaps 20 mm - 30 mm, mounted in a

turret just below the nose, this gun being especially effective against armored ground-based

weapons such as tanks and armored antiaircraft (AA) weapons.

Cobra is assumed to be flying a low altitude mission; it encounteres an armored

AA weapon, each combatant opening fire on the other as soon as possible after mutual

detection occurs. As Cobra proceeds onward, its detection will of course be prevented

by intervening terrain until, depending on roughness of terrain and Cobra flight altitude,

the helicopter reaches some particular range from the defense and is at last detected.

Once the combatants detect and engage each other, they continue firing until their

weapons' ranges are exceeded or until the helicopter becomes masked by terrain. Another

limitation on the fire that may be exchanged is that Cobra must cease fire when its turret

has slewed to the maximum rearward firing limit which, in the present case, is 115° aft

of straight ahead.

Geometry of a typical engagement (top view) is shown in Figure A1-1. The

figure shows boundaries, or contours, A A. . . G for the occurrence of certain critical events

as Cobra approaches and passes the target at various crossing ranges in the interval zero to

four km. The attack is assumed to begin with the helicopter at -4 km downrange. At this

distance, the engagement clock is set at time zero. Cobra's speed throughout the attack

is 72 m/sec.
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Events:

B Cobra Starts Firing
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Figure A1-1. Plan View of a Range of Typical Engagements, Cobra Dueling Cannon (Target)
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The arrows at the bottom of Figure A1-1 show starting paths of typical attacks,

begun at 0 km, 1 km, 2 km, 2.25 km and 3 km crossing ranges. One of the attack paths,

shown by the dashed line, is traced all the way past the defense.

Cobra unmask takes place at the first boundary, labelled A. Once the attacking

helicopter and the defense become visible to each other, firing can commence. Before it

actually does, though, there is a reaction time interval between mutual detection and the

start of firing. This variable reaction time could, in this case, be represented by the fol-

lowing equations:

Cobra reaction time = 4.0 + 6.7 x 10-4R (seconds) (A1-1)

Defense reaction time = 5.0 + 2.2 x 10-3R (seconds) (A1-2)

When Cobra, approaching the target, becomes unmasked, two events have to

occur before it can commence firing: first, the reaction time interval has to elapse;

second, the target has to be within range. When both these conditions are satisfied, Cobra

fires and continues to fire as it passes the target. It finally stops firing when it reaches

the turret limit or becomes masked by the terrain or exceeds the range of its weapon.

The action of the defense is similar. Once Cobra becomes unmasked, the defense

waits until its reaction time interval has elapsed; then if Cobra is in range it begins

to fire. The defense ceases fire when Cobra becomes masked again or when it passes out

of range.

SIMULATION OF ENGAGEMENTS

In the simulation, the computer program starts the Cobra fly-by at a distance of

-4 km down range from the defense, then advances Cobra along its flight path past the

defense and finally out of range, the time interval between successive Cobra positions

being one second. Since Cobra's speed is 72 m/sec, in each (simulated) second the pro-

gram moves the helicopter 72 meters along its flight path.
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Each second after simulated firing begins, a burst of Cobra fire is simulated;

and each second a burst of defense fire is also simulated. Probabilities of kill and survive

of these bursts are computed and probabilities of the kill and survive states of both

adversaries are updated in accordance with appropriate burst probabilities.

The Fortran listing of the simulation program is given in Table A1-1. Although

this program is not discussed here in any great detail, its general operation is apparent from

the listing and from the various comments interspersed throughout. Of particular interest

for our purposes is the stochastic chain modeling of the probabilistic aspect of the

engagement.

TABLE A1-1. LISTING OF HELICOPTER/CANNON DUEL

/JOB GO
DOUBLEPRECISIONACUM,BCUM,DCUM,CCUM,COBDED,COBALV,
DEFDED,DEFALV

C READS INPUT DATA
C READS COBRA DATA

READ(5,10)CCOEF,ACOB,CA,CB,AKILT,RCOB,COBRAT,COLIM
10 FORMAT(8F8.2)

C READS DEFENSE DATA
READ(5,20)DCOEF,ATAR,DA,UB,AKILC,RDEF,UEFRAT

20 FORMAT(7F8.2)
C READS ENGAGEMENT DATA

READ(5,30)RUNMSK,SPEED,DISDUL,DRCTN,CRCTN
30 FORMAT(5F8.2)

C READS MISCELLANEOUS DATA
READ(5,40)VAR,DELTIM,CASE

40 FORMAT(3F8.2)
AN=0.

50 CROSSR=AN*200.
C INITIALIZES TIME, CUMS

DIST=-4500.
TIME=0.
TCOB=0.
FLAG=0.
TPRINT=0.
ACUM=0.
BCUM=0.
CCUM=1.
DCUM=0.

C PERFORMS GEOMETRY, TIME CALCULATIONS
60 CONTINUE

RANGE=(CROSSR**2+DIST**2)**0.5
IF(RANGERUNMSK)70,70,100

70 FLAG=1.
IF(CRCTNTCOB)80,80,90
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TABLE A1-1. LISTING OF HELICOPTER/CANNON DUEL (cont)

80 IF(RANGE RCOB)110,110,100
90 CONTINUE

GO TO 100
100 CORATE=0.

GO TO 120
110 CORATE=COBRAT

GO TO 120
120 CONTINUE

IF(RUNMSK-RANGE)150,150,130
130 IF(DIST-COLIM*CROSSR)160,160,150
140 IF(RANGE-RCOB)160,160,150
150 CORATE=0.

GO TO 160
160 CONTINUE

IF(RANGE-RUNMSK)170,170,190
170 IF(DRCTN-TCOB)180,180,190
180 IF(RANGE-RDEF)200,200,190
190 DERATE=0.

GO TO 210
200 DERATE=DEFRAT

GO TO 210
210 CONTINUE

IF(RANGE-RUNMSK)220,220,230
220 IF(RANGE-RDEF)240,240,230
230 DERATE=0.

GO TO 240
240 CONTINUE

TCOB=TC0B+FLAG*DELTIM
C COMPUTES UPDATED CUMULATIVE PROBABILITIES
250 RANGE=(CROSSR**2+DIST**2)**0.5

CSIG=CCUEF*RANGE
DSIG=DCOEF*RANGE
CO1=ATAR/(6.28*(CSIG**2))
DE1=ACOB/(6.28*(DSIG**2))

260 CONTINUE
IF(C01-.95)540,540,290

270 IF(DE1-.95)300,300,310
540 CO1KIL =CO1 /AKILT

GO TO 270
290 CO1KIL=.95/AKILT

GO TO 270
300 DE1KIL=DE1 /AKILC

GO TO 320
310 DE1KIL=.95/AKILC
320 IF(CORATE)330,330,340
330 COBKIL=0.

GO TO 360
340 IF(CO1KIL)330,330,350
350 COBKIL=1.-(1.-001KIL)**(CORATE DELTIM)

GO TO 360
360 1F(DERATE)370 370 380
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TABLE Al-I. LISTING OF HELICOPTER/CANNON DUEL(cont)

370 DEFKIL =O.
GO TO 400

380 IF(DE1KIL)370,370,390
390 DEFKIL=1.-(1.-(DE1KIL))**(DERATE*DELTIM)
400 CONTINUE

IF(CASE-1.)410,420,430
410 CCTRNS=1.-COBKIL

CBTRNS=COBKIL
ACUM=0.
BCUM=CCUM*CBTRNS+BCUM
CCUM=CCUM*CCTRNS
DCUM=0.
GO TO 440

420 CATRNS=DEFKIL*(1.-COBKIL)
CBTRNS=COBKIL*(1.-DEFKIL)
CDTRNS=COBKIL*DEFKIL
CCTRNS=(1.-COBKIL)*(1.-DEFKIL)
ACUM=ACUM+CCUM*CATRNS
BCUM=BCUM+CCUM*CBTRNS

CCUM=CCUM*CCTRNS
DCUM=DCUM+CCUM*CDTRNS
GO TO 440

430 CATRNS=DEFKIL*(1.-COBKIL)
CBTRNS=COBKIL*(1.-DEFKIL)
CDTRNS=COBKIL*DEFKIL
CCTRNS=(1.-COBKIL)*(1.-DEFKIL)
BDTRNS=DEFKIL
BBTRNS=1.-BDTRNS
ACUM=ACUM+CCUM*CATRNS
BCUM=BCUM*BBTRNS+CCUM*CBTRNS
CCUM=CCUM*CCTRNS
DCUM=DCUM+CCUM*CDTRNS+BCUM*BDTRNS
GO TO 440

440 CONTINUE
COBDED=ACUM+DCUM
COBALV= BCUM +CCUH
DEFDED=BCUM+DCUM
DEFALV=ACUM+CCUM

C CHECKS FOR PRINT OF OUTPUTS
IF(TIME-TPRINT)470,450,470

450 CFLITE=RANGE*CA+CB*(RANGE**2)
DFLITE=RANGE*DA+DB*(RANGE**2)
CITIME=TIME+CFLITE
DITIME=TIME+DFLITE
DEFALV, DEFDED

WRITE(6,460)TIME,RANGE,CITIME,COBALV,COBDED,DITIME,
460 FORHAT(8F8.2)

TPRINT=TPRINT+VAR*DELTIM
C UPDATES TIME AND CHECKS FOR END



251

TABLE A1-1. LISTING OF HELICOPTER/CANNON DUEL (cont)

470 TIME= TIIv1E +DELTIM
DIST=DIST+SPEEU*DELTIM
IF(DIST-DISDUL)60,480,480

480 CONTINUE
AN=AN+1.
ORITE(6,490)AN,CROSSR

490 FORMAT(2F10.2)
C CHECKS FOR FINISH OF ROW

IF(AN-15.)50,50,500
500 STOP

END
/DATA :

510E-265.16.00E-46.67E-71.3000.5.0.47
520E-295.5.57E-49.6E-72.2700.9.
530.72.4000.15.7.
540.1.1.

problem:

As pointed out in Chapter XI, four states and probabilities apply to the duel

State A: Cobra destroyed, defense surviving; probability Pi.

State B: Cobra surviving, defense surviving; probability P2.

State C: Cobra surviving, defense destroyed; probability P3.

State D: Cobra destroyed, defense destroyed; probability P4.

Events which may possibly take place in an interval of time are E1, Defense

Destroys Cobra, Cobra Does Not Destroy Defense (probability pi); E2, Cobra Does Not

Destroy Defense, Defense Does Not Destroy Cobra (probability p2); E3, Cobra Destroys

Defense, Defense Does Not Destroy Cobra (p3); and E4, Defense Destroys Cobra, Cobra

Destroys Defense (probability p4). Figure A1-2 illustrates the various states and transitions.

The Markov chain equations P(t+1) = MP(t) are, directly from the Figure, as

follows:

P
1
(t+1) P1 +P2 P1 0 0 P1(t)

P2(t+1) 0 p2 0 P2(t)
(A1-3)

P3 (t+1) 0 P3 P2 + P3 0 P3(t)

P4(t +l) P3 + P4 p4 P1 + P4 1 P4(t)
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E3 1

Figure A1-2. State Transition Diagram for the Duel Problem
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Developing these by means of the expansion rule, one derives the following

stochastic chain equations:

P
1
(t+1) 1 1 0 1 0 0

P 2 (t+1) 0 0 0 0 1 0 0

<131 + P2
P3 (t+1) 0 0 0 0 0 1 0

P4(t+1) 0 0 1 0 0 0 (Al-4)

0 0 0 0 0 0 0 0 Pi(t)

0 0 0 0 0 0 0 0 P2 (t)
+ p3 + P4

0 1 1 0 0 0 0 0 P3 (t)

1 0 0 1 1 1 1 / P4(t)

Besides these, several other probabilities are also of interest, the probabilities

that Cobra/defense are still alive/dead. Let these four probabilities be C1 and C2 (Cobra

alive/Cobra dead), and D1 and D2 (defense alive/defense dead). Then clearly, for all time

points t, one has:

Cl = P +P3 (A1-5)

C2 = P1 + P4 (A1-6)

D1 = P +P2 (A1-7)

D2 = P3 + P4 (A1-8)

The above expressions can also be written in stochastic chain form; for example,

the C1, C2 Markov chain equations become:



C1(t +l)
=

C2(t+1)

]P2 +P3 0

LP1 + P4 1

C1(t)

C2(t)
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(A1-9)

while the D1, D2 Markov

Applying the

C(t +l) = (p1

(D(t+1) = p1

chain

D2(t+1)

decomposition

0

1 1

0 1

equations

rule,

+ P2

P

are:

P1 +P2

P3 +

0

0 1

]1 0

110 1

P4

+ P3

+ P3

0 1

0 0

D1(t)

D2(t)

+ P4

P4

[0 0

1

1 1

(A1-10)

C(t)

(A1-11)

D(t)

(A1-12)

These equations are of course equivalent to (A1-5) through (A1-8). For example,

from (A1-5) we have:

C1(t+1) = P2(t+1)+ P3(t+1)

Substituting P2(t+1) and P3(t+1) from (A1-3),

Ci(t+1) = p2 P2(t) + p3 P2(t) + (p2 + P3) P3(t)

(A1-13)

(A1-14)
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C1(t+1) = p2 (P2(t) + P3(t) ) + p3 (P2(t) + P3(0) (A1-15)

Again using (A1-5),

C1(t+1) =p2 Ci(t) + p3 C1(t) (A1-16)

This equation agrees with the matrix equation, (A1-11).

RESULTS OF THE DUEL PROGRAM

The duel program produces probabilities of survival of each of the two adversaries.

One can vary the conditions of the engagements and in this way find how the survival proba-

bilities of Cobra and defense depend on these conditions. In other words, the simulation is

useful for parametric studies.

To illustrate the use of the program, two different Cobra fire control systems were

simulated against a defense weapon in two different terrain conditions, smooth and rough.

Characteristics of the two Cobra systems are presented in Table A1-2.

TABLE A1-2. CHARACTERISTICS OF COBRA HELICOPTER

Description

System I System II

Fire Control Information
Derived from Air Data

Fire Control Information
Derived from Inertial System

Cobra characteristics:

Range (of gun):

Rate of fire:

Accuracy (1 a error):

Lethality vs. target:

Vulnerable area:

Reaction time:

1500 meters

750 round/min

0.035 ft/m x range

6 hits (avg) to kill

65 ft2

4-7 sec (depends on

range at unmask)

Same

Same

0.018 ft/m x range

Same

Same

Same
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Although there obviously are hardware differences between System I and System

II, as far as the engagement is concerned, the only difference between them is that the lat-

ter is about twice as accurate as the former.

The characteristics of the enemy weapon are given in Table A1-3.

TABLE A1-3. CHARACTERISTICS OF AA CANNON

Description: High rate-of-fire cannon mounted in a tracked, armored
vehicle.

Characteristics:

Range (of gun):

Rate of fire:

Accuracy (1 a- error):

Lethality vs. Cobra:

Vulnerable area:

Reaction time:

2700 meters

540 rounds/min

0.022 ft/m x range

4 hits (avg) to kill

95 ft2

5-15 sec (depends on range
at unmask)

Comparing these figures to those of Table A1-2, one sees that the ground-based

cannon has a somewhat lower rate of fire than Cobra, but is about as accurate ( a- /range =

0.022 ft/m vs 0.035 ft/m and 0.018 ft/m) as Cobra and at the same time, is more lethal

(four hits-to-kill vs six). Its vulnerable area is 50 percent larger though, and its reaction time

is slower.

Results of the simulation are given in Figure A1-3, for smooth and rough terrain.

From these curves one sees that Cobra is no match for the AA cannon. In all cases, though,

inertial fire control is better than air data. Also, Cobra does much better in rough terrain

than in smooth. Notice that Cobra can have no chance of destroying the target when passing

at distances further than 1.5 km, this being the maximum range of its turret gun.
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APPENDIX II. REPRESENTATION OF MERGE OUTPUT PROBABILITIES

IN TERMS OF SOURCE PROBABILITIES

In Chapter XII the problem of relating probabilities of the output events of a

merge to the probabilities of the driving sources was encountered. This appendix

develops equations for expressing this relationship. We showed the merge equations to

be as follows:

r1

r2

r3

0 a 1 2

'221 0

a31 0

p

p

$11 0

0 1322

$31

q

q
a111

r4 0 a42 0 fl42

(A2-1)

The a 's and Q's are to be found. They will yield, as will be shown, the stochastic

correlation of the events whose probabilities are p, p, q, if. Also, this analysis will yield

the relationship between r1. . . . r4 and the source probabilities s and 7.

CORRELATION OF MERGE INPUTS

We first consider how to determine the correlation between the two sources feeding

into a merge. Suppose that all sources of a network have been expressed in terms of a

single source and that the inputs to a merge have been found in terms of this source as

follows:

[ a 1 1 a12

a21 a22

b 1 1 b12

b21 b22

S
] (A2-2)

(A2-3)



From the quantities all . . . b22 in (A2-2) and (A2-3) the correlation between events

with probabilities p, 13 and q, q can be found.

Considering the second of the above matrix expressions, we have:

b 1 1 = pr(111)

b12 = pr (11 0)

b21 = pr (01 1)

b22 = pr (0 10)
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(A2-4)

The first symbol in each expression of (A2-4) applies to left side events, occurrence of

either a 1 or 0 (whose probabilities are q and 7C1) and the second applies to right side

events, either 1 or 0 occurring (whose probabilities are s and

To display the correlation of merge inputs we first want to find conditional

probabilities c 1. . . . c22 such that, given (A2-3) we can write:

[cll

c21

c12

c22 q

Note that the joint probabilities of left side/right side events are:

pr (1, 1) = b11 s = c11 q

pr (1, 0) = b12 c21 q

pr (0, 1) = b21 s = c12

pr (0, 0) = b22 s c22

From these equations one now easily solves for c11 . . . c22, finding that:

(A2-5)

(A2-6)



C11 b 1 1 t
C12 =

c21 b12
q

c22 b22
CI

We have thus shown that, given the matrix equation (A2-3), it follows that:

b11
s

b21
s

b12 7
b22

q

q

One easily verifies that the square matrix of (A2-8) is a stochastic matrix.
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(A2-7)

(A2-8)

Now we find an expression for col (p, 13) in terms of col (q, "ci). Substituting

(A2-8) into (A2-2),

p

p

al 1 a12

a21 a22

s
b 1 1 b21

q

7
b12 b22

"=

7
q

q

q

(A2-9)

q

Multiplying the matrices of (A2-9),

p al 1b11 a12b12 al1b21

s

a12"22

s -s-

q

p a21b11 a221-'12 a21b21 a22"22 --, q

(A2-10)
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The above square matrix is a stochastic matrix in which q, q may be expressed in terms

of bii, b22, s,I.

The stochastic sources having probabilities p, fi and q,11. will be correlated or not
s idepending on the elements of the above matrix. Thus if al ibil q l'al2b12 q

s 77allb21 q + al2b22 , then we can conclude that no correlation exists and the

merge inputs are independent. Otherwise, the two merge inputs are correlated.

COMPUTATION OF OUTPUT PROBABILITIES

We now want to compute the output probabilities ri, r4 for the merge, where

these probabilities may be written out as :

rl = pr (0,1) = q pr (Oil) = q (a21b11 +a22b12 )

r2 = pr (1,0) = q pr (110) = q (al 1b21 a12b22 4)
(A2-11)

r3 = pr(1, 1) = qpr(1I1) = q(alibil +I +a121312 5q)

r4 = Pr (0, 0) = q pr (010) = q (a21b21
*El

a22b22 )

The pr(0 I 1),... pr(010) are the elements of the stochastic matrix in (A2-10) above.

r1

r2

r3

r4

We express these equations in a matrix form as follows:

a21u11 +a22b12 71

0

allbll .1(1 "12b12 Iq

0

0

, 7
a11b21 = +a12b22

0

s 7
a21'-'21 ir a2222

q

q

(A2-12)
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The entries in the above (4 x 2) rectangular matrix are, of course, nothing more than the

ai2, . . . a42 referred to previously. Thus we find, after multiplying out (A2-12), that:

r1

r2

r3

r4

a21b11 s a22b127

al 1b21 s a12b227

allbll s a12b12

a21b21 s a22b22

(A2-13)

This expression relates probabilities all the way back to the source and is the desired

result. It can also be written as:

rl

r2

a21b1 a22b12

allb21 a12b22
(A2-14)

r3 a11b11 a12b12 7

r4 a21b21 a22b22

-

We have thus arrived at the following key result: if the probabilities of the

inputs to a merge can be expressed in terms of the source probabilities, then the outputs

can also be expressed in terms of the source probabilities.

All the network building blocks other than the merge having been defined in

terms of a single T matrix, it is clear that output probabilities of each of these can be

expressed in terms of the source probabilities. Therefore the calculation described in

Chapter XII, proceeding along longest pathways, can continue to completion as explained.
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APPENDIX III. THE LONGEST PATHWAYS THROUGH LOGIC NETWORKS

As pointed out in Chapter XII, it is necessary when calculating probabilities in

logic networks to arrange the sequence of calculations so that when one is ready to com-

pute output probabilities for a node (or network element), the input probabilities will

already have been determined earlier in the computational sequence. This requires, as a

little thought shows, that one find a longest path from the source of the network to each

of its nodes.

An algorithm for finding these longest pathways is given here. The algorithm is

developed in conjunction with an example.

EXAMPLE 1 AND DEVELOPMENT OF THE ALGORITHM

Consider the network of Figure A3-1, having nine nodes and twelve intercon-

necting links, which might be the reduced form of some logic network. The object is to

start at node A and find the lengths of the longest paths to each of the nine nodes, in-

cluding the output node I. To do this, one sets up a computation form as shown in Table

A3-1.

Down the leftmost column, the form lists the nodes of the network. Then there

are columns for iterations and a column for results. To the right are columns for noting

the successor nodes of each node listed to the left.

One begins to fill in the form by marking with an x (opposite each node letter

on the left) those nodes which are its successors, i.e., those joined with it by links. For

instance, B and D (see Figure A3 -l) are the successors of node A; therefore x's have been

placed in the A, B and A, D spaces of the table. The same has been done for the rest of

the nodes, the end result being that the structure of the network of Figure A3-1 is com-

pletely and unambiguously represented in the pattern of x's in the columns A - I.

Now consider the iteration columns. One starts to fill these columns by writing

"0" under the 0-iteration column. Then one selects the starting node (in this case node A)

and finds its successor nodes (in this case nodes B and D) and writes "1" opposite these



Figure A3-1. Example 1 Illustrative Example



TABLE A3-1. COMPUTATIONAL FORM FOR LONGEST PATH CALCULATIONS

EXAMPLE 1

NODES

ITERATION SUCCESSORS

0 1 2 3 4 5 6 7 8 9 10 11 Result ABC D E F G HI J

A X X

B X

C X X

D X X

E X

F X X

G X

H X

I
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successor nodes in the iteration 1 column. In this way one denotes that at this stage of

the algorithm the longest paths found so far are one unit long (for A - B and A - D) and

zero units long (from A to all other nodes).

One next finds those nodes which are the successors of the ones having the

longest paths determined so far. One finds the successors of nodes B and D, which are

the nodes C (the successor of B) and the nodes E and G (which are the successors of node

D). Since these nodes are one link further from the origin than are B and D, their

longest paths are unity plus the lengths of the earlier discovered longest paths for B and

D. The newly determined values the values two are written as the longest path

lengths found so far for nodes C, E and G. Two is written opposite C, E and G in iteration

column 2, replacing the previously determined longest path lengths for these nodes, the

values zero.

This procedure is continued, the result being as shown in Table A3-2. The

algorithm finally terminates when the output node, which of course has no successor, is

reached.

After the algorithm terminates, one scans across the developed table opposite

each node and writes, in the result column, the largest number appearing. This number is

the length of the longest path from the origin node to the particular node listed. For

the present example, there was a path of length one to B, of length two to C, and so forth

up to a path of length six from the origin to node I.

Having found the lengths of longest paths from the origin node to all the other

nodes, one can easily find all of the longest paths to each node. Clearly one has found a

longest path to a node if one finds a path from the given node back to the origin node

having a length equal to the length of the longest path to the node in question. One

need only start at each given node and proceed through nodes successively one unit lower

until the origin is finally reached. Any pathway traced out in this way is a maximum

length pathway.

The following three figures, Figures A3-2, A3-3, A3-4, show three maximum

length pathways traced out for the network of Example 1.



TABLE A3-2. ILLUSTRATION OF LONGEST PATH CALCULATIONS

EXAMPLE 1

NODES

ITERATION SUCCESSORS

0 1 2 3 4 5 6 7 8 9 10 11 Results A B C D E F G H I J

A 0 0 X X

B 0 1 1 X

C 0 2 2 X X

D 0 1 3 3 X X

E 0 2 4 4 X

F 0 3 3 X X

G 0 2 4 4 X

H 0 3 5 5 X

I 0 4 6 6



Figure A3-2. Example 1 Illustrative Example; Longest Path between the Origin and Node D



Figure A3-3. Example 1 Illustrative Example; Longest Path between the Origin and Node H



Figure A3-4. Example 1 Illustrative Example; Longest Path between the Origin and Node I
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EXAMPLE 2 A NETWORK HAVING A LOOP

The longest path algorithm always terminates because the length of the longest

path is bounded. This is so because the logic we are considering has, as pointed out in

Chapter XII, no loops. If a network does have loops, then the longest path is surely

unbounded because one may traverse the loop as many times as one pleases, arriving each

time at a longer path than before. An example illustrates this phenomenon.

The network of Figure A3-5 is the same as that of Figure A3-1 except that it has

a link directed from node H to node B, the addition of which brings into existence the

circuit D-G-H-B-C-D. When one attempts to find longest paths by the algorithm

explained above the results of Table A3-3 are obtained.

The iterative process can never terminate for this network because, referring to

Table A3-3, each time a new number is entered for row H a new cycle will start with

node B since it is a successor of node H. The pattern of ever increasing path lengths is

clear in Table A3-3; only node A has a finite-length longest path and its length, of course,

is zero.

EXAMPLE 3 THE NETWORK OF CHAPTER XII

The network of Chapter XII is shown in Figure A3-6 along with the results of

the iterative calculation. Notice that the longest path from the initial node A (the

input node) to node J (the output node) is six. The path A-C-F-D-G-I-J is a longest path

from node A to node J. The completed form used to calculate the longest paths is

given in Table A3-4.



Figure A3-5. Example of Network with a Loop The Loop is DGHBCD



TABLE A3-3. COMPUTATION OF LONGEST PATHS FOR THE FIGURE A3-5 NETWORK

NODES

ITERATION SUCCESSORS

0 1 2 3 4 5 6 7 8 9 10 11 Results A B CDEF G HI

A 0 X X

B 0 1 4 6 9 11 X

C 0 2 5 7 10 12 X X

D 0 1 3 6 8 11 13 X X

E 0 2 4 7 9 12 X

F 0 3 6 8 11 13 X X

G 0 2 4 7 9 12

H 0 3 5 8 10 13

I 0 4 6 7 9 11 12



Figure A3-6. Example 3; Diagram for Logic in the Text



TABLE A3-4. ILLUSTRATION OF LONGEST PATH CALCULATIONS

EXAMPLE 3

NODES

ITERATION SUCCESSORS

0 123 45 6 7 8 9 10 11 Results A B C D E F G HI J

A 0 0 X X

B 0 1 1 X

C 0 1 1 X X

D 0 3 3 X

E 0 2 2 X

F 0 2 2 X

G 0 4 4 X

H 0 3 3 X

I 0 4 5 5 X

J 0 5 6 6
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APPENDIX IV. STOCHASTIC CHAIN ANALYSIS OF

NOISY SEQUENTIAL CIRCUITS

This appendix applies stochastic chain concepts to the modeling of sequential

circuits which can commit errors, or indeed, which can totally fail. The approach of this

appendix is somewhat different from the work of Chapter XII. Here, one is mostly con-

cerned with the external behavior of sequential circuits; Chapter XII was more concerned

with the details of operation of the logic circuits one would use to construct a sequential

circuit.

As noted in Chapter XII, a sequential circuit implements two functions: depending

on the present state and present input it passes to a new state (which may be the wrong

state if the circuit is subject to errors); and given the present state and present input it

produces an output (which, again, may be the wrong output). Only the input/state/next-

state function is considered here; analysis of the input/state/output aspect would be quite

similar.

CHARACTERIZING THE INPUT/STATE/NEXT-STATE FUNCTION

A sequential circuit subject to errors may, when in a given state and upon re-

ceiving a given input, make a transition to the wrong next state. In doing so it would be

behaving as if it were implementing the wrong input/state/next-state function. It has been

shown that for perfect sequential circuits, these functions take the form of deterministic-

type stochastic matrices. We now show that imperfect sequential circuits behave like

perfect sequential circuits which occasionally happen to be using the wrong deterministic

stochastic matrices for their input/state/next-state function.

Consider the state probability equations for a faulty sequential circuit.

P (t+1) = (E pi P(t) (A4-1)

Recalling from Chapter IV that Ai = 2_, P ki Ek, where the Ek are elementary stochastic
k

matrices, and noticing also that the P ki are probabilities,



0 Pki < 1 for each k, i

k uki = 1 for each i,

one substitutes the Ai in terms of Ek expressions into (A4-1) and writes:

P(t +l) =

Rearranging (A4-2),

P(t+1) = [E

Pki Pi Ek I P(t)

uki Pi ) P(t)

Replacing the inner terms of (A4-3) by new quantities rk,
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(A4-2)

(A4-3)

P(t +l) = E rk Ek P(t) (A4-4)

where the rk = uki pi are a set of probabilities, since clearly each 0 < rk 5 1 and

since:

E rk E E P ki Pi (E
k i i

pi = E (1) pi = 1 (A4-5)

We now see that [ kiki] is a stochastic matrix (since E Pki = 1 for each i and

since also each 0 s uki < 1. The matrix [ pki] is not necessarily square, though. We

interpret M = [ iiki] as a matrix of transition probabilities. The column matrix p = [pi] ,

when operated on by M, produces a column matrix r = [rk), where:

r = [rk] = Mp (A4-6)

Expanded, we have rk = E Pki Pi-
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Interpreting (A4-4), we imagine an "internal" set of events controlling selection

of the various elementary stochastic matrices within the sequential circuit, these internal

events having the probabilities rk. The sequential circuit thus appears for all practical

purposes as shown in Figure A4-1.

OPTIMIZING SEQUENTIAL CIRCUIT OPERATION

Now suppose there is given a set of "external" events, their probabilities being

si, s2, We want to define a transducer which will transform these external events into

the terminal events accepted by the sequential circuit in some optimal way, this transforma-

tion to be governed by conditional probabilities 77 lj. Specifically, the behavior of this

transducer is determined by

pi = E lr ij si

where the Tr ii are conditional probabilities satisfying 0 < 7r ij < 1 for each i, j and

= 1 for each j. In matrix form, the above equation is as follows:

(A4-7)

p = II s (A4-8)

The problem can be framed in this way: we really want to implement the fol-

lowing particular function with the sequential circuit:

P(t +l) = (E sk Ek) P(t) (A4-9)

using, if possible, the original sequential circuit in tandem with the aforementioned trans-

ducer (which is governed by the 7r ii). The question is: how should the vij be chosen?

Clearly we want the expressions

P(t+1) = (E sk Ek) P(t) (A4-10)
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and P(t+1) = (E rk Ek) P(t) (A4-11)

to be identical. That is, we want the equality s = r to hold. In reality, though, r = Mp

while p = II s; thus we would like to have

s = r = Mp = M s (A4-12)

This is the same as requiring that:

MII = I, the identity matrix (A4-13)

This equation cannot be satisfied in general. On account of the internal "noise"

of the sequential circuit, as represented by the conditional probabilities µ ki in the matrix

M, we can find no conditional probabilities II such that M n = I. We can, though,

choose II such that M I in some sense. We must seek an appropriate criterion for

choosing n optimally.

Since the combination of II and M appears as the probabilities of a noisy channel,

as shown in Figure A4-2, several criteria come to mind. We could, for instance, optimize

channel capacity. However, this approach while theoretically feasible leads to

intractable mathematics; instead we will minimize the probability of error of the events

passed through the channel.

Consider the quantities ilk sk, the joint probabilities of occurrence of

the external event k and internal event i. The probability that the internal and external

events happen to be identical the probability, in other words, of no error is found by

setting k = i in the previous summation. After summing the resulting expression over k,

there results for the probability of no error:

P (F) E E sk
k 1

(A4-14)
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The probability that there is an error, on the other hand, is given by:

P(E) = 1 -P(E) (A4-15)

We now adopt the criterion of smallest error for the noisy channel or, what is the

same, we choose the 7r 1k of the conditional probability transducer so that P(E) is a maxi-

mum. The problem is, therefore, to maximize P(E) = E kl 7r1k sk subject to the

conditions:

and also

o lk 1 for each 1, k (A4-16)

E vik = 1 for each k (A4-17)
1

This problem has the superficial appearance of a linear programming problem since

one is maximizing a linear form subject to linear constraints. It happens, though, that the

present problem can fortunately be solved without recourse to the general linear program

solution technique (the simplex method).

In (A4-14) we first set (pici= µk1 sk so that P(E) can be written as:

Rearranging,

P(E) = E E ilk c°1(1
k 1

P(E) E E 7rlk kl
E

k
k 1

where the (1) k = vik (Pkl

(A4-18)

(A4-19)

We now see at once that P(E) can be maximized simply by separately maximizing

each of the k.



Letting 7Tak be that VII( such that Wk = id, one writes ibk as:

''111( k (Pk a +
1(

Trlk (°k1E
)a

Since 7T k=i- E 77.1k
1(# a )

tkk (1- E vik) (Pica
1(# ) 1(E# a )

71k (P kl

Expanding, one find that

Ikk (Pka E 77- `P k a + E 7r1k (°k1
1(# a ) 1(# a )

Combining the two summations in (A4-22),

(Pka E 71k ( (Pka `9k1)
1(# a )
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(A4-20)

(A4-21)

(A4-22)

(A4-23)

Clearly, °ka - Com .a 0 for all 1; thus choosing Trik = 0 for 1 a reduces the

summation in (A4-23) to zero, this choice allowing (Pk to assume its maximum value. This

maximum value is found to be:

max V'k = `Pica (A4-24)

To summarize, choosing rik = 1 when 1= a and lTlk = 0 for 1 a maximizes

lc With these values, we can write

max P(E) = E max tlik (A4-25)



or alternatively,

max P(r) = E max (P = E maxkl
k

i4k1sk)
k
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(A4-26)

The conditional probability transducer we have defined is of the deterministic type, having

only the probabilities zero and one.

AN EXAMPLE: OPTIMIZING A SEQUENTIAL CIRCUIT

We now illustrate the above analysis with an example. Consider the following

equations for a noisy sequential circuit:

0.1 0.7 0.41
P(t +l) = p1 + P2

[0.3
+ P3

0.1 0.9 0.6]

1 0.6
P(t) (A4-27)

0 0.4

A transducer defined by the matrix II is to be found so that the noisy circuit implements,

with a minimum error probability, a particular function shortly to be presented.

First of all, applying the decomposition rule to the three stochastic matrices in

(A4-27), one finds that:

0 1 0
P(t +l) = [P1 { 0.1 + 0.9 + P2

1 0 [ 0 1 1 }
{ 0.3

1 0
+ 0.1 +0.6 +p3 0.4

0 0 0 1

1

+ 0.6 P(t)
0 0

0 1

I_ 1 0

I 1 0

[ 0 1

(A4-28)



Defining matrices El, E2 and E3 as follows,

El =
0 1

2 3E E
1 0 0 1 0 0

one condenses (A4-28) to the following form:
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(A4-29)

P(t +l) = (0.1 pi, + 0.3 p2) El + (0.9 p1 + 0.6 p2 + 0.4 133) E2

+ (0.1 p2 + 0.6 p3) E3 P(t) (A4-30)

Thus the probabilities rk are given by

r1 0.1 0.3 0

r2 0.9 0.6 0.4

r3 0 0.1 0.6

pl

P2 P2

P3 P3

The matrix M = kil is therefore as follows:

M [ µ k

0.1 0.3 0

0.9 0.6 0.4

0 0.1 0.6

Now suppose we want to implement an input/state/next-state function

characterized by the following stochastic chain equation:

P(t +l) = s1

[0 1 1 0

s2 P(t)
1 0 [0 1

(A4-31)

(A4-32)

(A4-33)
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the s1 and s2 being, as explained, the probabilities of two "external" events. Augmenting the

external set with an event number three, whose probability 53 is zero, we write

r= r2

r3

= mn s = mn s2

s3

and now proceed to choose 11 to satisfy the maximum P(E) criterion.

We easily find (Pk1 = Pu sk to be as follows:

0.1 (s1)

0.9 (s2)

0 (0)

0.3 (s1)

0.6 (s2)

0.1 (0)

0 (si)

0.4 (s2)

0.6 (0)

Supposing that s1 = 0.9, s2 = 0.1, we have for the oki:

0.09 0.27* 0*

[ = 0.09* 0.06 0.04

0* 0* 0*

The asterisks mark the maximum (Pk values.

(A4-34)

(A4-35)

(A4-36)

Because there are three equal entries in the third row we must expect three n

matrices as solution to the problem. We find (Pka values as follows:

.27; thus(P12 = 0 n21 1' n31 nl l =

Q21 = 0.09; thus n12 = 1, n22 = 0, 1r32 =

(P31 = 0; thus n13= 1, n23 = 0, n33 = 0

or cp32 = 0; thus n23= 1, n13 0, n33 =0

or (933 = 0; thus n 33 = 1, n13 0, n23 =0

(A4-37)
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The three possible matrices H are therefore:

0 1 1

n= 0 0

0 0 0

1

1 o (A4-38)

o o

We also have max P(E) = mjx

0 0

o o 1

'°kl = 0.27 + 0.09 + 0 = 0.36. Interestingly, the

probability of proper operation is much lower than 0.5.

Also, combining the matrices M and II (using the third of the above for II ) and

using the equation r = MII s, we find that

3

0.1 0.3 0 0 1 0 0.9

0.9 0.6 0.4 1 0 0 0.1 (A4-39)

0 0.1 0.6 0 0 1 - 0

0.3 0.1 0 0.9

0.6 0.9 0.4 0.1

0.1 0 0.6 0
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Recalling that ideally,

r1

r2

r3

1

0

0

0

1

0

0

0

1

0.9

0.1

0

(A4-40)

one sees that, as expected, the effect of the matrix 11 has been to shape M into something

more nearly resembling I.

Now after substituting r into the state equations,

P(t+1) = (0.3 s1 + 0.1 s2) E1 + (0.6 s1 + 0.9 s2) (0.1 s1) E3 P(t) (A4-41)

Grouping terms,

P(t+1) = 1(0.3 s1 E1 + 0.9 s2 E2) + (0.1 s2 E1 + 0.6 s1 E2 + 0.1 S2 E3) j P(t) (A4-42)

Clearly, we can also find P(E) from this expression, as P(E) = 0.3 s1 + 0.9 s2 = 0.3 (0.9)

+ 0.9 (0.1) = 0.27 + 0.27 + 0.09 = 0.36, a value agreeing with that previously computed.

Proceeding further along these lines, one can write equation (A4-42) as:

P(t+1) = (1)(T) al E1 + a2 E2 + P(E) b1 E1 + b2 E2 + b3 E3 P(t) (A4-43)

The ai, b3, given by a = 0.3 si/0.3 si + 0.9 s2, . . . b3 = 0.1 s2/0.6 s1 + 0.2 s2 are the

probabilities that functions represented by E1, E3 are implemented by the sequential

circuit given that errors have not occurred (probability P(E)) or have occurred (probability

P(E) = 1 -P(E)).

Note that had we not used the transducer-or equivalently, had used a transducer

defined by 11 = I the following P(E) equation would have resulted:
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P(E) = E
k

e'kk E Pkk sk
k

(A4-44)
= (0.1)(0.9) + (0.6)(0.1) + (0.6)(0) = 0.15

This result is less than half as good as was obtained with the optimized circuit.

Even so, the circuit arrived at by the optimization technique had a disappointingly

poor probability of operating properly, only slightly better than one chance in three.

Hoping to improve this performance, one might attempt to minimize rather than maximize

P(E). One would be using the given sequential circuit to perform a basically different

function than originally given; hopefully, this new function would be better performed.

The following analysis, which yields a II matrix minimizing instead of maxi-

mizing P(E), shows that this approach does not work as expected.

A
We let (Pica = min cold, where (Oki = 11k1 sk. As before, one writes

1

A

k = 7rak ka + E 7rlk kl
1 (# a )

(A4-45)

Since 7 k 1(E )
= 1 Tr1k we find, in a manner similar to the Equation (A4-23)ak

development, that

k k + E (ilk kl (P

A
ka )

1 a)
(A4-46)

Now ( 'PO 0 and plainly ?Lk aka so that, having found (
Apica = mm

1

#one should obviously choose -71k 1 when 1= a and 'mu( = 0 for 1 a .

Proceeding, again write [up
k1 l- [ r kl ski as:

[(PO

[0.09

0.09

0*

0.27

0.06

0*

0*

0.04*

0*

(A4-47)



AThe asterisks now mark the minimum values. We find (pka values as follows:

013 = 0; thus 7r31 = I,

023 = 0.04; thus "T31 =

A
c 0 31 = 0; thus '1.13 = 1,

A
or (P32 = 0; thus n23 -= 1,

A
or 4233 = 0; thus 71'33 = 1,

The matrices II for this problem are:

II=

or n

or II
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7 2 1

1, 712

77. 23 =

'Ti 3 =

71-13 =

0,

0,

0,

0,

71 1

0, 722

Tr33 =

733 =

723 =

=0

0

0

0

(A4-48)

0 0 1

0 0 0

1 1 0

0 0 0

0 0 1

1 1 0

0 0 0

0 0 0

1 1 1

(A4-49)

Using the second of the above 11 matrices and applying r = M 11 s, we have
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rl

r2

r3

0.1

0.9

0

0.3

0.6

0.1

0

0.4

0.6

0

0

1

0

0

0

0

1

0

0.9

0.1

0

(A4-50)

Multiplying,

rl

T2

r3

0

0.4

0.6

0

0.4

0.6

0.3

0.6

0.1

0.9

0.1

0

(A4-51)

Finally, noting that min P(E) = 1 max P(E), we find that min P(E) = Lk.. min wkl = 0.04.

This is an encouraging result. It seems to imply that some function could be

implemented with 96 percent probability of correct operation (max P(E) = 1 - min P(E)

= 1 0.04 = 0.96). One must observe, however, that the stochastic chain equation now

effectively being implemented is

P(t+1) = 1(0.4 si + 0.4 s2) E2 + (0.6 s1 + 0.6 s2) E3 P(t) (A4-52)

Noting that s1 + s2 = 1,

P(t+1) = (0.4 E2 + 0.6 E3) P(t) (A4-53)

Clearly, the operation of the device is now completely independent of the input

events. Thus in reality no usable function is being performed.


