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ENERGY MODELS FOR COMPUTING FAST
REACTOR PARAMETERS

1. PURPOSE OF STUDY

Introduction

The U. S. Atomic Energy Commission is currently involved in a

major research program to develop the fast breeder reactor as a

future source of electrical power (47). The advantage of the fast re-

actor over the popular thermal reactor is its capability for breeding

the fissile isotopes, U233 and Pu 239.
Hopefully, we may one day have

a power source that will produce more usable fuel than it consumes.

Survey calculations employed in the design of these reactors

frequently involve solution of the energy dependent diffusion equation.

- D(E)o2§ (r, E) + Et(E)Cr, E) = E')dE'
0 s

1-7 510°(5 ) vZf(E')§(r, dE'
0

where D(E) is the diffusion coefficient, E (E) is the total removal cross

section, Es(E1---PE) is the probability that neutrons of energy E' will

suffer an inelastic scattering collision and come out with energy E

in dE, and vZf(E) is probability that a neutron of energy E will be

absorbed in a fission reaction which will release v neutr on s

The diffusion equation is a neutron balance equation whose solution,

§(r, E), is the neutron flux as a function of energy and
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position. Terms on the left side of the equation represent losses

from the system and those on the right represent sources.
2The first term, -D(E) V .1(r, E), is the basis of the diffusion

approximation and represents losses due to leakage. The second

term accounts for all other losses, ie, elastic and inelastic scatter-

ing collisions that remove the neutron from the energy interval about

E and absorptions that remove the neutron from the system entirely.

The integral over the scattering cross section accounts for all

neutrons that scatter into the energy interval about E. The last

term represents the fission source. The integral term determines

the total number of neutrons that enter the system as a result of

fission reactions. The variable X (E) is sometimes called the fission

spectrum and represents the number of fission neutrons that are

emitted into the energy interval about E. The eigenvalue, X , is

necessary because the equation is homogeneous.

The neutron flux is an important parameter in the design of a

nuclear reactor because it determines the power density and heat

rates at various positions in the reactor. In addition the largest

eigenvalue of quation (1-1) is the effective multiplication factor, keff.

UnforturFa'ely, because of its complexity for real problems,

analytical solutions are not possible, and numerical computer tech-

niques must be employed. The usual approach is to reduce Equation

(1-1) to a set of coupled "multi-group" equations (23). The energy
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range is divided into discrete intervals, AEi, and the equation is

then integrated over these intervals. We make the following defini-

tions:

ci).(r) SAE. r, E)dE (1 -2)

..cdE(E)dE (1-3)

Et = S16,E. Et (E) CE)dE (1 -4)
1 1

Xi = SAE. x (E)dE (1-5)
i

E13
.

.T)3

.

D.4.1 1

= SAE. dEi SAE.Es(Et---E) (EI)dEc (1 -6)
1

D(E) CEME (1-7)9,6E.

The st,.(r) as defined in Equation (1-2) is the flux to be

calculated by the coupled multi-group equation. The .(E) appearing

in Equations (I -3), (i -4), (1-6), and (1-7) is the assymptotic solution

to the infinite medium slowing down problem for the composition in

the region where the muli-group parameters are being computed.

Since we do not know the solution, I.(r, E), it is necessary to use

this approximate form to compute the above integrals.

The diffusion equation for energy group i thus becomes

-D. V
2

4
1

).(r) 4- Et (r)
1 j=1

J
Xi

E..(I).(r) + vhf (1).(r) (1-8)
13 3

3
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where there are J energy groups.

The range of space variables is then divided into a finite

number of mesh points, and the diffusion equations for each energy

group are converted to difference equations on these mesh points (6).

The computer is used to solve the resulting set of coupled algebraic

difference equations.

The magnitude and complexity of the problem depends on the

number of energy groups and the number of mesh points. Tradition-

ally, accurate calculations for fast reactors have required from 26

to 60 energy groups. This is due primarily to the fact that a signifi-

cant part of the neutron energy spectrum in a fast reactor lies in

regions where resonances occur in the capture and fission cross

sections. Small intervals, dE., are necessary to accurately approx-i

imate the resonance cross sections and fluxes. If this number were

to be reduced, there could be a considerable savings in computer

time for problems with a large number of mesh points.

One way to reduce the number of energy groups is to collapse

them (14). This is the traditional few group or broad group approach.

The many group cross sections, as defined by Equations (1-3) through

(1-7) are averaged over some weighting neutron flux spectrum using

algorithms designed to conserve the overall reaction rate. In

general a set of many group cross sections, E., would be

collapsed to a set of broad group cross sections, EK, as follows:



5

(1-9)

where the sum is over all i in K.

The broad group cross section, K' now applies to a much

larger energy range. In this manner the number of sets of equations

is reduced to perhaps four or five, a reasonable number for a

calculation involving more than one space dimension where there

would be a large number of spatial mesh points.

The difficulty in computing the broad group cross section,

Equation (1 -9), is due largely to the fact that an approximate flux,

14) is necessary to compute the average.

The accuracy of the collapsed group cross section depends on

how accurately the weighting flux approximates the actual flux at

the position where the cross section is to be used. This leads to a

further difficulty.

Clearly Equation ( is an approximate form of the defined

average,

EK

E(E) f;-_`(r ,E) dE

(r, E) dE

(1-10)
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where F..,K is to be the cross section in energy range AEI.< at the

point r. In computing EK , it has been necessary to collapse the

cross sections using a weighting spectrum which is, unfortunately,

not position dependent.

If there is a significant change in the flux shape (relative to

its energy dependence) over a given region, this could lead to

significant errors. In short, then, there are two primary difficulties

with the few group approach:

1. An approximate flux is necessary to weight the cross

sections, and

2. The position dependence of the averaged cross sections

is suppressed.

In an attempt to avoid these difficulties, another approximate

form has been suggested. Instead of dividing the energy range into

the large discrete intervals, we assume that the flux at any point in

the reactor can be represented by some linear superposition of

different energy spectra, so-called trial functions, or modes.

The method, known variously as the energy synthesis method,

the overlapping group method, and the modal method, assumes a

separable flux of the form

= (r) f.(E) (1-11)
1 1
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where the 1, (E) are known energy spectra and the (to (r) are

position-dependent combining coefficients that must be calculated.

The size of the problem is now determined by N, the number

of trial functions. Assuming the flux can be approximated by a

small number of trial functions, say four or five, then, once again

we have reduced the size of the problem to four or five sets of

equations. The difficulties associated with the few group problem

are now resolved because the cross sections are no longer averaged,

and they retain their fine group identity. In fact the cross sections

are precisely defined. It remains to be seen how well a set of trial

functions can actually represent the true flux.

Survey and History o Modal Methods

Approximations of this form are not new. In 1961 Ca lame and

Federighi (5) applied such an approximation successfully to thermal

reactors in one-dimensional calculations. For trial functions they

used the infinite medium asymptotic spectrum for each region.

Federighi and Ombrellaro (9), applying the same approximation,

have shown that with three such trail functions they could compute

an eigenvalue within 1% of a 54 group result. Ombrellaro (40)

later reported results which agreed to within 0. 2% of a 54 group

calculation. In this work he divided the energy range into three

intervals. Within each interval he used two overlapping groups.
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Thus the method was actually a combination of an overlapping group

and a few group analysis.

Storrer and. Chaumont (49) have applied the modal approxima-

tion to a homogeneous fast neutron problem with two regions in an

attempt to reduce the number of parameters necessary to describe

an energy spectrum. The intent was to be able to extrapolate

experimental data. In addition they have suggested that the ultra-

fine group structure possible in overlapping group methods could

significantly improve the treatment of detailed spectra near inter-

faces. Others have considered the applications of the method to

fast reactor problems as well.

Toivanen (50) has recently attempted to extend the original

work of Calame and Federighi to small, highly-enriched fast systems.

Since in systems of this kind there is a rapid spectral variation with

position, special problems are posed. He proposes a scheme to

iterate on the trial functions using the infinite media spectra as the

zeroeth iteration. Toivanen shows that the infinite medium spectra

cannot adequately represent the flux in such a system but that, by

iterating on 1.11,-.; trial functions, the representation can be significant-

ly improved. The iteration scheme will be discussed in greater

detail in Chaptt:r vriff.

Modal apiirroximations have not been restricted to the form

(1-11), Lan,: J.el ), for example, has suggested an expansion



of the form

(z, , E) =
N

4).(z, p.) f.(E)

9

( 1 1 2)

i=1
where the angular dependence is included in the . (z, ) coefficients.

EThef. (E) are, once again, known energy spectra.

Fenech, et al, (10) and Murley (35, 36) have assumed an

approximation of the form

E) = A. (r) f.(E)
i=1

Ewherethe f.( ) are known energy trial functions, the 4). (r) are

( 1 1 3)

known spacial trial functions and the A. are the combining coefficients

to be found from a least squares variational principle. Fenech used

the approximation to represent the thermal flux in a heterogeneous

cell in order to homogenize the cell.

Murley suggested the model to represent fast reactor spectra.

Instead of using the fundamental mode spectra for trial functions,

however, he proposed the use of spectra which would represent the

fine and gross structure of the fundamental mode spectrum. Such

trial functions would include the fission spectrum and various spectra

of neutrons slowing down from the fission spectrum both elastically

and inelastically. The numerical calculations cited in the work

involve analytical solutions, as well as analytical formulations for

the trial functions.
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Practical applications of the modal approximation, however,

would require development to the extent that problems could be

solved numerically on a computer. This is necessary simply because

real problems are more complex. Murley and Williamson (37) and

Vaugham, et al. (51) have recognized this and reported efforts to

numerically solve diffusion theory problems using modal approxima-

tions. In both cases the work was developed to solve one-dimension-

al problems.

An interesting extension of the overlapping group approximation

to problems involving localized absorbers has also been studied. As

early as 1962, Buslik (4) in an extension of the work done by Calame

and Federighi, derived the blackness theory boundary conditions

appropriate to a modal type analysis. Shortly thereafter, Kaplan

and Breen (40) showed that artificial material constants may be

constructed which will enforce these boundary conditions.

In 1962 Kaplan (18), suggested a modal, or space synthesis,

approach for the space variable assuming a form

et. 3 (x, y, z) =

N

Z.( z) Hi. (x,

i=1

(1-14)

where j is the group index, I-13 x, y) are known spacial trial functions,

and the Zi ( z) are axial combining, or mixing coefficients which must

be computed. Such ap proximations have since been extended to the
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time domain (20) and today they represent an integral part of the

reactor physics field (19).

Formulation of the Problem

The work to be presented herein is an attempt to determine

whether or not the modal approximation can be developed as such a

useful design tool. All of the previous work cited has been in one

dimension. Today, on the current high speed computers, one

dimensional codes run very fast. Any practical application of a

modal approximation would have to involve two dimensional problems,

where the savings in computer time would be much more significant.

On the other hand, previous investigators have, in general, assumed

that fast reactor computations would require a large number of energy

groups, thus justifying the modal approximation. We wish to invest-

igate whether or not such an assumption is valid.

The method to be presented does not involve complicated

numerical and mathematical analyses -- the one great advantage is

its simplicity. A code is presented which will generate input for any

standard diffusion theory code that allows upscattering; that is,

scattering from a low energy group to a higher energy group.

As an overall objective, to determine the feasibility of using

modal approximations as an alternative to the few group approxima-

tion for fast reactor survey calculations, we have set out to answer
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the following questions:

1. Given the very best set of trial functions, would it be

possible to solve problems using the overlapping group

method that would give better results than the broad

group approximation?

2. How much difficulty is involved in selecting the trial

functions and how sensitive will the results be to a bad

set?

3. What kind of numerical problems are involved in obtaining

modal solutions? How do the convergence properties of

modal problems compare with those of multigroup

problems?

4. How do the results compare relative to

a, keff,

b. reactivity coefficients (Doppler, etc.),

c. power densities, reaction rates, and flux shapes, and

d. running times and stability of iterations,

Throughout this work it should be emphasized that the investi-

gation has been performed in an attempt to determine whether or not

the effort involved in the development of the modal method would be

wisely spent. The development of techniques such as (1) the use

of spectra which are discontinuous in space and energy as trial

functions, (2) the use of trial functions with extremely fine group
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structure to accurately represent resonances, and (3) the develop-

ment of more sophisticated numerical techniques to enhance converg-

ence and stability, is still left to be completed. These techniques

will be more fully described in Chapter VIII. It is, therefore, fully

expected that the results presented herein would be largely improved

by further development.



II. FORMALISM OF THE METHOD

Introduction
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Given the modal approximation, Equation (1-11), the problem

that remains is how to find the coefficients that will give the best

approximation to the flux. Traditional approaches have used a

variational principle based in a large part on the work by D. S.

Selengut (45). According to the variational procedure, a functional

is defined whose Euler-Lagrange equations are the equations of the

system. By specifying that the functional be stationary with respect

to particular variables, a set of equations can be derived and used

to solve for the coefficients.

As Lindemeier (26) and other investigators (24, 42) point out,

the variational approach is attractive because it provides a formal-

ism for determining "best" approximations within restricted spaces

of functions. On the other hand, Kaplan (18, p. 26) raises an interest-

ing point after deriving the equations for solution of the space synthe-

sis problem Equation (1 -14) based on such a variational principle:

"The [ equations] . . . defining the mixing functions by the variational

method are identically the same equations we would have obtained if

we had simply substituted the assumed form [ Equation (1-14)] into

the three dimensional [ diffusion equation] and then multiplied both

:sidessuccessively by the weighting functions H." and integrated over
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A", where If* is the adjoint function corresponding to the trial

function -H..

Using the adjoint function as such a weighting function is a

natural result of the variational approach; yet, Kaplan's observation

suggests that other weight functions could be used as well, The

equations to be developed herein will be derived in such a manner

that the weight functions can indeed be arbitrary. The method is

known formally as the method of weighted residuals (17),

Method of Weighted Residuals

The governing equation is the diffusion equation. Rewriting

Equation (1-1),

oo

D(E)V24i(r, E) + Zt(E)Or, E) = (E' E')dE'
0 s

X(E)
+

00

vEf (El )0r, ET )dE'
0

(2-1)

Substituting the approximate form, Equation (1-11), into Equation (2-1)

-D(E)V

0

N N

i=1

N

i=1

.(r)f.1 (E) + t(E)
i=1

4).(r)f.(E) =

oo

vZf
'(r)f.(EI)dE +

X(E) (E
0

N
(2-2)

4.
1

.(r)f.(E')dE'
1

i=1



Multiplying through by an arbitrary weight function, gi(E), and

integrating over energy, we get

[ -D..V2 + E ] (1).(r) =ji t..
i=1

where we have defined

X.
+ vEr ] dpi(r)

D..
31

g. (E) D(E) f. (E) dE
0

j = 1, N

16

(2-3)

(2-4)

=t.. t
ijg(E) E (E) f.(E) dE (2-5)

0

co

Es..
= .S1°° g.(E) dE Es (E' f.(E' ) dE' (2-6)

31 0 0

EX(E)

g
.( ) dE

30

vEf. vE
f

(E)f. (E) dE
0

Writing Equation (2-3) in

D11
. D

1N

V

D
N1

. . . DNN

matrix form,

2

1:1)1

1N

Et . . . Et
N1 NN

4)1\1

(2-7)

(2-8)
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s IN
1+ x

. ,
s .4)N X vE . . . x

N f -sN1 N f
1 NNN

XlvEf. . . XivEf
1 N

4)1

L4) Ni

17

(2-9)
it becomes apparent that Equation (2-9) is very similar to the eva-
tions solved by standard diffusion theory codes. The only differences

are that the D and the Et matrices are full instead of diagonal

matrices. Note also that the scattering matrix is full; however, this

corresponds directly to diffusion theory problems that include up-

scattering.

The equation can be put in the proper form by (1) multiplying
=Equation (2-9) by D -1

and (2) including the off-diagonal elements

of Et in the scattering matrix. Performing the indicated operations

Equation (2-9) becomes

-1.0

1.0

r Es
1N

Es .

11

. . . EssN1
NN

where we now have

4)1

4)N

v 2

4),

-4)N

1

A

Et
-N

[x, vEr . . . xivEf"1

P( Nv
. . XNvEfi\c,

1

4)1\T

4),

-IN- (2-10)



= E - ,t..

and all terms have been multiplied by D.. -1

Equation (2-10) is exactly the set of equations solved by a

standard diffusion theory code with full upscattering. There is,

however, one remaining problem.

The Boundary Conditions

The boundary conditions at a material interface are continuity

of flux and current. Continuity of flux specifies that

(Pi(r ) = (i)i(r+) ( 2-12)

where r and r+ refer to the left and right sides of the material

boundary. Provided the same trial functions are used in each region,

and provided they are linearly independent, the above condition will

automatically be assured.

The current condition, on the other hand, will not be satisfied

without some further modifications. Existing codes satisfy the

condition

D(E, r ) v = D(E, r+)v 1.(r+,E) (2-13)

If we substitute the expansion, Equation (1-11), into Equation (2-13)

we have



N N

D(E, r )f.1 (E)vdP.1 ( )

i=1 1=1

If we define

D(E,r +)f. (E)v4).(r+)

oo

D. (r) = D(E, r) f. (E) dE
1

0

then by integrating Equation (2-14) over energy we have
N

D.(r )o (r ) =

1=1

N

i=1

D.(r+)v4).(r+)

19

(2-14)

(2-15)

(2-16)

By once again requiring that the modes be linearly independent we

are assured that

D.(r)v.1).(r) = D.(r+)0c1).(r+)
1 1

(2-17)

which is precisely the boundary condition satisfied by existing

diffusion theory codes.

In order to put Equation (2-10) into a form such that the above

boundary condition will apply, we multiply by the diagonal matrix

D1

D D
1

DN

(2-18)

where the D. are defined in Equation (2-15). The resulting equation



D1

2
V

DN

. . Es
1N

. . Es
NN

4)
1

Et

+
1

A

Et
N

4)
1

(1)1\T

X
1

vEf . . . X
1

vEf
1

20

4)1

X,TvEr . . XNvEf
IN 11

(2-19)

will be solved by any standard diffusion theory code that allows

ups catte ring.

In order to enter these data as input to a diffusion theory code,

further modifications are necessary. Normally such a code requires

the fission spectrum, X., and the fission cross section, vEf. as

separate inputs, In Equation (2- 19) these terms are present in the

matrix terms (X .vE
f. ) as a product. It will be necessary to separate

these product terms to get the desired parameters.

This operation becomes quite simple when one recognizes that

the matrix of X.vEf.
elements in Equation (2-9) could have been left

.1

as the product of a column and a row matrix. Thus, in Equation

(2-9) we would have had



X
1
vEf . . X

1
vEf

1 N

X
N

vEfl xNvEiN

L

XN

vZf . . vrf
1

21

(2-20)

Viewed in this form, it is evident that all of the subsequent operations

could have been performed on the column matrix of X.

while the row ratrix of elements vEf would have been left intact.

The X.
1

input, then, is computed as

Xi vEf.

X. =
1 vEf.

where the vEf. is the original value as defined by Equation (2-8).

Generating The Input

(2-21)

A computer code, GENERATE, has been written to take the

trial functions and cross sections and generate input for a standard

diffusion theory code based on the above methodology. A listing of

the code along with input instructions is presented in Appendix A.

In order to perform the indicated operations, the cross sections

and trial functions are read in as multi-group sets. The operations

are defined in terms of the lethargy variable instead of energy, where

the variable lethargy is defined by the relation (32, p.82)

(2-22)
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and E is some reference energy. Because of the extreme variations

in the size of the energy intervals, lethargy is a much easier variable

to work with. Equations (2-4) through (2-8) thus become

D..
31

=

Es ..
31

J

gj (uk ) Dk fi (uk) Auk

k=1

J

k=1

J

)E f (u ) Aut k k

J

k=1

J

k=1

J

E(k'u )f.(u )Au ]
s P 1 P

P=1

X (u k) g. (u ) Aukk

vEf = > v F fi(uk) Auk

k= 1

(2-23)

(2-24)

( 2-25)

( 2-26)

(2.27)

In performing these operations, it is important to bear in mind

the critical distinction between distribution functions, defined per

unit lethargy interval, and point functions, defined to have a particular

value for particular values of lethargy.

In general, fluxes are distribution functions and cross sections

are point functions. Recall from Equation (1-2) that the multi-group

flux is an integrated flux. That is



4i = J Ou)du
Au.
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(2-28)

In order to use such a flux as a trial function ire the above equations

it is necessary to divide by Dui , thus

(Pi

4).(u) = (2-29)

With one exception the multi-group cross sections may be used

directly in the above equations.

The scatter-transfer cross sections are distribution functions

that depend on the width of the final lethargy interval. It will be

recalled that the total scattering cross section for a particular lethargy,

a point function, is defined as

Es (u) = Es (u --"u° ) du' (2-30)

In a multi-group sense, the scatter-transfer cross section is defined

as

Thus Es(i

72s ) = Es (i "u.) Au. (2-31)
J J

is the probability that a neutron whose lethargy lies

in group i will scatter into a unit lethargy interval about u.. In

,Equation(2-25) the required cross section is Es (i --*.u.) which must

be computed from the multi-group transfer cross section, Es (i ,

based on Equation (2-31).
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Weight Functions

So far, the only restriction placed on the arbitrary weighting

ufunctions,.( ), is that they be linearly independent sets. The
gJ

question of what weight functions to use has been studied by several

investigators (11, 17, 18, 38, 42). Various suggestions have been

made:

1, trial functions,

2. adjoint function, and

3. reaction rates.

Use of the modes as weight functions, sometimes called Galerkin

weighting (16), has the distinct advantage that additional calculations

are not required. The formulation is well-prescribed and applied

to all systems. Qualitatively, it can be argued that Galerkin weighting

weights the equation most heavily where the solution is the largest.

Adjoint weight functions are the least arbitrary and their

justification follows directly form a variational characterization of

the problem. Theoretically, adjoint weighting is most likely to lead

to the best results (17, 42). Yet Kaplan points out (19, p. 243) that

"in most cases the two methods give about the same accuracy. " The

disadvantage is that additional calculations are required to solve the

adjoint problem.
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The use of reaction rates as weight functions has only recently

been investigated, the results being published very near the end of

this study (38). The justification lies in the fact that the desired

results are not really the flux but the product of the flux with particu-

lar cross sections, ie, the reaction rate. The use of reaction rate

weighting would, once again, weight the equation most heavily where

the desired result is the largest. They have the advantage over

adjoint weighting that complete solutions to the adjoint problem are

not necessary, but the disadvantage that they do require additional

calculations.

In this investigation we have used Galerkin weighting almost

exclusively because it is simple and because it seems to be accurate.

However, the other forms of weighting discussed here have been

studied briefly. These results will be presented in Chapter VI.
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Two fast reactor designs have been studied and used to compare

the modal method and the few group method:

1. a General Electric cylindrical pancake design (31) and

2. a simplified version of an EBR II core (44).

These designs were selected because they represent real designs; in

one case a large fast power reactor, and in the other a smaller

experimental fast reactor. They are different in many respects and

can provide an adequate test of both the modal and the few group

approximations.

General Electric Fast Reactor Design

The General Electric core is a very flat cylinder, the so-called

pancake shape (see Figure 3. 1). The core, 250 cm. in diameter and

80 cm. high, is surrounded by a U238 enriched blanket and a stain-

less steel reflector. The atomic composition of the regions is pre-

sented in Table 3.1. Since the reactor is designed to produce 1000

MWe, it is representative of commercial fast power reactor designs.

The pancake shape is designed to increase the leakage when the

sodium coolant is voided. The hope is to offset positive reactivity

insertions that might be associated with a loss of the sodium coolant
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(see Chapter V). Because of the flat shape, the core is very large

in diameter. As such, transients introduced at the core-blanket

interface that are caused by radial leakage and reflection from the

blanket have little effect on the neutron energy spectrum. The energy

TABLE 3, 1. Composition of G. E, Reactor
(atoms/barn-cm)

Isotope

U
238

Core Blanket Reflector

7.1303 x 10-3

Pu239 1.12 x 10-3
240 -4Pu 5. 00 x 10

Oxygen

Chromium

Iron

Nickel

Sodium

Tantalum

1. 10 x 102

2. 315 x 10-4

7. 00 x 10-6

1.85 x 10-2 2. 2 x 10-2

2. 26 x 10-3 3. 00 x 10-3 1, 05 x 102

8.90 x 10-3 1.00 x 10-2 4, 25 x 10-2

1. 38 x 10-3 1. 6 x 10-3 6. 6 x 10-3

8. 01 x 10-3 7. 00 x 10-3 6, 00 x 10-3

1, 87 x 10-4 3. 50 x 10-5

dependence of the neutron spectrum thus changes very little at differ-

ent radial position through the core. This is illustrated in Figure

3. 2, where the spectra are taken from a radial, 26-group, one-

dimensional calculation, Note that a high lethargy corresponds to a

low energy.
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The 26-group cross section set was generated for each region by

the FCC IV (27) code based on a Russian data set (2). The group

structure is presented in Table 3. 2. In addition to computing the cross

section set, FCC-IV also computes a 26-group fundamental mode flux

for each region.

Using this 26-group data set, one- and two-dimensional problems

were run and treated as the exact answer against which the energy

models would be compared. The one-dimensional calculations were

performed with 1DX (14) and the two-dimensional runs used 2DB(28).

EBR-II Fast Reactor Design

The design of the EBR-II (Experimental Breeder Reactor) is

quite different from the General Electric design (see Figure 3. 3),

While its power rating, 50 MWe, is much less than the General Elec-

tric core, the most significant difference is the spectral variation of

the neutron energy spectrum in the core, caused by a nickel reflector

which is placed between the core and the blanket. Nickel was a high

scattering cross section for neutrons. Consequently, many neutrons

that would normally escape from the core into the blanket suffer scat-

tering collisions in the reflector and are re-directed back into the core.

In the process of scattering from nickel atoms the neutrons lose ener-

gy. Thus there are many more low energy neutrons in the core near

the reflector than at the center of the core. The resulting radial

change in the neutron energy spectrum between the center of the core,
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TABLE 3. 2. 26-group structure

Group Energy Range Lethargy Width

1

2

3

4

6. 5 - 10 MeV

4. 0 - 6. 5 MeV

2. 5 - 4. 0 MeV

1. 4 - 2.5 MeV

. 48

. 48

.48

.57
5 800 keV - 1. 4 MeV . 57

6 400 - 800 keV . 69

7 200 - 400 keV . 69

8 100 - 200 keV . 69

9 46.5 - 100 keV . 77

10 21. 5 46. 5 keV . 77

11 10 - 21.5 keV . 77

12 4. 65 - 10 keV . 77

13 2. 15 - 4. 65 keV . 77

14 1. 0 - 2. 15 keV . 77

15 . 465 - 1. 0 keV . 77

16 215 - 465 eV . 77

17 100 - 215 eV . 77

18 46. 5 - 100 eV .77
19 21. 5 - 46. 5 eV . 77

20 10. 0 21. 5 eV . 77

21 4. 65 - 10 eV .77
22 2. 15 - 4. 65 eV . 77

23 1. 0 - 2. 15 eV . 77

24 . 465 - 1. 0 eV . 77

25 . 215 - . 465 eV . 77

26 . 0252 - . 215 eV 1. 00
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and the core-reflector interface, is graphically illustrated in Figure 3. 4.

Note that there is a dramatic change in the flux between energy

groups 21 and 22 which corresponds to the range between lethargy

values 14.0 and 16.0. The change is most severe at the center of

the core, and less severe, though noticeable, at the core-reflector

interface. This behavior is caused by the resonance absorption

structure of the fuel, particularly U238. The first resonance in

U
238 occurs at 6.6 eV. This is exactly the center of group 21. The

flux in group 21 is, therefore, much smaller than in group 22, where

the absorption cross section is much smaller.

In addition to rapid spectral changes, the EBR has a second

interesting property very specific to this investigation. The material

regions in the axial direction are different from those in the radial

direction. This presents realistic problems in selecting the best set

of trial functions. The region compositions are presented in Table 3..3.

TABLE 3. 3. Composition of EBR-II
(atoms/barn-cm)

Isotope Core Blanket
Nickel

Reflector
Axial

Reflector
U

235

U238

U
234

Aluminum

Iron

Chromium
Nickel
Sodium

.006727

.007576

000069

. 019019

.007712

.001918

.000839

. 000089

.040026

. 001359

004539

.001129

.000494

004305

001134

.073557

. 003302

.031800

. 009116

.004030

.010400
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The 26-group data set for this core was generated by 1DX, which

uses the same basic approach as FCC-IV only with recent improve-

ments, Since the same 26-group set is used for the standard 26-group

problems and the approximate energy models, developed as outlined

in Chapter II, the manner in which the data set is generated is not

extremely important. The group structure for the EBR-II data is

the same as that presented in Table 3, 2, Once again the 26-group

data were used in one- and two-dimensional calculations to compute

an "exact" solution,
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As outlined in the introductory chapter, the emphasis in this

work will involve a comparative analysis of two different energy

models and their ability to approximate accurate fast reactor calcula-

tions. One model, the few group approximation, is the standard or

traditional approach. The second model, the modal method, has been

developed as a part of this research. The formalism of the modal

method has been presented in Chapter II and some of the formalism

of the few group approach was discussed in the introductory chapter.

The purpose of the present chapter will be to discuss the

applications of each model in greater detail. Specifically, we will

discuss the available spectra which could be used as trial functions

and then present the criteria which have been applied to select

particular trial functions from the overall set which will be employed

in the modal calculations. We will also discuss in greater detail

the algorithms used to collapse the cross sections as well as varia-

tions which may be used in applying the method.

Construction of the Trial Functions

There are several possible energy spectra which could be used

as modes or trial functions:
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1. the fission spectrum,

2, the 26-group spectrum at some point taken from a radial

or axial one-dimensional calculation,

3. a spectrum of neutrons slowing down elastically or

inelastically from the fission spectrum,

4, the 26-group flux taken from a one-dimensional calculation

and averaged over some region, and

5, a fundamental mode, infinite medium flux.

The fission spectrum is available directly. All other trial functions

must be generated, in some sense, by a computer. Spectra selected

at some spatial mesh point must, obviously, be generated by a one-

dimensional diffusion theory code, The fundamental mode spectra

are computed by FCC-IV when it generates cross section data,

Region-averaged fluxes are computed by 1DX whenever it

performs a one-dimensional calculation. For clarity the averaging

algorithm will be presented. The region-averaged flux is defined

in a continuous sense as

(E)

(r, E) dr

S dr
R

(4-1)

Fluxes from 1DX are discrete in both space and energy. The approxi-

mate form of Equation (4-1), based on this discrete representation, is
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(4-2)

where i is the group index and k is the spatial index. The value

AVk is the volume interval over which the flux Pik applies.

In order to compute trial functions based on the various slowing

down models, modes of type (3), it has been necessary to write

special codes. To compute the spectrum of neutrons slowing down

inelastically from the fission spectrum, we start by computing the

total cross section for inelastic scattering in each energy group.

Thus we have

Z.
in.

j( 'i)
i=j

j = 1, (4-3)

where J is the total number of groups and we have assumed only

down-scattering exists. The inelastic scattering probabilities are

then taken to be

jPi( -
n E.

E. (
in

Denoting the fission spectrum by

(4-4)

i = 1, , J (4-5)



we find the spectrum of all neutrons which have had one inelastic

(and no elastic) collision to be

9 in.

Similarly, after n collisions,

n
9 in.

j=1

0

j Pin(j

n-1
m. . Pin (j
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(4-6)

(4-7)

The elastic slowing down spectrum is constructed in exactly

the same way except that the cross sections in the above equations are

all elastic scattering cross sections. Instead of using (1) in Equation

(4-6) we may wish to use (I). ; that is, we may wish to compute the

elastic slowing down spectrum from the spectrum of neutrons which

have suffered k inelastic collisions.

Selection of the Trial Functions

Several considerations are indicated before selecting a set of

modes:

1. ability of the modes to represent the original (26-group)

spectra,

2, the ease with which the mode can be constructed; ie,

availability and cost,

3. the desire for some orderly selection process, and
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4. the need to be relatively confident, without knowing the

answer, that a given set of modes would give good results.

Various combinations of the trial functions suggested in the above

section were tested by their ability to represent original 26-group

spectra taken from the one-dimensional calculations specified in

Chapter III.

The representation was determined by computing the best set

of expansion coefficients for the given set of modes. These coeffi-

cients were computed as follows:

We start with the basic approximation,

(r, =

or in a discrete sense

(r, Ek) =

N

N

(r) f. (E) (4-8)

i=1

(r) fi (Ek) AEk , k = 1, , J (4-9)

i=1

where the 4, (r. E ) and the fi(Ek) are known. Note that the f.(E )k

and the (r, Ek
) represent the flux per unit energy interval in the

kth energy group. We wish to generate a set of equations which can

be used to solve for the N values of ci)..

Multiplying Equation (4-9) by f. ) and integrating over
J k

we have

(r)

i=1

f.. 4. (r) j = 1, , N (4-10)



where

and

(r) =
J

J

J

k=1
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fi (Ek) (r, Ek) AEk , (4-11)

= f. (Ek) fi (Ek) kL./ J
k=1

(4-12)

Note that if the f,(E) are an orthonormal set, then 1). (r) = (r).

Otherwise, Equation (4-10) represents a system of N linear equations

with N unknowns which can quite simply be solved for the combining

coefficients, 4. (r).

Table 4.1 represents a typical solution for this problem. The

original spectrum is taken from a 26-group radial calculation for the

General Electric core. For purposes of identifying individual spectra

the one dimensional radial mesh spacing for the General Electric core

is depicted in Figure 4.1. The spectrum being represented in the

table is the spectrum at the 20th mesh point; or halfway between the

center of the core and the core-blanket interface. The four trial

functions used were

1. fission spectrum,

2. one-dimensional spectrum from the center of the core,

3. one-dimensional spectrum from the center of the blanket, and

4. the spectrum of neutrons that have suffered three inelastic
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Figure 4. 1. One dimensional radial mesh spacing for
the General Electric fast reactor.

and then thirty elastic scattering collisions, according to

the properties of the core.

Note that the representation of the spectrum is remarkably

good over the peak of the spectrum, groups one through eighteen.

However, after group 21 the errors are unreasonably high. Several

combinations of trial functions have been tried in this problem, and

the best representation obtained is presented in Table 4. 2.

For this case, the spectrum at mesh point 10 was used as the

second trial function and mesh point 35 was used as the third trial

function. The other two modes were the same. Note that the repre-

sentation is excellent in all energy groups. The largest error is

1. 35%. However, all of these modes are characteristic of core

spectra. Table 4. 3 shows the representation that these trial functions

gave for the center of the blanket, mesh point 45. As one would

expect, the synthesized spectrum is much too hard.
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TABLE 4. 2. Representation of flux at mesh
point 20 with second set of modes

Group
Synthesized

Flux
Original

Flux Error (%)
1

2

1, 7124E-05

8.8148E -05

1. 7129E-05

8.8167E -05

-0. 028

-0.021

3 2. 1615E-04 2. 1625E-04 -0. 046

4 3. 0309E-04 3. 0298E-04 .034
5 3.9227E-04 3. 9228E-04 -0, 002

6 7. 4579E-04 7, 4580E-04 -0. 001

7 9, 3275E-04 9. 3275E-04 -0. 001

8 9. 4365E-04 9. 4362E-04 . 003

9 7, 9558E-04 7. 9558E-04 -0, 001

10 6. 0090E-04 6. 0091E-04 -0, 002

11 3, 8179E-04 3, 8182E-04 -0. 009

12 1. 6734E-04 1.6727E -04 .. 039

13 6, 0677E-05 6. 0675E-05 . 003

14 8.5010E-05 8.5000E-05 .012
15 2.9598E-05 2. 9597E-05 . 001

16 7, 8425E-06 7. 8416E-06 . 012

17 1.5590E-06 1.5597E-06 -0. 045

18 2, 0043E-07 2, 0039E-07 . 019

19 3, 0216E-08 3. 0208E-08 . 027

20 2, 1679E-09 2, 1662E-09 , 076

21 1, 7553E-10 1. 7545E-10 . 043

22 3. 3073E-11 3. 2870E-11 . 617

23 1. 2894E-12 1, 2808E-12 . 673

24 3. 1367E-14 3. 1143E-14 .720

25 1, 7156E-16 1, 7078E-16 . 457

26 1, 2342E-18 1, 2510E-18 -1, 347



45

TABLE 4. 3. Representation of flux in the blanket
with second set of modes

Group
Synthesized

Flux
Original

Flux Error (%)
1

2

3

4

3. 7990E-07

2. 4005E-06

9. 3357E-06

1. 5236E-05

9. 7417 E-07

4. 8021E-06

1. 1948E-05

1. 6758E-05

-61. 002

- 50.011

-21. 864

-9. 081

5 2.7431E-05 2. 2684E-05 20.924

6 6. 3 3 67 E - 05 5. 8203E-05 8.872

7 8.7874E-05 9.1464E -05 -3.925

8 1.0680E -04 1.0988E -04 -2.810
9 1. 1013E-04 1. 0878E-04 1. 246

10 1. 0113E-04 1. 0048E-04 . 645

11 7. 4852E-05 7. 1740E-05 4. 337

12 3. 6285E-05 3. 8545E-05 -5. 864

13 1.3914E -05 1. 4909E-05 -6. 673

14 2.0882E -05 2.4169E -05 -13. 600

15 8. 4070E-06 1. 2113E-05 30.596

16 2.6421E -06 6.2468E -06 57.705

17 6. 2004E-07 2. 4182E-06 -74. 359

18 9. 2342E-08 9. 5896E-07 -90. 371

19 1. 8254E-08 3. 3208E-07 - 94.503

20 1. 5002E-09 6. 8766E-08 -97. 818

21 1. 4823E-10 8.7416E -09 -98. 304

22 1. 7347E-10 3. 1727E-08 -99, 453

23 7.7270E-12 1.1418E -08 99.932

24 2.0185E -13 4.7792E-09 99.996

25 1.1888E -15 1.3429E -10 -99.999

26 1.2220E -17 5.2490E -12 - 100.000
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Furthermore, this set seems rather arbitrary. An orderly

selection process would suggest a set of fundamental mode spectra,

a set of zone-averaged spectra from each region, or a set of one-

dimensional spectra taken from the center of each region. Tables

4. 4 through 4. 6 depict the results obtained when these trial functions

are used to represent the original spectra,

As these tables illustrate, the most typical representation is

accurate over the peak of the spectrum and with large errors appear-

ing in the lower energy groups. Two important questions arise:

1. how seriously will errors in the lower energy groups

affect the results, and

2. how important will representation of the flux in the blanket

be in computing the eigenvalue?

The fluxes that are in error differ from the peak spectra by

a factor of 10
4 or more. It would not seem that errors in these

fluxes would be significant. Yet, these questions can only be answer-

ed by using the trial functions in diffusion theory calculations. The

results of these calculations are presented in Chapter VI.

Few Group Methods

The basis of the few group approximation was discussed in the

introductory chapter. It will now be presented in greater detail and

possible variations in the approximation will be discussed.
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TABLE 4. 4. Representation of flux at mesh
point 20 with fundamental mode
spectra

Group
Synthesized

Flux
Original

Flux Error (%)

1

2

3

4

1.7494E -05

9. 0188E-05

2, 2094E-04

3. 0915E-04

1. 71 Z9E-05

8.8167E -05

2, 1625E-04

3. 0298E-04

2. 129

2.293

2. 167

2. 037

5 3.9859E-04 3.9228E-04 1. 609

6 7.5150E -04 7.4580E -04 .765

7 9. 3336E-04 9, 3275E-04 065

8 9. 3567E-04 6.4362E -04 -0.843

9 7. 8813E-04 7.9558E -04 -0.938

10 6, 0023E-04 6. 0091E-04 -0. 113

11 3. 8466E-04 3.8182E -04 743

12 1, 7391E-04 1. 6727E-04 3. 967

13 6, 3630E-05 6, 0675E-05 4. 870

14 9. 1412E -05 8.5000E-05 7.544

15 3. 3877E-05 2.9597E-05 14.460

16 1, 0165E-05 7. 8416E-06 29. 634

17 J. 7288E-07 1.5597E-06 -7 b. 093

18 -2, 6136E-06 2. 0039E-07 -1404, 259

19 - 3.4531E -06 3. 0208E-08 11531, 15*

20 -3, 4360E-06 2. 1662E-09 58718. 12*

21 -2,8664E-06 1. 7545E-10 33771. 16*

22 - 2.0729E -06 3. 2870E-11 06542. 17*

23 - 1.2163E -06 1. 2808E-12 65538. 17*

24 -5. 3798E-07 3. 1143E-14 62067.75*

25 -1,7717E-07 1.7078E-16 56582. 00*

26 -1, 4952E-08 1. 2510E-18 67712. 00*

Error overflow on computer
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TABLE 4. 5. Representation
20 with zone-averaged

of flux at mesh point
fluxes

Original
Flux Error (%)

Synthesized
Group Flux

1

2

3

4

1, 7162E-05

8. 8360E-05

2. 1666E-04

3. 0360E-04

1, 7129E-05

8. 8167E-05

2, 1625E-04

3, 0298E-04

, 190

. 219

. 190

. 203

5 3.9260E -04 3.9228E -04 , 082

6 7. 4508E-04 7. 4580E-04 -0. 097

7 9.31.71E -04 9. 3270E-04 -0. 112

8 9. 4462E-04 9. 4362E-04 , 106

9 7. 9586E-04 7.9558E-04 . 034

10 6, 0201E-04 6, 0091E-04 , 184

11 3, 7958E-04 3. 8182E-04 -0. 586

12 1, 6785E-04 1, 6727E-04 . 345

13 6, 0834E-05 6, 0675E-05 . 262

14 8. 5245E-05 8.5000E -05 . 288

15 2, 9398E-05 2. 9597E-05 -0, 674

16 7.4408E -06 7.8416E -06 -5.110

17 1, 2404E-06 1, 5597E-06 -20, 477

18 -3. 5076E-08 2. 0039E-07 -117, 504

19 -1. 1643E-07 3. 0208E-08 -485. 417

20 -8, 1505E-08 2, 1662E-09 -3862, 521

21 -6. 7859E-08 1, 7545E-10 38775. 86*

22 -3. 6704E-08 3. 2870E-11 11763. 37*

23 -1,7171E-08 1, 2808E-12 40748, 49*

24 -6, 8012E-09 3. 1143E-14 38847.75*

25 -1. 4816E-09 1.7078E -16 55706. 96*

26 -1, 2181E-10 1. 2510E-18 62565. 00*

* Error overflow on computer
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TABLE 4. 6. Representation of flux at mesh point 20
with spectra taken at the midpoint of
each region

Group
Synthesized

Flux
Original

Flux Error (%)
1

2

3

4

1.7136E -05

8, 8171E-05

2, 1633E-04

3. 0307E-04

1.7129E-05

8. 8167E-05

2. 1625E-04

3. 0298E-04

.042

. 005

-0. 015

. 028

5 3.9225E -04 3.9228E -04 -0.007

6 7. 4579E-04 7, 4580E-04 -0. 001

7 9.3270E -04 9. 3275E-04 -0. 006

8 9.4364E -04 9.4362E -04 .002

9 7. 9565E-04 7. 9558E-04 . 008

10 6.0093E -04 6.0091E -04 .004
11 3.8172E -04 3.8182E -04 -0. 026

12 1. 6731E-04 1. 6727E-04 . 024

13 6. 0668E-05 6. 0675E-05 -0.012

14 8. 4981E-05 8. 5000E-05 -0. 023

15 2.9592E-05 2.9597E -05 -0. 017

16 7.8444E -06 7.8416E -06 .036

17 1.5673E-06 1. 5597E-06 . 483

18 2.0958E -07 2.0039E -07 4.587

19 3. 8520E-08 3. 0208E-08 27. 517

20 8.7962E-09 2. 1662E-09 306. 058

21 4.7714E-09 1. 7545E-10 2619. 447

22 2, 7654E-09 3. 2870E-11 8313. 242

23 1. 3838E-09 1. 2808E-12 07942. 96*

24 5. 3758E-10 3. 1143E-14 26070. 98*

25 1.6268E -10 1. 7078E-16 59043. 62*

26 1. 3279E-11 1. 2510E-18 84618. 09*

Error overflow on computer
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Algorithms for collapsing cross sections are designed to

preserve overall reaction rates (27). Given some weighting spectrum,

defined as

= J (E) dE (4-13)
LE.

we define the following terms:

K = Index for the new collapsed energy group

T.,k = Averaged macroscopic cross section for the kth

collapsed group

= Total flux in group K =
ieK

The capture and neutron source (vE f) cross sections are

collapsed using the algorithm

E K (4-14)

exactly as defined by Equation (1-8).

The diffusion coefficient, D(E), is defined as

D(E) =
1

r3E (E)t
(4-15)

where Er(E) is the transport cross section. The transport cross

section must be collapsed so that leakage rates are conserved, that is
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If microscopic cross sections,

uk

i E K tr.
1
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(4-16)

are collapsed, the problem

is complicated by the fact that the leakage is now inversely proportion-

al to atom density, N. Though various algorithms have been suggest-

ed to overcome this difficulty, (14, 27) the significance of the prob-

lem is that it does not arise in the modal approximation. The

diffusion parameters, D.., are precisely defined by the formalism
31

in Equation (2-4).

To collapse the group transfer cross section, we define

E (K --"J) as the collapsed scattering cross section from group K

to group J. The cross sections are collapsed using the algorithm

E(i

(K J) K j J (4-17)
Lijk

i) epi

There are two fundamental problems associated with a few

group approximation

1. determination of the broad group structure, and

2, selection of the weighting spectrum.

Formulation of the broad group structure is more an art than

a science. Hardie (13) has suggested the collapsed group structure



52

which is presented in Table 4.7. This structure has been used for

all few group calculations perfomed in this work.

TABLE 4.7. Group structure

Group Original Groups per Group

5 Group Sets:

2

3

4

4 Group Sets:

3 Group Sets:

1

2

3

4

1

2

3

4

3

3

5

11

4

4

6

12

6

5

15

There are two principle choices available for weighting spectra:

1. an infinite medium fundamental mode spectrum, and

2. a spectrum taken from a one-dimensional many group

calculation and averaged over the region of interest (14).

While the fundamental mode spectrum has traditionally been

employed to collapse cross sections, there are significant difficulties
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associated with its use. Due to the strong influence in the blanket

spectrum caused by leakage from the core, the neutron energy

spectrum in the blanket is often quite different from the fundamental

mode spectrum -- to say nothing of the spectrum in the reflector.

In addition, the transient behavior of the spectrum in the vicinity of

an interface is not represented in the fundamental mode flux.

Various techniques have been suggested to avoid this problem.

For example, Buslik (4) has suggested a variational scheme to iterate

on a weighting spectrum in each region. In addition artificial buckling

terms can be included to account for leakage effects. On the other

hand, a very logical weighting spectrum that would include these

effects is a many-group one-dimensional flux averaged over the

region of interest. This weighting spectrum is used by Hardie and

Little (14) to collapse cross sections with I DX.

The primary problem here is that a many-group one-dimension-

al calculation is necessary. However, for the large General Electric

core, using 60 radial mesh points, the one-dimensional calculation

for a 26-group problem takes about 35 seconds on the UNIVAC 1108

with 1DX. For most purposes, this would not be prohibitive. There-

fore, this weighting spectrum was assumed to give the best collapsed

group result available and was the principle standard of comparison.

For purposes of further comparison, few group calculations were

also performed using the fundamental mode spectrum.
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It is useful to point out that the few group approximation can

be viewed as a special case of the modal method where the modes

are discontinuous in space and energy. That is, for the region k

and in broad group i we have

F.) = (Of. (E.) ,LE i = 1, , N

(4-18)

kwhere there are N collapsed groups. The f. (E.) represent the

energy dependence of the weighting spectrum in region k over the

broad energy interval AE.. This model can be used to reconstruct

a 26-group flux to compare with the original flux in much the same

way that we have compared the modal fluxes in Tables 4.1 through

4. 6.



V. FAST REACTOR PARAMETERS

Introduction

55

Safety is the key word in the design of fast reactors, and a

considerable amount of computational effort in design studies is

spent determining reactivity changes which might represent a hazard.

The approximate energy models discussed in this work will be

compared largely by their ability to accurately and cheaply predict

these changes. In particular we will be interested in determining

reactivity changes caused by loss of coolant, the sodium void coeffic-

ient, and large changes in temperature, the Doppler coefficient. The

exact nature of these parameters and their importance to the overall

design of a fast reactor will be discussed in this chapter. In addition

a short discussion of fast reactor properties has been included in

order to provide some insight to fast reactor design problems. Much

of the presentation is taken from the work of McCormick and Little

(30).

General Properties of Breeder Reactors

The governing factor in the design of a breeder reactor is the

capture cross section. The capture cross section for fuels, structural

materials and coolants undergoes a large decrease as the neutron

energy increases. While fission cross sections undergo a similar
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decrease, the magnitude of the change is not as great. The result

is that in cores with harder spectra the fraction of neutrons lost by

parasitic capture is reduced. The excess neutrons are available for

breeding. Thus, breeder reactors are distinguished by a hard

neutron energy spectrum -- hence, fast reactors.

Breeding provides the incentive of conserved nuclear resources

and the potential of a low fuel cycle cost. Fissile fuel can be gener-

ated by placing fertile isotopes in the reactor core or blanket. Thus

U238 + n Pu239

and

232
Th + n U233

The ability of a given design to breed is determined by its breeding

ratio, defined as the average number of fissile atoms produced in a

reactor per fuel atom consumed, either by fission or absorption (23).

Advanced fast breeder reactors offer breeding ratios of as much as

1.5. The high breeding ratios can lead directly to very low fuel

cycle costs (some have even suggested they could achieve a negative

fuel cycle cost).

Because of the need for a harder spectrum, breeder reactors

are designed so that the neutron flux spectrum peaks at a high energy

-- usually about .5 MeV. The neutron flux spectra for typical thermal

reactors peak at energies less than .1 ev.
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With the harder neutron spectrum, higher fuel densities are

required to offset reduced fission cross sections. To avoid large

fuel inventories, high power densities are desirable. The high power

density, in turn, imposes heavy demands on the heat transfer capabil-

ities. For this reason there is a strong emphasis on sodium as a

coolant. Sodium has the added advantage that it can sustain very high

temperatures. The combination of the sodium coolant in a reactor

with a hard spectrum leads to one of the major safety problems faced

by those who design breeder reactors.

The Sodium Void Coefficient

The sodium coolant in fast reactors can be lost by blockage

of flow or leakage, or locally voided by boiling or flashing. The

voiding of sodium has three major effects:

1, increased leakage of neutrons,

2, loss of moderation, and

3. loss of capture.

The leakage is increased because neutrons which were previous-

ly scattered by the sodium now have an increased probability for

escaping from the core. The effect of increased leakage is to decrease

reactivity.

However, the other two effects are positive in nature and

generally overpower the negative effect of increased leakage. With



the loss of moderation, the spectrum is hardened and we are again

concerned with the dependence of certain cross sections on neutron

energy. Specifically, the fertile isotope U238
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is very unattractive

in this respect. The isotope U238 has relatively large capture

resonances at the lower energies of the spectrum and a comparatively

high fission cross section above 1.3 MeV. As the spectrum is hard-

ened, there will be more fissions and fewer captures. The net change

in keff will be positive. Furthermore, with no more captures

occuring in the sodium, there is an added reduction in the overall

capture rate, further increasing keff.

For fast reactors in general the positive effect of moderation

and the negative effect of leakage balance each other, and the dominant

contribution to keff comes from a loss in the capture rate, principal-

ly from a strong sodium resonance near 3 keV (12).

Three schemes have been suggested to reduce the sodium void

problem:

1. design a high leakage core,

2. use of moderator additives, such as BeO, and

3. use of alternate fuels, such as U233, U235, Th232.

The design of a high leakage core is the principle reasoning

behind the General Electric pancake design. The hope is that a high

leakage will induce a large enough negative reactivity effect to offset

other positive effects. The disadvantage with the high leakage design
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is that the fuel inventory must be increased and there is a reduction

in the core breeding capability.

Moderator additives have also been suggested; in fact, the

original General Electric design included some BeO moderator. With

additional moderation present, the moderation loss in a voiding acci-

dent will be much smaller, decreasing the positive effect. Increased

moderation, on the other hand, also softens the spectrum and, as we

have pointed out, causes a reduction in the breeding ratio.

Material changes, such as substituting U235 and U233 for Pu239,

or Th232 for U238, will reduce the high energy fission production.

But these materials are less desirable in terms of critical mass

and breeding.

No truly satisfactory solution has been found. Reactors with

small sodium void coefficients have poor economic properties.

According to McCormick, et al. (30, Ch. 7): "The Na void problem,

perhaps more than any other single item, has prompted serious con-

sideration of alternate coolants for fast breeder reactors."

As if to compound matters, the sodium void coefficient is

extremely difficult to calculate. This was graphically illustrated in

a paper presented by Okrent at the 1965 Argonne Fast Reactor Confer-

ence (39). The reactivity change for the removal of 50% of the sodium

in the core was computed by several organizations for many different

core configurations. The results for two such configurations are
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reproduced in Table 5.1,

TABLE 5.1. Intercomparison Calculations of NaWorth
(% A k for removal of 50% Na)

Organization 9: 1 Oxide Core 9: 1 Carbide Core

Atomics International 0.98 .11

Argonne National Lab. 3.49 1.56

Brookhaven National Lab. 2.31 ,.51

Babcock and Wilcox 1.53 . 19

France 3.10 1.40

General Electric 1.54 . 19

Karlsruhe 3.30 1.80

United Nuclear Corp. 2. 50 1.40

The primary difficulty associated with the sodium void calcu-

lation is that is involves the difference of two large terms (modera-

tion and leakage). For this reason accurate calculations of the change

in reactivity generally require:

1. precise cross sections,

2, many energy groups , and

3. detailed space mesh.

The errors demonstrated by Okrent are probably due to uncer-

tainties in fuel cross sections (30). Because of these cross section

uncertainties, sodium void calculations are generally found from
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one-dimensional synthesis (space) calculations (34). Uncertainties

in cross section values simply do not warrant the more expensive

two-dimensional calculations. The one-dimensional methods are

suitable solely for determining trends; the results are not taken to be

accurate. We will not know how accurate sodium void calculations

are until experimental data for large dilute fast reactors are available.

However, once these data are available, it is expected that

results can be improved. When the "weak link" is the calculational

model, sodium void calculations will probably be performed in two

dimensions. Because of the expense for a large number of energy

groups, approximate energy models would seem to be in order. For

this reason a comparison of the two energy models discussed herein

is well justified.

The calculations of sodium worth have been performed assuming

that the 26-group cross section set is perfectly accurate. To compute

a sodium void coefficient the eigenvalues for sodium in and sodium out

are differenced. This change in keff is taken to be the sodium worth.

The Doppler Coefficient

A second important parameter in the design of fast reactors is

the Doppler coefficient, so-called because it relates to variations in

the relative velocity between atoms and neutrons as the temperature

of the core is changed. The cross sections for fuel (fertile and
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fissile) isotopes have resonances beginning near thermal energies

and extending into the lower energy range of fast reactor spectra.

As the core temperature is increased the thermal motion of the fuel

atoms changes the distribution of relative velocities betwen the fuel

atoms and the neutrons. As a result, the resonances appear to be

broadened or flattened as the temperature is increased (see Figure

5. 1),

While it is true that the total area under a resonance is constant

as it is broadened, the absorption in such a resonance is increased.

This is because the neutron flux dips that occur in resonances are

reduced, and the number of neutrons in the vicinity of the resonance

increases. Temperature changes, therefore, can cause changes in

reactivity by changing resonance absorption.

The magnitude of the change, the Doppler coefficient, can be

either positive or negative depending upon the materials in the core.

If a, fission resonance is broadened, the change is positive; if an

absorption resonance is broadened, the change is negative. For

typical large fast reactors there are two major contributions to the

Doppler effect:

1. strong absorption resonances in U238 , and

2, fission resonances of Pu239

For these reactors there is usually a very low ratio of Pu 239 to

U238 so the effect of the U238 resonances dominate. A large negative
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Figure 5. 1. Doppler broadening of the capture cross section of U238 of the
6. 67 eV resonance. (23, pg. 73)
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Doppler effect offers a powerful tool for reactor safety and is an

aid to stability.

In order for it to have a significant effect on reactivity, the

spectrum must have some moderation. This is due to the fact that

the upper bound of the U238 resonances is near 10 keV. Obviously,

these low lying resonances contribute most and the neutron spectrum

must not be too depleted there.

In order to compute the Doppler coefficient it is necessary to

generate complete cross section sets for different temperatures.

Using these cross section sets, eigenvalues are computed and differ-

enced. The change in keff for a given change in temperature is

taken to be the Doppler coefficient.

Note that it is dependent entirely upon small changes in cross

sections in the low energy part of the spectrum. For this reason

accurate calculations usually require a large number of energy groups.

It is important to consider the relationship between the Doppler

effect and sodium voiding. Because one has a large negative Doppler

coefficient, it cannot be assumed that this will compensate for a large

positive sodium void coefficient. When sodium is voided from the

core, the spectrum is hardened. Since the Doppler effect is largely

dependent upon moderation of the spectrum, the benefit of its negative

worth can be largely forfeited in a voiding accident. This is only

another example of the villainous role played by the sodium.



VI. RESULTS

Introduction

The modal method has been discussed extensively and the

approach we will take in determining its accuracy for fast reactor

analysis has been outlined. In presenting the results of the study,

there are primarily two considerations: (1) the accuracy of the
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energy model approximations, and (2) the numerical problems associ-

ated with their use. These two subject areas will be discussed separ-

ately.

In this chapter, the emphasis will be upon assessing the relative

accuracy of the modal and the few group approximations with respect

to a standard 26-group solution. In Chapter VII we will discuss the

numerical problems that were encountered in the solution of the modal

problem.

Analysis of the General Electric Core

Results of the one-dimensional calculations on the General

Electric design are presented in Table 6. 1. The code used for the

modal calculations in one dimension was HFN (25), selected because

it permits upscattering. The modes are identified by numbers which

are defined in Table 6, 2. Both radial and axial calculations were

performed, the radial calculations requiring cylindrical geometry as



66

opposed to slab geometry for the axial calculations. Because of the

flat shape and presumably negligible radial leakage, the axial calcula-

tions were run with a zero perpendicular buckling. The 26-group

eigenvalue computed for this case was then used in a radial calcula-

tion where a buckling iteration was performed. The computed buck-

ling, 4. 495 x 10-4, was used for all subsequent radial calculations.

In these calculations, the convergence criterion for the eigenvalue was

106. The computed 26-group eigenvalue was 1.08069. With the

exception of the run where the fundamental mode spectra were used

as trial functions, the modal calculations were within 0.5% of this and

seemed to be relatively insensitive to the set of trial functions. The

few group calculations were also accurate, again with the exception of

the case where cross sections were averaged over the fundamental

mode spectra. These calculations simply reflect the difficulties

associated with using the fundamental mode spectra. As discussed in

Chapter IV, the fundamental mode spectra do not account for trans-

ients that are introduced near the interface between two media.

Furthermore, the spectrum in the blanket is largely influenced by

leakage from the core into the blanket and this effect will not be

accounted for by the infinite medium spectrum.

We have said that one important consideration in the selection

of a set of modes is that they not appear to be arbitrarily chosen. In

this respect, the three mode calculations are particularly interesting.

One spectrum was selected to represent each region. For the radial
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TABLE 6.1. General Electric core one-dimensional results

Radial Axial

keff Iteration
%

Error keff Iteration
°70

Error

26 Groups 1.08069 35 0.0 1.08069 11 0,0

Few Group Approximations

3 Groups * 1.08105 37 . 034 1.085459 17 . 439

4 Groups * 1.08056 42 . 011 1.082528 16 . 168

4 Groups ** 1.08484 42 . 385

Modal Approximations

4 Modes

1-3-4-7 1.07955 44 . 104

3-4-5-6 1.08061 93 . 006 1.08031 42 . 037

1-11-12-13 1.08007 51 . 056 1.08145 18 . 068

1-8-9-10 1.07076 46 . 918

1-3-4-5 1.08110 46 . 039

2-4-5-6 1.08084 59 . 015

1-3-4-9 1.08052 47 . 015 1.08189 18 . 109

5 Modes

1-3-4-5-6 1.08027 44 . 038 1.07934 17 . 127

1-2-4-5-6 1.08016 44 . 048 1.07923 17 . 137

3 Modes

2-5-6 1.08019 52 .045 1.07461 20 .564

8-9-10 1,11241 49 2.936

11-12-13 1.08004 54 . 059 1.07478 18 . 549

Zone Average Flux Weighted Cross Sections

Fundamental Mode Flux Weighted Cross Sections
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TABLE 6. 2. Le end to identif modal spectra

1. Fission Spectrum
2. Flux at mesh point 1 (center of core)

3. Flux at mesh point 10

4. Flux at mesh point 35 (just inside core-blanket
interface)

S. Flux at mesh point 45 (center of blanket)

6. Flux at mesh point 55 (center of reflector)
7. Spectrum after 3 inelastic then 30 elastic slowing

down collisions from the fission source

8. Fundamental Mode Flux for Core

9. Fundamental Mode Flux for Blanket

10. Fundamental Mode Flux for Reflector

11. Zone Averaged Flux for Core

12. Zone Averaged Flux for Blanket

13. Zone Averaed Flux for Reflector

calculations using fluxes from the center of each region or fluxes

averaged over each region, the results were very good. Unfortun-

ately, when these same spectra were used in axial calculations, the

results were considerably worse. Again when the fundamental mode

spectra were used they gave poor results. For this reason four and

five mode sets were used in the two-dimensional calculations.

One set of modes that would seem to be particularly attractive

is the four mode set of the fission spectrum and the zone averaged

flux for each region. In Chapter IV it was shown that considerable

errors in the lower energy groups were present when this particular
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set was used to represent the original flux. As we pointed out at

that time, however, the magnitude of the flux in these groups appeared

small enough to neglect these errors. The results in Table 6.1 would

seem to verify that contention, since the eigenvalue for this run was

1. 08007.

The best result was obtained when the trial functions were

26-group spectra selected from the one-dimensional calculation at

various radial mesh points. Two spectra were taken from the core;

one near the center and the other near the core-blanket interface.

The other spectra were selected from each remaining region; one at

the center of the blanket and one at the center of the reflector. These

spectra are identified in the legend, Table 6. 2, as modes (3, 4, 5, 6).

The computed eigenvalue, 1.08061, agreed remakably well with

the 26-group eigenvalue of 1.08068. Unfortunately, the problem was

very unstable, requiring 93 iterations to converge. This was the

first of many such problems that arose, casting serious doubt on the

numerical stability of the modal method. Note that when the fission

spectrum was added to this set as a fifth mode, the problem converged

in 44 iterations.

The extension to two-dimensions required a code that would

allow upscattering. The only two-dimensional code available was

2DB (27) which did not permit upscattering. A revision was necessary

to include it in the code. This is significant for comparisons of
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running time because upscattering requires additional calculations

even if the upscattering cross sections are zero. To avoid an

inaccurate comparison the multi-group calculations, which have only

downscatter g, were performed on the original version of the code

while the modal calculations were performed on the revised version.

Two-dimensional calculations were run in 26-groups to estab-

lish a, standard, The eigenvalue, converged to 10 -5, was 1. 02764.

In addition two four-group and four modal calculations were run with

the same convergence criterion. The results of these calculations

are presented in Table 6. 3.

The selection of modes for the two-dimensional calculations

was based on the one-dimensional results. For example, the fission

spectrum and the zone-averaged fluxes were used as trial functions

in the one-dimensional case with reasonably good success so a two-

dimensional run was made. The two-dimensional result was less

encouraging. The computed eigenvalue was 1. 03116, slightly larger

than the 26-group result, 1. 02764.

The best one-dimensional result was obtained when four individ-

ual spectra, taken from a 26-group, one dimensional calculation,

were used as modes. When this same set was used in two dimensions,

the result was also the most accurate, predicting an eigenvalue of

1.0273. Once again, however, this set required more iterations, 47,

to converge and exhibited numerical instabilities. We found in the
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TABLE 6.3, Two-dimensional results for
General Electric core

keff Iterations % Error Running Time
(min. )

26 Groups 1.02764 27 31:51

Few Group Approximations

4 Groups * 1.02703 30 -. 06 4: 33

4 Groups ** 1.02908 29 . 14 4: 14

Modal Approximations

4 Modes

1-3-4-9 1.02500 29 -. 26 5:16

3-4-5-6 1.02729 47 -.03 7 :34

1-11-12-13 1.03116 31 .34 5:23

5 Modes

1-3-4-5-6 1.02315 28 -.44 6:49

Zone Averaged Weighting Spectrum

** Fundamental. Mode Flux Weighting Spectrum

one-dimensional case that stability could be improved by adding the

fission spectrum as a fifth mode. Indeed, when this was done in

two dimensions, the problem converged in 28 iterations.

The final four mode calculation used trial functions that had

represented the flux most accurately in the core. Recall from

Chapter IV that an important criterion for selecting a set of trial
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functions was tneir ability to represent actual spectra cnaracteristic

of the problem. One set, identified by Table 6. 2 as modes (1, 3, 4,

9), was able to represent the flux accurately in all energy groups

(see Table 4. 2). When these modes were used, the computed eigen-

value was 1. 02500.

Notice that the results for the modal runs are mucn more

sensitive to the set of trial functions. Nevertheless, in each case the

errors in the eigenvalue are less than 1/2%. With the exception of

the most accurate modal calculation, the few group calculations are

slightly more accurate.

In Chapter V a description of fast reactor parameters was

presented and their importance to the design problem was established.

These parameters, specifically the Doppler effect and the sodium

void coefficient, have been computed in one-and two-dimensions. The

results of these calculations are presented in Table 6. 4. The Ak

for the Doppler effect as it appears in the table is the change in

keff as the core temperature increases from 300oC to 900o
C. The

center void parameter is the change in keff that occurs when the

center of the core (out to 30 cm) is voided of sodium. This would

correspond to a boiling or flashing incident in the core. In each case

the modes were zone-averaged fluxes plus the fission spectrum.

For the one-dimensional case the modal analysis is far superior.

The four group results for the sodium void and Doppler coefficients
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TABLE 6. 4. Fast reactor parameters
for General Electric core

ISodium Void Center Void Doppler

Zsk %Error Alc %Error Al( %Error
Two-dimensional Calculations

26 Groups +.0173 +.00373 -.00900

4 Groups +. 0180 4. 32 +. 00377 1. 01 -. 00907 . 78

4 Modes +. 0179 3. 35 +. 00336 -9.92 -. 00889 1. 22

One-dimensional Calculations

26 Groups +.01793 +. 00371 -.00804

4 Groups +. 01755 -2. 12 +. 00332 -10.5 -.00784 2. 49

5 Groups +. 00342 -7. 8

4 Modes +. 01793 . 00 +. 00380 2. 4 -. 00801 . 37

are in error by 2 - 3%. The four mode calculations of these same

parameters are within 1/2% of the correct value. In fact, the four

mode sodium void coefficient is exact to four significant figures. In

addition, the four group calculation of the center void coefficient is off

by 10. 5 %; whereas, the four mode result is in error by only 2. 4%.

In the extension to two dimensions there is little difference

between the modal and the few group calculations except in the calcu-

lation of the center void effect. The large errors in the modal

problem for this parameter can be attributed to the fact that the flux

for the core mode was averaged over the whole core. If two modes

had been constructed, one averaged over the voided region and one

averaged over the rest of the core, it is probable that this result

could have been improved. A five mode calculation was run in this
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manner for the one-dimensional case and reduced the error to 1.89%.

Up to this point we have been concerned primarily with calculations of

keff and the manner in which it changes for changes in the core. How-

ever, a very important consideration in design calculations is the value

of the neutron flux itself. By knowing the flux we can determine the

power density throughout the reactor and the resulting heat transfer

requirements. Furthermore, from considerations of the power density

and heat transfer it is possible to determine the temperatures of

various components in the reactor, such as the maximum temperature

inside a fuel pin. Because of the high power density requirements in

the design of a fast reactor, temperatures at various locations in the

core may become very high. It is important to know how high so that

the design can be sufficient to withstand the stresses, material changes

and chemical reactions that frequently take place at such high temp-

eratures.

The most obvious way to determine how well the flux is being

calculated is to compare the computed neutron energy spectra at

various points in the core for the approximate models. Figure 6. 1

shows such a plot for the two dimensional flux at the center of the

core. The striking feature of Figure 6. 1 is the poor modal flux

representation in the higher lethargy range (a high lethargy corres-

ponds to a low energy). The representation is extremely poor from

group 19 th-f-c., However, group 19 corresponds to an energy
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range of 21.5 to 46.5 eV. As McCormick and Little point out, "in

most fast reactors, essentially all the flux is above 1 keV" (30, Ch. I,

p. 2). On the other hand, in Chapter V it was pointed out that fast

reactor parameters are influenced largely by the neutron flux in lower

energy groups. This is particularly true of the Doppler effect, since
238the upper bound of the U resonances is about 10 keV (15). Pre-

dictions of the flux in the range from 1 to 10 keV would therefore be

of special importance. From the description of the group structure

in Table 3. 2, we find that this energy range corresponds to energy

groups 12 through 14. Table 6.5 presents the per cent error for the

calculated flux in these three groups at three points in the core for a

four group and a four mode calculation. The three points are defined

according to the two dimensional space mesh depicted in Figure 6. 2.

Except for the point at the corner of the interface between the

core and the blanket, the errors are very similar, in general from

1% to 3%. At the corner representing the area of the core that is

farthest from the center, the errors in the four group calculation

vary from 14% to 25%. Errors at the same point for the four mode

calculation are less than 2%. In every case, the predictions in these

significant energy groups are more accurate with the modal method.

Yet, we still must assess the importance of flux errors at energies

below this.
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TABLE 6.5. Flux errors for significant
low energy rou s

Energy Group 4 Groups 4 Modes 3, 4, 5, 6

(% Error) (% Error)

Axial Point 1, Radial Point 1

12 2.57 -1.26
13 2.83 -1.93

14 3.96 - 2. 67

Axial Point 6, Radial Point 17

12 2. 12 -1.37

13 2. 27 -2. 02

14 2.75 -2.69

Axial Point 13, Radial Point 24

12 -14. 25 .96

13 -17. 02 1. 29

14 -25.56 . 08

The difficulty is that, in general, cross sections at high ener-

gies are much lower than the corresponding cross section at low

energies. Since the quantity we are interested in is a product of the

flux and the cross sections, i. e, the reaction rate, it is presumably

possible for a vry low energy cross section to weight errors in the

low energy flux so tl.s,t they become significant.

To more thoroughly evaluate this question we have studied the

overall The reaction rate, R, is defined by the relation
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Figure 6. 1. Two dimensional flux as calculated at the
center of the General Electric core.
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oo

R = J E (E) (E) dE (6. 1)
0

As a means of comparison the modal (or few group) reaction rate is

calculated and then the ratio R1, defined as

R1
Reaction Rate for Approximate Model

26-Group Reaction Rate (6. 2)

is determined. Figure 6.3 is a plot of this ratio taken at radial points

along the center (axially) of the reactor. The cross section used for

the computation was the absorption cross section for each region.

The modal results appear to be superior in the core and, in

particular, the region near the core-blanket interface. The four

group result is better in the reflector. The results for the core are

presented on a larger scale in Figure 6.4. Note that the eigenvalue

computed for the five mode problem was considerably in error (0.44%

as compared to . 06% and . 03% for the four group and four mode

results), yet the fluxes computed in the five mode calculation seem

to be more accurate. This can be somewhat clarified by considering

the power density. We recognize that if the total flux in the reactor

were normalized to one neutron, then keff would be defined by the

integral

keff = vEf (f, E) E) dE dr (6. 3)
V E
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Some insight into errors in keff can be gained by comparing values

of the reaction rate as integrated over the neutron source, v f(E),

as defined by Equation (6. 3). Figure 6.5 presents such a comparison

for the core. It would appear from this plot that the positive and

negative errors in the four-group flux calculation act to balance each

other, thus producing the accurate eigenvalue.

For purposes of further comparison the reaction rate along axial

point 12 has been computed. The results, presented in Figure 6. 6

and 6. 7 give a comparison of the computed flux along the top of the

core. Once again the modal calculations appear to predict better

reaction rates than the few group calculation.

One might reasonably expect this to be the case. The very

nature of the parameters as defined in Equations (2.4) through (2.8)

is such that the governing equation would solve for the fluxes in a

weighted integral sense. For this reason one would expect the modal

flux to be accurate at energies where the contribution to an integrated

reaction rate would be significant.

Results of the analysis of the General Electric core serve to

answer many of the questions about the relative accuracy of the few

group and the modal approximations. The one- and two-dimensional

results presented in Tables 6. 1 and 6. 3 indicate that there is little

difference between the accuracy of the modal and the few group

methods. The most accurate modal results can be achieved when the
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modes are individual spectra taken from a 26-group one-dimensional

calculation. Numerical problems occurred when these trial functions

were used, but, by adding the fission spectrum as a fifth mode, the

stability was improved.

These results, however, apply to only one specific core. With

a view toward gaining further insight into the accuracy of the two

approximate energy models, we have briefly studied a second reactor

with properties quite different from those of the General Electric

design.

Analysis of the Experimental Breeder Reactor (EBR)

The accuracy of both the few group and the overlapping group

approximations depend upon their ability to represent the neutron

energy spectrum over each region. A radically changing flux makes

this much more difficult. An analysis of the EBR by both the few

group and the modal approximations would hopefully give a greater

test of the versatility of the two methods. In addition the structure

of the regions in the axial direction of the EBR is different from

that in the radial direction. The selection of a proper set of trial

functions for the EBR is thus a more difficult problem.

We have used results from the General Electric analysis to

guide much of the analysis of the EBR core. For example, we found

that the best results for modal calculations in both one and
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two-dimensions were obtained when the modes were taken to be

individual spectra from 26-group one-dimensional calculations. In

general the spectra were taken from the center of each region with an

additional spectrum taken from the core at a point near its outer

boundary.

Based on these criteria, several one dimensional runs were

made in both the radial and axial directions. For the 26-group calcu-

lation, a buckling iteration was performed with an input keff of 1.00.

The code 1DX will either iterate to find keff for a given buckling,

or iterate to find the buckling given a value of keff. The input of

keff was chosen because it is easier to guess accurately. Given the

computed buckling, the one-dimensional codes for the few group and

modal approximations should compute a keff of 1.00.

The modal calculations for the EBR were far less accurate than

those for the General Electric core. Errors in the eigenvalue varied

from 1% to 3%, although errors of as much as 11% were experienced

in axial calculations. For the few group results, on the other hand,

errors in the eigenvalue were all less than 0. 3 %. All of the few group

cross sections for this case were collapsed with zone-averaged

weighting spectra, since previous results indicate that these are the

most accurate weighting spectra. The results of these calculations

of keff are presented in Table 6.6. Once again, the modes are

designated by numbers which are defined in Table 6.7. The radial



TABLE 6. 6. EBR one-dimensional results

Radial Axial
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keff Iteration
%

Error keff Iteration
%

Error

26 Groups 1. 0000 1. 0000

Few Group Approximations

4 Group 1. 00230 15 . 23

5 Group 1.00193 14 . 193 1.00070 10 .07

6 Group .99998 14 -. 002

Modal Approximations

4 Modes

1, 3, 5, 6 .9947 32 -.53
2, 3, 7, 6 1. 00075 26 .075 1. 10355 24 10.35

1, 2, 5, 6 1.02727 21 2.727

2, 3, 5, 6 1.01098 34 1. 10 1.11051 24 11.05

1, 3, 7, 6 .98847 36 1.153 .99854 25 .145

5 Modes

1-2-4-7-6 . 99748 30 -. 252 1. 00341 23 . 341

1-2-3-7-6 .99509 33 -.491 1.00858 19 . 858

1-2-3-5-6 1.00078 31 .078 .99974 23 -.026

2-3-5-7-6 1. 0107 34 1.07

2-3-7-5-6 . 98388 35 -1. 612

1-3-5-7-6 . 98983 28 -1. 017
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TABLE 6.7. Legend to identify EBR spectra

1. Fission Spectrum
2. Flux at Center of Core
3. Flux at Radial Point 12

4. Flux at Radial Point 14
5. Flux at Center of Nickel Reflector

6. Flux at Center of Blanket

7. Flux at Center of Axial Reflector

and axial mesh spacings referred to in this table are described in

Figure 6.8.

The results in Table 6.6 indicate that one set of trial functions

does give good results for both radial and axial calculations. Five

trial functions were used in this set; three were one-dimensional

spectra taken from the center of each radial region, the fourth was

a spectrum from the core at a point near the nickel reflector, and

the fifth was the fission spectrum. The eigenvalue for the radial

calculation was 1.0008, and for the axial calculation was 0.9997. In

each case the errors in keff were less than 0. 1 %.

In two-dimensions the 26-group eigenvalue was 1.1403. The

modal and few group eigenvalues were within 1% of this result, the

five mode eigenvalue being 1.1314 and the five group eigenvalue being

1.1479. These results, presented in Table 6.8, indicate that the

accuracy of each model is comparable. Plots of the power density

along the centerline and along the top of the core are presented in
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TABLE 6.8. Two-dimensional EBR calculations

keff Iterations Error
Running Time

(min.)

26 Groups 1.14034 8 7: 22

5 Groups 1.14794 12 . 666 2:09

5 Modes 1.13135 48 .788 6:51

Figures 6.9 and 6.10. Along the centerline the errors are compar-

able but along the top of the core the modal results show a consider-

able improvement over the few group results. Once again the modal

calculation seems to more accurately compute the flux.

Note that the modal calculation required 48 iterations to con-

verge, four times as many as the few group calculation. As a result,

the savings in computer time over the 26-group problem is very

small, particularly when compared with the savings available with

the five-group calculation. Recall that similar stability problems

were found in calculations for the General Electric core. The most

serious stability problems occurred when attempts were made to use

weight functions other than the modes.

Alternative Weight Functions

In Chapter II the equations for the modal method were derived

in a general form so that the weight function, g(E), was not specified.

Several suggested forms of weighting were discussed at that time.
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Yet, all of the calculations presented in this chapter have used the

modes as weight functions, so-called Galerkin weighting. This is

primarily because severe numerical problems occurred when other

forms of weighting were tried. Several cases were run which used

either adjoint weighting or reaction rate weighting and most did not

converge at all.

One case that did converge was a radial calculation in the

General Electric core. The modes were the fission spectrum and

the zone-averaged flux in each region. The zone-averaged fluxes

were weighted with the zone-averaged adjoint flux, and the fission

spectrum was weighted by itself. The eigenvalue computed was

1.08097, requiring 125 iterations to converge to 10-6. This corn-

pares to an eigenvalue of 1.08007, which was converged in 51 itera-

tions when Galerkin weighting was used.

The errors for this case were reduced by a factor of two for

adjoint weighting. Still the results with Galerkin weighting were

comparable to the few group results and did not experience the numer-

ical difficulties. While nearly all of the subsequent calculations used

the more stable Galerkin weighting, the results which have been

presented in the two previous sections indicate that numerical prob-

lems arose with Galerkin weighting as well. These results have

promoted a thorough investigation of the numerical problems assoc-

iated with the modal methods. The results of that investigation are

presented in Chapter VII.
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In Chapter VI the accuracies of the few group and the modal

approximations were evaluated by performing calculations and com-

paring the results with standard 26-group calculations. In so doing

it was discovered that the modal problems frequently required many

more iterations to converge than the comparable few group problems.

Furthermore, the iterations were very unstable; that is, the eigen-

value sometimes exhibited an oscillatory behavior with each iteration.

Frequently, these oscillations were quite severe, and several itera-

tions were required before the oscillations were dampened out.

In this chapter we wish to study this problem in greater detail.

Specifically, we will attempt to determine the cause of the oscillatory

behavior and what, if anything, can be done to avoid it.

In a discussion of numerical stability the first consideration

is the computer code used to solve the problem. In general the codes

we have used -- HFN, 1DX, and 2DB -- converge in a similar man-

ner. Rewriting Equation (2-19) we have,

V
2

cl)N

Es
11

. . . s1N

. Z
sN1 sNN
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(7-1)

(7-2)

To solve for the flux, we begin by making an initial flux guess,

sbo1 (r). We can, thus, write Equation (7-2) as

where

-D.
1
7

2
cl).

1
(r) + E

.
(1). (r) = Si (r)t

S. (

N N
Xi

Es (j ---`i)(1)(.3(r) vE
f.

dp
j

(r)
J

i=1

(7-3)

(7-4)

In the one-dimensional case the Laplacian operator, v2, may

be approximated by a three point central difference. For example,

in rectangular geometry we would have,

,2 , k-1 2,k +14)i, k+1
k h

2
(7-5)

where k is the index of the space point, h is the spacing between

successive space points, and i is the group (or equation) index.
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Applying this approximation to the operator in Equation (7-3) we

have

D. 2D. D.
[ E

h2 k- h2
I, k -

h 2 `ri' k+1 Si, k

k 1, .. (7-6)

Equation (7 -6) may be rewritten in terms of a tri-diagonal matirx

to include all space points K, that is,

al.,

1
ai,

2
bi,

3

bi,
2 ai, 3 bi,

4

.bi, K- 2
aI, K-1 bi,

K

bi, K-1
a i, K

where a. (2D./ h 2 + Zt), and big k

z,2

= Di/h2.

K

Si,
2

Si,
K

(7-7)

In this form the spatial equation for each group (or mode) is

then solved sequentially starting with the first group. The flux

vector in Equation (7-7) can be computed directly with a modified

Gauss reduction that takes advantage of the zeroes in the A matrix.

The two -dimensional problem is more difficult to solve because

more terms are used in the finite difference treatment of the
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Laplacian operator. For this reason the spatial matrix as defined

by Equation (7-7) would have terms other than those in the three

diagonal rows. To obtain a direct solution of the flux vector, stand-

ard reduction techniques would have to be used. Such an approach

would be very time-consuming since the A matrix for a two-dimen-

sional problem is generally quite large. Furthermore, again because

the matrix is large, round-off errors could accumulate destroying

the solution,

To avoid these difficulties two-dimensional codes solve the

spatial equation by iterative methods (52). The iteration to deter-

mine the flux vector is often referred to as the inner iteration.

Once the flux is computed, it is then used to calculate a new

fission source. The eigenvalue is updated by taking the ratio of the

new fission source to the old fission source and multiplying by the

old eigenvalue. Convergence is complete when the difference be-

tween successive eigenvalues is less than a prescribed input para-

meter.

Convergence can be improved by varying this approach slightly.

Specifically, the source, S.(r), defined by Equation (7-4), may be

continually updated, that is,
1-1

PS. (r) vZ cl)P, (r)]
s

p(r)1)(i), 1 f.
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1
Xi

(r) + vZf.
P-1 (r) (7-8)

X

where p is the iteration index. In this manner the most recent

information is always being included in the iteration scheme. The

above form, (7-8) is used to compute the source in HFN.

Codes 1DX and 2DB, on the other hand, update the slowing

down source, Es(j --'i), but not the fission source. Thus for these

codes,

SP. (r) =

i -1

(r)

j=1

N

j=i
N

Xi Ay. -1
(r)

i=1

p 1
(r)

(7-9)

Convergence can be further hastened if over-relaxation tech-

niques are included; that is, the new flux is computed and then over-

relaxed using the algorithm

pi-1
= + a (Pp+1 PP) (7-10)

where a is the over-relaxation factor. A similar over-relaxation

can be applied to the new fission source. These techniques are

employed in 1DX and 2DB but not in HFN.

In short then, the basic approach for solving the diffusion

equation is to rna a flux guess and compute a fission source. This
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source is treated as a fixed source and the corresponding inhomo-

geneous problem is then solved for the flux, The new flux is used

to compute a new fission source and the process is continued until

convergence is obtained.

The results in Chapter VI indicate that this convergence tech-

nique is fine for multi-group problems, but that the stability of the

convergence is not assured for the modal problem. There are, pri-

marily, two properties of the modal problem that make it different

from the multi-group problem: (1) the possibility that the trial

functions might be linearly dependent; and (2) the coupling between

equations, manifested in the scattering matrix. Fast reactors have

only down-scattering, so that

Zs (j = 0 for j > i

For the modal problem, these terms, the upscattering contributions,

are not zero. To determine the effect of these two properties on

stability, they will now be studied in detail.

Linear Dependence

A set of functions is said to be linearly independent if and only

if the linear combination

alf + a2f
2

+ + akfk = 0 (7-11)

implies that a, = a
2

= ak = 0 (8). Linear independence of the
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modes is essential. If they are not linearly independent, then

Equation (2-19) cannot be solved, since one equation could be express-

ed as a linear combination of the others and the matrices in the equa-

tion become singular.

In principle, a set of functions is either linearly dependent or

not -- there is no middle ground. Yet, because a computer carries

only a finite number of digits, it is possible for functions to be

"almost" linearly dependent (19).

In the development of the codes for space synthesis problems

a method has been derived which can be used as a figure of merit

for the degree of linear dependence (22). To begin we define a

residual function c (E) such that

(E) = alfl + a2f2 + + akfk (7-12)

Consider the integral of the residual squared

.c

co

E (E) dE .
0

(7-13)

This nurn.ber is a function of the set of numbers a. and will be zero

for some set if the functions f.(E) form a dependent set. We there-

fore take the minimum value of the integrated square residual as a

measure of the inear independence of the functions subject to the

condition that k

a. = 1/
i=1

(7-14)



To this end we define a parameter E
1

, as

00

E (E) dE
0

11
1

=

2
a.

i=1

To determine E
1

, we rewrite Equation (7-12) as

(E) = [ ak] f1

fk

fk]
a1

ak

Thus the integral of the residual squared may be written as

(E)dE [ al a k]
C°0E

Substituting (7-17) into (7-15)

E

1
= ruin

ak]

Sf
1
f

1
dE .

1
fkdE

0 0

f:
oo

f dE . . . fkfkdEk 1
0 0

fl fl dE .
0

reflfkdE
0

00 :

fkf
1
dE . kfkdE

0 0

a
1

ak

al

ak

al . .

ak
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(7-15)

(7-16)

(7-17)

(7-18)



The square matrix in the numerator is called the Gram matrix.

Denoting this as G and the column matrix a, as a we have

T-=
E = m G a

i n
1 T

a a
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(7-19)

Multiplying Equation (7-19) by TT-ci. and then by (iT
T

)
-1 we have

=
G a = E

1
a (7-20)

where E
1

would be the smallest eigenvalue of the Gram matrix

(22, p. 59). Provided the trial functions are normalized, the para-

meter E
1

can be a useful measure of the degree of linear independ-

ence for sets of functions.

The smallest eigenvalue has been computed for the normalized

Gram matrices of several combinations of trial functions. The results

are presented in Table 7.1.

TABLE 7.1. Linear independence test for sets
of trial functions

Trial Functions Criterion

G. E. Core
1-D Flux

Mesh Point

EBR Core
1-D Flux
Mesh Point

Fission
Spectrum 1

10, 35 45, 55 No 1.09 x 10

10, 35, 45, 55 Yes 3.66 x 10-6

1-14-17-30 No 5.54x 105

1-14-17-30 Yes 5.10 x 10-5
-1

1 6.01 x 10
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The numbers refer to the radial mesh point from which the spectrum

was taken. Note that in every case except the last, the figure of

merit, E is very small, on the order of 10-5 or less. In the last

case, two trial functions were selected that should be "very" independ-

ent. This is verified by the criterion, E which is about 0.6.

From these results it would seem that linear dependence be-

tween trial functions could be a serious problem. However, it can be

avoided by orthogonalizing the trial functions. Orthogonality of the

trial functions implies that

c°of.(E)f.(E)
6..

1 j iJ

(7-21)

where 6.. is the kroniker delta. The procedure used to perform the
ii

orthogonalization is the well-known Gram-Schmidt method (8) pre-

sented in detail in Appendix B.

Unfortunately, if Galerkin weighting is not used, the Gram-

Schmidt method will not work. For linear dependence to be assured

in this case, we must require that the modes and the weight functions

form a bi-orthogonal set, that is

g (E)f.(E)dE ,-- 6 (7-22)
0

It has been necessary to extend the Gram-Schmidt method to apply

in this case as well. The more generalorthogonalization procedure is

presented in Appendix C. Note that it reduces to the Gram-Schmidt
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method for the special case of gi(E) = fi(E).

Once the trial functions have been orthogonalized, the normal-

ized Gram matrix should be an identity matrix. Once again, because

a computer can carry only a finite number of digits, a certain amount

of round-off error accumulates. This is manifested in the off-diagon-

al elements of the normalized Gram matrix of the orthogonalized

modes which, indeed, are not zero. In our calculations, however,

they have been small generally on the order of 10-8 to 10-12. If

these numbers become too large, it is a further indication of a

"strong" linear dependence between trial functions. In this sense the

normalized Gram matrix of the o rthogonalized trial functions can be

a further useful check on the linear dependence of the trial functions.

Orthogonalization of the trial functions guarantees a linearly

independent set. If the set is linearly dependent, it is verified by

large off-diagonal terms in the normalized Gram matrix of the ortho-

gonalized trial functions. Since we have not experienced these large

off-diagonal elements, our convergence problems are related to

some consideration other than linear dependence.

The Upscatter Problem

To appreciate the significance of the upscatter problem, we

must consider again the manner in which standard diffusion theory

codes converge on a solution. A flux guess is made and a fission
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source is computed, The source is treated as a fixed source and the

corresponding inhomogeneous problem is solved for the flux.

The procedure is not without justification and has a distinct

physical implication. We may view the fission source as one gener-

ation of neutrons. The flux solution corresponds to a balance for

these neutrons, ie, how many are absorbed and how many leak out.

If we reconsider Equation (2-19) in this context, we have

r

D.
1

L

1

DNJ

V
2

sll

.o. Es
IN

1-s1\11
ris

Lt
N

N

F
1

-FN

((-23)

where F. represents the inhomogeneous fission source of neutrons

for equation i. Now consider the flux solution to the inhomogeneous

form, Equation (7-23), which would correspond to solving for a

particular iterate of the flux. Following the previous discussion, we

solve each spatial equation sequentially starting with the first equa-

tion. The source term for each spatial equation would be of the form,

S.(r)
1

j=1

Zs(j --04,(r) + F. (7-24)



If only downscattering exists, this becomes
i 1

S.(r) =
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Es (j 1)4) (r) + F (7-25)

Therefore, if we start by solving the first equation, i = 1, and solve

the equations sequentially, the source term for the downscatter case,

S.(r), will never need a flux that has yet to be computed. For the

upscatter case, however, the source term, as defined by Equation

(7-24), cannot be computed without some flux guess epo(r). In this

sense the source term would be of the form.

S.(r)

i-1

j=1

Es (j 'i)(0i(r) +

N

Es(j
(1)3

(.=)(r) +F. (7-26)

j=1

It becomes clear that the flux solution for a downscattering

problem will, indeed, be exactly the flux corresponding to the inhom-

ogeneous source, F.. For the upscatter case, however, it will not

because the upscatter terms use fluxes that have not yet been comput-

ed.

It would appear that the instabilities arising in upscatter prob-

lems are directly associated with the errors in the flux solution of

the inhomogeneous problem. Upscattering appears in some multi-

group problems that arise in the analysis of thermal systems and has

been studied by other investigators.
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For example, Lilley (25) has suggested that convergence de-

pends on how strongly the equations are coupled to themselves and to

each other and that a strong self-coupling will improve stability. In

one sense, the scatter transfer cross section, Es(j represents

such a coupling between the jth equation and the ith equation. For

equations with a large inscatter cross section, or self-coupling,

E(i the convergence should thus be more stable.

In view of this, it might be possible to artificially increase the

inscatter cross section, Es(i "i). Consider Equation (7-3), rewritten

here for convenience

-D
i

2
ci)(r) + . (r) = S.(r)E

t.
4)

The total removal cross section, Et.' is defined as

N
= Ea. + Es (i

j=1

N

= Za.
+ E (i Zs(i

Similarly, we can write the source as

S.(r) = Es(i

i=1

N

j=1

(7-3)

(7-27)

(7- 28)

Substituting Equations (7-27) and (7-28) into Equation (7-3), we have



N

- rD.V

2
cl),(r) + (1),(0 s(i ) +\ Es(i =

1 1 a,
1

N

rEs(j ) + F.
1
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(7-29)

It is clear from Equation (7-29) that inscattering appears on both

sides of the equation. Therefore it can have any value we choose

and not change the solution. Lilley has proposed that stability can

be improved by artificially increasing this inscatter term. On the

other hand, he points out that as the inscatter is increased more

iterations are required to get a solution.

To test this idea, several axial, one-dimensional calculations

have been made for the General Electric core. In each case the

modes were 26-group spectra taken from the one-dimensional radial

calculation at mesh points 10, 35, 45, and 55. These spectra were

selected because, from Table 6. 1, the modal problem for this set was

very unstable. The factor p was introduced as an input to the

GENERATE code and mulitplied the final inscatter term, so that
00 00

= A g. (E) dE Es(E'
11

5..
0 1 (7 -30)

The removal cross section, Et. , was re-adjusted as necessary. The

value of the e after each iteration for different values of p
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has been plotted in Figure 7. 1. These results graphically demon-

strate the effect of inscatter on stability.

For p 0. 1 the eigenvalue oscillates radically and diverges.

As is increased to O. 4, the oscillatory behavior is still present

but has been sufficiently dampened to allow convergence. In contrast

the run where p = 2. 0 is somewhat over-dampened. Yet, even for

this case, some oscillatory behavior is evident.

While the effective use of inscattering is helpful to gain stabil-

ity, it is not enough. The most stable configuration depicted in

Figure 7. 1 converged to 10-5 in 42 iterations. Yet, according to

Table 6. 1, the four-group problem for the same case converged to

10-6 in 16 iterations.

It has been demonstrated that the upscattering instability is due

to errors in the flux solution of the inhomogeneous problem; that is ,

the problem that is formulated after a fission source has been com-

puted. The size of these errors will be dependent upon the relative

rmagnitudeof the upscatter contribution to the source term Si( r) as

defined by Equation (7-26). With this in mind, consider the scatter-

ing matrix:

s
11 51N1

Es
SNI NN
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Figure 7.1. Eigenvalue vs. iteration for different
inscattering factors.
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The terms in this matrix that correspond to upscattering are those

in the upper triangular part of the matrix, outlined by the dotted line.

Terms on the main diagonal correspond to inscattering, while down-

scattering terms are in the lower triangular part.

We recognize that the arrangement of the matrix is determined

by the order in which we have decided to solve the equations; that is,

terms in the first row correspond to the first equation, terms in the

second row correspond to the second equation, etc. If two rows are

interchanged, it simply implies that the equations are being solved in

a different order. This suggests that we may vary terms in the up-

scatter part of the matrix by rearranging the equation order. In fact,

it would seem that it might be possible to minimize the upscattering

terms in this way and maximize the stability.

To test this idea, four radial, one-dimensional calculations

have been made on the General Electric core in which the equation

order was varied. In each case the trial functions were the 26-group

spectra from radial mesh points 10, 35, 45, and 55 respectively.

The results of these calculations are presented in Table 7. 2. The

equation order is defined according to the legend in the table. Thus,

equation one is the equation for the coefficients of the first mode,

the spectrum at mesh point ten. For each of these cases, the in-

scatter factor, p, was 0. 1. Notice that the stability of iterations

can, indeed, be dramatically improved by re-ordering the equations.
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To compare with the data in Figure 7, 1, the axial calculation with

= 0. 2 converged to 10-6 in 21 iterations when the equations were

reordered. For the less stable configuration, the eigenvalue con-

verged to 10 -5 in 42 iterations.

These results are very encouraging. However, it was necessary

to perform several calculations before the most stable configuration

was determined. For practical applications this would be unaccept-

able.

TABLE 7. 2, Radial one-dimensional calculations for
reordered sets of equations

Equation Order Iterations Legend

(1)-(2)-(3)-(4) 93 (1) Spectrum at point 10
(4)-(2)-(3)-(1) 74 (2) Spectrum at point 35
(2)-(4)-(3)-(1) 59 (3) Spectrum at point 45

(4)-(3)-(2)-(1) Diverged (4) Spectrum at point 55

An alternative approach to the problem has been suggested by

Sawyer and Hill (43). Recall that the flux solution corresponds to a

neutron balance. Given a source of neutrons, which in Equation (7-23)

corresponds to a fission source, the flux solution describes how many

are absorbed, where they are absorbed, and how many escape from

the system, If the flux solution is in error, the neutron balance will

not be satisfied. Sawyer, et al, have recommended that the solution
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be adjusted to require that it satisfy a neutron balance. This can be

accomplished by computing a set of "f" factors that multiply the flux

solution of each equation.

From Equation (7-2) the diffusion equation about volume element

k for group (or mode) i may be written as

-L. (I). E
1, k 1, k t.

1,

N

j=1

N

Es (3 3, k +
X

X. vEf.
,_dpj, k

j=1 1`. (7-31)

where L. is the finite difference operator corresponding to the
1,k

leakage, 2eakage, D.v , for the geometry of the problem. If Equation (7-31)

is integrated over the core, we have

:47Et.

N

07F. +
3

3'1

(7-32)

where t.T) C. = k etc. Since we are demanding that the

flux satisfy a neutron balance on the fission source, we have

N
XiE= ocTiEt + F (7-33)

where F = j vE Tp.
3f

and represents the total fission source for the

3=1 j

whole reactor. For the upscatter problem, we have established that

Equation (7-33) may not be satisfied. The f-factors are computed

subject to the condition that Equation (7-33) hold. Thus, the following
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Xi

i J J
+ F (7-34)

Equation (7 -34)(7-34) represents a set of N equations to be solved for the

sNunknown f.'s. Once the f-factors have been computed, the fluxes

in group i (or the coefficients of mode i) are multiplied by fi and

this is taken to be the flux guess after the given iteration.

A subroutine to compute f-factors has been included in a one-

dimensional diffusion theory code written at Oregon State University

by Dave Skeen (47). The code, DTHEORY, was modified so that the

computation of f-factors could be specified as an input parameter.

In its modified form the code updates the downscattering terms con-

tinually but updates the fission source only after each outer iteration.

Several cases have been run to determine the utility of comput-

ing f-factors. The results of these calculations are presented in

Table 7.3. They were run for the General Electric core, and the

modes are defined according to the legend in Table 6.2. The factor

p is the inscatter multiplier discussed earlier in this section. Note

that two radial calculations were made for the modal set (3-4-5-6).

For the first run the equations were reordered into a more stable

configuration; whereas, the structure used for the second run has

been found to be very unstable. The emphasis here was to determine

how the f-factors would affect a stable problem and an unstable problem.
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TABLE 7.3. One-dimensional calculations using f-factors

Type of
Modes Ordering p f-Factors Iterations keff Calculation

3-4-5-6 4-2-3-1 . 2 Yes 46 1.0802

3-4-5-6 4-2-3-1 . 2 No 46 1.0802

1-11-12-13 1-2-3-4 .1 Yes 17 1.0814

1-11-12-13 1-2-3-4 .1 No 18 1.0827

3-4-5-6 1-2-3-4 .2 Yes 29 1.0790

3-4-5-6 1-2-3-4 . 2 No 27 1.0790

3-4-5-6 1-2-3-4 . 1 Yes 78 1.0806

3-4-5-6 1-2-3-4 . 1 No 58 1.0806

3-4-5-6 4-2-3-1 . 2 Yes 20 1.0790

3-4-5-6 4-2-3-1 . 2 No 28 1.0790

Radial

Radial

Axial

Axial

Axial

Axial

Radial

Radial

Axial

Axial

As the results are presented in the table, it is difficult to evaluate

the advantages or disadvantages associated with using f-factors. For

the first three sets of runs, their effect is virtually unnoticeable.

For the fourth case, a radial calculation, 78 iterations were required

to converge when f-factors were calculated, while only 58 iterations

were required without f-factors. On the other hand, in the last case

the f-factors improved the stability, the number of iterations being

reduced from 28 to 20.

A closer examination of the last two cases reveals that the

iterations follow a different pattern. In the first case, where the

f-factors disturbed the stability, the problem showed major
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instabilities through the first few iterations, exhibiting an oscillatory

behavior. When f-factors were computed, the magnitude of the oscil-

lations increased. The eigenvalue after each iteration is presented

in Table 7. 4 for the first ten iterations, both with and without f-fact-

ors, to demonstrate this behavior. As a result of the f-factors cal-

culations, instead of starting to stabilize near the seventh iteration,

the problem did not begin to stabilize until the 25th iteration. The

eigenvalue computed after the 16th iteration, for example, was 16.86.

Once the problem stabilized, the oscillations seemed to dampen out.

In each case, the change in keff was in the same direction for the

final 47 iterations.

These results indicate that the f-factors exaggerated errors

in the computed flux. The f-factors computed after the first iteration,

for example, had values as large as 100. It suggests that f-factors

must be used with caution. With this in mind, the same problem was

run with the f-factors being computed every iteration after the seventh,

but not before. This time the problem converged in 58 iterations.

A more reasonable approach, however, would be to establish a

criterion for the f-factors. For example, require that all the f-fact-

ors be less than a given parameter, say 10. 0, before the fission

source is updated. If the f-factors are greater than 10. 0, the flux

is computed once again for the same fission source, but using the

most recent fluxes to compute scatter-transfer contributions. Using
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TABLE 7. 4. Effect of f-factors on oscillations in
keff for first ten iterations

Iteration keff

With f -Factors Without f -Factors

1

2

-3. 735792

-2. 056657

. 426574

.937889

3 . 346179 1. 342076

4 -1. 741800 1. 020013

5 . 058864 . 967869

6 -1.798208 1. 116333

7 -0. 143317 1. 089763

8 -0.759467 1. 044648

9 -4. 900523 1. 074621

10 3. 157704 I. 082747

this approach, the same problem was run again and converged in

58 iterations. It was necessary to recompute the flux only after

the first iteration.

For the second case, where f-factors improved stability, the

iteration was characterized by a different behavior. Here there was

a mild oscillatory behavior that continued till the problem converged.

The f-factors appeared to dampen these oscillations.

A similar behavior was common to the two-dimensional prob-

lems that converged slowly. For example, when modes 3, 4, 5, and

6 were used to solve the two-dimensional problem for the General
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Electric core, the problem had still not converged after 47 itera-

tions.tions. At 46 iterations the eigenvalue was 1. 027288. Yet, after 19

iterations it was 1. 031, and after 27 iterations it was 1. 0277. The

oscillatory behavior forced the problem to continue for 20 more

iterations.

A similar behavior was exhibited by the modal problem for the

two-dimension solution of the EBR core. In this case the eigenvalue

converged to 1. 1313 after 48 iterations. Yet, after 17 iterations the

eigenvalue was 1. 145, and after 22 iterations it was 1. 1327. Once

again the oscillatory behavior resulted in an excessive number of

iterations.

Since the f-factor calculation for a four mode problem would

only involve the solution of four equations with four unknowns applica-

tions could easily be extended to two-dimensional problems without

a noticeable increase in computer time.

The results presented in Table 7. 3 offer insight to the problem

in another sense. An astute observer may notice that the number of

iterations to converge for the cases listed there are fewer than those

listed for identical runs presented earlier in this chapter and in

Chapter VI. For example, the first case, with modes (3-4-5-6),

R = 0. 2, and solved inthe order 4-2-3-1, converged in 46 iterations.

The cc,n'

than 1. 0 x 10

genre at 47 iterations was 1. 6 x 10-5, still larger
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The same case listed in Table 7. 2 converged in 74 iterations. The

results in Table 7. 2 were obtained using HFN while those in Table

7. 3 were obtained from DTHEORY. There is only one difference

between the convergence scheme for HEN and DTHEORY. In HFN

the fission source and the scatter source are continually updated

after each equation is solved. In DTHEORY only the scatter source

is updated continuously; the fission source is computed only after all

the equations for a given iteration have been solved. To verify that

this was the only difference, DTHEORY was again modified so that

the fission source was continuously updated, and indeed, the prob-

lems did require more iterations to converge.

This is not as unreasonable as it may seem. Consider again

the source term defined in Equation (7-26):

i-1

E(j `-M). (:r)s 1

1

N

Zs(j 1),ti° (r) + Fi (7-26)

where F. represents the fission source for equation i. We have

emphasized that the advantage to downscatter problems is that the

second term on the right hand side of this equation is not present.

Since all of the (1) appearing in the first term have been computed

theby the time tha tne equation is solved, the source, S(r), is

precisely defined, It is thus possible to solve for the correct flux

that co-rres tC, the g en fission source in one iteration. However,
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if the fission source is updated, the flux solution will not be correct.

That is to say, there is one flux vector, 43, , that is the solution

for the source vector F. When we solve the first equation, we are

solving for the first element of the flux vector, cp.1 . If this is then

used to update the source, we will have computed a new souce vector

F' . The flux vector it.' corresponding to this new source vector

will be different from the flux vector 43.. So also, the first element

of CP, ', t
1

, may be different from 41 . If the fission source is

updated and 41 is used to compute the downscatter contributions to

S.(r) instead of 43,'i , then errors may be introduced as a result. As

the source is updated with each flux solution, it is possible for these

errors to grow sufficiently large to introduce instabilities into the

convergence problem.

With the recognition of problems associated with upscattering

it has become increasingly evident that the major problem is compu-

tation of the flux vector, 43, , that corresponds to the fission source

vector F . To review this problem consider, once again, Equation

(7-23):

.

Et
N-

11)N_

s
11

. . Es
1N

(1) N
sNl ...E

sNN"

1

[F

1

FN

(7-23)
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It has been established that for the downscatter problem it is possi-

ble to solve exactly for the flux by starting with equation one and

solving the equation sequentially. It has also been established that

when upscatter problems are solved in this manner, the flux solution

will not be correct.

With a view toward accurately solving for the vector dp before

the fission source is updated, Skeen (47) has suggested that Equation

(7-23) be solved simultaneously as one problem for the one-dimen-

sional case, instead of solving each equation separately. From

Equation (7-7) the terms -D, v 2
cl). from Equation (7-23) may be

written in matrix form as

ai, ].
bi,

2

b, a. b,
1,1 1,2 1,3

.bi,K- a1
1 ,K-1 bi,K

bi,K-1 a i,K

, K -1

,K

We can include a spatial dependence in Equation (7-23) by writing

the flux vector as

4) 1

4) 2

(7-35)

(7-36)



where 1p
1

is the flux vector at mesh point one defined as

and there are N equations.
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(7-37)

Equation (7-35) may be rewritten in terms of the vector for

the one-dimensional problem, where the spatial equation is of the

form (7-35), as:

=
A11

A21

=
A

12

A22

A32

A23

=
A33 A34

AK, K-1 A KK-

LIJ

-`17K

F
1

F
2

1-7K-

(7 -38)

and the elements A.. are themselves submatrices. The diagonal

submatrices are full and include all the scatter-transfer terms:

A..
ri

a.I, 1

Es
21

sN1

s 12

a. , 2

...
s13

Es, 23

Es
1N

Es
2N

aIair N

(7-39)
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2D.

where a.. = 1 + Et. , and the cross sections are defined accord-
ij h

2
J

ing to the properties of the region at space point i . The upper di-

agonal and lower diagonal submatrices are diagonal matrices whose

elements are the spatial coupling terms, b.. , defined by Equation

(7-7).

In the form (7-38) the flux vector (I) that represents the solu-

tion to the fission source vector F can be found directly by a

Gaussian forward-reduction, back-substitution. Note that for this

approach the ordering of the equations is immaterial. Furthermore,

since the inscatter, E , is subtracted off before the reduction,s..

there can be no adjustment of p.

A code, DSWEEP, has been programmed to solve this set of

equations. Radial and axial calculations in one dimension have been

run for the General Electric core using cases that have been unstable.

These calculations have been compared to few group calculations

made with DTHEORY. The results of these calculations are pre-

sented in Table 7. 5. The modal calculation in slab geometry requires

17 iterations to converge. The few group problem for the same

case took 16 iterations.' In cylinder geometry for the radial calcula-

tion, the modal problem takes 47 iterations and the few group prob-

lem takes 46. Thus, the modal calculations performed with DSWEEP

require roughly the same number of iterations to converge as the

corresponding few group calculation.
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Note also that a case is presented where adjoint weighting was

used. The modes were one-dimensional spectra at mesh points 10,

35, 45, and 55 while the weight functions were one-dimensional

spectra at the same mesh points taken from a 26-group adjoint calcu-

lation. When the case was run with DTHEORY, the problem did not

converge. With DSWEEP it converged in 50 iterations.

TABLE 7.5. Numerical comparisons of DTHEORY and DSWEEP

Modes Weight Functions Calculations Code Iterations

3-4-5-6 Modes Radial DTHEORY 58

3-4-5-6 Modes Radial DSWEEP 47

3-4-5-6 Modes Axial DTHEORY 27

3-4-5-6 Modes Axial DSWEEP 17

3-4-5-5 Adjoints Radial DTHEORY Diverged

3-4-5-6 Adjoints Radial DSWEEP 50

4 Groups Radial DTHEORY 46

4 Groups Axial DTHEORY 16

The eigenvalue was 1.080693 compared to a 26-group eigenvalue of

1.080686. From this result it would appear that adjoint weighting

offers promise for the modal method. By applying the methods

developed in this chapter, the numerical problems would seem to be

under control and it may now be possible to more thoroughly invest-

igate alternate forms of weighting.
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Summary

It is clear from the results in this chapter that instabilities

arising in the solution of modal problems are caused by upscatter

contributions that introduce errors into the computation of the flux.

We have found that stability problems can be avoided by:

1. artificially changing the self-scatter term,

2. rearranging the equation order,

3. forcing a balance after each iteration by computing f-factors,

and

4. solving directly for the flux vector 4 that is the solution

for a given fission source.

While the first two methods are very helpful, it is difficult to

know beforehand how to use them. For the general case of self-

scatter, a value of p = 1. 0 would probably be adequate; yet, there

are cases here this would over-dampen the system causing very

slow convergenece. This may occur when the self-scatter cross

section is too large, since it can then dominate the absorption term.

In one case, where 13 == 2. 0 , the eigenvalue converged at 1. 077

instead of I. 080, the value for a smaller P. In addition, this case

required 15 more iterations. It was felt that these errors, indeed,

resulted because 13 was too large.
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Similarly, there seems to be no figure of merit to determine

the most stable equation order -- only insight and experience. On

the other hand, it appears that computing f-factors can have a useful

stabilizing effect, provided they are used wisely.

By solving the equation exactly for the flux vector (43. , we have

established that the modal method is capable of converging as fast as

the few group method.
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VIII. CONCLUSIONS AND SUGGESTIONS
FOR FUTURE DEVELOPMENT

Remarks on the Modal Method

The results presented in Chapter VI indicate that there is little

difference between the accuracy of keff for comparable modal and

few group calculations. On the other hand, modal calculations appear

to reconstruct the flux more accurately than few group approximations,

at least in the core where the flux values are most crucial.

Because the upscatterin.g must be calculated, more computa-

tions are necessary in modal calculations. The results presented

herein, however, reveal that the time per outer iteration is only

slightly higher for comparable modal and few group calculations.

From the two-dimensional calculations on the General Electric core,

the four group problem requires between 7.5 and 8 seconds for each

outer iteration. The four mode problem for the same core requires

9 seconds per outer iteration.

In view of these results, and the potential improvements avail-

able, the modal method looks promising. The primary problem area

has been the numerical stability of the iteration scheme. Methods

have been prese"tteC in Chapter VII which will hopefully alleviate this

problem. Still, the effect of including a balance requirement and

i- factor caicu or two-dimensional problems must be
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determined. In addition, a closer study of the scattering matrix may

suggest a figure of merit that may be used to determine, beforehand,

the most stable configuration of the equation order.

With means available to deal with the problem of numerical

stability, it will now be possible to more thoroughly investigate

advanced applications of the method. For example, other forms of

weighting such as adjoint weighting and reaction rate weighting may

be studied. As outlined in Chapter VII, a radial calculation in the

General Electric core with adjoint weighting computed an eigenvalue

of 1. 080693 in 50 iterations. This agrees excellently with the 26-

group eigenvalue of 1. 080686. A further investigation in this area

would seemingly be quite promising. Also it is possible to use many

group spectra as trial functions. All of the modes used in this work

have been 26-group spectra. However, there is no restriction to

this and modes may be used with as many as 100 to 2000 groups.

Unlike the standard few group approach, a 2000 group spectrum

would be conceivable as a trial function and would not present the

prohibitive calculational problems. In addition there are several

other means available to improve the accuracy of modal calculations.

Spatially Discontinuous Modes

The method presented in this work was developed with a view

toward using existing diffusion theory codes to solve the problem.
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However, there are advantages in writing a code to specifically solve

the modal problem. It may be possible, for example, to use trial

functions that are discontinuous in space. Thus, one set of modes

would be used in the core and an entirely different set might be used

in the blanket and reflector regions. It is obvious that such sets of

trial functions would more accurately represent the flux.

The primary problem associated with spatially discontinuous

modes is that the boundary conditions are more complex. The bound-

ary conditions at a material interface are continuity of flux and

current:

1. t.(r,E) = t.(r+, E) (8-1)

2. D(r,E) v t,(r,E) = D(r +, E) V (r +, E) (8-2)

In Chapter II it was established that these conditions would be satis-

fied for the modal problem by demanding that

and

(1).(r+)r.

Z. D.(r. ) v4).(r) D.(r+)vc1).(r+)

However, these requirements are contingent upon the fact that (1.(r )

.th
and (1),( ) , the coefficients of the mode on either side of the

interface, are coefficients of the same mode. Nevertheless, it is

possible to construct a set of boundary conditions that will allow a

different set of modes on either side of the interface and still satisfy



the conditions (8-1) and (8-2).

From Equation (8-1), we have
N N

ct).(r)fT(E) Y(/).(r+)f+.(E)
LI 1 1 i---i 1

i-1 i=1
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(8-3)

where +(E) and f (ft) are the trial functions on the left and right

sides of the interface, respectively. If we multiply Equation (8-3)

by (E) and integrate over E we get,

where the

.)F j1
(8-4)

(E) form an orthonormal set. The F.. are defined as
1 31

co

f+.(E)f (E) dE
31 0

(8-5)

Similarly, for the current condition, by substituting the modal

expansions into equation (8-2) and integrating over E, we have

where

N

D.(r-) .1).(r )

N

1=1 i=1

Di(r -3) v (1).(r÷)

oo

D(r +
, E ) f (E) dE

0

and D
1
(r ) = S D(r , E) f

1
(E) dE

0

(8-6)

(8-7)

(8-8)
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In order to apply these boundary conditions in a practical code

it is necessary to think of Equations (8-4) and (8-6) in terms of iter-

ated fluxes. Suppose for example, we are computing the pth iterate

of the flux and we are crossing the interface. To determine e(r+)
p +and D.(r )v (r ) we would simply solve the following equations:

and

D.(r ) vittp (r ) =
3

F.. (4)1D. (r) F.. P (r )

31 1

+1

i=1

D.1 (r)v (1)13.(r)

j-1
.D.(r )v p (r

N

i=j +1

p -
Di(r )

-1 (r )
1

i=j +1

+ p 1D.(r )v (r +
)

1

(8-9)

(8-10)

Both Equations (8-9) and (8-10) reduce to the standard boundary

conditions, Equation (2-12) and (2-17), for the special case f.(E)

f (E).
1

Since existing diffusion theory codes do not satisfy these con-

ditions, it would be necessary to write a special code that could.

Other suggestions have been made providing a formalism that would

admit spatially discontinuous trial functions (1, 24, 53). Yet, in

each case, the presentation involves the selection of a specialized

variational functional that is difficult to use. The above method, in
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contrast, is a simple and straightforward extension of standard

methods which are used to solve the diffusion equation.

Discontinuous Energy Spectra

In Chapter IV, a formalism was presented and used to recon-

struct an energy spectrum with a given set of modes. The ability of

the modes to represent the spectrum determined to a large extent

the desirability of using the given set of modes in a diffusion theory

calculation. Tables 4. 1 through 4. 6 present the results of many

such comparisons. These tables demonstrate that difficulties are

experienced in trying to represent the spectrum in lower energy

groups.

It is possible to represent these spectra much more accurately

with modes that are discontinuous in energy (40). Such trial functions

would be defined over a given energy interval and be zero elsewhere.

In this sense, the approach would be similar to the multi-group

approach. On the other hand, we may have more than one trial

function defined in a given energy interval, hence the overlapping

group approach.

To demonstrate the effectiveness of this approach, the spectrum

at various radial mesh points in the General Electric core has been

represented by four such trial functions. The first three spectra,

defined only for energy groups 1-14, were selected as follows:
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1. Spectrum taken from mesh point one -- the center of the

core

2. Spectrum at mesh point 45 the center of the blanket

3. Spectrum at mesh point 55 -- the center of the reflector.

The fourth mode was region-dependent, and it was taken to be the

flux in the last 12 energy groups from a spectrum at the mesh point

that would be most representative of the region. In the core this

would be the point halfway between the center and the core-blanket

interface. For the blanket and reflector it would be the mesh point

at the center of the region.

The results of these representation are reproduced in Tables

8. 1 through 8. 3. Errors in the flux near the center of the core, as

listed in Table 8. 1, are less than 0. 1% for all groups. At a point

nearer the blanket, Table 8. 2, the maximum error is less than 5%.

Table 8. 3 displays the representation of the flux at a point in the

reflector. Fluxes in this region have been the most difficult to pre-

dict; yet, for this case, the errors are less than 10% for groups

1.-18. The error in group 26 is 35%. While this may seem high, it

is in considerable contrast with results presented in Chapter IV

where fluxes differed by as much as five orders of magnitude.

These results indicate some of the improvements in accuracy

that may be gained by further development.
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TABLE 8. 1 Representation of the Flux at Mesh Point 10

Group Synthesized Flux Original Flux Error (%)

1

2

3

4

5

6

2. 1305E-05

1. 0963E-04

2. 6883E-04

3. ,681E -04

4.8771E-04

9.2728E -04

2. 1292E-05

1., 0960E-04

2. 6875E-04

3. 7684E-04

4. 877 2E -04

9.2725E -04

. 064

. 021

. 031

-0. 007

-0. 002

.004

7 1. 1597E-03 1. 1597E-03 -0. 005

8 1. 1733E-03 1. 1733E-03 -0. 002

9 9. 8927E-04 9. 8922E-04 . 005

10 7. 4718E-04 7. 4714E-04 .005

11 4.4763E -04 4.7468E-04 -0.009

12 2. 0804E-04 2. 0805E-04 -0. 006

13 7. 5438E-05 7. 5442E-05 -0. 004

14 1. 0568E-04 1. 0568E-04 . 007

15 3.6792E -05 3.6792E -05 -0.000

16 9. 7479E-06 9.7481E -06 -0.001

17 1. 9389E-06 1. 9377E-06 . 064

18 2. 4911E-07 2. 4909E-07 . 006

19 3. 7552E-08 3. 7545E-08 . 017

20 2.6928E -09 2.6935E -09 -0.026

21 2. 1810E-10 2. 1805E-10 . 024

22 4. 0861E-11 4. 0844E-11 .041

23 1. 5922E-12 1. 5909E-12 . 078

24 3.8714E-14 3.8688E-14 . 067

25 2. 1230E-16 2. 1221E-16 .044

26 1.5551E -18 1. 5540E-18 . 073
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TABLE 8. 2. Representation of the flux at mesh point 30

Group Synthesized Flux Original Flux Error (%)

1 1. 0999E-05 1. 1015E-05 -0. 142

2 5. 6595E-05 5. 6708E-05 -0. 199

3 1. 3879E-04 1. 3906E-04 -0. 197

4 1. 9454E-04 1.9491E -04 -0, 191

5 2. 5p89E-04 2.5211E -04 -0. 086

6 4.7892E-04 4.7913E -04 -0.043

7 5. 9879E-04 5. 9884E-04 -0. 009

8 6. 0657E-04 6.0580E -04 . 128

9 5. 1128E-04 5. 1117E-04 .022

10 3.8653E -04 3.8675E -04 -0.057

11 2. 4578E-04 2. 4623E-04 -0. 186

12 1. 0784E-04 1. 0809E-04 -0. 232

13 3. 9152E-05 3. 9221E-05 -0. 175

14 5. 5070E-05 5.5091E -05 -0. 039

15 1.9238E -05 1.9234E -05 .020

16 5. 0969E-06 5. 1104E-06 -0. 264

17 1.0138E -06 1. 0186E-06 -0. 469

18 1. 3025E-07 1. 3117E-07 -0.700

19 1. 9635E-08 1.9818E-08 -0.925

20 1.4080E -09 1.4234E -09 -1.080

21 1. 1404E-10 1. 1548E-10 -1. 247

22 2. 1365E-11 2. 2208E-11 -3. 795

23 8. 3249E-13 8. 6883E-13 -4. 182

24 2. 0243E-14 2. 1169E-14 -4. 376

25 1. 1101E-16 1. 1612E-16 -4. 402

26 8.1314E -19 8.5080E-19 -4. 427
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TABLE 8. 3. Representation of the flux at mesh point 53

Group Synthesized Flux Original Flux Error (%)

1 6. 5904E-08 6. 2708E-08 5. 095

2 3. 0951E-07 2. 8604E-07 8. 203

3 8. 4986E-07 8. 3062E-07 2. 316

4 1.3196E -06 1. 3249E-06 -0. 404

5 4. 2696E-06 4. 4526E-06 -4. 110

6 9. 9099E-06 9.8101E -06 1. 017

7 1. 0508E-05 1. 0329E-05 1. 737

8 3. 1414E-05 3. 1536E-05 -0. 387

9 2. 4364E-05 2. 4442E-05 -0. 318

10 2. 9759E-05 2. 9844E-05 -0. 286

11 2. 5871E-05 2.5779E -05 . 355

12 1. 4968E-05 1. 4974E 05 -0. 044

13 6.7534E -06 6.8104E -06 -0.836

14 1. 5484E-05 1. 5208E-05 1.817

15 1.0483E -05 1. 1434E-05 -8. 312

16 8.7010E -06 9.0091E -06 -3.420

17 7. 5689E-06 7. 3779E-06 2. 588

18 6. 3265E-06 5. 8117E-06 8.859

19 5.0610E -06 4.4052E -06 14.888

20 3. 7989E-06 3. 1442E-06 20. 824

21 2. 5871E-06 2.0481E -06 26. 321

22 1. 5698E-06 1. 2108E-06 29. 649

23 7.8871E -07 5. 9766E-07 31. 966

24 3. 0706E-07 2,.3013E -07 33. 430

25 9. 1370E-08 6. 7740E-08 34. 883

26 7.4511E -09 5.5010E -09 35. 450
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Methods to Generate Trial Functions

Several investigators have suggested that modal methods might

be more effectively used if the trial functions themselves are gener-

ated as a pa rt of the problem (24, 41, 50). The approach is relatively

straightforward.

A set of trial functions are selected, the initial guess, and the

diffusion theory problem is run to generate a set of coefficients. Once

we have the set of coefficients, we reconsider the modal approxima-

tion as

(r, E) =
N

i=1

d?.(r)f.(E) (8-11)

where the ,4). (r) are now known and the f (E) are not. Substituting

the approximate form into the diffusion equation we have

N

f. (E) v D(r, E) v 4. (r)

i=1

N

N

i=1

E>E' f. ( t) cl)i(r) dE'
CI

t(r,E)f.(E)4).(r) =

X(E)
co

+ E1)(1)i(r)fi(E')dE'
0 1

(8-12)

Multiplying through by c).(1_-) and integrating over space, we get

N

[ -D..
J1

(E) fi (E) t.
(E) f. (E)] =

.

:=1



N N

(E' f.(E')dE1 X(E)
oo

vEf E`

0 ji i=1

where we have defined

D..(E) cl).(r)v D(r,E)vct)i(r)dr

Et.. (E) cb.(r)E (r,).4).(r)dr
31

J
t

E (12' 43,.(r)E (r, E' "E)(1).(r) dr
s..

31 R s

vE (IT)

ji

Scl).(r)vEf (r,E)4)i(r)dr
R
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(8-13)

(8-14)

(8-15)

(8-16)

(8-17)

Approximating the integrals in Equation (8-13) by finite sums in a

multi-group sense, we would ha e

-D .(E )f (E ) (E )f (E )] =
ji k i k it.,k k

J1

N J X(E )

L
)f (E ) Eki tS,

p p
xk

1

vEf,.(Ep)fi.(Ep) Ep]

i=1
3

(8-18)

Equation (8 -18) represents a system of J x N equations in J x N

Eunknownswhich may be solved for a new set of modes, f. { E). This

set may then b used to recompute a set of coefficients, (1).(r), and

the process !:)e continued.
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Toivanen (50) has reported that flux representations are con-

siderably improved when generated trial functions are used. How-

ever, his initial trial functions were fundamental mode spectra, and

we have seen (Chapter IV and Chapter VI) that these spectra repre-

sent the flux poorly. The improvement that can be gained over a

better set of trial functions remains to be determined. Still, by

using spectra generated in this manner, it may be possible to get by

with fewer modes say two or three instead of four or five as we

have found necessary.

Conclusions

The modal method has been developed to the point where the

solution of diffusion theory problems is feasible. The major prob-

len-i has been numerical stability; however methods have been

developed to deal with it. The accuracy of the method in its present

form is comparable to but not noticeably better than the few group

method. Even so, the development is in its crudest form. Several

suggestions have been made to refine the approach. It is fully expect-

ed that with further development the modal method will provide an

attractive alternative to few group approximations.
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APPENDIX A.

COMPUTER CODE GENERATE

Description of Code

Computer code GENERATE, written in standard Fortran, is

designed to perform the steps outlined in Chapter II for generating

modal input to a diffusion theory code. All input is read from cards

and subroutines dependent on the CDC 3300 operating system at

Oregon State University have been removed. The standard input and

output units for the CDC 3300 are 60 and 61, respectively; however,

these have been generalized in the code and may be changed by

simply changing statements 16 and 17 in the code.

The modes themselves may be used as weight functions or

arbitrary functions may be employed; in any case, GENERATE will

routinely form a bi-orthogonal set between the weight functions and

the modes, so that

f°°g (E) f (E) dE = S..
0

(A-1)

These orthogonalized functions will be punched as part of the output

of GENERATE, if desired, in order to resynthesize fluxes after the

coefficients have been computed in a diffusion theory code. It is

important to note that GENERATE assumes that all modes and weight
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functions are integrated spectra, such as those output by a diffusion

theory code. Thus, the input mode f, k
would be defined as

k
f.(E)dE

k

(A-2)

The conversion of the k
f1 to f.(E, ), as is necessary to perform the

k

indicated integrations, is done by the code.

Cross sec io xs are read in the format that 1DX and FCC punch

their output. The output is punched in a format compatible with the

modified version of 2DB.

The code has been dimensioned for 26 groups and a maximum

of eight modes.

Input Instructions

Variable Columns Description

CARD is FORMAT (616)

MOD 1-6 Number of modes.

N 7-12 Number of energy groups.

ICI< 13-18 Weight functions:
0 = Other,
1 = Modes themselves.

RG 19 24 Number of regions.

NXCM 7,5- 30 Number of columns in input scattering
matrix. (If there are 10 downscatter-
ing terms, NXCM = 11)

NP 31-36 Punch Modes:
= Punch orthogonalized modes

1 = No punch.
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CARD

BETA

FORMAT (F6.3)

1-6 Factor to multiply final scatter cross
section. (See Equation 7-30).

CARD 3: FORMAT (6E12.5)

MODE(N, MOD) 1-12

MODE (N, MOD) 13-24

CARD 4: FORMAT (6E12.5)

Flux in group 1 for first mode.
Flux in group 2 for first mode.

Continue for all energy groups and all
modes. The flux for each mode starts
on a new card.

DELU(N) 1-12 Width of lethargy interval in group 1.

DELU(N) 13-24 Width of lethargy interval in group 2,

. Continue for all energy groups.

CARD 5: FORMAT (6E12.5)

CHI(N) 1-12 Fission fraction (spectrum) in first
energy group.

CHI(N) 13 - 24 Fission fraction in second energy
group.
Continue for all energy groups.

CARD 6: FORMAT (6E12.5)

Required only if ICK = 0,

WF (N, MOD) 1-12

WF(N, MOD)

Flux in group 1 for the first weight
function.

13-24 Flux in group 2 for first weight
function.
Continue for all energy groups and all
weight functions. Each weight function
starts on a new card.
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CARD 7: FORMAT (9A8)

NAME (9) 1-72 Idenfitication for first region.

CARD 8: FORMAT (6E12.5)

SIGF(N) 1-12 If for first group in region 1.

SIGTOT(N) 13-24 .
a

NSIGF(N) 25-36 vEf.

D(N) 37-48 Etr.
SIGSC (N, N) 49-60

SIGSC (n, N) 61-72 Es (i - 1

Continue through Es(i NXCM +
1 '-i).
Repeat for all groups.

Repeat cards 7 and 8 for all regions.

Description of Punched Output

Output cross sections are punched by subroutine INPUT in a

format to be compatible with the modified version of 2DB. The

data for each mode, which corresponds to cross section data for

each group, is punched in the following format:

Variable Columns Description

CARD 1: FORMAT (9A8)

NAME (9) 1-72 Identification of region.
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CARD 2: FORMAT 6E12.5)

AF(MOD) 1-12 E integral for first mode.

SIGT(MOD) 13-24 Total removal integral.

SIGFIS(MOD) 25-36 vEf integral.

DIFF (MOD) 37-48 Er integral.

SIGSCAT(MOD,
MOD) 49-60 Es(i --'-i) integral.

SIGSCAT(MOD,

MOD) 61-72 Es(i - 1 --"i) integral.

Continue through Es(1 Then

Es (i + 1 Es(i + 2 -"i), ,

Es (MOD These terms correspond

to upscattering.

Cards 1 and 2 are repeated for each region.

CARD 3: FORMAT (6E12.5)

Only if NP 0.

MODE(N, MOD) 1-12 Flux in first group for first orthogonal-
ized mode.

MODE(M, MOD) 13-24 Flux in second group.

. Continue for all groups. Repeat for
each mode.
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r0051: 20 A I,J)= Am117( I,J)+7 CAT( 1,
'0°52:C CALCULATE 9IT3(I,J)

17 29 J=1,MO1
10054: 1/ 25 I=1,','O1

1005: SI T-3( I, J)=1ELI1(1)* 47(1, I)*Am=7T- (1,0)
x050; 001 25 K =2, N

00057: 25 SI Gr,'( I,J)=IG`3( 1ELUCO*'4/T7( K, )k A^, 3):( 1, u)

00068:C CALCULATE X( I)
00059: DO 30 I=1,M10
00070: X(I)=DELU(1)*W(1,I)*CHI(1)
00071: DO 33 K=2,N
00072: 30 X(I)=X(I)+DELU(K)*WF(K,I)*CHI(K)
00073:C CALCULATE SIGFIS(J)
00074: DO 35 J=1,M00
00075: SIGFI9(J)=0ELU(1)*Ir_7(1)*Y,707(1,j)
00076: D3 35 K=2,N
0077: 35 SICFIC(J)=SI3FIS(J)+DELU(,0*N2I,F(K)*'I)L(

00078: DO 40 I=1,103
00079: DO 4n J=1,10D
00080: 40 C08(I,J)=X(I)*2ICFIS(J)
00021: CALL INVERT(OIFF)
00082: vRITE(NOUT,121)(NAVE(I), 1=1,9)
00093: 'ORITE(NOUT,150)
00084: 150 FOR"IAT('0 INVERSION CHECK '//)

00089: CALL 1ATMULT(DIFF,CHK)
00086: 4RITE(NOUT,102)((CHK(I,J), J=1,"401), III, '))

00087: CALL ^1ATAULT()IFF,SIGT)
00098: CALL YATMULT(1IFF,SIG9)
00089: CALL mATMULT(OIFF,COM3)
00090:C CLEAR DIFF(I,J) TO 7ERP

10091: n7 45 I=1,"1/1
00022: 1/ 45 J=1,M01
000()3: 45 DIFF(I,J)=0
00094:C EXPAND D(E) IN ENERGY MODES

00095: n1 53 i=t,Y)
00095: DIFF(I,I)=ELH(1)*(1)*monE(1,I)
00097: 03 50 K=2,N
00099: 50 1IFF(I,I)=DIFF(I,I)+DELU(K)*/(K)*',
00099: CALL MATMULI(DIFF,IGT)
00100: CALL 'slAT'IMLT(lIFF,(7IGS)
00101: CALL 'flAT1ULT(0IFF,COMD)
00102:C TRANSFER OFF DIAGONAL TERNS IN O1OT T'
00103: -)7, 55 II-1,r1r)

00104: 30 55 K=1,01
00105: IF(I.EQ.K)55,51
00105: 51 '3I3S(I,K)=9IGS(I,K)-9I7(I,)
00107:
00108: 55 CONTINUE
00109: IO 58 I=1,M0)
00110:
03111: SID9(I,I)="31C9(I,I)*RETA
00112: 58 SITT(I,I)=SIGT(I,I)+c3IGS(I,I)
00113: DO 220 I=1,1P3
00114: IF(OIGFIr3(I).E2.0.0) 33 TO 225

00119: Y(I)=COmB(I,I)/SI1FIS(I)
00116: 30 TO 220
00117: 225 X(I)=0.0
00118: 220 CONTINUE
00119: D2' 52 I=1,01
00120: 52 DIFF(I,I)=1.0/(3.0*DIFF(I,I))



153

')121: 121 F'1t>m4T('IGENERATED INPUT FOR',

20129: TJPIT7_(,1?11T103)
00173: 103 /77RY4T(/234 DIFFUSION COEFFICIENTS /)
P0122 1: "V71 80 T=1,"")
f)ni29: 80 d7ITE(uur,102)(oI7F(I,i), J=1,m0n)
0012S: 102 F7P"\T(1H ,4E10.3)
00127: RITECNOUT,104)
0019E: 104 FORMAT( /12H SIGMA TOTAL /)
00129: 81 I=1,MOD
00130: 81 '41RITECNOUT,102)(SIGT(I,J), J=i,roi)
99131: WRITE(NOUT,I05)
99132: 105 FORMAT( /24H SCATTER TRANSFER MATRIX/)
90133: D) 82 I=I,M4D
00134: 82 IOITE(NoUT,102)(SIGS(I,J), J=I,MOD)
09135: ORITE(NOUT,106)
0u136:106 FORMAT(//' NUSIGF INPUT',/)
C0137: WRITE(NOUT,102)(SIGFIS(I), I=1,MOD)
00138: WRITE(NOUT,107)
00139:107 FORMAT(//,' FISSION SPECTRUM',/)
C0140: WRITE(NOUT,102)(X(I), I=1,MOD)
00141: CALL INPUT
00142: 1000 CONTINUE
00143: IF(NP.E().1)G0 TO 1500

00144: DO 500 I=I,MOD
00145: DO 500 J=1,N
00146:500 MODE(J,I)=MODE(J,I)*DELU(J)
00147: DO 550 I=1,M10
00148:550 PUNCH 108,(MODE(J,I), J=I,N)
00149:108 FORMAT(6E12.5)
00150:1500 CONTINUE
00151: END
00152:
0n153: SUBROUTINE MATMULT(AV,B)
00154: INCLUDE MEMORY
00155: DIMENSION AV(8,8),B(8,8),C(8,8)
00156: DO 10 I=1,MOD
00157: 00 In J=I,MOD
00158: C(I,J)=0
00159: DO 10 K=1,M0D
00160: 19 C(I,J)=C(I,J)+AV(I,K),03(K,J)
00161: DO 20 I=1,m0D
00162: DO 20 J=1,moD
00163: 2n R(I,J)=C(I,J)
00164: RETURN
00165: END
00166:
00167: SUBROUTINE INVERT(B)
00168: INCLUDE MEMORY
00169: DIMENSION AV(8,9),B(8,8),C(8,8),XX(8)
00170: DO 10 I=I,MOD
00171: DO 10 J=1,m0D
00172: C(I,J)=B(I,J)
00173: 10 AV(I,J)=B(I,J)
00174: DO 12 I=1,m00
00175: DO 12 J=1,M0D
00176: B(I,J)=0.0
00177: IF(I.EQ.J)11,12
00I78: 11 13(I,j)=1.0
00179: 12 CONTINUE
00189: DO 90 10=1,M0D



'01q1:
00IF9:
P01?3:
00194:
'0IQ5:

00107:
00134:
00189:
00I0:
00191:
00192:
001,13:
00194:
01115:
001 96:
00197:
00190:
00199:
00200:
00201:
00202:
00203:
00204:
00205:
00206:
00207:
00208:
00209:
00210:
00211:
00212:
00213:
00214:
00215:
00216:
0021 7:

00218:
00219:
00220:
00221:
00222:
CO223:
00224:
00225:
00226:
00227:
00228:
00229:10
00230:
00231:
CO232:
00233:
00234:
00235:
CO236:
00237:
00238:
00239:
00240:

DD=0,0
JO=M1D+i
00 20 I=I,MOD
AV(I,JK)=B(I,KN)
D0 20 J=I,MOD

20 AV(I,J)=C( I,0)
DO FO M:1,00
L=I

K= MOD+2- M
DO 40 I=2,1(

IF(ABS(AV(I-1,1))-D0)40,40,35
35 L=I-1

OD=A3S(AV(L,1))
40 CONTINUE

IF(L-1)41,60,4I
41 DO 50 0=1,0

0D=AV(L,J)
AV(L,J)=AV(I,J)

50 AV(1,J)=DD
60 DO 61 I=1,MOD
61 XX(I)=AV(I,I)

DO 80 J=2,K
DD=AV(1,J)/XX(I)
DO 80 I=2, MOD
AV(I-1,J-1)=AV(I,J)-XX(I)*DO

80 AV(MOD,J-I)=DD
DI 25 I=1,MOD

25 B(I,KN)=XX(I)
90 CONTINUE

RETURN
END

SUBROUTINE READ1
INCLUDE MEMORY
DO 30 I=I,MOD

30 READ(NINP,101)(mODE(J,I), J=I,N)
READ(NINP,101)(DELU(I), I=I,N)
READ(NINP,101)(CHI(I), I=I,N)
IF(ICK.E(J.1)00 TO 35
DO 32 K=I,MOD

32 READ(NINP,I01)(W(I,K), I=I,N)
00 TO 40

35 DO 36 K=I,MOD
DO 36 I=I,N

36 WF(I,K)=MODE(I,K)
DO 10 I=I,MOD
DO 10 K=I,N
`4F(K,I)=WF(K,I)/DELU(K)
MODECK,I)=MODE(K,I)/9ELU(K)
CALL SCHMIDT

101 FORMAT(6E12.5)
40 CONTINUE

RETURN
END

SUBROUTINE READ
INCLUDE MEMORY
DO 21 I=I,N
DO 21 J=I,N

21 SIGSCAT(I,J)=0,0

154
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^n241: 00 5

00242: 5 READ( NP, 101)SI OF( , SI GTOT( NSI OF( I), D(

00243: 1 ( GSC( I1),
00244:

J=1,NXCm)
00 7 I=1,N

T2156;
")DO 7 J=1,NXC

TP(J.0T.I)G0 TO 7

00247: XKM=I+1-J
0024P: SISSCAT(I,XKm)=SIGSC(I,J)
00249: 7 CONTINUE
00250: 101 FoRMAT(6E12.5)
00251: RETURN
00252: END
00253:
00254: SUBROUTINE INPUT
00255: INCLUDE MEMORY
00256: DIMENSION AF(8)
00257: DO 10 I=1,MOD
00258: AF(I)=DELU(1)*MODE(1,I)*SIGF(1)
00259: 00 10 J=2,N
00260: 10 AF(I)=AF(I)+DELU(J)*MODE(J,I)*SIGF(J)
00261:C ********** ARRANGE SCATTERING MATRIX ************
00262: DO 60 I=1,MOD
00263: DO 60 J=1,m0D
00264: IF(J.GT.I)G0 TO 55
00265: KKM=I-J+1
00266: SIGSCAT(I,KKM)=SIGS(I,J)
00267: GO TO GO
00268: 55 SIGSCAT(I,J)=SIGSCI,J)
00269: 60 CONTINUE
00270: PUNCH 140,(NAME(I), I=1,9)
00271: 140 FORMAT(9A8)
00272: DO 75 I=1,M09
00273: 75 PUNCH 102, AF( I) ,SIGT(I,I),SIGFIS(I),DIFF(I,I),
00274: 1 (SIGSCAT(I,J), J=1,MOD)
00275: PUNCH 102,(X(I), I= 1,MOD)

00276:102 FORMAT(6E12.5)
00277: RETURN
00278: END
00279:
00280: SUBROUTINE SCHMIDT
00281: INCLUDE MEMORY
00282: DIMENSION CH(P),CH0(8)
00283: CALL NORM1(1)
CO284: DO 95 J=2, MOD

J00285: JK :J -1

00286:C ********* COMPUTE INNER PRODUCT ******************

00287: DO 10 I=1,JK
00288: CHS(I)=0ELU(1)*WF(1,J)*MODE(1,I)
00289: CH(I)=DELU(1)*MODE(1,J)*wp(1,I)
00290: DO 65 M=2,N
00291: CHS(I)=CHS(I)+DELU(M)*WF(M,J)*MODE(11,I)
00292: 65 CH(I)=CH(I)+DELU(M)*MODE(M,J)*W(M,I)
00293: 10 CONTINUE
00294:C ********* PERFORM ORTHOUNALIZATION ************

00295: DO 70 I=1,JX
00296: DO 15 M=1,N
CO297: 4F(f1,J)=WF(M,J)-WF(M,I)*CHS(I)
00298: 15 MODE(M,J)=MODE(M,J)-MODE(M,I)*CH(I)
00299: 70 CONTINUE
00300: CALL NORM1(J)
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00301: 05 CONTINr:
--02: CALL CHECK
09303: 'ETHPJ

2,r)

0°3C:
9'1306: ^U3PAHTU6 CHECK
00307: INCLUDE YlEmPY
c030P: DIm7W-7I)1 3(96,9)
P^30: DO 19 J=1,M7,,D

10310: 0' 10 -.71,

00311: 9( '1,J)=DELU(1)*m00E(1,J)*WF(1,M)
00312: 0 10 I72,
r1313: 10 3(",J)=3( ',J)+DELH(I)*mODE(I,J)*W(I, )

0031 4: .1.71TE( `JOLT, 103)

0:1315: 103 17;7YW(20H ORTHOGONALITY CHECU
00316: DC 2C m=1,Y0D
00317: 20 'VRITE(WUT,100)(3(M,J), J=1,M0))
00318: 100 FORnT(1-1 ,5E11.4)
90319: 00 30 J =1 ,MOD

00320: TEMP=0.0
00321: DO 5 M71,MOD
00322: 5 TEMP=TEMP+A8S(B(M,J))
00323: IF(ABS(TEMP-1.0).LE.0.0001)30,35
00324: 35 WRITE(NOUI,101)
00325: GO TO 40
00326: 30 CONTINUE
00327: WRITE(NOUT,102)
00328: 101 FORMAT(21H FUNCTION LOOKS LOUSY)
00329: 102 FOTIAT(20H FUNCTION LOOKS GOOD)
00330: 40 RETURN
00331: END

00332:
00333: SUBROUTINE NORMI(J)
00334: DIMENSION 3(26,8)
00335: INCLUDE MEMORY
00336: DO 15 M=1,N
00337: 15 R(1,J)=DELu(m)*m1DECI,J)*W(N,J)
00338: TEmP7B(1,J)
O0339: 00 16 4=2,N

00340: 16 TEMP=TTIP+'3(m,J)
00341: IF(T7MP.LT.0.0)C TO 20

00342: TEmiP=qn'3T(TEMP)

00343: TF_AP1=TEIP

00344: Gi TO 25
00345: 20 WRITE(61,100)J
00346:100 F001AT(//' NE-]ATIV: S T AT N7 ',I2,///)

C0347: TE"IP7-TEYIP

00348: TEYP=CQRT(TEYP)
00349: TEMPI= -TEMP

00350:25 COJTIJUE
00351: D7) 17 N71,0

00352: JF(m,J)=W(I,J)/T=rP1
00353: 17 ;',40E(I,J)=M0)E,J)/TEmP
00354: 7"ETURJ
00355: END
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APPENDIX B.

GRAM-SCHMIDT METHOD OF ORTHOGONALIZATION

The purpose of the Gram-Schmidt method, as presented in this

appendix, is to take a set of linearly independent functions

f 1(E), f 2(E), .

and form an orthonormal set,

4 1(E), 4 2(E), , cl)n(E)

from them. These orthonormal functions will satisfy the condition

fn(E)

00

S04).
1
(E) (1).(E) dE = 8..

j

where b.. is the kroniker delta, defined such that
1J

°
6ij 1 i j

The derivation to be developed here follows closely the work of

Davis (8).

To begin we make the following definitions:

a. Inner product (f,43.)

(f,4)) f(E)4)(E) dE

b. Projection of f in the direction of :

(B-1)

(B-2)

Proi(f/4) = (f,(1))013.
(B-3)



c. Norm of f:

f
1

(f, f) 2
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(B - 4)

To form the orthogonal set, it will be necessary to make use of

the following theorem:

Theorem: If 4 is normalized, so that (1),(0) = 1, then f - proj(f/(1))

is orthogonal to (1).

Proof: Consider the inner product

rf Proi(fA)), '4)1 = (f,(1))(i1),(1)) = 0 (B-5)

which follows because ),(0) = 1.

Given the theorem and the above definitions, we define the first

orthogonal function to be

(E) = (E)i

To construct the second orthogonal function, we apply the above

theorem. Thus,

'4)2(E)

Similarly, for the nth orthogonal function, we would have,

n-1

cpn(E) = fn(E) proj(fn/l)i)

(B-6)

I f2(E) - proj(f2/(1)1) I (B-7)

i=1

(B -8)

Note that, in each case, the n 1st function is constructed so that

it is orthogonal to the n preceeding functions.
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APPENDIX C.

A GENERALIZED GRAM-SCHMIDT
ORTHOGONALIZATION PROCEDURE

Occasionally it is necessary to generate a bi-orthogonal set of

functions from two linearly independent sets. Suppose, for example,

we have two such sets of functions.

and

f 1(E),(E), f (E), , f (E)

f
1

(E) f (E), , fn (E)

(C 1)

(C-2)

A bi-orthogonality relationship between these sets would imply that

the functions from each set would be orthogonal to each other but not

orthogonal among themselves. Thus, we wish to generate the sets
J.

4). (E) and 4).( E ) such that the following relationship will be satisfied:

0

4). (E) 4). (E) dE = 6..
1 3

(C-3)

In this appendix, we wish to generalize the Gram-Schmidt method in

order to generate two such sets of functions.

To this end we introduce the following theorem:

Theorem: If the function 4. from the linear vector space EN and its

conjugate, 4 , from the dual space EN are normalized

so that



then

"1".

(4,4 ) = 1

*
f (f ,4)4

is orthogonal to it. and

f (f,4 )4

is orthogonal to e¢

Proof:

a. Let h = f ,4')(0
Ji

Consider the bi-orthogonality condition for h and 4):

* * * * *
,4) [f 01) = , .1)) ,4)(4 '4) =

Therefore h and 4) are orthogonal.

b. Let h = f )4)

Consider the bi-orthogonality condition for h and e¢ :

(h, ( ) f 4 )4), 4
*

] = 4) (f, 4* (1) ) =

Therefore h and 4 are orthogonal.

0
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Since the functions f(E) and f (E) are dissimilar, it is poss-

ible for the inner product, (f, f ), to be negative. As a result, prob-

lems may arise when the functions are normalized, To avoid these

situations, when the inner product is negative, the adjoint function,
J.

f (E), is divided by the negative square root of the inner product, and

the function, f(E), is divided by the positive square root. Recogniz-

ing this, we define the norm such that



f

f

f

(f, f )2

(f, f )2
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(C- 4)

(C-5)

The first functions in the bi-orthogonal sets are defined as

(01

=

f
1

f
1

(C-6)

(C-7)

To construct the other functions we proceed as in Appendix B

and apply the Theorem presented

(1) 2

in this section.

f (f (1) )()2 2 1 11

* *

Thus,

(C-8)

(1)2 =
(I) 1) 431

(C-9)

and in general,
n-1

'1)n
fn f

i=1

n-1

4i) (1)i (C-10)

J.

(1)n
fn fn

i=1

(1).)(1). (C-11)


