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INVESTIGATIONS CONCERNING A HEAT CONDUCTION
PROBLEM INVOLVING A RECTANGULAR

PARALLELEPIPED

INTRODUCTION

The problem considered and solved in this thesis centers around

the temperature field inside a homogeneous solid, a rectangular par-

allelepiped. More specifically, a solution u(x, y, z, t) of the heat

conduction equation

1 8u
Lu k at

where k is a constant

is sought in a domain bounded by 0 < x < a, 0 < y < b, 0 < z < c

(parallelepiped). An initial temperature distribution u(x, y, z, 0)

throughout the interior, together with certain conditions for u at

the boundaries are prescribed. The analysis here is restricted to two

cases, the isothermic case (constant temperature at the boundary) and

the adiabatic case (no heat-flow through the boundaries).

This problem is solved by determining the two Green's functions

of the heat conduction equation. That is to say, we wish to find a

solution of

1 au
Lu k at

having the prescribed singularity of a "heat pole" of yield unity, and
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satisfying the boundary condition u = 0 (first Green's function) in

the isothermic case, and au/an = 0 (second Green's function) in the

adiabatic case.

We achieve this by the method of images which involves the

continued reflection of the source (heat pole) on the six walls of the

parallelepiped. Thus the whole space -oo < x < oo, < y < 00,

- CO < z < oo is regarded as filled up by an infinite number of cells

all congruent to the original one, namely, 0 < x < a, 0 < y < b,

0 < z < c. Each of these cells contains one heat pole whose sign

depends on the boundary conditions.

Starting with the temperature field of a single heat pole in free

space, we use a triple summation over an infinite number of such

poles (the original one together with all the infinite number of

images) to obtain the temperature field due to a source within the

parallelepiped. The triple sum is transformed by Poisson's trans-

formation formula into an expression, of an entirely different form.

This expression involves the eigenfunctions of the parallelepiped

and is better suited to the determination of a temperature field pro-

duced by an arbitrary initial temperature distribution inside the

parallelepiped, [1], [3], [5].
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PART I. DEFINITION OF GREEN'S FUNCTION
FOR THE HEAT CONDUCTION EQUATION

First, we consider a particular solution of the heat conduction

equation in three dimensions:

(1)
1 auAu =k at

where k is a constant, and

u = u(x, y, z, t)

represents the temperature at a point P(x, y, z) at a time t. A

solution of (1) is [4, p. 59]

( 2)
1 4kt

[(x-xl) 2
+ (y-02 +(z-z5 2]

u(x, y, z, t) 3
(447 kt)

The function u has the properties:

a. u(x, y, z, 0) = 0 for all x, y, z, save for the case x=x', y=y', z=z'

oo

b. .51 u(x, y, z, t) dxdydz = 1 for all t

-co

c. u(x, y, z, 0) 00 as x x', y y', z z

(2) represents the temperature field produced by an instantaneous

(t = 0) point source located at Q(x', y', z'). Hence we can also

write
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(3) u(x, y, z, t)
1

(N14Tr kt) 3

(PQ) 24kt

where (PQ)
2

(x-x')
2 + (y-y')

2 + (z-z') 2 is the square of the dis-

tance of the point of observation P from the location Q of the heat

pole. The expression (2) or (3) is often referred to as the free space

Green's function of the equation (1) in three dimensions.

It follows from the properties (a), (b), and (c) that u has the

character of a 6-function. Using (3), the temperature distribution

produced by a heat pole located at a point Q inside a homogeneous

heat conductor bounded by a closed surface S is then obtained by

solving the following problem:

z

Figure 1.
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Determine a function u(P, Q, t) = u(x, y, z, x', y', z', t) with the fol-

lowing behavior:

1 au
I. auk at everywhere for t > 0

II. For t = 0, u = 0 everywhere except if P is at Q and at

this point u has the behavior of a 5-function (heat pole at Q)

III. u(P, Q, t) satisfies prescribed boundary condition.

We restrict ourselves here to the boundary condition namely

either u = 0 (isothermic case) or au/an = 0 (adiabatic case) at the

surface of the parallelepiped; here a/an denotes the normal

derivative. Thus conditions I and II remain while condition III reads

either u = 0 or au/an = 0, respectively at the surface. These

solutions are called the first Green's function G1 or the second

Green's function G2 for the interior of the parallelepiped.

As an intermediate step we consider an array of an infinite

number of heat poles of character (2). We consider the lattice points:

Q(xn = nA, ym = mB, z = rC)
n, m, r r

n, m, r = 0, + 1, + 2,

A, B, C > 0 ,

in the three dimensional Cartesian space and consider each of these

points as the seat of a heat pole. It should be noted that
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n = m = r = 0 corresponds to x0 = y0 = z0 = 0. This means that

one of the heat poles lies in the origin. We shall henceforth refer to

this as the centerpoint. The resultant temperature field is obtained

by the following triple sum:

(4)

co co oo

1
u(x, y, z, t) =

-

(N/47 kt)
3

n=-co r=-co

1 a12 ,02
4kt x- 4kt rn." 4kt (z-rC)2

e e

This is clearly a triple periodic expression in x, y, z with the

periods x = A, y = B, z = C and it is desirable to express the

above expression in the form of a triple Fourier series. This trans-

formation can be achieved by the application of Poisson's summation

formula [6, p. 60]:

(5)

00 .0-1 2Tr r
F(2-rrr) e

r=-00

r
Here the coefficients F(2Tr;) of the right hand side Fourier ex-

pression are determined by

(6)
co

F(a) = S f(w) eiawdo.)

-co

and F(a) is the Fourier transform of the function f appearing in

the right hand side summation. Now the summation regarding

n, m, r can be performed separately for each one of the three
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separate sums, and each is of the form
co

k=-oo

This is of the form (5) with

Using (6) we have

1

4kt (u-kv) 2

e

f(co) = e

1 2
ci.)

1 2
oo -4k cot ai

.
(4)

F(a) = J e e dco

oo

This integral is known [2, p. 15] to be:

a2kt
F(a) '441-r kt e-

Hence, by (5)
41-r

oo 1
2

ktr 2

4kt (u-kv) N/47 kt v2
- i v

u
2Tr r

L e = e e

k=-oo

2

Also

co

k=-oo

r =- oo

1 (u-kv)24kt q 47 kt
e = v

r=0

2
ktr2

v2Ere
cos(2-rr r u)

where e is Neumann's number defined by
r

c
o

= 1, r = 0

= 2, r = 1, 2, 3, ...r



With this result applied to (4) the total field becomes finally

(7)

u(x, y, z , t) =
1

ABC

00 00 oo

n=0 m=0 r=0

E En m r

2

- 41-r 2kt n m2
2

r
.A2 B2 C2

e cos( 2n-rr Ax )cos(2m-rri)cos(2r7rz ) .

8

This formula was derived under the assumption that the center of the

array was the origin. However, our lattice point system consists of

all points

Qn, m, r (x
n

= nA ym = mB zr = rC

so that the center point n = 0, m = 0, r = 0 is the point 11,

We have then to replace in (7) x by y by y-1, z by

and get

00 00

,

1u(x, y, z, t) = ABC
E
n

E
m

E r
n=0 m=0 r=0

(8) e

2 2 2
- 4-rr2kt

Mri r
A2 B2 C2

cos[Z-ri-(x-)]cos[2-rrr/232(Y-11)]cos[21T-1-(z-)]
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PART II. DETERMINATION OF THE TWO GREEN'S FUNCTIONS
FOR THE INTERIOR OF A RECTANGULAR PARALLELEPIPED

We proceed now with our problem.

x Fi,gure 2.

Let a heat pole be located at a point Q(x', y', z') and let the point

of observation be P( x, y, z). The domain under consideration

(interior domain) is given by 0 < x < a, 0 < y < b, 0 < z < c.

If at t = 0, the initial temperature distribution is f(x, y, z), then

at any time t > 0, the temperature u(x, y, z, t) at a point

P(x, y, z) is given by:

f(x', y', zI)G(P,Q,t)dx'dy'dz'
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where G(P, Q, t) is the first or the second Green's function of

the domain under consideration. As mentioned before, either of the

two Green's functions would represent the influence at a point of ob-

servation P due to a heat pole located at Q subject to any of the

boundary conditions u = 0 or au/an = 0,

The principle of the continued reflection of a heat pole located

at Q 1(x', y', z') is best illustrated by the accompanying Figure 3.

This shows a cross section parallel to the plane and passing through

the source point Q 1(x',
y', z') . Here four periodic system of point

sources are encountered. The first system (original source) with the

center in Q 1(x', y', z I) is characterized by a solid dot ( ), whereas

the second, the third and the fourth having their centers at

Q
2
(x', 2b-y', Q3(x', y', 2c-z') and Q4 (x', 2b-y', 2c-z'); are

characterized by a cross (x), a dot inside a circle (0), and a cross

inside a circle (®), respectively. Obviously, the periodicity of all

these four systems is equal to 2b in the y direction and 2c

in the z direction. The superposition of all these four doubly

periodic fields would correspond to the influence of a heat pole located

at Q1 inside a parallelepiped with rectangular cross- section of

lengths b and c and infinitely extended in both the positive and

negative x directions. If the fields of the periodic systems with

centers 2'
Q3'

and Q4 are denoted by 41, 4)2,4)3, and 4)4

then the total field 4, as indicated in Figure 3 would be



z-direction
A

x

Ci4

x

x

12)

L

0

Q3
0

Q1

11

x
Qz

b

O

(cross section parallel yz plane)

Figure 3,
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2--(1)3+el) 4

in the isothermic case, or

(P.
1

+42 +ci) 3
-1-'4)4

in the adiabatic case. That is to say, that each reflection occurs with

alternating sign in the isothermic and with the same sign in the

adiabatic case, in order to fulfill the boundary condition u = 0 or

au/an = 0, respectively.

Now finally, in order to solve our problem the entire system of

heat poles as displayed in Figure 3 has to be repeatedly reflected at

the boundaries x = 0 and x = a. This leads to a spatial array of

eight periodic systems of heat poles. The centers of these eight

systems are easily seen to be:

Q (x, y-', z1);
1

Q
2

(x', 2b- y', z

Q
3
(xt, 2c -z'); Q

4
(xl, 2b-y', ac-z');

Q
5
(2a-x', y l , z Q

6
(2a-xi, 2b-y', z I);

Q
7
(2a-x', y', 2c-0; Q8(2a -x', 2b -y', 2c-z1).

Each of these systems is of the form (8) and the periods A, B, and C

are equal to 2a, 2a, and 2c in the x, y, and z directions;

respectively.

Superposing the eight temperature fields of the form (8)
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together, we have the final results:

(10)

G1

00

8

co 00

abc
n =1 m=1 r=1

e

2
2 2 2

-Tr kt(n +m +)
a2 b2 c

x' z
sin(mr-)sin(mr)sin(mTri)sin(mTr-Y-2-)sin(r Tr-) s in( rTrz )

a a

for the first Green's function, and

G2 11'

00

1

abc
n=

oo oo

m=0 r =0

-Tr 2kt (n2 +121-
2 +r2

)

a2 b2 c2EEE en m r

z
cos(nn-a-)cos(mr)cos(mTri)cos(mir-/--)cos(r-rr-)cos(r7)a

for the second Green's function for the interior of a rectangular

parallelepiped of dimensions a, b, and c. (The lengthy but elemen-

tary process solely involving the addition theorems of the trigono-

metric functions is omitted here.)

Obviously, (10) and (11) satisfy the heat equation

Lu = 1/k au/at , the boundary condition u = 0 for G1 or

au/an = 0 for G ; also for t = 0 G1 and G2 have the char-
2

acter of a E-function, the prescribed singularity.

One could easily obtain G1 and G
2

as a sum of expressions

of the form (4). The merit of (10) and (11) lies in the fact that they

represent G1 and G2 in terms of eigenfunctions (Appendix). If

expressions of the form (4) were to be used, the determination of a
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temperature field using equation (9) would pose great difficulty in

integration.

Since the eigenvalues (Appendix) are given by

2 2 2

=[(121-T) +(--)sn, m, r a

(10) and (11) can be written in terms of eigenfunctions and eigenvalues

as

(12)

Or

(13)

Example

00
00

00 kt SZ
8 n, m, r

abc
m=1 r=1

sin(nTra a)sin(nTrx)sin(mTri)sin(mTr-Y-L )sin(r-rrz)sin(rTr--
z

)

1

G2
=

abc

oo oo 00 -ktS2n, m, r
>_J

n=0 m=0 r=0

Ec E en m r

x' z'
cos(nTr)cos(nira )cos(mTri)cos(mTr-I)cos(rTrz)cos(rTrc).

As a very simple example we assume the initial temperature

inside the parallelepiped to be constant, i. e. u(x', y', z', 0) =

f(xl, y', z') = u0.
Then equation (9) gives for t > 0



15

(14) u(x, y, z, = uo

tion

a

.51
G(P, Q, t)dx 'dy 'dz '

x'=0 y1=0 z'=0

For the Isothermic Case

G(P, Q, t) is given by (10). There occurs for the x integra-

sin(nTrx ) dxl = [1- (-1)n3
0

a nTr

(Similar results hold for the y

= 0 for n even

=
2a for n odd.
ZITT

and z integration. ) Therefore

only the odd indices for n, m, r give a contribution. Thus re-

placing n by 2n + 1, m by 2m + 1, r by 2r + 1, we get

oo

16u(x, y, z, t) = --3 u
0

[(2n+1)(2m+1)(2r+1)1
1

n=0 m=0 r=0

-Tr
2kt[(2n+1)

2

(2m+1 )

2

+
(2r +1)2]

e
a

sink 2n +1):] sin[(2m+1)t) sin[(2r +1):] .

This expression represents the equalization of temperature inside the

parallelepiped when the outside temperature is kept at zero.
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For the Adiabatic Case

G(P,Q,t) is given by (11). There occurs for the x integra-

cos(nTr) dx' = 0x I

for n 0
a

0

= a for n = 0

(Similar results had regarding y' and z'.) This means that only

the terms n = m = r = 0 give a contribution and hence

u(x, y, z, t) = u0, a result which was only to be expected.
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APPENDIX

Representation of Solutions of the Heat Conduction Equation
in Terms of Eigenfunctions of Helmholtz's Equation

where

The heat conduction equation

1 aueu -

u = u(x, y, z, t)

can be written upon separation of the space and time dependency

as

or

u(x, y, z, t) = F(x, y, z) . G(t)

1 aG
G F

.81- 1 1 ac
F k G at

From this equation

G(t) = e - 82kt

LF + 52F = 0,

which is Helmholtz's equation.

52

F = F(x, y, z)

Bernaullits method of the separation of variables



gives

F(x, y, z) = fl(x)f2(y)f3(z)

f
1
(x) = e+iax

f
2

(y) e+ipy

f 3(x) = e-452- a2- 132

19

where a and 13 are arbitrary separation parameters.

It is now required that F(x, y, z) assumes given values at the

boundaries of the parallelepiped.

The following cases will be considered:

I (first boundary value problem

u 0, at x 0, x = a; y = 0, y b; z 0, z c

II (second boundary value problem)

a u
Tx- =

au
u at x 0, x a; u at y 0, y b;

au=u at z =0, z =c.
az

Write F(x, y, z) = fi(x)f2(y)f3(z) in the form:

F(x, y, z) = LA cos(ax) + B sin(ax) IC cos((3y) +

D sin(13y)] [E cos(4 a2 - (32) + F sin(j8 2 - a2 p 2)]

where A, B, C, D, E, and F are constants.
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First Boundary Value Problem

at x 0, x =a leads to A = 0, a =
a

mTr
U =-° 0 at y 0, y = b leads to C 0, =

u = 0 at z = 0, z = c leads to E = 0, 482- a 2-
p

2
=

rTr

n, m, r 0, 1, 2,

Hence with the above results for a and 13

2 2 2

S= 5n, m, r (11-LaT) (7-3- (7)

These are the eigenvalues. With these values for a,

F(x, y, z) takes the form

P 8,

F(x, y, z) vn, m, r = BDF sin(n.Tr)sin(mTri)sin(rTrc)
a

If the functions vn, m, r

one arrives at

are normalized such that

tca 541°x=0 y=0 z=0
v2 dxdydz = 1n, m, r

8 sin(nTrx)sin(miri)sin(rTr---)aun, m, r abc

which are the normalized eigenfunctions n, m, r = 1, 2, 3, ..
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Second Boundary Value Problem

au = 0 at x = 0, x a;
u a- at y = 0, y = b;

ax °Y

au
az

= u at z = 0, z = c.

The same analysis as applied before gives

2 2

6 = 5 (a) (mTr)
2

(ri-r) 2

m, r a c

for the eigenvalues and

E En m r cos(nTrX)cos(mTri)cos(rn)un, m, r abc a

for the normalized eigenfunctions

n, m, r = 0, 1, 2, .. .

The Ek are the Neumann numbers defined by

eo = 1, k = 0

E = 2, k = 1, 2, 3, ...

The most general solution should then be expected as a sum over

all eigenfunctions, and for the First Boundary Value Problem is given

by

00 GO 00

F (x, y, z) A

n=0 m=0 r=0
n, m, r

sin(mrx)sin(mTri sin(rm-c-)
a



and for the Second Boundary Value Problem is given by

co 00 co

y, z) An, m, r a
cos(nTr-)cos(mTri c)cos(rTr)

Y,
n=0 m=0 r=0

Here the An, m, r

indices.
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is a set of coefficients depending on the summation


