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NUMERICAL METHODS FOR VARIABLE PERMEABILITY

MAGNETOSTATIC FIELD PROBLEMS

INTRODUCTION

In the Epistola de Magnete, written in 1269 A.D. , Petrus Peregrinus

urges the student of magnetism to be industrious in manual work in order to

correct for the errors which would inevitably arise if only mathematical

reasoning were used to fashion magnets (55, p. 4 5). Anyone who has ever

been called upon to design a modern electromagnet may heed, if not appre-

ciate, the advice which this medieval scholar gave seven centuries ago. Also,

if we recall that the physics of the electromagnet was brilliantly formulated

by such men as Ampere, Biot, and Maxwell well before the end of the last

century, it may seem curious to note that the design of magnets has been

treated on a theoretical basis only within the last few decades. The reason

for this is not hard to find.

The problem of determining the magnetic field produced by a configura-

tion of conductors may be stated quite easily. However, solutions to these

problems are often achieved only for very restrictive geometries. Tradi-

tional methods, such as potential theory, which involve orthogonal series or

conformal transformations, cannot treat the case where the permeability of

the medium depends upon the field strength.

In recent years, the need for special and general-purpose magnets, such

as those required inhigh- energy physics research, has grown considerably. In

these magnets, a ferromagnetic material, such as iron, is used both to shape the

field to within precise specifications and also to conserve electrical energy;
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therefore, it is used extensively. Hence, a wide variety of important and

difficult problems exists in the design of research magnets. All too fre-

quently current methods of field computation do not give the accuracy needed,

and the last resort is then to "cut and try."

The main purpose of this work, then, will be to find as accurate and as

dependable a method for the solution of such problems as is possible. In the

next chapter, when we review the recent literature on this subject, we shall

find that a rigorous mathematical treatment or justification of the methods

used would be beyond both the scope and the intent of this paper. Frequently

the only means for assessing the accuracy of our solutions will be to com-

pare the results of our calculations with actual physical measurements.

Before continuing further, however, we must now briefly review the

nature of the equations with which we will be working.

Mathematical Preliminaries

In the time-independent case, Maxwell's equations for the B and H

fields become

vxf=
v. B = 0,

where J is the current density.

The equation for the continuity of charge reduces to

(1.2)

V J = 0 (1.3)

which is, of course, consistent with Eq. (1.1).

The relation between the B and H fields will, in general, be given as

B = y(H)H (1.4)

Here, II is considered to be isotropic and non-homogeneous (i. e. , a scalar

fudction of the magnetizing field, H). We introduce the magnetic
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polarization, M, through the equations

B = poH + M = NIT(1± Xm) , (1.5)

where po is the permeability of free space and Xm is the magnetic suscep-

tibility. Also, we will frequently refer to the relative permeability, pr, de-

fined by

Pr "10 1 + Xm (1.6)

In a typical problem, there are regions of air, current-carrying con-

ductors, and ferromagnetic materials. It is desirable to use a potential

function from which the field may be derived and these are of two types:

the scalar potential and the vector potential. Use of the scalar magnetic

potential is primarily limited to problems where the current-carrying re-

gions can be effectively replaced by current sheets, or dipole layers on the

air-current interfaces. This often results in a multiply-connected space

wherein the scalar potential is multi-valued, or at least the principle of

linear superposition may not be applied. Because of this, we will consider

the use of the vector potential only.

The vector potential, A, is introduced through the relation

B=VxA (1.7)

which satisfies Eq. (1.1) identically. This does not determine B uniquely,

for we may add toTik'-the gradient of some scalar function, 0, and obtain the

same result. Equation (1. 1) can then be written as

V x (v B) = 7, (1.8)

where it will be convenient to now use the reciprocal permeability (reluc-

tivity), v . Upon expanding (1.8) and using the relation (1. 7), we would ob-

tain in general

vVxD+ vv xB=1, (1.9)



or, by using Eq. (1. 7),

The identity,

v (v x v x + vv x(vx1) (1.10)

V x V xA= V(V A) - V21 , (1.11)

can be used with the gauge condition,

V A =0 , (1.12)

to simplify Eq. (1. 10) to the form,

v V21+ Vv (V x1)+7=ir (1.13)

Later in this chapter, we will consider two special cases of the above

4

equation: in rectangular coordinates where J, and consequently A, have

z-components only, and the cylindrical case where J and A have 0-components

only.

Until this point, the B field has not been uniquely determined. However,

this can be shown by using a vector form of Green's theorem. Let P and Q

be arbitrary vector functions and define F as

13. x x (1.14)

Now, substituting Eq. (1.16) into Gauss' divergence theorem

fv, frdv = f F rids , (1.15)

V
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and using an identity to expand V F, we have

f(Vxf') (v x4) -P% V x(vx)dv =f Fix(vx(2)) lids (1.16)

V

Now, consider a region of space bounded by the surface S and let the

potential A be specified there. The volume V, within S, is assumed to be

partitioned by interior surfaces Si, so that the total current flowing in V,

which we will call JT' is zero.

JT = > f J dS. = 0.

S.
1

(1.17)

Then let B* be the field obtained from A*, where A* is the difference be-

tween two-potentials Al and A2. Then in V, we have

with

aX B* = Vx (ox A *) (1.18)

A* Al

If we let P = Q = A*, Eq. (1.16) becomes

Since

(1.19)

fuo x A...*112 dv = f (Ab-* x Ti*) lids . (1.20)

V

(X* x n = - ( x r3.*) -A.-* = - Bt A ,

where Bt is the tangential component of on on S, Eq. (1.22) becomes

flIV x TA-.*112 dv = -fBt A *ds .

V

(1.21)

(1.22)
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Now let us consider Al and A2 to have the same tangential values on S; then

the right-hand side of Eq. (1.23) is zero. Since the integral of a non-

negative quantity is equal to zero, we must conclude that the integrand it-

self is zero; that is

B* = V x A* = 0 . (1.24)

Hence B* (or the curl of A*) is unique.

The vector potential is, as yet, arbitrary to within the gradient of the

scalar function. That is, ii.-may be freely transformed under the relation,

K=K+ (1.25)

since we have only specified the curl of A. In order to determine A uniquely,

it is customary to make use of the freedom implied in the time-independent

gauge condition. Applying this to Eq. (1.25) yields

V (A + V cp) = 0 . (1.26)

By choosing the divergence of A to be V A = 0, the only consequence on q5

is that it must then satisfy

V2 = 0 (1.27)

with arbitrary boundary conditions. Hence, the most convenient choice is

to take th to be a constant.

Boundary and Interface Conditions

A solution to the equation

p V2A+ Vp x (V x---A')

at the field point, P, can be shown to be

7( ) = 1 ;0-0 r
47r - II

V

1 -cr("r")- da .dv + 4r -
S

(1.27)

(1.28)



Here we have taken p and o- to be the volume and surface distributions of

the true current density plus the equivalent Amperian current densities of

the magnetic material. These source terms are given as

µ0J

op µ0js + (M x

(1.29)

(1.30)

Let us consider Eq. (1.29) as three scalar equations in the directions

of the unit vectors /?. .

for i = 1, 2, 3; or

1
pidv aids

Ai(H eh) = + (1.31)
-r'D Hr

V S

A. = Ai, vol Ai, surf (1.32)

7

Both integrals are improper and we must investigate what happens to

A. and its derivatives as Dr -r'H ---0. Most texts on potential theory discuss

the convergence of this type of integrals. Two theorems relevant to our

purposes are stated below; for their proof, see Phillips (56, p. 123 - 131).

Theorem 1.1. If pi and all its derivatives of order less than n are contin-

uous, then Ai,vol and all its derivatives of order less than

n + 1 are continuous at H r = 0.

Theorem 1.2. If cr. is bounded, then A. surf is continuous and there is a
1,

discontinuity in the normal derivative of A.1, surf at Hr - = 0.

In the magnet problems we wish to solve, al and pi will be taken to be

piecewise continuous. Because of this, Ai will be continuous across inter-

faces, but we must expect discontinuities in the first- and higher -order

derivatives.



Let us use the continuity of each Ai to show that this leads to the con-

tinuity in the normal components of B. Consider an interface between

regions 1 and 2. Since each Ai is continuous, we have

Al A2
(1.33)

where Al and A2 are evaluated immediately adjacent to this interface. This

being the case, the derivatives of A, on each side of the interface and par-

allel to it, are equal. These derivatives can be written as V (ri x A),

since ri x A is parallel to the interface. So we may write

V (rixA1)= V (ir\ixg2) (1.34)

or by expanding, we see that

xA1) -A1 (V).()=. (V xA2) -X2. (Vx% (1.35)

We may combine terms and set (A1 A2) (p x ri) = 0 because of Eq. (1.32)

so that

is the same as

ri ( V x A1) = ri ( V x -A-2) (1.36)

ri B
1

= ri B2 (1.37)

The relationship on the tangential components of H can be found in terms

of A by integrating the normal components of the equation

V x vv x A+ J= 0 (1.38)

over a plane surface in the region of the interface. The equation

becomes

fia V x(pv x A)da A
+ f n Jds = 0 (1.39)

rix(vv xX)df+f ri Jds = 0 (1.40)

8
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We now let the region of integration of the remaining surface integral

assume the form of a long, thin rectangle with a length, h, oriented parallel

to the Intel ace, and of width 8. In the limit as 8 0, the surface con-

tribution vanishes and the line integral becomes simply the tangential com-

ponent of vV x A on each side of the interface. This yields

or equivalently,

n
A x (yip xAi) - n x (v2v x12) = 0

An x (Hi H2) = 0

(1.41)

(1.42)

At infinity, the vector potential vanishes at least as fast at l/r. The

value, A = 0, will often be taken on the boundary which encloses our regions

of interest. This boundary will then represent points at infinity, although

by posing this as a boundary value problem, they are only a finite distance

away. Hence care must be taken when choosing this boundary to represent

a particular physical situation.

Until now, the equations have been presented in three dimensions. A

finite-difference solution to the smallest practical problem that one might

conceive would be to find both A and v in a cubic mesh of perhaps 503

points. In addition to the formidable task of inputting the data to the com-

puter, at least 106 bytes of primary memory (assuming four bytes per stor-

age location) would be required to store A and v alone; the program itself

would perhaps double this amount. The time needed to achieve convergence,

using existing methods, would also be excessive. For these reasons, we

must limit our study to two important cases: rectangular coordinates and

cylindrical coordinates.
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The Rectangular Problem

If J, and consequently A, has z-components only, we may write equation

(1.27) as

V v VA (x,y) +J(x,y) = 0 . (1.43)

Throughout the rest of this paper, the notation

2A
= =

`fix
; A

ax xy ax ay ; etc. ,

will be used. Then Eq. (1.43) becomes

v (Aloc +Ayy) + vx Ax + vy Ay +J(x,y) = O. (1.44)

The above equation has been called by some people in the literature the

"non-linear" Poisson equation. However, a more standard terminology is to

refer to the equation as "quasi-linear." In the rectangular system chosen,

one may see that

JA 2 A2
HMI = x All = (x,y)H= x y

Since p, or v depends only on the magnitude of the field, we have

(1.45)

= v =v (i A2 + A2 = v (Ax, Ay) (1.46)x y

In addition, the curl and gradient of any vector are orthogonal, so that

we may use Eq. (1.45) to express the normal and tangential components of

the fields (denoted by the subscripts n and t) as,

Bn = x A)n = ( V A)t

(1.47)
Ht = (v V x A)t = (v V A)n .

The interface conditions, Eq. (1.33) and (1.41), can then be applied to the

above expressions. As for the value of A(x,y) on the boundary of our region



of interest, which we will call as, we will have use for two types:

A(x,y) = f(x,y) (x,y) E as

= g(x,y) (x,y) E a s

Or we may have mixed boundary conditions where either of the above

equations is specified on as.

11

(1.48)

It is often useful to take advantage of the symmetry in a particular problem

by noting that the B or. H field is always normal to a symmetry axis. In

either case, g(x,y) will be zero.

The Cylindrical Problem

In cylindrical coordinates (r, z, 0), A and J will be assumed to have a

0 component only. Then we may write Eq. (1.27) as

1O 1
Arr +Azz, 1) r1+ Ar +v zAz r+ (vr vA+A --

2
(vA)+J(r,z)=0. (1.49)

r

Some simplification results in solving for the function IP = rA, so that the

above equation can also be written as

('Pzz+ Irr)+Pz q`z÷vr r v + rJ(r, z) = 0 (1.50)

Suitable boundary conditions on tfr are that

tai = f (r, z) (r, z) E as

= 0 (r, z) E asA

where the rotational axis is denoted by aSA.

(1.51)
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Ellipticity Conditions

Let us refer to Eq. (1.46). Differentiating v with respect to x and y

and letting p a vrepresent we have
(9(11 V A 112

vx = 2 v' (Ax Axx + Ay Axy)

vy = 2v? (AxAxy + AyAyy)

If these are substituted in Eq. (1.44), it becomes

(1.52)

(2W A2 + v) Axx + 2(2 vi Ax Ay)Axy + (2 vt A2 +v) Ayy +J--.0. (1.53)x y

If the coefficients of A
2CC

A.
XY

, A
YY

in this expression are called Cr C2,

C3, respectively, then the equation is elliptic if

C2
2 - 4 C

1
C3 < 0 . (1.54)

By taking the expressions for C1, C2, and C3 in Eq. ( 1.53), and substi-

tuting these into Eq. (1.54 ), we obtain, after simplification,

v + 2v' (A2 + A2)) > 0 . (1.55)

Hence, the problem is elliptic if

v > 0 and v + 2 v B2 > 0 . (1.56)

In order to make sure the coefficients of Ate, A
xy , and A

YY
are bounded

for all permissible values of their arguments, the ellipticity condition,
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Eq. (1.56 ), is written in terms of the bounds K1, k1, K2, and k2, as

K
1

> v > k
1

> 0
(1.57)

K
2

> v + 2v ' B2 > k
2

> 0 .

In Chapter ELI, we will find that Eq. (1.57 ) is satisfied, due to the

shape of the magnetization curve. Hence, the problem is said to be "uni-

formly elliptic." Since C1, C2, and C3 are functions of x, y, Ax, and Ay,

our problem is properly termed "quasilinear."

Summary

The main results of this paper are:

1. A means for extrapolating magnetization curves in the high and low

field ranges is presented. In addition, curves for commonly used

ferromagnetic alloys are fit with low-order polynomials which can

be efficiently computed in an iteracive process.

2. A method is presented which accelerates the convergence of the

iterative solution to the analagous finite-difference problem. This

method is an extension of the different methods used by Winslow (58)

and Ahamed (1); however, on the basis of the numerical studies pre-

sented in Chapter VII, this method is significantly faster than either

of those previously mentioned.

3. Several test problems are solved in cylindrical coordinates, using

appropriate finite-difference equations. The results are found to

agree closely with either known analytic solutions or field meas-

urements in actual magnets.
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4. For a selected test problem, quantitative results are given for the

programs TRIM, LINDA (SYBYL), and NUTCRACKER, thereby

providing a meaningful comparison of the different features and ac-

curacies of these programs.

5. A general-purpose computer program is described which can solve

both the rectangular and cylindrical problems under a variety of

conditions. In addition, this program calculates the inductance,

and the force and stress distributions within the domain of the mag-

net. In the development of this program, special care was taken

to insure that it could be used by the physicist or engineer with min-

imal computer experience. Preparation of the input data is straight-

forward and, in general, no special knowledge of the methods involved

is needed.

The main limitation of this study is that a theoretical justification of the

method used to accelerate convergence is not given. This method was found

to be stable in those test problems studied but, in general, this may not be

the case. An objection may be offered that too much space in this study is

devoted to a review of current knowledge. The bibliography will show that a

wide variety of sources was used, however; these include references to

journals of engineering, physics, and theoretical and applied mathematics.

The question of which numerical method is the most desirable is by no

means easy to determine and, for this reason, one working in this field

continually hears a variety of claims and counter-claims attesting to the

worth of a particular method. Hence, a comprehensive review of existing

methods is of value in itself.
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CHAPTER II

A Review of the Literature

One of the most fruitful means of solving elliptic partial differential

equations with arbitrarily shaped boundaries is the method of finite differ-

ences. Although satisfactory results are often obtained by using finite dif-

ferences to solve nonlinear equations, a comprehensive theory for general

equations of this type has yet to be developed. The first part of this chapter

will review some of the more recent theoretical results as they apply to our

problem, and, in particular, we shall be interested in what is known about

the various types of error that can be expected. The remaining section will

discuss results of several numerical studies that various authors have ap-

plied to problems of our type.

Most of the literature is written in a somewhat standard notation and it

will be convenient to consider our equations in this form. Let us now denote

the potential by u(x,y), and the term corresponding to the current density by

F(x,y). Then, if we consider Dirichlet boundary conditions on the piecewise

continuous, closed curve S, bounding the region R, Eq. (1.44) and (1.48)

lead us to write the continuous problem as

Lu(x,y) = F(x,y) (x,y) E R
(2.1)

u = f(x,y) (x,y) E S .

The general form of the operator L is given as

Lu = r,p, q) uxx + 2C2(--) uxy + C3( --) uyy (2.2)

where r = u, p= ux, and q = uy.

The notation (--) is used when several functions with the same set of

arguments occur in an equation or series of terms.



Existence and Uniqueness

On the basis of what we might call our "physical common sense," we

feel that a unique solution to our magnetostatic problem must exist. It is

instructive #o consider this question from the theoretical standpoint, how-

ever, since we will see that some restrictions must be placed on the coeffi-

cients C1, C2, and C3, the functions F and g, and the shape of the boundary

S of our mathematical model (Eq. 2. 1).

The existence of the solution, u, is given by Bers, John and Schecter,

(6, Part II, Chapter VII). For our purposes, their results will be stated

16

by:

Theorem 2.1. Let L of Eq. (2.1) and (2.2) be uniformly elliptic, and let

C1, C2, and C3 be Holder-continuous in the variables, x,y,

r, p, q. Let F be bounded by a constant M and the function g

have Holder-continuous first partial derivatives. Then the

solution, u, to this problem exists.

The concept of Holder continuity is introduced in the analysis, since it

is less restrictive than requiring a function to be uniformly continuous. A

function f(x) is said to be HOlder-continuous of order a in a neighborhood

about x if, for any points x1 and x2, there exist positive constants M and a

such that

If(x1) f(x2)I < Mlxi x2ia

for 0 < a < 1.

In the same work, Bers, John and Schecter consider the uniqueness to

the problem. We express their main results by:

Theorem 2.2. The solution, u, to the problem given)Dy Eq. (2.1) is unique

if there exists an arbitrary function v in RUS, with continuous



second-order partial derivatives in R, and is zero on S,

such that the condition,

1 1 1 1

u fC de +2u IC dO +u fC dO -fF de 0
20C ir xy zr yy 3r r

0 0 0 0

(2.4)

is satisfied for all (x,y)c R. Here, the integrals are of the

form,

1 1

fr_ctio ar '
y, (u+Ov), (u+Ov)x, (u+Ov)y)d0 . (2.5)ar

0 0

17

The uniqueness of the magnetostatic problem is guaranteed by the above

theorem for the simple reason that C1, C2, C3, and F are not functions of r.

The proof of the existence and uniqueness to the finite-difference ana-

logs of such problems generally follow the same reasoning that is used in

the proofs for the continuous problem, except that a modification of the con-

cept of continuity is introduced in the discrete case. Here, the mesh spac-

ing, h, must approach zero in the limit, and one can use a Holder condition

to express the smoothness requirements on the functions C1, C2, C3, F ,

and g.

Formulation of Elliptic Difference Equations

The method of finite differences results through a process of discret-

ization, and numerical approximations to the continuous problem are given

at a finite set of points. These points, called mesh points, are separated

by a characteristic distance, h. The approximate solution to the difference

equations at a mesh point, P, will be denoted by U(P). If we divide the re-

gion, R, into a set of points, Pit, there are two ways we may regard U(P):
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it may be taken to be the value of the approximation exactly at that point, or

to be a representative value of u(x,y) in an h-neighborhood of (x,y). The

latter idea is very useful in error analysis.

One may proceed to find an appropriate finite-difference analog to the

operator, L, which will be denoted as Lh, to the points in Rh and on Sh in

several ways. This topic is covered in detail in the excellent books by

Forsythe and Wasow (33), Varga (65), and Wachspress (66); For our pur-

pose, we will briefly review two widely used approaches to this topic.

One way is to expand u about the point P by the first few terms of a

Taylor series, and then approximate ux, uxx, etc. , by forward, backward,

or centered differences. The resulting equations must be examined to see

that they have certain properties so that the coefficient matrix may be

solved with as much ease as possible.

A second method is particularly useful, when L is self-adjoint, i.e. ,

we can write Eq. (2.1) as

(Ciux + (C3uy) = F . (2.6)
x y

Then we may derive the difference equations by minimizing the energy

integral

E = f Cu2 C u2 F clx dyx 3 y (2.7)

R

In this method, one replaces the derivatives by difference quotients, and

the integral by an equivalent summation which is of quadratic form. This

summation is minimized by differentiating it with respect to each of the un-

kno.wns u, and setting the result (for first variation) equal to zero. This
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gives difference equations which, if put in matrix form, are always sym-

metric. Also, the interface conditions in a self-adjoint problem necessi-

tate no special treatment. They result from requiring that the problem be

self-adjoint and for this reason are called by many authors "natural" bound-

ary conditions.

That Eq. (2.7) represents the magnetostatic energy can be seen by re-

writing it as
1 2E= f v ii- AJ) d a

Then, remembering that in our 2-dimensional problem, B = vA and

H = VIVA!, we replace J by v x H and have

E
2

irda +f ( v x da

R R

The identity

(2.8)

(2.9)

g (vx1T) = H (vx - v (A. xi) (2.10)

whose last term is zero in the two-dimensional case, when substituted in

Eq. (3.11), yields:

1E= 2fB H da (2.11)

Alternatively, we may find the energy as

E =2 J X da (2.12)

which is frequently easier to use in numerical work.
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Types of Error

A thorough analysis of the errors involved in solving our problem is

complicated by many factors. Although we in ill seldom be able to determine

these errors precisely, some knowledge of their origin is necessary in

order to devise a suitable numerical method.

Let us denote the exact solution to the finite difference equations by U,

and its corresponding difference operator by Lh. We have obtained Ln by

considering only the first few terms in the Taylor expansion for u, so that

there will be a truncation error which we define as

Et (111 11)11
(2.13)

The discretization error is defined as the difference in the solution to the

continuous problem, u, and the exact solution to the difference problem;

that is

Ed = U u . (2. 14)

In computation, we must remember that a particular computer repre-

sents a given number by a series of terminating fractions with a certain

base (e.g. , 2, 8, 10, or 16). Because of this, there will be a source of

round-off error. The question of the accumulation of round-off error is a

very important one, and by no means settled. For example, Forsythe and

Wasow conclude their discussion of this topic by stating that "round-off is

probably negligible in comparison with the discretization error in ordinary

computation with finite difference methods for elliptic problems. "(33,p 324).

In the iterative solution, each succeeding iterate is a welt-designed guess at
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iterative solution, each succeeding iterate is just a well-designed guess at

the true value, and this may account for their remarks. However,

Wilkinson maintains that the non-accumulation of round-off error in iter-

ative methods is an illusion (68, p. 126).

In the face of these remarks, we are led to define a total computational

error, Ec. This error will include round-off and the fact that, in practice,

the exact value of U is seldom found. Instead, we compute Um, which will

be taken to mean the value of U after the number of iterations, m.

fore, this error is

There-

cc = U u (2.15)

and if the iterative process converges,

*
lim Um U = 0 (2.16)

CO

Assuming that our mathematical model (Eq. 3. 1) is an accurate repre-

sentation of the physical problem, we might consider the errors between

our solution, Um' and the physical measurement. Since one does not

measure the vector potential, but its first derivatives, further complica-

tions arise in attempting to analyze this type of error. We shall simply

call this the measurement error, Emeas' that results from a difference in
*the measured value, Emeas, and the calculated value, Um, in a particular

direction,
Ei

;

*
= V U - Bmeas)emeas (2.17)
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Error Bounds

In order to obtain an estimate of the discretization error, additional

restrictions must be placed on the coefficient functions, the boundary val-

ues, and the shape of the boundary curve S. The usual requirement is that

the solution of the continuous problem possesses bounded partial deriva-

tives up to fourth order.

For example, McAllister (47) considers the homogeneous case of

Eq. (3.1), (F = 0), and extends the results of Collatz (18) to obtain bounds

for the discretization error of the form

I u h2
3M2(u) + M4(u) d2/12

1 - K4 (2. 18)

Here, M2 and M4 denote the bounds for the second and fourth partial deriv-

atives of u; K4 and d can be found, in principle, from the bounds on the co-

efficients A, B, and C.

In another paper, Frank (34), the bounds for the discretization error

for the general quasilinear problem are given for a five-point difference op-

erator. Frank assumes that the solution to the continuous problem pos-

esses derivatives up to fourth order, and in the case of our problem (r = 0),

Frank's main results are the following:

(1) With 0 = 0( x, uy) in the quasilinear equation,

(cbux) +((py = -F(x,y)
\

and u = f(x,y) (x,y) E S .

(x,Y) E R (2.19)
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The discretization error for a five-point analog to the above problem will be

of 0 (hp) with 1 < p < 2, provided u is assumed to possess continuous

fourth partial derivatives in R and on the Dirichlet boundary, S.

(2) Using central differences globally, including boundaries and
iinterfaces, the discretization error is of 0 kh21 only if the

mesh spacing, h, is such that

where

and

2 m
1h < m2

m
2

> > m
1

> 0= =

m2 a loxl oy

(2.20)

In Chapter III, these results will be used to give an indication of how

the mesh spacing, h, should be chosen to minimize the discretization

error.

An exact determination of the error, for the problems of the type just

discussed, relies on the partial differential equation being linear and homo-

geneous, e. g. , Laplace's equat ion. In the analysis, one can then use a

strong maximtun principle for the resulting harmonic functions. This
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principle enables one to find a reasonable estimate of the truncation error

in terms of the mesh spacing and the higher order derivatives. This fea-

ture cannot be used in an analysis of the Poisson equation. As we have al-

ready mentioned, the inhomogeneous term in a practical problem has a step

discontinuity at the edge of the coils. From Theorem 1.2, we see that the

derivatives of the potential either do not exist or are not bounded. How,

then, may the truncation error be determined near such a boundary?

There are two papers which investigate this question. The first of

these is by Laasonen (43), who uses a discrete analog of the Green's func-

tion, Gh, and the classical Green's function, G, in order to find the dis-

cretization error. Laasonen considers the Poisson equation

Au = F(x,y); (x,y) c R (2.21)

in a rectangular domain, R, with homogeneous boundary conditions

u = 0; (x,y) E S (2.22)

where the notation Au = uxx xyu is used. The solution is

where

and

u( ) = fG(x,y; n) F(x,y)dxdy (2.23)

1G =
2

log r
7r

1

2

r= [( x - + (y - 77)2]



Then, a series expansion for G is found by solving the equations,

AG(x,y; ,77) = -277.6(x - , y (x,y) E R

G(x,y; = 0 (x,y) E S

In a similar manner, Gh is found by solving

AhGh(mh, nh; p,h, vh) = b (m n, µ v) h-2 (mh, nh) E Rh

Gh(mh, nh; h) = 0

so that the discrete solution can be found by

(mh, nh) E Sh ,

U(I211, vh) = h2EGh(mh; nh; uh, vh) F (mh, nh) .
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(2.24)

(2.25)

Neither the series expansions for u and U, nor their decomposition, in

order to find the modulus of their differences, will be given here. Laasonen's

main result is, however,

(21.4+ 18.8 log d/h) h2M + 2.83 d2 E 042 + 11.4 h d E (h/r2 ) .(2. 26)

Thus, the discretization error is given in terms of M, the maximum of IFI,

and E (r) which is the modulus of continuity of F;

E (r) = I F(ri) - F(r2) I , (2.27)

provided that Ir I 5. I r1 r2 I . The term, d, is the largest side of the rec-

tangle. Equation (3.37) shows that the discretization error tends to zero

with indefinitely decreasing h if F is continuous. However, if F has a

bounded discontinuity, matters become somewhat worse, for Laasonen indi-

cates that a term of O(h2logd /h) must be added to Eq. (3.37). On the

other hand, if F has continuous first order and bounded second-order deriv-

atives, denoted by M' and M", respectively, an improvement is possible

and Laasonen obtains

IU -ul = [(2.14+ 18.8 logd/h)IVI+ 8.1 d M' + 2.7d2 M" h2]. (2.28)
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In conclusion of this review of these types of errors, we must note

that there is no a priori way of choosing the optimum mesh spacing

other than the obvious fact that it should be as small as possible in

regions where the permeability changes rapidly, or near interfaces and

corners. Also, on the basis of existing theory, a thorough error analy-

sis is predicated upon intimate knowledge of the solution itself. For

these reasons, the applied studies that have been done give little info-

rmation about the overall accuracy of a particular method of solution.
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Several computer programs have been written to solve the magnetostatic

problem. A substantial amount of literature, usually published as internal

reports, has been written to describe this work.

Group

Dept. of Elec. Engineering ,

University of Colorado

Lawrence Radiation Lab. (LRL)
University of California

Argonne National Lab.

Midwestern Universities
Research Assn. (MURA)

Centre European pour
Rescherces Nucleaire (CERN)

Stanford University (SLAC)

Names of Programs

not given

TRIM, POISSON,
CFISH, ZOOM,
PISA, LINDA

SYBYL, FIELD,
TINKER,
TINKERTOY

MAREA, MAREI,
MAREC

NUTCRACKER I

Authors

Erdelyi, Ahamed,
Trutt

Winslow, Concus,
Halbach, Colonias,
Dorst

Christian, Dahl,
Parzen, Loken

Perin, van der Meer,
Hornsby

Anderson, Burfine,
Brechna

There are several reasons for classifying these programs as shown

above. First of all, each group, of course, has its own specific needs and

resources. By the time a particular program is written and becomes oper-

ational, it seems to be the unfortunate rule that the program is not capable

of solving all of the new problems which have accumulated in the meantime.

Hence, revisions and modifications to the original codes gradually appear.

Under such a state of flux, a comparison of these programs in order to find

which numerical method is the most desirable becomes either a difficult or

a totally misleading task. Because of this, we will limit our review, here,

to the main features of these codes, and, in most instances, cite the re-

sults which have appeared as journal articles or as theses.
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To this author's knowledge, the earliest method for solving the variable

permeability problem was given by Trutt (62). In this work, he solves

problems for the scalar potential, (p, and then calculates H = -W. A con-

stant value for 4) is assumed along the boundaries and interfaces. Curva-

ture is not considered and the difference equations are solved by successive

over-relaxation (SOR). The SOR parameter, w, used by Trutt is

2
w 1 ±

although in most of his problems, Trutt finds that the value

(2.29)

w = 1.95 (2.30)

can be reliably used.

Trutt employs a rectangular mesh wherein the interfaces are on the

mesh lines. No comparison of his results with measurements are given.

Magnetization curve data are computed from the values given by Fischer

and Moser (32).

Erdelyi and Ahamed (31) consider problems similar to those of

Trutt's, but solve for the vector potential. Five-point difference equations

are used and solved by SOR. A method for accelerating the convergence is

given by computing the number Ci

fJi d a
S.

1C. =
H di

(2.31)

around each conductor. The value of C. should be equal to one, but is

either greater or less than one, depending upon the particular values of the

fields at any given iteration step. If Ci is less than one, then H is too great

in this region and all the potentials interior to Si are reduced by this factor.
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Convergence is assumed to occur when .999 < Ci < 1.001, and by using

this criterion, Ahamed (1) gives examples to show that convergence is

achieved by this method in less than half the number of iterations that one

would need of the SOR parameter were kept constant.

CERN Group

Perin and van der Meer (54) describe a program called MARE (MAg-

net RElaxation) which solves for a modified scalar potential, cp*, The equa-

tion which this potential satisfies is

vxH = J (2.32)

and by taking

y.vxm (2.33)

we have

v x d-T - = 0 (2.34)

and so a potential function consistent with this is

v * = H M . (2.35)

The program MARE is actually a combination of three programs,

MARE-A, MARE-I, and MARE-C. The first of these solves Laplace's

equation for 4,, air; the second solves Laplace's equation for 4)* in iron,

the third combines the solutions of the first two programs by iterating

around the boundaries and adjusting 4, and 4)* so that they satisfy the inter-

face conditions.

On an air-iron interface, the difference in potentials is given by

°air °coil (H - M) d s (2.36)

and these potentials are also adjusted as the iteration proceeds. A square

mesh is used whenever possible, and the resulting difference equations are
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solved by SOR. The maximum absolute difference of the potentials from it-

eration to iteration is used to judge the accuracy of the solution and the proc-

ess is stoppedwhenthis difference is equal to, or less than, a certain value.

The division of the problem into separate regions, and then adjusting

these separate solutions along interfaces as the iterative process proceeds,

requires additional problem parameters to be specified. These parameters

must usually be found by experience.

Argonne Group

The program MARE is a progenitor of the program SYBYL. For this

reason, it will not be reviewed here except to refer the interested to the

paper of Dahl and Parzen (25).

LRL Group

By far the most sophisticated program to be developed is TRIM. The

numerical techniques used here are described by Winslow (70). In order

to represent curved boundaries and interfaces, a non-uniform triangular

mesh is used. The mesh is generated by first solving Laplace's equation in

the different regions of the problem. Then the resulting potential surface is

triangulated so that the vertices and edges of the triangles coincide with the

curved surface.

Winslow derives the difference equations by use of Gauss' theorem, and

also gives a variational derivation to show that the results are equivalent.

The equations are of the form

6
woi - U0) + J = 0 (2.37)

i=1

where the wi corresponds to the lengths of the sides of the triangles. Although



31

Winslow does not discuss the truncation error in his derivation, Collatz

(18) shows that for regular (i.e. , equilateral) triangles, the leading term

in the Taylor expansion for v2 U, using the six nearest neighbors of U0, is

3 h4 v4
32 '0 (2.38)

whereas for a regular rectangular mesh (i.e. , a square mesh), the leading

term from approximating u by its four nearest neighbors is

h
2

2
( 4v u/0

1
(2.,39)

In this respect, the truncation error for a square mesh is slightly less than

for a uniform triangular mesh even though the triangular equation uses more

points.

When generating the triangular mesh equations,, it is important that the

non-uniform triangles have no obtuse angles. Otherwise, a particular

weight, w., will become negative so that the resulting coefficient matrix

will not be positively definite. Colonias (19) has produced a graphical

display of the mesh, both to check the structure of the mesh and to plot the

equipotential curves.

Several iterative methods have been used to solve triangular difference

equations. Although the coefficient matrix is not two-cyclic, Winslow has

found that successive over-relaxation (SOR) works well and calculates an

optimum relaxation factor based upon the SOR theory.

Concus (23) uses a non-linear iterative scheme to solve the magneto-

static difference equations. His method is similar to that proposed by

Schecter (59) and Greenspan (35) except that the difference equations are
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set up differently. Also, in this paper, Concus compared this non-linear

method with a non-linear Newton's method.

A second paper by Concus (22) also uses an explicit scheme for solving

Plateau's problem (i. e. , the minimal surface problem). The Euler equation

minimizing the surface area

A = f + us u2 dx dys y
R

is
v (y lv v u) = 0 .

Since the above equation is of the same form as the homogeneous magneto

static equation, Concus is able to apply the method to the non-homogeneous

case as well.

Another magnetostatic field code in use at the Lawrence Radiation Lab-

oratory is LINDA. A report des cribing the features and use of this code is be-

ingprepared by Dorst (30). Preliminary information indicates that LINDA is a

descendant of the programs MAREC and SYBYL; however, Dorst has modified

this code to accelerate the convergence of LINDA over that of MAREC.

Stanford Group

A first version of the program NUTCRACKER was written by Burfine,

Anderson, and Brechna (15) in Algol for use on the Burroughs B-5500 computer.

Subsequent use of this program showed that an extensive modification of the

program was needed. The new features of the second vers ion of this code are

presented in this paper. In Chapter VII, a quantitative comparison of the

latest versions of TRIM, LINDA, and NUTCRACKER is presented.
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D. C. Magnetization Curves

33

In the course of solving the magnetostatic problem, the values of the

permeability must be recalculated many times during the iterative process.

For example, a moderately-sized problem of 2500 nodes may take roughly

200 iterations to converge; therefore, one must calculate the permeability

about 500,000 times. The usual method is to find the values of the perme-

ability from a table search and some type of interpolation. However, this

process is time-consuming. We now consider fitting these values with low-

order polynomials. We shall not consider the effect of hysteresis.

General Properties of Magnetization Curves

A typical magnetization curve, showing B, p,, and v as functions of H is

shown in Fig. 3.1. For descriptive purposes, the curve is divided into sev-

eral different regions inasmuch as H may vary over eight orders of magni-

tude. Region I is the range of low values for H; in region II, the curve is

almost linear until the portion of the "knee," region III. In region IV, the

quantity B-1101-I asymptotically approaches the value of the saturation mag-

netization.

For conventional engineering applications (e. g. , in motors and trans-

formers), regions I and II are frequently made linear. Also,the contribu-

tion from region IV is often assumed to be almost linear for values of H not

exceeding 105 amperes/meter. Several papers, which we now review, have

considered fitting the curve, mainly in regions II and In.

In the first of these papers, Fisher and Moser (32) fit a typical curve

with simple algebraic and transcendental functions for values of H not
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exceeding about 2500 A/m. Their criterion for goodness-of-fit involves

first finding the areas under the given curve and the fitted curve by a pla-

nimeter. Then, the ratio of the area between the given and fitted curves

to the area under the given curve is found and used as a measure of the

goodness-of-fit, this ratio being zero for a perfect fit. In their example,

this ratio is 0.062 for the simple function B = a0 al/H. Their best fit

was obtained by using eleven terms of a Fourier or polynomial expansion

where the ratio was approximately 0.01.

Brechna(10) considers the function, B = a + bH + cH1/m, and deter-

mines the values of a, b, c, and m which minimize the least-square error.

He considers curves wherein H varies from roughly 200 to 2400 A/m. For

a typical type of transformer iron, the values a = 1.6355, b = -0.0108,

c = 0.0581, and m = -2.543 are given and the associated error is 1. 1 %.

There are several papers by Erdelyi, Trutt, Ahamed, and Hopkins

which discuss the application of the work of Fisher and Moser to finite-

difference equations. Of these, we shall cite only the most recent. Here,

Trutt, Erdelyi, and Hopkins (63) consider subdividing the range of H into

two to four sections and then using simple algebraic or transcendental func-

tions within each. They maintain, however, that once a decision is made to

subdivide the curve, it does not matter if it is subdivided into few or many

sections. Therefore, they propose that linear interpolation, where there

are as many subdivisions as data points, may just as well be used to mini-

mize computational time.
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Let us now determine the relationship between the shape of the magnet-

ization curve and the conditions for ellipticity. The coefficient matrix of

Eq. (1.54) is

+ 2 vt u2 2 v' ux 3'y

2v'
xu uy

v + 2 v ' 2
(3.1)

and we recall that B2 = .2 u2 and vl = d v /dB2. This matrix has

eigenvalues v and v + 2v' B2. Their product must be positive for given

values of X, , uy , x and y for the problem to be elliptic (Eq. 1.56). The re-

lationship of these eigenvalues to the condition of uniform ellipticity may be

seen by rewriting v in terms of B, H, or pt. After some manipulation, we

require that

stE tz

dB B
(3.2)

or in terms of the bounds of Eq. (1.58), it may be shown that the ellipticity

conditions in terms of B and H are

1/k1 B/H 1/K1 > 0

1/k2 dB/dH > 1/K2 > 0
(3.3)

Here, the term B/H is, of course, the permeability, 1.1,; dB/dH is some-

times called the "incremental permeability."

Properties Affecting Convergence

Referring to the result of Frank (34), Eq. (2.20), the function 11) is

equivalent to the reluctivity, v . Hence, we may estimate an h (which is the

minimum of the mesh lengths in a non-uniform mesh) for the worst possible



case by choosing

1m > v =2 = 0 pto
(3.4)

Since, in any problem, the maximum value of the permeability is about

20001/0, we may take

1m < v =
1 0 2000

0

Hence, we would require a mesh spacing such that

2m1
h < = .001m2

(3.5)

(3.6)
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to insure 0(h2) convergence throughout the domain of this problem. On the

other hand, if the iron is known to be fairly saturated, the maximum perme-

ability may be around 100 po, so that a spacing of

21,10

h < = .02
100110

(3.7)

would be appropriate.

Concus (22) has suggested using the ratio of the largest to the smallest

eigenvalue of Eq. (3.1) as a measure of the nonlinearity of the problem.

Let us define this condition number, A , by

2 B2 d vA = 1 - u b (1+ (3.8)
v d B

2 ) '

and observe that A is equal to one for a linear problem. In solving the

minimal surface equation, which is the same form as the homogeneous

magnetostatic problem, the nonlinearity is introduced by the function,
-1/2

y = (1 + I pu12) . As Concus points out, the magnetostatic problem is
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mildly nonlinear; here, values of A are at most about 20 , whereas in the

minimal surface problem, A may have as large a value as desired by pick-

ing appropriate boundary values.

Data

The most complete set of data that this author was able to obtain was

compiled from measurements made by the General Electric Company.

Figure 3.2 shows these data for various metals and alloys where H varies

over five orders of magnitude. For our purposes, five different materials

which are commonly used in high-field magnet research were chosen: pure

iron, annealed ingot iron, oriented 3% silicon strip steel, Co-Ni-V alloy,

and ductile cast iron. The data were converted to standardized mks units

(B in tesla; H in A/m). -The annealed ingot iron curve was chosen to il-

lustrate the following extrapolation methods;

Extrapolation to Low Fields

Although our applications are such that we may expect relatively high

fields in all regions of the material, it is necessary to insure that the curves

have the proper shape down to zero field; otherwise convergence may be im-

paired during the initial iterations. Therefore, we extrapolate (interpolate)

the given data by using a known value of the permeability at zero field.

Bozworth (9) gives the value pr ;:z. 145 for annealed iron at this point. In

this range, "Rayleigh's law" indicates that lir varies linearly with H. This

latter relation was used with our data to give

B = (145 H + 3555 H2) x 10-4 (3.9)

for 0 < H < 1.592 x 102 A/m.
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Extrapolation to High Fields

Almost no data are available for the range of H greater than about

105 A/m. Besides the effect upon the convergence, as in the low-field

40

case, the use of iron alloys in high-field superconducting magnets necessi-

tates extending the curve to about 108 A/m. Also, it was found that the

data given in Fig. 3.2, for B greater than 2.1 T, were in error, due to the

following consideration

Calculation of M from tabulated values of B and H showed that M often

decreased with increasing H. Therefore, such data are spurious since, in

ferromagnetic materials, it is well known that

dM
dH = X m > 0. (3.10)

In order to correct for this, it is only necessary to plot M versus H in the

saturation region for all acceptable values. Then, one must determine a

fairly accurate value for the magnetic moment at as large a value of H as

can be anticipated (e. g. , 1010 A/m). A curve is then drawn so that it

asymptotically approaches this value, which we shall call Moo . Values for

B and IA can then easily be found from B = ;20H + M and B = pH.

For the case of annealed ingot iron, we find M
co

from the measure-

ments of Danan, Herr, and Meyer (26) who give the value

a0,co
= 221.7 emu/a

for the volume susceptibility of iron at 0° C and extrapolated to infinite

field. At 20° C, the density, d, of annealed iron is 7.874 g/cm 3 so that we

may determine Moo to be 2.194 T from the relation

Moo = 47ra
0,00 d . (3.11)

Figure 3.3 shows the resulting value of B determined in this way; the curve
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for M was extended to the point H = 1010 but is not shown here. Tabulated

values for B, H, v , and M over the entire range of the annealed non-

curve are given in Table 3.1. Values of A were calculated with second-

order differences to approximate the derivate in Eq. (3.8); the maximum

value was A = 16.4, which is in the knee of the curve at 1.6 T. In

regions I, II, and IV, A ranged from about 1.02 to 10, with the average

value being roughly 4.

Curve-fitting Program

The curves for the materials previously mentioned were fitted by us-

ing an interactive-graphics program developed by Smith (60). Here, the

data points were displayed on the cathode ray screen of an IBM Model 2250

display unit. Data points could be either deleted or added by use of a light

pen and keyboard. The user may supply a variety of trial functions with

initial parameters. These parameters are automatically adjusted in a

least-squares routine. The usefulness of this program is that the resultg

are almost immediately displayed on the screen showing the data points,

best fit, and values of the residuals.

In Fig. 3.4, data for the annealed iron curve are displayed in a linear

plot for the range H = 0 to H = 106 A/m. Previous experience had indicated

that the function

B = a1ll/(exp(a2 -a3 + a4 H) a5 G +a6H" (3.12)

might be a suitable choice. In Fig. 3.5, the best results that could be ob-

tained with this function are shown to be unsatisfactory when using the

data for the entire curve with H up to 108 A/m.
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Data for the entire range were then transformed to give H on a log10

scale, as shown in Fig. 3.6. After other trial functions again proved to be

unsatisfactory, it was decided to partition the curve into several regions

and fit with second-order splines involving low-order polynomials. The

position of the joints was automatically optimized by the program. An ini-

tial results of this procedure is shown in Fig. 3.7. Here, the residuals

are very large and the position of three joints at this stage is indicated by

vertical bars on the horizontal axis.

All of the curves chosen were fitted in the same manner. Figs. 3.8,

3.9, and 3.10 show the results for the annealed ingot iron, ductile cast-iron

and pure iron curves, respectively. Figure 3.11 shows a fit of v as a func-

tion of B2 for annealed ingot iron. In most of these cases, the line widths

of the fitted curves lie so close to the data points as to be nearly obscured

in the photographs. A quantitative measure of the goodness-of-fit is

Eerms = (f (xi)
g(xi))2

i =1
(3.13)

where n is the number of data points, and f (xi) and g(xii are denote values

of the fitted curve and original data, respectively, evaluated at the data

points x..

Results

Tables 3.2 to 3.8 give the polynomial coefficients, values of erms' etc, ,

for the best fits obtained. In all cases, H was normalized over the range

-1.0 to +1.0. The number of joints in any curve does not exceed seven and
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the polynomials are at most of third-order so that they can be quickly

computed.

The errors are roughly of the order 0.01 and at no point in any of the

curves is the deviation of the fit from the data more than a fraction of a

percent. Hence these results are more than adequate due to the fact that

individual ferromagnetic specimens may vary in their composition and

past history to produce an uncertainty of one or two percent.
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Table 3.1

H (A/m) B (T)
11r

M (T)

0.0

7.958

1.592 x 101

2.387x101

3.183 x 10
1

3.979 x 10
1

4.775 x 10
1

5.570 x 10
1

6.366 x 101

7.162 x 101

7.958 x 101

1.194x 10
2

1.592 x 10
2

Range I Low Field Extrapolation

0.0

4.995 x 10
-3

1.710 x 10
-2

3.631 x 10
-2

6.264 x 10
-2

9.607 x 10
-2

1.366 x 10
-1

1.842 x 10
-1

2.390 x 10
-1

3.001 x 10
-1

3.700 x 10
-1

6.999 x 10
-1

9.148 x 10
-1

0.0

5.005 x 10
-3

1.712x10

3.634 x 10
-2

6.268 x 10
-2

9.612 x 10
-2

1.367 x 10
-1

1.843 x 10
-1

2.391 x 10
-1

3.010 x 10-1

3.700 x 10
-1

7.000 x 10
-1

9.150 x 10
-1

1.450 x 10
2

5.005 x 10
2

8.558 x 10
2

1.212 x 10
3

1.567 x 103

1.922 x 10
3

2.278 x 10
3

2.633 x 10
3

2.989 x 10
3

3.344 x 10
3

3.700 x 10
3

4.670 x 10
3

4.574 x 10
3

Range II General Electric Data

1.989 x 10
2

1.100 4.401 x 10
3

1.100

2.387 x 10
2

1.220 4.067 x 10
3

1.220

2.785 x 10
2

1.300 3.715 x 10
3

1.300

3.183 x 10
2

1.357 3.392 x 10
3

1.357

3.581 x 10
2

1.400 3.111 x 10
3

1.400

3.979 x 10
2

1.430 2.860 x 10
3

1.430

4.377 x 10
2

1.450 2.636 x 10
3

1.449

4.775 x 10
2

1.470 2.340 x 10
3

1.469

5.173 x 10
2

1.480 2.277 x 10
3

1.479

5.570 x 10
2

1.490 2.129 x 10
3

1.489

6.366 x 10
2

1.512 1.890 x 10
3

1.511

7.162 x 10
2

1.530 1.700 x 10
3

1.529

7.958 x 10
2

1.540 1.540 x 10
3

1.539

1.194x 10
3

1.580 1.053 x 10
3

1.579

1.592 x 10
3

1.600 7.998 x 10
2

1.598
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H (A/m) B (T) M (T)

1.989 x 10
3

1.628 6.513 x 10
2

1.626

2.387 x 10
3

1.645 5.484 x 10
2

1.642

2.785 x 10
3

1.662 4.749 x 10
2

1.659

3.183 x 10
3

1.680 4.200 x 10
2

1.676

3.581 x10
3

1.690 3.756 x 10
2

1.686

3.979 x 10
3

1.700 3.400 x 10
2

1.695

4.377 x 10
3

1.715 3.118 x 10
2

1.710

4.775 x10
3

1.725 2.875 x 10
2

1.719

5.173 x 10
3

1.740 2.677 x 10
2

1.734

5.570 x 10
3

1.750 2.500 x 10
2

1.743

6.366 x 10
3

1.772 2.215 x 10
2

1.764

7.162 x 10
3

1.785 1.983 x 10
2

1.776

7.958 x 10
3

1.810 1.810 x 10
2

1.800

1.000 x 10
4

1.855 1.476 x 10
2

1.842

1.194 x 10
4

1.890 1.260 x 10
2

1.875

1.592 x 10
4

1.930 9.647 x 10
1

1.910

Range III High Field Extrapolation

2.000 x 10
4

1.958 7.791 x 101 1.950

5.000 x 10
4

2.113 3.363 x 101 1.960

8.000 x 10
4

2.189 2.177 x 101 1.970

1.000 x 10
5

2.231 1.775 x 101 1.980

2.000 x 10
5

2.394 9.527 1.990

3.000 x10
5

2.537 6.730 2.070

5.000 x 10
5

2.808 4.470 2.130

8.000 x 10
5

3.195 3.178 2.150

1.000 x 10
6

3.457 2.751 2.165

3.000 x 10
6

5.973 1.584 2.170

5.000 x 10
6

8.488 1.351 2.175

8.000x106 1.226 x 101 1.220 2.181

1.000 x 10
7

1.478 x 101 1.176 2.196

5.000 x 10
7

6.505 x 10
1

1.035 2.193

1.000 x 10
8

1.279 x 10
2

1.018 2.194

50
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Table 3.2

Annealed Ingot Iron Entire Field Range

B = a0 + alx + a2 x2

Number of data points = 57

rms error = 5.64 x 10-2

firn
in

= 7.9580; Hmax
= 1.000 x 108

x = log (H2/Hmax

Joints

Hm ) /log ( Hmax/Hmin

a
0

al a
2

-1.000000
1.66150 3.08366 1.40885

-0.802787
2.20161 x 101 5.37934 x 101 3.29924 x 101

-0.709792
2.95190 x 10

-1
-7.40995 -1.01211 x 101

-0.366100
1.97888 1.78816 2.44126

0.459969
1 2 2

3.30084 x 10 -1.33132 x 10 1.49103 x 10
0.680994

1.92625 x 10
2

-6.01910 x 10
2

4.93292 x 10
2

0. 836794

1.34786 x 10
3

-3.36274 x 10
3

2.14279 x 10
3

1. 000000
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Table 3.3

Annealed Ingot Iron High Field Range

B = a0 + alx + a2 x2

Number of data points = 46

rms error = 1.89 x 10-2

. = 1.5920 x 102; Hmax = 1.000 x 108Hmm

x = log (H2/11maxHmin)/log(Hmax/Hm)

Joints a
0 a1 a

2

-1. 00000
> -3.98746 -1.45030 x 101 -9.54809

- 0.790000
> 2.32831 1.48635 -15.71742 x 10

- 0.359996
> 2.25334 1.06984 -6.73911 x 10-3

-0.0799993
2.27717 1.66553 3.71641

0.200000
> 3.37268 -9.28923 3.11023 x 101

0.473999
> 3.14658 x 101 -1.27826 x 102 1.56141 x 102

0.959992
3.94976 x 104 -8.23394 x 104 4.29697 x 104

1.000000



Table 3.4

Annealed Ingot Iron Entire Field Range

,
a
-1

v = Ic y°10

y = a0 + alx + a2 x2 + a
3

x3

x = log(B4/Bm2ax Bm2 )/log(Bm2ax/Bm2 in)

Bmin = 2.5050 x 10-4; B2m = 1.63530 x 104ax

Number of data points = 58

rms error = 2.19 x 10-2

Interval a0 a1 a
2

a3

53

-1.000000
> 2.83375 2.31826 5.02420 2.31249

-0.339997
> 2.23778 -2.94038 -1.04425 x 101 -1.28510 x 101

0.0279987
> 2.21403 -4.08826 x 10-1 -1.00409 x 102 1.05290 x 103

0.119194
8.36018 -1.55100 x 102 1.19738 x 103 -2.57642 x 103

0.174997
>-6.98889 1.08036 x 102 -3.06300 x 102 2.87845 x102

0.363998
7.37960 -1.04682 x 101 1.94230 x 101 -1.05180 x 101

1.000000
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Table 3.5

3 %Silicon Steel

B = a
0

+a
1
x+a2 x2 + a

3
x3

Number of data points = 54

rms error = 4.25 x 10-2

Hmin = 4.775; H
max = 3.183 x 10

x = log (H2/HininHmax) /log(Hmax/Hmin

5

Interval a0 al a2 a3

-1.00000
-1.66795 -1.39224 x 101 -1.82069 x 101 -5.85377

-0.70000
1.83139 1.07491 3.21796 4.34852

-0.16000
1.80144 5.13159 x10-1 -2.93469 x 10-1 -2.96798

0.03400
1.80121 5.29962 x 10-1 -7.10066 x 10 1- 4.99935 x 10-1

0.30000
1.81350 4.08569 x 10-1 -3.08228 x 10-1 5.40603 x 10-2

1.00000
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Table 3.6

Ductile Cast-Iron

B = a0 + alx + a2 x2 + a
3

x3

Number of data points = 31

rms error = 3.50 x 10-3

Hmin = 4.7750 x 102; Hmax = 3.1830 x 105

x = log (H
2/HmaxHmin)/log(Hmax/limin)

Interval

>

a0

1-

al a
2

a
3

-1.000000
9.60946 x 10 -1.73659 -3.96795 -1.49411

-0.600000
> 1.41838 5.50589 x 10-1 -1.56012 x 10-1 -6.23601 x 10-1

-0.200000
> 1.41498 4.99619 x 10-1 -4.10975 x 10-1 1.98513 x 10 -1

0.589999
> 1.54131 -1.42843 x 10-1 6.78007 x 10-1 -4.16668 x 10-1

1.000000
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Table 3.7

Pure Iron

B = a0 + al x + a2 x2 + a
3

x3

Number of data points = 46

rms error = 1.04 x 10-2

Hran 1.
a

= . 5920 x 101; Hmax = 3.1830 x 105

x = log (H
2/Hmax Hmin) /log (Hmax /Hmin)

Interval a0

-1

al a
2

a
3

- 1.000000
)1.47760 x 10 -7.63684 -1.22833 x 101 -4.50495

-0.558999
>1.82830 1.38209 3.85055 5.11554

- 0.308000
>1. 72595 3.84990 x 10 -1 6.12736 x 10 1.61091

0.0599997
>1.72651 3.56539x 10 1.09106 -1.04717

1.000000



57

Table 3.8

Cobalt-Nickel-Vanadium Alloy

B = a0 + a1x + a2 x2 + a3 x3

Number of data points = 27

rms error = 6.03 x 10-2

=Hra 7.958 x 102; Hmax = 3.1830 x 105
m

x = log (112/Hmax Hmin)/log(Hmax/Hmm)

Interval a0 al a
2

a
3

-1.000000
> 6.64927 1.91566 x 101 1.77629 x 101 5.17043

-0.559995
> -1.19082 -2.28445 x101 -5.72405 x101 -3.94754 x 101

-0.400000
> 1.81803 -2.78511 x10 1- -8.26325 x 10 -1 7.53581

0.100000
> 1.82685 -5.43138 x10 1.81922 -1.27496

1.000000
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Derivation of Difference Equations

In this chapter, we will derive the finite difference analogs to the mag-

netostatic field equations in rectangular and cylindrical coordinates. These

results will be specialized for the important case of equal mesh spacing.

Also, we shall discuss the difference equations to be used on boundaries

and for calculating line and surface integrals.

Rectangular Equations

In order to find the analog for the operator,

L(u) = (vu(x,q) + (u(x,y) + J(x,y) = 0 (x,y) E S , (4.1)
x /Y.

let us first consider how one would approximate the term u(x,y)x . We place

a rectangular grid over the region S; the nodes of this grid are then points

of Sh. We then evaluate u(x,y) at a particular node and call it ui, The gen-

eral plan is to find suitable difference quotients which use the values of

evaluated at its four nearest neighbors.

Consider a typical point (xi, yj) of Rh which is shown in Fig. 4.1. Its

nearest neighbors are (xi+ yj), (xi, yj 1), (xi yi) , and (xi, yi _1)

To simplify the notation, let us use compass abbreviations:

U = u1.
E +1, j

U = u.W 1-1, j
U = u.

1
.

N , j -1
UO = ui, j

h=x. x. - x.
E 1+1 1

h = x. x
W 1 , -1

hN = yj yj

hs = yj - yj

(4.2)

Also, we assume that U0 represents the average value of the continuous

function u(x, y) over the shaded region of Fig. 4.1 . Expanding uE and uw
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Fig 4 2



about U
0

in a Taylor series, we have

for

and

for

60

h2 h3

U 1 h u UXX .
E

= U
0

+
1

uxi E
+

1

tXX
J 2! + XX E* 3!

+ (4.3)
0

X0 < x* < XE

2hw
Uw = Ua ( h,

")0 vv 2L4/0
11xxx(x'IKAT) 3!

X < X *
W

< X
0

.

+ . . . (4.4)

Dividing Eq. (4. 3) by h2 and Eq. (4.4) by h 2 and then subtracting, the

terms involving lu I are eliminated;
' xx/0

UE U
0

(Uw U0)
1

2 -(11x) 0(hEh 2

I1W

Solving for luxi1 yields

1 [ hW hE

hE +hW hE (UE -Un) +1,

uxxx(x)hE +uxxx

3!

(U0 Uw)

hE hw hE Uxmc ( ) hwuxxx (

3! hE + hW

x* lh
W (4.5)

(4.6)

The last term in the above equation is a weighted average of xxx at the



points x* and (x4,) . If we pick a point and a distance h so that

XV/ < XEW < XE

h = max (hE, hw) ,

the remainder term (or the truncation error) is

h2

3! tixxx-(2cEW)

(4.7)

(4.8)
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The above derivation will be recognized as a centered difference approx-

imation to lu ; the well-known fact that centered differences are more ac-k x/
0

curate than one-sided differences can be noted by observing that the error

is of 0(h2) . If a one-sided difference had been used, the error would have

been of 0(h). Also, we see the need of assuming that the derivatives of u are

greater than order two and are bounded.

For the case of self-adjoint equation (4.1), we can proceed directly to

find a suitable difference expression. Since the second derivative of vux

is the simple difference of the first derivatives evaluated at half-a-mesh

spacing from U0, we can write

vE/2 (UE -U0) vw/2 (Uo -Uw)

hE
hW

2 (hE + hW)

(4.9)

In order to give a meaning to vE/2 and vw/2, we assume that v varies lin-

early with u over the shaded region of Fig. 4.1. Then v may be approximated as

(vE hv(x + -) v +vE/2 2
'

0 hE
v0)

2
E (4.10)

or vo +vE
vE/2 = 2

(4. 11)



A similar expression results for vw/2,

hW v
W + v0v v

z 2
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(4.12)

The expression for Ivu \ is also found in this manner. The corre-
k Yi

sponding analog for J(x,y) is just the value of J at (x.1 ,
1/

times the shaded
1

area. Finally we collect all of these items and use the substitutions

hE = a Eh aE 1

11W aWh
aw 1

hN = aNh aN 5 1
h = ash

S 1

(4.13)

so that the finite difference analog to Eq. (4.1) is given by

Lh(U) = aEUE + aew + a NUN + asUs + j3 JO - aouo = 0 (4. 14)

where the coefficients are given by

a
E

a

a
N

a

2vE/2
aE (aE aW)

2 vW/2

aW(aE aW)
(4.15)

2vN/2

aN(aN aS)

2 vS/2

aS(aN aS)

a0 = aE + aw + aN + as

= h2
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An important point to be noted is that all of the a's are positive. In addition,

for the case that all a's are equal to one, symmetry is obtained. In order to see

this, we consider the coefficients linking two neghboringpoints;

and

Since

v ih + (i + 1))h jh(a =E).
,3

(vE/2\ = (4.16)
1

2

(aW)i+1,j W 2)i+1,j
(i + 1) h + ih)

, jh . (4.17)
2

(aE)i,j (aw)
i+ 1

v ((i + 1/2)h, jh
, j

(4.18)

the coefficients are symmetric with respect to each other; the same situation

also holds in the y -direct ion. For unequal mesh spacing, symmetry is not

generally guaranteed.

For equal mesh spacing, Eq. (4.14) reduces to

(vE+ iv 11E+ (vw+ vo)uw +(vN+ vo)UN + (vs+ vo)Us + 2h2 Jo

(4.19)
- (VE+ vw + UN+ Vs+ 4 vo) Uo = 0.

Expressions for B and H

The approximation for

a u a uBx = ay and By
a x

(4.20)

is obtained at the point (i, j) by taking a central difference. Letting this

point be called 0, as above, we have

B
1[UE_u0

uo_uw
(4.21)

2 h hw



By

or, in terms of the a's,

_ Uo

2 hN

1rE _uo
2h a

E
Bx =

U0

2h aN

Uo

hS

U0 -

a

aS
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(4.21)
cont'd

(4.22)

Again, if the coefficients qv aw, etc. , are equal to one, the truncation

error is of 0(h2), and these become

UE - UW UN - US
Bx 2h y 2h

(4.23)

Dirichlet Boundary Equations

In the Dirichlet problem, we must give the value of the potential at the

boundary points. As long as the boundary happens to coincide with straight

mesh lines, the regular five-point equations of (4.14) or (4. 19) can be used.

However, if the boundary is curved, such as the line S in Fig. 4.2, there

are several ways to approximate S.

The first of these is called interpolation of degree zero, and one simply

picks a value for u on Sh which corresponds to the closest point on S. Thus,

the irregular points Q1 and Q2 of Fig. 4.2 are given by

UN = u(Q1) (4.24)

and

UE = u(Q2) (4.25)
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The truncation error of this approximation turns out to be of 0(h) as h O.

A better scheme, given by Collatz (th ), consists of a linear interpola-

tion between_ the values of Us and UQ. Referring to Fig. 4.2, we have

h u (Qi) + hq1 Us
U0 (4. 26)

0 h + hql

The reason for finding U0 instead of UN is that for the latter we would have

h u (Q 1) + (h qi - h) U0
UN = hql (4.27)

and the quantity (hqi -h) may not be positive, which leads to difficulty in

solving the system of equations. This second method is of 0(h2) as long as u is

sufficiently smooth near the boundary, and is called interpolation of degree one.

Neumann Boundary Equations

We often wish to take advantage of the symmetry of our problem to re-

duce the number of mesh points. If the symmetry axis is a straight line,

the conditions on the gradients of the potential can be stated quite easily..

Suppose that our problem is symmetric about the line Sh of Fig. 4.3.

Then the field lines must pass perpendicular to Sh. Hence, the tangential

field component is zero, i.e. , for Bt = 0, we require that

This condition is satisfied by stating that

or equivalently

u(x,y) = u(-x,y)

=
E

.

(4.28)

(4.29)

(4.30)
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If, for instance, the region to the left of Sh in Fig. 4.3 were a material

of infinite permeability, then the above equations would also be used, since

the flux would enter the material normal to its surface.

In the same manner, we may treat problems with anti-symmetry. Re-

ferring to Fig. 4.4, we see that we must have

or

u(x,y) = u(x,y) (4.31)

UW = -U 4.32)

Thus, we may use a regular five-point operator on such symmetry or anti-

symmetry axes, provided that we simply change the sign of potential appro-

priately. For a square mesh, the equations are still of positive type and

have an associated error of Oat2
).

Curved Boundaries

Neumann conditions on curved boundaries tend to cause more complica-

tions. Though there are several methods which may be used in this case,

the following treatment is perhaps the most useful.

Consider Fig. 4.5 where the unit normal, n, points outwards from the

surface S at the point 0. From the boundary conditions given in Eq. (1.47)

we require that (vt7u1)0 = (vvu)0 (4.33)

and

(&) = (u)0
0

(4.34)
ADenoting the components of n in the x- and y-directions by nx and n

yields
" au " au

ax
v' au' , au'n ax + ny ay v

nx + n
Y ay (4.35)x
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In order to find the derivatives, we refer to Fig. 4.5 and expand u1 and

u2 by

+h(au)
0

u
1 0 ax

axU2 = U0 + 2h(a)

h
2

2!

4h2

a2u)
ax2o

2u

h3 (a3u)
3! ax3

0

8h3 a3u )
2! ax2

0
3! ax3

0

By multiplying (4.36) by four and subtracting (4.37), we obtain

(4.36)

(4.37)

au ) 1 r,
U2 3U0] + h3 a

ax = 2h (4.38)
ax

and in the same manner, we would find

(aayul 21h [4 3ud
3

h3 a3u
(ay)

aY o

+ (4.39)

Assuming that the terms of third and higher orders are negligible, We

may use these derivatives and, after some manipulation, use Eq. (4.35) to

write:

3(1 + (nx + ny)U0 = nx B4U1 U2) + -113- (4 Ul U'd

+ ny R4U3 U4) + (4

and hence find U0 from the values of its eight neighbors and the direction of

the normal. This equation should be used with caution, for it is not of posi-

tive type, and assumes that is uniform in the region near the boundary.

(4.40)
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Cylindrical Difference Equations

We wish to find a suitable finite difference analog to the equation

a (v ach \+
ar \r ar aaz

J(r,z) = 0 .
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(4.41)

Winslow ( 70 ) modifies the rectangular equations of TRIM to represent

the above equation, but does not explicitly describe their form or their be-

havior near the axis. In general, little theory is available concerning the

nature of boundary value problems associated with Eq. (4.41).

Solutions to the linear, homogeneous case of this equation have been

studied extensively for the Dirichlet problem. In this case, the current

term is not present and p is assumed to be constant; hence Eq. (4.41) re-

duces to the type

'zz 'rerr zz + = 0, (4.42)

where k = -1. It is known that a unique solution exists provided that k < 1,

as it is in our case (32).Near the symmetry axis, r = 0, the axially sym-

metric potential,i = rA proportional to r1 -k or r2. Although one may

find a difference operator of the positive type for Eq. (4.42), Parter ( 51 )

points out that "unfortunately, we are unable to give any error estimates in

these cases (sic a = -1), neither an a priori error estimate, nor an

a posteriori estimate." Greenspan ( 35 ) finds a difference expression

for Eq. (4.42), and solves the equations by constructing an artificial bound-

ary at least two mesh units from the axis. His expression, for k = -1, is

- - -(1+ 21 j) - j) =0. (4.43)

The coefficients linking the nodes on a vertical line (i = constant), are

not symmetric, however, and we would wish to avoid this situation.
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Symmetric equations may be found by constructing a mesh as shown in

Fig. 4.7, where the center node is 0. j
and denote its four neighbors by

j etc. Let us apply Stokes' theorem to Eq. (4.41) by in-

tegrating over the shaded area S, which is bounded by the curve C;

I aar(y_r V) :z ( ji: aaVzi)

S

dr dz

y_ IG v a 11)
a rdr f dz +ffJ dr dz . (4.44)

C C S

We then approximate the values of v on this curve as an average of v at the

two nearest nodes;

1,3 1,j -1
2

v. - v . .

1,3 10+1
2

(4.45)

vi
+

,j + 1
1 j 2
2 '

v1,3
+ v .

1
.

,3 10
v. 1 . 2

J
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Fig 4.6

Fig 4.7
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Letting dx and dy be equal to the mesh width, h, and replacing r by its dis-

tance from the axis in mesh units, the line integral in the y-direction is

y ax
C

hby 1 v. 1

jh h jh

and in x-direction,

h v . 1 a. hv. 1f v 1,J+-
cbcY ay 1- 1

ti+ 2Ih (i4)h
C

tbi -1,j
h

4.46)

1111-1,j)(4.47)
h

The current density is assumed to be constant over the area S; its contribu-

tion is, therefore, Jh2. As in the rectangular case, we add the terms of

Eq. (4.46) and (4.47) and find the difference operator to be

LOP) aE (PE + aW qINV aN1PN aS IPS P j0 4. a 0 (PO

where
E/2a = jE h

aw

a

ce
N

v W/2
j h

v S/2

Cl

2

v N/2
+21_)h

a0
= aE + aW + aN + aS

(4.48)

(4.49)
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Although some algebraic simplification would result by multiplying all

terms of Eq. (4.48) by j, (j , etc. , the symmetry would be lost. In

practice, therefore, Eq. (4.48) and (4.49) must be programmed as they

stand. We have used centered differences in deriving the above equations,
1hence the truncation error is of 0 112 /.

Expressions for the fields at points not on the boundary may be found

directly from i3 = r V x 0. Letting r = jh and taking centered differences,

these are

IPS
A

B z
2jh2

11/

and B . r = E

2j h2
(4.50)

On the axis, the radial field must be zero, and to find the axial field here,

we note that

A ) a2zB (axis) 1 ao
2r

(4.51)

Also, the field is symmetric, so that the centered-difference for the second

derivitive becomes

1PN + (PS 2 ?P O
2PN

h2 h2
(4.52)

Expressions for H are identical, except for being multiplied by the

value of v at a particular node. The modification of the preceding cylin-

drical equations on symmetry boundaries perpendicular to the axis pre-

sents no special problem, and can be treated as we have done in the

rectangular case.



Surface and Line Integrals

To find the total energy, E, or inductance, L, per unit length, it is

only necessary to integrate the potential U over the current-carrying

regiors:

E = 11113Hda =
AoffJUda

2 2

L = 2E/12
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(4.53)

(4.54)

where I is total current through the conductors. Due to the truncation error

of difference equations, a Simpson double-surface integration formula will

be sufficiently accurate.(39) Referring to Fig. 4.7, at each node U0, we then

use the expression

ifh
2

JUds 9
[16 Uo + 4( Ui + U2 + U3 + U4)

+ (U6 + U6 + U7 + U8)]

(4.55)

and apply it to Eq. (4.53) or Eq. (4.54).

In our general program, we will also calculate line integrals to deter-

mine the forces on a coil and the value of H di around any coil. For the

cylindrical cause, the first of these is found from

i1-5:' = ix (11; vxtp)rdOdrdz . (4.56)

vol



Integrating with respect to 9, and using Stokes' theorem, the forces

over the cross section of the coil, S, are
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F = 2711x ( vx tp) dr dz = 2 iix IP dii (4.57)

S

where clf is taken around the boundary of the coil. Equation (4.57) has the

two components. If we denote the radial and axial forces as Fr and Fz, the

components of (4.57) are

Fr r = 27r-Fx f1jl dz

and (4.58)

Fzz= 27rYx f IP dr

which are evaluated over the sides of the coil. There is no need to use an

integration formula of order higher than that of H and tji, and so the second-

order Simpson rule, (cf 40, page 73)

I -s.= h (fi- 1
+4fi +fi +1) (4.59)

may be used repeatedly along these lines. In the cylindrical case, the hoop

stress, cr(r, z) may be found at each node in a coil from

A
licrli 0 =

which reduces to

7r/2

d Fr
1

da drdz
9 =0

X B r II sin 0 dr dO dz

8 h o-9 H (r, z) = (J X B) I r u. (4.60)



CHAPTER V

Iterative Methods

77

In any practical problem, there must be a substantial number of mesh

points. If we consider the permeability to be constant, there would be one

linear equation to solve for each point. Then, if we were to apply Eq. (4.14)

or (4.49) at each point, the resulting system of equations could be written in

the following form:

Ax = b (5.1)

where A is the coefficient matrix of the a's, x is a column vector repre-

senting the values of the potentials U at each node and b depends upon the

current densities and boundary values of the problem. (Throughout the fol-

lowing discussion, capital letters will denote matrices and lower case let-

ers, vectors.)

The matrix A has a special character which is a consequence of its

associated partial differential equation being self-adjoint. We will briefly

review its properties as they apply to our problem, since they can be used

to great advantage in finding a solution to Eq. (5.1).

1. A is a sparse matrix of large order.

2. A is real and symmetric and hence possesses real eigenvalues; the sym-

metry is expressed by Eq. (4.18).

3. A is irreducible; i.e. , there is no permutation matrix P such that

A 0
P -1 AP = 1

A2 A3

The irreducibility of A results from the fact that each of its elements,

a., depends upon the boundary values. This is necessary; otherwiseij
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the elliptic problem is not well-posed. The irreducibility can be easily

demonstrated by showing that the directed graph of B, where A = I B,

is strongly connected.

4. A is diagonally dominant; for each row, i,

'al* 1.1
(aii), for j i,

and the equality must hold for at least one value of i. This property re-

sults from our derivation which led to Eq. (4.15).

5. Consideration of the properties (2) and (4) above, plus the fact that each

a.. > 0, shows that A and its eigenvalues, A1, are positive definite;

i.e. , for x # 0, xT Ax > 0.

6. The matrix A possesses Young's Property ,il; that is, by a sequence of

permutations, it can be transformed into a diagonally block-tridiagonal

matrix.

In addition, we may note that A is non-singular, due to the following

theorem (cf 65, chapter 2):

Theorem 5.1

The matrix A has an inverse if

(a) It is irreducible

(b) ai S 0 for all i j

(c) Real (Ai) ?. 0
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A successful iterative method enables us to perform an operation on a

previous approximate solution and obtain an improved solution. Such meth-

ods are preferred for solving large, sparse systems, because the many

zeros in the matrix tend to make the process self-correcting. The conver-

gence of the process is also considerably aided by the diagonal dominance

of the matrix and, in our case, the fact that all the eigenvalues are positive

definite.

In particular, we seek an iterative matrix, T, such that A = I T.

Then Eq. (5. 1) can be written as

x = Tx + b .

The iterative process is then described by

x(k+ 1) = T x(k) + b ,

(5.2)

(5.3)

where the superscripts will denote the value of x after the (k)th iteration.

We then define an error vector as

e(k) x(k)

so that subtracting (5.3) from (5. 2) yields

or

x(k + 1) - x = T (x(k) - x)

e(k+ 1) e(k)

(5.4)

(5.5)

(5.6)

If we call e (0) the error resulting from our original guess for the value

of x, then by induction, we can show that

e(k) = T e (0)
, (5.7)

for any initial value of TheThe following well-known theorem is needed:



Theorem 5.2

In the iterative process described above, the condition that

Tk = (I -A)k 0 as k ---oo (5.8)

80

will occur if, and only if, all eigenvalues of T (or I - A) are less than one

in absolute value.

Computing the eigenvalues, or their associated eigenvectors, is a task

which we will not actually need to perform. Indeed, in a nonlinear problem,

we have no reason to believe that it is even possible to find a complete or-

thogonal set of eigenvectors. However, in linearizing our problem, it is

necessary to have some estimate of the dominant eigenvalue of T as a means

of checking convergence. Let A be an eigenvalue of A and x its correspond-

ing eigenvector;

Ax = Ax. (5.9)

Then, by introducing the norms of these quantities, we have

IAi 117xil IlAll Ilx

or

I xl 114

for all As and x # 0.

The spectral radius p. of the nx n matrix A is defined as

(5.10)

(5.11)

p (A) a- max I Xi l . (5.12)
1<i<n

In the case that A is real and symmetric, we note that

AT
A)T

= AT
A

Then, let w. and 71. .
be the eigenvectors and eigenvalues of AT A,

ATAw. y= .w.

(5.13)

(5.14)



If x is any nonzero vector, such that

x = 2 c. w. ,

then we define the norm of A to be

and we can write

sup
Ii

lux112 _T AT , F lei I 2 yi

ilx112 x x E lei' 2
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(5.15)

(5.16)

(5.17)

Since the eigenvalues of A are positive definite and bounded, there will

be a y1 and yn, such that

0 < yi IlAx II 2 < -y .

111'112 n

Until now, x is undetermined to the extent that we may let

This yields

X = 'yn

liA112 =7= sup 16112
x 0 11x1 2 Yji

It may be shown that

(5.18)

(5. 19)

AT A) . (5.20)

P(ATA) = p(A2) = p2 (A) , (5.21)

so that finally we have the important result:

P(A) = II A II (5.22)

In order to have some means of applying Theorem 5.2, we refer back



to Eq. (5.7). Provided that the matrix norm of T is subordinate to the

vector norm of e, we may write

Ilekl

The average rate of error reduction, ak, can now be given as

e(k) k 11,r1
II e0

A commonly used definition of the convergence rate is

-in iliTkil

1
k
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(5.23)

(5.24)

(5.25)

so that 1/R(Tk) indicates the number of iterations needed to reduce Ile(0)11

by a factor of E = 3.2718 .

that

Since one is interested in Tk as k co , Varga (65, page 67) shows

k1lim T = Roo (T) = -in p (T) .
n co

(5.26)

These results indicate that in order to find the dominant eigenvalue, we

must calculate the 1,0.0 norm of T; i.e. ,

1

imax

IX. = r as Kco (5.27)
1.4iEn

In practice, the calculation indicated by the above equation becomes too

involved to warrant its use. Instead, we note that if we refer to Eq. (5.6)



and use the L2 (Euclidean) norm, we have

e(k + 1)11
2

I1"112

Also, if T is symmetric, one can show that

since

TT 1111 5-11111:

111111 IITT c
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(5.28)

(5.29)

(5.30)

For computational purposes, then, we will determine the average

convergence rate,

P2(T)

1

n i
E(

e.
(k + 1) - e(k)/l2
1 i

i

(e(k) - ei(k -1)
2

(5.31)

so that p2 will average to p (T) as k co. The number Ric = -fn(p2) /k
will be used to determine if the process is converging. Also, we will com-

pute the error ratio

e2 =

1

E(e(ik +1) e(k)\2,

E toc.+1,12
/

and use it as a criterion to terminate the process.

We will now investigate which methods might be suitable.

(5.32)



Point Jacobi Method

In solving the system, Ax = b, A is partitioned into the sum of a diagonal

matrix D and upper and lower triangular matrices U and L.

Then we write Eq. (5.33) as
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A = D-U-L. (5.33)

Dx = (U+ L) x + b . (5.34)

As before, the superscripts (k) and (k + 1) are used to denote the value of x

after Eq.the (k)th iteration, so that for each x. E . (5.34) becomes'

n

a. i xk+1. = _E a..x. + b.
1, 1 J 1

j=1
j /i

with x.0 being the first guess. In matrix notation,

and the matrix

xk+ 1
= -D-1 (U + L) x

k
+ Db

T = D -1
(U L)

is called the Jacobi matrix associated with A.

(5.35)

(5.36)

(5.37)

Equation (5.36) shows that one must save all of the previous components

of the vector x(k) in order to compute x(k + 1)
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Seidel Method

In computation, it is desirable to save storage by using the latest es-

timates of x.k + 1
. This is accomplished by the scheme

k+1a..x.
11 1

In matrix form this is

and the iteration matrix

j =i -1

=1

k +1a..x.
J

n

j=i+i

ka..x.
J

+ b.

(D L)xk+ 1
= Uxk + b

Ts = (D L)
-1

U

is called the Seidel (or Gauss-Seidel) matrix.

(5.38)

(5.39)

(5.40)

Extrapolated Liebmann Method (SOR)

Starting with Eq. (5.48) of the Seidel method, let us define the xfk+ 1) in

the left member as an auxiliary vector x.,k+1

j=1-1

a..x!(k+1)= E a.. x 1) E a.. xk) + b. (5.41)
1.3

j = 1 j + 1

Then, instead of using the latest iterate itself, the new value is weighted by

a relaxation factor, w;

xk +1 xk.

1
_rxI1 k+1 _xl.

1 1 1
(5.42)

Combining Eq. (5.41) and (5.42) into a single matrix equation, we have

k + 1 r i k
(D - coL) x = y1- co) D + ioU j x + co b (5.43)



Since (D wL) is non-singular for any value of w, the SOR matrix is

-1T (D coL) [(1 co )D coUiSOR
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(5.44)

For w = 1, TSOR reduces to TS. The success of the SOR process depends

upon the following:

Theorem 5.3

If A is positive definite and Hermitian, the following inequality holds:

P (T SOR)
maxlxi(w)I

1w 11

For convergence, we must have

P (TsoR) < 1

or

I P(TSOR) < 1

As a sufficient condition for convergence, we then must choose w so that

0 < co < 2 .

The process is termed under-relaxation or over-relaxation if 0 < w < 1

or 1 < w < 2, respectively. If w is held constant throughout the iterations,

the process is termed stationary.

Alternating Direction Implicit (ADI) Methods

Let A = Al + A2 D where D is a non-negative diagonal matrix, Al and

A2 are symmetric, and positive definite. Then the equation Ax = b is equiv-

alent to each of the equations:

(Ai-f-D+Ei)x = b (A2 -Ei)x (5.45)

(A.2+D = b - (Al -E2)x (5.46)
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These two equations provide the basis for the ADI method in which an

intermediate vector x(k + is calculated from x(k), and, in turn, is used

to compute x(k+ 1). We will briefly consider two versions of ADI.

Peaceman-Rachford
(Letting Elk) be cokI and E(11) be cg.)TI, the two equations above yield

2

and

or

and

4) \
(A1 +'D + cok..T ) x(k

(A2 cok.T .)x
(k) (5.47)

(k+) (5.48)(k+ 1) b w i)x
1+ D + coici)x

x(k+i) -I[ (11= (Ai + D + wkI) b (A2 cokI) x

x(k + 1) (A2 + D Wtirl[b (A1 wie) x
(k

(5.49)

(5.50)

Each of the above equations can be solved, for example, by Gaussian

elimination during each iteration. Basically, this amounts to two line re-

laxations along a vertical and horizontal direction. The relaxation param-

eters wk, wic, are chosen to accelerate convergence. They usually must be

found by experience, since they depend upon K.

Richardson's Method

Under the previous assumptions on the matrix A, this process uses

the iteration

x(k+ 1) x(k) y(k) (5.51)
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where, as before, x(0) is arbitrary and y(k) = b - Ax(k) is the k(th) residual.

The hth error vector can be shown to be

e(h) e(c 1) (I
Rk -1 A) (5.52)

Since the f3k depends upon K, this method, like that of Peaceman and

Rachford, is non-stationary. In Richardson's original paper, only rough

suggestions for determining the were given.

Newton-Raphson Analog

Studies of this method, and a nonlinear variant of it, have been used by

Concus (22) and (23), to solve the magnetostatic field problem and

Plateau's problem. Basically, the method involves a relaxation scheme

utilizing the well-known approximation to the roots of the equation f(z) = 0;

i.e.,

z(k + 1) z(k) f (zk)
f,(zk) (5.53)

For a system of equations, the corresponding set of equations is of the form

+ I) (k+ 1) (k) (k)
( k + 1) x(k) - fli EX (11 1 2 Xi 1, j' Xii 2 xn, n -1

I ij af.ii [x(k+i) x(k + 1) x(k) x(k)
a x

1. j
11 ' 1 1 , j ' ij ' n, n -1]

(5.54)

This is equivalent to performing one sweep of point SOR when, and if, the

second derivatives of fij do not vary too much. The fi satisfies the set of



linear equations

1,m

af.

6 1,m yQ, 1,3

where the residual at a particular point in the iteration is

k (k +1)+1) (k)
y. = x. . x. .1,J 1,3 1,J

Concus approximates the derivatives of fi,j. with finite differences.
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(5.55)

(5.56)

Comparisons of Iterative Methods

In selecting a suitable iterative method for our problem, we must con-

sider the following factors, which are listed in terms of what this author

considers their relative importance:

1. Accuracy obtained.

2. Stability of the iterative process on ill-conditioned systems.

3. Time required for convergence.

4. Storage requirements for a particular method.

5. Ease of writing and of using the resulting program.

Several studies have been made in order to compare some of the above

factors for the iterative methods that we have discussed. Perhaps the most

comprehensive of these is given by Forsythe and Wasow (33) for the

linear Poisson equation in a square region with Dirichlet boundary condi-

tions. Westlake (67) has attempted to estimate the storage requirements

and time per iteration, which depends on the number of arithmetic opera-

tions. This time, of course, depends upon the particular computer which

is used.
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Concus (22) has compared the convergence of the Newton

method, Eq. (5.54), with a related nonlinear variant in two magnetostatic

problems of 90 and 870 points. His results show that the nonlinear Newton

method converges at about the same rate as the linear method in the smaller

problem, but is almost twice as fast in the larger problem. On the other

hand, Winslow (70) has found that the use of this nonlinear method in

TRIM approximately doubled the total computation time, as compared with

point SOR for a practical problem. This may be due to the additional opera-

tions needed to implement the nonlinear method.

Other methods which are to be considered are the Douglas -Rachford

method which has been shown by Birkhoff, Varga and Young ( 8 ) to be, in

general, inferior to the Peaceman-Rachford process. The convergence of

the Peaceman- Rachford (P-R) process varies as (log h) -1 and so would

seem to be preferable to an 0(h) convergence of SOR in larger problems.

However, finding suitable relaxation parameters in the P-R scheme is con-

siderably more difficult than in the SOR case. An additional restriction is

that the alternating direction technique, used here, requires that the prob-

lem be confined to a rectangular region. Also, this author has found that

total computation time for large problems varies by a factor of 2 or more,

depending upon whether one relaxes along mesh rows or columns. This in-

crease is due to the manner in which a particular computer stores sub-

scripted arrays. These considerations lead us to doubt the advantage of

the P-R method.

In an earlier work by Young, the SOR method was compared with

Richardson's method and it was found that SOR was faster, needed less

storage, and caused less round-off error. Taking all of the preceding
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information into account, it seems that although the SOR method is not as

sophisticated as more recent methods, it is generally acknowledged to be

the more reliable, particularly in the non-model problems which are en-

countered in practice. Therefore, this method will be used and we must

now consider a means for estimating an optimum over-relaxation factor.

Determination of an Optimum SOR Parameter

Varga (65) extended the original SOR theory of Frankel and Young to

P-cyclic matrices and gives the following relationship between the modulus

of the maximum eigenvalue of T SOR'
denoted by A, and the value of the SOR

parameter, w.

(X 4- co - 1)P = X
P 1 41 (5.57)

Here,µ is the maximum eigenvalue of Tj, and from this expression, it may

be shown that an optimum value for w for the case P = 2 is

2
coopt

_1.12)
1/2 (5.58)

Carre (17) is able to find an approximation to p by iterating a

few times with a value w < coopt to insure that max !Xi' corresponds to the

max ipil Carre suggests iterating twelve times and then approximates the

max I A.1
from the norms of the error vectors of the last two iterations;

E(c (n) E(n -1)12

max IXil (n - 1) (n - 2))
2

(5.59)



This enables Carr to then find a new value w' ce. co opt from Eq. (5.58).

shows that if one continues this process, each succeeding coopt

will steadily increase. The process will then become unstable, since all

the eigenvalues of TSOR are complex for w > coopt. Hence, one must

Carr
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under-relax to find co(n+ ForFor linear problems, Carre has found that

co(n+
1) = 0.75 co' + 0.5 (5.60)

works well. In nonlinear problems, Winslow (70) suggests the scheme:

co(n+ 1) = 0. 05 (w' 01) + 0.95 co(n) (5.61)

in order to maintain stability. By comparing the coefficients of w' in Eq.

(5.60) and (5.61), one sees that the magnetostatic problems of Winslow are

more sensitive to changes in w than the examples used by Carrg.

A variation of Carrg's method is given by Reid (57) to insure that w

is always less than coopt' Reid's method insures stability at the expense of

increasing the total number of iterations and would seem to be of greatest

use in ill-conditioned problems.
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CHAPTER VI

Studies in Cartesian Coordinates

The five-point difference equations, derived in Chapter IV, were in-

corporated into an initial version of the computerprogram, NUTCRACKER.

This chapter presents the results of several numerical studies which were

used to determine the accuracy of the computation, and to find a more effi-

cient iterative method.

Potential Inside a Rectangular Conductor

As an initial test, the potential inside a rectangular conductor was

found. The rectangle has sides of 2a and 2b, and carries a current J

throughout this region, which has a permeability, No No flux is assumed

to leave this region; if the origin is placed at the center of the rectangle,

the problem may be stated as:

V2 u(x,y) = -1.z0J

with the boundary conditions,

u (x,y) = 0, x= la

u (x,y) = 0, y = ± b

A solution to Eq. (6. 1) with the boundary conditions,

u
Y

(x, y) = 0 , x = ±a

-ux (x,y) = 0, y= 1b

(6.1)

(6.2)

(6.3)
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is given by Binns and Lawrenson (7, p. 97) as

where

uy(x,y) = -2-120J
1 [ 2

+

k = 0

k = (2k + 1) 7r/2 a

(-1)k32a2 cosh aky cos akx

(2k+ 1)37r
3 cosh ak b

(6.4)

(6.5)

Equation (6.4) may be modified to satisfy the boundary conditions of Eq.

(6.2) by subtracting a constant term from it so that the resulting poten-

tials are zero at y = -lb. This term is just the value of (x,y) evaluated

at y = ±b, so that the solution to (6. 1) and (6.2) is

u(x,y) = (x, y) - (x, b)

Carrying out the above operation yields

-16/10Ja2 00

u(x,y) =
ir k =0

(-1)kcos akx(cosh aky cosh akb)

(2 k+ 1)3 cosh ak b

(6.6)

(6.7)

The term (2k + 1)3 in the denominator makes the series converge

rapidly; by evaluating the first fifty terms, the value of u was accurate to

at least five significant figures.

In Table 6.1, the total computational error, defined in Eq. (2. 16), for

a series solution of fifty terms, and the finite difference solution, U, are

given for several arbitrarily chosen points, Pi. In all cases, the differ-

ence between the two solutions was less than 5 x 10 -4 ; this is about what

one would expect since the truncation error for the five-point equations
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Potential of a Rectangular Conductor

Problem Data

a =1.0, b = 0.5 Number of iterations, 200

J = 106 amperes/meter2 Relative error, e
2

= 3 x 10-6

Mesh size, 50 x 50 Number of terms evaluated in

Mesh width, h = .02 Eq. (6.2), 50

Pi(x,y) U(Pi) u50(Pi) ec

(0.0, 0.0) 0.14298 0.14309 1.1 x 10-4

(0.0, 0.10) 0.13739 0.13750 1.1 x 10-4

(0.0, 0.20) 0.12054 0.12063 0.9 x 10-4

(0.0, 0.30) 0.09224 0.09231 0.7 x 10-4

(0.0, 0.40) 0.05219 0.05222 0.3 x 10-4

(0.0, 0.48) 0.01143 0.01143 0.0 x 10-4

(0.2, 0.0) 0.14053 0.14025 2.8 x 10-4

(0.2, 0.48) 0.01128 0.01126 0.2 x 10-4

(0.4, 0.0) 0.13044 0.13053 0.9 x 10-4

(0.68, 0.0) 0.09352 0.09326 2.6 x 10-4

(0.76, 0.0) 0.08084 0.08091 0.7 x 10-4

(0.76, 0.48) 0.00736 0.00737 0.1 x 10-4
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with h = .02 is roughly 4 x 10-4. Later in this chapter, we will see that

the noise level for this type of calculation occurs at e2 :.--: 10
-6 with the

computer uss3d in this problem (an IBM 360/91).

Having assured ourselves of the accuracy of the solution, we next turn

our attention to finding a means to accelerate the convergence of these

types of problems, and begin with the case where no iron is present.

Convergence Rate Study, Linear Problem

The linear problem, with the mesh arrangement as shown in Fig. 6.1,

was chosen to study the effects of different values of the S. 0. R. factor, w.

A total of 31 x 21, or 651, mesh points was used over the region which en-

closed an irregularly shaped coil with a current density of 107 A/m. The

mesh spacing used here was h = .01 m. Neumann conditions were imposed

on the left vertical boundary, and the vector potential was set equal to zero

on the remaining boundaries.

For a rectangle of (p + 1) x (q + 1) points, a good approximation to the

optimum w has been found by Frankel and Young (cf, 7, p. 273) to be

1/2
(.1)F = 2 - 4 +

2 2
P q

(6.8)

Initially, three constant values for w were chosen: co = 1. 00, w = . 8 WF

and co where co
F-

is given above. The relative error, e2, is plotted as

it varies with the iteration number in Fig. 6.3. It is seen that the problem

is stable for values of co < c.oF; hence coF, in this case, must be less than

'opt'
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For this same problem, two non-stationary methods were also tried.

The first was the method of Ahmed and Erdelyi (2), which was applied and

these results are shown in curve 4 of Fig. 6.3. During the first 40 itera-

tions, the value

fJ da
C= fH clf

(6.9)

was calculated along the path shown in Fig. 6.1. The denominator of

Eq. (6. 9) was calculated by Simpson's rule, Eq. (4.59). After the fortieth

iteration, C was essentially stable and in the range .995 < C < 1.005.

For all succeeding iterations, the value co = 1.0 was used as prescribed

by Ahmed (1).

The second non-stationary method involved beginning the iterations

with the value of w = .8 coF' which was known to be less than coopt' Then,

a new value of w was calculated every 15 iterations by using values of the

convergence rate, p2, for the last three iterations. These values of p2,
( ( (which we denote by p2n -2)

P 2
n-1)

' P 2
n) were then extrapolated by the

Aiken process:

P2 P P2 2 -P2
(n-2) (n-1) (n-2))7 (n-2) (n) (n-1)

P 413
n' (6.10)

This new value is assumed to be a good approximation to the maximum

eigenvalue, X, of the operator, TSOR, so that if

. '
= pnmax 2



we may use Eq. (5.57) to find a new value of p, corresponding to TT by

(A + wold 1)
= 2

'wold

2

From this, we may then find a new value of w by using Eq. (5.58),

2
C.0new =

21
1/2

1 + -12

100

(6.11)

(6. 12)

The above procedure is applied every fifteen iterations with the re-

sults shown in curve 5 of Fig. 6.3. Here, one may see that wopt appears

to be in the range 1.83 < wopt < 1.87 and that after iteration 90, the noise

level, or accumulation of truncation error, has limited the relative error

to 2 x 10-6, so that further iterations tend to make the solution diverge.

From these results, we note that the method of Ahmed and Erdelyi

serves to make the problem converge more rapidly during the first stage

of the problem, and that even though the value of C is sufficiently near

unity, the relative error is still too high to assume that convergence has

occurred. Also, it is apparent that recalculating w several times during

the process serves to accelerate the convergence greatly. A suitable proc-

ess would then seem to be combining both of these non-stationary methods.

Convergence Study, Nonlinear Problem

The geometry for this study is shown in Fig. 6.4; it is similar to the

linear problem except that iron is added. Three methods were compared,

and their convergence rates are shown in Fig. 6.6.
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Curve 1 (Fig. 6.6)

This method, due to Winslow (70), consists of beginning the itera-

tions with a value of w known to be less than w
opt

(. & was used in

this case). At the end of each iteration, a new value of w is found from

the value of A given by Eq. (5. 56) and (5. 57), and Eq. (5.60). The

value w = 1.00 was used in regions interior to the iron and the perme-

abilities recalculated at the end of each iteration and then under-relaxed

by the factor cx = 0.85.

Curve 2 (Fig. 6. 6)

Again, the method of Ahmed and Erdelyi was used as before, except

that the value w = 1.0 was used interior to the iron. After iteration 47,

w =1. 0 was used throughout the problem. The permeability was updated

each iteration and then under-relaxed by the factor a = 0.85.

Curve 3 (Fig. 6.6)

This method is a combination of the previous two, with some excep-

tions. The current value of c-.) is used in regions interior to the iron in

all iterations. Again, the factor a = 0.85 was used as in the previous

two examples. Ahmed and Erdelyi's method was used until iteration 47,

and then a new omega is calculated each iteration, as in Winslow's me-

thod. Over-relaxing the potentials interior to the iron results in a more

rapid convergence. The plateau in Curve 3, iteration number 50, is un-

desireable and in order to improve our method we must find its cause.

Effect of Current Densities upon Convergence

Using the same geometry as previously described, several more

problems were run with different current densities. The same initial

values for the permeabilities were used in all cases in order to observe
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the relative effect of the magnetization curve upon convergence.

By using a value for a of 0. 90, it was found that the plateau in

curve 3, fig. 6. 6 could be eliminated, all other parameters being kept

the same. Several additional cases were run for the non-linear test

problem to study the effect of current density alone upon convergence.

The results are given in table 6. 2 and in Fig. 6. 7. The value of the con-

dition number A was found at the end of the 125th iteration for each
ave

case by computing the mean value of A throughout the mesh after each

iteration. In figure 6. 8 values of A versus B2 are shown, where A was

computed according to eqn. 3. 8. It is apparent that convergence is im-

paired at certain critical current densities where v and consequently A

change rapidly.

In order to over come these effects, it seemed reasonable to under-

relax v even more when A was large. On the basis of experience, this

author has found that the under-relaxation factor, a , for the reluctivity

can be estimated if one can first approximate a rough value for B in the

iron regions. The from the value of B2, fig. 6. 8 may be used to de-

termine an appropriate oe .

The relaxation scheme used in the final version of NUTCRACKER

is shown in Figs. 6. 9 and 6.10. Acceptable values for the other relax-
-6

ation parameters are 3 = 0. 01, y = 0. 90, and e
2

= 5x10 . The para-

meters 0 and y are used to maintain stability. In order to compare

the accuracy of the computed results with measurements, the following

problem was selected.

Bending Magnet

The dipole symmetry of this magnet made it possible to use only one

quarter of the cross sectional area of the actual magnet. In Fig 6. 11 a

computer print-out shows the geometry and the equi-potential contours
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Table 6. 2

Effect of Current Density

Curve 1 (Fig. 6.6)

Curve 2 (Fig. 6. 6)

Curve 3

Curve 4

Curve 5

J = 107

J = 2 x 107

J = 4 x 107

J = 6 x 107

J = 108

Table 6. 3

Bending Magnet Problem

Aave = 1. 7

A =5
ave

Aave = 19

Aave = 15

A =2
ave

107

Field Point
(x, y) cm.

Measured Field
By (x, y) T.

Computed Value
e

2

10-3 10-4 5 x 10-4 10-5 5 x 10
-6

(0. 0, 0. 0) 1. 451 I. 111 1. 234 1. 386 1. 424 1. 432

(15. 0, 0. 0) 0. 947 0.862 0.870 0.887 0.930 0.937

(15. 0, 2. 0) 0. 8735 0. 799 0. 823 0. 865 0. 870 0. 861

Note: The field points above correspond to the mesh coordinates
(1, 2), (31, 1), and (31, 5) of Fig. 6. 11.
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of the final solution. Neumann, or symmetry, conditions were imposed

upon the left-vertical boundarys;a condition of anti-symmetry exists on

the lower boundary by simply setting the vector potential equal to zero

there. The mesh spacing, h, was 0. 05 meters, and there are 71 x 102;

or 7, 242 mesh points.

The parameters a = 0.90, 0 = . 01, Y =0.90 were used. The

iterative portion of the computation required 627 iterations and 256

seconds of time on an IBM 360/91 computer. Table 6.3 shows how the

relative error, e2, and total computational error, ec, vary with the iter-

ations. Here we see the need for requiring that the error, e2, be less

than 5 x 10-6 in order to assume that the problem has converged suf-

ficiently. Figs. 6.12 and 6. 13 show the computed B fields and measured

fields for comparison purposes. The computed values agree with the

measured values to within 1 or 2 percent.

Comparison of TRIM, LINDA, and NUTCRACKER

The most recent versions of the above computer codes were used

to calculate the fields produced by a magnet with the geometry shown in

Fig. 6.14. Information regarding these programs and the resulting com-

puter out put were kindly supplied by Colonias (21) and Dorst (30).

In table 6.4, information relating similar features of each program is

presented. In order to compare the final field values, the magnetization

curve from LINDA was used in NUTCRACKER. These field values are

given in table 6.5 for selected points. For points in air, the results of

the three programs agree at least to the third significant figure.

It should be noted, however,' that the seven digit precision of the

IBM computer, used with NUTCRACKER, has apparently limited the

convergence of the problem to e
2v

4 x 10-6, whereas with e
2

calculated

exactly the same way in TRIM, e
2

could be reduced to less than 10-6 on
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the C. D. C. computer. The NUTCRACKER code converged in less

iterations and the total computational time shows a marked decrease.

Available information shows that the IBM 360/91 is from three to ten

times faster than the C. D. C. 6600, depending upon the type of operation

being performed. The best means of comparison would be, of course, to

run the three codes on the same machine. It should also be noted the

TRIM and LINDA each smooth their final finite-difference solution with

least-square polynomials whereas NUTCRACKER uses the finite-differ-

ence solution as it stands.
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Table 6.4

Comparison of TRIM, LINDA, NUTCRACIR

CODE NUTCRACKER TRIM LINDA

Type of potential vector vector scalar

Mesh type square triangular square

Difference operator 5 point 7 point 5 point

Initial conditions:
Potentials 0. 0 0. 0 0. 0
Permeabilities 1000 1000 1000

(.3 1.93 1.94 1.50

Optimization Process :
Recalculate 61 each 6 its. each 25 its. each 30 its.
Recalculate v each 3 its.

Magnetization Data

Convergence Criterion

40 points

e
2

s 4x10 -6

31 points

e
2

Is 10-6

40 points

r. m. s. of re-
sidualvSx10-9

Iterations to converge 203 323 181 in air-coil
regions; 278
in iron regions

Computer IBM 360/91 CDC 6600 CDC 6600
Max. no. of mesh points 22,500 4000 945 0

Storage req'd for above 297 k 106 k 136 k
Precision 7 digits 14 digits 14 digits

Computation time for 2400
point problem: (Fig. 6. 14)
Program Initialization 1. 5 sec 31. 3 sec 1. 5 sec
Iterative portion 38. 0 sec 227. 0 sec 165. 0 sec
Edit (smoothing of solution) . . . 120.5 sec 6. 0 sec

Total CPU time 39.5 sec 378.8 sec 172.5 sec
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Table 6. 5

Field Values of Comparison Problem

NUTCRACKER TRIM LINDA
y) cm. Region B, B

x y B, B
x y

B , -B
x

(0, 0) air 1. 333, 0. 0 1. 336, 0. 0 1. 336, 0. 0

(1, 0) air 1. 334, 0. 0 1. 337, 0. 0 1. 337, 0. 0

(2, 0) air 1. 338, 0. 0 1. 340, 0. 0 1. 341, 0. 0

(3, 0) air 1. 343, 0. 0 1. 345, 0. 0 1. 346, 0. 0

(4, 0) air 1. 349, 0. 0 1. 350, 0. 0 1. 351, 0. 0

(0, 1) air 1.332, 0. 0 1.334, 0. 0 1.334, 0. 0

(0, 2) air 1.326, 0. 0 1.329, 0. 0 1.330, 0. 0

(0, 3) air 1.318, O. 0 1.321, 0. 0 1.322, 0. 0

(0, 4) air 1.304, 0. 0 1.306, 0. 0 1.307, 0. 0

(1, 1) air 1. 332, -0. 003 1. 335, -0. 003 1. 336, -0. 003

(3, 6) air 1. 318, -0. 105 1. 326, -0. 116 1. 329, -0, 116

(5, 8) coil 1. 374, -0. 182 1. 332, -0158 1. 328, -0. 176

(6, 25) iron -1. 916, -0. 024 -1. 860, 0. 010 -1. 862, 0. 009

(13, 22) iron -1. 315, 1. 539 -1. 206, 1. 566 -1. 172, I. 539

(16, 16) iron 0. 149, 2. 023 O. 117, 1. 975 O. 117, 1. 974
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Numerical Studies in Cylindrical Coordinates

In a manner similar to that of the preceding chapter, we shall first

choose a simple problem with a known analytic solution, and use these re-

sults to compare the accuracy of the difference equations for the cylindrical

case. We shall be particularly interested in assessing the accuracy near

the axis.

Linear Test Problem

For the first cylindrical problem, we shall consider the solution to

Laplace's equation

a (2 al,b)+ a (1 0 r 1

er r or / az \ r 6z / ' 0 5 z 7r/2

with the boundary conditions:

tfi (r, 0) = 0

(r, 7r/2) = 0

0 (0, z) = 0

0(1, z) = I
1

(r)cosz

(7.1)

(7.2)

This problem corresponds to finding the axially symmetric potential,

rfi = rA, generated by an infinitesimal current sheet, located at a distance

one unit from the axis. The solution can be shown to be

tfi = r I
1

(r) cos z , (7.3)

by using the recursion relation for the modified Bessel functions of the

first kind;

-c11. (rn (r)) = rn In - 1 (7.4)
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In Table 7.1, the approximation, W(Pi), as calculated by the finite dif-

ference method, is compared with the solution given by Eq. (7.3) for sever-

al representative points. The maximum difference between the finite differ-

ence solution and the analytic solution is 7 x 10-4; however, at a distance

one mesh unit from the axis (r = .02), the difference was observed to always

be less than this value. Hence we may conclude that total error in the finite

difference solution is roughly of 0(h2).

As we have discussed in a previous chapter, the discontinuity in the

current density at an on-coil interface presents a special problem in the

finite difference solution. In order to observe what effect this would have

on the computed magnetic fields, the finite difference solution was compared

with an integral solution.

Integral Representation

Consider a current loop of cross-sectional area da dz and of radius a.

The azimuthal component of the vector potential, due to a coil of rectangular

cross section, Fig. 7.1, can be given as (cf,Brown, 13)

L a
2 2,n.

ur,z,0 = AO/ dz
cos 0 d 0

( ) 1/2

-L al 0
[(z--1)2+r2+a2-2arcos 0

(7.5)

By a change of variables, this expression can be represented more conven-

iently by

2 a2

1.1

u(r,z, 0) =
4n.

ada f
al 0

cos 0 d (7.6)

2 +r2 +a2 -2arcos 0j



Mesh size: 50 x 50
Mesh width: h = 0.02
Number of iterations: 219
Relative errors e

2
= 2.5 x 10-6

Pi (r, z)

Table 7.1

Values for taken
from the n-BS Handbook of
Mathematical Functions (64)

(Pi )(Pi) Eel

(0.8, 0) 0.34632 0.34607 2.5 x 10 -4

(0.6, 0) 0.18822 0.18852 3.0 x 10 -4

(0.4, 0) 0.08160 0.08234 7.4 x 10-4

(0.2, 0) 0.02010 0.02075 6.5 x 10 -4

(0.1, 0) 0.00501 0.00513 1.2 x 10 -4

(0.02, 0) 0.00020 0.00017 0.3 x 10-4

(0.8,71/4) 0.24492 0.24528 3.6 x 10 -4

(0.6,7r/4) 0.13311 0.13316 0.5 x 10 -4

(0.4,7r/4) 0.05771 0.05814 4.3 x 10 -4

(0.2,71/4) 0.01421 0.01379 4.2 x 10 -4

(0.1,7r/4) 0.00354 0.00362 0.8 x 10 -4

(0.02,7r/4) 0.00014 0.00012 0.2 x 10 -4

(0.8, 37r/8) 0.13258 0.13223 3.5 x 10 -4

(0.6, 37r/8) 0.07203 0.07178 2.5 x 10 -4

(0.4, 37r/8) 0.03123 0.03147 2.4 x 10 -4

(0.2, 37r/8) 0.00769 0.00734 3.5 x 10 -4

(0.1, 37r/8) 0.00192 0.00196 0.4 x 10 -4

(0.02, 37r/8) 0.00008 0.00006 0.2 x 10-4

120



where 121

= z

= z - L

= z + L .

(7.7)

After integration with respect to a, and 0 by parts, the above equation

can then be differentiated to find the axial and radial fields. After additional

manipulation, the axial field may be expressed as:

Bz = POj yi/n [a -r cos 0 + + +a2 - 2arcos 0 de
27r

7r

sin2 d- 4art
(a2+r2 -2arcos \h2+r2+a2_2arcos

0

0

7r

r sin 9 tan-1 (a r cos 0)

11 r sin° 2 +r 2 +2 -2 ar cos 0
0

a
2

al
while the radial field is given by

7r

120J r pie 2 2fBr = 4 cos 0 2arcos 0 de

0

rf je r2 a2 2arcos 0 dO+ rcos2 0 in (a -r cos 0) +

0

(7.8)

a
2 2

(7.9)

1
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The above equations were incorporated into a program entitled COILS

and evaluated numerically by an adaptive integral routine due to McKeeman

(48). Care must be taken in programming the above expressions and the

integrands evaluated by L'Hospital's rule for the cases r 0, 0-- 0, 4--0.

The computation was performed in double-precision on the IBM 360 series

computer. The fields, due to several coils of different geometries, were

initially calculated and were found to agree with corresponding values found

by Hart (38) to within five significant figures.

7-Tesla Bubble-Chamber Magnet

The results of an initial study on the design of a superconducting bubble-

chamber magnet are shown in Fig. 7.2. The fields were calculated both by

the integral and finite difference methods. The iron contribution to the axial

field in the center of the coils is about one tesla (10 kG). The errors near

the imposed domain boundaries are less noticeable in this problem due to

the constrainment of the field by the iron structure.

Other data and results for this problem are given in Table 7.2.
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Table 7.2
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Bubble Chamber Magnet

Number of mesh points 3572 (76 x 47)

Mesh size, h .05

Iterations to reduce ec to 4 x 10-6 224

Total computation time with I/O (seconds) 292

Current density (A/m2) 2.3 x 107

Total ampere-turns 1.145 x 107

Stored energy (joules) 9.6 x 10-1

Interface and Boundary Effects

The fields from a rectangular coil of dimensions al (inner radius) = 10 cm.,

a
2

(outer radius) = 15 cm., and L (half-length) = 5 cm., were calculated by

numerical integration of Eq. 7.8 and 7.9 for a current of 2.5 x 103 amperes.

Values of Bz along a radial line from the center of the coil are plotted in

Fig. 7.3. Evaluation of the field was taken at points on the axis and radially

through the coil's center in increments of one cm. The discontinuity in the

first derivative of Bz is to be noted at points al and a2.

The finite-difference solution for this same coil is also shown in

Fig. 7.3. Here, the mesh spacing was taken to be one centimeter, and the

boundary was imposed at a distance of 40 cm. and 30 cm.from the axis and

center of the coil, respectively. The effect of the discontinuity upon the
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finite difference is apparent; the sharp variations of the field near the edge

are not as pronounced as in the integral solution. In the regions exterior to

the coil, the fields are almost identical except for the finite-difference field

falling off faster than it should near the "artificial" domain boundaries.

The axial fields are shown in Fig. 7.4, and the agreement is good upto

a distance of roughly 10 cm from the center of the coil. As before, the

finite-difference field falls off faster than it should, due to the boundary at

30 cm. The convergence for this problem of 1200 mesh points required

121 iterations to reduce the error, e2, to 4 x 10-6.

The finite difference method is thus seen to give acceptable results in

regions sufficiently far from interfaces and domain boundaries. However,

the magnet designer must know the fields very accurately near such inter-

faces in order to calculate the force and stress distributions within the coils.

In the next chapter, a means is presented which should overcome these dif-

ficulties by effectively reducing the solution to analytic functions.
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CHAPTER VIII

Fields Due to Cylindrically-Symmetric Dipoles

In this section, a method is presented for the calculation of the fields

129

arising from a distribution of cylindrically-symmetric magnetic dipoles.

The finite-difference solution provides a means for finding such dipole mo-

ments to a fair degree of accuracy, as we have seen. Using these results,

we may combine the integral method for fields due to coils (Chapter VII)

with the dipole method to calculate the fields to a high degree of precision

near interfaces and along the axis. This is preferable to smoothing the

finite difference solution, with a polynomial fit in these regions, which is

frequently done.

Consider a dipole, M, at a distance, a, from the symmetry, or z-axis,

and at an angle a to it. In Fig. 8.1, the field at P (x) is then given by

3 /Z Oa ) 1C1B (R) =
I xl

3
(8.1)

Now we shift the origin to a point on the axis, and we may find the compo-

nents Br and Bz by taking the scalar product of Yg(x) with the unit vectors

and Z. If the dipole is now rotated through an angle dcp', the differential

contributions to the field at P(r, z, 01) in terms of the angles a, f3, and y are

pz(r,z)(3 cos 213 -1)
M

sing cos f3dBz(P) = ah2dcb'
'xi 3 r 1x1

3

dBr(P) = [Mr(r, z) (3 s in2 g -1

xl
3

(8.2)

sinf3cosilah2cosydot (8.3)
lx13

Here, Mz = M cos a and Mr = M sin a The angle y must be considered when
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finding Br, since the integration will sum each dBr without regard to direc-

tion. We have already chosen the direction of Br to be along r, so we need

only consider the component in this direction.

Referring to Fig. 8.1 and 8.2, the following relations may be seen:

k2 = a2 +r2 2arcos4'
2 2 2x = + z

cos y = acoscp? - r

so that the integrals become

95 95

2 2Bz(P) =ah2M
z

3z
5

x dyb' ah2Mf3 z
5

k dp'
X

r x

0 0

(8.4)

(8.5)

1

Br(P) = ah
2

M
t

2 -x2 /(a cos ch'- ah2m 3 zf(a cos cp' - r) d

ix 5 z Ix 5

0 0 (8.6).

Reduction to Standard Form

The above integrals may be evaluated more conveniently by the following

substitutions:

2p = r/a A = (1 + p) 2
+

= z/a X2 = (1+p) 2

2 4p
P ,p'2=1-p2

2 2

q=2 4p

(l +p)2

0 = it + 20'

C
1

= 4h2/a2 X5

C2 = 4h2
A a

2
X5

(8.7)



Then Eq. (8.5) and (8.6) become:

3e _x2(1 p2s.n2
0% d 0Bz/C, = M

z 5/2
2 2 1- p sin Os

Mr 3 A d0
2 2 5/2

sin e) q2sin2 0)

Br IC 2
= Mf [2 A.2 (1 q2 in2 ) - .. 2] [

2 sin2 0 -2Jd 0r 5/2 1/2
(1 p2 sin 0)

0) q2 sin 0)0)

mi3 4X(2sin2 0 -X)d 0
5/2

(1 -p2 sin2 0)

132

(8.8)

(8.9)

Both of the above integrals may be evaluated in terms of generalized

elliptic integrals of the first and second kinds, F(0, k) = u and E(0 , k) =E(u),

respectively. Then, for the case where 4th' = = 7r/2, they reduce to the

complete integrals F(7r/2, = K(k) and E(7/2, k) = E(k). The elliptic func-

tions which we shall need for the argument u = u(k) are

sn u = sing)

c nu = cos cp

dnu = l/ndu = ,11 -k2 sin2 th

cdu = cnu/dnu

(8. 10)



Integration of Bz

Equation (8.8) will be written as

where

and
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Bz/C1 = Mz [3 X2I2] -3 A.1\fir I3 (8.11)

ul

Il =
f

nd
4 u(p).du

0

12 = nd2 u(p)du

of
ul

13 =f R
1

(sin2 0) ndu(p) ndu(q).du

0

2
R 0/

1

1

(1 - q2sin2

-p2 sing 0) 2

(8.12)

(8.13)

(8.14)

(8.15)

The first two of these may be found directly from Byrd and Friedman

( 16 ). For reference purposes, we shall write the letters "BF" before

their equation numbers.

I
1

= 1/414 [2(2 -p2) E 05,0 Pf
2

F(0, p) (8.16)

-p2snucdu(W2nd2u+4 - 2p1 BF 3 15.04

12 = 1/p'2 ( E(cp , p) - p2 s n Luc du) (8.17)
BF 3 15.02



13 may be integrated by the substitutions:

2 =
q2 -p2

k
21 - p

snu
1

= siny

y = sin-1 -p2 sin 01

j1 -p2 sin (I)

where the moduli k, p, and q must satisfy

0 < k < 1

0 < p2 < q2< 1,

1 sn 2
and R

1
(sin2 0) is replaced by -p-- R1

1 -p2 +p2 s n2 u

This yields

111

134

(8.18)

(8.19)

2 2 4 2 2
3

= pi + 2P s ri-u(k)+ P q s n4u (k)] du. (8.20)
PT2

0

The preceding integral may be evaluated by:

u
1

u = u
1

= F(y, k)

0

(8.21)
BF 310.00
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(8.f 2u.du
2

[F(y, k) - E (y, k)] BF 310.02
22)

f u
1

sn4udu=
14

[(2±1c2) F(y,k)-2(1-i-k2)E(y,k)

4-k2snu cnu dn Li] .

(8.23)
BF 310.04

Equation (8. 11) may then be determined by using Eq. (8. 12), (8. 13),

and (8.20) through (8.23). For the case where the dipole is rotated through

27r, considerable simplification results; for 0 = 7r/2, we have:

[B /C = Mx (242(22-P2) X2)E(P) 2 KMz 1
13'2 P'

(8.24)

3
Y

2

2

2 3

1+,2) (132k2)

p' k
K(k) E(k)/

+E(k)1 .

On the axis, k a.nd p are zero, and y=7/2; by taking limits and noting that

E(0)

or

= K(0) = 7r /2, Eq. (8.24) becomes

h2
27r

[(30)
2
A

1

IMz

1

3

z

AM. ]

3 a z

(8.25)

(8.26)

Bz(r = = s
a X

2z
5

Bz(r =0) = 27r ah2[(3
x x 3) 5

x

Equation (8.26) is seen to be simply the volume of a ring of radius a

and area h2 times the field due to a point dipole.



Integration of Br

Equation (8.9) is expanded and can be written as,

Br /C2 = Mr I4 - Mz I
5

where

and

ul

I4 = R4(sin 2 0) ndu(p) ndu(q) du

15
.

R
5
(sm2 0) nd u(p) du.

Here,the rational functions of sin20 are
.aism

4 0 + a
2
sin20 a

3R4 (sin20)

with

and

al = - 4Xq2

(1 -p2sin20)2

2
= 2(2X

2+X3q 2 -.6
a

3
= x(e - 2X

2),

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)

R
5
(sin20) =

30.(2si
2n

2 0 - X) (8.32)
(1-p sin20)2

Let us evaluate 14 first in the same manner that was used for I. That

is, we use the transformation given by Eq. 8.18 to find a series of

terms in sn4u, sn2u, etc.
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After some algebra, we obtain,

a
1
+a

2
p

2+a
3

p
4 1 a

2
+ 2a

3
p2

14

'5
sn4u(k) d u +

3
'13 13

2 a3sn u(k)du +
13'

u
1

S du(k)

(8.33)

Thus, 14 is reduced to the elliptic integrals given by Eqns. 8.21 to 8.23.

The integral 15 involves only the modulus p; replacing sin
20

by sn2
u(p)

and using the identity

we have,

1 - p2sin2 0 = dn2u(p)

15 = 6A

0

or

sn2u(p) du

dn4u
du(p)

dn4u

(8.34)

(8.35)

15 = 6 Vt sd2u(p) n d2 u(p) d u - 3 X2 nd4
u(p) du

0 0
(8.36)

The integral of nd4u is given by Eqn. 8.16. The first term can be found

by using,

u1(P)
1

sd2u nd2u do = [

3P P
+P

2)
E(, P) Pt

2
F(S, P)2 4

+p2s nu cdu (p12 pt2 nd2u (8.37)

BF350. 01
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For the case fS=7= r/2, we can collect the preceeding results in terms

of complete elliptic integrals

Br/ C2 = Mr

to give,

(al + a2p2 + a3p
4)

((2
31315 k4

Special Cases

k )K(k)-2(1+k )E(k)

+
(a

2
+ 2a

3p
2

) (K(k) E(k) a3 K(k)

pt
3
k

2
131

+p2_2Ap2+ p4)E(p) (1.132)(1..Ap2)K(p)

Pr4p2 (8.38)

Referring to Eqns. (8. 7), we first note that in the case where p =0,

then p, q, and k are zero. For this case, where we desire to find the field

on the axis, the Bz field should be calculated from Eqn. (8.25), and the

Br field is zero due to conditions of complete rotational symmetry.

For the case where q = p, and hence' k = 0, we note that this occurs

only when E = 0. In the limit that , Eqn. (8. 24) becomes

, 2Bz / Cl = - Mz x 2
E(p)/ (8.39)

For the preceeding case where k = 0, the second term in the expression

for Br (Eqn. 8. 38) vanishes. The first term of Eqn. 8.38 may be eval-

uated by using the relations,

lim K(k) =

lira K(k) E(k) 74
k-3.0 k2

(8.40)

(8.41)



and,

lira (2+k2
)K(k) - 2(1 + k2)E(k) 17-- /16k.0

k
4

These limits reduce Eqn. (8.38) to,

B /C = m P
2
X (A-1) 3 (2)% -P2) X3

r 2
12p'

5 p'3
Pt

when = 0.

Programming Considerations
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(8.42)

(8.43)

In order to efficiently evaluate the field expressions which have been

derived in this chapter, use should be made of the excellent algorithms

developed by Bulirsch(14) for computing both the complete and general-

ized elliptic integrals. These algorithms provide the user with a desired

number of precise digits. For example, in evaluating E(k) to 12 digits,

Bulirsch has found that no more than 11 iterations in his algorithm are

needed for the complementary modulus, k', in the range from 10-70
to

1030. Although this author has not yet incorporated the results of this

chapter into a computer program, it is felt that the methods presented

here may be profitably used to find the fields near corners and other

interfaces.
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CHAPTER IX

Program Descriptions

The methods developed in the preceding chapters have been applied in

the general-purpose computer programs NUTCRACKER, COILS, and

BARS. The intent of this section is to provide the physicist or engineer

with the information necessary to solve a variety of magnetostatic field

problems. These computer codes were written to accommodate the user

with a limited experience in programming. Copies of these programs

may be obtained from Dr. H. Brechna, Director, Magnet Research Group,

Stanford Linear Accelerator Center or through Lee Anderson, Department

of Physical Science, San Diego State College.

NUTCRACKER, Version III

Language: Fortran IV (source deck, approximately 2200 cards)

System: IBM 360 /OS, H Level

Maximum problem size: 171 x 151 mesh points

Storage required for above: 43CB8
16

Bytes (281208
10

Bytes)

Library subroutines needed:

TIMER 1 Macro to read system control clock (CO -39;
SCC Library)

TRC 1 Diagnostic routine (CO -41; SCC Library)

Auxiliary I/O 2 tape drives (9-track)

Before describing the program itself, we next give a description of the

variables in the common blocks of the sub-programs in NUTCRACKER;

this information will aid those who may wish to delve into the programming

details in more depth, or to make certain modifications.
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Variables in Labeled Common Blocks (NUTCRACKER)

Name Description

A (I, J) Values of the potentials U or tai at point I, J.

MU (I, .1) Values of the permeabilities at point I, J.

S(5,15) Coil data specifying xl, yl, x2, y2, and J for

each coil. The maximum number of coils is 15.

CUR (10, 2, 10) Data specifying the location of the closed curves

around which the integral of H di is taken. The

particular value CUR(K, L, M) would refer to the

Kth curve, the x or y coordinate as L = 1 or

L = 2, respectively, of its Mth point.

FUDGE Passes a value used to convert all units from the

M.K. S. to English System.

OMEGA Value of w.

()OMEGA Value of 1 w.

ENEW The numerator of Eq. (5.32).

ELEN The denominator of Eq. (5.32).

RESID Intermediate values of ENEW in summation.

ITLIM Maximum number of iterations requested.

XMESH Number of mesh nodes in x (or z) direction,

minus one.

YMESH Number of mesh nodes in y (or r) direction,

minus one.

ERROR Convergence is assumed, or iterations will

terminate when e2 < ERROR.

NIRON The number of iron regions.



NCOIL The number of coil regions.
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Xl, X2, Yl, Y2 Coordinates of lower left -hand corner (Xl, yi),

and upper right-hand corner (X2, Y2) of the

domain of the problem.

H1, H2 Values of mesh spacing h to check geometry.

RECSYS, CYLSYS Used to specify coordinate system.

PHASE 1, PHASE 2 Used to specify iterative scheme.

PUTOUT If PUTOUT is true, PRINTD is called.

AMTNS Ampere-turns of the system.

ITER Value of the iteration number.

NCURVE The number of line integrals to be calculated.

NPOINT The number of points in each value of NCURVE.

OUT, IN Unit numbers of printer and card reader.

MUZ ERO 41r x 10-7

INFO(24), INTIN(24) Used to pass input data and other information.

(See the section on the preparation of data.)

Main Program

Tasks: Reads input data; checks for errors in the problem's geometry

for either rectangular or cylindrical coordinates before initializing all pa-

rameters. Controls the program clock allowing two minutes more than re-

quested to save intermediate results. Calculates initial relaxation factors

and sets permeabilities to 1000 pc.. Calls DRAW before beginning Phase 1.

In the iterative process, MAIN calls the appropriate subroutines which con-

tain the finite-difference equations. The mesh is swept by columns, inorder

to decrease the access time for the array variables. In each iteration, the

error, e2, and convergence rate, p2, are printed. Upon termination of
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iterative loops, output is written on tape (if called for) before printing re-

sults through PRINTD and EQUI.

The conditions for normal termination of MAIN are any of the following:

1. The number of requested iterations is exceeded.

2. The time limit is exceeded.

3. Error, e2, is less than requested error, which is typically

4 x 10-6.

Subroutine RELAX

Each time RELAX is called from MAIN, the entire mesh is swept,

starting with the column K = 1 and proceeding until K = XMESH2. At the

left-hand boundary, RELAX will call a subroutine, if the requested boundary

conditions are either zero, symmetric, or asymmetric. In the rectangular

case, RELAX uses SOREC, NEUREC, ASYREC; for the cylindrical case,

it calls SORCYL, NEUCYL, or ASYCYL.

Subroutines SOREC(K), SORCYL(K)

For all points not on boundaries, these subroutines apply Eq. (4.19)

(rectangular case) or Eq. (4.48) (cylindrical case) to the iterative scheme.

Both the potentials and the relativities are over- and under-relaxed by the

equations given in Fig. 6.14 and 6.15. The components of the error vector

are also found and passed through common for use in RELAX and MAIN.

Subroutines NE UREK(K) , NE UCY L (K) , ASYREC (K) , ASYCYL (K)

At the left (vertical) boundary, these subroutines are called by RELAX,

and the appropriate equations from Chapter IV are employed. NEUCYL

(XMESH) may also be requested, in which case the right vertical boundary

can be treated to simulate the fields in an infinitely long solenoid. Other
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features of these subroutines are similar to those found in SOREC.

Subroutine IMPROV (K, ITERAT, CONRAT)

Here the calculation of improved values for the SOR factor, w, are

done. Return of this value and the updated values of e2 to the common

block SMDAT then occurs. All computation involving approximations to

p2, A.max, and w are done in double-precision, which aids in decreasing

the effect of the growth of round-off error near convergence. The argu-

ments are used as follows:

K = 1 Aithen extrapolation using last three values of p2 to

find w (Eq. 6.5 to 6.8).

K = 2 Aithen extrapolation using 12 values of p2.

K = 3 Calculates w from Eq. (5.60) and (6.8).

ITERAT Latest iteration number returned to MAIN.

CONRAT Latest value of p2 returned to MAIN.

IMPROV (2, 1, 0.5) is called to give an initial value for w before the

main SOR process begins. Thereafter, it is called every INFO(7) number

of iterations. If the approximation to Xmax is greater or equal to one, the

latest value of w is decreased by 0.05 to stabilize convergence.

Real Function JH22 (K, L)

This procedure is called to find the value of the current density at the

point (K, L) by using S (5, 10). For use in the finite-difference equations,

the value 2h2J(K,L) is returned, however.

Real Function INTHDS (AX, AY)

The line integral of H ds is found here for each curve. The curve is
is integrated in a counter-clockwise sense by summation. AX(100) and



145

AY(100) are the values of HX or HY at all points in a particular curve.

Subroutine WRITED (DATAO)

If the logical variable, DATAO, is true, the arrays A and MV are writ-

ten on tape after normal termination of the iterative loop in MAIN. A

format-free write statement is used. In order to guarantee that the trunca-

tion error for the value of MUZERO will not be affected by any subsequent

reading of this tape, MUZERO is replaced by zero.

Subroutine READD (DATA IN)

The A and MU arrays are read from tape under the format described in

WRITED. If a particular value of MU is zero, it is replaced by MUZERO.

Subroutine EQUI (FF)

The argument FF is the number of equi-potential curves to be drawn.

The minimum and maximum potentials are then found; this range is then

divided into FF intervals. Then the entire mesh is swept by rows so that

each potential is printed as one FF number of symbols corresponding to the

appropriate interval.

Functions BX (I,J), BY (I,J), IIX, HY, MX, MY

In these sub-programs, the field components of B, H, and M are cal-

culated, using the appropriate differences given by Eq. (4.21), (4.23), (4.50),

(4.51), and (4.52). Each of these sub-programs determines whether the

point I, J lies on a boundary or not; if so, the problem symmetry is checked

to find the correct expressions as described in Eq. (4.28), (4.30), (4.31),

and (4.32).
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Real Function MUH(H)

The value of ;,1 is found corresponding to H. Version 3 finds pi by a bi-

nary search of the tabular values given in the implicit data specifications

INTEN(100) and PERM(100). A linear interpolation between tabulated val-

ues is performed if needed. If H is outside the tabular range, a warning

message is printed and the last acceptable value of 12 at this point is used.

Real Function AMPERE (INFLUE, I)

The ampere-turns within a particular region of influence are calculated

here by summing values of JH22(K, L) /2.

Subroutine DRAW

After the data is read, MAIN calls DRAW to print the geometry of the

system. Error messages are printed if one has inadvertently placed a coil

and iron node at the same mesh point.

Subroutine PRINTD

The final results are printed under control of this subroutine. Any or

all of the values of the potentials, relative permeabilities, B fields, and

magnetic moments may be requested.



NUTCRACKER VERSION III

Card No. Type

DATA PREPARATION

Variable Name

1

2

80A1

L10

TITLE

SYSTEM

2 F10.0 XMESH

2 F10 YMESH

2 F10.0 ERROR

2 F10. 0 NIRON

2 F10. 0 NCOIL

2 F10.0

2 F10. 0

ITLIM

TLIMM

147

Description

Problem title, all char-
acters admissible.

Coordinate system T for
rectangular, F for cylin-
drical.

Number of mesh points in
x direction, 0 < XMESH
< 171.

Number of mesh points
in y direction, 0 < YMESH
< 151.

Relative error used to
control convergence.
Typical value, 0. 00001.

Number of pieces of iron
(must equal number of.
cards with format as on
card 8). NIRON > 0.

Number of coils (must
equal number of cards
with format as on card 7).
NCOIL > 0.

Number of iterations
through code. ITLIIVI >

0.

Time limit. Iterations
cease after (TLIMM-2. 0
minutes), to provide out-
put time. (TLIMM in
minutes).



Card No. Type Variable Name

3 L10 PHASE1

3 L10 DA TAIN

3 L10 DATAO

3 X1
3 Y1
3

4F10. 0
X2

3 Y2

(x1, y1

3 F10. 0 NCURVE

4 I10 NREGS

4 F10. 0 STARMU

4 F10. 0 CALCOM
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Description

T if PHASE1 is desired,
F if not. See Notes (1).

T if external data input,
F if not. See INFO(2).

T if data output to exter-
nal device, F if not.
See INFO(3).

X and Y coordinates of
region of problem (in
meters).

x 2 2 )

Number of closed curves
for f 11 a , 0 c
NCURVE < 20.

Number of regions for
field printout.

Initial approximation to
average permeability.
See Notes (2).

Out put options for con-
tour plotting,

0. 0 = no plot
1. 0 = plot of vector

potential
2. 0 = plot of permea-

bility
3. 0 = plot of B field

Any other numbers will
result in no plot.
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Card No. Type Variable Name Description

4 L10 MORDAT T, if more than one prob-
lem is to be run at one
time. F. if only one
problem.

5 1F10. 0 NPOINT Numberof corner points
in the closed line integral.
Count starting point twice
(e. g. , for a rectangular
region, NPOINT = 5).

1F10.0 IN FLUE (I, 1)
1F10. 0 INFLUE(I, 2)
1F10. 0 INFLUE(I, 3)
1 F10. 0 IN FLUE (I, 4)

6 1F10. 0 X1

Use multiple 1F10.
cards if
necessary 1F10.

0

0

Y1

Y2

. . .

7... 1I10 I

Repeat 1110 J
NCOIL
times

1110 K

1110 L (I,J)

1F10. 0 Current

10 1110. INFO(8)

Region of influence; this
region must enclose the
paths of all line integrals.

Path of closed line inte-
gral.

(x, y) coordinates

Path must be closed and
positive in direction;
i. e. , counterclockwise.

NPOINT is number of
points in curve.

x and y coordinates of
coil.

current density

(k,

Under-relaxation factor
for . Generally . 85
INFO(8) . 90.



Card No. Type Variable

8 ... 110

Repeat 110

NIKON 110

times 110 M (I, J)

9

Repeat
NREGS
times

110

110

110

110

NARRAY(I, 1)
NARRAY(I, 2)
NARRAY(I, 3)
NARRAY(I, 4)

10 F10.0 INFO(1)

10 F10.0 INFO(2)

10 F10.0 INFO(3)
10
10 F10.0 INFO(4)

10 F10.0 INFO(5)

10 FIO. 0 INFO(6)

10 F10.0 INFO(7)
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Description

x and y coordinates of iron block
(L, M)

x and y coordinates of region of
field results.

Determines boundary conditions
on left vertical boundary. 0. 0 for
Dirichlet, 2. 0 for Neumann.
Tape unit no. to be read.

Tape unit no. to be written.

Edit options:
0. No printout, may read or

write tapes.
1. Prints A and MU only.
2. Prints A, MU, and B Fields.
3. Prints, A, MU, B, and M.
4. Prints B field only.
5. B field forces and stresses.
6. All of the above.

Number of iterations in phase 1; if
optimization process not desired.

Method for approximation of omega.
If INFO(6) = 0. , Frankel's method
is used for an initial value. Any
other number becomes the starting
value otherwise.

Frequency for improving omega.
If INFO(7)=,0. , then omega will not
be improved and the current value
of INFO(7) is used.
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Card No. Type Variable Name Description

11 F10. 0 INFO(9) If INFO(9) = 1. , then
values of B at the 3 mesh
points with coordinates
specified by 11\11'0(10) to
INFO(15) are calculated
during iterations.

If INFO(9) = 0. , then the
above is not done.

11 F10.0 INFO(10)x1

F10. 0 INFO(11)y1

F10. 0 INFO(12)x2 See above
F10. 0 INFO(13)y2

F10. 0 INFO(14)x3

INFO(15)y3

11 F10. 0 INFO(16) If INFO(16) = 1, then the
printout of the field is
scaled relative to the
value of B x

1,
y

1
. If

INFO(16) = 0, the above
is not done.

12 F10. 0 INFO(17) Number of equipotential
regions to be drawn.
Typical values: 15 to 25
for small problems, 25
to 40 for large problems.

12 F10. 0 INFO(18) INFO(18) must be greater
than ITLIM. The perme-
ability is not relaxed after
this many iterations.
See Notes (6).
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Card. No. Type Variable Description
12 F10. 0 IN F0(19) Number of additional relaxations

after relaxing permeability; typic-
ally 2 or 3.

12 F10.0 INFO(20) Set equal to zero in program.

12 F10.0 INFO(21) Potential on upper boundary for
use in Bessel problem (no coils).

12 F10.0 INFO(22) Permeability is no longer relax-
ed when e

2
INFO(22).

12 F10.0 INFO(23) Set equal to zero in program.

12 F10. 0 INFO(24) Set equal to zero in program.
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NUTCRACKER -- General Notes

1.

Maximum problem size is 171 x 151 on the IBM 360/91 (or array bounds

for A and it such that the product of their dimensions is < 1612). Size

of the program may be altered by changing the 26 COMMON cards with

dimensions of A and pi.

2.

An easy way to find the values of xmesh and ymesh for the following
problem:

(meters)

(x1'371) (0. O. )*
x(meters)

Pick a mesh spacing of h = .01 meter, for example.

Then,

,y,c)* = (1.2, 0.7)

/x2 -X 111 1.
01
20

xmesh** = ' + 1 = 1 = 121 (nodes)
.

ymesh** = (Y2
la

Y1) + 1 = 71 (nodes)

-x2 x1h = xmesh -1

*see card 3.
**see card 2.
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3.

Magnetization curves: The present NUTCRACKER version uses a mag-

netization curve for annealed iron. The capability is provided to change

this to correspond to any iron whatever. This is changed as follows:

(a) In the function procedure MUH(H), there are two arrays called INTEN

and PERM, which contain values of H and /2 respectively.

(b) Replacing the values given there by one's own values changes the

magnetization curve.

(c) N, the number of data points in the magnetization curve, must also

be changed if it differs from 41 points.

(d) K = N/2 (to the nearest integer value) must also be changed accordingly.

(e)

4.

The maximum number of points in the magnetization curve is 100.

TIMER1: The timing feature may be used by incorporating a source

deck (or object deck) of TIMER1 in the NUTCRACKER deck. If the

source deck is used, it should be preceded by the card reading

/ /ASM. SYSIN DD *

If the object deck is used, it should be preceded by the card reading

//LKED. SYSIN DD *

If the feature is not desired, it must be removed by deleting all cards

which have reference to TIME, TIMER1, AVTIM, TEMPI. This latter

procedure also negates the automatic time cut-off feature.
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Program BARS (Remote Terminal version)

Programmer: Lee Anderson

Language: Fortran IV

System: IBM/360 G Level

Storage Required: 782016 Bytes

I/O Unit: IBM 2260 scope terminal

Description

The fields due to any system of up to sixty arbitrarily positioned

conductors of rectangular cross section are calculated by this program.

The fi eld equations are given for such conductors by Binns and Lawren-

son (7. p. 91). The version of the program described here is run on-line

with the remote scope terminal. This enables the user of this program

to achieve an optimum design configuration of coils with a minimum exp-

enditure of time and effort.

During execution of the program, the user enters information thro-

ugh the terminal keyboard. Fig. 9. 1 shows the first display which is

shown. This display identifies the particular problem. The next display

requests the number of conductors desired, and for each conductor, one

then enters the dimensions in the display as shown in Fig. 9. 2. The

fields for each conductor and the toal fields are then computed and displ-

ayed as shown in Fig. 9.3 for selected field points. If one desires to know

the field at any point in space, the coordinated .of this point are simply

typed on the second line of the display in Fig. 9.3, and a "1.0" is entered

within the parenthesis after "change point". The quantities "RELBY"

andiDELBY" are the fields relative to the first point and the difference

between the fields at the first point and subsequent points. The program

is terminated by entering a "1. 0" within the parentheses after "FINIS".
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Two versions of this program exist: one for use with the scope terminal

and one where the terminal is not used. Data preparation for each program

is the same, however, except for the JCL card which requests a certain

scope terminal.

Data Preparation

Card Format Variable Description

1-12 12(80A1) TITLE . Twelve cards with the format
shown in Fig. 9.1.

13-24 12(80A1) TITCH Twelve cards with format as
shown in Fig. 9.4.

25 I10 NBARS The number of conductors,
1 NBARS 60.

25 I10 NAREAS The number of regions throughout
which the fields are computed in
the final printed output.

26 F10. 0 A Half height of conductor in cm.

26 F10. 0 B Half width of conductor in cm.

26 F10. 0 LJ Current density, Amps/cm. 2

26 F10. 0 Y Separation of conductor from y-axis

26 F10. 0 X Separation of conductor from x-axis .

27 F10. 0 X1 The field points are computed thr-

27 F10. 0 X2 oughout a grid with lower left-hand

27 F10. 0 DX coordinates (Xl, Y1) and upper right

27 F10. 0 Y1 hand coordinates (X2, Y2). DX and

27 F10. 0 Y2 DY are the grid increments-such

27 F10. 0 DY that there will be (X2-X1)/DX

Note:
Card 26 must be repeated NBARS times.
Card 27 must be repeated NAREAS times.

There is no restriction on NAREAS other

than it must be greater than zero.

number of points in the x-direction
and (Y2-Y1)/DY points in the y-dir-
ection. Xl, Y1, etc. are in cm.
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Program COILS

Programmer: Lee Anderson

Language: Fortran IV

System : IBM 360 /OS, G or H level

Storage Required : 99B8
16

bytes

Description

For any system of rectangular coils, this program finds the

field components, Br and Bz at an arbitrary number of points P(r, z).

In the present version of the program, up to ten separate coils may be

considered. The program integrates Eq. (7. 8) and (7.9) for each coil,

and then prints the separate field contributionS as well as the sum of

fields at each point. The ration of the total field at a selected point, to

the field at all, of the other points is also printed. Integration is performed

om double-precision by the subroutine function QUADD3.

Preparation of Data

The dimensions of a coil are shown in Fig. 7. 1. For a system of

several coils, the location of the center of each coil, ZO, must be spec-

ified relative to a given origin P(0, 0).
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Card Format Variable Description

1 I10 NCOILS The number of coils, 1.NCOILS-i10.

1 110 LINMAX The field points P(r, z) are calc-
ulated along LINMAX number of
lines. Along each line either r or
z may be constant.

1 L10 MORDAT If true, another set of data follows.
If false, this is the last data set.

2 80A1 TITLE Eighty characters can be used here
as desired.

3 F10. 0 S(1, J) Coil data; repeat this card NCOIL
times. Maximum value of NCOIL
is ten.

3 F10. 0 S( 1, J) The identification number of coil J.

3 F10. 0 S(2, J) Inner radius of coil in cm.
3 F10. 0
3 F10. 0 S(3, J) Outer radius of coil in cm.

3 F10. 0 S(4, J) Location of center of coil, z0, in cm.

3 F10. 0 S(5, J) Half-length of coil in cm.

3 F10. 0 S(6, J) Current density in Amps/cm. 2

4 L10 LDIR LDIR= T (true) means that the points
for this card lie along the line z =
ZRCON. If LIM= F, the points are
taken along the line r = ZRCON.

4 F10. 0 ZRCON This is the constant referred to
above.

4 F10. 0 PTMLN The first point on the line.



C d Format Variable

4 F10.0 DELPT
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Description

The separation between the field
points in cm.

4 F10. 0 PTMAX The last point on the line specified
by this data card. The number of
data points will be the integer value
of (PT1VIAX-PTME9/DELPT+1;
this number must be between 1 and
50.

Note:
Card 3 may be repeated up to ten times.
Card 4 may be repeated as many times as desired;

Any number of data sets may be used, depending
upon the value of MORDAT on card 1.
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