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Uncertainty of the magnitude of merge bias in PERT networks

has long been of concern to the users of this technique. A simple

rule to determine the magnitude has since posed a problem. The

purpose of this thesis was to develop empirical rules to correct the

time estimates of cumulative durations as found by the conventional

PERT calculation procedure.

Merge bias is insignificant when a large number of activities

in a network are left skewed. The bias is also considered insignifi-

cant when the near critical path length is less than 70 percent of the

critical path length. However, merge bias is a definite factor in

other networks. The bias is significant and cannot be ignored in a

network whose nodes on the critical path have a large number of near

critical paths with lengths close to the critical path length.



Monte Carlo simulations of series and parallel networks were

used to compare experienced durations with PERT calculated times

to realize the same node of the networks. Since the average simu-

lated time is accurate, the difference was the bias in the PERT

calculated time. The difference is made up of two distinct parts,

activity bias and merge bias. Simulation of series networks was

used to study activity bias. The activity bias in the PERT time esti-

mates was then eliminated to determine the magnitude of merge bias.

Simulation of the networks required a computer program to

perform the large number of iterations of the networks whose activi-

ties three time estimates are specified and follow a beta distribution.

A FORTRAN IV based PERT simulation model was developed. The

model was tested for its accuracy and capability of generating the

beta distributions of the activities. The results of the model were

compared with the ordinates of a beta distribution generated by a

computer program.

The magnitude of bias for typical small parallel networks was

used to form the merge bias correction table. The table gives the

magnitude of bias due to two activities merging at a node. One of

these activities is the critical activity. The table is entered cor-

responding to the mean and standard deviation values of the critical

and near critical activities of the network. It is based on the sym-

metrical distributions of the two activities. The activity on the



critical path is always assumed to have symmetrical distribution.

A rule was developed to normalize the near critical path activity

when it has an unsymmetrical distribution. In such cases, the mode

of the activity is treated as the mean of an equivalent symmetrical

distributed activity.

To determine the magnitude of bias for merge nodes on the

critical path of a network, the process of segregating the network

at the merge nodes into small networks is described. The decompo-

sition of limited networks into typical small networks is shown. A

rule for the reduction of activities in series to an equivalent single

activity is given. When more than two activities merge at a node,

the rule of addition of the bias due to each path is developed and sub-

stantiated.
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A PRACTICAL WAY TO INCLUDE MERGE BIAS IN
CALCULATING TOTAL PROJECT DURATION

OF A PERT NETWORK

I. INTRODUCTION

The PERT Model

Program Evaluation and Review Technique (PERT) is useful

in the basic managerial function of planning, scheduling and control.

It has received widespread interest in the 12 years since it was intro-

duced and is currently employed for many types of projects.

The initial step in the application of this network analysis tech-

nique is the graphical representation of the basic model. All the

events necessary to accomplish the end objective are represented in

a network showing the interdependence among them.

Activity

Initial
Event

Node

Terminal
Event

Figure 1-1. Network Showing Interdependence of Activities.
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The finite directed network of arcs is called activities and their

nodes, the events. Associated with each activity is a non-negative

random variable called its duration. There are two special events,

the initial event and the terminal event, such that no activity leads

into the initial event or out of the terminal event and such that each

activity is contained in a directed path leading from the initial event

to the terminal event.

It is usually assumed that the durations have independent distri-

butions each with a finite range. A realization of the network occurs

when there is a fixed time value for each activity. For a particular

realization of the network, the longest path from the initial event to

the terminal event is called the critical path. Its length is the project

duration.

Closely akin to PERT, but developed independently, is the tech-

nique known as the Critical Path Method, or CPM. Although these

two techniques have different purposes, they are frequently identified

with one another because both are applied to large projects which can

be graphically represented by networks. The most distinguishing

feature between PERT and CPM is that the former employs probalistic

time estimates while the latter are deterministic.

If the relevant activity duration is known with certainty, finding

the critical path is a trivial matter even for very large networks.

Unfortunately in many projects, especially research and development
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projects, the definition of activities requires creative ability. The

nebulous nature of these activities forces all duration estimates to be

somewhat uncertain. PERT was developed to treat conditions of

uncertainty.

PERT System of Three Time Estimates

PERT is based on the assumption that the probable duration of

an activity is beta distributed as shown in Figure 1-2. A random

variable t is said to have a beta distribution if its density is given

by:

(a i3 + 1) !
ta, (1-t)(3f(t; a ) - +

a!p!

= 0 elsewhere

a m-aand mf = -
a+ p b-a

0< t< 1

a m t
e

Activity Duration t

Figure 1-2. PERT System of Three Time Estimates.
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Where a = Optimistic performance time - the unlikely but
possible time if everything goes well.

m = Most likely time - the modal value of the beta

distribution is the value which is likely to occur

more often than any other value.

b = Pessimistic performance time - the unlikely but

possible performance time if everything goes

badly.

mf = Mode fraction - the mode specified as fraction

of the range of activity performance times.

The function represents a two parameter distribution. The

parameters a and p must both be greater than -1. The distribution

becomes the uniform distribution over the unit interval when a = p = 0.

In order to determine a unique beta distribution followed by the

PERT activity, the end points a and b plus either the two exponents

a and p or an exponent along with mode must be specified. PERT

uses three time estimates of completing the activity; the optimistic

time, most likely time, and the pessimistic time specify a, m and

b respectively, but does not specify either of the two exponents a

or p . In Figure 1-3, numbers above each activity arrow represent

the three time estimates a, m and b, in that exact order.
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Figure 1-3. Example of PERT Activity Time Estimates.

PERT Method of Calculating Total Project Duration

The three time estimates of an activity in a PERT network give

rise to two important problems. The problem of determining a unique

distribution for each of the activities in the network and the problem

of simply solving the model, i.e., finding something that corresponds

in some sense, to the project duration and critical path in the deter-

ministic case. Both these problems are avoided to some extent by

approximating the stochastic problem by a problem of deterministic

form.

It is often convenient to consider only the mean and the standard

deviation of a distribution, rather than the entire distribution. Some-

times these two values determine a unique pattern as in the case of a

normal distribution. With other distributions such as the beta, the

mean and standard deviation alone do not determine a unique pattern.
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Even though PERT deals with a beta distribution, it is convenient to

characterize the activity duration in terms of a mean and a standard

deviation.

It is commonly known in statistics that the standard deviation of

a unimodal distribution can be estimated roughly as 1/6 of the range

of distribution. This follows from the fact that at least 89% of the

distribution lies within three standard deviations of the mean. Since

the beta distribution is unimodal, its standard deviation is given by:

Standard deviation = 1/6 (b-a)

The determination of the mean of a beta distribution involves

the solution of a cubic equation. Various values of the mean were

calculated from the roots of a cubic equation and, in order to simplify

the future calculation of activity means, a linear approximation was

made by the developers (8) of the PERT technique. A simple formula

for estimating the mean te of the activity time distribution is given

by:

Mean expected time = te = (a +4m +b)/ 6

This expected value of an activity duration is used as its deter-

ministic length to reformulate the PERT problem as a deterministic

problem to find the corresponding critical path. Figure 1-4 below is

the reformulated PERT network given in Figure 1-3 and shows

above each activity arrow the expected value of activity duration and



its variance, in that exact order. The associated project duration,

Te, is used as the mean of the project duration distribution and the

sum of the activity variances along the path, as the variance of the

true project duration, which is then assumed to be normal as shown

in Figure 1-5. The variance associated with activity performance

times is involved only in calculating the probability that schedule

dates will be met.

Figure 1-4. PERT Network with Expected
Activity Times and Variances.

Probability
Function
of T

T = Expected
e

Project
Duration

7

D = Due
Date

21 24 27 30 33 36

Project Duration T

Figure 1-5. Distribution of Project
Duration Times.

39

Two assumptions are used to justify this approach. The first

is that the critical path of the derived problem is significantly longer

than any other path which makes the probability of a realization having

a different critical path negligible. The second assumption is that

the critical path has enough activities for the central limit theorem

to be applicable.
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Effect of a Near Critical Path

Occasionally two or more activities merge at a node, where one

of these activities is on a critical path and one or more of the remaining

of the activities may have an expected latest start time near the critical

latest start. If bad luck is generally experienced with activities along

these paths and good luck with activities along the critical path, it is

quite possible for the former to exceed the latter in length; that is, to

become critical. Thus, where the possibility of uncertain activity

times is admitted, the possibility of alternate critical paths is implied.

We may be in error then, in basing our estimate of time to realize a

given node through exclusive considerations to a single critical path.

Other paths which could become critical should influence our estimate.

The conventional PERT calculation procedure is therefore inaccurate.

The possible error created by attention to a single path is called

merge bias. A correction should be added to the PERT calculated time

of realizing the merge node to determine the actual time (most likely

time). Points of potential merge bias for the three merge nodes of

the network given earlier are shown in Figure 6-1 and are denoted

by nodes connected with triple lines. The magnitude of the merge

bias correction is given above the triple lines.
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Merge Bias
Correction

Figure 1-6. PERT Network Showing Merge Bias Correction.

The merge bias error was recognized by Clark (3) in the develop-

ment of the PERT model and he later developed an analytical solution.

Although the formulas presented in Clark's paper were derived for

normally distributed random variables, the author shows that they are

applicable even for large deviations from normality. Clark's pro-

cedure appears to be adequate to correct for the ever present but

usually small bias in the conventional computation of earliest time

for merge points events-1'. However, Clark's correction procedure

takes considerable computation time. Consequently any advantage

gained through improved results are offset by the extra effort expended.

His procedure is also practical only for very simple networks.

In general, if the sum of minimum times along one path is

greater than the sum of the maximum times along a parallel path,

1 / See reference (10) for application of the Clark's Bias Cor-
rection Procedure.
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then the latter path will not influence the calculation of the time distri-

bution at the common end node. If there are one or more parallel paths

through the network which are nearly critical and have relatively large

variances, then the conventional PERT procedure can grossly over-

state the probability of completing a project by a given date. Similarly,

the calculated time of realizing the common node will not be the mean

of the time distribution at the node as shown in Figure 1-7.

Expected Common
Node Duration

Mean

24 27 30 33 36 39

Common Node Duration T
42

Figure 1-7. Distribution of Merge Node Duration Times.

Merge bias becomes a more serious concern where there are

several near critical paths, parallel paths are closer to being critical,

and the near critical paths have larger variances.

The PERT Assumptions

This study is based on a beta distribution for activity durations.

The beta distribution is used even though nothing in the PERT literature
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thoroughly justifies its use. It must be pointed out that there is also

no evidence contrary to its use. Secondly, it is assumed that the time

estimates of the activity given by a, m and b are accurate. No

attempt therefore is made to go into the magnitude and direction of

error caused by these subjective assumptions.

A fundamental weakness of the beta distribution is the inaccurate

standard deviation calculations when the intervals between a, m and

b are not equal. Fortunately, the error caused by the approximation

is not very large and does not significantly affect the practical cor-

rection procedures developed in this study. Thus potential standard

deviation errors are recognized but will be ignored because they can-

not adversely affect the utility of the overall bias corrections.

The error caused by the PERT calculated mean is considered.

There is a bias introduced by approximating mean activity times where

magnitude depends upon the skewness of the activity distribution.

This error is termed activity bias in this study. The activity bias has

an important influence in the additive correction to be made and cannot

be excluded from the total merge bias correction.

MacCrimmon and Ryavec in an interesting paper (8) made a

detailed analytical study of these PERT assumptions. It is pointed

out in this paper that the worst absolute error in the mean is given by:

[1/6 (4m +1 - m(a+1)/(a+2m)]
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Where m is the most likely time of a beta distribution
with range (0, 1)

In the worst case when m=0, substituting in the above equation

reveals that the error is 17 percent below the PERT calculated mean

value.

Effect of Activity Bias

A parallel path activity with a left skewed distribution may have

a PERT calculated length close to critical. If the activity bias is con-

sidered, the activity will not be as close to critical as found by the

PERT procedure. The activity bias and the merge bias due to this

activity will be opposite in direction. The result will be a lower mag-

nitude of correction to be added to the PERT calculated time of realizing

merge nodes to determine the actual time. The opposite will be true

when the near critical path activity has a right skewed distribution.

It is noted by the writer 2/ that often in practice, activities tend

to have a left skewed distribution, i. e. the mean is to the right of the

mode and that mf is less than .5. The activities on the critical path

may also have a left skewed distribution. If the activity bias is con-

sidered for the activities on the critical path, the PERT calculated

2/ The opinion is based on the personal experience of Dr. James
L. Riggs. He has observed that most practitioners tend to be con-
servative in estimating the longest activity allowance while being rather
optimistic in estimating the most likely time.
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total project duration may be too high in spite of some near critical

paths in the network. Therefore, the common belief by practitioners

is wrong that the PERT calculated mean is generally less than and

never greater than the true mean.

Scope and Purpose of this Thesis

The purpose of this paper is to develope empirical rules to ac-

count for merge bias errors created by the conventional method of cal-

culating total project duration of a PERT network. Monte Carlo simu-

lation is used to develop and substantiate these rules.

While correction for merge bias is our major objective, it is

considered in the light of three types of beta distributions. The three

types are the left, symmetrical and right skewed distributions with

mode fraction values of .25, .5 and .73 respectively. The main

analysis and the merge bias correction table are based on the sym-

metrical beta distribution. Generalizations for the merge bias cor-

rection of activities with unsymmetrical distribution are developed

from analysis of a number of network simulations of the other two

types of distributions.

Before the results of the study are described, some preliminary

explanations are necessary. The meaning of Monte Carlo simulation

and the accuracy of the results of simulation will be examined. Then,

the developed computer model for PERT simulation and its validity
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will be tested to confirm that the generated activity times follow the

beta distribution. This material is presented in the next two sections.

The stage by stage procedure leading to corrections for total

duration has the following divisions:

Simulation of a single activity.

Simulation of simple series networks.

Simulation of two parallel activities having the same
beginning and ending nodes.

Simulation of more than two parallel activities having
the same beginning and ending nodes.

A procedure for the decomposition of networks into small typical

networks is given. Based on the simulations, a rule is derived to

reduce activities in series to a single longer activity. The rule is

then applied by reference to a Merge Bias Correction Table where the

developed correction factors are displayed for convenient use.

Finally, the validity of the rules and factors is verified by comparing

corrected times to actual times experienced through simulated net-

works.
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II. METHOD OF ANALYSIS

Monte Carlo Simulation of Networks

In the Monte Carlo simulation of a network, activity times are

randomly selected for each activity from some appropriate frequency

distribution, which in our case is a beta distribution. The procedure

takes into account the effects of PERT-calculated near critical paths

which may, in fact, become critical if their activities experience

more than their expected time, te. The project length and critical

path data are then calculated in the normal way based on these simu-

lated times (17). The procedure is repeated a large number of times

and a record is kept of each generated critical path. Finally, an

average project length and standard deviation are calculated on the

basis of all these simulations. The resulting durations are equivalent

to actually conducting the project and consequently are more realistic

than PERT forecasted times.

Accuracy of Monte Carlo Techniques

If repeated random samples of size n are drawn from any popu-

lation (not necessarily normal) that has mean p. and standard deviation

Cr , the frequency distribution of the sample means X in these repeated

samples has mean p. and standard deviation Cr /1-11 . Under random
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sampling, the sample mean X is an unbiased estimator of If cr

is unknown, an estimate s of Cr is obtained from the sample data

that give the value of X . Then shin is the estimate of a- /'fn, the

standard error of X.

For 1000 simulations of the network, the average project length

is X, its standard deviation is s and the distribution of average

project lengths can be assumed to be normal. The 95% confidence inter-

val for the average project length and the standard deviation is given

by:

C.I. (95%) of Project Length = X ± 1.96
000

where n = 1000

= Tc + 16.134

If the standard deviation s, is assumed to be 1, the probability

is .95 that the Monte Carlo estimation of any project length is within

6% of the correct value.

C. I. (95%) of standard deviation of project length:

S. S. 2 S. S.< 0- <
2

where S. S. = (n-1) s 2
.

2

X0.975 X0.025

Interpolating the values of Chi-Square corresponding to 999 d. f.

from Table 2-1, we get:

0.92 s< 0- < 1.09 s
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The value of s, given s=1, is within 8% of the correct value.

Table 2-1. Cumulative Distribution of Chi- Square,

Degrees of
Freedom

Probability of a Greater Value
.005 0.25 .975 .995

900

1000

794.475

888.564

818.756

914.257

985.032

1089.531

1013.036

1118.948

Justification for the Use of Monte Carlo Simulation

The Monte Carlo simulation which is used as the method of

analysis in this study, considers all parallel paths in the network to

arrive at the total project duration. The total project duration found

by this technique is accurate as shown in the above analysis. In fact,

if desired, a greater accuracy is possible by 10,000 simulations of

the network. This is obvious by substituting 10,000 in the expression

for confidence interval of the average project duration. A natural

question at this stage then is -- Why not use Monte Carlo simulation

technique to determine the total project duration of all the networks

in practice instead of developing rules to correct the total project

duration obtained by conventional PERT procedure?

Although the generalizations can be made only to a very limited

extent as the merge bias depends on the particular network
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configuration, its magnitude is usually small; small enough to be over-

looked in practice. Its being overlooked is justified on the grounds

that any approach aimed to determine total project duration more

accurately than the PERT method requires considerable additional

expenditures of time and money. The simulation technique even for

1000 simulations of a large network of the size usually encountered

in practice is very costly and not normally justified.

The writer is his thorough search of the literature has found

no indication of an actual large network subjected to Monte Carlo

simulation. This opinion is reinforced through discussion with associ-

ates who are familiar with industrial application of PERT.

While the Monte Carlo simulation of all networks is not feasible

due to cost considerations, for a particular network configuration the

merge bias may be significant. The magnitude of the merge bias in

case of these rare networks demands a procedure which will deter-

mine more accurately than conventional PERT procedure, the time to

realize the nodes of the network. The important considerations in the

application of this procedure are ease of determination of the magni-

tude of the bias and a simple procedure to apply the correction. Thus,

there is a basic need to know the magnitude of the bias caused by any

two activities merging at a node.

Monte Carlo simulation is used to study the magnitude of merge

bias for a few simple network configurations. The values of the bias
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for the simple networks are used to develop generalized rules for

merge bias correction. The cost of simulation of simple networks is

small and is a one time cost to develop the rules. The simple net-

works studied are typical of the activities that merge at a node in a

large network and cause the bias. The rules developed are applicable

to all sizes of networks by considering each merge node separately

as consisting of the typical small networks for which the magnitude of

bias has been determined. Through these developed rules and

knowledge of the magnitude for typical networks, the bias at each

merge node can be determined. The procedure for incorporating the

bias in the network is simply the addition of the cumulative bias of all

preceding merge nodes to its PERT calculated time of completion.

Selected Approach to the Study of Merge Bias

The study of merge bias correction is based on a comparison

of the PERT calculated time estimates with the simulated time of

realizing the same node. The difference between the two time esti-

mates of realizing the node is the merge bias. The difference is used

to develop the rules for merge bias correction.

Unfortunately, PERT time estimates of realizing a node may be

in error due to two reasons. The two sources of error are the activity

bias and the merge bias. The magnitude and direction of the activity

bias depends on the time estimates of the activities. The magnitude



20

of error due to merge bias not only depends on the time estimates of

the activities but also on the configuration of the network. The error

due to merge bias should always be added to the PERT calculated time

of realizing the nodes.

Any attempt to develop rules to compensate for the merge bias

by Monte Carlo simulation technique therefore requires a preliminary

effort to study the problem of activity bias. The activity bias in PERT

time estimates must be eliminated or rules developed to correct the

mean for the bias.

There are two ways to overcome the activity bias in PERT cal-

culated mean. The first approach is based on complete elimination

of the bias by using the exact expression to calculate the mean of each

of the activities. Then these activity means are used to calculate the

expected time of realizing the nodes of the network. The other ap-

proach is to initially consider only activities whose time estimates

follow a symmetrical beta distribution. The PERT calculated mean

in symmetrical distribution is the exact mean of the distribution,

free from activity bias. On the basis of these activities develop the

rules for merge bias correction. Once these rules are developed,

proceed to develop an activity bias correction procedure for activities

with unsymmetrical distribution to use these rules. By either of the

two methods the difference between the PERT and simulated time of

realizing the terminal node will solely be the magnitude of merge bias
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for that particular configuration of the network.

In practice an activity may have any time estimates. The most

likely time of the activity may have any mode fraction value between

0 and 1. The first procedure poses two problems to any practical

way to correct merge bias of all possible activity distributions. First,

to apply the correction, the exact mean of each of the activities is

required and must be calculated. Second, to develop the correction

rules an infinite number of simulations of different network configura-

tions would be required. The large number of simulations required

are due to the desired results for every possible combination of mode

fraction value, activity length and standard deviation of the near criti-

cal path. These two factors make this approach unacceptable.

The second approach is more practical. The merge bias cor-

rection is found for various network configurations and time estimates

of activities on the near critical and critical paths. In the first stage

the approach is limited in use to correction of merge bias of networks

whose activities have symmetrical distribution. It is supplemented to

make it applicable to cover all possible distributions of the activities.

The validity of the method used to enlarge its application to all pos-

sible activity distributions is verified by a limited number of simula-

tions of left and right skewed distribution of activities on the near

critical path.

The activities on the critical path may also have unsymmetrical
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distributions. The PERT calculated critical path length may therefore

be in error. It is assumed that no correction at individual activity

level is necessary for activities on the critical path and that the PERT

calculated project length is accurate. The assumptions are justified

on two accounts. First, in a large network a relatively high degree of

cancellation of bias due to individual activities is expected. Second,

any approach to account for activity bias will increase the PERT cal-

culation procedure enormously and make the technique unwieldy.

The sum of the PERT calculated means to determine the time to

realize the nodes on the critical path is governed by the central limit

theorem. The central limit theorem enables us to make the important

assumption that the distribution of time to realize the node is approxi-

mately normal. Therefore, in all simulations of networks to study

merge bias, durations along the critical path are assumed to be sym-

metrically distributed.

Computer Model for PERT Simulation

The computer model developed for the simulation of the PERT

network is written in FORTRAN-IV. Input instructions and a source

deck listing of the program are given in Appendix I. The program is

based on the following input data:

Identification of the activity by its i node and j node

numbers. The node at the beginning of an activity is the
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i node and the node at the end is its j node.

The three time estimates of performing the activity (a, m

and b) which in practice are specified.

The value of parameter a which is not specified in practice.

Numbers of simulations of the PERT network desired.

1000 realizations are used in all the given simulation studies.

Six digit random number for generation of the beta distribu-

tion.

The number of the file in which the input data is to be stored.

The number of the unit where output of simulation is desired.

The unit number for teletype is 61 and for the line printer

is 6.

The objective of the program through 1000 simulations of the

network is to generate the following:

Average time at which each node is realized.

Minimum time at which each node is realized.

Maximum time at which each node is realized.

Standard deviation of the time each node is realized.

Histograms of the time to realize each of the nodes in the

network excluding the initial node.

Expected time by the conventional PERT method of reali-

zation of each node.
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The limitations of the PERT simulation program are as follows:

The program can simulate a network with a maximum of

20 nodes and 50 activities.

No provision is made for including dummy activities in the

network. Two activities with the same beginning and ending

nodes must be shown as such without the use of a dummy

activity. The distinction between these two activities is

based on the difference in their time estimates.

In the creation of data file, i numbers must be lower than

j node numbers of the activities. Activities with lower

node numbers precede those with higher node numbers.

The activity time estimates must be made in whole numbers.

The optimistic time estimates of an activity must be less

than its most likely time which must be less than its

pessimistic time.

The value specified of parameter a in the input must be a

positive whole number less than 99.

The maximum number of iterations of the network is

limited to 1000.
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III. SIMULATION OF A SINGLE ACTIVITY

Verification of the Computer Model

To verify the accuracy of the developed computer model, a

single activity with a PERT calculated mean of 100 and standard devia-

tion of 10 is simulated. The activity may have a left skewed, sym-

metrical, or a right skewed beta distribution. The three types of distri-

butions with mode fraction values of .25, .50 and .75 respectively are con-

sidered. A unique value of a corresponds to each distribution pattern.

The following three cases utilize different values of a, m and

b for the activity 1-2 for each type of activity distributions. Each

of the activities is simulated for a values of 4, 8 and 12. The re-

sults obtained for the activity length, minimum and maximum duration

and the histogram of the time to realize node 2 are given in Appendix

II.

Case I. Activity 1-2, having a left skewed distribution

80, 95, 140
When a = 4, 8 and 12

Case II. Activity 1-2, having a symmetrical distribution

When a = 4, 8 and 12



Case III. Activity 1-2, having a right skewed distribution

60,105,120
When a = 4,8 and 12
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An analysis of the results of different types of activity distribu-

tion when a increases revealed four important characteristics.

Case I. Activity with a Left Skewed Distribution

Figure 3-1 provides a pattern of changes in the beta distribution

when a and p increase. The activity duration upon which the curves

are based has time estimates of a=80, m=95, and b=140. When the

results of the simulations are compared, the following characteristics

are apparent:

a =8
p = 24

= 12

p =36

-= 4

13=12

80 95 1'0 1 0 1 0 140

Activity Duration t

Figure 3-1. Distribution of Duration of a
Left Skewed Activity.
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1. The minimum activity duration increased and the maximum

activity duration decreased.

2. The average activity time registered a small decrease with

the increase of the value of a.

3. The value of the class interval containing the maximum fre-

quency is approximately the same and is very near the value

of mode 95 of the distribution.

4. The frequency for the mid range values of the distribution

increased and for tail values decreased.

Case II. Activity with a Symmetrical Distribution

The following characteristics observed in the distribution of

activity durations with time estimates of 70, 100 and 130, as the

value of a increases are shown in the Figure 3-2:

70 80 90 100 110 120

Activity Duration t

Figure 3-2. Distribution of Duration of
a Symmetrical Activity.

130
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1. The minimum activity duration increased and the maximum

activity duration decreased.

2. The average activity time remains approximately the same.

3. The value of class interval containing the maximum fre-

quency is approximately the same and is very near the value

of mode 100 of the distribution.

4. The frequency for the mid range values of the distribution

increased and for tail values decreased.

Case III. Activity with a Right Skewed Distribution

Starting with activity time estimates of 60, 105 and 120 while

a is increased from 4 to 8 to 12, the following charactersitics are

noted and the pattern is shown in Figure 3-3:

a = 12
p=4 k / ./

60 70 80 90

Activity Duration t

105 120

Figure 3-3. Distribution of Duration of a
Right Skewed Activity.
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1. The minimum activity duration increased and the maximum

activity duration decreased.

2. The average activity time registered a small increase with

the increase of the value of a.

3. The value of the class interval containing the maximum fre-

quency is approximately the same and is very near the value

of mode 105 of the distribution.

4. The frequency for the mid range values of the distribution

increased and for tail values decreased.

Effect on the Average Activity Length
Caused by Varying Alpha

A study of the magnitude of change in the average activity length

with the change in a indicates that it is small. The value of a when

increased from 4 to 8 to 12 causes a change of less than 1% in the

average activity length. As the value of a and therefore R increases,

it is observed that the simulated activity means tends to approach the

most likely time of the activity. An increase or decrease in the value

of a or 13 for the same values of mode fraction does not cause any

significant change.

These results tend to support the conventional treatment given

to activity durations where the value of alpha for an activity is not

even considered. The support is fortunate because the additional
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complications of requiring an estimate of a with the other activity

parameters would make PERT very unwieldy. Henceforth, since the

effect of different alpha values is not significant, all subsequent

calculations in this study are based on a constant alpha value of 4.

Computer Model for Ordinates of Beta Distribution

To determine if a beta distribution was obtained by the simulation

of the single activity, a computer program was developed. The pro-

gram generates ordinates of the beta distribution corresponding to its

two parameters, a and 3. The ordinates of the beta distribution are

obtained for base range from .1 to .9 at intervals of .1 of the range.

The values of a and p used are the values obtained in case of left

skewed, symmetrical, and right skewed distributions in the simulation

of an earlier set of single activities. The listing of the FORTRAN IV

source deck and the ordinates values obtained are given in Appendix

Comparison of Distribution Generated by the Two Models

The results of the distributions generated by the two models are

very close in the following respects:

The maximum value of the ordinate or the frequency occurs

at the mode of the distribution.

The maximum value of the ordinate or the frequency occurs
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at the mode of the distribution even as the value of a and

therefore that of p is increased.

With the increase of the values of a and p the values of

the frequency and the ordinate increases for the mid range

values of the distribution and decreases for the tail values.

It is therefore concluded that the beta distribution is generated

by the PERT simulation program. Slight irregularities in the distri-

bution generated by the PERT simulation program are natural and

should be expected because it is not possible to generate a perfect

distribution by computer.

Effect of Different Types of Activity Distributions

The simulation of an activity whose time estimates follow a left

skewed beta distribution indicates that the average activity duration

has a much lower value than the PERT calculated mean of the activity.

As the value of a increases, it is noticed that the simulated average

activity time approaches the most likely duration of the activity.

Therefore, the more left skewed the activity distribution is, the

greater is the magnitude of the error between the two calculated activity

means. For symmetrical beta distribution of the activity duration,

the activity means by both methods are approximately the same. If

the activity duration follows a right skewed beta distribution, the sim-

ulated average activity duration has much higher value than the PERT
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calculated mean. The more right skewed the activity distribution is,

the greater is the magnitude of the error.
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IV. SIMULATION OF SIMPLE SERIES NETWORKS

Network with Two Activities in Series

Two activities are in series, activity 1-2 and activity 2-3, in

the network shown in Figure 4-1. The network is simulated to observe

the mean length of realizing nodes 2 and 3. The time estimates of the

two activities may follow a left, symmetrical or right skewed beta

distribution. The three types of distributions have mode fraction

values of .25, .50 and .75, respectively. There are six possible

combinations with the three types of distributions of each of the activity.

Time estimates of the two activities in series for the six networks and

the results of the simulation of the network are given in the Table 4-1.

The PERT calculated expected time of realizing node 2 is 100 and of

realizing node 3 is 200 for each network segment.

100,100 100,100

Figure 4-1. Network with Two Activities in Series.

The comparison of simulated and PERT calculated times of

realizing nodes 2 and 3 showed that:

The error at node 3 in case 1 and 6 is twice the magnitude

of the error due to a left skewed and right skewed
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distributions respectively.

In case 2, while there is no error caused by activity 2-3,

the error in the realization of node 3 is due to left skewed

distribution of activity 1-2.

In case 3, the negative bias due to activity 1- 2 reflected at

node 2 and the positive bias due to activity 2-3 compensate

each other and there is no error in the time of realization of

node 3.

In case 4, both activities are symmetrical and there is no

error in the length of either nodes.

In case 5, no error is caused by activity 1-2 and the error

in the realization of node 3 is due to right skewed distribu-

tion of activity 2-3.

Table 4-1, Simulated Completion Times of a Two Activity Network Segment.

Case
No,

INPUT DATA OUTPUT DATA

Activity 1-2 Activity 2-3 Description
Time

Realizing
of
Nodes

a in b a m b Node 2 Node 3

1 80 95 140 80 95 140 Both left skewed 96.99 193,79

2 80 95 140 70 100 130 L. S. and symmetrical 96.61 197.03

3 80 95 140 60 105 120 L. S. and right skewed 96.33 199.35

4 70 100 130 70 100 130 Both symmetrical 99,70 199.67

5 70 100 130 60 105 120 Symm. & right skewed 99.85 203.07

6 60 105 120 60 105 120 Both right skewed 103.31 206.10
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From the above comparison it is concluded that the bias due to

activity distribution when the activities are in series is additive.

Network with Three Activities in Series

To simulate a network with three activities in series with each

activity having all of the three types of distributions, 9 networks each

with three activities in series are required. Table 4-2 gives the time

estimates and simulated realization times for the three activities in

series for each network. In each network the PERT calculated time

to realize nodes 2, 3 and 4 is 100, 200, and 300 respectively.

100, 100 100, 100 100, 100

Figure 4-2. Network with Three Activities in Series.

The results obtained confirmed the additive character of bias

due to activity distribution when activities are in series. Four, five,

six or more activities in series could have been tried, but it is evident

that results of three activities are sufficient to prove the point.

Reduction of Activities in Series to an
Equivalent Single Activity

When there are two or more activities in series it is convenient

to treat them as one longer activity. The conventional PERT treat-

ment defines the new single activity by its equivalent mean, variance



Table 4- 2. Simulated Completion Times of a Three-Activity Network Segment.

No.
Input Data Output Data

Activity 1-2 Activity 2-3 Activity 3-4 Time of Realizing Nodes
a m b a m b a m b Node 2 Node 3 Node 4

1 80 95 140 80 95 140 80 95 140 96.40 193.01 289.72
2 80 95 140 80 95 140 70 100 130 96.49 193.04 293.39
3 80 95 140 80 95 140 60 105 120 96.65 193.41 296.47
4 80 95 140 70 100 130 70 100 130 96.99 196.93 296.74
5 80 95 140 70 100 130 60 105 120 96.51 196.71 299.62
6 80 95 140 60 105 120 60 105 120 96.92 199.32 302.27
7 70 100 130 70 100 130 70 100 130 99. 76 199. 36 299.50
8 70 100 130 70 100 130 60 105 120 99. 94 199. 78 302. 74
9 60 105 120 60 105 120 60 105 120 102.87 205.55 308.53
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and distribution. The length of the equivalent single activity is given

by the sum of the PERT calculated means of each of the activities in

series. The variance of the activity is given by the sum of the vari-

ance of the activities in series. The mode of the equivalent activity

is not specified. The distribution of the equivalent single activity is

not completely determined but assumed symmetrical. This procedure

is quite accurate where each of the activities in series has symmetrical

distribution or the activity bias is neglected. The procedure is there-

fore applicable for finding equivalent single activity of activities in

series on the critical path.

When an activity has an unsymmetrical distribution the PERT

calculated mean is biased. The simulation of a single activity in

Chapter III indicates that the simulated mean of an activity most nearly

approaches its mode when the value of a increases. For the left

skewed distribution the simulated mean is little higher and for the

right skewed distribution little lower than the most likely time of the

activity. In case of symmetrical distribution the simulated mean is

equal to the most likely time and also the PERT calculated mean of the

activity. The mode if taken as the corrected mean of a left skewed

distribution will be a little lower value and for the right skewed dis-

tribution will be a little higher value than the simulated mean.

The simulation of networks with activities in series confirmed

the additive character of the bias. The simulated mean of the terminal
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node of a network with activities in series having unsymmetrical dis-

tribution is closer to the sum of the mode of the activities in series than

their PERT calculated means. Therefore, for an activity with unsym-

metrical distribution on a near critical path to determine the magni-

tude of the bias due to this activity and to compensate for the activity

bias, its mode is taken as the corrected mean. The corrected mean

of the equivalent single activity for activities in series on the near

critical path is given by the sum of the modes of the activities in

series. The other parameters of the equivalent single activity on the

near critical path are the same as determined by the PERT treatment.



39

V. SIMULATION OF SIMPLE PARALLEL NETWORKS

Networks with Two Parallel Paths

A simple network with two parallel paths is shown in Figure 5-1.

Each path consists of one activity. There can be a large number of

activities on each of the paths but there cannot be any connection be-

tween any of the nodes of the two paths. The large number of activities

can be treated as an equivalent single activity and the network reduced

to that shown below. The two activities CP and NCP have the same

beginning and ending nodes. The common end node of the activities

is the one and only merge node in the network. The PERT time of

realizing this node may be in error.

Near Critical Path NCP

Figure 5-1. Network with Two Parallel Paths.

By the PERT method of calculating the total project duration the

activity is on the critical path, CP, if it has a larger PERT calculated

mean than NCP. The distribution of the time for realizing the node 2
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has a mean and standard deviation equal to that of activity CP. The

mean and standard deviation of the parallel path NCP is ignored in

conventional calculation.

If the equivalent single activity on the NCP has a mean very close

to the critical path length, it will be a major determinant in the reali-

zation of node 2. The mean duration of realizing node 2 if the near

critical path is taken into account usually has a higher value than the

PERT calculated time. The difference between the two time estimates

is called the merge bias. For any given value of mean and standard

deviation of activity CP, the magnitude of the merge bias depends on

the mean, variance and distribution of the activity NCP.

Assuming for the time being that all activities have symmetrical

distributions, it should be possible to determine the magnitude of error

to apply merge bias correction. One alternative is to simulate all

possible combinations to determine the magnitude of the correction for

each value of standard deviation and mean of the critical and near

critical path activity. Since a large number of combinations are pos-

sible the number of simulations required would be infinite.

The other approach is to find the magnitude of correction only

for a particular value of mean of CP activity, some selected values of

its standard deviation, and selected values of the mean and standard

deviation of NCP activity. On the basis of these values, develop a

table for merge bias correction. To find merge bias for all other
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values develop a rule to convert values of mean and standard deviation

of activities that merge at a node to the base values for which merge

bias is given in the table. This rule is developed later in the study.

The merge bias correction is initially determined for the critical

path activity with a mean of 10 and standard deviations of .5, 1, 1.5,

2, 2.5, and 3. The values of the mean and standard deviation of the

near critical path activity corresponding to each of the above values of

the critical path activity are as follows:

Table 5-1. Mean and Standard Deviation Values of a Near Critical
Path Activity.

PERT
Calculated Mean Standard Deviation

7. 0 O. 5, 1. 0, 1. 5, 2. 0

8.0 0.5, 1.0, 1.5, 2.0, 2.5

9.0 0.5, 1.0, 1.5, 2.0, 2.5

9. 5 0.5, 1.0, 1.5, 2.0, 2.5, 3.0

10.0 0.5, 1.0, 1.5, 2.0, 2.5, 3.0

It is important to note that the merge bias correction table is

based on critical path activity mean value of 10 while the networks

simulated have mean values of 100. The actual input data has been

multiplied by 10 to convert the data into whole numbers for feeding

into the PERT simulation program. The results of the simulation of

time to realize node 2 is divided by 10. The validity of these
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conversions is proved in a later section.

The activity CP is always assumed to be symmetrical in accord-

ance with the explanation in Chapter IV. The time estimates for each

value of its mean and standard deviation are given in Table 5-2.

The near critical path activity is assumed to have a symmetrical dis-

tribution. The time estimates for each value of its mean and standard

deviation are given in Table 5-3.

These time estimates are used in the simulation of the Figure

5-1 network. The results of 1000 simulations to realize node 2 give

the magnitude of the merge bias and are tabulated in Table 5-4.

As expected, the results of simulation show that for the same

values of mean and standard deviation of critical path activity, the

magnitude of the merge bias increases as the value of mean and stan-

dard deviation of the near critical path activity increase. The magni-

tude of the merge bias also increases when the mean and standard

deviation of NCP activity and the mean of CP activity remains the

same but standard deviation of CP activity increases. Another useful

conclusion is that the same increase of standard deviation of CP activity

compared to NCP activity has more pronounced effect on merge bias.

An attempt was made to devise a simple relationship to give the

magnitude of merge bias for all values of the mean and standard devia-

tion of two activities that merge at a node. The tabulated values of

merge bias were used to develop equivalent relationships. The
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Table 5-2. Time Estimates of Critical Path Activity with
a Symmetrical Distribution .

No. a m b to
St
Devd..

No. a m b to
St
Devd. .

1

2

3

85
70
55

100
100
100

115
130
145

100
100
100

5

10
15

4
5

6

40
25
10

100
100
100

160
175
190

100
100
100

20
25
30

Table 5-3. Time Estimates of Near Critical Path Activity
with a Symmetrical Distribution.

No. a m b t
e

St.
Dedv.

No. a m b to
St
Devd. .

1 55 70 85 70 5 14 25 90 165 90 25

2 40 70 100 70 10 15 80 95 110 95 5

3 25 70 115 70 15 16 65 95 125 95 10

4 10 70 130 70 20 17 50 95 140 95 15

5 65 80 95 80 5 18 35 95 155 95 20
6 50 80 110 80 10 19 20 95 170 95 25

7 35 80 125 80 15 20 5 95 185 95 30
8 20 80 140 80 20 21 85 100 115 100 5

9 5 180 155 80 25 22 70 100 130 100 10

10 75 90 105 90 5 23 55 100 145 100 15

11 60 90 120 90 10 24 40 100 160 100 20
12 55 90 135 90 15 25 25 100 175 100 25
13 40 90 150 90 20 26 10 100 190 100 30



Table 5-4. Table of Merge Bias Correction Corresponding to Different Values of Mean and Standard Deviation of Critical and Near Critical Path
Activities.

Critical
Path

Near Critical Path Activity

Activity Te = 7.00 T = 8.00 T = 9.00
e e

Mean Std, 0.50 1.0 1. 5 2.0 0. 5 1.0 1. 5 2, 0 2. 5 0, 5 1.0 1. 5 2, 0 2. 5Dev.

0. 50 9.992 10.050 10.001 10.019 10.029 10, 140 10. 241 10.018 10.072 10. 120 10, 374 10. 520

1.00 10.034 10.066 10.007 10.081 10. 117 10. 134 10. 265 10.076 10. 194 10. 277 10, 407 10. 582

10
1. 50 9. 94 10.034 10. 123 10.066 10.047 10. 192 10. 244 10. 292 10. 228 10. 316 10. 375 10, 559 10. 548

2.00 10.035 10. 136 10. 145 10, 116 10.216 10.216 10. 361 10. 448 10, 342 10. 365 10. 438 10, 627 10. 823

2. 50 10. 150 10. 142 10. 136 10.219 10.327 10.346 10. 392 10. 506 10.571 10. 559 10. 570 10.686 10.660 10. 877

3.00 10. 117 10.283 10.211 10.309 10.271 10.428 10.471 10. 493 10.530 10. 770 10.698 10. 716 10, 938 11.000

Critical Near Critical Path Activity
Path

Activity T =
e

9. 5 Te = 10.0

Mean Std.
0. 5 1, 0 1, 5 2.0 2, 5 3, 0 0. 5 1. 0 1, 5 2, 0 2, 5 3. 0Dev,

0. 50 10.092 10. 189 10.348 10.494 10.684 10.973 10.240 10. 384 10. 586 10. 749 11.009 11. 128

1.00 10. 181 10.305 10.393 10.635 10. 737 10. 958 10. 388 10. 525 10. 603 10. 782 11. 007 11. 118

10
1.50 10. 358 10.388 10. 532 10.612 10, 797 11.008 10. 583 10.673 10.735 10.861 11.002 11. 153

2.00 10. 524 10. 659 10.677 10.779 10.908 11. 072 10. 725 10. 750 10. 875 11.003 11. 217 11. 324

2.50 10. 758 10.782 10, 773 10.921 11, 093 11, 202 10, 896 11.057 11, 096 11.159 11.214 11.460

3.00 10.905 10. 897 11.080 11.030 11. 113 11.440 11. 148 11.246 11.260 11.267 11.357 11, 696
Note: Subtract 10. 0 from each of the values in the table for merge bias correction values.
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attempt to formulate a simple explanation failed because none of the

relationships tried were applicable for all possible combinations of

mean and standard deviation values. They were not even close.

Therefore, the most feasible way to determine the magnitude of

merge bias is by looking up its value in the proper columns of Table

5-4. A preliminary step may be necessary before the values are

found from the table. This step is the conversion of all other values

of mean of critical path activity to the base 10 value of mean of the

critical path activity.

Merge Bias for Near Critical Path Activity
with an Unsymmetrical Distribution

Since the NCP activity in the Figure 5-1 may have any distribu-

tion, Table 5-4 for the magnitude of merge bias is very limited in use.

If we considered all possible mode fraction values of the distribution

of the NCP activity many similar tables would be needed. A large

number of simulations are required to create each of these tables and

they would not be practical to use.

A procedure is given to determine the magnitude of the merge

bias when the near critical path activity has an unsymmetrical distri-

bution. The procedure involves the use of the most likely time instead

of the mean of the activity for reference to the magnitude of bias in

the table developed for symmetrically distributed near critical path
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activities. The validity of the procedure is verified with the help of

two types of distributions. The values selected for the mode fraction

of the distributions are . 25 and .75.

For these two types of distributions the magnitude of the merge

bias from the simulation of a small number of networks is studied.

The magnitude of the simulated merge bias is compared with the values

that are obtained by using the above procedure to determine the merge

bias from Table 5-4.

Case I : When the Near Critical Path Activity Has a Left
Skewed Distribution

In this case the critical path activity in Figure 5-1 is assumed to

have a standard deviation of either 10 or 20 with time estimates of 70,

100 and 130, and 40, 100 and 160 respectively. Corresponding to each

of these time estimates, the near critical path activity may have any

one of the time estimates given in the Table 5-5.

m- aSince mf = . 25 or . 25 = b- a

a +4m+b
e

and t =
6

. . 4m = a + 3te

NCP

Assigning values to a and to such that (a+3te) is exactly

divisible by 4 to get a whole number value of m, we get the following
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estimates of a, m, b, t and the standard deviation.
e

Table 5-5. Time Estimates of Near Critical Path Activity with a
Left Skewed Distribution.

No. a m b to St
Devd..

No. a m b to
Std.
Dev.

1 50 65 110 70 10 7 70 85 130 90 10

2 30 60 150 70 20 8 50 80 170 90 20

3 10 55 190 70 30 9 30 75 210 90 30

4 60 75 120 80 10 10 80 95 140 100 10

5 40 70 160 80 20 11 60 90 180 100 20

6 20 65 200 80 30 12 40 85 220 100 30

The network shown in Figure 5-1 is simulated with respect to

each of the time estimates of the critical and near critical path activi-

ties. The average simulated time of realizing node 2 based on 1000

simulations of the network are given in Table 5-6.

Case II: When the Near Critical Path Activity Has a Right
Skewed Distribution

In this case the critical path activity as shown in Figure 5-1 is

assumed to have standard deviation of 10 or 20. It has time estimates

70, 100 and 130, and 40, 100 and 160. Corresponding to each of these

time estimates the near critical path activity may have any one of the

time estimates developed in Table 5-7.



Table 5-6: Simulated Time of Realizing the Terminal Node of a Small Typical Network when Near
Critical Path Activity has a Left Skewed Distribution.

Critical
Path

Activity

Near Critical Path Activity

T= 7
e

T= 8
e

T= 9
e

T= 10
e

Mean
Std.
Deer.

1 2 3 1 2 3 1 2 3 1 2 3

10

1

2

10.037

9.973

10.030

9.937

10.000

10.021

10.027

10.097

10.045

10.062

10.053

10.142

10.083

10.343

10.114

10.327

10.217

10.273

10.277

10.649

10.379

10.589

10.399

10.664

Note: Subtract 10.0 from each of the values in the table for merge bias correction values.
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NCP

Assigning values to a and m such that (a+8m) is exactly

divisible by 9 to get a whole number value of te, we get the following

estimates of a, m, b, te and the standard deviation.

Table 5-7. Time Estimates of Near Critical Path Activity with a
Right Skewed Distribution.

No. a m b to
Std.
Dev.

No. a m b to
Std.
Dev.

1 30 75 90 70 10 4 10 100 130 90 20

2 40 85 100 80 10 5 60 105 120 100 10

3 50 95 110 90 10 6 20 110 140 100 20

The results obtained for average simulated time of realizing

node 2 based on 1000 simulations and corresponding to each of the

time estimates of critical and near critical path activities are given in

Table 5-8.

As expected, the results of simulation showed that for the same

values of mean and standard deviation of the NCP activity the merge

bias decreased for a left skewed distribution. The magnitude of the



Table 5-8. Simulated Time of Realizing the Terminal Node of a Small Typical Network when Near
Critical Path Activity has a Right Skewed Distribution.

Critical
Path

Activity

Near Critical Path Activity

T =7
e

T
e

=8 Te =9 =10
e

Mean Std.
Dev.

1 1 1 2 1 2

10

1 10.018 10.056 10.227 10.674 10.694 11.167

2 10.118 10.264 10.529 10.833 11.000 11.423

Note: Subtract 10.0 from each of the values in the table for merge bias correction values.
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merge bias increased when NCP activity has a right skewed distribu-

tion.

The comparison of the magnitude of the merge bias for each of

the cases by simulation of the network with the magnitude obtained

from the Table 5-4 by using the most likely time and PERT calculated

standard deviation of the near critical path activity showed that the two

results are very close. The magnitude of the bias found for unsym-

metrical distributions by using the Table 5-4 was generally lower for

the left skewed distribution and higher for right skewed distribution

when compared to the simulated values. This is to be expected as the

mean of a beta distribution approaches its most likely time only for

very high values of parameter a3/.

In the application of this procedure in rare cases for a near

critical path activity which follows a right skewed distribution, the

mode may have a higher value than the mean of the critical path

activity. If such a situation is encountered, the mode of the near

critical path is treated as the critical path length. The critical path

length is treated as the near critical path length. The magnitude of

the merge bias is determined from the table and added to the newly

designated critical path length.

3/ See Chapter IV for detailed explanation.
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Conversion of Expected Time and Standard Deviation

In order to use the merge bias correction table it is important to

be able to convert all values of mean and standard deviation of critical

and near critical path to the values which can be found from the table.

The table can be entered for a single value of the critical activity

mean which is equal to 10. The conversion of two parallel activities

having the same beginning and end nodes where one of the activities

is critical, to the critical activity mean value of 10 is explained with

the help of examples. The validity of the logic used has been con-

firmed by results obtained from simulation of these networks.

A notation for merge bias correction MBC is introduced here and

used in all the examples to follow:

where

Std. Dev.Te CP ' CP
= MBC

Std. Dev.Te NCP' NCP

Te CP
= Expected time of critical path activity

Std. Dev. CP = Standard Deviation of critical
path activity

Te NCP
= Expected time of near critical path

activity

Std. Dev. NCP
= Standard Deviation of near critical

path activity
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Notation for merge bias due to the two activi-
ties merging at a mode is given in the
brackets. The values of the critical path
activity are always given on the top line and
of the near critical path activity on the lower
line.

MBC = Merge Bias Correction

Each of the following example networks has two activities. The

activities in the networks have the same beginning and terminal nodes.

The time estimates a, m and b of the activities are given above

each activity arrow. The networks are simulated to determine the

magnitude of the merge bias at the merge node 2. The values for 1000

simulations of the network are given in Table 5-9.

Merge bias is also calculated by converting the mean and stand-

ard deviation of the critical and near critical path activities to use the

table. The conversion and the magnitude of the bias determined by

this method is given in front of each of the networks. These values

are also tabulated in Table 5-9. The values of merge bias obtained

by the two methods are very close. The illustrated conversion of

mean and standard deviation of two activities merging at a node is

therefore justified in order to be able to use the table to determine the

bias.



(a)

(b)

(c)

(d)

(e)

(f) 1
17, 20, 23

17, 20, 23

(g)

(h) ICI?17, 20, 23

16, 19, 22
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Merging
Activities Conversion

10, 1 10, 1
[

]
= 1 X [

20, 1 2 X 10, 0.5,
[ 19, 1 ' L 9.5,0.5]

20, 2]
= [ 10' 1

18,2 9,1 '

40, 4 r 10,
L 36, 4 4 X L

80, 8
=8X

10,
L 72, 8 9,

r

20, 1 2 X L 10, O. 5

20 2 =2X [ 10, 1
[ 20, 2 10, 1

20, 1 10, O. 5
1[

]
= 2 X [ 0.5J

20, 1 10, 0.52 [
9,0.5

=

=

=

=

=

=

=

=

MBC

0.194

0.184

0. 388

0. 776

1. 552

0,480

1.050

0.184

0, 036

Figure 5-2. Sample Networks for Conversion of Two Merging
Activities.
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Table 5-9. Merge Bias of the Networks by the Two Methods.

No.

Network Mer -e Bias

Critical Path
Activity

Near Critical
Path Activity From

Simulation
By the Method
of Conversiona m b a m b

(a) 7 10 13 6 9 12 0. 147 0. 194

(b) 17 20 23 16 19 22 0.171 0.184

(c) 14 20 26 12 18 24 0.242 0.388

(d) 28 40 52 24 36 48 0. 6 6 7 0.776

(e) 56 80 104 48 72 96 1.248 1. 55 2

(f) 17 20 23 17 20 23 0. 501 0. 480

(g) 14 20 26 14 20 26 1.088 1.050

(h) 17 20 23 16 19 22 0.171 0.184

(0 17 20 23 15 18 21 0. 01 3 0.036

Simulation of a Number of Parallel Paths

More than two activities having the same beginning and ending

nodes and having different time estimates are simulated to observe

the length of realizing the end node. The end node of the activities is

a merge node. As expected, the near critical path activity with PERT

calculated mean length closest to the critical path length influences

the length of realizing end node much more than any of the other near

critical path activities. The influence in the length of the end node

with each succeeding parallel activity is much less than the previous one.
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A number of trial runs were made. Three examples are dis-

cussed and in their light a rule is developed for merge bias correction

of a node where more than two activities merge. Even though the

limited number of examples given here may not seem to justify formu-

lation of the rule, the actual test of the rule is made in the network

examples in the next chapter where its accuracy is verified. The

three example networks are given in Figure 5-3. Each activity in the

three networks has time estimates of 7, 10 and 13. The merge bias

correction for node 2 from simulation and by the application of this

rule are given in Table 5-10.

(a) (b) (c)

Figure 5-3. Networks with a Number of Parallel Paths.

In the development of the rule, various infinite series were

tried. The series that fits the results obtained from simulation, is

the harmonic series in which numerators are replaced by the merge

bias due to each successive near critical path. The total merge bias

correction for a node where more than two activities merge is given by:
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,

C2
+ - +3

+
4 , 5

Cn
MB = C1 . .

1
+

2 3 5

Where C
1

Merge bias due to 1st near critical path activity

C2 Merge bias due to 2nd near critical path activity

Cn Merge bias due to nth near critical path activity

In the selection of the order of the near critical path activities,

priority should be given to activity which is expected to have higher

bias.

By the application of this rule and using the Table for MBC the

total merge bias correction for the network examples are:

(a)

(b)

Three parallel paths - MB

Five parallel paths - MB

=

=

=

10
[

10,,

.52

10,
[

10 ,

+

1 1 10 1+ X [
1 2 10,, 1

+ . 26

1 1 10, 1
1

+
2

X [
10 1

]
,

1 10 1

+4 X [
10

'
1

]
,

]

=

=

0.780

1.080

(c) Ten parallel paths - MB
10,1 10,1

[10, 1 + 2 x {10, 1 ]

+ +
1

X [
10 1

] = 1.461
9 10, 1
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Table 5-10. Merge Bias Correction from Simulation and by the
Application of the Rule for a Number of Parallel Paths.

No. Network MBC From
Simulation

MBC by the
Application
of the Rule

(a)

(b)

(c)

Three parallel paths

Five parallel paths

Ten parallel paths

0.776

1.077

1.383

0.780

1.080

1.461

Decomposition of Networks

Although the networks used to develop the rules for merge bias

correction are simple series and parallel configurations, the rules

are applicable to any size of network. Any large network can be de-

composed for the purpose of applying merge bias correction into two

simple parallel paths merging at a node networks. The steps in the

decomposition of a network are explained with the help of the network

of Figure 5-4. The critical path in the network is shown with double

lines.

D

Figure 5-4. Sample Network.



(a)

(b)

(c)

(a)

(c) (iii)

C

Limited Network for
MBC of Node 2

D

Limited Network for
MBC of Node 3

Limited Network for
MBC of Node 4

Figure 5-5, Segregation of Network into Limited Networks.

Typical Small Network

of MBC of Node 2

Typical Small Networks
for MBC of Node 3

D
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Typical Small Networks
for MBC of Node 4

Figure 5-6. Decomposition of Limited Networks into Typical Small Networks.
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Starting from the initial event in the network, consider the

merge nodes one at a time as the terminal event of a limited network.

The limited networks with the terminal node as the merge node of the

network for which the magnitude of the bias is desired are considered

individually. The limited networks for the sample network of Figure

5-4 are shown in Figure 5-5.

Each of the limited networks consists of a number of typical

small networks with patterns already studied to develop the rules.

The number of typical small networks in a limited network are equal

to one less than the number of parallel paths merging at the node or

equal to the number of near critical paths. The typical small networks

for the limited networks of Figure 5-5 are shown in Figure 5-6.

The depicted small networks have two paths, each consisting of

one or more activities. One of the paths is the critical path. The

activities on the critical path of the typical small networks are also on

the critical path of the original network. The terminal node of each of

these networks is the merge node under consideration. The starting

nodes of each of these networks is that node on the critical path of the

original network which is also the beginning node of the first activity

on the parallel path.

Merge Bias Correction Procedure

The rules developed in all the previous chapters are summarized
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Step 1: Segregate the network into limited networks with the
terminal node as the merge node for which magnitude
of the bias is desired.

Step 2: Decompose each of the limited networks into the typical
small networks with basic patterns.

Step 3: Reduce each of the two paths of the typical small net-
works to an equivalent single activity. For activities
in series on the critical path, the mean of the equivalent
single activity is the sum of the PERT calculated mean
of each of the activities. For near critical path the
corrected mean of the equivalent single activity is the
sum of the modes of each of the activities. The standard
deviation of the equivalent single activity on any path
is the square root of the sum of the variance of all the
activities in series.

Step 4: Convert the mean and standard deviation of the critical
and near critical path activities merging at a node for
all the networks to the critical path mean base value
of 10 and their corresponding values.

Step 5: Assign priorities to the parallel paths or the typical
small networks that have the common merge node.

Step 6: Determine the magnitude of the bias for the merge node.

I Step 7: Add cumulative bias of all the merge nodes till the node
for which more accurate estimate is desired to its PERT
calculated time of realization.

Figure 5-7. Flow Chart for the Application of Merge Bias Correction
Procedures to PERT Networks
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here in the form of steps to apply merge bias correction to the net-

works in practice. The merge bias correction procedure is applied

after the time to realize the nodes in the network and its critical path

have been determined using PERT procedures. There are three im-

portant stages in the application of merge bias correction procedure.

The first stage is the decomposition of the network. The second stage

is determination of the magnitude of bias at each of the merge nodes

on the critical path of the network. The third stage is simply the

addition of the cumulative bias of all the merge nodes till the node for

which more accurate estimate is desired. The steps in the application

of the procedure are outlined in the flow chart of Figure 5-7.

Conventions for Incorporating Merge
Bias (MB) on the PERT Networks

In this and the following Chapters, for the sake of convenience

merge bias is often referred to as MB. After the merge bias cor-

rection has been calculated to show the accurate time of realizing

the nodes on the PERT networks the convention is given in Figure 5-8.

Consider the sample network for Figure 5-8 and assume that by

PERT procedures the time to realize the nodes of the network and

the critical path have been determined. The time of realizing the

nodes 2, 3 and 4 are T2, T3 and T4 respectively. The critical path

is shown by the double line in the network. Furthermore, by the MBC
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procedure the magnitude of the bias for the nodes 2, 3 and 4 has

been determined. The merge bias for these three nodes is C2, C3

and C4 respectively. With the knowledge of all this data, the conven-

tion for showing the corrected time of realizing the nodes is as given

in Figure 5-8.

Figure 5-8. PERT Network Showing Corrected Times of Realizing
Nodes.

The merge nodes in the network are shown by the hexagon

around the node circle. The PERT time of realizing the nodes and the

merge bias for the nodes are given. The merge bias included time of

realizing the nodes are given above the tee (T) constructed on each of

the merge nodes.
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VI SIMULATIONS OF NETWORKS

Application of Merge Bias Correction Procedure

The merge bias correction procedure is applied to two networks

to illustrate the accurate time of realizing the nodes of the networks.

The networks selected are shown in Figures 6-1 and 6-2. The two

networks represent perhaps some of the most complicated networks

that may be encountered in practice when applying merge bias correc-

tion to the nodes of a large network. The time estimates of the two

network activities are varied and the merge bias is calculated with

the new values of the activities. The correction procedure has been

applied to six cases in all and are given under separate examples in

the chapter.

The merge bias calculation in examples 1 and 2 are for the dif-

ferent time estimates of the activities of the network of Figure 6-1.

The time estimates of the activities are given in Table 6-1. For both

examples the PERT estimated time for completing nodes 2, 3, and 4

is 10, 20 and 30 respectively. The remaining examples are for the

different time estimates of the activities of the network of Figure 6-3.

The time estimates of the activities in these examples are given in

Table 6-2. In each example the PERT time of realizing the nodes 2,

3, 4 and 5 is 100, 200, 300 and 400 respectively.
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To illustrate the solution steps, the details of the merge bias

correction procedure are given for the first example. In practice it is

unnecessary to show the decomposed and reduced typical networks; it

is done in the first example to give clarity to the application of the

procedure. The detailed representation of what is done in the first

three steps of the procedure can be a long and time consuming process

for a large network and therefore as far as possible should be avoided.

It is frequently possible to perform these first three steps mentally

and only the calculations of merge bias need to be shown. This

approach is followed for the remaining examples.

Two notations used in all the examples are:

CT
n

= Corrected time of realizing the node n

CTPD = Corrected total project duration of a network

D

Figure 6-1. Sample Network.
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Table 6-1. Time Estimates of Activities for Example 1 and 2.

No. Activity
Descrip.

Example 1 Example 2
a m b te Std.

Dev.
a m b

e
Std.
Dev.

1 A (1-2) 7 10 13 10 1 7 10 13 10 1

2 B (1-2) 6 9 12 9 1 6 9 12 9 1

3 C (1-3) 15 18 21 18 1 12 18 24 18 2

4 D (1-4) 24 27 30 27 J. 18 27 36 27 3

5 E (2-3) 7 10 13 10 1 7 10 13 10 1

6 F (2-3) 6 9 12 9 1 6 9 12 9 1

7 G (2-4) 15 18 21 18 1 12 18 24 18 2

8 H (3-4) 7 10 13 10 1 7 10 13 10 1

9 I (3-4) 6 9 12 9 1 6 9 12 9 1

Example 1:

Step 1: The network is segregated into limited networks for

calculating the merge bias for the nodes 2, 3 and 4 and is shown in

Figure 5-5.

Step 2: The limited networks are decomposed into typical small

networks and this is shown in Figure 5-6.

Step 3: The values above each activity arrow in Figure 6-2

below are for its mean and standard deviation in that exact order.

Step 4: MB Node 2:

Step 5:

10, 1
9, 1

r 10, 1
I 9, 1



(a)

(c) (iii)

(1)

18,1

20,

(i)

20,
(ii)

\FE

18,1

27,1

Activity 1-3 is the equivalent
single longer activity of activities
1-2 and 2-3

9, 1

30, VT

67

Activity 1-4, is the equivalent
single longer activity of activ-
ities 1-2, 2-3, and 3-4

Figure 6-2. Reduction of Typical Small Networks.
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Step 6:

Step 4: MB Node 3:

Step 5:

Step 6:

Step 4: MB Node 4:

Step 5:

Step 6:

Step 7: CT2 =

CT
3

=

CT
4

=

=

=

=

=

=

10

20

30

0.194

0, 1 0, . 7
[

]
, 2 X [

1010, 1 , . 7
[ + X 2 X j_ j

0.194 + .038 = 0. 232

10, 1 10, .7 10, . 58 ,
[ ] , 2 X [ ], 3 X 331

10, 1 1 _10, .7
[ 1+V 2X [ +3 X 3 X [10"

.

0.194 + .038 + .008 = 0. 240

+ .194 = 10.194

+ .194 + . 232 = 20. 426

+.194 + . 232 + . 24 = 30.666

581
3 '

CTPD = 30.666

Example 2:
, 1MB Node 2 = [

109,

1
= 0. 194

, 10
.0,1

1 ,MB Node 3 =
, 1

9, 1 ' 2
+1 X 2 X j.

9, 1
7

= 314

, 1 1 0, . 7 1MB Node 4 = [19,1 ] + 2
X 2 X [ ] +-3-X3X 1 1

8
J

= . 388
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. . CT
2

= 10. 194

CT
3

= 20, 508

CTPD = CT
4 =

30. 896

E

Figure 6-3. Sample Network,

Example 3:

MB Node 2 = 10 X [
10, 1. 5 = 2. 280
9, 0. 5

1. 5 1 0, 1.
MB Node 3 = 10 X [ 10

9, 0. 5
' ] +-2 X 20 [

0. ] = 3,04005
5

r 10, 1. 5 1 [10, 1.05 r10, 0.85MB Node 4 = 10 X +X 20
L 9, O. 5 2 9, 0.5 -I 3 L 9, 0.5 i

= 3. 620

1. 5 1MB Node 5 = 10 X [ 10
9, O. 5 9,

] +-2 X 20 [10, 1.05 ] + 1 X 30 [1
0, 00..

]
0.5 3 9, 5

85

+ 4 X 40 [109,
. 5

, . 75]
= 4,09

CTPD = 413. 03



Table 6-2. Time Estimates of Activities for Example 3, 4, S and 6.

No.
Activity

Description

Example 3 Example 4 Example 5 Example 6

a in b t
e

Std.
Dev.

a in b t
e

Std.
Dev.

a m b t
e

Std.
Dev.

a m b t
e

Std.
Dev.

1 A (1-2) 55 100 145 100 15 75 100 145 100 15 70 100 130 100 10 70 100 130 100 10

2 B (1-2) 75 90 105 90 5 45 90 135 90 15 70 100 130 100 10 40 100 160 100 20

3 C (1-3) 150 180 210 180 10 90 180 270 180 30 140 200 260 200 20 80 200 320 200 40

4 D (1-4) 225 270 315 270 15 135 270 405 270 45 210 300 390 300 30 120 300 480 300 60

5 E (1-5) 300 360 420 360 20 180 360 540 360 60 280 400 520 400 40 160 400 640 400 80

6 F (2-3) 55 100 145 100 15 55 100 145 100 15 70 100 130 100 10 70 100 130 100 10

7 G (2-3) 75 90 105 90 5 45 90 135 90 15 70 100 130 100 10 40 100 160 100 20

8 H (2-4) 150 180 210 180 10 90 180 270 180 30 140 200 260 200 20 80 200 320 200 40

9 1(2 -5) 225 270 315 270 15 135 270 405 270 45 210 300 390 300 30 120 300 480 300 60

10 3(3 -4) 55 100 145 100 15 55 100 145 100 15 70 100 130 100 10 70 100 130 100 10

11 K (3-4) 75 90 105 90 5 45 90 135 90 15 70 100 130 100 10 40 100 160 100 20

12 L (3-5) 150 180 210 180 10 90 180 270 180 30 140 200 260 200 20 80 200 320 200 40

13 M (4-S) 55 100 145 100 15 55 100 145 100 15 70 100 130 100 10 70 100 130 100 10

14 N (4-5) 75 90 105 90 5 45 90 135 90 15 70 100 130 100 10 40 100 160 100 20
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Example 4:

MB Node 2 = 10X [
10, 1.5 ] = 3. 759, 1.5

[10, 1.5, 1 ,10, 1.05MB Node 3 = 10 X ] = 6. 52
9, 1.5 2

0, .5MB Node 4 .-10X1
2

0,1.51+-1 X20 [
1. 5

] + 3 X 30 [
1

9, 1.
8

5
]=8.7705

MB Node 5 = 10X[
1.5 2

0,1.5
]-11X20 [109,

1. 5
, 1. 05] +

3

1
X 30 X [

10
9, 1.85]

+-1 X 40 [1092.
75 5] = 10. 76

4 , 1.

CTPD = 429.80

Example 5:

MB Node 2 = 10 X [10,
1]

= 5. 25
10, 1

10, .
MB Node 3 = 10 X [1010,

1 2

, ] + 1 X 20 X [10,
1

7
] = 9. 79

10, 1 1 10,.7 1 10, . 58MB Node 4 = 10 X [10,
1

]+
2
X20 X [ ] +X3OX [10,

1
] = 13.63101 3

10,
MB Node 5 = 10 X [1010,1

2
, 1]

+ x 20 x[1010,,.1
7] +-1 x 30 x [10

,

.

1

58
]

3

+-1
4

X 40 [10101
. 5] = 17.47

, 1

CTPD = 446.14

Example 6:

MB Node 2 = 10 X [10, 1] = 7.82
10, 2

1MB Node 3 = 10 X[1010,, 2] +12 X 20
2

[10' 71] = 15. 1710,
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MB Node 4

MB Node 5

=

=

10 X[10,1]
10,2

-10,110 X [10,2]

+-1 X20[10,.71]
10,2

1
+-2X ZO [

10, . 7

10,2

10, 58+-1 X 30[10,
2

] =
3

1 1 10,5] +-3 X30 [10, 2 8]

22.45

+1
4

X 40 [10 .5
] = 29.7010,2

CTPD = 475.14

Verification of Merge Bias Correction Procedure

To verify the MBC procedure the corrected total project duration

calculated for the six cases is compared with the simulated time of

realizing the terminal node. The two networks with their six sets of

time estimates of the activities are simulated. The time experienced

by the terminal node for each case is given in Table 6-3. It also gives

the corrected total project duration for each case.

Table 6-3. Corrected Total Project Duration from Simulation and
by the Application of MBC Procedure for the Sample
Networks.

Example
No.

Time of Realizing the Terminal Node
By the Application
of MBC Procedure

By the Simulation
of the Network

1 30.666 30.640 ± . 08

2 30.896 30.832 ± .08

3 413.030 411.170 ± 1.25

4 429.800 433.030 ± 1.4

5 446.140 440.890 ± 1.0

6 475.140 479.880 ± 2.0
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The results by the two methods are very close. The small differ-

ence in the networks may be due to the limitations of the Table for MBC

correction. The values of the merge bias in the table are within +.05

of the correct value. In the extreme case when all the table values

used are too low or too high, the corrected total project duration cal-

culated by the MBC procedure may be too low or too high by a factor

of .05 times the sum of the conversion factors used for the first near

critical path plus .05 times half the sum of the conversion factors

used for the second near critical path and so on for all the merge

nodes. The difference between the CTPD by two methods in case of

last four examples of Table 6-3 is much more compared to the first

two examples due to high value of conversion factors.

In general the difference between the values by the two methods is

insignificant. It is concluded that the MBC procedure developed is

quite accurate and applicable to networks in practice.



74

VII. SUMMARY AND RECOMMENDATIONS

A practical way to include merge bias in the PERT networks has

been developed. The procedure corrects the PERT calculated cumu-

lative time of completing the activities and enables more accurate

time to realize the nodes of a network. Monte Carlo simulation is the

technique used to develop the merge bias correction procedure. A

computer model for the simulation of the PERT networks was developed.

Monte Carlo simulation of a network gives very accurate time

estimates of completing the nodes of the network. Simulations of all

networks in practice to eliminate merge bias is not feasible. The

simulation of a large network can be very expensive and consequently

has not been used.

Merge bias may be significant in some networks. The bias is

significant in a network whose nodes on the critical path have a large

number of near critical paths with lengths close to the critical path

length. To identify these networks the knowledge of the magnitude of

bias due to these near cri tical paths is necessary. The near critical

paths merging at a node of the network and causing bias in its time

estimate can be decomposed into some typical small networks. The

simulated and PERT time estimate of realizing the terminal node of

these networks are compared. The difference between the two time

estimates of realizing the node is the magnitude of bias in the PERT
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calculated time.

Assuming that the PERT activity time estimates are accurate

and follow a beta distribution, there are two potential sources of error.

These are activity bias and merge bias. To study merge bias by simu-

lation of typical small networks, the activity bias is first overcome

in two ways. In the initial stage it is totally eliminated and in the

later part a rule is developed to compensate for the bias. The activi-

ties on the critical path are always assumed to have symmetrical dis-

tribution. To eliminate the activity bias the near critical path activity

is also assumed to follow a symmetrical distribution. The difference

between the two time estimates of the nodes of the typical small net-

work having activities that follow symmetrical distribution is the mag-

nitude of error only due to merge bias. The magnitude of the error for

various combinations of near critical and critical path activity time

estimates is used to form the table for merge bias correction.

Table 5-4 of merge bias is limited at this stage to correction

of bias of networks whose activities have symmetrical distribution.

The use of this table is extended to activities with unsymmetrical

distribution based on simulation of limited number of typical small

networks. In these networks the near critical path activity has an

unsymmetrical distribution with mode fraction values of . 25 or .75.

From the analysis of results of simulation of these networks a rule

is developed to compensate for the activity bias. The rule is to use
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the mode of the near critical path activity to determine the magnitude

of bias from the table of merge bias correction formed for activities

with symmetrical distribution. Finally, based on the simulation of

some networks with more than two parallel paths a rule is developed

to determine the magnitude of bias when more than two activities

merge at a node on the critical path.

There are three steps in the application of merge bias correction

procedure. First by, the decomposition of large networks into typical

small networks. Second, the determining of the magnitude of the

bias for all the merge nodes on the critical path of the network.

Third, the addition of the cumulative bias of all the merge nodes till

the node to its PERT calculated time. The steps in the application

of the merge bias correction procedure are given in Chapter V. The

merge bias correction procedure is applied to some sample networks

in Chapter VI. In the first example details of the steps of the proce-

dure are given for clarity of the application of the procedure. The

comparison with the results from the simulations of these example

networks demonstrate the accuracy of the merge bias correction pro-

cedure.

The analysis of the magnitude of bias shows that its value in-

creases as the length of the near critical path approaches the critical

path length. It is maximum when the parallel path is also a critical

path. The magnitude of bias increases with the increase in standard
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deviation of the critical path as well as near critical path activities.

Everything else remaining the same, the same increase in the stan-

dard deviation of the critical path activity compared to that of near

critical path activity results in greater increase in the magnitude of

bias. The magnitude of bias also depends on the skewness of the near

critical path activity distribution. The bias is maximum when the

parallel path activity is also critical, has high variance, and follows

a right skewed distribution.

An important conclusion is that in a network containing a large

number of activities that have left skewed distribution the merge bias

will be insignificant if any at all. The merge bias is also insignificant

if the near critical path activity has mode value less than 70% of the

critical path length. These two conditions should be watched in the

networks before the detailed application of MBC procedure. The pre-

caution will save a lot of time and effort.

The procedure to include merge bias in the networks is based

on the existing PERT procedure. The determination of the magnitude

of bias does not require any additional information or data other than

generated in the existing procedure. The developed MBC procedure

is quite accurate and its accuracy is limited by the number of simula-

tion used to form the merge bias correction table.

If a more accurate table of merge bias correction is desired,

10, 000 or more simulations of the typical small networks should be
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used. Attempts should be made to devise a simple relationship based

on the mean and standard deviation values of the activities to determine

the magnitude of bias once its accurate values from simulation for

various configurations are known.
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APPENDIX I

Computer Model of PERT Simulations
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Program NETSIM Teletype Input Instructions

1. Creating data file for each activity

Columns Description

1-4 Beginning node number

5-8 Ending node number

9-12 Optimistic time estimate--must be a whole
number

13-16 Most likely time--must be a whole number

17-20 Pessimistic time estimate--must be a whole
number

21-24 Value of parameter alpha--must be a whole
number

Press return key at the end of each activity data.

At the end of the last activity press Return

followed by Alt. Mode key.

] OUT, NAME OF FILE (RETURN)

(Press Control key)

# EQUIP, 1=NAME OF FILE (RETURN)

2. Running the program - the NETSIM program is filed in
Binary deck under the name *RAWAL

#*RAWAL (RETURN)

Columns Description

1-4 Number of iterations desired

6-12 Six or less digit starting random number

13-15 Logical unit of data

16-18 Logical unit of output (RETURN+LINE FEED)
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SIOSSOMISS SUBHASH C. RAWAL
OCTOBER 3, 1970 4:44 PM TERMINAL 135

#EDIT

3FETCH,*RAWALS

]LIST
00001: DEFINE COMMON
00002: COMMON NITS, IRN, LUI, LUO, NACT, IACT(50,6), NNOD, INOD(2
0,1001),
00003: 1TMNMX(20,2)
00004: END
00005: PROGRAM NETSIM
00006:C***COMPUTER MODEL OF PERT SIMULATION 26 JULY 1970
00007:C***THE PROGRAM GENERATES BETA DISTRIBUTION OF THE ACTIVITIES
00008:C ** *CORRESPONDING TO ITS THREE TIME ESTIMATES AND THE VALUE OF
00009:C***THE PARAMETER ALPHA. THE PROGRAM GIVES THE MAXIMUM,MINIMUM
00010:C***MEAN, STANDARD DEVIATION AND THE HISTOGRAM OF THE TIME OF
00011:C***REALIZING THE NODES OF THE NETWORK FOR ANY NUMBER OF ITER-
00012:C***ATIONS OF THE NETWORK. MAXIMUM NO. OF SIMULATIONS POSSIBLE
00013:C***ARE 1000.
00014: INCLUDE COMMON
00015: READ (60,1) NITS, IRN, LUI, LUO
00016: 1 FORMAT ( 14, I8, 213 )
00017: IF CLUIEQ.0) LUI = 60
00018: IER = 0
00019: CALL INPUT( IER )
00020: IF (IER.NE.0) STOP 1111
00021: CALL SIMULATE
00022: IF (LUO.EQ.0) LUO = 61
00023: CALL SUMMARY
00024: CALL HISTOGRM
00025: STOP
00026: END
00027: SUBROUTINE INPUT( IER )
00028: INCLUDE COMMON
00029: NACT 0 0
00030: NNOD = 1
00031: NIT1 = NITS + 1

00032: DO 100 ITERm1,NIT1
00033: DO 100 NODE=1,20
00034: 100 INOD(NODEDITER) 0
000351 IF (LUO.EQ.0) GO TO 200
00036: WRITE (LU0,1)
00037: 1 FORMAT ( '1 ACT.', 5X, 'NODE', 6X, 'TIME ESTIMATES', 4X,
00038: PPARAMETERS', 3X, 'TIME STATISTICS' / NUM.', 2X, 'BEG.
END',

000391 23X, 'OPT. EXP. PES 3X, 'ALP. BETA', 4X, 'MEAN ST.D
EV.' / )

00040: 200 READ (LUI,2) NDB, NDE, ITO, ITE, ITP, IAL
00041: 2 FORMAT ( 614 )

00042: IF (EOF(LUI)) GO TO 800
00043: NACT = NACT + 1

00044: IF (NDB.LE.NNOD) GO TO 300
000451 WRITE (61,3) NDB, NACT
00046: 3 FORMAT ( '0 BEGINNING NODE ', 12, ' ON ACTIVITY ', 12,
00047: 1' NOT PREVIOUSLY DEFINED' )

00048: IER = IER + 1

00049: 300 IF (NDE.GT.NNOD) NNOD NDE
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00050: IF (ITO.LT.ITE) GO TO 400
00051: WRITE (61,4) ITO, NACT, ITE
00052: 4 FORMAT ( '0 OPTIMISTIC TIME ', 13, ' ON ACTIVITY 12,

00053: 1' NOT LESS THAN EXPECTED TIME ', 13 )

00054: IER = IER + 1

00055: 400 IF (/TE.LT.ITP) GO TO 500
00056: WRITE (61,5) ITE, NACT, ITP
00057: 5 FORMAT ( '0 EXPECTED TIME ', 13, ' ON ACTIVITY ', 12,

00058: 1' NOT LESS THAN PESIMISTIC TIME ', 13 )

00059: IER = IER + 1

00060: 500 IF (IAL.GT.0) GO TO 600
00061: WRITE (61,6) IAL, NACT
00062: 6 FORMAT ( '0 ALPHA VALUE ', 13, ' ON ACTIVITY 12,

00063: 1' NOT GREATER THAN ZERO' )

00064: IER = IER + 1

00065: 600 IBT = FLOAT( IAL ) * ( ITP - ITE ) / ( ITE - ITO ) + 8H+MO
0 0000
00066: XMN = ( ITO + 4 * ITE + ITP ) / 6.
00067: XSD = ( ITP - ITO ) / 6.
00068: IF CLUO.EQ.0) GO TO 700
00069: WRITE (LU0,7) NACT, NDB, NDE, ITO, ITE, ITP, IAL, IBT, XMN

XSD
00070: 7 FORMAT ( 14, IX, 215, 1X, 316, 1X, 216, F9.1, F9.2 )

00071: 700 IF (IER.NE.0) GO TO 200
00072: IACT(NACT,1) = NDB
00073: IACT(NACT,2) = NDE
00074: IACTCNACT,3) = 100 * ITO
00075: IACTCNACT,4) = ( ITP - ITO ) * 100
00076: IACT(NACT,5) = IAL
00077: IACT(NACT,6) = IBT
00078: ITNT = INODCNDB,NITS +1) + XMN * 100.
00079: IF (ITNT.GT.INOD(NDE,NITS+1)) /NOD(NDE,NITS+1) = ITNT
00080: GO TO 200
00081: 800 IF (IER.EQ.0) RETURN
00082: WRITE (61,8) IER
00083: 8 FORMAT ( ' 13, ' INPUT ERRORS, SIMULATION TERMINATED' )
00084: RETURN
00085: END
00086: SUBROUTINE SIMULATE
00087: INCLUDE COMMON
00088: DO 100 ITER=1,NITS
00089: DO 100 IAN=1,NACT
00090: NDB = IACT(IAN,1)
00091: NDE = IACT(IAN,2)
00092: ITO = IACT(IAN,3)
00093: ITD = IACT(IAN,4)
00094: IAL = IACTCIAN,S)
00095: IBT = IACT(IAN,6)
00096: ITNT = INOD(NDB,ITER) + ITO + ITD * BETA( IRN, /AL, IBT )
00097: IF (ITNT.GT.INOD(NDE,ITER)) INOD(NDE,ITER) = ITNT
00098: 100 CONTINUE
00099: RETURN
00100: END
00101: FUNCTION BETA( IRN, IALPHA, IBETA )
00102: Ti = I.
00103: DO 100 I=0,IALPHA
00104: IRN = AND( ANDC 4101 * IRN, 8388607 ) + 1220519, 8388607 )
00105: 100 T1 = C IRN + 1. / 8388608. * T1
00106: T2 = Ti
00107: DO 200 I=0,IBETA
00108: IRN = AND( ANDC 4101 * IRN, 8388607 ) + 1220519, 8388607 )
00109: 200 T2 = ( IRN + 1. ) / 8388608. * T2
00110: BETA = ALOG( Ti ) / ALOGC T2 )
00111: RETURN
00112: END
00113: SUBROUTINE SUMMARY
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00114: INCLUDE COMMON
00115: WRITE (LU0,1)
00116: 1 FORMAT ( '1NODE', 6X, 'MEAN', 8X, 'ST.DEV.', 6X, 'MINIMUM'
, 6X,
00117: l'MAXIMUW, 6X, 'EXP.' / )

00118: DO 200 NODE=2,NNOD
00119: TSUM = O.
00120: TSSQ = O.
00121: TMIN = 99999.
00122: TMAX = O.
00123: DO 100 ITER=1,NITS
00124: TIME = INOD(NODE,ITER) / 100.
00125: TSUM = TSUM + TIME
00126: TSSQ = TSSQ + TIME * TIME
00127: IF (TIME.LT.TMIN) TMIN = TIME
00128: IF (TIME.GT.TMAX) TMAX = TIME
00129: 100 CONTINUE
00130: TMEAN = TSUM / NITS
00131: TSTDV = SQRT( ( TSSQ - TSUM * TMEAN ) / ( NITS - 1 ) )

00132: TEXP = INOD(NODE,NITS+1) / 100.
00133: WRITE (LU0,2) NODE, TMEAN, TSTDV, TMIN, TMAX, TEXP
00134: 2 FORMAT C ", 13, 4F13.4, F10.1 )

00135: TMNMX(NODE,1) = TMIN
00136: 200 TMNMX(NODE,2) = TMAX
00137: RETURN
00138: END
00139: SUBROUTINE HISTOGRM
00140: INCLUDE COMMON
00141: DIMENSION IHST(26)
00142: WRITE (LU0,1)
00143: 1 FORMAT ( '1NODE INTERVAL', 24X, 'HISTOGRAM' )

00144: DO 300 NODE=2,NNOD
00145: TMIN = IFIX( TMNMX(NODE,1) )

00146: TMAX = TMNMX(NODE,2)
00147: TINT = IFIX( ( ( TMAX TMIN ) / 25. + .09 ) * 10. / 10.
00148: DO 100 IENT=1,26
00149: 100 IHST(IENT) = 0
00150: DO 200 ITER=1,NITS
00151: IENT = IFIX( ( INOD(NODE,ITER) / 100. - TMIN ) / TINT ) +

1

00152: 200 IHST(IENT) = IHST(IENT) + 1

00153: 300 WRITE (LU0,2) NODE, TMIN, ( IHST(I), I=1,13 ), TINT,
00154: 1( IHST(I), 1=14,26 )
00155: 2 FORMAT ( '0', 13, ' FROM', F4.0, 2X, 1314 / "P 6X, 'BY'
, F5.1,
00156: 12X, 1314 )

00157: RETURN
00158: END

3

#LOGOFF
TIME 5.341 SECONDS MFBLKS 0 COST $0.91



86

APPENDIX II

Computer Printout Results of Simulation of a Single
Activity: For Left, Symmetrical and Right Skewed
Distributions of the Activity and Corresponding to
Alpha Values of 4, 8 and 12 of the Beta Distribution



SWISOSISSOOS SUBHASH C. RAWAL
AUGUST 12, 1970 7106 PM TERMINAL 040

NEDIT

]INPUT
00001: 1 2 80 95 140
000021
3OUT.SIMDATA

3

#EGUIP,IwSIMDATA
#SIMNET
1000 544632 1 61

ACT. NODE
NUM. BEG. END

1 1 2

NODE MEAN

2 96.7626

NODE INTERVAL

TIME ESTIMATES
OPT. EXP. PES.

80 95 140

ST. DE V.

6.0284

PARAMETERS
ALP. BETA

4 12

MINIMUM

82.8700

HISTOGRAM

87

TIME STATISTICS
MEAN ST.DEV.

100.0 16.08

MAXIMUM EXP.

118.0500 100.0

2 FROM 82 1 7 22 33 38 63 74 III 103 104 93 69 76
BY 1.5 54 47 31 26 13 11 9 7 3 I 3 1 6

END OF FORTRAN EXECUTION

LOGOFF
TIME 6.702 SECONDS MFBLKS 0 COST 90.60



OSSINGSSISSO SUBHASH C. RAWAL
AUGUST 12, 1970 7:11 PM TERMINAL 040

/EDIT

3INPUT
00001: 1 2 80 95 140
00002:
3OUT,SIMDATA

3

#EGUIP,I=SIMDATA
#SIMNET
1000 153898 1 61

ACT. NODE
NUM. BEG. END

1 2

NODE MEAN

2 95.9465

8

TIME ESTIMATES
OPT. EXP. pin.

80 95

ST.DEV.

4.5490

PARAMETERS
ALP. BETA

88

TIME STATISTICS
MEAN ST.DEV.

140 8 24 100.0 10.00

MINIMUM MAXIMUM EXP.

84.6300 117.0700

NODE INTERVAL HISTOGRAM

10013

2 FROM 84 3 5 24 43 63 89 118 103 137 106 91 80 59
BY 1.4 20 19 19 13 6 0 1 I 0 0 1 0 0

END OF FORTRAN EXECUTION

#LOGOFF
TIME 11.980 SECONDS MFBLKS 0 COST $1.08



411011114411111884 SUBHASH C. RAWAL
AUGUST 12, 1970 7:14 PM TERMINAL 040

#EDIT

]INPUT
00001: 1 2 80 95 140 12
00002:
3OUT,SIMDATA

3

OEQUIP,IRSIMDATA
SIMNET
1000 859414 1 61

ACT. NODE
NUM. BEG. END

1 1 2

NODE MEAN

2 95.4690

NODE INTERVAL

TIME ESTIMATES
OPT. EXP. PES.

80 95 140

ST. DE V.

3.6893

PARAMETERS
ALP. BETA

12 36

MINIMUM

86.1800

HISTOGRAM

Hsi

TIME STATISTICS
MEAN ST.DEV.

100.0 10.00

MAXIMUM EXP.

109.6000 100.0

2 FROM 86 4 8 11 31 53 63 87 116 113 95 89 93 66
BY 1.0 62 28 34 17 12 5 7 1 4 0 1 0 0

END OF FORTRAN EXECUTION

LOGOFF
TIME 15.494 SECONDS MFBLKS 0 COST $1.38



066001666066 SUBHASH C. RA MAL
AUGUST 12, 1970 7:17 PM TERMINAL 040

#EDIT

)INPUT
00001: 1 2 70 100 130 4
00002:
3OUT, S I MDATA

#EGUIP, 1 uS I MDATA
# S I MNET

1000 611 496 1 61

'JO

ACT. NODE TIME ESTIMATES PARAMETERS TIME STATISTICS
NUN. BEG. END OPT. EXP. PES. ALP. BETA MEAN ST. DE V.

1 1 2 70 100 130 4 4 100.0 10.00

NODE MEAN ST. DE V. MINIMUM MAXIMUM EXP.

2 99.6828 9. 2 678 71.8100 123. 2900 100.0

NODE INTERVAL HISTOGRAM

2 FROM 71 1 1 4 2 13 23 32 38 34 61 72 87 80
BY 2.1 77 86 86 68 58 51 38 44 25 8 7 4 0

END OF FORTRAN EXECUTION

LOGOFF
TIME 7.425 SECONDS MFBLKS 0 COST $0. 68



41001011111411114 SUBHASH C. RAWAL
AUGUST 12, 1970 7:21 PM TERMINAL 040

#EDIT

]INPUT
000011 1

00002:
3OUT,SIMDATA

3

2 70 100 130 8

OEGUIP,I=SIMDATA
OSIMNET
1000 52198 1 61

ACT. NODE TIME ESTIMATES
NUM. BEG. END OPT. EXP. PES.

1 1 2 70 100 130

NODE MEAN

2 100.1214

ST. DEV.

7.0449

PARAMETERS
ALP. BETA

91

TIME STATISTICS
MEAN ST.DEV.

8 8 100.0

MINIMUM

78.5200

NODE INTERVAL HISTOGRAM

10.00

MAXIMUM EXP.

118.4200 100.0

2 FROM 78 1 0 3 8 12 19 26 59 51 62 86 81 99
BY 1.7 82 77 87 63 59 46 32 25 11 9 2 0 0

END OF FORTRAN EXECUTION

#LOGOFF
TIME 8.899 SECONDS MFBLKS 0 COST $0.81



11181111411111111111 SUBHASH C. RAWAL
AUGUST 12, 1970 7:30 PM TERMINAL 040

#EDIT

)INPUT
00001: 1 2 70 100 130 12
00002:
)0UT,SIMDATA

#EQUIP,1=SIMDATA
#SIMNET
1000 414179 1 61

ACT. NODE
NUM. BEG. END

1 1 2

NODE MEAN

2 .99.9225

TIME ESTIMATES
OPT. EXP. PES.

70 100 130

ST. DEV.

6.0101

PARAMETERS
ALP. BETA

12 12

MINIMUM

92

TIME STATISTICS
MEAN ST.DEV.

100.0 10.00

MAXIMUM EXP.

79.0800 120.6200

NODE INTERVAL HISTOGRAM

100.0

2 FROM 79 1 1 3 6 7 14 33 41 71 77 116 108 105
BY 1.7 90 95 74 65 40 28 13 6 3 1 1 1 0

END OF FORTRAN EXECUTION

#LOGOFF
TIME 9.949 SECONDS MFBLKS 0 COST $0.90



11891141141101111 SUBHASH C. RAWAL
AUGUST 12, 1970 7:33 PM TERMINAL 040

#EDIT

]INPUT
00001: 1 2 60 105 120
00002:
3OUTASIMDATA

3

#EQUIP,1=SIMDATA
ISIMNET
1000 283579 1 61

ACT. NODE
NUM. BEG. END

1 1 2

NODE MEAN

2 103.2401

4

TIME ESTIMATES
OPT. EXP. PES.

60 105 120

ST.DEV.

9.1906

PARAMETERS
ALP. BETA

4 1

MINIMUM

93

TIME STATISTICS
MEAN ST.DEV.

100.0 10.00

MAXIMUM EXP.

69.8800 119.8000 100.0

NODE INTERVAL HISTOGRAM

2 FROM 69 1 1 0 5 3 5 15 13 22 25 28 45 74
BY 2.1 57 61 81 81 94 75 87 80 67 49 28 3 0

END OF FORTRAN EXECUTION

ILOGOFF
TIME 6.430 SECONDS MFBLKS 0 COST 50.60



OSIOSS868014 SUBHASH C. RAWAL
AUGUST 12, 1970 7:42 PM TERMINAL 040

#EDIT

)INPUT
00001: 1 2 60 105 120
00002:
30UT.SIMDATA

OEGUIP,101SIMDATA
OSIMNET
1000 829956 1 61

ACT. NODE
NUM. BEG. END

1 1 2

NODE MEAN

2 101.6933

NODE INTERVAL

8

TIME ESTIMATES
OPT. EXP. PES.

60 105

ST. DEV.

7.2624

PARAMETERS
ALP. BETA

')4

TIME STATISTICS
MEAN ST.DEV.

120 8 3 100.0

MINIMUM MAXIMUM

75.6300 116.7300

HISTOGRAM

10.00

EXP.

100.0

2 FROM 75 2 0 3 1 5 12 11 20 21 33 30 52 60

BY 1.7 69 93 87 81 93 84 82 71 45 25 13 7 0

END OF FORTRAN EXECUTION

OLOGOFF
TIME 8.327 SECONDS MFBLKS 0 COST $0.77



ONSOMMOSOS SUBHASH C. RAWAL
AUGUST 12. 1970 7:39 PM TERMINAL 040

EDIT

3INPUT
00001: 1 2 60 105 120 12
00002:
3OUTSIMDATA

3

#EGUIP,OBSIMDATA
SIMNET
1000 409508 1 61

ACT. NODE
NUM. BEG. END

NODE MEAN

TIME ESTIMATES
OPT. EXP. PES.

2 60 105 120

2 103.2724

NODE INTERVAL

ST. DEV.

6.2707

PARAMETERS
ALP. BETA

95

TIME STATISTICS
MEAN ST. DE V.

12 4 100.0

MINIMUM

10.00

MAXIMUM EXP.

80.3400 117.9800

HISTOGRAM

100.0

2 FROM 80 1 1 1 2 5 14 17 24 32 37 46 74 71

BY 1.6 81 101 106 105 75 83 59 39 17 7 2 0 0

END OF FORTRAN EXECUTION

LOGOFF
TIME 9.380 SECONDS MFBLKS 0 COST 50.88
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APPENDIX III

Computer Model of the Beta Distributions:
Listing of the Model and the Value of Ordinates
for the Base Range from .1 to .9 at Intervals of
.1 for Different Values of Parameter Alpha and
Beta
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411111141111GOOSS SUBHASH C. RAWAL
OCTOBER 3, 1970 4:59 PM TERMINAL 135

/EDIT

3FETCH,*RWLSC

]LIST
00001: PROGRAM RAWAL
00002:C***COMPUTER MODEL OF THE BETA DISTRIBUTION 30 JULY 1970
00003:C***THE PROGRAM CALCULATES THE ORDINATES OF THE BETA DISTRI-
00004:C***BUTION FOR ANY GIVEN VALUES OF ALPHA, BETA AND RANGE.
00005: DO 15JM=1,9
00006: IA=TTYIN(4H ,4H ,4H AL,4HPHA=)
00007: IB=TTYIN(4H ,4H ,4H BE,4HTA mo)
00008: IC*IA+IB+1
00009: WRITE(61,2)
00010: 2 FORMAT(///,10X,' ALPHA's6X,'BETA',6X,'RANGE",
00011: 16X,'ORDINATE',/)
00012: T1=0.
00013: DO 3J1=1,IA
00014: D=J1
00015: 3 T1=T1+ALOG(D)
00016: T2=0.
00017: DO 5J2=1,IB
00018: D=J2
00019: 5 T2=T2+ALOG(D)
000201 T3=0.
00021: DO 7J3=1,IC
00022: D=J3
00023: 7 T3=T3+ALOG(D)
00024:
00025: BIB=IB
00026: X=0.1
00027: 9 C1=AIA*ALOG(X)+BIB*ALOG(1.0X)
00028: C3=C1+T3(T1+T2)
00029: FX=EXP(C3)
00030: WRITE(61,11)IA,IB,X,FX
00031: 11 FORMAT(I14,I11,7X,F4.1,7X,F6.2)
00032: X=X+.1
00033: IF(X.LE.1.0)G0 TO 9
00034: WRITE(61,17)
00035: 17 FORMAT(/////)
00036: 15 CONTINUE
00037: END

lFORTRAN,I=*RWLSC,RUN

NO ERRORS FOR RAWAL
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ALPHAR4
BETA =12

ALPHA BETA RANGE ORDINATE

4 12 .1 .87
4 12 .2 3.40
4 12 .3 3.47
4 12 .4 1.72
4 12 .5 .47
4 12 .6 .07
4 12 .7 .00
4 12 .8 .00
4 12 .9 .00

ALPHA =8
BETA =24

ALPHA BETA RANGE ORDINATE

8 24 .1 .28
8 24 .2 4.20
8 24 .3 4.36
8 24 .4 1.08
8 24 .5 .08
8 24 .6 .00
8 24 .7 .00
8 24 .8 .00
8 24 .9 0

ALPHA=12
BETA 36

ALPHA BETA RANGE ORDINATE

12 36 .1 .08
12 36 .2 4.54
12 36 .3 4.81
12 36 .4 .59
12 36 .5 .01
12 36 .6 .00
12 36 .7 .00
12 36 .8 .00
12 36 .9 0
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ALPHA=4
BETA =4

ALPHA BETA RAN GE ORDINATE

4 4 .1 04
4 4 .2 41
4 4 3 1.23
4 4 4 2.09
4 4 .5 2.46
4 4 .6 2.09
4 4 .7 1.23
4 4 .8 41

4 4 .9 .04

ALPHA =8
BETA =8

ALPHA BETA RANGE ORDINATE

8 8 .1 .00
8 8 .2 .09
8 8 .3 .83
8 8 .4 2.41
8 8 .5 3.34
8 8 .6 2.41
8 8 .7 .83
8 8 .8 .09
8 8 .9 .00

ALPHA=12
BETA =12

ALPHA BETA RAN GE ORDINATE

12 12 .1 .00
12 12 .2 .02
12 12 .3 .50
12 12 .4 2.47
12 12 .5 4.03
12 12 .6 2.47
12 12 .7 .50
12 12 .8 .02
12 12 .9 .00
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ALPHA=4
BETA =1

ALPHA BETA RANGE ORDINATE

4 1 .1 .00
4 1 .2 .04
4 1 .3 .17
4 1 .4 .46
4 1 .5 .94
4 1 .6 1.56
4 1 .7 2.16
4 1 .8 2.46
4 1 .9 1.97

ALPHA=8
BETA =3

ALPHA BETA RANGE ORDINATE

8 3 .1 .00
8 3 .2 .00
8 3 .3 .04
8 3 .4 .28
8 3 .5 .97
8 3 .6 2.13
8 3 .7 3.08
8 3 .8 2.66
8 3 .9 .85

ALPHA-12
BETA =4

ALPHA BETA RANGE ORDINATE

12 4 .1 .00
12 4 .2 .00
12 4 .3 .00
12 4 .4 .07
12 4 .5 .47
12 4 .6 1.72
12 4 .7 3.47
12 4 .8 3.40
12 4 .9 .87

OLOGOFF
TIME 9.420 SECONDS MFBLKS 2 COST $1.46


