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The inefficiency of time-shared computer systems compared to

batch processing systems is in the time lost in swapping operations.

The larger the allocated quantum size, the less swap time is incurred.

In order to guard against intolerable response time while lengthening

the quantum size, the response time of a common request must be

regulated. The criteria used in this paper to regulate the response

time is to vary the quantum, with the number of users in the system,

in such a way that the computer response time approaches the human

response time. Based upon this concept, models are designed and

analyzed to design an optimal scheduling algorithm which allocates

the quantum dynamically.

The models proposed are based upon Markovian assumptions

for both arrival and service times. The priority discipline is round

robin with dynamic quantum allocation. The swap time is assumed



to be constant and the overhead time is zero. The inverse measure

of performance is assumed to be the expected square difference be-

tween the cycle time and the mean human response time.

In order to optimize these models two techniques are discussed.

In the first, a mathematical optimization model is formulated in

which a Markov chain is imbedded at the epochs of the beginning of a

cycle. The cost function is assumed to be the inverse measure of

performance. A technique suggested by Howard for optimizing a

stochastic system under Markovian assumptions provides an optimal

policy by which the scheduling algorithm allocates the quantum. The

second technique discussed is based upon an optimal control system

approach. The quantum size is chosen in such a way as to assure

some stability property while improving system performance. A

numerical example which illustrates these methods is provided.
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OPTIMIZATION TECHNIQUES FOR TIME-SHARED
COMPUTER SYSTEMS

I. INTRODUCTION

Although a great deal has been published on the analysis of

probability models of time sharing computer operating systems, the

problem of providing an optimization model is far from being solved.

Time sharing systems are in general more sophisticated than one can

analyze with simple queuing theory. Mathematical models of such

systems usually lack sufficient detail and have limited applicability,

yet many of the characteristics of time sharing systems have been

summarized by those models.

In order to facilitate later discussions, a brief description of a

simple time sharing environment, discussions of the critical prob-

lems of the system which are facing the designer in his experimenting

and the different approaches used to solve these problems follow.

The Time Sharing System

A data processing system may be viewed as a set of terminals,

memories and processors all interconnected by a network of commu-

nication channels. A time sharing system is a data processing sys-

tem which is characterized by its ability to service multiple users

simultaneously. A user is able to interact with the computer through
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a terminal and at unscheduled times. An interaction consists of the

user requesting and then receiving service from the system. A

user' s request may be viewed as a program needing to be served by the

central processor and other devices. The events usually forming an

interaction are, the user thinking, supplying new input from his

terminal, waiting for response from the system, and finally getting

output. The response time of the system is defined as the time

between receipt of a specified request by the system and the satisfac-

tion of that request at the terminal. The human response time is the

interval between the response of the system to a user's request and

the insertion of his next request. With these definitions, one may

think of the system as being in one of two states: either the user is

waiting for the system to respond or the system is waiting for the

user to respond.

In general, the storage space of a time sharing system can be

shared by more than one program at any time. However, the pro-

cessor can serve only one program at any instant. Thus in order to

ensure the desired concurrency in servicing the requests generated

by a population of users at the same time, these requests will enter

a queue upon their arrivals, and a member of the queue chosen by a

defined scheduling algorithm will be allowed to use the processor for

a maximum period of time called a quantum. If one quantum is suf-

ficient to process the entire request, the request then leaves the
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system. If not, service is interrupted, the request reenters the

queue partially processed, and waits until the scheduling algorithm

decides to give it another turn of processing. In case of non-empty

queue the scheduling algorithm will admit another request, a member

of the queue, to be processed instantaneously upon removal of the old

one. Thus, the processor will switch rapidly among pending requests,

giving each a time slice in some cyclic pattern, with due attention to

new arrivals. The total processing time, called the service time,

required for a request is a random variable which is not known before

service starts.

For this process to operate correctly, the computer must have

an efficient means of interrupt. At instants of interruptions the cur-

rent computational status of a request is saved to be restored when

processing is resumed.

So far we have represented the system as if there is only one

queue awaiting service by the processor. This is not generally true

if we consider the queue or queues waiting for the use of input/output

(I /O) devices. Since nowhere in this thesis will we discuss the I/O

scheduling discipline, we will disregard these queues, but one should

keep in mind that a completion of servicing a request by the processor

might mean that this given request has reached a point where it re-

quires an I/O process before continuing. Similarly, an arrival may

mean a request returning from the I/O system for more processing time.
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To consider the scheduling algorithms in more detail, one can

define a scheduling algorithm as a set of decision rules determining

which user will next be serviced (priority discipline) and how long he

will be allowed to use the processor (quantum size) as well as other

resources when admitted. These decision rules, which are of pri-

mary interest in this research, are always set to satisfy some objec-

tive of good service and they appear as part of the supervisor pro-

gram.

Although storage space can be shared by different programs,

usually of the large number of users with pending programs only one

or at most a few can be held in the relatively small, expensive main

memory at one time, while the rest will be kept on the much less

expensive auxiliary storage. The processor can serve a request if it

is main memory resident. As each request reaches the time to be

processed, if it is not in the main storage, it will be exchanged from

auxiliary memory to main memory with some other program which is

a main storage resident. This operation of exchanging programs to

and from main memory is called swapping and it needs processor

time. In many time sharing systems, swapping and processor opera-

tions are overlapped in the sense that while a user's request is being

run by the processor, the request that was running previously is

transferred from the main memory and the request to be run next is

loaded to the main memory, since at least two complete user's
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requests must be in the same memory at the same time.

The time the processor spends in scheduling, controlling

terminal input and output, and other housekeeping tasks represents

a slice of time known as overhead time.

In a time sharing operation mode an extra swapping of requests

must be performed, and an extra overhead time is usually spent.

As overhead and swap times represent losses of processor time, it

is obvious that this mode of operation is less efficient than other

modes, in particular those which service a request until completion.

However, the discussion here is not whether or not time sharing is a

proper mode of operation basing the evaluation on hardware efficiency,

but it is towards developing the most economical, efficient time shar-

ing system-

Decisions are made not only for the many parameters concern-

ing the hardware configuration (number of terminals, size and speed

of the main memory, size and number and speed of the auxiliary

memory, number of processors, etc. ), but it is for adjustment of

the software variables which, in fact, play an integral part in the be-

havior of this system. In the programmed scheduling algorithm the

size of the quantum and many other parameters of the priority disci-

pline are certainly important factors in designing the time sharing

system. Also, other variables as those concerned with the interrupt

procedure and the core allocation scheme, which direct the detailed
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operation of swapping, might have substantial effect upon system per-

formance.

Performance Measures

In the previous discussion we discussed system performance

and efficiency, but we did not define them precisely. In trying to find

a suitable way to measure the performance of the system, one can

see that no single measure can suffice and usually one has to judge

the system by two or more diverse criteria, such as good use of re-

sources and minimal delays of user requests. Thus, from the user's

point of view, the average response time is the single most important

performance measure. A typical objective is to provide a rapid re-

sponse time to the user who has a short request to be processed. As

viewed from the hardware aspects, performance measures for the

system resources include overhead time, swap time and hardware

utilization, in particular, processor usage. Computer efficiency can

be measured by the rate of processing requests, the throughput rate.

One can easily see that some of these objectives seriously conflict

among each other. Thus the critical question that faces the designer

of such systems is to decide precisely what trade off to make among

the conflicting objectives.

In most of the time sharing systems the population of users

consists of "interactive" and "background" users. The interactive
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user interacts with the computer through a terminal, frequently a

teletypewriter, in a conversational way. Since interactive users are

sensitive to delay, a major objective should be fast response time to

those users. Background users are those who are served in a "batch!'

way. The background workload is characterized in this system by its

continual availability with far less demanding response time require-

ments. The interactive user's requests will enter a queue upon

arrival awaiting to be served by the processor while the background

requests will only be served when the queue of interactive users is

empty. In this case the processor idle time is eliminated, since the

processor will serve the background program when the queue is

empty; that is, the processor is idle when it does not perform any

operation. However, if the idle time is defined as the time the pro-

cessor spends in swapping and overhead tasks, then one can measure

the processor usage as the percentage of time the processor spends

in performing users requests compared with the time the processor

performs swapping and overhead tasks.

Models for Time-Sharing Systems

Since Scherr (1967) reported as the most important result of

his research, that a time sharing system and its users can be suc-

cessfully modeled and that good accuracy can be obtained from a

fairly simple model when compared to the actual system, a large
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number of simulation models as well as mathematical models have

appeared in the literature of time sharing. These two types of models

have been used to solve the many problems of time sharing systems.

Following, a brief discussion of the properties of each type of these

models is given.

Simulation Models

Simulation techniques have the advantage that no matter how

complicated the system is, a great deal can be cast into a model with-

out great distortion. Comprehensive simulation models (Fine and

Mclssac, 1966; Nielsen, 1967; O'Connor, 1965; Scherr, 1967) for the

time sharing systems which contain many details about the hardware

configuration, beside details concerning the logic of system opera-

tions, have been developed to predict the many parameters of such

systems. Examples of these parameters are hardware utilization

(processor, disk, etc. ), average response time, queue length, num-

ber of active terminals, the distribution of the response time, and so

on. However, in no sense does this imply that these models are en-

tirely satisfactory, but it does imply that designers are no longer

limited to subjective decisions, which showed in the past that in many

cases the results were so diverse in effectiveness, or to mathemati-

cal models which usually lack the level of detail necessary to handle

some of the features of the system. Simulation does not choose its
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own variation during runs and come up with an optimal solution. It

only describes the behavior of a specified model. That is, it deter-

mines how a particular configuration will react in a particular envi-

ronment In order to improve the system one should analyze the re-

sults of a certain model and decide which and how parameter values

may be changed. Modification of these parameters is not a straight-

forward matter and is done by the human designer, who is still the

feedback element in the design loop.

A large number of simulation runs need to be performed in

order to test the effectiveness of proposed improvements. A modi-

fied model might or might not have the intended effect. For these

reasons, studies of this nature can become very time consuming,

especially because of the enormous number of parameters in such

models, unless parameter selection and variation are carefully

limited. It is not a small problem to determine which are the major

variations that affect the system. The biggest problem in simulation

modeling is to retain all essential details and remove the nonessential

features (Seaman, 1966). As reported by Nielsen (1967), in some

cases the development of a suitable model might require as much

effort and be as costly as developing the time sharing itself. Thus,

simulation is necessary only for those portions of the system that are

not mathematically analyzable.
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Mathematical Models

Mathematical models may lack the richness of descriptive

power and oversimplify the practical situation. However, they

achieve high degrees of precision if one applies the mathematical re-

sults critically. Scherr (1967) developed a very simple Markov

model to represent a system like the compatible time sharing system

(CTSS) developed at MIT. Many features that would seem essential

to operation of actual time sharing systems are not present in this

model, swapping, quantum size, and priority scheduling. Moreover,

the distribution of arrival time and service time are assumed to be

exponential. The purpose of this model is to compare its prediction

for the mean response time as a function of the number of user's re-

quests in the system with that of his sophisticated simulation model

and with the actual CTSS data, which were taken by a program written

to run as part of the CTSS supervisory program.

Figure 1.1 is taken from Scherr's paper, to illustrate the

accuracy of the Markovian model in predicting the mean response

time. The fact that many details are omitted and yet the model still

accurately predicts mean response time is amazing. Since this strik-

ing result was published, a large number of mathematical models

have been analyzed in order to predict the mean values of some of the

time sharing parameters. Examples of these parameters are, the
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mean number of active users at any time; i.e., the number of re-

quests in the system either waiting in the queue or being served by

the processor, the mean response time conditioned on the length of

service required by a given request, where the response time is de-

fined as the total waiting time of the request in the system plus its

service time. In these models, considerable attention is directed

towards the relation of these parameters and the quantum size, since

the quantum size is a design parameter of main interest.

20
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Figure 1.1. Ratio of mean response time to mean length of service
required per request vs. mean number of active users
in the system.

The usual approach taken in preparing mathematical models is

to treat them as a queuing system. In this system, a user's request

joins some queue upon arrival and a member of the queue chosen by

certain priority discipline (scheduling algorithm) will enter the
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service facility (the processor) for, at most, one quantum of service,

if it needs more service it will be "fed back" to the system of queues,

otherwise it will depart. The system will be defined at any instant by

a description of arrival mechanism, the service required from the

service facility, the nature of the service facility, and the priority

discipline, to which the selection of service requests from the system

of users is determined and the condition under which requests are fed

back to the system of queues.

Since the priority discipline is of major importance, we will

discuss two basic time sharing priority disciplines together with other

priority discipline which more properly apply to batch-processing

environment. This is in order to measure the performance of the

time sharing system as compared with performance in the more effi-

cient but less flexible batch processing environment.

Priority Discipline

The most common priority discipline for the time sharing sys-

tem is known as a round robin, (RR) (McCarthy et al. , 1963).

As shown in Figure 1.2, a new arriving request joins the end of the

queue, and waits in line. The server allows the first request in line

to be processed for at most one quantum, q seconds; if the re-

quested service is completed during this quantum then it leaves the

system; otherwise, it is removed from the service facility and cycled
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back to the end of the queue to await another turn to continue process-

ing from where it is interrupted. This procedure will continue for all

requests in the queue. Each request may have to cycle as many

times as needed to complete its total service requirement.

x

PROCESSOR

QUEUE

Figure 1.2. Round-robin discipline.

The second major type of time sharing priority discipline is the

multiple level feedback (FBN) (Corbato, 1963), where N is the

number of levels. As shown in Figure 1.3, the system might be

viewed as consisting of multiple queue levels. New arrivals are put

in queue level 1. A request at the service point at any given queue

level will not be served unless all lower level queues are empty.

Thus, immediately after a request has received service, the next

request serviced will be the one at the service point of the lowest

level, non-empty queue. This request will be given, at most, a

quantum of service as in the round robin discipline. If more service

is needed, then the request is subsequently placed at the end of the

next higher queue; otherwise, it leaves the system. If the number of
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levels, N, is finite, a request at the service point of the Nth

queue will be served in some discipline (specified by the model) if all

the (N-1)th lower queues are empty.

X

PROCESSOR

Figure 1.3. FBN discipline.

The first come first served, (FCFS) (Saaty, 1961) priority dis-

cipline which is commonly used in batch processing will be used as a

standard reference to evaluate a time sharing priority discipline. An

arriving request joins the end of a single queue. The processor ser-

vices requests, waiting in this queue until completion in the order of

their arrival.

The shortest-job first (SJF) (Phipps, 1956) is also discussed

here for the same purpose as FCFS. The running time of each re-

quest is supposed to be known upon its arrival. Each time the ser-

vice facility services a request, the queue is inspected. If there is

a non-empty queue, the member of the queue that requires the least
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processing time will be admitted for service until completion; other-

wise, the processor will remain idle (or allowed to serve a back-

ground request) until a request arrives which will immediately start

service.

Since an efficient assignment of priorities might reduce the

costly delay without any increase in system facilities (Cobham, 1954),

a careful discussion about the nature of the four priority disciplines

follows.

The RR discipline uses both processing time required by a re-

quest and its arrival time to make implicit priority decisions. Thus

this discipline includes the advantages of a first come first served

discipline, as well as, shortest job first served discipline. The

benefits of RR over FCFS increase with the uncertainty of service time

of a request. The variance of the distribution of request sizes may

be taken as a measure of this uncertainty. The basic disadvantage of

the RR discipline consists of the swapping of those requests which

need more than one quantum of service.

The FBN discipline has the same advantages and disadvantages

as the RR discipline except that the former favors shorter requests

and discriminates explicitly against long requests, which are identi-

fied by past service. The choice between the RR and FBN priority

disciplines is determined basically by how much one wants to favor

short requests, since the two disciplines involve the same amount of
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swapping and have the same mean response time.

The FCFS discipline is considered the optimal non-time sharing

priority discipline in case the service time required by a request is

not known before service. This is because FCFS avoids swapping time

and because the response time of a request is less than any other sys-

tem under the same assumptions. Although this discipline seems to

be the most fair one, in fact, it favors the long requests while it

safeguards against excessive waiting time and controls the variance

of waiting.

The SJFS discipline discriminates explicitly against long re-

quests on the basis of a-priori information on the service time re-

quired by each request. It has the advantage that the mean response

time in the system is less than any other system including FCFS,

while long requests suffer more in SJFS than in FCFS. In fact, the

reduction of the mean response time of a request is at the expense of

an increase in its variance. Although it is usually difficult to expect

accurate advance knowledge of exact running times, it is encouraging

to know (Schrage and Miller, 1965) that even with partial indications

of service time, significant improvements in mean response time are

possible.

User Behavior

Although a proper choice of priority discipline may be done to
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improve a system performance, a user may attempt to defeat such

systems. For example, if a priority rule places a heavy penalty on

the user of a certain type of request (e.g. , a long request), the user

will try to arrange his request (e. g. , divide his request) in such a

way that he appears to the system to be a high priority user so he can

obtain a better service. Thus, in choosing the priority discipline,

the designer should take into consideration the countermeasures

available to the users of such discipline.

The four priority disciplines discussed above are the basic dis-

ciplines of most of the scheduling procedures that have been consid-

ered in the past few years. A number of mathematical models which

appeared in the literature of time sharing using these priority dis-

ciplines, their modifications or combinations of two will be presented

later. In summary all existing models give high priority to the

small request either in an explicit or implicit way. This is usually

done in order to reduce the overall mean waiting time of the requests

in the system. However, this objective should not be met by exces-

sive sacrifice of other desirable properties such as, reduction of

swap and overhead times (good use of the processor), especially

when this objective loses its practical meaning. A priority discipline

which depends on the state of the system would control the degree of

favor given to a request in order to avoid the excessive sacrifice to fulfill

one objective at the expense of others. This paper is concerned with
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the studies of models considering such discipline.

The presentation of the material is as follows. In Chapter II a

survey on a number of existing mathematical models is summarized.

Chapter III presents the proposed model, its analysis and different

techniques developed in order to optimize system performance. In

Chapter IV these concepts are illustrated with some numerical ex-

amples together with concluding remarks.
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II. MATHEMATICAL MODELS

This chapter is a survey of a number of mathematical models

which have recently appeared in the literature of time sharing.

The models considered here have a number of assumptions in

common. In particular, requests are generated by either a finite or

infinite group of users who have direct access to one computer with

one processor. Arrival and processing times of a user's request are

assumed to be independent random variables. They are also assumed

to be independent of the values considered for other requests by the

same user or by any other user. Moreover, most of the models

require Markovian assumptions for both arrival and service times,

which means that the interarrival and service times are assumed to

be exponential or geometric random variables, depending on whether

the model is analyzed in continuous or discrete time, respectively.

According to Scherr (1967) this can represent the real world fairly

well in situations where a number of diverse users exist.

Although swapping is the principle bottleneck to efficient opera-

tion in time sharing systems, the assumption of zero swap and over-

head times is adopted in most of these models. This assumption

weakens the mathematical results; however, it is used for the con-

venience of the analysis. In systems where the swapping of one re-

quest overlaps the execution of another, the assumption of zero swap
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time is less serious. One can consider the swap time to be repre-

sented as a part of the quantum. However, this will change the ser-

vice time distribution. Or one may think of the zero swap and over-

head times models as ideal models in the sense that non-zero swap or

overhead times will be at the expense of the accuracy of the predicted

performance.

The models are presented in five groups. The first four groups

are models where their priority disciplines are: RR, FBN, FCFS

and SJFS, respectively. We will refer to the models which belong

to one of the first two groups as quantum controlled models. The

fifth group presents some quantum controlled models where the pri-

ority disciplines are modifications of those discussed above.

Round Robin (RR) Models

Under the round robin discipline the models are broken into

two groups; (a) models where the number of users at any time is

assumed to be finite (N terminals), and (b) models with an infinite

population of sources.

Scherr (1967) represented the time sharing system as a simple

continuous-time Markov process with (N+1) states (N is the num-

ber of terminals). In order to do that he assumes that the human re-

sponse time and the service time are both independently and expo-

nentially distributed. The mean human response time is assumed to



21

equal to 1/X. sec. and the mean service time per request is 1/4 sec.

The processor is considered as switching from program to program at

an infinite rate. In other words if the quantum size is q seconds,

then this is the case when q 0. For the single processor case,

Scherr obtains expressions for the average number of users waiting

for service (Q), and the mean response time for all requests (W).

He also finds the steady state probabilities for the number of requests

in the system, and derives an expression for the mean response time

in the case where the processor facility consists of more than one

processor. His results for the single processor case are

and

where

Q

i=0

(iN)!
(N-i)!

i=0
N

N! i
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TT = P {i requests are in the system either receiving

or awaiting service}, i = 0, , N,

These results are the same in the case where one assumes that each

request is run until completion (FCFS discipline). This is due to the

assumption that no time is lost by the processor for swap or over-

head tasks and that the time distributions are exponential.

Greenberger (1966) analyzes a model with the same assumptions

as the previous one except that the quantum size is finite and the swap

time is a constant and equal to T seconds. He obtains an approxi-

mation which can be used to find the mean response time conditioned

on the service time required (W(kq)), (kq, is the service time re-

quired for service in seconds),

where

W(kq) = 1 [ 1-e -11+1r][
1

N - E ]
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0 11
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1

N! 1i

0 (N-i)! P
i=0

S
1

= 1 (1-e ) ,

2
S2 = (Sl-qe P- q) ,

and where p, and X are as defined in the previous model.

Krishnamoorthi and Wood (1966) study a model where both

human response time and service time possess exponential distribu-

tion. The length of the quantum is assumed to be composed of two

parts; an operation part which is a random variable and a constant

swap time part. The overhead time is considered to be zero. As

the process is non- Markovian, an imbedded. Markov chain is analyzed

by considering the instants of completion of quantum of service as

regeneration points. Expressions for the mean and the variance for

the number of active users in the system are derived. Also, expres-

sions for the mean and the variance of the cycle time are found,

where the cycle time is defined as the period between two consequtive

quanta of service on one request (the cycle time is defined only for a

request which needs more than one quantum of service). Using the

concept of cycle time, an expression for the mean response time
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conditioned on the length of service required, which is not fully de-

termined, is given.

Chang (1966) treats the quantum size as a random variable.

He assumes that the flow of requests for service from each input

source constitute a Poisson process. If X. is the input density of

the Poisson process for source i, i = 1, 2, N, then the total

input to the processor is a Poisson process with density X., where

i=1

The service time distribution, B(t), is assumed to be arbitrary

with the rth moment defined as

ar =
oo

trdB(t) .

0

A relation between the service time distribution and the distribution

of the quantum size, X(t), is derived. The model is analyzed by

looking at the system after the completion of the nth quantum. If

is the queue size in the system immediately after the completion
,00

of the nth quantum, InIn=0 form a Markov chain. By solving

for the generating function for the queue size immediately after a de-

parture of a request, the average number of users in the system, Q,
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is obtained as

where

and

Q= 2(a-kb )
1

)`2b2-2kb 2
(1-kb )

1

br = Sec trdX(t) ,

0

a = Pr {a request is completely served after

a quantum of service}.

The mean response time, W, is given as

kb
2
+2b 1(1-kb )

W = QA =
2(a -kb 1)

1

and the second moment of response time, W2,

W2 =
6(a- kb )

2 [a2 -a( 2+kb
1 )+Xb 1]1

a2-2a.

X {2a[6kb31-6b21-2kb1b2+kb3]

is given as

-[12kb
1

3 -12b
1

2
2

-6kb
1
b

2
+2k

z
b

1
b

3
-3k 2

b
2]

} .

When the number of users is infinite, a model is assumed to

represent a large processing system which has an access to a huge
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number of terminals. In such a system, usually one can see a large

number of idle terminals at the same time even at the heaviest traf-

fic.

Kleinrock (1964) considers the discrete time model where time

is quantized into segments each q seconds in length. At the end of

each time interval a new request arrives in the system with proba-

bility X.q. The service time of a request is assumed to have a

geometric distribution such that for cr < 1

(2.1) Sk = (1- cr)cr
n-1

, k = 1,2,3, . .

where Sk is the probability that a request's service time is exactly

k time intervals long, i.e., its service time is kq seconds. For

such systems, he shows that the expected value, W(kq), of the re-

sponse time in the round-robin system for a request whose service

time is kq seconds, is

where

kgW k q
2

(1-o-a)(1-ak- 1)

(q)
(1- cr)2(1-p)

Aq
a = + kq, and p .

1 - o-

Furthermore, the expected number, Q, of customers in the system

is given by
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Q= - p

By keeping the average service time and the average arrival

rate and letting q 0 a model which is referred to as processor-

shared model is analyzed (Kleinrock, 1967).

Coffman and Kleinrock (1968a) considered a continuous round-

robin model in which the interarrival and service times of a request

are assumed to be exponential. For such a system, they define the

"quantum- service" distribution as follows:

0, T < 0

F 1(T) = 1-e -µT
, 0 <T < q

1, T > q

Then the mean waiting time in the continuous RR system of a request

requiring t seconds of service is shown to be

k (T
2

)

W(t) = + + 2 1

1- p 1-0

where

-PPk-1]

+
1 p2 1 pq

[1-P
k

+
kqe -14c1 1

[1-
k-1

11-p 1-p p. 1-13 1-p p.
P I

X is the mean arrival rate,

p. is the mean service rate,

P
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p = p + (1- p)e-11'cl,

R is the smallest integer such that kq > t ,

E1(T2) is the second moment of the quantum-service distribu-

tion and is given by

00
2 2r.. zp,q+ 2]2 2dF ( ) = 2 Lij'

T-T 2E (T ) =
11

0

Multiple Level Feedback (FBN) Models

Coffman and Kleinrock (1968a) study the case where N is assumed

to be finite. Requests at the Nth level are served a quantum at a

time until completion. An arrival to a lower level during the servic-

ing of the Nth level request will preempt this request after it has

completed the quantum-service in progress. Also, interarrival and

service times are assumed to be independently and exponentially dis-

tributed. For this model, they show that a request requiring t

seconds of service in the FBN system has an expected. waiting

time in the system of

(2)[E (T2) + k E
1

(T2)] p(1-e-µ-1)q2 k )
W(t) = (k-1)q + t ,

[1-p(1-e-p.kc1)][1-po-e-p.(k-1)q)lj 1-p(1-e-p.(k-1)q)

1 < k < N-1,



W(t) =

1
13( )

P(1-e-ON-1)q)

1-01-pi-e-P(N_nq
+

1-pi_e-P(N-n q ((-1)q t,

(
)]

k > N,

where k is the smallest integer such that kq > t where E
k

(T)

and Ek (T2) are defined as

and where

Ek(T) = 1 (1-e -p.kq)
,

P.

e
2

-plcq
Ek(T2)) = - [(p.kq)2+ 2p.kq + 21 ,

2
P.

e-p.kq
.1/k =
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is the mean arrival rate and p. is the mean service rate.

Schrage (1967) has provided a general analysis of the FBN

model in the case N = 00. In particular, the Laplace transform of

the waiting time distribution is found under the assumption of arbi-

trary quantum size for each level.

First-Come-First-Served (FCFS) Models

On the assumption of Poisson arrival and exponential service

time, this is the conventional (M/M/1) queue. Kleinrock (1964)
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considers the discrete time case where the time is quantized with

segments each q seconds in length and a new arrival arrives in the

system at the end of a time interval with probability Xq. The ser-

vice time of an arriving request is assumed to be geometric such as

that in (2.1). For such systems he shows that the expected value,

W(kq) of the response time in the strict first-come-first-served

system for a request whose service time is kq seconds is

where

qE
W(kq) = + kq ,

E
_p_cr-

r 1 -p

Aq_

P 1-Cr

and Cr is defined as the probability that a request having just

operated for one quantum requires at least one more in order to

complete its service.

Shortest-Job-First-Served (SJFS) Model

Phipps (1956) analyzes this model under the assumption of

Poisson arrival and exponential service time where the service time

of a request is known at the time of arrival. He derives the mean

waiting time in the queue of a unit whose service requirement is



seconds,

where

and

W ( t ) =
X .1.t

11

21- [1-e - (1+t)]

X is the mean arrival rate,

p. is the mean service rate,

p =

Other Priority Models
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Coffman (1968) analyzes two models with a quantum allocation

procedure that depends not directly on the state of the system but

rather on changes to the state of the system. In particular, whenever

the number in the system increases, a request, if any, receiving a

quantum at that time is given another quantum, if it is required.

Thus a request continues to receive service until it either completes

its service or receives a quantum during which there is no arrival.

In the latter case the request is returned to the queue awaiting

another turn of service according to some discipline. In the first

model, Coffman considers the round robin service discipline and

analyzes the model in discrete time assuming that both arrival and

service times of requests have geometric distributions. He finds



that the mean waiting time for a program requiring k quanta

of service is

where

W (k) =
kpq Xpq[1+(l-cra)(1-ak-1)],
1-p Pq 1-p 2

(1-a") (1-0

a + a-,

P 1-o-
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X is the probability that an arrival occurs in a quantum q,

and CT is the probability that a request having just operated for one

quantum requires at least one more in order to be completed. In the

second model Coffman discusses the case where the quantum alloca-

tion procedure described above is applied to the basic 1-32 model,

"forground-background" model. He finds the mean waiting time in

the queue of those requests requiring only one quantum of service,

WF, and the mean waiting time in the queue of requests requiring

more than one quantum, WB, as

and

X. CT
2

q
F (1-X)(1-0-)

2

W =
X crq( 1 - o-)

2

+
B (1-X)[1-X/0-0] 1-X
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where a-, q, and A are defined as in the first model.

Other types of models in which external priorities are assigned

to arriving requests are also analyzed for the basic quantum con-

trolled priority disciplines. Kleinrock (1967) discusses a round robin

model with external priorities where a higher priority request is

allocated a larger quantum than a lower priority request. Coffman

and Kleinrock (1968a) discuss the FBN model with priorities.

Requests arrive at any queue level according to assigned external

priority. As in the basic FBN model, the lowest level, non-empty

queue is chosen for service, and service is allocated q seconds at

a time with requests requiring more service moving up level by level.
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III. OPTIMIZATION TECHNIQUES FOR TIME
SHARING SYSTEMS

From the previous chapter, one can see that analytical studies

of time sharing have tended to derive the expected number of active

users and the mean response time conditioned on the length of service

required by a request. Based upon these derivations, a conclusion is

generally given about the efficiency of the system under analysis.

This leaves the matter of optimum quantum size ambiguous. For

this matter the approach of costing the model has been used

(Greenberger, 1965) and an expression to compare the cost implica-

tions of different choices of quantum size has been derived. From

the derivations, one can find an optimal decision procedure for the

quantum size; however, this decision procedure is rigid in the sense

that the size of the quantum does not depend on the state of the sys-

tem (e.g., the number of requests in the queue).

A more flexible decision procedure allows the size of the quan-

tum to vary with the state of the system. Such models are the main

concern of this chapter. When the number of active users is rela-

tively small, one needs to lengthen the quantum so that the response

time of a common request I should not be less than the human reaction

'In later discussions, the response time of a common request
will be replaced by the cycle time of any request in the system where
the cycle time is rougly defined as the time required to execute one
round robin service through all active users.
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time; a common request is defined as a request which needs service

for, at most, one quantum size. Conversely, if the system is

heavily congested, one might wish to shorten the quantum so that the

response time of a common request should not exceed the human re-

action time of this request. In other words, we need to discuss the

possibility of constructing a decision procedure for the quantum size

which forces the response time of a common request to converge to

the human reaction time of such a request. The motivation of such a

system is to reduce swap and overhead times, especially when the

system is not heavily congested. In order to decrease the effect of

degrading the system performance at heavy load time, the size of the

quantum should never be less than the mean service time of the com-

mon request. With these concepts, models for time sharing systems

are devised and different techniques are discussed for optimizing

such models.

In these models, the population of users is considered to con-

sist of interactive and background users. A background request will

be served only if there is no interactive request waiting in the sys-

tem, and will be pre-empted from the service facility upon the ar-

rival of an interactive request. The analysis will be carried only for

the interactive requests while no concern will be given to the back-

ground requests.
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The scheduling discipline for interactive requests
2 is a round

robin with variable quanta. The basic parameter of our system is

the cycle time and the control parameter is the quantum size which is

allocated dynamically in such a way as to regulate the cycle time in

the system. An optimal decision procedure for the quantum size is

considered to force the cycle time to approach the human response

time of the common request. In our studies, it is assumed that the

first and second moments of the human response time, for the com-

mon request,are given (through observation and statistical analysis).

Before presenting our models, it is necessary to distinguish

between the quantum size, which is a fixed length of allocated service

and the quantum service, which is a random variable equal to the

actual amount of time a request spends in the service facility. In

addition, a precise definition of the cycle time must be given. It is

convenient to make the definition with reference to a given request

known as the "tagged" request. At the instant of completion of the

quantum service on the tagged request, three cases may prevail:

(I) the tagged request needs at least one more quantum of service,

(2) the tagged request completes its service and the queue of active

users is not empty, or (3) the tagged request completes its service

2In the following discussion the term interactive will be
dropped. Requests should be understood as interactive requests.
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and the queue of active users is empty. In the three cases the instant

of beginning a new cycle coincides with the instant of completion of a

quantum service on the tagged request. The cyc is defined as

the interval until the tagged request receives one more quantum ser-

vice where the tagged request in (2) is the request at the end of the

queue at the instant when the old tagged request completes its ser-

vice. In (3) the beginning of a new cycle is the instant when the first

arrival completes one quantum of service, if it needs more service

after this quantum. It should be noticed here that no cycle time is

defined otherwise. Thus at the beginning of a cycle, the cycle time,

Ts, is the time it would take to give each of the requests, the active

users awaiting service at this instant, one quantum service. From

our definition of the cycle time there is at least one such request.

The first and the principal model discussed in this thesis is a

state dependent, cycle oriented model which can be specified in terms

of the following assumptions.

1. There is only one processor in the system.

2. The number of active users, (t) at any time, t, is

considered to be finite and at most equal N.

3. For the rth user; (a) Let the time interval between com-

pleting his (i-1)th request and the arrival of his ith

request be Or, Assume that the sets of random variables
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00
{0 .}. for r = 1, , N are mutually independent andr, 1=1

that the sequence le r. is a sequence of independently
r , 1=1

and identically distributed random variables with the distri-

bution function A(t) given by
r

A(t) =
1-e -Xt t > 0 >0,

0 t <0,

L
with a mean of 1 /X. seconds.

(b) Let the service time of his ith request, i.e. , the total

time required to serve his ith request until completion,

be Y -r,
00

The sets of random variables {y
1
.

1
}. forr, 1=

r = 1, , N be assumed to be mutually independent and

identically distributed random variables with the distribution

function B(T) given by

(3. 2) B(T) =

-11T-e T > 0 µ > 0 ,

T < ,

L

with a mean of 1/11 seconds. The 8's and y's are

assumed to be mutually independent.

4. The service discipline is round robin where the quantum size

is determined at the beginning of each cycle as a function of

the number of active users awaiting service. If at this in-

stant there are i requests then qi seconds will be
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allocated to each one of the i requests. If the service

required by any of these requests is completed during the

q. seconds from the time this request is admitted for ser-
a

vice, then it will depart at the instant of completion, other-

wise it will join the end of the queue after exactly qi sec-

onds. Subsequent cycles are then determined in the same

way.

5. The swap time is assumed to be a fixed value and equal to

while the overhead time is assumed to be zero. T may

represent the average time required to bring a request in

and out of the main memory. The effect of T is to

lengthen the service required by a request and hence change

the distribution of service time.

Quantum Service Distribution

The distribution of the quantum service, which is the

actual amount of time a request spends in the service facility once it

is admitted, can easily be derived, from (3.2) as

(3. 3)

where qi

xF.( )

is the quantum

X < T

1 -e
µ(X-T) T < x < q. + T

1 x> q. + T,
1

size allocated to this quantum service.
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Because of the memoryless property of the exponential distribution one

should keep in mind that (3.3) holds, no matter how many times a

request admitted for service has received previous service.

Let X(qi) denote the quantum service random variable for

which a length of time

(3.4) X(qi) =

q. is allocated.

T + qi with probability e

R(qi) with probability 1 -e ,

where R(qi) is a random variable with density function fR()(x)q.

given by

(3. 5)
-11(x-T)

fR(qi)(x) =

1 -e

T < X < q. + T

The expected value of the quantum service is

q1 . q.

(3. 6) E(X(qi)) = xdF.(x) = (qi+T)e + (1-e ) xile-14X-T)
')0 1 0

1 -e

1 -e
T = al,

and the second moment of the quantum service is



co
2 2 -11cli 1

(3.7) E(X (qi)) = x dF.(x) = 2-(1-e )(+T) - 2q.
0

1 q1

Thus its variance is

(3. 8)

a
2, i

2 1Var(X(qi)) = (a2, = ---2- -

2qie

Queue Size Distribution

2

41

Let 11)(t) denote the number of requests awaiting service,

which will be denoted as the length of the queue, at time t. Al-

though both arrival and service times have the exponential distribu-

tion, this process is not a Markovian process as long as the swap

time T is greater than zero. If we investigate the system at these

instants when a new cycle begins, one can justify that the cycle time

is independent of the time t but is dependent on the length of the

queue at the time the cycle starts. Thus if tn is the instant when

the nth cycle begins for n = 0, 1, 2, .. and 4 4)(tn)
is the

queue length at time tn and since the future development of the

queue does not depend on what happens before tn, then {tn n=0

is a sequence of regeneration points for the stochastic process

4(t); t > 0} and the sequence n}n=0
is a discrete time Markov
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chain with state space {1,2, , N}. This chain is a time-

homogeneous Markov chain and hence the elements of its transition

probability matrix, A = (a..) are independent of the time t,
13

where,

(3. 9) aij Pr 14)n+1 I (1)/1 = 1, , N

To find the elements a.., let cOn+i > 1, then tn+1 - to is the

time the processor spends to give one quantum service to each of

the n
requests. If r is the instant the processor completesm

the mth quantum service, m = 0,1,2, ... , and if tn = t(rm)

is the queue length at time r , then the sequence {C}M=0 is

a Markov chain with state space {0,1, ...,N}. At an instant tn,

the instant of starting the nth cycle, if the queue length is greater

than one then there exists an integer k = k(n) such that to = rk

(this is from the definition of the cycle time). Thus we can write the

following expression

(3. 10) aij Pr4n+1 ii 4)n i/ PrItk+i ii k i/

for i, j > 2 ,

The case when On+1 = 1 we have

(3.11) ail Pr4n+1 114)n i/ Pr Itk+ i
1I tk i/ + Pr Itk+1= °Itk= i/.
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Following Krishnamoorthi and Wood (1966) the elements of the transi-

tion probability matrix

(3.12)

where of

P(qi) = (Pii(q1)), denoted

'13
D..(a ) = p

r k+1 k
= = of } j = 0, 1, . , N,

is the quantum allocated to serve a request admitted at

the k+1 quantum service is

(3. 13)

p.. (q

and

where

0

µe P(0, t(N-i)dt,
0

gf

S µeFitP(j-i+1, t I N-i)dt
0

\..

+ e P(j-i, qi N-i),

(3. 14) P(i, t N) =

and

p (q ) = jaw ),
Oj 1 1--

(N )(a(t))i(1-a(t))N-i

j <i-1, i > 1,

j = i-1, i > 1,

for all j,

N > i

0 otherwise

a(t) = 1-e-k(t-T)

Substituting (3. 14) into (3.13) and evaluating the integral we find



(3. 15)

p..(qi ) =

0,

-XT -q (p.+X)
(1-e

µ +X.

3
(11( .N.-i )e-XT

(N-j-1))
-1+1

j < i-1, i >1,

j = i-1, i >1,

j-i+1 (-1)ke-XTk(1-e
-q (11+X.(N-j-l+k)))j-i+1

X
k p.+X(N-j- l+k)

k=0

-q N-1
X(q +T) . . -X(q.e+T)

)3-1(e+e ( . . )(1-e )3-1

> i > 1.

From (3. 10), (3. 11), and the property of Markov chain we have

(3. 16)

where

a..
13

(i)
p.. (q1),(q.),lj

j > 2,

p.
(i)

(qi ) + p(i)(qi ), j = 1,
10

(i
(p.

) (q.)) = Pi(qi) for i, j = 1, . . . , N ,

and P0
(q0) is the identity matrix.

The Markov chain {fin}:=0
is irreducible, aperiodic and
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therefore ergodic, since the state space is finite. Thus a limiting

distribution exists which is independent of the initial conditions. The

limiting distribution, II, which is a row vector, (Try Trz, , TrN),



can be determined from the relations

(3.17)

N

i=1

Tr.a.. = Tr.,
1 13

N

Tri = 1, and Tr. > O.

i= 1
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Solution of (3. 17) is assumed to be performed numerically. The vec-

tor II tells about the limiting behavior of the length of the queue at

the moments when a new cycle is about to start.

Moments of the Cycle Time

The cycle time, Ts, has the distribution

(3.18) P {T < x} =r s
i=1

Pr {T
s

< x I n = } {(1)n = i} ,

where 4)n is the queue length when the nth cycle is about to

start. Let

(3. 19) S( =

n

n

i=1

X. for cO = 1,2, . , N ,
1

where X. is the ith quantum service since the instant that the

current cycle is about to start.

Define,



(3. 20) xG.( ) = P r 1
< x},

1

where the quantum size

requests. Thus

ql
is allocated to serve each of the

N

P < x} = Tr.G.(x), x > 0 .r s 1

i=1

To find the moments of the cycle time we have

(3. 21)

N

E(Ts) = Tr.E(S.) =
1 1

i=

N N
qi

= i xTr1. xdF.( ) = trial, ,
1

i=1
0

i=1

i=1

qi
xdG.(x)

'where a .
is given by (3.6).

Also

(3.22) E(Ts2) = Tr.E(S.
2

)

i=1

N

i=1

N

i=

Var(X.(q.)) + (iE(Xi(qi))) 2]
1 1

2 2 2 ,

2, i 1,1
+i al,

i
ja -a .
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where a,
2, 1

. is given by (3. 7).

Since the system is inspected at the beginning of a new cycle,

the length of the queue is a fixed value at this moment. If it is ob-

served to be equal to i then

(3. 23)

and

(3.24)

E(T = E(S.) = ia
11 ,1

E(Ts2 I i) = E(S.
2) = i(a2 i -a

1 i 1
) + i 2a .

1 , ,

2

i,
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One should mention here that the analysis is strongly dependent on

the definition of the cycle time. Alternative definitions of this ran-

dom variable might lead to different results. To demonstrate this

fact, the system should be inspected at those instants when a tagged

request is about to be admitted for service. On the assumption that

this request will return for at least one more quantum service after

the current one, the cycle time in this case is defined as the time

between this instant and the request's next admission to service.

Similar to the previous discussion, one can find the transition proba-

bility matrix B(qi ) = (bii(qi)) where

(3. 25)

b..(q ) =

N-i-

k=0

X.qf k
X. .N-i-1

)( ) ( ) p1-e e 1+1+k, j+1 (q )

j= 0, 1, 2, . . . , N-1

(n)where p..(q ) is given by (3.15),15), p. (q ) is the (i, j)th element
3.3
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of the matrix Pn(q ) and P0 is defined as the identity matrix.

Thus the limiting distribution of the length of the queue at the instants

of beginning a new cycle, by the definition, is different from that given

by the previous one. This implies that the expected length of the

queue is not in equilibrium at any time except for those instants at

which a Markov chain is imbedded, i.e. , the beginning of a new

cycle.

In this stochastic situation we want to determine a decision rule

to assign the quantum size dependent on the length of the queue

according to some cost criteria. The cost function is chosen to be

quadratic, not only for the mathematical convenience in part of our

discussion but it is also believed that such a choice is proper to

measure the performance of the system. To explain that in further

detail, the cost function used is E(T
s

-01)2, the expected square

difference between the cycle time and the desired cycle time. If

T denotes the ith cycle time, and if it is possible to find asi
decision rule such that the cost function tends to zero as 1 tends to

infinity, then Ts converges to 01 in quadratic mean. In fact

our cost function serves as an error criterion of a regulator whose

purpose is to maintain the system as close as possible to equilibrium

state. If the system can achieve equilibrium, at some time, and

remain there, we must have
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00

E(r
s

_e 1)2 < oc

/WO

which implies that Ts converges to 01 with probability one.

Thus, in such a case, we will be minimizing our cost function by

reaching asymptotic stability.

A physical interpretation of minimizing E(T
s

-01)2 is, that

the cost of a cycle finishing ahead of the desired time is the same as

the cost of a longer cycle by an equal time. This is also a desirable

property for our performance criteria, since the first case implies

inefficiency in using the service facility and the second implies in-

tolerable response time for the users.

For optimizing our model, two approaches have been investi-

gated. The first is the stochastic programming approach and the

second is the optimum control system approach.

The Stochastic Programmin A roach

To formulate our problem as an optimization problem, we con-

sider the system at those instants when a new cycle begins. As we

showed earlier in the chapter we are in one of a finite number of

states, N, where the transition from one state to another is gov-

erned by the transition probability matrix A = (a..), given by

(3. 16). There is also a "cost" vector c = (c.), where c. is
1 1



the cost associated with state i, given as

(3.27)

i

c
1

E. (Si-01) = E ( Xk(qi)-01)
2

k=1
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S. is the cycle time given that there are i users in the queue when

the current cycle starts. By (3. 6) and (3.7)

(3. 28) c
1

= (a2 i 1
-a2

1
) + (0

1
-ia

1
.)

2.
1

A single choice of the quantum size for each state will determine the

matrix A and the vector c uniquely. Thus one predetermines

for each state a finite number of alternatives for the quantum size.

If the system is in state i.e., the length of the queue is

one of the predetermined alternatives associated with state i will

be selected. This selection is called a decision and the set of deci-

sions for all states is a policy (a decision rule), which can be denoted

by a row vector (q1, , q N) . We should mention here that the

decision alternatives are assumed to be time-invariant. Although the

number of alternatives from each state can be different, we shall

assume that the number of alternatives is equal to m in all states.

Our objective is to find the optimal policy, i.e., the policy

which minimizes the expected cost, g, per unit time, where



(3.29)

51

g = TT.C.,
1 1

and Tr. is the ith component of the limiting distribution of the

system. Such an optimal policy belongs to the class of all policies,

R, which contain mN elements.

Hypothetically, the optimal policy can be found by enumerating

all mN policies and computing (3.29); however, practically speak-

ing, this cannot be done because of the size of m N.

Howard (1960) provides an iterative algorithm to find the opti-

mal policy within a subclass of the class R. This algorithm is

known as the policy iteration method and is composed of two parts:

the value determination operation and the policy improvement routine.

A brief summary of this algorithm is given below:

The Policy Iteration Method

(3.30)

(a) The value determination operation:

i) choose a starting policy {k
0

(i)}.

ii) set v0(N) = 0 and solve the N following equations

for vo (1 ), . . . , vo (N- 1 ) and g0,

k
0

(i)
g

0
+ v

0
(i) =

J

k
0

(i)
a.. v

0
(j), 1, j = 1, . N,ij
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where g0 is the expected cost per cycle, v(i) is

the relative cost for the system starting from state i

k0(i)
instead of state N, a.. is the (i, j) element of

13

the transition probability matrix A, given k
0

(i) and
k (i)

c. 0 is the cost associated with state i given k
0

(i).

(b) The policy improvement routine:

iii) find the value k 1(i) which minimizes

k 1(i)
c. +

1

where v
0 (j)

kl (i)
a.. v (j),

13 0

are those obtained by (ii).

iv) using the new policy, {k 1(i)} repeat cycle at (ii)

until the process converges.

Howard (1960) shows that the process will converge in a finite number

of iterations and that in the iteration cycle, the cost decreases with

each successive policy until it attains its minimum. Thus if one

starts with a near optimal policy as a starting policy (determined by

means of an approximation technique (White, 1969) or by intuition),

he may reduce the computational cost appreciably. If there is no a

priori reason for selecting a particular initial policy, then it is con-

venient to start Howard's algorithm from the policy improvement

routine with all v(i) = 0 for i = 1, , N.
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Although Howard's technique reduces the amount of computations

to a large extent if we compare it with enumeration methods, its re-

quirements might be excessive to treat large scale problems. For

systems with a large number of states the work in step (ii) might be
(mN2)(N+1)

very involved. Also one needs vector multiplications
2

in order to compute the transition probability matrix A. These

complications in computation are negligible compared to the memory

required to store the transition matrices A(q) = (a..(q)) and the
1.j

vectors c(q) = (ci(q)).

Linear Programming Technique

An alternative method to Howard's technique is provided by

Manne (1960). This method depends on the fact that the limiting

probability distribution can be found by means of linear programming.

Let -rr
i k ( )

be the limiting probability of being in state i given

decision k(i). One can formulate the problem as finding Tr ik(i)

that satisfy,

(3.32)

njk(j)
k(j )= 1

i=1

m
ak(i)
ij

i=1 k(i)=1

Irik(i)
k(i)=1

j = 1, . N,



and

TT ik(i) > 0,

and that minimize the function,

(3.33) g=

m
k(i)

ffik(i)ci
i=1 k(i)=1
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k (i)where a..(i) and c. are defined as before. Manne showed
1

that the minimal value of g subject to (3. 33) can always be achieved

by a pure policy, i.e., one in which, for a given state, =

except for one value of k
(i).

Thus solving the above linear pro-

gramming, with m x N variables and N + 1 constraints, other

than the non-negativity conditions, will produce the optimal policy

required. Again for large m and N the computations and the

memory requirements become excessive.

The main shortcoming in optimizing the principal model is

contained in the fact that we are only concerned with those requests

which start new cycles and thus ignore all requests served ahead of

the tagged requests. The average number of requests in the system

may fluctuate all the time except for these particular instants when a

new cycle starts. At those instants the system is stable and the type

of the queue that any tagged request finds when it starts its cycle is
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the same. Thus while we are regulating the cycle for those tagged

requests, the effect of our policy on other requests is not clear. For

this reason one may think of inspecting the queue at the moments of

completion of a quantum service where the decision to allocate the

size of the quantum for the next request admitted is made at these

instants of inspections. However, this modification causes difficulty

since this problem cannot be solved directly by any of the existing

techniques other than enumeration.

In this model, the cycle time, Ts, given that the length of

the queue is equal to n is given by

(3.34) Sn = X
.e

(qn) ,

/=1

where {XI (qn)}111, is a sequence of independent but not identically

distributed random variables. X/ (qn) is the /th quantum service,

since the instant of the beginning of the current cycle, which has a

distribution Fri/ (x) given by (3.3), where n/ is the queue

length just before the service starts. The transition probability

matrix, P = (p..), at instants of completion of quanta of service

is given by

(3.35) p.. = p..(q. ),
.3 1J 1

for i. j = 0,1, . . . , N,
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where p..(q.) is given by (3.15). Consequently the transition

probability matrix A = (a..) at those instants when new cycles be-
1J

gin is given by

(3.36)

where

a.. =
13

* ( i )
Pii

n.* (i)
rij

NO NO
P.

1
+ P ,0 il

i > 2

j = 1,

is the (i, j)th element in the matrix P

Since quantum services are not identically distributed we need

to derive our cost function. Let r.. be the cost associated with the
13

transition from i to j where i, j = 1, ..., N, then

i

/=1

(3.37) r.. = E(S.-0 )2 = Var
13 1 1

X
1

) + (61 -E

1=1

X
1

))
2

.

We find from (3.6), (3.7), (3.15), (3.35), (3.36) and the Markovian

property the following expressions

(3.38)

i

E(S.) = E( X/ )
1

/=1

=

i N *(/) *(i-.12)a
ik Pkj 1, k

..
1

a=1 k=i-1 ij



and

(3.39)

Thus

(3.40)

i

Var (S.) = Var ( X/ )
1

i N *(/)

(
Pik Pkj

)2 (Q. 2 k -a 1, ka..k=i-1

the cost associated with the state i is given by

c. = a..r..
1

j=1
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Although the optimal policy for this model exists since the class of

all policies, R, is finite, we shall not be able to find such a policy

by the techniques of stochastic programming mentioned previously.

The difficulty is the fact that the selection of the control parameter,

quantum size, for one state may affect the transition probabilities and

the cost functions for other states. Consequently the first part of

Howard's technique can be used to compare different given policies,

but the second part cannot be used to choose a better policy. One way

to pick a better policy than the one already used, however impractical

it might be, is by enumerating among the mN policies and selecting

the one which minimizes



N N

(3.41) a *{k(i)}
(c*{k(i)}

Qi
.
1

a.. v
13 0
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where v
0

(j) are those obtained from the first part of Howard's

technique. Further investigation might lead to a more practical way

than enumeration in order to improve the chosen policy.

The main disadvantages in all the techniques discussed pre-

viously is that alternatives for the control parameter, the quantum

size, are assigned particular values according to intuition and belief

of the human designer and not determined by the technique itself.

Thus, the optimal policy is only optimal within the class of all policies

considered and hence a most definite form of suboptimization is intro-

duced. To overcome this disadvantage, one needs to increase the

number of alternatives for the quantum size at each state. However,

this will increase the amount of computations which might lead to the

practical infeasibility of the technique. A second disadvantage is that

the techniques require Markovian assumptions for both arrival and

service times. Besides that, optimization of our system might only

be considered for particular requests in the system since the system

is not in equilibrium at any instant. Further, the methods provide a

numerical solution to the problem which may cause computational dif-

ficulties, especially for large size problems. Since a method which

provides an analytic expression to allocate the quantum size may



overcome such difficulties, the optimum control system approach is

investigated.

Optimum Control System Approach
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The goal in this approach is to design a decision rule in such a

way that the system satisfies some stability property while improving

our cost function. Thus the problem is formulated as a mathematical

optimization problem which is discussed via the definition of Lyaponov

function and the "second method" of Lyaponov (Aoki, 1967; Kushner,

1967). Although further work needs to be done for a complete analysis

of the system by such a method, the discussion suggests a simple

technique to optimize this system.

The "second method" of Lyaponov is considered the most general

approach in the theory of stability of deterministic dynamic systems.

Recently the idea of discussing stability of stochastic systems appeared

by suitably extending the deterministic Lyaponov theory. The "second

method" is in fact an idea contained in the following reasoning: A

dynamic system is stable, in the sense it returns to equilibrium after

any perturbation, if and only if there exists a "Lyaponov function."

A Lyaponov function is some scalar function V(X) which describes

the state of the system and has the properties:
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(3.43) a) V(X) > 0 and d V(X) < 0 for X Xe
dt

b) V(X) = = 0 when X = X ,dV(X)
dt

where X is the state variable and X is the state of the system
e

at equilibrium.

The model considered here assumes that the maximum number

of active users is infinite. Arrival times of requests are assumed to

be mutually independent and identically distributed random variables

which are independent of service time, and are exponentially distri-

buted with mean 1 /X seconds. With the exception of these two

assumptions this model is the same as the ones previously discussed.

In order to apply the "second method" to this model we describe

the system by the function

(3.44) V(E(n), qn) = E(Ts-01)2.

The state variable of this system is the expected value of the number

of requests in the system. qn is the control variable, the quantum

size, which needs to be adjusted according to the state of the system

in such a way that the cycle time of any request in the system ap-

proaches 01. In order to find the conditions for regulating the

cycle time, we need to find the set of values that qn can take in
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order V(E(n), qn) to be a Lyaponov function. We are assuming in

this discussion continuity in the state variable, E(n). We also

assume continuous observation of the system. Although these assump-

tions are not necessary for the application of the Lyaponov method

(Kalaman and Bertram, 1960), we adopt them for the simplicity of

the discussion. We have V(E(n), qn) satisfies the non-negative re-

quirements of Lyaponov function. Again for simplicity we will denote

V(E(n), qn) by V. If the quantum size which is the design param-

eter
dVeter (the control) is chosen in such a way that the value V' = dt is

always negative, and if there exists an equilibrium state Ee(n)

where V = V'= 0 then V is a Lyaponov function.

In order to obtain a suitable expression for V in terms of the

state and control variables, a more convenient expression of V is

found.

(3.45) V = E(Ts-01)2 = Var (01) + (0
1
-E(T ))2

.

To express the cycle time, Ts, in terms of the number of requests

in the system,

and

(3.46)

n, we have

E(Ts) = E(E(Tsin)),

Var (Ts) = E(Var(Ts n)) + Var (E(Ts n)),
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where n is a random variable. At the instant of time when a new

cycle is about to start, n is exactly known, and therefore

and

(3.47)

E(Ts) = E(Ts n),

Var (Ts) = Var (Tsin).

Since n is a fixed value at instants of inspection, then E(n) = n.

By (3.6) and (3.7)

2 2
(3.48)

V n(a2.,n-al,n) (01-nal,n)

where

1-e
(3. 6) a + T ,l, n =

-11c1n

and

-11ci 2qne
11%

(3. 7) a
2

= T2 + 2 (1-e n)(1 +T) -
, n

To find V', we have,

(3.49) V' =
dV dE(n)

dE(n) dt

where

dV dV(3.50)
2

dE(n) do 12, n-al , "1, n(01-na1,n).

n)Before we find dE( we shall consider two cases. The first is the
dt
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case when the swap time, T, is equal to zero and the second is for

nonzero swap time.

By setting T = 0 in (3.6) and (3.7) and substituting in (3.50)

we have

- 20
d.V 1

201
2n "n 1 4n

2q
n "n 2n-1(3. 51) = ( + ) + e - - ) + e (dE(n) 2 2 2 2

P. P. P. P.

dE(n)To find dt let nt be the queue length at the start of a cycle,

instant t. The length of the queue nt', at the moment when the

next cycle starts, t', is given by

(3. 52)

-P.clilt

nt, = nte + XntE(X(q
n

)),
t

where X(qnt) is the quantum service of a request which is allocated

a quantum size
(i

Consequently,
nt

(3.53) clE(n) ne-nt 1-e
= -dt n E(X(q

n
)) E(X(q

n
))

t
t t

-11%t

This is the rate of change of the number of requests in the system as

long as the system is not empty. When there are no requests in the
dE(n)system to be served, dt X. Hence at any time,



(3.54)

where

(3.55)

dE(n)
dt

= - + 6n0

6n0
, n = 0,

, n O.
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Expression (3.54) is an exact form (Cox, 1961), since arrival and

service times are exponential. It also shows that the number of

requests in the system does not depend on the control, qn. This is

due to the fact that the limiting queue size distribution is independent

of the queue discipline as long as the distribution of the service times

and their independence is maintained (Takacs, 1962). Notice that if

the maximum number of users is finite this will not be the case.

Since dE(n)
dt

is independent of the control variable, the system

is a free system and as t 00 the system reaches equilibrium if

X < µ. At equilibrium the expected number of requests in the system

is (Cox, 1961),

(3.56) E(n) = X

11-X

In order to regulate the cycle time, Ts,

should select the value of qn

at any instant one

which minimizes the cost function, V,

with respect to the number of requests in the system at that instant.

This can be done by solving for qn
in
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dV dV -211qn+ qn C =

Note that

0,

B is

(3. 57) do

where (from (3. 51))

(3. 58) A

B

C

solutions to (3. 57) can be

-
(3. 59)

= B e
dE(n)

A e

2n-1
2

I-1

20
1 4n

2qn
= - -

µ
[1,

2 11

1
20

1 2n
- +

22 P.
il P'

found from

B +/ B2 - 4AC

where

ci V

2A

> 0
minmin

qn

real solution to (3. 59)).

(3. 60 )
do

(2

min
(qn denotes the positive

a function of qn and thus (3. 59) must be solved iteratively and may

yield multiple values for q
n

It is easily verified that qn = 0 is

one solution and that it is associated with

(3. 61)

I
-1-1 -B B

2 4AC
e n = 2A

In order that the other solution to (3.59) yields a positive value of

qn
we must have



-B -/B2 - 4AC(3.62) 0 <
ZA

< 1

This implies B < 0 since A > 0; that is,

81 Zn
(3. 63)

qn
0

2

thus

66

Furthermore, for -B /B2 4AC > 0 we must have 4AC > 0,

thus C > 0, or

(3. 64)
20

1 1 2n
) - +

2
> 0 .

11
P- 11

We then have the following restriction on the desired mean cycle

time

(3. 65)
Zn + 1

01 <

Since n > 1, 01 < 3 is a necessary condition for qn
m in to

exist.

Thus for T = 0 one can find the decision procedure

for which the cost function V is minimized at any instant. Such

decision procedure will not affect in any way the future length of the

queue.

To discuss the system for nonzero swap time, one can find

from a similar argument as above that the rate of change of the



number of request in the system when the system is not empty is

(3. 66)
do dE(n) n 1-n

- -
-tiqnp.(1-e )

dt dt E(X(cin)) -tiqn(1-e )+Tp.

Here, a choice of a quantum size
qn
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affects the future number of

requests in the system. It is clear that the larger qn, the shorter

the length of the queue will be since we incur less swap time. Al-

though we adopt the following argument which depends on our know-

ledge about the system, we will show graphically in the Appendix that

the same results can be found by applying the "second method."

From (3.61), one can view this system as if requests need a prolonged

service time with mean,

(3. 67)

1

1 -e

i.e. , this service is approximately exponential. Again for a request

which needs service X, the smaller the quantum size, the longer

this request's actual service time because of additional swap time.

The assumption that the distribution of the actual service time

X', f (x'), is approximately exponential may not weaken the results
X

significantly (Greenberger, 1966) and hence (3. 61) is a reasonable

approximation (Cox, 1961). If the rate of arrival is greater than the

service rate of a request, then the queue will tend towards infinity.



Thus, in order to achieve equilibrium we must have,

(3. 68)

-11c1

nX < )

(1-e )+Tµ
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and consequently the minimum quantum size which assures stability,
stabgiven that there are n requests in the system, q is

stab 1 X - 11+(3. 69) = - In ( ) + E
X -µ

where E > 0. As t co the system will reach stability if

q > qstab. Note that stab
q is negative if X >

On the other hand the value of q which minimizes V at

any instant can be found by substituting (3. 6) and (3. 7) in (3. 50) and

dV dV

solving for qn in,

-2µ9
cin

+ B n + C 0(3. 70) (ndo dE) A e

where

(3. 71) A =
2

2n -1

B =
201

4n
2qn

2 p.

411 T

28

C =
1 2n 1 4nT 2

+ - + + 2nT - 2T0
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and similar to the above argument one can find a necessary condition

for min
qn

(3. 72)

to exist, for all values of n, is

< + 2T + p, T2) ,
1

1

(1 +p,11

Since a choice of qn at any time will affect the future length of

the queue one needs to choose qn
from the set of values that

satisfies stability of the system while keeping the cycle as close as

possible to the desired cycle time 01' Thus one chooses for any

n, n > 1 a quantum size that is equal

(3. 73)
opt stab min

qn
= max (q , qn )

Rather than calculate all possible solutions for qnmin from

an expression corresponding to that in (3. 59) we present in the

Appendix graphs of V' with respect to a wide range of parameter

values. One can see from these graphs that the value of opt
qn

and

the right most root of VI coincide. The Appendix also illustrates

that the function V is always negative for all values of

q > qopt , where V is



(3. 74)

2u.a -2n-1 n
201

1 4n 2q
n 4nV' = Le n( ) + e

1.1.q

2 P. 2

201
4nT 2

+ + 2

1
+-2n + 2nT2 - 2T01)]

P. P.

X
11(1-e )

-1In(1-e I+Tti
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If there exists a state n such that V(n, qnopt
) = 0 and hence

I optV (n, qn ) = 0 then V is a Lyapunov function and the state n is

the equilibrium state.

Thus by means of the above method we choose the quantum

size, at a given state, such that it satisfied some stability property

and also minimizes V for this state. Such method gives a heuristic

solution to our problem when other methods may not be computation-

ally feasible. One should notice that this method is applicable without

any distribution assumptions on any of the variable involved. Further

applications of this method on other time sharing models seems to

be practical. Chapter IV will give numerical examples of the tech-

niques described in this Chapter.
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IV. COMPUTATIONAL RESULTS AND CONCLUSIONS

Numerical Exam les

In the last chapter we presented two techniques by which one

can find a decision procedure which allows the quantum to vary with

the number of users in the system, in order to meet certain opera-

tional requirements. We now discuss the computational aspects of

each technique. 3

The first technique for finding the optimal policy (decision

procedure) which allocates the quantum dynamically for a finite

number of states and alternatives is based upon Howard's algorithm.

The technique was tested on the case where the maximum number of

users was five, (N = 5) and the number of alternatives for quantum

sizes was five (k = 5). The alternatives for the quantum in each

state were .1, .2, .3, .4 and .5 seconds. The rate of arrival X

and the rate of service µ were equal to .5/second and . 1 /second

respectively. Table 1 gives the optimum quantum size in seconds

for different values of, swap time, T, and desired cycle time, el,

as calculated by this technique.

3 All computations were done on the CDC 3300 at Oregon State
University.
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Table 4.1. Values of qopt for ) = .5 and p. = 1.

State
No.

0
1
=.5 0 =1.0 0

1
=1.5

T=01 =05 T= =01 T=.05 T 1 T=.01 =. 05

1 .5 .5 5 .5 .5 .5 .5 .5 5

2 .3 .2 .2 .5 .4 .4 .5 .5 .5
3 .2 .1 .1 .3 .3 .2 .5 .4 .3
4 .1 .1 1 .2 .2 .1 .3 .3 .2
5 .1 .1 1 .2 .1 .1 .3 2 1

The results demonstrate the intuitive idea that the more we

increase the desired cycle time, 01, the more we can increase

the quantum allocated to serve each request without degrading the

system. Correspondingly, as the swap time increases, the quantum

size would decrease. In particular, as the swap time increases for

a fixed desired cycle time the quantum may decrease to a point where

the queue is saturated. For example, when 01 = .5 and T

then once state 3, 4 or 5 is reached the computer will only be

swapping and be doing no processing of the user's request. This in-

dicates that the desired cycle time is too close to the amount of swap

time required for certain states.

The program took five seconds of computer time to give each of

the solutions in the above table. When it was run for the case N= 12

and k = 12, it took approximately 222 seconds of computer time to

compute three iterations and the method had not yet converged. This

indicates the computational costs involved in a system where N
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and k are large. Also, in our applications of the technique we

found situations where some of the coefficients of the transition

probability matrix, A, were zero when calculated by means of

expressions (3. 15) and (3. 16). Since the analytic results are under

the assumption that the chain is completely ergodic (which implies

the requirement of strictly positive elements of the matrix A), we

must fill in the zeros in A before we can apply the technique. One

way to do this is to multiply the matrix by itself a few times until all

zeros disappear (this will not affect the solution since we are seeking

the limiting distribution). One can easily see that this can be done in

a finite number of times since the chain is ergodic. Another way of

eliminating zeros is to replace the zero elements with small quanti-

ties. This approximation might not have serious effect on the result,

especially when it is compared with the round off error incurred in

calculating the elements of the matrix A. Such round off error is

anticipated to affect the results, in particular when N is large.

Due to the fact that the computational requirements to solve a medium

size problem are excessive, it is impractical at this point to demon-

strate the results for a large hypothetical system.

The second technique provides means by which one can find

the optimal quantum,

system is

changes in

q
opt, when the number of active users in the

n. A number of graphs were obtained to study the
opt

qn corresponding to changes in the state of the system.
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Figures 4.1, 4.2 and 4.3 show the optimum quantum vs. the number

of active users, n, for different swap times (note that in Figure

4. 1, T = 0 and therefore is not involved). It can be noted that

as p. decreases qn
opt decreases. One can also notice the in-

crease in o
qn

pt corresponding to an increase in the value of 01.

Further, when the number of active users in the system, n, is

small, the increase in opt
qn is significant with changes in the num-

ber of users; however, as n becomes large (above a particular

value) the change in opt
qn is small with the changes in the number

of active users. The effect of T on
opt

qn can be seen by corn-

paring the three figures. Specifically, as -r increases

decreases.

opt
qn

In order to study the interaction of qn
opt for a dynamic sys-

tem, preliminary simulation runs were obtained. The simulated

model deviated from the theoretical one in that the number of users

was assumed finite. The results showed significant improvements

in regulating the cycle time. In order to recognize such improve-

ments, simulation results of this model were compared with the

simple round robin, RR, which allocates the same quantum to all

states. To distinguish between the two models in the following dis-

cussion we will denote our model as round robin with dynamic quan-

tum, RRDQ. In the two simulated systems, RR and. RRDQ, requests

were assumed to arrive according to the Poisson distribution with
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Figure 4.1. The optimal quantum vs. the active number of users
in the system, T = 0.



23-

1 D-

0

0

=1. 5

=2. 5

7 .8 9 1 0 1 1 12 1 3 14 1 7 8 ; 2

GUANTUM 519E

Figure 4. 1. c. p, = 1

2 0-

1 0-

0
8 9 1.0 1.1 1 2 1 3 !

OUANTUM 5I2E

Figure 4. 1. d. µ = 1. 5.

Figure 4. 1. (continued)

01=1.5

-4- - 4-
t 7 1 0

76



12 Di

10 C

P

7 0-

4 l-

D-

C

4 I I

B 1.0 1 1

GLAIvnri 51.8E

I

1 1 4

Figure 4. 2. a. 1.t, = . 5

1
=2.5

01=1.5
7

2 3 7 8 a 1.0 1 1

DUP414Lr1 s I BE

2 1 3 1

Figure 4. 2. b. [I = . 75.

77

Figure 4.2. Optimal quantum vs. the number of active users in the
system, T = .05, X. = .3.
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Figure 4.3. Optimal quantum vs. the number of active users in the
system, T= .1, X = . 3.
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rate X per second. It was assumed. that N = 20, thus if the

number of active users in the system was less than 20 when a new

request arrived, it was allowed to enter the queue of active users,

otherwise it was lost. The service time of requests was assumed to

be exponential with mean 14. seconds and the swap time, T,

was taken to be zero. The cycle time was measured for each request,

(not only the tagged requests) each time it entered the queue. The

first cycle time was considered as the time between the request's

arrival and its departure of the service facility (either to arrive

again or leave the system). For the RRDQ, observation of the sys-

tem and allocation of the optimal quantum was done after each quan-

tum service. Table 4.2 illustrates simulation results of the two

models. In order to compare the two models the allocated quantum,

q, in the RR system was chosen to be the average quantum size in

the RRDQ model. The quantum distribution for RRDQ models is

illustrated in Table 4.3. From Table 4.2, it can be seen that the

variance was more reduced in the RRDQ system than in the RR sys-

tem. Moreover, the mean and the variance of the requests waiting

time in the system were almost the same in both models. Also the

total number of requests processed during the eight hours of simula-

tion were approximately the same. This is intuitively clear since

T = O. Although there are differences between the RR and RRDQ for

these simulations we do not have enough runs to make any statistical
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Table 4.2. Simulation results for both the RR and. RRDQ models for
= . 6, p. = .8 and T= 0.

Estimated variables

0 = 1 0. = 1.5 0
1

= 2

RR RRDQ RR RRDQ RR RRDQ

Average quantum
size q .22 .36 .55

Mean cycle time .8 . 9 1.4 1.4 2.1 1.8
Vari ance of the cycle

time .57 . 18 1.74 .32 3.33 .48
Mean waiting time 5.5 5.4 4.5 4.5 4.5 4.5
Variance of waiting

time 56.7 57.6 49.8 53.1 47.4 52.2
Number of jobs pro-

cessed during the 8
hours of simulation 17264 17266 17296 17296 17296 17296

Table 4.3. The optimum quantum and estimated distribution of the
queue length.

n

01 = 1 01 = 1.5 0
1

= 2

opt
cln+1

Queue
length

opt
cln+1

Queue
length

opt
cin+1

Queue
length

1 .61 . 118 1.03 .129 1.62 .153
2 .38 .097 .62 .089 .90 .084
3 .28 . 101 .44 .093 .62 .093
4 .22 .100 .34 .096 .47 .097
5 .18 .090 .28 .091 .38 .090
6 .15 .080 .23 .083 .32 .080
7 .13 .070 .20 .068 .28 .069
8 .12 .063 .18 .058 .24 .055
9 .10 .051 .16 .047 .22 .046

10 .09 .042 .14 .038 .20 .040
11 .09 .030 .13 .029 .18 .030
12 .08 .028 .12 .025 .16 .027
13 .07 .026 .11 .024 .15 .023
14 .07 .020 .10 .016 .14 .020
15 .06 .016 .10 .014 .13 .020
16 .06 .014 .09 .013 .12 .018
17 .06 .018 .09 .011 .12 .019
18 .05 .015 .08 .012 .11 .015
19 .05 .012 .08 .013 .10 .013
20 .05 .009 .07 .054 .10 .010
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statement at this point. Simulation study for the case T > 0 would

be interesting as one can measure the efficiency of the processor by

comparing the number of requests processed during a certain period

by means of the RRDQ to those of the FCFS, which is the most effi-

cient model.

Conclusions

In this thesis we have investigated a class of time sharing sys-

tem models that allow for dynamic allocation of quantum size. In

general such models are more flexible than the normal ones found in

the literature. The major advantage of such models is their capabil-

ity of reducing swap and overhead times while maintaining tolerable

waiting times. This is accomplished by varying the quantum size

with the state of the system while requiring the system to respond in

a satisfactory way to the common user. The cost function to be mini-

mized is the mean square difference between the cycle time and the

desired cycle time. This cost function is a different criterion than the

conventional ones used when analyzing mathematical time sharing

models. It is based on the idea that there is no reason to believe that

the purpose of time sharing is to minimize the response time for the

small users whatever loss is incurred in swapping and overhead.

operations. Use of such criteria may not be of any value to the

privileged user himself, since he has to spend a considerable
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amount of time thinking before submitting his next request. To judge

the system by our cost function seems more sensible than the one

which favors short requests. The trade off between efficient use of

the processor and favoring short requests is done dynamically de-

pendent on the state of the system.

In order to investigate this class of systems, we discussed two

techniques: the first dealing with a finite number of users and the

second dealing with an infinite number of users. Although the first

technique showed computational infeasibility in some cases, the sec-

ond one, which is based upon a simple concept, provides a scheduling

algorithm which shows improvement in system performance, when

it is compared to the standard ones.

The two methods point out several aspects which should be con-

sidered in further research. In both techniques we are regulating the

cycle time only for tagged requests. The behavior of the cycle time

for all requests should be investigated. One possibility using the

stochastic programming approach might be to formulate a semi-

Markov model and optimize it by a method suggested by Jewell (1963).

Dynamic quantum allocation should also be investigated for different

types of cost functions and more general models. The optimal con-

trol methods need further development to allow for a finite number of

users and possibly "better" Lyapunov functions than the ones pre-

sented. Further simulation investigation is also needed and may
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provide a statistical measure of the efficiency of various dynamic

models.

We believe that this thesis provides the background for the

development of these areas of research.
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APPENDIX

The graphs in this appendix are a plot of the V' function,

given by (3.70), against the non-negative values of the quantum size.

Any q > qr, where qr represents the right most root of V',n n n

will satisfy the Lyapunov condition V' < 0 for the range of param-
opteters presented. Table A. 1 gives the values of qn as calculated

by (3. 64), (3. 66) and (3. 69). It is easily seen that for the range of

parameters plotted that opt is approximately equal to qr, thusqn

supporting the conjecture on page 70 that V is Lyapunov for the
optrange qn > qn

Table A. 1. Values of qn
opt

corresponding to parameter of Figure A.1. a. through A.1. j.

A. 1. a. A. 1. b. A. 1. c. A. 1.d. A.1. e. A. 1.f. A. 1. g. A. 1.h. A. 1.i. A. 1. j.

n
opt opt opt opt opt opt opt opt opt opt

qn qn qn qn qn qn qn qn qn qn

2 . 565 . 490 1.836 1.655 . 828 . 671 > 2 > 2 > 2 > 2

4 .221 . 162 581 . 500 .250 . 176 .938 . 725 > 2 > 2

6 . 124 .069 . 330 .264 . 132 .071 .406 . 309 .991 . 748

8 .078 .025 .222 . 162 .081 . 671 . 253 . 177 . 509 . 392

10 .051 0 . 162 . 105 .053 0 . 177 . 111 . 342 .254

12 .034 0 . 124 .069 .034 0 . 132 .072 .254 . 178



Figure A.1.a. X = .5, F.L=1, 01=1, T= .05. Figure A.1.b. X.= . 5, p.=1, 01=1, T= .10.

Figure A.1. The function V' vs. the quantum size, q.
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Figure A.1.c. X = .5, p.=1, 01=2, T= .05. Figure A.1.d. X = .5, p=1, 01=2, T= .10.

Figure A. 1. (continued)



Figure A.1.e. X = .5, p.=2, 01=1, T= . 05.
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Figure A. 1. (continued)
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Figure A. 1. (continued)


