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A GENERALIZATION OF TREE AUTOMATA AND ITS
RELATION TO MATRIX GRAMMARS

I. INTRODUCTION

Brainerd [1], Doner [3], and Thatcher [11] have studied tree

automata. Brainerd introduced regular generating systems and used

them to establish a strong relationship between the sets of derivation

trees of context-free grammars and the sets of trees recognized by

tree automata.

Others [8] have studied syntactic methods of pattern recognition.

Fu and Bhargava [4] have used context-free grammars and tree auto-

mata to build pattern recognizers for bubble chamber patterns. It was

this application of tree automata that led us to generalize tree auto-

mata.

The input for tree automata are Gorn trees. A tree automata

accepts a Gorn tree by constructing a bottom-up parse tree called

an accepting G-run [11]. The parse tree has the same structure as the

input tree. The labels of the parse tree are determined by the labels

of the input tree and the next state function of the tree automata. The

tree is accepted if the label of the root of the parse tree is an accept-

ing state of the tree automata.

In this thesis we introduce a and p tree acceptors,

generalizations of tree automata. We remove the states of our



accepting devices, alpha and beta tree acceptors, from the input.

Alpha or beta tree acceptors parse input trees by reducing subtrees

of the frontier of the input trees to single symbols. These symbols

used to replace the subtrees are determined by the present state of

the device and the subtree being reduced. The alpha and beta tree

acceptors also change their state as a function of the present state

and the subtree being reduced. Acceptance of a Corn tree is deter-

mined by considering the final symbol written in the case of alpha tree

acceptors and determined by considering the final state entered in the

case of beta tree acceptors. We show that these two types of accept-

ance are equivalent. We show further that alpha tree acceptors with

only one state have the same power as tree automata. We then give a

diagonal argument demonstrating that some sets of Corn trees are not

recognized by any alpha tree acceptor. Boolean operators are con-

sidered, but we are only able to obtain results for the union operation.

In our last two sections we demonstrate that matrix grammars

[ are related to alpha or beta tree acceptors in much the same man-

ner that context-free grammars are related to tree automata. In

particular, we show that for every X -free context-free matrix gram-

mar there is an alpha (beta) tree acceptor such that the languages of

both are equal and such that the derivation trees of the matrix gram-

mar form a set of Corn trees that is nearly structurally equivalent to

the set of Corn trees accepted by the alpha (beta) tree acceptor. The
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proof of this last result is constructive and is used to show that

nondeterministic alpha (beta) tree acceptors are no more powerful

than deterministic alpha (beta) tree acceptors.



II. DEFINITIONS

The input for our alpha tree acceptors and beta tree acceptors

are Gorn trees

4

Gorn trees are defined below and in Gorn [5], Doner

[3], Brainers [1], Thatcher [11] and Korfhage [7].

Let N+ be the set of positive integers. Let U be the free

monoid generated by N+ with the operation and let 0 be

the identity of U.

Definition 2.1. The depth of a E U is denoted d(a) and is

defined by d(0) = 0 and d(a i) = d(a) + 1, i E N .

For a, b E U, a < b if and only if there exists an x E

such that ax = b. Two elements of U, a and b,

parable if and only if a 4 b and b 4 a.

Figure 2.1 illustrates this partial ordering on U.

Figure 2.1.

Definition 2. 2. D, a subset of U,

are incom-

is a tree domain if and

only if 1) b E D and a< b implies that a E D and 2) a i E D
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and j < i in N+ implies that a. j E D.

The set A = {0,1,2,1°1,1'2,2'1} is a tree domain and is

graphically represented by Figure 2.2.

The set

1. 1

2

2. 1

Figure 2.2.

B = {0,1, 2, 1.2, 21, 2.3, 31} is not a tree domain

since 1.1, 2. 2, and 3 are not elements of B.

Definition 2. 3. A stratified alphabet is a pair <E, r >, where

E is a finite set of symbols and r N N+ {0}. For x E E,Lr

r(x) is called the stratification of x. A stratified alphabet is also

called a ranked alphabet.

Definition 2. 4. A k-tree domain is a tree domain over the set

{0, 1 , 2 , ... k} instead of {0, 1, 2, ...}; that is, we allow each node

to have at most k branches.

Definition 2. 5. A (k, E) value tree is a pair (D, t) where

is a k-tree domain and t is a mapping from D into E. This

provides a method for labeling nodes of D using elements of an
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alphabet E. When the tree domain D and the mapping t are not

important we sometimes refer to the (k, E) value tree (D, t) as

the tree a.

a

Figure 2.4.

Example 2.6. {0, 1, 2, 1.1, 1.2, 2.1, 1,1.1, 1.1.2, 1.2.1, 1,2.2} is

a 2-tree domain. Defining the mapping t by

{(0,a),(1,b),(2,c),(1.1,a),(12,a),(2-1,c), (11.1,a), (1.12,b), (1.21,c),

(1202,a)} where E = {a, b, c} we obtain the (2, E) value tree of

Figure 2.4.

Definition 2.7. Let D be a tree domain. X E D is maximal

if and only if there does not exist y E D such that x < y and x y.

That is, x is maximal if and only if x is a leaf of D.

Definition 2. 8. x <8 y where x and y are elements of a

tree domain D if and only if there exists a z E D such that

z i < y for some i E N , z J < x for some and J <i.

That is x < y if and only if x is to the left of y.
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Definition 2.9. Fr(D) = s1s2... sn where 1) if s is a

maximal element of D then there exists an i, 1 < i < n such that

s = Si and 2) S. < Fr(D) is called the frontier of D.

Definition 2 . 1 0 . SD(x) = (x1, x2, .. , xn) where 1) x. D

for 1 < i < n and 2) x. D for i > n. SD(x) is called the

immediate successors of x in D.

Definition 2. 11. fr(D,t) = t(Fr(D))

= t(xj. x2 .. xn)

t(x
1
)t(x 2). t(x

n
)

where Fr(D) = x
1, x2, .. , xn

In Example 2.6, fr(d,t) = t(Fr(D))

= t(1.61.1, 1.2.1, 1.2.2, 2.1)

= abcac

We extend the notion of depth to trees in the following manner.

The depth of (D,t), denoted d((D,t)), = max{d(x):x is maximal in

Definition 2.12. Tk, is the set of all (k, E) value trees.

Different types of Polish notation have been used to represent

trees using strings of elements from the alphabet. For example, the

tree of Figure 2.5 can be represented by the string +*abc using



Polish prefix notation and the string ab*c+ using Polish postfix

notation.

b a a b a c a
Figure 2.5. Figure 2.5.

C c

8

These types of Polish notation are convenient when a distinction

is made between terminal symbols and nonterminals. If we let

r> be a stratified alphabet, and we define E., for i > 0, to

be the set {x : x E E and r(x) = then the Polish notations are

convenient to use when it is the case that:

E {
v E}=4i>0 (2. 1)

But in general we will not assume that 2.1 is true. When 2.1 is not

true the Polish notations become ambiguous. For example, the

Polish notation for the tree of Figure 2.4 is abaabacacc; but that is

also the Polish prefix notation for the tree of Figure 2.6. To resolve

this difficulty we define tree expressions. Similar notations are dis-

cussed in Thatcher [11] and Doner [3].

Definition 2.13. A tree expression over an alphabet E is
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defined recursively as:

1) if x E Z, then x is a tree expression and

2) if t 1, t2, ,tn are tree expressions and x E Z, then

x(t
1
t

2
...tn ) is also a tree expression where we assume that

parentheses are not elements of Z.

Thus the tree expression for the tree of Figure 2.4 is

a(b(a(ab)a(ca))c(c)), and the tree expression for the tree of Figure

2.6 is a(baabacacc).

We now generalize the notion of tree automata. The input for

generalized tree automata will be (k, Z) value trees. To facilitate

these definitions we will refer to the (k, Z) value tree (D,t) by

the single letter a. The domain of a, symbolized by D(a), will

be the implied tree domain D. The following two definitions are from

Brainerd [1] and, hopefully, will make the definitions of our general-

ized tree automata easier to follow.

Definition 2.14. If a E Tk, and a E D(a), then

a/a = {(b,x): (ab, x) E a). That is, a/a is the subtree of a at

a. Note that here the x s refer to elements of E and the pairs

(b,x) refer only to nodes of labeled trees.
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a

Figure 2.7.

/sN
a/1

Definition 2.15. Let a E U, the universal tree domain, and

R E Tk, a.f3 = {(ab, x): (b, E 131.

Definition 2.16. Let a, p E T k,
and a E D(a), then

a(a."--(3) = {(b,x):(b,x) E a and a 4b} v a* 13 . That is, the subtree of

a at a is replaced by p .

a

a

a

13

Figure 2.8.

a

a(2'i3)

Definition 2.17. An Alpha Tree Acceptor is a system

R = (Q, q0, Z, 0) where

Q is a finite set of states,

q
0

E Q, the initial state of the acceptor,



S-2 is a finite alphabet,

5 is a finite set of state transition-tree reductions,

C S2 (R will accept (k, E) value trees for some k), and

C 0 is a set of final or accepting symbols.

11

The 5-rules define the manner in which R can affect a bottom up

parse on a (k, E) value tree. These rules are of the form

5(q, (3) = (p, w) where q,p E Q, w E C2, and p is a (k, 0) value

tree. When R is in state q it can apply the reduction

5(q, (3) = (p, w) to the (k, 0) value tree a if there exists an

a E D(a) such that a/a = 13. In this case R reduces the tree

to the tree a'

a

where a' = a.(aco). When the reduction is completed

R moves into state p.

In Definitions 2.18 thru 2.23 we will be assuming that R is

the alpha tree acceptor

Definition 2 18

(Q, S2, S, qo' Z, 0).

A configuration of R is an ordered pair

(q, () where q E Q and (3 is a (k, 0) value tree.

As R parses a tree it moves from one configuration to

another. This action will be symbolized by a as per the follow-

ing definition.

Definition 2.19. Let q, p E Q and 13, y be (k, C2) value
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trees. (q, (3) (p, y) in R if and only if there exists a 5-rule for

R of the form 5(q, a) = (p, w) and a, b E D((3) such that 13113 = a

and 'y = 13(b."co).

trees.

Definition 2.20. Let q,p E Q and 13, y be (k, C2) value

(q, P) (13' Y)

{q..} i=i,z,...,m

in R if and only if there exists sequences

and {a i i=1,2, . . , m where ql E Q and the

are all (k, 0) value trees for i = 1,2, , m, q1 = q, qm = p,

= P, a = y, and (qi, ai) (qi+ 1 ai+ 1)
for i= 1,2,...,m-1.

That is, 1_;:. is the reflexive transitive closure of . If m = 0

then we mean (q, 13) = (p, y); that is, R makes no moves.

Definition 2.21. Let a be a (k, C2) value tree. The alpha

tree acceptor R accepts a if and only if (q0, (p, i3) where

p = {(0,(.0)} and W E e

Definition 2.22. A(R) = {a : a is a (k, E) value tree and R

accepts a }.

Definition 2.23. r, a set of (k, E) value trees, is said to

be a-recognizable if and only if there exists an alpha tree acceptor

R such that F = A(R).

Definition 2.24. An alpha tree acceptor R is said to be

simple if and only if all 6-rules for R are of the form



S(q, p) = (p, W) and d(P) < 1.

Lemma 2.25. Let R = (Q, 2, 5, q0, Z, 0) be an alpha tree

acceptor. There exists a simple alpha tree acceptor

R' = (Q1,01, 5',q0,Z, 0) such that A(R) = A(R').

13

Proof: The proof offered here is similar to the proof used by

Brainerd [1] to demonstrate that he need only consider simple regular

systems. For that reason we only outline the construction here. The

construction involves forcing a level by level reduction of the tree.

For each offending 5-rule of R we add a sequence of 5'-rules to

R'. The sequences of 5'-rules in R' are used to simulate the

respective 5-rules of R.

For each 5-rule of R, S(q, 1) = (p, co), define the sequence of

5'-rules for R'

{5'(ct.
1!

) = (qi +1' w1+1 )}1=0, 1, . ,

where q®= q, q' = p, qi E Q' and q'i j Q for i = 1, 2, M

the 13,i. are all (k, C2') value trees such that d(13'.) < 1 for

i = 0, 1, ..., m-1, ()Jim = W, Wi E and cA.)'. / S2 for i = 1, 2, m.

In this case (q, a) /- (ID, ') in R using S(q, (3) = (p, co) if and only

if (q, a) p. (p, y) in R' using the sequence

(cfi+ wii.+1)}i=0, , 1
QED
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As a result of Lemma 2.25 we assume from now on that any

alpha tree acceptor is a simple alpha tree acceptor unless otherwise

stated.

Definition 2. 26. A Beta Tree Acceptor is a system

S = (Q, C2, 5, q0, Z, fl where Q, 2, 5, q0, and E are as for alpha

tree acceptors. The difference being that for beta tree acceptors we

have a set of final states instead of a set of final symbols; i. e.,

C Q.

Definitions 2.18, 2.19, and 2.20 concerning the operators F

and apply also to beta tree acceptors.

Definition 2.27. Let a be a (k, M) value tree. The beta

tree acceptor S = (Q, O, 5, q0, E, fl accepts a if and only if

(q0, a) Fri (p, 3) where p E and 13 = {(0, cog Note that for S

to accept a, S must still be able to reduce a to a single symbol.

Definition 2.28. Let S = (Q, S2, 5, q0, IE, ) be a beta tree

acceptor. B(S) = {a:a is a (k, Z) value tree and S accepts a }.

Definition 2.29. Let F be a set of (k, Z) value trees for

some alphabet E and some k. F is said to be I3-recognizable if

and only if there exists a beta tree acceptor S such that r = B(S).

Definition 2.30. A beta tree acceptor S is said to be simple
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if an only if all 5-rules are of the form 5(q, p) = (p, co) and d((3) < 1.

Corollary 2.31. Let S = (Q, E2,5, q0, E, .1.) be a beta tree

acceptor. There exists a simple beta tree acceptor

= (Q', C2', 5', q0, E, such that B(S) = B(S').

Proof: Merely apply the construction of Lemma 2.25, QED

Again as a result of the above corollary we assume from now on

that any beta tree acceptor is a simple beta tree acceptor unless

otherwise stated.

In both Definitions 2.24 and 2.30 we stipulated that d(P) < 1;

that is, we allow 5-rules of the form 5(q, (3) = (p, co) where

p = {(0, v)}. We refer to these 5-rules as relabeling rules, since the

automaton merely relabels a leaf of a tree and changes its state when

such a rule is executed. These rules appear to add power to the

respective automaton; therefore, we conjecture that acceptors that

have relabeling rules accept more subsets of T k,
than acceptors

that do not have such rules.

One last remark concerning notation. Frequently we will be

working with trees of depth zero. In many such cases we will refer to

these trees as merely elements of their alphabet. In particular if

= (Q, 0,5, q0, E, 0) is an alpha tree acceptor and a is a (k, E)

value tree in A(R) we have (q, a) piL (p, p). If p = {(0, (,)}, then

we often refer to p as (..).
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III. a-RECOGNIZABLE IFF E3- RECOGNIZABLE

In this section we show that a set of (k, E) value trees is

a-recognizable if and only if it is (3-recognizable. The proof is con-

ceptually simple but tedious to write down. Heuristically, to go from

a-recognizable to (3- recognizable we merely build a beta tree acceptor

with states that remember what symbol was just written. Similarly,

to show that a (3- recognizable set is a-recognizable we construct an

alpha tree acceptor that writes symbols that indicate what state the

automaton entered when the symbol was written.

Lemma 3. 1. If the set F of (kE) value trees is

a-recognizable, then F is 13-recognizable.

Proof: Let R = (Q, S2, 5, q0, E, 0) be an alpha tree acceptor

such that F = A(R). We construct the betta tree acceptor

S = (CV, 1-2, 5', q0, E, where

and

Q' = q0 o.)): (q, w) is the right hand side of some 5-rule of R},

{(q, w): E 0 in R, and q E Q} .

The 5'-rules for S include 51(q0, () = ((q, w), w) for all p

such that 5(q0, (3) = (q, (4) is in 5 of R. We also need 5'-rules of

the form 5' (q0, cr) = ((q0, o), o) for all 0- E E (Th 0. The later rules are
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for the case when R accepts trees of the form o- where o- E Z.

Note that in such cases R makes no moves.

Finally, we need to include for each 6-rule, 6(q, (3) = (p, co),

of R and for each T E S-2 such that (q, T) E Q' a 5'-rule for S

of the form:

T), 13) = ((p, co), co)

We claim that A(R) = B(S). To see this we first assume that

the (k, Z) value tree

W E

a E A(R). Then (q0, a) (q, co) in R and

0 This insures that we can find the following sequences:

(3. 1. 1) {(q, p. ) L_ (q1 +1' R.1 )}. for some m.
+1 +1 1=0, 1, , m-1'

Here qb = qo of R, p
0

= a, and 13 = co. This sequence implies

the following sequence of 5-rules for R exists.

(3. 1. 2) v) (qi+1' wi+1)}i=0, 1, ..., m-1

In (3. 1. 1) and (3. 1.2) the same sequence of states is used.

Furthermore, a sequence of elements {b. }., b. E D((.), can be
1 1

found such that 13i/bi = yi and
13

= ) for
1+1 1+1

i = 0, 1, ..., m-1.

For i = 1, 2, ..., m let = (q'i, W,) E Q', = q. Then for

S we can write:



This insures

{"q7 Yi) (q7-1-1' wi+1)}i=0, 1, , m-1

{(qt; Pi) H Pi+i)Ii=o, 1, , m-1

Hence for S we can write

qm' corn
) and W = W

(q0, a) PL (c11;n' wm)

E 0; therefore,

CL E B(S). That is, we have A(R) C B(S).

Similarly we show that B(S) C A(R)-

tree a E B(S), then we can write:

(3. 1. 3)

holds for S.

and

If the (k, E) value

(q0, a) (q, 0) where q E

18

From the definition of the 6' -rules we know that q = (q', w) and

E 0. (3. 1. 3) insures the existence of states

P. for i = 0, 1, , m, such that

qi

{(q, (cti.+1, Pi+1)}i=o, 1, ..., m-1

E Q' and trees

holds in S for some number m, where q; = q0, Po =

q, and p = w. If = (q1., 0), then pi = q1i for

i = 1, 2, , m and p0 = q0 of R. Then using the definition of the

61-rules we can write:

{(Pi' (3i.) (Pi+i' Pi.+1)} i=o, 1, . , m-1

for R. Thus (q0, a) lit. (pm, in in R. Pm = W E 0 insures

a E A(R) and B(S) C A(R)
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Thus we have A(R) = B(S) as desired. QED

Lemma 3.2. Let F be a set of (k, Z) value trees. If F

is P-recognizable, then r is a-recognizable.

Proof: F is P-recognizable implies that there exists a beta

tree acceptor S = (Q, S2, 5, go, Z, fl such that r = B(S). We con-

struct the alpha tree acceptor R = (Q, 5, q0, Z, 0) where

C21 (Q x fl) v E.

The construction of the 51-rules will be more involved here than

for Lemma 3. 1. First, for all q E Q and CT E E we define the

61-rule 5'(q, = (q, (q, cr)). These rules will allow S to introduce

meaningful symbols on the frontier of a tree.

We now consider all 5-rules of S. They are of the form

5(q, (3) = (p, co). For all such 5-rules introduce 51-rules for R

defined by the following. If fr(13) = con then form all

ordered sets of size n using elements from Q. There are, of

course, IQIn such sets where I Q I = the number of elements in Q.

We will denote the ith such ordered pair by

where q. E Q for j = 1, 2, ..., n. Using these n-tuples and fr(P)

i i
(q1, q2, qn)

we form the n-tuples

Lpi = ((qiicol)(q2co2). . . (qin, con)) for i = 1, 2, . . . , I Q n
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For each i E {1, 2, . , I Q I n} we take q, p, w, and P from the

5-rule mentioned above. We let pi = P except fr((3i) = qi. Then

we add to 5' the 5'-rule S'(q, (3i) = (p, (.0)

Finally we set 0 = {(p, co): p E '1'} and we again claim

B(S) = A(R)

If the (k, Z) value tree a E B(S), then (q0, a) (q, w) in

S where q E 1' and w E E2. Hence we know that a sequence of

trees { 13.}i and a sequence of states {qi}i exists such that

(3. 2. 1)
{(cfi.' P1) Pi+1)}i=0, 1, , m-1

for some m, = q0 of S, po = a, q'm = q, and Pm = Lo. This

sequence implies the following sequence of applicable 5-rules also

exists.

(3.2.2)
{15(cfc (cti.+1' win.)}i=o, 1, . , m -1

Associated with sequences (3.2. 1) and (3.2.2) is the sequence 03.1i

such that
,b.

E D( (.) 13./b. = Y., and 13 = (.) )
i+1 i+1

To see that a E A(R) first if fr(a) = wicoz

5(c10, wi) (q0, (q0, wi)) for

set

i = 1, 2, n. Using this sequence and

sequences (3.2. 1) and (3.2.2) we can form the sequence where

= except fr(-y'i) E (QxE2)1 for some 1. Using this sequence

and (3.2. 2) we can write



(3. 2. 3) YP (cti+1' wi+1))}i=0, for

Furthermore, if pi = pi except fr(13!) E (Qx S-2)

can use (3.2.2) to obtain

(3. 2. 4) (c1;.+1, ptin.)}i=o, 1, ,

21

R.

for some I we

The pi are such that using {b. }. we have 131i/bi = and
1 1

131+1

Concatenating sequences (3.2. 3) and (3.2. 4) we have a E B(S)

since gm = q E 'I' insures that (,qm, com) E O. Therefore

B(S) C A(R)

To obtain A(R) C B(S) we assume that the (k, E) value tree

a E A(R). That is, (q0, 12E' (q, co) is true in R where CO E 0.

E 0 implies co = (q', (,)') and q' E IP. The above assures that we

can find the sequence

(3. 2.5) PP Pi+1)}i=0, 1, ..., m-1' for R.

As before we can construct the corresponding set of 51-rules of R,

{ 51(qt (qt )}
1 1 i+1 1+1 i=0, 1, ..., m-1

n of these 51-rules will be of the form

= (q', (qI, 6 ) )
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where n = number of symbols in fr(a). Discarding these n rules

we obtain the sequence

(3. 2. 6)
{E't(cti.' Yid 'in.)}i=o, 1,

where m' = m - n. Using this sequence and sequence (3.2.5) we can

form, as before, sequences

and

{Yi}i and {pi}i such that

16(cti.' Ni) (cc wi-F1)}i=0, 1, ..., rn.-1

{(ci' Pi) Pi+1)}i=0, 1, ..., m'-1

are both true for S. Hence,

and

(q0, a) (c1;/1" PI)

= q' e holds for S. That is, CL E

where R0

B(S) and we

a

have A(R) C B(S).

Therefore A(R) = B(S) as claimed. QED

The two previous lemmas yield the following theorem.

Theorem 3. 3. Let r be a set of (k, Z) value trees. r is

a-recognizable if and only if F is 13-recognizable.
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IV. ALPHA TREE ACCEPTORS AND TREE AUTOMATA

In this chapter we define tree automata and demonstrate that a

set of (k, E) value trees U is recognizable by a tree atuomata if

and only if F is a-recognizable by an alpha tree acceptor having a

single state. We show further that, in general, alpha tree acceptors

are more powerful than tree automata. Nondeterminism for one state

alpha tree acceptors is introduced, and results from tree automata

theory are applied.

The following definition was taken from Thatcher [11]. Similar

definitions can be found in Brainerd [1] and Doner [3].

Definition 4. 1. A finite tree automata is a system

G = (Q, a, W, Li)) where Q is a set of states. For Cr E E, an

alaphabet,

a v on are state transition functions,
1 < n< k+1

W C W are initial states, and

C Q is a set of accepting or final states.

Definition 4. 2. (D, r) E T
k, Q is a G-run over (D, t) E T

k
,

,

denoted r E Rn(G, t), if and only if

1) r(x) = Wt(x) for maximal x E D, and

2) r(x) =
ta (x)

(r(S(x))) for nonmaximal x E D.
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Definition 4. 3. r E Rn(G, t) is an accepting run if r(0) E

Definition 4. 4. Let G be a tree automata. The set of trees

accepted by G is T(G) = {(D, t):there exists a r E Rn(G, t) and r is

an accepting run }.

Definition 4. 5. A set r of (k, Z) value trees is TA

recognizable if and only if there exists a tree automata G such that

r = T(G).

The following example is from Thatcher [11].

Example 4.6. Let G = (Q, a, W, Lp) be a tree automata where

Q = {y, n, *}, W0 = n, W1 = y, and qi = {y}. Let the next state func-

tion of G be defined by the following table.

r(SD(x)) a al
1

* * *

yy * *

-yn

ny y *

nn n y

n n y

Y Y *

The input for G is (2, {0, 1}) value trees. T(G) is the set of

(2, {0, 1}) value trees with exactly one node labeled 1.



The following is a non-accepting run for G since

(D,t)

Figure 4. 1.

(D, r)

Figure 4. 2 represents an accepting run for G

(D,

Figure 4.2.

(D, r)
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Theorem 4. 7. A set of (k, E) value trees is TA recogniz

able if and only if it can be recognized by an alpha tree acceptor R

with only one state and all 6-rules for R are of the form

6(q, (3) = (p, co) where d(P) = 1.

Proof: We assume that the set of (k, E) value trees, F, is

TA recognizable. Then there exists a tree automaton G = (Q, a, W, 4i)

such that F = T(G) Construct the alpha tree acceptor

R = ({q}, S-2, 5, q, E, 0) where S2 = Ev Q and 0 = ti. It is assumed



here that G accepts a subset of Tk, E.

The 5-rules for R are defined in two stages. First, for the

a-rules of G we have the following:

5(q, x(s isz. sn)) = (q, ax(s isz sn))

where x E E and sl, sz, sn E Q. x(s1sz ..sn) is a tree

expression for a tree of depth one.

Secondly we must take care of the initial state assignments of

the tree automaton. We create 5-rules that by-pass this step. For

all a-rules of G of the form a x(sls 2... sn) = w where x E E,

sl' s2' sn E Q and at least one

the following form:

s. = W E W
CT

-) 6

we add 5-rules of

5(q, x(x1x2...xn)) = (q, co) to the 5-rules of R.

Here we set x. = s. if s. jW and if s. = W E W, then we set
1 1 1 1 6.

1

x. 0-.
1

We claim that T(G) = A(R) First assume the (k, E) value

tree (D, t) E T(G). Using the accepting run (D, r) we can form the

sequence {y. }._ 0, 1, , m-1 of (k, 0) value trees, where
1

y. = o-. x. ...x. ). The corresponding subtree of (D, t) is
i

0 1 n

,cr( a- o- o- ), and if we let v a (s.s.... s. ) the
in 0- 1.1 in1

0
1

1
12

0
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corresponding r(x)subtree of (D, r) is v(s. s....si.n). If s. = (x)
1 1 1.

3anf
1. 1.
3 3

s. = r(x) and x is a maximal element of D, then x. = o-. = t(x) .
1. 1. 1.

We also need the sequence {co i} i= 1, 2, . , m

3

defined by

= a (s. s. ...s. ), j = i-l. The order of {u.).}_ is arranged
j

0
31 32 3n

11

so that corn = r(0) E Li), and the y. can be arranged so that we have

{6(q, \Id wi+1)}i=0, 1, , m-1

Using the sequence {yi}i and the trees (D, t) and (D, r) we

can define two sequences.

, b.
1

E D for all i, and{bi } i=0, 1, ..., m-1

{Pi}i=0, 1, m' where yi = Pi/bi for all i, PO = (1), t),

and P = (4m m

The Ri's are chosen so that Ri +l 1 1
From this

consideration we see that the following sequence can be formed.

{(q, (q, Pi+i)li=o, 1, , rn-1

These configurations can be realized by R; hence,

(q, (D, t)) I_L (q, (.=.)) is true for R. CO E LIJ implies that O.) E 0, and

therefore (D, t) E A(R) We can conclude that T(G) C A(R).



If we assume (D, t) E A(R) then (q, (D, t)) 2L(q, co) in R

and 0.3 E 0. This implies that a sequence {P i i=0, 1, .. , m exists

such that R®_ (D, t), p = co, and

{(cl, Pi) H 1, ...,

From this sequence and the 5-rules for R we can find

sequences

Again we want

m- la

, m-

m'

Db.E for all i,

p./b. for all

m

{6(q, (q, win.)}i=o, 1, ...,

27

Using the definition for the 5-rules and the last sequence we can

construct the tree (D, r) where for all maximal x E D

r(x) = Wt(x) and for all nonrnaximal x E D, r(x) = w° where

E {CO
1

..., wm}. Finally we note that r(0) = wm E 0; therefore,

r(0) E 41. r(0) E L) implies that (D, r) is an accepting G-run for

(D, t) insures that (D, t) E T(C). Hence A(R) C T(G).

We have A(R) = T(G). Moreover, F = T(G) for some tree

automata G implies that F = A(R) for some one state alpha tree

acceptor R and all of the 5-rules of R are of the form

6(q, () = (p, w) where d(P) = 1.
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On the other hand if we assume F is recognized by a one

state alpha tree acceptor R = ({q}, 0, 6, q, Z, 0) and all the 5-rules

are of the form 6(q, (3) = (q, o.)) where d(13) = 1, then we can con-

struct a tree automata G = (Q, a, W, where

W = {W0.: WO_ = cr for all 0- E

Q = {- ;R has a 6-rule of the form 5(q, (3) = (q, 7)1 W,

- 0, and

a is defined by ax(xixz xn) = w iff 6(q, x(x ...xn)) = (q, w)

Note here that n > 1 in all cases since all 6-rules of R are

of the form 6(q, () = (q, co) where d(() = 1. Again we claim

A(R) = T(G)

(D, t) E A(R) implies that (q, (D, t)) 12& w) in R and

E 0.

Hence we again have the sequence {(3i }
i=o, 1, m

1 = (D, t), p = 0.) and
0

{(q, 13i) (cl, PH-1)}i=0, 1, , m-1

where

This sequence implies the existence of the sequences {bi}i ,

b ,.E D(13. ) 'NI, Ni
= p./b., for i = 0, 1, . , m-1, and the

1 .i. 1 1 i I I

sequence {co.} such that c.o. E C2 , CJ = (.0 . For these
. i= ,1, 2, ..., m 1 m

sequences we have that
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Ng' (q, wi+1)}i=0, 1, . ,
are all 5-rules for R.

We are now in a position to define an accepting 0-run of (D, t)

For all maximal x E D set r(x) = Wt(x) and for all nonmaximal

x E D, set r(x) = co
i+1

when y. = t(x)(u(x
1
)u(x 2)...u(x )), u is

r or t.

Since all 5-rules are of the form S(q, f3) = (q, co), d((3) = 1 we

can define r(x) for all necessary x E D.

r(0) = co =- (A.) E

m 0; therefore, r(0) E 4. Hence (D, r) is an

accepting G-run for (D, t). Therefore (D, t) E T(G), implying

A(R) C T(G).

Finally, we assume (D, t) E T(G) From the accepting 0-run

(D, r) we can build the sequence {yi}i=0, and the

sequence {(.4)i }i=1, 2, ...,m
nition of a for G. That is, at(x.)(r(SD(xj.))) = win: and if

1

S
D

,(x

i
) = (x. x. . . . xi ), then y. = t(x.1)(u(x. )u(x. ) .. u(xi ))

1
L
2 n

1 1
1 12 n

where u = t when x. is maximal in D and u -,-- r when x.
1, 1,

We get these sequences from the defi-

is nonmaximal.

The sequences should be arranged so that co = r(0). We can

construct the usual sequences from S(q, y.) = (q, co ).
1 i+1 1=0, 1, . . , m-1

to get (q, (D, t)) pi< (q, corn) in R. wrn = r(0) and (D, r) an

accepting 0-run insures that r(0) E 11.1; therefore, CO E 0 andm

(D, t) E A(R). Hence T(G) C A(R) and finally we have T(G) = A(R).

QED
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Definition 4.8. A nondeterministic tree automaton is a system

G = (Q, a, W, i) where Q and qi are as for deterministic tree

automata but a and W are defined below.

a L.) Qn P(Q) for o- E Z and P(Q) is the power
o- 1 < n < k

W C Q for o-E E.

Definition 4. 9. (D, r) E Tk,
Q

set of Q, and

is a G-run over (D, t) E Tk,

denoted r E Rn(G, t), where G is a nondeterministic tree auto-

mata if and only if

for maximal x E D and1) r(x) E Wt(x)

2) r(x) E t(x) for nonmaximal x E D.

Definition 4. 10. A set r of (k, E) value trees is

nondeterministicall TA recognizable if and only if there exists a

nondeterministic tree automaton G such that r = T(G).

Theorem 4. 11 (Thatcher). Let r be a set of (k, Z.) value

trees. F is TA recognizable if and only if r is nondeterminnsti-

cally TA recognizable.

The proof is a direct application of the subset construction used

for ordinary automata [11].

Definition 4. 12. An alphabet nondeterministic alpha tree
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acceptor is a system R = (Q, 5, go, E, 0) where Q, C2, q0, E,

and 0 are as for deterministic alpha tree acceptors. The 6-rules

are of the form:

6 :Q x Qn Q x P(0): (q, p) {(p, col), (p, coz), , (p, wn)}

We can use the methods of the proof of Theorem 4.7 to obtain

the following result.

Theorem 4. 13. F, a set of (k, E) value trees, is nondeter-

ministically TA recognizable if and only if it can be recognized by

some nondeterministic alpha tree acceptor R and R has only one

state.

Theorems 4.7, 4. 11, and 4. 13 yield

Theorem 4.14. F, a set of (k, E) value trees, is

a-recognizable by a one state alpha tree acceptor if and only if F

is recognizable by an alphabet nondeterministic alpha tree acceptor

with one internal state.

Other types of nondeterminism can be defined for alpha tree

acceptors. We do this in Section 8. The reason that we delay further

discussion of nondeterminism until Section 8 is that the proofs of the

more general results involve techniques developed in Section 7 where
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matrix grammars are discussed.

In designing alpha tree acceptors we merely considered tree

automata and then separated the state of the device from the input.

The hope was to build a device with more power than standard tree

automata. The next theorem demonstrates that we have been success-

ful.

For notational purposes we let Ti = {F:r is a set of (k, E)

value trees, for some k and E, and there exists an i-state Alpha

Tree Acceptor R such that r = A(R)}. Clearly for i > 1,

Ti . C T1. .
+1

Theorem 4. 17. T1 T2.

Proof: We consider the following set of tree domains

A = {{0}, {o, 1, 2}, {o, 1, 2, 1.1, 2,1}, {o, 1, 2, 1.1, 2.1, 1.1.1, 2.1,1}, ...},

and the map t: D {a }: x a where D E A, and x E D.

Let F = {(D, t): D E A }. We will build an alpha tree acceptor

with two states that recognizes r.

Let R = (0, 0, 6, go, {a }, 0) where Q = {q0, q1 },

= {a, X, Y, Z}, 0 = {y }, and 5 is defined by the following 5-rules.



6(c10' a) (q1, X)

8(q0, a(X)) (q1, Z)

5(c10' a(Z)) (q1,
A)

5(c11' a) (q0, Y)

8(qi, a(Y)) = (q0, Y)

6(cli, X) = (q0, Y)

5(qi, Z(Y)) = (q0, Y)

3.3

Here A(R) = r.

We assume that there exists a one state alpha tree acceptor,

R, such that A(R) = r. Say R = ({q}, 0, 8, q, E, 0) where I n.

In the following paragraphs we will show that no such one state

alpha tree acceptor exists. This proof will be independent of the map

t. That is, not only is r not a-recognizable by one state alpha

tree acceptors but also there is no map t defined on the tree

domains of A such that the resulting set of trees is a-recognizable

by any one state alpha tree acceptor.

The following proof is based on the proof frequently used to

rdemonstrate that n n
tO 1 :n > 1} is not regular.

Choose D E A as shown below.

D = {0, 1, Z, 1.1, 2.1, 111, 2.1.1, ..., 1.1'1 1, 201.1 1 }.

The last two elements of D above have n2 +2 and n2 +1,

l's respectively. Clearly D E A. (D, t) E A(R) implies that there

exists a map t such that (D, t) is a (2, E) value tree and R can

parse (D, t) to a single element of 0. Say



w2, 0

1 2, 1
(D,t) =

w1,2. co 2 2

(A.)

n2+1 2, n2+11,

(A)

1, n2+2 2, n2 +2

where (A.) ., (A) .

2, 0 1, 2,

for i = 1, 2, . , n2+2
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Since R has only one state it must be able to parse (D, t)

one branch at a time except possibly for the last three nodes. As R

parses the right branch of (D, t) the 5-rules involved must be of

the form:

6(q, (-02, k) = (q,
) or 8(c1' w2, k(Y2, k+1" (q, 'v 2, k

)

Hence in a most efficient parse R must rewrite n2+1(1, 0)

value trees of depth one. Since 121 = n there are only n2 d is

tinct (1, S2)

(1, 2)

value trees of depth one. We can conclude that some

value tree appears twice as R parses the right branch of

(D, t). That is, (D, t) must be as depicted below.



(D,t) = w1,

(DT,t)

W1, 2

35

W2, 0 where w and
2, 3 2, k° w2, 3+1

2, 1

w2, 2

2,j

and w2, k+1 are replaced by the

same symbol when R parses

(D, t). But then we can

remove the braced

section of (D, t) to

obtain (a, t).

w2,

2, 1

"2, 2

(")2,k+1

W
2

2, n2 +2

(D, t) E A(R) implies that

0.)

1, n4+2 2, n +2

(D', t) E A(R), but D' A.

We must conclude that R does

not exist. QED

It is conjectured that in general Ti Ti+i, but attempts to

extend the above example have been unsuccessful.
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V. DECIDABILITY FOR ALPHA TREE ACCEPTORS

The relation between alpha tree acceptors that have 5-rules of

the form 5(q, 1) = (p, (,)) where d(() = 0, relabeling moves, and

those that do not is not fully understood. In this chapter we prove a

decidability result for both types. In both cases we appeal to a fre-

quently used diagonal argument [6] and [9]. The following discussion

will apply to any arbitrary but given alphabet, Z.

We proceed by noting that we will be using tree expressions to

describe (k, Z) value trees. This maps the set of (k, Z) value

trees into the set of base I E I + 2 numbers. Hence we can refer to

the ith (k, E) value tree.

We can also use a Ccidel-like numbering system to order alpha

(beta) tree acceptors; therefore, we can also refer to the ith alpha

(beta) tree acceptor.

We now consider the following set.

L = {a: a is the ith (k, Z) value tree and a j A(R.) where

R. is the ith alpha (beta) tree acceptor).

If we limit our alpha (beta) tree acceptors to alpha (beta) tree

acceptors that do not have relabeling moves, then L is recursive.

Then if we apply the usual diagonal argument to L, we have the

following theorem.
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Theorem 5. 1. There do exist recursive sets of (k, Z) value

trees that are not recognizable by alpha (beta) tree acceptors where

all 5-rules are of the form 6(q, (3) = (p, 5) where d(P) > 1.

To remove the restriction on the 5-rules of the alpha (beta)

tree acceptors considered, we apply a proof used by Salomaa [9] to

prove a similar result for context-sensitive grammars.

Theorem 5. 2. Given a (k, E) value tree, a, and an alpha

[beta] tree acceptor R there is an algorithm to determine whether

or not a E MR).

Proof: Given R = (Q, 0, 5, Q0, z, M(Q 0, 8, Q0, E, '1')] we

consider sequences of ordered pairs:

(q3, Po), (q11, Pi)' (cfn, Pn)

where d((0) = 0, Rn = a, n > 0, and pi E Tk, and ql E Q for

i = 0, 1, n. We also make the following restrictions on the

sequences considered above. If we use tree expressions over

L) {( )}, (, ) 0, to describe each P., then we can refer to the

as the number of symbols in the treelength of Pi, denoted I Pil

expression for P.. Here we consider sequences such that

Pi) Pi+i I for i = 0, 1, ..., n-1, and each of the pairs (cf.I , (3.1 )

are pairwise distinct. These last restrctions insure that the number
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of sequences under consideration is finite. Finally, we note a E A(R)

*if and only if for at least one sequence we have (Win., Pin.) 1--- (qi, Pi)

for i z: 0, 1, ..., n-1, in R and Po E O[q° E `1'] . QED

Theorem 10.2 assures that L is recursive even if we allow

alpha [beta] tree acceptors with relabeling moves. Hence we have the

following theorem.

Theorem 5.3. There do exist sets of (k,Z) value trees that

are not recognizable.
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VI. BOOLEAN PROPERTIES

In this section we give a constructive proof that shows that the

union of two recognizable sets is recognizable. We have been unable

to obtain similar results for intersection and complement.

Theorem 6. 1. If F and lIJ are recognizable sets of (k, Z)

value trees then F v 41 is a recognizable set.

Proof: Since F and LIJ are recognizable sets there exists

alpha tree acceptors R1 and R2 such that F = A(R1) and

= A(R 2) .

If R1 = (Q1, C2i, S, , E, 01) and
0

where

R2 = (Q2, 02, 62, q
2

, Z, 02), then construct
0

R = (Q
1
x Q2, S2 ", 5, (q1 , q ), 0)

10 20

011 (SZt1 )

= *},
2 2

and

52t
1

= C21 v {*}

521
2

0 = (521 x ) L.1 (0 x )
1 2 1 2

and

The 5-rules of R are defined by 5((q, q'), p) = ((p, p'), (w, 0)), where

(q, qt) and (p, p') are elements of Q
1

x Q2, (w, co') is an element

of 0'1 x C22, and p is a (k, Er) value tree. ((p, p'), (0.), 0)) is

defined by making the following considerations.



First, associated with 13 is the (k, 01) value tree

If 13 = (D, t), then 131 = (D, where if b E D((3) and

Pi

40

t(b) = (T', T") is an element of (021 x 02), then t
1
(b) = T'; but if

t(b) = o E Z, then t
1

(b) = Cr . Then if R
1

has a 5-rule of the form

51(q, Pi) = (cf, 1.1), then p = and w = If Ri has no such

rule, then p = q1 and = *. We define p' and w' similarly.

Associated with p is the (k, 22) value tree (32. If p = (D, t),

than 132 = (D, t2) where if b E D((3) and t(b) = E (Eri x Q2),

then t2(b) = ; but if t(b) = o E Z, then t2(b) = o- . Then if

R2 has a b2 -rule of the form 52(q, (32) = (q", re) , then p' = q"

and = re . If R2 has no such rule then p' = qzo and w' = *.

Such 6-rules are created for R for all possible trees Pi

and 132 and respective elements from Q1 and Q2. Heuristically,

we see that R simulates R1 and R2 running in parallel. When

either R1 or R2 is unable to continue, then R writes a in

the respective component of the output symbol.

The definition of recognition insures that the (k, Z) value tree

a is an element of A(R) if and only if

Hence

((q1 , q2 ), ((p, p'), (w, 0)) where (w, (.02) E 0.
0

a E A(R) if and only if



(q.1 , a) (p, w) in R1 and w E 01,
0

and/or

(q2 , a) 2_ (p', w') in R2 and w' E .

2
0

Hence, a E A(R) if and only if a E A(R 1) and/or

That is, A(R) = A(R1) v A(R2) -7- 0 k...) QED

a E A(R2).

41
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VII. ALPHA TREE ACCEPTORS AND MATRIX GRAMMARS

In this section we will define the language of an alpha tree

acceptor, matrix grammars, and the notion of near structural equiva-

lence. We will show that for every alpha tree acceptor there exists

a nearly structurally equivalent matrix grammar; and conversely, for

every matrix grammar there exists a nearly structurally equivalent

alpha tree acceptor.

Definition 7. 1. Let R be an alpha [beta] tree acceptor. The

language of R is the set L(R) = {w:w E E* and there exists a (k, E)

value tree a such that a E A(R)[B(R)] and w = fr(a)}.

Definition 7.2. A matrix grammar is an ordered quadruple

V
n

is a set of nonterminals, Vt is a setG(Vn, V
t,

X, M) where

of terminals, X E V
n, and M is a finite set of finite nonempty

sequences whose elements are ordered pairs (P, Q) where P E V

and Q E (Vn v V ) . The symbol X is sometimes referred to as

the axiom of the matrix grammar.

We have actually only defined X -free type 2 matrix grammars.

Other matrix grammars are discussed in Salomaa [8]. Salomaa

points out that
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. . the generative capacity of type i matrix grammars
is the same as that of type i grammars for i 2,
whereas the generative capacity of context free [type 2]
matrix grammars is remarkably larger than that of
context-free grammars. 1

Furthermore, as we shall see, the generative power of type 2 matrix

grammars is nearly the same as the recognition power of alpha [beta]

tree acceptors. For this reason, we will use the term matrix gram-

mar to mean X-free type 2 matrix grammar.

The pairs (P, Q) are referred to as the productions and

written P Q. The sequences of
M {m1' m2, mt}

referred to as matrices of productions and written

],= [P. Q. ,P Q. , ,P Q. ] r. > 1.
1 11 1 12 1r. 1 r 1

1
12

1 1

are

Each of the productions in the sequence is a context-free production.

Let V = V
n

Vt and let W(V) = V denote the nonempty

words over V. For a matrix grammar G we define a binary

relation => or merely => when the grammar is understood,

on the set W(V) as follows. For any strings u, v E W(V), u =->G v

holds if and only if there exists a matrix of M, say

m.
1

= {P.
1

Q.
3

1. =1,2, and sequences {R.} and {R},
J J

1Arto Salomaa, Formal Languages, Academic Press, New
York, 1973, pp 143-144.
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lj1, 2, ..., r. +1, R., R'. E W(V) for all j. We must be able to find
1 3 3

these elements of W(V) such that u = R,P, R'"1 1
v = Rr+1Qi Rr' .+1, and for j = 1, 2, ..., ri-1, Q. is a substring

r. 1

of R P. R'' +1' Let =-* or --=>* be the reflexive transitiveR. j+1

closure of =>

Definition 7. 3. Let G be a matrix grammar. The language

of G is the set L(G) = {u E Vt X =>

Definition 7. 4. Two matrix grammars G1 and G2 are

es uivalent if and only if L(G1) = L(G2).

Definition 7. 5. Two matrix grammars G1 and G
2

are

structurally equivalent if and only if they are equivalent and they

assign similar derivation trees, differing only in the labeling of the

nodes, to each word of the language.

Definition 7. 6. An elementary subdivision of a tree a is a

tree at that is obtained from a by replacing each of zero or more

nodes of a with two nodes and a connecting branch. Two matrix

grammars, G and G', are nearly structurally equivalent if

L(G) = L(G') and a tree, a, is a derivation tree of G if and

only if there exists a derivation tree,

such that a and a

a', of G' and a tree, y,

are both elementary subdivisions of N.



Example 7.7. Let G1 = (V
n,

Vt, X, M) where

Vn = {X, A, B, C}, Vt = {a, b, c}, and M = {m1, m2, m3}, where

and

m
1

= [X'.ABC], m2 = [AaA, BbB,

m3 = [A--a, Bb, Cc].

Let G2 = (Vn' , Vt, X, Mt) where V' = {X, R, S, T, U} and

M = fm' m2'
3

m;
4

m'l where

m'
1

= [XRST], m' = T'UT],

Tc], and m'
4

=
3

X

Derivation tree for
aabbcc in G1

Figure 7. 1.
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Derivation tree for
aabbcc in G2

G1 and G
2

are nearly structurally equivalent, but they are not

structurally equivalent. We note further that

L(G 1) = L(G2) = {anblicn:n > 1}. This is not a context-free language,

but all the involved productions are context-free.
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The above notions of equivalence and structural equivalence are

taken from Salomaa [9]. The next three definitions extend these con-

cepts to alpha [beta] tree acceptors. Near structural equivalence will

be used to relate matrix grammars and alpha [beta] tree acceptors.

Definition 7. 8. An alpha [beta] tree acceptor R and a matrix

grammar G are equivalent if and only if L(R) = L(G).

Definition 7. 9. An alpha [beta] tree acceptor R and a matrix

grammar G are structurally equivalent if and only if L(R) = L(G)

and a. is a derivation tree of G if and only if there exists a tree

p E A(R)[B(R)] such that a, and p are equal up to a relabeling

of nodes.

Definition 7. 10. An alpha [beta] tree acceptor, R, and a

matrix grammar, G, are nearly structurally equivalent if and only

if L(R) = L(G) and a tree a is a derivation tree of G if and

only if there is a tree p E A(R) and a tree y such that a and

R are both elementary subdivisions of v.

Our next step is to show that for every matrix grammar there is

a nearly structurally equivalent alpha tree acceptor. The next two

lemmas insure that we can always put the matrix grammar into a

desirable form.
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Lemma 7. 11. If G = (Vn, V t, X, M) is a matrix grammar,

then there exists a matrix grammar G' = (V', Vt, X', M') such that

X' appears in only one matrix, say mo, of M', the number of

productions in m
0

is one, X' does not appear on the right hand

side of any production, and G and G' are nearly structurally

equivalent.

Proof: Let Vn = Vn v {X'}, X' V X
n,

and M' = M v [Xi

QED

Definition 7. 12. We say that a matrix grammar,

G = (V
n,

Vt, X, M), is uniquely invertible if and only if m., m, E M,

i j, the last production of m. is P y Q, and the last produc-
i

tion of m. is P1 Q' insures that P P' and/or Q Q'.

That is, each matrix of M is identified by its last production.

Lemma 7. 13. Let G = (Vn, Vt, X, M) be a matrix grammar.

There exists a matrix grammar, G' = (V', Vt , X, M'),n such that

G' is uniquely invertible and G and G' are nearly structurally

equivalent.

Proof: Let M = {m m2, - mt}

= {/11'1, rrl, , mtI} where if

[P 1' oi pi ,i oi
1 L 1 1' 2 r.

and define
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then

r i i i
m C2= LP P Qi

1 1' 2 2, , Pr Ri, Ri r.

For each i the Ri is a new nonterminal- QED

Applying first Lemma 7. 13 and then 7. 11 we obtain the following

result.

Lemma 7. 14. If G = (Vn, V t, X, M) is a matrix grammar,

then there exists a matrix grammar, G' = (V',V t , X', M') such thatn

X' appears in only one matrix of M' and this matrix is of the form

[X' X], G' is uniquely invertible, and G and G' are nearly

structurally equivalent.

Theorem 7. 15. If G is a matrix grammar then there exists

an alpha tree acceptor, R, such that all the 5-rules of R are of

the form 5(q, (3) = (p, co) where d((3) < 1

nearly structurally equivalent.

and G and R are

Proof: Let G = (Vn, Vt, X, M) be a matrix grammar and

construct the matrix grammar G' = (V' , Vt, X°, M') such that G and

G' are nearly structurally equivalent and G° satisfies the conditions

of Lemma 7. 14. Then we construct the alpha tree acceptor

R = (Q, Vn Vt , 5, q
O

, V° v Vt, X') where 5 and Q are definedn

below. First we introduce some notation. For m. e IN/P, say
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m. [P Qi Pi Qi , Pi --- Qir j,
1 2 2 r.

1

Q. = a. a. . a. ., a. E V for k = 1, 2, s ,

3 31 32 3s1 3k
n t .

si

we define a sequence of trees by the following:

pi. Pi.(ai. ai. ai. .) Pi.(C2i.) for j 1, 2, ..., ri.
3 3 31 32 3s1 3 3

Note that all the pi. are (k, V' _.) Vt ) value trees.

To define the 5-rules for R we start with q
0

and for all

matrices of M' we add a 5-rule of the following form:

5(q0' Pri (q(ii'Prii)

Hence if a is a derivation tree of then as R is attempting

to parse a,
q0

is merely a state of R that looks for a subtree

of depth one that could be produced by the last production of some

matrix of M'. If such a subtree is found, it is reduced to the symbol

on the left hand side of the respective production and control of R

is turned over to a state, qi which will initiate the reverse
(ri-1)

of the next to last production of the appropriate matrix of M'. It is

at this point that we are using the fact that G' is invertible. In

particular, the moves from qo are deterministic.
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We now define the remaining 5-rules and add the necessary

states to Q. Basically we add a sequence of states

{qi.}

j=1, 2, ..., r1 -1

mimics the reverse of the productions

for each i = 1, 2, , t. The sequence fiejr.
3=1

Q1' P2 Q2' ' Pi Qi of m.. That is, for all
(r -1) (r -1) 1

i = 1, 2, t and j = 1, 2, . . ri-1 we set

where the p.

6(qi., Pi.) = (qi. P)
3 3 3-1,

i

are as defined above. The q1 are all new states for
3

i
j 0, and when j .= 0, . = q . Hence control is returned to q

c13 0
q0

when R has completed imitating the reverse of an entire matrix

of M'.

In case r1 = 1, that is in the case that m. = [P1 we

will have 8(q0, Pi(Qi)) = (q0, Pi). In particular, we will have the

5-rule
8(c10'

X'(X)) (q0, X').

We claim that G' and R are structurally equivalent.

Assume that s E L(G'). Then there exists at least one

sequence {m.}, i = 1, 2, ... v, m. E M' and X' 7,--->t;" s by

X' => => s. Associated with this derivation is the (k, Vn ' .L...V )t
1

value tree a where the leaves of a spell s.

We can divide the sequence {m.}.11=1, 2, ..., v into a sequence
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of individual productions, say {P. Q.}. where3=1, 2, ..., u'
v

u r1E r1 and is the number of productions in m.. Using the
i=1

sequence {P.
3

Q./.
3 3=1, 2, ,

we can construct the sequences

{c1},
1.

q! E Q for all i,
=u, u

{Pi
=li0, 1, ..., u-12 P. = P .(Q . t) are all (k, V' v V )

u-1 u-1 n

value trees, and

{w.}. , (4). = P , E V' v V
I 1=1, 2, u u-1+1 i

The sequence {q} is obtained from {P. Q.} by
L i 3 3 j=1, 2, ..., u

qii = qj when Pu....i' Qii-i is P. '' Q. from m. unles's
k 3 k 3 k J

k = r . and then q! = q0. This is true for i = 1 , 2, . .. , u- 1. When
J 0

i = u or i = 0, then qi q0.

Thus using the sequence {6(clii, Pi) = (q;+12

i = 0, 1, ..., u-1, we have

P1 = X'. Therefore

(q0, a) (q0, Pu) in R.

a E A(R) and L(G') C L(R)

trees of G' are elements of A(R).

To show that L(R) C L(G') and

for

= P1 and

and derivation

a E A(R) implies that a

is a derivation tree for G' we assume that s E L(R) and a is a

(k, V' v Vt)
value tree such that the leaves of a spell s and

(q0,
a)

(q0, X')

sequences

in R. Associated with this parse are the



52,

{q1 .}
E C110

q0,
i=0, 1, u' 1

{P } i=0, 1, .. u-1' 13.
1

are all (k, V' v Vt ) value trees,

in particular we can write

= . .(Q )
P1 u-1

{w.}. = P . .1= 1, 2, ..., u 1 u-1+1

As a result of the definition of the 5-rules for R we can divide

the sequence {qk' }k into a sequence of subsequences

{{(11 }j=1, 2, ..., ri}i=1, 2, . , v
where each subsequence

corresponds to a matrix mi of M'. Note that{cti
}j=1, 2, ..., ri

here we are using Lemma 7.13 in that we are assuming that X' does

not appear in the center of some matrix mi. The sequence

{{cli }j=1, 2, ..., r.} indicates a sequence {m.}.1 1=1, 2, ..., v from

M'. Using this sequence we have that X' => => s and theml my

resulting derivation tree is a . Hence s E L(G') and a is a

derivation tree of G'. That is, a E A(R) and fr(a) = s insures

s E L(G') and a is a derivation tree of G'

Combining this result with our previous result we have that C'

and R are structurally equivalent. Since G' and G are nearly

structurally equivalent, G and R are nearly structurally equiva-

lent. We note further that the nature of the construction of R

insures that all the 5-rules are of the form 6(q, (3) = (p, co) where
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d(f3) > 1 as required. QED

In the following paragraphs we demonstrate that for alpha tree

acceptors satisfying the depth requirements we can construct a nearly

structurally equivalent matrix grammar. We note that the conse-

quences of allowing 5-rules where d(P) = 0 are not fully understood.

In the next theorem we show that given an alpha tree acceptor

with no relabeling moves we can find a nearly structurally equivalent

matrix grammar. The constructive proof is motivated by viewing an

alpha tree acceptor as a sequential machine that moves from one state to

the next as a function of the present state and the subtree reduced. We

draw a state diagram of the sequential machine. We use this state

diagram to define matrices of a matrix grammar. Each matrix is

designed to simulate the reverse of a single transition of the sequen-

tial machine. Special symbols are used to allow the matrix to

remember what state it should be simulating.

Before we state the main theorem we offer the following

corollary which shows we only need consider alpha tree acceptors

with 5-rules of depth one.

Corollary Let R = (Q, 0, 8, q0, Z, 0) be an alpha tree

acceptor such that all 8-rules of R are of the form 6(q, (i) = (p, w)

where d(13) > 1. Then there exists an alpha tree acceptor

= (Q', Cr, 8', gb, Z, 0) such that all 5-rules of R' are of the form
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5'(q, (3) = (p, co) where d((3) = 1 and A(R) = A(R')

Proof: The construction mentioned in the proof of Lemma 2. 26

will suffice since it introduces no relabeling moves. That is, if R

has no 5-rules with d(() = 0, then if R' is defined by the men-

tioned construction, then R' will have no 5-rules with d((3) = 0.

Since all 5-rules of R' are such that d((3) < 1, R' is as desired.

QED

To facilitate the reading of the next proof we present an example

alpha tree acceptor and its state diagram.

Example 7. 17. Let R = ({q0, q1 }, {A, B, 5, q0, {a}, {B}) be

an alpha tree acceptor where the 5-rules are defined by the following.

5(q0, a(a)) (q0, a)
5(q0, a(aaa)) = (q

1,
A)

5(q a(A)) = (ql, B) 5(qi, a(B)) (q
1,

B)

A(R) is the set of all (3, a) value trees such that exactly one node

has three descendents, all other nodes have one descendent, and at

least one node is above the node having three descendents. The state

diagram for R is below. We are using tree expressions in the

diagram. To aid in the understanding of the diagram we remark that

the symbol a(aaa) /A associated with a particular arrow indicates

that when R makes the state transition indicated by the arrow it must
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reduce a subtree of the tree being parsed, in particular a(aaa), to

an A.

a(a)/a

Figure 7.2.

Theorem 7.18. If R = (Q, 0,5, go, Z, 0) is an alpha tree

acceptor with no relabeling moves, then there exists a matrix gram-

mar, G, such that G and R are nearly structurally equivalent.

Proof: From Corollary 7.16 we can assume that all the 5-rules

of R are of depth one. We let G = (Vn, Vt, X, M) where Vt E,

and Vn
= {Ac4:C..) E C2} v {( q, w): q E Q and Ct) E Q}.

To define the matrices of M we first consider the cases

where R accepts trees that are a single node, that is, (k, E)

value trees of the form cr and Cr E 0. For all such elements

Cr E E add the matrix [X --- o] to M.

To determine the other matrices of M first draw a state

diagram for R' as in Figure 7.3.



Figure 7.3 is interpreted as 8(q, (3) (p, w) in R' if and

only if

From the state diagram of R we should locate all states,
PAT

with at least one entering arrow of the form q p where

E 0. For all such states and for each entering arrow if

p = a
0

(a
1

a ...an) where a. E SZ for i = 0, 1, n, then we

should add the matrix

(7. 1. 1) [X (q, a 1)AaAa.. . A to M.
an
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p,

We must also add a matrix for each section of the state diagram

as depicted by Figure 7. 4.

Figure 7.4.
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Actually in this case we need to add two matrices to M. The

number of matrices that we need to add is equal to the number of

egressing arrows attached to state p. If

and

p = ao(ai a2... an)

Pr = a' (a'
1 2

a' n...a'
'
)

0

13" = a"(a" a" ... a" VC)
0 1 2 n

ai E 0, i = 0, 1, - , n,

a'. E 0, i = 0, 1, , 21.1,
i

a'.' E 0, 1 = 0, 1, , n",
i

then we need to add the following two matrices to M.

(7. 1. 2)

and

(p, Aa' ---
a°1

)

1

A --- (q, a1)Aa2
Aa3... A

an

(p, a °1) Aa°
1

A -4- (q, a
1)Aa2

Aa3...Aan
o-

In all cases depicted by Figure 7. 4 where q = q
0

of R° we

should also add matrices of the form:

(7.1.3)

and

(p,

A A A...A
o- a1 a2 an
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(p, a" ) A
1

aac

A A...Aal a2 an

Also for matrices of the form: [X (q, al )Aa2 Aa3 ...Aa ] if

q q0 of then we should add the matrix [X A
a

Aa. . A a]
1 2 n

to M. Finally, we add matrices of type (7. 1. 4) for all co E E.

(7. 1. 4)

Application of one matrix of type (7. 1. 1) allows the matrix

grammar to initiate a derivation. Matrices of type (7. 1. 2) allow the

matrix grammar to simulate the reverse of what is done by R as it

perambulates through its states. G uses symbols of the form (q, a)

where q E Q and a E S2, to remember what state should be

simulated next. Matrices of the type (7. 1.3) allow G to halt the

simulation, and finally matrices of type (7. 1. 4) allow G to place

terminals on the frontier of the derivation tree. In the following

paragraphs we formalize this discussion.

We claim that R and G are nearly structurally equivalent.

s E L(R) implies that there exists a tree a such that

fr(a) = s and a E A(R). That is, (q0, a) (q, w) in R and

c 0. As before this guarantees the existence of a sequence of states

a sequence of trees {Pile and a sequence of symbols {co.}



such that as R parses a we can write

where

{(cfi.' Pi) I-- (cei+1' Pi+1)}i=0, 1, , m-1

gb q0
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of R, p
0

= a, and wm = w. This implies that we

can form the sequence of subtrees and the sequence {b.} such

that

{"cti' 'i+1)}i=0, 1, , m-i

where yi pi/bi and p.(b. )
1+1

Since wm = co E 0, m'o = (qm-1, al)Aa Aa...Aa E M

where pm-1 = a0 (al a2... an).

In case m = 1 we only need the matrix

= [X Aa Aa2...A ] where 130 = a0(a
1

a2... an).
l0 an

Also for j = 1, 2, .. , m-2 we let

mi. =

(q° ., a
m-3 (m-3)1

A

a(rn -i)1

A (t , a )A ...A_1 (m_i- alm
J

w(m-j)
q

2 n'

where 5(q° ) = (q° , ),m-j m-j m-j+1 m-j+1

where y = a (a ...a. (m -j)0
(111-j)1 (111-j)n

and 6(gm' ) = (q.!in , ),j m- j
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where I'm -j -1
= a(m-j-1)

0
(a(m-j-1)

1

...a (m-j-1)n,

The matrix m'. merely mimics the reverse of what R' does when

R° moves from q!na_i_1 to

sequence we choose

M =m -1

qt
M-3

For the m- l'st matrix in our

(cfl, all) Aa
1

1

A A A A
w1 a01 a0 a

0
n"

where yl) (c112, w2)' 6(c110, NO) (cfl' w1), a10(a1
1

al ),

n1
and y = a (a a ... a ).

0 00 01 02 °nit

If a has k leaves, that is if the length of s is k, say

S = 6162...o-k where o-. E E for i = 1, 2, . , k, then

mm-l+i° = [A E o.] for i = 1, 2, ..., k.

From the definition of the elements of M we know m ME _on

for i = 0, 1, ...,m+k-1. Also x > s in G', and
m' m'

0 m+k-1

the derivation tree corresponding to this derivation is nearly struc-

turally equivalent to a. Hence, s E L(R) and a E A(R) such

that fr(a) = s implies that s E L(G) and there is a derivation tree

of s in G that is nearly structurally equivalent to a.



Finally, we need to assume s E L(G) and a is the

derivation tree of s in G corresponding to the sequence

{rni }.1=1, 2, ... of elements from M. If the length of s = k we
, v

may assume without loss of generality that the last k matrices of

{m.}are of the form [A o-]. Hence to generate a parse of a
1} Q'

tree a', nearly structurally equivalent to a, in R' we need

only consider the sequence {m.}. . It must also be the
1=1, 2, . v-k

case that

v-k

(q, a) Aa

al a2A
(...)

A A...Aan

which means that there must also be a matrix of M, say my'

such that

v-k

(q, a) Aa

Aco (q0, al)a2 a3. .. an)
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Note that our purpose here is to construct a sequence of 6 -rules that

can be used to parse a tree nearly structurally equivalent to a. The

matrix m' tells us what the first reduction should be and insuresv-k

that we can have R start in q0. To obtain the other 5-rules we

note that to derive s we must have used matrices m, for
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i = 1, 2, ..., v-k-1 where these matrices were of the form

(qv' -k-i-1' a(v-k-i-1)
1 a(v-k-i-1)1m. =

Aw
(qv -k -i,

a
v-k-1 av-k-i (v -k -i)2

A
a(v-k-i)

n(v-k-i)

Finally we have also that

m0 Ex (ci(v-k' a(v-k) )Aa(v-k)
2

'Aa ;

1 (v-k)nno

or in the special case that v = k, then we have

0
= [X AaAa...Aa], where s = al a2...a k.

l 2 k

Thus the sequence {m.}.11=0, 1, ..., v-k defines the sequence

(nt. )1

J J -Ii+1 '3+1 j=0, 1, ..., v-k-2

where y. = a. (a. a. ...a. ). And since,
JO 31 J2 n.

A ...Amo = [X --'' a(v-103. a(v-k) a(v-k)
nO

we know there exists a 5-rule in R' of the form



6(cfv-k' Y) wv-k)
where wv-k E 0.

Using this 5-rule, the above sequence of 5-rules, and the definition

of the matrices for M we know that the sequence of trees

{R. /._
1=0, v-k

and

This means

exists such that
Po

a', Pv-k-1 = Y, Pv-k wv-k

{(cti' Pi) H Pi-Fdli=o, 1, v-k-1

(q0, ci1) I (qv' wv_k)
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in R. That is, a° E A(R) and

S E L(R) Therefore, s E L(G) and a a derivation tree of s

in G insures that s E L(R') and there exists a (k, Z) value tree

a' such that s = fr(a1), a and a' are nearly structurally

equivalent, and a' E )

Hence, combining the above results we have that G and R°

are nearly structurally equivalent. This insures that G and R are

nearly structurally equivalent. QED

Theorem 7. 19 summarizes the last two theorems.

Theorem 7 19 For every matrix grammar G there exists

an alpha tree acceptor R such that G and R are nearly struc-

turally equivalent and for every alpha tree acceptor R there exists

a matrix grammar G such that G and R are nearly structur-

ally equivalent.
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As a corollary to the last theorem and the proof of Lemma 3.1

we have the following corollary.

Corollary 7.20. For every matrix grammar G there exists

a beta tree acceptor S such that G and S are nearly struc-

turally equivalent and for every beta tree acceptor S there exists

a matrix grammar G such that G and S are nearly structur-

ally equivalent.

Corollary 7.21.. For every matrix grammar G = (Vn, Vt, X, M)

there exists an equivalent matrix grammar G' = (V° , V
t
, X°, M') such

that M' consists of matrices m, each containing at most two

productions.

Proof: First we use the construction of Theorem 7.15 to

obtain an alpha tree acceptor nearly structurally equivalent to G.

Then we apply Theorem 7.18 to obtain a matrix grammar G' nearly

structurally equivalent to the alpha tree acceptor. Clearly

L(G) = L(G') and as a result of the second construction all the

matrices of G' will have at most two productions. QED

Adding two more definitions we get a weaker result.

Definition 7.22. "in = {L(R):R is an alpha tree acceptor).
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Definition 7. 23. in = {L(G): G is a matrix grammar }.

Corollary 7. 24. m = n .
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VIII. NONDETERMINISM FOR MULTI-STATE ALPHA
TREE ACCEPTORS

In this section we recall the definition of alphabet nondetermin-

ism and give definitions of two more types of nondeterminism for

alpha tree acceptors. We show that the nondeterministic devices are

no more powerful than the deterministic alpha tree acceptors. More-

over, we show that for every nondeterministic alpha tree acceptor we

can find a deterministic alpha tree acceptor such that the two alpha

tree acceptors are nearly structurally equivalent.

Definition 8.1. A State Nondeterministic Alpha Tree Acceptor,

a SNTA, is a system Rs = (Q, S2, 6, Q0, E, 0) where Q, 0,5, and

0 are as for deterministic alpha tree acceptors, Q
0

C Q is a set

of one or more initial states, and the 6 -rules are of the form

5(q, p) = {(p1, co), (p2, (0), . . . (pn, 0)1 and d(P) > 1

That is, a SNTA in a particular state can reduce a given sub-

tree p to a particular symbol co but the device has a choice of

one or more possible next states.

Definition 8.2. (Very similar to Definition 4. 12). An

Alphabet Nondeterministic Alpha Tree Acceptor, a ANTA, is a sys-

tem R = (Q, C2, 6, q0, Z, 0) where Q, C2, q0, E, and 0 are as for
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deterministic alpha tree acceptors. The 5-rules for R are of the

form

5(q, p) = {(p, w1), (p, w2), . , (p, wn)} where d(13) > 1

Here each ANTA can reduce a subtree p to one of a set of

symbols but the next state is identified by the present state of the

ANTA and the subtree reduced.

Definition 8. 3. A State Alphabet Nondeterministic Alpha Tree

Acceptor, a SANTA, is a system Rsa = (Q, 0, 5, Q0, E, 0) where

again the sets

acceptors

Q, 0, E, and 0 are as for deterministic alpha tree

Qo Q
is a set of initial states and all the 5-rules are

of the form

5(q, p) = {(p1, w1), (p2, w2), , (pn, wn)} where d(P) > 1 .

Here a SANTA has a choice for both the next state for a move and the

symbol to which the subtree p is reduced.

In all cases we stipulated that d(P) > 1. We do this to

facilitate the use of the methods of the previous chapter. Further, we

stipulate that all 6 -rules of deterministic alpha tree acceptors of this

chapter be the form 6(q, 1) = (p, w) where d(p) > 1. This stipula-

tion, Corollary 7. 15, and its proof insure that we may assume without
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loss of generality that all the 8-rules of each deterministic alpha tree

acceptor of this chapter are of the form 5(q, (3) = (p, co) where

d(13) = 1. Reviewing briefly, Corollary 7.15 insures that for each

alpha tree acceptor R we can find an alpha tree acceptor R' such

that A(R) = A(R') and R' is of the desired type. The proof of

Corollary 7. 15 insures that R and R' are structurally equivalent,

where the structural equivalence of two alpha tree acceptors is

defined below. It is the structural equivalence of alpha tree acceptors

that concerns us in this chapter.

Definition 8. 4. Two alpha tree acceptors R and R' are

structurally equivalent if and only if L(R) = L(R') and a (k, E)

value tree a E A(R) if and only if there exists a (k, E') value tree

a' E A(W) and a and a' are equal up to a relabeling of nodes.

Definition 8.5. Two alpha tree acceptors, R and R`, are

nearly structurally equivalent if and only if L(R) = L(R') and a tree

a E A(R) if and only if there is a tree f3 E A(R') and a tree

such that a and p are elementary subdivisions of

V

The following definitions formalize the notion of acceptance by

nondeterministic alpha tree acceptors. Since the definitions apply to

all types of nondeterministic alpha tree acceptors we let

g E {s, a, sa} and R = (Q, 2, 8, Q0, E, 0) be a nondeterministic
g
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Just as for deterministic alpha tree acceptors, a configura-

tion of a nondeterministic alpha tree acceptor R is a pair (q, (3)
g

where q E Q and p is a (k, 0) value tree.

Definition 8.6. We say that (q, p. (p, P ") in Rg if and

only if q, p E Q, p. and 13" are (k, 0) value trees,

(p, E 5(q, p), and there is a b E D (F31 ) such that P = p./b and

13" = R' (bow). Again we let be the reflexive transitive closure

of I .

Definition 8.7. A(R ) = fa: a is a (k, Z) value tree and for
g

some q0 E Q0, (q0, a) (p, w) in Rg and w E 01.

Using Definition 8.7 we stipulate that the terms structurally

equivalent and nearly structurally equivalent refer, in a manner

analogous to Definition 8.4 and 8.5, to any two alpha tree acceptors

Rg and R' , where g and g' are elements of {(1), s, a, sa}.

When g = (1) R is a deterministic alpha tree acceptor. Definitions
g

7. 9 and 7.10 concerning the structural equivalence of alpha tree

acceptors and matrix grammars are also extended in a natural man-

ner to nondeterministic alpha tree acceptors.

The following Corollary generalizes Corollary 7.16 to all alpha

tree acceptors.



Corollary 8.8. Let g = s, a, sa} and

R = (Q, 5, Q0, Z, 0) be an alpha tree acceptor of the respective
g

type such that all 5-rules are of the form 6(q, (3) C P(Qx S-2) and

d((3) > 1. Then there exists a SANTA, R' = (Qs, Os, E', Q0, Z, 0),s a

such that A(R ) = A(R' ) and all 5' -rules of R'
g sa sa

6I(q, (3) C P(Q1x0') and d((3) = 1.
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are of the form

Proof: Again the construction of Brainerd [1] will do. To

extend the construction to the nondeterministic cases we add a

sequence of moves to 5' for each element of the set (q, 13) x 5(q, (3).

This must be done for each pair (q, () on which 5 is defined.

It is interesting to note that all of the states we add are "determin-

istic" states. QED

Definition 8.9. For g E {(to, s, a, sa }, T = {r: r E TZ, k
and

g

for some alpha tree acceptor of the respective type, R , we have
g

F = A(R g) }.

Definition 8.10. For g and g' elements of [(1), s, a, sa },

g i g' we say T = T if and only if 1) for each F E T there
g g

exists a F' E T
g

, such that for some nearly structurally equivalent

alpha tree acceptors R and R' , F = A(R ) and F' = A(R' );
g g g g

and 2) conversely we stipulate that for each F' E T , there exists
g

a F E T such that for some nearly structurally equivalent alpha
g
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tree acceptors R' and R F' = A(R' ,) and F = A(R ).
g g g g

Theorem 8.11. T = Ts T T .a sa

Proof: From the definition it is clear that T C T C T
s sa

and T C T a S a.. Therefore we need only show that for

F E T we can find a F' E T and alpha tree acceptors Rs
a

andsa
R of the respective types, such that F = A(R sa), F' = A(R), and

Rs and R are nearly structurally equivalent. This will be done

by implementing the methods of the proof of Theorem 7.18 and then

applying Theorem 7.15 to the resulting matrix grammar.

r E T
s

implies there exists a SANTA R
s a

(Q, 0,5, Q0' E, 0)

such that F = A(R sa ). As a result of Corollary 8.8 and its proof we

may assume without loss of generality that all 5-rules of Rsa are

of the form 5(q, (3) C P(Qx 0) where d((3) = 1. As in the proof of

Theorem 7.18 we draw the state diagram of R. This state diagram

will be the same as the state diagram in Theorem 7.18 except that

situations as depicted by Figure 8.1 can occur. These new situations

can arise as a result of allowing nondeterminism.

(a) (b)

Figure 8.1.
(c)

131w
1



72

In the following proof we will apply the proof of Theorem 7.18

to obtain a matrix grammar G such that G and R are nearly
s a

structurally equivalent; then we apply Theorem 7.15 to obtain a

deterministic alpha tree acceptor R such that G and R are

structurally equivalent. We get that G and R will be structur-

ally equivalent as a result of the way that we construct G. That is,

G is constructed in such a manner that Lemma 7. 14 can be by-

passed when applying Theorem 7. 15. Since R will be structurally

equivalent to G and G and R will be nearly structurally
s a

equivalent, R and Rs a
will be nearly structurally equivalent

which is what we need. To that end we add some symbols to the

arrows of the state diagram of Rs a
. We index the arrows egressing

from each node as per Figure 8.2. In Figure 8.2 it might be the case

9 p. = R.,thatfor some i

13 (2)/w2

0
Figure 8.2.

R (1)/0)1

or w.
1 3

Pn (n) /wn

Let h = max {k:q has k egressing arrows}.
qE
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Now we proceed with a construction parallel to that of the proof

of Theorem 7. 18. Our goal here is a matrix grammar

G = (V
n

, Vt , X, M) such that G and Rs a
are nearly structurally

equivalent. As in Theorem 7. 17, we let Vt = Z, but here

V
n

= A
co:

CO E S2 L.) {(q(i), co): q E Q, i< k, and O.) E 0}

q) : q E Q, i < k, and w E 01.

Again the set M for G is constructed in five steps.

1) For all trees of the form cr such that 6 E E rTh 0, we

add [X o-] to M. If E rm 0 = ci, then no matrices are added to

M at this step.

P(i)/(.0 (3'0)/w'

Figure 8.3.

2) We locate all states p on the state diagram such that the

situation is as depicted by Figure 8. 3 and o.) E 0. For each such

state p and each such entering arrow if 13 = ao(a..
I

a
2
...an) where

a. E 0, 1, n, then we add the matrix

[X (q(i), al)Aa Aa ...Aa ] to M.
Z 3

In case q E Q0, we should also add
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[X (a 1"i q)Aa Aa. . . Aa ] to M.
2 3 n

3) For all situations as depicted by Figure 8.3 where r3 is

as for 2) and [3' = a' a2 ...an' ,), ai E S2 for i = 0,1, ... ,n', we

add the matrix

(p(j),ai) Aa,
1

A
co

(q(i), al )AaA a. . . Aa
2 3 n

to M.

Note that this must be done for each arrow egressing from state p.

4) In all situations where step 2) applies and q E Q
0

of Raa

we add the following matrix to M.

(p(j), Aa,
1

A
w

(a 1"i q)AaAa... Aan
2 3

Again R and (3, are as defined above.

5) For all Cr E Z we add the matrix [A o-] to M, for
o-

all CY E E and (o-, i, q) E Vn we add [(a-, i, q) ---- a] to M.

We claim that Rs and G are nearly structurally equivalent.

This follows immediately from the second half of the proof of Theorem

7.18. That is, the argument is exactly the same and all the necessary
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sequences are obtained in the same manner.

From the construction of M we can see that each matrix is

identified by the right hand side of its last production. Furthermore,

X appears in matrices that have only a single production. It is also

important to note that X does not appear on the right hand side of

any production and that X when it appears, is only in the first pro-

duction of a matrix. From inspection of the proof of Theorem 7. 15

we can see that these conditions are sufficient to allow us to apply the

construction in the proof directly to G and obtain a deterministic

alpha tree acceptor R ' = (CV, q 10, z, 0') such that G and R'

are structurally equivalent. Since R and G are nearly struc-sa
turally equivalent we can conclude that Rsci and R' are nearly

structurally equivalent. Thus T c T. QEDsa

Definitions 8.1, 8.2, and 8.3 can be extended to nondeterminis-

tic beta tree acceptors, nondeterministic automata that accept by

final state instead of final symbol. In a manner parallel to Definitions

8.6 and 8.7 we can define acceptance by nondeterministic beta tree

acceptors, and we can extend the notions of structural equivalence and

near structural equivalence to nondeterministic beta tree acceptors.

Again a corollary similar to 8.8 applies; that is, we need only con-

sider nondeterministic beta tree acceptors with 5-rules such that

d(f3) = 1.
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Definition 8.12. Let g E {4), s, a, S a},

Vg = {F:F is a set of (k, E) value trees for some k and

alphabet E and there is a beta tree acceptor S of
g

the respective type such that F = B(S

We can extend Definition 8.10 to apply to relation = to the sets

Vg for g E {(1), S a, s a}.

Corollary 8.13. V = Vs = Va = Vsa .

Proof: We can either extend the ideas of Chapter 3 to show that

the corresponding types of a-recognition and P-recognition carry over

to nondeterministic alpha tree acceptors and nondeterministic beta

tree acceptors, or we can apply the methods of the previous proof to

nondeterministic beta tree acceptors. The only changes that we need

make are in the area of constructing the matrices for M. The first

two steps are changed as indicated below.

1) If Q0 E 1/', then [X g] is in M for all g E Z.

2) We must locate all states p on the state diagram such that

the situation is as depicted by Figure 8.3 and p E

The remainder of the proof requires no change. QED
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IX. CONCLUSION

In this thesis we have generalized the standard tree automata.

We have done this by defining tree acceptors that operate in a manner

very similar to standard finite automata; that is, our tree acceptors

have an input, a finite memory, and an output. We have seen that the

set of one state alpha tree acceptors is equivalent to the set of

standard tree automata It has been shown that tree automata can be

used to characterize the sets of derivation trees of extended context-

free grammars. We have obtained a similar result relating alpha

(beta) tree acceptors and X.-free context-free matrix grammars. Our

result is that alpha (beta) tree acceptors and X.-free context-free

matrix grammars are nearly structurally equivalent. The reasons

that we are able to only obtain near structural equivalence are 1) the

problem of unique invertibility for matrix grammars is not solved and

2) the construction used to obtain a matrix grammar from an alpha

(beta) tree acceptor alters slightly the involved set of trees.

With respect to the above mentioned problems we note that work

is being done with generalizations of Brainerd's regular systems [1].

The generalization that we are refering to is the matrix tree gener-

ating systems (MTGS) [2]. A MTGS is a matrix grammar except that

the productions of a MTGS involve rewriting labeled trees instead of

strings. Possibly results from this work will yield stronger results
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concerning relations between alpha (beta) tree acceptors and k-free

context-free matrix grammars.

Recent work in syntactic techniques of pattern recognition [8]

and [10], led to our interest in generalizing standard tree automata.

Tree automata have been used to drive pattern recognizers. Hope-

fully, alpha and beta tree acceptors can be used to drive pattern

recognizers. Example 7.17 demonstrates that it is easy to specify

the nature of patterns (trees) to be recognized and then build an alpha

tree acceptor that recognizes the described set of trees. Theorem

4.17 demonstrates that alpha or beta tree acceptors are more power-

ful than standard tree automata.

The above paragraph is related to the applications of alpha or

beta tree acceptors. There are many related theoretical questions

that remain unanswered. Of these are the questions concerning

Boolean closure. After obtaining the results of Chapter 7 it was

hoped that we might be able to use the techniques of standard automata

to help resolve these questions for alpha or beta tree acceptors and,

hence, for matrix grammars. However, we have been unable to gen-

eralize the usual techniques. The main problem appears to be the

inherent nondeterminism of even the deterministic alpha and beta tree

acceptors Specifically, for standard string automata the next input

is either the symbol under the read head or the symbol to its immedi-

ate left or right. With alpha or beta tree acceptors we are not able to
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identify the next input symbol with such reliability. The next input

could be any subtree on the frontier of the tree being parsed.

To exemplify this problem we consider a technique used for

proving that the complement of a regular set is regular. First one

builds a regular automaton that accepts the regular set. If the auto-

maton does not accept some strings by halting in the middle of the

strings, then we construct a second automaton from the first by add-

ing a nonaccepting state to the first that is entered when the first

automaton would have halted in the middle of a string In this non-

accepting state the second is then able to finish reading the input

string. We conclude the proof by building a third automaton. The

third automaton is a copy of the second except that all nonaccepting

states of the second become accepting states of the third and vice-

versa. The set of strings accepted by the third automaton is the

complement of the set accepted by the first. The important step is

that we were able to force the second to read its entire input in every

case. We have been unable to apply this technique to alpha tree

acceptors. Attempts have always yielded a "third" alpha (or beta)

tree acceptor that accepts every input. The reason appears to be the

inherent nondeterminism of the devices.

Another direction to attack the problem might be to characterize

sets of trees that are not accepted by alpha or beta tree acceptors.

An easy proof that context-free languages are not closed under union
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language. We have been unable to make any such characterization of

sets not accepted by alpha or beta tree acceptors.

Finally, we mention again the problem of whether or not to

allow relabeling moves adds power to alpha or beta tree acceptors.

We have not allowed such moves in most of the alpha or beta tree

acceptors considered here since by their very definition tree

automata are not allowed relabeling moves and relabeling moves have

no meaning in the framework of matrix grammars. In the setting of

matrix tree generating systems relabeling moves are well defined and

an answer has been found [2]. There we have developed a near struc-

turally equivalent relationship again.
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