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The stability of a third-order, nonlinear system with a

saturation characteristic was studied by applying the second method

of Liapunov, which is the most general approach currently used for

dynamic systems.

This thesis presents (1) the analysis of a third-order, non-

linear system, (2) a suitable Liapunov function, generated by the

variable-gradient method, for determining the stability regions of

the system, and, (3) a hybrid simulation to study the conditions

obtained by using Liapunov's second method. Because the Liapunov

functions generated by the variable-gradient method give only

sufficient conditions for asymptotic stability, some additional

assumptions may be necessary to find a larger stable region than

the stable region determined by only one assumption relative to the

variable-gradient function.



The main purpose of the hybrid simulation was to find an

asymptotically stable region which could be compared with the

region determined by Liapunov theory. Also, under certain limita-

tions, changes in the stable regions were observed for several

different saturation characteristics, even though asymptotic stability
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able and the plotting equipment for displaying trajectories used to
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Interpreter, and was implemented on an Electronics Associates, Inc. ,

EAI 690 Hybrid Computing System. As an example of a third-order,

nonlinear system, a field-controlled, d-c motor with constant

armature current and a controller with the saturation characteristics,

was used.
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A STUDY OF THE STABILITY OF A THIRD-ORDER
SYSTEM WITH SATURATION

I. SYSTEM AND STABILITY

Introduction

Since 1940, interest in the analysis and design of nonlinear

systems has been growing. Work on a controller for a third-order

system was done by H. G. Doll in 1943. The possibility of extending

the programmed control idea to higher order systems has been

recognized. It is desirable to study system stability in systems of

high order than 2. In recent years, a great deal of attention has

been devoted to the second method of Liapunov as a practical tool

for studying the stability of nonlinear control systems. The second

method of Liapunov is becoming increasingly recognized as having

great potential, both for resolving nonlinear system and performance

problems and for providing a different philosophical view point

within the general control field. The usual procedure in studying

the stability of such systems by means of the second method is to

obtain a Liapunov function which assures the asymptotic stability

of the system in the small. Then, by modifying the Liapunov function,

to obtain a domain of finite extent in which asymptotic stability is

assured. Therefore, asymptotic stability in nonlinear, autonomous

systems may be determined by using a logical and systemic method

for generating Liapunov functions. The variable-gradient method

for generating Liapunov functions was used in this thesis.
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The fundamental concepts of the Liapunov function appeared

in a Russian publication in 1892. It was not intended to handle the

kind of problems associated with automatic control when it was

presented. However, the provision for modification and extension

was evident in the original statement. Many researchers have been

concerned with developing a general control based on this work.

Much of the classical literature on the method was written in Russian,

by Lurie (25), Malkin, (26), Letov (24) and Zutov (40). While Lurie

is a general classic work, Malkin is more rigorous. Letov appears

to be most careful and reliable. Zutov is generally reliable and aims

at engineers in practice. Massera (28) provided an authoritative

survey of mathematical results in 1956. Hahn (13), a German,

developed the theory and applied it practically. Lasalle and

Lefschetz (23) published a masterful, informal introduction to the method.

Kalman and Bertram (17), wrote a comprehensive paper limited to

rather mathematical statements of certain standard theorems and

proofs with about 20 biographical references to the second method.

More recently, D. G. Shultz and J. F. Gibson (30) wrote the

variable-gradient method for generating Liapunov functions in 1962.

Stability of a Third-Order System with Nonlinear Control

Refering to Figure 1. 1, the system has linear transfer

functions G(S) and H(S) in the forward and feedback branches,
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respectively. The nonlinear control network is introduced in the

forward branch, The principal transfer function G(S) is assumed

to be a transfer function of third-order given by

G(S)
1

S(S
2

+ a 1S + a 2)

and H(S) = 1 in the case of direct feedback. The nonlinearity is

assumed to be a saturation characteristic in this paper.

Figure 1-1. System block diagram,

The transfer function G(S) is a good approximation to the

function which relates the output position of a d-c motor in response

to variable, field voltage with inertia and friction loading and con-

stant armature current. It might also be an approximation to the

function which relates the altitude of an aircraft or the depth of a

submarine to elevator deflection or the output position to voltage

applied to the clutch coil when an inertia load is driven by a constant

torque source through a clutch.
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A nonlinear system is any system for which the principle of

super-position does not apply. Saturation is only one of the many

common nonlinear phenomena. In general, physical devices have a

maximum obtainable output: electronic amplifiers are limited in

their voltage output; electric motors have speed, acceleration and

torque limits; magnetic circuits saturate at some value of flux

density; etc. A typical amplifier is assumed to saturate as its input

increases, so that the equation m = a4
(1-a

3
e2)e gives an approxi-

mation of the output, where a
3

and a4 are positive real numbers and

e is the actuating signal. This saturation will be considered in

detail in the next chapter. The general idea of saturation is shown

in Figure 1-2(a). When a
3

is equal to zero, the saturation charac-

teristics will be as shown in Figure 1-2(b). This type of saturation

is called "hard saturation".

A
2 mm=a4(1-a3e )e

m

e

Am

m

-Am

(a) (b)

Figure 1-2. Saturation.

e
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The concept of asymptotic stability in the autonomous behavior

of a system is employed in this thesis because the precise definition

of stability for a nonlinear system is quite complex. An equilibrium

condition is asymptotically stable if the system ultimately returns to

this condition following any slight disturbance from it. In other

words, a system is stable asymptotically if, after any small disturb-

ance, the state point x closes to the singularity Xe as time approaches

infinity.

The disturbance magnitude is not limited for a linear system

but must be small for a nonlinear system since the nonlinear system

may have more than one equilibrium condition. Asymptotic stability

excludes the possibility of dynamic equilibrium such as a limit

cycle.

System Description

Considering the system shown in Figure 1-1 to be initially

quiescent, the Laplace transformation equations are

C(S) = G(S)M(S) (1. 1)

B(S) = H(S)C(S) (1. 2)

E(S) = R(S) C(S) ( 1. 3)

The nonlinear relation between e(t) and m(t) is given by m = f(e)e

when f(e) a4(1 a3e2). Also, m(t) includes both f(e)e and the
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limiter which limits the value of m(t) to ± A which are them

maximum and the minimum value of m(t). As described before,

1 1.

(1, 4)

G(S) = and H(S)
S(S + a1S + a2)

Combining equation (I. 1) and equation (1. 2),

C(S) B(S) B(S)
M(S) =

G(S)
=

G(S)H(S)
= -

G(S)

From equation (1, 3),

B(S) = R(S) - E(S) (1, 5)

Substituting equation (1. 5) in equation (1. 4) ,

M(S) = [R(S) - E(S)1 (S3 + a
1
S2 + a

2
S) (1. 6)

Taking the inverse transformation yields,

m(t) = "1--(t) + alr (t) + a2/1 (t) *e" (t) - ale' (t) - aze (t) (1.

Rearranging equation (1. 7),

"e' (t) + (t) + a2e (t) + m(t) = + (t) + a2r1(t) (1, 8)

This equation preserves the entire form of the nonlinear, control

funtion,

In a feedback system with a nonlinear, control function in the

forward branch, the resultant high-order, nonlinear, differential

equation has an equivalent forcing function involving high order

derivatives of the reference input signal. It is both necessary and

sufficient to choose the actuating signal e as the dependent variable

in order to represent the whole nonlinear system by a single,
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high-order differential equation. In order to apply Liapunov's

Theorem, suppose that the system shown in Figure 1-1 is a free,

dynamic system. The input r(t) is zero for all t when the system is

a time-invariant, free, dynamic system. As mentioned before, the

output of the nonlinearity m(t) is assumed to have the form f(e)e.

Therefore, equation (1.8) is

'6 (t) + ai.e.(t) + a2e(t) + f(e)e(t) = 0

where f(e) = a4(1 - a
3

e
2),

( 1 9)

Letting e(t) = x1, é (t) = x2, e (t) = x3, equation (1. 9) can be written

in the equivalent form,

or, more briefy,

where

X =

X3

1
= x2

2
= x3

3 -alx3 a2x2 f(xl)xl (1. 10)

= x 1 1 1)

x 0 1 0

X = x2 and A = 0 0 1

x3
-f(x1) -a2 -al
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Research Objectives

This thesis has two objectives:

1. To generate a Liapunov function for determining the

asymptotic stability of the third-order, nonlinear system in equation

(1. 10). (The variable-gradient method was used to obtain the

Liapunov function. The differential equation of the system shown

in Figure 1-1 was obtained under certain previously mentioned

assumptions.)

2. To examine the conditions obtained from the Liapunov

function using hybrid simulation. (In general, since the Liapunov's

Theorem gives conditions which are sufficient but not necessary,

stability may exist in a region which is larger than that obtained

from the function. The total region in which the system is either

stable or asymptotically stable, was examined using hybrid simu-

lation. Also, the changes of the stable region were studied using

hybrid simulation when different saturation characteristics were

used. )
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II.' A LIAPUNOV FUNCTION AND STABLE REGION

Introduction

The stability of a nonlinear system as indicated by the state

variable equations may be determined only in an infinitesimal region

about each the singular points of the system. Using Liapunov's

second method, the stability of an equilibrium at the origin for an

autonomous system, x = f() = 0, can be determined.

In the previous chapter a block diagram of a system with a

nonlinear element, was presented in Figure 1-1 and the vector,

differential equations were presented in equation (1, 10). Liapunov's

second method is used to determine the stability of a system and is

similar to other stability methods because it defines a region of

stability without solving the characterizing differential equation.

In other words, given the vector, differential equations, a general

Liapunov function may be determined using the variable-gradient

method. From this function, sufficient conditions for asymptotic

stability in a nonlinear, autonomous system are found without

directly solving the differential equations.

The actual stable region is determined by the system. As the

predicted stable region may change for different function choices,

it is important to find a suitable function. Assuming a Liapunov

function and testing it with Liapunov' Theorem, is a practical method.
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The description of a dynamic system via the concept of state

is essential for using Liapunov's second method since a precise

definition of stability is required. Thus, it is necessary to obtain

the vector, differential equations of the system from the state

variable point of view in order to apply Liapunov's second method.

The principal idea of the second method is contained in the

following physical reasonings. Let V(7) be an energy of a physical

dV(R)system. If the rate of change

x,

dt
of V(R) is negative for all

except for a singular equilibrium state Xe, the energy will

continually decrease in the state space until it finally reaches its

minimum value V( X e) .

Main Theorems

The application of Liapunov's second method to the stability

of a system consists of defining a Liapunov function with appropriate

properties. The major limitation of the method is the determination

of a suitable Liapunov function V(x) required to indicate stability.

1 Liapunov's stability theorem

Given the system of differential equations x = KR"), f(0) = 0,

the equilibrium is stable if it is possible to determine a definite

scalar V(x), such that V(0) = 0 and the time derivative of V(x),

W, is semidefinite of sign opposite to V(x) or vanishes identically.
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If V(1) satisfies the requirements of Liapunov's theorem, it is called

a Liapunov function.

2. Liapunov's asymptotic stability theorem

The equilibrium is asymptotically stable if it is possible to

determine a definite V(x), such that V(0) = 0 and W is definite of

sign opposite to V(x).

3. A modified Liapunov theorem

If there exists a scalar function V(x) with continuous first

partials such that V(7) > 0 for all x, V(x) < 0 for all x and

V(x) 00 as I
11

--4-00, and if V is not identically zero along any

solution other than the origin, the system is asymptotically stable.

4. Asymptotic stability in the large

If the differential system of I = I(7), T(T) = 0 is asymptot-

ically stable and if V(7) approaches infinity as Il xil approaches

infinity, then the origin is asymptotically stable in the large.

The Concept of Dynamic System (Time-Invariant)

The system vector, differential equation is

dx
= f(x , u(t), t)dt -00 < t < 00 (2.1)

This is equivalent to the set of n scalar differential equations

dx,

dt
- fi (xi, xm 1.11(t), 41414 um(t), = 1, 2, n

(2, 2)
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x(t) the state of the system in equation (2-1).

tx.( ) the state variables, the components of x.

u(t) . the control vector system of the system in

u (t) .

equation (2-1)

. the control variables, the components of u(- t).

The integer n is the order of the system. The system is

specified by the vector-valued function f. If u(t) = 0 for all t and

dtdx
= f(R, t), then the system is free. A state X

e
of a. free, dynamic

system is an equilibrium state if f(Xe, t) = 0 for all t. A dynamic

system in equation (2-1) is stationary if f(7, u(t), t) = f(7, u(t)).

A system which is both free and stationary is said to be autonomous.

Concept of Stability (Stability in the sense of Liapunov)

1, An equilibrium state X
e

of a free, dynamic system is stable

if for every real number e > 0 there exists a real number Ls(c, t ) > 0

such that II x - X II < t implies II4 (t; x , t ) X II < E for all t > t
0o e o 0

Figure 2-1. The stable system.
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2. An equilibrium state X
e

of a free dynamic system is

asymptotically stable if

a) it is stable and

b) every motion starting sufficiently near Xe
converges

to Xe as t -4" co.

In other words, there is some real constant r(to) > 0 and to

every real number p. > 0 there corresponds a real number

T(p., xo, t) such that Ox - < r (t ) implies 11(1)4; xo, to)- 3Te II <o o
p. for all t > to + T.

0

Figure 2-- 2. The asymptotically stable system,

The Variable-Gradient Method for Liapunov Function

A method for generating Liapunov functions has long been

searched. One possible approach was introduced by D. G. Schultz

and J. E. Gibson in 1962. This method can be applied to all the

cases for which an asymptotically stable solution exists. The

method is based on the use of a scalar, V(i), with n undetermined

components. By taking the derivative of V(x) , with respect to



14

av dx
time along a trajectory of the system, as V(x- ) = ax

1
dt

av dx
2

dt dt

dxnav
axl dt

V(x) can be obtained from

PV(x) by scalar product iV(ii). x . V(3-) can then be determined

from V(x) by integration, as V = (-iV)? dr( .

0

(7V)' is the transpose of (7V)

The steps to determine a Liapunov function are:

Assume an arbitrary column vector (7V) whose coefficients

are allowed to be functions of the state variables.

(7v) =

a 1 1 ( 3 7 ) x + al 2(37)x2 4-
. . + 2In(x)xn

+ a 22(x)x2 + . . . . + 2 (x)x
1 2n. n

a n1(x)x 1 n2 z
+ a (x )x., + . . . + 2nn(x)xn

where a
ij

(x) are made up of a constant part a ijc and a variable

portion a iiv(x1, x2, ... xn_i)

From equation (2. 3), (0V)

( 2, 3)

a = a + a ( 2. 4)
1J jc 13v

= [a]

a11(37) a12(x)

(9V) = a 21(x) a 22(x- ) . a 2n(x)

_
a ni, (x) an2(x- ) . . . a nn(x)

x
1

x2

xn

( 2, 5)
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To assist in the verification that V(x) = constant represents closed

surfaces as required, [ a] is chosen independent of Xn and a nn
is

set to a value of 2, V(x) must be independent of the path of integra-

tion, The necessary and sufficient conditions are

a (Tiv)i a(iv)i
ax. ax.

i j i, j = 1, 2, , n (2.6)
13

where (pV)i is component of (77V) in the i direction and (77V) is from

equation (2. 3).

(7v) =

(VV)n

2. Determine V(x) from V(x) = W = (VT) x

x dxav d av 2
V(x) axi dt ax2 dt

From equation (2. 8), V(x) yields

ir(x) = (VV)' x-r

where (VV)' is the transpose of (VV)

av dxn

axn dt

3. Since V(x) is independent of the path of integration, any

(2, 7)

(2.8)

(2.9)

path may be chosen provided that equation (2. 6) is satisfied, Therefore,
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xi, (x2, x3, xn=0)

V(x) = (VV)' d5Z = 1 (.."2"V)1dx
1

. 0

x2, (x
1

=x x 3' x =0) xn, (x
1
=x1' x2 =x2, xri_

1
=xn_ 1)

+ (V)2dx2 + (--"V)ndxn

(2. 10)

4. Check whether W is constrained to be at least semi-definite

and.V(x) represents a closed surface with opposite definite against

W.

Generating a Liapunov Function

To begin the variable-gradient method for generating a

Liapunov function, assume that

[ a]
a 11 a12 a

2

a
21 a 22 al a 12 = a

21

a2 al 2

(2. 11)

since [ a] was a symmetric matrix in appendix VII. The constants

al and a
2

are from the transfer function G(S) in Chapter I.

According to equation (2. 5), equation (2. 3) is

V) =

all xl a 12x2 a2x3

a x1 + a 22x2 + a1x3

a
2
x

1
2x

3
a1x2 +

(2.12)



Substituting equation (2. 1 2) in equation (2. 9)

W
dV(x)

dt

a x +a x +ax
11 1 12 2 2 3

x +a x + a x
21 1 22 2 1 3

a2xi 4- alx2 2x3

17

x2

x3

-1(x1)xl a2x2 alx3

2 ]xlx2 [ a 11 a2 alf(x1)1+ xlx3 a 21
a2 - 2f(x1)

2 2
+ x

2
x

3
(a 2

22 1
- a - a2) - a

2
f(x

1
)x1 (a 12+ a

1
a

2
)x2 - a

I
x3

To simplify W, let

a 11 = a2
2

alf(xl)

a12 = a
21

= a
1
a

2

a = a2
22 1

+ a
2

Substituting equation (2, 14) in equation (2, 13) yields

W = -a 2f(x
1
)x

1

2
- 2f(xl)xix3 -

Substituting equation (2, 14) in equation (2. 1 2),

cTY =

(2, 13)

(2. 14)

aix32 (2. 15)

{a22 + alf(x1)} xl + aia2 + a2x3

ala2x1 + (al + a2)x2 alx3
a2x1 + aix2 + 2x3

From equation (2, 7) and equation (2, 16),

(2, 16)



r 2t(V V)i = a2 + alf(x1)} x1 + aia2x2+ a2x3

(") 2 ala2x1
2

a
2
)x2 + a

1
x3

(s7V)3 = a2x1 + aix2+ 2x3

18

(2.17)

Applying equation (2. 10) with equation (2.17),

2
.xi a2x22 + x3

V(X) = 1/ 2 [ (a2x1 aix2) + x3 ] + a1.10 f(x1)xidx, +
2

(2. 18)

Equation (2, 18) is a Liapunov function which has been generated by

the variable-gradient method and equation (2. 15) is the derivative of

this function.

Applying the Liapunov theorem, under the conditions

1

al > 0

a
2

> 0

f(xi) > 0

a1 a2 > f(xi)

Condition A

the third-order, nonlinear system in equation (1, 10) is asumptotically

stable since W has a quadratic form,

Phase Plane and Limit Cycle

The analysis and design of physical systems are concerned

directly with the differential equations of the system and solutions

of these differential equations. Without actually solving the
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differential equation of the nonlinear system, it is important to

determine if a limit cycle exists, since a stable limit cycle

corresponds to a stable periodic motion in the system, If the phase

plane trajectories were paths continuously approaching the origin

or closed curves called limit cycles in the phase plane correspond-

ing to periodic motions, the system is stable. In case the trajector-

ies are stable limit cycles, all trajectories approach the limit cycles

as time approaches infinity. If the trajectories were paths continu-

ously diverging from the origin, the system is unstable.

The phase space of a third-order system is composed of x, 3'c

and X as coordinates where the system is described by x + a
1
X +

a 2)i + f(x)x = 0. The motion of a third-order system is portrayed

as a space trajectory with projections in the x-ic plane, the ic

plane and the x - x plane, In Figure 2-3 is shown an analog com-

puter simulation of equation (1.10). This can be used to generate

either space or plane trajectories.

Figure 2-3. Analog computer simulation.
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Study of Saturation

As mentioned in the previous chapter, the saturation charac-

teristics shown in Figure 2 -4 were obtained from the equation
2

m = a 4(1 - a3
x

1
)x

1
where both a

3
and a

4
are positive real numbers,

and x is equal to . Generally, as shown in Figure 2 m is
3a

a curve with respect to x1 if a3 and a4 are constants.

m

Figure 2-4. The saturation.

y
4
(1-a

3
x1

2)

Figure 2-5, The curve of m

x in Figure 2- 5 is the value of x
1

when m has the maximum
m

value, and m is a minimum at x 1 = -x . If the saturation begins at

x, = xm and x1 = xm'

m = (1 - a3x1)x1 -xm < x, < x (2, 19)

-A x
1

< - xm
m

Where Am is the amplitude of saturation under the supposition,

Am and xm will be changed according to a3
and a4.

The change

is shown in Figure 2-6 and Figure 2-7.
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(a)
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m

(b )

m

(c)

Figure 2-6. The saturation according to a
3

and a4.

If a
3

= 0 , the nonlinerity is "hard" saturation and a4
is

the slope of f(x).

A x >xm 1 m
m= a4x1 1x I< x

1 m

-A x, < xm - M

m

A
m

- Xm

-A

x
Xm 1

(2. 20)

Figure 2-7. "Hard" saturation,
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a
3

a
4 xm

Am

0.04 0,5 2.88675 0.96225
0.04 1.0 2. 88675 1, 92450
0. 04 2. 0 2. 88675 3. 84900
0, 01 0. 5 5, 77350 1, 92450
0.01 1,0 5, 77350 3. 84900
0.01 2.0 5. 77350 7. 69800
0. 0064 0. 5 7. 21688 2, 40562
0. 0064 2. 0 7, 21688 9. 62250

Figure 2-8. xm and Am according to arbitrary
a and a4'3

Since m had the form f(xl)xi in Chapter I. f(xi) can be defined from

equation (2, 19) as following:

xl) a

Am /x1

)
4
(1-a

3
x x

1

x, > X
m

A 1
< Xm

-Atx
1

x < - Xm 1 m

represented in Figure 2-9.
f(xi)

a
4

2
a 4(1-a3x 1

)

Figure 2-9. The function f(x1).

when a
3

= 0, Figure 2-9 becomes Figure 2-10.
f(x )

Figure 2-10. f(xi) when a3 = 0.

x
1

( 2. 21)
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As shown in Figure 2-9 and Figure 2-.10, f(x1) is positive for all xi

if f(xi) = a4(1 - a3x20 where a3 > 0, a4 > 0. The maximum value

of f(xi) is a4. Therefore, equation (2.15) and equation (2. 18) yield
.xl

VV(x) = 1/2r(a2x1 + aix2) + x3] 2+ aiajo (1 - a3x1 +

, dV
vv =

dt
-f

Under the conditions

2 2
a

2
x2 + x3

2

(2, 22)

2, 2
a

2
a 4(1 - a3x

1

2)x
1

2
+ 2a 4(1 a3xi)xix3 alx3

1

al < 0

a
2

< 0

a
1
a

2
< a

4

Condition B

(2, 23)

Equation (2. 22) is positive definite and equation (2. 23) is negative

definite if f(xi) has the form of equation (2. 21).

The regions shown in Figure 2-11 are examples of asymptotic-

ally stable regions calculated from equations (2. 22) and (2. 23) when

a4
has 2, 1 and 0. 5.
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a2

Figure 2-11. The asymptotically stable regions.
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III. THE HYBRID SIMULATION PROGRAM

Introduction

A hybrid computer may be defined in its widest sense as any

machine with analog computation elements and programmable digital

facilities and with some linkage equipment between the two computers.

A simulation is any representation of a dynamic system in a

form suitable for manipulation and study. This chapter is mainly

concerned with a simulation to determine the stability of the third-

order, nonlinear differential equation given in equation (1-10) using

a hybrid computer system.

It is well known that differential equations can be solved either

by an analog or a digital computer. Using the analog computer, the

computational speed is high, however, computing components have

relatively low accuracy limits. On the other hand, using a digital

computer in transforming the differential equation to a difference

equation, causes truncation error which can be made small by

taking very small steps provided that roundoff errors do not become

large although the computational speed is low. Using a hybrid

computer nonlinear operations can be performed without using

analog nonlinear elements when nonlinear system equations are

solved. Besides this advantage, limit cycles can be obtained fast

without plotting the solutions obtained from the digital computer.
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In other words, limit cycles could not be obtained easily if only the

digital computer was used.

The simulation program was written in the HYTRAN OPERA-

TIONS INTERPRETER for an EAI 690 system. This computing

system consists of an EAI 640 digital computer system, an EAI 680

analog computer and an EAI 693 digital-analog interface.

The organization of EAI 690 system is shown in Figure 3 - 1,

Addressing andiMode Control

Analog
Computer

Digital Readout

NCI

Analog Trunk

Digital Trunk

Mode

Mode Control
EAI 680
Scientific
Computing
System

Display
Equipments

Patch
Panel

EAI 8875 Recorder
EAI 8850 Variplotter
EAI 8641 Line Printer

A/D

D/Al

D A

Control

Logic Trunk

Sense Lines

Control Lines

Interface Lines

Clock Pulses

Figure 3-1. Hybrid computer organization.

Digital
Computer

EAI 640
Digital
Computing
System
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System Differential Equations and Hybrid Program

The general system differential equations were shown in

equation (2. 22). The function f(x) was assumed as f(x) = a 4(1 - a3
x3)

in Chapter II. Therefore, equation (2. 22) becomes

3c 1 x2

x2 =x3

3
= -a1x3 - a2x2 - a4(1 - a3xf)x1

(3. 1)

To find the stability of the system differential equation under certain

conditions, time and magnitude scaling may be needed for the analog

programming. Let the magnitude scale factors be sl, s and s3.

Suppose that

From equation (3. 2),

vl = S1X1

V2
=

S2X2

v3 = s3x3

v2
x2

2 s2

X3 =
v3

S3

(3. 2)

(3, 3)



Combining equation (3. 1) and equation (3. 3),
sl

=
1 s

2
v2

s2
=

2 s3 1/3

s
3 1 2 3

v = -aiv_
3

- a v
2

1 - a () ] v
2 s

2
3 sl sl 1

28

(3.4)

Inserting a into equation (3.4), a being time scale factor, equation

(3.4) is

sl
1

= a s
2

11.2

s2
v3

2
= a s3

s3 a

3
= -a

1
1/2v

3
a2 as v2V2 - 4 - a () ( v

a 3 s

21

l

,v1,
s

3

1
1

(3, 5)

where N;-1, N.'r and Ni are computer varialbes from problem

variables xl, x2 and x3 by inserting magnitude scale factors and

the time scale factor.

The hybrid program to solve the set of differential equations

is shown in Appendix I and the task assignment is presented in

Appendix IL
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Limitation of the Variables and Asymptotic Stability

The stability theorem in the sense of Liapunov does not indicate

any limitation in magnitudes of the components of x. However, it

was necessary to assume maximum magnitudes of of the components

of x since the problem was solved with a hybrid computer.

The asymptotically stable regions are shown in Figure 2-11

of Chapter II, when a4
has different constant values. The first

simulation was performed to find the asymptotically stable region.

The region B in the Figure 3-2 is the asymptotic stability region

found by the hybrid simulation. In a hybrid simulation the variables

can not be approached to zero as time approaches infinity. Hence,

the system was assumed to be asymptotically stable unless sustained

oscillation occurred.

The system was assumed to be unstable if any one of the

variables exceeded 1000. The stable region C in the Figure 3-2

was found. In other words, when the magnitude scale factors of

xl, x2 and x3 were given to 0.001, it was assumed to be stable if

any amplifier w a s not overloaded. If any restricted conditions to

the magnitude of x1, x2 and x3 were given, stable regions were

different for each arbitrary limit magnitude. The result was shown

in Figure 3-3. As shown in Figure 2-11 of the Chapter II, the

asymptotically stable region obtained from Liapunov theory depends



2. 0

1,0

al
A

0

Figure 3-2. Asymptotically stable Region A by
Liapunov, asymtotically stable
Region B by hybrid simulation and
stable Region C by hybrid simula-
tion under certain conditions.

Region B

a2
2, 0

a
3

01

a
4

= 1

a = 4

S
1

= S
2

= S
3

= 001 L
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on a
4

since the maximum value of f(x 1) is a4. a
4

was assumed

as 1 in the region A of Figure 3-2. Also, the asymptotically stable

region B and the stable region C in Figure 3-2 were obtained by the

hybrid simulation. In other words, between the region C and the

region B some limit cycles were observed.

a
1

.5

Figure 3-3. Stable regions.

a2
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Region 1, Region 2 and Region 3 in Figure 3-3 were obtained by

the hybrid simulation, Supposing that any variable of x
1,

x2 and x3

does not exceed 1000 in magnitude at any time t, Region 1 was

obtained. In other words, if one of them has magnitude greater

than 1000 at any time t, it is taken to be unstable. Similarly, in

Region 2, the variables do not become larger than 100 in magnitude

at any time t and no more than 10 in Region 3. As shown in

Figure 3-3, the stable region depends on how big the magnitudes

of the variables are to be. No stable region could be found if

either al and a
2

or f(x 1) were not positive.

The Study of Stable Regions Under the Same Limitations

As mentioned before, the stable region depends on the

limitation in magnitudes of the variables. With the same magnitude

limitations, the stable regions can be changed by using different

saturation characteristics. Assuming that the largest magnitude

of x
I

was less than 100 and the others had the maximum magnitude

less than 10, the stable regions for several nonlinearties are shown

in Figure 3-4, 3-5, and 3-6. The study of nonlinearity was presented

in Chapter II, where a4 was assumed to be either 0.5, 1 or 2. On

the other hand, a3 was assumed to be 0. 0064, 0. 01 and 0. 04. As

shown in Figure 3-4, 3-5 and 3-6, the stable region was wider

according as a3 was increased if a4 had a constant value.
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> a2

Figure 3-4. The stable region when a4 = 1.
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a2

Figure 3 -5, The stable region when a4 = 2,
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Figure 3-6. The stable region when a4 = . 5.



The Solution of System Differential Equations

In Figure 3-2 the asymptotic stability region was obtained

where a
4

has a constant value 1. Assuming that a
3

has a unique

value 0. 01 and a
4

is equal to 1, the set of equation (3, 1) becomes

X1 = x2

x2 = x3

X3 = -aix3 - a2x4 - (1 - 0. 01x1 )xi

36

(3. 6)

Both al and a
2

can be chosen arbitrarily in the stable region. The

solutions are shown in Figure 3-7 when both al and a
2

are 2 in the

asymptotically stable region. When al = a
2

= 1 is chosen in equation

(3. 6) the solutions are shown in Figure 3-8.



37

)0, = El , -Nri --t:'111 -1 =
1 Empagripi - a 2

z --

111 -1!!!=ENESIMMEMPAI
NIMMEMENERINEME:
WHIMENUMEMENkillIENW-
ommummuminamempammum

10/Line

SOMENSWII4-
MEMILWEIMMINIMPIRTMEMEMENDE

x (0)
2

RiMMEINIERRIMINEMILIMMILIF
EN ithlIESINIBMININEVALUEME

, ,

_

IMENEPAINEMINEMINIME
JEMENTIMMEINEEMPLON

iffinstiffilliEMEIMENI

-pimina
5 ,±TIMIELEININFAIRMEOW-

'171 EIMEMPRIMMENINI

, a3 13" 01
a = 1 7

t -7''

mom
"Li-ti

-,-,

MEIMINIWORZEMBEEMEMERNEV

I'
11111111111101METOANErr- IIMENNIE
111111111011MINMEMEMEMENE

IMERIMIMMIMINIMEM
WMINEENEEMEMIN

IMMEMENEMENESUMMINi

:
-= LT1

2
-= 5

IN IN I Ill MI ci)

-''
:T,

2
S2--

g

Y ( 0 = c

MAW

MINUMMEREENIMMIE
MMEMENNEMENEMO

IMEMENEMEMMEE
ingliiiIMMEMMEMERNIMENNEI
111111111111121111111111111111111111111111111
11111111LICOMMIRIMINIMMIL

:

5/Line
_- :111110111111111111111111111111111111111,

MIMI 11111111111111111111
-:IN

MREll
1111111111111111111111111111111111111111111111111111111111111

PITIMMIEMINIMEMINIMINI

MIME
1111§1011111112111111111111111.
111111111111111111111

III I
MEM

IMO
111111111MillffillialliMMENIMIMEMIN
IMIIIIIOFAIIIIIIMIIIIMOIIMIMIIIIIII

ALPA = 4

Figure 3.7. A solution of equation (3. 1) when
a

1
= 2, a

2
= 2, a

3
= 0.01 and a

4
= 1.



38

E:11 (0) = EMEH EE ME:WEEMEMEMMIEEMMMMEL
mom summEmmilv,ammmu-MEMEMMEMEMEImMEW F
ME MEMMEUMEIMMUMff.MEEMEMMEMPE.

MEMMMMM rte. MEMEMEMEMEMEMMEMEEMMEMEMEMEEMEMEEME
10

CLEVITE CORPORATION/ BRU:

MEMMMEM
MEORMEMMEM

VIENNEMEMEIMEMENMEMILEMEMEMEMEEMENMEMMEEMEMEMMEMETEMMENEEMD warmammmrEMEEMMEMEMMEMME"EMEMEMEMEMEMEMEEMEMEMEM. EMEEMEMEM
1111111111111111MMEMI

MEEMEM 3 ME

5 /Line

EIMIEMMEMEMOIE
Mil HEMMEN/ME

MINEIVEMEMIL MENIMMEMEI
MilMENIFAMESIVIIMENIMAL

mom!` ammammummumwmi
magnimmmammumnimmwm

memmEmmEmmmmmEmEmm
mmismEmm
1111111
EMFAMMEM

MENEM EMEMEMEEMEEMEEMEMEMEEMEEMEEMEEMEMEMEMEMEEMMEMEMMEMEMMMaEMEMEMMEMMMEMEMEEMEMEMEMEMEMEMEEMEMMEMEMEMEEMMEN MEER=

al =
a

2
= 1

a
3

= 0.01
a4=1

Figure 3-8. A solution of equation (3. 1) when
al = 1, a

2
=1, a

3
= 0.01 and a

4
= 1.



39

X1(0) 0) =

MEM A

illiMINLINIMEMOVErit
IPA11111111111111

la/Line

SION

X2 (

CLEVELAND. OHIO. PRINTED I N U

la A
FMup,

1

X3(0) =

intrani
571, Virfauimy

to

Y3

a =0.65 a =0.01
3

al
2

=0.6 a 4
1

A A A
vf

2 /Line AITA -7 4

Figure 3-9. A solution of equation (3. 1) when
a

1
= 0.65, a

2
=0.6, a

3
= 0.01 and

a4 1.



40

Taking al = 0.65 and a2 = 0. 6, Figure 3-9 shows the stable

solutions of equation (3. 6) when al and a
2

are chosen out of the

region obtained by the Liapunov Theorem in Figure 2-11. From the

Figures 3-8 and 3-9, the variables are oscillating in both cases. The

closer values al and a
2

take to the unstable region, the larger the

magnitudes and periods of state variables become. Other example

solutions show the same phenomena in Figures 3-10, 3-11 and 3-12.

Trajectories and limit cycles were mentioned in Chapter II. Traject-

ories are shown in Figures 3-13 to 3-16 from the results of Figures

3-7, 3-8, 3-9, 3-10, 3-11, and 3-12. There are two typical traject-

ories when the system is oscillating. One is approaching a limit

cycle from a point where that point is an initial condition inside it

and the other is approaching from a point outside it without inter-

secting any trajectory. The trajectories are presented in Figures

3-14(a) and 3-15(a). However, in some cases, trajectories are

intersecting each other. The intersecting means that the variable

have the same values at different moments in time. The examples are

shown in Figures 3-16(a) and (b).
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Figure 3-12. A solution of equation (3.1) when al = 1.5, a2 = 0.6,
a3 = 0.0064 and a4 = 2.
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Figure 3-15. Trajectories when the system is stable.
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Figure 3-16. Unexpected trajectories when system is stable.
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IV. CONCLUSIONS

The stability of a third-order, autonomous system with a

nonlinear element of the saturation type has been studied theoretically

and by simulation.

First, a Liapunov function was found by the variable-gradient

method and the asymptotically stable region determined by this

function was compared with that determined by hybrid computation.

Next, the stable region of the system was determined by hybrid

computation for various sets of values of the system parameters.

It was found that the system is unstable if either al, a2 and/or f(x)

are non-positive. As expected, the stable region extended over the

asymptotically stable region in every case. It was observed that the

stable region differs for different limiting amplitudes of the system

variables, that is, the larger the limit amplitude, the wider the

stable region. Also, the stable region tends to increase with the

saturation level of the nonlinear element (a 3) for a fixed slope of

the nonlinear element (a 4).

Limit cycles were obtained in the region between the boundaries

of the stable region and the asymptotically stable region. Trajector-

ies had two typical patterns; one, which occurs in most cases,

approached a limit cycle without intersecting it from an initial

point whether it was inside or outside of the limit cycle. The other
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pattern, which occured less frequently, showed intersection of the

trajectory with the limit cycle. The theoretical treatment of these

distinctive patterns would be very interesting but is beyond the scope

of the present study.

Since any Liapunov function gives only sufficient conditions for

asymptotic stability, the actual asymptotically stable region of a

system should contain entirely the asymptotically stable region

determined by a Liapunov function. The fact that this does not show

up in the present study as shown in Figure 3-2 may be attributed

either to the inherent inaccuracy of the hybrid computer or to the

inefficient programming. This point deserves further investigation.
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TIME TF
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1. TEST POT SETTING
2. ANALOG MODE I. C.
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INITIAL CONDITIONS.

CONVERT ADC'S
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APPENDIX III

Hybrid Programs

1.010 pL, 0;
1.020 "OFF-LINE SETUP(DA TA )" :
1.030 pa, @NA, XMODE;
1.040 NORMAL;

1.050 12;
1.060 "COEFFICIENTS": 13;
1.070 2;

2.010 o;
2.020 "ON-LINE SETUP":
2.030 pa, ©WA XMODE;
2.040 NORMAL;
2.050 12;

2.060 " IS ANALOG ON LINE? ":
2.080 680, CONSOLE;
2.090 1, USE;
2.100 1, CONSOLE;
2.110 ©SP, MODE;
2,111 @NSEC, MODE;
2.112 ©RUN, MODE;
2.120 "SET POTS": 13;
2.130 3;

3.010 @ST, MODE;
3.020 .001, VERIFY;
3.030 "COE- CHK. ": 13;
3.035 NORMAL;

3.040 plc, MODE;
3.041 Al, A2, A3, A4: :

3.042 XI, X2, X3: :

3.043 MAX: :

3.044 ALPA, T: :

3.045 pcwi, 1, S:
3.050 4;
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4.010 V3=VAL(@AD00 )

4.020 V2,--VAL(PAD01)
4.030 V1=VAL(PADO2 )

4.035 TF=VAL(PADO3 )

4.040 @CLO1, 0, S;
4.050 X1 =V1 /S1

4.051 X2=V2 /S2
4.052 X3=V3/S3
4, 053 A3 >0? 4.06.
4.056 AM> <A4*XX ? "WRONG AM OR XX": H;
4.057 X1 >XX ? FUN=AM/X1, 4. 115.
4.058 X1> (-XX)? FUN=A4, 4. 115.
4.059 FUN=(-AM)/X1, 4. 115.
4.060 AM=A4*(1-A3*MAX f 2 )*MAX

4.070 X1>MAX? 4. 11.
4.080 X1> (-MAX )? 4. 10.
4.090 FUN=- 1 /X1*(2*A4/3 )*MAX, 4. 115.
4. 100 FUN=A4*(1-A3*X1 f2), 4. 115.
4. 110 FUN= 1 /X1*(2*A4 /3 )*MAX

4. 115 Y=S3*FUN*X1
4. 120 TEM=- (Al*V3+A2*S3/S2*V2+Y)/ALPA
4. 130 PDA00, TEM, S;
4, 131 paw., 1, S;
4. 132 M=Y
4. 133 TF:

4.140 X1, X2, X3, M, FUN, TEM:
4. 155 ABS(VAL(PA010 ))>. 999? 4. 18.
4. 156 TF>. 99? 4. 18.
4. 160 POP, MODE;
4. 170 4.01.
4. 180 @PC, MODE;
4. 190 H;
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12. 010 "PARAMETERS":
12. 020 Al <-
12.030 A2 <-
12. 040 A3 <-
12.050 A4 -
12.051 A3==0? 12. 053.
12. 052 MAX= 1/SQR(3*A3), 12,06,
12.053 MAX= O. 0
12. 054 AM
12. 055 XX <-
12.060 " TIME SCALE FACTORS ":
12.070 ALPA <-

12.075 T <-
12. 080 "INITIAL CONTIONS":
12.090 X1

12. 100 X2 -4-

12. 110 X3 -*
12. 130 "MAGNITUDE SCALE":
12. 140 Sl= 001
12. 150 S2= 001
12. 160 S3= 001
13, 010 00000= X3*S3
13, 020 00005= X2*S2
13.030 00006= X 1*Sl
13.040 00030= 1/T
13. 050 00001= S2 /S3 /ALPA
13. 060 00007= S 1 /S2 /ALPA
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-->
V3= VAL(@ADOO)

V2= VAL(p.AD01)
V1= VAL(PAD02 )
TF = VAL((a@AD03)

V
EXECUTE
CONTROL

LINE IS OFF

V
X1= Vi /S1
X2= V2 /S2
X3= V3 /S3
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AM= A4*(1-A3*

MAX 2 )*MAX

FUN= -1/X1*

(2*A4/3)* MAX

FUN= A4*(1-

A31*X1 }2)

FUN= 1 /X1*

(2*A4/3)* MAX

FUN= -AM/X1 FUN= AM/X1
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+ A2*V2*S3 /S2
+Y)
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00000= X3*S3
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Primary HOI Variables Used
in the Simulation Program

Variables Definition HOI

al coefficient of X Al

a2 coefficient of X A2

a
3

a constant of f(x) A3

a
4

a constant of f(x) A4

xl xl

x2 function variables x2

x3 x3

a time scale factor alpa

T time scale factor to sinchonize T

v
1

V1

v2

v3

magnitude scale factors V2

V3

magnitude of saturation AM

starting value of x to be saturated XX

nonlinearity (saturation) M

the third derivative of x TEM

synchronized time TF

xm



APPENDIX VI

A Third-Order Nonlinear System (Example)

Field Controlled Motor

In Figure 6-1 are shown the loan member and power drive

connected by an appropriate gear train. It is assumed that the

armature current supplied is constant. The voltage equilibrium

equation for the yield current is
Rf i = const

a

Transforming,

Synchro

Figure 6-1. A third-order nonlinear system.

di
fe =Ri +Lf f f dt

E.(S) = Rfl f(S) + SLf fI (S)
1

65

The motor developed-torque expression is

TD = K24 is = K3if (6A, 3)

Therefore,
TD(S) = K

3
I
f(S)

(6A,4)



The loadtorqu.e equation is

and

TL J +m

TL(S) = JS
2r m(S) + frm(S)

66

(6A, 5)

(6A,, 6)

J is the inertia of all output members referred to a common shaft

(motor shaft), and f is the friction coefficient similarly referred.

From equation (6A. 2) and equation (6.A. 4)

.E )(S

I f(S)
Rf + SLf

By equation (6A. 7), equation (6A. 4) becomes

E.(S)
T

D(S)
= K3 Rf + SLf

By assuming that the developed torque and the load torque are

equal,

And

Therefore,

E.(S)
= S

2
(S) + Sfrm(S)K3 Rf + SLf

r (S) = Nr (S)

E.(S)
2 r o(S) ro(S)

K3 R4 + SLf S J + Sf

(6A, 7)

(6A, 8)

(6A. 9)

(6A. 10)

(6A. 11)
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Solving for the ratio of output to input,

r o(S) K3N K4

E.1 (S) S(Rf + SLf) (f + SJ) JLfS3 + ( JR f + fLf) s 2 + fRfS

(6A. 12)

where K3N = K4 and N is gear ratio. Then,

G(S) is equal to

Therefore,

K4

JLf

3
JR1 +fLf

2
fRf

S+ S + S in Figure 2-4.
fJL JLf

JR
f

+ fL
fal -

JLf

fR
a

2
= JLf

a3 and a4 depend on the nonlinearity.

Properly taking the components of the system in Figure 6-1, the

system will be stable.
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Assumption of Matrix [ a ]

[a]

a 11

a21

a31

a12 2 13

a 22

a

By equation (7A. 1), equation ( 2. 3) is

=

The components of (PV) are

32

a 23

a
33_

a 11x1 + a 1 2x2 + a 13x3

a 21x1 + a 22x2 a x
23 3

a x
1

+ a 32
x2 + a

33
x3

(VV)1 a 1 lx1 + a 1 2x2 + a 13x3

(VV)
2

= a
I
x.i + a 22x2 + a 23x3

(7V)3 = a 31x1 + a 32x2 + a 33x3

Applying equation ( 2. 6) with equation (7A. 3), for i = 1 and j = 2,

(7A, 1)

(7A. 2)

(7A. 3)

a a
8x

1
(a zixi + a 22x2 + a 23x3) ax

2
'a 11x1 + a 12x2 + a 13x3)

(7A.4)

Let a .. be constant when i 4 jo Then, equation (7A. 4) becomes
13

aa aa
22 11

a 21 + x2 ax
1

= xl + a
ax

2
12 (7A. 5)



Equation (7A. 5) can be satisfied simply by

Similarly, for i = 1, j = 3,

a = a
1 2 a21

as 22
x2 axi ax

2

as
11

+ a = a
1 ax

3
13 31

This can be satisfied simply by

69

(7A. 6)

(7A. 7)

(7A. 8)

a 13 31
= a (7A, 9)

aa
x = 0 (7A. 10)1 ax

11

3

In equation (7A. 10), a
11

does not contain any component of x3.

Finally, for i = 2, j = 3

as 22
=x2 ax

3

+ a a
23 32

This can be satisfied simply by

(7A. 11)

a
23 3 2

= a (7A. 1 2)

aa
22

0 (7A. 13)x2 ax
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In equation (7. 13), a
22

does not contain any component x3.

From equation (7A. 6), equation (7A. 9) and equation (7A. 12), matrix

[ a ] is symmetrix and both a and a 22
do not contain any component

x3 by equation (7A. 10) and equation (7A. 13).


