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TERNARY ARITHMETIC IN DIRECT DIGITAL CONTROL SYSTEMS 

I. INTRODUCTION 

Purpose of the Study 

There have been developed in the past several years a number of 

new electronic devices that appear to make the storage and manipulation 

of ternary-coded information more feasible than it has been before. 

Likewise, there has been a significant amount of work done on the de

velopment of the theory and design procedures for ternary switching 

circuits. It is the primary purpose of this thesis to re-examine the 

subject of the design of direct digital control systems in the light of 

these developments in order to determine whether or not it might be 

economical to use the ternary number system internally in such systems. 

Historical Background 

The development of digital computers has been characterized, 

in general, both by the use of the most advanced technologies available 

at the time and by a progression from attempts to mechanize the same 

processes that a human being uses in performing an arithmetic operation 

to the development of processes which are more suitable for implemen

tation by machines and which take advantage of characteristics of 

machines which human beings do not have. For example, in the develop

ment of his first digital calculating machine, the Difference Engine 

No. l, Charles Babbage between 1820 and 1823 found it possible to speed 

up the operation of addition by causing the addition of all columns of 
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the addends to be made simultaneously rather than column-by-column as 

a human would do (27, p. 45-48). However, both in the Difference 

Engine No. 1 and the later Analytical Engine, which was the first known 

attempt at building a stored-program digital computer (the stored pro

gram frequently being considered as the feature that distinguishes a 

digital computer from less sophisticated devices such as desk calculat

ing machines), Babbage used the decimal number system which man had 

used in hand calculations for centuries (27, p. 45)(27, p. 56). Both 

of Babbage's machines were purely mechanical in nature; and, although 

the designs were basically sound, progress was so slow because of re

peated improvements in design and in methods of manufacture that even

tually work on the Difference Engine No. 1 had to be stopped when the 

British government was no longer willing to invest money in it (27, 

p. XIV-XV). The state of the Analytical Engine was incomplete at the 

time of Babbage's death, but all the drawings and a considerable amount 

of mechanical development had been completed (27, p. XiX). 

After the work of Babbage the next significant step in the 

deve~opment of digital computers was the application of electrome
• 

chanical relays, whiGh had meanwhile reached a high state of develop

ment for use in telephone switching systems. Beginning in 1938, a 

series of six relay computers was designed and built at the Bell 

Telephone Laboratories (8, p. 187). Although considerably faster than 

Babbage's machines would have been if completed, the relay computers 

also used the decimal number system, each decimal digit being rep

resented by a biquinary code. In this code each decimal digit is 
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replaced by two digits~ one of which, the quinary digit, takes on 

values from zero to four and the other, the binary digit, has the value 

zero or five. The quinary digit is represented in the machine by one 

out of five relays being closed, and the binary digit is represented by 

one out of two relays being closed. Thus each decimal digit requires 

seven relays to represent it. This system required more relays than 

some other possible systems, hut the designers believed that this draw

back was more than overbalanced by the facts that no special equipment 

was needed to translate from the decimal to the biquinary system and 

back and that the system could be made self-checking so that machine 

trouble could not accidentally change numbers without detection. 

Checking was performed by a circuit that was closed when exactly one 

binary and one quinary relay were energized for each digit stored (l). 

The next significant advance in the art of computer building 

came with the building of the ENIAC, which was first publicly demon

strated in 1946. The ENIAC was the first large-scale machine to use 

electronic circuits in its arithmetic unit (8, p. 194). However. even 

in the ENIAC we still find that decimal arithmetic was used. For 

example, in the accumulators a ten-stage ring counter was used for 

each digit of a ten-digit number. These ring counters consisted of 

ten flip-flops arranged in sequence in such a way that at any one time 

only one of the flip-flops was in the 11 one" state. When a pulse 

arrived at the input to the counter, the flip-flop which was in the 

"one11 state was reset and its successor was set. Numbers were trans

mitted in the ENIAC in pulse form with pulses from all ten decimal 



places and sign being sent out at the same time. An accumulator added 

a number to one it already contained by counting the pulses that were 

received at each of its ring counters (12). 

Beginning in about 1947, much thought was being given to the 

construction of pure binary computers. Two of the earliest binary com

puters were the EDVAC, constructed at the Moore School of Electrical 

Engineering at the University of Pennsylvania (8, p. 201), and the 

Electronic Computing Instrument, constructed at the Institute for Ad

vanced Study (4, p. 7)(8, p. 201-203). In their discussion of the 

design of the Institute for Advanced Study machine, Burks, Goldstine, 

and von Neumann give the following reasons for abandoning the tradition 

of building digital machines in the decimal system and adopting the 

binary system (4, p. 7): 

1. Since the memory elements to be used (the selectron, flip

flops, magnetic wires and tape, and acoustic delay-lines) are basically 

able to distinguish two states, a decimal digit would have to be repre

sented by at least four binary digits. Thus an accuracy of ten decimal 

digits using the decimal system would require at least 40 binary digits, 

whereas in a true binary representation of numbers about 33 binary 

digits would be sufficient for the same precision. The use of the 

binary system is, therefore, somewhat less expensive than the decimal 

system. 

2. The elementary operations can be performed with greater 

simplicity and speed in the binary system than in the decimal system. 

3. Some important parts of the machine are logical in nature 
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rather than arithmetical. Since logic is fundamentally a binary sys

tem~ a binary arrangement of the arithmetic circuits contributes 

significantly towards producing a more homogeneous machine which can 

be better integrated and more efficient. 

Once the advantages of binary machines had been pointed out, 

they soon came into widespread use, particularly for scientific calcu

lation as compared with business calculations. In March of 1961 an 

extensive survey by Weik (45, p. 1027) showed that of 187 systems in

cluded in the survey, 131 utilized a straight binary system internally, 

53 used the decimal system (mostly binary-coded decimal), and three 

used a binary-coded alphanumeric system. 

With few exceptions (one of which is discussed below) the 

digital computers which have been built since the EN!AC have used 

either pure binary arithmetic or some type of binary-coded-decimal 

arithmetic. There have been other improvements, of course, such as 

magnetic cores, semiconductor diodes and transistors, and integrated 

circuits, all of which allow increased speed and computing capacity in 

a reduced amount of space. However, in spite of the rapid improvement 

in components there has been little basic change in the logical organi

zation of digital computers since the construction of the Institute for 

Advanced Study computer. 

One exception to the general custom of using either binary or 

binary-coded-decimal arithmetic in computers was the SETUN computer 

which was designed by Brusenzov and constructed at Moscow State Uni

versity in the Soviet Union (43, 5). While this machine is not large 
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by modern standards and its operating characteristics are not discussed 

in any literature known to the author, it will be described in some 

detail since it does represent an innovation which apparently has not 

been followed up with other machines and its design does pertain to the 

present problem. 

The SETUN computer, a ternary, serial, fixed-point machine, 

became operational in 1959. Its characteristics are described in 

Table I. 

TABLE I. CHARACTERISTICS OF SETUN COMPUTER. 

Addition time 180 microseconds 
(including access time) 

Multiplication time 360 microseconds 
(including access time) 

Average speed 4000 operations per second 
Word length 18 ternary digits 
Number range '*9 
Instruction format single address, two per word 
Number of instructions 27 
Clock rate 200 K Hz 
Core storage size 81 words 
Number of magnetic drums one 
Number of words per drum 1134 
Drum transfer rate 2000 words per seoond 
Input photo ce~~ paper tape reader 
Output one paper tape punch, one 

printer 
Paper tape transfer rate 400 characters per second 
Number of components 4000 magnetic cores~ 40 vacuum 

tubes, 4000 diodes, 100 tran
sistors 

The designers state that the choice of base-three arithmetic was made 

because it can be shown that in one sense a base of three provides the 

most efficient use of equipment. However, since a base-three elec

tronic technique was not available they chose to construct a base-four 



7 

machine and to utilize three of the four possible states. The fourth 

state then was available for checking purposes. 

SETUN is a fixed-point machine with the point fixed between 

the second and third digits from the left . Its instruction list con

tains a normalizing instruction to facilitate programming of floating

point operations, but no divide instruction . It also includes one 

index register. 

The ferrite core store can be considered to have 162 nine

digit words because each half-word can be addressed separately. The 

drum store contains 2268 half-words. Since the number representation 

requires two binary digits for each ternary digit, a nine-digit base

three word requires 18 tracks on the drun1 if the words are to be read 

out in parallel. There are three groups of 18 tracks, each containing 

756 words recorded in parallel. The circumference of the drum is 13 

inches and there are 54 read-write heads. 

SETUN includes some interesting ternary magnetic core shift 

registers, one section of which is shown in Figure 1. In this circuit 

the three ternary states are represented by the three binary states 

"OO," 11 10," and 11 01," where a "one11 in the first digit position is 

represented by clockwise magnetization of the upper magnetic core and 

a "one" in the second digit position is represented by clockwise 

magnetization in the lower magnetic core. The ternary digits are 

advanced from one set of cores to the next by applying pulses of reset 

current ia and ib to the odd and even reset lines alternately. It may 

be seen from the diagram that if cores A and B are botn in the zero 
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I 

Set I 

Figure l. Schematic diagram of SETUN ternary shift register· 
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state, then at the time of occurrence of reset pulse i there will be a 

no change of state in A and B, and neither C nor D will be set to 

tlone." However, if A or B is in the "one" state at the time of the 

reset pulse, it will be reset to "zero" and then C or D will be set 

to the "one" state. It is evident that A and B cannot be set to "one" 

at the same time since the input windings are wound in such a direction 

that a "one" input to one core is a "zero" input to the other. 
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II. TERNARY ARITHMETIC 

Advantages of Ternary Arithmetic in Digital Computers 

In beginning the design of a digital system one of the first 

decisions that must be made is that of the choice of a number system. 

It is well known that in processing business data there is usually a 

large volume of data to be operated on with comparatively litt~e compu

tation on each piece. For this type of computation it is frequently 

more practical to use a computer which has decimal internal arithmetic 

in order to avoid the necessity of translating decimal data to binary 

form and back again. On the other hand, it has been customary to use 

binary arithmetic in most t'scientific" computers where there is rela

tively more calculation and less input and output of data. This has 

been the case because, as was pointed out by Burks, Goldstine and 

von Neumann, binary arithmetic is simpler, faster, requires less equip

ment, and more closely corresponds to the equipment available than 

decimal arithmetic (4, p. 7). 

However, one of the arguments which is frequently used to show 

that binary arithmetic is more economical of equipment than decimal 

arithmetic is based on the assumption that the amount of equipment 

required to store a digit is proportional to the radix of the digit 

(8, p. 84-87). Using the same argument, ternary arithmetic appears to 

be slightly more economical than binary arithmetic. The assumption 

made h~re, however, is based on comparing the number of triodes in a 

binary flip-flop and in a three-state ring counter. If other kinds 
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of circuits were to be used the argument has little meaning. 

A more elaborate mathod for comparing ternary and binary syn

chronous arithmetic units has been suggested by Santos and Arango (38). 

This test obtains a figure of merit, assuming that the cost per opera

tion may be considered proportional to the cost of the unit and to the 

time necessary to perform the operation. The figure of merit is in 

the form of the reciprocal of a cost per operation of a unit. The 

originators show that r, the ratio of the figure of merit of a base-two 

arithmetic unit to the figure of merit of a base-three arithmetic unit, 

can be expressed by 

.ao 03 k + .63 s3 
r Ill 

2 c k + s
2 2 

where 

k = ratio of number of bits in each binary operand to the 

number of bits processed simultaneously; i.e., the 

number of steps in which a word is processed 

c2 , = cost of the binary or ternary multivibrator inc3 

the shifting registers, respectively 

s 2, =cost of the binary or ternary adder per digit,s 3 

respectively 

To show that this equation is reasonable, consider a simple 

arithmetic unit consisting of two shift registers capable of storing b 

binary bits and shifting n bits at a time and an adder capable of 

adding n bits at a time. If we assume that the cost per operation is 

proportional to the product of the time per addition and the cost of 
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the adder and the shift registers, we can write the following equation 

for the cost per operation of a binary arithmetic unit (C2) since the 
2 

time per operation is proportional to k: 

C2 = k(2 b c2 + s2 n) = 2 k b c2 + s2 n k 
2 

2 
= 2 n k c, + b s 

2 2 

where 

b = number of bits in each binary operand 

n = number of binary bits processed simultaneously 

k = bin = number of steps in which a binary word is 

processed 

C2 = cost per operation of a binary arithmetic unit 

To process a number N, a ternary arithmetic unit will have to 

process fewer digits, the ratio of the number of digits required to 

express N in the ternary system to the number required in the binary 

system being 

log3 N 
no. of digits in ternary system _ 3 

no. of digits in binary system ' log2 N 

We can also write 

log3 N logt N 
2 

N = 3 = 2 

log N log N 
in 3 3 (Eln 2 2 

= (eln ) = (c ) 

and 

ln N = (log3 N)(ln 3) _ (log2 N)(ln 2) 
3 
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Then 

log3 N ln 2 
.63log N = ln 3 = 

2 

so that the ratio of the number of digits required to express a given 

number in the ternary number system to the number required in the hi-

nary number system is .63. 

We can now write an expression for the cost per operation of 

a ternary arithmetic unit (C ), again assuming that the time required
3 

is proportional to the number of steps~ which will be · .63 times as 

great as it was in the binary case if we process the same number of 

digits at a time. Also we assume that the number of multivibrators in 

the shift registers will be .63 times as great as in the binary case. 

We will assume that the number of digits to be added per step 

in the adder remains the same as it was in the binary case, because in 

the serial adder (number of steps N equals number of digits = .63b) we 

cannot process less than one digit at a time. 

Thus 

= .63 k(2 b x .63 x c
3 

+ s
3 

n) 

= .a b k c + .63 k s n
3 3 

2 = .8 k n c + .63 k s n
3 3 

Now 

r 
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so that 
.8 k c + .63 s3 3 

r = 2 k c + s2 2 

Santos and Arango developed ternary and binary versions of an 

adder based on the Kilburn fast-carry-propagation circuit (39, p. 473

475) together with their respective shifting registers, using in both 

cases the same types of transistors, diodes, and associated components 

in order to compare units of similar electronic design. Based on these 

circuits, relative cost values for the adders and multivibrators were 

approximated to be 

3.33c2 = 

603 = 

20s2 = 

56sa = 

Using these values, the ratio of the figures of merit turns out to be 

4.8 k + 35.4 
r = 6.6 k + 20 

It can be seen that the ternary unit is more economical than the binary 

for values of k greater than 8.27. This indicates that ternary arith

metic would be more economical for a serial computer and that binary 

arithmetic would be more economical for a parallel computer. However, 

this conclusion depends to a great extent on the cost assigned to the 

operation time and must be examined more closely when the purpose for 

which the arithmetic unit is to be used is known. Also, the cost of an 
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entire computer would depend heavily on the cost of the elements used 

in the memory. 

Rules for Ternary Arithmetic 

Another basis for choosing between binary and ternary arith

metie for a computer might be the simplicity of the rules for carrying 

out various operations in the two systems which would affect the com

plexity of the arithmetic units. If the signed-digit form of ternary 

arithmetic which is described by Richards (34, p. l4-l5) is chosen, it 

turns out that the rules are somewhat simpler than those for binary 

arithmetic. This is true because the necessity for complement repre

sentation of negative numbers is avoided in this system. A short 

discussion of signed-digit ternary arithmetic with examples will make 

this clear. 

If we were to construct a ternary number system using only 

positive coefficients as we ordinarily do in the binary and decimal 

number systems, a number N would be represented as follows: 

N = 

where the a's take on the values zero, one, or two. 

However, there are some definite advantages to letting the 

values taken be minus one, zero, or plus one which we will represent by 

I, o, and 1 in the following discussion. The nature of this system is 

most easily illustrated by listing a few of the integers in both 

decimal and signed-digit ternary form as shown in Table II. 
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TABLE II. COMPARISON OF DECIMAL AND TERNARY NUMBERS. 

Decimal Ternary Decimal Ternary 

-3 Io 4 ll 
-2 I1 5 lll 
-l l 6 liO 

0 0 7 lil 
1 l 8 10I 
2 ll 9 100 
3 10 10 101 

It can be seen from this listing that the sign of a number can 

always be determined from the sign of the most significant non-zero 

digit. since a given non-zero digit always represents a number which is 

larger in magnitude than the sum of all less significant digits. Thus, 

since the sign of a number is expressed in the signs of its digits, 

complement representation with its attendant computational difficulties 

is not necessary. The procedure for inverting the sign of a number 

while not changing its magnitude is simply to change all l's to I•s, 

all I•s to l's, and leave the O's unchanged. This process is equiva

lent to multiplying each digit by I. 

The procedure for addition is simply to apply the rules 

described in Table III in a manner similar to that used in binary or 

decimal arithmetic. 

TABLE III. TERllARY ADDITION. 

I 0 l+ 
· I1 I 0I 

0 I 0 l 
l 0 l ll 
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The following examples, carried out in both decimal and ternary 

arithmetic, will make this process clear: 

6 llO 4 11 

+5 +(lii> +(-3) +(lO) 

11 lll 1 01 

To subtract, the rule is to change the sign of all digits in 

the subtrahend and proceed as in addition. The following examples 

illustrate this process: 

a -5 ill 

-(3) -(+3) -(10) 

5 -8 Io1 

Multiplication consists of applying the simple multiplication 

table, shown in Table IV. and addition just as it does in binary and 

deaimal multiplication. 

TABLE IV. 

X 

I 
0 
l 

TERNARY MULTIPLICATION. 

I 0 l 

l 0 I 
0 0 0 
I 0 1 

The following examples will make this clear: 

5 lli 7 lll 

x4 ll x(-2) il 

20 lii -14 lll 

lli lll 

llll llll 
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The process of division proceeds by repeated subtraction and, 

unfortunately, the rules are slightly more complicated than those for 

the other three operations just as they are in the binary and decimal 

systems. 

The rules are as follows: 

1. Arrange the divisor and dividend in a row as is customary 

in decimal long division. The point in the quotient is located above 

the point in the dividend. 

2. Put the n-digit divisor under the first n-digit group of 

the dividend 7 the absolute value of which is equal to or less than that 

of the divisor. (Leading zeros may be added to the dividend when 

necessary. ) 

3. The first quotient digit is now written above the nth 

dividend digit. It is i if the signs of the divisor and dividend are 

different, and 1 if the signs of the divisor and dividend are the 

same. 

4. Subtract the divisor from the dividend (or remainder) if 

the last quotient digit is 1 or add if it is i, and place the next 

dividend digit on the right end of the remainder. 

5. The next quotient digit is now written to the right of the 

preceding quotient digit. The quotient digit is l or 0 if the divisor 

and remainder are of the same sign, and i or 0 if they are of the 

opposite sign. The quotient digit is zero if the remainder is zero 

or if it has fewer than n - l significant digits in it. 

6. If the last quotient digit was O, place the next dividend 
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digit on the right end of the remainder and go to step 5. If not, go 

to step 4. 

Continue the application of the foregoing rules until the 

quotient has the desired number of digits. 

The following examples will illustrate the application of the 

rules: 

7 lll. 
5/35 111/ 110L 

lll 

ooio 

lll 

lll 

lll 

000 

-7 .14 ••• 111.11. •• 
-7/ 50.00 lli/ llOll.OO 

lll 

0011 

lll 

OlOl 

lll 

0010 

I1I 
Iio 
lll 

lll 

We have briefly examined the rules of signed-digit ternary 

arithmetic and found them to be no more complicated than those of bi

nary arithmetic. Also, we have shown that under some circumstances a 

http:llOll.OO
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serial ternary arithmetic unit might have a lower cost per operation 

than a comparable binary arithmetic unit. Since the comparison shows 

that from these standpoints ternary arithmetic may be as good as, or 

slightly better than, binary arithmetic, it seems justifiable to con

tinue the consideration of the feasibility of constructing a ternary 

digital control system further. Therefore, this study will continue 

by examining the existing methods of synthesizing ternary switching 

circuits, both from a mathematical and an electronic point of view. 
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III. TERNARY SWITCHING ALGEBRA 

Introduction 

The subject of ternary switching algebra is considerably more 

complex than that of binary switching algebra for several reasons. One 

reason is that as yet there is no general consensus of opinion as to 

which operations should be used as the basis for the algebra. There 

have been a number of functionally complete sets of basic operators 

(that is, sets able to produce all 3 ~ 
M different functions of M 

variables in a three-valued system) worked out by Post, Webb~ Vacca, 

and others, but all of them usually lead to a large number of basic 

units in order to perform a required function. 

Another complicating factor is that there are six different 

ways in which the three digits of a ternary number system can be rep

resented by the three levels or truth values of the logic system. 

These three levels in the case of an electronic switching circuit 

would be the high, intermediate, and low voltage levels on a line or 

the positive, zero, or negative pulses existing at specified times on 

a line. 

It should be noted that while most of the basic sets of 

operators discussed here are minimal in the sense that the removal of 

any one operator would destroy functional completeness, this type of 

elegance can readily be discarded in favor of a redundant but more 

workable set. In two-valued synthesis, for example, while either the 

"or" gate or the uand" gate plus inverting gates are sufficient, it is 
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a common practice to employ all three (3). 

Post Algebra 

One of the most easily manipulated of the algebras mentioned 

above is Post algebra (30), which is a generalization of Boolean 

algebra using the two primitive operations "oru and "cycling." In the 

discussion that follows we will use the symbol "+t' for the "orn opera

tion and the symbol p' for the result of operating on the variable p 

by the ''cycling" operation. A Post algebra P is a class C of elements 

p, q, which are operated on by the operators mentioned above. Letting 

the values of the elements of C be one, two, and three in order to 

form a three-valued algebra results in the two primitive operations 

being defined as shown in Tables V and VI. 

TABLE V. "CYCLING" OPERATION. TABLE VI. 11 0R" OPERATION. 

1 2 3 

1 1 2 3 
2 2 32 

3 a 3 3 

A Post function is any element of P built up from elements of C by a 

finite number of combinations of "or" and "cycling" operations. We 

see that p', the generalization of the "not" function of .Boolean 

algebra, permutes the truth values cyclically while p + q, the gen

eralization of the Boolean "or" function, has the higher of the two 

truth values of p and q. 

The relation between a three-valued switching circuit and a 
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Post function may be seen by considering the analogy with Boolean 

functions and two-valued switching circuits. Suppose that it is 

desired to design a switching circuit with two three-valued inputs 

A and B and an output C such that the output is related to the inputs 

as is shown in Table VII where "O." "+, " and u _ n stand for zero, 

positive, and negative voltages. Then the voltage condition on output 

C is a three-valued function of two variables which are the voltage 

conditions on the inputs. 

TABLE VII. VOLTAGES IN A TERNARY SWITCHING CIRCUIT. 

A B c 

0 0 

+ + 
0 + 

0 0 
+ 0 0 

+ + 
0 + 
+ + 0 

It has been shown by Post that all three-valued switching 

functions defined by tables of values such as Table VII may be ex

pressed by a canonical expansion in terms of the "or'' and "cycling" 

operations. However, the expansion theorem for Post algebra is not 

so easily used as the Boolean expansion since, unfortunately, the 

expansion theorem often leads to complex solutions using many "or" 

and "cycling" units (13, p . 225). 
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Webbian Algebra 

Webbian algebra is based on the use of one basic operation 

which is a generalization of the Sheffer stroke function of Boolean 

algebra (4-4-). Although this leads to a simple circuit design, the 

expansion theorem is difficult to use (13, p. 225). The operator used 

by Webb is p/q = llmax(p, q), where 19 is addition modulo three and 
3 3 

max (p, q) is the normal "or11 function. The values taken on by p and 

q are defined as zero, one, and two in this case. 

Algebra Proposed by Vacca 

The algebra of Vacca (42, p. 407-4-14) makes use of three 

truth values and five operators. The three truth values are dash (-) 

or high value, zero (0) or medium level, and one (1) or low level. 

The five operators are: "and" which gives as an output the highest 

level value of two or more input level values; "or" which gives as an 

output the lowest level value of two or more input level values ; and 

the one-argument operators " inverse," '1opposite, " and "contrary" 

which are defined in Table VIII. 

TABLE VIII. OPERATORS OF VACCA'S ALGEBRA. 

X inv x 0 X coot x 

1 0 
0 0 l 1 

1 1 l 

This algebra can be shown to be functionally complete. 
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However, it is similar to the other algebras mentioned previously in 

that it leads to a large number of units if, for instance, it is used 

in the design of a half-adder (13, p. 225). 

Since none of the above algebras leads to a simple solution 

of ternary switching circuit design problems, composite systems have 

been worked out using operations from all of them, plus some additional 

ones, which are particularly convenient when working with certain types 

of circuitry. Several of these design procedures will be discussed in 

the next chapter, together with some of the electronic devices which 

can be used to realize the designs. 
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IV. REALIZATION OF TERNARY SWITCHING FUNCTIONS 

Introduction 

The history of digital computers has been primarily concerned 

with the development of base-ten systems and base-two systems for 

reasons which were outlined previously. However. with the advent of 

semiconductor, ferrite, microwave, thin-film, and cryogenic devices, 

there have been described a number of components which can conveniently 

be arranged to have three stable states. These devices then open up 

the possibility of taking advantage of the properties of ternary arith

metic in the construction of digital computers. 

Circuits of Hallworth and Heath 

Hallworth and Heath (13) have described a series of ternary 

circuits making use of semiconductor diodes and transistors as the 

active elements. In the descriptions of some of their circuits which 

follow, the following convention is used to relate truth values to 

voltage levels: 

truth value zero = +2 volts 

truth value one = 0 volts 

truth value two = -2 volts 

Ternary inversion as defined in Table IX is performed by the 

circuit shown in Figure 2. If the input voltage is zero, then both 

transistors are cut off and the output voltage is approximately zero. 

If the input voltage is plus two volts, T is saturated and the output1 
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Figure 3. Tristable flip-flop circuit. 
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voltage is negative. Similarly if the input voltage is minus two 

volts, T2 is saturated, giving an output which is positive. The supply 

voltages and resistance values can be chosen so that the output volt

ages comply with the convention. 

TABLE IX. TRUTH TABLE FOR INVERSION OPERATION. 

In ut 

0 
l 
2 

Out ut 

2 
l 
0 

A circuit with three stable states, the ternary equivalent of 

the Eccles-Jordan flip-flop circuit, is shown in Figure 3. This cir

cuit is the same as that shown in Figure 2 as far as point A. However, 

point A is connected back to the input through a simple inverting am

plifier consisting of T3 and its associated resistors. The resistance 

values in this second inverter are chosen so that the voltage at 

point A and the output voltage are related as shown in Table X. 

TAtiLE X. VOLTAGE RELATIONSHIPS IN TRISTABLE CIRCUIT. 

Voltage at point A 

-2 v or more 
0 v 

+2 v or more 

Voltage at collector of r 3 

+3 v (approx.) 
0 v (approx.) 

-3 v (approx.) 

Therefore, the voltage at the collector of r 3 has the same 

polarity as the input voltage but is larger in magnitude which enables 

the circuit to maintain itself in any of the three stable states. 
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A shift register can be built easily using the ternary flip

flop of Figure 3 if a transfer circuit is used which can switch the 

succeeding flip-flop to its new state before the information from the 

preceding flip-flop is lost. A simple arrangement for doing this is 

shown in Figure 4. At the time of switching a positive pulse is 

applied to the base of the transfer transistor, and the state of stage 

N, which is stored in c1 , is switched through the low impedance of the 

transistor to the input of stage N + l, which has high input impedance. 

Thus stage N + 1 assumes the state previously held by stage N, and 

similarly down the register. The values of R1 , c1 , R2, and t must be 

carefully related but are not critical around the design value. 

Hallworth and Heath have also described circuits for a cycling 

gate, modulo-three adder, coincidence detector, "and" gate, "or" gate, 

and a carry circuit, none of which will be described here. 

Method of Santos and Arango 

Another set of circuits which can implement a logically com

plete set of operations, together with a procedure for synthesizing a 

switching function of any nwnber of three-valued variables, is de

scribed by Santos and Arango {39, p. 463-475). The operations used 

in this method are listed in Table XI and defined in Tables XII, XIII, 

and XIV. 
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Figure 5. Ternary logic circuits. 
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TABLE XI. 

cycling 
logical product 
complementation 

where a" means 
logical sum 
"J" operators 

nJn operators 

"K" operator 

TABLE XII. LOGICAL SUM. 

LIST OF OPERATIONS. 

a' 
ab 
a = ((aa' ) " (la)')' 

(a')' 
a ... .b =ab 
J (a) : (aa" ) " a " 

0 

J (a) =(a'a" )na'
1

J (a) = (a a' )"a 
2 

= 

a a' a J (a)
0 

J1(a) J2(a) j (a) 
0 

j1(a) J2(a) K(a) 

0 1 2 2 0 0 0 2 2 l 
l 2 1 0 2 0 2 0 2 l 
2 0 0 0 0 2 2 2 0 0 

a b 

0 
l 
2 

-

0 1 2 

0 l 2 
l l 2 
2 2 2 

TABLE XIV. 

JK(a) 

K(a) = l 

TABLE XIII. 

a b 

0 
l 
2 

UNARY OPERATIONS. 

(JK(a)) for k =0,1,2 

J (a)
2 

LOGICAL PRODUCT. 

0 l 2 

0 0 0 
0 1 1 
0 1 2 
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Having defined the operations, Santos and Arango next state 

that a three-valued function of any number of three-valued variables 

may be written in the following cannonlcal form: 

where 

k1 , k2, •••• k take on all possible combinations of 0, l, 2 
0 

Uindicates the logical sum of 3° terms 

nindicates the logical product of 3° terms 

As an example of the use of the cannonical logical "or" or 

minterm form, we note that the three-valued function of the two three-

valued variables x
1 

and x2 may be written in the following equivalent 

forms: 

f(x1 , x2) =Uf(kl, k2) Jk 
1 

(xl) Jk 
2 

(x2) 

= f(O, 0) J (xl) J (x2) + f(O, l) J (xl) Jl (x2)
0 0 0 

+ f(O, 2) J (xl) J2 (x2) + f(l, 0) Jl (xl) J (x2)
0 0 

+ f{l, l) Jl (xl) Jl (x2) + f(l, 2) Jl (xl) J2 (x2) 

+ f(2, 0) J2 (xl) J (x2) + f(2, l) J2 (xl) Jl (x2)
0 

+ f(2, 2) J2 (xl) J2 (x2) 

One can easily satisfy himself that this expansion is correct 

by examining Table XIV and noticing that Jk (x) = 2 if x = k, and that 

Jk (x) =0 if x # k. Thus a term where all k.'s and x 's are equal
~ i 
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is equal to f(x1 , x2), and all other terms are equal to zero. The 

terms of this expansion which can take on values other than zero for 

certain values of the variables are called "minterms" by analogy with 

the minterms of Boolean algebra. These minterms will be identified 

later, by writing down the values that the variables must have to make 

a particular minterm take on a value other than zero, in the following 

fashion: (0, l). 

An extension of Quine's method (31) which is sometimes used 

for the simplification of Boolean functions has been used by Santos 

and Arango to simplify ternary functions. The absorption law for 

ternary functions may be expressed in the following way: 

UJk (x) f = f = f J (x) + f J (x) + f J (x)
0 1 2 

k e:{O, 1, 2} 

This means that if in the cannonical form of a function there 

are three identical terms except that a variable x. appears as the 
l. 

argument of J in one, J in one, and J in one, the three terms can 
0 1 2 

be replaced by one term which omits any function of xi. In Quine's 

method this procedure is repeated until no more terms can be combined. 

An outline of a systematic procedure for carrying out this process is 

as follows: 

1. Make a table arranging the values of the variables which 

make the value of the function become one in one column, those that 

make it two in another column, and "don't care'' values in a third. 
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2. Each minterm of the group for which f = l is checked with 

every other in the same column and in the "don't care" column and the 

absorption law applied where possible. 

3. Each minterm of the group for which f =2 is checked with 

every other in the same column and in the ''don't caren column and the 

absorption law applied where possible. 

4. Each minterm of the "don't care" column is checked with 

every other of the s;me column and the absorption law applied where 

possible. 

5. All the terms generated by one application of the absorp

tion law are listed in a second table, the terms arising from steps 2, 

3, and 4 being distinguished with a (1). (2), or (d), respectively. 

6. These new terms are now checked as in steps 2, 3, and 4 

for new applications of the absorption law and the resulting terms 

listed in a new table. These are also marked (1), (2), or (d). 

7. Step 6 is repeated until no new terms are produced. Then 

the terms marked l or 2 in the last table, as well as those terms 

from preceding tab~es which were not rep~aced, are the prime imp~icants 

of the original function. 

8. Prepare two tables, one for f = l and one for f = 2, 

having as many rows as there are prime implicants and as many columns 

as there are minterms in the cannonical form of the function. Identify 

each row with a prime implicant and each column with a minterm. Place 

a check mark in each square in the table wherever the prime implicant 

on the left of the square was formed in part from the minterm above 
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the square. 

9. The last step is performed by selecting the minimum number 

of prime implicants such that at least one check mark in each column 

is in the row of one of the selected prime implicants. 

The following simple example will illustrate the use of this 

method. Consider the following function: 

where (2, l) is a "don't care" combination. 

We now list the values of the variables for f = l, f = 2, and 

"don't care" as in Table XV. 

TABLE XV. TABLE FOR STEP l OF 
SANTOS AND ARANGO'S EXTENSION OF QUI~~'S METHOD. 

f = l 

xl x2 

0 l 
l l 

f :: 2 d 

xl x2xl x2 

0 2 2 1 
l 2 
2 2 

Applying the absorption law we get the terms listed in 

Table XVI, where the position of the eliminated variable is indicated 

by the symbol f6. 
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TABLE XVI. TABLE FOR STEP 5 OF 
SANTOS AND ARANGO'S EXTENSION OF QUINE'S METHOD. 

(1)1 
(2)2 

Next the prime implicants and the minterms are tabulated as 

in Table XVII. 

TABLE XVII. TABLES FOR STEP 8 OF 
SANTOS AND ARANGO'S EXTENSION OF QUINE'S METHOD. 

f = 1 f = 2 

~l 
~2 

01 ll 

I I 

-
~1 
~2 

02 

I 

12 

I 

22 

I 

a b 

From Table XVII we can write down the simplified function as 

For the synthesis of three-valued switching circuits, Santos 

and Arango propose that all functions be formed from the operations 

J , J 2 , k, logical sum, and logical product~ which can be performed by
0 

the transistor and diode circuits shown in Figure 5. The voltage 

levels associated with the various logical values are shown in 

Table XVIII. 

TABLE XVIII. VOLTAGE LEVELS ASSOCIATED WITH LOGIC LEVELS. 

lo ic value 

0 
1 
2 

volta e level 

+6 
0 

-6 
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The other functions may be made from the ones listed previously 

as followsr 

J2 (x) = J (J2 (x))
0 

Jl (x) = J (J (x) + J2 (x)) 
0 0 

j (x) = J2 (Jo (x))
0 

jl (x) = J (J (x) J2 (x))
0 0 

For the synthesis of sequential circuits, Santos and Arango 

have developed the three-input tristable multivibrator shown in 

Figure 6. This circuit is considered to be in the "O, " "l ~u or "2" 

state , depending on whether transistor 1, 2, or 3 is turned off. 

Since the outputs on the three lines are (200), (020), and (002) 

11depending on whether the state of the circuit (q) is "0, " "1~ or 

"2, 11 the outputs are J (q), J (q), and J (q). The techniques used 
0 1 2 

in the synthesis of binary sequential circuits can easily be extended 

to ternary sequential systems which use this tristable multivibrator. 

The state of the multivibrator circuit following a clock 

n+lpulse, (q ), depends on the states of the inputs at the time of the 

clock pulse in the way shown in Table XIX. 

TABLE XIX. TRANSITION TABLE FOR MULTIVIBRATOR. 

n+ln r n s tn 

0 2 2 0 
2 0 2 1 
2 2 0 2 
2 2 2 qn 
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As an example of the way in which these tristable circuits 

may be used, a shift register built from multivibrators and J circuits 
0 

is shown in Figure 7. The reasoning behind this circuit is that the 

output on any of the lines 0, 1, or 2 is "two" if the multivibrator is 

set to that value and " zero" otherwise. However, a " zero" is required 

on the r, s, or t input line to set the multivibrator to "O, " "1," or 

" 2. 11 The J circuits provide the necessary inversion to transfer 
0 

information from one multivibrator to the next. 

Method of Yoeli and Rosenfeld 

One of the most easily understood and, apparently, most useful 

procedures for the design of ternary switching circuits is presented 

by Yoeli and Rosenfeld (47). This theory is based on familiar binary 

circuit design and simplification techniques and has as its principal 

objectives the low cost realization of specified ternary functions. 

Although there is considerable similarity between this method and that 

of Santos and Arango which was discussed above, there is enough 

difference to make it useful to summarize the method here. 

The three logic values in this system ( " 0, " "1,'' and "2") 

correspond to low, medium, and high voltage levels, respectively. 

Two operations, logical sum(+) and logical product (•), are defined 

as before, i.e.: 

x + y = max (x, y) 

x • y =min (x, y) 
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In addition to these binary (two-variable) operations, a set of unary 

(one-variable) functions is defined as shown in Table XX. 

X 

0 
l 
2 

0 
X 

2 
0 
0 

TABLE XX. 

xl 

0 
2 
0 

2
X 

0 
0 
2 

UNARY FUNCTIONS. 

ol 
X 

2 
2 
0 

12 
X 

0 
2 
2 

X 6 
X X 

0 2 
l 2 
2 2 

By examining Table XX it is apparent that the following state

ments are true: 

X 
X =X 

if X F ii
X :: i =0, 1, 2 

if X : i 

i 
X ifi=j1 x · xj = 

{ 
0 if i ~ j 

ol o 1 
X =x 1-X 

It may now be shown that the following theorem is true: 

Theorem: Any ternary function of n variables may be expanded using 

the expression 
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= 2: 
a =0

l 

To demonstrate that this is true, consider that for every combination 

of v.alues which the variables x1 , ••• , xn may take on, two types of 

terms will exist on the right side of the equation: 

l. A term where every a i equals every xi for i :::. 1, • • • • n 

2. Terms where at least one a1 is not equal to xi for i =1, 

···~ n 

If each a. equals each x .• then 
~ ~ 

If at least one ai is not equal to x1 , then 

Thus for any combination of values of x., 
~ 

It then follows from this theorem that any ternary switching function 

f(x
1

, ••• ,x ) may be generated from x1 , ••• ,xn by means of the operations
0 

0 l 2+, ·, x , x , x , and the constant "one. 11 As an example of this 

process, the one-variable function defined by Table XXI will be ex

panded. 
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TABLE XXI. TERNARY FUNCTION. 

x f(x) 

0 1 
1 2 
2 0 

Applying the expansion theorem we get: 

2f(x) = f(O) • x0 + f(l) • x1 + f(2) • X 

0 1 2=1 • x + 2 • x + 0 • x 

0 1=1 · x + x
1 ol 12Also, since x =x • x any ternary function of (x

1 
, ... ,xn) may 

o 2 ol 12be generated by means of the operations+, · , x , x , x x , and 

the constant "one. " 

This last set of operations is chosen for the synthesis of 

ternary switching functions because these particular operations are 

easily and cheaply realized with diode and triode circuits. The "+" 

and u . n operations may be realized with diode gate circuits as shown 

previously, and the four unary operations may be realized with single-

transistor circuits as shown in Figure 8. 

To continue with the design procedure, consider a ternary 

n-variable function f(x
1 

, ... ,xn). Using the expansion theorem we 

have: 
2 2 

2: 2: 
a =0 a =0

1 n 

Now, we denote (a
1 

, ... ,an) as a and define ~ ~ (a) as the 
f(a)=l 
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Figure 8. Ternary logic circuits. 
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summation over all combinations of a for which f(a) =1. Then we can 

write: 

where 

and 

The expansion of f(x1 , ... ,xn) in terms of g(x1 , •.• ,xn) and h(x1 , •••xn) 

is referred to as the cannonical sum form of f, and, given a table 

ldefining f, it may be written down at sight. If we replace x. by 
~ 

ol
X. •x 12 whenever it occurs, we can realize f(x1 , ••• ,x ) by means of 

l. i 0 

the circuits described above. 

This procedure is quite straightforward but does not neces

sarily lead to a minimal representation. A representation is called 

minimal when the value of the cost function is minimal, where the 

cost function is defined as the total cost of the diodes and triodes 

needed for the realization of the function. 

Three methods are described by Yoeli and Rosenfeld for 

arriving at minimal or near minimal representations. These are: 
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1. A map method similar to that described by Karnaugh for 

the binary case (19). 

2. An adaptation of the Quine method (31) to the ternary 

case . 

3. An adaptation of Scheinman's method (40). Of these, the 

map method is the most convenient to use for functions of two and 

three variables and will be outlined here. For functions of more than 

three variables, the map method becomes cumbersome to use and one of 

the other methods would probably be more convenient. 

As an example of the use of the map method, a two-variable 

map is shown in Figure 9a. 

As in the case of binary maps, the values of the function 

corresponding to the various combinations of the inputs x and x2 are1 

entered into the appropriate cells on the map. The simplification is 

then carried out by grouping adjacent cells into arrays which are as 

large as possible, each array then corresponding to an implicant of 

the function. The grouping is carried out according to the following 

ruJ.es: 

1. Arrays of 3xl, 3x2, 3x3, 2xl, or 2x2 may be formed from 

cells containing the same output value or "don't care" value. 

2. Use of the same cell in more than one array is permitted. 

3. Cells with the output value 2 can be considered as "don't 

care" cells for the formation of arrays with the output value l. 

4. "Don't care" outputs marked d can be used as 0, 1, or 2 

when convenient. 
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After the grouping is accomplished the corresponding impli

cants are written in the form 

f =g+h·l • 

To continue the example, Figure 9b shows one method of grouping the 

cells from which the function can be written as follows: 

As a second example, Figure 10 shows the map of a three-

variable function and one method of grouping the cells. Notice that 

it is possible to group cells that would be adjacent if the three 3x3 

arrays were assembled in the form of a cube. The arrays marked lead 

to the following expression for the function: 

Hall Effect Logic Elements 

The discussion of the logical design of ternary switching 

circuits in this chapter up to this point has dealt with logic circuits 

which depend on transistors and diodes for their operation. There are 

a number of new devices, however, which have not yet been developed 

sufficiently for practical use but which show promise as ternary logic 

elements. Among these devices are such things as two-apertured ferrite 

discs, parametric phase-locked oscillators using magnetic films as 

inductive elements, series connected tunnel diodes, double-layer 

uniaxial magnetic films, and two-collector transistors. 
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Figure 11. Nonl~near Hall effect logic element. 
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One of the most interesting of these new devices from the 

standpoint of the circuit designer is the nonlinear Hall effect logic 

element (41). This element~ as it has been developed so far, consists 

of a crystal of bismuth placed adjacent to two conducting coils as 

shown in Figure 11. 

A constant current Ix is caused to flow through the crystal 

along one axis, while the input variables are represented by currents 

Ia and Ib which flow in the two coils. The output is represented by 

the Hall current I which flows perpendicular to the direction of the 
y 

constant current Ix and the magnetic field produced by the input 

currents in the two coils. If this device exhibited the normal linear 

Hall effect~ the relationship between the input currents and the out

put current I could be described by Table XXII, assuming that the 
y 

inputs take on the values -1, 0~ and 1. 

TABLE XXII. I AS A FUNCTION y 
OF Ia AND Ib IN A LINEAR HALL ELEMENT. 

I a 
I -1 0 +1 

Ib 
-1 

0 
-2 
-1 

-1 
0 

0 
+1 

+1 0 +l 2 

However, since the output current depends on the resistance of the 

crystal and the resistance depends on the magnetic flux density 

according to the following equation: 

R = R (l + ~ 22 B)
0 
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where ~ is the carrier mobility, a nonlinearity may be introduced 

under the proper conditions which will limit the output current. It 

has been found that bismuth at 4.2° K fulfills these conditions and 

the truth table then becomes that shown in Table XXIII. 

TABLE XXIII. I AS A FUNCTION y 
OF Ia AND Ib IN A NONLINEAR HALL ELEMENT. 

I a 
I -1 0 +l 

-1 -1 0-1 
Ib 0 -1 0 +l 

0 +1 +1+1 

It has been shown by Keir (41, p. A-15) that the function 

defined in Table XXIII, together with the function produced by 

reversing the output leads of the Hall device, form a functionally 

complete set. 

It can be shown that this logic element has the following 

desirable properties: 

1. Speed (less than one microsecond switching time) 

2. Simplicity 

3. Ability to drive similar elements directly 

4. Unidirectional information flow 

5. Electrical isolation of input from output 

6. Low power requirement (approximately one microwatt) 

A second type of Hall effect logic element, which has not 

been tested, as far as is known, consists of a Hall generator in 
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which one input variable is represented by the crystal input current 

· and the other by a magnetic field produced by a current in a coil. 

The output is again the current which flows perpendicular to the input 

current and the magnetic field. If we allow the inputs x and y to 

take on the values -l~ O, and l which are represented by negative, 

zero, and positive currents, then the output z will be as tabulated 

in Table XXIV. 

TABLE XXIV. TRUTH TABLE 
FOR HALL MULTIPLIER ELEMENT. 

y 

z 

-1 
0 

+l 

-1 0 +l 

+l 0 -1 
0 0 0 

-l 0 +l 

The logical properties of this device are interesting for 

several reasons. For example, it is noticed that if the negative, 

zero, and positive currents are assigned the weights minus one, zero, 

and one, the operation performed by this device produces the arithmetic 

product of the two inputs as an output. This would be very useful in 

a computer using the signed-digit ternary number system. Likewise, 

the Hall device would pass inverted, not pass, or pass unchanged a 

signal depending on whether a control signal was minus one, zero, or 

one. 

One disadvantage of this logic element is that, as far as is 

known~ the current required for the crystal input is greater than the 

output current so that one Hall device is not capable of driving 

another one directly. However~ it would not be difficult to use 
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buffer amplifiers between logic units and it may be possible to find 

a design which would work without buffer amplifiers. 

Design of Ternary Systems with Field-Effect Transistors 

Field-Effect Transistor Logic Elements 

Another matter which should be taken into consideration when 

selecting a logic system for a digital computer is whether or not the 

system in question is well suited to fabrication by means of inte

grated circuit techniques. It is generally agreed at the present time 

that electronic circuits which are highly repetitive in nature should 

be produced by integrated circuit fabrication methods, both for economy 

and for increased reliability (2). Of the ternary circuit elements 

discussed so far, those devices based on the use of bipolar transis

tors, resistors, capacitors, and diodes are well suited to integrated 

circuit fabrication as it is presently practiced, while the other 

types of devices mentioned would require considerable development work 

before they could be adapted to integrated circuit techniques. 

One other semiconductor device which is extremely attractive 

for use in both binary and ternary switching circuits is the insulated

gate field·-effect transistor ( IGFET), sometimes called the metal-oxide

semiconductor (MOS) transistor. This element has a number of advan

tages over both bipolar and junction field-effect transistors, 

particularly when used in the complementary inverter circuit shown 

in Figure 12. When enhancement type N-channel and P-channel IGFET's 

are connected as shown in this figure, one transistor is always fully 
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Figure 12. IGFET complementary inverter circuit. 
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Figure 13. Tristable multivibrator circuit. 
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on while the other one is fully off, except during the switching 

interval (18). 

Compared to bipolar and junction field-effect transistor 

switching circuits, it is claimed that circuits based on the use of 

complementary IGFET inverters have the following advantages: 

1. Circuit simplification. The capacitive input to the IGFET 

is well suited to direct coupled circuitry, thus allowing a saving in 

component cost and circuit wiring and potentially providing very high 

reliability (18). 

2. Higher thermal stability. Not only is the IGFET inherently 

more stable with temperatures than the junction field-effect tran

sistor, but when complementary IGFET circuit designs are used power is 

dissipated only during the switching interval and thus total tempera

ture rise is reduced. Also, IGFET circuits can operate under cryogenic 

conditions so that drive circuits for cryogenic memories could be 

placed inside the cooled region. This would greatly reduce the number 

of wires leading into the memory system, thus reducing the insulating 

problem ( ll). 

3. Fast switching times. Typical risetime of a complementary 

pair with a fan-out of two is 15 nanoseconds (18). Turn-off time is 

essentially the same as turn-on time since one device of the pair is 

always turning on. 

4. Integration easily realized. The IGFET fabrication process 

is simpler and inherently more reliable than conventional triple

diffused junction-transistor integrated circuitry. Also, the IGFET 
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has a size advantage over conventional integrated circuits and the 

use of active devices in place of load resistors further reduces the 

size of the integrated circuits. Because of this smaller size and of 

the higher yields of the IGFET process, the complexity of integrated 

circuits can be increased by an order of magnitude or more (18). 

Although it is controversial at this time whether all of these 

claims are valid (16), the continued rapid development of IGFET process 

techniques and the commercial availability of complex functions at low 

cost indicate that IGFET integrated circuits should be seriously con

sidered for use in future systems . 

Besides being well suited to the construction of binary logical 

circuits such as inverters, NORs~ NANDs, and flip-flops, the IGFET 

complementary pair is also an excellent building block for the fabri

cation of ternary circuits. To demonstrate the application of comple

mentary IGFET pairs to the design of basic ternary logic circuits some 

examples will be discussed. 

A basic tristable multivibrator circuit made with IGFET 

complementary pairs is shown in Figure 13. To understand the opera

tion of this circuit note that if point a has a potential of zero 

volts, then the P-channel IGFET T1 is on, the N-channel IGFET T2 

is off, the P-channel IGFET T3 is cut-off, and the N-channel IGFET T

is on. In this condition, point b is at +V volts and point c is at 

-V volts which ensures that T is off, T6 is on, T7 is on, and T8 is5 

off. Since T and T7 are both on, point d is connected to ground6 

through two conducting IGFET's, T and T7 , and thus is held at zero6 

4 
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3 

potentia~. Point d is connected to point a through resistor R and1 

so when a is once set at zero vo~ts, which we will now call the zero 

state, it wi~l stay there until forced to change. If point a is 

forced to have the potential +V, then T is turned off, T is on, T1 2 

is off, and T4 is on. In this situation point b is at zero and point 

cis at -V, so that T5 is on, T6 is off, T7 is on, and T8 is off. 

When this condition occurs, point d is held at +V volts and holds 

point a there through resistor R • The purpose of diode D is to1 2 

allow point d to become positive without forward biasing the drain

substrate junction in T7• From now on we will refer to this stable 

state as the one state. If point a takes on a negative potential 

then T~ is on, T2 is off, T3 is on, and T4 is off so that point b is 

positive and point c is at zero. In this state T is off, T6 is on,5 

T7 is off, and T8 is on, thus making point d negative. Diode D1 

a~lows point d to become negative without forward biasing the drain

substrate junction of T6• We will now cal~ this stable state the 

minus-one state. 

In order to be ab1e to ahange the state of this tristable 

multivibrator, IGFET's T9 , T10 , T11 , T12 , T13 , T14 , T15 , and T16 are 

provided as clocking and pull-over transistors. For example, if a 

positive signal is applied to the +R (positive reset) input and a 

positive clock pulse is provided at point e, then both T and r9 10 

will conduct and point a will be forced to zero potential if it was 

origina~ly at positive potential. This corresponds to resetting the 

multivibrator from the one state to the zero state. Likewise, if a 
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negative signal is applied to the -R (negative reset) input and a 

negative clock pulse is applied at point f, then both T11 and T12 

will conduct, resetting the multivibrator from the minus-one to the 

zero state. Similarly if a positive signal is applied to the +S 

(positive set) input and a positive clock pulse occurs, the system 

will be set to the one state while a negative signal to the -S input 

and the coincidence of a negative clock pulse will set the system to 

the minus-one state. 

Even though this complementary pair type of circuitry may 

appear to contain an excessive number of transistors compared with 

more conventional transistor-resistor circuitry, it bas three important 

advantages when applied to bistable or tristable circuits: 

l. Output impedance is extremely low and input impedance is 

extremely high, thus allowing a high fan-out. 

2. The circuit is almost entirely direct coupled and there

fore highly reliable. 

3. Changes in state depend on the magnitude and not the rate 

of change of input vo~tages, and thus the circuit is more re~iab~e 

than circuits not having this characteristic. 

Another basic ternary circuit is the inverter. This circuit 

performs the unary operation described in Table XXV. 

TABLE XXV. TERNARY INVERSION. 

A A 
1 I 
0 0 
I 1 
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Referring to Figure 14, we note that if A is at zero volts, 

T2 and T3 will both be on because the Zener diodes z and z2 are1 

chosen to have breakdown voltages just slightly less than the supply 

voltages. When A becomes positive, T3 is turned off and T4 is turned 

on, thus making the output negative. When A becomes negative, T2 is 

turned off and T1 is turned on, thus making the output positive. The 

diodes o1 and D2 allow the output voltage to be either positive or 

negative without forward biasing the drain-substrate junction of T2 or 

T3• Like the tristable multivibrator, the inverter has a low output 

impedance and a fairly high input impedance. 

Proposed Notation for Describing Ternary Functions 

One difficulty that still must be resolved is the problem of 

expressing the relationships of the ternary number system as imple

mented with IGFET's in a concise and easily understood form. Unfor

tunately, none of the algebras or systems of notation described 

previously in this paper appear to describe these relationships as 

clearly as the corresponding binary relationships are described by 

Boolean algebra. For the sake of clarity, therefore, it is proposed 

to define and use a new notation in the design work which follows. 

This notation is an extension of the notation of Yoeli and Rosenfeld 

(47) and is intended to simplify the description and design of systems 

using complementary IGFET ternary elements, but may be of some value 

for more general use also. 

J 
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Figure 14. Ternary inverter. 
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Figure 15. Circuit for the function f(A~·A;• •••A~). 
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One thing which is convenient when describing switching 

circuits is to be able to write a statement specifying under what 

conditions a certain variable will take on a specified value. In the 

binary case, using Boolean algebra it is only necessary to write an 

equation of the form A= f(B, C, D, ••• )where A, B, C, D, ••• can 

take on only two values, zero and one. In this case if a variable 

must equal one to make the function equal one, it is written without 

any identifying mark. If it must equal zero to make the function equal 

"• 11one, then it is identified with "-" or a mark. Likewise, we know 

that if the function is not equal to one, it must equal zero and we do 

not need to write another equation to indicate that. In the ternary 

case, however, since all variables may take on one of three values, we 

need to identify which of the three values each of the variables in a 

function must take in order to make the function take on a specified 

value. 

In order to facilitate the writing and interpreting of such 

ternary functions, we make the following definitions: 

a b c1. f(A ·A ·A .•.. ) = 1 if A =a and A =band A = c, etc.;
1 2 3 1 2 3 

otherwise f ; 1. 

2. f(A~+A~+A~+ ••• ) = l if A1 =a or A2 =b or A3 ~ c, etc.; 

otherwise f ;. 1. 

a b c d
3. f(A1 ·A2+A3·A4) =1 if A1 =a and A2 =b or if A3 =c and 

=d ; otherwise f ;. 1.A4 
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-a -b -c4. f(A ·A2·A3 • ••• ) = 1 if A ; a and A2 ; b and A c, etc.;1 1 3 ; 

otherwise f ; l. 

a b c5. g(Al+A2+A3+ ••• ) = 0 if A = a or A2 = b or A = c, etc.;1 3 

otherwise g 1 o. 
a b c

6. h(A +A +A3+••• ) = I if Al = a or A2 = b or A =c, etc.;1 2 3 

otherwise h 'I l. 

7. f(Aa·Ab•Ac) + f(Ad •Ae ·Af ) = l if A = a and A = b andl 2 3 4 5 6 1 2 

=c, or if A4 = d and A5 = e and A6 = f;A3 

otherwise f ;. l. 

a b c d e f8. ForB =f(A ·A ·A ) + g(A4 ·A •A ), B =1 if A = a and1 2 3 5 0 1 

= b and A3 = c, or B = 0 if A4 = d andA2 

=e and A6 =f; B is undefined if bothA5 

conditions are met and B =I if neither 

condition is met. 

n+l n a b c9. ForB =f (A +A +A3), B =1 at time n+l if A =a or1 2 1 

=b or A3 = c at time n; otherwiseA2 
Bn+l ; l. 

The list of definitions for the g and h functions can be 

extended in a manner similar to that for the f functions. 

Example of a Ternary Circuit Design 

As an example of the use of the notation described above, let 

us consider the design of a ternary counter based on the tristable 

multivibrator circuit shown in Figure 13. We will assume that the 

counter is required to count up or down in numerical sequence, covering 
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the range from III to 111. 

In designing a counter capable of counting over that range, 

it will be necessary to use three tristable multivibrators to store 

the three digits and appropriate gating to produce the proper transi

tions as we count up and down under the influence of "one" or ttminus

one" input pulses. We will assume that a "one" input will cause the 

counter to count up and a "minus-one11 input will cause the counter to 

count down . In order to determine the inputs to the various multi-

vibrators, we first write down in Table XXVI the state of each multi-

vibrator for each state of the counter and also the next state of 

each multivibrator, both for counting up and for counting down. We 

label the three multivibrators A, B, and C and the input pulse x. 

TABLE XXVI. NEXT-STATE TABLE FOR TERNARY COUNTER. 

Timen Time (n+l) 

x=i x=l 

ABC ABC ABC 
III lll IIo 
IIo III II1 
II1 IIo ioi 
Ioi II1 Ioo 
ioo Ioi Io1 
Io1 ioo I1I 
ili Io1 llO 
llO ili ill 
ill Jlo oii 
oil Ill oio 
oio oii Oil 
Oil oio ooi 
ooi oi1 000 
000 ooi 001 

Time n Time (n+l) 

x=i x=l 

ABC ABC ABC 
001 000 Oli 
Oll 001 010 
010 Oli 011 
011 010 1II 
lii 011 liO 
110 lii lil 
lll llO lOl 
lOi lil 100 
100 10I 101 
101 100 lli 
lli 101 110 
110 lli 111 
111 110 III 
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There are at least two ways in which we might approach the 

design of a counter using the information in our table. We could 

write application equations which show the state of each multivibrator 

at any time as a function of the states of all the multivibrators at 

the preceding time~ and then combine these equations with the charac

teristic equations of the multivibrators in order to determine the 

equations of the inputs to each multivibrator. This is the more 

general method which is useful for the design of all sequential digital 

circuits (29, p. ll5-l2l). Another method of determining the input 

equations is simply to observe from a table of state transitions what 

the states of the multivibrators are when the various transitions 

occur, and then to base the inputs associated with those transitions 

on those conditions (29, p. l35-l37). In a case such as this which 

displays a great deal of regularity in the progression of the states, 

the latter method is simpler and therefore will be used in this 

example. 

Now looking at Table XXVI which describes the transitions of 

the multivibrator states in the ternary counter, let us express these 

transitions by means of application equations written in our new 

notation. Note that in writing the superscripts, I is replaced by 

for simplicity. 

l l 
• X + C • X + C 
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Bn+l hn(Bo . - . X Bl cl Kl + B - xo)= c + 

Bn+l = gn(Bl . c - • X + B - cl . xl + Bo xo) 

Bn+l fn(B- . c - • X 
- + B0 c1 • X 

l + Bl xo)= 
An+l =hn(Ao B - c + Al Bl x1 + A- xo). . . X - cl 

An+l :; gn(Al . B - . c - • X + A - Bl cl xl + Ao xo) 

An+l =fn(A- . B - • c - . X 
- +A0 Bl cl xl + Al . xo) 

The next things that we need to know in designing a counter 

are the characteristic equations of the multivibrator which we intend 

to use. Because of the useful features available we propose to use 

the complementary IGFET tristable multivibrator described in Figure 13. 

This multivibrator has four input terminals, S , S , R , and R , and 
+ - + 

one output terminal, Q. The characteristic equations describing the 

operation of this device are as follows: 

Qn+l =hn(S- + Q - sl • R-) 
+ 

We also specify that 

f(S1 • S-) '# l+ 

f(S1 • Rl) ; 1
+ + 
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Having specified the relationship of the states of our 

counter by means of application equations and specified the operation 

of the ternary multivibrator with characteristic equations, the next 

step is to determine the equations expressing the required inputs to 

the multivibrators. One way to do this is to make tables of values of 

S , S , R , and R for various combinations of A, B, C, and x by 
+ - + 

comparing the application equations and characteristic equations. From 

those tables then, the input equations for A, B, and C can be written. 

Such a set of tables for the counter design is made up of Tables XXVII, 

XXVIII, and XXIX. The blank spaces in the tables represent "don't 

care" conditions, meaning that they could have any values that produce 

no action for that particular input. 

TABLE XXVII . INPUTS FOR MULTIVIBRATOR C. 

c X s+ 

I I l 
I 1 
0 I 
0 l l 
l I 
l l 

s R 

I 

I 
l 

I 

TABLE XXVIII. INPUTS FOR MULTIVIBRATOR B. 

B c X s+ s- R+ R-
I I I l 
I l l I 
0 I I I 
0 l l 1 
l i I l 
l l l i 
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TABLE XXIX. INPUTS FOR MULTIVIBRATOR A. 

A B c X s+ s- R+ R-
i i l i 1 
i 1 1 1 i 
0 i i i I 
0 1 l 1 l 
1 i i i l 
1 1 1 1 I 

Note that A, B, and C do not change state when x =0, so all 

inputs are "don't care" for x =0. Also the transitions of C do not 

depend on A and B, and the transitions of B do not depend on A. We 

also see that B remains the same unless C and x are equal and non

zero, and that A remains the same unless B, C, and x are equal and 

non-zero. 

From these tables the following input equations for the 

multivibrator can now be written: 

For multivibrator C: 

f(x - . c - + X 
l Co)s+ = 

s h(C0 . X + cl xl)= 

• X-)R+ = f(C1 

For multivibrator B: 

= f(B - . c - • X + Bo cl xl)s+ 

s = h(B0 . c - • X - +- Bl cl . xl) 
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R+ =f(Bl • C- • x-) 

1 1R =h(B- • c • x > 

For multivibrator A: 

= f(A - . B - • c - . X 
- +A0 Bl cl xl)s+ 

1 s = h(A0 . B - . c - . X + A . Bl • cl . x1) 

R =f(A1 • B - . c - . x-)
+ 

R = h(A - • Bl cl xl) 

Having written the input equations in terms of f, g, and h 

functions, we now consider those functions to determine whether they 

can be implemented. Fortunately it is not difficult to implement 

them, and Figures 15 through 22 show one set of circuits based on com

plementary IGFET logic which are capable of providing the functions 

needed to build a ternary counter. 

It has now been shown that a ternary counter can be designed 

using the new ternary notation which can count either up or down, 

depending on the polarity of the input pulses. No attempt will be 

made to optimize the design, but there are variations possible which 

might simplify the circuitry somewhat. 
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Figure 18. 

Figure 19. Circuit for the function h(A~+A;). 
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+V 

-v 

Figure 20. 

ftA,'+A~ 

Figure 21. Circuit for the function f(A1 
1+A1 

2). 
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-v 

Figure 22. 
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V. COMPARISON OF DIGITAL AND ANALOG COMPONENTS 
IN PROCESS CONTROL SYSTEMS 

Introduction 

It was pointed out in the first four chapters of this report 

that there is a considerable body of knowledge about the design of 

ternary logic systems available and that there exist some ternary logic 

elements which appear to be sufficiently well developed to warrant 

their consideration for use in digital systems. Because of the intense 

interest which now exists in the application of direct digital control 

systems to various processes, it is the purpose of the remainder of 

this report to examine the various components and functions of a 

typical process control system to determine whether or not it would be 

advantageous to use ternary components in part or all of such a system. 

As an example of a process to which the principles of ternary 

logic might be applied in the control system, let us consider an 

electric power station with a once-through boiler, turbine, and gen

erator. A typical but highly simplified example of such a system as 

described by Cohn is shown in Figure 23 (7). A large unit of this 

kind might have as many as 90 or more variables to be placed under 

automatic control. Thus, the proposed example does not begin to show 

the full complexity of the system with its multiple fuel, air, and 

feedwater inputs and its reheat steam cycle. Still, the diagram does 

show the major input variables which are acted upon by measured, set, 

and computed parameters. 
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It may be seen from Figure 23 that in order to perform the 

control function the following measured computer inputs are needed: 

a) generator output power, b) boiler output pressure, c) boiler output 

temperature, and d) furnace outlet o concentration. Besides these2 

measured inputs we must have available as inputs the set values of 

desired generator output power, desired boiler output pressure, desired 

boiler output temperature, and desired furnace outlet o concent-ration.2 

The outputs from the digital controller must act upon the feedwater 

flow. fuel flow, air flow, and turbine governor setting in order to 

maintain the measured variables at their desired values. 

In addition to actually controlling certain variables of a 

process, part of the economic justification for the use of a digital 

computer is that it can in addition calculate and log other quantities. 

For example, it might be required to calculate and log the boiler 

efficiency and over-all plant heat rate, log all critical temperatures, 

pressures, and flows periodically, display any critical variable on 

demand, sound an alarm and print out the value of any off-normal var

iable, and plot the history of one or more variables for the past eight 

hours on demand. Some of these functions require more measured inputs 

than are shown on the diagram, but they are omitted for simplicity. 

Before we consider in detail the relative advantages and dis

advantages of ternary equipment as compared to binary equipment, let 

us examine the system to determine where the traditional analog 

elements may be reasonably replaced by digital elements. The decisions 

between analog and digital equipment for various parts of a system are 

in themselves difficult to make, not only because of questions of cost, 
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accuracy, reliability, and availability of the components themselves, 

but also because of the relationships between various components and 

the necessity for making the system as a whole provide maximum value 

at minimum cost. For this reason the conclusion reached here will be 

based for the most part on present practice, except where special 

reasons exist for change and where present trends show that change is 

soon likely to become general. 

We will consider the various parts of the system separately~ 

draw conclusions, and then modify the conclusion in the light of the 

interrelationships between parts, if necessary. 

Control Computer 

In discussing the various components of a control system, the 

one which will have the most influence on the selection of other com

ponents is the device that will perform the control function in each 

of the loops of the system. Until the last five to ten years, these 

control functions were performed almost exclusively by analog con

trollers. However, the present trend in new power plant and other 

continuous process system designs is gradually to replace or supplement 

these analog controllers with general purpose digital computers. These 

computers not only control the individual process loops in a few cases 

but also monitor the process for alarm conditions, print out data logs 

periodically, compute plant performance information, and perform plant 

start-up and shut-down functions. There is continuing discussion of 

the question of whether the control functions should be performed 
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directly on the process by the digital computer or whether the computer 

should adjust the set-point of an analog controller. However, the 

trend appears to be to concentrate all control functions of a plant 

directly in one or more digital computers (46). Particularly with 

boiler-turbine-generator units rated at 250 MW or more, digital com

puters are almost invariably included for startup and shutdown, per

formance monitoring,. or on-line control (35). 

Some of the reasons why the trend to digital control computers 

started and is continuing are the followingt 

1. There is a potential saving made possible by the elimina

tion of the conventional analog controllers and other subsystems, 

except for the back-up systems. 

2. A digital computer can do certain things which it is 

difficult for an analog device to do. For example; it can apply 

different algorithms at different times to a given loop, apply bang

bang or other forms of nonlinear control, integrate the regulatory 

function with such logical functions as sequence control, and apply 

optimizing strategy (35). 

3. Big savings in raw material bills may be achieved by 

modest improvements in plant efficiency possible when the operator is 

provided with current computations of cycle and plant efficiencies. 

4. More extensive monitoring and alarm functions may be per

formed which should aid in preventing both minor and major shutdowns 

(7). 

5. A digital computer can use a consistent and repeatable 

procedure for startup and shutdown that will eliminate random manual 
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action and produce minimum thermal and mechanical stresses and shocks 

to vulnerable parts of the plant. This should allow more reliable 

plant performance and a reduction in outage and maintenance costs (lO). 

6. Flexibility in control functions is obtainable by changing 

the computer program rather than by changing equipment. 

It must be pointed out that there are difficulties involved 

with the use of digital computers in power plant control and that there 

is by no means agreement in the industry on the functions that can and 

should be assigned to a plant computer (7). Some of the problems that 

still must be solved are input signal noise, provision of expansion 

capabilities, transducer failures and errors, inadequate sensing 

devices, high cost and excessive time required to define, code, and 

check out programs, poor operator-computer communication, and high cost 

of equipment (7). 

Weighing the advantages of digital control against the disad

vantages, however, it appears that the advantages outweigh the disad

vantages and that the trend toward direct digital control in process 

industries in general, and in electric power plants in particular, will 

continue. For this reason we will assume the use of a digital control 

element in the discussion of a typical control system. 

Transducers and Analog-Digital Converters 

In considering the transducers to be used with a control 

system, the important questions to be answered are: a) whether it 

would be advantageous to generate a digital signal in the transducer 
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and avoid a later analog-digital conversion, b) whether a reliable 

and accurate transducer with digital output is available for the 

purpose. and c) whether the cost of digital transducers makes them 

economically practical. 

A digital transducer, that is, a transducer that converts in

formation about some system into some discrete code which is then 

transmitted to some unlike system, has several advantages over a trans

ducer that transmits an analog or continuously varying signal to the 

second system (23, 17). The most important advantage of putting data 

in digital form is that it can then be transmitted over long distances. 

stored for any length of time, retransmitted. detected, or read as many 

times as necessary with little loss in accuracy. Analog signals would 

be distorted by each of these operations and accuracy lost. Also, data 

can be transmitted with greater precision with digital signals if the 

transducer is capable of such precision. Certain quantities, particu

larly time, distance, and velocity can be measured more accurately 

using digital transducers. Another advantage is that the output of a 

digital transducer can be made compatible with the input requirements 

of digital control and data-logging computers without the use of inter

mediate analog-digital converters. 

It follows from the first advantage that, ideally, if the data 

is to be put in digital form at all, particularly if the transducer is 

more than a few hundred feet from the computer, this should be done as 

near as possible to the point of measurement, within the primary 

sensing devioe itself if possible. If the transducer and the digital 
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computer are located physically near together, however, the decision 

may depend more on the cost of the equipment than on the accuracy of 

transmission. This is because known transmitters of this type are 

rather expensive compared with others that require analog-digital 

conversion (22), and because analog signals can be transmitted satis

factorily for short distances. 

The second question may be answered by noting that true 

digital transducers do exist for rotational and linear motion, fre

quency, force, and nuclear radiation flux density. Most other quan

tities, however, must be converted into one of those quantities to be 

converted into digital form or converted into a voltage and then fed 

into an analog-digital voltage converter. 

The third question can only be answered by comparing the cost 

of the digital transducers with the cost of the analog transducers 

plus the cost of the analog-digital converters. 

In the system under consideration the variables to be measured 

are power, temperature, pressure, and o concentration. The trans2 

ducers which are most often used for sensing these variables now are 

equipped to transmit either pneumatic or electric analog signals (32). 

We will not consider here devices which produce a pneumatic pressure 

output because they would require the use of pneumatic-to-electric 

converters and these converters would increase the cost and complexity 

of the system (22). 

The choices of primary transducers available for sensing the 

power output of the generator include the following devices: 
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l. An electrodynamometer wattmeter element driving a shaft 

position encoder or voltage transmitting device, either directly or 

through a servo-driven follower device. 

2. A Hall-effect transducer which produces a de voltage 

proportional to power. 

3. A thermal power converter using heater elements and 

thermocouples to produce a de voltage proportional to power. 

4. An electromechanical watt-hour meter element which pro

duces electric pulses at a rate proportional to the rate of energy 

flow. Counting these pulses for a known period of time in a digital 

counter would provide a digital measurement of power output at inter

vals which could be sampled directly by a computer or data logging 

device. 

5. An electrodynamometer wattmeter element equipped with a 

torque-balancing device which produces either an analog or digital 

signal. 

There are several characteristics of these transducers which 

should be considered in making a selection. The Hall-effect trans

ducer and thermal converter are completely static devices which produce 

voltage outputs and would therefore require the use of an auxiliary 

analog-digital converter. Since they contain no moving parts or 

electronics they would tend to be less expensive and more nearly 

maintenance-free. Wattmeter and watt-hour meter devices on the other 

hand have the capability of providing a digital output so that they 

could be sampled by a digital computer directly. However, they do 
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have moving parts and electronic components associated with them so 

that they would be relatively more expensive and potentially require 

more maintenance. The watt-hour meter element has the additional 

advantage that its resolution may be increased to any desired degree 

by increasing the counting time. It also has the disadvantage, of 

course, that it does not give readings continuously but only periodi

cally. The resolution of the wattmeter with shaft position encoder 

or voltage transmitter is limited to about 0.1% because of the 

difficulty of positioning a shaft to any greater precision than that. 

It is unlikely, however, that any of the transducers would be accurate 

more than *0.1% and so there would be little value in having resolution 

greater than that. Based on these considerations, it appears that the 

Hall-effect transducer, thermal transducer, and wattmeter with torque

balancing device would be the most advantageous, the final choice 

depending on whether or not an analog-digital converter must be in

cluded in the system for other reasons. 

The transducers available for temperature measurement include 

the following: 

1. Thermocouples 

2. Bimetal strips or mercury columns driving shaft position 

encoders or analog voltage transmitters. 

3. Resistance wire thermometers with servo-driven balancing 

mechanisms driving shaft position encoders or analog voltage trans

mitters 

4. Resistance strain gages which measure the deformation of 
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pieces of metal under the influence of temperature changes. 

Thermocouples have been found to be the cheapest, most 

reliable transducers for temperatures in process plants, and with 

careful calibration, they can be quite accurate. Standard materials 

are usable up to 31000 F (32). Consequently, since there is no direct 

digital temperature transducer known to the author. the thermocouple 

appears to be the best choice of temperature transducer. 

For the measurement of pressure, the following devices are 

available: 

l. Resistance strain gages which measure the deformation of 

pieces of metal under the influence of the pressure to be measured. 

The strain gage element is ordinarily connected in a self-balancing 

bridge which transmits either an analog or digital signal proportional 

to pressure. 

2. Bourdon tubes which convert pressure into shaft rotations 

which may position shaft position encoders or analog voltage trans

mitters. 

3. Force-balance transducers which balance a force produced 

by the pressure against a force produced by an analog or dig~tal 

signal. 

4. Photoelasticity transducers which make use of the rotation 

of the plane of polarization of polarized light as it passes through 

stressed plates of certain optically transparent materials. By 

arranging the plates. light sources, and light sensors as shown in 

Figure 24, it is possible to obtain a coded representation of the 

stress applied to the plates (26). 
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Examining the aforementioned list of transducers we find that 

the bourdon tube and shaft position encoder or voltage transmitter 

are limited in accuracy to about 0.5 to 1.0% of total instrument range. 

The strain gage element on the other hand is accurate to 0.25% of 

total range or better. The photoelastic transducer, while still in 

the development stage, should be at least as accurate as the strain 

gage element and would not need an analog-digital converter. In order 

to make a choice between these instruments we must also consider the 

other types of instruments to be used in the plant. If other directly 

reading digital transducers are to be used so that equipment is 

available for switching the digital signals~ then the photoelastic 

transducer appears to be the most appropriate. On the other band~ if 

the other types of transducers to be used are of the voltage output 

variety, then it would be more economical to use the strain gage 

transducer because it could use the same multiplexing and conversion 

equipment and thus be less expensive. 

The o analyzers which are available now and which are known2 

to the author all produce an output voltage proportional to o2 con

centration (32). 

In making the final choice of transducers for our proposed 

system we need to consider not only the transducers themselves but 

also the transmission channels, switching or multiplexing equipment, 

and the analog-digital conversion equipment, if any. The objective 

will be to minimize the cost and maximize the accuracy and reliability 

of the system as a whole. In considering the data channels, we must 

know whether the control computer is to be located in the same building 
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with the process to be controlled or whether it is to be at some 

remote location. The practice at present is to have the process con

trol computer of the power plant physically located in the plant, both 

because of the cost of providing the necessary long data links if it 

were to be located elsewhere and because of the greater reliability of 

the shorter links. Since the links are, therefore, physically short 

it is common practice to make use of analog signal transmission from 

the transducers to a central multiplexer and analog-digital converter. 

Since we have the option of using a central analog-digital converter 

or transducers with digital outputs, the choice is usually made on the 

basis of total cost. Normally the converter is a fairly expensive 

piece of equipment, but by the application of time-sharing techniques 

it can accommodate a large number of signals. In this way the addi

tional cost of the converter is offset by the lower cost of the trans

mitting equipment (22). One reason that transmitting digital infor

mation from the transducer is more expensive is that the multiplexer 

must provide one channel for each digit if parallel transmission is 

used, or the transducer must produce serial output if serial trans

mission is used. If digital transducers were available for all the 

required measurements that were more accurate and reliable than their 

analog counterparts, the increased cost might be justified since one 

of the most often cited problems in direct digital control is the 

lack of reliable sensors (7). However, they are not yet developed to 

that degree of perfection. Because of this and other considerations 

discussed above, we will assume the use of Hall-effect or thermal 



85 

converter power transducers. thermocouple temperature transducers, 

strain gage pressure transducers~ and voltage-output o concentration2 

analyzers~ together with an appropriate analog-digital converter. 

The standard approach to multiplexing for most process appli

cations is by means of mercury-wetted relays. They can operate at 

scan rates up to 200 points per second, have average life of 109 to 

1010 operations, have low leakage cur~ent, and can switch over 1000 

points into a common channel (32). That these relays can be operated 

from either a binary or a ternary control source will be shown later. 

Solid state switches can operate at up to 20,000 points per 

second, but they are more expensive than relays and have about the 

same reliability {32). Therefore, we will assume that the mercury-

wetted relays are adequate for our system. 

The two basic types of analog-digital converters are successive 

approximation and voltage-to-frequency. In the successive approxima

tion technique the input voltage is compared with an internally gen

erated voltage, which is adjusted by a comparator, until the two 

balance. A digital output is produced which is proportional to the 

internal voltage. Speeds as high as 20,000 points per second can be 

obtained with this device, but it is sensitive to noise and so adequate 

filtering is required on analog inputs. Voltage-to-frequency con

verters are of two types. In one a pulse generator and a ramp voltage 

are started at the same time. The pulses are then counted until the 

ramp voltage and the input voltage are equal. In the other technique 

pulses are generated at a rate proportional to the input voltage and 
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counted over a fixed period of time. The voltage-to-frequency con

verters usually are limited to about 50 points per second (32). 

The resolution of analog-digital converters can be as great as 

O.Ol%, but the precision of the primary measuring elements and the 

normal noise level are such that 0 . 025% resolution is usually adequate 

(32). 

Because of the slow speed of the voltage-to-frequency converter 

we will assume the use of the successive approximation technique in our 

example. It will be shown later that this type of converter can easily 

be implemented in either binary or ternary form. 

The Comeuter-Actuator Interface 

The actuators which may be operated by a digital computer to 

control a process are of many types and include pneumatic control 

valves, electric and electrohydraulic valves, dampers~ pumps, heating 

elements, conveyors, mechanical feeders, and variable speed drives. 

Whatever this final actuator element may be, there are three basic 

output devices which provide the link between them and the control 

computer. These are digital-analog voltage converters, stepping 

motors, and relays. The digital-analog voltage converters and stepping 

motors can drive actuators for exercising modulated (many valued) 

control directly or can adjust the setpoint of analog controllers 

which do the actual controlling. This latter scheme is called the 

.supervisory mode. Relay contact closures provide a simple means of 

driving on-off control elements, signal lights, and alarm devices (14). 
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In modulated control the computer may produce an output signal 

that is a whole number which indicates the esired new setting of the 

controlled device, an incremental number (usually a train of pulses) 

which indicates the desired change in the position of the controlled 

device, ~r a signal which controls the direction of change of the 

controlled device (9). 

The choice between these types of output depends on compati

bility with the system, bandwidth, cost, reliability, ease of mainte

nance, and compatibility with the manual or automatic back-up controls. 

Incremental control requires feedback of the actuator position and 

more computer memory than whole number control, but is indicated if 

the process variables change rapidly or if overshoot must be elimi

nated. The system back-up requirements also have to be considered 

because in many cases the back-up controls operate through the same 

output control devices used by the computer. However, since both the 

electric digital-analog converters and stepping motors can provide 

incremental, whole number, or direction control, the choice of control 

device is relatively independent of the control algorithm used (14). 

The digital-analog converter typically consists of an input 

register, a group of solid state switches control~ed by the input 

register, a constant voltage source, and an output operational ampli

fier. Any given switch is closed, allowing current to flow into the 

output amplifier, only i f the corresponding bit in the input register 

is set to one. The switches control currents flowing through resistors 

which are weighted according to the weights of the digits stored in 
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the input register and thus produce an output voltage proportional to 

the number stored in the input register. Figure 25 shows two possible 

configurations for such a converter, one binary and one ternary. The 

switches shown in the diagram may be implemented by means of the field-

effect transistor circuits discussed previously. 

Stepping motors accept a pulse output from a digital computer 

and position an output shaft directly. They are therefore a digital-

analog converter and electromechanical transducer combined. When used 

with a computer in the supervisory mode, the output shaft positions a 

wiper on a potentiometer and the wiper voltage is the setpoint input 

to an analog controller. In direct digital control, the wiper pick-off 

voltage may be the input to an electropneumatic or electrohydraulic 

positioning device, or the stepping motor may position the control 

device directly if torque requirements are not too great (14). 

Stepping motors are available which are reasonable in cost, 

bidirectional, and have positional increments small enough (1.80 per 

step) to eliminate the need for gear reduction in most applications. 

They maintain de isolation between the computer and the driven device, 

remain in their last position if the computer goes out of service, and 

have typical stepping rates of 200 steps per second, which is more 

than adequate for most process control functions. If position feedback 

to the computer is required, an additional feedback potentiometer or 

shaft position encoder cQn easily be attached to the stepping motor 

(14). 

A computer controls a stepping motor of this type by means of 
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a two-stage Gray-code counter and four solid state driver amplifiers 

which are connected to the four motor windings. The four outputs of 

the counter feed the drivers and the sequence of the computer inputs 

to the two stages of the counter determines the direction of motor 

rotation (14). 

When it is necessary that a large number of stepping motors 

be controlled by one computer, it is not necessary to have a separate 

counter for each motor. Instead, one storage location can be used to 

store the last position of each motor and one single counter can be 

time-shared by all the stepping motors (14). In fact, all of the 

logical operations of the motor control system can be performed by the 

main computer. However, the amount of available processing time and 

the motor characteristics determine how much interface equipment should 

be used (9). 

A computer can provide contact closure outputs through relays 

of many types to activate on-off control signals, operator alarms 

and indicator lights, sequential control interlocks, and other two

state outputs. It is a relatively simple matter to address a particu

lar relay out of a group of relays by means of a switching matrix 

which is driven by the bits of an address word stored in a register 

(14). 

It is apparent from the above discussion that control functions 

that require many states or positions of an actuator ordinarily require 

some kind of digital-analog converter. Since the converters ordinarily 

have some memory properties and since it is usually desirable for a 
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control actuator to maintain its last position until it is given a 

change signal by the computer, it appears most desirable to have all 

the digital-analog converters closely associated with the devices 

which they control. For this reason we will assume that in our example 

control system all the data links from computer to actuator will be 

digital with the digital-analog converters, if any, mounted at the 

actuator. 

The Computer-Operator Interface 

Although there is no general agreement as to what should be 

included on the console of a direct digital control computer, the 

following design principles are frequently considered to be valid (20): 

1. Communication with the computer should be direct, uncompli

cated, and in terminology the operator understands. 

2. The computer should quickly acknowledge and display in

structions or data which are entered manually before it executes them. 

3. Provision should be made for orderly shutdown of the plant 

or for manual intervention by the operator when the computer is un

available. 

4. Display of plant process variables should be readily 

available and readable in commonly used units of measurement. 

Devices which are capable of implementing the above require

ments are many, but there are some which have been found to be par

ticularly well suited for direct digital control use in the past. For 

example, pushbuttons are quite convenient for input of data in a 
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semi-parallel fashion, similar to the method used in a 10-key adding 

machine. In this system, coded decimal outputs appear on a number of 

leads to the computer when any button is pressed. Thus a number such 

as 1234 would be fed into the computer by the operator depressing 

buttons 1, 2, 3, and 4 sequentially. This arrangement appears to be 

well suited for direct digital control application since alphanumeric 

information can be entered quickly and panel space and wiring can be 

reduced. 

A display device capable of providing an alphanumeric readout 

is almost essential for computer control applications, particulary for 

direct digital control. Among the several excellent devices which are 

available, projection-type displays are particularly useful because 

any character that can be put on film can be projected in black and 

white, or in color. Cathode-ray tube displays also offer a potentially 

versatile input-output link between man and machine. At the present 

time, costs of these devices are much higher than more conventional 

hardware, but they could display not only alphanumeric characters for 

reading out the present values of process variables but could also be 

used for trend recording of several variables or for observation of 

values of process variables from the past several hours. This latter 

function could replace or supplement the pen recorders which are now 

frequently used for this purpose (20). In addition to the more common 

methods of information display, a cathode-ray tube could also display 

process diagrams and indicate information about the process by making 

special marks on the diagram. Also, the operator could input commands 
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to the computer by making signs on the diagram with a light pen. 

Although this last type of operation requires a large amount of memory 

capacity and programming, it could simplify man-computer communication 

considerably and has been found useful in other kinds of applications. 

The requirements for the man-computer interface indicate that 

most presentations and inputs should be in decimal digital form, since 

a man is less likely to make errors in dealing with information of that 

type. Consequently, the data links between the indicating devices and 

the process would be almost entirely digital, except possibly for some 

back-up inputs and outputs connected directly to the process actuators 

and instruments which might be analog in nature. 

The Back-up System 

One more thing that must be taken into consideration in the 

design of a direct digital control system is a back-up system to take 

control of the process during failure or maintenance of any of the 

time-shared components. This is necessary because components of 

sufficient reliability for fail-safe operation of these systems are 

not yet available, nor do they appear to be forthc~ning within the 

foreseeable future (15). The failure of components in these sections 

can, however, disable the entire system. Therefore, the reliability 

requirement for time-shared components is far greater than the relia

bility requirement for individual loop components. 

Experience has shown that a typical process control computer 

designed exclusively with integrated circuits can be expected to have 
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a failure rate (if electromechanical devices such as relays. switches. 

and typewriters are excluded) about five times lower than a computer 

with the same performance that uses germanium transistors. Integrated 

circuits of today, unlike their discrete circuit predecessors, can be 

expected to have stable performance parameters over many thousands of 

hours. 

The least improvement over the years has occurred in electro

mechanical devices. Therefore some engineers believe that in designing 

the critical portions of the system. every attempt should be made to 

eliminate such components because failure of these devices should 

disable only individual system functions and not the entire system. 

Not only do they have inherently lower reliability, but mechanical 

devices also exhibit "wear" effects not shown by electronic devices 

(15). However, it is not universally accepted that solid state 

switches capable of replacing the relays are appreciably more reliable 

( 32). 

Thus, in spite of the great improvements in reliability of 

electronic components. failures do occasionally occur and some kind of 

redundancy or backup is still required. The minimum requirement in 

direct digital control is that it must be possible to shut down the 

process safely if the computer fails. Unfortunately, the equipment 

required for safe shutdown after a computer failure includes most of 

the equipment that the computer was designed to replace and thus is 

very expensive. In fact, the high cost of safety has so far prevented 

the development of direct digital control syst~ns for processes with 
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a small number of loops that are cheaper than equivalent analog 

systems (15). 

The main requirement for a manual back-up system is that upon 

computer failure all final actuators must maintain their last safe 

position. Consequently each actuator must have its own ''memory" and 

the computer must have a self-checking feature to .prevent actuator 

manipulation under faulty conditions. Unless the process can be left 

indefinitely in this static condition it will be necessary to provide 

indication of critical variables and indication of actuator position 

to enable the operator to manually control or shut down the process. 

Once it is realized that indication of critical variables 

and actuator positions must be provided independently of the control 

computer for manual operation or shutdown, it becomes apparent that 

the incremental cost of providing back-up analog control for a few 

critical loops is not very high compared to providing indication only. 

Investigation shows (15) that with perhaps five to ten per cent of the 

total number of loops in a typical process provided with automatic 

analog backup 7 it is possible to keep the entire process operating. by 

controlling the remaining noncritical loops manually and thus avoiding 

costly shutdown and restart. 

When the true cost of safety backup is realistically evaluated, 

it becomes apparent that since the cost of computers has been coming 

down so rapidly, the cost of a back-up digital computer system may be 

competitive with an analog back-up system. If the time-shared portions 

of a direct digital control system such as the computer main-frame, 
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analog-digital converter, and the output system are fully redundant, 

then the over-all reliability may be made as good as that for the 

digital system plus analog backup. Not only can the second computer 

provide the required backup for the control loops, but it can also be 

used for noncritical supervisory functions such as optimizing calcu

lations and special control calculations for feed-forward, adaptive, 

or special nonlinear control modes. Some designers feel that the 

added investment required when a second digital computer is used for 

backup can be earned back from savings made through the performance 

of optimizing calculations. 

Proposed Configuration of Direct Digital Control System 

Based on the preceding discussion of the various parts of a 

direct digital control system, it is proposed to assume that a typical 

boiler-turbine control system in a fossil-fuel electric power plant 

built in the next five to ten years would have a configuration similar 

to that shown in Figure 26. The following discussion of binary and 

ternary number systems will be based on a control system having these 

elements, although we will also assume that an actual power plant 

control system would have many more -inputs, outputs, and control 

functions than the one shown. 
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VI. COMPARISON OF BINARY AND TERNARY SYSTEM COMPONENTS 

Introduction 

We now come to the point in our discussion where it is appro

priate to consider what number system or systems should be used in the 

digital portions of the system. The parts of the system which will be 

considered here are the computer control console, analog-digital con

verters, computer-actuator interface, and the control computer. In 

arriving at the choice of a number system it is proposed to outline the 

implementation of the various parts of the system using both binary and 

ternary logic, using comparable electronic techniques for both. The 

final comparison will be made on the basis of total system cost for 

ternary and binary systems providing the same speed, number of func

tions. accuracy, and reliability. 

For the purpose of comparison it is proposed to use a com

bination of direct coupled complementary IGFET logic and diode-resistor 

logic. 

Computer Control Console 

In order for the operators to have maximum ease of communica

tion with the control system it will be necessary for all operator

computer interface devices to use decimal notation, which means that 

whatever number system is used internally in the computer must be 

capable of being translated into decimal notation (one-out-of-ten code) 

economically for use on the control panels. Ordinarily the conversion 

would be done internally by the computer with diode switching matrices 
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(6, p. 309-360). However, in some cases it might be desirable to use 

an intermediate binary-coded-decimal or ternary-coded-decimal code in 

transmitting information from the computer to the output device and 

vice versa. In this case we would use some conversion circuitry in 

the input and output devices themselves. In either case, the conver

sion matrices would be necessary. The reason for using the inter

mediate codes is that they could be handled more easily internally in 

the computer than could the one-out-of-ten decimal representation. 

In order to compare the ease of converting binary and ternary 

numbers to decimal numbers and back, let us first consider the methods 

of converting binary-coded-decimal and ternary-coded-decimal numbers 

to one-out-of-ten-coded-decimal numbers and back. The codes in the 

three systems are shown in Table XXX. Alphanumeric information could 

also be transmitted in a similar way if the number of digits in the 

binary and ternary groups were increased. In presenting the codes of 

Table XXX, it is assumed that all numbers would be transmitted as 

positive n~~bers and that the sign would be transmitted on a separate 

wire. 

TABLE XXX. BINARY-CODED-DECIMAL AND TERNARY-CODED-DECIMAL 
REPRESENTATIONS OF DECIMAL NUMBERS. 

BCD TCD DECIMAL 

0000 000 0 
0001 001 1 
0010 Oll 2 
0011 010 3 
0100 Oll ~ 

0101 lii 5 
0110 llO 6 
Olll lll 7 
1000 10I 8 
1001 100 9 
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One set of circuits which might be used for conversion from 

decimal to binary- and ternary-coded-decimal representation and back 

are shown in Figures 27, 28, 29, and 30. We assume here that the 

conversion would be made in a parallel-by-bit, serial-by-digit fashion. 

On examining the diagrams, we find that there is no particular diffi

culty involved in either case. There is a slight increase in the 

amount of equipment required in the ternary conversions, but it is 

not significant. 

The processes of converting from binary to binary-coded

decimal representation and reverse and from ternary to ternary-coded

decimal representation and reverse are ordinarily done in the arith

metic unit of the computer by programming. There are no special 

hardware requirements other than an input-output register suitable 

for storing the decimal digits in the code used. 

The conversion from binary-coded-decimal to pure binary form 

can be performed using the algoritl~ N • [(b3 x lOlO + b2) lOlO + 

bl) 1010 + bo, where b3, h2, bl, and bo are the individual decimal 

digits in binary-coded-decimal form and N is the number in pure binary 

form. This method requires n-1 multiplications and n-1 additions to 

convert an n-digit decimal number from binary-coded-decimal form to 

pure binary fonn. If the value of each possible decimal digit in each 

possible digit position were stored in a memory, the process could be 

done with only n additions, thus saving considerable time but at the 

expense of some extra hardware. In the conversion from ternary-coded

decimal form to pure ternary form, the same number of steps would be 
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Figure 27. Decimal to binary-coded-decimal converter for input panel. 
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Figure 28. Decimal to ternary-coded-decimal converter for input panel. 
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for output devices. 
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Figure 30. Ternary-coded-decimal to decimal converter 
for output devices. 
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required and the only saving in time would be the difference in time 

required to perform a binary addition and a ternary addition, multi

plied by the number of decimal digits. In ordinary operation. there 

would be very little decimal input data and so the saving in time by 

use of ternary numbers would not be significant. 

In the conversion from binary to binary-coded-decimal notation, 

one procedure would be to divide the binary number by 1010, the re

mainder then being the least significant decimal digit in binary-coded

decimal form. If the quotient is then divided by 1010, the new re

mainder is the next most significant digit in binary-coded-decimal 

form. This process is repeated until the quotient is zero, at which 

time the conversion is completed. Another way in which the conversion 

could be implemented would be to provide binary-coded-decimal adder 

hardware and the binary-coded-decimal equivalent of each binary bit in 

storage. Then the conversion of an n-bit binary word could be per

formed with n additions, rather than with approximately 3~2 divisions. 

In ternary to ternary-coded-decimal conversion, the first method would 

take approxu1ately the same length of time since the number of divi

sions is equal to the number of decimal digits, but the second method 

would allow considerable saving in time since the number of additions 

would be equal to the number of ternary digits, which is about 0.6 

times the number of binary digits for the same decimal number. 

Another output device which would be of great value to an 

operator in controlling a process would be a trend indicator, a device 

which would, upon demand, plot out the values of one or more variables 

as a function of time. This might be done either with a strip-chart 
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recorder or with an oscilloscope, but in either case it would be 

necessary to take data from the computer memory in digital form and 

convert it into an analog voltage in order to operate the display 

device. The essential link, therefore, in either case would be a 

digital-analog converter. Two possible configurations for this con

verter, binary and ternary, are shown in Figure 25. Although these 

converters might be built using electromechanical relays as the 

switching devices, it would be preferable to use solid state switches 

for speed and reliability. For the binary case. the field-effect 

transistor makes an excellent switch. The ternary case is not quite 

as straightforward, but one possible way to implement the required 

SPDT switches with solid state components is shown in Figure 31. 

In this circuit when the gate voltage is zero, both field-effect 

transistors are turned off and no current flows to the operational 

amplifiers through the resistors R1 and R2• In this state, even if 

there were some leakage current through the transistors, the net 

current to the operational amplifier could be reduced to an extremely 

small value by using matched transistors. When the control voltage 

takes on a negative value, the P-channel transistor is turned on, but 

the N-channel transistor r~nains off. Thus, a current determined by 

the value of -V, R2 , and the channel resistance of the transistor 

(about 300 ohms) flows into the operational amplifier. When the 

control voltage takes on a positive value, the N-channel transistor 

is turned on and the P-channel transistor remains off. In this case 

the current flowing into the operational amplifier is positive and 

determined by R1 , +V, and the channel resistance. 
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Analog-Digital Converters 

There are several methods of performing the analog-to-digital 

conversion process (38, p. 98). Two of these methods are outlined 

below. The principle of the first method is shown in Figure 32. In 

this system a rising voltage of step form is generated by the linear 

staircase generator. This generator adds an increment to the output 

voltage at every pulse from the timing oscillator, which is connected 

by the control circuit at the beginning of each conversion cycle. 

This staircase voltage is compared to the input voltage to be converted 

while a counter counts the pulses which control the staircase. At the 

first pulse for which the staircase voltage exceeds the input, the 

comparison circuit produces a stop signal, at which time the control 

circuit disconnects the oscillator from the counter, and the counter 

contains a . digita1 representation of the input voltage. The counter 

and the staircase generator are then reset to zero by the control 

circuit, and the cycle is repeated. 

Another voltage encoder consists of a counter, digital-to

analog converter, comparison circuit, and pulse generator connected as 

shown in Figure 33. In this system the output of the counter is fed 

into the digital-analog converter. The output of the converter is 

compared with the analog input voltage 7 and if it is larger the number 

in the counter is reduced until the two voltages are equal. Likewise, 

if the output of the converter is smaller than the analog input 

voltage, the number in the counter is increased until the two voltages 

are equal. 
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A variation of this last system which might be used to convert 

a mechanical force or torque into a digital voltage output and thus 

measure pressure or any other variable which is easily expressed as a 

force or torque is shown in Figure 34. In this system the mechanical 

force or torque is balanced by a force produced by an electromechanical 

transducer. The electric input to the transducer is controlled by the 

digital-analog converter. Balance would be detected by a strain gage, 

electro-optical system, or linear variable differential transformer 

(2). A pressure transducer of this type with a ten-binary-digit output 

has been packaged in a 3-l/4 x 3-l/4 by 4-l/2 inch space (2). This 

small size is made possible by the use of integrated circuit electronic 

components. 

The only difference between the circuits used for binary 

analog-digital conversion and ternary analog-digital conversion lies 

in the counters and in the digital-analog converters. We have already 

seen that a ternary digital-analog converter can be implemented. Now, 

let us consider the question of the ternary counter. 

In order to avoid the problem of converting from ternary Gray 

code to ordinary weighted ternary code, let us assume that our counter 

shou~d count up or down in the sequence shown in Table XXXI. In this 

table the ternary m.unbers correspondir1g to any given decimal number 

have had lll (ternary 13) subtracted from them in order to take advan

tage of the fact that most of the quantities to be encoded will be of 

only one sign. By performing this subtraction in the coding process, 

we can make use of the full range of the counter, while if we started 
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a~ zero (000), we would use only one-half of ~he range of which ~he 

counter was capable. 

TABLE XXXI. 

Decimal 

0 
l 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

COUNTING SEQUENCE OF TERNARY COUNTER. 

Ternar Decimal Ternar 

III 14 001 
IIo 15 Oli 
II1 16 010 
Ioi 17 Oll 
Ioo 18 lii 
Io1 19 liO 
I1I 20 lil 
IlO 21 lOI 
I11 22 100 
oii 23 101 
oio 24 1li 
Oil 25 110 
ooi 26 1ll 
000 

Since this counter is essen~ia1ly the same as that described 

in Chapter IV, i~ will be assumed that there would be no grea~ diffi

culty in constructing the counters necessary for a ternary analog-

digi~al converter. 

The Computer-Actuator Interface 

One type of actuator that is particularly well suited to being 

con~rolled by a digital computer is the stepping motor (9). In order 

to compare the operation of computer-actuator interface equipment using 

the binary and ternary number systems, let us propose a simple stepping 

motor actuator and associated circuitry using the two number systems 

and compare them. The stepping motor itself we will assume has a con

figuration similar to that shown in Figure 35 for the purpose of this 
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explanation. In actual practice such a motor would have more poles 

on the rotor than on the stator in order to decrease the angular 

rotation per step (21). 

In operation, the direction of the currents through the 

windings of the stepping motor could be controlled~ in a ternary 

system, in such a way that the polarities of the magnetic poles on the 

stator progress as shown in Figure 36 for clockwise rotation. The 

permanently magnetized rotor would then rotate 450 for every change in 

the stator current distribution. 

One way to control the currents through the windings in this 

system is by means of solid state switches. If we represent the two 

currents as i 1 and i 2 and the magnitude and direction of the currents 

by i, o, and 1, the sequence o£ currents for clockwise rotation are 

as shown in Table XXXII. 

TABLE XXXII. CURRENT SEQUENCES IN A STEPPING MOTOR. 

il i2 

1 0 
l 1 
0 1 
I 1 
I 0 
I I 
0 I 
1 I 

The switching could be done by silicon controlled rectifiers 

connected as shown in Figure 37. If the coils are energized by an 

alternating voltage, current will flow during the positive half-cycle 

while a positive voltage is applied to the gates of the SCR's, and 
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Figure 37. Switching circuit for stepping motor. 
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during the negative half-cycle when a negative voltage is applied to 

the gates. If zero voltage is applied to the gates no current will 

flow. The control voltage for the SCR's can be supplied by a two-

digit ternary counter which counts in the sequence indicated in 

Table XXXII. The design of such a counter would follow the same 

procedure described for the design of the analog-digital converter 

counter. A complete actuating system is outlined in block diagram 

form in Figure 39. 

A similar system has been designed using binary logic (21}. 

In the binary case also, the usual procedure is to energize the motor 

windings with silicon controlled rectifiers or transistors. The 

control voltages are produced by the four outputs of a two-digit Gray 

code binary counter. In this system the windings would always be 

energized, and the motor would progress in 90° steps as shown in 

Figure 36, parts b, d, f, and h (~3, p. 111). 

Most types of electronic circuits used for switching, however, 

are simplified by the use of a single-ended power supply. In order 

to simplify the control circuits, therefore, it is common practice to 

use bifilar windings in the stepping motors (21}. This allows 

switching to be done as shown in Figure 38. Using this arrangement, 

current of the same polarity is switched to a winding wound in the 

opposite direction instead of reversing the current in a single 

winding. Because only one-half of the winding space is used at any 

time, the output torque for a given motor volume is reduced. However, 

a smaller wire size would be used, thus reducing the time constant R L 
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and increasing the allowable stepping rate for a specified torque. 

Also, transistor switches and a de supply voltage can be used with 

this system. 

In the ternary system described by Figure 39 the control 

computer transmits the desired change in actuator setting to the 

change register. The content of the change register is then compared 

with the content of a counter which was reset at the same time that 

the change register was loaded. The comparator then allows raise or 

lower pulses to pass from the pulse generator into the change counter 

and the control counter. When the change counter agrees with the 

change register, the pulses no longer pass and the stepping motor 

stops. 

In comparing the implementation of this actuator system using 

binary and ternary logic, we note that there is no particular problem 

involved in either. The ternary system has the advantage that fewer 

multivibrators are used in the counters and registers and~ therefore~ 

the cost of those registers would be less, assuming equal unit cost. 

Also, the interconnecting wiring would be simpler in a ternary parallel 

transmission system since fewer digits would be transmitted. In a 

serial system the transmission time would be reduced for the same 

reason. 

Actuator Addressing Matrix 

In our control system there must be some provision made for 

routing the output from the computer to the proper actuator or output 



115 

device. This is ordinarily done by putting a numerical address in an 

address register which in turn controls a decoding network which 

routes the data to the proper destination. One system which might be 

used for doing this is shown in Figures 41 and 42 for both the binary 

and the ternary implementation. In order to compare the binary and 

ternary systems, let us first assume that relay trees are to be used 

as shown in Figures 41 and 42. Using ordinary single-throw relays 

with transfer contacts for the binary tree, and polarized relays with 

transfer contacts arranged as shown in Figure 40 for the ternary tree, 

the number of relay coils and springs for various numbers of output 

points are shown in Table XXXIII. It may be seen from this table that 

the number of relay coils required for a given number of output points 

is less for the ternary tree than for the binary tree by the ratio 
log3 H 

M where M is the number of outputs. Also since transfer contacts1og2 

can be used in both types of trees, the number of relay springs is ; 

the number of contacts for each tree, making approximately three 

springs per output in each case. When the number of outputs becomes 

so large that the eontact capacity of the relays is exceeded, the 

number of relay coils must be increased in both cases. 

From the discussion above we see that the number of relay 

coils is smaller in the ternary tree. However, since polarized relays 

are more expensive than nonpolarized relays, there would be no great 

economic advantage in the ternary tree. The main advantage would be 

more economical use of address information stored in a ternary address 

register. However, it would not be difficult to operate a binary tree 
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from the output of a ternary register in a computer. All that would 

be required would be to use only those addresses containing zeros and 

ones. Then the output could be interpreted just as if it were a 

binary number. 

Since electromechanical devices such as relays are considered 

to be somewhat less reliable than solid state devices, it is thought 

by some engineers to be good practice to eliminate them from critical 

portions of systems as far as possible (15). For this reason let us 

also consider the possibility of using solid state binary and ternary 

selection matrices. 

If the binary system were used it would be practical to use a 

diode matrix circuit similar to that shown in Figure 43 as a selector. 

However, the ternary number system is not well suited to the use of 

diode matrices for this purpose. It is possible, though, to use 

selection trees for both the binary and ternary number systems using 

complementary IGFET circuits, and those will be compared here. 

Figures 44 and 45 show the gates used in the two cases. 

In order to make this comparison, consider Figure 46 which 

shows a binary tree circuit and Figure 47 which shows a ternary tree 

circuit. Looking at these diagrams we find that for the binary tree 

we have, for 2n outputs. (2n+l - 2) gates. With four elements per 

gate, this makes (2n+3 - 8) elements for 2n outputs. As the number of 

outputs becomes large, the number of elements per output approaches 

n-1 neight. For the ternary tree we have (l + 3 + + 3 ) gates for 3 

outputs. As n becomes large, the number of gates per output approaches 
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one-half. With 26 elements per gate the ternary tree requires 13 

elements per output compared to eight for the binary tree. 

The tree is not, however, the most economical configuration 

for this kind of circuit. The dual tree is more economical for both 

the binary case and the ternary case. Considering Figures 48 and 49 

we note that the number of gates required for 2n outputs using a dual 

binary tree is 2(2° + 22 + • • • + • • • + 

2n. Likewise, for the dual ternary treet the number of gates required 

n 1 2 n/2 nfor 2(3 ) outputs is 2(1 + 3 + 3 + ••• + 3 ) + 3 • Thus for 

73 =2187 outputs from a ternary dual tree, the number of gates per 

output is .345 and the number of elements per output is approximately 

nine. For the binary dual tree with 210 =1024 outputs, the number of 

gates is 1150. With 4 elements per gate then, the number of elements 

per output is approximately 4.5. Thus with large numbers of outputs 

and using dual trees the binary system uses approximately one-half the 

number of elements per output as the ternary system. 

In choosing between the two systems, however, we need to 

consider that the cost of an integrated circuit does not necessarily 

depend on the number of elements that it contains. A large part of the 

cost in fact is made up of the cost of mounting and packaging, which 

is not directly related to the number of component elements. In this 

particular case, the binary circuit is likely to cost less and be 

more reliable because of the smaller total number of elements, the 

smaller number of kinds of elements, and the greater simplicity of 

the circuit. 
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TABLE XXXIII. COMPARISON OF BINARY AND TERNARY RELAY TREES. 

Binary Tree 

contacts 
n outputs coils contacts p~er output 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

2 
4 
8 

16 
32 
64 

128 
256 
512 

1024 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

2 
6 

14 
30 
62 

126 
254 
510 

1022 
2046 

1 
1.5 
1.75 
1.88 
1.94 
1.97 
1.98 
1.99 
2.00 
2 •. 00 

Ternary Tree 

contacts 
n outp\lts coils contacts per output 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

3 
9 

27 
81 

243 
729 

2187 
6561 

19683 
59049 

1 
2 
3 
4 
5 
6 
7 
a 
9 

10 

4 
16 
52 

160 
484 

1456 
4372 

13120 
39364 

118096 

1.33 
1.78 
1.93 
1.98 
1.99 
2.00 
2.00 
2.00 
2.00 
2.00 

The Control Computer 

Now we will consider the relative cost and speed of two 

simplified control computers using the binary and ternary number 

systems. For the sake of comparison, we will assume that the computer 

has the following components: 
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1. Random access memory 

2. Adder 

3. High-speed arithmetic registers 

4. Inverter 

s. Control circuits 

6. Memory address register 

7. Input-output address register 

a. Sequential instruction memory 

Each of these components will be discussed with respect to 

feasibility, advantages, and disadvantages of ternary construction as 

compared with binary construction. The use of IGFET complementary 

integrated circuits will be assumed wherever possible. for the reasons 

discussed in Chapter IV. 

Memory 

The memory to be considered in this section is the high-speed 

random access memory which is ordinarily used as the primary working 

memory for a computer. The present practice is to use magnetic core 

matrices or some variation such as plated wire or flat thin-film 

magnetic structures for this type of memory. In discussing ternary 

memories, there are several possibilities to be considered. These 

are: 

1. The use of a standard magnetic memory, allocating two 

binary storage locations to each ternary digit. 
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2. The conversion of groups of ternary digits into binary 

digits, and storage in a standard magnetic memory. For example, five 

ternary digits may be expressed with eight binary digits with good 

efficiency. 

3. The use of new storage techniques which have the capa

bility of storing ternary digits directly. 

Comparing the first two possibilities, we note first of all 

that the method of converting five ternary digits into eight binary 

digits requires 20% fewer cores than the first method, for the storage 

of a given number of ternary digits. On the other hand, the elec

tronics necessary to code and decode the information each time that 

it is stored and fetched are more complicated for the second possi

bility. 

The second method mentioned above depends on the fact that the 

number of states available with five ternary digits is 243 and the 

number of states available with eight binary digits is 256. Thus each 

group of five ternary digits in a ternary number could be quite eco

nomically represented by eight binary digits in a binary number. The 

conversion process could be carried out in several different ways. 

The most straightforward way, shown in Figure 50, would be to convert 

each digit of the ternary number to one-out-of-three code and then 

convert each group of five ternary digits to one-out-of-two-hundred

forty-three code by means of 243 five-input IGFET nand circuits. 

Then the eight binary digits could be generated with eight 122-input 

IGFET nand circuits. Although this method appears to require an 
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excessive amount of conversion circuitry, it could be made at a 

reasonable cost using integrated circuits. Also, this is a relatively 

fast method of conversion. Other methods which would require less 

equipment but which would be slower are conversion by repeated division 

by two, and sequential addition of the binary equivalent of each 

ternary digit. Since it is not desirable to lengthen the memory cycle 

any more than necessary, the latter methods are not as attractive as 

the first for a high-speed computer. 

Alternative three assumes the existence of an available 

technology which could be used for producing a memory with three-state 

elements which could be competitive with large random-access magnetic 

binary memories as they exist in current machines. There is now being 

developed a device called the crossed-film cryotron which appears 

likely to provide the desired ternary capability (36). 

The basic crossed-film cryotron memory cell consists of a 

persistent-current loop containing a cryotron gate, together with 

three sets of leads. One set of leads provides current to the loop 

and the other two produce a variable magnetic control field which 

determines whether the cryotron gate is in the superconductive or non-

superconductive (normal) state. An equivalent circuit of the basic 

cell is shown in Figure 51. Information is written into the cell by 

applyine a current pulse of amplitude +I , -I , or 0 to the information 
0 0 

terminals and at the same time applying the control field which 

switches the cryotron gate R to the normal state. If the control g 

pulse ends before the information pulse, a loop current of *1 L2/(L10 

+ L ) or zero remains circulating in the loop. Readout is performed 2
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destructively by applying a control-field pulse large enough to 

destroy the superconductivity of the cryotron gate~ and noting the 

amplitude and the polarity of the voltage at the information terminals 

which is caused by the decay of the loop current (37). 

One form of the crossed-film cryotron which lends itself 

nicely to a batch fabrication process using thin-film deposition and 

pattern forming with stencils or a photoetch process is shown in 

Figure 52. In this configuration the control field is produced by 

currents I and I flowing in the X line and the Y line. The magni
x y 

tudes of these two currents are adjusted so that the magnetic field 

from either one alone is not sufficiently strong to switch the 

cryotron gate out of the superconducting state, but that the field 

from the two acting together is (32, p. 9~). 

These crossed-film cryotron cells may be connected into a 

three-wire coincident-current array as shown in Figure 53. This array 

is made by connecting in series the "information11 terminals of all the 

cells that comprise the same digit position in the memory words. The 

control fields for the cryotrons are produced by currents flowing in 

the X and Y lines which are arranged in a two-dimensional matrix so 

that any one cell along the information line (digit line) is selected 

by energizing a unique pair of X and Y drive lines through a decoding 

network (37). 

Although the ability to store information in ternary form is 

the primary advantage of the crossed-film cryotron memory as far as 

this report is concerned, there are a number of other potentially 
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important advantages to be gained by its use also. Some of these 

advantages are: 

1. Cryotrons are well suited to batch fabrication and thus 

potentially inexpensive when manufactured in large quantities. 

2. Slight variations in the physical parameters of individual 

cells do not affect the system performance adversely. 

3. Since the transmission lines have no resistance and the 

dielectric is almost lossless, pulse degradation is negligible. 

4. Characteristic impedances of the transmission lines in the 

memory are extremely low (of the order of ten to 20 ohms), thus making 

only modest requirements of the peripheral current drivers. For 

example~ for a 200 mA drive current the back EMF across a line having 

a 20 ohm impedance would be only four volts. It is important to note 

that this result is independent of system size. 

5. Reasonably high propagation velocities are the only limit 

on system timing. A typical cycle time for a 108 cell system would be 

approximately one microsecond (37), 

Cryotron memories, however, have the major disadvantage that 

they require a liquid helium refrigeration system. Although it is 

likely that this refrigerator will present no insurmountable engineer

ing difficulties, it does add an appreciable expense to the system. 

In the case of a process control computer where reliability and conti

nuity of service are of utmost importance, the doubtful reliability of 

the refrigeration system would also be a serious problem. In fact, it 

is likely that a back-up refrigerator would have to be provided, thus 
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increasing the cost still further. There is no general agreement on 

estimates of the cost of such a cryogenic memory system, but if it is 

assumed that the costs of thin-film superconductor storage planes are 

relatively low, then the use of such memory systems is likely to be 

economical in binary computers, compared with present ferrite core 

7memories, for sizes greater than about 10 bits (37). There are no 

known practical or theoretical objections to building such large 

systems, but there are still a number of technological problems to be 

solved in making and interconnecting such large arrays, and much work 

remains to be done in this area (33). 

After noting the economic considerations pertaining to the 

cryogenic memory, it becomes apparent that the choice between alterna

tives two and three depends upon the size of memory which our control 

computer must have. For a memory size under 107 bits, alternative two 

7would be preferable, while for a memory of greater than 10 bits, 

alternative three would be more appropriate . Since a control computer 

becomes relatively more economical as it performs more and more 

functions, we will proceed on the premise that control computers of 

the future will need at least 107 bits of random access storage and 

that, therefore, the cryotron memory would be more economical than 

magnetic core memory . It is important to notice that with the use of 

such large cryogenic memories, the ternary number system becomes more 

attractive compared with the binary system. The reason for this is 

that the cells of a cryogenic memory can store either a binary or a 

ternary digit, and a memory of Mcells can store Mbits in binary 
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Mform, or log2 3M bits in ternary form. Since (log2 3 )/M =1.59, 

we can increase the size of our memory by 59% by using the ternary 

number system. For systems requiring very large memories, this could 

result in the saving of a significant amount of money. 

Adder 

At this point in the discussion of the computer design, a 

decision must be reached as to whether a binary or a ternary organi

zation is more appropriate for the arithmetic unit. There are two 

basic reasons why one might choose the ternary number system over the 

more usual binary syste1n. One reason is that since a ternary number 

has only approximately .63 times as many digits as a binary number of 

the same magnitude, the time required to process the ternary number 

in a serial adder is less. Also, if parallel arithmetic is used, the 

maximum time that is required for carry propagation is less with the 

ternary system, thus allowing a shorter add time. The other reason is 

that if a ternary cryogenic memory is used, it will require less 

hardware and less time to transfer information directly from a ternary 

memory to a ternary arithmetic unit than it would to transfer from a 

ternary memory to a binary arithmetic unit through a conversion device. 

For this latter reason it appears likely that if a computer is large 

enough to make a ternary memory economical, then the ternary arithmetic 

unit would also be an advantage. 

Another question that should be discussed is the choice be

tween a parallel or a serial arithmetic unit in a control computer. 
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In general, a parallel arithmetic unit is faster but more expensive 

than a serial one. We are concerned here with designing a direct 

digital control system which is not more expensive than a conventional 

control system of the same size, and yet capable of performing more 

operations per second in order to perform its control, data logging, 

and supervisory functions more effectively. Since a serial adder is 

cheaper than a parallel one and since a ternary adder is faster than 

a binary one, we will assume that a serial ternary adder will be most 

appropriate for our purpose. Now let us consider whether it is 

feasible to build such an adder. 

The usual configuration for a serial adder is shown in 

Figure 54 where the two numbers to be added are contained in shift 

registers A and B and are shifted into the adder simultaneously digit 

by digit, beginning with the least significant digits (6, p. 382). 

The adder produces a series of sum digits which are stored in one of 

the shift registers and a series of carry digits which are delayed by 

one digit time and added to the next-most-significant digits of the 

addends. 

The truth table for a ternary half-adder is shown in 

Table XXXIV. 
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TABLE XXXIV. TRUTH TABLE FOR TERNARY HALF-ADDER. 

A. 
J. 

0 
0 
0 
1 
1 
1 
I 
I 
i 

B. 
J. 

0 
1 
i 
0 
1 
I 
0 
l 
I 

s. 
l. 

0 
1 
I 
1 
i 
0 
I 
0 
1 

c. 
l. 

0 
0 
0 
0 
1 
0 
0 
0 
I 

From this table we can write equations for the outputs s1 and 

Ci using the notation defined previously as follows: 

Examining these functions, we note that they can be implemented 

using the circuit of Figure 55. In this circuit we depart somewhat 

from our principle of using only IGFET's and use two bipolar transis

tors. The reason for doing so is that it results in considerable 

simp~ification of the circuit. 

Having arrived at a circuit for a half-adder, Figure 56 

indicates how two of these may be combined to form a full-adder. The 

carry C. is formed by combining the carries of the two half-adders 
l. 

according to the equation 

This equation may be arrived at by considering the truth table for a 
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C; 

Figure 55. Ternary half-adder circuit. 
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Figure 57. Circuit for the function f(ci·c2) T h(C~·c;) 

T f(Ci·c;) T h(ci·c;). 
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full-adder shown in Table XXXV. One circuit which implements this 

function is shown in Figure 57. 

TABLE XXXV. TRUTH TABLE FOR TI:RNARY FULL-ADDER. 

B sc c c s cAi i i-l l 2 i i 

0 0 0 0 0 0 0 0 
0 l 0 l 0 0 l 0 
0 I 0 I 0 0 I 0 
0 0 l 0 0 0 l 0 
0 l l l 0 l I l 
0 l l I 0 0 0 0 
0 0 I 0 0 0 I 0 
0 l I l 0 0 0 0 
0 I I I 0 I l l 
l 0 0 l 0 0 l 0 
l 1 0 I l 0 I l 
l I 0 0 0 0 0 0 
l 0 l l 0 l I 1 
l l l I l 0 0 l 
l I 1 0 0 0 l 0 
1 0 I l 0 0 0 0 
l l I I 0 I 1 0 
l I I 0 0 0 I 0 
I 0 0 I 0 0 I 0 
I l 0 0 0 0 0 0 
1 I 0 l I 0 l I 
I 0 l I 0 0 0 0 
I l 1 0 0 0 l 0 
I I l l I l I 0 
I 0 I I 0 I l I 
I 1 I 0 0 0 I 0 
1 I 1 1 1 0 0 I 

Inverter 

In the arithmetic unit of a digital computer, an inverter is 

used to change the signs of numbers when that is necessary. For 

example, in many computers subtraction is accomplished by changing the 

sign of the subtrahend and then adding. In a binary machine this is 
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frequently done by interchanging all ones and zeros, which can be 

done with a simple binary inverter circuit. In the signed-digit 

ternary number system the sign of a number can be changed by ex

changing ones for minus-ones, minus-ones for ones, and leaving zero 

unchanged. Although the ternary inverter is somewhat more complex 

than the binary one, it is not unduly so. Figure 14 shows a circuit 

which could be used as a ternary inverter. 

High-speed Registers 

Since we assumed the use of serial arithmetic in the adder, 

we will follow the usual practice and use shift registers for our high

speed arithmetic registers. These shift registers could be made of 

ferrite-core or magnetic thin-film elements for either a binary or a 

ternary computer, but for the sake of high-speed operation we will 

assume that they consist of ternary one-multivibrator-per-digit multi

vibrator shift registers, where the multivibrators are built with 

IGFET's as discussed in Chapter IV. The necessary time delay between 

stages will be obtained by increasing the time constants of the set 

and reset circuits if necessary. 

Control Circuits 

It is beyond the scope of this report to show in detail all 

of the control logic for the control computer. However, in general, 

the control circuits will contain counters, inverters, multivibrators, 

combinational logic, and gates for controlling the flow of pulses 
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from one section of the computer to another. We have discussed all 

of the components briefly except for the gates for controlling the 

flow of ternary information pulses. 

Binary gates are usually simple "and" gates which pass or do 

not pass pulses, depending on the value of a control signal. In order 

to make optimum use of ternary control signals, however~ our ternary 

gates should be capable of three different actions. These might logi

cally be: l) stop flow, 2) direct flow to destination A, and 3) direct 

flow to destination B. A circuit capable of handling ternary signals 

in this manner is shown in Figure 45. In this circuit both outputs 

are clamped to zero if the control signal is zero, thus preventing the 

input pulses from passing through. If the control signal is positive, 

output A is unclamped and the ternary pulses allowed to pass. If the 

control signal is negative, output B is unclamped and the ternary 

pulses are allowed to pass that way. If it is desired to send the 

input to destination C on a zero control signal as might be the case 

in an address selection tree, then the circuitry associated with out

put C in Figure 45 may be added. 

Sequential Instruction Memory 

It is proposed that the control computer of this control 

system have an instruction memory, separate from the general purpose 

random access memory, capable of retrieving instructions sequentially 

in 50 nanoseconds or less. The reason for including a memory of this 

kind is that most process control programs are highly repetitive under 
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normal conditions and a great deal of time could be saved by taking 

advantage of this repetition to avoid the time required to interrogate 

a random access memory. 

Such a memory might, for example, consist of a set of shift 

registers which could sequentially shift instructions into an instruc

tion register in a parallel fashion. This shift register could be 

arranged so that a set of instructions could circulate around through 

the memory, passing through the instruction register to be decoded 

once every cycle. This is actually just an extension of the concept 

of microprogramming which has been known for a number of years (28). 

A working model of a 100-bit IGFET shift register has been built and 

undoubtedly could be extended to greater length (16). High-speed 

read-only memories are also available which would be suitable for this 

purpose (28). This memory should store ternary information if ternary 

control circuits are used. 

Memory Address Registers, Input-Output Address Registers, and Other 
Special Registers 

These special registers would be constructed of ternary multi-

vibrators, assuming that the rest of the computer is based on the 

ternary number system. They would, for the most part, be wired in 

such a way that information could be read in serially and read out in 

parallel. 
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Long Distance Data Transmission Links 

While analog data transmission is ordinarily adequate for 

cases where both sending and receiving equipment are located within 

a plant, it frequently is not adequate for long distance transmission. 

Digital transmission is often used for long distance transmission 

because of the greater resolution which is possible .~ greater noise 

immunity. greater efficiency in use of wide-band data channels, and 

the possibility of error detection and correction. 

Although binary codes have been used for this purpose in the 

past, it has been suggested by Lender that there might be some advan

tage in the use of nonbinary level-coded correlative codes for the 

transmission of digital data. He has shown (24, 25) that under certain 

conditions a three-level binary correlative code has a 2:1 bandwidth 

compression property as compared to a two-level binary code. Also, 

since each digit is correlated with the preceding digits, error detec

tion is possible without the introduction of redundant digits at the 

input. As is usual in such cases, this type of code does not give us 

"something for nothing." Here we obtain bandwidth compression in 

return for a three db increase in signal to noise ratio (25). 

Hallworth and Heath also note that in order to realize higher 

accuracy in data transmission~ the radix two must be replaced by larger 

radices (13). 

Following Lender's suggestion that nonbinary level-coded 

techniques might be useful (24), let us examine the properties of 

five-level ternary correlative code. If such a code is possible, it 
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may extend the advantages of Lender's binary correlative code and 

still he compatible with a control system based on the use of ternary 

numbers. 

Extending the rules of Lender's three-level duobinary code, 

it is proposed that a ternary sequence a , where a = o, l, or 2 be 
n n 

converted into a quinary sequence b , where b =-2, -1, 0, +1, or 
n n 

+2. The sequence a is transformed into the sequence h in accordance n n 

with the following rules: 

l. When a =0, b =0 
n n 

2. When a =1, jh I =1 and the sign of h depends on the n n n 

sign of bn-k corresponding to the last an-k =1 or an-k = 2. If a 
n 

and a k are separated by an even number of zeros, b =+h k• Other-n- n n-

wise, b =-b • n n-k 

3. When a =2, lb I = 2 and the sign of b is determined byn n n 

the same rule as when a = 1. 
n 

The result of this transformation is that the value of b never 
n 

changes more than one-half of its maximum range. in one time interval. 

It can be shown that this results in a bandwidth compression of one-

half, as compared with the original ternary sequence which can go from 

its maximwn value to its minimum value in one time interval. 

An additional advantage of this system is that it is relatively 

simple to incorporate an error detection method which takes advantage 

of the predetermined rules of formation of the five-level code. That 

is, two successive digits having the values l,l; 2,2; 2,1; or 1,2 will 
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have the same sign if the intervening number of zeros is even but the 

opposite sign if the intervening number of zeros is odd. This error 

detection method will allow most erroneous messages to be disregarded 

in a telemetering system because the probability of two errors 

occurring which will produce a valid sequence is very small. Another 

advantage of this error detection method would be the possibility of 

the continuous monitoring of the quality of transmission and of the 

proper operation of the coding logic at the transmitter. 

A possible circuit for implementing the five-level ternary 

system is shown in Figure 58. The coding logic consists of a binary 

flip-flop, two ternary inverters, two ternary "and" gates, and a 

ternary "or" gate. The flip-flop counts the incoming zeros, modulo 

two, and transmits the incoming data directly if the number of zeros 

which has occurred is even, and transmits the negative of the incoming 

data if the number of zeros which has occurred is odd. This results 

in a bandwidth compression of approximately 2:1 as compared to the 

original ternary data. After transmission through a band-limited data 

channel, represented by H(w)t the full-wave rectifier and sampler 

restore the data to its original form. Figure 59 shows examples of 

typical wave-forms as they would appear at various points in the 

circuit. 
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VII. CONCLUSIONS AND RECOMMENDATIONS 

As an aid to drawing conclusions and making recommendations 

on the use of the ternary number system in digital control systems~ a 

summary of the characteristics of the binary and ternary number systems 

as applied to various parts of control systems and discussed in 

Chapters I through VI of this report is presented in Table XXXVI. 

Based on the information in Table XXXVI, it is concluded that 

a process control system whose components make use of the ternary 

number system would be practical and economical for very large instal

7lations requiring more than about 10 bits of random access storage. 

The primary advantage would be in the economy of a very large ternary 

cryogenic memory as compared to a binary memory. Other advantages 

would be increased computing speed, increased efficiency in the use of 

high quality data channels, and increased speed in ternary-to-decimal 

data conversion. 

Because of the potential advantages of a ternary control 

system, the following recommendations are made: 

1. Development of integrated circuit ternary logic devices 

should be initiated. 

2. Research on ternary logical design methods should be 

continued. 

3. Development of nonbinary digital data transmission systems 

should be continued. 

4. Development of large cryogenic ternary memory systems 

should be continued. 
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TABLE XXXVI. SUMMARY OF CHARACTERISTICS OF BINARY 
AND TERNARY NUMBER SYSTEMS. 

Characteristics 

availability of suitable 
logical components 

aoequacy of logical 
design techniques 

simplicity and relia
bility of logical 
components 

economy of logical 
components 

suitability for use in 
digital transducers 

suitability for use in 
data transmission 

speed of arithmetic 
operations 

speed of conversion to 
decimal for output 
presentation 

availability of gooG 
memory devices 

economy of random access 
memory 

Binary System 

excellent 

excellent 

excellent 

excellent 

as yet more expen
sive than analog, 
and more develop
ment needed 

good 

excellent 

good 

excellent 

excellent, particu
larly in sizes 
smaller than 107 

bits 

Ternary System 

potentially good, but 
more development work 
needed 

potentially good, but 
more development work 
needed 

more complicated than 
binary, and relia
bility depends on 
further development 
of integrated circuit 
techniques 

depends on further de
velopment of inte
grated circuit tech
niques 

essentially the same 
as binary 

possibly would allow 
more efficient use of 
low-noise wide-band 
data channels 

potentially faster 
because of fewer 
digits required to 
express a number 

potentially faster 
than binary because of 
fewer digits 

potentially good, but 
more development work 
needed 

potentially more eco
nomical than binary 
for sizes larger than 
107 bits 
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