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The respiratory tract is lined with a mucous blanket which is 

motivated by a ciliated epithelium. This blanket includes a lower 

serous layer of fluid through which the cilia beat and an upper viscid 

layer into which particulates from the inhaled air are deposited. 

The movement of the mucous blanket comprises the ciliary stream 

and is the primary mechanism responsible for clearance of particu- 

?.ates from the respiratory system. 

A mathematical model was developed representing a small seg- 

ment of the ciliary stream and describing the movement of the upper 

viscid layer of mucus and the tips of the cilia which project through 

the serous fluid into the upper viscid layer. The cilia tips are repre- 

sented as a continuous surface which oscillates along the lower edge 

of the viscid mucous layer. The mucus was assumed to behave as a 

Bingham plastic. 

An analytical solution is presented for the steady -state 



component of the mucous velocity and both numerical and analytical 

solutions are presented for the time - dependent component, which is 

a parabolic differential equation with a moving boundary. 

Conclusions indicated that in order to obtain a mucous flow in 

the positive direction, the tips of the cilia cannot be in constant con- 

tact with the upper fluid layer. The serous layer, which has been 

almost completely neglected in previous research, appears to be at 

least as important to the system as the upper viscid layer. Further- 

more, the thickness of the serous layer may be the most important 

single parameter of the system. 
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A MODEL OF CILIARY STREAMING IN THE 
RESPIRATORY SYSTEM 

I. INTRODUCTION 

... if present trends continue (lung cancer) will claim 
the lives of more than 1, 000, 000 present school 
children in this country before they reach the 
age of 70 years.... (American Public Health 
Association, 1959, p. 1698) 

The increasing rate of deaths due to pulmonary diseases (with 

the exception of tuberculosis) has attracted widespread attention in 

recent years : in the State of Oregon 6. 6% of all deaths reported in 

1956 were attributed to pulmonary diseases (Oregon State Board of 

Health, 1958), however, by 1965 this figure had increased to 7. 9% 

(Oregon State Board of Health, 1966); similarly, on the national level 

the percentage of deaths attributed to pulmonary diseases increased 

from 5. 62% in 1950 (U. S. Dept. H. E. W. , 1953) to 8.0% in 1964 

(U. S. Dept. H. E. W. , 1966). Lung cancer, chronic bronchitis, and 

emphysema account for a large portion of these increasing figures. 

In fact, lung cancer alone was responsible for 50, 598 deaths in the 

United States in 1964, a toll higher than that exacted by all motor 

vehicle accidents (U. S. Dept. H. E. W. , 1966) and more than 100 

times that exacted by all our earthquakes, floods, and tornados added 

together (U. S. Weather Bureau, 1964). 
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Purpose of This Study 

Impairment of the primary defense mechanism of the lung - -the 

ciliary streaming action --is generally considered to be the leading 

cause of the increases in pulmonary disease (Blake, 1964; Miller and 

Goldfarb, 1965; Ballenger and Orr, 1963; Hatch and Gross, 1964; 

Bang, 1961). The respiratory system functions as an extremely ef- 

ficient filter for the removal of particulates from the inhaled air; 

consequently, even a small decrease in the efficiency of the ciliary 

streaming action may cause a harmful accumulation of foreign and 

potentially toxic materials. 

The purpose of this thesis is to consider, using a mathematical 

model, some of the interrelationships of the parameters of the ciliary 

stream and thus to gain a better understanding of the manner in which 

this system operates. 

Pulmonary Deposition and Clearance 

The average adult breathes 10 to 20 cubic meters of air a day. 

"Ordinarily, this volume of air contains approximately 1, 000 billion 

particles with a total weight between one and two milligrams" 

(Mitchell and Tomashefski, 1964, p. 5). It is possible, however, 

that in a "moderately dirty community atmosphere" an individual will 

inhale ten milligrams of particulate matter per day (Hatch and 
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Gross, 1964, p, 69). In extremely dusty areas, such as poorly 

ventilated mines and industries, the particulate concentration often ap- 

proaches 107 particles per cubic centimeter and the mass concentra- 

tion may exceed 100 milligrams per cubic meter (Morrow, 1967), so 

a person might inhale over a gram of particles a day. 

A large portion of these inhaled particulates are deposited in 

the respiratory tracts. The amount and site of particulate deposition 

is dependent primarily on the size and density of the particles and on 

the rate and depth of respiration. In the upper respiratory tract 

(that area above the pharynx, Figure 1) removal efficiency is es- 

sentially 100% for particles eight microns and larger; however it 

drops rapidly with reduction of particle size and is nearly zero at 

one or two microns (Figure 2). With essentially 100% removal of 

particles eight microns or larger in the upper respiratory tract, the 

probability of penetration of these coarse particles to the pulmonary 

air spaces is negligible. As indicated on Figure 2, the particles 

most likely to be deposited in the pulmonary air spaces are those 

within the size range one to two microns and those below 0.2 microns. 

When breathing through the open mouth or when smoking, however, 

essentially all the particulates (including those eight microns and 

larger) are introduced directly into and deposited in the lower 

respiratory tract, 

Total deposition in the respiratory tract increases as breathing 
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frequency decreases. This occurs primarily for two reasons: the 

transit time for the air (and particles) into and out of the system is 

increased, thus providing a longer time for the aerosols to settle 

out; and tidal volume increases as respiratory frequency decreases 

such that a larger portion of the inspired air reaches the distal por- 

tion of the lung (Hatch, 1961). 

The lung rids itself of particulates primarily in two ways. 

Those which have been deposited in the respiratory tract above the 

alveoli are carried by a moving layer of mucus from the site of 

initial deposition to the esophagus where they are passed into the 

gastro -intestinal tract or expectorated. Those which have been de- 

posited in the alveoli are, at least in part, picked up by phagocytes. 

Some of the latter are transported to the lymphatics and some to the 

terminal bronchioles where they are carried in the mucous flow. 

These two mechanisms are assisted to some degree by respiratory 

excursions, peristaltic waves, and cough (Ballenger, 1960); however, 

the extent to which these assisting actions play a role in particulate 

clearance has not been determined. 

The thin layer of mucus covering the respiratory passages has 

a "stickiness" or adhesive quality which traps foreign particles as 

they impinge on its surface. This quality, as well as the rheology of 

the mucus (which will be discussed), is due, at least in part, to its 

protein and carbohydrate polymer structure. 
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This mucous layer derives its movement from the ciliated 

epithelium. Its progress is ceaseless and always toward the pharynx: 

that is, in the upper respiratory tract the action of the cilia moves 

the mucus posteriorly to the pharynx, and in the lower respiratory 

tract the movement is anterior to the upper end of the esophagus. 

Both the nasal mucus and that from the lower respiratory tract are 

normally swallowed when they reach the hypopharynx (Proctor, 1964). 

Approximately 90% of the inhaled particulates are cleared by 

the moving mucous blanket; the remaining 10% are cleared to the 

lymphatics by other transport mechanisms (Gross, 1964). 

Cilia and the Ciliary Stream 

A ciliated epithelium (Figure 3) lines the entire respiratory 

tract, the eustachian tubes, and the paranasal sinuses except the 

alveoli, the vocal cords, the epiglottis, the oropharynx, the olfactory 

area, the crypts of the lymphoid masses, and between the anterior 

ends of the nasal turbinates and the nostrils (Proctor, 1964). The 

cilia are very densely positioned on the epithelium, ranging from ap- 

proximately 10 to 35 per square micron (Engström and Wersäll, 

1952; Rhodin and Dalhamn, 1956; Lucas, 1932). Their diameters 

range from 0. 15 to 0. 3 microns (Rhodin and Dalhamn, 1956), and 

lengths range from six to nine microns (Lucas, 1932; Proctor, 1964). 

The cilia are rigid as they move rapidly forward in an 
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Figure 3. Stratified columnar ciliated epithelium from the 
laryngeal surface of the epiglottis of a 31 -week 
human embryo (795X). (Bloom and Fawcett, 
1964, p. 62) 

o. THE "EFFECTIVE" STROKE b. THE "RECOVERY" STROKE 

Figure 4. Effective and recovery stroke of human nasal cilium. 
(Proetz, 1953, p. 193) 
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"effective stroke" and are bent in a curved position during the slower 

"recovery stroke" (Figure 4). These strokes are in the same plane 

and perpendicular to the long axis of the cilium. The stroke fre- 

quency is inversely proportional to the size of the cilium and is very 

sensitive to changes in temperature and moisture (Ballenger, 1949). 

It may be as high as 1500 beats per minute with a forward to reverse 

phase ratio of 1:2 to 1:5 (Dalhamn and Rhodin, 1956). It is this whip- 

ping action of the cilia that causes the mucus to flow. 

The thin layer of mucus overlying the respiratory epithelium, 

motivated by ciliary action, constitutes the ciliary stream. The 

stream flows constantly, regardless of body position, always toward 

the pharynx. The nonciliated areas enumerated previously, and 

other small nonciliated islands, may still be covered by the flowing 

mucous blanket because of traction from adjacent ciliated areas 

(Proctor, 1964). 

The mucous layer originates from three sources in the respira- 

tory tract: 

(1) The mucinous secretions of goblet cells in the 
mucosa as well as from the submucosal mucous 
glands of the tracheo- bronchial tree, 
(2) The secretions of certain apocrine cells in the 
respiratory bronchioles and 
(3) The alveolar film of fluid. 
(Gross, 1964, p. 996) 

The total volume output of this fluid is normally O. 1 to 0. 3 milliliters 

per day per kilogram of body weight (Toremalm, 1960), which is 
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about 7 to 20 milliliters per day for an average human adult. 

The mucous blanket is composed of two parts (Figure 5): an 

overlying viscid sheet and a layer of serous fluid which furnishes 

the medium in which the cilia vibrate" (Lucas and Douglas, 1934, 

p. 531). It is thought that the viscid upper layer may be the fluid de- 

rived from the mucous glands and that the thin less viscous portion 

may be the fluid originating in the alveoli (Gross, 1964). 

inner fluid layer outer mucous layer 

.;.::.:::.;;::.:: ::; 
; :. . 

11P). 111.*2)))411),35 ;. I%,/// 
basal bodies lr111111 

cell wall _ 
recovery phase 

active phase 

F- direction of active stroke -, direction of coordination impulse 

Figure 5. Diagram of ciliary action showing the location of the 
inner and outer fluid layers in relation to the vibrating 
cilia. (Lucas and Douglas, 1934, .p. 532) 

It is the upper viscid layer of mucus into which particulates are 

normally deposited and remain until swallowed or expectorated. This 

layer is normally about five microns thick, although under certain 

pathological conditions, may be as thick as 25 microns (Dalhamn, 

1956) (Figures 6 and 7 ). However, even under normal conditions the 

thickness may vary as the layer moves through the tracheo- bronchial 

tree due to the progressive narrowing of the mucous flow 
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Figure 6. Freeze -fixed mucosa from a healthy rat. The mucous 
blanket is distinguishable above the cilia. (800X). 
(Dalhamn, 1956, p. 90) 

Figure 7. Freeze-fixed mucosa from a rat exposed for 67 days to 
11. 5 ppm S02. The mucous layer contains numerous 
cellular elements (800X). (Dalhamn, 1956, p. 90) 
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streambed (Hilding, 1957). 

Various measurements of the speed of mucous flow have been 

made: they range from one millimeter or less per minute in the 

bronchioles and 10 to 15 millimeters per minute in the trachea 

(Hilding, 1963). Measurements have been made by placing particles 

of charcoal, graphite ink, or pollen dust on the mucous blanket or by 

using shed cells in the mucus as indicators of the flow (Dalhamn, 

1956). 

It should be noted, however, that the techniques themselves 

may be irritating to the system, thus affecting the measurements of 

flow. For example, when utilizing large particulates as indicators 

of flow, the velocity may be affected by the size of those particulates 

and the depth to which they penetrate the mucous layer. Further- 

more, the rate of mucous flow cannot be used as a reliable indicator 

of ciliary activity for, although "mucous flow is never apparent 

where ciliary beat is absent, mucostasis may occur without any ob- 

servable changes in ciliary beat frequency" (Carson, Goldhamer, 

and Weinberg, 1966, p. 937). 

Retarded Flow and Mucostasis 

Stasis of mucous flow will result if the cilia fail to perform 

normally and effectively, although it can also occur without a reduc- 

tion in ciliary performance. Impairment of mucous flow has been 
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shown to occur because of experimental exposure to various irritat- 

ing gases such as SO2, ammonia, formaldehyde (Dalhamn, 1956), 

cigarette smoke (Dalhamn and Rylander, 1966) (Figure 8), and 

others (Batigelli, 1966). 

Slowing of the mucous stream starts a vicious 
cycle. As the stream moves more slowly it is ex- 
posed to inspired air currents for a longer time, 
gives up more of its water content, becomes more 
viscid, and is thus slowed still more. (Proctor, 1964, 
p. 328) 

Figure 8. The effects of cigarette smoke on ciliary action. 
(Dalhamn and Rylander, 1964, p. 402) 

Mucostasis or a retardation of mucous flow may permit an ac- 

cumulation of inhaled debris in the respiratory tract. If this accu- 

mulation is bacterial, infection may result; moreover, if the debris 

is carcinogenic, cancer may result. Various pharmacological agents 

have been applied both directly and indirectly to the respiratory 

tract in order to alter mucous flow (Proctor, 1964): the effects may 
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be to alter cilia frequency, the ratio of forward to reverse phase, 

the rate of mucous secretion, viscosity, density, or numerous other 

parameters or combinations thereof. There is no knowledge, how- 

ever, of which parameter or group of parameters should be altered 

(or to what magnitude) in order to optimize the clearance of mucus 

under various pathological conditions. 

It is the purpose of this thesis, then, to consider some of the 

interrelationships of the parameters of the ciliary stream and thus 

to gain a better understanding of the manner in which this system 

operates. 
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II. THE MODEL 

The model developed for use in this thesis represents a small 

segment of the ciliary stream and describes the movement of the 

upper viscid layer of mucus and the tips of the cilia which project 

through the serous fluid into this upper layer (Figure 9). 

Basic Assumptions 

Since the cilia are very densely packed on the epithelium (gen- 

erally the distance between cilia is less than the diameter of one 

cilium), the cilia tips are represented in the model as a continuous 

surface which oscillates along the lower edge of the viscid mucous 

layer. 

The oscillation of all the cilia in the respiratory tract is not 

synchronous; rather, the cilia beat in succession in one direction 

across the epithelium to give the appearance of metachronal waves. 

Each cilium is at a slightly different phase from its neighbors that 

lie in the line of wave transmission. 

The direction of the metachronal waves varies in 
different animals, but the direction of wave progres- 
sion is usually constant for a given tissue. It may be 
in the direction of the effective stroke, or of the recovery 
stroke, or even laterally. (Rivera, 1962, p. 34) 

It appears. then; that the metachronous nature of the movement 

of the cilia is not fundamental to the constant movement of the mucous 
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Figure 9. The model configuration. 
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O = the angle of inclination of the x -axis (inward 
normal to the mucus) to the gravity vector, g 

L = thickness of the mucous layer 

c(t) the oscillation of the inner surface depicting 
the movement of the cilia tips. 
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blanket. Therefore, for the purposes of this investigation, the oscil- 

lation of the surface representing the cilia is assumed to be inde- 

pendent of the coordinate position and, thus, time dependent only. 

Furthermore, the mucus is assumed to flow only in the direction of 

the cilia oscillation. 

As noted previously, variations in the thickness of the mucous 

layer may occur during passage through the tracheo -bronchial tree 

due to progressive narrowing of the streambed. Even a slight change 

in thickness, however, would require passage through several centi- 

meters of the tract, a distance which is several orders of magnitude 

greater than the thickness of the mucous layer. Thus, the length of 

the tract may be considered infinite, and any change in thickness 

may be considered negligible. Similarly, the radius of even the 

smallest of the ciliated passageways, the terminal bronchioles 

(radius of approximately O. 03 centimeters, Landahl, 1950), is 

several orders of magnitude greater than the thickness of the mu- 

cous blanket, so the curvature of the passageways also may be con- 

sidered negligible. 

In summary, then, the basic assumptions of the model are as 

follows: 

1. The tips of the cilia represent a continous surface; 

2. That surface oscillates as a function of time only; 

3. Velocity occurs in the z- direction only; 
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4. The system extends to ± infinity in the z- direction; 

5. The mucous layer is a constant thickness, L; 

6. The curvature in the y- direction is negligible. 

General Equations 

Momentum equations for the mucous layer may be developed 

by applying Newton's Second Law to a differential fluid element. By 

equating surface and body forces to the change in linear momentum 

(inertial force) of the fluid element, the equations take the form 

Dv. 
as-2 ôi 

p Dt p ó x, 
+ 

ax. 
i J 

where: 

(Lamb, 1945, p. 576) 

v. = the velocity vector of a fluid element whose cartesian 
1 coordinates are x. ; i 

= the potential of a force field (i. e., gravity); 

o- ..= a stress tensor component; 

p = the density of the fluid. 

In order to solve this set of equations for a unique set of solu- 

tions corresponding to given boundary conditions, it is necessary to 

relate the stress field to the velocity field by an equation describing 

the mucous rheology. 

P 

R 



Mucous Rheology 

"Mucus is a complex polymeric material which is non- 

Newtonian in nature" (Barnett and Miller, 1966, p. 891). 
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It is corn- 

posed of approximately 2% solids, 3% mucin, and 95% water (Proetz, 

1934). Mucin consists of a mucoprotein bound to a mucopolysac- 

charide in the form of a large polymer. These "mucus macromole- 

cules are flexible, random -coiling... (and) form highly swollen, 

water -sequestering coils that vary in size substantially according to 

their precise ionic environment" (Merrill and Wells, 1961, p. 671). 

The molecules may become entangled with one another forming 

a three -dimensional network in which disentangled molecules are 

contained. It is to be expected that the physical properties of the 

mucus are greatly affected by the relative quantities of entangled and 

disentangled molecules. The relative proportions can be determined 

by an equilibrium constant and may be expected to change under high 

stresses (Hahn, Ree, and Eyring, 1959). 

Numerous measurements have been made of the physical 

properties of mucus, particularly of the viscosity. Few have con- 

sidered, however, its polymeric structure or its non - Newtonian 

nature. Often, in fact, the mucous sample has been homogenized 

prior to analysis; this, of course, destroys whatever network forma- 

tion may exist and precludes any valid observation of viscosity. 
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A varying degree of recovery of the initial high 
viscosity occurs when the homogenized specimens are 
allowed to stand, and this appears to reflect partial 
restitution of the gel- structure. However, the pri- 
mary structure of the intact mucus is largely lost. 
(White and Elmes, 1960, p. 259) 

Furthermore, and with rare exception, the viscosity has been meas- 

ured by an Ostwald viscometer or some other capillary device appli- 

cable only to Newtonian fluids (Merrill, 1955). 

Wells, Denton, and Merrill (1961) seem to have been the first 

to consider the structure and composition of mucus in the design of 

their experiment to measure mucous viscosity. Using a cone plate 

viscometer, which is especially suitable for non - Newtonian fluids 

(McKennell, 1954), their analysis indicated that mucus is pseudo - 

plastic in character. 

More recently, Denton (1963) and Miller and Goldfarb (1965) 

indicated that mucus may have a "discreet yield point" below which 

flow will not occur. Miller and Goldfarb studied the stress vs. shear 

rate of strain for mucus : Figure 10 was presented as a typical set 

of rheology flow curves taken from mammalian mucus. Flow curve 

I corresponds to the initial shearing of the mucus, while curve II 

corresponds to a repeated shearing. This figure shows the stress 

necessary for flow and indicates that the bronchial mucus is thixo- 

tropic. 
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Figure 10. Rheological flow curve for a mucous sample. 
(Miller and Goldfarb, 1965, p. 136) 

Under normal conditions the motion of the cilia is continuous 

and essentially non - stopping; consequently, the dependence of the 

mucous viscosity on repeated shearing (the thixotropic nature) may 

be such that the mucus obtains some steady state values for the rela- 

tion of stress to rate of deformation. Noting the thixotropic nature 

of the mucus, Miller and Goldfarb (1965) postulated that the cilia, by 

their repeated application of stress, may "cause the mucus to be at 

the proper viscosity for optimum transport in the lumen" (p. 137). 

Thus, it seems reasonable to assume that the in vivo rheology of the 

mucus would correspond more closely to curve II than to curve I. 

Therefore, for the model used, curve II was considered to be descrip- 

tive of the rheology of the mucus. 

The mucus is thus to be considered to exhibit the rheological 

properties of a Bingham material; the material at any point has zero 
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deformation rate until a certain combination of stresses at that point 

exceeds a critical value. Once the critical stress has been exceeded, 

flow begins and a linear relationship exists between the stress and 

the rate of deformation. 

This rheological behavior was first described by Bingham in 

1916. Later, Oldroyd (1947a) presented the rheology equations as 

follows: 

-1J2.- 
2µd. _ ( )S!. iJ iJ 

if 

dij 0 if AO 
2 

where S.'. is the deviatoric stress component derived from the 
1J 

stress tensor as follows: 

1 S' 
i 

= 6 i' 
_ bi' kk j J 3 J 

where b.. is the Kronecker delta and where d. is a component of 
1J 1J 

the incompressible deformation rate tensor: 

avi av. 
( 

J 

dij - 2 ax. + ax. 
J 1 

J2 is the second (quadratic) invariant of the deviatoric stress tensor: 

1 
! J Sjt 2 2 is i 

. 

-V-37; 

= 

2 
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and µ is the "plastic viscosity" of the material. 

These equations show that no deformation occurs unless the 

combined stress, J2, exceeds the critical value .1 . Alterations in 

the chemical or physical properties of the mucus may be reflected in 

changes of either or both p. and . (Note also, that if 1. is zero 

the fluid is Newtonian. ) 

Thus, for the mucus under consideration any of the following 

conditions may exist: 

p. low and .1 low = thin and flows readily 

p. low and .1 high = will not flow readily, but will 
offer little resistance once 
flow is initiated 

p. high and 1. low = thick and flows readily 

p, high and high = thick and does not flow readily 

Equations of Motion 

From the assumptions, 

and 

u = u = 0 
x y 

au 
z 

az 
0 

6 =0 
yx 

0- = 0 
yz 

' 

4 
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Excluding consideration of fields other than the gravitational field, 

aSZ cos() 
ax 

a° =o 
ay 

Thus, the equations of motion reduce to 

-az -+ g sine 

av a 
p at - --pgsine + 

axz 

Now, substituting the rheology equations into the previous, 

2 
a v av 

z z 
µ 

ax 2 
p at 

av 
z 

ax 
0 

- + p g sine if Io- 
I xz 

where the stress o- at any position x is xz 

if IT é XZ 

x 
av 

o- 
xz 

= + p gx sine + p j at Z 
dx 

o 

with boundary conditions imposed by our assumptions: 

vz(L, t) = c(t) 

av (0, t) 
z - 0 
ax 

Two flow conditions may now be realized: (1) if lo- I, xz 

everywhere in the fluid, then no flow will occur and the material acts 

as a solid; and (2) if I6 xz I > in only part of the material, then 

= - g 
ao 

- 

O 



local flow will occur in this (plastic) region and the remainder will 

behave as a solid. Unless 1. = 0, it is not possible to have 
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everywhere in the material because the stress at the free 

surface must be zero. Thus, some of the material must behave as 

a solid if > 0 . 

The transition from elastic to plastic behavior takes place at 

the yield point where i6 I = , or, denoting the occurrence of xz 

this transition to be at x' , 

= I i- p gx sine + 
p 

x8v 

J z at 
o 

dx I 

Thus, for values of x > x* there is a finite velocity gradient. 

Dimensionless Form for the Equations 

Starting with the general equations: 

2 av av 

µ 
z z=} pgsin() 

ax2 
at 

av 
z 

ax 

and using the transformations: 

0 

v 
V=vz T=t2 X=L 

0 pL 

1. 

1. 

= 

XZ I > S 

S 



Then, in terms of dimensionless variables, the equations become 

2 2 
a 

aX2 
aT - + 

v0 
sine 

µ 

av 
ax 

with boundary conditions: 

V(1, T) = c(T) 

aV(0, T) - ax 

Using the additional transformation, 

the dimensionless form of the stress becomes 

if 10- I> xz 

if 
10- 

I 

X 

p gLX sine µv0 X av 
dX 

8T 
o 

Thus, the equations reduce to 

2 
a av = 

a X2 
aT 

av 
ax 

if Icriii1 

if i0-' I1 
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o- o- xz 
v 

ß 

av _ 

= 

_ + 
+ L 

-2 

= o 



and 
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X 

yX+ -dX 
o 

The dimensionless parameters of the system are 

_ pgLsinB 
Y 

µv0 
L 
Y 

P = 
11 

is a dimensionless parameter first presented by Oldroyd 

(1947b) and sometime later given the name, Bingham Number. This 

number indicates the relative proportion of the viscous stress to the 

yield stress. 

Transformation of Variables 

For the dimensionless equation of motion where 

IT' 1-1 

let 

U + W = V 

where U is a function which satisfies 

2 
8 U 

p 

DX 2 

0_' 

_ 

tl 

q 1 

Jo 

q 



28 

such that the boundary conditions become 

U(1) = 0 

aU(X ) 

ax 

Then, W is a function which satisfies the condition 

with boundary conditions: 

2 aw aw_o 
8X2 aT 

W(1, T) = c(T) 

aW,(X , T) - ax 

Solution for U (Steady State Component of V) 

U represents the component of flow which is a result of the 

force exerted on the fluid by the gravitational field only. It may be 

considered the steady state segment of the mucous flow or the condi- 

tion of flow under ciliastasis (i. e. , c(t) = 0). In the transformed 

notation, 

a2U 
ß 

ax 2 

with boundary conditions: 

U(1). 0 

if Icr"I>1 

_ 

x 
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au(x ` ) - o ax 

The solution becomes 

U = + ß [x2 - 1 + 2X'(1 - X)] 

Since 

then, 

for 
Imo' 

I 1 

U(X) = U(X*) for Io- "' I 1 

Therefore, in total, 

U = ß[X2-1 + 2x(1 - X)] if 
I0-1 I>1 

U =- (1 -X)2 

Transforming back to a dimensional form: 

and 

U 
_p gsin6[L2 

if I6' I 1 

x2 + 2x' (x - L)] if I6 I 

µ xz 

U 
-p gsin8 [L2 

- x ` - 2x*L] i f 
I 

0- 
I xz 

However, if ciliastasis exists such that there is no periodic corn- 

ponent to the velocity, i. e. , W = 0, then 

Cr + xpg sino xz 

au= 
aX 

f 

- 

,2 

µ 

= 0 

- 

-4s4 

3 
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Therefore, 

x'1 - I 

Substituting x into U yields: 

and 

p g sino 

U = v = - p (L2 - x2) - µ x - L) 
z 

U=v=-1 L2pgsin0 2 L] 
z µ 2 2pgsin0 

However, the solution becomes the trivial case of U = 0 if 

p gL sin0 
I 

Solution of W (Time -dependent Portion of V) 

W is that portion of v 
z 

which is a result of the movement of 

the cilia tips. The transformed equation is 

2 aw aw 
2 aT ax 

with boundary conditions: 

if 
I 

o-t I ,1 

W(l, T) = c(T) 

aw 
aX(X 

, T)= 0 

Essentially, the difficulty in the solution of this equation is in 

the determination of the unknown moving boundary X , the yield 

` 

I .1 

g sin0 
2µ 

+ 

= 
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surface. The non -linearity of the problem becomes more apparent 

with the transformation: 

Then the equation becomes 

2 
a W X>,)2 aw 

g 2 aT 

with boundary conditions: 

x'`) DX aW = o 
a T 

- 

W(0, T) = c(T) 

aw 
(1' T)= 

Now the non -linearity is shown by the fact that X` and its 

derivative, which appear in the coefficients of the differential equa- 

tion, depend on the solution by way of the equation: 

X 
Sav 
aTdX 

=1 

0 

Due to the non -linearity caused by the moving boundary a solu- 

tion must be considered for each of the following cases: 

I) when the movement of the yield surface is substantial; and 

II) when the movement of the yield surface is negligible. 

(1 (1 - 

g 0 

I '1 X+ , 

1 - X 

1 - X* 

_ 
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Case I 

There are a number of physical problems, in addition to the 

one discussed in this thesis, which are governed by a parabolic dif- 

ferential equation in conjunction with a moving boundary condition 

(for example, when a material freezes, melts, or recrystallizes). 

Some of these problems have been investigated in recent years, and 

although specific ones have been undertaken with some success, no 

general theory for dealing with this type of problem has been de- 

veloped. 

The approach used in this investigation is generally similar to 

that used by Douglas and Gallie (1955) and by Ehrlich (1958). They 

dealt with parabolic differential equations with moving boundary con- 

ditions by utilizing an implicit difference technique in a numerical 

solution. 

Using such a technique in this case, the solution lies in the 

space -time plane which is defined by the limits 0 X 1 and T > 0. 

This X - T plane may be considered as subdivided into a grid of 

equal rectangles with sides, 

h = tX, the mesh size in the space- direction, X 

= AT, the mesh size in the time -direction, T 

The finite difference equation of Crank and Nicolson: 

.. 

I 



W. 
j+l 

- W. j_ 1 
W. j+1 -2Wi j+1 + Wi-1, j+1 

2 h2 

Wi+l, j- 2W. 
j+ 

Wi-1, j 
h2 

then rearranges to: 
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-rWi-1, 
j+1 + ( 2+ 

2r)W1. 
j+1 

- rWi+1, j+1 - rWi-1 2- j ( 2r)Wi 

where, 

X = ih 

T = jQ 

r 2 
h 

+ rWi+1 ,j 

i = 0, 1, . 

j= 0,1,2. . 

Using (N - 1) internal grid points along each time -row pro- 

duces (N - 1) simultaneous Crank - Nicolson equations stated in terms 

of the boundary conditions and the known values at previous grid 

points. 

In finite difference terms the boundary conditions become: 

W 
n, 

= c(j) 
j 

Wk+1, j- Wk_l, j 

where k is the mesh point closest to the yield surface, X . 

+ 
+ ' 

P 

+ 

_ 



34 

The Crank - Nicolson equations for this problem are now written 

as follows: 

a) at k, 

( 2 + 2r)Wk, - 2rWk+1, j+1 - dk 

b) at i = k + 1, . . . N - 2, 

- rWi-1, 
j+l +(2 + 2r)Wi, j+1 

- rWi+1, 
j+1 - d. 

c) at N = 1, 

d) at N, 

- rWN-2, j+l + (2 + 2r)WN-1, j+l = dN_1 

WN, j+1 
= 

c(J + 1) 

where the "d" values are: 

a) for k, 

dk = (2 - 2r)Wk, 
j 

+ 2rWk 
+1 , j 

b) for i = k + 1, , , , N - 2, 

di = rWi-1 + (2 - 2r)Wi, + rWi+1 
,J ,j ,j 

c) for N - 1, 

dN-1 = (2 - 2r)WN-1, 
j + r(WN-2, j + WN, j + WN, j+1) 

The Gauss elimination method may be used to solve these 

Crank -Nicolson equations: the first equation is used to eliminate 

Wk from the second equation; the new second equation is used to 

eliminate Wk 
+1 

from the third equation; and so forth, until just one 

j+l 
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equation exists with one unknown WN The unknowns WN -2, 

WN . . . are then found by back substitution in a manner dis- 

cussed by Smith (1965, p. 21). The resulting values of W. 
1 

are: 

Mk + 2r Wk+1, j+l 
Wk, j+1 ak 

and for i =k +1, . . . N - 2, 

M + rW. 
_ i 1+1,j+1 

1, j+1 

and for N - 1, 

a. 

MN-1 

where 

N-1, j+1 a 
N-1 

Mk = dk 

and for i = k+ 1, . . . N - 2, 

rM. 
M. = d, + 1 

1 1 

°"i-1 

ak = 2 + 2r 

2r 2 
ak +1 - (2 + 2r) 2 + 2r 

and for i =k +2, N - 1 

a. = (2 + 2r) 
1 a. 1-1 

2 r 

-3' 

W 

- 
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It now becomes necessary to evaluate the position of the yield 
J. 

surface, X , which, as discussed previously, occurs when 

X 

Y X 1` + 
11 dX I 

= 
1 

or, in finite difference notation, when 

,¡kh + h 

k 

( Wi, J+1 - 
W1, 

J ) 

i=0 

This equation is approximately one, rather than equal to one, since 

it is unlikely that the yield surface will be exactly at a mesh point. 

Of course, as the mesh size approaches zero, this equation ap- 

proaches unity. 

The value of k may be determined through an iterative pro- 

cedure as follows: First, an estimated value of k is used to evaluate 

solutions of W. from the Crank -Nicolson equations. Then these 

solutions are used in the finite difference equation of the yield sur- 

face position. If the result does not achieve the required yield con- 

dition (i. e. , in this case, unity), then k is increased by one and the 

procedure is repeated. On the other hand, if the result exceeds the 

required yield condition, the value of k is decreased by one and the 

procedure repeated. In this manner then, k converges toward the 

grid point nearest the actual yield surface. Rather than converging 

to and remaining at a grid point, however, k may oscillate between 

o 
BT 

I 
= 1 
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adjacent points since the finite difference equation is not identically 

one. For finite values of AX, k may be approximated as that point 

at which the solution of the finite difference equation is closest to one. 

Now the iterative procedure is reinitiated, increasing by one 

the time index, j, and using the value at the previous time step for 

the new estimate of k. By repeating this iterative procedure at each 

time index, the yield surface, k, and the corresponding velocities, 

W. , may be evaluated. 

Case II 

ax 
DT 

When the movement of the yield surface is negligible, i. e. , 

= 0, the problem becomes simply a partial differential equation 

with time - dependent boundary conditions. This occurs if 

aVdX«1 
aT 

which may be written in the form 

X 

aT 
V dX - 

a 
V(X ) 

0 

« 1 

However, in the interval 0 < X X , V is not a function of X. 

Therefore, 

1 

a 

o 



a 
aT 

and thus, 
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J. 

SX vax = x+ 
0 

SXV 8V(X') 
dX = 1X, 

aT 8T 
0 

Therefore, the condition necessary for a stationary yield surface 

becomes 

However, generally 

8V(X`)<< 1 

a T x' 

ac(T) 
> 

aV(x*) 
8T aT 

Thus, the movement of the yield surface becomes negligible when 

ac(T) « 1 

8 T X* 

When this condition exists, the solution for the time - dependent com- 

ponent of the velocity, W, may be achieved as follows: 

Assuming that initially, 

W(X, T) = 0 

The Laplace transform of the differential equation for W is 

82W(X, S) sw(x,$)= o 

2 ax 

) aar J 

T1 



with boundary conditions: 

aW (X, S) 
o ax 

W(1, S) = c(S) 

The solution of the transformed equation is 

W(X,S ) = cl sinh \[ X + cZ cosh 

where 

and 

Therefore, 

sinh y gX cl = c(S) 
cos h 1r7(1 - X*) 

* 

c = c(S) cos h lX 
2 .;. 

cos h l - x*) 

W(X, S) = c(S) 
cos h(X - X ) S 

cos h(1 - X *) S 
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The oscillation of the tips of the cilia (represented in the model 

as a continuous wall) occurs in a periodic fashion that can be de- 

scribed by a Fourier series: 
CO 

c(t) = a0 + ancos 2P t + bnsin 2PTr t 

n=1 

The nondimensional form of this is 

= 



where 

and 

CO 

c(T) = AO +L An cos 2ám 
T + Bnsin2aTrT 

n=1 

A =á0 
a 

A =n B =bn 
0 v0 n v n v0 

- µP a--2 
p L 
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The parameter a is a dimensionless number sometimes referred to 

as Stokes Criterion and is essentially a modified Reynolds number 

for oscillatory flow. 

The Laplace transform of the oscillation of the wall, c(T), is 

A 
c(S) = 

SO 
+ 

co 

n= 

An a r- 
S2 

(2nTr)2 + Bn 
LSZ 

(2nir)2 
a a 

S 

Dealing first with the A0 component of c(S): 

A0 cos h YS(X - X ) 

WI(X, S) - S cos h-r(l - X''`) 

The required inverse, WI(X, T), may be derived from Bromwich's 

integral formula and may be evaluated by the sum of residues at the 

poles when 

IW(X, Rei (1)) I -0 as R .00 

(Savant, 1962) 

- 

+ 

_ 



Therefore, considering 

then, 

S = Re 

-/- , 

WI(X, Re) 
ReJ(1 -X)[1 

+ e-2AReJ(1 - 

Since, by definition, 

Then it is the case that 

Therefore, 

,WI(X, ReIl)) I .0 as R - co 

WI(X, T) = residues at the poles of WI(X, S) 

The poles or singularities of WI(X, S) are at S = 0 and at 

Tr 2(m + 2) 2 

S = - for m = 0, 1, 2, . . 

(1 - X 2 
*) 

At the pole S = 0, the residue is simply A0. At the poles 

S=- 

the residues are 

Tr 2(m + 2) 2 

(1 - X`)2 
for m = 0, 1, 2 
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f)-1 

X 1 

A [1 + 
(X - 

0 



2A 

n 

co 

m=0 

1 

Tr2(m+2) 

)me (1 - X ) 

T 

cos 

1 
(m + )rr 

[ 2 (X - X*)] 
( 1 - X") 

(1 - X `)(m + 2) 
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This series is the transient term in the solution of WI(X, T), 

and since this thesis concerns only the steady periodic solution, this 

series will not be considered further. Therefore, 

WI(X, T) = A0 

Dealing now with the even components of c(S), that is, with 

the cosine terms: 

WII(X, S) = 

Here, 

W11(X, Rei'zi)) = 

n=1 

Thus, 

n= 

A 
S cos h,FS-'(X - XJ) 

n S2 (2nir)2 cos h-(8-1(1 - X's) 
a 

An 

LReJ 2n Tr) 2e-J e-`1'ReJT (1 
a 

1 + e- 2y R (X - X*) 
[1 

1 + e- 2-VRei4)(1 - X ) 

as R - 00 

X 4) 

( -1 

. 

oo 

IWII(X 
ReI'I) 0 



and so 

WII(X, T) = residues at the poles of W11(X, S) 

The poles of W11(X, S) are at 

and at 

For the poles at 

the residues are 

oo 

[ 2A 
n-1 

n 
m=0 

-1 ) 

m 
Tr 

5 = 
a 

S= 

S = 

Tr + 2)2 
2(m 

(1 - X`)2 

Tr 2(m + 2) 2 

(1 - X )2 

for n = 1, 2, . 

for m = 0,1, 2, . 

for m = 0, 1, 2, 

2 Tr(m+Z 2 )T 
3 - Tr(m+2) 
(m +-1)3 e (1 ( - X ) cos[ X (X - X )] 

1 

- X14 
)4 

[if 
2(m + 2)2 2+[ 2nTr] 2 

(1-X2 a 

Again, this series may be neglected since only the steady periodic 

solution is being considered. For the poles at 

2nTr S=± 
a 

the residues are 

for n = 1, 2, . 
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co 
A 

n 
2 

n=1 

e 

2nTr 
nTr 

iT cos h(1 a (X - X ) 

a nTr 

cos h(l+i)1 a (1 - X ) 

by identity, 
nTr 

2nTr iT + e a 

cos h(1 +i) 1 a (X - X ) 

and thus, 

where 

and 

nTr 

cos h(1 -i)V a (X - X ) 

cos h(1 (1 - X`) 
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n n = cos hl a (x - X )cosl a (X - X `) 

nTr 

cos h(1 + i) a (X - X ) - r(n, X)el (n, X) 
friTi' 

cos h(1 + a (1 - X ) 

gn, X) - [ 

nTr 

cos h 2 i a (X - X ) + cos 2 V a (X - X )] -2 

nTr 
l= cos h2 a(1 -X)+cos 2 a (1 -X`) 

' nTr nTr 

(n, X) = tan 
-1 

[tanhA a (X - X )tan a (X - X )] 

- tan 1 [tan hl 

Also, by a similar argument: 

r-n-7 

na (1 - X `)tan a (1 - X-')] 

l'1nTr 
cos h(1 - i) a (X - )e`) - I'(n, X)e-i (n, X) 

nTr' 
cos h(1 - i)1J a (1 - X*) 

I 

1 1 

' 

a 

± i sin hl' n (X - X*)sin-C7(X - XT) 

- 
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Therefore, the steady periodic solution of W(X, T), derived from 

the even terms in c(T), may be written: 

or, 

00 
2nTr +e,(n,X)) 2nTr + (n,X)) 
a a 

AnI'(n, X)[e +2e 

n=1 

oo 

AnI'(n, X)cos[ 2 án T+'43" (n, X) ] 

n=1 

The odd components of c(S) must now be considered: 

00 2nTr 

a 
wino(' S) 

= Bn[ 
S2 (2nn)2 

n=1 a 

with poles at 

and 

Here again, 

2nni 
a 

S = - 

2 
Tr 2(m 2) 

(1 - 
)2 

cos h 1' S (X - X 

COS 11-A S (1 - X ) 

for n = 1, 2, . 

for m = 0, 1, 2, . 

IWII(X, 
Re:Yi) ) I -. 0 as R - co 

Evaluating residues at the poles 

2(m n + 2)2 
S =- S ?2 form = 0,1,2, . 

(1 - X `)2 

- e 

S=f 

+ 

X* 

- 

I- , 



yields 

00 

-1)m 
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71- 
2(m +2)2T 

2nr Tr ( m +-2 

Tr (m + 2 FT ] e 
(1 -X r) 2 cos[ 

(1 
X? (X -X 

)] 
( ) 

4 Tr2(m+1)Z 2nTr 

(1 - X )2[[ ,,22 ]2 + [ a ] 2 ] 

(1 -X )2 

which, as before, is the transient term of the solution and need not 

be considered further. 

For the poles at 

S=+2nTri - a 

evaluating the residues gives 

for n 1,2 

00 
2nn iT 

Bn e 
a cos h(1 + i) 1 a (X - XJ ) 

2 r n nTr' J. 
n=1 i cos h(1 + i)} a( 1- X ) 

2QTr iT 
. . ,-1 

nTr 
,__ __ e cos 

] nTr 

i cos h(1 - i) a 

Treating this as done previously yields: 

oo 

BnI'(n, X) sin[ 2áTr T+ e+ (n, X)] 

n=1 

(1 - X ) 

Therefore, the complete steady periodic solution for X > X * is 

Bn 
n= m=0 

- . 

- X 
so 

1 

= 

- - 

f 

n 



W(X, T) = A0 + 

And since 

then 
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00 

I'(n, X) [ A 
n 

cos( 221. T+'el (n, X)) 
a 

n= 

+ B sin( 2nTr e (n, X))] n a 

8W(X, T) - 
DT 

for X X 

;: >;< 

W(X, T) = W(X , T) for X X 

Therefore, for X . X 

W(X,T)=AO+ 

and for X X 

00 

I'(n, X)[A cos( 2n + (n, X)) 
* 

n a 
n= 

+ B sin( - T + ie+ (n, X'`))] n a 

oo 

W(X, T) = A0 + I'(n, X )[Ancos( 2á T + e (n, X `)) 

n= 

+ B sin( -T +,ei (n, X `))] 
n a 

Thus, the time - dependent portion of the velocity, W, may be 

derived for either Case I or Case II. Finally then, the total velocity, 

V, is simply the sum of the steady state component, U, and the ap- 

propriate time -dependent component, W. 

+ .r 

0 

, 
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Programmed Model 

In order to evaluate the effects on the system of parameter 

changes, the numerical solution for ?. o0 
and the analytical solu- 

dX tion for dT 
- 0 were programmed in Fortran IV (Appendix) and run 

on a CDC 3300 computer at Oregon State University. By using a 

computer it was possible to observe the effects of c(t) and the 

dimensionless parameters a and /1 on the movement of the mucus 

and, thus, to evaluate the interrelationships between density (p ), 

viscosity (p.), layer thickness (L), and critical shear (I)) with regard 

to a particular cilia oscillation c(t). 

For these computer runs the surface representing the cilia 

tips was considered to be in continuous contact with the viscid mucous 

layer in a configuration of the system as Lucas and Douglas (1934) 

represented it. The cilia were considered to be 7. 5 microns long, 

oscillating through an arc of 60° at a frequency of 1 500 beats per 

minute. The maximum velocity achieved by the tips of the cilia, 

then, was .1 23 cm /sec; this occurred midway through the effective 

stroke. 

The oscillation of the cilia tips, c(t ), was depicted as 

sinusoidal: 

During the effective stroke, 
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c(t) = . 1 23 sin( P t) 

and during the recovery stroke, 

c(t) _ . 0441 sin( t) 

thus, resulting in a forward to reverse phase ratio of 1 :3. The 

velocity and position profiles for the continuous surface were repre- 

sented as in Figures 11 and 1 2. 

By definition, the dimensionless period of oscillation is 

- µP 
a --2 

p L 

Now, since measurements of mucous viscosity (µ) range from 0.1 

poises (Boyd and Lapp, 1946) to 250 poises (Denton, 1963); since the 

stroke frequency is 1500 beats per minute or the period (P) is . 04 

;seconds; since mucous density (p ) is approximately that of water 

(Boyd and Lapp, 1946); and since the thickness of the viscid mucous 

layer is equal to or greater than five microns; then values for a were 

taken in the range 1. 6 to 1. 6 x 105. 

Also by definition, the dimensionless parameter 

µv 
0 

T1 Lk 

In order to observe the system from the situation in which the yield 

` surface, X , remains at zero to the situation in which X remains 

_ 



c(t) 

Figure 11. The velocity profile at the cilia tips. 

Figure 1 2. The position profile at the cilia tips. 

50 
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at L, values of ì1 were taken from . 2 to 2 x 106. With a v 
0 

of 

1 cm /sec, this would correspond to a range of six orders of magni- 

tude for . 

The numerical solution of the Crank -Nicolson equations has a 

truncation error of 

-112 (6,x 
84V 12 83V 3 84V 

+ + . 12 
8X4 6 8T3 2 8X28T2 

Moreover, error may be introduced because of round -off within the 

computer. However, Smith (1965) indicated that for all values of r, 

that is AT 
, the cumulative effect of all the rounding errors tends 

(tX) 
to zero as tX and AT tend to zero. 

An additional error will be introduced in the moving boundary 

problem by estimating the position of X* by a grid point which is in 

increments of tX. Thus, LX and AT should be taken as small as 

possible in order to minimize these errors. 

For the situations considered, 100 increments were used in 

the X- coordinate and 4000 in the time -coordinate; therefore, 

AX = O. 01 and AT 4000 
a 

No attempt was made to ascertain the exact magnitude of the 

errors; however, the numerical solution was checked with the 

analytical solution when possible and the answers were equal to four 

significant figures. 

I. 

- [ 
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III. RESULTS AND CONCLUSIONS 

In the model dimensionless parameters a, 1, and Y were de- 

rived to represent combinations of the individual parameters p , µ, 

L, , and P. Thus, the significant interrelationships of the indi- 

vidual parameters may be observed by evaluating the system under 

varying values of the dimensionless parameters. 

From the basic equation V U + W several conditions of flow 

may be derived. When the angle of inclination 0 is greater than 

zero such that the ciliated surface is inclined upwards, Y becomes 

greater than zero, the steady -state velocity U is negative, and thus 

any positive net velocity produced by the time - dependent portion W 

is diminished by the steady -state component. On the other hand, 

when 0 is zero, Y is zero, and U is zero, and so the total velocity 

equals the time -dependent portion and the following flow conditions 

may exist: 

The fluid behaves as a solid with a net velocity (W)of zero if 

is not exceeded at any time during an oscillation (Figure 13 and 

Table 1), i. e. , 

1 < 
8V (X ) 

óT 

If is exceeded during the effective stroke, i. e. , 

= 

S 

S 

S 



o. 1 

W(cm/min) 0 

1. 0 10 100 1000 10, 000 
11 

Figure 13. Net velocity of the viscid mucous layer for a = 1. 6 and O = 0. 

o 

0 

° ° ------..-o o 

0. 1 



54 

Table 1. Average velocities (cm /min) for various positions of X 
under changing values for a, and ri with 0 = 0. 

a r1 

X 
net V 0 0. 2 0. 4 0.6 0.8 1. 0 

. 05 
5 

zero 
zero 

2 -. 0133 -. 0133 -. 0133 -. 0133 -. 0133 zero -. 0127 
5 . 0037 . 0037 . 0037 . 0030 . 0067 zero . 0042 

1. 6 20 . 1759 . 1759 . 1835 . 1702 . 1060 zero . 1465 
50 . 0080 . 0141 . 0342 . 0300 . 0160 zero . 0200 

200 -. 0034 . 0015 . 0038 . 0039 . 0024 zero . 0021 
500 zero 

5000 zero 

1 zero 
2. 5 zero 

25 zero 
100 -. 0026 -. 0026 -. 0025 -. 0019 -. 0010 zero -. 0010 

40 250 -. 0010 -. 0009 -. 0007 -. 0003 zero zero -. 0005 
1000 . 0007 . 0008 . 0007 . 0004 . 0002 zero . 0005 

10, 000 . 0002 . 0001 . 0001 zero zero zero . 0001 

20 zero 
50 zero 

200 -. 0001 -. 0001 -. 0001 zero zero zero -. 0001 
500 zero 

160 2000 . 0001 . 0001 . 0001 . 0001 zero zero . 0001 
5000 .0001 .0001 .0001 zero zero zero zero 

20, 000 zero 

5 zero 
500 zero 

1, 000 5000 slightly positive zero zero zero 
50, 000 zero 

500, 000 zero 

100, 000 for all r1 zero 

. 
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1 

1 > 
BVeff(X ) 

8T 

but is not exceeded during the recovery stroke, i. e. , 

1 < 
8V (X) rec 

8T 

then plastic flow occurs in the positive direction while the material 

moves as a solid in the negative direction. The resultant phase shift 

and reduction in velocity during the positive forward stroke may 

cause a small negative net velocity. 

If 1, is exceeded in both the effective and recovery portions of 

the oscillation, and if during a portion of the forward stroke X is 

less than during the reverse stroke such that there is more plastic 

flow in the forward stroke, then because of the non -linear movement 

of X , the cumulative effect of the phase lag and diminution in 

velocity is greater during the reverse stroke, and thus the final re- 

sult is a positive net velocity. 

When is exceeded during both phases and the position of the 

yield surface X is approximately the same during both phases 

i. e. , X t' 0) then the movement of the material is similar to 

Newtonian flow and the net velocity is zero. 

It is important to note that for very large values of a the 

P 
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effective net velocity (W) is zero regardless of the value of § or of 

the action and position of the yield surface X`. In fact, using values 

which are considered to be normal for the individual parameters 

results in a value in the order of 10 x 104, and thus for the c(t) used 

for these solutions, no positive flow was achieved. If indeed this is 

a normal value for a, then it appears that in order to gain a positive 

flow, the cilia tips cannot be in continuous contact with the upper 

viscid layer (as assumed in the solutions presented), but instead must 

dip into the serous fluid during the recovery stroke. 

If this conclusion is accurate, then, the serous layer of the 

mucous blanket is of much greater importance to the clearance 

mechanism than hitherto believed. When ciliastasis or mucostasis 

is caused by a decrease in the thickness of the mucous blanket (Bang, 

1961), it may be the level of the serous fluid rather than the level of 

the viscid layer that is of greater significance; if the serous fluid 

becomes too thin the tips of the cilia would be in continuous contact 

with the viscid layer which, as the model indicates, would result in 

zero or even negative velocities. On the other hand, when mucous 

velocity decreases due to an increase in the thickness of the mucous 

blanket (Dalhamn, 1956), again it may be the level of the serous fluid 

that is more significant, since if the level is too great the tips of the 

cilia may not extend into the viscid layer at all. 

Furthermore, for such a large value of a, the phase lag and 

J. 
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diminution of velocity across the fluid is already negligible, so that an 

increase in a due to an increase in µ has little or no additional ef- 

fect. The viscosity of the upper viscid layer, therefore, may not be 

as important as previously believed. 

As a result of these conclusions then, a few suggestions may be 

formulated regarding future research in this area: 

First, the serous layer, which has been almost completely 

neglected in previous investigations, should be studied thoroughly in 

order to discover its actual physical properties and to observe the 

manner by which it relates to mucous flow and ciliary action under 

normal and pathological conditions. 

Secondly, although the upper viscid layer has been the subject 

of numerous investigations, much has yet to be learned about it. 

Specifically, the rheology of this layer should be studied more care- 

fully in order to determine whether treating the mucus as a Bingham 

plastic sufficiently describes its flow characteristics. 

Finally, in reference to models of the system, a two - 

dimensional model should be developed in order to evaluate the ef- 

fects, if any, of the metachronal wave. 
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NUMERICAL SOLUTION FOR W(X,T) 

THETA = 0 

PROGRAM CILIA (NUMERICAL) 
REAL NU 
DIMENSION ALPH(101), D(101). 5(101), U(101), 

1 AVE(101),W(101) 
300 FORMAT(2I6,4F12.4) 
310 FORMAT(1H0,3I6 /(10F12.8)) 
320 FORMAT(1H- ,2X,11F12.8) 
330 FORMAT(1H- ,5X,F12.8) 
340 F0RMAT(1H1,2I6,5F12.4) 

READ (60,300)M,N,PERIOD,CRSHEAR,GAMA 
NU= GAMA /CR SHEAR 
WRITE( 61 ,340)M,N,PERIOD,CRSHEAR,GAMA,NU 
DELT =PERIOD /M 
DELX= 1.00 /(N -1.00) 
R= DELT /(DELX *DELX) 
0 =2-2 *R 
P =2 +2 *R 
Q =R *R 
A =3 *PERIOD /8 
B =5 #PERIOD /8 
C= 4.1887902 /PERIOD 
F= 12.5663706/'PERI0D 
E =2.09439 
G= GAMA *DELX /(CRSHEAR #DELT) 
NONE =N -1 
NTWO =N -2 
DO 3 I =1,N 
AVE(I) =0 
D(I) =0 
S(I) =0 
U(I) =0 
W(I) =0 
IN =0 

3 ALPH(I) =0 
GAVE =O 
K =N 
J =1496 
UU =- 0.00017203 
DO 5 'I =1,N 

5 W(I) =UU 
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10 IF(J .GT. M)800,801 
800 T=(J-M)#DELT 

GO TO 802 
801 T=J*DELT 
802 CONTINUE 

IF(T .LT. A)13,11' 
11 IF(T .'LT. B)14,15 
13 WN=-0.04112*COSF(C*T) 

GO TO 16 
14 WN=0.12336*COSF(F*T) 

GO TO 16 
15 WN=-0.041,12*COSF(C#T+E) 
16 KONE=K+1 

KTWO=K+2 
KSUB=K-1 
NK=N-K-1 
IF(K .EQ. N-1)200,210 

210 IF(K .EQ. N)31,17 
17 ALPH(K)=P 

ALPH(K+l)=P-2#Q/P 
DO 18 I=KTWO,NONE,1 

18 ALPH(I)=P-Q/ALPH(I-1) 
D(K) =2#R#W ( K+l ) +0#W ( : ) 

DO 19 I=KONE,NTW0,1 
19 D(I)=R#W(I-1)+0#W(I)+R#W(F+1) 

D(N-1)=R#W(N-2)+0#W(N-1)+R#W(N)+R*WN 
S(K)=D(K) 
DO 20 I=KONE,NONE,1 

20 S(I)=D(I)+R#S(I-1)/ALPH(I-1) 
U(N-1)=5(N-1)/ALPH(N-1) 
DO 30 II=2,NK,1 
I=N-II 

30 U(I)=(S(I)+R*U(I+1))/ALPH(I) 
U(K)=(S(K)+2#R#U(K+1))/ALPH(K) 
GO TO 250 

200 U(K)=(2#R#W(N)+0#W(K)+2#R#WN)/P 
250 CONTINUE 
31 U(N)=WN 

DO 40 I=1,KSUB,1 
40 U(I)=U(K) 

BB=0.0 
DO 50 I=1,KSUB 

50 BB=BB+U(d)-W(I) 
CHECK=G#ABS(BB) 
IF(CHECK-1)73,80,74 

73 IF(IN .EQ. 2 .OR. K .EQ. N)80,75 
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75 IN =1 

K =K +1 
GO TO 16 

74 IF(IN .EQ. 1 .OR. K .EQ. 1)80,76 
76 IN =2 

K =K -1 
GO TO 16 

80 DO 89 I =1,N 
89 W(I) =U(I) 

IF(J .GE. M)510,92 
510 DO 90 I =1,N 
90 AVE(I)= AVE(I) +U(I) 

JJ =J /4 
IF(4 *JJ .EQ. J)91,92 

91 WRITE(61,310) J,N,K,(U(I),I= 1,N,10) 
92 J =J +1 

IN =0 

IF(J .LT. 2 *M)10,100 
100 DO 101 I =1,N 
101 AVE(I)= AVE(I) #60 /M 

WRITE(61,320) (AVE(I),I= 1,N,10) 
DO 110 I= 2,NONE91 

110 GAVE = GAVE +AVE(I) 
GAVE= GAVE +(AVE(1) +AVE(N)) /2 
GAVE = GAVE /(N -1) 
WRITE(61,330) GAVE 
CALL EXIT 
END 

FINIS 
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ANALYTICAL SOLUTION FOR W(X,T) 

THETA = 0 

PROGRAM CILIA (ANALYTICAL) 
REAL NU 
DIMENSION ACON(40),BCON(40),RX(101), 

1 THETX(101),AVE(101) 
100 FORMAT(1H1) 
300 FORMAT(2I6,5F12.4) 
310 FORMAT(1H0,3I6 /(10F12.8)) 
340 FORMAT(1H1,2I6,5F12.4) 
400 FORMAT(2F12.8) 
500 FORMAT (1H- ,11F12.4) 
600 FORMAT(1H- ,F20.4) 
63 FORMAT(1H,2F12.6) 

READ(60, 300 )M,N,PERIOD,GRSHEAR,GAMA,XUMB 
NU= GAMA /CRSHEAR 
WRITE( 61 ,340)M,N,PERIOD,CRSHEAR,GAMA,NU 
READ(60,400)XSTAR,VELCON 
NN =XSTAR *100 
DO 4 I =1,N 
VEL(I)=0 

4 AVE(I) = 0 

DELT= PERIOD /M 
SUM = O. 
NUMB = XUMB 
DO 5 L= 1,NUMB 
Z =L 

ZZ =Z * *2 
1 (1 /(4- ZZ)- 1 /(4- 9 *ZZ)) 
ACON(L) = 1. 90986 *VELCON #(1 +COSF(4.7124 #Z))# 
BCON(L) = 0 .95493 *VELCON *(SINF(4.7124 #Z))* 

1 (2/(4- ZZ)- 2/(4- 9 #ZZ)) 
5 WRITE(61,63) ACON(L),BCON(L) 

DO 78 J =1,M 
K =J -1 
T = DELT *K 
DO 75 I =NN,N 
X = (I -1.) /100. 
VSUM = 0 

25 DO 30 L= 1,NUMB 
ARG = SQRTF(3.14159 *L /PERIOD) 
A= EXPF(ARG *(X- XSTAR)) 
B= EXPF(ARG *(1- XSTAR)) 
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C= EXPF( -ARG *(X- XSTAR)) 
D= EXPF( -ARG *(1- XSTAR)) 
THETX( I)= ATAN((A- C) /(A +c) *SINF(ARG *(X- XSTAR))/ 

1 COSF( ARG #(X- XSTAR)))- ATAN((B- D) /(B +D)* 
2 SINF( ARG *(1 -XSTAR)) /COSF(ARG #(1 -XSTAR))) 
A= EXPF(2 *ARG *(X- XSTAR)) 
B= EXPF(2 *ARG *(1 -XSTAR)) 
C= EXPF( -2 *ARG #(X -XSTAR)) 
D= EXPF( -2 *ARG *(1- XSTAR)) 
RX(I)= SQRTF(C(A +C) /2 +COSF(2 *ARG #(X -XSTAR))) /((B +D) /2 

1 +COSF(2 *ARG *(1- XSTAR)))) 
ARG = 6.28318 * L/ PERIOD 
RESID= RX( I ) *(ACON(L) *COSF(ARG *T +THETX(I)) 

1 BCON(L) *SINF(ARG *T +THETX(I))) 
30 VSUM = VSUM +RESID 
75 VEL(I) =VSUM 

DO 76 I =1,NN 
76 VEL(I) = VEL(NN) 

DO 77 I =1,N 
77 AVE(I) =AVE(I) +VEL(I) 

JJ =J /4 
IF(4 *JJ ,EQ. J)50,78 

50 WRITE( 61,310)J,N,NN,(VEL(I),I =1,N,10) 
78 CONTINUE 

DO 80 I =1,N 
AVE(I)=AVE(I)*60/M 

80 SUM = SUM +AVE(I) 

SUM =SUM /N 
PRINT 100 
PRINT 500, AVE 
PRINT 600,SUM 
CALL EXIT 
END 

FINIS 


