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An explicit finite -difference formulation of the general momen- 

tum and energy equations has been developed for a constant property, 

transient natural convective system. This technique has been suc- 

cessfully applied to the vertical rectangular enclosure problem. 

Computer solutions for this problem have been obtained for an aspect 

ratio (H /L) of five, over a Rayleigh number range of 3 x 103 to 

2. 5 x 105. Additional solutions, for an aspect ratio of ten, are also 

included for comparison with existing experimental data. Computed 

steady state temperature profiles are in close agreement with the ex- 

perimental data. 

For an aspect ratio of five, transient and steady state tempera- 

ture and velocity profiles are also shown for specific Rayleigh num- 

bers. Overall beat transfer characteristics comp Led for the 

\ \) 

Y Dr. James R. w 



enclo pur.. were compared to previous correlations and favorable 

agreement was obtained. An equation in the form 

Nu = . 137(Ra 78 
L L) 

best describes the overall heat transfer characteristics for the Rayleigh 

number range of 3 x 1"3 to 2. 5 x 105 for this study. The same data 

may also be expressed by two relationships 

and 

NuL = (. 046)(RaL)' 403 

NuL = (. 153)(RaL) . 272 

for the Rayleigh number ranges of 3 x 103 to ?. x 104 and 2 x 104 to 

2. 5 x 105, respectively. 

Flow diagrams and a complete computer listing, written in 

FORTRAN IV language are also included. 
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NOMENCLATURE 

English Symbols 

A - heat transfer area 

c - specific heat 
P 

g - gravitational acceleration 

h - convective heat transfer coefficient 

H - total height of enclosure or plate 

k - conductivity of fluid 

L - distance between plates 

P - pressure 

q - heat transferred 

t - time 

T - temperature 

U - velocity component in x- direction 

- velocity component in y- direction 

W - width of enclosure or plate 

x - direction normal to the heated plate 

y - direction tangent to the heated plate 

Parameters 

Grashof number 
gL3ß(TH-TC ) 

2 v 

NuL - Nusselt number hL 

c µ 
Pr - Prandtl number - 
Gr1J - 



RaL - Rayleigh number 
va 

Greek Symbols 

a - thermal diffusivity 

ß - coefficient of volumetric expansion 

b - increment 

A - dimensionless temperature 

p. - absolute (or dynamic viscosity) 

y - kinematic viscosity 

w - vorticity 

- pressure - density ratio 

- stream function 

p - density 

Subscripts 

CL - centerline 

R - REFERENCE conditions for enclosure 

0o - REFERENCE conditions for plate 

Superscripts 

n - nth time increment 

h - hth pressure iteration 

I - first derivative 

" - second derivation 

f " - third derivative 

A - unit vector 

- vector 

Lli 

-- 

gL3ß(TH -TC) 
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AN EXPLICIT FINITE -DIFFERENCE SOLUTION FOR 
NATURAL CONVECTION IN AIR IN RECTANGULAR ENCLOSURES 

I. INTRODUCTION 

The first experimental heat transfer studies related to vertical 

rectangular enclosures were initiated in the late nineteenth century. 

Since then experimental studies have been expanded to include the use 

of various fluids under the influence of both constant flux and isother- 

mal conditions. 

Analytical studies of the vertical rectangular enclosure problem 

have lagged the experimental studies considerably. The first attempt 

to analyze this problem was reported 15 years ago and the analysis 

was very limited. Progress in the area of analysis has been some- 

what retarded due to the complexity of the governing equations. 

The objective of the present study is to formulate a computer 

program capable of achieving solutions using the governing equations 

of momentum and energy for a broad range of physical problems. 

The program so generated is applied to the specific case of natural 

convection in rectangular enclosures. 

A basic description of the flow regimes which occur under the 

influence of natural convection within a closed vertical rectangular 

cell are shown in Figure 1. The ordinate and abscissa of this plot are 

the average Nusselt number (dimensionless heat transfer coefficient) 

and the Rayleigh number (product of Grashof and Prandtl number), 
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respectively. Recall that the Grashof number, a dimensionless para- 

meter, is associated with free convection from a vertical element, 

whereas the Frandtl number represents the ratio of momentum dif- 

fusivity to thermal diffusivity. 

In order to complete the description of flow, characteristic 

temperature and velocity profiles are shown in Figure 1 for those re- 

gions considered in this dissertation. A written description of the 

mechanisms which create the various flow regimes follows. 

Consider a rectangular enclosure with two isothermal vertical 

walls, one at temperature, TH, and the other at a lower temperature, 

IC. 

For small temperature differences, buoyancy effects are small 

or non -existent and, therefore, heat transfer is primarily by conduc- 

tion. Temperature profiles are linear throughout most of the enclos- 

ing region except possibly for that portion of the fluid subjected to end 

effects. Velocity profiles are small in magnitude and are asymmetri- 

cal about any height, y. 

As the temperature difference increases, the convective effects 

become more pronounced at the enclosure top and bottom resulting in 

higher Nusselt numbers, as portrayed in the transition regime, zone 

I. In this regime, the central core is still dominantly conduction and 

any increase in heat transfer coefficient is due to the convection preva- 

lent at the bottom of the enclosure. The temperature and velocity 
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profiles show noticeable distortion at the top and bottom, while the 

enclosure center remains typical of the conduction regime. 

With Rayleigh numbers on the order of 104, convective effects 

completely dominate and the resulting patterns are similar to bound- 

ary layer velocity and temperature profiles. 

With further increases in the temperature differential, a transi- 

tion to turbulent flow occurs with completely turbulent flow occurring 

above a Rayleigh number of approximately 107. 

MacGregor [27] stated that it is in the region of moderate tem- 

perature differentials (i. e. , transition zone I) that existing analyses 

and experimental correlations are least adequate. For situations in- 

volving Rayleigh numbers above the transition zone values, boundary 

layer integral techniques have been applied, resulting in adequate cor- 

relations with experimental data. 

The partial differential equations governing a Newtonian two - 

dimensional, transient, laminar, incompressible, constant property 

system are as follows: 

Conservation of Momentum (x- direction) 

au au 8U 82U 82U 8P 

P at + PU ax + PV 8y - µ[ 
8 

2 + 2]+ Pgx 87 
Y 

(1) 
8x 



Conservation of Momentum (y- direction) 

aV aV av ó2y ô2v aP 
P at +PUax +PVay µ[ 2+ 2] +PgY 

ax ay 

Conservation of Energy 

Continuity 

pc 
U 

2 2 
T 

Pc at + ax + pc V ay 
8 2+ a 2] 

P P p Y ax ay 

au aV 
ax + = o 

Y 

(2) 

(3) 

(4) 

5 

No general analytical solution is known to exist for the above 

set of equations. Previous analyses have been performed on a sim- 

plified version of these equations and solutions have been achieved by 

either numerical or integral methods. 

With the advent of large capacity digital computers, an addition- 

al method has become available in the form of finite -difference tech- 

niques. Using finite differences, the partial differential equations 

can be written in their most complete form allowing a more inclusive 

evaluation of the velocity and temperature fields at desired time in- 

crements. 

Recent publications, by Welch, et al. [49] , covering the use of 

finite -difference techniques has provided the impetus for further 

study of momentum equations at a more definitive level. The intent 

aT T 
a 

= 

aT 
_ 

k[ 
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of the present study is to extend this basic method and to incorporate 

the energy and momentum equations in a coupled system to provide 

transient and steady state solutions for natural convection. This 

basic method, to this writer's knowledge, has not been applied to a 

natural convective system or, specifically, to the rectangular enclo- 

sure problem. 

This leads to the tri -fold intent of this dissertation, namely: 

To establish the governing equations in finite -difference 

form and incorporate them into a computer program capable of 

solving velocity and temperature fields for transient and steady 

state condition. 

To apply this mathematical technique to a basic engineering 

problem, preferably one in which solutions exist presently and/ 

or specific test data have been made available. 

To extend the existing technical data available, and to aid 

in a more thorough understanding of the basic flow and energy 

exchange mechanisms. 

To accomplish these tasks, the problem of the vertical rectan- 

gular enclosure has been chosen as the mode of proof since analytical 

solutions exist which portray velocity and temperature profiles for 

both the transient and steady state conditions. Furthermore, temper- 

ature test data are also available for a few specialized cases. 

Until very recently, solutions to the enclosure problem could 
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not be achieved using finite difference techniques for Rayleigh num- 

bers greater than 7. 5 x 104. The recent solutions obtained for Ray- 

leigh numbers on the order of 105 are based on a finite difference 

form of a modified set of equations. The present study offers a par- 

allel method for the attainment of solutions pertinent to enclosure 

characteristics and possibly a more definitive mode for obtaining re- 

sults with more complicated boundary conditions. The method used 

in this study also includes the effect of pressure, which has been 

neglected heretofore. 

For air at low pressures, as considered in this study, the pres- 

sure field is not of paramount interest. However, in the expected 

follow -on studies, the pressure terms play a major role in determin- 

ing the fluid flow characteristics, especially for more densè fluids. 

In accordance with the survey of current literature in the gen- 

eral area of natural convection, it appears that some renewed inter- 

est has been generated in the consideration of transient heat transfer. 

This is especially true in the case of vertical elements (i. e. , plates, 

cylinders, etc. ) as well as vertical enclosures. Along these same 

lines are the problems of mixed natural and forced convection in 

which the computer program developed for this dissertation could be 

easily adapted. 

This dissertation is organized in the following manner; 

Chapter II contains a literature review of both vertical 
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enclosures and vertical plates with special attention given to 

the evaluation of various analytical techniques in both cases. 

Chapter III contains the development of the finite difference 

equations, boundary conditions and computer technique utilized 

in this study. 

Chapter IV delineates the obtained computed results and 

comparisons to available experimental and computed data. 

Chapter V contains the concluding remarks of this study 

and offers suggestions for future endeavors. 

The Appendices contain a discussion of the stability criter- 

ia, a FORTRAN IV listing of the program and a partial tabula- 

tion of the computed data. 
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II. LITERATURE REVIEW 

General 

The literature review contained in the following sections is best 

described in two major categories: The first category includes those 

endeavors directly related to the case of vertical rectangular enclo- 

sures under the influence of natural convection. The second category 

includes related work on vertical plates with special attention given 

to the governing equations, analytical techniques and, most recently, 

analysis pertaining to natural convection transients. 

Throughout the literature review, reference will be made to 

distances along and /or normal to the heated plate and the velocity 

components in these directions. In order to avoid confusion in this 

matter, the point x = 0, y = 0 refers to the bottom of the heated 

plate. The positive y axis is parallel to the heated plate and the 

positive x axis is defined to be normal to the heated plate. 

Vertical Rectangular Cells 

Consider the enclosed vertical layer shown in Figure 2 with di- 

mensions L, W and H. 

By means of dimensional analysis, it can be shown that the heat 

transferred across such layers is a function of the Grashof number, 

the Prandtl number, the fluid layer length -to- height ratio and the 

' 
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width -to- height ratio. The dimensionless heat transfer coefficient, 

the Nusselt number, can be written as a function of these quantities: 

Nu = f(Gr, Pr, H/ L, W/ L) 

L2/ 
L 

Isothermal 
wall 

TH 

z 

H 

Figure 2. Overall dimensions of the rectangular 
enclosure. 

For fluid layers that are sufficiently large in the z direction, 

the Nusselt number is independent of the W/L ratio and the layer 

can be considered as plane. 

A multitude of literature exists pertaining to the heat transfer 

analysis and experimentation on vertical plates and close vertical and 

horizontal cells. In many cases, the data vary in accordance with 

the experimentor, such that a range of average dimensionless heat 
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transfer coefficients exist for a given Rayleigh number. An illustra- 

tion of this is shown in Figure 3 (from reference [24] ), which is a 

summary plot of the average Nusselt number as a function of Rayleigh 

number for vertical enclosures obtained by the referenced authors. 

For engineering use, probably a mean value of the data shown 

in Figure 3 would suffice. However, in some instances, the correla- 

tions resulting from the experimental data have differed depending 

upon the discretion of the experimentor as to which of the controlling 

parameters best described the heat transfer condition. Therefore, 

throughout the literature a host of correlations exist, each being 

slightly different in principle, all being in numerical proximity. 

In view of this, this writer has chosen to highlight, only briefly, 

the experimental data available in the literature. Special attention is 

given to the analytical aspects of certain publications, especially that 

of Wilkes [50] and MacGregor [27] where finite differences are uti- 

lized in the type of problem that is of interest in this dissertation. 

Experimental 

Experimental measurements on vertical enclosures were made 

by Nusselt [29] in 1909 supplementing his work regarding the thermal 

conductivities of insulating materials. In his work, Nusselt intro- 

duced an equivalent coefficient of thermal conductivity, k 
c 

, such 

that: 
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where 

k 

q = L (TH-TC) 

k 
c 

=hL =kNu 
L 

(5) 

13 

Nusselt concluded that the heat transfer between the two walls depend- 

ed upon the distance between them and, for wider spacings, convec- 

tion effects increased the heat transferred beyond that which would 

normally be expected under the conditions of pure conduction. Nus- 

sett s experimental data with air indicated that, for spacing between 

four and fourteen centimeters, the equivalent thermal conductivity 

had a value of . 070 Cal /M -Hr -oC and for spacings of approximately 

one and a half centimeters, the equivalent thermal conductivity was 

essentially equal to 0. 35 Cal /M -Hr. °C or approximately the conduc- 

tivity of air. Nusselt's data still remain valid, however, observa- 

tions made after Nusselt have indicated that spacing is not the only 

factor of significance when considering the total heat transfer across 

the layer. 

Although supplementary experiments were performed parallel- 

ing the work of Nusselt, it wasn't until 1930 that an investigation by 

Mull and Reiher [28] set forth some important and useful relationships 

to determine the magnitude of heat transfer for enclosed vertical gas 

layers. For their experimental work, the authors built a channel 

composed of two flat plates 40 inches high and 24 inches wide. The 



14 

plates could then be adjusted to accomodate air layers one -half inch 

to seven and three -quarters of an inch thick. Mull and Reiher con- 

cluded that the effects of changing the width -to- thickness ratio were 

negligible by comparison to the other significant parameters. 

Using their experimental results and also those data points ob- 

tained by Nusselt [29] and Schmidt [39], Mull and Reiher constructed 

curves in the form: 

NuL = CGrL (H/ L)n (6) 

These plots showed that the Nusselt number decreased with increased 

aspect ratio (H/ L) for a given Grashof number. This phenomenon 

was explained by the fact that, as the air along the warm plate was 

heated and ascended, the temperature difference between the air and 

the plate became smaller. Thus, for a given spacing, L, a reduc- 

tion in the heat transferred occurred for increases in enclosure 

height. 

In 1931, van der Held [19] derived an expression for the Nusselt 

number for enclosed vertical air layers based on the experimental 

work of Mull and Reiher. His derived expressions were as follows: 

for GrL > 105 NuL = . 0356(GrL)' 36 (7a) 

for GrL < 104 NuL = 1 (7b) 
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Note that the above expressions are independent of the enclosure as- 

pect ratio and that (7b) established the conduction regime at Grashof 

numbers less than 10, 000. 

Experimental work reported by Queer [34] (1932), Carpenter 

and Wassel [4] (1934), Wilkes and Peterson [51] (1937) further sub- 

stantiated the basic data published by Mull and Reiher. 

In 1946 Jakob [22] replotted the basic data bilogarithmically and 

suggested the following relationships: 

and 

and 

for GrL < 2 x 103 NuL = 1 

2 x 104 < GrL < 2 x 105 NuL = . 18Gr1/4(H/L) 1/9 

2 x 105 < GrL < 107 NuL = . 065Gr 
1 /3(H/L) -1/9 

(8) 

Jakob defined the above three basic flow regimes as conduction, lam- 

inar flow, and turbulent flow region, respectively. Basically, Jakob 

used Grashof number exponents for air layers identical to those which 

describe laminar and turbulent heat convection for single vertical 

plates. The apparent differences between Equations (7) and (8) lie in 

(a) establishing where the conduction regime ends and (b) the inclusion 

of a geometrical parameter. 

DeGraaf and van der Held [5] continued investigations on en- 

closed air layers in horizontal, vertical and oblique positions. As a 

result of their smoke studies, it was found that for a Rayleigh number 
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less than 4 x 104, laminar circulation appeared. As the Rayleigh 

number exceeded 4 x 104, a transition to turbulence was witnessed 

and the flow appeared to be fully turbulent at a Rayleigh number of 

6 x 104. Analytical expressions for the results obtained by the au- 

thors indicated that they were in close agreement with data published 

by Mull and Reiher. However, unlike Jakob's relationships, the ex- 

pressions for average Nusselt numbers obtained by de Graaf and van 

der Held did not include any geometrical effect. 

The correlations obtained by both parties agree well with exper- 

imental data available in the literature. Studies conducted since 

these have indicated a dependency to the enclosure aspect ratio. The 

strength of this dependency is accentuated as the magnitude of the 

Grashof number increases. 

Investigations concerning rectangular enclosures by means of 

an optical interferometer were conducted and reported by Carlson 

[3] in his thesis of 1956. Carlson was specifically interested in the 

distribution of air temperatures in a rectangular enclosure with one 

vertical side heated, the other cooled and whose top and bottom sides 

were thermally insulated. Measurements were recorded for length - 

to- thickness ratios varying from 1 to approximately 50 for tempera- 

ture differences between the hot and cold plates of 10 to 160oF. His 

findings indicated three distinct temperature regimes, namely the 

conduction regime for Grashof numbers less than 4000, a transition 
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region for Grashof numbers between 4000 and 60, 000, and a boundary 

layer regime for Grashof numbers exceeding 60, 000. The difference 

in these regimes can be best characterized by the appearance of 

the temperature profiles within the cavity. In the conduction regime, 

the temperature profiles exhibited a nearly linear variation between 

the hot and cold walls. However, in the boundary layer regime, a 

central portion of the cavity exhibited essentially a zero slope with 

most of the temperature variation occurring at either the hot or cold 

wall. Reference to these experimental data will be made, relative to 

computational results of this present study, in Chapter IV. 

Further experimental investigations on the subject of vertical 

rectangular enclosure heat transfer were conducted in recent times 

by Dropkin and Somerscales [7], Emery and Chu [13] and Landis and 

Yanowitz [24] on various fluids under the influence of either an iso- 

thermal or constant heat flux condition. In addition, MacGregor [27], 

in a most recent publication, has provided experimental data for 

fluids (other than air) covering the spectrum of the conduction to tur- 

bulent regimes. 

The preceding represents a very cursory review of experiment- 

al data presently available on vertical enclosures. Differences in 

values for specific data can probably be attributed to slight discrep- 

ancies in experimental apparatus, in the measuring techniques and 

specific interpretations of experimental error. 
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It should be noted that very little data exists for air velocity 

profiles within vertical enclosures. From an analytical point of view, 

the momentum and energy equations are coupled and therefore, the 

velocity profiles can easily be obtained from the equations of motion. 

Analytical 

The first attempt to examine analytically the problem of heat 

transfer for enclosed fluid layers was made by Batchelor [2] in 1954. 

He subdivided the problem into three cases: 

a) small Rayleigh number with H/L on the order of unity. 

b) large H/L with various values of Rayleigh number. 

and c) large Rayleigh number with various values of H /L. 

Using the governing momentum and energy equations for steady 

state, Batchelor simplified the equations by taking cross partials of 

the momentum equations, thus eliminating the pressure terms. In 

addition, the stream and vorticity function were introduced providing 

the following set of equations: 

and 

ae ae aqi a(e, o v28 
X ay - áy aX a(X, y) 

1 a(W, o ao 2 - -+ V w Pr am , y) Ra ay 

(9) 

(10) 

where x and refer to dimensionless distances for a square 

- 
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enclosure in which one side is of length L, then: 

x and 3r- 

and 0, i and w refer to the dimensionless temperature, stream 

function and vorticity, respectively. 

The temperature boundary conditions were specified as isother- 

mal for the vertical walls with a linear variation in temperature for 

the top and bottom border strips. In addition, both velocity compo- 

nents were specified to be zero at all enclosure walls. 

The transformed boundary conditions became: 

at x= 0 
8 

= =0 

x =1 
ó = 

=q =0 

y= U=Lp= 0 
Y 

0= 0 

0 =1 

0 =x 

for 

for 

for 

0 <ÿ< 1 

0< 1 

0 <x< 

(11) 

Batchelor obtained an approximate solution by substituting power se- 

ries expansion of Li and 0 into Equations (9) and (10) using only 

the first few terms in the expansions. The truncated series limited 

the validity of his results to the conduction region (Rayleigh numbers 

below 10, 000). 

The results of Batchelor's work, referring to each case men- 

tioned previously, are summarized as follows: 

=L =L 
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For case (a), the restrictions placed on a low Rayleigh 

number virtually precluded any convection effects. The pri- 

mary mode of heat transfer in this case was assumed to be con- 

duction. Batchelor obtained an expression for the average Nus- 

seit number in this regime to be: 

Nu = + C1(Ra)2 where C1.ß 10-8 (12) 

For case (b), a relationship was determined which depicted 

the onset of convection effects, at least in the regions in the 

vicinity of the enclosure ends. Roughly, Batchelor found this 

to occur at 

H Ra 
L 1000 

(13) 

For case (c), it was assumed that the enclosure walls were 

lined with a single continuous boundary layer which surrounded 

a central core of fluid of uniform temperature and vorticity. 

The onset of this boundary layer regime, as predicted by Batch- 

elor, was established at 

Ra(L )3 < 109 for L < 42 

and (14) 

Ra < 13,700 for L > 42 

> 
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Essentially, Batchelor's method could apply for Ra < 103 with rea- 

sonable accuracy. His correlation to Mull and Reiher's data in this 

range is very good. 

The next significant analysis was presented by Poots [33] in 

1958. He derived a set of equations identical to (9) and (10); but in- 

stead of expanding into a power series, Poots assumed that the dimen- 

sionless temperature and stream function could be represented by a 

double infinite series of orthogonal functions in the following manner: 

e- 
i=1 j=1 

i=1 j=1 

A.. sin i;r sin jest 
13 

BijXi(0 X3 .(r1) 

(15) 

(16) 

In the above expressions, A.. and B.. are weighting coef- 
ij 

ficients which are functions of the aspect ratio, Prandtl number and 

Rayleigh number. The symbols and n represent dimension- 

less distances in the form: 

C L 
and ri = 

where C is a constant and dependent upon the desired aspect ratio. 

The assumed orthogonal functions satisfy the boundary 

2 2 

13 

oo 

cc 

1 y 
L 
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conditions (11) provided X.(r) satisfied the fourth order Sturm- 

Liouville equation: 

and 

d4X. z 
3 -` 

- dr 4 µ jXj 

X.(o) = X.(1) = X!(o) = X!(1) = 0 (17) 
J J J J 

The eigenfunctions which satisfy (17) were given as: 

cosh µ. -cos µ. 

X.(r) = cosh µtri -cos µtri - ( µJ- µJ)(sinh µtri - sin µjr) (18) 
sink sin 

J J 

where µ , satisfy the equation: 

coshµ. cos µ. - 1 = 0 (19) 
J J 

For the range of integration n(0,1), X.(r)) and X. 
J 

(TO are orthogonal. 

In order to determiner "e weighting coefficients, the series were sub- 

stituted into the modified momentum and energy equations, (9) and 

(10), and Fourier transforms of the equations were taken. This led 

to a series of algebraic equations which could then be solved by an 

iterative procedure. 

Poots used only a few terms in the expansions in order to ob- 

tain a reasonable computational period. He presented results for a 

.] 

J J J ] J 
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square enclosure for Rayleigh numbers of 500, 2500 and 10, 000. 

Above a Rayleigh number of 10, 000, Poots found that computational 

times were too lengthy and this was also verified by Leary [25] in 

his attempt to obtain solutions by Poots' method for Rayleigh numbers 

numbers greater than 20, 000. 

In 1965, deVahl Davies and Kettleborough [6] solveda finite dif- 

ference set of the steady state equations using matrix techniques. 

Solutions were obtained to provide a verification of those computations 

performed by Poots. 

Emery [12] in 1963 analyzed the heat transfer phenomenon in a 

vertical enclosure by considering two boundary layers existing on the 

vertical plate and applied the von Kármán integral method to obtain a 

solution. This method was extended to include the constant heat flux 

hot wall and isothermal cold wall by Emery and Chu [13] in 1965. In 

both cases, a parabolic velocity profile was assumed and good corre- 

lation with experimental data was achieved, especially for high Ray- 

leigh numbers. 

The first paper which considered the transient flow in a vertical 

enclosure was provided by Wilkes [50] in 1963. In his doctoral thesis, 

Wilkes used a finite difference set of time dependent equations similar 

to those derived by Hellums and Churchhill [20] . 

Following a procedure previously used by Batchelor and Poots, 

cross derivatives of the momentum equations were taken and the 



resulting equations had the form: 

where: 

aw a _ aW a0 a2w a W 
at +ux+v =Gr 8x+ + 7,2 _2 y 

a ay 

ao _ a0 _ao 1 a20 820 
at ax ay Pr [ x a2+ a 

2 
j 

(20) 

(21) 
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uL vL _ x y t_ tv 0= T-TR (21a) u v x 
L H 

L2 TH-TR 

a 2q a 2 2 
= + - v (L again being the stream function) 

ax ay 

Wilkes solved an implicit form of Equations (20) and (21) using, pri- 

marily, a central difference approximation. Based on this set of 

equations he derived a relationship to establish a stability criterion 

dependent upon mesh size, the expected magnitude of the velocities 

and time increment. 

Wilkes subdivided his dissertation into two cases: the case of 

natural convection between two infinite parallel plates, and an exten- 

sion of previous work on vertical enclosures. 

For the case of infinite vertical plates, solutions were obtained 

for Grashof numbers of 10, 000 and 100, 000 for a fluid with a Prandtl 

number of . 733. Wilkes' computer solutions compared well with the 

analytical solution for this problem as presented in Rohsenow and 

Choi [37] and other references. 

+ 
u 

+ 
v 

v, 

W 

= 

o 
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Wilkes extended the work of Poots on vertical enclosures to in- 

clude transient and steady state data for a Grashof number range of 

6850 to approximately 100, 000. In addition, supplementary data were 

included for H/L ratios of 1. 0, 2. 0 and 3. 0. The majority of his 

results were portrayed in dimensionless temperature and stream func- 

tion plots. 

Wilkes' results agree extremely well with those of Poots for the 

case of a square cavity with a Grashof number of 6850. In his con- 

cluding remarks, mention was made of the unsuccessful attempts to 

obtain solutions for Grashof numbers of 200, 000 or higher. Wilkes 

did not feel that this was due to the onset of turbulence, but rather in 

the method of advancing the boundary vorticities across a time incre- 

ment. In addition, he stated that an explicit form of the equations 

may be more applicable, especially in setting the boundary conditions 

for the advancing time step. 

MacGregor [27], in his recent doctoral thesis, was successful 

in attaining solutions to Equations (20) and (21) by basically using an 

explicit form of the equations and calculating the boundary vorticities 

from the velocity field rather than extrapolating vorticity values. 

With these implementations, computer solutions were obtained 

for Rayleigh numbers greater than 105 for various aspect ra- 

tios, Grashof and Prandtl moduli. Also included in this publication 

are fairly complete descriptions of velocity and temperature profile 
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data for many of the transient and steady state cases. 

As a result of his investigations MacGregor concluded that the 

Rayleigh number was more influential in the flow development than 

the Grashof number. In addition, he found that the enclosure heat 

transfer was strongly dependent upon the mode of heating (isothermal 

or a specified wall flux) and the aspect ratio. 

The question of determining which moduli most clearly depict 

the flow situation was studied also by Landis and Yanowitz [24], who 

extended Poots' analytical method to include mixed boundary condi- 

tions and experimentally obtained transient results for water and sili- 

cone oil. The majority of their work was accomplished using an as- 

pect ratio of 20. They also concluded that the Rayleigh number was 

the most important parameter in determining the flow characteristics. 

Their correlations do not include a geometrical variation factor. 

Through the use of dye traces, Landis and Yanowitz were able 

to observe transient velocity profiles up to and including the steady 

state condition for constant flux heating. For water, the photographs 

taken clearly indicate that maximum velocity values occurred prior 

to steady state. In addition, they found the velocity profiles of the 

ascending fluid attained a higher absolute maximum value than the de- 

scending fluid; and they observed a slight off - center shift in the point 

of zero velocity at the mid -height of the enclosure. 

Landis and Yanowitz also modified Wilkes' computational 
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technique to determine solutions for the rectangular enclosure for 

higher Rayleigh numbers. However, due to the large computational 

times required, sample calculations were not given in their publica- 

tion. 

Vertical Plates 

The first analysis related to natural convection heat transfer 

phenomena associated with a vertical plate at a uniform temperature 

is attributed to Lorenz [26] in 1881. His analysis was based upon the 

assumption that the flow in the convection layers was primarily par- 

allel to the surface and contributions to the convective streams oc- 

curred from horizontal layer to horizontal layer, similar to stream- 

line flow adjacent to a vertical wall. Furthermore, he assumed that 

all fluid properties such as p, c , k and p. were constant and in- 

dependent of temperature and that at some infinite distance from the 

plate an ambient temperature, T , was also constant. The follow- 
00 

ing governing momentum and energy equations for steady state condi- 

tions were used in his analysis: (Recall that x = y = 0 refers to 

the leading edge of the heated plate) 

2 2 

pV áy = µ( a +a 2 ) + (pcc-p)g 
ax ay 

aT Pc V = 
k(a2T 

a2T +) p ay 2 
ax ay 

(22) 

(23) 

P 



Lorenz found it convenient to introduce the ideal gas relation- 

ship in order to relate p and T in the following form. 

T 
00 

P= T Poo 

Equations (22) and (23) were thus written as 

2 2 T-T 
V- = 

v µ T(a 2+a 2)+( T0)g 
Y p ax ay co 

aT k T a2T a2T 
V 

ay = Pcp Too 
( ax2 + 2 

) 

(24) 

(25) 

(26) 
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A further simplification in the preceding equations was achieved 

by assuming the following: 

the vertical velocity component V was constant for any 

arbitrary x, so 

2 

av av 2No 
ay 

for small temperature differences, was considered 
co 

to be unity, 

at the upper edge of the vertical plate, y = H, V and T 

were considered to be constant, and 

the temperature change along the wall was considered 

- 



small with respect to the change in the horizontal direction 
8 2T 

2 
8y 

(i. e. , normal to the wall) so that could be neglected. 
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The introduction of the preceding assumption left Equation (26) 

with only one independent variable, y, so that the energy equation 

could now be transformed into an ordinary differential equation. 

Multiplying both sides of the equation by dx 

VT k d2T 

H 
pep 

dx2 

and integrating yielded: 

(27) 

And similarly, using the above assumption, the momentum 

equation (25) became: 

d2V T -Too 

O 

µ 

+ Poo dx2 Too 

Using the boundary conditions 

at x =0 T =T 
s 

and V =0 

x =00 T =T 
00 

and V =O, 

(28) 

the solution of these equations yielded expressions for both the steady 

state velocity and temperature profiles. 

Since the heat transfer rate at the surface is related to the tem- 

perature distribution through the definition of the surface coefficient 
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by the following relationship: 

h(Ts-T00) = Á J $k(--I)0dA = H (9) 
A 

it then followed that the average convection coefficient for empirical 

solution of (27) and (28) could be evaluated using Equation (29). 

Lorenz found this relationship to be: 

h = N 
gc p 2k3(T -T )^ 1/4 

p oo s 00 

µHToo 
(30) 

where N is a numerical coefficient dependent upon the particular 

fluid. Lorenz determined experimentally that for air N = . 548. An 

expression for the total heat flux, q ", using (30) and the relationship 

between q and h was obtained: 

gc p 
2k3^ 5/4 

= q" = h(T -T )_ . 548 p (T -T ) (31) 
A s µHT s 00 

The work of Lorenz represents, at best, an approximation to 

the vertical plate natural convection problem. His most notable 

achievement was, most probably, the attainment of the form of ex- 

pression (31). In 1817, DuLong and Petit [8] hypothesized that the 

heat transfer rate for this type of process would be proportional to 

9 

^gc 
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(oT)1. 23 comparable to Lorenz's expression (31) of (AT)1. 25 

The close agreement between these two independent researchers pro- 

vided a basis for much of the natural convection correlation efforts 

to be achieved by noted experimentalists in later years. 

Additional experimentation with air relating to Lorenz's work 

was carried out by Nusselt [29] in 1909 and his results indicated that, 

in the range of excess temperature (0 = T -T ) from 0 to 20oF, the 
s co 

Lorenz solution was not applicable, especially as the excess temper- 

ature approached zero. 

Further experimentation on vertical plates was conducted by 

Griffiths and Davis [17] 1922, in which the authors verified Lorenz's 

theory that the heat transfer coefficient increases in direct proportion 

to the fourth root of the plate height for plates 3 to 4 feet high. In 

experiments conducted on plates 9 feet high, they found that neither 

the velocity nor the temperature increased for measurements taken 

beyond 3. 6 feet from the lower edge and at a distance of 1/5 inches 

from the plate. This was hypothesized to be the effect of turbulence. 

Initial turbulence was observed to occur at a point approximately 1. 5 

feet from the lower edge. This point was clearly observed, since a 

minimum of heat transfer occurred there, indicating a mixing region 

similar to forced flows. 

Experiments similar to Griffiths and Davis were conducted by 

Nusselt and Juerges [30] 1928, on vertical plates of approximately 
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two feet in length and their results substantiated those of Griffiths and 

Davis in the region below the start of turbulence. 

Improvements in the analytical theory were attempted by Nus- 

seit and Juerges, but it wasn't until 1930 that E. Schmidt and W. 

Beckmann [40] made improvements in the theory that provided a more 

substantial analytical solution to the vertical plate natural convection 

problem. Schmidt and Beckmann solved, with the aid of E. Pohl - 

hausen, a modified set of the momentum and energy equations by in- 

troducing the stream function and two variables which allowed the re- 

sulting equations to be numerically integrated. 

Starting with the basic equations involved for a steady state con- 

dition: 

2 2 p -p 
U áX + V áV =v(a 2+a 2)+ g( 

co 

Y ax ay 

2 2 

U 
au 

+ V áÿ v( a 2+ a 2) 
ax ay 

au 
ax 

+áV 
= o 

Y 

U 
aT aT k (a2T+a2T 
ax ay pcp ax2 ay2) 

(32) 

(33) 

(34) 

(35) 

Schmidt and Beckmann chose to consider an incompressible flow with 

the buoyant effect introduced in the last term of Equation (32). Con- 

sidering a low- pressure isobaric field; the buoyancy term, with the 

) 

= 
4. 

+ V - 
p ax ay 

ay 



use of the ideal gas relationship, was approximated to be: 

poo-p 
r. T-Tco 

p ~ T 
co 

(36) 
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Schmidt and Beckmann conducted an order -of- magnitude study which 

led to the deletion of some of the terms in Equations (32) through 

(35). The deletion of these terms and the logic justifying their re- 

moval are shown here. 

Since U « V for nearly all y (the only deviation here 

is in the vicinity of the lower edge of the plate); the entire mo- 

mentum equation in the "x" direction, Equation (33), was 

eliminated. 

that 

a T 

Y 

a T 
, 

then Since < ax 

2 
a T 
ay2 

a 
2T 

« a22 ay ax 

Similarly, aV 
< ax 

aV 
, thus 

Y 

2 2 
a a 

2 2 
ay ax 

was eliminated on the basis 

a2v 

ay 
2 

was eliminated since 

With these deletions, the system of Equations, (32) through 

(35), became 

ay 

V 



U aV + V 
8V =v a2V 

+ 
Ts-Too 

A ax ay ax 
g( 

Too 
) 

au av 
ax +ay 

0 

2 U7-97 e 

y ax 

where 0 (excess temperature) was defined as 

Introducing the stream function, 

and 

a 
LP V - - ax 

where: 

T-T 

(T -T )' 
s o0 

(37) 

(38) 

(39) 
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Equations (37) and (39) were then written as a function of e and i 

2 2 2 T -T 

a aa a 
a Z+ a -- v a 2+ g( T°° )0 (40) 

y ax y ax co 

ag, ae a ae a e 

ay ax ax ay - 
a 

2 

2 ax 
(41) 

To solve this system of equations, Pohlhausen defined the similarity 

parameter: 
(T -T)g 

oo x 
_ - C 

4v2T 4y 4,4y 
x 

(42) 

4', 

U=áy 

- 

s 

ax2 

t 



and the functions 0 and Lp were transferred to F and G 

where: 

Lp(x, y) = 4vCy3/ 0 4F( (43) 

0(x, y) = G(x, y) (44) 
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Since the components of velocity, U and V, were related through 

the stream function and also to the variable , 

V=- 8 =- 4vC 
3/4 aF=-4vC 3/4 aF a 

ax y ax y a ax 

but 

therefore: 

and similarly: 

a c 
ax 4 

V = - 4vC2y1/ 2 aF 

U= vC 3 F- y ó 
Niy 

Accomplishing all necessary operations and substituting into 

Equations (40) and (41), the final equations became: 

F"'+3FF" -2(F')2+G=0 

G'' + 
3 v FG' 
a 

(45) 

(46) 

where the primed values are successive derivatives with respect to . 

_ 

= 0 
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The introduction of as the only independent variable transformed 

the original partial differential equations to a simple system of two 

ordinary differential equations, in F and G, which were solvable 

by numerical integration. 

The transformed boundary conditions were 

for =0 F =0, F' =0 G =1 

and at =00 F' =0, F"=0 G=0 

Pohlhausen performed a numerical integration using a series expansion 

for F and G and using values of F" and G' which were de- 

termined experimentally. A plot of the G, G', F, F' and F" 

terms of differential equations (45) and (46) are shown in Figure 4. 

1. 0 

1 

4 
= Gx 

i 

2 3 4 5 

Figure 4. Solution of differential equations (45) and (46) for 
Pr = .733 [from Schmidt and Beckmann [40] ). 
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The difference between the Schmidt - Beckmann analysis and 

those attempted previously (Lorenz, Nusselt- Juerges) lies primarily 

in the assumed form of the simplified momentum equation. Recall 

that in Equation (28), both the U ôx and 
V 

áV terms were delet- 
Y 

ed. These terms were not eliminated from the Schmidt - Beckmann 

analysis and, in accordance with the test data obtained by Schmidt - 

Beckmann, this more inclusive analysis was verified. 

Experimental data obtained with a plate five inches high indi- 

cated a Ft deviation of approximately 5% whereas G was closely 

verified with the numerical calculations. The error in Ft tended 

to increase with test plates larger than five inches (showing effects 

of turbulence), but the excess temperature remained within the realm 

of analytical prediction. An evaluation of the average film heat trans- 

fer coefficient in the form 

k gH3(Ts-T) 
h N 

H 2 
v T 

CC 

(47) 

yielded a value of N = . 479 whereas Lorenz obtained a value of 

. 507. 

Experiments performed by R. Weise [48] 1935, produced re- 

sults which were some 25% higher than the average heat transfer co- 

efficient calculated by Schmidt and Beckmann. It is believed that the 

experimental set -up for both Lorenz and Weise was subject to 

- 
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disturbances which may have caused a significant error in their read- 

ings. Schmidt and Beckmann [40] observed a considerable change in 

their results due to small air disturbances near the heated wall. Both 

these effects would cause their "apparent" heat transfer coefficient to 

be higher. 

Further significant analysis paralleling the Schmidt - Beckmann 

solution was not attempted until 1953, when Ostrach [31, 32] performed 

an analytical study to determine the conditions under which the sim- 

plified Equations (37) and (39) were sufficiently accurate to describe a 

physical case. In his analysis, Ostrach started with the complete set 

of momentum and energy equations but introduced three variables in 

the form: 

dp = p(KdP-ßdT) 

P. = 
T )m 

T 

k = kT )n 

00 

(48) 

He concluded that the modified equations represented the physical 

case adequately , provided that the temperature difference was small, 

thus resulting in relatively low Grashof numbers. For high Grashof 

numbers, Ostrach concluded that Nusselt numbers comparable to 

those in forced convection could be obtained. Velocity and tempera- 

ture profiles for Prandtl numbers of . 01, . 72, . 733, 1, 2, 10, 100 

co 
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and 1000 were computed with the aid of L. U. Albers [ 1] , on the ba- 

sis of a constant body force and plate temperature. Ostrach's analy- 

sis agreed very well with Schmidt- Beckmann velocity experimental 

data for < 1 and for all Schmidt and Beckmann temperature data 

taken on small plates. A comparison of the average heat transfer co- 

efficient obtained by Ostrach in the form of Equation (47) gave a 

N = . 505, a value nearly identical to that obtained by Lorenz. 

The work of Sparrow and Gregg [45] in 1956, provided a solu- 

tion of the modified equations for conditions other than an isothermal 

vertical plate. Specifically, their analysis considered a plate which 

dissipated heat at a uniform rate q" over its entire surface. For 

their case, the following boundary conditions applied: 

at x = 0 U = V = 0 
âT 

= constant 
ay 

x=oo U=0 T =Too (49) 

To satisfy the preceding boundary conditions, the temperature 

variable, generalized stream function and similarity variable were 

required to be slightly different than those utilized by Schmidt and 

Beckmann. The newer forms were 

=C14 
y 

x 

t 



where 

and 
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F(0 - V4/5 /5 
2y 

Cl(Too-T) 
G - 1/5 

k 

/ 
gq C 

1 15kv2T 
oo 

C2 = 5 

3-'1/5 
gqv 
T k - oo -- 

The resulting differential equations then became: 

F"' - 3(1-1)2 + 4F F" - G = 0 (50) 

G"+Pr4G°F-GF° = (51) 

Equations (50) and (51) were comparable to the Schmidt -Beck- 

manu equations (45 and 46). Sparrow and Gregg calculated heat trans- 

fer parameters resulting from the solution of Equations (50) and (51) 

for Prandtl numbers of . 1, 1, 10 and 100. The uniform flux case was 

found to compare well with Ostrach's solution for the iso- 

thermal case suggesting that a single heat transfer relation may ap- 

ply accurately fo a number of different physical situations. 

Slsar ow and G egg P 6] also studied the problem of using variant 

y q 
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and non -variant fluid properties and concluded that, for the property 

variations typical for gases, the properties other than f3 should be 

evaluated at the following reference temperature for vertical isother- 

mal plates with laminar boundary layers: 

TR = TS - . 38(TS-T) 

They stated that expression (52) was valid over the range of 

TS 

Too 

(52) 

where temperatures are expressed in absolute units. 

It is worth noting that, in the discussion section of the Sparrow 

and Gregg paper, some basic questions were put forth regarding the 

authors' use of the word "exact" rather than "mathematically rigor- 

ous" by D. P. Timo [47]. The question here was in relation to the 

modified Equations (37) and (39) first used by Schmidt and Beckmann 

in their classical solution of the vertical plate problem. Timo point- 

ed out that the "exact' solution of their type of problem required the 

simultaneous solution of the Navier- Stokes equations and energy equa- 

tion, rather than a set of equations with some "irrelevant" terms 

having been discarded. 

In more recent times, a publication by Yang [53] in 1960 gener- 

ated some renewed enthusiasm in the vertical plate natural convection 

< 3.0 .5 < 
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heat transfer problem by considering similarity solutions which were 

possible in laminar free convection. In his paper, Yang made a study 

of the modified unsteady boundary layer equations establishing the 

necessary and sufficient conditions required for solution to the follow- 

ing vertical plate problems: 

Steady state free convection with prescribed constant sur- 

face temperature (Schmidt - Beckmann problem). 

Steady state free convection with surface temperature vary- 

ing with any power of a linear function of x (Sparrow and 

Gregg problem [45] ). 

Steady state free convection with surface temperature vary- 

ing both linearly with and exponentially with x. (Again, the 

Sparrow and Gregg problem). 

Unsteady free convection with surface temperature varying 

inversely as a linear combination of y and t. 

Unsteady free convection with surface temperature varying 

directly with a linear function of y and inversely with the 

square of a linear function of t. 

Unsteady free convection with unsteady heat flux at the sur- 

face. 

Yang concluded that many of the solutions possible for the steady state 

problem had been analyzed and reported in the past; however, there 

remained many cases for which a solution had not been achieved which 
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were both significant and useful. 

Further examples of endeavors with respect to transient natural 

convection have appeared in publications by Gebhart [15, 16] in 1961 

and 1963. In his papers, Gebhart considered the natural convection 

heating or cooling effects of plates and cylinders immersed in a fluid 

and subjected to a dissipation or absorption process within the solid 

material. Using the integral method, the energy equations for the 

fluid and element and the fluid momentum equation were solved for a 

Prandtl number range of . 01 to 1000. In his earlier paper [15], Geb- 

hart assumed that the thermal capacity of the vertical element was 

non -zero, but finite. He found that for a time dependent internal gen- 

eration within the element, transient response is affected by two par- 

ameters, namely, the fluid Prandtl number and the element heat ca- 

pacity. In view of this, Gebhart extended his analysis [ 16] to include 

elements of appreciable thermal capacity. Again using the integral 

method Gebhart found that for increases in element thermal capacity, 

the resulting temperature profiles approached the one -dimensional 

steady state case. 

Landis and Yanowitz [24] used Gebhart's predicted values in 

their measurements of the time -temperature change of the heated 

plate in studying the responses of a vertical enclosure. They found 

that for measurements taken on the plate there existed a strong cor- 

relation to the predicted one -dimensional transient case, during the 
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application of energy to the plate. 

In summary, the writer should re- emphasize that until recently 

(within the last seven years) very few solutions to transient problems, 

either on vertical plates or enclosures, have been reported. Until 

most recently, solutions for the rectangular enclosure could not be 

attained for Rayleigh numbers greater than 7.5 x 104. Certainly 

there still exist a multitude of problems in this general area yet to be 

solved, provided that mathematical tools are established which are 

flexible enough to accomodate various boundary conditions. 

As a qualitative proof of the method used in this study, the past 

works of Carlson and MacGregor will be extremely useful in compar- 

ing computed results to their experimental and calculated results. 
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III. DEVELOPMENT OF EQUATIONS 

General 

The problem studied in this dissertation is formulated in the 

following statement. Referring to Figure 5, consider a two - 

dimensional rectangular closure (H by L) initially at thermal equi- 

librium at some reference temperature TR. 

L 

TH 

Figure 5. Cross section of rectangular enclosure with isothermal 
walls. 

At some time, t > 0, the right hand wall temperature is elevated 

by some arbitrary amount ,AT such that TR+LT- TH and similarly, 

the left hand wall is lowered by an identical amount AT such that 

TR - AT = T. This establishes the isothermal boundaires for one 

set of calculations. 

The top and bottom of the enclosure are considered to be 

Y 
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thermally insulated. 

The remaining boundary conditions pertain to the velocity corn - 

ponents. For the calculations in this dissertation, velocity compo- 

nents at all enclosure walls are set to zero for all computational time. 

Using the stated isothermal boundary conditions, the problem 

consists of finding velocity and temperature distributions, within the 

enclosure, as a function of time up to and including the steady state 

condition. Subsequently, from the temperature distributions attained, 

the heat transfer characteristics of the enclosure that are usable 

from an engineering design standpoint, are to be evaluated. 

Governing Equations 

The general momentum equations which govern a two - 

dimensional, transient, Newtonian and incompressible fluid flow sys- 

tem are: 

aU aU au a2U a2U ap 
P 8t + P[ U ax +V ay = Pv[ 2+ 2- ax ax ay y 

(53) 

av av av a2v a2v aP 
P 8t + P[ U óx + V y = Pv[ 2+ 2- pg - ôy (54) 

ax ay 

In addition, the conservation of mass or continuity equation for in- 

compressible flow is: 

au av 
a Y x+ =o (55) 

-at 
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The energy equation, with negligible viscous dissipation is written as: 

pc aT aT aT 
k 

Laxz 
a2T+82T 

p at ax ay 
a 2 Y 

(56) 

In Equation (54), let P be the total pressure, composed of 

two elements PR and PD in the relationship. 

where 

P PD + PR 

P. = static pressure at some reference time, say, t = 0 

PD = deviatoric pressure P - PR 

(57) 

When the system shown in Figure 5 is at rest, no deviatoric 

pressure exists and Equation (54) reduces to: 

aPR 

ay PRg 

Taking the partial derivative of Equation (57) results in 

aP aPD aPR aPD 

ay = 8y + ay = + - pRg 

and similarly in Equation (53), 

aP aPD 
ax - ax 

(58) 

(59) 

(60) 

+ 

= 

By 



Substituting (59) and (60) into the original Equations (53) and (54) 

yields: 

and 

au au au au a2U^ aPD 
P ót + PLU ax +V- ay ] 

- Pv 
áx2 + 

a 
2 ax 

Y 

(61) 
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P 
8V 

+ PU 
av aV 

= pv^a2V+a 
2V^ 

+ g(P -P) 
aPD 

D 

at 8x ay `.ôx2 a 
2 R ay 

Y 

The transport terms as they appear in Equations (61) and (62) 

may be written collectively in vector form as: 

(U ax +V y ) i + (U aa-X +V j = (Áv)Á (63) (63) 

where A, in this case, represented the two- dimensional vector 

and i and a are unit vectors along the x and y coordinates. 

In keeping with the conservation of momentum principle, a 

slightly different form of Equation (63) is more appropos. It is de- 

sirable to express a vector quantity which would represent momentum 

flux in form of 0 A A 

Consider two arbitrary vectors, B and C, in the form 

- (62) 

t1=Ui+V j 

. 
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B = uli + V1J 

= U 2i V2J + 

It can be shown that for the above set, the following identity: 

vB C = (B VC) C(vIS) (64) 

is valid. 

First, forming the quantity on the left -hand side of the equation 

results in 

v.Bz=(ai, 
-ay ax ay 1 1 

a ,, a A 
= (axi, ayJ) 

U Zi 

V2' 

U1U21 A U1V21 

V i U V V A" 
, 1 2J 2J J 

- (ax(U1 U2)+ay(V1U2)) + ( ax(UlV2)+ (V1V2))J (65a) 

a= (u1'2+u2'1 
ax +V a+ u2 + Ui ax +V2 ax +Vl á+V2 á Y Y Y Y 

Expanding the left -hand side of Equation (64) results in 

(Bvc) = (Uli, V1/31.( áx,aÿS) 

aue aut 
(u1-+v ax ay 

A+ 

U2/1 

au av, 
2 /M 21 

ax ax 

(65b) 

= ( U 1, V1J ) 
V2J aU av 

2ni ay JJ 
av av 

2 
U1 

ax +V A (65c) 

1 

A 

Vl 

= ax 

= a y 

C 

I 

I 



and for 

C( V. 
) _(U v2J)( a , dyJ ) 

-_ (U2i, V2) 

¡aU ln 
ax 

au 1M 
1 ay 

av, ln 
ax 

av 
ayl 

A 

a 
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au au av av 
= (U2ax1+V2 ay1 )i`+ (U a`1+V2 ayl)J (65d) 

Note here that the sum of the components in Equations (65c) and 

(65d) is equal to Equation (65b). For a sl ecial case of the identity, 

let B = C = A, then 

v A = . v 7 + Ä ( . ) ) (66) 

However, for incompressible flow, v A is zero and Equation (66) is 

reduced to 

v.ÁÄ 

Furthermore, substituting U1 = U2 = U and V1 = V2 = V into 

Equations ((J5b) and (65c) yields: 

a 2 a , a a 2 au au . av av n (ax(U )+ay(UV))1 + (ax(UV)+a(v ))J = (Ua-+Vay)i + (Uax+v ay/3 

(67) 

J 

IU 

ay ay 
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Note that the right -hand side of Equation (67) contains those terms in 

the original equations shown in (63). 

Replacing terms from Equation (67) into the appropriate Equa- 

tions (61) and (62) results in: 

P 
au 

+ PLa(U2)a Pv 
a2U+a 2Û aPD 

at ax ay 
ax2 

2 ay 2 ax - 
(68) 

P 
av 

+ ay ax = pvra2va2y + g(P -P) 
aPD 

(69) at ay ax `ax2 a Y 
2- R ay 

Dividing through by p, and using the ideal gas relationship, 

the buoyancy term in Equation (69) becomes: 

PR-P T-TR 
g( ) = g( T ) 

R 

Now the momentum partial differential equations, in final form, be- 

come: 

and 

au a(U2) a(UV) a2U a2U 1 aPD aPD 
at + ax + ay - v( ax2 

+ 
a 

2 ) p ax 
Y 

av a(v2) a(UV) 

( 

a2V +a 2v ) g( T-TR 
aPD 

at vy ax - ax a 2 

+ 
TR p ay Y 

(70) 

(71) 

This results in a set of equations which consider the flow to be incom- 

pressible except for the one term in Equation (71) which allows a 

PL 
a(v2)+a(UV) 

) 1 

- 

- 

+ + 
- 
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variation in density which is essential in creating the buoyancy effect. 

Equation (56) may also be modified through the use of the vector 

identity: 

v = v ((A) - ci,v A (72) 

In Equation (72) f is a scalar quantity or temperature in this case, 

and A is the two -dimensional velocity vector defined in Equation 

(63). Substituting appropriate quantities into Equation (72), then: 

but 

and therefore 

AoT = oTA - T(oA) 

Vip-A7 =O 

A vT = vAT (73) 

Substituting (73) into Equation (56) and dividing both sides of the equa- 

tion by pcp gives 

aT a(UT) a(VT) a2T a2T 
at + ax + ay a( 

ax Y 2 + a 2) 

where a is the thermal diffusivity and is equal to k /pc. 

(74) 

The resulting governing Equations now appear in the form of 

Equations (56, 70, 71 and 74). 

The initial and boundary conditions for the problem of interest 

" 
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can be listed as: 

at t =0 U =V =0 T =TR for 0 <x<L and 0<y<H 
(75) 

0 <y<H at x = 0 and x = L 
at t >0 U =V =0 for 

0 <x <L at y= 0 and y =H 

(76) 

T =TH for 0 <y<H at x =0 

T =TC for 0 < y < H at x = L (77) 

dT 
d Y 

= 0 for 0< x< L at y= 0 and y= H 

Finite Difference Equations 

Finite difference approximations are basically established by 

considering a Taylor series expansion of a dependent variable about 

an arbitrary point. In this manner, the values of surrounding points 

and the derivatives (assuming they exist) in the vicinity of the point of 

interest can be expanded in two -dimensional form as: 

f(x+a, y+b) = f(a, b) + (a áx+ b óy )f(x, y) 
a a 

b a,b 2 
i(aó x+ 

bay)Zf(x,Y) 
a 

I 

, 

+ ... + (n-1) ! 

(aáx+b )n 
1f(x, 

Y) 
a, b 

+ Rn 

where Rn is the remainder term. Considering a and b in the 
n 
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interval (0, 1) the remainder term has an associated round -off error 

of an order of magnitude (denoted as 0) in the range of 

R 
n 

r., 0(a+b)n 

A system of grids, as shown in Figure 6, is now defined to fa- 

cilitate the incorporation of first and second order space derivatives. 

Note that in the accompanying figure, a "cell" which is centered at 

i, j is surrounded by boundary points (i ±Z, j) and i, j± ), 

i 

i) 
i 

j) 
by 

-0-6x-PI 

Figure 6. Cell (i, j) and neighboring points. 

i 

Expansions of the velocity component, U, as an example, 

can now be written as: 

(i, j) 



and 

assuming 

2 2 3 3 

U. 1. = U.. +sx au sx a2U bx a U+ 
1+zJ 1J ax 2! ax2 

i 

ax3 
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(78) 

2 2 au bx a U bx a 
3U 

U. 1. = U.. -bx -+ - 
3! 3 a +... (79) 

1-zJ 1J ax 2! 
ax 2 . 

au a2u 
ax ' ax2 

etc., do exist and can be evaluated at i, j. 

From Equations (78) and (79), backward, forward and central differ- 

ences can be easily formed. By subtracting the two equations, the 

central difference- -first order approximation is established as: 

ui?aU +, j 
Ui-á, 

6(6x)2 
ax sx 

(80) 

where 0(8x)2 represents the truncation error associated with this 

finite difference approximation. 

A similar expression of V can be written and substituting the 

U and V expressions into Equation (55) establishes the continuity 

equation in finite difference form as: 

U. 1 - U. V. 1 -V. 1+Z, J 1-2, j+ 1, j+z 1, J-z _ 
bx by 

(81) 

Unfortunately, the first few terms of Equations (70) and (71) 

cannot be as easily defined in finite difference form since they involve 

+ 

au_ 

1 1 

0 

+ 
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squares and cross products of velocity components. These terms are 

defined to be approximated in the following manner, 

and 

2 U2 1 - U2 
a(U ) 

.-U. 2 

j 
ax ax 

a(UV) uy -UVi, 
j-2 

ay by 

(82) 

(83) 

The second order approximations are established by consider- 

ing Taylor expansions about the point (i-1, j and i +1, j) and this, 

for example, leads to terms such as: 

and 

a2U Ui+1, j+Ui- 1, j-2Ulj 
ax2 bx2 

a2U 
U. j+1+Ui, j- 1-2U1J 1 

2 2 ay by 

(84) 

(85) 

First- and second -order approximations of all the terms in 

Equations (70,71 and 74) can be written in accordance with Equations 

(82) through (85). By substitution, now the governing equations be- 

come: 



Momentum in the x Direction 

n+ 2 
U. -Un U. 1 -U. 1 (UV). 1 -(UV) 1 

i J 1,_.^J_ 1+ÿ, j 1-2, j i., j+z i, j---2- 

i't óx by 

-;. 1 U. +U. -2U.. U. +U. -2U -z,j 1+2,J+v 1+1,j 1-1,j iJ+ 1,j+1 1,j-1 i.j 

Ex bx2 2 
Y 

Momentum in the y Direction 

n+_ n 2 2 
V. -V. V.2 V. , 

1, j 1, j 1, +2 1, j-¿ +(UV)1+Z 
r J-( v)i -z j , 1 

6t by bx 

-t 1 
j - 1, j+-- 

' + 
by 

wal 

V. +V. - 2V. . V. +V. -2V. . 

1+1,3 1- 1, j 1J i, j+1 1, j- I 1J 

2 + by2 
4_, 

bx by 
_ 

+ g 

Conservation of Energy 

- 
Ti? -T 

, 

TR 
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(86) 

(87) 

Tn±1-Tn. (UT). 1 -(UT) 1 (VT). 1-(VT) 
1J iJ i.+z , j i-2 , J+ 1, J+2 i, J-z 

at ax by 

= a 
T. +T. -2T. T. +T. -2T. 1+1,j 1-1,j 13 1,3+1 1,3-1 13 

+ 

L bx2 by2 

(88) 

where the symbol, fi, shown in Equations (86) and (87), represents 
P 

the pressure head ( D) . The superscripts n and n + 1 rep- 

resent advancements in the time frame. The four unknowns in 

+ 

- 
L. 

T.) 

P 

+ 

_ J 

+ 
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Equations (86, 87 and 88) are U, V, T and Substitution of the 

continuity equation into the above set is of little value since the mo- 

mentum equations would revert to a form shown in Equations (61) and 

(62). Therefore, in order to obtain a fourth equation, the time rate 

of change of the continuity equation is considered. This appears to be 

contradictory to Equation (55) which established the continuity equa- 

tion for incompressible flow. Theoretically, this is true; but for any 

real fluid analysis, it is finite. Finite values in this case are con- 

siderably less than 1, on the order of 10 -3. 

Rewriting the continuity equation to be 

U. 1 -U. 1 V. 1 -V. 1 1+z,3 1-z,J l,j+z l,j-z 
bx + by 

Now the time rate of change of D.. is written as: 
13 

Dn+ l 
-Dn. 

1J 13 1 

bt 

_ 
Uni1 - Un 1 1+, j 1+2, 

n+1 
'U. 1 

n 
-U. 1 

j J 

bt bx bx 

Vn+ 
+i -V. 

n 
,J 

+ót by 

n+1 n 
V. -V. 

1, J-z 1, 

. 

by 

(81a) 

(89) 

Note here that each of the elements of Equation (89) represent either 

a forward- or backward- difference of the derived Equations (86) and 

(87). In reference to Equations (82 and 84), examples of the spatial ad- 

vancement of a few terms contained in that equations are as follows: 

_ D 
J 

i 

5. 

J+¿t - 
\ 

I 



-2 2 , 2 2 

1 i+?, j1-i, J. Ui+1, 
J-U1J 

bx bx 2 
bx2 

U 
1 

.+U. .-2U.. -2U1 U. .+U. 1 .- 2U. 1 i+-,j i-z,j i+z,j 
3 

bx 
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(90) 

(91) 

The reason for applying the forward difference in the manner shown 

in Equations (90) and (91) is not readily apparent. It should suffice to 

mention here, that the use of the above method allows certain advan- 

tages in the latter part of this derivation. This will be called to the 

attention of the reader at the appropriate time. 

By using terms similar to those shown in the above expressions, 

terms applicable to Equation (89) may be written as: 

-+1 -+1 
1 i+Z,j j i+z, 

bt bx 
+ bx2[U +1, j-Uij] + bxbyL(UV)i+Z,j+2-(UV)i2 

1 

bx2 
ij- i+1, jj v 

U. j+U1-z, 
j-2Ui+z, j) 

bx2 
bx 

1 Ui+z , j+ 1+Ui+2 , j - 1- 2U1+ 
J) 

b Y 
2 bx 

or by rearrangement the above becomes; 

I 

Sx bx2 
i a 

_ 

1 

i 

+ ( 



1 

bt 

n+1 n 
U. 

J - 
Ui+z 

J 

bx 

60 

= 1 

[U2 -UZ 
] + 1 [(UV) 1- (UV) 1 ] + 1 (..-. ) 

bx2 
ij 1+1, 

.1 
bxby i+2, j-2 i+2, j+2 6x2 

13 1+1, j 

+ y 
1 

U. 3_ +U. 1 1+z, j 1-z j 

bx 2 
bx 

-2U. i U 1 +U 1 -2U. 1 1+z , j)+ 12 1+z , j+ 1 1+z , j- 1 1+z 
) bx 

Y ó 

(92) 

Similarly, the "backward" difference for the velocity component in 

the x direction (U. 1 .) can be written as: 
1-2,3 

- n+1 

1 

Ui-iJ UT.1-iJ 

bt bx 

= 1 [Ui- ? -U? ] + bxb 
[(UV)i-1 

1 -(UV)i-1 +1 ] + 1 [i- -i.] 
óx J J Y 2 J-2 J 2 bx J J 

+v 
U. 2 +U. 1 -2U. 1 U. 1 +U. 1 - 2U. 

1 1-z, j 1-2,j+1 1-2,j- 1 1-2,j 

bx2 
bx 

ó 
2 bx 

Y 

(93) 

Similar equations for the velocity components in the "y" direction 

can be expressed as: 

n+1 n , 

1 Vi, i, j+z 1 2 2 1 

[Vij -Vi, j+1] + bxby [(UV) - 
(UV) ] bt by i+2 , j+z 

ó 

+ 
+v 

by 
12[i, +1-i']+ 13 

r V. 
12( 1+1,j+2+bi-1,j+2-2Vi 

bx y 

V. +V. 1- 2V. 
( J 2 ,3-2 ,J 2) 

by y 
+ g 

by 
Ti, j+ 1 TR 

TR 

2 

1, 

j 1-z, j 1 

j+z 
- 1 

2 j+Z 

bx2 

1 
1 

_ 

)+b 

+z) 

+ 



And: 
,n+ 1 

V. v. V. . - . 

i, 1, )- 
ót by 

1 2 2 1 

2 
[V -vij] 

i, j- 1 
+ 

by 

61 

f- V. 1+V. i V. +V. ,-.7).V. 1 I 

: 1 

( 
1+1,1-i I. i---- I, i---2- )+ _l___( 1, .1-2 li i-f- 1, 

+ y 

6x 
2 by 6y2 

2 by 

r- 
1 T. -T 

1, j- 1 R 
; 6y2 tj 1, j-1 by : TR 

. 

(95) 

Substituting Equations (92) through (95) into Equation (89) and arrang- 

ing terms results in: 

Dn+l_Dn 
ij ij 

bt 

1 2 2 2 1 [7v2 _v.2 _v. z 
= [2Uii-Ui+1, ui_ j.1 + j+1 1, j- 

5x 

2 ,- 

6x6yl(ITV). 
. 1+(UV). . -(UV). . 1-(ITV). . 3-¡ 

_g_ Ti, 1 j+1 Ti, 1 j- 1 1 1 

+ -7? - . ) - (2,_ - ) 

i ' 6 x 

) 

6y ! TR 2 ij i+1,j i-1,) 6y2 
ij i,j+f -i,j-1 

, 
r- 

U. .+U. .- 2U. .- U. .- U. I .+ZU. 

+ 
1+, 
bx 

Lox 

U. . +U. -213. -U. -U. +ZU. 
1 3.+-- J+1 1+,j- 1 j-1 j+1 

( 2' + 

6y2 
bx 

1 1 

.-[(uv) 1-(UV). ] 
bxby t+ï , j-2 

?Vi' 
1'a 

, 

g { 

+ 

Y 

1 z 

1) tJ t- 1, 
by 

2 ij 

t 
J-2 a J t 

i , t 

v 
j) 

1 t , 
j t-Z, t-z, t-z, j)+ 

-k 

1 

+ 



1+V. 1 -2V. 1-V. 1-V. 1+2V. 1( V. 
j+Z 1-1, j+z 1, j+z 1+1, j-2 1- 1, j-2 1, j-Z 

bx2 by 

V. 3+V 1-2V. 1-V. i-V. 1+2V. 1 

1 ( 1,3+2 1, J 2 1, J+2 1,3-2 1, J+2 1, J--z) 

b Y 
2 by 
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(96) 

The advantage of allowing a modified difference advancement 

(Equations (90) and (91)) is readily discernible in the next step. Note 

that the transport terms of Equation (96) contain terms which are 

referenced beyond the i±1,3 and i, j±Z cell boundaries estab- 

lished in Figure 6. The remaining velocity terms in Equation (96) 

are either cross -product velocities surrounding the cell or square 

velocity terms at points one full increment away from the cell. This 

allows the matrix which stores the square velocity terms to be cell 

centered and, therefore, affords a saving in computer memory allo- 

cation. This could not have been accomplished by using standard- 

ized finite difference advancement techniques. 

Moreover, it allows the resulting equations to be expressed in 

a more systematic and tractable form. 

Additional continuity terms can be written, as follows, 

U. a -U 1 V. . i -V. 1 

D 
1+2, j i+z, j+ 1+1, 1+1, j-z 

1+1, j bx by 

U. 1 -U. 3 V. 
1 , 

D 
1-2,J 1- j+z 

1- 1, j bx by 

+ 

-V. 
1- 1, J-z 
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j+1-Ui-z, j+l Vi, j+2 + Vi, J+z 
1, j+ 1 bx by 

U. 1 U. 1 V. 1-V. j- 1 i-2 , j- 1 1, j-Z 1, j-2 
, j- 1 bx by 

and substituted into Equation (96) results in 

n+1 n 
Di. -Di' 1 1 J J - Q.. - - +. 

bt 13 
bx2 

1+1,3 1- 1, j ij 
8y2 

i, j+1 1, j- 1 13 

where 

+v 1 (D. +D. -2D..)+ (D. +D. -2D..) 
bx2 

1+1, j 1_1, j 1 

Y 
J 

S 2 
1, j+1 1, j- 1 1J 

(97) 

?+ ? +V U +U-2U V V. -2Vi . 
-Q. , J j J J- 1 J 

1J 
bx2 

2 

+ 2 [(UV) 1 1+(UV) 1 1-(UV). 1 1-(UV) 1 1] óxby i+z i-z ,j+z ,j -z 1+z ,j-z i-z j+z 

g 

óy 
Ti, j+1 Ti, j- 1 

TR 

Another form of Equation (97) can be obtained by setting 

Dn+1-Dn 
D. +D -2D.. D. +D. 1-2D1. 

.= Q. + 1J 1J + v 
1+1, j i- 1, j 1J 1, j+1 1, J- J 

1J 1J bt 2 
bx2 S Y 

(97a) 

and also 

Ui+z, 
- 

D1. 

- ) ( -21. . ) 

J 

by 

D. 

_ 

i +1 

1 



-R.. = 1 + 1 (. +. -2 ) 1 bx2 i+l, j 1-1, j 1 
Y 

2 1, j+1 1, j- 1 13 

Now, solving for in Equation (98) results in 

2 . +. 
(6x2 ó i+l, j i- 1, j+ i, j+1 1, j- 1+ R. . 

1 bx2+6y2 bx2 6y2 
1 
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(98) 

(99) 

This completes the derivation and formulation of the difference 

equations which are used in this study. Special attention is directed 

to Equations (88, 92, 94 and 99) which are used in the computational 

sequence to calculate T.., U. 1 , V. 1 and .., respectively. 
j 1, 

. 
13 

Stability and Convergence Criteria 

In applying finite -difference approximations to the solution of 

partial differential equations, it is imperative that reasonable steps 

be taken to insure stability and convergence. 

Convergence, by definition, implies that solutions attained 

through the use of an approximation technique approaches the exact 

solution of the partial differential equations if the increments in spac- 

ing and time are made infinitesimally small. For the computational 

results of the present study, an exact solution of the partial differen- 

tial equations does not exist. The alternative then, is to compare the 

computed results to existing experimental data or with known analyti- 

cal solutions of simplified problems. The results of such comparisons 

+ 

13 1 

4. 

4.. = 2 
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are noted in Chapter IV. 

By comparison to convergence, stability requirements are es- 

tablished to minimize the errors introduced through the use of the 

finite- difference approximations. Satisfying the stability requirement 

by itself does not guarantee convergence. A stability criterion for 

the set of equations used in this study is difficult to establish due to 

the non -linear nature of the equations. Requirements based on modi- 

fied sets of governing equations are derived in Appendix A. 

The stability requirement used as a guide for this analysis is: 

I Umaxót I 

V Imaxbt 2v5t 2vbt <. 3 
óx by - 

Prbx Prby? 
(1n0) 

Theoretically, the right -hand side of Equation (1 00) can be 

shown to be one. However, for computations in this study, a value of 

. 3 was chosen. 

When using approximation techniques of any sort, the selection 

of a suitable time increment becomes a matter of compromise. 

Ideally, it is advantageous to maintain a small mesh size (28x by 26y) 

in order to minimize truncation errors. This can be accomplished 

at the expense of a considerable increase in required computational 

time to obtain steady state solutions. For this study, a cell size of 

25x=. 1 and 26y= . 5 is used which is not extremely prohibitive with 

respect to the allowable time increment. The cell size chosen is 

+ 

2 
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comparable to those used by Wilkes [50] and MacGregor [27] in pre- 

ceding analyses. 

Boundary Conditions 

Having completed the derivation of the finite difference equa- 

tions to be used in the solution of the rectangular enclosure problem, 

consideration is now given to the boundary conditions stated in Equa- 

tions (75) through (77). For the rectangular enclosure problem, it is 

assumed that both the normal and tangential velocity components van- 

ish at the vertical and horizontal walls (i. e. , no -slip condition). 

Furthermore, the horizontal walls are considered to be insulating 

surfaces and the vertical walls are taken as isothermal. 

The cell orientation for the rectangular cavity problem is shown 

in Figure 7. 

Cells at typical locations (i- 1, j) and (i +m +l, j) are seg- 

ments within isothermal cold and hot walls respectively. Cells at 

typical locations (i, j -1) and (i, j +n +1) represent segments of the 

horizontal insulated walls. 

The boundary conditions required for the solution of the rectan- 

gular enclosure are now derived for a typical boundary cell location 

(p-1, q) adjacent to a fluid cell (p, q) as shown in Figure 8. 

In the accompanying figure, note that only the velocity terms, U 

and V, are shown along the cell boundaries and centers. 
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Temperature values with identical subscripts also exist at these loca- 

tions. 

(j +n +l) -- 

i 

(i) 

1111010,VE 111 

411 

... al II: 
NI II. I 
NIIII 
RINIA 0, lii 

Figure 7. Orientation of cells for rectangular enclosure 
problem. 

Boundary 

U 
P-á, q 

Wall interface 
Vp, q +á 

U 

(p-1, q) 
P ,q 

(P,q) 

V V 

Fluid inside 

U 1 q 
P+z , q 

P 

Figure 8. Typical velocity components for fluid and boundary cells. 

1 1 

P-1, 

(i +m+ l ) 

p, 
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Considering the temperature boundaries, the isothermal condi- 

tion is easily established by letting: 

T = T 1 = constant p-1, g p-i q 

T 1 = T 1 1 = constant 
p-1, qfz p-i qfz (101) 

The insulated or adiabatic boundary condition is appropriately 

established by the relationship 

Tp- 1, g Tp, q 

Tp-1, gtz Tp, q±z 
(102) 

and by interpolating between the values in (102), also implies that 

Tp-i, q Tp-á qfz Tp, q 
(1 03 ) 

In order to establish the no -slip boundary condition for cells 

between cells (p- 1, q) and (p, q) the following conditions are 

specified. 

Let 

and 

V p- -V 
1, gtZ z p, q± z 

V 
-V p-1, g q 

(1 04 ) 

then interpolating between the values of (104), the tangential component 

p, 

= 

= 

= = 

= 



at the wall -fluid interface vanishes, or 

V i 1= V 1 = 0 
p-z qtz 

For the normal velocity component, let 

U 1 = U 1 1= 0 
p-z q p-z gtz 
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(1 05) 

(106) 

Also continuity is satisfied for both cells if U 3 = U 1 thus 
p -2 q 

requiring that Dp- 
1, 

= Dpq. One additional requirement is neces- 

sary for the no -slip boundary condition in that a boundary ".t." must 

be specified for cell (p- 1, q). Reference is made to Equation (93) 

which represents the 'backward" difference equation of U 1 

P -z, q 

Solving this equation for .13-1, results in the following: 

p- 1, g - pq 

= 
(U2 -U2 bx(Un+i -Un 1 ) + 

bx 
[(UV) 1 1-(UV) 1 1] 

p, q p-1, q bt p-z, q p-z, q by P-i ,g+z p-z,g-z 

-v 
U 3 P-2, q 

+U 1 

p+z, 
- 2U. 1 2 

g 1-z, j+ bx 
U 1 +U 1 -2U 

q+1 p-z, q-1 1 p-z, q) 
bx 2 

( 

6 y 
bx 

- 

(1 07) 

Now substituting the boundary conditions derived in Equations 

(104, 105 and 106), Equation (107) becomes 

2v 

p-1, g p,q bx (Up+i, q Up-i, q) 
(108) 

P-i, q 

p+-2-,q 

-U 

P-z, 

P q P9 

p 

) 



where 
1, q 

represents a hypothetical boundary pressure term 
p - 

which is dependent upon values of the adjacent cell (P, q). 
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Table 1 is a listing of the pertinent boundary conditions for the 

rectangular enclosure with reference to Figure 7. 

The general equations are capable of handling "in" flow and 

"out" flow boundaries with relative ease. Welch et al. [49], have de- 

rived the necessary velocity and pressure boundary conditions for a 

one -dimensional, flat velocity profile (i. e. V 1 = VP-1,q= constant 
P -1,q ±i P -1,q 

in Figure 8) "in" flow condition. This can easily be extended to in- 

clude the general use of any "in" flow velocity profile, through some 

simple manipulations of Equation (93). 

Computational Method and Flow Diagrams 

To provide solutions for the rectangular enclosure problem, a 

computer program was formed for use on the IBM 7094 Data Process- 

ing System, using equations derived earlier in this Chapter. A list- 

ing of this program, written in FORTRAN IV language, is contained 

in Appendix A. 

This particular program can handle approximately 800 boundary 

and fluid cells of the type described earlier. 

The intent of this section is to provide a step -by -step descrip- 

tion of the computer program for one complete time increment. 

Complementing this written description are flow diagrams shown in 



Table 1. Boundary conditions for rectangular enclosure problem in finite difference form. 

Condition 

Location 
1-1, j i+m+ 1, j i, j-1 i, 1 

Isothermal T-1 =Ti-1 T. ,j a J 

Ti- l, jt2 Ti-2,Jf 

T. = T. 1+m+ 1, j +m+2, j 

Ti+m+l,jt2 T+m+z,jf2 

Adiabatic T..= T. lj 1, j- 1 

T. = T. 1 j if,j-1 
Ti, j+n+ 1 Ti, j+n 

Ti T f2,j+n+l if2,j+n 
No-slip Vjtz=-V.j±2 

V _ -V.. i- 1,j 13 

U. 1 =U. 1 . 1=0 1-z,t2 

i-1, j 13 

-?v(U. 1 -U. ) bx 1+.2j j 

Vi+m+l,j2 -v+m,J±z 

`i+m+ 1, j -V i+m, j 

ji+m+2,j+U+m+2,jfz 0 

i+m+ 1,3 i+m, j 
2v 

+ òx (Ui+m-2, j 

Ui+m+2,j) 

Uf 2j-1=-Ui, 
U = -U. 

i ,j-1 1j 

V. j 1=V. 1 . 1=0 l,-2 ltz,-z 
. =1.. l,j-1 ij 

2v 
- V by(T.,j+z 1,j-2) 

U. 1 = -U. 1 l±Z,j+n+l 1±,j+n 

Ui, j+n+ 1 ii, j+n 

`i,j+n+2 jit,j = 
+n+2 

j+n+ 1 i, j+n 

2v 

+óy(V,J+n-2 

- 
V. 

j ) +n+z 

0 

1- 

1, t 

-z, J 

- 

z, i] 
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Figures 9 through 13. 

All the general features of the program stem from a format 

called MAIN (Figure 9). The basis of this portion of the program is 

to provide access to all subroutines in an orderly fashion, and initiate 

the necessary read, write and rewind of tapes. The subroutines 

called up in order of use are INPUT, SET, BOUND, POLATE and 

COMPUTE. Access to the output, per time increment, is provided 

through MAIN along with dump safety features and tape rewinds. 

The abbreviated nomenclature used in Figure 9 is explained as 

follows: 

ITNO - time step iteration number 

ITM - maximum number of time iterations per run 

ISTOP - termination flag 

NOIT - maximum number of iterations taken in previous compu- 

tations 

TIMAX - upper bound on simulation time 

NOPRT - iteration number for printing 

The first subroutine called upon by MAIN is INPUT (Figure 10) 

which reads and writes two kinds of input data. The first category 

consists of reading the following: 

DELX (bx) 

DELY (by) 

XNU (y) 

- cell increment 

- cell increment 

- viscosity 

in the x direction 

in the y direction 
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GY (g) - gravitational constant 

DELT (öt) - time increment 

TIMAX - total length of run time 

TREF (TR) - reference temperature for buoyancy term 

For the second data category, a test is made on the value of 

INMODE to determine the type of input data to be used. Therefore: 

If INMODE = 0 read velocity and temperature from provided 

punched cards 

or INMODE < 0 read tape from previous run 

or INMODE > 0 choices on having velocity and /or temperature 

INMODE = 2 read from cards or tape. 

One additional function of this subroutine is to call output if a 

printout of the initial data is requested. 

The next subroutine is SET, also shown in Figure 11, which 

computes some basic values dependent upon the input. Some of these 

values are: 

DEL X2 = (6x)2 

DEL Y2 = (6y)2 

DEL XY = bxby 

Z=2( 1 + 1 (5x)2 
(6y)2 

In addition, this subroutine sets the isothermal boundaries and 

if initialization is not read from a previous run, sets PHI (f) and 

] 
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TREF (TR). 

The BOUND subroutine (Figure 12) sets the required boundary 

conditions for the adiabatic and no -slip walls. 

The POLATE subroutine interpolates data along the rows and 

columns to provide a value for U, V and T between either the 

input values or the newly computed values. Examples of the types of 

equations stored in POLATE are as follows: 

U. 1 + U. 1 
1+Z, j j 

Uij 2 

V. 1+ V. 
V.. - 

1, 3+Z 1'J 2 

1J 2 

Ti.+ T. 
- J J 

Ti, J+á 2 

Values for the quantities U2, V2, UV, UT and VT are also 

computed in this subroutine. 

The COMPUTE subroutine (Figure 13) provides the update val- 

ues for U, V and T based on the values of the previous iteration. 

To insure that only the last computed values are utilized in the update, 

temporary matrices in the forms of UOLD, VOLD and TOLD are es- 

tablished. In this manner, the explicit form of the partial differential 

equations is maintained throughout the entire computational sequence. 

The major computations in this subroutine are accomplished in 

the following manner: 

1-i, - 

+1, 



75 

a) Compute U. 1 by Equation (92), starting with the first 
1 +Z, J 

row of the fluid region and proceeding from left to right up 

the columns. 

b) Compute V. 1 and T.. from Equations (94) and (88), 
1 +Z, j 1J 

respectively, in a similar manner. 

c) Test U, V, and T, separately, at the (n +l)th time 

increment compared to steady state criteria. 

d) Call BOUND to perform the necessary manipulations re- 

quired by Equations (101) through (108). 

e) Call POLATE to interpolate values between the computed or 

boundary set values. 

f) A test is performed on all three steady state criteria (U, V 

and T) and if all three are not met, the program continues 

to calculate. 

g) Continuity (D..) and (R..) at every cell center using 
13 13 

Equations (8la) and (97a), respectively. 

h) Note here that the form of Equation (99) is easily adaptable 

to an iterative procedure for calculating ... In calculat- 
13 

ing ., values of kif and i must be known. 
13 1, ,J ,J 

Assume that an initial guess for the field exists either in the 

form of data input or from a previously calculated time in- 

crement. In a systematic manner, new values for 1... (for 
13 

all i, j) can be obtained within a given time increment by the 

f 1 
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equation: 

h+1 
1J 

where h +1 

2 2 
bx Sy 

h +h h +h 1 

1+1, j 1-1, j 1, j+l j- 

Sx2+by2 

represents 

+ + R.. 
bx2 Sy2 

13/ 

(99a) 

the advanced values toward conver- 

gence of this iteration process. 

This method is simply the Gauss- Seidel method of iteration for 

the solution of a system of simultaneous equations. It has been shown 

that the method converges toward the values of 'k.., which exactly 
1J 

satisfy Equation (99a), as the number of iterations approach infinity. 

In practice, the calculations are truncated to a finite number depend- 

ent on the selection of an accuracy criterion. The criterion used in 

the program is: 

'old- new I 

Ioldl+Itnewl+Ui.+Vi.+ gH 
J J 

max 

< 2 x 10-4 

The program is written such that a maximum of 1000 iterations 

is allowed, within any given time increment, for 1. to converge. 

Now that the 1... field has been established, a new time incre- 
1J 

ment is advanced and steps (a) through (h) are again followed until the 

steady state criteria are achieved. 

= 
, 

i 



ITNO- 0 

CALL INPUT 

CALL SET 

CALL BOUND (1) 

CALL POLATE 

(50) 

ITNO = ITNO + 1 

TIME = TIME + AT 

CALL COMPUTE 

A \/ 
Figure 9. Flow diagram for MAIN. 
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Y 
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ITNO:ITM 

IS 

ISTOP = 1 

IS 
TIME> TIMAX 

IS 
ITNO=O 

YES WRITE AND 
REWIND TAPE 

CALL 
OUTPUT 

IS 
TNO =NOPRT (1 

CALL OUTPUT, WRITE 
AND REWIND TAPE 

IS 
S. S. 6 SET? 

Figure 9. Continued. 

STOP 
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READ INPUT DATA 

DELX, DELY, GY, XNU, 
DELT, TIMAX, TREF, 
UTEST. VTEST. TTEST 

WRITE INPUT DATA 

SET D,R,U,V,T = 

Read Temperatures 
and Velocities 
from Data Cards 

(300 T est 
INMODE 

< 0 

IS 
INMODE= 

Read Tape 
and Rewind 

(600)` 

READ TEMPERATURES 

(65) 

Call Output Yes IS 
ORPT(1)= 0 

Return 

Figure 10. Flow diagram for subroutine INPUT. 

i 

0 

Use Input Velocity 
and /or temperature 
routine 
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SET 

Compute: 

DEL X2, DEL Y2, DEL XY, 

Z, XL, H, GCON 

V 

Set Isothermal Boundary 
on Right Wall 

T(I, J) = CONSTANT 
I = NI, NX J = 1, NY 

V 

Set Isothermal Boundary 
on Left Wall 

T(I, J) = CONSTANT 
I= 1,3 J= 1, NY 

Figure 11. Flow diagram for subroutine SET. 
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(RETURN) 

BOUND 

POLATE 

Interpolate 
U 
V Rows 

Interpolate 
U 

V Columns 
T 

Compute: 
U2, V2, UT, VT, 
UV for region 
(NI, NJ) 

(RETURN ) 

1 

L 

(350) 

Set Left and Right 
Velocities 
V(2, J) = -V(4, J) 
V(NI, J) = -V(NI- 2, J) 
U(BNDY) = 0 

Set Top and Bottom 
Velocities 

U(I, 2) _ -U(I, 4) 
U(I, NJ) = -U(I, NJ -2) 
V(BNDY) = 0 

r 

Set Temperatures on 

Top and Bottom 

(RETURN ) 
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FIGURE 12. Flow diagrams for subroutines BOUND and POLATE. 

Compute D on 
boundaries 

(RETURN 

T 

v 



SET 

ISTOP =O 
ISTPU = 1 

STORE 

U(1, K) = 

UO LD (3, K) 

COMPUTE 
U LOOP 
UOLD(2, K) = 

UOLD(1, K) 
STORE 
UOLD(1, K) = 

UOLD(I, K) 
UTEMP = U(I, J) 

Compute new 
U(I, J' 

STPU=O 

SET 
ISTPV = 1 

Compute V Loop 

V(I, J) : VTEST 

V 
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Compute 
"T" Loop 

T(I, J) . TTEST 

CALL BOUND 
(1) 

SET U, V, T 

ON 
BOUNDARIES 

V 

CALL POLATE 

U for (NI, J) 
V for (I, NJ) 

IS 

ISTPT +ISTPU 
+ISTPV 

>2 
ISTOP = 1 

Compute D(I, J 
(NI, NJ) 

CALL BOUND (3) 
Compute bndy D 

C 

Figure 13. Flow diagram for subroutine COMPUTE. 

Y 

Yes 

SET 
ISTPT 

JU(I, J)-U(TEMP) 
> UTEST 

= 1 
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DENOM = 0 

Compute R 

UVP = U2 + V2 + GCON 

DENOM = DENOM + IR 

NPI = NPI + 1 

Compute on 

Bottom Bndy 

1000 ITERATIONS 
IF AMAX < Test 

SET ISTOP = 1 

Compute 
in Region 

Start at left hand 
corner along I =1, NI2 

=2, NNJ 

LOOP 
801 IS 

.EMAX < T ES T 

WRITE 
TIME, NPI 
XUM, 
DENOM 

(RETURN ) 

Figure 13. Continued. 

\/ 

I 

i (900r 

PHIMAX = 2x10 
-4 

for 

Compute on 

Top Bndy 

S 

S 
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IV. RESULTS AND DISCUSSION 

General 

Computer solutions for the rectangular enclosure problem were 

obtained for an aspect ratio of 5 over a Rayleigh number range of 

3 x 103 to 2. 5 x 105. Additional solutions were obtained for the pur- 

poses of providing a direct comparison to previous experimental test 

data and /or testing the computer program for specific conditions. 

Needless to say, it becomes virtually impossible to include all 

the computed results acquired for this dissertation. In lieu of this, a 

synopsis of the data is provided in plot form in two basic categories: 

a) those data which are used to validate the computed results and, 

b) those data used to provide an extension to that which exists in the 

current literature. Supplementing the plotted data are written de- 

scriptions of all program tests and their general results. 

The majority of the plotted data shown in this chapter are in the 

form of dimensionless length (x /L) for a given dimensionless 

height (y /H). In all cases, the dimensionless length and dimension- 

less height represent distances from the heated wall and from the en- 

closure bottom, respectively. 

In order to evaluate the overall heat transfer characteristics of 

the enclosure, some consideration must be given to the method of cal- 

culating the dimensionless heat transfer coefficient in light of the 
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calculated data. 

This writer chose to define the dimensionless heat transfer co- 

efficient based on one -half the cell length (L/2). Since the heat con- 

ducted from the hot wall is 

q/A = k( dx x=0 

if OR and x be defined as 

and 

then Equation (109) becomes, 

however 

T-TR 
- 

TH-TR 

X - X 

L/2 

k(TH-TR) d6R 
q/A - 2L ( dx )x=0 

TH TC 
TH - TR 

2 

then, by substitution 

k(TH-TC) d6R 
q/A 4L ( dx )- x=0 

(109 ) 

(110) 

Based on the total temperature differential of the whole cell, 

q/A is also related to the heat transfer coefficient by the relationship: 

6R 

- 



A q/A = h(TH-TC) or h - Tg/ T 
H C 

Substituting (111) into (110) yields the average dimensionless 

heat transfer coefficient for the enclosure 

hL 1 deR 
NuL 

k 4( dx )x=0 
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(112) 

Wilkes [50] determined a relationship similar to this, except 

that he apparently did not consider the half -cell length and, instead, 

used the full length (L). As a result of this difference, a plot of 

his calculated Nusselt number versus Rayleigh number shows a 

greater slope (by a factor of two) than any known empirical or analyti- 

cal results. 

Other points of contention are the manner in which the tempera- 

ture gradients are measured, the means of averaging and the weight 

given to those gradients which exist in the proximity of the enclosure 

ends. 

Wilkes attempted to expand 
deR 

dx 
into a Taylor expansion by 

using two -, three- and four -point expansions. He found a great vari- 

ation in the resulting Nusselt number due to the oscillations which 

occurred in the higher order terms of the polynomial. When the ex- 
de 

pansions were applied to a trial problem, the variation in 
c 

was 

on the order of ±30% from the mean value. Wilkes finally used the 

R 



four -point expression for calculating 
d6R 

dx 
and used an arithmetic 
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mean to determine the Nusselt number. Temperature gradients in 

the proximity of the enclosure top and bottom were weighted by a fac- 

tor of one -half. 

MacGregor [27] used a two -point approach for his calculation of 

the wall temperature gradient. His dimensionless temperature was 

based on the full enclosure difference TH - TC. For the calcula- 

tion of the Nusselt number, MacGregor also used an arithmetic mean 

and weighed end effects in a manner similar to Wilkes. 

The solutions obtained by Wilkes used a space increment, bx, 
L 

of . 1. In the calculation of the temperature gradient, the first and 

second order terms were based on those chosen increments. The re- 

sults of this study show that a dimensionless increment (L) of . 1, 

from the heated wall, is too large to correctly evaluate the gradient 

at the wall. This is especially true for the higher Rayleigh number 

computations. 

Therefore, for dimensionless heat transfer coefficients calcu- 

lated in this study, the temperature gradient at the heated wall was 

measured using a two -point approximation over an interval of 

bx 
= . 025. The arithmetic averaging technique to obtain Nusselt 

numbers was also adopted. 

A summary of the computer solutions obtained for the 
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rectangular enclosure problem is shown in Table 2. All computer 

calculations reported are for a fluid Prandtl number of . 72. 

For the case of an aspect ratio of 10, two hundred (. 1 x . 5) 

'fluid'' cells are used, in a 10 x 20 array, and some 40 additional 

cells are utilized to define the horizontal and vertical boundaries. 

With an aspect ratio of 5, the number of fluid and boundary cells are 

doubled, giving a total of 480 cells utilized. 

Table 2. Summary of computer results for the 
vertical rectangular enclosure. 

Run St RaL H/L NuL 

1 

2 

3 

4 

5 

. 001 

. 001 

001 

. 001 

. 001 

2 x 103 

5 x 103 

6 x 103 

3 x 103 

7. 5 x 103 

10 

10 

10 

5 

5 

1 

1.23 

1. 285 

1. 13 

1. 63 

6 .001 1.5x 104 5 2.09 

7 .001 3x 104 5 2.5 

8 . 0001 6 x 104 5 3. 05 

9 . 0001 9 x 104 5 3. 32 

10 . 0001 1.5 x 105 5 3.89 

11 . 0001 2.5 x 105 5 4.4 

Runs 1 through 8, initialized at U = V = 0, required approxi- 

mately 25 minutes of 7094 computing time to satisfy the steady state 

criteria. Runs 9 through 11 required a smaller time to satisfy the 

stability requirements. For these runs, an average of approximately 

. 
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50 minutes of computer time was required. However, by using the 

steady solution of Run 9 to initialize Run 10, the total computer time 

to achieve steady state was halved. 

At each printout interval, horizontal and vertical velocity and 

temperature values are shown for all points surrounding a cell. 

Therefore, for each fluid cell, ten velocity components are printed. 

In addition, such terms as U ?., V.., a.., R.. and D.. are also 
13 

printed, representing values at the cell center. The term D.., 

which represents the residual in the continuity for a cell, never at- 

tained a value greater than 10 2 in any of the computer printouts. 

A typical printout is not shown as part of this dissertation. Due 

to the number of points being printed out in one time interval, a print 

format is required which is rather confusing to one not completely 

familiar with the program. Instead, a portion of the reduced data in 

tabular form (Appendix B) is shown for the transient and steady state 

solutions for a Rayleigh number of 1. 5 x 105. 

Computer Program Tests 

Some preliminary program tests were initiated to determine the 

effects of differing time increments, cell sizes and boundary condi- 

tion changes. These tests were conducted to gain some assurance as 

to the validity of the computed results and to test the stability and /or 

convergence response of the finite difference equations being used. 

13 13 13 
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The boundary tests were simulated using an aspect ratio of 10, spe- 

cifically, for Runs 2 and 3 shown in Table Z. These particular runs 

were chosen since a smaller number of cells were required, some- 

what relieving the need for long computational times. 

Isothermal wall temperatures for Run 2 were set at the de- 

sired levels with U and V initially set equal to zero. With ref- 

erence temperature (TR) maintained at the arithmetic mean of the 

hot and cold walls, calculations were made until the steady state re- 

quirement had been fulfilled. The final solution was taped and used 

as an initialization condition for Run 3. The computational procedure 

was extended to a second steady state solution. To verify that this 

Run 3 could have been obtained by starting from U = V = 0, an 

additional run was made with these velocity components initialized at 

zero. This last run was compared with that obtained by initialization 

from Run 2, to determine if the final solutions were in close agree- 

ment. The point of this exercise was to show that identical solutions 

could be obtained independent of the initialization point. The result 

of this study was that the two solutions did agree to the fourth signi- 

ficant figure. 

A second program test was initiated to determine the solution 

differences incurred by altering the chosen cell size (25x . 1, 

25y = . 5) to smaller and larger values. These tests were performed 

specifically for a Rayleigh number of 1. 5 x 104 and an aspect ratio of 

= 
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5 (Run 6). 

Based on some previous work, it appeared that chosing a 

b1 
26x .1 or - _ . _5 was quite respectable. The use of a square 

mesh (i. e. 2bï: .1= 26y) was unrealistic on the basis of the number 

of cells required and the effect on computer time. Therefore, trial 

runs of 2by = . 25 and 25y = 1. 0 were initiated so that the comput- 

ed results could be compared, on an overall basis, to the 26y= . 5 

case. 

For the smaller mesh size, the average Nusselt number was 

calculated to be some 6% lower than that computed for 28y = . 5. 

However, the computational time was increased by 35 %, due primar- 

ily to doubling the total number of cells required to simulate the prob- 

lem. For a 28y = 1. 0, the calculated Nusselt number was 14% high- 

er than that value at 26y = . 5, with a reduction of approximately 20% 

in computing time. It appeared that a 2by = . 5 was a reasonable 

choice when considering the accuracy desired. The increase in com- 

puter time for greater accuracies, in this case, was not warranted. 

In addition to the boundary and cell size tests, time increment 

changes were altered (to lower values) to determine if this had any ef- 

fect on the transient solution. Specifically, Et was changed from 

. 001 to . 00'l and identical printouts of total time were compared. 

Comparisons were trade at three periods during the solution: at the 

beginning, midway and near the steady state solution. In all cases, 

ï 
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printouts for the same total time (from initialization) differed by only 

negligible amounts. 

Validity of Results 

Since the finite -difference equations used in this study are not 

amenable to any strict mathematical proof, the validity of the com- 

puted results must be shown by some other means. Aside from the 

program tests stated in the preceding, further proof is required ei- 

ther by comparison to existing experimental data or comparison to 

known analytical solutions. The intent is to compare the trends of 

the computed results obtained here, versus the general trends of the 

experimental data and those data obtained through other analytical 

techniques. 

Steady state temperature profiles for air in a rectangular en- 

closure have been experimentally evaluated and reported, but com- 

parable data concerning velocity profiles are not so easily obtained. 

The temperature data published by Carlson [3] provide a basis for 

comparing temperature distribution within the enclosure and the gen- 

eral trends of the computer results. Furthermore, since the momen- 

tum and energy equations are coupled, a fair agreement of the tem- 

perature profiles implies that the velocity components are reasonably 

correct. 

No analytical solutions are known to exist for the set of 
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difference equations used in this study. However, as stated previous- 

ly, MacGregor's analytical results for aspect ratios of 1 and 10 can 

be qualitatively compared to the results of H/L = 5 studied here. 

On the basis of Carlson's data, a computer study was performed 

on a model with an aspect ratio of 10 for Rayleigh numbers on the 

order of 5 x 103. A rectangular enclosure to the exact dimensions 

used by Carlson was not attempted since the total number of cells re- 

quired would have exceeded the storage capabilities of the 7094. 

The computer results are shown in dimensionless parameter 

form in Figures 14 through 17. Comparative experimental results 

are also shown for the top, mid -height and bottom regions of the en- 

closure. For a Rayleigh number of 5 x 103, conduction dominates 

for most of the mid -height region with convective effects prominent 

at the top and bottom. 

For the most part, the present study indicates a reasonable 

agreement with existing data and, excepting some very small x/L 

values (in Figure 14), the computer results are consistently close to 

interferometric data for y/H = 0. 071. Similar results for the mid- 

dle of the cell and the top of the cell are shown in Figures 15 and 16, 

respectively. One last comparison can be made which portrays the 

variation of the vertical center line temperature of the cell versus a 

dimensionless height. In this case, excellent agreement is achieved 

up to a y/H value of approximately . 5. Beyond this a smooth curve 
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exists for the computer results, however, the experimental data are 

somewhat skewed for some unknown reason, possibly indicating ex- 

perimental error. 

In addition to the preceding, a Grashof number of approximately 

200 was used in a run. For this case, one would expect convection 

effects to be extremely small, if present at all. All experimental 

data that exist with this Grashof number indicate an average Nusselt 

number of approximately 1, which is indicative of pure conduction. 

When this case was run with the computer program, profiles were 

exactly linear throughout the majority of the enclosure, deviations oc- 

curring at y/H values less than . 05 and greater than . 95. 

The average Nusselt number correlation offered by Eckert and 

Carlson [9] was 

NuL = . 119(GrL). 3(H/ 1 
(113) 

for a Grashof number range of 3 x 103 to 2 x 105. For the paramet- 

ers used in this study, Equation (119) yields values which have a max- 

imum deviation of 9% in comparison to this study. These results, 

although encouraging, are for a very limited range of Grashof num- 

bers. 

L). 
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Velocity and Temperature Profiles for Specific 
Rayleigh Numbers 

The computer results for an aspect ratio of 5 and a Rayleigh 

number of 1. 5 x 104 are shown in Figures 18 through 20. As would 

be expected, rather steep profiles occur at the bottom of the heated 

plate and the top of the cold plate. Referring to the generalized flow 

regimes shown in Figure 1, a Grashof number of 1. 5 x 104 repre- 

sents the upper portion of the transitory zone from conduction to 

boundary layer formation. 

The temperature profiles are nearly anti - symmetrical with re- 

spect to the dimensionless height of . 5. The center region 

(. 3 < 
x 
L 

< . 7) shows very little change in slope as a result of the 

fairly high velocities occurring on both the hot and cold walls. This 

indicates that the primary mode of heat transfer is by convection, and 

conduction, at least in the central region, is negligible. 

Special note is made of the profiles which result for the top and 

bottom of the enclosure. In both cases, they represent the maximum 

temperature gradient at the hot and cold wall, respectively. Temper- 

ature gradients away from this point (up the heated wall, for example) 

decrease steadily and approach zero at the top. 

The vertical velocity profiles also exhibit an anti- symmetrical 

arrangement with the dimensionless mid -height. The profiles appear 

as fairly smooth curves at y/H = . 5, but then become slightly 
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distorted at the top and bottom. Notice that as the velocity increases 

to the mid -height (on the hot wall) and then decelerates to compensate 

for the approaching horizontal wall. This has a tendency to broaden 

the velocity profiles at the top wall and cause a shift of the zero 

point to the right of the centerline. Figure 19 also indicates the iden- 

tical occurrence for the cold wall. 

The horizontal components of velocity exhibit less abrupt 

changes than the vertical velocity profiles, with maximum values oc- 

curring at the top and bottom. At positions near the vertical walls, 

these components are nearly zero, which indicates that in this region, 

the horizontal component has very little effect on the vertical compon- 

ent. 

The appearance of slightly negative components at the hot wall 

are not the result of an incomplete steady state solution; they can be 

explained on the basis of the continuity equation. For positions near 

the heated wall, attention is directed to the diagram in Figure 21 

which represents an element of fluid adjacent to the heated wall. Re- 

call that, as in Figure 7, the heated wall is considered to be the right- 

hand wall. 

Heated wall 

Figure 21. Fluid cell adjacent to heated wall. 

V 
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From continuity, the relation which must exist between the in- 

dicated velocities is 

U+- U V+- V 
bx + by 

0 

At the heated wall, U+ is zero and solving the above expression 

for U leads to 

U = óx (V -V + 

Y 

At positions near the bottom of the enclosure (i. e. y/H = 0) fluid 

particles near the vertical wall are accelerating upward and there- 

fore U > 0 since V+ > V . At a dimensionless height of approx- 

imately . 4, a vertical deceleration for particles near the wall begins 

and continues to be in effect up to y/H = 1. 0. Therefore, V+ < V 

and U is less than zero. 

A similar analysis can be made in considering the slight posi- 

tive horizontal velocity values that exist on the cold wall. 

The center region also reflects the physical occurrence of an 

accelerating fluid and this is exemplified at a point L = . 1. Again 

referring to Figures 7 and 21, the continuity expression written as 

8U 8V 
ax ay 

or 

) 

- - 



+ -U U + V -V 
bx ( by 

105 

(114) 

must be satisfied. 

When the slope of óx 
is negative, V+ > V , indicating an 

accelerating fluid in the y direction. At a dimensionless height of 

au 
ax . 4, the slope of is essentially zero, indicating the point at 

which deceleration begins. Beyond this point, the slope of au - be- 

comes positive and for this to be true, Equation (114) indicates that 

V must be greater than V and a deceleration of the vertical 

component begins. With greater positive slopes, the deceleration 

phase continues up to the top wall. 

By comparison, the velocity and temperature profiles (Figures 

22 through 24) that exist in the boundary layer region exhibit some 

characteristics which differ from the transition zone. The slopes of 

the temperature profiles, for instance, are not maximized at the lead- 

ing edges of the hot and cold vertical walls. This maximum value now 

occurs at a position away from the leading edge (y /H = . 1) and then 

proceeds to decrease as one would expect. This phenomenon was also 

analytically derived in the work of MacGregor and was explained to be 

the result of the cross flow occurring in the vicinity of the ends. In 

MacGregor's results for an aspect ratio of one, the horizontal and 

vertical components of velocity were nearly identical. In the case 

shown here, the horizontal component is approximately one -half that 
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of the vertical or in the same proportion exhibited for the transition 

zone case. 

In this region, a phenomenon may be occurring which parallels 

the forced convection case at the entrance of a conduit. However, in 

this case the heat transfer coefficients are momentarily retarded due 

to the cross flow effects. Beyond the leading edge of the hot and cold 

plates, the expected trend of temperature gradients is re- established. 

Another basic difference of the temperature profiles exhibited 

is the so- called "inversion" effect that occurs from approximately 

. 3 < x/L < . 7 . Recall that in Figure 18, the temperature profiles of 

the central region exhibited a zero or slightly positive slope. In the 

boundary layer case, the profile indicates a negative slope for a good 

portion of the cell height. This phenomenon was also observed by 

others, and is explained to be the result of constant vorticity in the 

central core. At higher Grashof numbers, as observed in the com- 

puted results of this study, the inversion pattern becomes more ac- 

centuated and is apparently proportional to the strength of the vortic- 

ity. 

With respect to the velocity profiles, note that in the mid - 

height region, the resulting profile shape simulates those profiles 

identifiable with laminar boundary layers in forced convection flow. 

Near the leading edges of both the cold and hot walls, the profiles are 

skewed, reflecting a rapid acceleration of the flow in that area. 
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The horizontal velocity components (Figure 24) show about the 

same trends as indicated in the transition zone, however, there is an 

appreciable difference in the maximum velocities at y/H = . 1 ver- 

sus those at.2 and .4. 

Rayleigh Number Variation 

Figures 25 and 26 are shown to portray the difference in tem- 

perature and velocity profiles that occur at mid - height at the various 

flow regimes. 

In the conduction region (Rae 102) temperature profiles are 

linear, consistent with a negligible convection effect, and vertical 

velocity components are essentially zero. 

Convection effects are slightly noticeable at Ra = 3 x 103, re- 

sulting in a slight deviation from the linear profile at the vertical 

walls. The primary mode of heat transfer in the central core is still 

conduction. At this Rayleigh number value the vertical velocity pro- 

files are small in magnitude and anti - symmetrical about x/L = . 5. 

At a Rayleigh number value of 1. 5 x 104, convection dominance 

is apparent with the appearance of an isothermal central core. Flows 

beyond this Rayleigh number are shown to be more distorted and the 

boundary layer effect close to the walls is more pronounced at still 

higher Rayleigh numbers. 

The appearance of the temperature inversion pattern occurs at 
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approximately 9 x 1Ó for the aspect ratio of five used in this study. 

Aspect Ratio Variation 

Although this study is confined primarily to the consideration of 

one particular aspect ratio, some comparison can be made to an ear- 

lier computation for an Ii /L = 10. Figures 27 and 28 represent plots 

of the velocity and temperature profiles for comparable Rayleigh 

numbers. 

The resulting temperature profiles appear reasonable in that 

one would expect the convective effects to be more prominent for the 

lower aspect ratio for a given Rayleigh number. Then, as the aspect 

ratio is increased, the temperature profiles tend to increase also, 

and in the limit (i. e. , infinite plate case) approach the linear profile. 

Increases in the convection effect are also noted by the overall 

increase in the velocity field at the lower aspect ratio. 

Transient Temperature of Velocity Profiles 

Figures 29 and 30 are included to describe the transient stages 

in the temperature and velocity patterns in obtaining a steady state 

solution. In an earlier section, reference was made to experimental 

data by Landis and Yanowitz [24] which exhibited velocity "overshoot'" 

prior to steady state stabilization. This phenomenon was also ob- 

tained analytically by MacGregor in his studies. MacGregor also 
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indicated a considerable'bvershoot "in temperature for an aspect ratio 

of one and RaL = 104. 

This is not the case for the profiles shown in Figure 29. Note 

that in this case the temperatures adjacent to the hot wall are fairly 

well developed after . 8 of the required time for steady state has 

elapsed. In the meantime, a considerable amount of "overshoot" has 

been experienced in comparison with the finalized velocity profile. 

In the case of higher Rayleigh numbers (1. 5 x 105), however, 

this study does show an"overshoot" with respect to velocity profiles 

and a comparable'bvershoot "in temperature values. The phenomena 

shown in Figures 31 and 32 are typical of both the temperature and 

velocity profiles throughout this region. 

Landis and Yanowitz witnessed the "overshoot" phenomenon for 

the application of constant flux heating. For the calculations of this 

study, recall that the system was initialized with zero velocities and 

at t = 0, the temperature boundary conditions were applied. At 

higher Rayleigh numbers, the temperature differences imposed are 

of considerable magnitude, which produce high velocity disturbances 

within the fluid region. This would closely resemble the case of a 

constant flux boundary condition, where the flux is applied immedi- 

ately and held constant until the steady state condition is achieved. It 

would seem that in applying the isothermal boundary condition exper- 

imentally, one would gradually apply power to avoid major 
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temperature differentials within the plate. In this manner gross dis- 

turbances in the fluid velocity field would, in all probability, be ne- 

gated. Therefore, this writer concludes that the resulting transient 

profiles, shown in Figures 29 through 32, are high dependent on the 

manner in which the boundary conditions are applied in the computer 

program. It is doubtful that the computed results could be experi- 

mentally reproduced under the normal practice of applying energy at 

the boundaries. 

Overall Heat Transfer Characteristics 

It was noted previously that, for an aspect ratio of ten, the 

average Nusselt number agreed fairly well with a known experimental 

correlation for a restricted range of Grashof numbers. Further 

comparisons, with respect to existing analytical and experimental 

values, are offered in Figures 33 and 34. 

MacGregor's [27] analytical studies included the evaluation of 

the dimensionless heat transfer coefficient for various aspect ratios. 

The Nusselt numbers obtained in this study (for an aspect ratio of 

five) are shown in Figure 33. Included are analytical results for as- 

pect ratios of one and ten, as referenced. Note that in all cases a 

rapid increase in the Nusselt number is apparent for Rayleigh num- 

bers slightly above the conduction regime. At a point of approximate- 

ly 2 x 104, an inflection point is encountered. Beyond this, the rate of 
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increase in Nusselt number, for larger Rayleigh numbers, is reduced. 

Table 3 is a listing of some notable heat transfer correlations 

for the rectangular enclosure based on the work of various authors. 

It is apparent from these correlations, that considerable differences 

exist depending upon which parameters are considered significant in 

describing the heat transfer condition. 

A few of the correlations shown in Table 3 are plotted in Figure 

34 for the aspect ratio of interest in this study. Also included are 

the analytical results of Wilkes for an aspect ratio of one and the re- 

sults of this study. The straight line representing this study is within 

± 5% of the calculated values with the maximum deviation occurring at 

the end point of RaL = 2. 5 x 105. 

Some salient points exhibited by Figure 34 worthy of mention 

are: 

The overall correlations of Mull and Reiher (per Jakob), 

Emery and Chu, and Carlson and Eckert are all reasonable rep- 

resentations of the analytical results of this study. This is to 

be expected for the correlation of Emery and Chu, since a con- 

siderable amount of their data were taken at an aspect ratio of 

five. Jakob's representation of Mull and Reiher's data is based 

on a fairly wide range of aspect ratios (see Table 3). However, 

in reality, the majority of the data points used for this correla- 

tion were taken at aspect ratios between 5 and 20. This is also 



Table 3. Heat transfer :orrelations for heat transfer in a rectangular enclosure. 

Author 
Reference) 

Range Range Range 
Correlation Correlation Correlation Remarks 

Jakob [22] (from 

dat.al 

and Reiher 
GrL< 2000 

NuL = 1 

2 x 103< GrL< 2 x 105 

NuL = . 18(GrL)1 H/L) 
/4( -1/9 

2 x 104< GrL< 2 x 105 

NuL = . 065(GrL)1/3(H/L) -1/9 
3.12< H /L<42. 2 

eGraaf and 
der Held 

Gr < 7 x 103 
L 

NuL = 1 

104< Gr < 8 x 104 
L 

NuL = . 0384GrL' 
37 

2 x 105< GrL 
L 

NuL = . 0317GrL' 37 
Noted negligible 
H/L effect 

Eckert and 
Carlson [9] 

Gr < 3000 

= 1 

3000<Gr< 2 x 105 

NuL = .119(GrL)' 3(H /L) ' 1 

1 < H./L<47 

Emery [12] 5 x 103< RaL< 5 x 105 

1/4 .285(H/L)- 9 -1 /4RaL\ 1/4 
5 x 105< RaL< 8 x 106 

NuL = . 0516(RaL)1 /3 
5<H/L<10 

-5,21 NuL {1 +' 

J Dropkin and 
Sommercales 

[7] 

5 x 104< RaL< 7 x 108 

074 1 / 3 
NuL = . 049Pr' RaL 

2 < Pr< 11, 560 

4.4<H/L<16.6 

Emery and Chu 
[13] 

5 x 103< RaL< 107 
Overall correlation 
Nu = .280(RaL)1 /L) -1/4 

H/L = 5 and H/L = 10 

Constant flux heating 

Landis and 
Yanowitz [24] 

2 x 103< Ra 0 1 < 1.5 x 

279 Nu = . 123(Ra)' 
H/L = 20 

MacGregor [2] 104 <RaL< 107 

Overall correlation 

Nu = . 42(RaL)1 
/4(H -. 3(Pr). 012 

106< RaL 

Nu = . 046(RaL)1 
1/3 3 

10 <H /L <40 

3 10 t.0<<2 x 

I 

T 

[5 
I 

NuL 

(Pr) 

L L L L 

IL 
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/L) 
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the case for the data obtained by Eckert and Carlson. 

The correlation of Landis and Yanowitz shows the largest 

deviation from the results of this study. Their data were ob- 

tained for an aspect ratio of 20. Therefore, based on the trend 

established in Figure 33, test data for higher aspect ratios 

should yield lower Nusselt numbers for the same Rayleigh num- 

ber. This trend is apparently adhered to in Figure 34. 

The line faired through the analytical results of Wilkes does 

show a slope difference (greater by approximately two) than the 

results obtained in this study. An adjustment of his averaging 

technique, such as that offered by Equation (112), would yield 

results reasonably close to known experimental data. 

For this study, the line shown in Figure 34 in equation form is: 

NuL = . 137(RaL)'28 .28 

3 x 103 < RaL < 2. 5 x 105 

(116) 

The magnitude of the slope (. 28) is comparable to . 279 obtained by 

Landis and Yanowitz. 

Another possible correlation would be to use two separate 

curves between Rayleigh numbers of 3 x 103 and 2 x 104 and between 

2 x 104 and 2. 5 x i05, respectively. The two curves so obtained 



would then be represented by 

and 

NuL = . 046(RaL)' 
403 

NuL = . 153(RaL)' 
272 
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(117) 

(118) 

respectively. The correlations shown in Equations(117) and (118) are 

most representative of the differences in overall heat transfer per- 

formance for the transition zone and laminar regimes. 

In reviewing the various correlations offered by previous exper- 

imentors in this area, it becomes apparent that this study correlates 

best with data obtained for aspect ratios in the proximity of five. In 

another case, MacGregor's correlation paralleled that of Landis and 

Yanowitz and both sets of data were for similar aspect ratios. This 

would imply that a correlation in the form of 

Nu = G (Ra )a(H/L )b 
L L 

would be more applicable. 

L 
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V. CONCLUDING REMARKS AND SUGGESTIONS 
FOR FUTURE WORK 

With respect to the objectives of this study, a computing tech- 

nique has been formulated capable of solving the governing equations, 

for mass, energy, and momentum in finite difference form which ap- 

ply to the rectangular enclosure problem. The results of this study 

compare favorably with recent experimental and analytical data of 

other workers. In addition to this, the computed results simulate the 

expected transient conditions, as well as the steady state conditions, 

based on the written observations of past work. 

For the rectangular cell, the present method appears to have 

merit between Rayleigh numbers of 102 to 105. Beyond this, at least, 

three factors are to be considered: 

First is the assumption that constant property fluids are 

correctly portrayed, for even the isothermal boundary case. 

An even greater deviation would be encountered for the constant 

flux problem. 

Second are the economic considerations involved in the 

computational times required to obtain a solution at high Ray- 

leigh numbers. In conjunction with this concern, it is expected 

that a smaller mesh size will be mandatory in order to reflect 

the magnitude of the velocities in the vicinity of the vertical 

walls. This in itself will prohibit the allowable time increment 
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required to insure stability. 

And lastly, beyond the laminar boundary regime, the equa- 

tions programmed in this study will not, in all probability, cor- 

rectly portray the physical phenomena. As an example, certain 

compensations must be made to include turbulent shear stresses. 

Within the scope of the present program, solutions for an in- 

clined vertical enclosure up to and including the horizontal case are 

realizable. It appears that solutions could be studied for a variety of 

geometrical and fluid property parameters. 

It would also be worthwhile to provide solutions for the variable 

parameter cases, using the basic technique used in this study of re- 

taining the pressure term. This would allow some detailed analyses 

of the natural convection effect for liquids in which pressure differ- 

entials within an enclosure may be of considerable magnitude. Solu- 

tions for the cases concerning liquid metals would be of interest in 

nuclear reactor operations. 

However, this writer feels that the most significant feature of 

this program lies in its adaptability to situations involving in -flow and 

out -flow boundaries. This provides means for solving a variety of 

problems concerning "mixed" modes of convection (natural and forced) 

for either the constant or variable property cases. Along the same 

line, solutions to various "stationary stall" problems could be at- 

tempted to possibly gain a keener understanding of the flow and energy 

mechanisms that cause this phenomenon. 
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APPENDIX A 

Stability Criteria 

There exist two classic methods for examining the stability of 

finite -difference equations. The easier of the two is accomplished 

by substituting a Fourier series expansion of the dependent variables 

into the equations and examining the resulting form for maximum and 

minimum values. The second method involves expressing the equa- 

tions in matrix form and examining the resulting form of the eigen 

values. Stability analyses shown in this section are predominant ly 

the Fourier substitution type except for the von Neumann analysis 

which is a combination of both methods. 

Fromm [ 14] analyzed the momentum equation in wort i city form 

for two separate cases, with the transport terms omitted and zero 

viscosity. In both these cases, the pressure term had been deleted 

since it was automatically eliminated by taking cross partials. 

For the first case, Fromm started with the momentum equa- 

tion written in finite difference form with bx = by = a. 

Wnj 

+ 1 n con 

+ 
6 

[(UW)n -(UWn +(VW)n 
-(VW)ij 

2a i-1, )i+l, j i, j-1 
n 
i, j+1] 

v6t n n n n n] 
+ 

-Lw. 
í. 

.+w. j+wi-1, J i. 
+w 

, J+1 i, 3-1 -4w 
1J 

a 

With the transport terms deleted, (A- 1) now takes the form of-. 

(A -1) 

= ij 



n+1 n v 6 n n n n n 
wi' - wi' + 2[ wi+1 +Wi- 1 

+wi 
+l+Wi 1 

4w1 
J J a 

2 ,J ,J ,.l- J 
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(A-2) 

The Fourier analysis of stability assumes that at any time, t, 

within the computation scheme, the dependent variables, (x, y) may 

be expanded into a series in the form, 

n n iax ipy 
Lo = wOr e e 

13 
(A -3) 

where i is the imaginary number - 1 and r n is the amplifi- 

cation factor at some arbitrary n advancement in time. From the 

expression in (A -3), it is mandatory that I r I < 1. 

Now using the assumed expression in (A -3), components of 

Equation (A -2) become: 

n+1 n+1 iax ipy 
wi. - wOr e e 

J 

n n ia(x+l) ipy 
wi+1 , - wor e e 

J 

n n ia(x-1) ipy 
Loi- _ wOr e e 

n n iax i(3(p+1) 
í, 3, +1 w o r e e 

n n iax iß(y-1) 
Loi _ wOr e e 

, J- 

Substitution into Equation (A -2) leads to 

, 

_ 
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and 
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n+l iax ißy n iax ißy 
Or 

e e - WOr e e 

vót n iax ißy, ia -ia iß 
= 2 Wr e e (e +e +e +e -4) -4) (A-4) 

a 

ia -ia 
e +e =2 cos a 

e1ß + e 
-lß 

= 2 cos ß 

therefore, Equation (A -4) reduces to: 

or 

r - 1 -vZt(2 cos a+2cos ß-4) 
a 

2v 6t r=l+ (cos a+ cos ß- 2) 
a 

The maximum absolute value of the term (cos a+ cos ß -2) 

occurs when a= R = Tr or, in reference to the Argand diagram, 

when r lies along the negative real axis. In this case, r must 

be chosen such that r > -1 to minimize the amplification at any 

given computational step. 

Therefore, 

1 - 8v6t> 
-1 

a 
2 - 

or 

-43 



and finally 

8vót<2 
a 2 - 

vbt i 
2 4 a 
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(A -5) 

Equation (A -5) represents the stability relationship for the case 

of deleted transport terms in the vorticity- momentum equations. 

Fromm then proceeded to analyze Equation (A-1) under the con- 

dition of zero viscosity by linearizing the velocity terms. 

By allowing 

Ui = U 
0 

(1+5111..3 ) 

and 

V = V0 (1 +o ) (A -6) 

where both 

ón. and A L. « 1 
13 13 

and V0 and U0 are velocity values which would be obtained if 

the exact solution of the partial differential equations existed. 

Now, applying Fourier expansions as in the previous case, a final 

expression results: 

St2 2 

a2 
(UO sin a +V sin P) < 0 

il il 
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which cannot be satisfied for all a and P. Fromm concluded that 

for the case of zero viscosity, Equation (A -1) is unconditionally un- 

stable. 

It is interesting to note at this point that an analysis identical to 

that used in the preceding case, applied to the momentum equation 

2 
au 8U 8y 8 

2 
U a U 

8t + 
U 

8x + 
v 

8y - v( 2+ ) 
8x 8y 

(A -7) 

for the condition of zero viscosity, can be shown to be stable under 

certain conditions. To show this, the central finite difference form 

must be used and linearized as shown in Equation (A -6). A Fourier 

expansion of the resulting expression leads to a stability criterion in 

the form 

UObt 

bxby - < 
2 

(A -8) 

Again using the central difference method, an examination of 

the required criteria for the case of deleted transport terms in Equa- 

tion (A -7) results in the following: 

2vót < 
bx2by2 

2 2 bx+by 
(A -9) 

A stability expression similar to that of Equation (A -9) may be 



achieved for the energy equation, written in form: 

ôT U8T VâT v( a2T82T at ax ay Pr 
Y 

2 
8 

2 

For the case where U 
aT and 
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V ôT 
have been deleted, the stabil- 

Y 

ity criterion can be established as: 

2v8t < Pr( 8x26y2 

bx2+by2 
(A-10) 

which, for air, is only slightly more stringent on the time step for a 

given grid size. 

All the preceding criteria establish the stability requirements 

on a single equation basis with the stipulation of certain conditions 

imposed to provide a tractable analysis. For the type of solutions 

required for this dissertation, it was important to determine the sta- 

bility requirements of the momentum and energy equations as a set. 

This type of analysis invariably becomes quite complex since the ve- 

locity and temperature terms are coupled. 

Hellums and Churchhill [20] analyzed the set of momentum and 

energy Equations (20) and (21), as shown in Chapter II, to establish a 

relationship for the stability criteria. Their analysis considered the 

finite difference equations in explicit form. A Fourier expansion of 

the temperature and vorticity function were substituted in Equations 

ax 

) 

+ 



(20) and (21). The resulting forms could then be written in matrix 

form and the amplification matrix was then examined for limiting 

cases. 

Hellums and Churchhill obtained a stability relationship of 

Iot vlt 2t 2Qt < 
Ax Y Pr(O7)2 pr(o)2 

_ 
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(A-11) 

for fluid Prandtl numbers less than 1. The terms in Equation (A -11) 

represent dimensionless quantities identical in form to those shown 

in Equation (21a), Chapter II. 

The above criterion has since been used by Wilkes [50] and 

MacGregor [27] to establish allowable time increments for a given 

mesh size and the expected magnitude of velocities. Wilkes, how- 

ever, used an implicit form of the equations and experienced insta- 

bility problems at high Grashof number 105). 

MacGregor used the identical criteria, but he used a factor of 

. 7 rather than 1. 0. 

At best, Equation (A-11) can only be offered as a guide in selec- 

ting an allowable time increment. By substituting the various dimen- 

sionless terms into Equation (A -11), the following results 

Iv16t ivlót 2vbt 2v5t 
< 1 

óx by Próx2 Prby2 

1 

(r 
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For this particular study, the criterion used for the majority of the 

temperature calculations was: 

I I maxbt U 
I 

Vimaxbt 2v6t 2v6t <. 3 
Sx by Prbx2 Prby2 

(A_- l ? ) 
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APPENDIX B 

Reduced Computational Data for RaL = I. 5 x 105 Case 



Dimensionless temperature (9); t /tss = .1; Ra = 1.5 x 105 

x 

v/ H\ .025 .05 .1 .15 .2 .25 .3 .35 . 4 .45 .5 .6 . 7 .8 . 9 .95 . 975 

0 .195 .274 .395 .46 .49 .494 .500 .500 .500 .500 .500 .500 .512 .564 .694 .8 .855 
.1 .173 .243 .36 .434 .473 .491 .500 .500 .500 .500 .500 .500 .508 .539 .651 .772 .816 
.2 .169 .237 .351 .426 .468 .491 .500 .500 .500 .500 .500 .500 .503 .534 .646 .77 .816 
.3 .169 .237 .351 .426 .468 .491 .500 .500 .500 .500 .500 .500 .503 .534 .646 .77 .816 
.4 .169 .237 .351 .426 .468 .491 .500 .500 .500 .500 .500 .500 .503 .534 .646 .77 .816 
.5 .169 .237 .351 .426 .468 .491 .500 .500 .500 .500 .500 .500 .503 .534 .646 .77 .816 
.6 .169 .237 .351 .426 .468 .491 .500 .500 .500 .500 .500 .500 .503 .534 .646 .77 .816 
.7 .169 .237 .351 .426 .468 .491 .500 .500 .500 .500 .500 .500 .503 .534 .646 .77 .816 
.8 .169 .237 .351 .426 .468 .491 .500 .500 .500 .500 .500 .500 .503 .534 .646 .77 .816 
.9 .167 .234 .347 .421 .465 .487 .49 .500 .500 .500 .500 .500 .503 .53 .638 .764 .812 

1,0 .149 .2 .304 .378 . 438 .47 4486 . 494 .500 .500 .500 .500 . 498 .512 .604 . 734 .79 

Dimensionless vertical velocity (vL ); t /tss = .1; Ra = 1.5 x 105 

\x/L 
Y/ H .025 .05 .1 .15 .2 .25 .3 .35 . 4 . 45 .5 .6 .7 .8 . 9 .95 .975 

.1 56 57 45.5 22 6.85 0.25 -1.5 -1.23 -0.26 0.85 2.1 4.26 4.25 -8.7 -51.5 -61 -58 

.2 60.5 64 54.5 30.5 13.2 4.3 1.7 0.09 -0.002 -0.17 0.41 0.76 -0.61 -13.6 -55.5 -64.5 -61 

.3 61 65 56.5 32.2 14.5 5.45 1.72 0.44 0.11 0.05 0.08 0.032 -1.65 -14.6 -56.5 -65.4 -61.5 

.4 61.5 65.5 56.6 32.6 14.7 5.65 1.85 0.52 0.13 0.03 0.01 -0.11 -1.85 -14.8 -57 -65.5 -61.8 

. 5 61.5 65. 56. 6 32. 6 14. 8 5. 7 1. 87 0. 53 0.13 0. 02 -0. 005 -0.14 -1. 9 -14. 8 -57 -65. 5 -61. 8 

.6 61.5 65.5 56.6 32.6 14.8 5.65 1.85 0.5 0.1 0.003 -0.02 -0.14 -1.88 -14.8 -56.5 -65.5 -61.5 

.7 61 65 56.5 32.4 14.6 5.45 1.64 0.32 -0.04 -0.1 -0.085 -0.12 -1.75 -14.5 -56 -65 -61.4 

.8 60.5 64.5 55.5 31.4 1 3. 6 4.4 0.61 -0.56 -0.78 -0.65 -0.42 -0.009 -1.1 -15.2 -54.5 -64 -60.5 

.9 58 61 51.5 27 8.65 -0.7 -4.25 -4.9 -4.3 -3.25 -2.08 0.25 1.47 -6.85 -45.3 -57 -56 



Dimensionless 

\, 

horizontal velocity ( 
UL 

t /tss = .1; RaL _ 1.5 x 105 

x/L 

. 025 .OS . 1 .15 . 2 . 25 , 3 . 35 . 4 . 45 .5 . 6 . 7 .8 . 9 . 95 . 975 

.1 

.2 
0.64 

-0.09 
0. 01 7 

1.27 
0.18 
0.03 

3.56 
0.54 
0.1 

5.67 
0.94 
0.2 

7.1 
1.31 
0.25 

7.95 
1.55 
0.3 

8.4 
1.73 
0.33 

8.65 
1.83 
0.36 

3.75 
1.89 
0.37 

8.65 
1.88 
0.37 

8.55 7.77 
1.82 1.57 
0.36 0.31 

6.33 
1.16 
0.23 

4.32 
0.7 
0.14 

2.26 
0.3 
0.06 

0.1 
0.11 
0.02 

0.51 
0.06 
0.011 

, . .003 .006 .02 .035 .05 .06 .06 .07 .071 .071 .07 .06 .04 .026 .011 .004 . 002 
.0002 .0004 .0018 .003 .004 .04 .004 .003 . 002 . 001 .0005 - . 002 - .04 - . 004 - . 002 - .0004 - . 0002 

. 6 - . 002 - .004 - . 011 - .018 - . 03 - . 03 - . 04 - . 05 - . 06 - . 06 - , 07 - . 07 - . 06 - .048 - . 02 - .006 - . 003 

.7 -.01 -.02 -.06 - .095 -.14 -.2 -.23 -.27 -.31 -.33 -.36 -.37 -.33 -.25 -.10 -.03 -.017 

. ó -0.06 -0,11 -0.3 -0.5 -0.72 -0.93 -1.13 -1.38 -1.57 -1. 72 -1.81 -1. 88 -1.73 -1.31 - .56 - .18 - . 09 

. 9 - .515 -1.01 -2.3 -3. 3 -4. 32 -5.35 -6.3 -7.1 -7.7 -8.25 -8.55 -8.75 -8.42 -7. 1 -3.55 -1.27 - .64 

Dimensionless temperature (9); t/t 
ss 

= . 4; Ra 
L 

= 1.5 x 105 - 

x/L 

y/H 025 . 05 . 1 . 15 . 2 . 25 . 3 . 35 . 4 . 45 .5 .6 . 7 . 8 . 9 . 95 . 095 

0 . 205 . 282 . 408 . 47 . 49 . 494 . 5 . 503 . 51 . 521 .542 . 609 . 68 . 741 . 83 . 885 . 92 
. 1 . 153 . 221 . 338 . 417 . 46 . 481. . 491 . 495 . 5 . 5 . 504 . 512 . 535 . 595 . 725 . 825 . 881 
.2 .130 .187 .295 .373 .43 .46 .431 .489 .496 .5 .5 .503 .525 .585 .72 .82 .877 
.3 .121 .178 .282 .355 .416 .456 .478 .486 .496 .5 .5 .503 .525 .581 .72 .82 .877 
. 4 . 121 . 178 . 277 . 355 . 416 . 45 . 472 . 486 . 496 . 5 . 5 .503 . 5 25 .581 . 72 .82 . 8 77 
. 5 . 121 . 178 . 277 . 355 . 416 . 45 . 472 . 486 . 496 . 5 .5 .503 . 5 21 .581 . 72 .82 . 8 7 7 

.6 .121 .178 .277 .351 .416 .45 .472 .486 .496 .5 .5 .503 .521 .581 .72 .82 .877 

. 7 . 121 . 178 . 277 . 351 . 412 . 45 . 472 . 486 . 496 . 495 . 5 .503 .521 . 581 . 717 .82 .877 

. 8 . 121 . 178 . 277 . 351 . 412 . 45 . 472 . 486 . 496 . 495 . 5 . 5 03 . 517 . 568 . 704 . 81 . 871 

. 9 . 117 .17 4 . 269 . 343 . 402 . 44 . 46 . 477 . 486 . 49 . 496 . 5 . 508 . 538 . 66 . 778 . 846 
1.0 .078 .118 .169 .217 .256 .287 .318 .351 .39 .426 .456 .49 .5 .508 .59 .716 .788 

y/ 

); 

\14\ 

. , 

.- 

. 



D mensionless vertical velocity (vL ); t /tss = . 4; RaL = 1.5 x 1.05 

x/L 

y / H\ . 025 . 05 .1 .15 . 2 . 25 . 3 . 35 . 4 . 45 . 5 . 6 . 7 . 8 . 9 . 95 . 975 

. 1 84 96.5 95 65.2 39.6 25.1 1 9. 3 1 7. 9 18.7 19.7 20 14 -10 - 66 -129.5 -111.5 -86 
93.5 116 130 97.5 62 35.3 1 9. 3 11 7.46 6.1 5.25 1.34 -17 -69.8 -136.5 -119.5 -94 
95.5 120 136 107 70 39.9 20.6 10.1 4.88 2.54 1.29 - 2.8 -20.2 -72 -138 -121.5 -95.5 

t 96 121 138 109.5 72 41.3 21.2 10 4.38 1.71 0.29 - 3.9 -21.2 -72.6 -139 -122 -96 
. =; 96 122 138.5 110.5 72.5 41. 6 21. 3 9. 95 4. 2 1. 47 - 0. 103 - 4. 2 -21.5 -72. 6 -139 -122 -96 
.6 95.5 121.5 138.5 110 72.5 41.5 21 9.7 3.88 1.15 - 0.3 - 4.35 -21.2 -72 -138.5 -121,5 -96 
ï 95 121 138 109 71.8 40.6 20.2 8.6 2.76 0.05 - 1.31 - 4.95 -20.7 -70 -136.5 -121 -95.5 

.8 94 119 136 107 69.7 38. 1 17 4.85 - 1. 36 - 4.2 - 5. 36 - 7.55 -19.3 -62 -128 -116 -94.5 

.9 96 111 129 103 66 33.7 10. 3 - 5 -14 -18.5 -20.1 -18.6 -19.3 -39.7 - 95 - 96.5 -84 

UL 5 
Dimensionless horizontal velocity (v ); t /tss = . 4; RaL = 1.5 x 10 

x/L 

y / H \ . 025 . 05 .1 .15 . 2 . 25 . 3 . 35 . 4 . 45 . 5 . 6 . 7 . 8 . 9 . 95 . 975 

.1 1.34 2.68 8.6 14.75 1 9. 1 21.3 21.8 21.3 20 18.2 16.1 11.7 98.5 10.2 7.3 3.37 1.68 

.2 0.185 0.37 1.82 3.75 5.45 6.53 6.1 6.8 6.3 5.65 4.9 3.3 1.99 1.2 0.62 0.28 0.13 

.3 0.04 0.08 0.43 0.95 1.45 1.79 1.97 2 1.91 1.76 1.57 1.13 0.72 0.41 0.2 0.08 0.04 
.4 0.01 0.02 0.1 0.24 0.36 0.45 0.50 0.51 0.49 0.46 0.42 0.31 0.2 0.11 0.06 0.026 0.013 
.5 -0.0009 -0.002 0.009 0.03 0.05 0.06 0.07 0.06 0.04 0.02 0.0002 - 0.04 - 0.07 - 0.05 -0.009 0.002 0.01 
.6 -0.013 -0.026 -0.06 - 0.09 - 0.12 - 0.15 - 0.19 - 0.24 - 0.29 - 0.35 - 0.41 - 0.48 - 0.5 - 0.35 -0.1 -0.02 -0.01 
.7 -0.041 -0.081 -0.19 - 0.3 - 0.41 - 0.5 - 0.7 - 0.89 - 1.13 - 1.35 - 1.57 - 1.9 - 1.97 - 1.45 -0.42 -0.08 -0.04 
.8 -0.13 -0.26 -0.6 - 0.88 - 1.2 - 1.54 - 1.99 - 2.6 - 3.3 - 4.07 - 4.9 - 6.34 - 6.9 - 5.45 -1.82 -0.36 -0.18 
.9 -1.68 -3.37 -7.3 - 9.65 -10.3 -10 - 9.9 -10.4 -11.75 -13.8 -16.1 -20 -21.8 -19 -8.65 -2.7 -1.34 

, 

. 

, 



Dimensionless temperature (9); t /tss = : 7; 
5 

RaL = 1.5 x 10 

x/L 

y/H . 025 . OS . 1 . 15 . 2 . 25 . 3 . 35 . 4 . 45 . 5 . 6 . 7 . 8 . 9 . 95 . 975 

0 . 382 .5 25 .726 . 791 . 795 . 788 . 785 . 782 .782 . 782 .785 . 798 .823 . 858 . 91 . 945 . 97 

.1 .387 .517 .68 .705 .517 .677 .66 .642 .625 .615 .612 .637 .677 .75 .858 .917 .945 

.2 .242 .348 .52 .61 .643 .648 .642 .633 .621 .604 .59 .569 .578 .63 .761 .855 .905 

.3 .187 .274 .42 .518 .573 .598 .6 .593 .58 .562 .551 .541 .549 .597 .703 .833 .89 

.4 .163 .246 .379 .461 .515 .535 .538 .534 .528 .524 .524 .524 .534 .58 .707 .817 .88 

. 5 .139 . 208 . 323 . 41 .461 . 482 . 493 . 497 .497 . 497 .5 .5 .507 .541 .677 . 795 . 861 

. 6 . 125 . 184 . 288 . 372 . 428 . 455 . 469 . 476 . 479 .489 . 489 . 472 . 465 . 486 . 629 . 763 . 84 

.7 .111 .167 .264 .347 .402 .434 .448 .455 .458 .455 .448 .42 .4 .427 .58 .729 .812 

. 8 . 097 . 146 . 236 . 316 . 372 . 406 . 423 . 43 .431 .424 . 41 . 379 . 369 . 369 . 48 . 65 . 757 

. 9 .055 . 083 . 142 . 202 . 25 . 292 . 323 . 347 . 365 . 379 . 389 . 376 . 34 . 306 . 319 .5 45 . 962 

1.0 .038 .056 .091 .118 .142 .16 .177 .191 .201 .208 .215 .219 .215 .205 .274 .476 .97 

Dimensionless vertical velocity (e ); t /tss = . 7; RaL = 1.5 x 105 

x/L 

. 025 . 05 .1 . 15 . 2 . 25 . 3 . 35 4 .45 .5 . 6 . 7 . 8 . 9 . 95 . 975 

.1 217 250 271 250 221 187 147 105 59.5 12.5 35 -130 -215 -249 -165 - 79 - 31 

.2 171 234 302 294 259 213 164 116 76.5 43 13 - 62.2 -160 -275 -325 -231 -153 

.3 141 195 257 248 214 175 143 118 98 79 51 - 33.3 -143 -258 -318 -238 -166 
.4 146 197 252 240 205 173 147 124 97.5 68 32.6 - 50 -142 -241 -296 -225 -160 
.5 153 211 273 260 223 183 146 120 74 37 - .08 - 74 -146 -223 -274 -212 -154 
.6 160 225 295 284 241 191 141 95 50 7.05 -32.8 - 98.6 -147 -205 -253 -198.5 -146 
.7 166 237 316 306 258 200 143 86.5 33 -13.9 -51.4 - 98 -143 -214 -257 -196 -142 
.8 153 230 325 313 275 216 159 109 62 20.6 -13.1 - 76.5 -165 -258 -303 -234 -171 
.9 31 78 165 225 247 241 214 175 130 82 34.4 - 59.5 -148 -222 -271 -249 -219 

y/H . 



inensionless 
UL 

horizontal velocity (v ); t /tss = 
5 

. 7; RaL = 1.5 x 10 

y / 

x/L 

. 025 . 05 .1 .15 . 2 . 25 . 3 . 35 . 4 . 45 . 5 . 6 . 7 . 8 . 9 . 95 . 975 

.1 6.6 1 3. 2 37 57.8 73.8 86.5 96 104 109 114 119 126 118 85 33.7 10 5.15 

. v -3. 3 -- 6. 6 -12.3 -15.7 -15.1 -20.3 -22.4 - 23.6 23.8 - 23. - 21.4 - 15 - 3.2 8.45 11 6 3 

. -0.22 - 0.45 - 2.3 - 5.3 - 8.9 -12.2 -13.9 - 13.7 12.2 - 10.5 9.5 - 10.9 - 11.5 - 6.9 - 1.35 - 0.07 -0.03 

..1, 0.36 0.72 2.03 3.23 4.25 5.18 5.8 5.7 4.5 2.2 - .86 - 6.8 - 9.7 - 7.9 - 2.6 - 0.62 -0.3 

.5 0.4 0.75 2.85 5.6 8.15 9.7 9.86 8.7 6.4 3.4 - 0.02 - 6.4 - 9.85 - 8.2 - 2.85 - 0.73 -0.41 

.6 0.33 0.65 2.62 5.3 7.85 9.45 9.75 8.8 6.8 4.05 - 0.84 - 4.5 - 5.8 - 4.25 - 2.1 - 0.72 -0.36 

.7 0.03 0.06 1.37 3.9 7 9.8 11.5 11.7 10.9 9.85 9.5 12.1 14 8.9 2.31 0.45 0.21 

.8 -3 - 6 -11.1 -11.6 - 8.45 - 3.17 3.15 9.6 15 18.9 21.3 23.8 22.2 18.1 1 2. 3 6.6 3.3 

.9 -5.15 -10.2 -33.7 -61 -85 -104 -117 -124 -126 -123 -118 -108 - 96 -73.5 -37 -13.2 -6.6 

Dimensionless temperature (9); t /tss = 1.0; RaL = 1. 5 x 105 

x/L 

v / H . 025 . 05 . 01 . 15 . 2 . 25 . 3 . 35 . 4 . 45 .5 . 6 . 7 . 8 . 9 . 95 . 975 

0 .342 .485 .704 .804 .83 .828 .82 .82 .83 .832 .832 .815 .836 .872 .923 .955 .97 
. 1 . 37 . 5 03 . 69 . 735 . 715 . 688 . 663 . 642 . 63 . 621 . 685 . 62 . 65 . 71 . 826 . 895 . 93 

.2 .267 .381 .557 .64 .654 .64 .623 .607 .6 .597 .598 .592 .586 .607 .732 .832 .89 

. 3 . 21 . 306 . 464 .562 . 61 . 628 . 631 . 629 . 628 . 618 . 604 . 573 . 556 5. 8 . 712 . 82 . 879 

.4 .187 .27 .419 .521 .58 .605 .61 .6 .59 .57 .55 .515 .505 .538 .68 .8 .865 

.5 .157 .236 .367 .464 .52 .545 .548 .542 .53 .514 .5 .471 .452 .481 .634 .768 .843 

. 6 ..147 . 201 . 32 . 407 . 46 2 . 486 . 493 . 49 . 48 . 465 . 448 . 403 . 389 . 42 . 58 . 73 . 817 

. 7 . 121 . 18 . 288 . 372 . 424 . 444 . 448 . 441 . 431 . 417 . 4 . 376 . 369 . 385 . 538 . 697 . 778 

.8 .111 .167 .267 .347 .392 .41 .413 .41 .407 .402 .402 .4 .378 .347 .444 .621 .733 

.9 .066 .104 .174 .236 .292 .33 . 35 4 .372 .379 .382 .382 .368 .333 .281 .309 .496 .684 
1.0 .031 .045 .077 .104 .129 .146 .163 .177 .184 .19 .191 .191 .184 .17 .299 .518 .66 

- 
- - 

a 
JD 



VL 
Dimensionless vertical velocity (v ); t/t = 

ss 
1. 0; Ra 

L 

5 
= 1.5 x 10 

x/L 

y /\ . 025 . 05 . 1 . 15 . 2 . 25 . 3 . 35 . 4 . 45 . 5 . 6 . 7 . . 8 . 9 .9 5 . . 975 

.1 152 167.5 176 166.5 160 146 125.5 98 66.2 31.2 - 4.97 -77 -146.5 -194.5 -157.5 - 85 - 45.5 
154 199 243 232 210 185 153 113.5 68.2 18.6 -27 -87.7 -122.5 -193 -254 -190.5 -132 

.3 1 36. 5 182 229 216 186 15 2. 5 117.5 81.2 44.8 11.9 -14.4 -52.2 - 95 -173.5 -243 -189 -136 

. i 144 191.5 238 216 173 128 88.2 56.6 33.5 17.2 3.35 -31.9 - 87.5 -174.5 -244 -191.5 -139 

.5 143. 195 268 222 179 125 86. 57, 35 16.9 - _05 -34.9 - 85. -179 -267 - 195 -143. 

.6 139. 191.5 245 222.5 174 126 87.5 56.6 33 12.2 - 3.43 -33.5 - 88 -173.5 -238 -191.5 -143 
.7 136 189 242 222 174.5 128.5 95 71 52 34.6 1 4. 4 -44.8 -117.5 -185.5 -230 -182 -136 
.8 132 1 90. 5 253 237 192 152 1 22. 5 104 87.6 63.5 27 -67.3 -152.5 -210 -243 -198 -153.5 
.9 45.5 88.5 158 192 195 175 146 112.5 77 41.2 5 -66 -125.5 -159.5 -176 -168 -152.5 

Dimensionless horizontal velocity (vL); t/t = 1. 0; Ra = 1.5 x 10 
ss L 

x/L 

y/H . 025 . 05 . 1 . 15 . 2 . 25 . 3 . 35 . 4 . 45 . 5 . 6 . 7 . 8 . 9 . 95 . 975 

.1 4.77 9.56 27.3 44.6 58.5 72.5 83 91 96.5 99.1 99.4 95 85.6 65.2 27.9 8.98 4.5 

.2 -1.63 -3.26 - 4.22 - 3.94 - 4.6 - 6.3 - 8.32 -10.1 -11.55 -12.4 -12.1 - 7.92 - 1.0 4.6 6.52 3.81 1.9 

.3 .083 .165 .31 .051 - 1.30 - 4.0 - 7.7 -11.85 -15.50 -17.4 -17.4 -13.6 - 8.75 - 4.32 - 1.55 - .51 - .26 

.4 .175 .34 1.37 2.3 2.36 1.37 - .26 - 1.75 - 2.51 - 2.65 - 2.67 - 3.88 - 4.6 - 2.72 - .3 .155 .072 

.5 - .22 - .43 - .145 - .82 1.77 2. 37 2.68 2.58 2.12 1.24 - .01 - 2. 14 - 2.68 - 1.75 - .145 .41 . 21 

.6 - .072 - .155 .31 1.34 2.74 3.92 4.6 4.55 3.87 3.07 2.65 2.6 .27 - 2.35 - 1.37 - .34 - . 175 

.7 .26 .515 1.5 2.76 4.36 6.4 8.75 11.2 13.6 15.85 17.4 15.45 7.7 1.34 - .31 .21 - .08 
.8 -1.9 -3.8 - 6.5 - 6.5 - 4.74 - 1.95 1.03 4.43 7.92 10.8 11.5 11.6 8.35 5.15 4.2 3.3 1.65 
.9 -4.5 -9 -28 -48.3 -65.2 -77.5 -85.6 -91 -95 -98 -99.5 -96.5 -83 -59.5 -27.4 -9.6 -4.8 

. 

- 
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APPENDIX C 

Computer Program Listing 



f1.BFTC MAIN DECK 
COMMON/ DOSE/ D( 53, 53 ),R(53,53),P- I(26,26),U(53,53) 

1 , V( 53, 53 ),T(53,53),UV(27,27),J2(26,26) 
2 , V2( 26, 26) ,UVP(26,26),NOPRT(23),TITLE(12) 
3 ,UT(26,26),VT(26,26) 
COMMON t ,DELX ,DELY ,DELX2 ,DELY2 , DELXY 

1 ,GX ,GY ,NX ,NY ,H ,XL 
2 ,GCON ,NOIT ,DELT ,TIME ,TIMAX ,XNU 
3 ,ALPHA ,UTEST ,VTEST ,TTEST ,PHITST ,INMODE 
k ,ISTOP ,ITOUT ,DTEST ,TREF ,NPI 
S ,PHICON ,ITM ,ITNO 
6 ,LP , INC ,NPX ,NPY 

C * * * 
C 

C D E F I N I T I O N O F C O M M O N T E R M S 
C D - DIVERGENCE 
C R - RESIDUAL IN PRESSURE COMPUTATION 
C PHI - PRESSURE 
C U - VELOCITY (X COMPONENT) 
C V - VELOCITY (Y COMPONENT) 
C jr - ABOLUTE TEMPERATURE 
C UV - U *V FACTOR 
C U2 U * *2 FACTOR 
C V2 - V * *2 FACTOR 
C UVP - U *V FACTOR FOR PRESSURE TEST 
C NOPRT - ITERATION NUMBER FOR PRINTING 
C - 2 ,t1 /DELX2 + 1 /DELY2) 
C DELX - X SPACE INCREMENT 
C DELY - Y SPACE INCREMENT 
C DELX2 - DELX * *2 
C DELY2 - DELY *2 
C DELXY - DELX *DELY 
C GX - GRAVITATIONAL COMPONENT IN X DIRECTION 
C GY - GRAVITATIONAL COMPONENT IN Y DIRECTION 
C NX - NUMBER OF HALF GRIDS IN X DIRECTION 
C NY - NUMBER OF HALF GRIDS IN Y DIRECTION 
C H - TOTAL HEIGHT OF COMPUTATION REGION (CM) 
C XL - TOTAL LENGTH OF COMPUTATION REGION (CM) 
C GCON - CONSTANT USED IN PRESSURE TEST 
C MOIT - NUMBER OF ITERATIONS TAKEN IN PRESSURE COMPUTATIONS (MAX) 

l 

+ 



C CELT - TIME INCREMENT 
C TIME - CURRENT TIME (SIMULATION) 
C TI"AX - UPPER BOUND ON SIMULATION TIME 
C XNU - GREEK NU/COMPUTATION CONSTANT 
C ALPHA - COMPUTATION CONSTANT 
C UTEST - USED IN CONVERGENCE TEST ON U 
C VTEST - USED IN CONVERGENCE TEST ON V 
C TTEST - USED IN CONVERGENCE TEST ON T 
C PHITST - USIN IN CONVERGENCE TEST ON PHI 
C INMCDE - MODE OF INITIALIZING RUN 
C ITNO - ITERATION NUMBER 
C ISTGP - TERMINATION FLAG (SET IF NOIT EXCEEDED) 
C ITOUT - CHECK -POINT TAPE EVERY ITOUT -TH ITERATION 
C TITLE - TITLE TO APPEAR ON PRINT -OUT 
C DTEST - VALUE USED AS ACCEPTABLE DIVERGENCE TERM 
C TREF - REFERENCE TEMPERATURE 
C NPI - NUMBER OF PRESSURE ITERATIONS 
C UT - U *T FACTOR 
C VT - VT FACTOR 
C PHICON - INITIALIZATION VALUE OF PRESSURE TO DENSITY RATIO 
C LP - LOWEST NODE VALUE FOR PRINTING 
C INC - EVERY ** INC ** NODES PRINT 
C NPX - NUMBER OF LAST NODE IN X DIRECTION 
C NPY - NUMBER OF LAST NODE IN Y DIRECTION 
C ITM - MAXIMUM NO. OF ITERATIONS IN RUN 
C 

ITNO O 

C SATISFY INITIAL DATA REQUIREMENTS 
CALL INPUT 
NX2 =NX /2 
NY2 =NY /2 

C COMPUTES SYSTEM CONSTANTS 
C 

CALL SETUP 
C 

C INITIALIZES BOUNDARY 
CALL BOUND( 1) 

C INTERPOLATES FOR MISSING DATA 
CALL POLATE 

C 



50 ITtiO = ITNO 1 

TINE = TIME + DELT 
C 

C UPDATE SIMULATION TIME AND ITERATION NUMBER 
C 

CALL COMPUT 
C 
C COMPUTES BASIC U,V,T AND PHI FOR CURREN SIMULATION TIME 
C 

IFtITNO .GE. ITM) GO TO 25 
IF(ISTQP .EQ. 1) GO TO 25 
IF(TIME .GE. TIMAX) GO TO 25 

C 
C MAXIMUM SIMULATION TIME EXCEEDED OR NOIT EXCEEDED 
C OR CONVERGENCE SATISFIED 
C 

IF( MOD(ITNO,ITOUT) .NE. 0 ) GO TO 33 
wRITE(E,60) ((U(I,J),V(I,J),T(I,J),D(I,J), I=1,NX),J=1,NY1, 

1 ((PHItI,J),UV(I,J)U2(I,J),V2(I,J),UT(I,J),VT(I,J), 
2 I=1,NX2), J =1,NY2) 

60 FC.:.T( 1P10E13.6) 
C kRITE CHECK POINT TAPE 

ENCF ILE 8 

REWIND 8 

33 DO 100 I = 1,20 
100 IF(ITNO .E0. NOPRT(I)) CALL OUTPUT 

C 
C TEST TO SEE IF IT IS TIME TO PRINT 
C 

CALL SShTCH(6,NIC1 
IF(':IC.E0.1) GO TO 25 
GO TO 50 

25 CALL OUTPUT 
k,,-ITE(?,60) ((U(I,J),V(I,J),T(I,J),D(I,J), I=1,NX),J=1,NY), 

1 (tP}-;I(I,J),'JV(I,J),U2(I,J),V2(I,J),UT(I,J),VT(I,J), 
2 I=1,NX2), J=1,NY2) 

C k;, ITE RESTART TAPE 
E!:DFILE 8 

REWIND 8 
CTnP 



END 
SIEFTC IN DECK 

SUEROUTINE INPUT 

C 

C 
C 

C 
C 
C 

C 
C 
C 

C 

C 

C 

C 

C 

C 
C 

C 
C 

C 

C 

C 

C 

C 

C 

C 

C 

COCti/M3OSE/D(53,53),R(53,53),PHI(26,26),U(53,53) 
,V(53,53),T(53,53),UV(27,27),U2(26,261 
,V2(26,25),UVP(26,26),tiOPRT(2D),TITLE(121 

1 

2 

3 

COMMON 
1 

2 

3 

5 
6 

* * 

D E 
D 

R 
PHI 
U - 
V - 
T - 
UV - 

U2 - 
V2 - 
UVP - 
NCPRT 
Z 

DELX 
DELY 
DELX2 
DELY2 
DELXY 
GX 
GY 
NX 
NY 
H 
XL 

s 

F 

,UT(26,26),VT(26,26) 
Z ,DELX ,DELY 
,GX 
, GCON 
,ALPHA 
,ISTOP 
,PHICON 
,LP 

,GY ,NX 
,NOIT ,DELT 
,UTEST ,VTEST 
,ITOUT ,DTEST 
,ITM ,ITNO 
, INC ,NPX 

,DELX2 
,NY 
,TINE 
, TTEST 
,TREF 

,NPY 

,DELY2 
,H 
,TIMAX 
,PHITST 
,NPI 

I N I T I O N O F C O M M O N 
DIVERGENCE 
RESIDUAL IN PRESSURE COMPUTATION 
PRESSURE 
VELOCITY (X COMPONENT) 
VELOCITY (Y COMPONENT) 
ABOLUTE TEMPERATURE 
U *V FACTOR 
U * *2 FACTOR 
V * *2 FACTOR 
U *V FACTOR FOR PRESSURE TEST 
- ITERATION !SUM °ER FOR PRINTING 
- 2.( 1 /DELX2 + 1 /DELY2) 
- X SPACE INCREMENT 
- Y SPACE INCREMENT 
- CELX * *2 
- CELY * *2 
- DELX *DELY 
- G?AVITATICNAL COMPONENT IN X DIRECTION 
- GRAVITATIONAL COMPONENT IN Y DIRECTION 
- NJNBER OF HALF GRIDS IN X DIRECTION 
- NUMBER OF HALF GRIDS IN Y DIRECTION 
- TOTAL HEIGHT OF COMPUTATION REGION (CM) 
- TOTAL LENGTH OF COMPUTATION REGION (CM) 

,DELXY 
,XL 
,XNU 
, INMODE 

T E R M S 
- 
- 
- 



C GCC'a - CONSTANT USED IN PRESSURE TEST 

C MCIT - `iU"3=R OF ITERATIONS TAKEN IN PRESSURE COMP'JTATIONS (''AX) 

C DELT - TIME I'+CRE' ENT 
C GELT - TIME IvCP,_'-EvT 

C TIME - CUR:ENT TIRE (SImULATIO'i) 

C XNJ - GREEK NU,CCHPuTiTIO`i CONSTANT 

G ALPHA - CC'?PUTATIUN CD'iSTà'+T 

C UTEST - USED IN CS,VER3`NCE TEST ON U 

C IPy''0DE - MODE OF INITIALIZING RUN 

C IT':J - ITERATION !NJ'"3ER 

C ISTCP - TERMINATION FLAG (SET IF NOIT EXCEEDED) 

C ITCUT - CHECK-POINT TAPE EVERY ITOUT -T4 ITERATION 

C TITLE - TITLE TO APPEAR ON PRINT-OUT 

C DTEST - VALUE USED AS A..CEPTA3LE DIVERGENCE TERM 

C TREF - REFERENCE TEMPERATURE 
C NPI - NU'-'EER OF PRESSURE ITERATIONS 
C UT - U*T FACTOR 
C VT - V*T FACTOR 
C PHICON - I`iITIALIZATIC'1 VALUE OF PRESSURE TO DENSITY RATIO 

C LP - LOWEST NODE VALUE FOR PRINTING 

C INC - EVERY INC ** NODES PRINT 

C NPX - r1U"3ER OF LAST NOCE IN X DIRECTION 

C NPY - TUTEES OF LAST NODE IN Y DIRECTION 
C IT.M - MAXIt'.U" NO. OF ITERATIONS IN RUN 

C 
C * * 4 IF 

READ (5,20) TITLE 
20 FOR"AT( 12-`.6) 

WRITE (6,30) TITLE 
80 FOR "AT( IT //) 

READ (5,10) COMET 

10 FOR`4.AT ( 12I6 ) 
WRITE (6,90) NOPRT 

90 FC2'aAT(21X, 16`IPRINT ITERATIONS /11X,20I6 // ) 

READ (5,10) NO( ,NY ,NOIT ,TNuJOE,TTOUT,IT`1,LP,`I2X,NPY,INC 
WRITE (6,110) NX ,NY ,NOIT ,IN4ODE ,ITOUT ,ITM 

110 FORYAT(23X, 2i-l'IX, 3X, 2H'iY, 7X, 4HNOIT, 5X, 6HIN.`1JDE, 4X, SHITJJT, 

1 6X, 3HIP1 / 19X,6IID // ) 

READ (5,75) DFLX ,DELY ,GX ,GY ,DELI 
1 'TIME ,TI,`t',X ,XNU ,1LP'-iA ,UTEST 



2 ,VTEST ,TTEST ,PHITST ,DTEST ,TREF 
3 , PHICON 

75 FCS"AT(5E14.7) 
RITE (6,120) DELX ,DELY ,GX ,GY ,DELT 

1 ,TIME ,TIMAX ,XNU ,ALPHA ,UTEST 
2 , VTEST ,TTEST ,PHITST ,DTEST ,TREF 
3 ,PHICON 

120 FCRF'. AT( 21X, 4HELX, 16x, 4HDELY, lEX, 2HGX ,18X,2HSY,16X,4HDELT /3X,5E20. 
18 // 21X, 4HTI*' E, 15X, 5HTIu AX, 17X, 3HXNU ,15X,5HALPHA,15X,5HUTEST /3X, 
25E20.8 / /20X,5:HV TEST, 15X, 5HTTEST ,14X,6HPHITST,15X,5HDTEST,16X, 
34HTREF /3X,5E20.8// 19X,6HPHICON 
4 / 3X,5E20.8 // ) 

DO 15 I = 1,NX 
DO 15 J = 1,NY 
D(I,J) = O. 
R(I,J) = O. 
U(I,J) = 0. 
V(I,J) = 0. 
T(I,J) = O. 

15 CONTINUE 
C IO'DDE = 0 IMPLIES INPUT NODAL VALUE SATISFING DIVERGENCE 
C f * OF PAPER GIVING CLOSED FORM SOLUTION OF A SIMILAR PROBLEM 
C 

1F(INMODE) 200, 300, 400 
400 IF(INwODE .NE. 2) GO TO 450 
600 READ (5,70) I1,Jl,T1,I2,J2,T2,I3,J3,T3 
70 F'.irtNAT(3(2I4,E16.7)) 

IF(I1 .EQ. 0) GO TO 65 
T(I1QJ1) = Ti 
T(I2,J2) = T2 
T( I3,J3) = T3 
GO TO 600 

450 CALL lEvEL 
GO TO 65 

3CI!0 READ (5,50) I ,J ,UTEMP ,VTEMP ,TTEMP 
50 FY-.PwAT(2I2,3E14.8) 

IF(I .EC. 99) GO TO 65 
J = 2+J+ 2 
I = 2sI+ 2 
IP=I+1 



J "'=J-1 
= UTEMP 

v(I,JM) = VTEMP 
TII,J) = TTEMP 
GO TO 300 

200 CONTINUE 
r;X2=Nx/2 
';Y2=NY/2 
READ (E,60) ((U(I,J),V(I,J),T(I,J),D(I,J), I=1,X),J=l,NY), 

1 ((PNI(I,J),JV(I,J),U2(I,J),V2(I,J),UT(I,J),VT(I,J), 
2 1=1,":X2), J=1,NY2) 

60 FGP.k'AT( 1P10E13.6) 
REINO 8 

65 IF(NCPRT(1) .EQ. 0) CALL OUTPUT 
RETURN 
END 

SIBFTC OUT DECK 
SUFROUTI':E OUTPUT 

CC",MON/uOCSE/D(53,53),R(53,53),PHI(26,26),U(53,53) 
1 ,V(53,53),T(53,53),UV(27,27),J2(2ó,26) 
2 ,v2(26,26),UVP(26,26),VOPRT(20),TITLE(12) 
3 ,UT(26,26),VT(26,26) 
COMMON I ,DELX ,DELY ,DELX2 ,DELY2 ,DELXY 

1 ,GX ,GY ,NX ,NY ,H ,XL 
2 ,GCO'J ,yOIT ,DELT ,TIME ,TIMAX ,XNU 
3 ,ALPHA ,UTEST ,VTEST ,TTEST ,PHITST ,INMODE 
4 ,ISTOP ,ITOUT ,DTEST ,TREF ,NPI 
5 ,PHICON ,ITM ,ITNO 
6 ,LP , INC ,NPX ,NPY 

C 

C 
C D E F I N I T I O N O F C O M M O N T E R M S 
C D - :IvERGENCE 
C R - =ESI^JAL Iti PRESSURE COMPUTATION 
C PHI - FRESSURE 
C U - ( X CC^/PO'4ENT) 
C V - VELOCITY (Y CC''.PC':ENT) 
C T - I.FJLUTE TEMPERATURE 
C UV - UV FACTOR 
C U2 - 4i*2 FACTOR 

VELOCITY 



C V2 - V * *2 FACTOR 
C 1 "vP - UV FACTOR FOR PRESSURE TEST 
C NOPRT - ITERATION NUMBER FOR PRINTING 
C Z - 2 *(1 /DELX2 + 1 /DELY2) 
C DELX - X SPACE INCREMENT 
C CELY - Y SPACE INCREMENT 
C DELX2 - DELX * *2- 
C CELY2 - DELE +2 
C DELXY - CELXDELY 
C GX - GRAVITATIONAL COMPONENT IN X DIRECTION 
C GY - GRAVITATIONAL COMPONENT IN Y DIRECTION 
C NX - NUMBER OF hALF GRIDS IN X DIRECTION 
C NY - NUMBER CF HALF GRIDS IN Y DIRECTION 
C H - TOTAL HEIGHT OF CO "'PUTATION REGION (CM) 
C XL - TOTAL LENGTH OF CO "POTATION *'.PUTATION REGION (CM) 
C GCON - CONSTANT USED IN PRESSURE TEST 
C NOIT - NUMBER OF ITERATIONS TAKEN IN PRESSURE COMPUTATIONS (MAX) 
C DELT - TIME INCREMENT 
C TINE - CURRENT TIME (SIMULATION) 
C TIMAX - UPPER BOUND ON SIMULATION TIME 
C XNU - GREEK NU,COMPUTATION CONSTANT 
C ALPHA - COMPUTATION CONSTANT 
C UTEST - USED IN CONVERGENCE TEST ON U 
C VTEST - USED IN CONVERGENCE TEST ON V 
C TTEST - USED IN CONVERGENCE TEST ON T 
G PHITST - USIN IN CONVERGENCE TEST ON PHI 
C I!.MODE - MODE OF INITIALIZING RUN 
C ITNO - ITERATION NUMBER 
C ITNO - ITERATION NUMBER 
C ISTOP - TERMINATION FLAG (SET IF NOIT EXCEEDED) 
C ITOUT - CHECK -POINT TAPE EVERY ITOUT -TH ITERATION 
C TITLE - TITLE TO APPEAR ON PRINT -DUT 
C ()TEST - VALUE USED AS ACCEPTABLE DIVERGENCE TERM 
C TREE - REFERENCE TEMPERATURE 
C 'API - ':UMFER OF PRESSURE ITERATIONS 
C UT - U *T FACTOR 
C VT - VT FACTOR 
C FERVOR - INITIALIZATION VALUE OF PRESSURE TO DENSITY RATIO 
C LP - LCPEST NODE VALUE FOR PRINTING 
C INC - EVERY INC ** NODES PRINT 



C NPX - NUMBER OF LAST NODE IN X DIRECTION 
C NPY - NUMBER OF LAST NODE IN Y DIRECTION 
C ITM - MAXIXJ.M NO. OF ITERATIONS IN RJN 
C 
C a a a a a 

INC2=2aINC 
L1=LP+1 
WRITE (6,5) 

5 FORMAT(1H1,20X,1HU// ) 

DO 100 I = LP,NPX,INC 
WRITE (6,15) (U(I,J), J = LP,NPY,INC ) 

15 FOR"AT(BE16.8) 
100 CONTINUE 

WRITE (6,25) 
25 FORMAT(1H1,20X,1HV// ) 

DO 200 I = LP,NPX,INC 
WRITE (6,15) (V(I,J) , J = LP,NPY,INC ) 

200 CONTINUE 
WRITE (6,35) 

35 FORMAT(1H1,2DX,1HT// ) 

DO 300 I = LP,NPX,INC 
WRITE (6,15) (T(I,J), J = LP,NPY,INC) 

300 CONTINUE 
IF(KIP.NE.O .AND.IN'ODE.NE.-1) GO TO 1000 
NPX2=NPX/2 
NPY2=NPY/2 
WRITE (6,45) 

45 FORF!AT( 1H1,20X,3HPHI //) 
DO 400 I = LP,NPX2,INC 
WRITE (6,95) (PHI(I,J), J = LP,NPY2,INC) 

400 CONTINUE 
WRITE(6,101) 

101 FORMAT(1H0,20X,3HU2 //) 
DO 401 I=LP,tiPX2,INC 
WRITE(6,15) (U2(I,J), J=LP,NPY2,INC) 

401 CONTINUE 
W'RI TE ( 6, 1 02) 

102 FCFMAT(1HD,2CX,3HV2 //) 
DO 402 I=LP,tiPX2rINC 
WRITE(6,15) (V2(I,J), J=LP,NPY2,INC) 



402 CONTINUE 
1,=;ITE(6,103) 

103 FOn"'AT( 1H0,20X,3HUV //) 
DO 403 I=LP,1iPX2,INC 
MKITE;S,15) (UV(I,J), J=LP,"dPY2,INC) 

403 CONTINUE 
i.I7E( 6, 104) 

104 FORvL7i1H3,20X,3HVT //) 
DO 404 I=LP,tiPX2,INC 
1-;RIT_(6,15) (VT(I,J), J=LP,NPY2,INC) 

404 CONTINUE 
b ITc(6,105) 

105 FCR"4T(1H0,20X,3HUT //) 
DO 4C5 I=LP,NPX2sINC 
'ARITE(6,15) (UT(I,J), J=LP,NPY2,INC) 

405 CONTINUE 
;RITE (6,55) 

55 FCR,AT( 1H1,2CX-., 1HD //) 
DO 500 I = L1,tiPX,INC2 
%RITE (6,15) (D(I,J), J = L1,tiPY,INC2) 

500 CONTINUE 
WRITE (6,65) 

65 FCRA7( 1,-:1,20X, 1HR //) 
CO 600 I = L1,NPX,INC2 
,,.RITE (6,95) (R(I,J), J = L1,tiPY,INC2) 

95 FCR."AT(8E16.8) 
600 CONTINUE 

1000 CChTINUE 
KIP=0 
RETURN 
END 

sIT7,FTC SET DECK 
SUF?0TI':E SETUP 
CO4'k'C'/kOLSE/D(53,53),R(53,53),PHI(26,26),U(53,53) 

1 ,V(53,53),T(53,53),UV(27,27),'J2(26,26) 
2 ,''2(26,26),UVP(26,26),NOPRT(2D),TITLE(12) 
3 ,UT(26,26),VT(26,26) 
COMMON Z ,DELX ,DELY ,DELX2 ,DELY2 ,DELXY 

1 ,GX ,GY ,NX ,NY ,H ,XL 
2 ,GCON ,NOIT ,DELT ,TIME ,TIF"AX ,XNU 



3 ,ALPHA ,UTEST ,VTEST ,TTEST ,PHITST ,INHODE 
,ISTOP ,ITOUT ,DTEST ,TREF ,NPI 

S ,PHICON ,ITM ,ITNO 
6 ,LP , INC ,NPX ,NPY 

L a 

C 

C D E F I N I T I O N 0 F C O M M O N T E R M S 
C D - DIVERGENCE 
C R - RESIDUAL IN PRESSURE COMPUTATION 
C P!;I - PRESSURE 
C U - VELOCITY (X COMPONENT) 
C V - VELOCITY (Y COMPONENT) 
C T - ABOLUTE TEMPERATURE 
C UV - UtV FACTOR 
C U2 - U**2 FACTOR 
C V2 - V**2 FACTOR 
C UVP - UkV FACTOR FOR PRESSURE TEST 
C NORM' - ITERATION NUMBER FOR PRINTING 
C 2 - 2*(1/CELX2 + 1/DELY2) 
C CELX - X SPACE INCREMENT 
C CELY - Y SPACE INCREMENT 
C CELX2 - DELX**2 
C DELY2 - DELY**2 
C DELXY - CELX+DELY 
C GX - GRAVITATICNAL CCPCNENT IN X DIRECTION 
C *IX - NumBER OF ItiCREMENTS IN X DIRECTION 
C GY - GR.Av I TAT IC':AL CC''PG`,E ;T Iti Y DIRECTION 
C NY - ':UmEER OF I'.ChEmE'.TS IN Y DIRECTION 
C H - TOTAL HEIGHT CF C%''PUTATION RESIOV (CM) 
C XL - TOTAL LENGTH OF CC"PUTATION REGION (CM) 
C GCC': - CONSTANT USED I'; PRESSURE TEST 999 C '.CIT - '.J,'ÎER OF ITERATIONS TAKEN IN PRESSURE COMPUTATIONS (MAX) C CELT - TI"F INCREMENT 
C TI"E - CURRENT TI''E (SI"''ULATIOV) 
C TI4'AX - UPPER BD'r^ SImULATION TIME 

,- C r',U - GREEK ,CC'roUTaTI^'. CONSTANT 
N C GLFA - CCmrUTt,TICN CONSTANT 

C UTEST - USED I. CC',','ER'.E'.CE TEST ON U 
C 'ÿTEST - USED IN COt.VE; GE'.CE TEST ON V 
C TTEST - USED IN CONVERGENCE TEST 04 T 

h 

C'+ 



C r&ITST - USIV IN CONVERGENCE TEST 04 PHI 
INmODE - MODE OF INITIALIZING RUN 

C IT'.0 - ITERATION NUMBER 
C ISTCP - TER "INATION FLAG (SET IF NOIT EXCEEDED) 
C ITCUT - CHECK -POINT TAPE EVERY ITOUT -TH ITERATION 
C TITLE - TITLE TO APPEAR ON PRINT -OUT 
C DTEST - VALUE USED AS ACCEPTABLE DIVERGENCE TERM 
C TREF - REFERENCE TEMPERATURE 
C NPI - NUMBER OF PRESSURE ITERATIONS 
C UT - UsT FACTOR 
C VT - FACTOR 
C PHICON - INITIALIZATION VALUE OF PRESSURE TO DENSITY RATIO 
C LP - LOnEST NODE VALUE FOR PRINTING 
C INC - EVERY +s INC s* NODES PRINT 
C '.PX - NUMBER OF LAST NODE IN X DIRECTION 
C NPY - NUMBER OF LAST NODE IN Y DIRECTION 
C ITM - MAXIMUM NO. OF ITERATIONS IN RUN 
C 

C s * 

C INITIALIZE PHI 
C 

C INDEX (I,J) CORRESPONDS TO (I /2 - 1,J/2 - 1) 

CELX2 = DELX2 
CELY2 = DELY2 
DELXY= CELX *DELY 
Z = 2..(1. /CELx2 + 1. /DELY2) 
XL= FL2AT(NX- /2. 
H = FLC&T(NY- 5)DELY /2. 
CDC% = GYH + GX.XL 
'.I = NX - 2 

EL 303 I = NI,NX 
DO 300 J = 1,NY 

nU3 T(I,J)= 345.6 
30 331 I =1,3 
DC 301 J =1,NY 

'21 T(I,J) =230.k 
IF(I'." :E.LT.0) RETURN 
ß.X2 ='YX /2 
NY2=NY/2 
DO 1x00 I =1,NX2 

0 

T 

_ 



DC 130 J=1,NY2 
PHIU,.J) = PHICON 

100 CO'.TIS'UE 
NI = NX - 3 
DO 200 I = 4,NI 
DO 200 J = 1,NY 
T(I,J) = TREF 

2:0 CONTINUE 
1000 RETURN 

END 
S I EF TC I`JV DECK 

Si:SR C'UTIE INVEL 
RETURN 
END 

S15FTC COMP DECK 
Sl,+EROUTItiE COPUT 
CCCNP`,.:2OSE/D( 53, 53) ,R( 53,53),PHI ( 26,26),U( 53,53) 

l ,V(53,53),T(53,53),UV(27,27),U2(26,26) 
2 ,V2(26,26),UVP(26,26):NOPRT(20),TITLE(12) 
3 ,UT(26,26),VT(26,26) 
COMMON 2 ,DELX ,DELY ,DELX2 ,DELY2 ,DELXY 

1 ,GX ,GY ,NX ,NY ,H ,XL 
2 ,GCON ,VOIT ,DELT ,TIME ,TIMAX ,XNU 
3 ALPHA ,UTEST ,VTEST ,TTEST ,PHITST ,INMODE 
4 ,ISTOP ,ITOUT ,DTEST ,TREF ,NPI 
5 ,PHICCN ,TT h! ,ITNO 
6 ,LP , INC ,NPX ,NPY 
DIf'Et:SIC'i UJLD(2,53),VOLD(2,53),TOLD(2,53) 
"'AFLIST/LOOK/TCLD,DELT,DELX,DELY,ALPNA,DELX2,DELY2,UOLD,VOLD 

C a 4 a 

C 

C D E F I N I T I O N 0 F C O M M O N T E R M S 
C D - DIVERGENCE 
C R - :,ESI.;JAL IN PRESSURE COMPUTATION 
C PHI - PRESSURE 
C U - VELGCITY (X CQ''PO':ENT) 
C V - 'VrL(JCITY (Y COMPONENT) - 
C T - t OLUTE TC'PERATURE 
C UV - U;V FACTOR 
C U2 - U4+2 FACTOR 



C V2 - V..2 FACTOR 
C UVP - U +V FACTOR FOR PRESSURE TEST 
C NOPRT - ITERATION NUMBER FOR PRINTING 
C Z - 2(1 /DELX2 + 1 /DELY2) 
C DELX - X SPACE INCREMENT 
C DELY - Y SPACE INCREMENT 
C DELX2 - DELX2 
C DELY2 - DELY2 
C DELXY - CELX *DELY 
C GX - GRAVITATIONAL COMPONENT IN X DIRECTION 
C GY - GRAVITATIONAL COMPONENT IN Y DIRECTION 
C NX - NUMBER OF HALF GRIDS IN X DIRECTION 
C NY - NUMBER OF HALF GRIDS IN Y DIRECTION 
C H - TOTAL HEIGHT OF COMPUTATION REGION (CM) 
C XL - TOTAL LENGTH OF COMPUTATION REGION (CM) 
G GCON - CONSTANT USED IN PRESSURE TEST 
C NOIT - NUMBER OF ITERATIONS TAKEN IN PRESSURE COMPUTATIONS (MAX) 
C DELT - TIME INCREMENT 
C TIME - CURRENT TIME (SIMULATION) 
C TIMAX - UPPER BOUND ON SIMULATION TIME 
C XNU - GREEK NU,CCMPUTATION CONSTANT 
C ALPHA - COMPUTATION CONSTANT 
C UTEST - USED IN CONVERGENCE TEST ON U 
C VTEST - USED IN CONVERGENCE TEST ON V 
C TTEST - USED IN CONVERGENCE TEST ON T 

C PHITST - USIN IN CONVERGENCE TEST ON PHI 
C INMODE - MODE OF INITIALIZING RUN 
C ITNO - ITERATION NUMBER 
C ISTOP - TERMINATION FLAG (SET IF NOIT EXCEEDED) 
C ITOUT - CHECK -POINT TAPE EVERY ITOUT -TH ITERATION 
C TITLE - TITLE TO APPEAR ON PRINT -OUT 
C DTEST - VALUE USED AS ACCEPTABLE DIVERGENCE TERM 
C TREF - REFERENCE TEMPERATURE 
C NPI - NUMBER OF PRESSURE ITERATIONS 
C UT - UT FACTOR 
C VT - V *T FACTOR 
C PHICON - INITIALIZATION VALUE OF PRESSURE TO DENSITY RATIO 
C LP - LOnEST NODE VALUE FOR PRINTING 
C INC - EVERY INC .. NODES PRINT 
C NPX - NUMBER OF LAST NODE IN X DIRECTION 



C NPY NUMBER OF LAST NODE IN Y DIRECTION 
C ITM - MAXIMUM NO. OF ITERATIONS IN RUN 
C 
C 

C e * a a 

C INTEGRATE VELOCITY IN X DIRECTION 
C REFER TO VALUES COMPUTED THIS COMP TIME C ALL OTHER VALUES WERE COMPUTED LAST COMP CYCLE C a* a a a 

MMM =0 
IF(KIP.NE.0) GO TO 1000 
ISTOP = 0 

NJ = NY - 3 
NI = NX - 4 

ISTPU = 1 

NI = NX - 4 
NJ = NY - 3 
DO 503 K =2,NJ,2 

503 UOLD(1,K)= U(3,K) 
DO 500 I = 5,NI,2 
DO 501 K =2,NJ,2 
UOLD(2,K)= UOLD(1,K) 

501 UOLD(1,K)= U(I,K) 
K= (I -1) /2 
K1 =K +1 
DO 500 J = 4,NJ,2 
L =J /2 
11=1+1 
UTEMP = U(I,J) 
GXA= GX *(T(I ,J) -TREF) /TREF 
U(I,J) = U(I,J) + DELI.) (U2(K,L ) - U2(1(1,L )) /DELX + (UV(K1,L ) 

1 - UV(K1,L1) ) /DELY + GXA+ (PHI(K,L) - PHI(K1,L )) /DELX 2 + XNU *( (U(I +2,J) +UOLD(2,J) - 2.*U(I,J) ) /DELX2 + 
3 (U(I,J +2) +UOLD(1,J- 2)- 2. *J(I,J) ) /DELY2 ) ) 

IF(ABS(U(I,J) - UTEMP).GT. UTEST) ISTPU = 0 
500 CONTINUE 

C a a a* 
C INTEGRATE VELOCITY IN Y DIRECTION 
C COMPUTED THIS COMP CYCLE C a s a a 



NJ = NY - 4 
NI = NX - 3 
ISTPV = 1 

DO 5O4 K=3,NJ,2 
504 VOLD(1,K)=V(2,K) 

CO 600 I = 4,NI,2 
CO 502 K=3,NJ,2 
VCLD(2,K)=VOLD(1,K) 

502 VOLC( 1,K)=V( I,K) 
K=I/2 
K1=K+l 
CO 600 J = 3,NJ,2 
L=(J-1)/2 
L1=L+1 
VTEMP = v(I,J) 
GYA= GY +IT(1,J )-TREF)/TREF 
V(I,J) = V(I,J) + DELT+( (V2(K,L ) - V2(K,L1 ))/DELY 

1 + (UV(K,L1 ) - UV(KI,LI))/DELX 
2 + GYA+ (PHI(K,L ) - PHI(K,L1 ))/DELY 
3 +XN'U+( (V(I,J+2) +VOLD(1,J-2)-2.+V(i,J))/DELY2 
4 + (V(I+2,J) +VOLD(2,J) - 2. +V(I,J)) /DELX2 ) ) 

IF(ABS(V(ItJ) - VTEMP) .GT. VTEST) ISTPV = 0 
600 CCNTINUE 

C INTERPOLATE U,V,U2,V2, ETC. 
C ADD UT, VT TO COMMON 
C 

C INTEGRATE TEN.PERDTURE 
C COMPUTED THIS COyP CYCLE 
C ALL OTHER TERMS WERE COMPUTED LAST COMP CYCLE 
C 

hI = NX - 3 

NJ = NY - 3 

ISTPT = 1 

DO 505 K=2,NJ,2 
505 T"'L^(1,K)=T(2,K) 

DO 700 I = 4,NI,2 
DO 530 x=2,NJ,2 
TCLD(2,K)=TOLD(1,K) 

530 TCLA l,K)=T( I,K) 
K=I/2 



K1=K+1 
DO 700 J = 4,NJ,2 
L=J/2 
L1=L+1 
TTEMP = T(I,J) 
T(I,J) = T(I,J) + DELT'( (UT(K,L 1 - UT(K1,L ))/DELX 

1 + (VT(K,L ) -VT(K,L1 ))/DELY 
2 + ALPHA'((T(I +2,J) +TOLD(2,J) - 2. +T(I,J)) /DELX2 
3 + (T(I,J+2) +TOLD(1,J- 2)- T(I,J) *2.) /DELY2 )) 

IF(ABS(T(I,J) - TTEMP) .GT. TTEST) ISTPT = 0 

700 CONTINUE 
1001 CONTINUE 

CALL BOUND (1) 

CALL POLATE 
IF(ISTPU + ISTPV + ISTPT .GT. 2) ISTOP = 1 

10OD CONTINUE 
KIP=0 
NI=NX-3 
NJ =NY -3 
DO 850 I = 4,NI,2 
DO 850 J = 4,NJ,2 
D(I,J) = ( U(I +1,J) - U(I -1,J) )/DELX 

i + ( V(I,J+1) - V(I,J -1) )/DELY 
850 CONTINUE 

CALL BOUND (3) 

C GENERATE BOUNDARY FOR DIVERGENCE 
DENOM =0. 
NI = NX - 3 

NJ = NY - 3 

CO 100 J = 4,NJ,2 
JJ = J/2 - 1 

L=J/2 
L1=L+1 
DO 100 I = 4,NI,2 
II = I/2 - 1 

K=I/2 
K1=K+1 
R(I,J) = 1. /DELX2'(U2IK1,L ) + U2(II,L ) - 2. +U2(K,L) ) 

1 + 1. /DELY2 +(V2(K,L1 ) + V2(K,JJ ) - 2.V2(K,L) ) 

2 + 2. /DELXY +(UV(K,L 1 + UV(K1,L1 ) - UV(K1,L ) 



3 -UV(K,L1 ) 1 

4 - XNU+( 1./DELX2*(D(I+2,J) + 0(I-2,J) - 2.*D(I,J) ) 

5 + 1./DELY2*(D(I,J+2) + D(I,J-21 - 2.*D(I,J) ) ) 

6 -GY/(DELY*TREF)*(T(I,J+1)-T(I,J-1)) 
7 -0(I,J)/DELT 
U`'P(K-1,L-1)=U2(K,L) + V2(K,L) + GOON 
DENOM=DEtiOM+ABS(R(I,J)) 

100 CONTINUE 
NPI = 0 

NNI=NI/2 
NNJ=NJ/2 
NI2=N.'vI+1 
NJ2=N'.J+1 

C CALL BOUND (2) 
DO 900 K = 1,NOIT 
NPI=NPI+1 
PHIMAX = O. 

C CALCULATE PHI ON BOTTOM NO SLIP BOUNDARY 
IF(NP1.NE.I.AND.ITNO.LE.MP1M) GO TO 800 
DO 775 I=2,NNI 
GYA=GY*(T(2*I,2)-TREF)/TREF 

775 PHI(I,1)=PHI(I,2)-GYA*DELY-2.*XNU/DELY*(V(2*I,5)-V(2*1,3)) 
B00 CONTINUE 

DO 801 J=2,NNJ 
DO 801 I=1,NI2 
PHITMP = PHI(I,J) 
IF(I.EQ.1 

) GO TO 1 

IF(I.EO.NI2 ) GO TO 2 
PHI(I,J) _ ((PHI(I+1,J) + PHI(I-1,J))/DELX2 

1 +(PHI(I,J+11 + PHI(I,J-1)1/DELY2 + R(2*1,2*J))/Z 
PHIVAL = ABS(PHI(I,J) - PHITMP) / 

1 (ABS(PHI(I,J)) + ABS(PHITMP) + UVP(I-1,J-1)) 
IF( PHIVAL .GT. PHIMAX ) PHIMAX = PHIVAL 
GO TO 3 

1 CONTINUE 
IF( ITN2.LE.yMY.AtiD.":PI.NE.1) GO TO 801 

C CALCULATE PHI IN LEFT HAND (IN) BOUNDARY 
C CALCULATE PHI ON LEFT NO SLIP BOUNDARY 

PHI(1,J)=PHI(2,J)-GX*DELX-2.*XNU/DELX*(U(5,2+J)-U(3,2*J)) 
GO TO 3 



2 CONTINUE 
IF(ITNO.LE.M? .AND.NPI.NE.1) GO TO 801 

C CALCULATE PHI IN RIGHT HAND (NUSLIP) BOUNDARY 
PHI(NI2,J)= PHI(NI2 -1,J)+ GXDELX + 2. +XNJ /DELX *U(`..I- 1,26J) 

3 CONTINUE 
IF(NOD(NPI,5).EQ.01 PHI(I,J)= PHITN,P +1.55 *(PHI(I,J)- PHITMP) 

801 CONTINUE 
IF(NPI.NE.1.AND.ITNO.LE.h'PM) GO TO 802 

C CALCULATE PHI ON UP NO SLIP BOUNDARY 
DO 778 I =2,NNI 
GYA= GY #(T(2 +I,NY -1)- TREF) /TREF 

778 PHI(I,NJ2)= PHI(I, NJ2- 1 ) +2. *XNU /DELY *(V(NJ- 1,2 *I) -V(NJ +1,2ßI)) 
1 +GYA +DELY 

802 CONTINUE 
NJ2 =NJ /2 
NI2 =NI /2 
XUM =O. 
DO 133 I =2,NI2 
DO 133 J =2,NJ2 

133 XUM= XUM; +ABS((PHI(I 1, J) +PHI(I- 1,J)- 2.*PHI(I,J)) /DELX2 
1 +( PHI( I, J+ 1) +PHI(I,J- 1)- 2. *PHI(I,J)) /DELY2) 
RAT = ABS(XUM /DENOM -1.) 
RAT =0. 
IF( PHI'' AX.LT.PHITST.AND.RAT.LT.PHITST) GO TO 250 

900 CONTINUE 
I STOP= 1 

250 WRITE (6,10) TIME,NPI,XUM,DENOM 
10 FORMAT(1H0,20X,6HTIME =, E15.7, 10X, 19HPHI ITERATION NO. _ , I6/ 

1 2E15.8) 
RETURN 
END 

SIBFTC BND DECK 
SUBROUTINE BOUND(K) 
COMMON/ MOOSE/ D( 53, 53 ),R(53,53),PHI(26,26),U(53,53) 

1 , V( 53, 53 ),T(53,53),UV(27,27),U2(26,26) 
2 , V2( 26, 26) ,UVP(26,26),NDPRT(20),TITLE(12) 
3 ,UT(26,26),VT(26,26) 
COMMON Z ,DELX ,DELY ,DELX2 ,DELY2 ,DELXY 

1 ,GX ,GY ,NX ,NY ,H ,XL 
2 ,GCON ,VOIT ,DELI ,TIME ,TIMAX ,XNU 



3 

S 

6 
C 

,ALPHA ,UTEST ,VTEST ,TTEST ,PHITST ,INMODE 
,ISTOP ,ITOUT ,DTEST ,TREF ,NPI 
,PHICON ,ITM ,ITNO 
,LP , INC ,NPX ,NPY 

C 
C D E F I N I T I O N O F C O M M O N T E R M S 

C D - DIVERGENCE 
C R - RESIDUAL IN PRESSURE COMPUTATION 
C PHI - PRESSURE 
C U - VELOCITY (X COMPONENT) 
C V - VELOCITY (Y COMPONENT) 
C T - ABOLUTE TEMPERATURE 
C UV - U *V FACTOR 
C U2 - U* *2 FACTOR 
C V2 - V * *2 FACTOR 
C UVP - U *V FACTOR FOR PRESSURE TEST 
C NOPRT - ITERATION NUMBER FOR PRINTING 
C Z - 2 *(1 /DELX2 + 1 /DELY2) 
C DELX - X SPACE INCREMENT 
C DELY - Y SPACE INCREMENT 
C DELX2 - DELX * *2 
C DELY2 - DELY * *2 
C DELXY - DELX *DELY 
C GX - GRAVITATIONAL COMPONENT IN X DIRECTION 
C GY - GRAVITATIONAL COMPONENT IN Y DIRECTION 
C NX - NUMBER OF HALF GRIDS IN X DIRECTION 
C NY - NUMBER OF HALF GRIDS IN Y DIRECTION 
C H - TOTAL HEIGHT OF COMPUTATION REGION (CM) 
C XL - TOTAL LENGTH OF COMPUTATION REGION (CM) 
C GCON - CONSTANT USED IN PRESSURE TEST 
C NOIT - NUMBER OF ITERATIONS TAKEN IN PRESSURE COMPUTATIONS (MAX) 
C DELT - TIME INCREMENT 
C TIME - CURPENT TINE (SIMULATION) 
C TIMAX - UPPER BOUND ON SIMULATION TIME 
C XNU - GREEK NU,COMPUTATION CONSTANT 
C ALPHA - COMPUTATION CONSTANT 
C UTEST - USED IN CONVERGENCE TEST ON U 

C VTEST - USED IN CONVERGENCE TEST ON V 
C TTEST - USED IN CONVERGENCE TEST ON T 



C PHITST - USIN IN CONVERGENCE TEST ON PHI 
C INMODE - MODE OF INITIALIZING RUN 
C ITNO - ITERATION NUMBER 
C ISTOP - TERMINATION FLAG (SET IF NOIT EXCEEDED) 
C ITOUT - CHECK -POINT TAPE EVERY ITOUT -TH ITERATION 
C TITLE - TITLE TO APPEAR ON PRINT -OUT 
C DTEST - VALUE USED AS ACCEPTABLE DIVERGENCE TERM 
C TREF - REFERENCE TEMPERATURE 
C NPI - NUMBER OF PRESSURE ITERATIONS 
C UT - U *T FACTOR 
C VT - V *T FACTOR 
C PHICON - INITIALIZATION VALUE OF PRESSURE TO DENSITY RATIO 
C LP - LOWEST NODE VALUE FOR PRINTING 
C INC - EVERY #* INC ** NODES PRINT 
C NPX - NUMBER OF LAST NODE IN X DIRECTION 
C NPY - NUMBER OF LAST NOCE IN Y DIRECTION 
C ITM - MAXIMUM NO. OF ITERATIONS IN RUN 
C 

GO TO (10,20,30),K 
C NO SLIP DIVERGENCE BOUNDARY 

30 N I = NX - 3 

NJ = NY - 1 

DO 750 I = 4,NI,2 
D(I,2) = D(I,4) 
D(I,NJ) = D(I,NJ-2) 

750 CONTINUE 
NJ = NY - 3 

NI = NX - 1 

De 850 J=4,NJ,2 
D(2,J) = D(4,J) 
D(NI,J) = D(NI-2,J) 

850 CONTINUE 
RETURN 

20 RETURN 
10 CONTINUE 
C * * c f s 

C B O U N D A R Y CONDITIONS ** NO SLIP AND LEFT IN ** 

C 
C 

-- 
r` 



. NJ = NY - 2 

NI = NX - 1 

DO 350 J = 3,NJ,2 
V(2,J) = - V(4,J) 
V(NI,J) _ - (NI-2,J) 
U(!tiI-1,J+1) = D. 

U(3,J+1) = O. 

350 CONTINUE 
C UP AND DOWN 

NI=NX-2 
NJ=NY-1 
DO 360 I=3,NI,2 
U(I,2)=-U(I,4) 
U(I,NJ)=-U(I,NJ-2) 
V(I+1,3)=0. 

360 V(I+1,tiJ-2)=0. 
DO 361 I=3,NI 
T(I+1,":J)=T(I+1,NJ-2) 
T(I+1,NJ-11=T(I4-1,NJ-2) 
T(I+1,2)=T(I+1,4) 

361 T(I+1,3)=T(I+1,4) 
RETURN 
END 

SISFTC POL 
SUBROUTINE POLATE 
COM,MON/wOOSE/D(53,53),R(53,53),PHI(26,26),U(53,53) 

1 

2 

3 

,V(53,53),T(53,53),UV(27,27),U2(26,26) 
,V2(26,26),UVP(26,26),NOPRT(20),TITLE(12) 
,UT(26,26),VT(26,26) 

COMMON Z ,DELX ,DELY ,DELX2 ,DELY2 ,DELXY 
1 ,GX ,GY ,NX ,NY ,H ,XL 

2 ,GCON ,NOIT ,DELT ,TIME ,TIMAX ,XNU 
3 ,ALPHA ,UTEST ,VTEST ,TTEST ,PHITST ,INMDOr 
k ,ISTOP ,ITOUT ,DTEST ,TREF ,NPI 

5 ,PHICCN ,ITM ,ITNO 
6 ,LP , INC ,NPX ,NPY 

C a 

C 

C D E F I N I T I O N O F C O M M O N T E R M S 

C D - DIVERGENCE 



C R - RESIDUAL IN PRESSURE COMPUTATION 
C PHI - PRESSURE 
C U VELOCITY (X COMPONENT) 
C V VELOCITY (Y COMPONENT) 
C T - ABOLUTE TEMPERATURE 
C UV - U.V FACTOR 
C U2 - U * *2 FACTOR 
C V2 - V +f2 FACTOR 
C UVP - U *V FACTOR FCR PRESSURE TEST 
C NOPRT - ITERATION NUMBER FOR PRINTING 
C t - 2(1 /DELX2 + 1 /DELY2) 
C DELX - X SPACE INCREMENT 
C DELY - Y SPACE INCREMENT 
C DELX2 - DELX * *2 
C DELY2 - DELYc42 
C DELXY - DELX*DELY 
C GX - GRAVITATIONAL COMPONENT IN X DIRECTION 
C GY - GRAVITATIONAL COMPONENT IN Y DIRECTION 
C NX - NUMBER OF INCREMENTS IN X DIRECTION 
C NY - NUMBER OF INCREMENTS IN Y DIRECTION 
C H - TOTAL HEIGHT OF COMPUTATION REGION (CM) 
C XL - TOTAL LENGTH OF COMPUTATION REGION (CM) 
C GCON - CONSTANT USED IN PRESSURE TEST 
C NOIT - NUMBER OF ITERATIONS TAKEN IN PRESSURE COMPUTATIONS (MAX) 
C DELT - TIME INCREMENT 
C TIME - CURRENT TIME (SIMULATION) 
C TIMAX - UPPER BOUND ON SIMULATION TIME 
C XNU - GREEK NU,COMPUTATION CONSTANT 
C ALPHA - COMPUTATION CONSTANT 
C UTEST - USED IN CONVERGENCE TEST ON U 

C VTEST - USED IN CONVERGENCE TEST ON V 

C TTEST - USED IN CONVERGENCE TEST ON T 

C PHITST - USIN IN CONVERGENCE TEST ON PHI 

C IN''CJE - MODE OF INITIALIZING RUN 
C ITNO - ITERATION NUMBER 
C ISTCP - TERMINATION FLAG (SET IF NOIT EXCEEDED) 
C ITCUT - CHECK -POINT TAPE EVERY (TOUT -TH ITERATION 
C TITLE - TITLE TO APPEAR ON PRINT -OUT 
C DTEST - VALUE USED AS ACCEPTABLE DIVERGENCE TERM 
C TREF - REFERENCE TEMPERATURE 

- 
- 



C NPI - NUY,3ER OF PRESSURE ITERATIONS 
C UT - UMT FACTOR 
C VT - VT FACTOR 
C PHICON - INITIALIZATION VALUE OF PRESSURE TO DENSITY RATIO 
C LP - LOkEST NODE VALUE FOR PRINTING 
C INC - EVERY as INC *. NODES PRINT 
C NPX - NUMBER OF LAST NODE IN X DIRECTION 
C NPY - NUMBER OF LAST NODE IN Y DIRECTION 
C 
C 
C INTERPOLATE TO FIND HALF NODE VALUES ALONG EACH INTEGRAL NODAL ROW 
C INTERNAL TO COMPUTATION REGION 

NJ = NY - 3 

NI = NX - 3 

DO 100 J = 4,NJ,2 
CO 100 I = 4,NI,2 
U(I ,J) _ .5 (U(I -1,J) + U(I +1,J)) 
IF(I.E2.4) GO TO 99 
T(I -1,J) = .5 *(T(I -2,J) + T(I ,J)) 

99 CONTINUE 
IF(J.EO.NJ) GO TO 100 
V(I +1,J +1) = .S (V(I,J +1) + V(I +2,J +1)) 

130 CONTINUE 
C 
C INTERPOLATE TO FIND HALF STEP VALUES FOR THE REMAINDER CF THE 
C COMPUTATION REGION 
C 

200 
C 

C 

C 

NJ = NY - 3 

NI = NX - 3 

DO 200 J = 4,NJ,2 
DO 200 I = 4,NI 
V(I,J ) = .Sa(V(I,J-1) + V(I,J+1))_ 
IF(J.EC.14J) GO TO 200 
T(I,J+i) - .54(T(I,J) + T(I,J+2)) 
U(I,J+1) = .5+(U(I,J) + U(I,J+2)) 
O =T I':UE 

CCPUTE U9+2,Va*2,U*V FOR COMPUTATION REGION 

NJ = NY - 1 

. 



NI = ",X-1 

':J2=NJ/2 
!. 12 =N I / 2 
DO 300 J = 1,NJ2 
DO 300 I = 1,NI2 
U2(I,J) = U(2*I,2áJ)*¢2 
V2(I,J) = V(20'I,2*J)4*2 
UV(I,.J)=J(2¢I-1,2*J-1)*V(2*I-1,2*J-1) 
UT(I,J)=U(2áI-1,2*J)*T(2*I-1,2*J) 
VT(IJJ)=V(2*I,2ßJ-1)*T(2*I,2*J-1) 
IF(I.Er.I) U2(I,J)=U2(I+1,J) 
IF(I.c"ê.ti'I2) U2(I,J)=U2(I-1,J) 
IF(J.Ee.I ) V2(I,J)=V2(I,J+1) 
IF(J.E;.NJ2) V2(I,J)=V2(I,J1) 

300 CONTINUE 
RETURN 
END 


