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Deep foundations are necessary for the construction of many structures, such as 

bridges and buildings, located in areas unsuitable for shallow foundations.  Owing to 

the inherent variability of soil and the complex changes that occur in the soil adjacent 

to deep foundations as they are installed, the ability to accurately predict axial pile 

capacity is difficult.  As a result of their schedule and perceived cost, site-specific full-

scale instrumented pile loading tests are not often performed, rather, empirical or 

semi-empirical static analyses that require simplifications and indirect consideration of 

true pile-soil response are often used to estimate pile capacity.  Many pile-specific and 

–nonspecific axial capacity estimation methodologies are available; however, most of 

them are largely inaccurate.  The uncertainty associated with foundation design is well 

recognized, and has been traditionally addressed using deterministic design procedures 

and global factors of safety.  The shortcomings associated with deterministic design 



 

 

approaches are well-documented, and the use of reliability theory to provide safe and 

cost-effective design solutions is preferred.  However, the transition to reliability-

based design (RBD) remains an ongoing process, and several challenges remain.  This 

dissertation uses high quality data to investigate and identify pertinent factors that 

control reliability. Correlations between design variables that were previously 

overlooked are identified, and improvements are made in order to provide accurate 

and unbiased pile design models.  Robust statistical models are developed; and 

guidelines are established for incorporating more realistic assessments of the 

probability of exceeding two particular limit states relevant for piles under axial 

loading conditions. 

First, dynamic formulas for estimating axial pile capacity at the ultimate limit state 

(ULS) are recalibrated for use within a probabilistic design framework using ordinary 

least squares regression and a geologic-specific database for a variety of driving 

conditions; Monte Carlo simulations (MCS) are employed to calibrate resistance 

factors for use with the new and unbiased dynamic formulas.  Accurate and unbiased 

models for estimating the capacity of auger cast-in-place (ACIP) piles at the ULS are 

developed since current recommendations were shown to be largely unsuitable.  A 

parametric study was conducted using a first-order reliability method approach in 

order to identify the parameters and statistical modeling decisions that govern the 

reliability of ACIP piles at the serviceability limit state (SLS).  The shortcomings of 

existing correlation models are identified, and new design models for ACIP piles at 

the ULS are incorporated into assessments of reliability at the SLS using more robust 



 

 

copula theory and a MCS approach.  Because estimates of reliability using 

conventional techniques have been shown to be overly conservative, resistance 

distributions are truncated based on theoretical lower-bound limits, resulting in more 

cost-effective design solutions. 
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CHAPTER 1: INTRODUCTION 

1.1 BACKGROUND 

Deep foundations are frequently used to support structures such as buildings and 

bridges where conditions are unfavorable for shallow footings (e.g. soft soils, near-

surface liquefiable soils, etc.), in marine environments, and when large lateral or uplift 

loads are anticipated.  Although several types of deep foundations have been developed 

in the last century, this dissertation is concentrated primarily on prefabricated driven and 

auger cast-in-place (ACIP) piles loaded in axial compression and tension, where 

resistance, or capacity, is derived from a combination of shaft and toe bearing resistance.  

In addition to the inherent variability of subsurface environments, the process of 

installing piles induces time-dependent physical and stress changes within the soil fabric; 

as a result, the evaluation of the capacity of deep foundations is not straightforward.  

Owing to delays to project schedule and perceived expense, site-specific loading tests on 

instrumented piles are not often performed.  Instead, empirical or semi-empirical static 

and dynamic analysis methods that rely on simplifications of complex behavior are 

widely used to estimate pile capacity.  Several different predictive methods have been 

developed for specific pile types and broad categories of soil types, however, these often 

exhibit significant inaccuracy and unknown levels of uncertainty. 

Soils are mechanically and compositionally complex materials, and the prevalence of 

uncertainty in geotechnical engineering resulting from several disparate sources including 

inherent soil variability, measurement error, and transformation error has been 

qualitatively recognized for several decades.  The usefulness of the quantification of 
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uncertainty in geotechnical engineering has only been recognized recently (Casagrande 

1963).  Because a priori estimates of geotechnical uncertainty are difficult to make 

accurately without extensive site-specific investigations, the statistical variation 

associated with several soil and design properties have been reported in literature.  

Unfortunately, these measures are only reliable under the specific settings (e.g. site 

conditions, insitu testing techniques) used to develop the statistics, and users of these 

statistics often neglect the additional error introduced through the use of a design model.  

The evaluation of the uncertainty associated with the design of pile foundations using a 

high quality database is the preferred alternative since the various sources of uncertainty 

are implicitly incorporated into the overall estimate of total uncertainty. 

Historically, geotechnical uncertainty has been accounted for in a deterministic 

framework using a global factor of safety to ensure that a system performs satisfactorily 

over its design life.  Although several factors such as the variation in applied loads and 

material strengths, accuracy and variation of the selected design model, and 

consequences associated with failure are considered, the process of selecting a factor of 

safety is largely subjective and based on well-earned experience with a strictly qualitative 

appreciation of the uncertainties listed above.  Consequently, the actual margin of safety 

may vary for the same factor of safety, where a larger factor does not necessarily imply a 

decrease in the level of risk due to the potential for the presence of larger uncertainties in 

the design setting. 

Reliability-based design (RBD) can overcome many of the limitations associated with 

traditional deterministic design procedures, and provide a means for estimating the risk or 
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probability of exceeding a particular design limit state.  Calibration efforts can also be 

performed within the framework of RBD, leading to more consistent levels of safety 

throughout the superstructure and substructure and more cost-effective designs.  

Although the demand for managing risk by explicitly recognizing and mitigating sources 

of uncertainty has increased over the last several decades and many existing design 

methods have been resolved into a reliability-based framework, the process towards full 

acceptance and implementation of RBD is currently ongoing.  Unfortunately, there has 

been some resistance within the geotechnical community to embrace uncertainty in a 

quantitative manner, possibly due to the magnitude and the degree of complexity 

typically associated with geotechnical uncertainties, and an unfamiliarity of probabilistic 

concepts as well as questions regarding the robustness of the statistics used to develop 

probabilistic design codes. 

The need to communicate risk within a rational and transparent manner is necessary 

for the geotechnical profession to evolve.  Recognizing that regulatory pressure will 

eventually force geotechnical design into the RBD framework primarily established by 

the structural engineering community, several design codes have begun to transition 

towards RBD (e.g. Eurocode 7, 2003; Australian Standard AS 5100, 2004; National 

Building Code of Canada, 2005; AASHTO 2007, 2012).  However, the robustness of 

many existing RBD codes is questionable, and a wide variety of calibration techniques 

have been used over the years.  Resistance factors specified in early RBD codes were 

direct adaptations of ASD safety factors; however, this approach still suffers from the 

same drawbacks as traditional deterministic design procedures.  Simple closed-form 
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solutions (e.g. first order second moment [FOSM]) using well-known statistical 

distributions (e.g. normal, lognormal) for loads and resistances have been used more 

frequently in recent years to assess foundation reliability and calibrate resistance factors 

for a variety of foundation elements and loading conditions.  More robust methods 

capable of modeling a large number of random variables using a variety of distributions 

(e.g. first-order reliability method [FORM], Monte Carlo Simulations [MCS]) are 

preferred but have been used less frequently. 

1.2 PROBLEM STATEMENT 

The total uncertainties associated with capacity estimation models presently used for 

calibration purposes are derived from national databases and tend to be very large due to 

the high degree of variation in site conditions, the methods by which soil parameters are 

interpreted, and the quality and methods used in construction.  As a result, resistance 

factors for several common design methodologies tend to be conservative.  Although this 

approach provides a good initial step towards familiarizing designers with RBD, 

regionally-specific resistance factors calibrated using appropriate, high quality databases 

are preferred. 

Reliability-based design procedures for estimating capacity have been developed for 

several foundation alternatives; however, many of these have been modified from 

existing procedures developed originally for other types of deep foundations, or in 

consideration of relatively small databases.  In particular, many of the design procedures 

currently recommended for ACIP piles have been modified from driven displacement 

pile and drilled shaft design methods (e.g. Meyerhof 1976; O’Neill and Reese 1999; 
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Brown et al. 2007).  Because ACIP piles are constructed differently than driven piles and 

drilled shafts, an ACIP pile-specific design methodology is preferred in order to 

accurately estimate pile capacity.   

In general, the ability to effectively manage risk relies on performing accurate 

assessments of the probability of exceeding a particular limit state.  Although, most 

design models for estimating pile capacity are inherently conservative, many authors 

have reported considerable differences between the observed rates of failure and the 

probabilities of failure estimated using traditional reliability analyses (e.g. Horsnell and 

Toolan 1996; Aggarwal et al. 1996; Bea et al. 1999).  Therefore, resistance factors may 

be overly conservative due to way in which resistance distributions are modeled.  Clearly, 

there is a need to improve the methodology by which the probability of failure is 

estimated, and reduce the unnecessary conservatism associated with existing resistance 

factors.   

Despite the fact that the serviceability limit state (SLS) is often the governing failure 

criteria for many foundation alternatives, the strength or ultimate limit state (ULS) has 

received considerably more attention in RBD (Phoon and Kulhawy 2008).  Perhaps 

because predicting limiting foundation displacements is difficult, and the uncertainty in 

the load-displacement response has not been adequately estimated for several deep 

foundation elements.  Although a few studies have made reliability-based assessments at 

SLS (e.g. Phoon and Kulhawy 2008), they have done so without pile-specific ULS 

models, and neglected correlations between a number of random variables present in the 

limit state function. 
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1.3 OBJECTIVES OF THIS STUDY 

Accurate assessments of foundation reliability are necessary to provide safe and cost-

effective design solutions.  The main objective of this dissertation is to study the 

underlying geotechnical factors and statistical modeling decisions that control the 

reliability of existing foundation systems and reliability-based design calibrations.  

Through the use of high quality data, the pertinent factors that control reliability and 

correlations between design variables that were previously overlooked are identified, and 

improvements are made in order to provide accurate and unbiased pile design models.  

Robust statistical models are developed; and guidelines are established for incorporating 

more realistic assessments of the probability of exceeding two particular limit states 

relevant for piles under axial loading conditions. 

1.4 OUTLINE OF THIS STUDY 

This research evaluates the reliability of existing foundation alternatives, examines 

the factors and modeling decisions which govern foundation reliability, and provides 

improved methodologies for the design of piles.  Chapter 2 provides a detailed review of 

the literature on driven piles, ACIP piles, and drilled shafts including a discussion on the 

methods used to install piles and the changes that are induced in the soil during and 

following installation.  Time-dependent capacity changes due to soil setup and relaxation 

are examined, and one existing setup prediction model is reviewed.  Interpreting static 

capacity for axially-loaded piles based on static and dynamic load tests, dynamic 

formulas, insitu tests, and static analysis methods are discussed.  An overview of inherent 

soil variability, random field theory, and FOSM for error propagation is provided.  



7 

 

Reliability theory in relation to limit state design is reviewed, and FOSM, FORM, and 

MCS methods for assessing foundation reliability and calibrating resistance factors are 

presented.  Finally, the limitations associated with current RBD methods are mentioned, 

and areas for potential improvement are identified.  The references for Chapter 2 are 

provided in the complete references list in Chapter 8. 

Chapter 3 presents the recalibration of several well-known dynamic formulas used to 

estimate static pile capacity at end-of-driving (EOD) and beginning-of-restrike (BOR) 

using least-squares regression and a large region-specific dynamic load test database.  

Following recalibration, the accuracy of each dynamic formula improved, and resistance 

factors for use with Load and Resistance Factor Design (LRFD) were calibrated at the 

strength limit state for various pile types and driving conditions (i.e. EOD, BOR).  

Comparisons to a nationwide calibration (i.e. Paikowsky et al. 2004) are made using 

efficiency factors, and the advantages of using a geologic-specific database when 

calibrating resistance factors is illustrated. 

Chapter 4 investigates the factors that govern reliability at the SLS using a large static 

load test database consisting of ACIP piles installed in predominately granular soils.  The 

uncertainty in the load-displacement relationship is modeled using a simple probabilistic 

hyperbolic model.  A heretofore unrecognized, though significant, dependence of the 

fitted load-displacement model parameters on pile geometry (i.e. slenderness ratio) is 

identified and removed through the use of a parameter transformation method.  A FORM 

approach is used to assess foundation reliability, and a parametric study is performed by 
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varying the mean and uncertainty of allowable displacement, uncertainty of predicted 

resistance, and the slenderness ratio. 

In Chapter 5, accurate and unbiased design equations for unit shaft and toe bearing 

resistance for ACIP piles installed in granular soils are developed.  The proposed models 

are statistically characterized and compared to existing recommended design equations.  

Resistance factors at the ULS are calibrated for ACIP piles loaded in compression and 

tension using American Association of State Highway and Transportation Officials 

(AASHTO) load statistics and commonly prescribed probabilities of failure.  Physically-

meaningful lower-bound limits are imposed on the distributions of unit shaft and toe 

bearing resistance biases in order to more closely resemble in-situ conditions and 

improve the estimate of the calibrated resistance factors.  Comparisons are made between 

the resistance factors calibrated with lower-bound limits and those computed using 

traditional reliability analyses. 

Chapter 6 presents the use of the ULS ACIP pile-specific models developed in 

Chapter 5 to make reliability assessments of ACIP piles at the SLS.  Copula theory is 

used to model the correlation structure between dependent hyperbolic model parameters.  

Following the approach outlined in Chapter 5, the distribution of pile capacity is 

truncated as a function of slenderness ratio to improve the estimate of foundation 

reliability.  A combined, or lumped, load- and resistance factor is calibrated using Monte 

Carlo simulations, which incorporates the variability in the load-displacement model, pile 

capacity, applied load, and allowable displacement.  A simple and convenient set of 

expressions are developed in order to estimate the allowable load for ACIP piles installed 
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in granular soils with a prescribed level of allowable displacement, pile geometry, and 

probability of exceeding the SLS.  Finally an example is provided to illustrate the 

intended use of the design approach and provide comparisons between several design 

conditions. 

The conclusions and significant findings of this dissertation are summarized in 

Chapter 7, and suggestions are made for further research.  The reader is referred to the 

individual references that follow each chapter for Chapters 3 through 6.  A complete list 

of references used throughout this document is provided after Chapter 7.  Appendix A 

contains a manuscript regarding time-dependent capacity increases in the Puget Sound 

lowlands.  Appendix B contains the primary codes developed during this research. 
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CHAPTER 2: LITERATURE REVIEW 

2.1 INTRODUCTION 

The customary role of a foundation is to transfer load from the superstructure to 

the surrounding soil without excessive displacement.  Although spread footings are 

preferred over deep foundations because they are relatively simple and inexpensive to 

construct, they are not always the most practical choice for supporting structural loads 

(Hannigan et al. 2006).  Deep foundations such as driven piles, drilled shafts, auger 

cast-in-place (ACIP) piles, micropiles, and helical anchors are commonly selected 

when large design loads are specified and/or soft soils exist at or near the ground 

surface (O’Neill and Reese 1999; Hannigan et al. 2006).  Under these conditions, 

applied loads are transferred through weak or poor soils to more competent layers, and 

capacity is derived from a combination of shaft and toe bearing resistance.  In cases 

where bearing soils are not encountered at a reasonable depth, deep foundations may 

still be used by steadily transferring load to the surrounding soil by way of shaft 

resistance (Hannigan et al. 2006).  Other applications for deep foundations include 

structural support where the potential for scour exists in and over water, the presence 

of expansive or collapsive soils, and where large uplift or lateral loads are anticipated 

(Hannigan et al. 2006).  

This chapter provides an overview of certain types of deep foundations and their 

behavior under axial loading conditions.  Owing to the research topics in Chapters 3 

through 6, driven piles and auger cast-in-place (ACIP) piles will be the predominate 
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pile types discussed.  Because of their similarities to ACIP piles, drilled shafts are also 

intermittently considered throughout this chapter.  First, the changes that occur in 

cohesive and cohesionless soils due to the installation of driven and drilled piles are 

discussed.  This is followed by an investigation of time-dependent pile capacity, and 

one commonly used capacity prediction methodology is examined.  Next, static pile 

capacity prediction methods based on static and dynamic loading tests, static analyses, 

and in-situ tests are reviewed, and their shortcomings are outlined.  Inherent soil 

variability, measurement error, and transformation and design model uncertainty are 

considered in the context of random field theory; and a first-order second moment 

(FOSM) method for the propagation of error is examined.  Limit state design (LSD) 

and reliability-based design (RBD) is reviewed in consideration of FOSM, first-order 

reliability methods (FORM), and Monte Carlo simulation (MCS) methods.  Resistance 

factor calibration techniques are also reviewed and current limitations of RBD are 

discussed.  This literature review concludes with a summary and the identification of 

the limitations of our current approaches and understanding of RBD for deep 

foundations. 

2.2 TYPES OF DEEP FOUNDATIONS 

In general, deep foundations are classified based on the changes that take place in 

the soil surrounding the pile during installation (Hannigan et al. 2006; Salgado 2008).  

Drilled foundations are those that are cast-in-place following the excavation of soil 

(e.g. drilled shafts, ACIP piles), whereas displacement piles are driven or jacked 

directly into the ground without any soil removal (e.g. closed-end steel, concrete or 
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timber piles).  During the installation of driven displacement piles, the stress and 

density of the soil may change significantly, whereas the in-situ stress state is largely 

unchanged following the construction of drilled foundations (Hannigan et al. 2006).  

Non-displacement piles (e.g. open-ended steel pipe piles, H-piles) fall between the two 

extremes mentioned above in terms of the degree of soil displacement and disturbance 

during installation (Hannigan et al. 2006).  The following sections provide a brief 

overview of driven piles, drilled shafts, and ACIP piles; their fundamental properties 

and installation techniques are described, and the advantages and shortcomings of 

each pile type are discussed in consideration of different soil and environmental 

conditions. 

2.2.1 Driven Piles 

Driven piles are long, straight, prefabricated structural elements that are typically 

forced into the ground using a pile driving hammer (Hannigan et al. 2006).  Vibratory 

hammers can also be used; however, the favorable effects of soil densification during 

installation are reduced when piles are vibrated into the ground (Mosher 1987).  Piles 

can be manufactured using a variety of materials, but the most common are wood, 

concrete, and steel.  The use of timber piles dates back to the Roman Empire, where 

weights were hoisted and dropped by hand in order to advance the piles into the 

ground (Chellis 1961).  Because of their susceptibility to decay, size limitations, and 

the advancement of construction method and materials, timber piles are considerably 

less common today (Hannigan et al. 2006).  Steel pipe piles and H-piles are currently 

the most common type of driven piles due to their high lateral stiffness, commercial 
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availability, and ability to withstand high driving stresses (Salgado 2008).  In addition, 

they are not subject to length constraints, as steel piles can be spliced together 

relatively easily (Hannigan et al. 2006).  However, steel piles driven in marine 

environments may be susceptible to corrosion. 

Precast concrete piles are frequently used as well, and can be manufactured with a 

variety of cross section shapes (Hannigan et al. 2006).  Square sections are the most 

common; however, hexagonal, octagonal, and circular are also used (Salgado 2008).  

Although most concrete piles have a solid cross section, they can be manufactured 

with cavities in the center.  Because concrete piles are typically manufactured offsite 

with a specified length, they are best suited for sites with known bearing layer 

elevations.  Concrete piles may be spliced if the anticipated length is too short; 

however, it is a difficult and expensive process, and may result in damage to the pile 

(Hannigan et al. 2006).   

There are two main types of concrete piles: reinforced and pre-stressed (Hannigan 

et al. 2006; Salgado 2008).  The former contains steel rebar within the body of the 

pile, whereas the latter typically contains steel cables or tendons, and has been used 

with greater frequency in recent years.  For pre-stressed piles, steel cables are 

tensioned prior to placing concrete in the form.  Once the concrete has cured, the 

cables are cut, and the load is transferred to the concrete.  Because prestressed piles 

contain “locked-in” compressive loads, they are more resilient against fractures caused 

by high tensile loads during handling and driving, weathering, and corrosion compared 
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to conventional reinforced piles (Hannigan et al. 2006).  However, the ability of pre-

stressed piles to resist compressive loads is reduced (Hannigan et al. 2006). 

The energy from repeated impacts of the hammer to the pile head is used to 

advance the pile into the ground.  Selecting a suitable pile hammer is a critical aspect 

of driven pile construction; sufficient energy must be delivered to the pile head in 

order to cause some permanent displacement without damaging the pile (Hannigan et 

al. 2006).  In general, concrete piles are more susceptible to damage during driving 

compared to steel piles, especially in soft or loose soils where high tensile stresses 

may develop within the pile (Hannigan et al. 2006).  Although steam, pneumatic, and 

gravity hammers have been used to install piles, hydraulic and diesel hammers are 

more common because of their ability to deliver higher impact velocities (Hannigan et 

al. 2006).  Diesel hammers can be single- (open-ended) or double-acting (closed-

ended), where the latter allows the hammer to operate at shorter strokes and higher 

speeds with the energy equivalent of a single-acting hammer (Salgado 2008). 

Both impact and vibratory hammers induce vibrations in the ground, where the 

vibration magnitude depends on the soil and pile type, the pile hammer and 

installation technique, the resistance to penetration, the depth of the pile toe, and the 

distance from the pile (Hannigan et al. 2006).  The principal drawback to using an 

impact hammer is the high degree of noise and vibration generated, which may 

damage neighboring structures or disrupt sensitive marine environments (Hannigan et 

al. 2006; Salgado 2008).  In these cases, vibratory hammers may be considered; 

however, they are less effective in clayey soils, and may be inappropriate when large 
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obstacles are present (Coduto 2001; Salgado 2008).  Several authors have studied the 

effect of vibration on the surrounding soil and nearby structures (e.g. Lacy and Gould 

1985; Wiss 1981; Bay 2003); and although guidelines exist for estimating safe levels 

of ground vibration, a site-specific vibration monitoring program is recommended 

(Hannigan et al. 2006).  As discussed in the following sections, there are other types of 

piles and installation techniques that may be considered when driven or vibrated piles 

are not appropriate. 

2.2.2 Drilled Shafts 

A drilled shaft is an example of a cast-in-place deep foundation.  The erection of 

larger and heavier buildings in the late nineteenth century on sites with thick layers of 

soft to medium dense clay led to the development of the first drilled shaft foundations 

(O’Neill and Reese 1999).  The advancement of drilled shafts in various geographic 

locations has been largely independent; as a result, drilled shafts are often referred to 

as drilled caissons, drilled piers, bored piles, and cast-in-drilled-hole piles (O’Neill 

and Reese 1999).  Owing to some extensive research programs based on full-scale 

load testing in the 1950s, and subsequent studies focused on improving design 

methods and construction procedures (e.g. Whitaker and Cooke 1966; Reese 1978), 

drilled shafts are now regarded as a reliable foundation alternative (O’Neill and Reese 

1999).   

Drilled shafts are constructed by first excavating a volume of soil and then filling 

the resulting cylindrical void with concrete (O’Neill and Reese 1999).  Steel 

reinforcing is positioned in the excavation prior to the placement of concrete in order 
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to increase confinement and structural capacity.  In the United States, drilling is 

typically performed using a crane-mounted auger; however, drilling buckets or hand 

excavation methods have also been used (O’Neill and Reese 1999; Salgado 2008).   

The performance of drilled shafts is largely dependent on the quality of 

construction (O’Neill and Reese 1999; Hannigan et al. 2006).  In general, the 

stratification of the soil and location of the water table will dictate the method selected 

for the construction of drilled shafts (Salgado 2008).  In soils with adequate cohesion 

(e.g. stiff clays, cemented sands) a dry method may be used, where the walls of the 

excavation remain unsupported prior to placement of the concrete (O’Neill and Reese 

1999).  In loose sands or soft clays that are susceptible to caving, a temporary steel 

casing or slurry may be required to support the walls of the excavation (O’Neill and 

Reese 1999).  Although permanent casings may be considered, drilled shafts may not 

be appropriate in deep deposits where caving formations are difficult to stabilize, or 

under artesian groundwater conditions (O’Neill and Reese 1999; Hannigan et al. 

2006).   

The process of installing a drilled shaft produces less noise and vibration 

compared to a driven pile (O’Neill and Reese 1999; Coduto 2001; Hannigan et al. 

2006).  Other advantages of drilled shafts include the ability to observe and classify 

soils during drilling, and the ease at which the specified shaft diameter and length can 

be changed on site (Hannigan et al. 2006).  In general, drilled shafts can support larger 

column loads compared to driven piles, and, in some cases, the need for a pile cap can 

be eliminated by using a single drilled shaft in place of a group of piles (O’Neill and 
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Reese 1999; Hannigan et al. 2006).  Drilled shafts are also more suitable for very 

dense soils where driven piles may sustain damage during installation (Hannigan et al. 

2006).  However, unlike pile driving, the soil beneath the pile toe does not densify 

during installation.  Instead, the process of removing soil via drilling will cause 

overburden stresses to relax, and remolding and loosening of soil at the toe elevation.  

In addition, the lateral stresses in the soil adjacent to the excavation may decrease in 

cases where the excavation remains unsupported throughout construction, causing a 

reduction in pile shaft resistance (O’Neill and Reese 1999; Brown et al. 2007). 

2.2.3 Auger Cast-in-Place Piles 

Auger cast-in-place piles are often referred to as continuous flight auger piles, 

auger-cast piles, auger-pressure grout piles, or screw piles (Brown et al. 2007).  

Although the worldwide popularity of ACIP piles has grown immensely in the 60 

years since their inception, they have been under-used in transportation projects in the 

United States due to apparent quality control difficulties and issues regarding the 

incorporation of a rapidly developing technology into a traditional design-bid-build 

framework (Brown et al. 2007).  In addition, design procedures for ACIP piles are 

currently set in an deterministic design framework (Brown et al. 2007; Stuedlein et al. 

2012a); as a result, ACIP piles may not be considered for use in federally-funded 

bridge construction projects that now require the use of reliability-based design 

procedures. 

Auger cast-in-place piles are installed by first drilling to a desired depth using a 

crane-mounted, continuous-flight, hollow stem auger (Neely 1991).  Concrete or sand-
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cement grout is then pumped under pressure through the hollow stem as the auger is 

slowly withdrawn, yielding a continuous grout or concrete pile (Neely 1991; Stuedlein 

et al. 2012a).  Pile diameters usually range from 0.3 to 0.9 m, and piles have been 

installed to depths of up to 30 m (Brown et al. 2007).  A steel reinforcement bar or 

reinforcing cage is inserted after the concrete has been placed in order to provide 

added tensile strength and flexural rigidity (Stuedlein et al. 2012a).  Because the soil 

remains supported by the auger throughout the installation process, ACIP piles are not 

subject to as much of the lateral stress losses commonly incurred during the 

construction of drilled shafts (Brown et al. 2007).  In cases where good quality 

construction practices are employed, the soil is displaced radially away from the auger 

during drilling, causing the density of the surrounding soil to increase, and added 

frictional resistance during loading (Van den Elzen 1979).  In addition, ACIP piles do 

not require the use of a temporary casing or slurry, frequently needed in the 

construction of conventional drilled shafts (Brown et al. 2007). 

Because ACIP piles are drilled, there is very little vibration and noise, and minimal 

disturbance to the ground (Neely 1991; Brown et al. 2007).  If used under favorable 

conditions (e.g. medium to stiff clayey soils, cemented sands, medium to dense silty 

sands, well-graded sands), ACIP piles can be installed at greater speeds and lower 

costs compared to conventional drilled shafts; however, their quality and integrity is 

highly dependent on the skill and experience of the contractor (Brown et al. 2007).  

For example, the rate at which the auger is withdrawn must be coordinated with the 

concrete pumping rate (Neely 1991).  If the withdrawal rate is too high, soil may 
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contaminate the concrete or grout and the structural integrity of the pile may be 

compromised (Couldery and Fleming 1987); this condition also results in a reduction 

of the lateral effective stresses necessary to maintain stability of the excavation 

(Brown et al. 2007).  Unfavorable conditions for ACIP piles include very soft soils, 

loose sands, geologic formations containing voids or flowing water, and hard soil or 

rock overlain by soft clays or loose granular soils (Brown et al. 2007). 

2.3 EFFECTS OF PILE INSTALLATION 

Unlike shallow foundations, the installation of deep foundations may significantly 

alter the initial stresses, strength, and deformation properties of the soil adjacent to the 

pile (Meyerhof 1976; Hannigan et al. 2006).  As a result, the soil properties that 

govern pile capacity may differ substantially from the original in-situ conditions 

(Meyerhof 1976), and any in-situ or laboratory tests conducted prior to construction 

may not accurately reflect the post-construction conditions.  In last several decades, 

numerous studies have been conducted in order to evaluate the changes that occur in 

the soil properties surrounding deep foundations during and following installation, and 

provide a more accurate prediction of pile capacity (e.g. Reese and Seed 1955; Airhart 

et al. 1969; O’Neill et al. 1982; Bogard and Matlock 1990; Bond and Jardine 1991; 

Hunt et al. 2000, 2002; Pestana et al. 2002); both model and full-scale piles have been 

used, and the emphasis has been focused on evaluating pile shaft resistance (Hunt et 

al. 2000). 

Because most soils exhibit time-dependent increases in strength and stiffness, pile 

capacity tends to increase over time (Schmertmann 1991; York et al. 1994).  This 
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phenomenon is known as soil setup or freeze.  Several factors influence the degree of 

soil disturbance and subsequent capacity gain over time including soil and pile type, 

and the method of installation (e.g. driven, drilled) (Hannigan et al. 2006). In general, 

the mechanisms associated with soil setup are not well understood, and any additional 

capacity gained from setup is often neglected during the design process (Axelsson 

2002; Bullock 2008).  The following sections describe the changes that take place in 

cohesive and non-cohesive soils during and following pile installation, and examine 

one commonly used analytical technique for predicting soil setup.  The majority of the 

succeeding sections will focus on driven displacement piles since they induce the most 

significant changes in the soil during installation (Komurka et al. 2003).      

2.3.1 Changes in the Soil Due to Pile Installation 

During installation of driven piles, the soil immediately adjacent to the pile wall 

and beneath the toe is sheared, remolded, and compressed (Bullock 2008).  The soil 

surrounding the pile shaft is displaced outward during driving, and the strain field 

resembles cylindrical cavity expansion, whereas the soil beneath the pile toe will 

expand spherically (Komurka et al. 2003; Randolph 2003).  The magnitude of soil 

displacement is a function of the radial distance from the pile (Hannigan et al. 2006).  

Housel and Burkey (1948) and Cummings et al. (1950) studied piles driven in soft 

glacial clays and observed considerable distortions in the soil directly adjacent to the 

pile wall, whereas only slight changes were detected at a distance of two pile 

diameters.  Cooke and Price (1973) experimented with closed-end pipe piles jacked in 
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London clay and found that soil within a radius of 1.2 pile diameters was dragged 

down, whereas the soil within 1.2 to 9 pile diameters moved upward. 

When piles are installed in normally to lightly overconsolidated saturated clays 

and loose to medium dense sands, positive excess pore water pressures are generated, 

resulting in a temporary reduction in shear strength (Hannigan et al. 2006).  

Consequently, piles are easier to install; however, the reduced short term capacity may 

be problematic for structures that are required to be placed in immediate service (e.g. 

temporary structures). Dense sands and gravels, and heavily overconsolidated clays 

that exhibit dilative properties will generate negative excess pore water pressures 

during shearing (Chow et al. 1998; Hannigan et al. 2006; Bullock 2008).  As a result, 

the strength of the soil is temporarily increased, making piles more difficult to install 

(Hannigan et al. 2006; Bullock 2008); after installation, the effective stresses in the 

soil relax, and pile capacity is reduced over time. Situations where temporary lateral 

confining stresses may increase during driving (e.g. closely spaced piles) can also 

induce negative pore water pressures (Coduto 2001). 

The largest excess pore water pressures will be located directly adjacent to the pile 

surface, and gradually decrease with radial distance away from the pile.  Using model 

piles installed in San Francisco Bay mud, Seed and Reese (1957) observed that excess 

pore water pressures were generated at distances up to 15 pile diameters away from 

the surface of the pile shaft.  Experimental results by Roy et al. (1981) confirmed these 

observations, which showed that excess pore water pressures at distances beyond eight 

pile diameters were negligible.  Holtz and Lowitz (1965) and Fellenius and Samson 
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(1976) observed decreases in undrained shear strength, su, up to distances of two pile 

diameters, B; beyond 2B, su was largely unchanged (Orrje and Broms 1967; Airhart et 

al. 1969).  The limited data available for partially saturated clays has indicated that 

pile driving does not generate high excess pore water pressures under these conditions 

(Hannigan et al. 2006). 

At the end of pile installation, excess pore water pressures begin to dissipate, 

primarily through the radial flow of water away from the pile, and the soil will start to 

consolidate (Komurka et al. 2003).  The time required for excess pore water pressures 

to dissipate is dependent on the soil and pile type, and the site-specific drainage 

characteristics (Komurka et al. 2003).  Some researchers have suggested that the time 

associated with pore water pressure dissipation is proportional to the cross sectional 

area of the pile (e.g. Soderberg 1961; Long et al. 1999; Camp and Palmer 1999).  

Compared to cohesive soils, excess pore water pressures in sands and gravels dissipate 

quickly due to their high hydraulic conductivities, and any soil strength lost during 

installation is quickly regained and potentially increased as compared to the pre-

installation condition (Hannigan et al. 2006).  Owing to the three-dimensional 

drainage path near the pile toe, Lehane and Jardine (1994) found that excess pore 

water pressures dissipated more rapidly in the soil surrounding the pile toe compared 

to the shaft (Pestana et al. 2002).  If the excess pore water pressures are positive, 

effective stress will increase during consolidation, causing an increase in pile capacity 

over time.  Lehane and Jardine (1994) observed effective radial stresses at the end of 

consolidation that were three times greater than those observed at the end of driving, 
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and Holtz and Lowitz (1965) found that the initial decrease in undrained shear strength 

was largely recovered following consolidation. 

Hunt et al. (2002) studied the effect of pile installation on the static and dynamic 

properties of soft clay using a closed-end steel pipe pile.  They instrumented the soil 

with inclinometers and pore pressure transducers at multiple radial locations and three 

depths; suspension logging tests were conducted to measure the shear wave velocity of 

the soil, Vs, before installation and at the end of primary consolidation.  Immediately 

following pile installation, the shear wave velocity of the soil decreased due to a 

reduction in effective stress and shear deformations caused by pile installation; the 

largest reduction occurred directly adjacent to the pile.  During consolidation, shear 

wave velocity increased, primarily due to an increase in effective stress.  Figure 2.1 

shows the change in shear wave velocity over time as a function of distance from the 

pile.  After primary consolidation, the shear wave velocity continued to increase but at 

a slower rate due to thixotropic effects, and the long term soil shear wave velocity was 

greater than initial values at radial distances greater than one pile diameter from the 

pile wall. 

2.3.2 Time-dependent Gain in Pile Capacity (Soil Setup) 

First documented by Wendell (1900), it is widely recognized that setup occurs in 

most soil types, including clay, silt, silty sand, sandy silt, and fine sand (Skov and 

Denver 1988; Axelsson 2002; Bullock 1999; Komurka et al. 2003).  Setup is primarily 

attributed to the recovery of lateral effective stresses during consolidation (Liu et al. 

2011); however, additional long-term capacity increases at constant effective stresses 
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have also been observed (e.g. Tavenas and Audy 1972, Samson and Authier 1986), 

which Schmertmann (1991) attributed to mechanical aging and soil restructuring.  

During the aging process, the shear modulus and dilatancy of the soil increase, 

whereas its compressibility decreases (Axelsson 1998; Schmertmann 1991).  Although 

aging has been observed in many types of soil and can constitute a large portion of the 

capacity gain through setup (e.g. Axelsson 2002; Chow et al. 1998), the mechanisms 

associated with it are not well understand (Tan et al. 2004). 

Setup has been observed in all driven pile types, and displacement piles (e.g. 

closed-end pipe piles) typically exhibit a larger magnitude of setup compared to 

drilled or non-displacement piles.  Owing to a larger surface area as well as significant 

disturbance and remolding of soil along the side of the pile during installation, setup is 

predominately associated with shaft resistance (Kehoe 1989; Chow et al. 1998; 

Axelsson 2000; Komurka et al. 2003; Bullock et al. 2005).  On the other hand, toe 

bearing resistance changes little following pile installation (Samson and Autheir 1986; 

Skov and Denver 1988; Preim et al. 1989).  Significant time-dependent pile capacity 

gains from setup have been reported by a number of researchers.  Kehoe (1989) 

observed increases in pile capacity between 58 and 200 percent within 11 days after 

driving concrete piles in cohesive soils.  Karlsrud and Haugen (1985) reported a 30 

percent increase in shaft resistance between 6 and 30 days for closed-end pipe piles 

jacked into sensitive Norwegian clay.  Using steel pipe and H-piles driven in sandy 

clay and silt sand, Fellenius et al. (1989) observed average capacity increases of 50 

percent between 1 and 21 days following installation; similar capacity increases were 
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observed by Lukas and Bushell (1989) in stiff clays between 10 and 82 days.  Chow et 

al. (1998) observed an 85 percent increase in shaft resistance five years after installing 

open-ended pipe piles in sand.   

During consolidation, the rate of soil setup is related to the rate of excess pore 

water pressure dissipation (Liu et al. 2011).  The rate of capacity increase will be the 

highest immediately following pile driving before gradually dissipating to zero over 

time, where pile capacity may exceed 100 percent of the end-of-driving (EOD) 

capacity within the first 24 hours (Bullock 2008).  Because of the natural 

heterogeneity of most soil stratigraphies, the setup rate is highly variable and 

determining when to conduct load tests for capacity verification purposes is difficult.  

If conducted too soon, pile capacity may be significantly under-estimated; on the other 

hand, long delays between pile installation and load testing are typically not feasible 

(Bullock 2008).  As general guideline, Hannigan et al. (1996) suggested a wait time of 

five to seven days for piles installed in cohesionless soils; however, piles will often 

continue to gain capacity long after EOD (Skov and Denver 1988; Tan et al. 2004; 

Bullock 2008), especially when driven in fine-grained soils with low hydraulic 

conductivities.  For example, Wang et al. (2010) observed significant capacity gains in 

soft clays up to 7 months after installation.  In fine-grained soils, aging effects tend to 

overlap with consolidation, resulting in a continuous setup process (Bullock 2008).  

Because excess pore water pressures typically dissipate within a few hours in 

cohesionless soils (Tan et al. 2004; Liu et al. 2011),  there is often a delay between the 

end of consolidation and aging (Bullock 2008).  For example, Bullock et al. (2005) 
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observed no increase in shaft resistance until one to two weeks after installing piles in 

clean sands.  In an effort to provide a simple method for incorporating soil setup into 

pile design, Rausche et al. (1996) provided a range of setup factors, defined as the 

ratio of long term pile capacity to EOD capacity, for typical soil types (Table 2.1).  

However, these factors are generally thought to be conservative and under-estimate 

the actual capacity gain from setup (Bullock 2008). 

Taking into account the capacity gain from setup may result in a more cost-

effective pile design (Tan et al. 2004), and the ability to accurately predict the capacity 

increase from setup over time can aid in decisions regarding when to perform load 

tests.  Komurka et al. (2003) suggested that the setup process could be best described 

according to Figure 2.2.  Initially, setup is associated with a logarithmically nonlinear 

rate of excess pore water pressure dissipation, before transitioning into a logarithmic 

linear period; the final period is associated with mechanical aging at a constant 

effective stress.  For simplicity, the capacity gain from setup rate is typically assumed 

to be linearly proportional to logarithm of time (Tan et al. 2004; Bullock et al. 2005; 

Bullock 2008; Liu et al 2011; Steward and Wang 2011).   

Numerous empirical models have been developed to predict pile capacity with 

contributions from setup (Table 2.2), and most have been developed based on 

measurements of pile capacity by dynamic load tests at EOD and sometime after 

driving.  Based on a literature review by Komurka et al. (2003), the model proposed 

by Skov and Denver (1988) is the most widely used to predict axial pile capacity, Qt, 

at a certain time, t, after driving: 
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where Qo is the axial pile capacity at a reference time, to, and A is a dimensionless 

setup factor.  Conceptually, to is the point at which the rate of dissipation of excess 

pore water pressure becomes linear with respect to the logarithm of time (Figure 2.2); 

however, this value has been found to be highly variable (Steward and Wang 2011).  

Bullock (1999) suggested that A and to are mutually dependent, and are a function of 

soil and pile type.  Skov and Denver (1988) recommended to = 12 hours with A = 0.2 

and to = 24 hours with A = 0.6 for sand and clay, respectively; however, several other 

researchers  have suggested different ranges for to and A based on specific soil and pile 

types (Table 2.3).  Due to variable site conditions, different pile geometries and 

materials, and the inherent variability of setup, there is considerable scatter associated 

with A and to.  Figure 2.3 shows the degree of scatter in A for several different case 

histories.  Consequently, without site-specific calibration efforts, most empirical setup 

equations are associated with a large amount of uncertainty (Bullock 2008). 

A number of other semi-empirical, analytical, and numerical methods have been 

proposed to describe the time-dependent increase in pile capacity from setup.  For 

example, Azzou et al. (1990) applied cavity expansion and radial consolidation theory 

to model pile installation and excess pore water dissipation for piles driven in 

saturated clays; however, this approach was unable to account for the vertical shearing 

of the soil, and was not accurate in determining the long term pile capacity.  Because 

of the complexity associated with the process of installing driven piles, consolidation,  
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soil aging, and loading of the pile, it is not surprising that the problem of predicting 

pile capacity from setup has not been adequately solved. 

2.4 CAPACITY OF AXIALLY LOADED PILES 

The available methods for estimating the static capacity of axially loaded piles 

range from full-scale static and dynamic load tests, to field- and laboratory-based 

empirical or semi-empirical approaches, to numerical and finite element 

approximations.  Owing to the rarity of site-specific load tests and the need to estimate 

capacity at preliminary stages of design, pile capacity has traditionally been assessed 

using empirical or semi-empirical methods that aim to determine shaft and toe bearing 

resistances that when summed equal the total capacity during load testing (Hannigan 

et al. 2006).  Such methods are commonly linked to in-situ effective stresses or 

undrained shear strengths (e.g. Beta method, Alpha method, Lambda method); 

although other parameters such as plasticity index and residual friction angle have also 

been considered to form the basis for an estimate of capacity.  Because several factors 

effect soil resistance, such as pile material and geometry, the method of installation, 

rate of loading, soil type and stress history, in-situ pore water pressures, the time-

dependent nature of capacity, and the degree of inherent heterogeneity in the soil, it is 

not surprising that semi-empirical methods are often largely inaccurate. 

On the basis that in-situ tests such as the standard penetration test (SPT) and cone 

penetration test (CPT) resemble small scale piles, several direct correlations between 

axial pile capacity and the parameters from in-situ test results have been proposed.  
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Other capacity evaluation techniques addressed in the following sections include 

dynamic formulas, and methods based on wave mechanics. 

2.4.1 Limit State Design 

A limit state is the point at which a specific design component (e.g. a pile 

foundation) no longer satisfies its intended function (Withiam et al. 1998).  Owing to 

the demand for more economic construction, limit state design (LSD) has been used 

since the mid-twentieth century to logically formulate conventional design approaches 

and facilitate the recognition and treatment of risk (Kulhawy and Phoon 1996; 

Paikowsky et al. 2004).  In general, LSD consists of identifying and applying checks 

to all potential failure modes in order to minimize the occurrence of each.  For the 

design of foundations, the initial step of recognizing possible failure modes is not 

always straightforward due to complex interactions between the foundation and 

subsurface environment, and uncertainties in the applied loads and the load-

displacement response of the foundation (Mortensen 1983; Kulhawy and Phoon 1996).  

As a result, the selection of critical limit states often requires considerable engineering 

judgment (Boden 1981; Phoon and Kulhawy 1996).  In foundation design, two types 

of limit states are normally considered, the strength or ultimate limit state (ULS), and 

the serviceability limit state (SLS) (Hansen 1965; Withiam et al. 1998; Paikowsky et 

al. 2004; Salgado 2008).  The former is associated with life safety concerns and 

involves the total or partial collapse of a structure, whereas the latter is related to the 

failure of a structure to perform as intended (Paikowsky et al. 2004).  For example, 

excessive displacement may lead to access problems (e.g. transitions from approach 
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fills to bridge decks) and disrupt underground utilities, and large angular distortions 

due to differential displacement may cause non-structural damage such as cracking in 

walls, and jammed doors and windows (Zhang and Ng 2005).   

In limit state design, there are several approaches to ensure that the likelihood of 

the limit state being exceeded is sufficiently small.  Because many parameters used in 

foundation design are inherently variable, it is logical to assess limit state problems in 

a probabilistic framework, where random variables are statistically characterized and 

incorporated into a limit state function in order to assess the probability of exceeding a 

prescribed limit state (Kulhawy and Phoon 1996).  This framework forms the basis for 

reliability-based design which is discussed in section 2.6. 

Owing to the lack of model statistics for pile displacement, foundation reliability at 

the SLS is not as well understood compared to the ULS (Phoon et al. 2006).  Although 

the SLS is often the governing failure criteria for many foundation alternatives, 

considerable effort has been focused on RBD for the ULS, whereas SLS design is 

conducted largely within a deterministic framework (Phoon and Kulhawy 2006).  

Studies that have evaluated the reliability of ACIP piles at the SLS have done so using 

ULS capacity prediction methodologies originally developed for driven displacement 

piles and drilled shafts (e.g. Phoon and Kulhawy 2008), which is inappropriate due to 

differences in construction procedure (Stuedlein et al. 2012a).  Therefore, there is need 

to incorporate accurate RBD procedures for ACIP piles at the ULS into an SLS 

framework in order to determine the allowable load given an uncertain estimate of 

allowable displacement. 
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2.4.2 Load Transfer in Single Piles 

Compressive axial loads are applied parallel to the vertical axis of a pile, and 

resisted by a combination of shaft resistance, Rs, and toe bearing resistance, Rt, 

mobilized through elastic shortening and displacement of the pile.  Shaft resistance is 

developed from sliding friction between the pile and the surrounding soil, and follows 

a simple shear stress path, whereas bearing resistance is described with an axial 

compression stress path.  Because shaft resistance and toe bearing resistance are 

fundamentally different mechanisms of resistance, they are evaluated separately. 

For a single pile, the total axial pile resistance, RT, is evaluated as the sum of shaft 

and toe bearing resistance: 

 
tsT RRR   (2.2) 

Shaft resistance is the product of the unit shaft resistance, rs, and the surface area of 

the pile, and may be expressed as: 
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where B = pile diameter, Le = length of the embedded portion of the pile, and z is 

associated with the pile depth.  Toe bearing resistance is equal to the product of unit 

toe bearing resistance, rt, and the pile cross-sectional toe area, At: 

 t t tR r A   (2.4) 
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For closed-ended piles, drilled shafts, and ACIP piles the total pile-soil contact 

area (shaft and toe) is defined by the surface around the perimeter of the pile and the 

cross-sectional area of the pile toe.  Open-section driven piles (H-piles and open-end 

steel pipe piles) have pile-soil contact areas that are not as easily defined and may 

change throughout installation (Hannigan et al. 2006).  During driving, soil may be 

forced into the interior of the pile and become rigidly embedded, causing it to move 

downward as the pile is advanced further into the ground (Hannigan et al. 2006).  This 

mass of soil is referred to as a soil plug.  Plugging may have a considerable effect on 

the soil resistance during driving and total pile capacity (Hannigan et al. 2006).  For 

instance, although the load carrying capacity of closed-end piles is generally larger 

than open-ended piles installed under the same conditions, the difference decreases 

with increasing driving depth as the degree of soil plugged increases (Paik et al. 1994).  

Whether or not a soil plug will develop during driving is difficult to predict; however, 

soil plugs are more likely to occur in pipe piles driven in cohesionless soil and H-piles 

driven in cohesive soil (Hannigan et al. 2006; Salgado 2008).  The area between the 

H-pile flanges is usually smaller than the interior area of pipe piles, and less 

penetration is required for a soil plugging to develop in H-piles.  Paikowsky and 

Whitman (1990) and Hannigan et al. (2006) suggested several factors that control the 

formation of a soil plug including soil consistency, in-situ stress, pile diameter, 

penetration depth/rate, and method of installation.  They found that open-ended pipe 

piles with diameters less than 610 mm and pile embedment to diameter ratios from 10 

to 20 in clay and 25 to 35 in sands are typically associated with soil plugging.   
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When a pile is loaded in axial compression, initially, all of the load is supported by 

shaft resistance in the upper portion of the pile (Fang 1991; Fellenius 2009).  As the 

load is steadily increased, shaft resistance is mobilized at increasing depths before toe 

bearing resistance is activated (Fang 1991).  During loading, the shaft resistance may 

increase, decrease, or remain constant depending on the stress-strain characteristics of 

the soil-shaft interface (Fang 1991). The displacement necessary to mobilize shaft 

resistance is relatively small (0.25 to 1.0 percent of the pile diameter), and is 

independent of pile diameter (Salgado 2008; Fellenius 2009).  Compared to shaft 

resistance, much larger displacements are required to mobilized toe bearing resistance; 

for driven piles, the necessary displacement is about 3 to 10 percent of the pile 

diameter (Fang 1991).  The rate at which toe bearing resistance is mobilized is 

dependent on the soil properties, and tends to be higher for soft clays and loose sands 

compared to stiff clays and dense sands (Salgado 2008).  Owing to the unloading and 

loosening of the soil that takes place at the toe of drilled shafts during drilling, larger 

displacements may be required to mobilize toe bearing resistance during loading 

(Hannigan et al. 2006). 

2.4.3 Interpreting Capacity from Static Load Tests 

Although static loading tests are relatively expensive and time consuming, they are 

the preferred method for interpreting static pile capacity, and provide valuable site-

specific information regarding the load-displacement relationship between the pile and 

the surrounding soil (Hannigan et al. 2006; Brown et al. 2007).  In addition, static load 

tests often allow for lower factors of safety to be used, resulting in significant cost 
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savings (Brown et al. 2007).  During a compressive axial static loading test, load 

increments are applied to the pile head until one of following conditions is met: 

structural failure of the pile or reaction frame, a specified maximum pile displacement 

is reached, or rapid displacement occurs under a sustained or slight increase in applied 

load. 

If a static load testing program has been conducted, ultimate resistance (capacity) 

is often interpreted using the resulting load-displacement curve and a prescribed 

failure criterion.  Chin (1970) is an extrapolation-based failure criteria for determining 

the limiting applied load, where the load-displacement curve is assumed to be 

hyperbolic: 

 

21 kk
Q







 (2.5) 

where Q = the applied load, δ = pile displacement, and k1 and k2 are fitting parameters, 

typically determined using least squares regression between the observed and fitted 

displacement data.  The fitting parameters are physically meaningful, where the 

inverse of k1 and k2 are the asymptotic load and the pile head stiffness, respectively.  

As δ approaches infinity, the applied load approaches 1/k1, and the limiting pile 

capacity, QT,L is computed as: 
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,

1

k
Q LT   (2.6) 

Because the Chin method involves data fitting, it is often used to extrapolate a trend in 

order to obtain an ultimate load greater than the maximum applied load during a static 
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loading test.  Fellenius (2009) cautioned against this approach because the 

extrapolated ultimate load in this case is not able to be verified during testing.  The 

Chin method is useful for determining damage in the pile, and is particularly useful for 

quality control during testing.  Other methods similar to Chin (1970) have been 

examined by Fellenius (1975) including Van der Veen’s criterion (Van der Veen 

1953) and Hansen’s 80 percent criterion (Hansen 1963). 

Extrapolation methods are used to estimate the limiting pile capacity and do not 

consider the level of displacement.  Prior to reaching the limiting total resistance (i.e. 

plunging), a pile will usually experience significant displacement, causing the 

serviceability or life safety requirements of the superstructure to be exceeded.  As a 

result, superstructure damage due to excessive pile displacement, differential 

displacement, or angular distortion is often the basis for ultimate or serviceability 

limit-based criteria, and ultimate resistance is defined by an prescribed pile 

displacement.  Because larger piles are typically associated with larger loads and 

longer spans between columns, many displacement-based failure criteria are specified 

in terms of pile diameter.  Franke (1989) assessed tolerable displacements in drilled 

shafts and found that serviceability loss, which typically precedes structural collapse, 

takes place at relative displacements larger than ten percent of the pile diameter.  The 

research performed by Franke (1989) is also applicable for driven piles, and is the 

criterion for determining ultimate resistance is the standard set forth by the British 

Code (Salgado 2008). 
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The Davisson criterion (Davisson 1972, 1975) is another displacement-based 

criterion frequently used in the United States, where the ultimate load, QT, is defined 

as the point on the load-displacement curve where displacement
 
exceeds the elastic 

pile compression by 4 mm plus a factor that is a function of the pile diameter: 
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where Lp = pile length, Ap = the cross sectional area of the pile, and pE  pile elastic 

modulus.  The Davisson criterion is empirically derived, from very specific conditions 

(i.e. one foot in diameter for driven piles), and often yields conservative results for 

larger diameter piles (Likins et al. 2012).  To correct for this, the second term in Eqn. 

(2.7) is often arbitrarily increased (Salgado, 2008).  Davisson’s criterion also uses pile 

stiffness which requires an accurate estimate of elastic modulus.  The elastic modulus 

for steel piles is typically known to an acceptable degree of accuracy; however, the 

elastic modulus for concrete or concrete-filled pipe piles is often unknown and may 

produce additional uncertainty. 

There are several other failure criteria for determining ultimate pile capacity 

including graphically-based methods such as the point of maximum curvature method 

(De Beer 1968) and the slope-tangent capacity method (Hirany and Kulhawy 1988) 

that are beyond the scope of the literature review. 

Although conventional static load tests measure load and displacement at the pile 

head, and are usually adequate in providing verification of pile performance, 
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instrumented load tests provide information regarding the strain, stress, and force.  

Provided the elastic modulus of the pile can be satisfactorily estimated, the load 

distribution along the length of the pile to be determined.  This information may be 

coupled with a nearby boring to determine unit shaft and toe bearing resistance for 

individual soil layers.  Owing to the added cost of instrumentation, instrumented static 

load tests are less common than conventional loading tests. 

2.4.4 Prediction of Pile Capacity using Static Analysis 

Analytical methods for estimating pile capacity are desirable because they are 

relatively inexpensive compared to static and dynamic loading tests (Veiskarami et al. 

2011).  However, because many of the methods discussed in the following sections 

use single coefficients in order to account for the inherent variability in the soil and the 

design parameters that govern unit shaft and toe bearing resistance, they are usually 

associated with considerable scatter (Meyerhof 1976; Randolph 2003).  Unfortunately, 

because quality load test data has been somewhat limited historically, there has been a 

tendency in foundation engineering to modify existing pile-specific design procedures 

so that they can be used with other foundation alternatives (Brown et al. 2007).  

Because different types of piles are installed using different techniques and behave in 

unique ways under loading, capacity prediction methodologies should be developed 

using pile-specific data.  For example, many of the current recommended methods for 

ACIP piles have been modified from existing driven displacement or drilled pile 

methods (e.g. Meyerhof 1976; Wright and Reese 1979; O’Neill and Reese 1999; 
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Brown et al. 2007).  As a result, there is current need to develop ACIP pile-specific 

design methodologies. 

2.4.4.1 Shaft Resistance 

Although several static analysis methods have been proposed for estimating unit 

shaft resistance (e.g. Meyerhof 1976; Bhushan 1982; Reese and O’Neill 1989; Neely 

1991; American Petroleum Institute 1993; O’Neill and Reese 1999; Paik and Salgado 

2003; Rollins et al. 2005; Park et al. 2012), most tend to be variations on classical 

effective stress or total stress approaches. 

There has been considerable debate regarding the direction of loading (i.e. uplift 

compression) and its impact on the magnitude of unit shaft resistance.  De Nicola and 

Randolph (1993) suggested that unit shaft resistance decreases when piles are loaded 

in tension due to a reduction in pile diameter from Poisson’s effect and corresponding 

decrease in radial effective stress.  O’Neill and Reese (1999) postulated that shaft 

resistance in tension was 12 to 25 percent smaller than that in compression; many 

design guidelines include a 10 to 30 percent reduction (e.g. API 1993) (Randolph 

2003).  On the other hand, Kulhawy et al. (1983) suggested that Poisson effects on 

shaft resistance were negligible, and studies by Stas and Kulhawy (1984), Kulhawy 

(1991), Neely (1991), and Chen and Kulhawy (2002) found that shaft resistance was 

independent of the direction of loading.  Therefore, the discussion of shaft resistance 

in following sections does consider the direction of loading. 
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2.4.4.1.1 Beta Method 

It is well understood that the transfer of load to the surrounding soil by means of 

shaft resistance is governed by effective stress (Meyerhof 1976; Fang 1991; Coduto 

2001).  In order to predict long-term pile shaft resistance, Johannessen and Bjerrum 

(1965) and Burland (1973) suggested that unit shaft resistance is proportional to the 

effective overburden stress in the soil directly adjacent to the pile shaft.  The 

proportionality constant, referred to as the beta-coefficient, βs, is function of 

coefficient of earth pressure, K, defined as the ratio of the effective radial stress acting 

on the pile wall, σ’r, to the effective overburden stress, σ’v, and the interface friction 

angle between the pile and the soil, δs.  If the contact between pile and soil is assumed 

to be purely frictional (e.g. Chandler 1968), then unit shaft resistance can be expressed 

as: 

  ' 'tans r s s vr         (2.8) 

where βs = K∙tan(δs).  There has been considerable debate regarding the existence 

of a critical depth, where Eqn. (2.8) ceases to be valid (e.g. Kulhawy 1984); usually at 

an embedment depth of about 10 to 20 pile diameters.  Although this concept violates 

the fundamental principles of Newtonian physics and is considered unproven, it has 

proliferated throughout literature (e.g. Vesic 1967, 1970; Meyerhof 1976; Coyle and 

Castello 1981; Lehane et al. 1993); currently, most existing prediction methods 

assume that unit shaft resistance becomes constant once the critical depth is reached, 

and as a result, tend to under-predict shaft resistance (Neely 1991).  It is likely, 
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however, that this viewpoint is the result of inadequately explained experimental data, 

where residual loading effects are overlooked (Fellenius 2009). 

Because the in-situ stresses in the soil surrounding the pile change in response to 

installation, the coefficient of earth pressure is often difficult to evaluate without site-

specific load tests (Meyerhof 1976; Kulhawy 1991; Rollins et al. 2005).  Nevertheless, 

several authors have proposed methods for estimating K.  Randolph (2003) normalized 

total radial stress measurements taken during pile installation by initial effective 

overburden stress, and found that the normalized stresses increased as a function of 

yield stress ratio.  The gradient between the normalized stress and the yield stress ratio 

was largely parallel to a correlation between Ko and overconsolidation ratio (OCR) 

proposed by Mayne and Kulhawy (1982): 

   sin '1 sin 'oK OCR    (2.9) 

where the normalized stress was approximately 3 to 3.5 times greater than Ko.  Based 

on data reported by Chow (1997), the ratio of long term effective radial stress to initial 

effective overburden stress also increased with the yield stress ratio, and was 

dependent on the sensitivity of the soil (Lehane 1992; Jardine and Chow 1996). 

In accordance with the Mohr-Coulomb failure criterion, the largest possible value 

for K is equal to the coefficient of passive earth pressure, Kp = tan
2
(45 + ϕ’/2).  

Without considering any installation-induced stress changes, Burland (1973) and Parry 

and Swain (1977) suggested values of K ranging from 1-sinϕ’ to cos
2
ϕ’/(1+sin

2
ϕ’) for 

soft, normally to lightly over-consolidated soils.  Kulhawy et al. (1983) and Kulhawy 
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(1991) suggested the ratio, K/Ko, was between 1 and 2 for large driven displacement 

piles, whereas Meyerhof (1976) observed values as high as 4 in dilatant sands.  Drilled 

piles and piles driven into saturated soft clay are expected to be associated with a K/Ko 

near unity (Eide et al. 1961; Chandler 1968; Burland 1973); however, stress relaxation 

may occur during installation as the result of poor quality workmanship.  In these 

cases, Kulhawy (1991) observed K/Ko values between 0.6 and 1.  On the other hand, 

Fleming et al. (1992) suggested that K may be slightly greater than Ko for highly fluid 

concrete mixtures. 

Based on instrumented static loading tests conducted on driven piles, it has been 

suggested that K decreases with depth along the pile from a maximum value at the top 

that may approach Kp, to less than Ko at the pile toe (e.g. Koizumi 1971).  Rollins et al. 

(2005) showed that K ranged from 0.1 near the pile toe to over 5 at the ground surface 

for drilled piles installed in gravelly soils.  The upper limit observed by Rollins et al. 

(2005) was consistent with Kp, and was attributed to increases in radial effective stress 

due to dilation since the OCRs necessary to account for these K values based on Eqn. 

(2.9) were inconsistent with the geologic loading history of that site. 

The interface friction angle is dependent on the type of pile and the processes that 

take place in the soil during installation (Kulhawy et al. 1983).  During the 

construction of drilled and ACIP piles, concrete or grout is forced into the soil to some 

degree, causing interlocking between the soil and pile wall; as result, the shearing 

plane often takes place at some location away from the pile wall, and δs may be 

approximately equal to the critical state friction angle, ϕc (Salgado 2008).  On the 
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other hand, δs will be lower than ϕc for driven prefabricated piles because of their 

relatively smooth surfaces (Kulhawy et al. 1983).  For normally to mildly 

overconsolidated clay, Lehane and Jardine (1994) observed that δs approached a 

residual value consistent with high rates of shearing at low confining stresses during 

driven pile installation.  Meyerhof (1976) suggested that δs was approximately one 

half of the peak friction angle for clayey soils.  Based on direct interface shear tests by 

Uesugi et al. (1990), Lehane et al. (1993), Jardine and Chow (1998), and Subba Rao et 

al. (1998), several recommendations have been made for ratio, δs/ϕc for different soil 

gradations and pile materials. Table 2.4 shows recommended values of δs/ϕ’ based on 

pile type (Kulhawy et al. 1983; Kulhawy 1991). 

Owing to the difficulties associated with evaluating K and δs, the beta-coefficient 

is often estimated using empirical correlations or tabulated values based on back-

calculations from the results from instrumented static load tests (Hannigan et al. 

2006).  In general, βs will vary based on soil gradation, mineralogical composition, 

density, depositional history, and soil strength (Fellenius 2009).  Table 2.5 shows 

typical values of βs for general soil types derived from static loading tests in 

mechanically weathered, inorganic, normally consolidated alluvial soils.  In general, 

very soft soils will be associated with the lower-bound range given in Table 2.5, 

whereas lightly overconsolidated soils will be near the upper end.  It is noted that 

overconsolidated, organic, residual, or calcareous soils will exhibit a different range of 

than that shown in Table 2.5.  For example, Rollins et al. (2005) observed βs greater at 

4.5 at the ground surface for drilled piles in dilative gravels. 
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As a result of the seminal work by Meyerhof (1976), βs is often correlated with 

embedment depth, z.  For drilled piles in sands with uncorrected SPT blow counts, N60 

> 15, O’Neill and Reese (1999) proposed: 

 1.5 0.245s z    (2.10) 

where βs is limited to values between 0.25 and 1.2, and unit shaft resistance is capped 

at 200 kPa.  For drilled piles in sandy soils with 25 to 50 percent gravel content, 

O’Neill (1994) recommended: 

 0.752.0 0.15s z    (2.11) 

where the upper bound for βs is limited to values between 0.25 and 1.8.  In theory, 

gravelly sands should be associated with greater unit shaft resistance; for a gravel 

content greater than 50 percent, Rollins et al. (1997, 2005) recommended: 

  0.085
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  (2.12) 

where the upper-bound for βs given by O’Neill (1994) is increased to 3.0.  Figure 2.4 

illustrates the differences between Eqns. (2.10), (2.11), and (2.12). 

Neely (1991) developed correlations for granular soils using the results from load 

tests on non-instrumented ACIP piles.  Figure 2.5 shows the average βs for ACIP piles 

of various lengths.  In this approach, the average unit shaft resistance is computed as 

the product of the average effective overburden stress at the midpoint of the pile and 

the corresponding βs in Figure 2.5.  Although this method is reasonably accurate 

(Brown et al. 2007), improvements can be made with the addition of βs values back-
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calculated from instrumented load tests.  Additional methods for estimating unit shaft 

resistance of ACIP piles have been proposed by Douglas (1983) and Zelada and 

Stephenson (2000); however, they are based on a relatively small number of load tests. 

As indicated in Figure 2.5, βs is often associated with considerable scatter due to 

the underlying spatial variability of soil.  Currently, most available methods for 

estimating unit shaft resistance account for uncertainty in a deterministic manner via a 

subjective global factor of safety.  There is a current need to resolve many existing 

design methods into reliability-based design framework so that a more consistent level 

of safety can be obtained.  This topic is discussed further in Section 2.6. 

2.4.4.1.2 Alpha Method 

Although load transfer by means of shaft resistance is governed by effective stress, 

a total stress analysis may be useful in site-specific situations where undrained 

conditions may persist throughout the timeframe of interest (e.g. temporary 

excavations) (Brown et al. 2007).  The alpha method is the most commonly used total 

stress approach for clayey soils, where unit shaft resistance is assumed to be 

independent of the overburden stress: 

 s s ur s   (2.13) 

where αs is a proportionality constant, and su is the undrained shear strength.  The 

proportionality constant has determined empirically from a number of static load tests; 

in general, αs is near unity for soft and firm clays, but decreases rapidly for 

overconsolidated stiff and hard clays (Fang 1991).  Overall, αs depends on the nature 
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of the soil (i.e. stress history, mineralogy, void ratio), shear strength, pile geometry 

and installation method, and time-dependent effects (Meyerhof 1976).  Skempton 

(1959) observed that αs was less than unity for drilled piles due to the remolding 

effects associated with augering and the tendency of stiff clays to swell, and proposed 

a range of αs between 0.3 and 0.45.  Based on experience with drilled piles, Reese and 

O’Neill (1988) proposed an αs = 0.55. 

In the absence of site-specific data, generic αs values obtained from past load tests 

may be selected.  Typically αs is determined based on the magnitude of su; Figure 2.6 

shows back-calculated values of αs for instrumented load tests on drilled shafts, and 

illustrates the large degree of scatter in the relationship between αs and su.  Although 

Figure 2.6 shows several proposed functions for estimating αs, the API (1975) method 

is probably the most widely used, where αs = 1 for su < 25 kPa.  For 25 ≤ su ≤ 75 kPa: 

 25
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and αs = 0.5 for su > 75 kPa.  Other approaches are available to estimate αs for 

different pile types; some of which take into account overburden stress, stress history 

of the soil, soil index parameters, and slenderness ratio (e.g. Semple and Rigden 1984; 

Randolph and Murphy 1985; API 1993; Hu and Randolph 2002; Karlsrud et al. 2005).  

Despite these more advanced approaches, the alpha method is largely criticized as 

inadequate due to a lack of consideration of the physical processes that govern pile-

soil behavior.  Regardless, this approach remains widely used, and has hindered the 

development of a more rational approach to pile design (Bond and Jardine, 1991).   
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2.4.4.2 Toe Bearing Resistance 

Based on the theory of plastic deformation of metal, Prandtl (1920) presented the 

first bearing capacity formula that Terzaghi (1943) later used to formulate what is 

commonly referred to as the bearing capacity formula for shallow footings.  Over the 

years, slight modifications and adjustments have been made, but the general formula 

has remained largely unchanged.  The Terzaghi (1943) formula is the basis for 

determining the bearing capacity for the toe of deep foundations loaded in 

compression; the general form of this expression is (e.g. Vesić 1975): 

 0.5t c vr cN N B N      (2.15) 

where rt = unit toe bearing resistance (capacity), c = soil cohesion, γ = the unit weight 

of the soil, B = the diameter of the pile, σv = the overdurden stress at the pile toe, and 

Nc, Nσ, and Nγ are empirically derived dimensionless bearing capacity factors that are 

functions of the internal friction angle of the soil, ϕ, (Prandtl 1921; Reissner 1924): 

   
  tan2 2/45tan eN   (2.16) 

    cot1 NNc  (2.17) 

    tan12  NN  (2.18) 

Although there are several methods to compute Nγ (e.g. Meyerhof 1963; Bolton and 

Lau 1993; Kumar and Khatri 2008; Kumar 2009), Eqn. (2.18) is the approximation 

given by Vesić (1973, 1975) based on the numerical solution by Caquot and Kerisel 

(1953).  Because the Terzaghi (1943) formula was developed under idealized 
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conditions of general soil shear failure for an infinitely long strip footing at a shallow 

depth, additional factors that account for foundation shape, s, depth, d, and rigidity, r, 

are applied to each of the terms in Eqn. (2.15) to obtain: 

 0.5t c cs cd cr v s d r s d rr cN N B N                     (2.19) 

The modification factors, ξ, are double-subscripted in order to indicate which bearing 

capacity factor they are associated with, and are functions of ϕ, and the slenderness 

ratio, defined as the embedment depth divided by the pile diameter, D/B.  Table 2.6 

shows the modification factors for circular foundations based on interpretations by 

Fang (1991) of available data from Hansen (1970), Vesić (1975), and Kulhawy et al. 

(1983).  Unlike shallow footings where general shear controls the failure, deep 

foundations can fail in any mode (general, local, or punching shear) as function of the 

stiffness of the soil (Fang 1991; Coduto 2001); as a result, the compressibility of soil 

must be considered.  Figure 2.7 illustrates several possible failure patterns assumed by 

different studies (Vesić 1967).  Although some literature suggests using a general 

criteria to distinguish the different modes failure, and then make adjustments to the 

bearing capacity terms as a function of relative density or other index parameters, the 

rigidity index, Ir, used to compute ξqr in Table 2.6 incorporates the influence of 

stiffness directly.  For drained conditions, Ir may be computed as (Vesić 1977): 
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where Es,d = drained modulus of elasticity of the soil near the pile toe, and νs,d = 

drained Poisson’s ratio of the soil; in general, νs,d ranges from 0.1 to 0.3 for loose sand 

to 0.3 to 0.4 for dense sand in drained conditions (Kulhawy et al. 1983).  The elastic 

modulus of the soil can determined from a number of laboratory and in-situ tests (e.g. 

SPT, CPT, pressuremeter [PMT]); several empirical correlations are available as well 

(e.g. Skempton 1986; Kulhawy and Mayne 1990).  Soils with high rigidity indices are 

associated with general shear failure, whereas low values suggest that soil 

compressibility is critical and local or punching shear may govern.  Fortunately, ξqr is 

largely insensitive to changes in Ir; where an order-of-magnitude is usually sufficient 

(Fang 1991). 

Because pile diameter is relatively small, the contribution of third term in Eqn. 

(2.19) is rarely significant and can be neglected (Bowles 1996).  For coarse-grained 

soils where loads are applied slow enough such that no excess pore water pressure are 

generated or for long-term loading in fine-grained soils, toe bearing capacity may be 

computed assuming drained conditions.  If the soil is assumed to be purely frictional 

(i.e. c = 0), effective stress parameters are used, and Eqn. (2.19) is expressed as: 

 't v c d rr N        (2.21) 

where modification factors (Table 2.6) are calculated using the effective internal 

friction angle, ϕ’.  The assumption of zero volumetric strain in Eqn. (2.20) is not valid 

for drained loading conditions, and Vesić (1975) proposed a reduced rigidity index, Irr, 

expressed as: 
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where εv = the volumetric strain, and the critical rigidity index for a circular 

foundation, computed using cavity expansion theory is (Vesić 1975; Chen and 

Kulhawy 1994): 

  2/'45cot85.25.0  eI rc  (2.23) 

In the case where Irr > Irc, the soil behaves as rigid-plastic, general shear will govern,  

and ξcr = ξγr = ξσr = 1; if Irr < Irc the rigidity modification factors are less than unity, 

local or punching shear will govern, and the toe bearing resistance is reduced (Fang 

1991). 

Kulhawy (1984) illustrated that although toe bearing resistance increases with a 

continually decreasing rate, very large values of toe bearing resistance can be obtained 

using the approach described above.  In reality, the toe bearing resistance is dependent 

on soil type and the construction method, where the presence sensitive soils (e.g. 

lightly cemented sands, collapsible soils) may significantly reduce the load carry 

capacity of the pile toe.  Driven piles tend to densify or preload the soil beneath the 

toe, whereas the process of augering in drilled pile construction may result some 

degree of stress relaxation within the soil mass; Vesić (1977) observed that, in general, 

unit toe bearing is larger for driven piles compared to drilled piles.  For a given 

friction angle, Kerisel (1961) De Beer (1964), and Vesić (1967) suggested that the unit 

toe resistance of drilled piles was about two-thirds to one-half that of driven piles. 
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Similar to the case for shaft resistance, it has been suggested that the dependence 

of unit toe bearing resistance on effective overburden stress terminates at some critical 

depth (e.g. Kerisel 1961, 1964; Vesić 1967; Tavenas 1971; Meyerhof 1976; Salgado 

1995).  As a result, several limiting values of unit toe bearing have been suggested.  

For driven piles installed in homogeneous granular soils, Meyerhof (1976) expressed 

unit toe bearing as: 

 
 Nr vt '  (2.24) 

where Nσ is determined according to Figure 2.8.  Similarly, Vesić (1977) proposed the 

following for estimating Nσ: 
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where Ko = 1 – sinϕ’, and: 
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where Ir is computed using Eqn. (2.20).  The limiting unit toe bearing resistance, rt,L, 

was determined empirically from limiting static CPT cone resistance, and may be 

approximated as (Meyerhof 1976): 

 'tan5.0, Npr aLt   (2.27) 

In an effort to provide some basic guidelines for estimating rt, Fellenius (1991, 

1998, 2009) proposed an approximate range of Nσ for use in Eqn. (2.24) for general 

soil types shown in Table 2.7 using static loading test results, where failure was 
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defined as pile head movement between 30 to 80 mm.  Fellenius (1999, 2009) 

suggested that the concept of bearing capacity failure does not apply at the pile toe, 

and the soil response during an increase in stress is to reach an ultimate stiffness, not 

an ultimate failure point; therefore, using an ultimate resistance approach is 

fundamentally incorrect, and the behavior of the pile toe should be evaluated as a 

stress-settlement problem. 

Cemented sands and gravels, partially saturated soils, and heavily 

overconsolidated clays derived their strength from both cohesion and friction, and 

Eqn. (2.19) is applied using effective stress strength parameters (i.e. c’ and ϕ’) in order 

to determine the unit toe bearing resistance.  However, the process of pile installation 

may destroy any strength derived from cohesion in cemented soils; similarly, the 

cohesion resulting from capillary tension in partially saturated soils may be destroyed 

if the water table rises, and the cohesion in overconsolidated clays decays with time, 

resulting in a loss of strength (Skempton 1964). 

Undrained conditions exist in saturated fine-grained soils when loads are applied 

rapidly such that pore water pressures are generated at a constant effective stress; the 

soil strength is derived solely from c, or more appropriately su, (i.e. ϕ = 0) and unit toe 

bearing resistance (Eqn. 2.19) is expressed as: 

 6.17t u cd cr vr s      (2.28) 

Because undrained saturated soils undergo no volume change during shear, the rigidity 

index is equal to the reduced rigidity index: 
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where Es,u = undrained elastic modulus of the soil, and the undrained Poisson’s ratio, 

νs,u = 0.5 for saturated cohesive soils (Kulhawy et al. 1983; Fang 1991).  Because su is 

a function of ϕ’, the pore water pressures during loading, and the in-situ stresses in the 

soil, as well as the type of test used and the associated boundary conditions, it will 

likely exhibit more inherent variability compared to ϕ’ (Fang 1991). 

For piles with a D/B > 3 installed in clays with an su ≤ 250 kPa, Reese and O’Neill 

(1999) proposed: 

 
cut Nsr   (2.30) 

where Nc = 9.0 for su ≥ 100 kPa and is largely consistent with Meyerhof (1951, 1976), 

Nc = 8.0 for su = 50 kPa, and Nc = 6.5 for su = 25 kPa (Coduto 2001).  More current 

research has suggested that Nc = 9 is often too small.  Based on observations in 

saturated homogeneous clay under undrained conditions, Ladanyi (1973) and Roy et 

al. (1974) found than Nc was equal to about 5 for very sensitive normally consolidated 

clay, whereas Meyerhof (1951) and Skempton (1951) found that Nc was 

approximately equal to 10 for insensitive overconsolidated clay.  Martin (2001) 

indicated that an Nc = 9.3 was more appropriate, and did not depend on the rate that su 

increases with depth; Salgado et al. (2004) suggested that Nc ranges from 11 for 

relatively short piles (i.e. D/B < 5) to 14 for longer piles, and Hu and Randolph (2002) 

found that a range between 9.3 and 9.9 was appropriate for non-displacement piles.  
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Many of these estimates are based on the initial undrained values of su determined 

using undrained triaxial compression tests; in reality, any disturbance in the soil due to 

pile installation and subsequent consolidation will likely lead to long term unit toe 

bearing resistance that exceed the value at the end of construction (Meyerhof 1976). 

Unit toe bearing resistance in uplift develops from tension and suction within the 

soil and between the soil and pile toe, and is significantly smaller than that in 

compression (Fang 1991).  Because the tensile strength of soil is typically very small 

and suction only develops in fine-grained soils during undrained loading and 

dissipates over time, toe resistance is usually neglected when determining long term 

uplift capacity.  Exceptions include belled drilled shafts with enlarged bases, where 

additional resistance is expected to form around the bell under tensile loading. 

2.4.5 Prediction of Pile Capacity using In-situ Tests 

Small changes in friction angle significantly influence the values of K and Nσ; 

therefore, it is preferable to use the results of subsurface investigations by way of in-

situ tests to make preliminary estimates of axial pile capacity (Meyerhof 1976; 

Puppala and Moalim 2002).  Owing to the wide spread use of the standard penetration 

test (SPT), several empirical correlations have been developed between the results 

from the SPT and unit shaft and toe bearing resistance; however, many of which were 

developed prior to the development of more suitable in-situ testing methods such as 

the cone penetration test (CPT).  Analytical methods based on the CPT are attractive 

because of the resemblances between the CPT and the load transfer mechanisms in 

piles.  Unlike the SPT, the CPT supplies continuous soundings with depth, and allows 
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for a variety of instrumentation to be incorporated to the penetrometer.  Although 

there are a wide variety of CPT-based methods for estimate unit shaft and toe bearing 

resistance available, there is currently no guidance for selecting the most appropriate 

method (Schneider et al. 2008).  As a result, SPT-based methods have been more 

popular due to an overall unfamiliarity with the CPT and its advantages over the SPT 

(Tumay et al. 1981; Robertson and Campanella 1984; Mayne et al. 1985). 

2.4.5.1 Standard Penetration Test 

The SPT is widely used due to its simplicity and availability as well as because it 

provides a soil sample.  Yet, the SPT contains numerous sources of error that affect 

the accuracy and reproducibility of the test including the method of drilling, borehole 

diameter and cleanliness, hammer type, mass, drop height, and rate, poor 

workmanship, and drill rod quality and straightness.  Because of this, the SPT is 

slowly being supplemented by other methods, particularly for larger and more critical 

projects (Eslami and Fellenius 1997). 

Owing the nature of the SPT, it has used more frequently to predict unit toe 

bearing resistance compared to shaft resistance.  Based on driven piles in granular 

soils, Meyerhof (1976) proposed determining rt in kPa as: 

 400
t

N D
r

B


 ≤ 400N (2.31) 

where N = averaged uncorrected SPT blow count at the pile toe, D = embedment 

depth, and B = pile diameter; whereas, for piles driven in non-plastic silt, Meyerhof 
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(1976) suggested rt = 300N.  Owing to the stress relief and loosening of the soil that 

takes place near the pile toe during the augering process, Meyerhof (1976) suggested rt 

= 120N for drilled piles. 

After defining failure at a displacement of 5 percent of the diameter of drill piles 

installed in granular soils, O’Neill and Reese (1999) proposed: 

 
605.57 Nrt  ≤ 2900 kPa (2.32) 

where N60 = the SPT blow count corrected for energy averaged between the pile toe 

and a depth of 2B beneath the toe; valid for N60 ≤ 50.  Similarly, Neely (1991) 

proposed the following for ACIP piles constructed in granular soils: 

 
60190Nrt  ≤ 7500 kPa (2.33) 

where N60 is averaged over a depth of one pile diameter beneath the pile toe.  In 

general, the data used by Neely (1991) for ACIP piles was located between the 

correlations for driven piles and drilled piles by Meyerhof (1976).  Equation (2.33) 

suggests that, on average, ACIP piles have considerably more toe bearing capacity 

compared to conventional drilled piles.  Although there are significant differences 

between the construction of conventional drilled piles and ACIP piles, the differences 

between Eqn. (2.32) and (2.33) are likely the result how the load test data was 

interpreted, as Neely (1991) defined failure at 10 percent of the pile diameter. 

Meyerhof (1976) indicated that rs could be expressed in units of kPa as a function 

of an average energy-corrected blow count along the pile shaft, N : 
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,s s Nr c N  (2.34) 

where cs,N is equal to 1 and 2 for drilled and driven displacement piles, respectively. 

Salgado (2008) provides an summary of additional correlations between unit shaft 

and toe bearing resistance, and SPT blow counts that are available for different pile 

and soil types (e.g. Thorburn 1971; Aoki and Velloso 1975; Aoki et al. 1978; Lopes 

and Laprovitera 1988). 

2.4.5.2 Cone Penetration Test 

The CPT is in essence a small scale pile that when advanced into the ground, fails 

the soil in a manner similar to that of an axially loaded pile; during testing, the 

piezocone, CPTU, measures cone tip resistance, qc, sleeve resistance, fs, and induced 

pore water pressures, u2.  The cone tip resistance largely represents the limiting toe 

bearing resistance; as a result the correlations between qc and rt are relatively 

straightforward, once scale effects are taken into account.  To date, there has been 

significant research on the estimation of pile capacity based on qc (e.g. De Beer 1984; 

Jamiolkowski and Lancellotta 1988; Franke 1989, 1993; Ghionna et al. 1993, 1994; 

Salgado 1995; Lee and Salgado 2000; Saussus 2001; API 2006; Yu and Yang 2012).  

Likewise, the sleeve fiction of the cone is sometimes used to determine rs and rt; 

however, measurements of fs usually contain considerable scatter (Schneider et al. 

2008).  Mean effective stress, soil compressibility, and pile rigidity affect the cone and 

pile in the same manner; thereby eliminating the need for supplemental laboratory 
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testing to determine parameters commonly needed for static analyses (e.g. K, Nσ) 

(Eslami and Fellenius 1997; Fellenius 2009). 

Available CPT-based methods for determining unit shaft and toe bearing 

resistance include the Nottingham and Schmertmann method (Nottingham 1975; 

Nottingham and Schmertmann 1975; Schmertmann 1978), the Dutch method (Heijnen 

1974; De Ruiter and Beringen 1979), the Laboratoire Central des Ponts et Chaussées 

(LCPC) method (Bustamante and Gianeselli 1982; Briaud and Miran 1991), the 

Meyerhof method (Meyerhof 1956, 1976, 1983), the Tumay and Fakhroo method 

(Tumay and Fakhroo 1981), the Eslami and Fellenius method (Eslami 1996; Eslami 

and Fellenius 1997), and various offshore methods (e.g. Kolk et al. 2005; Jardine et al. 

2005; Clausen et al. 2005; Lehane et al. 2005).  Each of the methods described above 

are relatively similar; differences are primarily associated with the selected region of 

influence below and above the pile toe, and the type of procedure used to filter the 

measured data.  Some of the most widely used methods are outlined below, whereas a 

review of the others can be found in Eslami and Fellenius (1997) and Fellenius (2009). 

The Schmertmann and Nottingham method is based on model and full scale pile 

load test data from Nottingham (1975) and Schmertmann (1978); based on 

recommendations by Begemann (1963), unit toe bearing resistance is equal to the 

average filtered cone tip resistance, qca, over a zone extending from 6B to 8B above 

the pile toe, and 0.7B to 4B below the pile toe.  The average is determined by first 

filtering the qc measurements to the minimum path values (see Schmertmann 1978) in 
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order to reduce the influence of the peaks and troughs of the measured data.  Unit toe 

bearing resistance is determined as: 

 
,t t q car C q ≤ 15 MPa (2.35) 

where Ct,q  is a dimensionless coefficient, and ranges from 0.5 to 1 depending on the 

OCR of the soil; in general, Ct,q = 1 for an OCR = 1, and Ct,q = 0.5  for an OCR 

between 6 and 10 (Fellenius 2009). 

Unit shaft resistance is determined based on fs: 

 
,s s f sr C f  (2.36) 

where Cs,f is a dimensionless coefficient that depends on pile geometry and material, 

cone type, and slenderness ratio.  In sand, Cs,f ranges from 0.8 to 2.0, and 0.2 to 1.25 in 

clay; Cs,f is linearly interpolated from zero at the ground surface to 2.5 within a depth 

of 8B, after which it reduces to a value of 0.9 at 20B.  However, Fellenius (2009) 

recommends using a Cs,f = 0.9 for sands regardless of slenderness ratio.  In clay, Cs,f is 

a function of sleeve friction, and ranges from 0.20 to 1.25 as shown in Figure 2.9. 

Alternatively, for sands, rs can be estimated as: 

 
,s s q cr C q ≤ 120 kPa (2.37) 

where Cs,q is function of pile type, and ranges from 0.8 percent for open-ended steel 

piles to 1.8 percent for closed end steel pipe piles, and equal to 1.2 percent for 

concrete piles. 
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The Dutch method is based on experience in offshore construction.  In sand, the 

unit toe bearing resistance is calculated in accordance with the Schmertmann and 

Nottingham method.  In clay, rt is determined using a total stress analysis according to 

conventional bearing capacity theory (Fellenius 2009): 

 t c ur N s  (2.38) 

where Nc = 5, and su = qc/Nk; Nk is a dimensionless coefficient ranging from 15 to 20. 

In sand, rs is smallest between fs and qc/300; whereas in clay: 

 
, , ,0.05c

s s d u s d s d c
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q
r C s C C q

N
   ≤ 120 kPa (2.39) 

where Cs,d is dimensionless and ranges from 1 for normally consolidated clay to 0.5 

for overconsolidated clay. 

The Tumay and Fakhroo method is based on highly plastic clays in Louisiana.  

Unit toe bearing resistance is calculated in accordance with the Schmertmann and 

Nottingham method, whereas rs is determined with Eqn. (2.36) and Cs,f is no longer 

dimensionless: 

 0.09

, 0.5 9.5 sf

s tC e


   (2.40) 

where fs is measured in MPa, and an upper limit of 60 kPa is imposed on rs. 

The Eslami and Fellenius method uses an effective cone tip resistance, qE, where 

measured pore water pressure is subtracted from the measured cone tip resistance.  

The unit shaft resistance is expressed as: 
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,s s e Er C q  (2.41) 

where Cs,e  is a function of soil type (Table 2.8). 

Unit toe bearing resistance is calculated using a geometric average of the effective 

cone tip resistance, qEg, averaged over a specified influence zone depending on the soil 

stratigraphy in order to reduce the number of exceptionally large or small data points.  

For piles installed into dense soils overlain by weaker soils the influence zone extends 

from 4B below the pile toe to 8B above the pile toe.  Conversely, for piles installed 

into weak soils overlain by denser soil, the influence zone extends from 4B below the 

pile toe to 2B above the pile toe.  Unit toe bearing resistance is expressed as: 

 ,t t e Egr C q  (2.42) 

where Ct is equal to unity in most cases.  Since the displacement required to mobilize 

toe bearing resistance is a function of pile diameter, the useable toe resistance 

decreases for larger piles (Eslami and Fellenius 1997); for B > 0.4 meters, Ct = (3B)
-1

.  

This method is not appropriate for open-ended piles (e.g. open-ended steel pipe piles, 

H-piles), since open-ended steel pipe piles have significantly smaller toe areas than 

closed-end steel pipe piles with the same diameter, and will likely require less 

movement mobilize soil resistance.     

In general, CPT-based methods for estimating soil resistance are valuable because 

they use site-specific data; however, the measurements can be highly variable, and 

judgment based on well-earned experience is usually required.  Eslami and Fellenius 

(2009) list several issues associated with CPT-based methods including (i) approaches 
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for determining rs and rt are specified based on soil type; however, soil samples are 

not recovered, and proper soil classification requires boring sampling and laboratory 

testing, (ii) most methods were develop prior to the piezocone, and  corrections for 

pore pressure are not included, (iii) the filtering process may introduce unwanted bias 

by removing values that are representative of the load transfer between the pile and the 

soil, (iv) current methods are based on specific pile types and geologic areas, and 

therefore may not be relevant to other regions, (v) current methods use a total stress 

approach, whereas effective stress governs long-term pile capacity, (vi) methods that 

rely on an estimate of su will likely contain significant uncertainty, (vii) upper-bound 

limits specified may not be appropriate in very dense sands, and (viii) the 

recommended influence zones for estimating toe resistance may not be applicable to 

all subsurface conditions. 

2.4.6 Prediction of Pile Capacity using Dynamic Formulas 

Dynamic formulas, or pile driving formulas, employ simple field measurements of 

driving resistance and energy to estimate pile capacity; as a result, they have remained 

ubiquitous despite well understood shortcomings and the growing popularity of 

methods based wave mechanics and dynamic load tests with signal matching 

(Paikowsky et al. 2004).  To date, numerous dynamic formulas have been proposed, 

where Chellis (1951) alone lists 38 different formulas (Smith 1960).  Although some 

formulas have attempted to rigorously account for the various losses and inefficiencies 

that occur within the driving system and the pile using numerous empirically derived 

coefficients, in general, all dynamic formulas use the principal of conservation of 



62 

 

energy to compute the work performed during driving (Sorenson and Hansen 1956).  

The majority of dynamic formulas assume a rigid pile; in reality, piles are elastic 

elements, and stresses applied to the pile head travel down the pile as waves, 

advancing the pile into the ground.  Regardless of their level of complexity, all 

dynamic formulas exhibit a high degree of scatter when compared to pile capacity 

predicted using static load tests due to oversimplified models of the hammer, driving 

system, pile, and soil (Likins et al. 1988; Hannigan et al. 2006).  Consequently, 

dynamic formulas are not recommended for use without well-supported empirical 

correlations developed from a specific geological setting and hammer-pile-soil 

combination (Hannigan et al. 2006).  Recent efforts by state DOTs (e.g. Allen 2005a, 

2007; Long et al. 2009) to develop region-specific dynamic formulas have resulted in 

significant improvements in the ability to predict pile capacity using simple field 

measurements; however, the databases used in these approaches have contained a 

number of uncertainties (e.g. hammer efficiencies, reported stroke heights, etc.).  In 

addition, the database used by Allen (2005a) contained piles from a variety of 

locations and geologies, and therefore is not region-specific.  

Unlike dynamic and static load testing methods, dynamic formulas do not 

necessitate specialized equipment or contribute to construction delays, and capacity 

can be readily estimated in the field based on the blow count, Nd, defined as the 

number of blows applied by the hammer to displace the pile a specific distance.  In 

case of single-acting pile hammers, the energy delivered to the pile head, Eh, can be 

estimated as the product of the stroke height, hs, defined as the vertical distance over 
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which the hammer ram falls, and the weight of the ram, Wr.  For a given hammer type 

and stroke height, higher blow counts are generally associated with larger soil 

resistance, and the general dynamic formula can be expressed as (Cummings 1940): 

 h h T pe E R s  (2.43) 

where eh = the efficiency of the driving system, RT = the total pile resistance (i.e. 

capacity), and sp = the pile set, equal to the inverse of the blow count.  Although Eqn. 

(2.43) can be applied at any point during driving, long term pile capacity is typically 

estimated at the beginning of restrike (BOR), after a sufficient wait time to allow for 

soil setup to take place.  In addition to the ram, the driving system consists of several 

other components (e.g. helmet, hammer cushion, pile cushion, etc.) that effect the 

distribution of hammer energy with time, and influences the magnitude and peak force 

responsible for advancing the pile into the ground.  Because hammers rarely operate at 

the manufacturer’s rated energy (i.e. the product of the rated stroke height and ram 

weight) and difficulties associated with characterizing the various sources of energy 

losses inherent during driving, eh is generally problematic to estimate.   

Dynamic formulas assume that the soil resistance during driving is constant and 

equal to static pile capacity.  In reality, the rapid advancement of the pile into the soil 

under a single hammer blow is resisted by static friction and cohesion between the pile 

and soil, and the soil viscosity.  Owing to the high shear rate, dynamic forces along the 

shaft and at the pile toe are created; therefore, the total soil resistance during driving 
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consists of a static component as well as a velocity-dependent dynamic component, 

and is not equal to the pile capacity under static loads.  

2.4.6.1 Engineering News Record Formula 

The engineering new record (ENR) formula (Wellington 1892) was derived by 

assuming that the energy delivered to the pile head by the hammer was equal to the 

area under what was considered to be a typical load-displacement curve for timber 

piles installed with drop hammers (Olson and Flaate 1967).  The ENR formula for 

estimating ultimate pile capacity, Qult, is expressed as (Olson and Flaate 1967): 
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 (2.44) 

where cp = 25.4 mm for drop hammers.  In the absence of site-specific hammer 

efficiency assessments, suggested values for eh range from 0.7 to 0.9, whereas Bowles 

(1988) suggested using a constant of 0.85.  The ENR formula was subsequently 

modified for use with steam hammers (i.e. cp = 2.54 mm), and has been used 

extensively despite its well-known inaccuracies.  For example, Agerschou (1962) and 

Sowers (1979) and suggested that factors of safety was high as 20 to 30 were required 

with the ENR formula.  Regardless, the ENR formula appears in many design 

specifications (e.g. AASHTO 2002), and is used by several state DOTs (Paikowsky et 

al. 2004).  Several authors have assessed the accuracy of the ENR formula (e.g. Olson 

and Flaate 1967; Long et al. 1999; McVay et al. 2000; Allen 2005a; Hannigan et al.  
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2006); in general, the ENR formula tends to significantly over-predict pile capacity 

when compared to the capacity interpreted from static load test results. 

The ENR formula has been modified several times in order to better account for 

the mechanical energy losses associated with hammer rebound, plastic deformation of 

the pile cap, wave propagation through the surround soil, and others.  Traditionally, 

these losses have been lumped together in terms of an elastic restitution coefficient, ne, 

to yield an impact efficiency factor (Flaate 1964): 
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 (2.45) 

where Wp is the weight of the pile.  Typical values for ne range from 0.25 to 0.3 for 

wooden piles to 0.4 to 0.5 for steel and concrete piles with wood cushions (Das 2007).  

The inclusion of Eqn. (2.45) into (2.44) yields the modified ENR formula (ENR 

1965): 
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 (2.46) 

Assuming values for ne and eh suggested by Bowles (1988), McVay et al. (2000) 

found the modified ENR formula tends to over-predict pile capacity, where the mean 

bias, defined as the ratio of measured to predicted capacity, was equal to 0.36, and the 

associated coefficient of variation (COV), defined as the standard deviation divided by 

the mean bias, was equal to 68 percent, representative of significant variability.  

Compared to other pile driving formulas (e.g. Gates, Danish, Janbu, etc.), the ENR 
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and modified ENR dynamic formulas consistently exhibit considerably more scatter 

(Long et al. 1999; McVay et al. 2000). 

2.4.6.2 Gates Formula 

The Gates formula (Gates 1957) is an empirical relationship between hammer 

energy and pile set at end-of-driving (EOD), and pile capacity from static loading 

tests, developed by simplifying the form of existing formulas before applying some 

statistical adjustment based on approximately 100 load tests (Olson and Flaate 1967). 

In SI units the Gates formula is expressed as (Hannigan et al. 2005): 

  104.5 2.4 logult h h pQ e E s   (2.47) 

where Eh and sp are expressed in kN-m and mm, respectively, and Qult is calculated in 

terms of kN.  Gates (1957) recommended eh = 0.75 for drop hammers and 0.85 for all 

other hammer types.  Based on statistical evaluations by Olson and Flaate (1967), 

Long et al. (1999), McVay et al. (2000), the Gates formula exhibits considerably less 

scatter compared to most other dynamic formulas.  Olson and Flaate (1967) showed 

that the Gates formula tended to over-predict capacity when evaluated with a database 

compiled by Flaate (1964), consisting of timber, steel, and concrete piles with 

measured capacities less than 2200 kN installed in predominately granular soils.  On 

the other hand, Long et al (1999) and McVay et al. (2000) found that the Gates 

formula under-predicted pile capacity using data representative of more modern piling 

operations (i.e. piles with higher capacities).  As a result, the Gates formula tends to 

exhibit bias dependence, where the accuracy is dependent on the magnitude of 
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predicted capacity.  Using dynamic measurements at EOD, the Gates formula was 

associated with a mean bias of 1.74 and a COV of 45 percent; whereas at BOR, the 

mean bias and associated COV were equal to 1.89 and 38 percent, respectively 

(McVay et al. 2000).  By means of an efficiency factor, defined as the resistance factor 

(analogous to the factor of safety) divided by the mean bias, McVay et al. (2000) 

showed that the Gates formula was nearly as efficient, or more efficient in some cases, 

when compared to more modern methods for determining pile capacity based on 

dynamic measurements (e.g. CAse Pile Wave Analysis Program [CAPWAP]) once 

piles were divided into two groups based on the level of measured resistance. 

Olson and Flaate  (1967) showed that the accuracy of dynamic formulas could be 

significantly improved by adjusting their coefficients via ordinary least squares 

regression.  In the process, the bias dependence on the magnitude of predicted 

resistance was reduced to non-significant levels or eliminated entirely in some cases.  

Recognizing the potential for improvement, the FHWA modified the Gates formula to 

reflect more current capacity demands (FHWA 1988): 

  6.7 log 10 455ult h dQ E N   (2.48) 

where Nd is the number of hammer blows per 25 mm at final penetration, Eh is 

specified in terms of Joules and implicitly includes an 80 percent efficiency factor, and 

Qult is calculated in terms of kN (Hannigan et al. 2006).  Based on a database compiled 

by Rausche et al. (1996), the FHWA modified Gates formula tends to under- and over-

predict pile capacity at EOD and BOR with COVs equal to 41 and 48 percent, 
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respectively; these findings were largely consistent with Long et al. (2009), who 

indicated that the variability of the FHWA modified Gates formula could be reduced 

by separating piles by material type (e.g. concrete, steel).  Allen (2005a) found that the 

FHWA modified Gates formula tended to over- and under-predict pile capacity at 

lower and higher resistances, respectively, and pointed out the need for pile- hammer- 

and geologic-specific dynamic formulas calibrated for use with local construction 

practices. 

2.4.6.3 Danish Formula 

Based on a review of existing formulae, Sorensen and Hansen (1957) suggested 

that adding additional terms aimed at addressing individual sources of energy loss into 

fundamentally incorrect equations did not increase accuracy, and therefore was not 

warranted; as a result, they modified the ENR formula using simple dimensional 

analysis to include terms that account for the elastic behavior of a piles with fixed 

points.  This formula, termed the Danish formula, is expressed as (Sorensen and 

Hansen 1957): 
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where Lp, Ap, and Ep are the length, cross-sectional area, and elastic modulus of the 

pile, respectively.  Sorensen and Hansen (1957) disregarded the resistance along the 

pile surface, and assumed the toe resistance varies with downward displacement; the 
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pile and cushion material were assumed to perfectly elastic, and inertia forces in the 

soil and energy losses due to permanent deformations were ignored. 

In general, the Danish formula tends to over-predicted pile capacity; however, 

Olson and Flaate (1967) showed that the accuracy of the Danish formula could be 

improved considerably through statistical recalibration.  Regardless, the Danish 

formula has been less frequently compared to other dynamic formulae. 

2.4.6.4 Janbu Formula 

Starting with Eqn. (2.53), Janbu (1953) factored out a series of variables that could 

not be evaluated under normal conditions including hammer efficiency, the difference 

between dynamic and static pile capacity, and the rate of load transfer from the pile to 

the soil, and lumped them into a single coefficient, that was then correlated to the ratio 

of the weight of the pile to the weight of the ram (Olson and Flaate 1967).  Terms 

representing pile length, elastic modulus, and cross sectional area were also included, 

and the Janbu formula is expressed as (Janbu 1953): 
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where ku is a dimensionless parameter: 
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and λe is evaluated as: 
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and Cd is a driving coefficient: 
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Janbu (1953) indicated that the correlation between Cd and Wp/Wr was relatively 

strong and independent of pile type; however, Olson and Flaate (1967) showed that no 

significant correlated existed, and the Janbu formula was more accurate when 

assuming a Cd equal to unity.  Similar to the Danish formula, the Janbu formula has 

been less frequently despite efforts by Olson and Flaate (1967) which showed that the 

tendency of the Janbu formula to over-predict pile capacity could be corrected through 

recalibration efforts. 

2.4.7 Interpreting Capacity from Dynamic Load Tests 

Many of the shortcomings associated with dynamic formulas can be overcome by 

a more realistic analysis of the pile driving process based on the application of stress 

wave theory.  Issacs (1931) first pointed out that stress waves occur in piles during 

driving.  Shortly after, Fox (1938) published a solution to the wave equation 

applicable to pile driving; however, several simplifications were required since 

computers were not yet available.  Smith (1960) presented the first practical 

application of the wave equation to pile driving, where the hammer, cushions, helmet, 

pile, and soil are represented by series of discretized weights connected by massless 
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springs and dashpots.  Since then, a number of wave equation analysis programs 

(WEAP) have been developed to predict pile capacity and the stresses that occur in the 

pile during installation, as well as model hammer performance (e.g. Hirsch et al. 1976; 

Goble and Rausche 1976; Goble and Rausche 1986).  However, several parameters are 

required as input into a WEAP (e.g. soil strength parameters); many of which may 

contain significant uncertainty in the absence of site-specific investigations.   

The full capability of wave equation analyses for pile driving is only realized when 

combined with dynamic measurements taken during pile driving using high-frequency 

strain gauges and accelerometers.  Under a single hammer impact, time-dependent 

records of strain and acceleration are recorded and converted into measurements of 

force and velocity using a data acquisition unit; simultaneously, the energy transferred 

to the pile is calculated, and an estimate of pile capacity is made.  This process is 

repeated for each hammer blow, and forms the basis of dynamic load testing.  This 

section examines the basic principles associated with the one-dimensional wave 

equation and describes two methodologies for estimating the capacity of driven piles. 

2.4.7.1 Wave Mechanics for Pile Driving 

2.4.7.1.1 Wave Equation 

The principles of wave mechanics can be used to analyze the response of the pile-

soil system under dynamic loads.  During pile driving, the impact of a single blow 

delivered by the hammer to the pile head creates a downward travelling compressive 

stress wave that transfers a portion of the energy to the surrounding soil via frictional 
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resistance.  Upon reaching the pile toe, the stress wave is reflected and travels upward 

in compression or tension depending on the degree of fixity at the pile toe (i.e. toe 

bearing resistance).  Consider an isotropic linearly elastic homogeneous pile with a 

uniform cross section containing a downward travelling compressive wave.  As shown 

in Figure 2.10, the sum of the forces due to the compressive wave and external soil 

resistance on an infinitesimal element of length dz at a depth z from the pile head can 

be equated to the product of the mass of the element and its acceleration: 
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where σz = stress at a depth z, R(z) = the soil resistance as a function of z, ρp = the mass 

density of the pile, and w = the displacement in the z-direction.  Because the 

relationship between stress and strain is assumed to be linear, Hooke’s law yields: 
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where εz = the axial strain in the pile at a depth z.  Combining Eqn. (2.54) and (2.55) 

results in: 
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where cs = the velocity of the propagating wave: 
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Equation (2.56) can be solved provided that the initial conditions and boundary 

conditions are known (Holloway 1975).  Assuming no external resistance is applied to 

the pile, Eqn. (2.60) reduces to the general form of the one-dimensional wave 

equation: 
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 (2.58) 

where the left and right hand partial derivatives are the strain and acceleration in the 

pile at time t, respectively.  The general solution to Eqn. (2.58) was derived by 

d’Alembert: 

      1 2, s sw z t w z c t w z c t     (2.59) 

and implies that the displacement in the pile may consist of two components, w1 and 

w2, representing a downward travelling wave in the positive z-direction and an upward 

travelling wave in the negative z-direction, respectively.  Equation (2.59) indicates that 

the shape of the individual functions with respective to z remains constant (i.e. 

unaffected by external resistive forces) as they are translated along the length of a pile 

over time at speed cs.  Although closed-form solutions to the wave equation are 

available (e.g. Warrington 1997), numerical methods (i.e. finite difference, finite 

element) have been used more frequently in pile driving applications due to their 

ability to simplify complex problems (Holloway 1975). 
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2.4.7.1.2 Relationship between Force and Particle Velocity 

Analyzing the relationship between force and particle velocity is useful for 

estimating pile capacity using dynamic measurements taken during driving.  In 

general, compressive waves and downward particle velocities have a positive sign 

convention, whereas tensile waves and upward particle velocity are negative (Rausche 

et al. 1985; 1996).  Consider a pile with a free toe (i.e. no toe bearing resistance) and a 

downward travelling compressive wave, where particle velocity is in the same 

direction (down).  Once the wave reaches the toe, a reflection will occur and an 

upward travelling wave will be generated; because the toe is free, the sum of the 

forces from the original and reflected waves acting on the pile toe must be equal to 

zero in order to satisfy equilibrium.  Therefore, the upward travelling wave has the 

same magnitude as the downward wave, but is in tension, where particle velocity and 

wave propagation have opposite directions.  For a fixed toe condition, the particle 

velocity in the reflected wave is in the opposite direction to that of the downward 

wave, and the upward travelling wave is compressive.  In other words, upward 

travelling compressive waves have a particle velocity that is negative (upward); 

whereas upward travelling tensile waves a particle velocity that is positive 

(downward).  Forces applied somewhere along the pile shaft induce tension and 

compression waves which travel in opposite directions away from where the force was 

applied (Rausche et al. 1972, 1985). 

Differentiating Eqn. (2.63) with respect to time yields particle velocity, v: 
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      1 2, s sv z t v z c t v z c t     (2.60) 

and implies that the downward propagating wave and the upward propagating wave 

impose particle velocities in opposite directions within the pile.  Similarily, by 

differentiating Eqn. (2.63) with respect to z, the total force, F, can be expressed as 

(Salgado 2008): 
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Given a single downward travelling wave (i.e. v2=0), force and velocity are 

proportional and have the same sign; on the other hand, if a single wave is travelling 

up the pile (i.e. v1=0), then force and velocity are proportional but have opposite signs.  

Because Ap, Ep, and cs are constant for a uniform homogeneous pile, pile impedence, 

Zp, defined as the total axial force in a cross section when subjected to a unit particle 

velocity, is expressed as: 
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and Eqn. (2.60) and (2.61) can be rewritten as (Salgado 2008): 

 
updpppp vZvZvZvZvZ  21  (2.63) 

 
udpp FFvZvZF  21  (2.64) 

where vu and vd are the velocity of the upward and downward travelling waves, 

respectively, and the force and velocity at any location along the pile is the result of 
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superposition of the downward and upward travelling waves.  From Eqn. (2.63) and 

(2.64), the force from the upward and downward travelling waves, Fu and Fd, 

respectively, can be expressed as: 
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and form the basis for the Case method for estimating pile capacity.  If the force and 

velocity is known at any point along the pile, then the upward and downward 

travelling waves can be determined. 

2.4.7.1.3 Pile-Soil Constitutive Model 

Smith (1960) modeled the hammer-pile-soil system as a series of discretized 

masses connected by massless springs with sliders (Figure 2.11), where the mass of 

the individual elements and the stiffness of the springs represent the mass and stiffness 

of the various components of the real system (Likins et al. 1988).  Dashpots were 

included in parallel in order to account for the internal damping of the pile.  Each 

discretized mass is connected to the surrounding soil in the same manner; Smith 

(1960) used a Kelvin-Voigt-type rheological model (Figure 2.12), where soil 

resistance is represented by two components in parallel; an elasto-plastic static 

component represented by a spring and slider, and a dynamic component by a dashpot 

that accounts for the viscous behavior of soil (Lee et al. 1988).  The elasto-plastic 

model contains a spring with a limiting resistance beyond which plastic yielding is 
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assumed to occur, represented by the slider.  Under loading, the soil compresses 

elastically for a certain distance before failing plastically at a constant soil resistance.  

Rausche et al. (1972) noted that, in reality, the static soil continues to increase at a 

slower rate; however, this resistance can usually be neglected for relatively small 

displacements.  The maximum elastic displacement is known as the quake, q; if the 

impact from a hammer results in a displacement is less than the quake, then no 

permanent deformation occurs and the pile rebounds to its original position.  

Displacements greater than the quake result in irreversible compression of the soil 

beneath the pile toe, and permanent slip along the shaft.  The dynamic component of 

soil resistance at the toe and along the shaft is linearly proportional to instantaneous 

velocity in the pile; Smith (1960) defined the proportionality constant between 

dynamic resistance and velocity as equal to the product of static soil resistance and a 

damping parameter, J.  The total resistance, RT, at both the toe and shaft during 

dynamic loading is equal to the sum of the static and dynamic resistance, RS and RD: 

 
 Jvw

q

R
RRR ult

DST  1     for w < q (2.67) 

  JvRRRR ultDST  1     for w ≥ q (2.68) 

where Rult represents the ultimate static resistance, and is equal to sum of the static 

resistance at the shaft, Rult,s, and toe, Rult,t.  The damping parameter represents the toe 

damping, Jt, and shaft damping, Js; and the quake represents the quake at the toe, qt, 

and quake at the shaft, qs. 
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Because soil quakes and damping parameters are not standard soil parameters, 

they are not easily derived (Randolph and Deeks 1992); instead, q and J are typically 

back-calculated based on back-analyses of driving records and correlations with 

capacities determined with static loading tests when they are available (Lee et al. 

1988; McVay and Kuo 1999).  Smith (1960) suggested using a q = 2.5 mm that 

remains commonly used (Goble and Rausche 1976); Hirsh et al. 1976).  Rausche et al. 

(1972) suggested that determining the exact value of the quake is not critical, but 

provided methods of quake estimation; assuming some permanent deformation occurs 

follow each hammer blow, Rausche et al. (1972) placed an upper bound for the quake 

equal to the maximum displacement of the pile.  Rausche et al. (1972) also suggested 

that the quake could be estimated as the displacement reached at the time of maximum 

velocity.  Forehand and Reese (1964) and Ramey and Hudgins (1977) found that 

quakes between 1.3 and 7.6 mm could be used with significant error. 

An accurate estimate of the quake is particularly useful to determine whether or 

not soil resistance has been fully mobilized during driving.  For example, Authier and 

Fellenius (1980) found abnormally large quakes for displacement piles driven into 

very dense clayey silty glacial till; using a signal matching procedure, they found that 

in order to obtain a good match, the quakes values needed to be greater than the 

maximum pile displacement, provided that the soil stiffness was constant.  As a result, 

Authier and Fellenius (1980) suggested that the hammer energy was not sufficient to 

fully mobilize soil resistance. 
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Although the Smith (1960) model remains widely popular, it suffers from several 

limitations (e.g. q and J are not standard soil properties).  As a result, a number of 

studies have suggested improvements (e.g. Samson et al. 1963; Lowery et al. 1969; 

Rausche et al. 1972; Goble and Rausche 1976; Randolph and Simons 1986; Lee et al. 

1988).  For example, Goble and Rausche (1976) and Goble et al. (1980) uncoupled 

static and dynamic soil resistance, where dynamic resistance is calculated as: 

 
D C pR J Z v  (2.69) 

where JC is a dimensionless Case damping coefficient.  Table 2.9 shows typical values 

of JC recommended by Rausche et al. (1985) for different soil types.  

2.4.7.2 Case Method 

The Case method for determining static bearing capacity is based on the analysis 

of dynamic forces and accelerations measured in the field during pile driving.  Real-

time information of pile capacity, driving stresses, pile integrity, and hammer 

performance is provided via the pile driving analyzer (PDA) and two sets of 

accelerometers and strain gauges attached to the pile near the pile head.  The 

acceleration data are integrated with respect to time to obtain particle velocity and 

displacement; strain data is combined with an estimate of the modulus of elasticity and 

cross sectional area to determine the axial force in the pile. 

The Case method assumes that the pile is still moving down during the time it 

takes for the hammer-induced wave to travel down to the pile toe and back again.  

Therefore, all soil resistance is assumed to be directed upward.  Recall in Section 
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2.4.7.1.2 that upward-directed soil resistance will generate an upward travelling 

compressive wave with a force equal to one half the resistance force.  The total soil 

resistance acting on the pile during driving is given by (Goble et al. 1975): 
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      (2.70) 

where F and v is the force and velocity measured at the gauge location, respectively, 

and t1 = time of intial impact, t2 = time at which the reflected wave arrives back at the 

gauge location (t1 + 2Lp/cs), where Lp is the length between the gauges and the pile toe.  

In order to determine the static soil resistance, the dynamic portion of the resistnace is 

determined using the velocity at the pile toe, vt, (Goble et al. 1975): 

 
D C p tR J Z v  (2.71) 

The Case damping factor is critical for estimating static resistance using the Case 

method.  The static soil resistance is determined as the difference between Eqn. (2.70) 

and (2.71).  It is noted that the Case method does not take into account the time-

dependent effects (i.e. setup, relaxation).  

2.4.7.3 Case Pile Wave Analysis Program 

The Case Pile Wave Analysis Program (CAPWAP, Rausche et al. 1972) is a 

widely used numerical signal matching procedure that uses measurements of force and 

velocity observed for a given hammer blow to estimate the distribution of soil 

resistance along the pile shaft and at the toe.  Matching between observed and 

simulated wave traces is done iteratively by varying the soil resistance parameters 
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such as shaft and toe resistance, shaft and toe quake, and shaft and toe damping, until a 

good match is obtained.  The program represents the pile and models the soil 

resistance by using elasto-plastic springs and dashpots similar to the Smith model 

described previously but includes additional parameters in order to account for 

unloading behavior. 

2.5 CONSIDERATION OF UNCERTAINTY 

Foundation performance is largely dependent on the soil properties surrounding 

the element of interest (Hannigan et al. 2006).  Unlike many sub-disciplines in civil 

engineering, where geometries and material properties are known with a high degree 

of accuracy, geotechnical engineering deals primarily with natural materials and 

geometries, which must be determined from limited and costly observations (Baecher 

and Christian 2003).  As a result, many geotechnical properties exhibit considerable 

variation, arising from epistemic and aleatory uncertainty, and should be treated 

accordingly (Phoon et al. 2003c).  The following sections outline the various sources 

of uncertainty, and present statistical descriptors that are commonly used to quantify 

variability.  Spatial variability is discussed in terms of random field theory, and error 

propagation is discussed in the context of a transformation uncertainty function.  

Lastly, the manner in which uncertainty is currently accounted for in reliability-based 

assessments is discussed, and the shortcomings are described. 
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2.5.1 Sources of Uncertainty 

It is well understood that geotechnical variability results from several disparate 

sources as illustrated in Figure 2.13 (Phoon and Kulhawy 1999a).  In general, 

uncertainty may be classified into three categories: natural variability, knowledge 

uncertainty, and operational uncertainty (Baecher and Christian 2003).  Natural 

variability (i.e. aleatory uncertainty) is related to the intrinsic randomness of natural 

geologic, environmental, and physical-chemical processes (e.g. erosion, 

sedimentation, weathering, etc.) that continuously modify the soil mass over time 

(temporal variability) and space (spatial variability) (Phoon et al. 1995; Phoon and 

Kulhawy 1999a; Baecher and Christian 2003; Kim 2005).   

Knowledge uncertainty (i.e. epistemic uncertainty) results from a lack of 

information or understanding of physical processes, and may be reduced, for example, 

with additional soil sampling or in-situ testing (Kulhawy 1992).  Measurement error is 

primarily associated with equipment error, test imperfections, and soil disturbance; 

however, with good-quality equipment and experienced personnel, measurement error 

is generally small (Kulhawy and Trautmann 1996).  Because operational uncertainty is 

associated with sources of error that are difficult to quantify (e.g. method of 

installation, quality of construction, human error), it is often lumped together with 

measurement error (Kulhawy 1992; Baecher and Christain 2003). 

Most engineering problems are assumed to contain epistemic and aleatory 

uncertainty; however, it is important to note that natural variations are not random, but 

could in fact be eliminated with considerable, albeit unfeasible, effort.  Instead, natural 
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variability is usually treated as random in order to transfer some of the epistemic 

uncertainty to the aleatory category, where it is easier to manage (Baecher and 

Christian 2003).  It is noted that the total uncertainty is not reduced; however, the 

problem can now be resolved mathematically in hopes of a more precise outcome.  

Transformation uncertainty is introduced when field or laboratory measurements 

are transformed into design parameters using empirical or simplified theoretical 

models (Phoon et al. 1995; Phoon 2004).  It is noted that because of the differences 

between theoretical and natural physical behavior, the use of high-quality data may not 

decrease transformation uncertainty (Kim 2011).  Additional uncertainty is introduced 

when design parameters are subsequently incorporated into some model in order to 

predict some desired quantity (e.g. pile capacity) (Phoon 2004).  This is referred to as 

model uncertainty.  Transformation and model uncertainty are discussed in greater 

detail in sections 2.5.6 and 2.5.7, respectively. 

2.5.2 Descriptors of Uncertainty and Correlation 

Dealing with uncertainty in a rational manner requires that stochastic variables be 

statistically characterized (Phoon 2004).  Because only a finite amount of data, n, from 

a population may be sampled, quantifiable soil properties are frequently described 

using first and second moment statistics, namely the mean, μx, and sample variance, 

σ
2

x (Baecher and Christian 2003): 
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where xi is single measurement of a given soil property.  The coefficient of variation 

of a sample, COVx, is used to isolate variability from the magnitude of a soil property 

and estimate the relative dispersion (Phoon and Kulhawy 1999a): 
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where σx is the standard deviation (i.e. the square root of variance).   

When considering multiple random variables simultaneously, two or more 

variables and their uncertainty may be mutually dependent.  For example, cohesion 

and friction angle are mutually dependent parameters in the Mohr-Coulomb strength 

envelope; if the slope (friction angle) is over-estimated, then the intercept (cohesion) 

will be under-estimated, and vice versa.  Baecher and Christian (2003) discuss the 

causes of dependence and provide descriptions of several types of correlation 

including probabilistic correlation, spatial or temporal autocorrelation, and statistical 

correlation.  Covariance is used to describe how much two variables change together;  

for two random variable populations, x and y, covariance is calculated as (Fenton and 

Griffiths 2008): 
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The Pearson product-moment correlation coefficient is a measurement of the degree or 

strength of linear correlation between two random variables (Daniel 1990): 
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where ρxy is bounded between -1 and 1; large absolute values indicate strongly 

correlated data, and the sign designates the direction of correlation.  Near zero values 

of ρxy indicate a weak association between x and y.  Equation (2.76) is only appropriate 

if x and y are normally distributed (Daniel 1990).  If in fact x and y are correlated, but 

the relationship is non-linear, Eqn. (2.76) may erroneously indicate independence 

(Baecher and Christian 2003).  For example, although the correlation between 

cohesion and friction angle should be strongly negative, reported correlation 

coefficients have ranged from -0.72 to 0.35 (Lumb 1970; Grivas 1981).  Non-

parametric measurements of association such as the Spearman rank (Spearman 1904) 

and Kendall tau (Daniel 1990) correlation coefficient are good alternatives for non-

normally distributed variables.  The Spearman rank correlation coefficient, ρs, is 

computed by applying Eqn. (2.76) to the ranked distributions of x and y, whereas the 

Kendall tau correlation coefficient, ρτ, is based purely on the number of concordant 

and discordant pairs of x and y: 
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where n is the number of data pairs, and S is given by: 

 
c dS p p   (2.78) 
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and pc and pd are the probabilities of concordance and discordance, respectively.  Like 

the Pearson product-moment correlation coefficient, ρτ ranges from -1 to 1, and 

negative and positive ρτ values indicate negative and positive correlation, respectively.  

A data pair (xi, yi), (xj, yj) is concordant if xi > xj and yi > yj; on the other hand, a data 

pair is discordant if xi > xj and yi < yj.  Ties are considered neither concordant nor 

discordant.  If several ties are present, the test statistic may be adjusted based on a 

formula provided in Daniel (1990).   

Significance tests for association between two variables are conducted in 

accordance with classical one and two-sided hypothesis testing techniques.  For two-

sided tests, the null hypothesis is that of mutual independence; whereas, the alternative 

hypothesis is that the correlation coefficient is not equal to zero.  If there are reasons to 

suspect the correlation follows a specific direction (negative or positive), then a one-

sided test may be conducted.  Accepting or rejecting the null hypothesis in favor of the 

alternative is based on the probability of obtaining a result at least as extreme as the 

observed result, given the null hypothesis is true (i.e. p-value), and a prescribed level 

of significance, α.  More specifically, the correlation coefficient computed from the 

observed dataset is compared to a critical value, which is based on the selected 

correlation coefficient and level of significance (typically α = 0.05), and sample size.  

Because tabulated critical values for sample sizes greater than 40 are usually not 

provided in literature, Daniel (1990) recommended the following for estimating the 

standardized test statistic, zτ: 
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where zτ is normally distributed with a mean = 0 and variance = 1.  Hypothesis testing 

is conducted in a similar way to that discussed above, where the null hypothesis is 

rejected for values greater than 1.96 and less than -1.96 at the 95 percent significance 

level (i.e. α = 0.05). 

2.5.3 Goodness-of-fit Tests 

Although the usefulness of statistical moments (e.g., mean, standard deviation) is 

well understood, it is often worthwhile to determine the underlying distribution (e.g. 

normal, lognormal) that best represents a given random variable.  Once a sample has 

been collected, several candidate distributions are fit to the data, and the most suitable 

distribution can be determined by a combination of heuristic procedures and goodness-

of-fit tests (Fenton and Griffiths 2008). 

Heuristic assessments are generally subjective, where goodness-of-fit is evaluated 

by plotting various theoretical continuous distribution functions (e.g. probability 

density function [PDF], cumulative distribution function [CDF], quantile-quantile [Q-

Q]) alongside the empirical data.  Each method has its own strengths; for example, Q-

Q plots are particularly useful for evaluating the tails of the sample distribution since 

any deviations within this region are amplified (Fenton and Griffiths 2008). 

Although heuristic procedures are easy to apply, hypothesis-based goodness-of-fit 

tests provide a formal method for assessing whether or not a sample follows a specific 
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distribution.  The Anderson-Darling (A-D) test (Anderson and Darling 1952) and the 

Kolmogorov-Smirnov (K-S) test (Kolmogorov 1933) have both been widely used, 

where goodness-of-fit is assessed by measuring the vertical distance between the 

empirical CDF and a given theoretical CDF.  The original version of the K-S test is 

valid only if the statistical parameters of the hypothesized distribution are known a 

priori (Fenton and Griffiths 2008).  Because it is rare to sample an entire population in 

practically all geotechnical problems, a modified version of the K-S is typically used, 

where the theoretical distribution is constructed using the statistical moments of the 

sample data.  The A-D test is similar to the modified K-S test; however, the A-D test is 

better suited for detecting discrepancies in the tails of the distribution.  Since the tails 

are the most critical portion of the distribution for many reliability-based analyses, the 

A-D is usually the preferred alternative.  Additional goodness-of-fit tests such as Chi-

Square (Benjamin and Cornell 1970), and Shapiro-Wilk normally test (Shapiro and 

Wilk 1965; Pearson and Hartley 1972) are available as well, but appear to be used less 

frequently in recent years. 

2.5.4 Spatial Variability 

Soils are multiphase, and include minerals, water and other fluids, gases, ions, and 

micro-organisms (Kim 2005).  At the macroscale, inherent soil variability represents 

the complex and spatially varying natural geologic processes that affect a soil 

formation including deposition, weathering due to physical, chemical, and biological 

processes, desiccation, consolidation, and cementation (Jones et al. 2002; Baecher and 

Christian 2003; Kim 2005; Stuedlein 2008).  Although the ability to accurately 
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measure various soil properties has improved rapidly in recent years, the uncertainty 

associated with inherent spatial variability is unavoidable in design (Einstein and 

Baecher 1982).  The statistical characterization of inherent spatial variability of soil 

properties obtained from high-quality investigations is valuable for making design-

based decisions and performing accurate reliability or risk analyses (Phoon and 

Kulhawy 1999a).  Yet, methods that characterize and model inherent soil variability 

are not commonly employed in routine design (Stuedlein 2011).  

As shown in Figure 2.14, the spatial variation of a soil property of interest, ζ, is 

made up of several components, and can represented as a function of depth, z (Baecher 

and Christian 2003; Phoon and Kulhawy 1999a; Stuedlein et al. 2012b): 

        z t z w z e z     (2.80) 

where t is a deterministic trend component, w is a random fluctuating component, and 

e is the measurement error.  Many soil properties are strongly influenced by confining 

pressure (Jones et al. 2002); owing to increases in gravitational stress, these properties 

often exhibit increasing trends with depth.  By removing the underlying or global 

trend, soil properties can be treated as a stochastic process (Phoon et al. 1999a).  

However, traditionally, trends for various soil properties have been represented 

subjectively by simply drawing lines or curves, and the variability about the trend is 

often ignored (Kim 2011).  Using this approach, the range of performance of a 

structure or system is poorly understood, and there is not sufficient information in 

order to perform accurate reliability-based analyses (Kim 2011).  As discussed in the 
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following sections, more suitable techniques for interpreting and quantifying spatial 

variability are available. 

2.5.5 Random Field Theory 

Soil properties in any direction tend to be correlated with each other (Phoon et al. 

2003a); in other words, they are autocorrelated.  Currently, there are only a few 

statistical techniques available to assess spatial variability including linear and multi-

linear regression, geostatistics, and random field theory (RFT).  Regression techniques 

assume that all observations (e.g. STP blow counts, CPT cone tip resistances) are 

independent and have equal probability of being represented within a sample, whereas 

RFT takes into account the fact that measurements made at close proximity to each 

other are more likely to be related than those further away, and provides a more 

suitable framework for assessing spatial variability (Stuedlein 2011). 

Random field theory is useful for developing field exploration and sampling 

strategies (e.g. Goldsworthy et al. 2007), and allows for the incorporation of spatial 

variation into reliability models by statistically characterizing the random fluctuations 

(i.e. variance) of measurements about the mean trend (Vanmarke 1977; Phoon et al. 

2003a).  Vanmarcke (1983) described RFT as an n-dimensional extension of classical 

time series.  A time series, or a chronological sequence of observations of a specific 

variable, is an example of a one-dimensional random field (Jaksa 1995).  For 

geotechnical purposes, time is often replaced with some measure of distance, such as 

depth or lateral distance.  Random fields that follow a multivariate normal distribution 

are commonly used to model spatial variation because they are simple, and can be 
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described using only a mean, variance, and correlation structure (Fenton and Griffiths 

2010).  Both the mean and the variance may be spatially variable, where spatially 

varying means can be treated by identifying trends in the data.  The following sections 

discuss concepts that are useful in assessing spatial variability in soil. 

2.5.5.1 Stationarity 

Stationarity is an important requirement in order for the statistics for a given soil 

unit to be considered valid (Lacasse and Nadim 1996; Jaksa et al. 1997; Fenton 1999).  

Brockwell and Davis (1987) describe stationary data as those with a constant mean 

with distance (i.e. no trend), constant variance (i.e. homoscedastic), no dependence 

with time, and no irregular fluctuations.  If the variance in a given dataset is not 

stationary, the de-trended data, which can be used represent inherent soil variability 

(Eqn. 2.80), will be biased. 

Although stationarity may naturally occur in homogeneous soil deposits or soils 

with similar geologic history, it is unlikely to take place in non-uniform soil deposits 

(Phoon et al. 2003a).  Unfortunately, variance is often assumed to be stationary (e.g. 

Vanmarcke 1977; De Groot and Baecher 1993; Zhang and Tumay 1996) without 

thorough statistical verification (Phoon et al. 2003a).  Owing to practical limitations in 

data collection, stationarity can usually only validated in weak or second-order manner 

(Phoon et al. 2003a).  In consideration of Figure 2.14, the function w(z) is weakly 

stationary if (i) the mean and variance are constant with depth, and (ii) the correlation 

between the fluctuations two separate depths depends solely on the distance between 
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them (Phoon and Kulhawy 1999a; Phoon et al. 2003a).  If both condition (i) and (ii) 

are satisfied, then inherent soil variability can be described using the statistics 

discussed in the Section 2.5.2 (i.e. mean, variance) and an estimate of the scale of 

fluctuation, as discussed in Section 2.5.5.4 (Vanmarcke 1977, 1983). 

2.5.5.2 Data Transformation to Achieve Stationarity 

An acceptable level of stationarity can be obtained by trend removal (i.e. 

decomposition), differencing, or variance transformation (Jaksa 1995).  Instead of 

characterizing the properties at every point within a soil sample, deterministic 

functions can be used to characterize trends in the data, if they indeed exist.  Using 

this approach, the total variability of the data is separated into two parts; one is 

described by the trend, and the other represents the variation about the trend (Baecher 

and Christian 2003).  Equation (2.80) is an example of decomposition, where t(z) is a 

smoothly varying trend function, and w(z) is a randomly fluctuating component 

representing inherent soil variability.  By definition, the residuals representing the 

fluctuating measurements about the trend function exist in a zero-mean stationary 

random field (Baecher and Christian 2003; Phoon et al. 2003a).  A zero-mean 

condition is achieved by first separating the measured data into statistically 

homogenous segments, and then removing trends.  Currently, there is no universally 

accepted procedure for removing trends; however, the selected method should take 

into account the level of uncertainty in the parameters being estimated, and result in 

stationary residuals.  It should be noted, however, that the type of trend selected will 
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affect the correlation structure of the residuals, and may result in a loss of generality 

(Uzielli 2004).   

In order to obtain generalized statistical results that are useful for the 

characterization of other site locations or depths, the generality of the selected trend 

must be considered.  In general, trends should not be removed without sufficient 

evidence of physical processes which cause a observed drift or trend in the data 

(Akkaya and Vanmarcke 2003; Baecher and Christian 2003).  The erroneous removal 

of a trend may result in (i) a residual covariance structure that is significantly different 

than that in the measurement by exhibiting more spatial independence and reduced 

variance, (ii) a trend, that when used to predict the deterministic portion of the data, is 

grossly in error, and (iii) an under-estimate of the soil variability, where the reported 

statistics will be unconservative (Fenton 1999). 

The relationship between correlation structure and the decomposition procedure is 

well recognized (e.g. Jaksa 1995; Jaksa et al. 1997; Phoon et al. 2003a), and the 

autocorrelation function resulting from the residuals is dependent on the trend removal 

procedure.  Conventional ordinary least squares regression techniques are commonly 

used to fit deterministic trends to the measured data (e.g., Lumb 1974; Alonso and 

Krizek 1975; Baecher 1979; Spry et al. 1988; Ravi 1992; Jaksa 1995; Wu 2003); 

however, this approach assumes that (i) the deviation of each residual is of equal 

importance and the variance of the residuals is homoscedastic, and (ii) that the residual 

variations are independent from one another (Baecher and Christian 2003).  Although 

the first assumption is usually satisfied, the second is seldom true for geotechnical 
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data.  As a result, the remaining spatial correlation (i.e. autocorrelation) will be visible 

as correlations among the residuals. 

2.5.5.3 Autocovariance and Autocorrelation  

The statistics described in Section 2.5.2 are useful for describing many aspects of 

quantifiable soil properties; however, the expressions for covariance (Eqn (2.75) and 

correlation coefficient (Eqn. 2.76) must be modified in order to reflect spatial data.  In 

spatial analyses, it is often convenient to define a lag or separation distance between 

two adjacent observations, denoted by τ.  Therefore, xi is a measurement of a random 

variable at location i, and xi+τ is another measurement at τ intervals.  The sample 

autocovariance of x, c(τ), is expressed as (Jones et al. 2002): 
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(2.81) 

where n is the number of data points gathered with a constant sampling interval, and 

non-subscripted τ indicates the number of data points separated by the interval.  

Autocovariance is the covariance of a series or signal over a time or distance shifted 

version of itself; at zero lag, the autocovariance is the variance of single random 

variable.  The sample autocorrelation coefficient at lag τ, ρ(τ), is obtained by 

normalizing c(τ) by the variance of the variable itself, c0: 
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At zero lag, c(τ) is equal to c0, and the autocorrelation function is equal to unity.  

Autocorrelation functions or correlograms are plots of the autocorrelation coefficient 

against lag distance, and indicate the level of dependence of the random variable on 

lag distance (Jones et al. 2002).  Slowly decaying autocorrelation functions are 

indicative of long distance correlation, whereas rapidly decaying functions represent 

short distance correlation (Jones et al. 2002).  For non-uniformly distributed data, the 

autocorrelation function decreases as the lag distance increases; for variables that have 

periodic characteristics, the autocorrelation function will increase and decrease 

periodically with lag distance (Jones et al. 2002).  Completely random data should 

exhibit no autocorrelation (i.e. ρ(τ)=0).  Vanmarcke (1977) lists several proposed 

standardized expressions for the autocorrelation function, and the corresponding scale 

of fluctuation.  Owing to the difficulties associated with adequately representing the 

autocorrelation function, it is usually difficult to determine at what lag distance the 

correlation coefficient is zero.  Because the number of data pairs decreases with 

increasing lag distance, a maximum number of lag distances should be considered 

when evaluating the autocorrelation coefficient; Jaksa (1995) summarizes several 

maximum number of lags recommended by Box and Jenkins 1970, Bowerman and 

O’Connell 1979, and Brockwell and Davis 1987, and others. 

2.5.5.4 Scale as a Measure of Autocorrelation 

In addition to the mean and variance, the scale of fluctuation (SOF) is needed to 

describe spatial variability (Vanmarcke 1977).  The SOF, or correlation length, 

describes the spatial range or lag where soil properties show relatively strong spatial 
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correlation (Vanmarcke 1983; Kim 2011; Stuedlein et al. 2012b).  That is, two points 

separated by a distance greater than the SOF will be largely uncorrelated.  The SOF, 

δv, is defined as the area under the autocorrelation function (Vanmarcke 1983): 

 
   

0
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    (2.83) 

If δv is finite, then ρ(τ) must decrease quickly to zero as τ increases.  Not all 

autocorrelation functions satisfy this criteria; for instance, if a signal is completely 

random, then δv = ∞ (Fenton and Griffiths 2008).  Small values of δv represent rapid 

fluctuations about the mean trend, whereas large δv imply long distance correlations 

(Wickremesinghe and Campanella 1993).  The SOF can be estimated using several 

methods including (i) expeditive method, (ii) variance reduction function, and (iii) 

autocorrelation model fitting (Stuedlein et al. 2012b).  For the expeditive method, 

Vanmarcke (1977) observed that the vertical SOF could be approximated using the 

average distance, d , between intersections of the fluctuating property and its trend: 

 2
0.8v d d


     (2.84) 

Typical horizontal and vertical SOFs for various geotechnical parameters (Table 2.10) 

were compiled by Phoon et al. (1995) and summarized in Phoon and Kulhawy 

(1999a).  Because soil properties tend to be more variable in the vertical direction, the 

horizontal SOF, δh, is usually considerably larger than δv (Phoon and Kulhawy 1999a).  

De Groot and Baecher (1993) noted that the SOF is influenced by the sampling 
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interval; therefore, some of the values report in Table 2.10 may be biased due to 

sampling limitations (Phoon and Kulhawy 1999a). 

A more rigorous estimation of the SOF can be made by assessing the behavior of 

the normalized variance with successive local averaging.  The variance function 

(Vanmarcke 1977) may be used to provide local averaging, and is defined as the ratio 

of the variance of a spatially averaged mean of a random variable over a specific 

interval [0,x] to the variance of the same random variable.  At x = 0, the variance 

reduction function is unity, and decays to zero as x increases.  The SOF is then defined 

as (Vanmarcke 1977, 1983): 

  limv
x

x x 


   (2.85) 

The variance reduction function, γ(x), depends to the length of the averaging interval, 

x, and Vanmarke (1983) proposed the following approximation: 

   1x         for x = δv (2.86) 
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      for x > δv (2.87) 

As x increases, γ(x) = δv / x; in other words, δv / x is the asymptote of the variance 

reduction function as the averaging window [0,x] expands.  Wickremesinghe and 

Campanella (1993) and Jones et al. (2002) provide an easy to follow step-by-step 

procedures for determining the SOF with the variance reduction function. 
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The SOF can also be determined by fitting analytical autocorrelation functions to 

the sample autocorrelation function (Vanmarcke 1977, 1983).  Several analytical 

functions have been proposed (e.g., Lumb 1975; Vanmarcke 1977, 1978; Tang 1979; 

DeGroot and Baecher 1993).  Table 2.11 lists five common functions recommended 

by Jaksa et al. (1999) and Phoon et al. (2003a).  Typically ordinary least squares 

regression is used to fit the functions in Table 2.11 to the sample data; however 

maximum likelihood estimation has also been used (e.g. De Groot and Baecher 1993). 

2.5.6 Transformation Uncertainty and Site-Specific Error Propagation 

Because measured properties from in-situ or laboratory tests are usually not 

directly applicable to design, a transformation model is usually required to relate a 

measured soil property to a desired design property (Phoon and Kulhawy 1999b; Allen 

et al. 2005).  This process introduces some additional uncertainty since most 

transformation models are either empirically-based or developed using idealizations 

and simplifications of more rigorous theoretical relationships (Phoon and Kulhawy 

1999b).  The error from the transformation model can be combined with inherent soil 

variability and measurement error, and the total uncertainty can be expressed using a 

first-order second-moment (FOSM) technique outlined by Baecher and Christian 

(2003), Griffiths et al. (2002), and Phoon and Kulhawy (1999b).  In this approach, a 

transformation function, T, is used to relate some design parameter, ζd, to a measured 

soil property, ζm: 

  ,d mT    (2.88) 
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where the error associated with the transformation is given by ε.  Recalling Eqn. 

(2.80), inherent soil variability, measurement error, and the deterministic trend 

function can be introduced into Eqn. (2.94) as: 

  ,d T t w e     (2.89) 

In FOSM, a Taylor Series expansion of the function T, truncated after the linear (i.e. 

first-order) term, is used to determine the first two moments (mean and standard 

deviation) of ζd, (i.e. second moment).  If the uncertainties associated with w, e, and ε 

are relatively small, then some value, ζd,i, at the point (t, wi, ei, εi) in the linearized 

function T, may be approximated as: 

 
       , , , ,d i w e i w i e i

T T T
T t w e

w e
        



  
      

  
 (2.90) 

If the mean values (μw, μe, με) are set equal to zero (i.e. stationary), and Eqn. (2.90) is 

evaluated at the point (t, μw, μe, με), the mean of the predicted design parameter, μζd
, 

may be estimated as: 
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Recalling Eqn. (2.73), the variance of ζd may be expressed as: 
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Inherent soil variability, measurement error, and transformation error are typically 

assumed to be uncorrelated because they are derived from disparate sources (e.g. 
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Lumb 1971; Baecher 1985; Filippas et al. 1988; Kulhawy et al. 1992).  As a result, 

Eqn. (2.98) can be expressed as: 

 2 2 2
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 (2.93) 

where σ
2

w, σ
2

e, and σ
2

ε is the variance associated with w, e, and ε, respectively. 

It is often necessary to find a spatial average or the mean of some variable design 

parameter, ζd(z), over some averaging length, x (Phoon and Kulhawy 1999b; Baecher 

and Christian 2003): 
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The mean and variance of ζa can be determined by substituting Eqn. (2.90) into Eqn. 

(2.94) and then following the same second moment approach described above (Phoon 

and Kulhawy 1999b).  If the trend function and its derivatives with respect to inherent 

soil variability are constants, then the variance of ζa may be expressed as (Vanmarcke 

1983): 
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Equation (2.87) implies that γ(x) decreases as x increases, and the outcome of 

averaging is to reduce the inherent soil variability; however, there is no simple result 

when t and /T w   are general functions of depth (Phoon and Kulhawy 1999b).  It is 

noted that in most cases t and /T w  are constant provided that the averaging interval 
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isn’t very large and a linear transformation model is selected (Phoon and Kulhawy 

1999b).  When functions are highly nonlinear or more exact solutions are desired, 

other methods including exact solutions (Ang and Tang 1975), point estimate 

approximations (Rosenbluth 1975), and simulation techniques (Deutsch and Journel 

1992) may be considered.  Each of which has advantages and disadvantages that are 

discussed in more detail by Saussus (2001). 

2.5.7 Load Test Uncertainty 

Although static loading tests are widely considered to be the most accurate method 

for predicting pile capacity, several authors have shown that the uncertainty of load 

test results may be comparable to the uncertainty in predictive models (e.g. Bea 1983; 

Fellenius 1984; O’Neill 1989; Barker et al. 1991; Van Impe 1994).  The primary 

source of uncertainty is the method by which capacity is interpreted from load-

displacement curves.  The dependence of shaft resistance on a narrow zone 

surrounding the pile will contribute to the scatter in the results from static load tests 

since the parameters governing frictional resistance are highly spatially variable 

(Randolph 2003).  Other effects including instrumentation error, temperature changes, 

residual stresses, geometric imperfections, pile moduli estimates, and soil setup 

phenomenon contribute to the overall error associated with interpreting capacity 

(Fellenius 1975; Saussus 2001). 
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2.5.8 Model Uncertainty 

Model uncertainty arises from using over-simplified or intentionally idealized 

models to represent real soil or foundation behavior (Ditlevsen 1981).  Several authors 

have suggested that model error is the dominate source of uncertainty (e.g. Casagrande 

1963; Whitman 1984; Wu et al. 1989; Nadim and Lacasse 1992; Ronold and Bjerager 

1992).  Unfortunately, model uncertainty is often misrepresented in literature because 

other sources of uncertainty are not properly accounted for (Saussus 2001).  For 

example, De Ruiter and Beringen (1979), Bustamante and Gianesseli (1982), and 

Eslami and Fellenius (1997) presented biases and COVs for several CPT-based 

prediction methods by comparing measured and predicted resistances directly.  The 

statistics computed using this approach represent total uncertainty because the 

contributions from all the sources of uncertainty (inherent soil variability, 

measurement error, transformation and model uncertainty) were implicitly included.  

In order to properly assess model uncertainty, all other sources of uncertainty must 

first be identified and quantified (Saussus 2001). 

2.5.9 Uncertainty for Reliability-based Assessments 

Establishing statistics that adequately describe the uncertainty associated with the 

random variables used in reliability assessments is critical in order to obtain accurate 

results (Allen et al. 2005).  For evaluating the reliability of deep foundations, two 

distinct approaches are available to estimate total uncertainty: (i) quantifying the 

disparate sources of uncertainty (inherent soil variability, measurement error, 

transformation uncertainty, model uncertainty) separately, and then combining them in 
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a consistent manner (e.g. Saussus 2001), and (ii) using a database of high-quality full-

scale measurements that are representative of the conditions of interest, where the 

disparate sources of uncertainty are lumped together (e.g. Bathurst et al. 2008).  In this 

approach, predictions from a given calculation model are compared with load test 

results organized by foundation type, ground conditions, and perhaps other parameters 

(Kulhawy and Phoon 2006).  The important assumption made in this approach is that 

the load test database can sufficiently capture all the variants noted in the first 

approach (Phoon 2004; Kulhawy and Phoon 2006).  This section reviews both 

approaches and their advantages and disadvantages, and provides examples of their 

use in literature. 

The quality and quantity of the data can have a significant impact on the 

estimation of the statistical parameters required to perform reliability-based 

assessments (i.e. mean bias, COV) (Allen et al. 2005).  Due to time or monetary 

limitations, it is often difficult to obtain meaningful site-specific statistics for each 

individual source of uncertainty (Jaksa et al. 1997; Fenton 1999).  As a result, several 

studies have established statistical estimates to the variability of design soil properties 

(e.g. Lee et al. 1983; Spry et al. 1988; Orchant et al. 1988; Filippas et al. 1988; 

Kulhawy et al. 1992; Phoon et al. 1995; Lacasse and Nadim 1996; Jones et al. 2002).  

Unfortunately, many the statistics reported in literature are not suitable for general use 

because they were determined from total variability analyses, in which a uniform 

source of uncertainty was implicitly assumed (Phoon and Kulhawy 1999a).  Because 

the relative contributions from the various sources of uncertainty to the total 
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variability of a given soil property is dependent on the site conditions, measurement 

procedures, and the accuracy of the selected correlation model, the statistics 

determined from total variability analyses are only valid for the settings under which 

the soil properties were determined (Phoon and Kulhawy 1999a). 

A few studies have attempted to evaluate geotechnical uncertainty on a more 

general basis.  Based on a review of past literature, Phoon and Kulhawy (1999a) 

quantified inherent soil variability and measurement error, and the SOF for several 

common soil properties and design parameters (e.g. water content, relative density, 

plasticity and liquidity indices, undrained shear strength, friction angle) determined 

with different in-situ and laboratory testing methods (e.g. CPT, SPT, triaxial and direct 

shear tests) for a few universal soil types.  Because of poor documentation, Phoon and 

Kulhawy (1999a) note that not all inessential sources of uncertainty could be removed; 

therefore, the reported inherent soil variability should be considered an upper-bound 

estimate.  Phoon and Kulhawy (1999b) used a second-moment probabilistic approach 

to combine inherent soil variability and measurement error with transformation 

uncertainty.  As shown in Table 2.12, COVs are reported for several common design 

parameters as function of test and soil type.  Although this work is valuable for 

assessing foundation reliability, the uncertainty resulting from imprecise predictive 

models (i.e. model uncertainty) was not addressed. 

A high quality predictive model will incorporate all the factors and sources of 

uncertainty shown in Figure 2.13.  Saussus (2001) noted that a considerable gap exists 

between sampling and designing capabilities, where much of the data collected prior 
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to the design stage goes unused.  After identifying problems associated with the CPT 

and quantifying design-related uncertainties such as soil classification and layer 

interface location, Saussus (2001) used a CPT-based capacity prediction model 

developed by Eslami and Fellenius (1997) to estimate the most probable axial pile 

resistance.  Subsequent modifications were made in order to account for the 

uncertainties associated with cone tip resistance and sleeve friction, soil properties, 

and model characteristics.  Saussus (2001) combined a three-dimensional model for 

predicting the mean and uncertainty in CPT measurements with a probabilistic 

capacity prediction model in order to estimate the distribution of long term pile 

capacity. The principal drawback of the work by Saussus (2001) is that it was 

developed for one specific design approach.  In reality, most piles are not designed 

using CPT-based correlations; for example, a recent survey conducted by Paikowsky 

et al. (2004) indicated that only 5 percent of state DOTs use CPT-based design 

methods to evaluate static axial capacity of driven piles. 

Ideally, foundation reliability should be assessed based on measurements of load 

and resistance from a large number of nominally similar structures (Bathurst et al. 

2008).  If full-scale field measurements are used, then the inherent variability related 

to load and resistance will captured, provided that the data is representative of typical 

construction techniques and quality, geologic and environmental conditions, and has 

been interpreted in a consistent manner (Phoon 2004; Allen et al. 2005; Bathurst et al. 

2008; Bathurst et al. 2011).       
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The evaluation of total or lumped uncertainty from a set region- or geologic-

specific case histories is useful for assessing reliability and conducting calibrations on 

the local level, validating design models not yet covered in current specifications, 

developing new design models, and developing specifications at the national level 

(Allen et al. 2005).  It is recognized that these efforts can be expensive; high quality 

data from the specific conditions or interest must be collected and statistically 

characterized, and the results need to documented (Allen et al. 2005).  Until recently, 

reliability-based assessments and calibration efforts for many soil-structure interaction 

problems have been challenging due to a lack of suitable statistical data (Allen et al. 

2005; Bathurst et al. 2008).  Now that high quality statistical data is available for 

foundations, the assessment of reliability can be improved and more effective 

calibration efforts can be conducted (Allen et al. 2005). 

In an effort to provide updated resistance factors for use in RBD procedures, 

Paikowsky et al. (2004) evaluated the total uncertainty associated with several 

methods for predicting static pile capacity including the Alpha method (Reese et al. 

1998), the Beta method (Bowles 1996), Nordlund’s method (Nordlund 1963), some 

selected dynamic formulas, a signal matching technique (e.g. CAPWAP), and the Case 

method (Goble et al. 1970; Rausche et al. 1975).  However, the database used by 

Paikowsky et al. (2004) consisted of case histories from several geographic locations, 

and geologies.  In addition, several regions are under-represented; for example, the 

database of driven piles only contained three case histories from Washington State.  

As a result, the results presented in Paikowsky et al. (2004) cannot be considered 



107 

 

region-specific.  More robust reliability assessments made using case histories 

obtained from local geologies and construction conditions are needed at this time. 

2.6 RELIABILITY-BASED DESIGN 

Casagrande (1963) first noted the importance of uncertainty, and presented the 

concept of calculated risk.  Since then, several techniques, rooted in probability 

theory, have been developed to quantify uncertainty and evaluate risk (e.g. Vanmarcke 

1977; Tang 1984; Fenton 1999; Phoon and Kulhawy 2008).  The following sections 

describe several methods that may be used to assess foundation reliability; these 

approaches form the background necessary to calibrate RBD procedures and 

resistance factors for use in a probabilistic design framework.  Reliability-based 

design is discussed in the context of LRFD, and procedures for calibrating resistance 

factors are presented.  Limitations regarding our current understanding of risk and 

reliability are discussed throughout the following sections. 

2.6.1 Assessment of Foundation Reliability 

The purpose of a reliability assessment is to evaluate the risk or reliability of an 

existing system.  First, it is necessary to establish an performance function in order 

compute the margin or safety, factor of safety, or some other measure of performance 

(Baecher and Christian 2003).  Next, the random variables in the performance function 

(e.g. applied loads, available soil resistance, shear strength, pile geometry) are 

statistically characterized; usually based to their mean, variance, covariance, and type 

of distribution (Phoon 2006).  Some variables may exhibit spatial correlation which 
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can be included in the performance function (Phoon 2006).  It is noted that although 

simple linear models are common in foundation design, the degree of complexity of 

the model will depend on the nature of the performance function (Allen et al. 2005).  

The distribution of the performance function is then characterized using the mean and 

variance, and the probability of failure is computed (Kulhawy and Phoon 1996; Phoon 

2004). 

Consider a linear performance function or limit state equation, where the margin of 

safety, g, is expressed as (Allen et al. 2005): 

 0g R Q    (2.96) 

As shown in Figure 2.15, the distributions of the random variables representing load, 

Q, and resistance, R, are described according to their means, μQ and μR, standard 

deviations, σQ and σR, and type of distribution (e.g., normal, lognormal).  Failure is 

represented by the overlapping area, where the applied load exceeds the available 

resistance.  Figure 2.15b shows the probability density function of g, where pf is equal 

to the area beneath the curve where g < 0.  Once the distribution of g is known, pf can 

be evaluated as (Phoon 2004): 

    Pr Pr 0fp Q R g     (2.97) 

Because the probability of failure is usually small, the reliability index, β, defined as 

the number of standard deviations, σg, between the mean margin of safety, μg, and 

failure (i.e. g = 0), is often more convenient to use.  If g can assumed to be normally 

distributed, then β can be computed as (Phoon 2004): 
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  1

fp    (2.98) 

where –Φ
-1

 is the inverse standard normal cumulative function.  Reliability indices for 

most geotechnical applications generally range between 1 and 5, and Table 2.13 

presents the relationship between pf and β, along with the expected level of 

performance.  The following sections present three techniques for estimating 

foundation reliability.  First, closed-form solutions are presented for cases where the 

random variables are limited in number and follow well-known distributions.  Next, a 

more invariant iterative technique is outlined; and lastly, a rigorous numerical 

simulation approach is reviewed. 

2.6.1.1 First-Order Second Moment Method 

The basic techniques for error propagation (section 2.5.6) are applied here in the 

context of reliability theory in order to assess the reliability of a given system.  In 

reliability-based design, this approach is referred to as the FOSM method, and is 

currently being used in the existing AASHTO specifications (Paikowsky et al. 2004).  

The following equations illustrate the use of FOSM to estimate foundation reliability.  

Regardless of the distributions of Q and R, the mean the margin of safety is expressed 

as (Baecher and Christion 2003): 

 
g R Q     (2.99) 

and the variance of g is: 
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 2 2 2 2g R Q RQ R Q         (2.100) 

where σ
2

R and σ
2

Q are the variances of R and Q, respectively, and ρRQ is the correlation 

coefficient between R and Q.  If the limit state function is linear, and both R and Q are 

independent and normally distributed, then β may be determined from a simple closed-

form solution: 

 

2 2

g R Q

g R Q

  


  


 


 (2.101) 

If, on the other hand, R and Q are both lognormally distributed and independent, then 

β may be computed as: 
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(2.102) 

where COVR and COVQ are the coefficients of variation for R and Q, respectively.  

Loads and resistances are often assumed to be lognormal on the basis that they are 

limited to positive real values (e.g. Barker et al. 1991; Becker 1996; Phoon et al. 

2003b).  Although the closed-form solutions presented above are in terms of a single 

load, the basic functional form can be extended to multiple load sources (Allen et al. 

2005). 

The FOSM approach presented above is convenient to use; however, it may be 

overly simplistic for some foundation problems (Phoon et al. 2003b).  For example, 

FOSM requires that Q and R follow normal or lognormal distributions; closed-form 
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solutions are not currently available for other types of distributions (e.g. gamma, beta, 

weibull) and when variables are correlated (Phoon et al. 2003b).  Because the FOSM 

method lumps several factors into a single random variable (i.e. R), it may not be 

appropriate in cases where only the individual sources of uncertainty are known, and 

full-scale load tests are not available to evaluate the total lumped uncertainty (Phoon et 

al. 2003b).  On the other hand, the FOSM method may still be useful if the individual 

sources of uncertainty can be combined in a consistent manner to form an estimate of 

total uncertainty that follows a normal or lognormal distribution (Allen et al. 2005). 

In the FOSM method, the limit state function is linearized at the mean values of 

the random variables, rather than at a point on the failure surface when Q is equal to R, 

and the higher order terms of the Taylor series expansion are truncated in order to 

provide a simple closed-form solution (Allen et al. 2005). This linearization can be a 

source of error if the higher order terms are significant (i.e. a highly nonlinear limit 

state function) (Allen et al. 2005).  In addition, the closed-form solutions provided 

above need to reformulated if the definition of failure is changed (Ditlevsen 1973; 

Hasofer and Lind 1974; Baecher and Christian 2003; Fenton and Griffiths 2008).  For 

example, in Eqn. (2.96), failure was defined when g = 0; however, a mathematically 

equivalent failure condition may be defined as where FS = 1.  Figure 2.16 illustrates 

the difference between these two approaches, where the distance between the mean 

values of Q and R and the limit state is dependent on the way in which failure is 

defined. 
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2.6.1.2 First-Order Reliability Method  

As discussed in section 2.6.1, the probability of failure is defined as the probability 

that the performance function, g, is less than zero.  If g is extended to a function of any 

number of independent random variables x = (x1, x2,…,xn), and the joint PDF of x is 

fx(x), then the probability of failure is evaluated with the integral: 

 
    

  0

Pr 0f

g

p g f d


    x

x

x x x  (2.103) 

Figure 2.17a shows the joint PDF of two random variables, x1 and x2; the contours 

represent projections of the surface of fx(x) on the x1-x2 plane.  The failure surface, 

g(x) = 0, that separates the safe region (i.e., g(x) > 0) and failure region (i.e., g(x) < 0) 

is shown as some arbitrary nonlinear curve (Hasofer and Lind 1974).  The probability 

of failure is equal to the volume under the joint PDF on the unsafe side of the failure 

surface (Hasofer and Lind 1974).  Direct evaluation of the integral in Eqn. (2.103) is 

difficult because (i) the number of random variables is generally large, and the 

probability integration is multidimensional, and (ii) the integrand, fx(x), and the 

integration boundary, g(x)=0, are frequently nonlinear and multidimensional (Hasofer 

and Lind 1974).  As a result, several first and second-order approximation techniques 

have been developed (e.g., Hasofer and Lind 1974; Fiessler et al. 1979; Breitung 

1984). 

Hasofer and Lind (1974) proposed a geometric interpretation of the reliability 

index that provides a practical method for computing small probabilities of failure in a 



113 

 

high dimensional space (i.e., several random variables) (Baecher and Christian 2003; 

Phoon 2006).  This method is more appropriate for correlated non-normal random 

variables, and resolves the nonuniqueness problem associated with FOSM by 

considering the overall distance between the shared mean and the failure surface, 

instead of only considering the distance along the gradient (Fenton and Griffiths 2008; 

Chan and Low 2011).  A major argument in favor of FORM is that, unlike FOSM, the 

distribution of the performance function does not need to be known (Baecher and 

Christian 2003).   

First, the integrand, fx(x), is simplified such that the contours become regular and 

symmetric by transforming the random variables, x, into standard normal space, u, 

(i.e., mean = 0, standard deviation = 1).  The Rosenblatt transformation ensures that 

the cumulative distribution function (CDFs) of a random variable, xi, is the same 

before and after transformation (Rosenblatt 1952): 

    
ix i iF x u  (2.104) 

The transformed random variable may then expressed as: 

  1

ii x iu F x       (2.105) 

For example, if xi is normally distributed with mean, μxi
, and standard deviation, σxi

, 

then Eqn. (2.105) yields: 

 
1 i i

i i

i x i x

i

x x

x x
u

 

 


   

     
    

 (2.106) 



114 

 

The Rosenblatt transformation is especially useful for random variables that do not 

follow a normal or lognormal distribution, as it is valid regardless of the distribution of 

xi.  The transformed performance function is stated as y = g(u), and the probability 

integration is: 

 
    

  0

Pr 0f

g

p g d


    u

u

u u u  (2.107) 

where ϕu is the joint PDF of u.  It is noted that Eqn (2.103) and Eqn. (2.107) are 

identical, and no accuracy is lost during transformation.  The contours for the two-

dimensional example in Figure 2.17b are now concentric circles, and the integration of 

ϕu is relatively straightforward.  In order to further simplify the integration, the 

performance function is linearized, L(u), using a first order Taylor Series expansion: 

         ' ' '
T

g L g g   u u u u u u  (2.108) 

where u’ = (u’1, u’2,…u’n) is the point at which the function is linearized; the gradient 

of g(u) at u’ is expressed as: 
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u  (2.109) 

It makes sense to linearize the performance function at the point with the highest 

probability density because the contribution to the probability integration will be 

largest (i.e. a conservative pf) (Low and Tang 2007). The point on the failure surface 

(i.e. where g(u) = 0) with the largest probability density is referred to as the most 

probable point (MPP), and represents the shortest distance between the origin and the 
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failure surface (Fig 2.17b).  In standard normal space, this distance is equal to the 

reliability index: 

 2 2 2

1 2 ' 'T

nu u u     u u u  (2.110) 

where ||u|| represents the magnitude of the vector, u.  The challenge with this approach 

is to determine u’; or, in other words, the minimum value of ||u||; subject to the 

constraint, g(u) = 0.  The most common search methods use iterative algorithms (e.g., 

Hasofer and Lind 1974; Rachwiz and Fiessler 1978; Liu and Der Kiureghian 1991), 

which are described in detail by several authors (e.g., Ang and Tang 1984; Melchers 

1999; Haldar and Mahadevan 2000; Baecher and Christian 2003).  Low and Tang 

(1997, 2004) cited an alternate approach for determining β, where the search for the 

MPP is performed in physical space as opposed to dimensionless u space; however, 

Phoon and Kulhawy (2008) cautioned against this approach because the means of the 

random variables can differ by several orders of magnitude. 

The Hasofer-Lind approach is based on independent random variables; cases 

where two or more random variables exhibit dependence necessitates a few 

adjustments be made to the approach described above.  Although there are a number 

of methods for incorporating correlated variables into the FORM as described by 

Shinozuka (1983), Ang and Tang (1975), and Baecher and Christian (2003), and 

others, Low (1996) and Low and Tang (1997) were the first to propose an efficient 

and intuitive procedure that takes advantage of optimization techniques included in 
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most software packages (e.g., Microsoft Excel, Matlab, R), where β is expressed in 

matrix notation as (Veneziano 1974; Ditlevsen 1981): 

 
   1min

T

F
 


  

x
x μ C x μ  (2.111) 

where x is a vector representing a set of random variables xi, μ is a vector of the mean 

values μxi
, C is a covariance matrix, and F is the failure domain.  In Eqn. (2.111), the 

random variables are transformed into the space of reduced variates, not a 

dimensionless standard normal space as previously discussed.  An equivalent 

formulation for dimensionless normally distributed random variables was given by 

Low and Tang (1997, 2004): 
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where σxi
 is the standard deviation, and R is the correlation matrix.  The point given by 

the xi values that minimizes the square root function in Eqn. (2.112) and satisfies xF 

is the design point (i.e. the MPP).  In the case of non-normal variables, Low and Tang 

(1997, 2004) replaced μxi
 and σxi

 ins Eqn. (2.112) with an equivalent-normal mean and 

standard deviation, obtained by equating the cumulative density and probability 

density ordinate of the equivalent normal distribution to that of the corresponding non-

normal distribution.  A more robust and computationally efficient method was 

proposed by Low and Tang (2007): 
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that takes advantage of the properties of the Rosenblatt transformation, where u is 

computed according to Eqn. (2.105).  By inverting Eqn. (2.105): 

  1

ii x ix F u     (2.114) 

it becomes possible to back calculate xi for each trial value of ui during the 

optimization routine; at the same time, the back-calculated xi is inputted into the 

performance function, g(x), in order to determine whether or not the condition g(x) = 0 

is satisfied.  Derivations of closed-form solutions for xi are relatively simple for 

normal, lognormal, Gumbel, exponential, uniform, triangular, and Weibull 

distributions, all of which are provided by Low and Tang (2007).  For example, for a 

lognormally distributed variable, xi is computed as: 

 ln, ln,x x ii i
u
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  (2.115) 

where the lognormal mean and standard deviation of xi, μln,xi
 and σln,xi

, can be 

approximated as: 

 2
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Closed-form solutions for gamma, beta, and PERT distributions are not available; as a 

result, more robust simulation-based techniques (e.g., Monte Carlo) are often the 

preferred alternative to FORM for preforming reliability assessments. 

Constructing the correlation matrix R is relatively straightforward when each 

random variable is normally distributed;  in this case, the Pearson product-normal 

correlation coefficient may be computed for each correlated random variable pair 

using Eqn. (2.76) and inputted into R.  If, instead, one or more of the random variables 

xi is non-normal and correlated, the correlation coefficient may become unstable (i.e. -

1 > ρ > 1) for highly correlated variables (e.g. Phoon and Kulhawy 2008).  Although a 

non-parametric correlation coefficient (e.g., Kendall’s tau, Spearman rank) could be 

used to solve this problem (e.g. Stuedlein and Reddy 2013), a more robust approach 

would be to use a Monte Carlo Simulation (MCS) technique coupled with copula 

theory, as discussed in Chapter 6. 

There is an ongoing discussion regarding the appropriateness of the linearizing the 

failure surface at the MPP, and its impact to the estimate of the reliability index (Chan 

and Low 2011).  Depending on the curvature of the failure surface, FORM may 

produce conservative or unconservative estimates of reliability (Baecher and Christian 

2003).  However, it is generally agreed upon that the FORM approach is adequate for 

most geotechnical problems since the hyper-volume of the multivariate distribution 

that resides with the failure region (i.e., pf) is generally very small (Baecher and 

Christian 2003).  When first-order approximations are not sufficiently accurate (i.e. for 

highly nonlinear failure surfaces) second-order reliability methods (SORM) are 
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available (e.g. Der Kiureghian et al. 1987; Der Kiureghian and De Stefano 1991).  

However, these methods typically require sophisticated numerical integration, and not 

familiar to most geotechnical engineers (Breitung 1984).  Alternatively, the more 

rigorous and adaptable Monte Carlo simulation method may be better suited to 

estimate foundation reliability (Allen et al. 2005).   

2.6.1.3 Monte Carlo Simulations 

Monte Carlo simulation (MCS) is a practical tool that can include the uncertainty 

of several independent or dependent random input parameters in a performance 

function and produce estimates of the probability of exceeding a prescribed limit state 

(Allen et al. 2005).  In this approach, realizations representing each random variable in 

the limit state equation are generated using a pseudo random number generator or a 

random field generator (Fenton and Griffiths 2008).  The response of the system or 

performance function is then evaluated for each realization.  The probability of 

occurrence for any particular response can be determined by dividing the number of 

particular responses by the total number of realizations (Allen et al. 2005).  The 

sampling process is repeated for as many times as required to achieve a pf with a given 

confidence level (Uzielli and Mayne 2011). 

The accuracy of MCS is dependent on the number of realizations (Baecher and 

Christian 2003).  Although a greater number of realizations will result in a more 

accurate prediction with a higher level of confidence, it is more computationally 

expensive (Fenton and Griffiths 2008).  Guidelines for estimating the number of 
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realizations needed in MCS for a specific confidence level have been discussed in 

several literature (e.g. Rubinstein 1981; Morgan and Henrion 1990; Fishman 1995).  

According to Broding et al. (1964), the number of realizations can expressed as 

(Melchers 1999): 

  ln 1 c

sim x

f

N n
p


   (2.118) 

where αc = the desired confidence level in percent, pf = the desired probability of 

occurrence, and nx is the number of random variables. 

Although there are methods for reducing the number of simulations including 

importance sampling, arithmetic sampling, correlated sampling, and stratified 

sampling, they are used less frequently than the generic sampling approach described 

above (Hohenbichler and Rackwitz 1988; Melchers 1989; Au et al. 1999; Baecher and 

Christian 2003).  The principal drawback to MCS, is that it is arduous to determine 

how the probabilities or moments (e.g. mean, variance) respond to changes in the 

system or the input variables since the entire sampling process has to be repeated for 

each change (Fenton and Griffiths 2008). 

2.6.2 Limitations of Current Reliability Assessment Tools 

Currently, there is little confidence that the probabilities of failure calculated using 

conventional reliability analyses are realistic (Najjar and Gilbert 2009).  For example, 

many authors (e.g. Horsnell and Toolan 1996; Aggarwal et al. 1996; Bea et al. 1999) 

have observed that the actual rates of failure in pile foundations are significantly less 
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than the estimated probabilities of failure.  These differences have been primarily 

attributed to a conservative bias in the models used to predict pile capacity (Najjar and 

Gilbert 2009); however, another reason may be due to the way in which the tails of the 

probability distributions for load and resistance are currently modeled.  Conventional 

reliability analyses model load and resistance as continuous distributions (e.g. normal, 

lognormal); however, this approach does not take into account the possibility that 

there are physical lower-bound limits to soil resistance.  Based on driven steel piles in 

cohesive and non-cohesive soils, Najjar (2005) indicated that there is strong evidence 

for the existence of lower-bound resistance.  Therefore, there is a need to investigate 

the effect of applying lower-bound resistance limits on the reliability of deep 

foundations in order to produce probabilities of failure that are more representative of 

those observed in the field. 

The correlation between design variables can have a considerable effect on the 

estimate of foundation reliability (Uzielli and Mayne 2011).  However, most 

deterministic models and simple LRFD approaches do not consider inter-variable 

correlation (Phoon and Kulhawy 2008).  The practical advantage is that the random 

variables can be described completely by their univariate probability distributions.  

Yet, parameters such as pile geometry, soil strength, and relative density may exhibit 

scale effects or correlation, resulting in biased assessments of both capacity and 

reliability.  Potential correlations can be assessed using the significance tests for 

association discussed in section 2.5.2. 
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There has been limited work towards the simulation of non-normal correlated 

multivariate distributions.  Instead, non-normal distributions are usually presented 

their univariate form, and it is not possible to extend these formulae to higher 

dimensions when correlations are present (Phoon 2006, Phoon and Kulhawy 2008).  A 

simple closed-form solution referred to as the translation model is often adopted to 

simulate correlated bivariate parameters with normal or lognormal marginal 

distributions (e.g. Phoon and Kulhawy 2008).  However, this approach becomes 

unstable when variables are strongly correlated and lognormally distributed (Phoon 

and Kulhawy 2008).  In addition, the translation model is not applicable to the general 

case when random variables follow other common distributions (e.g. beta, gamma, 

weibull).  Copula theory (Nelson 2006) is the preferred alternative to the translation 

model, and has the ability to model any number of correlated variables with different 

marginal distributions.  Yet, copula theory is has been used less frequently compared 

to the translation model. 

2.6.3 Traditional Design Approach for Foundations 

The purpose of design is to ensure that a system performs satisfactorily over its 

prescribed design life (Phoon et al. 2003b; Kulhawy and Phoon 2006).  Due to the 

presence of inherent uncertainties in both applied loads and capacity, the design of 

piles is conducted in an uncertain environment, where complete assurance of a 

satisfactory design under all possible circumstances is not possible (Kulhawy and 

Phoon 1996).  Historically, these uncertainties have been accounted for using 

experience and engineering judgment, where a largely subjective global factor of 
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safety is applied to an estimate of pile capacity in order to establish a level of 

protection against undesirable outcomes (i.e. failure) (Kulhawy and Phoon 2006).  A 

deterministic design framework such as working stress design (WSD) or allowable 

stress design (ASD) ensures that a design load, Q, does not exceed some allowable 

load, Qa (Fenton and Griffiths 2008; Paikowsky et al. 2004): 

 
n ult

a

R Q
Q Q

FS FS
    (2.119) 

where Rn is the nominal or predicted resistance, Qult is the ultimate pile resistance 

(capacity), and FS is the global factor of safety, which attempts to account for the 

uncertainty in the applied loads, soil strength properties, construction quality, model 

accuracy, and so on.  Typically, a FS between two and three is specified in routine 

foundation design (Focht and O’Neill 1985; Paikowsky et al. 2004). 

Owing to its simplicity, ASD has been continuously used since the early 1800s; 

however, this approach has a number of well-known limitations (Phoon 2004).  For 

example, a larger FS should seemingly result in a more reliable design; however, the 

presence of larger uncertainties than anticipated can negate this effect (Phoon et al. 

2003b).  Similarly, a smaller FS appears to be appropriate when more reliable or more 

consistent levels of control are implemented (e.g. additional load tests, a more 

extensive subsurface exploration); however, most recommended safety factors (e.g. 

AASHTO 1997) do not consider the degree of conservatism or unconservatism 

associated with the methods used to estimate pile capacity (Phoon 2004).  It is clear 

that although two different systems may have the same mean factor of safety, their 



124 

 

probabilities of failure may be substantially different (Fenton and Griffiths 2008).  

Historically, if a factor of safety was not sufficient to prevent failure, it was increased; 

on the other hand, if a safety factor was deemed adequate (i.e. no failures occurred) 

then no changes were made in order to move closer to the desired level of safety.  As a 

result, many factors of safety tend to be overly conservative (Allen 2005b). 

2.6.4 Load and Resistance Factor Design 

The idea of using the probability of failure as a basis for structural design was 

introduced in the United States by Freudenthal (1947).  Beginning with the American 

Concrete Institute (ACI) in the early 1960s, several probabilistic load and resistance 

factor design (LRFD) codes have been developed for use with different structural 

design components.  This approach has been highly successful, and LRFD is now 

largely implemented within the structural community (Paikowsky et al. 2004; Goble 

2009).  The adoption of LRFD for foundation design has been ongoing since the first 

American Association of State Highway and Transportation Officials (AASHTO) 

LRFD specifications became available in 1992 (Phoon 2004).  Although several early 

RBD procedures were simply rearrangements of global factors of safety (Green 1991), 

recent efforts have focused on more a rigorous evaluation of risk, and the calibration 

of load and resistance factors in order to satisfy a prescribed level of risk.  As a result 

of increased regulatory pressure (FHWA 2007), more soil-structure interaction 

problems are being resolved in a probabilistic framework (Phoon 2004). 

The principal difference between ASD and LRFD is the application of reliability 

theory, where uncertainties and risks are quantified and operated on in consistent 
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manner free of self-contradiction (Phoon et al. 2003b; Phoon 2004; Kulhawy and 

Phoon 2006).  Once the limit state has been defined for a particular design setting (e.g. 

Eqn. (2.96), the basic LRFD design equation may be expressed as (Stuedlein et al. 

2012a): 
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where the factored resistance must be greater than a linear combination of the factored 

loads; Qn,i and Rn are the nominal loads and resistance, and γQ,i and R are the load and 

resistance factors, respectively.  Load sources (e.g., live load, dead load, wind load, 

etc.) are disparate; therefore, different load factors are applied to different loads, and 

may be adjusted according to the uncertainty present in each source.  In general, 

uncertainties in applied loads are small compared to the uncertainties in resistance 

(Allen 2005b).  The nominal resistance may correspond to the ultimate strength 

available in the soil (i.e. ultimate limit state), or some magnitude of resistance once 

forces have equilibrated at an acceptable level of displacement (i.e. serviceability limit 

state).  The purpose of load and resistance factors are to account for the uncertainty 

present in the applied loads and resistance, which result from variations in material 

properties, applied loads, construction quality, prediction uncertainty in the design 

model, failure consequences, site characterization, and inherent soil variability 

(Paikowsky et al. 2004; Allen 2005b).  In principle, load and resistance factors are 

used to increase and decrease nominal loads and resistances, respectively, such that 
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each is unlikely to occur except for in a small fraction of design scenarios (Allen et al. 

2005). 

When the left and right side of Eqn. (2.120) are equal, the system is considered to 

be at incipient failure (i.e. the limit state is just reached), and the factored values for 

load and resistance may be computed.  The applied loads are typically known to some 

degree, and the resistance is increased to be greater than the applied load by a 

combination of the load and resistance factors (Allen et al. 2005).  If multiple load 

sources are present, the minimum nominal resistance is (Allen et al. 2005): 
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In the case of a single load source (Fig 2.15a), the magnitude of γQ and R, and the 

difference between R and Q, are determined such that the probability of failure is 

acceptably small.  If, instead, a target probability and the pertinent load factors can be 

specified, and loads and resistances are statistically characterized, then a resistance 

factor can be determined using reliability theory.  This process forms the basis for 

resistance factor calibration discussed in the following section. 

2.6.5 Calibration for Load Resistance Factor Design 

Although resistance factors for LRFD can be calibrated in a variety of ways, the 

two most common methods are (i) calibration by fitting to past practice (e.g. ASD), 

and (ii) calibration using reliability theory (Allen 2005b).  The basic steps required to 

calibrate resistance factors are summarized by Allen et al. (2005): (i) collect high 
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quality data, and statistically characterize the random variables related to load and 

resistance; at a minimum, the mean, COV, and distribution type are needed, (ii) 

estimate the error associated with a selected design model, (iii) select a target level of 

reliability, and (iv) determine load and resistance factors such that the target level of 

reliability is met.  In general, each of the principles discussed in Sections 2.6.1.1 

through 2.6.1.3 (i.e. FOSM, FORM, MCS) can be used to calibrate resistance factors. 

Resistance factors are influenced by site geology, the selected design 

methodology, and local construction practices (Stuedlein et al. 2012a; Kim et al. 

2013).  Although the resistance factors recommended in most current LRFD 

specifications are function of the type of foundation, basic geologic conditions, and 

the method used to predict capacity (e.g., driven piles installed in cohesive soils, 

where capacity is predicted with the Alpha method), it is often challenging to obtain a 

consistent level of risk because the parameters critical for estimating capacity (e.g. 

undrained shear strength) can exhibit a wide range of uncertainties (Kulhawy and 

Phoon 2006).  This issue was examined in detail by Phoon et al. (1995) and later by 

Phoon et al. (2003b, 2003c), and although the resistance factors in most LRFD design 

codes can serve as valuable guidelines, the use of geologic- and project-specific 

resistance factors is preferred.   

2.6.5.1 Resistance Factor Calibration Approach 

In order to calibrate resistance factors using reliability analyses, the mean, standard 

deviation, coefficient of variation, and the type of distribution that best fits the data 
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must be determined for each random variable in the limit state equation (Allen et al. 

2005).  Preferably, resistance factors would be calibrated using statistical parameters 

obtained from a large database consisting of identical piles, and geologic and site 

conditions.  Because most databases contain a set of unique case histories, the bias in a 

predicted random variable, λ, defined as the ratio of measured or observed values to 

the predicted values using some design model, is used to generate statistics used in 

resistance factor calibration.  The mean bias, μλ, and the associated coefficient of 

variation of the bias, COVλ, can be computed using Eqn. (2.72) and (2.74), 

respectively.  The distribution that best describes the sample bias can be determined 

by comparing the fit between the empirical CDF and a continuous theoretical CDF 

(e.g. normal, lognormal); the use of more rigorous goodness-of-fit tests such as those 

discussed in Section 2.5.3 are also recommended.  Significant deviations of the 

observed data from that of a theoretical distribution may require fit-to-tail efforts, 

where the theoretical distribution is aligned with the most critical portion of the bias 

distribution (i.e. left tail) due to the location of bias values less than unity (Allen et al. 

2005). 

There is considerable literature devoted to the calibration of LRFD resistance 

factors at various limit states using FOSM, FORM, and MCS for several specific 

foundation alternatives, geologic conditions, prediction models, testing methods, and 

so on (e.g. Rahman et al. 2002; Long 2002; Foye et al. 2009; Park et al. 2012; Kim 

and Lee 2012; Reddy and Stuedlein 2013); dissimilarities in the procedures used to 

calibrate resistance factors are typically related to the way the various sources of 
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uncertainty are treated.  If full-scale load tests are used to generate resistance bias 

statistics, then model variability as well as inherent spatial variability and 

measurement error is implicitly included in the sample statistics to some degree (e.g. 

Paikowsky et al. 2004); on the other hand, if more controlled methods are used (e.g. 

model-scale tests), then the bias statistics may under-estimate the actual variability.  

Assuming each source of uncertainty is independent, a first order approach may be 

used to combine model variability with any additional sources of uncertainty (Barker 

et al. 1991): 

 
R m w e          (2.122) 

 
R m w e

COV COV COV COV       (2.123) 

where μλR
 and COVλR

 is the combined mean bias and COV for all the sources of 

uncertainty that affect the predicted resistance, and μλm
 and COVλm

, μλw
 and COVλw

, 

and μλe
 and COVλe

 are the biases and COVs associated with model variability, inherent 

soil variability, and measurement error, respectively.  If necessary, additional error 

sources can be included by extending Eqns. (2.122) and (2.123). 

For LRFD calibration purposes, the limit state equation (Eqn. 2.96) can be 

extended to include multiple load sources and rewritten in terms of nominal loads and 

resistance, and the corresponding biases, λR and λQ,i, respectively (Allen et al. 2005): 
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Substituting Eqn. (2.121) into Eqn. (2.124) and introducing a weighted load factor for 

multiple load sources, γavg, yields: 
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When multiple load sources are present, λQ can be expressed as: 
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where λQ,1, and λQ,2 are the bias in two disparate loads, and η is the ratio of load two to 

load one.  The weighted load factor is expressed as (Stuedlein et al. 2012a): 
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where γQ,1 and γQ,2 are the load factors associated with load one and two, respectively.   

2.6.5.2 Selection of Target Reliability Index 

In order to calibrate suitable resistance factors, a target level of reliability or set of 

levels should be selected considering the various uncertainties associated with applied 

loads and resistance, the cost-effectiveness, and current design and construction 

practices such that the level of safety is consistent across all limit states of a particular 

type (Allen et al. 2005; Kim et al. 2013).  If past ASD procedures have resulted in an 

acceptable level of safety at a given limit state, then the reliability index implied by an 

existing safety factor can be used as a starting point (Paikowsky et al. 2004; Allen et 

al. 2005).  With this approach, the reliability index can exhibit a wide range of values 
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because the same factor of safety is often used for several different design methods, 

each of which contain a unique set of statistics related to the uncertainty of the various 

components of the model (Barker et al. 1991; Allen 2005b).  Nevertheless, this 

approach is commonly used to develop RBD codes such as LRFD (Paikowsky et al. 

2004).  Another approach, cost-benefit analysis, has been used with varying degrees of 

success; although quantifying economic losses and consequences is relatively 

straightforward, assigning quantitative values to injury or loss of life is difficult 

(Paikowsky et al. 2004). 

Different limit states (e.g. ULS, SLS) are associated with different consequences 

of failure and have different probabilities of actually occurring within the design life 

of the structure.  For example, the economic loss and consequence of failure at the 

SLS is generally much less than that at the ULS due to differences in the amount of 

damage and the resulting repair or rebuilding costs.  As a result, more stringent target 

levels of reliability may be appropriate for more extreme consequences.  On the other 

hand, the probability of occurrence of extreme loading events (e.g. earthquakes) that 

are often associated with considerable economic losses and life safety consequences 

may be considerable lower than the probability that the SLS is exceeded, and a lower 

target level of reliability may be acceptable. 

The level of redundancy is another important consideration when selecting a target 

level of reliability, where lower levels of reliability are considered acceptable for more 

redundant systems (e.g. pile groups) (Zhang et al. 2001).  Foundation systems usually 

contain some level of redundancy, where if the capacity of single pile is exceeded, the 
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adjacent piles can provide some level of support (Allen et al. 2005).  Unlike structural 

systems, the flexibility of soil allows load to be readily transferred between foundation 

elements.  As a result, foundation systems can generally be designed for a smaller 

target reliability compared to structural components due to their inherent redundancy 

(Allen et al. 2005).  However, the uncertainty in geotechnical systems is generally 

larger than that in structural components, resulting in smaller resistance factors for a 

given target level of reliability. 

A number of studies have attempted to quantify the reliability present in existing 

foundation systems (e.g. Tang et al. 1990; Meyerhof 1994). In an effort to provide 

guidance for selecting an appropriate level of reliability, Barker et al. (1991) 

calculated reliability indices implied by existing ASD factors of safety.  In general, β 

ranged from 2.0 to 2.5 (pf ≈ 2.3 to 0.62 percent) for the design of pile groups; whereas 

β ranged from 2.5 to 3.0 for drilled shafts.  Paikowsky et al. (2004) estimated that the 

minimum number of piles or shafts needed to justify a redundant β = 2.3 (pf ≈ 1.1 

percent) was five; if less than five piles were present, they recommended a β = 3.0 (pf 

≈ 0.14 percent).  These recommendations have been accepted by the AASHTO LRFD 

bridge design specifications (AASHTO 2010) for driven pile designs.  For single piles, 

Barker et al. (1991) suggested a β = 3.5 (pf ≈ 0.02 percent); this recommendation was 

largely supported by Liu et al. (2001). 
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2.6.5.3 Calibration using First-order Methods 

Similar to the methods described in Section 2.6.1.1 for estimating the reliability of 

an existing system, closed-form solutions are available to calibrate resistance factors if 

both load and resistance biases follow a normal or lognormal distribution and the limit 

state function is linear.  For a single normally distributed load (i.e. η = 0), Eqn. (2.101) 

can be expressed as (Allen et al. 2005): 
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If the reliability index is set some target value, βT, then ϕR can be determined 

iteratively.  More often, both applied load and resistance biases are assumed to be 

lognormally distributed (Baecher and Christian 2003); for multiple load sources, the 

resistance factor can be determined as (Barker et al. 1991; Withiam et al. 1998; 

Paikowsky et al. 2004): 
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In order to be consistent with current LRFD codes for structural design and the 

associated load statistics, it is recommended that resistance factors be calibrated using 

the more invariant FORM (Baecher and Christian 2003).  For LRFD calibration 
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purposes for foundations, the limit state equation (Eqn. 2.125) can be substituted into 

the FORM framework discussed in Section 2.6.1.2.  Using AASHTO recommended 

load statistics and the resistance bias information, a resistance factor can be calculated 

for a given target reliability index using an iterative approach. 

Paikowsky et al. (2004) calibrated resistance factors for a variety of foundation 

alternatives, design methods, and geologic conditions using FOSM and FORM.  In 

general, the two methods were in relatively good agreement, where the resistance 

factors calibrated using FORM were approximately 10 percent larger than those 

calibrated with FOSM. 

2.6.5.4 Calibration using Monte Carlo Simulations 

In cases where closed-form solutions are not available or considered inaccurate, 

more rigorous Monte Carlo Simulations (MCS) may be used to calibrate resistance 

factors.  For LRFD purposes, the MCS approach is used to estimate the statistical 

distribution of the margin of safety.  In reference to the generalized LRFD limit state 

equation (Eqn. 2.125), it is necessary to generate realizations of random variables 

representing λR and λQ in order to calibrate resistance factors.  If resistance bias is 

assumed to lognormally distributed then λR can be simulated numerically by (Allen et 

al. 2005): 
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where ui is a randomly generated standard uniform variable, and the lognormal mean 

and standard deviation of λR, μln,λR
 and σln,λR

, can be approximated from the actual 

resistance bias data as: 

 2

ln, ln,

1
ln

2R R R       (2.131) 
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If an applied load is assumed follow a normal distribution, load biases can be 

simulated numerically by (Allen et al. 2005): 

  , 1Q i Q Q iCOV u    (2.133) 

If only one load source is present and the load factor is known, then each realization 

generated with Eqns. (2.130) and (2.133) is inserted directly into Eqn. (2.125), and the 

distribution of the margin of safety is calculated using the total number of realizations 

and an assumed ϕR.  The probability of failure is calculated as the number of 

realizations where the margin of safety is less than zero divided by the total number of 

simulations, and the reliability index is computed according to Eqn. (2.98).  The 

resistance factor is varied to produce the target reliability index.  If multiple load 

sources are present, then Eqns. (2.126) and (2.127) may be used in conjunction with 

simulated load biases. 
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2.7 SUMMARY OF LITERATURE REVIEW 

2.7.1 Summary 

The literature review presented herein discussed: (i) the situations where deep 

foundations are warranted, (ii) three commonly used types of deep foundations, and 

the changes that are induced in the soil during their installation, (iii) time-dependent 

capacity gain due to setup, (iv) load transfer in axially loaded deep foundations, and 

various methods to predict pile capacity based on static and dynamic load tests, pile 

driving formulas, static analysis, and in-situ tests, (v) uncertainty in geotechnical 

engineering related to the prediction of pile capacity and the assessment of foundation 

reliability, and (vi) reliability-based design and the calibration of resistance factors for 

use with LRFD.  Particular attention was given to the lack of pile-specific capacity 

prediction methodologies for ACIP piles, the usefulness of region-specific data for the 

assessment of reliability, the need to assess correlations between design variables and 

evaluate its effect on pile capacity and foundation reliability, and problems regarding 

differences between observed failure rates and probabilities of failure estimated using 

traditional reliability methods. 

2.7.2 Outstanding Problems and Issues 

Based on this literature review, the following list of concerns have been identified, 

and should be addressed in order to advance the state of the art in the investigation and 

evaluation of deep foundations: 
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1. Although estimates of the inherent variability in several soil and design 

parameters have been made, transformation and model error is often neglected, 

and is largely dependent on the particular design method used. These two 

sources are often significant, and have considerable influence on the 

assessment of foundation reliability and calibration efforts. 

2. National databases are limited in their ability to improve capacity estimates, 

and often times certain regions are often under-represented. For example, the 

research by Paikowsky et al. (2004) includes just three piles from Washington 

State.  The use of region-specific data is preferred because the geology, and to 

a lesser extent the fabrication materials and construction practices for deep 

foundations vary from region to region, and is therefore expected to result in 

more accurate and unbiased design equations. 

3. Currently, most dynamic formulas do not consider the differences between the 

drivability of steel and concrete piles.  The development of pile-specific 

dynamic formulas may result in more accurate predictions of pile capacity.  

4. Correlations between design variables and the resulting effect on foundation 

reliability has not been sufficiently addressed for deep foundations.  

Independence between design variables is often assumed for simplicity or 

ignorance; however, these assumptions may result in biased assessments of 

both capacity and reliability. 
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5. Models proposed that account for dependent variables are not robust (e.g. 

translation model).  Copula theory provides a more suitable alternative; 

however it has been under-used in geotechnical engineering. 

6. Many current LRFD design codes are based on simplified probabilistic 

methods (e.g. FOSM), common statistical distributions (e.g. normal, 

lognormal), and databases containing limited case histories from a broad range 

of geologies and regions.  Monte Carlo simulations using more representative 

statistical distributions are preferred because it results in more accurate 

estimates of foundation reliability.  Thus, there is ample room for improvement 

with regard to the statistical modeling of reliability. 

7. Many currently recommended design procedures for ACIP piles at the ULS 

have been developed based on load test data from other foundation elements 

(e.g. drilled shafts, driven piles; Brown et al. 2007).  As a result, they are 

largely inaccurate and the resulting estimate of nominal resistance computed 

using these models is dependent on the magnitude of resistance desired.  There 

is a strong need to develop ACIP pile-specific design models. 

8. Design procedures for ACIP piles are currently set in a deterministic design 

framework; as a result, ACIP piles may not be considered for use in federally-

funded bridge construction projects as these require the use of reliability-based 

design procedures. 

9. Several studies have observed discrepancies between the actual rates of failure 

of deep foundations in the field and the probabilities of failure computed using 
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conventional reliability analyses; unfortunately, this issue has received little 

attention in literature.  Currently, there is a need to develop more realistic 

estimates of foundation reliability in order to develop meaningful design 

procedures and resistance factors as well as improve the profession’s 

perception of RBD concepts. 

10. Although the SLS is often the governing failure criterion for many foundation 

alternatives, efforts have largely focused on RBD at the ULS.  In contrast, SLS 

design, if performed at all, is conducted largely within a deterministic 

framework.  Reliability-based design procedures for ACIP piles at the SLS 

need to be developed. 
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2.8 TABLES 

Table 2.1 - Setup factors from Bullock (2008) after Rausche et al. (1996). 

 

 

Table 2.2 - Empirical formulas for predicting pile capacity over time from Liu et 

al. (2011). 
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Table 2.3 - Summary of setup factor and reference time from Steward and Wang 

(2011) after Wang (2009). 

 

Table 2.4 - Approximate values of δs/ϕ' for the interface between deep 

foundations and soil adapted from Kulhawy et al. (1983) and Kulhawy (1991). 

 

 

 

 

Foundation Type δ s /ϕ'

Rough concrete 1.0

Smooth concrete (i.e. precast pile) 0.8 - 1.0

Rough steel (i.e. step-taper pile) 0.7 - 0.9

Smooth steel (i.e. pipe pile or H-pile) 0.5 - 0.7

Wood (i.e. timber pile) 0.8- 0.9

Drilled shaft constructed using dry method or with temporary 

casing, and good workmanship
1.0

Drilled shaft constructed using slurry method (higher values 

correspond to higher quality workmanship)
0.8 - 1.0
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Table 2.5 - Approximate ranges of beta-coefficients from Fellenius (2009). 

 

Table 2.6 - General bearing capacity modifiers for circular foundation adapted 

from Fang (1991). 

 

Table 2.7 - Approximate range of Nσ coefficients adapted from Fellenius (2009). 
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Table 2.8 - Shaft correlation coefficient Cs,e coefficients adapted from Fellenius 

(2009). 

 

Table 2.9 - Damping factors for different soils adapted from Fellenius (2009) 

after Rausche et al. (1985). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Cs,e

Soil Type J C

Clay 0.60 - 1.10

Silty clay and clayey silt 0.40 - 0.70

Silt 0.20 - 0.45

Silty sand and sandy silt 0.15 - 0.30

Sand 0.05 - 0.20
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Table 2.10 - Summary of scale of fluctuation of various geotechnical properties 

from Phoon and Kulhawy (1999a) (source: Phoon et al. 1995). 

 

Table 2.11 - Relationship between scale of fluctuation and autocorrelation model 

parameter adapted from Phoon and Kulhawy (2003a). 
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Table 2.12 - Approximate guidelines for design soil property variability adapted 

from Phoon and Kulhawy (1999b) (source: Phoon et al. 1995). 

 

 

Table 2.13 - Relationship between reliability index and probability of failure 

from Phoon et al. (2003b) (source: U.S. Army Corps of Engineers 1997). 
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2.9 FIGURES 

 

Figure 2.1 - Percent shear wave velocity change at selected times as a function of 

distance from pile wall (depths were from 8 to 13.5 m) from Hunt et al. (2002). 
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Figure 2.2 - Idealized schematic of setup process from Komurka et al. (2003). 
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Figure 2.3 - Case histories of long term pile setup with to = 0.5 to 4 days after 

initial driving from Axelsson (2002). 
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Figure 2.4 - Methods for estimating the βs-coefficient with depth proposed by 

O'Neill (1994), Reese and O'Neill (1999), and Rollins et al. (1997, 2005). 
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Figure 2.5 - Relationship between the Beta-coefficient and depth from Neely 

(1991). 

Beta-coefficient, βs
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Figure 2.6 - Measured values of αs back-calculated from full-scale static loading 

tests compared with several proposed functions for αs from Coduto (2001) (test 

data adapted from Vesić (1977). 
 

 

 

 

 

 

 

1975)

αs



152 

 

 

Figure 2.7 - Different failure patterns around the pile tip assumed by different 

researchers: (a) Berezantzev and Yaroshenko (1962), Vesić (1963); (b) Bishop et 

al. (1945), Skempton et al. (1953); (c) Prandtl (1920), Reissner (1924), Caquot 

(1934), Bulsman (1935), Terzaghi (1943); (d) De Beer (1945), Jaky (1948), 

Meyerhof (1951) from Veiskarami et al. (2011). 
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Figure 2.8 - Variation of the maximum values of Nσ with soil friction angle from 

Das (2007) (source: Meyerhof 1976). 

 

Nσ
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Figure 2.9 - Shaft coefficients for use in Eqn. (2.40) adapted from Fellenius 

(2009). 

 
Figure 2.10 - Infinitesimal pile segment subjected to a compressive wave. 
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Figure 2.11 - Smith (1960) hammer-pile-soil schematic, adapted from Rausche et 

al. (2004). 
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Figure 2.12 - Smith (1960) model for (a) shaft resistance, (b) toe bearing 

resistance, (c) linear-elastic perfectly plastic load-displacement relationship for 

static soil resistance, and (d) load-velocity relationship for dynamic soil 

resistance, adapted from Meskele (2013). 

 

 

 

 

 
Figure 2.13 - Uncertainty in soil property estimates from Phoon and Kulhawy 

(1999a) (source: Kulhawy 1992). 
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Figure 2.14 - Inherent soil variability from Phoon and Kulhawy (1999a). 
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Figure 2.15 - First order second moment representation of the probability of 

failure; (a) probability densities for typical load and resistace, and (b) probability 

density function for the margin of safety, adapted from Baecher and Christian 

(2003). 
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Figure 2.16 - Factor of safety compared to margin of safety reliability, adapted 

from Baecher and Christian (2003). 

 

 

 

 

Resistance, R

Lines of constant FS

Lines of constant g

O

Gradients

L
o

a
d

, 
Q

Resistance, R



160 

 

 

 
Figure 2.17 - First order reliability representation of reliability with two 

arbitrary random variables, and a failure surface separating the safe and unsafe 

regions. 
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CHAPTER 3: ACCURACY AND RELIABILITY-BASED REGION-

SPECIFIC RECALIBRATION OF DYNAMIC PILE FORMULAS 
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3.1 ABSTRACT 

Many state departments of transportation and consulting firms continue to use 

dynamic formulas because they are simple and inexpensive as compared to the 

preferred dynamic loading test with signal matching.  Efforts to reduce the error and 

uncertainty associated with dynamic formulas are therefore warranted until dynamic 

monitoring becomes standard for every driven pile.  However, dynamic formulas 

calibrated to national test pile databases have indicated inaccuracy and high 

uncertainty in the capacity prediction using dynamic formulas.  A region-specific 

dynamic load test database was used to assess the accuracy and uncertainty in the 

Janbu, Danish, and FHWA Gates formulas, recalibrate the equations for local 

conditions (construction practice, geology), and to generate resistance factors for use 

with Load and Resistance Factor Design.  Following recalibration, the capacity 

predictions became more accurate, and an observed dependence of the accuracy on the 

magnitude of resistance was eliminated for most driving conditions (e.g., end-of-drive, 

restrike).  Previously reported static load test data were used to incorporate the 

transformation error associated with using the dynamic capacity to predict an 

equivalent static capacity.  Resistance factors for use in LRFD were developed in 

consideration of AASHTO recommended load statistics and target reliability indices.  

Efficiency factors were used to assess the economic performance of each dynamic 

formula.  Comparison of the accuracy and uncertainty of the recalibrated equations to 

the nationwide calibration (i.e. Paikowsky et al. 2004) illustrated the advantage of 

using a geologic-specific database for the calibration of resistance factors. 
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3.1.1 Subject Headings 

Dynamic formulas, driven piles, reliability, statistics, resistance factors. 

3.2 INTRODUCTION 

Dynamic formulas are universally recognized as being considerably less accurate 

compared to methods based on wave mechanics, dynamic load tests (DLTs) with 

signal matching, and instrumented static loading tests (SLTs).  Unfortunately, SLTs 

are often impractical because of temporal or economic constraints.  Dynamic 

monitoring and subsequent signal-matching analyses (e.g. CAPWAP) are considerably 

less expensive and time consuming as compared to SLTs, but require specialized 

equipment, software, and trained personnel which may not always be available to the 

practitioner.  It is likely that these considerations have contributed to the continued use 

of dynamic formulas by state agencies and private industry to estimate static pile 

capacity after installation. 

The inaccuracies of dynamic formulas can be partially attributed to an 

oversimplified model of the hammer, driving system, pile, and soil (Likins et al. 1988, 

Liang and Zhou 1997).  Most dynamic formulas consider the theoretical kinetic energy 

of the ram at impact, however, in reality, complex interactions and energy losses 

within the driving system (i.e., ram, anvil, helmet, pile and hammer cushions) 

influence the impulse delivered to the pile head, and in turn govern the ability to 

advance the pile into the ground (Hannigan et al. 2006).  Some dynamic formulas, 

such as the Danish (Sorensen and Hansen 1957) and FHWA Gates (FHWA 1988), 

account for these energy losses through the use of a single efficiency factor, whereas 
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other formulas (e.g., Hiley, Pacific Coast Uniform Building Code) attempt to address 

the disparate sources of energy loss.  Moreover, dynamic formulas do not consider 

soil-pile interaction; although some formulas include pile properties (e.g., length, axial 

rigidity), none explicitly consider the effect of soil type.  Finally, dynamic formulas do 

not explicitly account for dynamic resistance (Hannigan et al. 2006); rather, it is 

assumed that the total soil resistance to pile penetration is equal to static soil resistance 

(FHWA 1995). 

Despite these shortcomings, dynamic formulas remain popular because they are 

simple and inexpensive.  In many cases, a field engineer may accept or reject a 

production pile based on the capacity estimated using the observed blow count, energy 

inferred from the hammer stroke, and a dynamic formula.  Therefore, efforts to reduce 

the uncertainty associated with the prediction of pile capacity using dynamic formulas 

are worthwhile until continuous dynamic monitoring of each production pile becomes 

standard.  This study used a large region-specific DLT database to reduce the 

uncertainty in pile capacity associated with the FHWA Gates, Danish, and Janbu 

(Janbu 1953) formulas for several common capacity scenarios (e.g., end-of-drive and 

restrike).  Ordinary least squares regression was used on pile capacities obtained from 

signal matching CAse Pile Wave Analysis Program (CAPWAP; Goble and Rausche 

1979) results to adjust dynamic formula coefficients.  A first-order approach was used 

to address the model transformation error associated with the prediction of SLT 

capacity from CAPWAP results.  Resistance factors were calibrated using American 

Association of State Highway and Transportation Officials (AASHTO) load statistics 
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and target failure probabilities for the ultimate limit state via Monte Carlo simulation 

and the calibration framework developed by Bathurst et al. (2011).  Resistance factors 

were then converted to efficiency factors to assess the economic performance of each 

dynamic formula and operational safety factors were computed for comparison to 

allowable stress design (ASD) factors of safety. 

3.3 BACKGROUND 

In the last few decades, methods for predicting pile capacity based on pile 

dynamics have become increasingly popular.  Rausche (1974) used Smith’s (1960) 

one dimensional wave equation model in the development of the Wave Equation 

Analysis Program (WEAP) to estimate the relationship between pile capacity, hammer 

blow count, and driving stress.  The Pile Driving Analyzer (PDA) uses the Case 

Method (Goble et al. 1975) to estimate the real-time insitu static pile capacity and 

confirm some of the assumed WEAP model parameters (e.g. hammer efficiency).  

Goble and Rausche (1979) developed CAPWAP, which matches the stress wave 

traces recorded during dynamic testing to stress waves in order to estimate static pile 

capacity and the resistance distribution.  The principal difficultly associated with all 

wave equation-based capacity prediction methods is the ability to accurately estimate 

damping factors, which are not intrinsic soil properties (Randolph and Deeks 1992). 

Dynamic formulas have been evaluated by numerous researchers as discussed in 

Likins et al. (2012).  The Engineering News Record (ENR) formula is widely known 

to be unacceptably inaccurate (e.g., Hannigan et al. 2006), whereas the FHWA Gates, 

Danish, and Janbu formulas appear to provide more accurate predictions of pile 



166 

 

capacity.  Rausche et al. (2008) suggests that wave equation analysis software should 

replace dynamic formulas entirely; unfortunately, reliable soil and hammer-pile model 

information (e.g., pile and hammer cushion materials and thickness, helmet weight) is 

required, and may not always be available.  Smith (2011) assessed the accuracy and 

variability associated with pile capacity predictions of 175 high quality dynamically 

and statically tested piles at end-of-driving (EOD) and beginning-of-restrike (BOR) 

using the wave equation software GRLWEAP
®
 (Goble and Rausche 1986).  The mean 

bias, defined as the ratio of static load test capacity and WEAP-predicted capacity and 

coefficient of variation (COV) was 1.56 and 71, and 0.99 and 47 at EOD and BOR, 

respectively.  Because many field driving records did not include information for pile 

stiffness, energy losses within the driving system and due to pile and soil damping, 

and hammer energy and efficiency, Smith (2011) selected default WEAP model 

parameters; possibly introducing additional model uncertainty.  The study by Smith 

(2011) represents a sophisticated analog to dynamic formulas. 

3.3.1 Selected Dynamic Formulas 

Although many dynamic pile formulas exist, the FHWA Gates, Danish, and Janbu 

formulas were considered the most accurate and evaluated herein based on Flaate 

(1964), Olson and Flaate (1967), Fragaszy et al. (1988), Paikowsky et al. (2004), Allen 

(2005), Hannigan et al. (2006), and Long et al. (2009).  The FHWA Gates formula, 

like most pile driving formulas, was calibrated to SLT pile capacity using blow counts 

obtained at EOD (FHWA 1988).  Static load tests are typically performed sometime 

after EOD, such that time-dependent changes in soil resistance (i.e. setup or 
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relaxation) occur in the soil surrounding the pile.  The FHWA Gates formula 

implicitly assumes an “average” amount of setup will take place; however, it is 

unclear whether the Danish and Janbu formulas were developed using measurements 

of hammer energy and blow count at EOD or BOR.  This study recalibrated the 

FHWA Gates, Danish, and Janbu formulas using dynamic measurements at EOD and 

BOR directly to the CAPWAP-determined capacity at the corresponding driving 

conditions. 

3.3.1.1 The Janbu Formula 

The Janbu formula was developed using the principal of conservation of energy 

where the energy applied to the pile head is equal to the work required to displace the 

pile.  The Janbu formula for estimating pile capacity, Qc is: 

h
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                                                      (3.1) 

which implicitly includes terms for the energy dissipated from the elastic compression 

of the pile and soil, and the plastic deformation of the soil using dimensionless 

parameters, ku, defined as: 
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where Eh is the hammer energy, s is the permanent pile set, and Lp, Ap, Ep are the 

length, cross-sectional area, and elastic modulus of the pile, respectively.  Variables 

which could not be easily evaluated were incorporated using a driving coefficient, Cd, 

by Janbu (1953) that considered the ratio of pile and hammer weight: Cd = 0.75 + 

0.15(Wp/Wh).  The Janbu (1953) database indicated that a moderately strong 

correlation between Cd and Wp/Wh existed.  However, Olson and Flaate (1967) 

evaluated 93 piles driven in predominately cohesionless soils and found that no 

significant correlation existed, rather, they found the Janbu formula was more accurate 

when Cd was set equal to unity.  Table 3.1 shows the mean bias, COV, and correlation 

coefficient, R
2
, between Janbu capacity and SLT capacity for different pile types.  The 

database used by Olson and Flaate (1967) included a number of uncertainties that 

could affect the accuracy of the Janbu formula, such as the unreported hammer 

efficiencies, inconsistent failure criterion, and a maximum pile capacity of 2,224 kN.  

Because modern piles can be driven to significantly higher capacities than 2,200 kN, 

there is a need to recalibrate dynamic formulas using updated databases. 

3.3.1.2 The Danish Formula 

The Danish formula is a modified version of the ENR formula derived using 

simple dimensional analysis (Olson and Flaate 1967), and requires the assumption that 

elastic compression of the pile is equal to the dynamic compression of a pile with a 

fixed point (Sorensen and Hansen, 1957).  The Danish formula for capacity is given 

as: 
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where all of the variables have been previously defined. Table 3.1 presents the 

accuracy and uncertainty of the Danish formula as determined by previous 

researchers.   

3.3.1.3 FHWA Gates Formula 

Researchers and state and federal agencies have recognized the relatively low 

uncertainty in capacity calculated using the Gates formula (Gates 1957) and have 

attempted to make improvements to it using various databases (Olson and Flaate 1967; 

FHWA 1988; Allen 2005; Long et al. 2009).  Olson and Flaate (1967) improved the 

accuracy and variability of the Gates formula by modifying the coefficients using least 

squares regression. The Gates formula was modified later and was termed the FHWA 

Gates formula (FHWA 1988), given by: 

 1 2 3logc hQ C E C N C    
                                      

(3.5) 

where C1, C2, C3 are empirically derived fitting coefficients equal to 6.7, 10, 455 kN, 

respectively, Eh equals the hammer energy in Joules, and N equals the number of 

hammer blows per 25 mm at final  penetration. 

Researchers have assessed the accuracy and uncertainty associated with the 

FHWA Gates formula using several databases (Table 3.1).  The Paikowsky et al. 

(2004) database consisted of 384 load tests; however, the observed stroke was not 
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reported; rather, the FHWA Gates formula capacity was calculated using 75 to 85 

percent of the rated hammer energy (ram weight multiplied by the manufacturer’s 

recommended stroke height).  Paikowsky et al. (2004) found that the mean bias and 

COV in bias ranged from 0.83 to 1.07 and 48 to 53 percent for EOD and BOR, 

respectively.  Allen (2005) used the Paikowsky et al. (2004) database to assess the 

accuracy of the FHWA Gates formula using rated and inferred hammer energy 

approximated using GRLWEAP to estimate the hammer stroke, and produced 

essentially similar accuracies and uncertainties as Paikowsky et al. (2004) for EOD.  

Hannigan et al. (2006) evaluated the uncertainty of the FHWA Gates formula using 

the Rausche et al. (1996) database, which included a wide variety of hammer and soil 

types.  Long et al. (2009) compiled two databases, and found that the existing FHWA 

Gates formula tended to under- and over-predict pile capacity at EOD and BOR, 

respectively, and indicated the separation of pile types (i.e., steel and concrete piles) 

can result in a reduction in capacity prediction variability.  Nonetheless, use of 

national databases appears to provide a floor on the COV in bias (e.g., about 31 

percent) for dynamic pile driving formulas; therefore, the investigation into a 

geologic-specific pile database appears warranted. 

3.4 PILE DATABASE FOR THE PUGET SOUND LOWLANDS 

The objective of this study is to improve the reliability of dynamic formulas by 

restricting the pile case histories to a certain geologic region.  The database assessed 

herein was developed from pile case histories gathered from the project records of 

several consulting firms with significant experience in the Puget Sound Lowlands.  
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Information gathered included geographic and geologic data, borings and in-situ tests, 

pile types and materials, driving system information, driving records, and Case 

Method and CAPWAP capacities.  Pile diameters and lengths ranged from 360 to 910 

millimeters, and 15.2 to 65.7 meters, respectively, whereas measured capacities ranged 

from 360 to 13,700 kN.  All DLTs and subsequent signal matching was performed by 

a single, local engineer specializing in dynamic testing.  Table 3.2 shows the number 

of piles represented in the database by driving condition, pile type, and hammer type.  

The majority of piles in the database were installed with open-ended diesel hammers 

(OED).  Other hammer types include hydraulic (HYD), external combustion (ECH), 

and steam (STM). 

Piles in the database were installed in soil stratigraphy typical of the Puget Sound 

Lowlands.  Alluvial (silty to gravelly sand), estuarine (silty clay to clayey silt), and 

other normally consolidated soils (recessional outwash sand and gravel, ablation till, 

glacio-lacustrine sand, silt, and clay) are common near-surface soils represented 

within the database.  Along the Seattle and Tacoma waterfront, hydraulic fill 

consisting of various geologic and wood materials are commonly encountered, and are 

represented within the database.  Peat, organic silt, and lacustrine fine-grained soils are 

also common in the Puget Sound Lowlands.  Mantle soils are generally underlain by a 

sequence of alternating glacial and non-glacial, glacially overridden Quaternary 

sediments (Jones 1996), and include glaciolacustrine (fine grained glacial flour), 

recessional outwash deposits (clean to silty sand, gravelly sand, sandy gravel), and 

advance outwash (clean to silty sand, gravelly sand, sandy gravel) deposits. 
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The soil stratigraphy represented in the database is relatively consistent across pile 

cases.  Therefore no effort was taken to analyze dynamic formulas using separate 

categories based on soil type.  Because a significant portion of the piles were driven to 

bear on very dense, deep glacially overridden soils, toe resistances were only partially 

mobilized at BOR for some pile cases.  Locally, the toe resistance at EOD, determined 

using CAPWAP, is sometimes added to the shaft resistance at BOR to obtain an 

estimate of total pile resistance; therefore, this combined resistance condition was 

assessed herein. 

3.5 RECALIBRATION OF DYNAMIC FORMULAS 

3.5.1 Conditions Assessed 

The goal of this study was to recalibrate the FHWA Gates, Danish, and Janbu 

formulas in order to improve their accuracy, reduce their prediction variability, and 

reduce dependence of the accuracy on the magnitude of the predicted capacity for 

piles driven in the Puget Sound Lowlands.  Formula recalibration improves accuracy 

and uncertainty by indirectly addressing the sources of variability such as the local 

geology and construction practices (e.g., driving system setup and equipment). 

The database includes two estimates of hammer energy:  the maximum energy 

transferred to the pile, EObs, observed using PDA measurements, and the inferred 

energy, EInf , estimated using the product of the observed hammer stroke height 

reported within the pile driving logs and the weight of the ram (n.b., all of the 

hammers in the database were single-acting).  The maximum energy transferred to the 

pile accounts for the internal hammer efficiency and inefficiencies associated with the 
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drive train and potential misalignment.  The inferred energy estimate, however, does 

not account for energy losses within the driving system; accordingly, the estimate of 

capacity based in part on inferred energy will be biased.  The measurement error 

associated with EObs is expected to be significantly less than the error associated with 

EInf.  Therefore, the accuracy of the dynamic formulas was investigated using both 

estimates of energy to assess the relative effect of energy measurement error.  The use 

of EInf is not trivial, because dynamic monitoring of production piles is less common 

than visual pile monitoring. 

This study assessed the accuracy and variability of the FHWA Gates, Danish, and 

Janbu formulas using ten different combinations of driving conditions (EOD and 

BOR), energy conditions (EObs and EInf), and measured resistance as shown in Table 

3.3.  The populations investigated herein are divided into three basic groups:  Group 1 

contains pile capacities estimated using BOR dynamic formula parameters (i.e., 

energy, permanent set) compared to BOR capacity; Group 2 contains EOD dynamic 

formula parameters compared to BOR capacity; and Group 3, EOD dynamic formula 

parameters compared to EOD capacity.  Group 3 was included in the study because 

production pile driving criteria is often based on dynamic formula parameters and 

capacity predicted at EOD.  Cases 1 and 2 investigate the accuracy of each dynamic 

formula assuming that the SLT capacity represents the driving condition being 

investigated, for example, Group 1, Case 1, assumes that a SLT is conducted 

following setup, whereas Group 2 Case 1 assumes the SLT is conducted immediately 

following driving).  Cases 3 and 4 in Groups 1 and 2 investigate the accuracy of each 
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dynamic formula assuming that the true SLT capacity is best represented by the sum 

of toe resistance at EOD and shaft resistance at BOR.  For cases when the CAPWAP 

capacity indicated larger BOR toe resistance than at EOD, the representative capacity 

was calculated as the normal sum of BOR shaft and toe resistance. 

Since the database used herein did not consist of SLTs, the measured CAPWAP 

capacity at BOR was adjusted to represent SLT capacity by incorporating the average 

bias between SLT and CAPWAP in a first order approach using SLT-DLT data 

reported Likins et al. (2004).  The Likins et al. (2004) static load test database 

contained 143 cases but were limited to 44 driven piles which had capacities less than 

12,000 kN (based on Davisson’s failure criterion [Davisson 1972]) in order to best 

represent the database assessed in this study.  The total sample bias, λTotal, between the 

dynamic formula capacity and the individual pile SLT capacity was estimated as, 

Total R SLT DLT                                                       (3.6) 

where λR is the sample bias between the dynamic formula and the CAPWAP-

determined capacity and λ SLT-DLT is the average bias between CAPWAP and SLT 

capacities, which equaled 1.026.  Figure 3.1 shows the correlation between CAPWAP 

and SLT pile capacity for pile cases selected from Likins et al. (2004), which was used 

for the calibration of each dynamic formula to the SLT-based capacity using Eqn. 

(3.6). 
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3.5.2 Accuracy of Selected Pile Driving Formulas 

The accuracy and variability in the dynamic pile formulas was assessed using total 

mean bias, λ Total, and the COV, as shown in Table 3.3.  The λ Total, and COV in sample 

bias for the existing Janbu formula ranged from 1.03 to 1.16 and 20 to 38 percent, 1.03 

to 1.17 and 20 to 43 percent, and 1.01 to 1.08 and 16 to 24 percent for the ten 

combinations investigated and the total pile database, concrete pile subset, and the 

steel pile subset, respectively.  The λ Total, and COV in sample bias for the existing 

Danish formula ranged from 0.54 to 1.72 and 20 to 42 percent, 0.45 to 1.67 and 21 to 

50 percent, and 0.66 to 1.77 and 18 to 31 percent for the ten combinations investigated 

and the total pile database, concrete pile subset, and the steel pile subset, respectively.  

The λ Total, and COV in sample bias for the existing FHWA Gates formula ranged from 

0.83 to 2.25 and 24 to 38 percent, 0.80 to 2.51 and 23 to 38 percent, 0.87 to 1.98 and 

22 to 30 percent for the ten combinations investigated and the total pile database, 

concrete pile subset, and the steel pile subset, respectively.  In general, the existing 

Janbu formula under-predicted pile capacity regardless of energy, pile type, and 

driving condition.  The Danish and FHWA Gates formulas tended to under-predict and 

over-predict pile capacity when observed and inferred energies were used, 

respectively.  The degree of over- and under-prediction depended on the pile type and 

driving condition for each dynamic formula.  The uncertainty (i.e. COV) was fairly 

consistent between dynamic formulas but depended on the driving condition and pile 

type.  Potential dependence between bias in the capacity predictions and the 

magnitude of the nominal (predicted) resistance can be evaluated using the Spearman 
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Rank test for correlation, which measures the degree of correspondence between the 

ranked observations, and the corresponding p-value.  Table 3.4 presents the p-values 

for each population investigated; based on a 0.05 significance level, the null 

hypothesis of independence is rejected in favor of the alternative hypothesis (i.e., 

dependence), for the majority of the populations investigated. Based on the wide range 

in pile capacity accuracy using the existing dynamic formulas, a recalibration of the 

formulas for local use appeared warranted. 

3.5.3 Recalibration of the Janbu Formula 

Recalibration of the Janbu formula followed the basic approach outlined in Olson 

and Flaate (1967), in which a simple linear relationship between SLT capacity, Qm, 

and the Janbu formula capacity, Qc was proposed: 

1 2m cQ C Q C                                                    (3.7) 

where C1 and C2 are the fitting coefficients.  Ordinary least squares regression was 

used to adjust the fitting coefficients and force the mean bias to unity and minimize 

the remaining scatter.  In cases where inferred energy is used, C1 represented the 

average hammer efficiency factor for the population considered.  Table 3.5 provides 

the optimized coefficients for each of the populations considered for all, concrete, 

steel pile types, respectively.  In some populations C2 was relatively large compared to 

the lower bound portion of measured pile capacities after recalibration.  Ideally, C2 

would be zero in order to maximize the range of predicted capacity and minimize the 

risk of over-predicting pile capacity at very low energies and blow counts.   
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Prior to recalibration, the driving coefficient was back-calculated in order to assess 

the accuracy of the correlation between Cd and Wp/Wh recommended by Janbu (1953).  

When both steel and concrete piles were considered a low to moderate correlation (R
2
 

ranging from 0.16 and 0.35) was observed in conjunction with the inferred energy.  

Where correlations existed, they differed from that suggested by Janbu (1953), 

however, no correlation existed for cases with EObs.  Additionally, Cd and Wp/Wh were 

shown to be uncorrelated when steel and concrete piles were treated independently. 

In an effort to improve formula accuracy and reduce uncertainty, other correlations 

to the driving coefficient were investigated.  Correlation of Cd to the pseudo-hammer 

efficiency, EObs/EInf, which accounts for energy losses within the hammer and driving 

system (including cushions and helmet), was observed for all combinations of driving 

conditions and pile types in accordance with Eqns (3.8) and (3.9) for the case of EInf 

and EObs, respectively: 

 1 2ln /d Obs InfC x E E x                                            (3.8) 

 3 4/d Obs InfC x E E x                                               (3.9) 

where x1 through x4 represent fitting coefficients and intercepts and are provided in 

Table 3.6.  To reduce the variability associated with EInf, which is likely larger than for 

EObs, the pseudo-hammer efficiency is indirectly accounted for through correlation 

with Cd.  The degree of correlation between Cd and pseudo-hammer efficiency was 

very low for some inferred energy populations, thus. x3 was set to zero and x4 was 

estimated as the average Cd.  Since EObs considers energy losses, the range of back-
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calculated Cd values was small and uncorrelated with hammer efficiency for most 

observed energy populations (i.e. x1=0). 

The Janbu formula was recalibrated considering both Janbu’s driving coefficient 

and the population-specific driving coefficients.  Following recalibration, the mean 

bias was near unity for both the Janbu-recommended and the proposed driving 

coefficient.  However, the COVs were lower for the majority of the populations for 

cases where Eqns. (3.8) and (3.9) were considered.  Additionally, the intercept term, 

C2, in Eqn. (3.7) was smaller or zero for cases where population-specific driving 

coefficients were used, indicating a more empirically satisfactory formula.  Thus, the 

proposed population-specific driving coefficients are adopted herein for resistance 

factor calibration.  Tables 3.3 and 3.5 show the mean biases and associated variability 

before and after recalibration and the optimized dynamic formula coefficients, 

respectively.  The dependence between bias and the predicted capacity was eliminated 

for the majority of the dynamic formulas following recalibration, as indicated by the 

p-values given in Table 3.4. However, use of the recalibrated Janbu formula for Group 

3 Case 2 is not recommended due to the potential for a statistically significant 

dependence of the prediction accuracy on nominal resistance magnitude at a 

significance level,  = 5 percent. 

3.5.4 Recalibration of the Danish Formula 

The Danish formula was recalibrated using the same general approach as described 

above for the Janbu formula.  The accuracy of the Danish formula, compared in Table 

3.3, indicated that a significant improvement in accuracy was achieved following 
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recalibration of each population.  The uncertainty in Group 1 and 3 was relatively low 

before calibration and showed minimal improvement following recalibration; 

however, the variability in the Group 2 capacities was significantly reduced.  In 

general, the uncertainty in the recalibrated Danish formula ranged from 18 to 41 

percent with significantly smaller COVs for steel piles than concrete piles.  

Importantly, the dependence of bias on capacity prediction was eliminated for the 

majority of driving conditions following recalibration as indicated by the Spearman 

rank p-values in Table 3.4.  Note that the population for Group 3 Case 2 again 

indicated statistically significant dependence of the prediction accuracy on nominal 

resistance magnitude and the corresponding model parameters are also not 

recommended for use. 

3.5.5 Recalibration of the FHWA Gates Formula 

The FHWA Gates formula was recalibrated by optimizing the existing coefficients 

in Eqn. (3.5) using least squares regression for each population (i.e., Group and Case).  

Table 3.5 provides the optimized coefficients for each of the populations considered 

for mixed, concrete, steel pile types, respectively.  Table 3.3 compares the mean bias 

and variability associated with each population following formula recalibration.  The 

prediction variability slightly reduced following recalibration for most of the cases 

investigated when steel and concrete piles were considered together.  The COVs for 

Group 1 showed no improvement following recalibration for steel piles, but were 

slightly reduced for concrete piles.  However, the COVs in Group 2 were significantly 

reduced for concrete piles for Cases 1 and 3 where the observed energy was used. 
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Overall the variability of the recalibrated FHWA Gates formula was relatively low (21 

to 33 percent) for all of the combinations of driving conditions and pile types 

investigated.  Because the accuracy of the Group 2, Case 4 and Group 3 recalibrated 

equations remained dependent on nominal capacity, these prediction scenarios should 

be avoided.  However, the remaining scenarios investigated indicate independence 

between predication accuracy and nominal resistance, and may be used confidently 

within the limits of the database variables. 

3.5.6 Use of Recalibrated Equations 

In order to maximize the efficacy of the recalibrated Danish and Janbu formulas, 

the intercept C2, should be minimized.  In general, C2 was smaller for independent 

steel and concrete pile populations.  Based on this evidence, the Janbu formula is 

preferred over the Danish formula when BOR dynamic formula parameters are used to 

predict the long-term capacity for concrete piles.  When inferred energy at EOD is 

used to predict long-term pile capacity (i.e. SLT) the Danish formula is preferred over 

Janbu for concrete piles.  However, the Janbu formula is preferred for steel piles to 

predict the long-term “combined” SLT with inferred or observed energy.  The 

recalibrated coefficient C2 is embedded in the FHWA Gates formula and does not 

affect the range of predicted capacity in the same way as the Janbu and Danish 

formulas.  However, it is possible that very large values of C3 could cause the 

recalibrated FHWA Gates equation to under-predict pile capacity at very low blow 

counts and energy, and thus the use of this equation for these conditions is not 

recommended. 
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3.6 APPROACH FOR RESISTANCE FACTOR CALIBRATION  

3.6.1 Determination of Bias Distributions 

The calibration of resistance factors requires that the sample biases be statistically 

characterized, including their distribution.  Sample resistance biases were ranked and 

the cumulative distribution function (CDF) developed following the approach outlined 

by Bathurst et al. (2008, 2011).  The goodness-of-fit of the sample CDFs to normal 

and lognormal distributions were evaluated using the Anderson-Darling test (A-D; 

Anderson and Darling 1952), which gives more weight to the tails of distributions and 

is therefore considered more robust than the more commonly used Kolmogorov-

Smirnov test (Kolmogorov 1933).  Because the A-D tests showed convincing evidence 

that most of the populations evaluated were not normal, and that no convincing 

evidence existed that these populations were not lognormal, the resistance bias 

distributions for the modified Danish, Janbu, and FHWA Gates population were 

assumed to be lognormally distributed. 

Some sample bias distributions were not well represented by theoretical 

distributions at the left tail, the most critical portion of the resistance distribution 

(Bathurst et al. 2008, 2011).  In these instances, continuous distributions were fit to the 

left tail by minimizing the residuals within the left tail only.  Figure 3.2 presents the 

empirical, lognormal, and fit-to-tail lognormal cumulative distribution functions of the 

sample biases calculated using the recalibrated Janbu formula for the combined pile 

dataset (i.e. steel and concrete) in Group 1, Case 1.  Table 3.3 presents the second 

order statistics (i.e., mean biases and COVs) for the lognormal fit-to-tail distributions 
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for each of the cases and dynamic formulas investigated.  In general, the mean bias 

resulting from the fit-to-tail idealized lognormal distribution increased relative to the 

case where lognormal distributions were fit to the entire sample bias distribution for 

populations consisting of steel and concrete piles.  However, the mean bias remained 

closer to unity following a fit-to-tail procedure when the populations separated by pile 

type were evaluated.  In general, the COVs increased for most populations following 

tail-fitting with the largest changes occurred in populations containing both steel and 

concrete piles. 

3.6.2 Resistance Factor Calibration 

Load and Resistance Factor Design (LRFD) has been adopted by AASHTO for 

many soil-structure interaction problems.  The goal of LRFD is to provide load and 

resistance factors that account for the separate uncertainties in the nominal loads and 

resistances such that the probability of exceeding a particular limit state (e.g., 

serviceability, strength) is less than or equal to a targeted probability.  Harmonization 

between structural and geotechnical design codes is critical in order to maintain a 

consistent level of reliability and attribute disparate sources of uncertainty 

appropriately.  Generally, LRFD calibration for geotechnical foundation elements use 

load statistics and factors obtained directly from existing design codes, such that the 

resistance factors may be calculated based on the prescribed probability of failure.  For 

example, Paikowsky et al. (2004) presented a simple closed-form First Order Second 

Moment (FOSM) approach for calculating resistance factors when load and resistance 

distributions are known to be normal or lognormal; in this case, load factors can be 
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imported directly from structural design codes.  Zhang et al. (2009) discussed a more 

robust approach for calculating resistance factors: the design point method or more 

generally, the First Order Reliability Method (FORM). However, load factors obtained 

directly from the design point method may not agree with existing structural codes.  

To adopt load factors consistent with a given design code, Zhang et al. (2009) 

presented a design equation that adjusted the resistance factors obtained using the 

design point method while maintaining a specified level of foundation reliability.  This 

study calibrated resistance factors for use with existing AASHTO load statistics.  The 

basic limit state equation for calibration of resistance factors may be expressed in 

terms of the distribution of the randomly varying margin of safety, gi: 

0
1

,,,,  


k

j

jinjQinRi QRg                                     (3.10) 

where Qn,i and Rn,i are the nominal load and resistance, and γQ,j and R are the load and 

resistance factors, respectively.  For situations with multiple load sources (e.g. live and 

dead load) the nominal load may be expressed as: 
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where η is the ratio of dead to live load; typical highway bridges are designed for  = 

2 to 5 (Allen 2005).  A weighted load factor, γavg, should be used to adjust multiple 

nominal loads (Stuedlein et al. 2012): 

LLDL
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where γDL, γLL, λDL, and λLL equal the dead and live load factor, and bias in dead and 

live load, respectively.  Sources of uncertainty comprising the bias statistics include 

random and spatial variation of soil and pile properties, data quality, consistency of 

data interpretation, and combination of multiple sources of data (Allen et al. 2005).  

Bathurst et al. (2008) noted that a baseline must be established to relate measured 

values of resistance obtained from multiple sources.  The baseline used in this case is 

the nominal (predicted) resistance.  By using bias values, the uncertainty due to local 

construction practices (efficiencies of typical pile driving hammers), fabrication 

materials (e.g., concrete, steel), and model error associated with dynamic formulas is 

indirectly incorporated into the resistance factor calibration procedure (Bathurst et al. 

2008; Bathurst et al. 2011, Stuedlein et al. 2012).   

The load statistics modeled in this study are based on AASHTO (2007), with λDL 

and λLL equal to 1.05 and 1.15, respectively, and dead and live load factors, γDL and 

γLL, equal to 1.25 and 1.75, respectively, where the load distributions are assumed to 

be normally distributed (Nowak 1999).  The variation in dead and live load, COVQ,DL 

and COVQ,LL, was set equal 10 and 20 percent, respectively.  Paikowsky et al. (2004) 

recommended that a probability of failure, pf of 1/100 was sufficient for pile groups 

with five or more piles and 1/1000 otherwise, owing to the lack of redundancy for pile 

caps with a low number of piles.  The reliability index, β, relates the probability of 

failure to the degree of spread associated with a distribution of the margin of safety, 

and is equal to the number of standard deviations separating the mean margin of safety 

from zero: 
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 fp  11
                                                

(3.13)
 

where Φ
-1

 maps the probability of failure to the CDF of  the margin of safety.  

Reliability indices equal to 2.33 and 3.09, corresponding to pf of 1/100 and 1/1000, 

respectively, were investigated in this study. 

3.6.3 Incorporation of Model Error Associated with Dynamic Load 

Tests 

The additional model transformation error that was introduced by using CAPWAP 

(i.e., DLT) capacity to determine SLT capacity was estimated using a first-order 

approach as discussed above.  Similarly, the additional variability between CAPWAP 

capacity and SLT capacity was accounted for using a first order approach prior to 

resistance factor calibration: 

2 2

Total R SLT DLTCOV COV COV                                         (3.14) 

where COVSLT-DLT is the coefficient of variation of the bias between CAPWAP and 

SLT capacities and was estimated as 19 percent based on a study by Likins et al. 

(2004). The Spearman rank correlation coefficient between SLT-to-CAPWAP bias 

and the CAPWAP resistance was 0.098 with a p-value of 0.53, indicating no evidence 

to suggest dependence and that the transformation error could be modeled in this 

manner. 
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3.7 RESISTANCE FACTORS FOR THE RECALIBRATED DYNAMIC 

FORMULAS 

Resistance factors were computed using the Monte Carlo approach described in 

Bathurst et al. (2008, 2011) and fit-to-tail lognormal resistance bias distributions.  

Dead and live loads were modeled indirectly using the statistically characterized bias, 

and the number of independent realizations for each component of the limit state 

equation (i.e., dead and live load, resistance) was set at 50,000 to adequately capture 

pf.  In order to maximize the usefulness of each dynamic formula, resistance factors 

were calibrated at several different combinations of driving conditions, energy types, 

and dead to live load ratios as shown in Table 3.7.  Overall, resistance factors showed 

little or no sensitivity to driving condition (BOR, EOD), energy type (EObs, EInf), and 

measured capacity (SLT, SLT-combined, CAPWAP at EOD) because of the relatively 

constant bias and COV between populations resulting from the least squares 

recalibration.  However, resistance factors were generally larger when steel and 

concrete piles were treated independently due to the smaller variation (i.e. COV). 

Resistance factors were relatively insensitive to the load ratio, consistent with 

resistance factors calibrated by Paikowsky et al. (2004).  This is because the variability 

in the resistance model is much larger than the variability in the load models.  Figure 

3.3 shows the ratio of dead load to live load versus resistance factor for a Group 1, 

Case 1 for the recalibrated FHWA Gates formula, and target reliabilities of 2.33 and 

3.09, satisfactorily described by a power law model.  Table 3.7, presents the power 
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law model parameters for each condition investigated, which allows the appropriate 

resistance factor to be determined for a range of common load ratios. 

A larger resistance factor does not necessarily indicate a more suitable dynamic 

formula, but instead could be the result of its inherent conservatism (i.e. larger mean 

bias).  McVay et al. (2000) proposed the use of an efficiency factor, ϕR/λR, to evaluate 

the economic value of a dynamic formula.  The efficiency factor provides the 

percentage of measured pile capacity that can be used for design to ensure the targeted 

reliability.  In general, efficiency factors were larger when steel and concrete piles 

were treated independently for most driving conditions (Table 3.7).  Additionally, 

efficiency factors calculated herein for the region-specific database were larger than 

those estimated using the wave equation method (i.e. WEAP), CAPWAP, and the 

existing FHWA Gates at EOD as reported by Paikowsky et al. (2004) regardless of 

driving condition (i.e. EOD, BOR) or energy type (EObs, EInf).  This shows the 

advantage of a regional or geology-specific and pile type-specific calibration. 

Zhang et al. (2005) noted that because different design codes use different biases 

and factors for load and resistance, and frequently adopt unique calculation methods, 

the actual level of design reliability can differ significantly between codes even at 

consistent nominal target reliability.  Using a consistent design code (i.e. load and 

resistance factors), they showed that resistance bias and COV had a significant effect 

on the reliability index.  In order to achieve the target level of foundation reliability 

using a prescribed resistance factor and design code, the accuracy and uncertainty of 
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the design method under consideration and the loading conditions should closely 

resemble that originally used to develop that particular design code.    

Because many practitioners have significant experience with Allowable Stress 

Design (ASD), in which a global factor of safety is used to account for all 

uncertainties, it is helpful to compare the proposed resistance factors to the traditional 

ASD practice.  The Operational Factor of Safety (OFS), defined as (Bathurst et al. 

2011): 

Q R

R Q

OFS
 

 





                                                 (3.15)  

may be used to compare calibration results to ASD.  Table 3.7 presents the OFS for  

= 3 and the two target reliability indices investigated; median values of 2.7 and 3.5 

were produced for probability of failures of 1 and 0.1 percent, respectively.  The 

recalibrated Janbu formula produced the smallest median OFS, whereas the 

recalibrated FHWA Gates formula yielded the largest.  Hannigan et al. (2006) 

recommended a factor of safety equal to 3.5 for the FHWA Gates formula, consistent 

with a probability of failure of 0.1 percent. 

Zhang et al. (2006) proposed a procedure for quantifying the effect of construction 

control on the safety of driven piles within a Bayesian framework.  They showed that 

the factor of safety required to achieve a given design reliability can be reduced 

considerably by increasing the level of construction control through additional and 

more sophisticated capacity verification methods (e.g. CAPWAP analyses, SLTs).  

Based on Hannigan et al. (1997), a mean bias, COV, and FS of 1.33, 48 percent, and 
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3.0, respectively, were initially associated with the Gates formula.  Adopting load 

statistics and factors from LRFD Bridge Design Specifications (AASHTO, 1998) and 

using a β = 2.5, Zhang et al. (2006) showed the required FS for the Gates formula was 

reduced to 2.18, 1.98, and 1.77 after verification by two PDA tests, two SLTs, and a 

combination of two CAPWAP analyses and two SLTs, respectively.  In comparison, 

the required FS to achieve a β = 2.33 associated the recalibrated FHWA Gates formula 

for steel piles using EInf at EOD was equal to 2.19.   

3.8 SUMMARY AND CONCLUSIONS 

Although the use of dynamic formulas for the prediction of as-built capacity of 

driven piles is less desirable than static or dynamic load tests, many agencies and firms 

continue to rely on this simple approach.  Therefore, the need to reduce the error 

associated with dynamic formulas remains warranted.  The Janbu, Danish, and FHWA 

Gates formulas were recalibrated using ordinary least squares regression and a 

database of 377 dynamic load tests (DLTs) conducted on piles driven in the Puget 

Sound Lowlands.  Resistance factors were calibrated for ten sample populations 

consisting of different combinations of pile type (steel and concrete), dynamic formula 

parameters (i.e., hammer energy and blow count) at end of driving (EOD) and begin of 

restrike (BOR) as compared to measured pile capacity at EOD and BOR.  Because the 

database used did not consist of many static load tests (SLTs), a separate database was 

used to assess the model transformation error between CAPWAP and SLT-determined 

capacity. 
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In general, the sample biases of the dynamic formulas, defined as the ratio of 

measured and computed capacity, were found to depend on nominal (predicted) 

resistance for most driving conditions.  The recalibrated dynamic formulas developed 

herein reduced the tendency for over and under-prediction, reduced the prediction 

uncertainty, and produced unbiased capacity estimates for the majority of the groups 

and cases investigated.  Recommendations for use of the recalibrated dynamic 

formulas based on pile type were provided. 

Resistance factors were calibrated for two target failure probabilities (1/100 and 

1/1000) representative of redundant and non-redundant piles, respectively, for various 

ratios of dead to live load.  Efficiency factors, ϕR/λR, which indicates the percentage of 

useable static pile capacity tended to be greater than those presented by Paikowsky et 

al. (2004), and illustrated the advantage of using a region-specific database.  The 

operational factor of safety indicated that the equivalent ASD factor of safety 

associated with the recalibrated equations were reasonable.   

Because the Janbu, Danish, and FHWA Gates formulas and their modifications are 

purely empirical relationships developed from a distinct set of pile case histories, they 

should only be used with reasonable confidence if the design case under consideration 

falls within the bounds of the dataset (i.e. range in pile sizes, materials, and capacities) 

and are to be constructed in the Puget Sound Lowlands. 
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3.10 TABLES 

Table 3.1 - Compilation of Statistical Parameters of the Janbu, Danish, and FHWA Gates Formula from Past Research. 

 

 

 

 

 

 

 

Measured

Study Dynamic Formula Pile Type Driving Condition Energy Type Capacity Method Bias COV (%) R
2

Database

Olson and Flaate (1967)
a

Janbu Steel EOD
e E Rated

g 
SLT

j
0.91 NR

l
0.83 Flaate (1964)

Olson and Flaate (1967) Janbu Concrete EOD E Rated SLT 0.66 NR 0.64 Flaate (1964)

Olson and Flaate (1967) Janbu Mixed EOD E Rated SLT 0.87 NR 0.81 Flaate (1964)

Fragaszy et al. (1988)
b

Janbu Mixed EOD E Rated SLT 1.23 46 NR Fragaszy et al. (1988) 

Olson and Flaate (1967) Danish Steel EOD E Rated SLT 0.89 NR 0.82 Flaate (1964)

Olson and Flaate (1967) Danish Concrete EOD E Rated SLT 0.60 NR 0.69 Flaate (1964)

Olson and Flaate (1967) Danish Mixed EOD E Rated SLT 0.77 NR 0.81 Flaate (1964)

Fragaszy et al. (1988) Danish Mixed EOD E Rated SLT 0.89 45 NR Fragaszy et al. (1988) 

Paikowsky et al. (2004)
c FHWA Gates Mixed EOD E Rated SLT 1.07 53 0.41 PD/LT2000

Paikowsky et al. (2004) FHWA Gates Mixed BOR
f E Rated SLT 0.83 48 0.49 PD/LT2000

Allen (2005) FHWA Gates Mixed EOD E Rated SLT 1.03 51 NR Paikowky et al. (2004)

Allen (2005) FHWA Gates Mixed EOD E inf
h,i SLT 1.10 49 NR Paikowky et al. (2004)

FHWA (2006)
d FHWA Gates Mixed EOD E inf SLT 0.96 41 NR Rausche et al. (1996)

FHWA (2006) FHWA Gates Mixed BOR E Inf SLT 1.33 46 NR Rausche et al. (1996)

Long et al. (2009)
d FHWA Gates Steel EOD and BOR E Inf  and E Rated SLT 1.13 42 NR Nationwide database

Long et al. (2009) FHWA Gates Steel EOD and BOR E Inf  and E Rated CAPWAP
k
 at BOR 1.03 41 NR Nationwide database

Long et al. (2009) FHWA Gates Steel EOD E Inf CAPWAP at BOR 0.79 37 NR Wisconsin DOT

Long et al. (2009) FHWA Gates Steel EOD E Inf SLT 1.05 31 NR Wisconsin DOT

a
 Assumed C d =1, and used hammer efficiency factors recommended by Chellis (1961).  

b
 Used hammer efficiencies reported during installation. 

c
 Used hammer efficiency factors recommended by Gates (1957).  

d
 Author used alternative definition for bias, bias = predicted/measured.  

e
  End of Driving.  

f
  Beginning of Restrike.  

g
  Ram Weight · Manufacturer's Recommended Stroke Height.  h  Ram Weight · Reported Stroke Height.  

i
 Stroke height estimated using GRLWEAP.  

j
 Static Load Test.  

k
  Case Pile Wave Analysis Program.  

l
  Value not reported in literature.
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Table 3.2 - Hammer and Pile Types in the Puget Sound Lowlands Database. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Material Cross Section OED
a

HYD
b

ECH
c

STM
d OED HYD ECH STM Total

Solid Octagonal 81 6 72 5 164

Open-end cylinder 7 4 11

Solid Square 5 5

Open-end pipe 43 4 5 41 2 3 98

Closed-end pipe 33 8 4 39 1 3 88

H pile 6 5 11

Total 175 18 9 161 8 3 3 377

a
 Open-end Diesel; 

b
 Hydraulic; 

c
 External Combustion; 

d
 Steam

End of Driving Beginning of Restrike

Concrete

Steel
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Table 3.3 - Accuracy and Uncertainty of the Existing, Recalibrated, and Fit-to-Tail Janbu, Danish, and FHWA Gates formulas. 

 

 

 

 

 

 

Driving Condition Energy Capacity Bias COV (%) Bias COV (%) Bias COV (%) Bias COV (%) Bias COV (%) Bias COV (%) Bias COV (%) Bias COV (%) Bias COV (%)

1 BOR
a E obs

c
SLT

e
1.11 29 1.06 21 1.06 22 1.00 28 1.00 21 0.99 22 1.33 0.51 0.99 0.19 1.06 0.29

2 BOR E inf
d SLT 1.09 29 1.04 20 1.07 22 1.00 27 0.99 20 0.99 22 1.12 0.36 0.98 0.18 1.09 0.31

3 BOR E obs SLT combined
f

1.15 31 1.07 23 1.08 24 1.01 31 1.00 23 1.00 24 1.41 0.58 0.97 0.19 1.06 0.31

4 BOR E inf SLT combined 1.10 30 1.05 23 1.08 24 1.00 29 0.99 23 1.00 24 1.07 0.35 0.95 0.18 1.09 0.32

1 EOD
b E obs SLT 1.16 38 1.17 43 1.06 22 1.00 25 1.01 27 1.00 20 1.08 0.31 0.95 0.22 1.00 0.20

2 EOD E inf SLT 1.14 35 1.15 42 1.06 23 1.00 23 1.02 28 1.00 20 1.04 0.28 0.98 0.25 0.99 0.20

3 EOD E obs SLT combined 1.15 36 1.16 41 1.04 19 1.00 26 1.02 29 1.00 19 1.04 0.31 0.94 0.24 0.99 0.18

4 EOD E inf SLT combined 1.13 33 1.15 40 1.04 19 1.01 25 1.02 29 1.00 19 1.02 0.29 0.97 0.27 0.98 0.17

1 EOD E obs CAPWAP
g
 EOD 1.04 20 1.04 21 1.02 18 1.00 20 1.00 21 1.00 18 1.05 0.25 0.98 0.21 1.04 0.22

2 EOD E inf CAPWAP EOD 1.03 22 1.03 21 1.01 16 1.00 22 1.00 21 1.00 16 1.22 0.35 1.00 0.21 1.08 0.24

1 BOR E obs SLT 1.00 27 0.88 30 1.11 21 1.00 26 1.00 28 0.99 21 1.34 0.50 1.09 0.37 1.07 0.28

2 BOR E inf SLT 0.63 33 0.47 25 0.77 21 1.00 27 1.00 24 0.99 21 1.09 0.35 0.99 0.22 1.10 0.30

3 BOR E obs SLT combined 1.04 30 0.90 33 1.17 22 1.01 29 1.00 31 1.00 22 1.45 0.58 1.04 0.35 1.03 0.27

4 BOR E inf SLT combined 0.66 34 0.49 26 0.80 23 1.00 30 1.01 26 1.00 23 1.04 0.34 0.98 0.23 1.09 0.31

1 EOD E obs SLT 1.64 42 1.61 50 1.69 31 1.00 25 1.00 27 1.00 23 1.07 0.31 0.93 0.22 1.05 0.29

2 EOD E inf SLT 0.90 39 0.75 44 1.08 25 1.01 29 1.03 38 1.00 20 1.11 0.38 1.03 0.34 0.99 0.20

3 EOD E obs SLT combined 1.72 40 1.67 49 1.77 27 1.00 27 1.00 29 1.01 22 1.05 0.32 0.92 0.24 1.07 0.29

4 EOD E inf SLT combined 0.94 38 0.78 45 1.14 22 1.02 32 1.04 41 1.01 21 1.08 0.40 1.04 0.37 0.99 0.20

1 EOD E obs CAPWAP EOD 0.91 20 0.86 21 0.97 18 0.99 20 0.98 21 1.00 18 1.19 0.33 1.05 0.27 1.04 0.21

2 EOD E inf CAPWAP EOD 0.54 34 0.45 35 0.66 21 0.98 34 1.00 35 1.00 21 0.95 0.38 0.97 0.34 1.05 0.29

1 BOR E obs SLT 1.38 28 1.50 26 1.28 28 1.01 27 1.01 24 1.00 28 1.18 0.39 1.14 0.34 1.15 0.37

2 BOR E inf SLT 0.86 24 0.83 25 0.88 24 1.01 25 1.01 24 1.01 24 1.06 0.29 0.93 0.20 1.10 0.32

3 BOR E obs SLT combined 1.43 29 1.53 28 1.33 29 1.00 29 1.01 26 1.01 29 1.30 0.47 1.26 0.43 1.16 0.38

4 BOR E inf SLT combined 0.89 25 0.86 25 0.91 25 1.01 26 1.01 26 1.01 25 1.00 0.26 0.92 0.21 1.13 0.33

1 EOD E obs SLT 2.15 38 2.42 38 1.89 30 1.02 27 1.03 25 1.01 23 1.16 0.33 0.97 0.21 1.09 0.28

2 EOD E inf SLT 1.28 29 1.27 30 1.30 27 1.02 26 1.03 30 1.01 21 1.14 0.33 1.12 0.36 0.97 0.16

3 EOD E obs SLT combined 2.25 36 2.51 38 1.98 28 1.02 28 1.02 27 1.02 24 1.04 0.28 0.98 0.24 1.02 0.24

4 EOD E inf SLT combined 1.34 28 1.31 30 1.38 26 1.04 30 1.03 33 1.03 26 1.19 0.38 1.16 0.41 0.97 0.19

1 EOD E obs CAPWAP EOD 1.30 24 1.40 23 1.20 22 1.00 25 1.02 26 1.03 23 1.11 0.30 1.14 0.34 1.03 0.19

2 EOD E inf CAPWAP EOD 0.83 29 0.80 36 0.87 22 1.00 27 1.00 30 1.04 21 1.16 0.40 1.00 0.34 0.99 0.18
a
 Beginning of Restrike     

b
 End of Driving     

c
 Observed Energy     

d
 Inferred Energy     

e
 Static Load Test

f
  EOD toe resistance + BOR shaft resistance     

g 
CAse Pile Wave Analysis Program

Population Combined ConcreteSteel Steel

Statistical Characterization of Fit-to-Tail Equations

Steel

Statistical Characterization of Existing Equations Statistical Characterization of Recalibrated Equations

Combined Concrete Combined ConcreteGroup Case
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Table 3.4 - Results of the Spearman Rank Test for Correlation between Bias and Predicted (Nominal) Capacity. 

 

Driving Condition Energy Capacity Existing Recalibrated Existing Recalibrated Existing Recalibrated

1 BOR
a E obs

c
SLT

e
0.00 0.39 0.38 0.55 0.67 0.43

2 BOR E inf
d SLT 0.00 0.46 0.48 0.48 0.41 0.42

3 BOR E obs SLT combined
f

0.00 0.08 0.83 0.83 0.09 0.09

4 BOR E inf SLT combined 0.00 0.42 0.23 0.23 0.19 0.19

1 EOD
b E obs SLT 0.00 0.76 0.01 0.56 0.02 0.96

2 EOD E inf SLT 0.00 0.47 0.01 0.55 0.04 0.82

3 EOD E obs SLT combined 0.00 0.88 0.03 0.56 0.63 0.63

4 EOD E inf SLT combined 0.00 0.66 0.04 0.51 0.68 0.68

1 EOD E obs CAPWAP
g
 EOD 0.95 0.93 0.94 0.95 0.07 0.07

2 EOD E inf CAPWAP EOD 0.74 0.74 0.15 0.15 0.03 0.03

1 BOR
a E obs SLT 0.00 0.26 0.00 0.89 0.52 0.16

2 BOR E inf SLT 0.00 0.76 0.98 0.73 0.32 0.32

3 BOR E obs SLT combined 0.00 0.04 0.00 0.66 0.09 0.09

4 BOR E inf SLT combined 0.00 0.74 0.94 0.89 0.10 0.10

1 EOD
b E obs SLT 0.00 0.91 0.00 0.78 0.00 0.99

2 EOD E inf SLT 0.00 0.07 0.37 0.84 0.00 0.88

3 EOD E obs SLT combined 0.00 0.98 0.00 0.84 0.00 0.56

4 EOD E inf SLT combined 0.00 0.04 0.54 0.90 0.10 0.49

1 EOD E obs CAPWAP EOD 0.74 0.43 0.62 0.62 0.11 0.11

2 EOD E inf CAPWAP EOD 0.59 0.59 0.00 0.00 0.01 0.01

1 BOR
a E obs SLT 0.32 0.81 0.11 0.58 0.52 0.95

2 BOR E inf SLT 0.72 0.15 0.25 0.73 0.50 0.31

3 BOR E obs SLT combined 0.69 0.55 0.12 0.66 0.15 0.31

4 BOR E inf SLT combined 0.67 0.29 0.50 0.63 0.19 0.54

1 EOD
b E obs SLT 0.00 0.48 0.00 0.69 0.00 0.61

2 EOD E inf SLT 0.02 0.10 0.52 0.55 0.00 0.20

3 EOD E obs SLT combined 0.00 0.32 0.00 0.62 0.00 0.07

4 EOD E inf SLT combined 0.21 0.02 0.99 0.49 0.12 0.01

1 EOD E obs CAPWAP EOD 0.00 0.65 0.00 0.97 0.27 0.01

2 EOD E inf CAPWAP EOD 0.00 0.24 0.00 0.04 0.00 0.00
a
 Beginning of Restrike     

b
 End of Driving     

c
 Observed Energy     

d
 Inferred Energy     

e
 Static Load Test

f
  EOD toe resistance + BOR shaft resistance     

g 
CAse Pile Wave Analysis Program

Group Case
Spearman Rank Correlation p -values

Population Combined Concrete Steel
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Table 3.5 - Optimized Coefficients and Intercepts for the Janbu, Danish, and FHWA Gates formulas following Least Squares Regression. 

 

 

 

 

 

 

n C1 C2 C3 n C1 C2 C3 n C1 C2 C3

1 88 0.81 871 - 43 1.02 108 - 45 1.03 133 -

2 77 0.46 1915 - 36 1.05 0 - 41 1.08 0 -

3 88 0.99 428 - 43 1.07 0 - 45 1.08 0 -

4 77 0.48 1953 - 36 1.07 0 - 41 1.08 0 -

1 72 0.68 1436 - 39 0.84 981 - 32 0.80 843 -

2 71 0.72 1276 - 39 0.87 835 - 32 0.81 802 -

3 72 0.78 1176 - 39 0.88 868 - 32 1.03 0 -

4 71 0.80 1054 - 39 0.91 730 - 32 1.03 0 -

1 108 1.04 0 - 59 1.05 0 - 49 1.02 0 -

2 104 1.03 0 - 58 1.03 0 - 46 1.01 0 -

1 88 0.75 800 - 43 0.47 1606 - 45 1.01 313 -

2 77 0.23 2076 - 36 0.43 286 - 41 0.78 0 -

3 88 0.92 324 - 43 0.40 2014 - 45 1.17 0 -

4 77 0.25 2098 - 36 0.48 13 - 41 0.80 0 -

1 72 0.83 1716 - 39 0.78 1929 - 33 0.93 1453 -

2 72 0.59 1174 - 40 0.64 429 - 32 0.73 1084 -

3 72 0.99 1523 - 39 0.84 1957 - 33 1.30 838 -

4 72 0.70 875 - 40 0.70 265 - 32 1.03 313 -

1 108 0.90 36 - 59 0.88 0 - 49 0.97 0 -

2 104 0.55 0 - 58 0.45 0 - 46 0.66 0 -

1 125 9.8 4.2 0 57 12.8 2.3 0 68 9.3 8.0 672

2 109 6.1 11.5 812 49 4.22 31.13 219 60 6.6 13.2 1164

3 125 11.0 4.3 318 57 13.0 2.3 0 68 10.2 14.7 1645

4 109 6.6 11.8 1014 49 4.6 41.2 672 60 7.1 10.9 1177

1 100 8.4 30.0 0 50 9.2 32.4 0 50 7.1 65.4 411

2 98 7.0 26.0 814 53 8.6 7.7 352 45 5.5 148.6 1288

3 100 10.8 12.8 0 50 10.3 22.2 0 50 10.1 27.3 936

4 98 8.6 17.0 1231 53 9.4 8.3 724 45 7.8 49.5 1890

1 136 8.3 35.4 1479 63 8.9 78.5 2201 73 9.0 11.1 999

2 129 6.9 10.0 1000 65 7.4 6.2 900 64 7.1 19.3 1746
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Table 3.6 - Fitting Coefficients and Intercepts for the Correlation between the Janbu Driving Coefficient and Pseudo-Hammer Efficiency. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group Case x 1 x 2 x 3 x 4 R
2 x 1 x 2 x 3 x 4 R

2 x 1 x 2 x 3 x 4 R
2

1 - - - 0.723 0.00 - - 1.036 0.418 0.46 - - - 0.540 0.00

2 -1.247 0.575 - - 0.34 -0.752 1.519 - - 0.25 - 1.017 - - 0.00

3 - - - 0.712 0.00 - - 1.051 0.386 0.46 - - - 0.509 0.00

4 -1.190 0.560 - - 0.31 -0.702 1.491 - - 0.20 - 0.972 - - 0.00

1 - - - 0.395 0.00 - - 0.543 0.234 0.24 - - 0.468 0.070 0.29

2 -0.706 0.352 - - 0.28 -0.535 0.699 - - 0.16 - 0.605 - - 0.00

3 - - - 0.363 0.00 - - 0.484 0.229 0.21 - - 0.289 0.128 0.20

4 -0.727 0.266 - - 0.30 -0.543 0.619 - - 0.16 -0.268 0.368 - - 0.19

1 - - - 0.755 0.00 - - - 0.816 0.00 - - - 0.683 0.00

2 -1.837 0.316 - - 0.63 -1.721 0.580 - - 0.55 -0.815 0.729 - - 0.28
3

All Pile Types Concrete Piles Steel Piles

1

2
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Table 3.7 - Resistance Factors, Efficiency Factors, and Operational Safety Factors for Different Probabilities of Failure and Load Ratios. 

 

 

 

Group Case Coefficient Exponent Coefficient Exponent β=2.33 β=3.09 β=2.33 β=3.09 β=2.33 β=3.09

1 0.483 -0.045 0.327 -0.046 0.46 0.31 0.35 0.23 4.41 6.53

2 0.555 -0.045 0.407 -0.042 0.53 0.39 0.47 0.35 3.23 4.41

3 0.438 -0.046 0.281 -0.040 0.42 0.27 0.29 0.19 5.18 8.09

4 0.540 -0.045 0.398 -0.041 0.51 0.38 0.48 0.35 3.17 4.30

1 0.592 -0.044 0.446 -0.043 0.56 0.42 0.52 0.39 2.93 3.89

2 0.609 -0.044 0.469 -0.043 0.58 0.45 0.56 0.43 2.74 3.55

3 0.569 -0.044 0.431 -0.044 0.54 0.41 0.52 0.40 2.94 3.85

4 0.587 -0.043 0.452 -0.045 0.56 0.43 0.55 0.42 2.77 3.62

1 0.652 -0.044 0.509 -0.041 0.62 0.49 0.59 0.46 2.59 3.27

2 0.621 -0.045 0.457 -0.042 0.59 0.44 0.48 0.36 3.15 4.27

1 0.681 -0.042 0.553 -0.043 0.65 0.53 0.65 0.53 2.32 2.87

2 0.687 -0.043 0.557 -0.042 0.66 0.53 0.67 0.54 2.28 2.81

3 0.666 -0.044 0.540 -0.046 0.63 0.52 0.65 0.53 2.32 2.85

4 0.667 -0.043 0.541 -0.041 0.63 0.52 0.67 0.54 2.28 2.80

1 0.620 -0.043 0.493 -0.042 0.59 0.47 0.62 0.49 2.45 3.09

2 0.610 -0.045 0.479 -0.043 0.58 0.46 0.59 0.47 2.56 3.27

3 0.593 -0.045 0.466 -0.043 0.56 0.44 0.60 0.47 2.54 3.22

4 0.584 -0.045 0.451 -0.041 0.56 0.43 0.57 0.45 2.65 3.42

1 0.650 -0.042 0.519 -0.039 0.62 0.50 0.64 0.51 2.39 2.97

2 0.667 -0.044 0.532 -0.040 0.63 0.51 0.64 0.51 2.39 2.97

1 0.606 -0.045 0.462 -0.043 0.58 0.44 0.54 0.41 2.82 3.67

2 0.603 -0.043 0.460 -0.048 0.57 0.44 0.53 0.40 2.89 3.78

3 0.579 -0.046 0.436 -0.042 0.55 0.42 0.52 0.39 2.92 3.87

4 0.588 -0.043 0.441 -0.040 0.56 0.42 0.52 0.39 2.95 3.92

1 0.676 -0.044 0.539 -0.038 0.64 0.52 0.65 0.52 2.36 2.94

2 0.667 -0.042 0.535 -0.042 0.64 0.51 0.64 0.52 2.38 2.95

3 0.697 -0.043 0.564 -0.040 0.66 0.54 0.67 0.54 2.27 2.80

4 0.699 -0.043 0.572 -0.042 0.67 0.55 0.68 0.56 2.24 2.73

1 0.683 -0.044 0.544 -0.044 0.65 0.52 0.62 0.50 2.43 3.05

2 0.685 -0.043 0.539 -0.041 0.65 0.52 0.60 0.48 2.52 3.20

2

3

Power law resistance factor models Resistance Factors Efficiency Factors Operational Factors of Safety

β=2.33 β=3.09 (η=3) (η=3) (η=3)
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Group Case Coefficient Exponent Coefficient Exponent β=2.33 β=3.09 β=2.33 β=3.09 β=2.33 β=3.09

1 0.496 -0.045 0.337 -0.046 0.47 0.32 0.35 0.24 4.30 6.36

2 0.556 -0.046 0.410 -0.044 0.53 0.39 0.49 0.36 3.13 4.23

3 0.447 -0.047 0.289 -0.045 0.42 0.28 0.29 0.19 5.24 8.02

4 0.538 -0.044 0.397 -0.038 0.51 0.38 0.49 0.37 3.10 4.15

1 0.591 -0.045 0.447 -0.044 0.56 0.43 0.52 0.40 2.91 3.80

2 0.523 -0.046 0.377 -0.042 0.50 0.36 0.45 0.33 3.38 4.66

3 0.567 -0.046 0.426 -0.043 0.54 0.41 0.51 0.39 2.97 3.93

4 0.491 -0.045 0.357 -0.049 0.47 0.34 0.43 0.31 3.52 4.86

1 0.623 -0.044 0.463 -0.042 0.59 0.44 0.50 0.37 3.06 4.15

2 0.450 -0.046 0.326 -0.043 0.43 0.31 0.45 0.33 3.40 4.65

1 0.534 -0.044 0.392 -0.044 0.51 0.37 0.47 0.34 3.26 4.44

2 0.644 -0.044 0.512 -0.043 0.61 0.49 0.62 0.50 2.45 3.07

3 0.524 -0.045 0.385 -0.043 0.50 0.37 0.48 0.35 3.18 4.30

4 0.623 -0.043 0.493 -0.042 0.59 0.47 0.61 0.48 2.50 3.16

1 0.615 -0.045 0.487 -0.040 0.58 0.46 0.63 0.50 2.43 3.06

2 0.537 -0.045 0.399 -0.043 0.51 0.38 0.49 0.37 3.08 4.12

3 0.583 -0.043 0.459 -0.041 0.56 0.44 0.61 0.48 2.51 3.19

4 0.505 -0.046 0.371 -0.047 0.48 0.35 0.46 0.34 3.29 4.46

1 0.624 -0.043 0.481 -0.043 0.59 0.46 0.56 0.43 2.70 3.50

2 0.507 -0.045 0.380 -0.046 0.48 0.36 0.50 0.37 3.06 4.09

1 0.624 -0.045 0.480 -0.044 0.59 0.46 0.55 0.43 2.75 3.57

2 0.609 -0.044 0.461 -0.040 0.58 0.44 0.53 0.40 2.87 3.78

3 0.618 -0.045 0.479 -0.045 0.59 0.46 0.57 0.44 2.68 3.45

4 0.605 -0.045 0.459 -0.044 0.58 0.44 0.53 0.40 2.87 3.79

1 0.605 -0.043 0.464 -0.042 0.58 0.44 0.55 0.42 2.77 3.60

2 0.664 -0.043 0.533 -0.040 0.64 0.51 0.64 0.52 2.37 2.94

3 0.612 -0.044 0.464 -0.039 0.58 0.44 0.54 0.41 2.80 3.67

4 0.670 -0.043 0.539 -0.042 0.64 0.51 0.65 0.52 2.35 2.92

1 0.685 -0.043 0.546 -0.040 0.65 0.52 0.63 0.50 2.41 3.02

2 0.600 -0.044 0.458 -0.042 0.57 0.44 0.54 0.42 2.80 3.67

Power law resistance factor models Resistance Factors Efficiency Factors Operational Factors of Safety

β=2.33 β=3.09 (η=3) (η=3) (η=3)
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Group Case Coefficient Exponent Coefficient Exponent β=2.33 β=3.09 β=2.33 β=3.09 β=2.33 β=3.09

1 0.549 -0.046 0.394 -0.043 0.52 0.38 0.44 0.32 3.45 4.80

2 0.610 -0.044 0.467 -0.041 0.58 0.45 0.55 0.42 2.78 3.61

3 0.513 -0.046 0.352 -0.043 0.49 0.34 0.37 0.26 4.06 5.89

4 0.604 -0.045 0.468 -0.042 0.57 0.45 0.57 0.45 2.65 3.41

1 0.609 -0.044 0.457 -0.045 0.58 0.44 0.50 0.38 3.04 4.04

2 0.606 -0.044 0.452 -0.040 0.58 0.44 0.51 0.38 3.00 3.98

3 0.605 -0.045 0.464 -0.042 0.58 0.44 0.56 0.43 2.74 3.55

4 0.569 -0.044 0.412 -0.039 0.54 0.39 0.46 0.33 3.33 4.60

1 0.620 -0.044 0.468 -0.040 0.59 0.45 0.53 0.40 2.86 3.77

2 0.531 -0.045 0.380 -0.042 0.50 0.36 0.43 0.31 3.50 4.84

1 0.597 -0.044 0.444 -0.043 0.57 0.42 0.50 0.37 3.05 4.13

2 0.633 -0.044 0.508 -0.041 0.60 0.48 0.65 0.52 2.34 2.92

3 0.540 -0.045 0.382 -0.043 0.51 0.36 0.41 0.29 3.72 5.28

4 0.614 -0.043 0.493 -0.042 0.58 0.47 0.63 0.51 2.40 2.98

1 0.645 -0.044 0.515 -0.043 0.61 0.49 0.63 0.50 2.42 3.03

2 0.553 -0.045 0.405 -0.046 0.52 0.39 0.47 0.34 3.26 4.42

3 0.613 -0.043 0.482 -0.042 0.58 0.46 0.60 0.47 2.56 3.22

4 0.521 -0.046 0.372 -0.044 0.49 0.36 0.43 0.31 3.57 4.95

1 0.590 -0.044 0.438 -0.041 0.56 0.42 0.49 0.37 3.09 4.17

2 0.523 -0.046 0.388 -0.041 0.50 0.37 0.50 0.37 3.06 4.08

1 0.560 -0.044 0.408 -0.041 0.53 0.39 0.46 0.34 3.28 4.46

2 0.601 -0.046 0.448 -0.038 0.57 0.43 0.52 0.39 2.95 3.93

3 0.552 -0.046 0.398 -0.041 0.52 0.38 0.45 0.33 3.39 4.68

4 0.596 -0.043 0.445 -0.041 0.57 0.43 0.50 0.38 3.02 4.03

1 0.642 -0.045 0.494 -0.043 0.61 0.47 0.56 0.43 2.72 3.53

2 0.703 -0.043 0.579 -0.044 0.67 0.55 0.69 0.57 2.19 2.68

3 0.646 -0.043 0.508 -0.040 0.62 0.49 0.60 0.48 2.52 3.17

4 0.676 -0.044 0.545 -0.040 0.65 0.52 0.66 0.54 2.30 2.83

1 0.706 -0.043 0.569 -0.041 0.67 0.55 0.66 0.53 2.32 2.86

2 0.700 -0.042 0.571 -0.043 0.67 0.54 0.67 0.55 2.27 2.78

Power law resistance factor models Resistance Factors Efficiency Factors Operational Factors of Safety

β=2.33 β=3.09 (η=3) (η=3) (η=3)
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3.11 FIGURES 

 

Figure 3.1 - Correlation between CAPWAP Predicted Pile Capacity and Static 

Load Test Pile Capacity. 

 

 
Figure 3.2 - Empirical, Lognormal, and Fit-to-Tail Lognormal Resistance Bias 

Distribution for Group 1, Case 1 in Standard Normal Space. 
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Figure 3.3 - Variation in Resistance Factor with Load Ratio for Group 1, Case 1. 
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4.1 ABSTRACT 

This study investigated factors that control the reliability of augered cast-in-place 

(ACIP) piles in predominately cohesionless soils under axial compression at the 

serviceability limit state (SLS). A simple probabilistic hyperbolic model was used to 

account the uncertainty in the load-displacement relationship using correlated bivariate 

curve-fitting parameters. Contrary to previous studies, the curve-fitting parameters 

were found to be dependent on pile slenderness ratio (D/B) and the effect of D/B and 

other pertinent variables (e.g., uncertainty in capacity, displacement) on SLS 

reliability was investigated using a first-order reliability method (FORM).  The D/B 

ratio had a considerable effect on foundation reliability, illustrating the importance of 

the dependence between the load-displacement behavior (i.e. curve-fitting parameters) 

and pile geometry and stiffness.  In general, the uncertainty in the capacity model had 

a larger effect on reliability than that of the allowable displacement; the reliability 

index was found to approach an upper bound limit regardless of the level of 

uncertainty in allowable displacement and the pile capacity model.  

4.2 INTRODUCTION 

The behavior of geotechnical systems under loading is often difficult to predict 

due to the inherent heterogeneity of the geologic environment. Because the 

compositional and mechanical properties of soils are variable, many parameters used 

in geotechnical design are uncertain. Traditionally, the uncertainty associated with 

many geotechnical design parameters has been assessed jointly using a deterministic 

global factor of safety; which is frequently based on engineering judgment and 
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experience. Reliability-based design (RBD) procedures can overcome many of the 

restrictions of traditional design checks (e.g. allowable stress design [ASD]), and 

explicitly incorporate the uncertainty in the individual variables and their potential 

correlation into the overall model. The probability of failure for a prescribed limit state 

that results thus allows a quantitative assessment of risk. As a result, RBD is quickly 

becoming the preferred alternative as the demand for risk management in geotechnical 

engineering continues to grow. 

Modern RBD codes, in which partial safety factors are calibrated with respect to a 

specific limit state (e.g. ultimate limit state [ULS], serviceability limit state [SLS]), are 

now mandated for design of bridge foundation elements (e.g. American Association of 

State Highway and Transportation Officials [AASHTO] Load Resistance Factor 

Design [LRFD]). RBD procedures for augered cast-in-place (ACIP) piles (e.g., 

Stuedlein et al. 2012) are not yet accepted in codes. 

Owing to the lack of model statistics for pile displacement, foundation reliability at 

the SLS is not as well understood compared to the ULS (Phoon et al. 2006). In order 

to assess foundation reliability at the SLS, Phoon (2006) proposed a simple 

probabilistic hyperbolic model that accounts for the uncertainty in the entire load-

displacement relationship using a bivariate random vector consisting of hyperbolic 

curve-fitting parameters, which were found to be correlated and non-normally 

distributed. Phoon & Kulhawy (2008) describe a translation model to incorporate the 

correlated random variables into reliability calculations using a database of 40 loading 

tests on ACIP piles. 
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This study used an expanded database to investigate factors affecting the reliability 

of ACIP piles at the SLS. Contrary to Phoon & Kulhawy (2008), the hyperbolic model 

parameters were determined to be dependent on the pile slenderness ratio. The 

dependence was removed by transforming the model parameters, which were then 

used to assess foundation reliability for different pile geometries. In order to determine 

the variables which govern reliability, a parametric study was conducted by varying 

the mean and uncertainty of allowable displacement, uncertainty of predicted 

resistance, and the slenderness ratio. 

4.3 PROBABILISTIC HYPERBOLIC MODEL AT THE SLS 

To ensure that a specified level of performance of a structure is met, it is necessary 

to assess the likelihood of failure at both the ULS and SLS using a consistent 

methodology. This study focuses on reliability at the SLS, defined by one or more pre-

defined displacements that correspond to target allowable loads. 

The load-displacement behavior of ACIP piles is influenced by multiple sources of 

uncertainty that can be implicitly accounted for by fitting load-displacement models to 

date from a load test database. In this approach, the aleatory and epistemic 

uncertainties resulting from the uniqueness of each load test and the error associated 

with measurements taken during testing are combined together and statistically 

characterized. Although a variety of functions can be used to model the load-

displacement relationship, a hyperbolic curve was chosen herein in order to remain 

consistent with the work pioneered by Phoon (2006). The hyperbolic curve is 
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represented using the applied load, Q, normalized by the slope-tangent capacity, QSTC 

(Phoon et al. 2006): 

ykk

y

Q

Q

STC 21 
                                               (4.1) 

where y = pile head displacement, and k1 and k2 are fitted coefficients. The reciprocal 

of k1 and k2 is equal to the initial slope and asymptotic (or ultimate) resistance, 

respectively. Model parameters from the new data were calculated using ordinary least 

squares regression, whereas the parameters in the Chen (1998) and Kulhawy & Chen 

(2005) database were obtained directly from Phoon & Kulhawy (2008). 

4.4 DATABASE 

The expanded database included 87 load tests on ACIP piles constructed in 

predominately cohesionless soils. Forty loading tests were collected by Chen (1998) 

and Kulhawy & Chen (2005), 23 were compiled by McCarthy (2008), ten were 

reported by Stuedlein et al. (2012), ten were collected by Park et al. (2012), three were 

reported by Mandolini et al. (2002), and one loading test was selected from O’Neill et 

al. (1999). Table 4.1 shows the range of pile embedment depth, D, diameter, B, 

slenderness ratio, D/B, average SPT-N along the pile shaft, Navg, and QSTC. 

4.5 RANDOMNESS OF THE HYPERBOLIC MODEL PARAMETERS 

In order for foundation reliability assessments to be unbiased, k1 and k2 must be 

statistically independent from other deterministic variables in the database (e.g., SPT-

N and D/B). Based on the Kendall’s tau test (Daniel 1990) and adopting a 5 percent 

significance level (α = 5), k1 and k2 are independent of average SPT-N with p-values = 
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0.81 and 0.93, respectively. However, convincing evidence (p-values < 0.05) 

suggested that both k1 and k2 were dependent on D/B. Figure 4.1 shows moderately 

strong dependence between k1, k2, and D/B and the corresponding Kendall’s tau 

correlation coefficient, ρτ, and p-value. 

It is worthwhile to note that these correlations make physical sense in that a 

smaller k1 represents a stiffer pile which corresponds to a smaller slenderness ratio; 

whereas a smaller k2 indicates a larger ultimate resistance which likely relates to a 

larger D and D/B because of the narrow range of B in the database. 

4.6 TRANSFORMATION OF THE MODEL PARAMETERS 

In order to accurately model the uncertainty in the load-displacement relationship 

for the assessment of foundation reliability at the SLS, the correlation between k1 and 

k2 must be considered (Phoon & Kulhawy 2008). Figure 4.2a shows the inverse 

correlation between k1 and k2, and the corresponding ρτ and p-value, where a large 

(small) k1 and small (large) k2 indicates a slowly (quickly) decaying function and a 

less (more) well-defined and larger (smaller) asymptote. 

In order to perform unbiased reliability analyses at the SLS, the correlation 

between model parameters and D/B must be considered. The dependence of k1 and k2 

on D/B was removed by selecting a transformation via trial and error.  It was found 

that the transformation given by: 

D

B
kk t 1,1                                                    (4.2a) 
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B

D
kk t 2,2                                                (4.2b) 

effectively removed the correlation between k1,t and k2,t, and D/B.  After transforming 

k1 and k2 to k1,t and k2,t, the Kendall’s tau correlation test between k1,t and k2,t, and D/B 

produced p-values = 0.78, 0.56, indicating no correlation. Similarly, the model 

parameters remained independent of SPT-N following transformation. Figure 4.2b 

illustrates the correlation between k1,t and k2,t is slightly reduced but remains valid 

after transformation. 

To assess foundation reliability using the translation model approach described in 

Phoon & Kulhawy (2008), the marginal distributions of k1,t and k2,t must be 

determined. Figure 4.3a and 4.3b shows the empirical, fitted normal, and fitted 

lognormal marginal cumulative distribution functions (CDF) of k1,t and k2,t, 

respectively. Also shown is the sample mean, k̄i,t, standard deviation, σi,t, and COVi,t, 

defined as the standard deviation divided by the mean, of the model parameters. 

Based on the Anderson-Darling goodness-of-fit test (Anderson & Darling 1952) 

and α = 5 percent, there was no evidence to reject the null hypothesis of lognormality 

for k1,t and k2,t. Therefore, k1,t and k2,t were assumed to follow a lognormal distribution 

for the purpose of assessing foundation reliability at the SLS. 
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4.7 TRANSLATIONAL MODEL FOR BIVARIATE PROBABILITY 

DISTRIBUTIONS 

The translation model approach for describing the marginal distributions of k1,t and 

k2,t requires the use uncorrelated standard normal random variables Z1 and Z2 (mean = 

0, standard deviation = 1). 

This study followed the basic procedure outlined in Phoon & Kulhawy (2008). 

First, Z1 and Z2 are converted into correlated random variables X1 and X2 (Phoon & 

Kulhawy 2008): 

11 ZX                                                            (4.3a) 

2

ln2ln12 1   ZZX                                   (4.3b) 

where ρln is an equivalent-normal correlation coefficient: 
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                                    (4.4) 

and where λ1,t, ζ1,t and λ2,t, ζ2,t are the approximate lognormal mean and standard 

deviation of k1,t and k2,t, respectively, and ρ is the standard product-normal correlation 

coefficient for two normally distributed variables. The second moment statistics in 

Eqn. (4.4) were calculated as: 

 2

,

2
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The correlated, lognormal marginal distributions of k1,t and k2,t were thus simulated 

using: 

 tt X

t ek ,11,1

,1

 
                                        (4.6a) 

 tt X

t ek ,22,2

,2

 
                                        (4.6b) 

In order to adequately reproduce the uncertainty in the observed load-displacement 

curves, k1,t and k2,t must be back-transformed into k1 and k2. This study calculated k1 

and k2 using deterministic values of D/B because the uncertainty associated with pile 

geometry could not be evaluated from the database.  

Figure 4.4 shows the fitted load-displacement curves based on the observed 

loading tests and those generated using the procedure for simulating k1,t and k2,t 

outlined above.  A number of deterministic values of D/B were used to back-transform 

k1,t and k2,t into k1 and k2 in order to capture the uncertainty present in the observed 

load-displacement curves.  In general, the observed and simulated load-displacement 

curves are in good agreement based on visual inspection, and the translation model 

can be confidently used to assess foundation reliability at the SLS using the database 

herein. 

4.8 RBD FOR THE SERVICEABILITY LIMIT STATE USING A 

FIRST-ORDER RELIABILITY METHOD 

The SLS is reached when foundation displacement, y, equals or exceeds allowable 

settlement, ya. This study followed the approach outlined in Phoon & Kulhawy (2008), 

where the SLS can be evaluated using a performance function, P: 
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 QyyP a                                            (4.7) 

Failure is defined as P ≤ 0, and the probability of exceeding the SLS, pf, is: 

 0Pr  Pp f                                            (4.8) 

By combining Eqns. (4.1), (4.7), and (4.8), and defining a deterministic mean 

global factor of safety, FS, the probability of failure is: 
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where Q’ and Q’p correspond to the applied load and predicted pile capacity, 

respectively. In order estimate foundation reliability at the SLS, the reliability index, 

β, defined as the number of standard deviations between the mean of the multivariate 

resistance distribution and the limit state surface, was calculated as: 

 
fp1                                         (4.10) 

where Φ
-1

 is the inverse standard normal function. 

A first-order reliability method (FORM) was used to estimate foundation 

reliability at the SLS. First, each random variable in the limit state function (k1, k2, ya, 

Q’, Q’p) was transformed into a standard normal variable, such that the difference in 

magnitude of the random variables was eliminated (Hasofer & Lind 1974). Then the 

probability of failure was estimated by considering the area beneath the multivariate 

distribution where P ≤ 0. The FORM approach assumes that the limit state function is 

linear at the failure point, and therefore may not be appropriate for situations where pf 
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is large. However, this approach is considered sufficient for most geotechnical 

applications where the target probabilities of failure are very small. 

4.9 FACTORS AFFECTING FOUNDATION RELIABILITY AT THE 

SLS 

This study assessed the factors which govern foundation reliability at the SLS by 

calculating multiple reliability indices using FORM. Each variable in Eqn. (4.9) was 

assumed to follow a lognormal distribution, whereas the second moment statistics for 

k1,t and k2,t were obtained directly from the database. The mean and COV of allowable 

displacement was varied from 10 to 50 mm and 5 to 85 percent, respectively. The 

applied load and predicted pile capacity were assumed to be unit mean variables, 

where COV(Q’) = 20 percent based on recommendations from Paikowsky et al. 

(2004). The COV of the predicted pile capacity was varied from 5 to 85 percent, 

corresponding to different capacity prediction methods with varying degrees of 

uncertainty. A FS = 3 was selected based on that commonly adopted in current 

practice (Phoon & Kulhawy 2008). Slenderness ratios of 25 and 65 were selected in 

order to cover the range of D/B values in the database and illustrate the effect of pile 

geometry on β. 

Figures 4.5a-e illustrate the effect of changing the mean ya, COV(ya), COV(Q’p), 

and D/B on foundation reliability. Foundation reliability decreases more rapidly for 

increasing uncertainty in Q’p when COV(ya) and COV(Q’p) are relatively small (5 – 

45 percent) and ya > 20 mm. In general, COV(Q’p) has a larger effect on β as 

compared to COV(ya), regardless of the level of uncertainty in Q’p and ya. The same 
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general trend was observed at different levels of mean allowable displacement, where 

the change in β was more prominent for larger ya. Overall, β was larger for larger 

mean allowable displacements if all other variables in the performance function 

remained constant. At large allowable displacements (i.e. ya = 50 mm), β was 

observed to be largely insensitive to the level of uncertainty in ya, compared to Q’p. 

This illustrates the advantage of an accurate ACIP design methodology. At large 

allowable displacements, β approaches an upper bound limit for each level of 

COV(Q’p) as COV(ya) decreases. For a mean ya < 40 mm, β is smaller for larger D/B, 

whereas the opposite is true for ya ≥ 50 as shown in Figure 4.5e. Thus, accounting for 

the correlation between the hyperbolic model parameters and D/B is critical when 

estimating the reliability of ACIP piles at the SLS 

In order to illustrate the effect of slenderness ratio on foundation reliability at the 

SLS, reliability indices calculated herein may be compared to those reported in Phoon 

and Kulhawy (2008).  Using the statistics for ya and Q’p recommended by a Phoon and 

Kulhawy (2008) and a D/B = 25, β = 2.214 (pf = 1.34%) is computed, which is in good 

agreement with the previously reported value (2.210).  However, for longer piles, say 

with a D/B = 65, the reliability index, β, equals 1.774 (pf = 3.80%), a significantly 

different value than previously computed.     

4.10 SUMMARY AND CONCLUSIONS 

This paper investigated the effect of varying model statistics in reliability-based 

serviceability limit state design of ACIP piles installed in predominately cohesionless 

soils. First, a database consisting of load tests conducted on ACIP piles in 
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cohesionless soils was compiled, and the uncertainty in the entire load- displacement 

relationship was reduced to a correlated bivariate vector containing the hyperbolic 

model parameters. Contrary to Phoon & Kulhawy (2008), both model parameters were 

found to be correlated to pile slenderness ratio. Subsequent analyses used transformed 

model parameters to avoid the undesirable effect of parameter dependence on 

geometric variables. 

The effect of varying the mean and uncertainty of the allowable displacement and 

the uncertainty of the capacity prediction method on the computed reliability index 

was assessed. In general, changing the uncertainty in Q’p had a larger effect on β 

compared to ya. Overall, β was larger for larger mean allowable displacements when 

all other variables in the performance function were unchanged. At larger allowable 

displacements, β was found to approach an upper bound limit and shown to be largely 

insensitive to the level of uncertainty in ya, compared to Q’p. Because of the 

dependence of the model parameters on pile stiffness and geometry, β was found to be 

sensitive to D/B, and illustrates the importance of accounting for this correlation in 

RBD. 
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4.12 TABLES 

Table 4.1 - Correlation coefficients for original and transformed model 

parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Varible D B D / B N avg Q STC

m mm bl/0.3m kN

Minimum 7.5 300 20.0 4 367

Maximum 29.0 800 68.5 54 5300
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4.13 FIGURES 

 

 

Figure 4.1  - The dependence between slenderness ratio, D/B, and model 

parameters, (a) k1 and (b) k2 and the corresponding Kendall tau correlation 

coefficients and p-values. 

 

0

20

40

60

80

100

0 5 10 15 20

D
 /

B

k1

(a)

ρτ = 0.40
p-value = 3.4E-8

0

20

40

60

80

100

0 0.5 1 1.5

D
 /

B

k2

(b)

ρτ = -0.37
p-value = 3.6E-7



222 

 

 

 

Figure 4.2 - Correlation between model parameters (a) k1 and k2 and (b) k1,t and 

k1,t and the corresponding Kendall tau correlation coefficients and p-values. 
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Figure 4.3 - Empirical, lognormal, and normal marginal cumulative 

distributions for the transformed hyperbolic model parameters:  (a) k1,t, and 

(b) k2,t. 

 

 

Figure 4.4 - Observed and simulated load-displacement curves using the 

translation model. 
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Figure 4.5 - The effect of COV(ya), COV(Q’p), and D/B on β for mean ya equal to 

(a) 10 mm, (b) 20 mm, (c) 30 mm, (d) 40 mm, and (e) 50 mm using k1,t and k2,t 

developed herein. 
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CHAPTER 5: ULTIMATE LIMIT STATE RELIABILITY-BASED 

DESIGN OF AUGER CAST-IN-PLACE PILES CONSIDERING 

LOWER-BOUND CAPACITIES 
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5.1 ABSTRACT 

One potential reason for the under-utilization of auger cast-in-place (ACIP) piles is 

the current lack of reliability-based design (RBD) procedures.  Although a few recent 

studies have calibrated resistance factors for use with ACIP piles, they may be overly 

conservative due to way in which the resistance distributions are modeled.  

Acknowledging the fact that most design models are inherently conservative, many 

authors have reported considerable differences between observed rates of failure and 

probabilities of failure estimated using traditional reliability analyses.  In an effort to 

improve the accuracy of an existing design model and calibrate cost-effective 

resistance factors, this study developed a revised RBD methodology for estimating the 

shaft and toe bearing capacity of ACIP piles using a large database consisting of static 

loading tests in predominately granular soils.  In addition to being more accurate than 

the current recommended models, the proposed design models are unbiased and 

contain less variability.  Based on the reasonable assumption that a finite lower-bound 

resistance limit exists, lower-bound design lines were developed for shaft and toe 

resistance by applying a constant ratio to the proposed design models.  With the 

inclusion of lower-bound resistance limits, resistance factors are calibrated at the 

strength limit state (i.e. ultimate limit state) for ACIP piles loaded in compression and 

tension for two commonly used target probabilities of failure.  Because the lower-

bound resistance associated with total resistance contained some uncertainty, this 

study investigated the effect of different levels of uncertainty in the lower-bound limit 

on resistance factors.  In general, the low to moderate uncertainty in the selected 
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lower-bound limit (coefficient of variation, COV = 10 to 50 percent) will have little 

effect on resistance factors.  This point illustrates the robustness of applying lower-

bound limits to calibrate resistance factors even when they are inexact.  Expressions to 

calculate resistance factors for piles loaded in compression are formulated as a 

function of target reliability, dead to live load ratio, and pile length and the 

corresponding lower-bound resistance ratio.  Because the lower-bound ratios used 

herein were relatively small (0.33 to 0.42), the resistance factors calibrated with lower-

bound limits were only slightly larger (0.4 to 9.3 percent) than those calibrated with 

the conventional approach, which does not give any consideration to lower-bound 

resistance.  Due to a greater uncertainty in the proposed shaft resistance model, 

resistance factors calibrated for piles load in tension with lower-bound limits were 

significantly larger (28 to 54 percent) than those calibrated without lower-bound 

limits.  The potential increase of useable pile capacity by via lower-bound limits to 

calibrate resistance factors is significant, and can result in improved cost-

effectiveness.  This point is underscored by the fact that tensile loads are often the 

governing failure criteria.    

5.1.1 Subject Headings 

ACIP piles, Ultimate limit state, Reliability, Statistics, Resistance factors, Design, 

Lower-bound limits. 

5.2 INTRODUCTION 

It is well understood that most geotechnical design procedures are executed under 

significant uncertainty; however, the integration of reliability-based design (RBD) into 
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geotechnical engineering practice remains an ongoing process.  Subjective global 

factors of safety, defined as the ratio of resistance and load, have traditionally been 

used to account for variations in the predicted resistance and loads to provide 

satisfactory system performance over a given design life.  Yet, the actual margin of 

safety, defined as the difference between the resistance and load, can vary 

significantly for the same factor of safety due to differences in their respective 

uncertainties (Phoon 2002, Paikowsky et al. 2004).  In fact, a larger factor of safety 

does not necessarily imply smaller risk of failure (Duncan 2000; Kulhawy and Phoon 

2006).  Many of the problems associated with traditional deterministic design 

procedures can be resolved by identifying, mathematically characterizing, and treating 

the various sources of uncertainty; this general concept forms the basis for RBD.  

Fortunately, there is an increasing awareness among the geotechnical community 

regarding the evaluation and treatment of uncertainties associated with soil properties 

and design models.  Phoon (2005) discusses the importance of the latter with regard to 

RBD; however, to date, the former has received considerably more attention (Dithinde 

et al. 2011).   

Auger cast-in-place (ACIP) piles are becoming increasingly popular due to their 

flexibility, speed, and ease of installation (Neely 1991; McVay et al. 1994; O’Neill 

1994; Vipulanandan 2007).  The growing demand to manage risk in geotechnical 

engineering requires that many traditional deterministic design procedures for ACIP 

piles and other types of deep foundations be adapted for use in RBD.  However, many 

of the currently recommended design methods for ACIP piles are set in a deterministic 
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framework (e.g. allowable stress design or ASD).  Moreover, many of these methods 

have been modified from procedures developed specifically for drilled shafts (e.g. 

Brown et al. 2007) despite differences in their construction and behavior during 

loading.   

The construction techniques used to install bored piles influence load-transfer 

(O’Neill 1994, Prezzi and Basu 2005).  During the construction of ACIP piles, the 

sides of the bored excavation remains supported throughout the installation process by 

the soil-filled auger, thus eliminating the need for a slurry or temporary casing 

commonly used in construction of drilled shafts.  The reduction in the lateral effective 

stress typically incurred during bored pile construction should be smaller for ACIP 

piles; additionally, the grout forming the pile foundation is pumped into the drilled 

cavity and forced into the surrounding soil voids under pressure.  These construction 

procedures should theoretically result in larger unit shaft resistances than conventional 

drilled foundations (Stuedlein et al. 2012).  The reader is referred to Neely (1991) and 

Brown et al. (2007) for detailed descriptions of the construction procedures for ACIP 

piles.  Because ACIP piles are constructed differently than conventional drilled shafts, 

an ACIP pile-specific design methodology is necessary to accurately estimate pile 

capacity.  To date, relatively little attention has been given to ACIP piles, and most 

methodologies used to estimate capacity have been modified from driven 

displacement pile and drilled shaft design methods (e.g. Meyerhof 1976, O’Neill and 

Reese 1999, Brown et al. 2007).  Additional studies (e.g. van den Elzen 1979, O’Dell 

and Pool 1979, Park et al. 2012) have suggested techniques for the design of ACIP 
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piles based on correlations with insitu tests; however, most have been developed using 

a limited amount of static loading test data.  Recently, Stuedlein et al. (2012) 

formulated design equations for shaft and toe bearing resistance using loading tests on 

instrumented piles and the database of load tests on ACIP piles compiled by Neely 

(1991).  This study showed that the design methodologies for predicting shaft and toe 

bearing resistance recommended by Brown et al. (2007) for ACIP piles in granular 

soils was less accurate than that proposed and biased.   

Although the RBD methodology described by Stuedlein et al. (2012) provided a 

good step toward an ultimate limit state LRFD procedure developed specifically for 

ACIP piles, several critical factors controlling the factored resistance could be 

improved.  For example, the number of piles used to generate the shaft and toe bearing 

resistance model was relatively small, equal to 56 and 31, respectively.  Numerous 

proof loading tests and instrumented loading tests and have been reported or identified 

since then, allowing for a necessary re-assessment of the models.    Another factor 

controlling the calibration of resistance factors is the type of statistical distribution 

used to characterize the model uncertainty.  The resistance factors calibrated in 

Stuedlein et al. (2012) considered the entire distribution of pile capacity; however, 

Najjar and Gilbert (2009) presented evidence of a physical lower-bound pile capacity 

that when applied to reliability calibrations can have a considerable influence on the 

estimated reliability of pile foundations, resulting in an increase in the computed 

reliability and more in line with traditional experience. 
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In this paper, the database described in Stuedlein et al. (2012) is augmented with a 

large number of new static pile loading tests performed on ACIP piles installed in 

predominately granular soils in order to develop revised and unbiased design 

equations for unit shaft and toe bearing resistance.  These models are statistically 

characterized according to their accuracy, uncertainty, and distribution, and compared 

to existing design equations recommended for use with ACIP piles.  Resistance factors 

are calibrated for ACIP piles loaded in compression and tension using AASHTO load 

statistics and commonly prescribed probabilities of failure.  Physically meaningful 

lower-bound limits for the unit shaft and toe bearing resistance models are imposed on 

the resulting source distributions in order to improve the estimate of the calibrated 

resistance factors.  Comparisons are made between resistance factors calibrated with 

lower-bound limits and those using the conventional calibration approach.  Because 

some variability in the lower-bound capacity limits associated with the total pile 

resistance were noted, the effect of variability of the capacity limit on the resistance 

factor calibration was investigated.  In addition, this paper illustrates the benefits of 

incorporating physically meaningful lower-bound limits on capacity for ultimate limit 

state RBD of ACIP piles in granular soils. 

5.3 PILE LOAD TEST DATABASE 

In an effort to satisfactorily capture the variability in granular soil deposits, pile 

materials and geometry, and typical fabrication and construction procedures, a 

database of full-scale pile loading tests was compiled and may represent the largest 

database of its kind.  The database consisted of 112 static loading tests performed on 
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ACIP piles installed in predominately granular soils (Table 5.1) was developed from  

51 loading tests compiled by Neely (1991), 25 compiled by McCarthy (2008), 12 

contributed by members of the Deep Foundations Institute (DFI) ACIP Pile 

Committee (Personal Communication 2013), ten presented in local ASCE Chapter 

meetings and described by Stuedlein et al. (2012), ten compiled by Park et al. (2010), 

three from load tests conducted by Mandolini et al. (2002), and one from O’Neill et al. 

(1999).  Although the loading procedures varied based on regional practice, the 

majority of load tests were performed in accordance with American Society for 

Testing and Materials (ASTM) D1143.  The diameter, B, and embedment depth, D, 

ranged from 300 to 800 mm and 4.5 to 29 m, respectively.  None of the piles from 

Neely (1991) or McCarthy (2008) were instrumented, whereas all the piles in Park et 

al. (2010), Mandolini (2002), and O’Neill et al. (1999), and seven of the piles from 

DFI and four of the piles from Stuedlein et al. (2012) were instrumented with strain 

gauges.  Some of the piles were loaded in two or more cycles; in these cases, an 

equivalent monotonically increasing load-displacement curve was analyzed for 

capacity, as described below.   

Sources of subsurface information included boring logs, standard penetration test 

(SPT) blow counts, NSPT, and cone penetrometer test (CPT) records.  These data were 

used to estimate the density of the relevant soil units, and, along with ground water 

table information, the vertical effective stresses.  The piles were installed in deposits 

of loose to very dense sands, silty sand, sandy silt, clayey sand, and gravelly sand.  

The observed load transfer for instrumented piles that were embedded in soil layers 
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that included clay and peat were not included herein for the purpose of developing a 

model for estimating shaft resistance.  Piles that were installed to bear on weakly 

cemented limestone or partially cemented silts were excluded in the development of 

the unit toe bearing resistance model.  Therefore, the application of the design 

procedures described in the subsequent sections of this paper are limited to 

cohesionless soils. 

5.4 DEVELOPMENT OF THE ULTIMATE PILE RESISTANCE 

There are numerous methods for interpreting the capacity of a pile from the load-

displacement curves resulting from static loading tests.  In this study, the stability plot 

method (Chin and Vail 1973), which assumes the load-displacement relationship 

follows a hyperbolic curve, was used to calculate the measured ultimate total 

resistance except for those instrumented tests presented in Stuedlein et al. (2012): 

Q
m C






 
                                                    (5.1) 

where Q = the load applied to the pile head, δ = the pile head displacement, m = the 

coefficient describing the slope of the δ/Q-δ curve, and C = the intercept of the δ/Q-δ 

curve.  The measured ultimate total resistance, RT,m, was determined by calculating Q 

when δ = 10 percent of the pile diameter; extrapolation of the load-displacement curve 

was necessary for piles that did not undergo sufficiently large displacements. 

The measured ultimate shaft resistance, Rs,m, equal to the inverse of the initial 

slope of the δ/Q – δ curve, was determined using the stability plot method since toe 

resistance is often negligible at small displacements (Chin and Vail 1973; Hirany and 
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Kulhawy 1988).  The measured ultimate toe resistance, Rt,m, was assumed to be equal 

to the difference between RT,m and Rs,m at δ/B = 10 percent.  The reader is referred to 

Chin and Vail (1973) or Neely (1991) for a more detailed discussion of the stability 

plot method.  The ultimate total resistance for the six non-instrumented piles presented 

in Stuedlein et al. (2012) was calculated by Gurtowski (1997) as the point of 

maximum curvature between displacements of 10 to 25 millimeters; the ultimate shaft 

resistance for these piles was determined by fitting the observed and extrapolated 

load-displacement curves with load-transfer functions consisting of t-z curves and q-z 

curves developed in Kraft et al. (1981) and Vijayvergiya (1977), respectively.  The 

ultimate total resistance (i.e., the sum of toe and shaft resistance) of the four 

instrumented piles discussed in Stuedlein et al. (2012) was determined from the 

observed load-transfer curves after correcting for residual load effects and stress-

dependent concrete modulus, and agreed with those capacities determined using the 

stability plot method. 

5.5 REVISED DESIGN EQUATIONS 

5.5.1 Ultimate Shaft Resistance for Auger Cast-in-Place Piles 

Effective stress governs shearing resistance along the shaft of a pile, hence, the 

dimensionless βs-coefficient, equal to the unit shaft resistance, rs, normalized by 

vertical effective stress, σ’v, is frequently used for the estimation of shaft resistance of 

drilled foundations.  Although the βs-coefficient may be expressed as βs = K tan(δs), 

where K = the lateral effective stress coefficient and δs = the interface friction angle 

(Kulhawy 2004), the βs-coefficient is typically correlated with depth, and occasionally 
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a proxy for relative density, owing to the difficulties associated with evaluating post-

installation values of K and δs.  For example, Brown et al. (2007) recommended the 

Federal Highway Administration (FHWA) approach (O’Neill and Reese 1999) which 

correlates depth and NSPT to determine the βs-coefficient for ACIP piles.  This 

methodology assumes that the construction process for ACIP piles is similar to that of 

drilled shafts.  In reality, the stress changes that take place in the surrounding soil 

during installation and the concrete grout delivery method are different for drilled 

shafts and ACIP piles and should lead to differences in load transfer, as described 

earlier.  Due to the differences in construction between ACIP piles and other drilled 

foundations, the use of a pile-specific design methodology is preferred.  

Based on a limited number of βs-coefficients (n = 65) back-calculated from 

instrumented and non-instrumented load tests, Stuedlein et al. (2012) provided an 

initial ACIP pile-specific RBD model for predicting shaft resistance, where the βs-

coefficient is estimated as a function of pile length.  A revised model, based on 141 

back-calculated βs-coefficients from the 93 piles in the new ACIP pile load test 

database, as shown in Table 5.1, is proposed herein.  βs-coefficients were back-

calculated from instrumented piles using unit shaft resistances measured from load-

transfer curves and the average effective stress for the granular layers only.  For non-

instrumented piles in predominately granular soils, βs-coefficients were obtained using 

the average unit shaft resistance calculated from the stability plot method and pile 

geometry, and the average vertical effective stress along the length of the pile.  Certain 

near surface βs-coefficients (i.e. depths less than two meters) were excluded because 
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they were conspicuously large.  In this study, back-calculated βs-coefficients less than 

0.19 were rejected based on the consideration of a realistic minimum friction angle for 

loose sand, ϕ’ = 26 degrees, possible poor construction techniques that could result in 

a lower-bound coefficient of active earth pressure, Ka = tan
2
(45 - ϕ’/2), and the 

assumption of δs/ϕ’ = 1 for rough concrete piles (Kulhawy 1991).  Some non-

instrumented piles obtained from McCarthy (2008) exhibited poor load-displacement 

responses; a reliable estimate of shaft resistance could not be made using the stability 

plot method, and therefore these cases were excluded from the database.  The resulting 

function for the βs-coefficient with depth, z, (Figure 5.1) was fit using ordinary least 

squares regression, and is given by: 

                                    2.25s                          for z < 2.80 m                     
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        for z > 2.80 m                           (5.2) 

The proposed model is characterized with a mean bias,  (the mean ratio of 

measured to predicted βs-coefficient), equal to 0.99, and a coefficient of variation, 

COV, defined as the ratio of the standard deviation and the mean bias, equal to 48.1 

percent, slightly larger than that reported by Stuedlein et al. (2012) due to the addition 

of data from a broader dataset.  For comparison purposes, the FHWA method 

recommended by Brown et al. (2007) for ACIP piles and NSPT > 15 blows per foot is 

illustrated in Figure 5.1.  Evaluation of the FHWA model using the database compiled 

herein, and using measured NSPT yielded 1.01 with a COV = 59.0 percent.  It is 

noted that Eqn. (5.2) is similar to that proposed by Coleman and Arcement (2002) for 
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ACIP piles installed in mixed sandy soils in the upper 12 meters.  Coleman and 

Arcement (2002) attempted to differentiate those βs-coefficients in predominately 

sandy soils versus predominately silty or clayey soils, but the resulting βs-coefficients 

still represent the confluence of mixed soil conditions.  Nonetheless, the similarity is 

interesting, and is perhaps explained by the dramatically larger shearing resistance 

provided by the portion of the pile in sandy soils.  Because the majority of the piles 

used in the current dataset are installed in purely granular deposits, the use of Eqn. 

(5.2) is the preferred approach to estimate the shaft resistance of ACIP piles 

constructed in granular soils. 

An appropriate design model will provide a consistent level of accuracy over the 

entire range of resistances considered.  That is, the sample bias values (i.e., the 

individual ratios of measured to predicted βs-coefficients) must be independent of the 

magnitude of the nominal resistance (Bathurst et al. 2008, Stuedlein et al. 2012).  

Using the smaller database, Stuedlein et al. (2012) found that the FHWA model was 

unbiased at a significance level, , equal to 0.05.  However, using the new database, it 

was determined that the FHWA model does depend on the magnitude of nominal 

(predicted) βs-coefficient.  The Spearman rank correlation test for the FHWA model 

yielded a correlation coefficient, ρs = 0.43 and a corresponding two-tail p-value = 

1.1E-7, indicating convincing evidence for correlation at  = 0.05.  Based on a ρs = -

0.10 and a two-tail p-value = 0.25, the accuracy of the proposed unit shaft resistance 

model (Eqn. 5.2) was independent of the magnitude of predicted unit shaft resistance 

and therefore unbiased.  Similar to the original model by Stuedlein et al. (2012), the 
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proposed model is assumed to be valid for estimating shaft resistance of ACIP piles 

loaded in compression and tension herein based on based on Neely (1991) in which no 

discernible difference between βs-coefficients from tensile and compressive load tests 

was noted. 

5.5.2 Ultimate Toe Bearing Resistance for Auger Cast-in-Place Piles 

Several methods have been proposed to estimate the ultimate toe bearing 

resistance, Rt, of drilled foundations based on correlations with the SPT (e.g. 

Meyerhof 1976; Wright and Reese 1979; Brown et al. 2007; Stuedlein et al. 2012) and 

the CPT (e.g. Douglas 1983; Park et al. 2010).  Brown et al. (2007) suggested that 

one-half of the magnitude for the Meyerhof (1976) SPT-based unit toe bearing 

resistance model for driven piles would be appropriate for the design of ACIP piles.  

However, the loading test data reported by Neely (1991) suggested that the ultimate 

unit toe bearing resistance, rt, of ACIP piles was consistently larger than that for 

drilled shafts over a wide range in NSPT.  The tendency for larger toe bearing resistance 

in ACIP piles was confirmed by instrumented loading test data provided by Stuedlein 

et al. (2012).   

The relative displacements, δ/B, for the piles used to develop the proposed model 

ranged from 2.1 to 12.2 percent (Figure 5.2), and were deemed appropriate for 

satisfying typical ULS requirements despite the relatively low toe displacements 

observed for some of the pile case histories.  In general, unit toe bearing resistance 

should be larger for piles installed in denser soils, and it should steadily increase as the 

pile is displaced further into the ground during loading.  However, the plateau 
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observed in Figure 5.2 may be due to unloading and/or loosening of the soil at the base 

of the cavity during augering (Neely 1991, Stuedlein et al. 2012).  In other words, the 

NSPT observed prior to pile installation may not be representative of the post-

installation conditions directly beneath the pile toe.  Further research into the 

phenomenological response of the soil to augering is encouraged. 

Stuedlein et al. (2012) proposed an SPT-based unit toe bearing resistance model 

based on 31 piles.  A revision of this model is proposed using the original dataset and 

11 new loading tests on ACIP piles.  Forty-two pile loading tests, including those 

compiled by Neely (1991), Park et al. (2010), Stuedlein et al. (2012), and the DFI 

(2013), are shown in Table 5.1 and provide the basis for the revised model described 

herein.  Unit toe bearing resistance values for 21 non-instrumented piles were obtained 

directly from Neely (1991).  Unit toe bearing resistances for ten instrumented piles 

were obtained directly from Stuedlein et al. (2012); the toe load transfer-displacement 

data reported by Park et al. (2011) and DFI (2013) provided ten and one additional 

data points, respectively.   

Ultimate unit toe bearing resistance was obtained by dividing Rt,m by the nominal 

pile diameter.  Previously developed models (e.g. O’Neill and Reese 1999; Brown et 

al. 2007; Stuedlein et al. 2012) for unit toe bearing resistance assumed rt to vary with 

NSPT corrected for energy, N60, where 60 percent of the SPT hammer energy was 

assumed to be delivered to the split-spoon sampler.  In an effort to reduce the 

uncertainty associated with the proposed rt model, the energy and overburden stress-

corrected blow count, N1,60, was computed for each pile and used to generate the 



241 

 

revised ultimate unit toe bearing resistance model, selected based on trial and error 

such that no bias dependence was incurred:  

1,600.22 4.84tr N    MPa                                          (5.3) 

where N1,60 is averaged 1B above and 2B below the pile toe.  Figure 5.2 shows the 

proposed design model along with the rt model proposed by Brown et al. (2007) for 

comparison (n.b., this model uses N60).  In consideration of the new toe resistance 

data, the upper limit is slightly smaller than that suggested by Stuedlein et al. (2012) 

and the initial rate of rt with N1,60 increased, due in part to the new toe bearing data as 

well as the use of N1,60 instead of N60.  The proposed model is statistically 

characterized with ,rt
 = 1.01 and COVrt

 = 27.8 percent, and is unbiased as 

determined using the Spearman rank correlation test (ρs = -0.08; p-value = 0.62).  On 

the other hand, the FHWA method was found to be inaccurate with ,rt
 = 2.43, more 

uncertain with COVrt
 = 43.6 percent, and consistent with Stuedlein et al. (2012), 

significantly biased with respect to nominal resistance (ρs = -0.70; p-value = 2.8E-7).  

Therefore, the RBD procedure discussed below makes use of the revised ACIP pile-

specific rt model. 

5.6 RESISTANCE FACTOR CALIBRATION 

The adoption of LRFD in AASHTO design specifications (2007, 2012) and the 

recently imposed reliability-based design requirements by the FHWA (2007) have led 

numerous researchers to develop resistance factors for foundations including drilled 

shafts (e.g., Phoon et al. 2003; Basu and Salgado 2012, Ching et al. 2013) and driven 
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piles (Paikowsky et al. 2004; Allen 2005, 2007; Reddy and Stuedlein 2013) among 

others.  This study followed the basic procedure outlined in Allen et al. (2005) and 

modified by Stuedlein et al. (2012) for multiple loading scenarios where a Monte 

Carlo simulation (MCS) approach is used to calibrate resistance factors at the ULS 

(i.e. the Strength Limit State) for ACIP piles loaded in compression and tension using 

AASHTO load statistics and the proposed revised unit toe and shaft resistance models.  

Physically meaningful lower-bound unit toe and shaft resistances are proposed and 

incorporated into resistance factor calibration efforts.   

The advantage of LRFD is that the uncertainties associated with applied loads and 

resistances are treated independently.  The basic goal for the calibration of the partial 

factors for use with LRFD is to develop load and resistance factors that, when 

multiplied by nominal values of load and resistance, return a probability of exceeding 

a specific limit state (e.g. ULS) equal to the target probability of failure.  In order to 

accelerate the adoption of geotechnical design codes, resistance factors are typically 

calibrated using load statistics and factors obtained directly from existing structural 

design codes (e.g. AASHTO 2007).  In accordance with AASHTO, the basic limit 

state function is expressed in terms of the margin of safety, g: 

0
1

,,,,  


k

j

jinjQinRi QRg                                        (5.4) 

where, gi is the distribution of the margin of safety, Qn,i,j and Rn,i are the nominal loads 

and resistance, and γQ,j and R are the load and resistance factors, respectively.   
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For LRFD calibration purposes, the statistics (i.e. mean, COV, type of distribution) 

associated with the random variables in Eqn. (5.4) can be characterized in terms of the 

bias (Allen et al. 2005, Bathurst et al. 2008).  By incorporating bias distributions into 

calibration efforts, the uncertainty associated with each random variable in Eqn. (5.4) 

is explicitly incorporated into the resistance factors.  Model bias, λR, defined as the 

ratio of observed resistance and the resistance predicted using the proposed revised 

design models, accounts for the variation present in the model input parameters (e.g. 

σ’v, N1,60), the uncertainty associated with the selection of failure criterion and 

prediction model, the random and spatial variation of the soil and pile properties, 

variations in local construction practices, the quality of the data, and the degree of 

consistency used to interpret the available data when obtained from multiple sources 

(Allen et al. 2005, Stuedlein et al. 2012).  The limit state equation may be expressed in 

terms of the load and resistance biases as: 

, , 0
avg

i R i Q i

R

g


 


                                               (5.5) 

where γavg is an weighted load factor for multiple load sources, and λQ is the bias 

associated with the applied load.  In the case of multiple load sources, as is common 

for bridges and other superstructures, λQ, can be expressed as:  

, ,

1

Q D Q L

Q

  




 



                                                 (5.6) 

where λQ,D, and λQ,L are the bias in dead and live loads, respectively, and η is the ratio 

of dead to live load, which ranges from 2 to 5 for most highway bridges (Allen 2005).  
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In the case of multiple loads, weighted load factor, γavg, can be used (Stuedlein et al. 

2012): 

, , , ,
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                                         (5.7) 

where γQ,D and γQ,L equal the dead and live load factors.  Because this study focused on 

calibrating resistance factors for the AASHTO Strength Limit I state, load statistics 

were obtained directly from AASHTO (2007) and therefore λQ,D = 1.05, λQ,L = 1.15, 

γQ,D = 1.25, and γQ,L = 1.75; live and dead loads were both assumed to be normally 

distributed in accordance with Nowak (1999).  The variability associated with dead 

and live load, COVQ,D and COVQ,L, was assumed to be 10 and 20 percent, respectively, 

in accordance with AASHTO (2007). 

The probability of exceeding the limit state (i.e. failure) is computed as the portion 

of the distribution of the margin of safety where g < 0.  Assuming the margin of safety 

is normally distributed, the inverse standard normal function, Φ
-1

, is used to map the 

probability of failure, pf, to the reliability index, β: 

   1 1 fp                                                      (5.8) 

defined as the number of standard deviations between the mean margin of safety and 

zero.  Resistance factors are frequently calibrated using a target or “acceptable” 

probability of failure, which is selected based on the degree of redundancy present in a 

foundation system (Stuedlein et al. 2012).  In this study, resistance factors were 

calibrated using target reliability indices equal to 2.33 (pf = 1.0 percent) and 3.09 (pf = 
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0.1 percent) based on recommendations by Paikowsky et al. (2004) for redundant and 

non-redundant piles, respectively. 

5.6.1 Determination of Bias Distributions 

Ideally, resistance factors would be calibrated using a set of statistical parameters 

derived from a large dataset consisting of capacities measured from identical ACIP 

piles and soil conditions.  Because the database used in this study contained multiple 

unique case histories from many different locations, the bias, defined as the ratio of 

measured to predicted resistance, was used to relate the various pile geometries and 

soil conditions (Bathurst et al. 2008).   

In this study, resistance factors are calibrated for ACIP piles loaded axially in 

tension and compression; therefore, separate distributions for shaft and total resistance 

bias, λs and λT, need to be considered.  In order to satisfactorily represent the resistance 

distributions and displacements associated with the ULS, pile cases with relative 

displacements measured at the pile head less than 5 percent were rejected.  Case 

histories that did not contain enough subsurface information to calculate ultimate shaft 

and toe bearing resistance using the proposed design models, Rs and Rt, were 

excluded.  In order to generate the total resistance bias distribution, the measured total 

resistance was divided by the sum of the ultimate shaft and toe bearing resistance 

predicted using Eqn. (5.2) and (5.3) for each pile.  Overall, 44 pile case histories 

satisfied all of these criteria and were compiled in Table 5.1 to develop the bias 

statistics used to calibrate resistance factors for piles loaded in tension and 
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compression.  Stuedlein and Reddy (2013) showed that ACIP pile databases with at 

least forty observations are sufficient to adequately estimate a given reliability index.  

The mean shaft resistance bias, λμ,s, and the associated variability, COVs, were 

equal to 0.92 and 45.8 percent, respectively; the mean total resistance bias, λμ,T, and 

the associated variability, COVT, were equal to 1.07 and 26.6 percent, respectively.  In 

order to produce unbiased resistance factors, the resistance bias and associated 

nominal resistance must be independent.  Based on the Spearman rank test for 

correlation, λs was independent of the nominal Rs (p-value = 0.05); however, λT was 

found to dependent on RT (p-value = 0.04) based on a 5 percent significance level.  

Further inspection revealed that the potential dependence between λT and RT was 

caused by a single very short pile (D = 5.6 m) in which the capacity was severely 

under-predicted by the proposed design equations (λs = 1.72 and λT = 1.99).  Very 

short ACIP piles are rarely, if ever, constructed in practice; moreover, biases greater 

than unity are not critical to reliability analyses since the lower tail of resistance 

distributions control reliability and the target probabilities of failure in geotechnical 

engineering are typically small.  Neglecting this case history, λs and Rs, and λT and RT 

were found to be unbiased with p-values of 0.11 and 0.07, respectively.  The bias 

distributions for shaft and total resistance remained largely unchanged after excluding 

this case history. 

Although the MCS approach described above is not limited to a specific 

distribution type (e.g. normal, lognormal) for any random variable in limit state 

equation, there is rarely enough empirical data to adequately describe the extreme tails 
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of a distribution, which are critical when considering the very low probabilities failure 

prescribed in most geotechnical engineering designs.  Thus, it is often necessary to fit 

each random variable in the limit state equation with a continuous probability 

distribution that best-describes the empirically derived data.  The goodness-of-fit of 

the sample biases (i.e. λs and λT) to several different cumulative distribution functions 

was evaluated using the Anderson-Darling test (Anderson and Darling 1952) in order 

to determine the distribution that best describes each sample bias population.  

Although the Anderson-Darling test provided no convincing evidence to reject the 

normal, Cauchy, logistic, gamma, lognormal, and Weibull distributions for the sample 

distributions of λs and λT, the lognormal distribution was selected because it is 

restricted to positive real values and appeared to fit the data better. 

Fitted normal and lognormal distributions are plotted with the cumulative 

distribution function (CDF) of the sample resistance biases, λs and λT in Figure 5.3.  

Although the lognormal distribution appears to best describe the resistance bias 

distributions, the fit in the left tail of the distributions could be improved.  New 

lognormal distributions were fit to the left tails of λs and λT, by providing additional 

weight to the residual squared errors associated with the smallest biases during 

regression analysis.  A linear weighting scheme was used in which the smallest sample 

bias value was given a weight of one and the largest observed bias value weight of 

zero.  The fit-to-tail lognormal distributions for shaft and total resistance bias, and the 

corresponding second-moment statistics used to calibrate resistance factors for piles 

loaded in tension and compression, are shown in Figure 5.3a and b, respectively.  
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Table 5.2 summarizes the statistics for the distributions of λs and λT before and after 

fit-to-tail efforts.  Owing to a relatively good initial fit, the statistics for the fit-to-tail 

lognormal distributions are similar to the original lognormal distributions.  Slight 

increases in the COVs of the fit-to-tail distributions were necessary to provide a good 

fit between the empirical and theoretical distributions in the left tail, which is the most 

critical portion for reliability analyses. 

5.6.2 Incorporation of a Lower-bound Capacity for Reliability 

Calibrations  

In order to develop an accurate and effective RBD procedure, it is necessary to 

make a realistic assessment of the amount of risk or probability of failure.  However, 

many in the profession have resisted attempts to use LRFD-based codes due to 

differences between their well-earned experience and design estimates resulting from 

initial calibration efforts.  Such doubt is not uncommon; Simpson et al. (1981) 

questioned the ability of traditional reliability assessment methods to accurately 

determine risk.  Horsnell and Toolan (1996), Aggarwal et al. (1996), and Bea et al. 

(1999) investigated the reliability of piles installed in offshore environments, and 

found that the calculated probabilities of failure were frequently and considerably 

greater than the actual rates of failure.   

Although many design models are inherently conservative, the difference between 

the estimated and observed rates of failure may also be due to the way in which the 

tails of the load and resistance distributions are modeled (Najjar and Gilbert 2009). 
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Najjar and Gilbert (2009) observed that a resistance distribution truncated by a lower-

bound capacity can cause a significant increase in the estimated reliability of a system.  

This effect was shown to be more pronounced if the uncertainty in the resistance 

distribution (i.e. COV) is large (Najjar 2005).    Najjar (2005) illustrated the effect of a 

lower-bound capacity on estimated reliability using driven steel pipe piles installed in 

plastic fine-grained and cohesionless soils by considering the residual shear strength, 

which can be approximated using the undrained remolded shear strength or the 

drained residual interface friction angle.  Although remolded shear strengths for 

normally to slightly over-consolidated clays can be easily determined using 

unconfined compression tests, the remolded strengths of very sensitive or heavily 

over-consolidated clays can be difficult to estimate in the laboratory.  Considering 

instrumented piles installed in over-consolidated clays and one case study presented 

by Bond and Jardine (1995), Najjar (2005) concluded that lower-bound horizontal 

effective stresses after pile installation, but prior to load testing, correspond to at-rest 

conditions.  Considering research by Bond et al. (1993), Najjar (2005) applied a 20 

percent reduction to the at-rest stress condition to obtain the lower-bound horizontal 

effective stress at failure.  Najjar (2005) used a correlation with plasticity index to 

estimate the residual friction angle and computed the lower-bound shaft resistance 

using the effective stress approach described in Section 4.3.  Using this approach and 

34 piles installed in clays, Najjar (2005) found that the ratio of lower-bound capacity 

to predicted capacity, κ, ranged from 0.35 to 0.90 with an average of 0.55.  Najjar 

(2005) also used at-rest conditions to estimate a lower-bound horizontal effective 
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stress for piles installed in sands, and, in conjunction with the interface friction angles 

and toe bearing capacity factors obtained from API (API 1993) produced the lower 

bound capacity ratio, κ, that ranged from 0.20 to 0.75 with an average of 0.50.  

In order to provide as physically meaningful and cost-effective resistance factors 

as possible, lower-bound capacity limits were determined for the proposed unit shaft 

and toe resistance models and incorporated into the resistance factor calibration.  The 

lower-bound limit associated with the βs-coefficient  shown in Figure 5.1 was selected 

as the lower-bound capacity limit and is equivalent to applying a constant value of κ 

= 0.33 to the proposed design line.  Although a more complex function could have 

been used to better encapsulate the observed data in the upper three meters, this 

approach would result in a non-constant κ, and introduce unnecessary complexity into 

the resistance factor calibrations.  Owing to the typical depth of ACIP pile installation, 

the selection of the lower limit in this region is not critical to reliability-based 

analyses.  Similarly, a lower-bound limit for unit toe bearing resistance was obtained 

by applying a κt = 0.53 to the proposed design model (Eqn. 5.3, Fig. 5.2).  Although 

one observation lies below the selected lower-bound limit, the vast majority of the 

observed rt lay well above the lower bound line which effectively serves as an 

approximate 97.5 percent confidence interval in unit toe resistance.   

Owing to differences in the relative contribution of shaft and toe bearing resistance 

between each pile case history, the κ associated with total resistance, κT, included 

some variability.  For the database considered, the mean κT, equaled 0.40 and was 
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associated with a COV
 = 5 percent.  Although a deterministic κ would be ideal, the 

uncertainty present in κT does not pose any significant complications regarding the 

calibration of resistance factors.  Using a median κ = 0.40, Najjar and Gilbert (2009) 

showed that the probability of failure was not sensitive to variability in the lower 

bound capacity in the range of COVκ of 0 to 30 percent.  This finding was confirmed 

by assessing calibrated resistance factors using various levels of uncertainty in κ as 

described subsequently.  Therefore, the variability associated with  was neglected 

when calibrating the resistance factors herein. Because λμ,s and λμ,T are not equal to 

one, the actual lower bounds applied to the simulated shaft and total bias distributions 

could not be set equal to κβ and κT, respectively.  Instead, the lower-bound limits for 

shaft and total resistance bias that were used to calibrate resistance factors are equal to 

product of κβ and the fit-to-tail λμ,s, and κT and the fit-to-tail λμ,T, respectively.      

5.6.3 Effect of Uncertainty in Lower-Bound Capacity on Resistance 

Factors 

As discussed above, the lower-bound ratio associated with total resistance, κT, 

included some uncertainty (COVκT
 = 5 percent).  Although the uncertainty in κT is 

small, it was considered worthwhile to investigate the effect of an uncertain κT on R.  

Resistance factors were calculated for COVκT
 ranging from 0 to 50 percent (Figure 

5.4) using the lognormal fit-to-tail statistics for ultimate total resistance (λμ,T = 1.08,  

COVT = 28.9 percent) shown in Table 5.2, AAHSTO-recommended load statistics, a 

target β = 2.33, η = 3, and a mean κT = 0.40.  The distribution of κT was assumed to 
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follow a normal distribution.  In general, the uncertainty in κ had minimal effect on R, 

which ranged from 0.676 to 0.696 for COVκT
 in the range of 0 to 50 percent.  In 

general, an increase in COVκT
 causes a small increase in R for a mean κT = 0.40.  

Because R is relatively unaffected by the presence of a lower-bound limit when κT < 

0.40 (Najjar and Gilbert 2009), smaller values in the uncertain lower-bound limit will 

have minimal effect on R.  On the other hand, κT > 0.40 will cause an increase in R 

since the effect of increasing κT on R is more pronounced when κT > 0.40 as shown by 

Najjar and Gilbert (2009).  Owing to the relatively low observed COVκT
 for the total 

pile resistance, equal to 5 percent, all resistance factors herein were calibrated using a 

deterministic lower-bound limit. 

5.6.4 Correlation between Lower-Bound Ratio and Embedment Depth 

Owing to a larger surface area between the pile and soil, longer ACIP piles are 

typically associated with larger shaft resistances.  Consequently, κT was found to 

correlate with pile embedment length, D (Figure 5.5).  Since κT is calculated as a 

weighted average between κs (0.33) and κt (0.53), the κ associated with shaft resistance 

(κβ) will dominate for longer piles and result in a negative correlation with D.  

Because the correlation followed a specific direction, a one-sided Spearman rank 

correlation test on the pairs of (D, ) was conducted and yielded ρs = 0.68 and p-

value = 1.56E-7, convincing evidence that κT depended on D.     

In order to calibrate unbiased resistance factors for piles loaded in compression, 

the dependence between κT and D must be treated.  Since embedment depth is not 
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directly incorporated into the limit state equation (Eqn. 5.5), resistance factors 

associated with piles loaded in compression were calibrated using average κT values 

for characteristic pile lengths.  So as to minimize the complexity of the analysis herein 

and increase the usefulness of this study, the number of depth bins needed to eliminate 

the dependence between κT and D was minimized.  Based on a series of Spearman 

rank correlation tests applied to bins of different sizes, a minimum of three depth 

ranges (D1 = 5.6 to 12.9 m, D2 = 13.0 to 19.9 m, and D3 = 20.0 to 29.0 m) were 

needed.  The average κT for D1 was equal to 0.42.  Because the average κT for D2 and 

D3 was nearly identical (0.39 and 0.38), a difference that caused no significant impact 

on R, D2 and D3 were combined.  Therefore, separate resistance factors are calibrated 

for piles loaded in compression with D < 12.9 m (κT = 0.42), and D >13.0 m (κT = 

0.39). 

5.6.5 Resistance factors for Compressive Loading 

Resistance factors for ACIP piles loaded in compression were calibrated using the 

fit-to-tail ultimate total resistance bias statistics (Table 5.2) and the depth-dependent 

deterministic lower-bound resistance ratios described in the preceding section.  In 

order to adequately capture pf, the number of independent realizations for each 

component in the limit state equation was set equal to 100,000.  Each realization was 

associated with two independent simulations for live and dead loads, which modeled 

using the Q given by Eqn. (5.6).  Figure 5.6 shows the variation of ϕR with η for β = 

2.33 and 3.09 for characteristic pile lengths less than 13.0 m (κT = 0.42) and greater 

than 13.0 m (κT = 0.39), respectively.  Owing to small differences in κT, the resistance 
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factors for the two ranges in pile lengths are relatively similar, where the effect of the 

lower-bound ratio on ϕR is more significant for larger target reliability indices (smaller 

target pf).  In order to illustrate the benefit of applying a lower-bound limit, resistance 

factors were calibrated without lower-bound limits and are shown in Figure 5.6.  

Overall, the increase in ϕR from applying the lower-bound limits ranged from 0.4 to 

9.3 percent, depending on target level of reliability and dead to live load ratio.  

Although modest, the increase of the amount of useable pile capacity by selecting 

resistance factors calibrated with lower-bound limits can result in considerable cost-

savings.  Owing to the larger uncertainty in the total resistance bias distribution (COVT 

= 28.9 percent) compared to the variability in load biases (COVQ,D and COVQ,L, = 10 

and 20, respectively), ϕR is relatively insensitive to η.  Table 5.3 presents the power 

law parameters (ψp, αp) for the curves shown in Figure 5.6, which allow resistance 

factors to be calculated for η ranging from 1 to 10.   

5.6.6 Resistance factors for Uplift Loading 

ULS resistance factors were calibrated for ACIP piles loaded in tension using the 

lognormal fit-to-tail shaft resistance bias distribution statistics and lower-bound limits 

for shaft resistance (κs = 0.33), AASHTO live load statistics, and target reliability 

indices of 2.33 and 3.09.  This approach assumes that all tensile loads are from live 

sources, and ignores the extra “resistance” from gravity loads, including self-weight; 

consequently, the calibrated resistance factors may be considered slightly 

conservative.  The limit state function (Eqn. 5.5) was used to calibrate the resistance 

factors, however Eqns. (6) and (7) were assessed with η = 0.  Resistance factors for 
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ACIP piles loaded in tension for target β equal to 2.33 and 3.09 were 0.46 and 0.37, 

respectively.  Resistance factors calibrated for piles subjected to compressive loading 

were larger than for tensile loading, where the difference is primarily attributed to the 

larger variability associated with the shaft resistance model (COVs = 55.3 percent) 

compared to that observed for the total resistance (COVT = 28.9 percent); although the 

minor differences in the mean resistance biases also contributed to different ϕR.  For 

comparison, resistance factors were also calibrated without lower-bound limits for 

target reliability indices of 2.33 and 3.09 and were equal to 0.36 and 0.24, 

respectively.  The inclusion of lower-bound limits in this case results in a 28 and 54 

percent increase in ϕR for β = 2.33 and 3.09, respectively, and represents a 

considerable economic improvement by increasing the amount of useable pile 

capacity.  Compared to resistance factors calibrated for compressive loads, the percent 

increase from applying lower-bound limits to calibrate resistance factors for piles 

loaded tension is noticeably larger; this effect is primarily due to larger uncertainty in 

the shaft resistance model, and is consistent with the findings in Najjar and Gilbert 

(2009). 

5.7 SUMMARY AND CONCLUSIONS 

Revised design equations for estimating shaft and toe bearing resistance at the 

ultimate limit state (ULS) were proposed using a large database consisting of static 

loading tests performed on ACIP piles installed in predominately granular soils.  The 

proposed ultimate shaft resistance model was developed using an effective stress 

approach, where the βs-coefficient varies as a function of depth; the proposed unit toe 
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bearing resistance model varies as a function of SPT N1,60.  Unlike previous models for 

ultimate unit shaft and toe bearing resistance, the proposed methodologies are 

unbiased such that the accuracy of the proposed models does not depend on the 

magnitude of predicted resistance.   

Lower-bound limits for ultimate shaft and toe bearing resistance were developed 

using deterministic lower-bound resistance ratios, defined as the ratio of lower-bound 

capacity to predicted capacity.  The lower-bound ratio associated with total resistance 

was evaluated using the sum of the predicted lower-bound shaft and toe resistances 

and the measured total resistance.  Since the relative contributions from predicted shaft 

and toe resistance varied between piles in the database, the lower-bound ratio 

associated with total resistance contained a small amount of uncertainty (COV = 5 

percent).  Further investigation showed that resistance factors calibrated with lower-

bound limits were relatively insensitive to the uncertainty present in the lower-bound 

ratio provided the uncertainty was small.  Therefore, calibration efforts were 

performed using depth-dependent deterministic lower-bound resistance ratios. 

Resistance factors were calibrated at the ULS using the proposed revised models 

and their lower-bound limits, AASHTO load statistics, and two commonly used target 

reliability indices for piles loaded in compression and tension.  In order to incorporate 

model uncertainty and the uncertainty associated with dead and live loads into 

resistance factor calibration efforts, the limit state function was formulated in terms of 

bias, which is defined as the ratio of measured to predicted resistance or capacity.  

Resistance factors associated with compressive loads were expressed as a function of 
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the dead to live load ratio, pile length, lower-bound capacity ratio, and reliability 

index.  Resistance factors were also calibrated for piles loaded in tension.   

Because the uncertainty in the total resistance distribution (COVT = 28.9 percent) 

and the lower-bound resistance ratios were relatively small (0.39 to 0.42), the percent 

increase in resistance factors for pile subjected to compressive loads was relatively 

small (0.4 to 9.3 percent) depending on the selected dead to live load ratio and target 

reliability index.  Although the selected lower-bound ratio was smaller (0.33), the 

percent increase from the presence of a lower-bound limit for resistance factors for 

piles loaded in tension was larger (28 to 54 percent) compared to resistance factors 

calibrated for compressive loads.  This difference is primarily attributed to the larger 

variability in shaft resistance model, and illustrates the advantage of utilizing lower-

bound limits in resistance factor calibration efforts.  Because tensile loading 

conditions are often the governing failure criteria, the increased cost-savings via 

resistance factors calibrated with lower-bound limits can be significant.  It is noted 

that the resistance factors calibrated herein are only appropriate for ACIP piles which 

are representative of the database used in this study to calibrate R (i.e. D ranging from 

7.6 to 29.0 m). 
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5.9 TABLES 

Table 5.1 - Database used to develop revised shaft and toe bearing resistance models and to calibrate resistance factors 

for ACIP piles loaded in compression and tension.  Data was variously admitted or rejected for a particular purpose 

depending on the quality and quantity of information available for each purpose. 

Pile 

Designation 

No. 

Diameter, 

B (mm) 

Length, 

D (m) 
Instrumented 

Used for Shaft 

Resistance Model
1
 

Used for Toe 

Bearing Resistance 

Model 

Used for 

Resistance 

Factors 

Reference 

No.
2
 

1 405 13.7 N
3
 Y Y N 1 

2 451 12.0 N Y Y Y 1 

3 509 15.2 N Y Y N 1 

4 405 8.2 N Y Y N 1 

5 405 13.1 N Y Y Y 1 

6 600 17.5 N Y Y Y 1 

7 600 17.5 N Y Y Y 1 

8 600 16.0 N Y Y Y 1 

9 600 20.0 N Y Y Y 1 

10 600 17.5 N Y Y Y 1 

11 405 15.2 N Y Y N 1 

12 405 14.6 N Y Y N 1 

13 305 9.1 N Y Y N 1 

14 305 7.6 N Y Y N 1 

15 610 20.0 N Y Y N 1 

16 509 13.3 N Y Y Y 1 

17 558 19.9 N Y Y Y 1 
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Pile 

Designation 

No. 

 

Diameter, 

B (mm) 

 

Length, 

D (m) 

 

Instrumented 

 

Used for Shaft 

Resistance Model 

 

Used for Toe 

Bearing Resistance 

Model 

 

Used for 

Resistance 

Factors 

 

Reference 

No. 

18 405 9.0 N Y Y Y 1 

19 399 9.5 N Y Y N 1 

20 399 9.5 N Y Y N 1 

21 399 9.5 N Y Y N 1 

22 N/A N/A N Y N N 1 

23 N/A N/A N Y N N 1 

24 N/A N/A N Y N N 1 

25 N/A N/A N Y N N 1 

26 N/A N/A N Y N N 1 

27 N/A N/A N Y N N 1 

28 N/A N/A N Y N N 1 

29 N/A N/A N Y N N 1 

30 N/A N/A N Y N N 1 

31 N/A N/A N Y N N 1 

32 N/A N/A N Y N N 1 

33 N/A N/A N Y N N 1 

34 N/A N/A N Y N N 1 

35 N/A N/A N Y N N 1 

36 N/A N/A N Y N N 1 

37 N/A N/A N Y N N 1 

38 N/A N/A N Y N N 1 

39 N/A N/A N Y N N 1 
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Pile 

Designation 

No. 

Diameter, 

B (mm) 

Length, 

D (m) 
Instrumented 

Used for Shaft 

Resistance Model 

Used for Toe 

Bearing Resistance 

Model 

Used for 

Resistance 

Factors 

Reference 

No. 

40 N/A N/A N Y N N 1 

41 N/A N/A N Y N N 1 

42 N/A N/A N Y N N 1 

43 N/A N/A N Y N N 1 

44 N/A N/A N Y N N 1 

45 N/A N/A N Y N N 1 

46 N/A N/A N Y N N 1 

47 N/A N/A N Y N N 1 

48 N/A N/A N Y N N 1 

49 N/A N/A N Y N N 1 

50 N/A N/A N Y N N 1 

51 N/A N/A N Y N N 1 

52 406 9.4 N Y Y Y 2 

53 406 9.4 N Y Y Y 2 

54 406 14.9 N Y Y Y 2 

55 406 21.3 N Y Y Y 2 

56 406 12.2 N Y Y Y 2 

57 457 10.4 N Y Y Y 2 

58 457 29.0 Y Y Y Y 2 

59 457 29.0 Y Y Y Y 2 

60 508 21.9 Y Y Y N 2 

61 508 23.9 Y Y Y N 2 

62 406 21.3 Y Y Y Y 3 
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Pile 

Designation 

No. 

Diameter, 

B (mm) 

Length, 

D (m) 
Instrumented 

Used for Shaft 

Resistance Model 

Used for Toe 

Bearing Resistance 

Model 

Used for 

Resistance 

Factors 

Reference 

No. 

63 406 15.9 Y Y Y Y 3 

64 406 19.8 Y Y Y Y 3 

65 406 22.9 Y Y Y Y 3 

66 406 22.4 Y Y Y Y 3 

67 406 19.8 Y Y Y N 3 

68 406 18.3 Y Y Y Y 3 

69 356 16.8 Y Y Y Y 3 

70 356 21.3 Y Y Y Y 3 

71 406 21.3 Y Y Y Y 3 

72 356 15.8 N Y N Y 4 

73 406 21.3 N Y N Y 4 

74 406 19.8 N Y N Y 4 

75 356 13.7 N N N N 4 

76 406 21.8 N N N N 4 

77 406 21.8 N N N N 4 

78 406 21.8 N N N N 4 

79 356 5.6 N Y N Y 4 

80 356 6.6 N N N N 4 

81 457 9.4 N Y N Y 4 

82 406 15.2 N Y N Y 4 

83 406 15.2 N N N N 4 

84 356 15.2 N Y N Y 4 
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Pile 

Designation 

No. 

Diameter, 

B (mm) 

Length, 

D (m) 
Instrumented 

Used for Shaft 

Resistance Model 

Used for Toe 

Bearing Resistance 

Model 

Used for 

Resistance 

Factors 

Reference 

No. 

85 406 24.4 N Y N Y 4 

86 406 24.4 N Y N Y 4 

87 406 24.4 N Y N Y 4 

88 406 15.8 N N N N 4 

89 406 21.0 N N N N 4 

90 406 21.0 N N N N 4 

91 406 21.0 N N N N 4 

92 356 12.2 N N N N 4 

93 356 16.8 N N N N 4 

94 356 15.2 N N N N 4 

95 356 24.4 N N N N 4 

96 356 16.8 N N N N 4 

97 800 24.0 Y Y N Y 5 

98 600 22.5 Y Y N Y 5 

99 800 24.1 Y N N N 5 

100 456 9.1 Y Y N Y 6 

101 457 22.9 N Y N Y 7 

102 406 14.9 Y Y Y Y 7 

103 406 18.0 N Y N Y 7 

104 406 12.2 N N N N 7 

105 356 14.6 N Y N Y 7 

106 406 27.4 Y Y N N 7 
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Pile 

Designation 

No. 

Diameter, 

B (mm) 

Length, 

D (m) 
Instrumented 

Used for Shaft 

Resistance Model 

Used for Toe 

Bearing Resistance 

Model 

Used for 

Resistance 

Factors 

Reference 

No. 

107 406 27.4 Y Y N N 7 

108 406 19.8 N N N N 7 

109 406 14.6 Y Y N N 7 

110 406 10.7 N N N N 7 

111 406 24.8 Y Y N N 7 

112 406 23.9 Y Y N N 7 

1
Note:  Instrumented piles used in the formulation of the proposed shaft resistance model contain one or more βs-coefficient. 

2
Reference List: 1 - Neely (1991), 2 - Stuedlein et al. (2012), 3 - Park et al. (2010, 2011, 2012), 4 - McCarthy (2008), 5 - Mandolini et al. (2002), 6 - 

O'Neill et al. (1999), 7 - Deep Foundations Institute (personal communication 2013) 
3
Y = yes, N = no 
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Table 5.2 - Second moment statistical parameters associated with the lognormal 

and fit-to-tail lognormal distributions for shaft and total resistance. 

 

 

Table 5.3 - The parameters associated with the power law model (Fig. 5.6) to 

estimate resistance factors for different dead to live load ratios. 

 

Distribution λ μ,s COV s  (%) λ μ,T COV T  (%)

Lognormal 0.92 45.8 1.07 26.6

Lognormal Fit-to-Tail 0.95 55.3 1.08 28.9

Shaft Resistance Total Resistance

Target β Lower-bound ratio, κ T Pile Length Range ψ α

2.33 0.42 D  < 12.9 m 0.720 -0.042

2.33 0.39 D  > 13.0 m 0.714 -0.043

2.33 No lower-bound Range of Database 0.706 -0.042

3.09 0.42 D  < 12.9 m 0.603 -0.038

3.09 0.39 D  > 13.0 m 0.588 -0.042

3.09 No lower-bound Range of Database 0.562 -0.037
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5.10 FIGURES 

 

Figure 5.1 - Proposed design model and associated lower-bound limit for 

estimating the βs-coefficient with depth for ACIP piles in granular soils.  NSPT >15 

assumed for the FHWA design model for plotting purposes. 
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Figure 5.2 - The proposed design model and lower-bound limit for unit toe 

bearing resistance with SPT N1,60 for ACIP piles in granular soils.  The mean bias 

and COV for the proposed rt model are 1.01 and 27.8 percent, respectively. 
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Figure 5.3 - Empirical, normal, lognormal, and fit-tail lognormal cumulative 

distribution functions in standard normal space for (a) shaft resistance bias and 

(b) total resistance bias. 

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

0.0 0.5 1.0 1.5 2.0

S
ta

n
d

a
rd

 N
o

rm
a

l 
V

a
ri

a
te

, 
Z

Shaft Resistance Bias, λs

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

0.0 0.5 1.0 1.5 2.0

S
ta

n
d

a
rd

 N
o

rm
a
l 
V

a
ri

a
te

, 
Z

Total Resistance Bias, λT

Sample Bias

Normal Distribution

Lognormal Distribution

Fit-to-Tail Lognormal Distribution

Global Statistics 
λμ,s = 0.92 
COVs = 45.8% 

Fit-to-Tail Statistics 
λμ,s = 0.95 
COVs = 55.3% 

(a) 

Global Statistics 
λμ,T = 1.07 
COVT = 26.6% 

Fit-to-Tail Statistics 
λμ,T = 1.08 
COVT = 28.9% 

(b) 



273 

 

 

Figure 5.4 - Effect of increasing the uncertainty in the lower-bound resistance 

ratio, COVκT
, on the resistance factor, ϕR, for a mean κT = 0.40.  Note: the scatter 

in ϕR is a result of the Monte Carlo approach used herein. 

 

Figure 5.5 - The variation between the lower-bound ratio for total resistance and 

pile length. 
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Figure 5.6 - The variation of resistance factors with the ratio of dead to live load 

for ACIP piles loaded in compression.  Two different lower-bound resistance 

ratios are used which correspond to different piles grouped by length. 
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CHAPTER 6: SERVICEABILITY LIMIT STATE RELIABILITY-

BASED DESIGN OF AUGER CAST-IN-PLACE PILES IN 

GRANULAR SOILS CONSIDERING LOWER-BOUND PILE 

CAPACITIES 
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6.1 ABSTRACT 

Although the serviceability limit state (SLS) is often the governing failure criteria 

for many foundation alternatives, considerable effort has been focused on reliability-

based design (RBD) for the ultimate limit state (ULS), whereas SLS design is 

conducted largely within a deterministic framework.  Studies that have evaluated the 

reliability of ACIP piles at the SLS have done so using ULS capacity prediction 

methodologies originally developed for driven displacement piles and drilled shafts.  

This study proposes a RBD procedure for evaluating the allowable load for ACIP piles 

installed in predominately granular soils based on a prescribed level of reliability at 

the SLS.  An ULS ACIP pile-specific design model, and its uncertainty, is 

incorporated into a bivariate hyperbolic load-displacement model capable of 

describing the variability in the load-displacement relationship for a wide range in pile 

displacement.  Because the components of the hyperbolic model were correlated, 

several copulas were evaluated for goodness-of-fit to their observed dependence 

structure.  Based on differences observed in the estimated probability of failure and 

the actual instances of failure, distributions with truncated lower-bound capacities 

were incorporated into the reliability analyses.  A lumped load- and resistance factor is 

calibrated using a suitable performance function and Monte Carlo simulations with the 

incorporation of variability in the load-displacement model, pile capacity, applied 

load, and allowable displacement.  The average and conservative 95 percent lower-

bound prediction intervals for the calibrated load- and resistance factor resulting from 

the simulations are provided.  An example is provided to illustrate the intended use of 
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the proposed procedure to estimate the allowable load for a prescribed allowable 

displacement, slenderness ratio, and level of reliability at the SLS.  Although 

unaccounted for in past studies, the slenderness ratio was shown to have significant 

influence on foundation reliability.  Owing to the relatively low variability in the ULS 

pile capacity prediction model selected for use herein, the use of a truncated 

distribution had moderate influence on the estimate of foundation reliability. 

6.1.1 Subject Headings 

ACIP piles; Reliability; Serviceability limit state; Statistics; Design  

6.2 INTRODUCTION 

Owing to the natural anisotropy and heterogeneity of geologic environments, 

including compositional, mechanical, and hydraulic properties of soils, foundation 

design is typically performed under considerable uncertainty.  Traditionally, the 

various sources of uncertainty have been lumped into a deterministic global factor of 

safety (e.g., allowable stress design [ASD]), determined based on engineering 

judgment and well-earned experience (Duncan 2000), to ensure that a foundation 

system performs satisfactorily.  The chief drawback to this approach is that the actual 

likelihood of failure or risk is unknown, and may result in an excessively conservative 

or unconservative design.  Probabilistic reliability-based design (RBD) is a more 

rational approach that can overcome many of the limitations of ASD, allowing for 

risk-based cost-benefit optimization analyses to be performed (Uzielli and Mayne 

2011).  In the interest of risk management, there is growing effort toward the 

characterization of soil and design model uncertainties, and quantifying the probability 
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of exceeding prescribed limit states (e.g. Phoon 2003; Allen et al. 2005; Uzielli and 

Mayne 2011).  As a result, RBD methods are quickly replacing ASD procedures for 

many deep foundation alternatives. 

A suitable foundation design will satisfy the strength limit or ultimate limit state 

(ULS) as well as the serviceability limit state (SLS), which is often associated with the 

allowable displacement or angular distortion of a structure.  At present, the ultimate 

limit state (ULS) has received considerably more attention in RBD; however, the 

serviceability limit state (SLS) is often the governing criterion for many foundation 

alternatives (Becker 1996; Phoon and Kulhawy 2008; Uzielli and Mayne 2011).  The 

goal of this study is to use the auger cast-in-place (ACIP) pile-specific ULS design 

models developed in Chapter 5 to investigate reliability-based SLS design of ACIP 

piles installed in predominately granular soils.  Previously, Phoon and Kulhawy 

(2008) incorporated the accuracy and uncertainty of a method proposed by Meyerhof 

(1976) for estimating shaft resistance of drilled shafts in order to make assessments of 

foundation reliability at the SLS for ACIP piles; however, the Meyerhof method was 

originally developed to predict the capacity of driven displacement piles and then 

modified for use with drilled shafts, which are constructed differently than ACIP piles.  

In addition, Phoon and Kulhawy (2008) neglected toe bearing resistance altogether 

when estimating ACIP pile capacity.  Indeed, Phoon et al. (2006) found that the 

Meyerhof method was somewhat biased and exhibited considerable variability when 

applied to ACIP piles, and noted that models specific to ACIP piles need to be 

developed.  The method proposed in Chapter 5 is largely unbiased and exhibits only 
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moderate uncertainty as compared to the Meyerhof method and the method proposed 

by the Federal Highway Administration manual on ACIP piles (Brown et al. 2007), 

and represents an improvement towards accurately predicting the capacity of ACIP 

piles. 

Adding to a large full-scale load test database described in Chapter 4, 95 case 

histories of ACIP piles were used to investigate foundation reliability at the SLS.  

First, the ULS model discussed in Chapter 5 is reviewed and the approach linking the 

ULS capacity to SLS design is described.  Next, the strategy for calibrating the 

selected reliability-based SLS design methodology, specifically a bivariate hyperbolic 

load-displacement model, is discussed, including an effort made to treat a previously 

un-identified dependence of the bivariate model parameters with pile geometry.  The 

correlation structure of the resulting transformed load-displacement model parameters 

are then characterized using copula theory, most appropriate for highly non-linearly 

correlated variables.  Following Najjar and Gilbert (2009) and Chapter 5, the 

distribution of pile capacity is truncated as a function of the slenderness ratio to 

improve the estimate of foundation reliability.  Using a lumped load- and resistance 

factor, Monte Carlo simulations are then used to estimate the uncertainty associated 

with the ULS and load-displacement models considering the variation in applied load 

and allowable displacement to estimate the reliability of ACIP piles at the SLS.  

Finally, a convenient set of expressions are developed to estimate the allowable load 

of ACIP piles installed in granular soils with a specified allowable displacement, pile 

geometry, and prescribed probability of exceeding the SLS.  Because the expressions 
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necessarily contain some error, a lower-bound 95 percent prediction interval for the 

estimation of the allowable load is also provided.  This paper concludes with an 

illustrative example describing the intended use of the reliability-based SLS design 

approach and makes comparisons to the outcome of simulations that incorporate less 

advantageous modeling decisions. 

6.3 PILE LOAD TEST DATABASE AND ULS CAPACITY MODEL 

The database used herein to evaluate the reliability of ACIP piles at the SLS 

consisted of the results of 95 static loading tests performed on ACIP piles constructed 

in principally granular soils; 40 loading tests were compiled by Chen (1998) and 

Kulhawy and Chen (2005), 23 collected by McCarthy (2008), ten reported by 

Stuedlein et al. (2012), ten compiled by Park et al. (2010), nine were contributed by 

the ACIP Pile Committee of the Deep Foundations Institute (DFI) (DFI 2013), two 

conducted by Mandolini et al. (2002), and a single load test was obtained from O’Neill 

et al. (1999).  The majority of load tests were performed in accordance with ASTM 

D1143; however, some variations were observed based on regional practice.  The pile 

embedment depth, D, and diameter, B, ranged from 7.5 to 29.0 m, and 300 to 800 mm, 

respectively.  Owing to relatively small contribution of shaft resistance to the total pile 

resistance (i.e., sum of shaft and toe bearing resistance), Kulhawy and Chen (2005) 

observed that the load-displacement behavior of shorter piles (i.e., slenderness ratio, 

D/B < 20) was different than longer piles.  Because very short ACIP piles are rarely 

constructed, the piles in this database were limited to D/B ≥ 20; the maximum D/B 

was equal to 68.5  
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Subsurface information was obtained from the aforementioned sources and 

included boring logs with standard penetration test (SPT) blow counts, cone 

penetrometer test (CPT) profiles, and ground water table information; these data were 

used to estimate soil density, vertical effective stress, and the shaft and toe bearing 

resistance (Chapter 5).  Soil stratigraphies included loose to very dense sands, sandy 

silt, silty sand, and clayey and gravelly sand.  Layers of clay and peat were also 

encountered for some case histories; however, these layers were thin, and the load-

displacement behavior of these piles was not significantly different from those which 

were installed in purely granular deposits.  Some piles obtained from the DFI were 

tipped in weakly cemented limestone or partially cemented silts; again, no significant 

variations were observed in the total load-displacement behavior of these piles.  

Boring logs from pile case histories obtained from Kulhawy and Chen (1998) were not 

available; in these cases, vertical effective stress profiles were constructed using the 

average soil densities estimated by Chen (1998).   

The shaft resistance model selected for the reliability analyses described herein 

was developed using an effective stress approach in which a dimensionless βs-

coefficient, equal to the unit shaft resistance, rs, normalized by the vertical effective 

stress, σ’v, is expressed as a function of depth, z (Chapter 5): 

                                     2.25s                      for z < 2.80 m 

        

17.25
1

0.32
294

z

s z
 
 
     for z > 2.80 m                                (6.1) 
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Toe bearing resistance is computed using energy- and overburden-corrected SPT 

blow count, N1,60, averaged 1B above and 2B below the pile toe (Chapter 5): 

84.422.0 60,1  Nrt MPa                                       (6.2) 

The models for predicting shaft and toe bearing resistance given by Eqn. (6.1) and 

(2) represent the average pile response to loading after accounting for variability in 

pile embedment depth, diameter, soil and pile materials, and differences in regional 

construction practices and quality.  The shaft and toe bearing resistances predicted 

using Eqns. (6.1) and (6.2), respectively, were summed to produce the total predicted 

resistance, and is equal to the predicted capacity, Qult,p, for the SLS reliability analyses 

conducted herein; see Chapter 5 for further details on the development of these 

models.  The mean bias, defined as the ratio of interpreted to predicted capacity, and 

coefficient of variation (COV), defined as the ratio of the standard deviation of the 

point biases to the mean bias, was equal to 1.07 and 26.6 percent, respectively, 

indicating that Eqn. (6.1) and (6.2) produce a total resistance that is relatively unbiased 

and a moderately uncertain model. 

6.4 SERVICEABILITY LIMIT STATE DESIGN 

The sources of uncertainty that contribute to the overall reliability of the 

foundation system, such as the soil and pile material, construction method and quality, 

error associated with selected failure criteria and design model, and variation in 

applied loads, are recognized and statistically characterized in order to estimate the 

probability of failure, pf, associated with exceeding a specific limit state.  The pf is 
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then compared to an “acceptable” level of risk to ensure the target reliability of the 

system is met (Phoon and Kulhawy 2008).  

The SLS is reached when foundation displacement, y, is equal to or greater than a 

prescribed allowable displacement, ya.  In terms of load, the SLS is defined as the case 

when the applied load, Qapp, is equal to or greater than the allowable resistance, Qa.  

Ideally each Qa would be associated with an invariant allowable displacement and vice 

versa; however, significant uncertainty between these performance measures exists 

and therefore its characterization is critical for appropriate RBD.  A performance 

function, P, is used herein to assess the probability of exceeding the SLS (Phoon and 

Kulhawy 2008; Uzielli and Mayne 2011; Stuedlein and Reddy 2013): 

    Tappaf pPQQp  0Pr0Pr                              (6.3) 

where pT is the target probability of failure.  Displacement and load are related to one 

another through a suitable load-displacement model, selected to best represent the 

observed load-displacement curves in the database.   

Reliability analyses at the ULS can be conducted by assessing the probability that 

the design capacity is less than the ultimate resistance, where the bias is used to assess 

the uncertainty in the design model.  Although this approach could be applied to 

estimate reliability at the SLS, it is not efficient when considering several different 

levels of allowable displacement, which is usually prescribed based on the type, size, 

and criticality of the structure being considered (Phoon and Kulhawy 2008).  In 

addition, the allowable displacement will likely contain considerable uncertainty given 
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that it is difficult to assess accurately (Zhang and Ng 2005).  Thus, an efficient RBD 

procedure will consider the uncertainty in the entire load-displacement relationship, 

and permit allowable displacement to be defined as a random variable.   

Several sources of uncertainty influence the load-displacement behavior of ACIP 

piles.  The use of a pile database to develop a load-displacement model permits the 

aleatory and epistemic uncertainty to be implicitly captured, statistically characterized, 

and incorporated into reliability analyses.  This study followed the general approach 

outlined by Uzielli and Mayne (2011), Stuedlein and Uzielli (In Press), and Huffman 

and Stuedlein (In Review).  The mobilized resistance, Qmob, at a given displacement is 

normalized by a reference capacity determined using the slope-tangent method 

(Hirany and Kulhawy 1988), QSTC, to reduce the observed scatter associated with the 

various load-displacement curves. The remaining variability can be readily 

characterized using a probabilistic hyperbolic model (Phoon et al. 2006; Wang and 

Kulhawy 2008; Stuedlein and Reddy 2013; Chapter 4): 

a

a

STC

mob

ykk

y

Q

Q




21

                                              (6.4) 

where k1 and k2 are physically meaningful fitting parameters that define the shape of 

the load-displacement curve; the reciprocal of k1 and k2 are equal to the initial slope 

and asymptotic (ultimate) resistance.  The fitting parameters from pile case histories 

collected by Chen (1998) and Kulhawy and Chen (2005) were obtained directly.  The 

observed load-displacement curves reported by O’Neill et al. (1999), Mandolini et al. 

(2002), McCarthy (2008), Park et al. (2010), Stuedlein et al. (2012), and DFI (2013) 
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were fit to the hyperbolic model using ordinary least squares regression to determine 

k1 and k2 for the remaining pile cases. 

The performance function is then rewritten as the difference between the 

mobilized resistance and applied load, and probability of failure is computed as: 
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The applied load and slope-tangent capacity may be expressed as the products of 

deterministic nominal values, Qapp,n and QSTC,n, and their associated normalized 

random variables, Q’app and Q’STC, respectively (Uzielli and Mayne 2011).  The ratio 

of QSTC,n to Qapp,n represents a lumped load- and resistance factor, ψQ, equivalent to a 

single deterministic global safety factor, and ensures that pf is equal to pT (Phoon 

2006; Phoon and Kulhawy 2008; Uzielli and Mayne 2011; Stuedlein and Reddy 2013; 

Stuedlein and Uzielli In Press).  The probability of failure is then calculated as: 
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               (6.6) 

Assuming the performance function is normally distributed, pf can be mapped to the 

reliability index, β, defined as the number of standard deviations between the 

mobilized resistance and applied load, using the inverse standard normal cumulative 

function, Φ
-1

: 

 fp1                                                               (6.7) 
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The reliability index was estimated for a range of ψQ in order to assess possible 

relationships between the probabilistic variables in the performance function and 

provide simple expressions to determine ψQ given a target probability of failure.  

6.5 MONTE CARLO SIMULATIONS FOR RELIABILITY 

ANALYSES 

Although a variety of methods can be used to assess reliability at the SLS (e.g. 

First-Order Second Moment [FOSM], First-Order Reliability Method [FORM]), 

Monte Carlo simulations (MCS) were used herein because these simulations are not 

restricted to certain types of distributions (e.g. normal, lognormal), and is generally 

considered more appropriate for non-linear limit state functions (Allen et al. 2005, 

Uzielli and Mayne 2011).  Two main sources of uncertainty are addressed in this 

approach:  the parameter uncertainty associated with each random variable in the 

performance function, and the transformation uncertainty resulting from the imperfect 

fit between the observed load-displacement curves and the hyperbolic model.  Monte 

Carlo simulations were used to combine the various sources of uncertainty in order to 

evaluate the performance function and the associated probability of failure under 

several different scenarios.  After determining the most appropriate distribution for 

each random variable in the performance function, samples were generated for each 

random variable based on known or assumed statistical parameters, and substituted 

into Eqn. (6.6) to determine pf.  Potential correlations between variables were 

assessed, and correlated multivariate distributions were generated using copula theory 

(e.g., Nelson 2006) when needed.  In order to make unbiased reliability-based 
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assessments, correlations between variables in the performance function and 

deterministic variables in the database were treated via simple transformations.  

Provided that there was evidence to suggest the existence of lower and/or upper 

bounds, continuous distributions were truncated in order to provide a more accurate 

estimate of the probability of failure.  A thorough description of the approach used 

herein is provided in the subsequent sections. 

6.5.1 Hyperbolic Model Parameters 

In order to make accurate assessments of reliability at the SLS for any level of 

allowable displacement, the uncertainty in the entire load-displacement relationship 

must be characterized and incorporated into the performance function.  Because of 

their respective definitions (discussed previously), k1 and k2 are expected to be 

negatively correlated to some degree (Phoon et al. 2006; Stuedlein and Reddy 2013; 

Chapter 4).  Figure 6.1a shows each pair of k1 and k2 for the database considered, and 

illustrates their nonlinear correlation.  Owing to its non-parametric formulation, the 

Kendall’s Tau correlation coefficient, ρτ, was used to assess the degree and direction 

of correlation between k1 and k2 and was found to equal -0.72 with a p-value equal to 

2E-16. 

To avoid unwanted bias in reliability-based assessments, the correlation between 

k1 and k2 and the available soil or geometrical parameters in the database (e.g. SPT-N 

and D/B) must be removed or addressed in some way (Phoon and Kulhawy 2008).  

Using the Kendall’s Tau correlation test and the database considered herein, k1 and k2 

were found to be independent of SPT-N (and therefore relative density), with p-values 



288 

 

equal to 0.54 and 0.92, respectively.  However, k1 and k2 were found to depend on 

D/B, with p-values equal to 7E-9 and 6E-8, respectively.  Chapter 4 showed that the 

correlation between the model parameters and D/B can be eliminated by transforming 

k1 and k2 using: 
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The Kendall’s Tau test between k1,t and average SPT-N along the pile shaft, Navg, k2,t 

and Navg, k1,t and D/B, and k2,t and D/B indicated no correlation at a 5 percent level of 

significant, with  p-values were equal to 0.27, 0.90, 0.72, and 0.47, respectively.  

Figure 6.1b shows the pairs of k1,t and k2,t for each pile considered, which indicates 

that the correlation between them is largely preserved after transformation efforts are 

made (ρτ = -0.67, p-value = 2E-16). 

For the purposes of simulation, several continuous probability distributions were 

fit to the marginal empirical distributions of k1,t and k2,t and their goodness-of-fit was 

assessed using the Anderson-Darling test (Anderson and Darling 1952).  Convincing 

evidence (i.e. p-value < 0.05) suggested that the normal, Cauchy, logistic, Weibull, 

and exponential distributions were not appropriate to describe the distribution of k1,t, 

whereas only the Weibull and exponential distributions were rejected for fitting k2,t at 

the same level of significance.  The Anderson-Darling test provided no evidence (i.e. 

p-value > 0.05) to reject the gamma and lognormal distributions for k1,t, and the 
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normal, Cauchy, logistic, gamma, and lognormal distributions for k2,t.  The gamma 

distribution was selected herein because it is confined to positive real values and 

appeared to provide the best fit to the marginal distributions of k1,t and k2,t, with p-

values equal to 0.56 and 0.68, respectively.  The probability density function for 

gamma-distributed random variables, k, is: 
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                                        (6.10) 

where Γ(σ) is the gamma function, and σ and r are two fitting parameters.  The best-fit 

parameters were obtained by maximum likelihood estimation, where σ = 4.77 and r = 

29.64 for k1,t, and σ = 19.56 and r = 5.79 for k2,t.  The empirical and fitted gamma 

cumulative distribution functions for k1,t and k2,t are shown in Figure 6.2a and 6.2b, 

respectively.     

In order to make unbiased reliability calculations, the dependence between k1,t and 

k2,t must be incorporated into simulation efforts (Phoon et al. 2006).  Previously, 

correlated multivariate samples have been generated for the hyperbolic model 

parameters for ACIP piles using translation and rank correlation models (Phoon and 

Kulhawy 2008; Stuedlein and Reddy 2013; Chapter 4); however, Li et al. (2011) 

showed that these methods are not appropriate for non-linear correlations.  In an effort 

to improve the accuracy of the reliability assessments, copula theory (Nelson 2006), 

which separates the dependence structure of any number of correlated variables from 

their marginal distributions, was used to model the bivariate correlation between k1,t 

and k2,t.   
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Copulas are used in various fields (e.g., finance, hydrology) to simulate the multi-

variate correlation structure of random variables and are increasing in popularity for 

engineering applications.  Five different types of copulas were evaluated for suitability 

in this study (Table 6.1): Gaussian, Frank, Clayton, Gumbel, and Joe.  Table 6.1 

shows each copula function, C, which is determined by fitting ρτ to an alternate 

definition of the Kendall’s Tau coefficient (Nelson 2006): 
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where u1,t and u2,t are the standardized (i.e., ranked) values of k1,t and k2,t in standard 

normal space.  Although the Clayton, Gumbel, and Joe copulas were originally 

developed for use with positively correlated data, it was possible to rotate the 

correlation 90 degrees to model the observed negative dependence structure between 

k1,t and k2,t, for example by replacing u1,t in the copula function by (1 – u1,t).  The 

copula parameters, θi, (Table 6.1) were calculated from ρτ, and the best-fit copula was 

determined by evaluating the Akaike Information Criterion (AIC) (Akaike 1974) and 

the Bayesian Information Criterion (BIC) (Schwarz 1978): 
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where N is the sample size, kc is the number of copula parameters, and c is the copula 

density function, given by: 
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Table 6.1 summarizes the goodness-of-fit of ranked sample data to the selected 

copulas.  Based on the lowest AIC and BIC values, the Frank copula was the selected 

as the best-fit copula. 

To verify that the uncertainty in the observed load-displacement curves can be 

satisfactorily replicated using the approach described above, 1,000 k1,t–k2,t pairs were 

simulated with the Frank copula and truncated gamma distributions.  In order to make 

the comparison, k1,t and k2,t were back-transformed to k1 and k2 using deterministic 

values of D/B.  Stuedlein and Reddy (2013) showed that different slenderness ratios 

are associated with different portions of the observed scatter in the k1–k2 relationship.  

Thus, a uniform distribution of D/B = 25, 30,…,65 was selected based on the observed 

values in the database and their distribution. 

Najjar and Gilbert (2009) illustrated the limitations associated with using random 

samples that follow continuous distributions to estimate foundation reliability.  

Although the gamma distribution is constrained to positive values, it can lead to over-

sampling at the tail ends of the distribution.  Very large k1 and k2 pairs indicate 

excessive pile displacements under small applied loads and are not representative of 

the observed load-displacement behavior of ACIP piles.  On the other hand, very small 

k1 and k2 pairs point toward an extremely stiff soil response to loading that is not 

representative of the soils represented in this database.  For the purpose of simulation, 

the marginal distributions of k1 and k2 were truncated based on the observed data 
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(Figure 6.1a), where the selected boundaries were 5 to 16 percent greater or less than 

the most extreme observed values, depending on the amount of scatter near the 

boundary of each parameter.  The lower and upper bounds of k1 and k2 were selected 

as 0.90 and 17.0, and 0.25 and 1.10, respectively.  

Figure 6.3a and 6.3b compare the observed and simulated model parameters, and 

the corresponding observed and simulated load-displacement curves.  Overall, the 

observed scatter in the load-displacement relationship is well represented by the 

simulated curves and the selected range in D/B. 

6.5.2 Incorporation of an Ultimate Pile Capacity Prediction Model 

One objective of this study is to link RBD of ACIP piles at the ULS with that at 

the SLS through the ACIP pile-specific design models developed in Chapter 5.  Past 

studies on ACIP piles by Phoon et al. (2006) and Phoon and Kulhawy (2008) have 

sought to incorporate the accuracy and uncertainty associated with a ULS capacity 

prediction model into reliability assessments at the SLS using the Meyerhof method.  

The accuracy of the Meyerhof method was relatively good on average, with a mean 

bias of 1.12; however, the variability was relatively high (COV = 50 percent) and 

biased as a function of the magnitude of nominal resistance.  Owing to differences in 

the construction method, an ACIP pile-specific design model is preferred for 

deterministic calculations and RBD calibrations.  Additionally, a more accurate 

capacity prediction model will result in a smaller load factor necessary to achieve any 

given target level of foundation reliability, thereby increasing the amount of useable 

pile capacity and the economic value of a given pile.  
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As discussed above, the mobilized resistance in the hyperbolic load-displacement 

model was normalized by a reference capacity determined using the slope-tangent 

method (Eqn. 6.4).  Because the slope-tangent method considers the shape of the load-

displacement curve, piles with high (low) asymptotic capacities are generally 

associated with high (low) QSTC values; the result is a reduction in the amount of 

scatter in the normalized load-displacement relationship, particularly in latter part of 

the curves.  However, QSTC is not associated with any failure mechanisms (e.g. 

maximum shear stress) nor can it be predicted without site-specific load test data 

(Stuedlein and Uzielli In Press); instead, an estimate of pile capacity at the ULS (i.e. 

Qult,i) is preferred, where familiar failure mechanisms may be represented by ULS 

capacity prediction models (e.g., Eqns. 6.1 and 6.2).   

Since Eqn. (6.6) is expressed in terms of slope-tangent capacity and the QSTC-

normalized hyperbolic model parameters, the relationship between QSTC and Qult,p and 

the associated variability must be characterized and incorporated into the limit state 

equation.  Because Eqn. (6.1) and (6.2) were developed without considering the 

capacity interpreted using the slope-tangent method, Qult,p should not be directly 

correlated with QSTC; however, both QSTC and Qult,p should logically be correlated with 

Qult,i.  Figure 6.4 illustrates the statistical relationships between the three definitions of 

capacity (Qult,i, Qult,p, and QSTC).  As previously mentioned, the relationship between 

Qult,p and Qult,i is largely unbiased and statistically characterized with a mean bias and 

COV equal to 1.07 and 26.6 percent, respectively (Chapter 5).  The relationship 

between QSTC and Qult,i was characterized using forty-two piles in the database that 
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contained enough information to calculate both definitions of capacity, resulting in a 

mean bias and COV equal to 0.71 and 15.7 percent, respectively.  Although the slope-

tangent capacity was obtained for each pile case in Phoon and Kulhawy (2008), the 

corresponding load-displacement curve could not be identified, and Qult,i could not be 

computed.  Some of the load-displacement curves collected from McCarthy (2008) did 

not contain enough data to make an accurate assessment of Qult,i.  The Kendall’s Tau 

correlation coefficients between QSTC and Qult,i, and Qult,i and Qult,p were equal to 0.76 

and 0.52, respectively, indicating relatively strong correlations.  

Monte Carlo simulations were used to estimate the distribution of the bias values 

relating QSTC and Qult,p According to the Anderson-Darling goodness-of-fit test, the 

biases between Qult,p and Qult,i, and QSTC and Qult,i both followed a lognormal 

distribution.  Based on their source distributions (i.e. lognormal) and respective 

statistical parameters (i.e. mean, COV), one million samples were generated for each 

bias sample.  The bias between QSTC and Qult,p was obtained as the product of the two 

simulated bias distributions, where the mean bias and COV was equal to 0.76 and 30.6 

percent, respectively, and used to statistically characterize the random variable Q’STC 

in the performance function.  The uncertainty associated with Q’STC is representative 

of the combined uncertainty from the model error associated with predicting pile 

capacity using Eqn. (6.1) and (6.2) and the transformation error between Qult,p and 

QSTC.   

Although Qult,p could be used in place of QSTC in Eqn. (6.4), thereby eliminating 

QSTC from the reliability analysis altogether, Qult,p does a poor job of reducing the 
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uncertainty in the aggregated load-displacement relationship.  Overall, reducing the 

scatter in the k1-k2 relationship with QSTC and accounting for the additional uncertainty 

from the transformation error between Qult,p and QSTC produces a higher level of 

reliability compared to solely using Qult,p.   

6.5.3 Incorporation of Lower-Bound Capacities 

Many authors (e.g. Horsnell and Toolan 1996; Aggarwal et al. 1996; Bea et al. 

1999) have observed that the actual rates of failure in pile foundations are significantly 

less than the probabilities of failure estimated using traditional reliability analyses.  

Based on work by Najjar and Gilbert (2009), a lower-bound limit of the distribution of 

Q’STC was used to improve the accuracy of the reliability simulations.  Chapter 5 

showed that a constant, κ, defined as the ratio of lower-bound to predicted resistance, 

could be applied to Eqn. (6.1) and (6.2) to estimate the lower-bound shaft and toe-

bearing resistance, respectively.  Using lower-bound ratios equal to 0.33 and 0.53 for 

shaft and toe bearing resistance, respectively, Chapter 5 showed that considerable 

increases in foundation reliability were possible, depending on the uncertainty 

associated with the capacity distribution.   

Using the aforementioned lower-bound ratios for shaft and toe bearing resistance, 

total lower-bound capacities were computed as the sum of lower-bound shaft and toe-

bearing resistance for each pile in the database and compared to Qult,p.  The mean 

lower-bound ratio associated with total resistance was equal to 0.39.  Owing to 

differences in the relative contributions of shaft and toe bearing resistance with pile 

length for the database herein, the lower-bound ratio associated with total resistance 
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was found to be strongly correlated with pile length.  Because the range of pile 

diameters for the database considered was relatively small, κ was also correlated with 

slenderness ratio, with a ρτ = -0.59 and Kendall Tau test p-value = 2.2E-16.  Because 

the hyperbolic model parameters were also correlated with slenderness ratio, and 

reliability assessments were made using deterministic values of D/B (Stuedlein and 

Reddy 2013; Chapter 4), the κ applied to Q’STC was expressed as a function of D/B:   

43.00011.0 
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determined using least squares simple linear regression.  The small amount of 

uncertainty in κ (COV = 5 percent) was neglected based on the findings reported in 

Chapter 5 and Najjar and Gilbert (2009), who found that estimates of foundation 

reliability were largely unaffected when the COV of the lower-bound ratio was less 

than approximately 30 percent.   

6.5.4 Characterization of Applied Load and Allowable Displacement 

The random variables for applied load and allowable displacement in Eqn. (6.6) 

must be statistically characterized according to their mean, uncertainty, and 

distribution type, and these are typically dictated to the foundation designer based on 

structural considerations.  The applied load is modeled using a lognormally distributed 

unit mean applied load, Q’app with COVs = 10 and 20 percent, corresponding to the 

AASHTO (2012) recommendations for dead and live load, respectively. 
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The statistics used for each random variable in Eqn. (6.6) are shown in Table 6.2.  

Because allowable displacement depends on the size and type of the structure 

considered as well as the soil material properties, which influence the rate and 

uniformity of settlement, a range of mean allowable displacement, μya
, was considered 

(2.5 to 50 mm).  Previous design codes (e.g. AASHTO 1997) have specified 

deterministic allowable displacements; however, due to the difficulties associated with 

predicting whether or not a structure remains serviceable at a given displacement, 

allowable displacement may be represented as a random variable (Zhang and Ng 

2005).  Currently, the uncertainty in ya for ACIP piles is not well characterized; 

however, Phoon and Kulhawy (2008) and Uzielli and Mayne (2011) selected a COV 

equal to 60 percent based on the performance of bridges and buildings supported on 

shallow and deep foundations observed by Zhang and Ng (2005).  To allow for 

flexibility in the selection of the appropriate level of uncertainty by the designer, ya 

was modeled using a lognormal distribution with COVs = 0, 20,…,60 percent. 

6.5.5 Reliability Simulations and Load-Resistance Factor Calibration 

Monte Carlo simulations (MCS) were used to generate 1,000,000 random samples 

for ya, Q’STC, and Q’app from their source distributions (Table 6.2) to estimate ψQ.  The 

correlated transformed hyperbolic model parameters, k1,t and k2,t, were sampled using 

copula theory and their marginal gamma distributions, and then back-transformed into 

k1 and k2 using a deterministic D/B (Table 6.2) for use in evaluating the performance 

function (Eqn. 6.6).  The final number of simulations used for computing pf was 

slightly less than 1,000,000 because the distributions associated with Q’STC, k1, and k2 
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were truncated based on their respective boundaries.  This process was repeated over 

5.3E
4
 times in order to estimate pf and β for different combinations of μya

 

(2.5,5.0,…,50 mm), COV(ya) (0,20,…,60 percent), COV(Q’app) (10, 20 percent), D/B 

(25,30,…,65), and ψQ (1.00,1.25,…,10). 

The MCS indicated a non-linear trend between β and ψQ for each combination of 

μya
, COV(ya), and D/B.  Figures 6.5a and b illustrate the outcome of the MCS in terms 

of the variation of β with ψQ for a COV(Q’app) = 10 percent, COV(ya) = 20 percent and 

μya
 = 2.5 and 25 mm, respectively.  Foundation reliability increases with ψQ, which 

acts to shift the distribution of left side of the performance function (Eqn. 6.6) away 

from the right side, resulting in a decrease in the probability of failure and an increase 

in β.  Because the conditions in Figure 6.5a are associated with a relatively stringent 

allowable displacement (μya
 = 2.5 mm), the ψQ necessary to satisfy typical target 

reliability indices (β = 2.33 to 3.09, Paikowsky et al. 2004) is largely impractical (ψQ > 

10) for most pile geometries (i.e. D/B), and reflects the well-known difficulty 

associated with accurately predicting small displacements for geotechnical elements.  

Figure 6.5b represents the relationship between β and ψQ for a more common 

allowable displacement.  In order to limit the approach herein to practical target levels 

of foundation reliability and improve the overall fit to the MCS, β values less than 

zero and greater than four were discarded.  Consistent with the findings reported in 

Stuedlein and Reddy (2013) and Chapter 4, the slenderness ratio had a considerable 

effect on foundation reliability when all other variables are held constant.  At small 

allowable displacements (Figure 6.5a), β is larger for a smaller D/B (i.e., a stiffer pile); 
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whereas the opposite is true for larger allowable displacements.  As allowable 

displacement increases, the relationship between β and ψQ becomes gradually more 

linear (e.g., Figure 6.5b). 

For the purpose of developing convenient expressions for the calibrated ψQ several 

different functions were evaluated for each combination of D/B, μya
, COV(ya), 

COV(Q’app).  Because of the opposing and largely nonlinear effect of increasing μya
 

and D/B on β, a third-order polynomial function best described the relationship 

between β and ψQ for each combination of the variables investigated: 

           43
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where ψQ,p is the predicted load- and resistance factor, and p1, p2, p3, and p4 are the 

fitting coefficients determined using least squares regression.  Figures 6.5a and b show 

that the selected polynomial function provided a relatively good fit to the simulations, 

and similar goodness-of-fit results were observed for each combination of simulated 

variables. 

For each COV(ya) investigated, p1, p2, p3, and p4 were found to vary 

logarithmically with D/B and μya
.  Instead of generating a complex nested function that 

could result in additional error, p1, p2, p3, and p4 were described using D/B and μya
 

simultaneously.  It was observed that a full cubic logarithmic function, which 

considers the interaction between D/B and μya
, could be used to adequately describe 

the behavior of each of the fitting coefficients: 
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where s1,s2,…s10 are secondary fitting coefficients determined by minimizing the sum 

of squared error between the simulated and fitted coefficients.  Table 6.3 shows the 

secondary fitting coefficients for each coefficient (p1 – p4) and COV(ya), for 

COV(Q’app) = 10 and 20 percent.  It is noted that Eqn. (6.16) was developed using 

specific ranges for foundation reliability (i.e. 0 < β < 4) and loading factors (1 < ψQ < 

10), and extrapolation beyond these bounds is not recommended.  In addition, the 

bounds of the dependent variables in Eqn. (6.17) shown in Table 6.2 should not be 

exceeded.   

6.5.6 Accuracy and Uncertainty of the Closed-Form Solution  

The accuracy and uncertainty of Eqn. (6.16) was evaluated using 1,000 uniform 

random samples of μya
, D/B, and ψQ from Table 6.2 for COV(Q’app) = 10 and 20 

percent and COV(ya) = 0, 20, 40, and 60 percent.  The reliability index was then 

substituted into Eqn. (6.16) to calculate ψQ,p, and compared to the value resulting from 

the MCS.  In general, the mean bias for each COV(Q’app) and COV(ya) combination 

was equal to one, and the COV ranged from 2.4 to 3.4 percent, indicating acceptably 

small error.  Figures 6.6a-d compare the accuracy of ψQ,p to ψQ for COV(Q’app) = 10 
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percent and COV(ya) = 0, 20, 40 and, 60 percent, respectively.  In general, the 

accuracy of Eqn. 6.16 appears to relatively consistent regardless of the level of ψQ,p. 

Although the uncertainty associated with Eqn. (6.16) is relatively small, the ψQ 

required to achieve a desired level of foundation reliability may be under-estimated.  

Therefore, a conservative 95 percent prediction of ψQ,p, termed the lower-bound load- 

and resistance factor, ψQ,LB, can be estimated by adding ψQ,p with a lower-bound 

constant, cLB.  Table 6.4 shows cLB for each COV(Q’app) and COV(ya) combination.  In 

general, relatively small increases in ψQ,p are needed to satisfy the target foundation 

reliability at a 95 confidence level for the range of ψQ,p considered.  For example, for a 

COV(Q’app) = 10 percent and COV(ya) = 20 percent and ψQ,p = 3, ψQ,p must be 

increased by 0.18 (i.e., 6 percent) in order satisfy the specified target reliability with a 

95 percent confidence level.   

6.6 AN APPLICATION OF THE RELIABILITY-BASED SLS DESIGN 

APPROACH 

In order to illustrate the intended use of the proposed reliability-based 

serviceability limit state design approach, a typical design scenario for a structure 

supported on widely-spaced ACIP piles installed in predominately granular soils is 

described.  The nominal pile diameter, B, and length, D, were selected as 400 mm and 

12 m, respectively, indicating a slenderness ratio, D/B, equal to 30.  The nominal 

allowable pile displacement was assumed to be 25 mm, with moderate uncertainty 

(COV(ya) = 20 percent).  In this example, the variation in the applied load, 

COV(Q’app), was assumed equal to 10 percent.  The procedure for estimating the 
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allowable load with a target probability of exceeding the SLS equal to 1 percent (β = 

2.33) are outlined below: 

1. Estimate the nominal pile capacity, Qult,p, using Eqn. (6.1) and (6.2), and site-

specific soil characteristics (i.e. vertical effective stress, SPT-N ).   

2. Determine the appropriate predicted load- and resistance factor, ψQ,p, using 

Eqn. (6.16) and β = 2.33.  The coefficients p1 through p4 are calculated using 

Eqn. (6.17) and the aforementioned mean allowable displacement and 

slenderness ratio.  The secondary coefficients,s1 through s10, are obtained from 

Table 6.3 based on the variation in applied load and allowable displacement. 

3. The resulting load- and resistance factor was determined equal to 2.43, and 

was then adjusted to reflect the 95 percent lower-bound load-resistance factor, 

ψQ,LB, by adding cLB from Table 6.4, which corresponds to the selected 

variation in applied load and allowable displacement, to ψQ.  For the desired β 

= 2.33, ψQ,LB equals  2.61. 

4. The allowable load that limits displacement to 25 mm or less with a probability 

of exceeding the SLS equal to 1 percent is then computed as (1/ψQ,LB )Qult,p = 

0.38Qult,p. 

Instead, if a larger variation in allowable displacement had been selected (COV(ya) 

= 60), holding all other variables constant and repeating steps 1 through 4, the 

allowable load would be equal to 0.32Qult,p.  This represents a 16 percent reduction in 

the amount of allowable load, compared to the allowable load when COV(ya) = 20 
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percent, and illustrates the advantage of obtaining an accurate estimate of allowable 

displacement for a given pile design. 

Stuedlein and Reddy (2013) and Chapter 4 documented the impact of pile 

geometry (i.e. slenderness ratio) on foundation reliability.  Here, the effect of 

slenderness ratio on the load- and resistance factor is illustrated by holding μya
, 

COV(ya), COV(Q’app), and the target β constant based on the design example shown 

above, and changing the slenderness ratio from 30 to 60.  Because the impact of D/B 

on ψQ was observed to the most significant at the low and high ends of the range of μya
 

considered (i.e. 2.5 and 50 mm) and the smallest changes in ψQ are present at 

moderate μya (i.e. 25 mm, Figure 6.5b), the change in ψQ was relatively small (2.43 to 

2.45).  Instead, if μya
 = 15 mm, ψQ was equal to 2.78 and 3.35 for D/B = 30 and 60, 

respectively, and represents a considerable reduction (17 percent) in the allowable 

load (i.e. 0.36Qult,p to 0.30Qult,p).  Note that a similar reduction in allowable load was 

observed in the example above when COV(ya) was increased from 20 to 60 percent. 

To understand the impact of truncated distributions on foundation reliability at the 

SLS, MCS were carried out with and without truncated distributions of Q’STC.  

Assuming that Q’STC is truncated according to Eqn. (6.15), μya
 = 15 mm, COV(ya) = 20 

percent, COV(Q’app) = 10 percent, ψQ = 3, and D/B = 30, β was found to equal 2.54 (pf 

= 0.55 percent).  In comparison, β was equal to 2.45 (pf = 0.71 percent) when a full 

continuous distribution (non-truncated) of Q’STC was used.  This example represents a 

change of -0.16 or a 22.5 percent decrease in the estimated probability of failure when 
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lower-bound resistances are considered.  The magnitude of change in β (pf) observed 

in this example is primarily attributed to the relatively small COV associated with 

Q’STC (30.6 percent), and is largely consistent with the findings presented in Najjar 

(2005) and Najjar and Gilbert (2009) who showed the effect of lower-bound resistance 

limits on foundation reliability was directly related to the amount of variability in the 

distribution of resistance.  Because the distribution of Q’STC was truncated directly, 

rather than to the entire left side of Eqn. (6.6), the effect of a lower-bound resistance 

limit on β is expected to be relatively constant for each combination of simulated 

variables (i.e. μya
, COV(ya), COV(Q’app), D/B, ψQ). 

6.7 COMPARISIONS TO PAST RESEARCH 

Wang and Kulhawy (2008) presented a simple relationship to estimate foundation 

reliability at the SLS based on the reliability index at the ULS specified by the 

National Building Code of Canada (NBCC) (β = 3.2) and the ratio between pile 

capacities predicted at the SLS to that at the ULS.  Both closed-form first-order second 

moment (FOSM) and MCS techniques were used to characterize the distribution of the 

aforementioned ratio.  No consideration was given to the correlation between the 

hyperbolic model parameters and slenderness ratio.  Allowable displacement was 

characterized according to Zhang and Ng (2005), and used to estimate pile capacity at 

the SLS; whereas, pile capacity at the ULS was estimated using the slope tangent 

method.  Because the mean limiting tolerable displacement proposed by Zhang and Ng 

(2005) was relatively large (96 mm), Wang and Kulhawy (2008) found that the 

reliability index estimated at the SLS was larger than that specified by the NBCC at 
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the ULS for a variable applied load ranging from COV = 0 to 100 percent.  Upon 

reducing the mean allowable displacement to 15 and 25 mm, and assuming a COV of 

applied load = 10 percent, Wang and Kulhawy (2008) found the reliability index was 

equal to 2.32 and 3.05, respectively.   

In order to make comparisons between Wang and Kulhawy (2008) and work 

presented herein, Table 6.5 presents reliability indices at the SLS computed using the 

MCS approach described in this paper for a variety of slenderness ratios.  The ψQ used 

to determine the reliability indices in Table 6.5 was selected based on the ratio of the 

mean ULS pile capacity to the mean applied load back-calculated from Wang and 

Kulhawy (2008), and was equal to 2.4.  Overall, the foundation reliability estimated 

using the approach described in this paper is considerably smaller than that estimated 

in Wang and Kulhawy (2008), where the difference is likely primarily due to way in 

which ULS capacity is defined.  In fact, even with mean allowable displacements 

equal to 15 and 25 mm, Wang and Kulhawy (2008) found that the mean ratio of SLS 

capacity to ULS capacity was greater than one for both cases, indicating the level of 

conservatism associated with the slope tangent method for determining pile capacity.  

Although the approach discussed in Wang and Kulhawy (2008) alludes to a higher 

level of reliability, the amount of ULS pile capacity being used in this approach is 

likely much less than what’s actually available. 

6.8 CONCLUSIONS 

In this study, a reliability-based design (RBD) methodology for estimating the 

allowable load at a prescribed allowable displacement and target probability of 
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exceeding the SLS has been developed for ACIP piles installed in predominately 

granular soils.  Consistent with Phoon and Kulhawy (2008) and Chapter 4, a 

hyperbolic model provided a good fit to the load-displacement curves for ACIP piles 

for the database considered herein, where the uncertainty in the aggregated load-

displacement relationship is described using a correlated bivariate vector containing 

the hyperbolic model parameters.  In order to account for the inter-correlation between 

the model parameters, several copula functions were assessed based on the goodness-

of-fit to the load test database.  Because of their physically-meaningful definitions, the 

hyperbolic model parameters were found to be strongly correlated with pile 

slenderness ratio, defined as the ratio of pile length to diameter.  It was determined 

that the pile length has a strong impact on the estimate of foundation reliability, which 

apparently hasn’t been recognized prior to this work. 

To date, an ACIP pile-specific ultimate limit state (ULS) model has not been 

included in the assessment of foundation reliability at the SLS.  The ULS models 

proposed in Chapter 5 were incorporated in the analyses herein by evaluating the 

relationship between the selected reference capacity and ULS predicted capacity using 

a Monte Carlo approach.  The combined variability resulting from the error associated 

with the ULS capacity prediction model and the transformation error between the 

reference capacity and the ULS predicted capacity was included in this approach.   

Owing to the differences between the estimated probabilities of failure and actual 

observed instances of failure for many deep foundation elements, this study truncated 

the otherwise continuous distribution of pile capacity.  Because the lower-bound ratio 
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was dependent on pile geometry, the pile resistance distribution was truncated as a 

function of pile slenderness ratio.  In order to provide a more general approach to 

evaluating foundation reliability at the SLS, several different combinations of mean 

allowable displacement, uncertainty in allowable displacement and applied load, and 

slenderness ratio, were used to calibrate the load-resistance factor.  A convenient set of 

expressions was then provided to estimate the lumped load-resistance factor associated 

with a target level of reliability given prescribed levels of the independent design 

variables to facilitate a quasi-deterministic design framework.  Although the 

uncertainty associated with estimating the load- and resistance factor was small, 95 

percent prediction intervals were provided to provide an accurate and conservative 

load- and resistance factor.  A design example was included in order to illustrate the 

use of the closed-form solution, and a brief parametric study is performed to illustrate 

the impact of slenderness ratio on the estimated load- and resistance factor, and the 

effect of truncated distributions on foundation reliability.  The proposed procedure 

should not be used for design scenarios outside those included in the database, or for 

load- and resistance factors and target levels of reliability greater than those 

considered herein. 
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6.11 TABLES 

Table 6.1 - Copula functions selected for evaluation, and their parameters and 

goodness-of-fit to the database. 

 

 

 

Table 6.2 - Summary of load and displacement parameters used for MCS 

analyses. 

 

 

 

 

 

 

 

 

 

 

 

Copula Type Copula Function, C (u 1,t ,u 2,t ) Copula Parameter, θ AIC BIC

Gaussian -0.868 51.4 54.0

Frank -10.126 -116.3 -113.8

Clayton
-4.045 89.4 91.9

Gumbel
-3.022 -23.3 -20.7

Joe -4.851 81.1 83.7
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Parameter Nominal Value COV (%) Distribution

Q' STC 0.76 30.6 Truncated Lognormal

Q' app 1.00 10, 20 Lognormal

y a 2.5,5.0,…,50 0, 20,…,60 Lognormal

D /B 25,30,…,65 - -
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Table 6.3 - Summary of best-fit coefficients for calculating p1-p4 (Eqn. 6.17) for 

selected combinations of COV(Q’app) and COV(ya). 

 

COV(y a ) 0% 20% 40% 60% 0% 20% 40% 60%

s 1 0.8116 -3.4747 -2.7563 -0.5792 -1.5582 -3.6767 2.0765 -0.1641

s 2 -0.3789 2.6994 1.9634 -0.2185 1.2757 3.0954 -1.9682 -0.3990

s 3 -0.3051 0.1989 0.2818 0.6436 -0.0404 -0.0641 0.2880 0.4871

s 4 0.0736 -0.6323 -0.3663 0.3927 -0.2850 -0.8022 0.7020 0.3966

s 5 0.0592 0.0490 0.0496 0.0772 0.0619 0.0386 0.0530 0.0662

s 6 -0.0058 0.0454 0.0163 -0.0686 0.0181 0.0666 -0.0797 -0.0647

s 7 -0.0037 0.0003 0.0012 0.0072 -0.0021 0.0029 0.0024 0.0105

s 8 0.0590 -0.2195 -0.2869 -0.5615 -0.1007 -0.0645 -0.2988 -0.4634

s 9 -0.0023 0.0392 0.0488 0.0985 0.0212 0.0186 0.0510 0.0868

s 10 -0.0061 -0.0110 -0.0125 -0.0310 -0.0091 -0.0130 -0.0149 -0.0347

s 1 -12.383 10.427 2.3267 1.9819 0.2467 9.3957 -11.352 1.8406

s 2 7.3722 -10.047 -2.8074 -2.8285 -1.2267 -9.4837 7.8905 -3.7449

s 3 2.8283 1.2670 0.9906 1.4051 1.1824 1.7865 1.5933 2.6066

s 4 -1.2029 3.1840 1.0210 1.0791 0.6085 3.0867 -1.7849 1.6421

s 5 0.0169 0.1294 0.1319 0.0907 0.0204 0.1323 0.0760 0.1760

s 6 0.0469 -0.3108 -0.0822 -0.0661 -0.0622 -0.3000 0.1674 -0.1435

s 7 -0.0002 -0.0212 -0.0468 -0.0978 -0.0153 -0.0422 -0.0544 -0.1113

s 8 -1.5950 -0.8480 -0.6718 -0.8247 -0.6369 -1.1049 -0.9064 -1.5903

s 9 0.1950 0.0755 -0.0088 -0.0912 0.0397 0.0775 -0.0019 0.0059

s 10 0.0104 0.0268 0.0953 0.2269 0.0398 0.0714 0.1280 0.2343

s 1 19.875 -9.6856 9.4479 -1.6109 -0.6751 -7.8489 16.821 2.8162

s 2 -15.327 7.4155 -9.3909 -1.2892 -1.0646 6.0507 -14.599 -3.3468

s 3 0.0563 1.9045 2.5332 3.8107 2.8502 1.5678 1.3973 1.8015

s 4 4.0688 -1.7308 3.2208 1.3737 0.9483 -1.3560 4.4717 1.4598

s 5 0.1638 -0.0209 0.0813 0.2221 0.0886 -0.0398 0.1848 0.0682

s 6 -0.2902 0.2041 -0.2713 -0.1331 -0.0792 0.1639 -0.3724 -0.0954

s 7 -0.1139 -0.1033 -0.0935 -0.0319 -0.1009 -0.0786 -0.0969 -0.0197

s 8 -0.2124 -1.0200 -1.5509 -2.5346 -1.7217 -0.8586 -1.0830 -1.2261

s 9 -0.2004 -0.1173 -0.0325 0.1572 0.0093 -0.1066 -0.0799 -0.0348

s 10 0.2474 0.2827 0.2457 0.1144 0.2455 0.2362 0.2237 0.1322

s 1 2.7583 12.665 3.4831 12.700 13.694 12.145 4.7068 9.2993

s 2 -2.2565 -10.0077 -2.2737 -8.9600 -10.300 -9.5101 -3.5509 -6.7150

s 3 1.9937 1.5421 1.5850 0.3132 0.8202 1.4848 2.0783 1.1732

s 4 1.0692 3.0934 0.9213 2.5091 3.0035 2.9414 1.3302 2.0769

s 5 -0.0070 0.0572 -0.0027 0.0213 0.0438 0.0889 -0.0439 0.0930

s 6 -0.0244 -0.1986 0.0133 -0.0894 -0.1785 -0.1844 -0.0310 -0.0702

s 7 -0.1302 -0.1363 -0.1573 -0.2296 -0.1296 -0.1415 -0.1510 -0.2335

s 8 -1.2147 -1.0450 -0.9735 -0.2444 -0.6233 -1.0498 -1.1924 -0.8264

s 9 -0.1997 -0.2210 -0.2756 -0.4716 -0.2679 -0.2194 -0.2421 -0.3782

s 10 0.3789 0.3737 0.4353 0.5760 0.3616 0.3751 0.4323 0.5618

p 4

COV(Q' app ) = 20%COV(Q' app ) = 10%

p 1

p 2

p 3
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Table 6.4 - The lower-bound coefficient, cLB, for calculating the 95 percent lower-

bound load-resistance factor, ψQ,LB, for selected combinations of COV(Q’app) and 

COV(ya). 

 

 

 

Table 6.5 - Reliability indices computed at mean allowable displacements of 15 

and 25 mm, with COV(Q’app) and COV(ya) equal to 10 and 58.3 percent, 

respectively, for a series of slenderness ratios in order to compare the results 

herein to the SLS reliability estimates made by Wang and Kulhawy (2008). 

  

COV(y a ) 0% 20% 40% 60% 0% 20% 40% 60%

c LB 0.16 0.18 0.22 0.25 0.16 0.16 0.22 0.26

COV(Q' app ) = 10% COV(Q' app ) = 20%

Slenderness Ratio, D /B β  (μ ya =15 mm) β  (μ ya =25 mm)

25 1.45 1.94

30 1.37 1.92

35 1.28 1.86

40 1.18 1.79

45 1.09 1.72

50 1.01 1.66

55 0.95 1.59

60 0.89 1.54

65 0.84 1.50



314 

 

6.12 FIGURES 

 

 

Figure 6.1 - The hyperbolic model parameters, k1 and k2, (a) and the transformed 

parameters, k1,t and k2,t, (b) and their correlation.  
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Figure 6.2 - The empirical and fitted gamma marginal distributions and 

corresponding statistical parameters for (a) k1,t and (b) k2,t. 
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Figure 6.3 - The comparison between (a) the observed and 1,000 simulated model 

parameters, k1 and k2, and (b) the corresponding observed and simulated load-

displacement curves. 
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Figure 6.4 - The statistical relationship between Qult,p, Qult,i, and QSTC. 
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Figure 6.5 - The relationship between load-resistance factor and reliability index 

for COV(Q’app) = 10 percent and COV(ya) = 20 percent for (a) a mean allowable 

displacement of 2.5 mm and (b) 25 mm for slenderness ratios of 25 to 65. 
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Figure 6.6 - Ninety-five percent confidence intervals for Eqn. 6.16 and (a) 

COV(ya) = 0, (b) 20, (c) 40, and (d) 60 percent for COV(Q’app) = 10 percent. 
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CHAPTER 7: SUMMARY AND CONCLUSIONS 

7.1 SUMMARY 

The research presented in this dissertation addressed several significant shortcomings 

associated with the current state of the practice of the design of deep foundations, and 

studied the underlying factors and statistical modeling decisions that govern foundation 

reliability.  A literature review was conducted to identify the problems associated with 

currently recommended pile design methodologies, and investigate the manner in which 

risk and reliability is presently considered in practice. 

Owing to the ubiquity of dynamic pile driving formulas in public and private works, 

reducing the error associated with these methods was considered worthwhile.  In Chapter 

3, region- and pile-specific data was used develop accurate and unbiased equations in 

order to predict the capacity of driven piles using simple dynamic measurements within a 

probabilistic framework.  Resistance factors for use with load and resistance factor design 

(LRFD) at the ultimate limit state (ULS) for two target probabilities of failure were 

calibrated for a variety of pile types, dynamic formula parameters (e.g. hammer energy), 

and construction situations.  Operational factors of safety were computed in order to 

provide comparisons to past recommendations.  Comparisons in terms of efficiency (i.e. 

the amount of useable pile capacity) were made to previous studies which performed 

similar calibration efforts using non region-specific data. 

Chapter 4 investigated the factors that control the reliability of auger cast-in-place 

(ACIP) piles in predominately cohesionless soils under axial compression at the 
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serviceability limit state (SLS).  The governing parameters (i.e. allowable load, allowable 

displacement, slenderness ratio) were identified, and statistical correlations were treated 

using simple transformations to eliminate dependence.  The geometrically-based and 

mechanically-reasonable relationships identified in this work represent the first 

identification of such dependence and impact on reliability of any kind.  A simple 

probabilistic hyperbolic model was used to account for the uncertainty in the load-

displacement relationship using correlated bivariate curve-fitting parameters.  The 

translation model was used to model the correlation between the curve-fitting parameters, 

and the first-order reliability method (FORM) was used to estimate reliability for 

comparison to previous works. 

Currently, ACIP piles are under-used in transportation infrastructure projects due to a 

lack of reliability-based design (RBD) procedures.  In Chapter 5, accurate and unbiased 

design model equations for unit shaft and toe bearing resistance were developed in 

consideration of a large database consisting of static load test results for ACIP piles in 

predominately cohesionless soils loaded in compression and tension.  Based on the 

physically-reasonable justification that a finite lower-bound resistance limit exists, lower-

bound design lines were developed for shaft and toe bearing resistance by applying a 

constant ratio of lower-bound to predicted resistance to the proposed design models.  

Because the lower-bound resistance associated with total resistance included some 

uncertainty, the effect of different levels of uncertainty in the lower-bound limit on 

resistance factors was investigated.  Expressions to calculate resistance factors for piles 
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loaded in compression were formulated as a function of target reliability, dead to live 

load ratio, pile length, and the corresponding lower-bound resistance ratio. 

The work in Chapters 4 and 5 provided the basis for Chapter 6, where an ACIP pile-

specific design model at the ULS, and its uncertainty, was incorporated into a bivariate 

hyperbolic load-displacement model capable of describing the variability in the load-

displacement relationship for a wide range in pile displacement. The correlated 

hyperbolic model parameters were simulated using several copulas which were evaluated 

for goodness-of-fit to their observed dependence structure.  Several marginal 

distributions were fit to the hyperbolic model parameters (normal, lognormal, Cauchy, 

logistic, weibull, exponential, gamma), and the most suitable distribution (gamma) was 

determined based on the Anderson-Darling goodness-of-fit test.  Truncation efforts were 

applied to the simulated hyperbolic model parameters in order to limit over-sampling at 

the tail ends of the distributions.  Distributions with truncated lower-bound capacities 

were incorporated into the reliability analyses based on the work in Chapter 5.  A lumped 

load- and resistance factor was calibrated using a suitable performance function and 

Monte Carlo simulations (MCS) with the integration of the variability in the load-

displacement model, pile capacity, applied load, and allowable displacement.  The 

average and conservative 95 percent lower-bound prediction intervals for the calibrated 

load- and resistance factor resulting from the simulations were provided.  An example 

was provided to illustrate the intended use of the proposed procedure to estimate the 

allowable load for a prescribed allowable displacement, slenderness ratio, and level of 

reliability at the SLS.  Although unaccounted for in past studies, the slenderness ratio was 
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shown to have significant influence on the probability of reaching the SLS, and the 

recognition and incorporation of its effect in this work is anticipated to have significant 

impact on future assessments of the reliability of deep foundations. 

7.2 CONCLUSIONS 

The following points illustrate the major findings and conclusions of this work 

separated by the manuscripts in Chapters 3 through 6. 

7.2.1 Accuracy and Reliability-Based Region-Specific Recalibration of 

Dynamic Pile Formulas 

The ability of national databases to recalibrate dynamic formulas and the resulting 

estimates of pile capacity are limited in their ability to improve accuracy and provide 

unbiased capacity prediction equations.  Through the use of a large, previously 

unpublished database in a single geologic-setting, new calibrations to existing formulas 

were developed, and resistance factors for use with LRFD were calibrated.  In order to 

apply these findings to transportation infrastructure projects, power law equations for 

computing resistance factors were developed as a function of the dead to live load ratio 

and two target failure probabilities of exceeding the ULS (1/100 and 1/1000), 

representative of redundant and non-redundant piles, respectively.  The significant 

findings include: 

1. In general, the sample biases of the existing dynamic formulas, defined as the 

ratio of measured to predicted capacity, were found to depend on nominal 

(predicted) resistance for most driving conditions based on the Spearman rank test 

for association. 
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2. The recalibrated dynamic formulas developed herein reduced the tendency for 

over and under-prediction, reduced the prediction uncertainty, and produced 

unbiased capacity estimates for the majority of the groups and cases investigated. 

3. The coefficient of variation (COV) associated with each dynamic formula were 

reduced by separating piles based on material (e.g. concrete, steel).  In some 

cases, COVs were as low as 16 percent.  Compared to the results using a national 

database presented by Paikowsky et al. (2004), the uncertainties associated with 

the recalibrated formulas were smaller than those observed using more advanced 

methods (e.g. stress wave signal matching) in some cases. 

4. Efficiency factors, which indicate the percentage of useable static pile capacity, 

tended to be greater than those presented by Paikowsky et al. (2004), and 

illustrate the advantage of using a region-specific database. 

7.2.2 Effect of Slenderness Ratio on the Reliability-based Serviceability 

Limit State Design of Augered Cast-in-Place Piles 

A parametric study was conducted in order to assess the underlying factors that 

govern foundation reliability at the SLS.  Hyperbolic model parameters used to represent 

the pile head load-deflection curve were found to be correlated to pile geometry.  Not 

accounting for this correlation will result in significant biased predictions of foundation 

reliability.  The significant findings of this manuscript include: 

1. The uncertainty in allowable load had a larger effect on foundation reliability 

compared to the uncertainty in allowable displacement.  This point illustrates 
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the advantage of having an accurate ACIP pile-specific design model, which 

before this research was not available. 

2. Overall, foundation reliability was larger for larger mean allowable 

displacements when all other variables in the performance function were 

unchanged.  At larger allowable displacements, the reliability index was found 

to approach an upper bound limit and was shown to be largely insensitive to 

the level of uncertainty in allowable displacement compared to allowable 

load. 

3. Foundation reliability was highly sensitive to slenderness ratio.  In some 

cases, the reliability index changed over two-fold due to changes in pile 

geometry. 

7.2.3 Ultimate Limit State Reliability-Based Design of Auger Cast-in-

Place Piles Considering Lower-Bound Capacities. 

Design equations for estimating shaft and toe bearing resistance at the ULS were 

proposed for ACIP piles installed predominately granular soils loaded in compression 

and tension.  Lower-bound resistances were incorporated to produce more realistic 

assessments of foundation reliability and more meaningful and cost-effective resistance 

factors.  In an effort to satisfactorily capture the variability in granular soil deposits, pile 

materials and geometry, and typical fabrication and construction procedures, a database 

of 112 full-scale pile loading tests was compiled and may represent the largest database 

of its kind.  The significant findings of this manuscript include: 
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1. The ACIP pile-specific models for predicting unit shaft and toe bearing 

resistance are more accurate than the current recommended models (e.g. 

Brown et al. 2007).  The proposed shaft resistance model is characterized with 

a mean bias equal to 0.99, and a COV equal to 48.1 percent. The proposed 

unit toe bearing model is statistically characterized with a mean bias equal to 

1.01 and a COV equal to 27.8 percent.  In comparison, the federal highway 

administration (FHWA) method for toe bearing resistance recommended by 

Brown et al. (2007) had a mean bias equal to 2.43 and a COV equal to 43.6 

percent, and was biased with respect to nominal resistance. 

2. Because the uncertainty in the total resistance distribution (COV = 28.9 

percent) and the lower-bound resistance ratios were relatively small (0.39 to 

0.42), the percent increase in resistance factors for pile subjected to 

compressive loads was relatively small (0.4 to 9.3 percent) depending on the 

selected dead to live load ratio and target reliability index. 

3. Although the selected lower-bound ratio was relatively small (0.33), the 

percent increase from the presence of a lower-bound limit for resistance 

factors for piles loaded in tension was larger (28 to 54 percent) compared to 

resistance factors calibrated for compressive loads.  This difference is 

primarily attributed to the larger variability in the shaft resistance model, and 

illustrates the advantage of utilizing lower-bound limits in resistance factor 

calibration efforts.  Because tensile loading conditions are often the governing 
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failure criteria, the increased cost-savings via resistance factors calibrated with 

lower-bound limits can be significant. 

4. Resistance factors calibrated with lower-bound limits were relatively 

insensitive to the uncertainty present in the lower-bound ratio. 

7.2.4 Serviceability Limit State Reliability-Based Design of Auger Cast-

in-Place Piles in Granular Soils Considering Lower-Bound Pile 

Capacities. 

Studies that have evaluated the reliability of ACIP piles at the SLS have done so 

using ULS capacity prediction methodologies originally developed for driven 

displacement piles and drilled shafts.  For example, Phoon and Kulhawy (2008) 

investigated the reliability of ACIP piles at the SLS using the Meyerhof method; 

however, this method exhibits bias dependence on nominal or predicted resistance and is 

relatively inaccurate (COV = 50 percent).  In addition, the contribution from toe bearing 

resistance was neglected by Phoon and Kulhawy (2008).  This chapter proposed a RBD 

procedure to evaluate the allowable load for ACIP piles installed in predominately 

granular soils based on a prescribed level of reliability at the SLS, an uncertain estimate 

of allowable displacement, and pile geometry.  The ULS ACIP pile-specific design 

models and their lower-bound limits developed in Chapter 5 were incorporated into a 

bivariate hyperbolic load-displacement model capable of describing the variability in the 

load-displacement relationship for a wide range in pile displacement.  Because the 

translation model is often not suitable for highly correlated parameters, copula theory was 

used to model the dependence between the hyperbolic model parameters.  Due to the 

relatively low variability in the ULS pile capacity prediction model selected for use 
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herein, the use of a truncated distribution had moderate influence on the estimate of 

foundation reliability.  The significant findings of this manuscript include: 

1. Reducing the uncertainty in the load-displacement relationship using a 

suitable reference capacity improved the overall estimate of foundation 

reliability by reducing the uncertainty in the load-displacement relationship. 

2. Copula theory for modeling dependent variables proved to be more robust 

compared to the conventional translation model, where the observed scatter in 

the load-displacement relationship was well represented by the simulated 

curves and the selected range in slenderness ratio. 

3. Overall, the foundation reliability at the SLS estimated using the approach 

described in Chapter 6 is considerably smaller than that estimated in Wang 

and Kulhawy (2008); however, Wang and Kulhawy (2008) used the slope 

tangent capacity to define ULS capacity.  This approach is excessively 

conservative, where the mean ratio of SLS capacity to ULS capacity was 

greater than one for both mean allowable displacements investigated by Wang 

and Kulhawy (2008).  Although the approach discussed in Wang and 

Kulhawy (2008) alludes to a higher level of reliability, the amount of ULS 

pile capacity being used in this approach is likely much less than what’s 

actually available.  The use of a more accurate measure of ULS capacity is the 

preferred approach. 
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4. The MCS indicated a non-linear trend between the reliability index and the 

lumped load- and resistance factor for each combination of allowable 

displacement and slenderness ratio. 

5. In general, relatively small allowable displacements (2.5 mm) resulted in 

largely impractical load- and resistance factors (ψQ > 10) required to satisfy 

typical target levels of reliability.  Nevertheless, this study provides a sound 

basis for estimating reliability when limiting allowable displacements to small 

values is necessary. 

6. Consistent with the findings reported in Chapter 4, the slenderness ratio had a 

considerable effect on foundation reliability when all other variables are held 

constant.  At small allowable displacements, the reliability index is larger for a 

smaller slenderness ratio (i.e., a stiffer pile); whereas the opposite is true for 

larger allowable displacements. 

7. The interrelated effects of predicting allowable capacity at the SLS in 

consideration of several random variables were resolved into a quasi-

deterministic model.  The closed-form solution provided was shown to be 

accurate within 3.4 percent based on randomly generated input variables. 

7.3 SUGGESTIONS FOR FUTURE WORK 

This research illustrated the advantages of using region- and pile-specific data to 

quantify uncertainty and develop accurate pile capacity design methodologies for driven 

piles based on simple dynamic measurements.  Accurate and unbiased RBD models for 

ACIP piles at the ULS and SLS were developed by addressing and treating correlations 
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between design parameters using robust statistical models.  More realistic estimates of 

foundation reliability were obtained by considering physical lower-bound resistances.  

Closed-form solutions were developed in order to predict allowable load at the SLS given 

an uncertain estimate of allowable displacement.  All of these efforts have resulted in 

meaningful and more cost-effective resistance factors for use in LRFD.  Nevertheless, 

there are some areas in which further study of the reliability of deep foundations could be 

performed in order to better understand the important factors and modeling decisions that 

govern the design of deep foundations. 

1. The compilation of additional load test data may provide a better understanding of 

the factors that govern the behavior of ACIP piles at the ULS and SLS.  The 

current study focused specifically on granular soils; however, the framework 

developed herein may be applied to additional soil and pile types. 

2. The databases used herein consisted primarily of compressive axial load tests.  

The collection of additional results of load tests conducted under uplift loading 

could lead more accurate design models. 

3. The current study focused on the static axial capacity of single piles; the analyses 

described herein could be extended to include pile groups, cyclic loading, or 

lateral loading. 

4. Current recommendations for allowable displacements are based on limited data, 

contain large uncertainties, and differ from those observed in buildings and 

bridges.  The current study considered allowable displacement as a random 

variable; however, no attempt was made to reduce the uncertainty in the predicted 
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limiting tolerable displacement.  Additional study in this field could significantly 

improve the estimate of foundation reliability at the ULS and SLS.  The 

probabilistic design models developed herein could be used to determine the 

distribution of displacements and angular distortions in several types of structures 

through Monte Carlo-based finite element models.  Characterizing the actual 

allowable displacement and its dispersion can be used to establish a unified SLS 

for both the foundation and structure supported. 
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A.1 ABSTRACT 

Piles driven in the Puget Sound Lowlands frequently exhibit a high magnitude of 

soil setup or gain in capacity over time.  In fact, the energy associated with production 

pile driving hammers is often insufficient to fully mobilize pile toe bearing resistance 

during dynamic restrike testing.  Due to the potential for significant increases in 

capacity, practitioners often must consider the uncertain trade-off between the 

potential for setup and time-to-restrike.  This study presents the results of 76 pile case 

histories from the Puget Sound Lowlands that were dynamically monitored during 

end-of-drive (EOD) and begin-of-restrike (BOR).  The setup time (i.e. time between 

EOD and BOR) ranged from 5.5 to 312.5 hours.  Signal matching using CAse Pile 

Wave Analysis Program (CAPWAP) indicated that the majority of the piles 

experienced significant increases in shaft resistance. In order to assess setup, piles 

were grouped into three categories: closed-end steel pipe piles, open-end steel pipe 

piles, and solid concrete piles.  The accuracy and uncertainty of the well-known Skov 

and Denver (1988) setup prediction model was evaluated using the mean bias, defined 

as the ratio of measured and predicted shaft resistance, and the coefficient of variation 

(COV), defined as the ratio of the standard deviation of the point biases to the mean 

bias.  The Skov and Denver model exhibited considerable uncertainty (COV = 45 to 

59 percent) when evaluated using the local database. Recalibration efforts made using 

a hyperbolic function and least squares regression resulted in a reduction of the COV 

to 29 to 32 percent.  Based on considerable scatter in the setup ratio (i.e. ratio of BOR 

to EOD shaft resistance), it was determined that the behavior of setup over time could 
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not be adequately captured by considering total shaft resistance.  Therefore, setup due 

to the overall increase in shaft resistance between EOD and BOR was characterized in 

an initial effort to provide guidance for incorporating setup into pile design.  Closed-

end concrete piles exhibited the largest average setup ratio (3.92), followed by closed-

end steel piles (2.37) and open-ended steel piles (2.26). 

A.2 INTRODUCTION 

It is widely recognized that driven piles typically undergo a time-dependent 

increase in capacity following initial installation due to “setup” or “freeze” in the 

remolded soil surrounding the pile shaft. Although rare, “relaxation,” or a decrease in 

capacity has been observed for piles installed in dilative soils or when lateral stress is 

decreased after pile installation (York et al. 1994).  In some cases, pile capacity may 

increase by up to twelve times the end-of-driving (EOD) capacity (Komurka 2003).  

Setup is initially associated with an increase in effective stress due to the dissipation of 

positive porewater pressure during primary consolidation.  However, numerous case 

histories (e.g. Tavenas and Audy 1972, Samson and Authier 1986, among others.) 

indicate that pile capacity will often continue to increase long after effective stresses 

have equilibrated.  Although not well understood, setup from soil “aging” has been 

observed in all soil types and can comprise a significant portion of the total capacity 

gained from setup (Tan et al. 2004).   

Accounting for setup in pile design can result in a more cost-effective solution by 

reducing the number and length of piles and the required installation time.  Despite the 

availability of relatively quick procedures for estimating the static capacity of piles 
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post-installation (e.g. dynamic load tests or DLTs), pile capacity from setup is often 

under-estimated due to demanding construction schedules which often inhibit long-

term load test programs (Bullock 2008).  Additionally, it appears that there is no clear 

consensus regarding the appropriate delay between EOD and restrike.  Hannigan et al. 

(2006) suggested that five to seven days was adequate to assess setup in granular soils 

and at least two weeks in fine grained soil; however, Chen et al. (1999) observed 

steady setup for 80 days following end-of-driving, and Fellenius (2006) reported 

continued porewater pressure dissipation eight months following installation of piles 

in soft marine clays.      

Long delays between end-of-driving and restrike testing are often impractical.  As 

a result, numerous empirical, semi-empirical, and analytical models to estimate pile 

capacity from setup have been proposed (Skov and Denver 1988, Tan et al. 2004, 

etc.). However, most models exhibit significant uncertainty without site-specific 

calibration.  More advanced models (e.g. Steward and Wang 2011) have been 

proposed, but are often developed using geologic-specific databases and require 

specific soil properties (e.g. friction angle, overconsolidation ratio).  A simple, reliable 

methodology for estimating pile capacity from soil setup can reduce foundation 

construction costs and aid in decisions regarding planning of restrikes.  This paper 

evaluated the accuracy and variability of one well-known setup prediction model using 

a regional geologic-specific DLT database.  In order to reduce uncertainty, model 

recalibration was performed using a hyperbolic function and least squares regression.  

The magnitude and variability of setup in the Puget Sound Lowland was assessed for 
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different pile types (closed-end concrete, closed and open-end steel piles) in an effort 

to provide a guide for incorporating setup into pile design. 

A.3 BACKGROUND 

A.3.1 Pile Setup and Aging 

Setup takes place following pile installation as the disturbed soil regains strength.  

During installation, the soil adjacent to the pile shaft experiences larger shear strains 

and restructuring over a larger surface area compared to soil beneath the pile toe 

(Bullock 2008); therefore, setup is primarily associated with an increase in shaft 

resistance (Bullock et al. 2005).  Dynamic load tests reported by Samson and Authier 

(1986), Skov and Denver (1988), Kehoe (1989), and others have indicated minimal 

changes in toe bearing resistance following pile installation.   

Setup is associated with multiple interrelated mechanisms acting within the region 

of disturbed soil.  In soft to medium-stiff fine-grained and loose granular soils, setup is 

initially associated with the recovery of effective stress during primary consolidation 

(Seed and Reese 1955, Vesic 1977, Karlsrud and Haugen 1985).  Consolidation is 

usually assumed to occur within 24 hours in highly permeable sands (Tan et al. 2004), 

whereas it may take several months in cohesive soils (Fellenius 2006).  Large diameter 

and closed-end piles (i.e. displacement piles) may induce significant porewater 

pressure changes within the large volume of displaced soil; therefore, the 

consolidation period may be longer for displacement piles compared to non-

displacement piles (e.g. open-ended pipe piles, H-piles) (Randolph 2003).  In addition, 

loose, saturated granular soils may liquefy due to the dynamic motion of the pile 
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(Rausche et al. 2004); therefore, the difference in pile capacity between EOD and 

BOR can be significant.  

Driven piles often continue to gain capacity long after effective stresses have 

stabilized (Huang 1988).  Schmertmann (1991) presented several examples of long-

term setup in different soil types which he associated with mechanical aging due to 

soil restructuring.  Bullock (2008) suggested that consolidation and aging effects 

coincide in cohesive soils, resulting in continuous setup; whereas aging in sands may 

not begin for several weeks following installation.  Karlsrud and Haugen (1985) 

observed a 30 percent increase in shaft resistance 24 days after consolidation in 

sensitive overconsolidated Norwegian clay.  Tavenas and Audy (1972) observed a 70 

percent capacity increase within the first 15 to 20 days for piles installed in clean 

sands, and Chow et al. (1998) associated an 85 percent capacity increase with the 

relaxation of a temporary radial soil arch formed adjacent to the pile wall during 

driving.  Aging may also be associated with soil fatigue in stiff cohesive soils 

(Rausche et al. 2004), corrosion of steel piles (Chow et al. 1998), clay dispersion, 

thixotropy, and secondary compression (Steward and Wang 2011), and re-cementation 

in calcareous materials following installation (Mitchell and Solymar 1984). 

A.3.2 Estimation of Setup 

It is usually impractical to conduct a long-term load test program, thus several 

methodologies for predicting pile capacity due to setup have been proposed.  Many 

researchers have observed a linear correlation between setup and the logarithm of time 

(Bullock et al. 2005). Based on concrete piles driven in predominately cohesive soils, 
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Skov and Denver (1988) proposed a dimensionless setup factor, A, to predict pile 

capacity with the contribution of setup at a specific time: 

1 logt

o o

Q t
A

Q t

 
    

 
                                               (A.1) 

where A represents the capacity increase per log cycle of time, Qt = pile capacity at 

time t after driving, and Qo = pile capacity at the reference time to.  The authors 

originally recommended A = 0.6 for clay with to = 24 hours, and A = 0.2 for sand with 

t0 = 12 hours, where A includes all sources of capacity increase (e.g., consolidation, 

aging).  Skov and Denver (1988) selected to as the beginning of semi log-linear 

capacity increase; however, determining to and the associated Qo is subjective, and its 

selection impacts the log cycle capacity factor A (Bullock et al. 2005).  Due to variable 

site and ground conditions, different pile types and materials, and the inherent 

variability of setup, pile case histories reported by Svinkin et al. (1994), Axelsson 

(1998), Bullock et al. (2005), and others have indicated considerable scatter in A and 

to.  Therefore, pile capacity predictions made using Eqn. (A.1) without site-specific 

data will likely include significant uncertainty. 

Steward and Wang (2011) recognized that Eqn. (A.1) describes the relationship 

between capacity gain and setup time, but does not provide an estimate of ultimate pile 

resistance (i.e., capacity).  They studied load tests on heavily instrumented concrete 

piles installed in predominately clayey soils conducted by Bullock (1999), and 

developed a model to predict long-term capacity using the remolded friction angle and 

over-consolidation ratio.  Based on the limited number of examples presented, the 
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proposed model provided a more accurate estimation of setup compared to Skov and 

Denver (1988).  Other setup prediction methods have been proposed by Svinkin 

(1996) (power law), Bogard and Matlock (1990) (hyperbolic function), and Wang et 

al. (2010) which used a variable growth rate approach. 

A.4 GEOLOGY OF THE PUGET SOUND LOWLANDS 

This study presents an analysis of a database of piles driven in the Puget Sound 

Lowlands, a region that has been subjected to repeated glaciation over the last 2.4 

million years (Troost and Booth 2008).  Based on previous research, Easterbrook 

(1994) suggested that glaciation occurred at least six times during the Pleistocene.  

The most recent period was during the Vashon Stade of the Fraser Glaciation in which 

the Puget Lobe of the Cordilleran Ice Sheet advanced into the Puget Sound lowlands 

(Borden and Troost 2001).  As the ice moved southward, free-flow of seawater into 

the Puget Sound ceased, causing a series of proglacial lakes to form.  Glacial 

lacustrine deposited in these lakes is locally known as the Lawton formation which 

consists of laminated silts and clays.  As the ice continued southward, advance 

outwash was deposited over the Lawton formation and subsequently consolidated.  

Borden and Troost (2001) describe a typical glacial soil formation from bottom to top 

as:  (1) fine grained, glaciolacustrine sediments, (2) coursing-upward advance 

outwash, (3) till and poorly sorted ice-contact deposits, and (4) fining upward 

recessional outwash locally interbedded with dead-ice deposits.  During nonglacial 

periods, lacustrine and marine deposits filled in the center of the lowland (Borden and 
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Troost 2001).  At present, erosion and deposition is largely confined to local alluvial, 

deltaic, and estuarine environments.  

A.5 PILE DATABASE 

Piles in the database were installed in soil stratigraphy typical of the Puget Sound 

Lowlands. The database assessed herein was developed from 76 driven pile case 

histories gathered from the project records of several consulting firms with experience 

in the Puget Sound Lowlands.  Data gathered included geographic and geologic data, 

borings and in-situ tests, pile types and materials, driving system information, pile 

installation logs, and CAse Pile Wave Analysis Program (CAPWAP) records.  Pile 

diameters and embedded lengths ranged from 356 to 914 millimeters (14 to 36 

inches), and 8.7 to 48.8 meters (28.5 to 160.1 feet), respectively.  Measured total static 

capacities determined using signal matching (i.e. CAPWAP) at BOR ranged from 

1,023 to 10,675 kN (230 to 2,400 kips), with shaft capacities of 623 to 4,937 kN (140 

to 1,110 kips).  Figure A.1a through c presents the histograms and fitted normal and 

lognormal distributions of total static pile capacity (sum of shaft and toe resistance) at 

EOD and BOR, and setup time, respectively.  Pile types included open and closed-end 

steel pipe and concrete piles (square and octagonal), and observed setup times ranged 

from 5.5 hours to 312.5 hours.  The majority of piles in the database were installed 

with open-ended diesel hammers, although other hammer types included hydraulic, 

external combustion, and steam. 

Each pile in the database was associated with a single DLT and subsequent signal 

matching analysis at EOD and beginning of restrike (BOR) performed by a single, 
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local engineer specializing in dynamic testing.  Because a significant portion of the 

piles were driven to bear on very dense, deep glacially overridden soils, toe bearing 

resistances were only partially mobilized at BOR for some pile cases.  Signal 

matching analysis revealed that toe bearing remained constant, or in some cases 

decreased due to insufficient hammer energy, between EOD and BOR.  Therefore, this 

study considered setup resulting from shaft resistance only.  Although not addressed 

explicitly, it is also possible that the shaft resistance along the lower portion of the pile 

shaft was not fully mobilized in some cases resulting in a more conservative estimate 

of soil setup. 

A.6 SETUP FOR PILES DRIVEN IN THE PUGET SOUND 

LOWLAND 

A.6.1 The Skov and Denver (1988) Setup Prediction Model 

Compared to other setup models, the Skov and Denver (1988) method is popular 

because it is simple and requires minimal data; however, many researchers have 

reported significant error between measured and predicted capacity using conventional 

values of A and to.  As a result, designers often neglect additional pile capacity gained 

after the final load test (Steward and Wang 2011).  The wide range of A and to values 

reported in literature further reinforces the lack of confidence in Eqn. (A.1).   

The database in this study was used to assess the accuracy and uncertainty 

associated with the Skov and Denver (1988) model and to determine the range of A; 

subsequently, recalibration efforts were made in order to increase the accuracy and 

reduce variability of this model.  Since setup occurs primarily along the pile shaft, Qo 
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and Qt in Eqn. (A.1) are set equal to shaft resistance at EOD and BOR, respectively.  

For simplicity, to was assumed to be equal to one hour.  Provided that the depth of 

embedment does not change between EOD and BOR, piles of different size can be 

assessed together in Eqn. (A.1).  Piles were grouped into three categories: closed-end 

steel pipe piles, open-end steel pipe piles, and solid concrete piles.  Figure A.2 

illustrates a relatively poor correlation between setup ratio, η = Qt / Qo, and time, t, 

along with the average setup factor, Ā, for each pile grouping and the total range of A 

(0.05 to 6.33).  With the exception of two piles, η is bounded between one and seven, 

with an average of three.  The high variability associated with A is reflected in setup 

capacity predictions made using Eqn. (A.1).  The accuracy and uncertainty of the 

setup prediction model can be evaluated using the mean bias, defined as the ratio of 

measured and predicted shaft resistance, and the coefficient of variation (COV), 

defined as the ratio of the standard deviation of the point biases to the mean bias.  

Using Ā for each pile grouping, Qt was calculated using Eqn. (A.1).  Figure A.3a 

shows that the Skov and Denver model exhibits considerable uncertainty (COV = 45 

to 59 percent) for the database considered.  Although the mean bias for each pile 

grouping is near unity, some dependence may be present between bias (i.e. the 

tendency to over or under-predict capacity) and capacity predicted using the Skov and 

Denver model (Figure A.3a).  At smaller capacities, the model appears to under-

predict capacity, whereas the opposite may be true for larger capacities. 
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A.6.2 Recalibration of the Skov and Denver (1988) Setup Prediction 

Model 

Recalibration efforts were made to reduce the uncertainty in the Skov and Denver 

setup prediction model.  Based on a series of load tests following EOD, Bogard and 

Matlock (1990) and Tan et al. (2004) showed that the increase in pile capacity due to 

setup could be approximated using a hyperbolic curve; applying this approach to Eq 1. 

yielded: 

1 2

log

log

o

o

t o

o

o

t
Q A

t
Q Q

t
k k Q A

t

 
   

 
 

 
     

 

                                  (A.2) 

where k1 and k2 are fitting parameters determined using least squares regression, and 

govern the rate of gain in capacity.  The shape of the hyperbolic curve is also affected 

by Qo, where a larger Qo indicates a higher initial setup rate and a better defined 

horizontal asymptote.   

Figures A.3b through A.3d present the accuracy (mean bias) and uncertainty 

(COV) of shaft resistance from setup predicted using Eqn. (A.2) compared to the 

CAPWAP capacity at BOR and k1 and k2 for closed-end concrete piles, and closed and 

open-ended steel piles, respectively.  The solid line represents a one-to-one line 

between the measured and predicted shaft resistance, whereas the dashed lines 

represent one standard deviation of the model residuals added and subtracted from the 

one-to-one line.  These bounds indirectly represent the level of uncertainty associated 
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with the setup prediction model; narrow bands indicate a more accurate model.  Most 

of the points fall within one standard deviation of the residuals, which indicate a 

reasonably accurate setup prediction model as compared to the use of a single average 

fitting parameter for each pile group (e.g., Figure A.3a). 

Because each pile is associated with only two load tests (i.e., the EOD and a single 

BOR capacity), the actual shape of the setup curve between EOD and BOR for piles in 

this database is unknown; therefore, Eqn. (A.2) should be considered as an 

approximation of setup behavior over time.  This modified version of the Skov and 

Denver setup prediction method is a purely empirical model and developed from a 

distinct set of pile case histories, and therefore it should only be used with reasonable 

confidence if the design case under consideration falls within the bounds of the dataset 

(i.e. geologies, pile sizes and range in capacities). 

A.6.3 Characteristics of Setup in the Puget Sound Lowlands 

This study investigated setup in the Puget Sound Lowlands using a DLT database, 

where pile capacity was determined using CAPWAP.  It is well known that setup is 

time dependent, where the rate of setup is largest immediately following EOD before 

decreasing to zero over time.  However, the relative shaft resistance gained from setup 

(i.e. Qt / Qo) was found to be independent of setup time for the database considered.  

For example, a pile restuck after 10 hours exhibited a similar relative capacity gain 

compared to a pile tested after 200 hours.  Based on the considerable scatter presented 

in Figure A.2, it is clear that setup behavior in the Puget Sound Lowlands cannot be 

adequately captured by considering total shaft resistance.  Instead, setup should be 
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assessed for individual soil layers that are characteristic of exhibiting significant setup, 

which falls beyond the scope of this paper. This study intends to provide a summary of 

the degree of setup observed in the Puget Sound Lowlands, and offer intermediate 

guidance for incorporating setup into pile design until such time that a more detailed 

evaluation of each pile case history can be made. 

Nonetheless, it is helpful to provide typical values of setup observed in the Puget 

Sound Lowlands and its variability.  Figures A.4a through A.4c present the empirical, 

fitted normal, and fitted lognormal cumulative distribution functions (CDF) of the 

setup ratio, η, for closed-end concrete, and closed and open-end steel piles, 

respectively.  The Anderson-Darling goodness-of-fit test (Anderson and Darling 1952) 

provided a means for determining the distribution of η for each pile grouping.  For 

closed-end concrete and steel piles, the null hypothesis of normality is rejected in 

favor of a lognormal distribution at a 5 percent level of significance (i.e. p-value > 

0.05).  However, there was convincing evidence against normality and lognormality 

for open-end steel piles (i.e. p-value < 0.05) due to the poor fit of the upper tail.  The 

database, representative of conditions encountered in the Puget Sound Lowlands and 

as presented in Figure A.4, can provide an indirect level of confidence for 

incorporating setup into pile design.  Based on the empirical distributions in Figures 

A.4a through A.4c, approximately 90 percent of the closed-end concrete piles in the 

database exhibited a setup ratio of two or greater; compared to 52 and 44 percent for 

open and closed-end steel piles, respectively.  The range of η was 1.1 to 12.4, 1.1 to 

5.5, and 1.2 to 4.7 for closed-end concrete and closed and open-end steel piles, 
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respectively.  Overall, closed-end concrete piles exhibited the largest average setup 

ratio, although this pile subset also exhibited the largest variability.  

A.7 SUMMARY AND CONCLUSIONS 

A large, regional geologic-specific dynamic load test (DLT) database was 

analyzed to investigate the time-dependent gain in capacity for piles installed in the 

Puget Sound Lowlands.  Pile types represented in the database included open and 

closed-end steel pipe and closed-end concrete piles.  Each pile in the database was 

associated with a single DLT at end-of-driving (EOD) and beginning-of-restrike 

(BOR) and a corresponding capacity determined using signal-matching (i.e. 

CAPWAP).  Based on CAPWAP records, toe bearing resistance remained constant, or 

in some cases decreased due to insufficient hammer energy, between EOD and BOR.  

Therefore, this study considered setup resulting from shaft resistance only.  Because 

each pile was associated with only two DLTs, there was insufficient information to 

assess the behavior of the rate of setup over time for individual piles; therefore, piles 

were grouped together based on pile type (closed-end concrete, closed-end steel, open-

end steel).   

Owing to its wide usage, the accuracy and uncertainty in the Skov and Denver 

(1988) setup prediction model was investigated using the local pile database.  This 

prediction model produced unacceptably high uncertainties (coefficient of variation or 

COV = 45 to 59 percent) upon calibration when compared to shaft resistance at BOR 

due to significant scatter in setup ratio (i.e., the ratio of BOR and EOD shaft 

resistance) and a poorly defined relationship with time.  Based on past research, a 



376 

 

hyperbolic function was used to recalibrate the Skov and Denver model; recalibration 

provided considerable improvement and yielded an unbiased model, where COVs 

ranged from 29 to 32 percent.  According to the Anderson-Darling goodness-of-fit 

test, the setup ratio for closed-end concrete and steel piles could be adequately 

described with a lognormal distribution, whereas open-end steel piles did not follow a 

normal or lognormal distribution.  Overall, closed-end concrete piles exhibited the 

largest average setup ratio, followed by closed and open-end steel piles.  

Approximately 90 percent of closed-end concrete piles had a setup ratio of two or 

greater, compared to 52 and 44 percent for open and closed-end steel piles, 

respectively. 
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A.9 FIGURES 

 

Figure A.1 - Histograms and fitted normal and lognormal probability density 

functions of (a) total static (sum of shaft and toe) pile capacity at end-of-driving 

and (b) beginning-of-restrike, and (c) setup time. 
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Figure A.2 - Average, and upper and lower bounds of the setup parameter A for 

each pile group for the Skov and Denver (1988) prediction model using the Puget 

Sound Lowland database. Note the setup ratio represents the increase in shaft 

resistance only. 
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Figure A.3 - Accuracy and uncertainty of:  (a) the Skov and Denver model using 

Ā for each pile group, and fitting parameters of the recalibrated Skov and 

Denver model for (b) closed-end concrete piles, (c) closed-end steel piles, and (d) 

open-end steel piles.  Note, the dashed lines represent one standard deviation of 

the model residuals added and subtracted from the one-to-one line. 
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Figure A.4 - The empirical, fitted normal and lognormal cumulative distribution 

functions and relevant statistics of the setup ratio for (a) closed-end concrete 

piles, (b) closed-end steel piles, and (c) open-end steel piles.  Note, the setup ratio 

represents the increase in shaft resistance only. 

   

Figure 4. The empirical, fitted normal and lognormal cumulative distribution functions and relevant 

statistics of the setup ratio for (a) closed-end concrete piles, (b) closed-end steel piles, and (c) open-end 

steel piles.  Note, the setup ratio represents the increase in shaft resistance only. 
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APPENDIX B: CODES 
 

B.1 CALIBRATION OF DYNAMIC FORMULAS 

B.1.1 Calibration of Resistance Factors 

The following code is written for Excel VBA in order to facilitate the calibration 

of resistance factors under various loading and resistance conditions for several 

different target reliability indices and dead to live load ratios. 

 

Sub RUN() 

' RUN Macro 

  ‘Rows and columns of target reliability indices and dead to live load ratios 

   a = 4 

    c = 13 

    num2 = 32 

    Dim x As Integer 

    Dim y As Integer 
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    x = 2 + Worksheets("Sheet1").Range(Cells(2, 3), Cells(2, 

12)).Cells.SpecialCells(xlCellTypeConstants).Count 

    y = 2 + Worksheets("Sheet1").Range(Cells(3, 3), Cells(3, 

7)).Cells.SpecialCells(xlCellTypeConstants).Count 

    Dim i As Integer 

    Dim b As Integer 

‘ A user prompt box to override the existing data. 

    If Cells(6, 16) = "Yes" Then 

    mean = InputBox(Prompt:="Enter mean bias", _ 

             Title:="Manual Override") 

    Cells(9, 16) = mean 

    Else: Cells(9, 16) = Application.WorksheetFunction.Average(Range(Cells(17, 2), 

Cells(1000, 2))) 

    End If 

    If Cells(6, 16) = "Yes" Then 

    sdev = InputBox(Prompt:="Enter the standard deviation", _ 

            Title:="Manual Override") 

    Cells(10, 16) = sdev 

    Else: Cells(10, 16) = Application.WorksheetFunction.StDev(Range(Cells(17, 2), 

Cells(1000, 2))) 

    End If 

    For b = 3 To y 

    For i = 3 To x 

    Cells(2, i).Select 

    Selection.Copy 

    Range("B8").Select 

    ActiveCell.PasteSpecial xlPasteValues 

    Cells(3, b).Select 
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    Application.CutCopyMode = False 

    Selection.Copy 

    Range("E8").Select 

    ActiveCell.PasteSpecial xlPasteValues 

    Dim num As Integer 

    For num = a To c 

    Cells(11, 3) = 0.01 

   ‘A do loop to increase the resistance factor by a sufficiently small amounts to reach 

the target reliability index.  

   Do 

    Cells(11, 3) = Cells(11, 3) + 0.005 

    Loop Until Cells(14, 3) > -Cells(8, 5) 

    Cells(11, 3).Copy 

    Cells(num, num2).PasteSpecial 

    Next num 

    num2 = num2 + 1 

    Next i 

    a = a + 13 

    c = c + 13 

    num2 = 32 

    Next b 

End Sub 

B.1.2 Fit-to-Tail for Distributions 

The following code is written for Excel VBA, and performs fit-to-tail procedures 

to multiple specified distributions. 
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Sub AutoTailFit() 

' AutoTailFit Macro 

For i = 1 To 30 

    Windows("Danish Bias.csv").Activate 

    Range(Cells(2, i), Cells(400, i)).Select 

    Range(Selection, Selection.End(xlDown)).Select 

    Selection.Copy 

    Windows("Tail fitting v1.1.xlsm").Activate 

    Range("B11").Select 

    ActiveSheet.Paste 

    SolverOk SetCell:="$L$7", MaxMinVal:=2, ValueOf:=2.33, 

ByChange:="$M$3:$M$4", _ 

    Engine:=1, EngineDesc:="GRG Nonlinear" 

    SolverSolve UserFinish = False 

    SolverOk SetCell:="$Q$7", MaxMinVal:=2, ValueOf:=2.33, 

ByChange:="$T$3:$T$4", _ 

    Engine:=1, EngineDesc:="GRG Nonlinear" 

    SolverSolve UserFinish = False 
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    If Cells(7, 12) < Cells(7, 17) Then 

    Sheets("Danish Results").Select 

    Cells(i + 2, 8) = "Normal" 

    Else 

    Sheets("Danish Results").Select 

    Cells(i + 2, 8) = "Lognormal" 

    End If 

    Sheets("Tail Fitting").Select 

    Cells(3, 13).Select 

    Selection.Copy 

    Sheets("Danish Results").Select 

    Cells(i + 2, 4).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    Cells(4, 13).Select 

    Selection.Copy 

    Sheets("Danish Results").Select 

    Cells(i + 2, 5).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    Cells(3, 20).Select 

    Selection.Copy 

    Sheets("Danish Results").Select 

    Cells(i + 2, 6).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    Cells(4, 20).Select 
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    Selection.Copy 

    Sheets("Danish Results").Select 

    Cells(i + 2, 7).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    ActiveSheet.ChartObjects("Chart 2").Activate 

    ActiveChart.ChartArea.Copy 

    Sheets("Danish Results").Select 

    Range("O7").Select 

    ActiveSheet.Pictures.Paste.Select 

    Sheets("Tail Fitting").Select 

    Range("B11").Select 

    Range(Selection, Selection.End(xlDown)).Select 

    Selection.ClearContents 

    Next i 

For i = 1 To 30 

    Windows("Janbu Bias.csv").Activate 

    Range(Cells(2, i), Cells(400, i)).Select 

    Range(Selection, Selection.End(xlDown)).Select 

    Selection.Copy 

    Windows("Tail fitting v1.1.xlsm").Activate 

    Range("B11").Select 

    ActiveSheet.Paste 

    SolverOk SetCell:="$L$7", MaxMinVal:=2, ValueOf:=2.33, 

ByChange:="$M$3:$M$4", _ 

    Engine:=1, EngineDesc:="GRG Nonlinear" 

    SolverSolve UserFinish = False 
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    SolverOk SetCell:="$Q$7", MaxMinVal:=2, ValueOf:=2.33, 

ByChange:="$T$3:$T$4", _ 

    Engine:=1, EngineDesc:="GRG Nonlinear" 

    SolverSolve UserFinish = False 

    If Cells(7, 12) < Cells(7, 17) Then 

    Sheets("Janbu Results").Select 

    Cells(i + 2, 8) = "Normal" 

    Else 

    Sheets("Janbu Results").Select 

    Cells(i + 2, 8) = "Lognormal" 

    End If 

    Sheets("Tail Fitting").Select 

    Cells(3, 13).Select 

    Selection.Copy 

    Sheets("Janbu Results").Select 

    Cells(i + 2, 4).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    Cells(4, 13).Select 

    Selection.Copy 

    Sheets("Janbu Results").Select 

    Cells(i + 2, 5).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    Cells(3, 20).Select 

    Selection.Copy 

    Sheets("Janbu Results").Select 
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    Cells(i + 2, 6).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    Cells(4, 20).Select 

    Selection.Copy 

    Sheets("Janbu Results").Select 

    Cells(i + 2, 7).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    ActiveSheet.ChartObjects("Chart 2").Activate 

    ActiveChart.ChartArea.Copy 

    Sheets("Janbu Results").Select 

    Range("O7").Select 

    ActiveSheet.Pictures.Paste.Select 

    Sheets("Tail Fitting").Select 

    Range("B11").Select 

    Range(Selection, Selection.End(xlDown)).Select 

    Selection.ClearContents 

    Next i 

For i = 1 To 30 

    Windows("Gates Bias.csv").Activate 

    Range(Cells(2, i), Cells(400, i)).Select 

    Range(Selection, Selection.End(xlDown)).Select 

    Selection.Copy 

    Windows("Tail fitting v1.1.xlsm").Activate 

    Range("B11").Select 

    ActiveSheet.Paste 
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    SolverOk SetCell:="$L$7", MaxMinVal:=2, ValueOf:=2.33, 

ByChange:="$M$3:$M$4", _ 

    Engine:=1, EngineDesc:="GRG Nonlinear" 

    SolverSolve UserFinish = False 

    SolverOk SetCell:="$Q$7", MaxMinVal:=2, ValueOf:=2.33, 

ByChange:="$T$3:$T$4", _ 

    Engine:=1, EngineDesc:="GRG Nonlinear" 

    SolverSolve UserFinish = False 

    If Cells(7, 12) < Cells(7, 17) Then 

    Sheets("Gates Results").Select 

    Cells(i + 2, 8) = "Normal" 

    Else 

    Sheets("Gates Results").Select 

    Cells(i + 2, 8) = "Lognormal" 

    End If 

    Sheets("Tail Fitting").Select 

    Cells(3, 13).Select 

    Selection.Copy 

    Sheets("Gates Results").Select 

    Cells(i + 2, 4).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    Cells(4, 13).Select 

    Selection.Copy 

    Sheets("Gates Results").Select 

    Cells(i + 2, 5).Select 

    ActiveSheet.Paste 



392 

 

    Sheets("Tail Fitting").Select 

    Cells(3, 20).Select 

    Selection.Copy 

    Sheets("Gates Results").Select 

    Cells(i + 2, 6).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    Cells(4, 20).Select 

    Selection.Copy 

    Sheets("Gates Results").Select 

    Cells(i + 2, 7).Select 

    ActiveSheet.Paste 

    Sheets("Tail Fitting").Select 

    ActiveSheet.ChartObjects("Chart 2").Activate 

    ActiveChart.ChartArea.Copy 

    Sheets("Gates Results").Select 

    Range("O7").Select 

    ActiveSheet.Pictures.Paste.Select 

    Sheets("Tail Fitting").Select 

    Range("B11").Select 

    Range(Selection, Selection.End(xlDown)).Select 

    Selection.ClearContents 

    Next i 

End Sub 
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B.2 PARAMETRIC ANALYSES FOR AUGER CAST-IN-PLACE 

PILES AT THE SERVICEABILITY LIMIT STATE  

The following code is written for R, and was used to conduct the parametric study 

in Chapter 4. 

#This code requires the 'nloptr' package. 

acip<-read.csv("RandomizationCodeforR_trans.csv") 

attach(acip) 

count=1 

k1_t <- acip[1:87,1] 

k2_t <- acip[1:87,2] 

D_B <-seq(25,65,by=10) 

MEAN_Ya2 <- seq(10,50,by=10) 

COV_Ya2 <- seq(0.33,0.43,by=0.02) 

COV_Qp2 <- seq(0.05,0.85,by=0.10) 

result<-matrix(1,41,9) 

for (d in 1:1) { 

for (i in 3:3) { 

for (k in 1:1) { 

for (j in 1:6) { 

#9 

#41 

rho_ln = -0.819 

FS = 3 

k1 = k1_t*D_B[d] 

k2 = k2_t/sqrt(D_B[d]) 

MEAN_K1 = mean(k1) 

MEAN_K2 = mean(k2) 
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MEAN_Ya = MEAN_Ya2[i] 

MEAN_Qp = 1 

MEAN_Q = 1 

COV_K1 = sd(k1) / mean(k1) 

COV_K2 = sd(k2) / mean(k2) 

COV_Ya = COV_Ya2[j] 

COV_Qp = COV_Qp2[k] 

COV_Q = 0.20 

EP_K1 = sqrt(log(1 + (((COV_K1*MEAN_K1)^2)/(MEAN_K1^2)))) 

EP_K2 = sqrt(log(1 + (((COV_K2*MEAN_K2)^2)/(MEAN_K2^2)))) 

EP_Ya = sqrt(log(1 + (((COV_Ya*MEAN_Ya)^2)/(MEAN_Ya^2)))) 

EP_Qp = sqrt(log(1 + (((COV_Qp*MEAN_Qp)^2)/(MEAN_Qp^2)))) 

EP_Q = sqrt(log(1 + (((COV_Q*MEAN_Q)^2)/(MEAN_Q^2)))) 

LAM_K1 = log(MEAN_K1) - 0.5*EP_K1^2 

LAM_K2 = log(MEAN_K2) - 0.5*EP_K2^2 

LAM_Ya = log(MEAN_Ya) - 0.5*EP_Ya^2 

LAM_Qp = log(MEAN_Qp) - 0.5*EP_Qp^2 

LAM_Q = log(MEAN_Q) - 0.5*EP_Q^2 

x = 

c(EP_K1,EP_K2,EP_Ya,EP_Qp,EP_Q,LAM_K1,LAM_K2,LAM_Ya,LAM_Qp,LA

M_Q,rho_ln,FS) 

prelim_beta = 100 

Z=c(0,0,0,0,0) 

for (p in 0:5) { 

for (q in 0:5) { 

for (r in 0:5) { 

for (s in 0:5) { 
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for (t in 0:5) { 

p=as.numeric(p) 

q=as.numeric(q) 

r=as.numeric(r) 

s=as.numeric(s) 

t=as.numeric(t) 

Z=c(p,q,r,s,t) 

g0 <- function(Z,x) { 

((exp(Z[3]*x[3]+x[8]))/((exp(Z[1]*x[1]+x[6]))+(exp((Z[1]*x[11]+Z[2]*sqrt(1-

x[11]^2))*x[2]+x[7]))*(exp(Z[3]*x[3]+x[8])))) -  

(1/x[12])*((exp(Z[5]*x[5]+x[10]))/(exp(Z[4]*x[4]+x[9]))) } 

f0 <- function(Z,x) { sqrt(Z[1]^2+Z[2]^2+Z[3]^2+Z[4]^2+Z[5]^2) } 

local_solu <- nloptr( x0=Z,eval_f=f0,lb=c(-5,-5,-5,-5,-5), ub=c(5,5,5,5,5), 

eval_g_ineq = g0,opts = list("algorithm"="NLOPT_LN_COBYLA","xtol_rel"=1e-

8,maxeval=200000), 

x = x) 

pre_beta <- local_solu$objective 

if (pre_beta < prelim_beta) { 

prelim_beta = pre_beta  } 

}}}}} 

result[j,k]<-prelim_beta 

}} 

write.csv(result,file=paste(count,"_10_min_local_result.csv",sep=""), 

row.names=FALSE) 

count=count+1 

}} 
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B.3 RELIABILITY OF AUGER CAST-IN-PLACE PILES AT THE 

SERVICEABILITY LIMIT STATE  

B.3.1 Computing Reliability using Monte Carlo Simulations and Lower-

bound Resistances 

The following code is written for R, and aids in the selection of a suitable copula 

to model the dependence structure between the hyperbolic model parameters, and 

computes the probability of failure given a different slenderness ratios, allowable 

displacements, and load- and resistance factors using Monte Carlo simulations.  A 

lower-bound resistance limit is incorporated based on the selected slenderness ratio. 

Read in file with transformed k1 and k2. 

 r<-read.csv("k1t_k2t.csv") 

 attach(r) 

 str(r) 

 #calculate kendall's tau. 

 rho<-cor.test(k1t,k2t,method="kendall") 

 rho=rho$est 

 #transform k1 and k2 to uniform variables. 

 u1t=rank(k1t)/length(k1t) 

 u2t=rank(k2t)/length(k2t) 

 #make 'x' matrix and put u1t and u2t into it. 

 x<-matrix(1,length(u1t),2) 

 x[,1]=u1t 

 x[,2]=u2t 

 #Determine copula family. Since all copulas consider are single-parameter 

ones, we can select by AIC or BIC. 

 cop_fam<-BiCopSelect(u1t,u2t,familyset=NA,selectioncrit="AIC") 

 family=cop_fam$family 

 #Since 'BiCopSelect' returns the MLE-based copula parameter we need to 

calcuated the parameter based directly on kendall's tau. 
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 cop_par<-BiCopTau2Par(family=cop_fam$family,tau=rho) 

 #We'd like to know the actual AIC and BIC of the chosen copula. 

 CDVineAIC(data=x,family=family,par=cop_par,type=1) 

 CDVineBIC(data=x,family=family,par=cop_par,type=1) 

#Note we can determine the AIC and BIC of the other (non-selected) copulas as well.  

Simply change the family number and calculate the associated copula parameter. 

#Now we want to simulate u1t and u2t, and ultimately k1t and k2t with our selected 

copula (Frank). 

 #Simulate u1t and u2t with the selected copula. 

 #Choose the intial number of simulations 

 n=1000000 

 sim_frank=BiCopSim(N=n,family=family,par=cop_par) 

 u1tsim_frank=sim_frank[,1] 

 u2tsim_frank=sim_frank[,2] 

 #Based on fit.cont(k1t) and fit.cont(k2t) (in the package 'rriskdistributions', k1t 

and k2t are best described as gamma-distributed. 

 shape_k1t=4.765482 

 rate_k1t=29.636292 

 shape_k2t=19.562053 

 rate_k2t=5.785506 

 #Transform u1t and u2t into gamma marginals (i.e. k1t and k2t simulated). 

 k1tsim=qgamma(u1tsim_frank,shape=shape_k1t,rate=rate_k1t) 

 k2tsim=qgamma(u2tsim_frank,shape=shape_k2t,rate=rate_k2t) 

 #Make matrix of the ultimate resistance, qult, distribution 

 qult_mean = 0.759 

 qult_COV = 0.306 

 qult_sd = qult_mean*qult_COV 

 qult_ln_sd = sqrt(log(1+(qult_sd^2/qult_mean^2))) 
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 qult_ln_mean = log(qult_mean)-0.5*(qult_ln_sd)^2 

 qult = matrix(rlnorm(n,meanlog=qult_ln_mean,sdlog=qult_ln_sd),n,1) 

 LF = 

matrix(c(1,1.25,1.5,1.75,2,2.25,2.5,2.75,3,3.25,3.5,3.75,4,4.25,4.5,4.75,5,5.25,5.5,5.75

,6,6.25,6.5,6.75,7,7.25,7.5,7.75,8,8.25,8.5,8.75,9,9.25,9.5,9.75,10),37,1) 

 ya_mean = 

c(2.5,5,7.5,10,12.5,15,17.5,20,22.5,25,27.5,30,32.5,35,37.5,40,42.5,45,47.5,50) 

 ya_COV = c(0.5) 

 #Select the desired deterministic D/B ratios 

 D_B = c(25,30,35,40,45,50,55,60,65) 

 disp_mat = 

matrix(1,length(ya_mean)*length(ya_COV)*length(D_B)*length(LF),5) 

 s=0 

 for (i in 1:length(D_B)) { 

  for (j in 1:(length(ya_COV))) {  

   for (k in 1:(length(ya_mean))) {  

    for (m in 1:(length(LF))) { 

    s=s+1 

    disp_mat[s,1] = D_B[i] 

    disp_mat[s,2] = ya_COV[j] 

      disp_mat[s,3] = ya_mean[k] 

    disp_mat[s,4] = LF[m] 

    }}}} 

 s=0 

for (z in 1:length(D_B)) { 

 #Back-transform k1t and k2t into k1 and k2 

 k1sim = k1tsim*D_B[z] 

 k2sim = k2tsim/sqrt(D_B[z]) 
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 #Limits of k1 and k2 based on the observed data. 

 k1_min=0.90 

 k1_max=17.0 

 k2_min=0.25 

 k2_max=1.10 

 #Create new matrix and put the simulated k1 and k2 in it. 

 mod_para_sims=matrix(1,n,2) 

 mod_para_sims[,1]=k1sim 

 mod_para_sims[,2]=k2sim 

 #Create matrix forlocations (1=good sim, 0=bad sim) of sims 

 mod_para_truncsims=matrix(1,n,2) 

 mod_para_truncsims[,]<-mod_para_sims[,1] >= k1_min & mod_para_sims[,1] 

<= k1_max & mod_para_sims[,2] >= k2_min & mod_para_sims[,2] <= k2_max 

 #Fill truncated matrix with good sims. 

 for ( i in 1:length(mod_para_truncsims[,1])) { if(mod_para_truncsims[i,1]==1) 

mod_para_truncsims[i,1]=mod_para_sims[i,1] } 

 for ( i in 1:length(mod_para_truncsims[,2])) { if(mod_para_truncsims[i,2]==1) 

mod_para_truncsims[i,2]=mod_para_sims[i,2] } 

 #Kick out the bad sims (i.e. where the zeros are).  This is now our matrix of 

simulated k1 and k2's for use in reliability analyses. 

 mod_para_truncsims<-

mod_para_truncsims[apply(mod_para_truncsims!=0,1,any),,drop=FALSE] 

 #What is the actual number of simulated pairs of k1 and k2? It should retain 

about 96% of the simulations. 

 n_sims_mod_para=length(mod_para_truncsims[,1]) 

#Truncating qult distribution 

 #Set lowerbound ultimate resistance ratio (based on the Reddy & Stuedlein 

2013 model) 
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 #Since the LBR is dependent on depth (i.e. slenderness ratio)... 

 qult_min = 0.759*(-.001094*D_B[z]+0.434819) 

 #Create matrix forlocations (1=good sim, 0=bad sim) of sims. 

 qult_trunc=matrix(1,n,1) 

 qult_trunc[,]<-qult[,] >= qult_min 

 #Fill truncated matrix with good sims. 

 for ( i in 1:length(qult_trunc[,1])) { if (qult_trunc[i,1]==1) 

qult_trunc[i,1]=qult[i,1] } 

 #Kick out the bad sims (i.e. where the zeros are).  This is now our matrix of 

qult for use in reliability analyses. 

 qult_trunc<-qult_trunc[apply(qult_trunc!=0,1,any),,drop=FALSE] 

 #New number of simulations (After truncating qult) 

 n_sims_qult=length(qult_trunc[,1]) 

 #Determine which truncated population (qult_trunc or mod_para_sims) has the 

least number of sims, and reduce the larger one to the same size as the smaller one.  

 ifelse (n_sims_mod_para < n_sims_qult, qult_trunc<-

qult_trunc[1:n_sims_mod_para,1], mod_para_truncsims<-

mod_para_truncsims[1:n_sims_qult,1:2])  

 #Determining the number of sims (lowest between qult and k1,k2) to use for 

the rest of the variables in the performance function. 

 n_sims=min(n_sims_mod_para,n_sims_qult) 

 #Make matrix of the applied load, q, distribution 

 q_mean = 1.0 

 q_COV = 0.10 

 q_sd = q_mean*q_COV 

 q_ln_sd = sqrt(log(1+(q_sd^2/q_mean^2))) 

 q_ln_mean = log(q_mean)-0.5*(q_ln_sd)^2  

 q = matrix(rlnorm(n_sims,meanlog=q_ln_mean,sdlog=q_ln_sd),n_sims,1) 

 #Make ya_allow for different combinations of ya_mean and ya_COV. 
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 ya_allow=matrix(1,n_sims,length(ya_mean)*length(ya_COV)) 

 k=0 

 for (i in 1:length(ya_COV)) { 

  for (j in 1:length(ya_mean)) { 

   k=k+1 

   ya_sd = ya_mean[j]*ya_COV[i] 

   ya_ln_sd = sqrt(log(1+(ya_sd^2/ya_mean[j]^2))) 

   ya_ln_mean = log(ya_mean[j])-0.5*(ya_ln_sd)^2  

   ya_allow[,k]= 

rlnorm(n_sims,meanlog=ya_ln_mean,sdlog=ya_ln_sd) 

   }} 

 #Right side of the performance function 

 right=matrix(1,n_sims,length(LF)) 

 for (i in 1:length(LF)) { 

  right[,i]=(1/LF[i])*(q/qult_trunc) 

  } 

 #Left side of the performance function 

 left=matrix(1,n_sims,length(ya_mean)*length(ya_COV)) 

 k=0 

 for (i in 1:length(ya_allow[1,])) {  

   k=k+1 

 left[,k]=(ya_allow[,i])/((mod_para_truncsims[,1])+(ya_allow[,i]*(mod_para_tr

uncsims[,2]))) 

   } 

 #Evaluate the performance function and create a matrix of all combinations of 

ya_COV, ya_mean, and LF, where num of rows = num of sims. 

 Fp=matrix(1,n_sims,(length(left[1,])*length(right[1,]))) 

 k=0 
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 for (i in 1:length(left[1,])) { 

  for (j in 1:length(right[1,])) { 

   k=k+1 

   Fp[,k]<-left[,i] - right[,j]  

   }} 

 #Locate the failures (i.e. when Fp is less than 0) and place a 1 signifying a 

failure occured.  Zero for no-failure. 

 Fp[,]<-Fp[,] < 0 

 #Determine probability of failure and reliability index for each combination 

 pf=matrix(1,(length(left[1,])*length(right[1,])),1) 

 Beta=matrix(1,(length(left[1,])*length(right[1,])),1) 

 k=0 

 for (i in 1:(length(left[1,])*length(right[1,]))) { 

  k=k+1 

  pf[k,1]=sum(Fp[,i])/n_sims 

  Beta[k,1]=qnorm((1-pf[k,1]),mean=0,sd=1) 

  } 

 for (i in 1:length(Beta)) { 

    s=s+1 

    disp_mat[s,5] = Beta[i] 

    } 

 } 

 #Print Result to .csv file.  From here we can sort columns in excel. 

 write.csv(disp_mat,file=paste("Reliability_Result(covya=0.5).csv",sep=""), 

row.names=FALSE) 
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B.3.2 Validation of the Closed-form Quasi-deterministic Solution 

The following code is written for R, and was used to validate the closed-form SLS 

model by selecting random combinations of slenderness ratio, allowable displacement, 

and the load- and resistance factor from uniform distributions. 

#Read in file with transformed k1 and k2. 

 r<-read.csv("k1t_k2t.csv") 

 attach(r) 

 str(r) 

 #calculate kendall's tau. 

 rho<-cor.test(k1t,k2t,method="kendall") 

 rho=rho$est 

 #transform k1 and k2 to uniform variables. 

 u1t=rank(k1t)/length(k1t) 

 u2t=rank(k2t)/length(k2t) 

 #make 'x' matrix and put u1t and u2t into it. 

 x<-matrix(1,length(u1t),2) 

 x[,1]=u1t 

 x[,2]=u2t 

 #Determine copula family. Since all copulas consider are single-parameter 

ones, we can select by AIC or BIC - it doesn't matter. 

 cop_fam<-BiCopSelect(u1t,u2t,familyset=NA,selectioncrit="AIC") 

 family=cop_fam$family 
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 #Since 'BiCopSelect' returns the MLE-based copula parameter we need to 

calcuated the parameter based directly on kendall's tau. 

 cop_par<-BiCopTau2Par(family=cop_fam$family,tau=rho) 

 #We'd like to know the actual AIC and BIC of the chosen copula. 

 CDVineAIC(data=x,family=family,par=cop_par,type=1) 

 CDVineBIC(data=x,family=family,par=cop_par,type=1) 

#Note we can determine the AIC and BIC of the other (non-selected) copulas as 

well.  Simply change the family number and calculate the associated copula 

parameter. 

#Now we want to simulate u1t and u2t, and ultimately k1t and k2t with our 

selected copula (Frank). 

 #Simulate u1t and u2t with the selected copula. 

 #Choose the intial number of simulations 

 n=1000000 

 sim_frank=BiCopSim(N=n,family=family,par=cop_par) 

 u1tsim_frank=sim_frank[,1] 

 u2tsim_frank=sim_frank[,2] 

 #Based on fit.cont(k1t) and fit.cont(k2t) (in the package 'rriskdistributions', k1t 

and k2t are best described as gamma-distributed. 

 shape_k1t=4.765482 

 rate_k1t=29.636292 

 shape_k2t=19.562053 

 rate_k2t=5.785506 

 #Transform u1t and u2t into gamma marginals (i.e. k1t and k2t simulated). 

 k1tsim=qgamma(u1tsim_frank,shape=shape_k1t,rate=rate_k1t) 
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 k2tsim=qgamma(u2tsim_frank,shape=shape_k2t,rate=rate_k2t) 

 #Make matrix of the ultimate resistance, qult, distribution 

 qult_mean = 0.759 

 qult_COV = 0.306 

 qult_sd = qult_mean*qult_COV 

 qult_ln_sd = sqrt(log(1+(qult_sd^2/qult_mean^2))) 

 qult_ln_mean = log(qult_mean)-0.5*(qult_ln_sd)^2 

 qult = matrix(rlnorm(n,meanlog=qult_ln_mean,sdlog=qult_ln_sd),n,1) 

 LF<-runif(2000,1,10)  

 ya_mean<-runif(2000,2.5,50) 

 ya_COV = c(0.6) 

 D_B<-runif(2000,20,68.5) 

 disp_mat = matrix(1,length(LF),5) 

 disp_mat[,1] = D_B 

 disp_mat[,2] = ya_COV 

   disp_mat[,3] = ya_mean 

 disp_mat[,4] = LF 

 s=0 

 pp=0 

for (z in 1:length(D_B)) { 

 #Back-transform k1t and k2t into k1 and k2 

 k1sim = k1tsim*D_B[z] 

 k2sim = k2tsim/sqrt(D_B[z]) 
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 #Limits of k1 and k2 based on the observed data. 

 k1_min=0.90 

 k1_max=17.0 

 k2_min=0.25 

 k2_max=1.10 

 #Create new matrix and put the simulated k1 and k2 in it. 

 mod_para_sims=matrix(1,n,2) 

 mod_para_sims[,1]=k1sim 

 mod_para_sims[,2]=k2sim 

 #Create matrix forlocations (1=good sim, 0=bad sim) of sims 

 mod_para_truncsims=matrix(1,n,2) 

 mod_para_truncsims[,]<-mod_para_sims[,1] >= k1_min & mod_para_sims[,1] 

<= k1_max & mod_para_sims[,2] >= k2_min & mod_para_sims[,2] <= k2_max 

 #Fill truncated matrix with good sims. 

 for ( i in 1:length(mod_para_truncsims[,1])) { if(mod_para_truncsims[i,1]==1) 

mod_para_truncsims[i,1]=mod_para_sims[i,1] } 

 for ( i in 1:length(mod_para_truncsims[,2])) { if(mod_para_truncsims[i,2]==1) 

mod_para_truncsims[i,2]=mod_para_sims[i,2] } 

 #Kick out the bad sims (i.e. where the zeros are).  This is now our matrix of 

simulated k1 and k2's for use in reliability analyses. 

 mod_para_truncsims<-

mod_para_truncsims[apply(mod_para_truncsims!=0,1,any),,drop=FALSE] 
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 #What is the actual number of simulated pairs of k1 and k2? It should retain 

about 96% of the simulations. 

 n_sims_mod_para=length(mod_para_truncsims[,1]) 

#Truncating qult distribution 

 #Set lowerbound ultimate resistance ratio (based on the Reddy & Stuedlein 

2013 model) 

 #Since the LBR is dependent on depth (i.e. slenderness ratio)... 

 qult_min = 0.759*(-.001094*D_B[z]+0.434819) 

 #Create matrix forlocations (1=good sim, 0=bad sim) of sims. 

 qult_trunc=matrix(1,n,1) 

 qult_trunc[,]<-qult[,] >= qult_min 

 #Fill truncated matrix with good sims. 

 for ( i in 1:length(qult_trunc[,1])) { if (qult_trunc[i,1]==1) 

qult_trunc[i,1]=qult[i,1] } 

 #Kick out the bad sims (i.e. where the zeros are).  This is now our matrix of 

qult for use in reliability analyses. 

 qult_trunc<-qult_trunc[apply(qult_trunc!=0,1,any),,drop=FALSE] 

 #New number of simulations (After truncating qult) 

 n_sims_qult=length(qult_trunc[,1]) 

 #Determine which truncated population (qult_trunc or mod_para_sims) has the 

least number of sims, and reduce the larger one to the same size as the smaller one.  

 ifelse (n_sims_mod_para < n_sims_qult, qult_trunc<-

qult_trunc[1:n_sims_mod_para,1], mod_para_truncsims<-

mod_para_truncsims[1:n_sims_qult,1:2])  
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 #Determining the number of sims (lowest between qult and k1,k2) to use for 

the rest of the variables in the performance function. 

 n_sims=min(n_sims_mod_para,n_sims_qult) 

 #Make matrix of the applied load, q, distribution 

 q_mean = 1.0 

 q_COV = 0.20 

 q_sd = q_mean*q_COV 

 q_ln_sd = sqrt(log(1+(q_sd^2/q_mean^2))) 

 q_ln_mean = log(q_mean)-0.5*(q_ln_sd)^2  

 q = matrix(rlnorm(n_sims,meanlog=q_ln_mean,sdlog=q_ln_sd),n_sims,1) 

 #Make ya_allow for different combinations of ya_mean and ya_COV. 

 ya_allow=matrix(1,n_sims,1) 

   ya_sd = ya_mean[z]*ya_COV 

   ya_ln_sd = sqrt(log(1+(ya_sd^2/ya_mean[z]^2))) 

   ya_ln_mean = log(ya_mean[z])-0.5*(ya_ln_sd)^2  

   ya_allow= 

rlnorm(n_sims,meanlog=ya_ln_mean,sdlog=ya_ln_sd) 

 #Right side of the performance function 

 right=matrix(1,n_sims,1) 

  right=(1/LF[z])*(q/qult_trunc) 

 #Left side of the performance function 

 left=matrix(1,n_sims,1)  
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 left=(ya_allow)/((mod_para_truncsims[,1])+(ya_allow*(mod_para_truncsims[,

2]))) 

 #Evaluate the performance function and create a matrix of all combinations of 

ya_COV, ya_mean, and LF, where num of rows = num of sims. 

 Fp=matrix(1,n_sims,1) 

   Fp<-left - right 

 #Locate the failures (i.e. when Fp is less than 0) and place a 1 signifying a 

failure occured.  Zero for no-failure. 

 Fp[,]<-Fp[,] < 0 

 #Determine probability of failure and reliability index for each combination 

 pf=matrix(1,1,1) 

 Beta=matrix(1,1,1) 

  pf=sum(Fp)/n_sims 

  Beta=qnorm((1-pf),mean=0,sd=1) 

    pp=pp+1 

    disp_mat[pp,5] = Beta   

 } 

 #Print Result to .csv file.  From here we can sort columns in excel. 

 write.csv(disp_mat,file=paste("Reliability_Result_VALIDATION(covya=0.6).

csv",sep=""), row.names=FALSE) 
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