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REAL -TIME BANDWIDTH COMPRESSION 
USING HILBERT TRANSFORMS 

I. INTRODUCTION 

As the frequency spectrum used in modern communication sys- 

tems becomes increasingly crowded, means of reducing the portion 

of the spectrum required by a particular system become more and 

more important. These methods for increasing message density fall 

under the heading of "bandwidth compression ". However, such tech- 

niques as SSB modulation where a redundant sideband is eliminated 

normally do not fall into this classification. 

This investigation will be limited to a particular type of band- 

width compression applied to a particular classification of message 

signals. First of all, the bandwidth compression considered here 

will be a "real- time" operation. As used in this discussion, the term 

"real- time" will admit small, constant delays due to filtering or 

transmission paths, but will exclude delays which result from com- 

plete (or, at least, significant) message processing. The latter tech- 

niques (2) normally require computer storage. The bandwidth com- 

pression techniques covered in this discussion will also be based upon 

the mathematical notion of the Hilbert transform as expressed in the 

concept of the "analytic signal" (these terms will be explained in 

Chapter II). 
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The scope of this investigation is restricted to band -limited 

analog signals with the major emphasis being placed upon speech sig- 

nals. Thus, the large field of "data bandwidth compression" (2) will 

not be covered in this work. It should be noted that because the band- 

width compression techniques to be studied are "real- time" opera- 

tions, it is expected that some degradation of the reconstructed re- 

ceived signal will be present. It will be found that in order to limit 

the degradations to tolerable levels, further restrictions upon the 

class of analog signals to which the compression techniques are ap- 

plicable will be made (see Chapters III and IV). 

Chapter II will discuss the concept of the Hilbert transform and 

associated analytic representation of signals. The significance of 

this representation will be illustrated by an example from elementary 

modulation theory. 

Chapter III will present a discussion of the type of analog sig- 

nals amenable to analytic representation and will illustrate how speech 

signals fall into this classification. Also, some of the characteristics 

of speech which make it receptive to bandwidth compression tech- 

niques will be presented. 

Chapter IV will summarize the basic ideas behind some pre- 

sently employed speech bandwidth compressors which are not based 

on the Hilbert transform notion, while Chapter V will investigate the 

specific use of the Hilbert transform to obtain bandwidth 
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compressions by factors as much as eight. Various systems will be 

proposed and each will be evaluated on the basis of complexity and 

expected performance. The effects of non -ideal system components 

will also be discussed. 

Chapter VI will summarize the important concepts presented in 

the first five chapters with emphasis placed upon the newly proposed 

"repeated half -angle" speech bandwidth compression system. 
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II. ANALYTIC REPRESENTATION OF SIGNALS 

The concept of the "analytic signal" was introduced in 1946 by 

D. Gabor in a paper entitled "Theory of Communications" (13). Prior 

to this time, analysis of communication systems was based solely 

upon the Fourier representation of signals as sums of sinusoidal com- 

ponents. The concept of analytic signals permitted mathematical 

analysis to be extended to arbitrary band -limited signals by introduc- 

ing a "quadrature signal" (18). This analytic representation of sig- 

nals will be developed in this chapter with the ultimate objective of 

employing the analytic signal as a design tool, rather than merely as 

an analysis aid. 

General Concept of Analytic Signals 

In general, an analytic signal is said to be formed when the 

positive frequencies present in a given signal are doubled in ampli- 

tude and the negative frequencies discarded (6). Thus, when consid- 

ering analytic signals, it is assumed that the negative frequencies 

simply mirror the positive ones in complex conjugate form. 

More explicitly, if a real waveform contains only frequencies 

within the range ( -W, W) (thus being band -limited), it is uniquely 

determined by, and uniquely determines, the spectral components in 

the frequency range (0,W). As will be shown in the following 
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section, the positive frequencies combine in the Fourier integral to 

form a complex function of time. If this complex function is doubled 

in amplitude, it will be found that it possesses a real part equal to 

the given waveform and an imaginary part which is completely de- 

termined by the real part. 

It should be kept in mind, as R.M. Lerner points out (15, p. 

209), that although waveforms occurring in nature are real, it is con- 

venient to regard such signals as complex functions of time. Although 

this may seem artificial due to the fact that complex signals do not 

have real world counterparts, a distinction is made between the use 

of sums of complex signals to represent real signals and regarding a 

real signal as being derived from complex signals. 

Mathematical Treatment of Analytic Signals 

Consider the function e3Wt . Note that this function is every- 

where an analytic function of the variable t by the following defini- 

tion: "A function f of the complex variable z is analytic at a point 

zo if its derivative f'(z) exists not only at zo but at every point z 

in some neighborhood of zo" (3, p. 40). For the given function, the 

complex variable z is replaced by t = t + j0. It is from this 

analyticity property of the complex exponential function that the term 

"analytic signal" is derived. Writing the exponential function as 

ejWt = cos wt + j sin wt , (1) 

o 
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it is observed that the real part of the function (cos wt) and the 

imaginary part (sin wt) are orthogonal (or in quadrature) on the 

real axis, z = t. The significance of this property will soon be- 

come apparent. 

Also, consider a real function of time, s(t), with finite energy 
oo 

g (that is, x2(t)dt exists and is finite). It is possible (13) to asso- 
-oo 

ciate with s(t) a similarly restricted function, s(t), such that 

the function u(t) = s(t) + js(t) is an analytic function of the variable 

t. The relations governing the association of s(t) and s(t) are 

given below: 

s (t) = - 
o 

1 (' 
a 

s a)da 
Tr J-oo t-a 

oo 

s(t) = 1 J s (a)da 
Tr t-a -oo 

(2) 

(3) 

where Cauchy principle values of the integrals are assumed (that is, 

s(t) = 1 lim s(a)da, 
(25, p. 592). Equations 2 and 3 represent 

Tr R>oo -R t- a 

Hilbert transform pairs and are merely expressions of the convolu- 

tion of the time function s(t) and 1 

Trt' the impulse response of a 

"Hilbert filter" (27, p. 280). Thus, the Hilbert transform pairs re- 

late the real and imaginary parts of the analytic signal 

u(t) = s(t) + j s(t) . 

If the complex exponential of Equation 1 is now referred to, the 

,5 



motivation for its consideration will become apparent. Rewriting 

Equation 1 gives 

or 

u(t) = ejwt = cos wt + j sin wt , 

u(t) = s(t) + j s(t) , 

(4) 

(5) 

7 

where s(t) = cos wt and s(t) has been assumed to equal sin wt. 

It is shown in the Appendix that sin wt and cos wt are indeed 

Hilbert pairs . Thus Equations 4 and 5 are identical and orthogonality 

of the real and imaginary components of the analytic representation of 

a particular function has been shown. 

Three significant properties of the Hilbert transform pair as- 

sociated with a general band -limited signal are indicated below (13): 

1) s(t) and s(t) both have identical energies; or 

oo -.00 

s (t)dt = [ s(t)21 dt 
_oo _oo 

2) s(t) and s(t) are orthogonal; or 

.0 s (t) s (t) dt = 0 

-oo 

(6) 

(7) 

3) The following relations between Fourier frequency spec- 

trums exist: 

SG) = jS(w); w < 0 (0 

S(w) _ --jS(w); w > O. (9) 

. 
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(Note: S(w) is the Fourier transform of s(t) and S(w) is Four- 

ier transform of s(t).) 

Property 1) above will become important when considering the 

properties of speech and actual bandwidth compression systems. 

Property 2) illustrated in the exponential function example 

shows the quadrature relation which exists between s(t) and s(t). 

This property is perhaps the most significant when using the analytic 

representation of signals as a design tool (see Chapter V). 

Property 3) will be derived and used to illustrate the concept of 

doubling positive frequencies and discarding negative frequencies 

which was indicated in the preceding section to be a significant pro- 

perty of analytic signals. This property is most useful when employ- 

ing analytic signal representations as analysis aids. 

Assume that s(t) has the Fourier transform S(w). It is de- 

sired to find S(w), the Fourier transform of s(t), to verify pro- 

perty 3) listed above. 

Formally, 

or 

('oo 
S(w) = J s(t)e-j`'`'tdt 

-oo 

S(w) [- t( á dale -`'tdt 
-co -00 

from the definition of the Hilbert transform. Equation 11 can be 

(10) 

= J J 

, 

nJ 



written as 

(00 (00 
S(w) = - 1 J J s(a) - et dadt . 

n 
_co _00 

t-a 

Let u = a - t, giving du = -dt and 

oo 

S(w) _ - 
Tr 

\ J si(a) e_j w (a-u 
1-00 _oo 

9 

(12) 

dadu . (13) 

The above equation can be separated as indicated in the following 

equation: 
(' 

5°.° S(w) _- ñ 1 s(a)ewada e du . 

J-oo -oo (14) 

The first integral in Equation 14 is recognized as S(w), the Fourier 

transform of s(t). Thus, 

j wu 

S(w) = S(w)[- e du ] . 

-oo 

The above equation can be rewritten as 

(15) 

1 (' cos wu S sin wu S(w) =S(w)[- ñ J du - du] . (16) 
-00 -0o 

The first integral has a value of zero over the indicated limits for 

cos wu both positive and negative w values because is an odd 
u 

function. The second integral has a value of 1r for w > 0 and a 

u 

j w u 

J 

1 

n J 
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value of -1r for w < 0 (7, p. 221). Thus, property 3) can im- 

mediately be written: 

S(w) = -jS(w); w > 0 (17) 

S(w) = jS(w); w < 0. (18) 

The consequence of property 3) is apparent when applied to the Four- 

ier transform, U(w), of the analytic signal u(t) = s(t) + j s(t). 

Well -known Fourier transform properties permit writing 

U(w) = S(w) + j S(w) or for w < 0, 

and 

For w > 0, 

and 

U(w) = S(w) + j[jS(w)] 

U(w) = 0 . 

U(w) = S((.4) + j[-jS(w)] 

U(w) = 2S(w) . 

(19) 

(20) 

(21) 

(22) 

Equations 20 and 22 express the essential property of analytic signals 

which allows consideration of only the positive half of the Fourier 

frequency spectrum. 

The concept of instantaneous frequency is readily handled on an 

analytic signal basis. Assume that 

: 



f(t) = 2 dt [arg u(t)] , 

11 

(23) 

where arg u(t) = (t) = tan -1 
s(t) from the definition of the analytic 

signal u(t) = s(t) + j s(t). A justification of Equation 23 is obtained 

by again referring to the exponential function u(t) = 
ejwt, where 

arg u(t) = wt and 
dt (wt) = w . Thus f(t) = Zw , which corre- 

sponds to the conventional definition of signal frequency. 

The preceding discussion presented the basic properties of the 

analytic signal which will be used directly in the design of the band- 

width compression systems of Chapter V. By this it is meant that 

quadrature signals will actually be formed and manipulated as dictat- 

ed by the properties of the analytic signal to bring about the desired 

bandwidth reduction. Such utilization of the analytic signal is differ- 

ent from the normal use of the analytic signal as an analysis aid only, 

The following section will give a brief example from simple modula- 

tion theory to illustrate the analysis value of the analytic signal. 

The Analytic Signal as an Analysis Aid 

Recall that the analytic signal identifies a complex time functior 

whose frequency spectrum is non -zero only for positive frequencies 

and is used to represent a real, band -limited time function. With 

this concept of analytic signals in mind, the following analysis of 

single -sideband, suppressed carrier (SSB /SC) amplitude modulation 



will seem quite reasonable. 

Consider s(t) to be real and limited to the frequency band 
-F F An assumed frequency spectrum S(f) is illustrated in 

12 

Figure 1 -a. The designations A and B in Figure 1 are used to identify 

the individual sidebands. 

A carrier which is amplitude modulated by a signal s(t) is 

normally represented as 

s'(t) = s(t) cos 2nr fot (24) 

where f 
0 

represents the frequency of the carrier. However, when 

performing an analysis using analytic signals, it is more convenient 

to write 

where 

and 

st(t) = Re[p(t)] , (25) 

P(t) = 2 z(t)ei2nfot, (26) 

z(t) = s(t) + j s(t). (27) 

Recall that s(t) is the Hilbert transform of the baseband signal 

s(t). The equivalence of Equations 24 and 25 will soon be illustrate: 

The well -known effect of amplitude modulation with the lower 

sideband suppressed is indicated in Figure l -b, where 

The restriction on fo is essential to the analytic signal analysis. 

The analytic signal z(t) of Equation 27 has the following 

( 2 , 

0 

Vol >1. 

0 
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-F 
2 

o F 
2 

Figure 1 -a. Assumed signal spectrum. 

S'(f), sideband A suppressed 

-S(f) 
2 max 

-fo o 

Figure 1 -b. Signal spectrum after single - sideband, sup- 
pressed carrier modulation. 

fo fo+ 2 
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spectral properties as indicated in the mathematical discussion of 

analytic signals: 

Z (f) = 0; f < 0 

Z(f) = 2S(f); f > 0. 

Figure 2 -a illustrates the above properties. Note that 2Z(f -fo) 

shown in Figure 2 -b represents the spectrum of the upper sideband B 

shown in Figure 1 -b. Thus, the reason for including a factor 1 

2 
in 

Equation 26 becomes apparent. 

To show that the real part of p(t) = +z(t)eot gives rise to 

the total SSB modulated spectrum of Figure 1 -b (and thus the equiva- 

lence of Equations 24 and 25), consider the following expansions: 

and 

Therefore, 

z(t) = s(t) + j s(t) (28) 

j2Trf t 
e o = cos 2Trf 

o 
t+ j sin 2Trf 

o 

Re[p(t)] = s(t) 2 2[s(t) cos 2Trfot - s(t) sin 2Trfot] . 

(29) 

(30) 

It will now be shown that Re[p(t)] (Equation 25) has the same spec- 

trum as s(t) cos 2Trf 
0 

t (Equation 24)). 

The spectrum X(f) of s(t) cos 2Trf t 
0 

is obtained by convolv- 

ing S(f) with the Fourier transform of cos 2Trf t, 
0 

yielding re- 

sults shown in Figure 3 -a with sideband A suppressed. The spectrum 
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Figure 2 -a. Spectrum of analytic signal z(t). 

0 fo fo+F 

Figure 2 -b. Spectrum of shifted analytic signal with 
amplitude reduced by one -half. 

Z (f) 
2S(f)ma 

B 

0 _F f 
2 
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Y(f) of s(t) sin 2rrf 
0 

t is obtained by convolving the spectrum of 

s(t) with that of sin 2rf 
0 
t. The spectrum of s(t) is equal to 

jS(f) for f < 0 and is equal to -jS(f) for f > O. Thus, because 

the spectrum of sin 2rrf 
0 

t consists of a positive impulse of magni- 

tude 1 /2j at fo and a negative impulse of magnitude 1 /2j at 

-f , 
0 

the convolution yields the results shown in Figure 3 -b with side - 

band A suppressed. Graphical subtraction of Y(f) from X(f) and 

multiplication by one -half as indicated by Equation 30 gives the ex- 

pected SSB /SC spectrum.(Figures 3 -c and 1,-b). 

The preceding analysis based upon analytic signals shows how a 

useful time domain equation (Equation 30) can be derived and how ar- 
bitrary band - limited signals can be handled without recourse to their 

Fourier series expansions. It is this latter feature which has led to 

the use of analytic signals as analysis aids. Of course, the problems 

to which analytic signal representations have been applied in recent 

years are much more complex than the foregoing example. 
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X(f) 

Z5(f)max 

B X 
-F 
2 fo 

fo o fo fo+2 

Figure 3 -a. Spectrum of s(t) cos 2Trf t with sideband A 
suppressed. o 

Figure 3 -b. Spectrum of s(t) sin 2Trf t with sideband A 
suppressed. o 

A 2 [X(f) -Y(f)] 

2 
-1S(f) 

B 
-F 

-fo fo o 

B+ 
% fo fo+2 f 

Figure 3 -c. Spectrum of Re[p(t)]. 

2 

/ 

>I. 

max 

2 o o 
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III. SIGNALS AMENABLE TO BANDWIDTH COMPRESSION 
AND ANALYTIC REPRESENTATION 

General Signal Types 

This investigation is concerned with compressing the bandwidth 

required to transmit analog signals using the analytic signal concept 

as a design tool. Thus, the types of analog signals to which this 

"analytic compression" might be applicable are now determined. 

In general, for an analog time signal to have an analytic repre- 

sentation, it must be a function which possesses a time derivative 

everywhere (see page 5). It will be heuristically shown that limiting 

the frequency spectrum to a finite bandwidth ensures the existence of 

the time derivative and thus of the possibility of representing the 

analog signal analytically. (See reference 18 for a rigorous discus- 

sion of the significance of band-limiting.) 

Consider the periodic time function indicated in Figure 4 -a. 

Note that the time derivative is not defined for integer multiples of 

TT. Note also that the Fourier series representation of this function, 

f(t) = ¿(sin Wt-- sin 2wt+ 3 sin 3wt... ) (31) 

has infinitely many terms and gives rise to the frequency spectrum of 

Figure 4 -b. The non - analytic analog signal of Figure 4 -a thus does 

not have a frequency spectrum which is limited to a finite bandwidth -- 



f(t) 

(w = 1 rad /sec) 

19 

t in seconds 

Figure 4 -a. Non - band - limited periodic extension of f(t) = t, 
valid in interval ( -Tr, Tr). 

T 
-5 J 

1 

-1 0 

i n 
radians 

w sec 

Figure 4 -b. Frequency spectrum for given non -band- 
limited waveform. 

> 

2 

F(01 

A 

i T T 
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or is not band -limited. 

Consider the following periodic band -limited signal whose finite 

frequency spectrum is illustrated in Figure 5 -b: 

f(t) = sin wt + sin 2wt. (32) 

This time function (illustrated in Figure 5 -a) possesses time deriva- 

tives everywhere and is thus analytic. 

The preceding discussion has presented hueristically why im- 

posing the band - limited restriction satisfies the necessary derivative - 

existence restriction. Note that by forcing band - limiting on the ser- 

ies of Equation 31, an approximate time function which satisfies the 

derivative requirement for analytic representation is obtained. Thus, 

requiring that an analog signal have spectral components within a 

finite bandwidth is normally not a severe restriction. In fact, it is 

meaningless to speak of bandwidth compression unless the signal 

whose bandwidth is to be compressed is, indeed, finite. 

The remaining restriction for analytic representation is that the 

signal s(t) possess finite energy; or 

oo 

s 2(t)dt 
_oo 

(33) 

must exist and be finite. This is a particularly severe restriction 

for randomly varying analog signals because the integral of Equation 
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(w = 1 radsec) 

-2 

Figure 5 -a. Band - limited periodic time function 
f(t) = sin cot + sin 2cot. 

IF(w) 

t in 
seconds 

-1 0 1 2 radians 
w in sec 

Figure 5 -b. Frequency spectrum for given band -limited 
waveform. 

TT 
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33 implies complete past and future knowledge of the signal's behav- 

ior. Thus, before any random analog signal can be represented ana- 

lytically, a slight modification of the signal must be made. This can 

best be shown by returning to the mathematical definition of band lim- 

iting. 

A band -limited signal s(t) is defined by the property that 

oo 

S(w) = s (t)e-JWtdt 
-oo 

(34) 

must exist and that S(w) = 0 for IwI > 2irW, where W is in 

Sls(t)ldt hertz. For the above transform to exist, must be finite 
-oo 

(11, p. 120). This is equivalent to the finite energy restriction im- 

posed by analytic representation. Thus, modification of the signal to 

insure the existence of its Fourier transform is equivalent to insuring 

that the modified signal has finite energy. 

Equation 34 implies that integration is to be performed over the 

infinite past and infinite future. Because the future of an analog sig- 

nal such as a speech waveform is unknown, implementation of Equa- 

tion 34 is impossible. However, it may be possible to compute a 

"running" Fourier transform in which real -time is the independent 

variable and in which only past values of the signal are considered. 

To insure the existence of such a "running" Fourier transform (and 

thus a "running" signal possessing finite energy) it is necessary to 
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analyze a portion of the original signal "seen" through a specified 

time window or weighting function, h(t) (11, p. 120). The window 

is selected so that the signal- weighting function product has a Fourier 

transform. Normally, this h(t) weighting function is the impulse 

response of a filter. A detailed description of the steps involved in 

the computation of this "running" spectrum is given by Flanagan in a 

book entitled Speech Analysis Synthesis and Perception (11, p. 120- 

121). The spectrum IS(w) I computed in this manner is termed the 

"short-time" amplitude spectrum and will be referred to in the dis- 

cussions relating to actual bandwidth compression systems. 

The preceding paragraphs can be summarized by stating that a 

realizable analog signal s(t) can be represented as an analytic sig- 

nal u(t) = s(t) + j s(t) if 1) s(t) is band - limited and 2) U(w), the 

Fourier transform of the analytic signal is considered on a "short - 

time" basis. Thus, almost any real signal can be represented ana- 

lytically; or as real and imaginary components related by Hilbert 

transform pairs. 

It will be found in Chapter V that the proposed compression 

techniques will place an important restriction upon the signals to be 

compressed. The restriction is that most of the energy associated 

with the signal must fall within a narrow frequency band about some 

central frequency. Thus, in actual practice, the signals to be com- 

pressed are required to be of the class normally referred to as 



"narrow- band" signals. 

Speech Signals 
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It will be shown that speech signals can be modified in a simple 

manner so that such signals may be analytically represented and 

readily subjected to bandwidth compression. Recall that it is speech 

bandwidth compression which is of primary interest in this investiga- 

tion. 

First consider some of the characteristics of speech which tend 

to indicate that bandwidth compression is possible. It should be noted 

that the factors making it desirable to compress speech bandwidth 

are not like those allowing SSB (single sideband) bandwidth reduc- 

tions, nor are they like those of television compression which make 

use of the similarities between frames (24). Speech bandwidth com- 

pression is possible because the acoustic wave emitted by a speaker 

is more complex than that required for complete identification and 

processing by a listener (9). In fact, there are only about 40 sounds 

(phonemes) which can be differentiated by the human ear (24). Thus, 

if it is assumed that these phonemes are produced at an average rate 

of ten per second (2), then the average information transfer of differ- 

entiable speech sounds is 

(10 /sec)[log2(40)] bits 53 bits /second 
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(19, p. 36). Consider the channel capacity of a typical telephone cir- 

cuit with 3 kHz bandwidth (W) and 40 db S/N power ratio. 

Shannon's famous formula (23, p. 69) indicates that the capacity of 

such a channel is 

or 

C = W log2(1+S/N) , (35) 

C .1.:40, 000 bits/second . 

Comparing the capacity of a typical telephone circuit (40, 000 bits /sec) 

with that required to transmit all of the distinguishable speech sounds 

at a typical rate of production (53 bits /sec), it becomes quite obvious 

that speech bandwidth reduction is definitely possible. 

There are many complicated non -real -time coding techniques 

aimed at decreasing the required channel capacity. These are not of 

interest here, however. What is of interest are real -time processes, 

In order to see why such real -time processing is feasible, the char- 

acteristics of speech must be investigated further. 

It is important to keep in mind that the information associated 

with speech is contained in the power- density spectrum and not the 

normal sound pressure (converted in current or voltage) versus time 

waveform. This is primarily due to the processing characteristics of 

the human ear. Thus, the two quite different sound amplitude time 

waveforms shown in Figure 6 having the same power- density 
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spectrums (because they are Hilbert pairs; see page 7) could not be 

distinguished by a listener (13). 

If a running (see page 22) spectral analysis of speech were 

made and observed at a particular time it would appear as in Figure 

7. Note that there are large "spaces" in the frequency spectrum indi- 

cating that the complete spectrum is not utilized at a given time. 

This again suggests the possibility of bandwidth compression. Also, 

observe that the signal intensity falls in three distinct bands within 

the normal 3 kHz bandwidth. The largest amplitudes in these bands 

are referred to as formants. It is these formants and associated 

narrow frequency bands known as "formant groups" which are the in- 

formation bearing elements associated with speech. It is to be noted 

that a given formant structure is characteristic of a given sound re- 

gardless of individual speaker characteristics (24). 

As the sounds produced by a speaker change, the formants 

slowly move about in the three regions designated in Figure 7 (2). 

The speed of this movement can be best imagined by recalling that 

phonemes (individual speech sounds) are produced at a rate of about 

ten per second. The characteristics of the narrow frequency bands 

about the formants also change. It appears that the frequencies clos- 

est to the formants are most significant, and elimination of some of the 

small amplitude frequency components farthest from the formants 

will not noticeably affect speech quality (1). 



.-0 

., 

20- 
ra 

a) 

.r., 10- 
a) 
FA 

1st formant 

2nd formant 

III 

3rd formant 

band 1 band 2 I k band 3 

270 730 840 2230 2240 3010 
frequency in hertz 

Figure 7. Typical short -time speech amplitude spectrum. 

I'll I,, Ili. 
J c- 

cró 



29 

Also, phase distortion is relatively unimportant as far as in- 

telligibility of speech transmission is concerned. This is because an 

exact time relationship need not exist between the frequency compon- 

ents to ensure speech intelligibility (8). However, speech quality is 

adversely effected for large phase distortions. 

Thus by dividing the normal 3 kHz speech bandwidth into the 

three limited bands shown in Figure 7, it is possible to obtain three 

narrow -band signals which can each be treated analytically as dis- 

cussed in the previous section. 
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IV. BASIC SPEECH BANDWIDTH COMPRESSORS 

This chapter will present a brief description of two presently 

used "real- time" (see page 1) speech bandwidth compression tech- 

niques designed solely on the basis of speech characteristics, not on 

the concept of the analytic signal. These compression techniques are 

included to illustrate the types of compression methods which are 

normally considered. It will be seen that the new bandwidth compres- 

sion methods based on the analytic signal (Chapter V) are significant- 

ly different from those presently in use. 

The Vobanc 

The Vobanc (VOice BANdwidth Compressor) introduced by B. 

P. Bogert in 1956 (1) provides a bandwidth compression factor (orig- 

inal 3 kHz bandwidth divided by transmission bandwidth) of two. It 

is a fairly simple method based on the concept of "frequency division ". 

The speech signal to be compressed is first broken into three 

adjacent frequency bands by means of bandpass filters A1, A2, and A 

illustrated in Figure 8. These three frequency bands each contain 

one of the speech formants discussed in the previous Chapter. The 

individual bands are then passed through a regenerative modulator 

which halves the frequency of the strong formant components and 

shifts the weaker components downward in frequency, while 
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maintaining the existing harmonic relationships between the formant 

and neighboring components. (Details of this "frequency division" 

are given by R. L. Miller in a paper entitled "Fractional- Frequency 

Generators Utilizing Regenerative Modulation" (16)). For example, 

if the third formant and associated components illustrated in the 

short -time spectrum of Figure 7 were centered about 2800 Hz, then 

the short -time spectrum at the output of the regenerative modulator 

would appear essentially as this same formant group centered about 

1400 Hz. Thus, the "frequency division" performed by the regenera- 

tive modulator is actually a frequency translation. That is, entire 

formant groups are shifted downward in the frequency spectrum. The 

bandwidth of these groups remains unchanged, while the frequencies 

of the translated strong formant components are halved. The divided 

outputs associated with the original formant bands are then passed 

through filters B, B2, and B3 (Figure 8) which have pass-bands 

equal to one -half those of A1, A2, and A3, respectively. The pro- 

cess of frequency division and half- bandwidth filtering eliminates 

some of the lower amplitude frequency components (see Figure 9), 

but this loss is normally not considered serious (1). 

As shown in Figure 9, the original speech signal occupying a 

bandwidth of 3000 Hz can thus be adequately transmitted in a band- 

width of only 1500 Hz (a 2:1 bandwidth reduction). This transmission 

is of no use unless the original signal can be reconstructed. This is 
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a relatively simple matter as indicated in Figure 10. Filters B1, 

B2, and B3 are identical to those found in the output of the compres- 

sion portion of the Vobanc. Each of the three sub -bands is then oper- 

ated on by a full -wave rectifier functioning as a frequency doubler 

(translator) (1). The three sub -bands are then added together and 

filtered to the original 3kHz passband to obtain the reconstructed 

speech signal. 

The overall time delay involved in the complete operation of 

compression and expansion is about seven milliseconds. Note that 

this delay still qualifies the Vobanc as a "real- time" compressor 

based on the definition of "real- time" given in the Introduction. 

The intelligibility of the speech passed through a Vobanc is 

quite satisfactory (11, p. 274). However, the "naturalness" (1) of 

the speech is somewhat degraded. Attempts to cascade Vobanc 

stages to obtain higher compressions have preserved adequate levels 

of intelligibility but have eliminated almost all of the inflections 

(naturalness) present in the original speech. However, the Vobanc 

does offer a simple means of obtaining a two -to -one speech band- 

width compression while preserving most of the information bearing 

qualities of the original message. 

It sould be kept in mind that such terms as "quite satisfactory ", 

"somewhat degraded, " etc. , are at best vague. However, such rela 
tive terms must be used in the basic discussions presented in this section, 
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The Channel Vocoder 

The channel Vocoder (VOice CODER) was invented by Homer 

Dudley in 1939 (11, p. 246) and in its improved forms is presently 

the most widely used speech bandwidth compression scheme (2). The 

Vocoder was the first device to make use of the fact that there exist 

two different types of speech sounds (2): 1) those produced by con- 

trol of the vocal cords (voiced sounds), and 2) those resulting from 

turbulent air being passed over the teeth (unvoiced sounds or hisses). 

A typical channel Vocoder such as that illustrated schematical- 

ly in Figure 11 (24) effects a bandwidth compression by a factor of 

ten. The channel Vocoder is much more complex than the Vobanc 

just discussed; however, the quality of the speech obtained from a 

ten -to -one Vocoder compression is equivalent to that resulting from 

a two -to -one Vobanc compression. 

The channel Vocoder essentially obtains an analog measure of 

the energy associated with the short -time amplitude spectra in each 

of the ten adjacent channels indicated in Figure 11 -a and transmits 

this information. Also, whether a sound is "voiced" or "unvoiced" 

is detected and this information transmitted. 

The measurement of the energy in each pass -band as obtained 

from the 300 Hz band -pass filters, rectifiers, and low -pass zero to 

25 Hz filters is presented by J. L Flanagan in Speech Analysis 
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Synthesis and Perception (11, p. 122 -123). 

The pitch and hiss detector (24) makes a running determination 

of the vocal cord vibration frequency (pitch) or the presence of an un- 

voiced sound (hiss), and converts this information to an analog signal. 

This signal and those associated with channels 1-10 (Figure 11 -a) are 

then frequency multiplexed and passed through a frequency band ap- 

proximately 300 Hz wide. 

At the receiver, the operations required to reproduce the orig- 

inal speech sounds are as indicated in Figure 11 -b. Signals from the 

"buzz" source (producing vibrations similar in frequency to those de- 

tected by the pitch detector) or the "hiss" source (a broad -band noise 

generator) are distributed to ten band -pass filters. These filters are 

identical to those employed at the transmitting facility. The output of 

the filters are amplitude modulated with the analog measure of the 

appropriate short -time amplitude spectrum, and the output of the ten 

modulators are summed to obtain the reconstructed speech signal. 

As previously mentioned, the reconstructed signal from the 

ten -to -one compression channel Vocoder is similar in quality to that 

obtained from the two -to -one Vobanc compression. Both are intellig- 

ible, but both possess a "...machine -like quality..." (11, p. 247) in- 

dicating the degradation in speech naturalness. It is, however, pos- 

sible to devise extremely complex Vocoders which produce quite na- 

tural outputs. There are scores of such devices (11, 12); however, 

discussions of these machines would serve no useful purpose in this 

investigation. 
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V. BANDWIDTH COMPRESSION TECHNIQUES 
BASED UPON ANALYTIC SIGNAL PROPERTIES 

The Basic Two -to -One Compression Technique 

Analytic - Signal Rooting 

In modulation theory, it is common practice to represent an 

arbitrary signal s(t) as the product of two time -varying functions 

as indicated in the following equation: 

s(t) = a(t) cos Mt)] (36) 

where a(t) is a real function and is the "envelope" of s(t) and 

c1(t) is the "phase" of the signal. Thus, the quadrature signal s(t) 

related to s(t) by the Hilbert transform (see Chapter II) is 

s(t) = a(t) sin [(1)(t)] . (37) 

The signals s(t) and s(t) combine to form the analytic signal 

u(t) = s(t) + j s(t) . (38) 

Thus, 

s(t) = Re[u(t)] . (39) 

The process of "analytic- signal rooting" to be applied to the 

signals defined by the above relations is an extension of frequency 

division, or more appropriately, modified frequency translation. 
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Recall that normal frequency translation was used in the Vobanc 

briefly discussed in the previous chapter. The "modified frequency - 

translated" signal is defined as 

si/ (t) = La(t) a(t) 1/n cos 
n 

41(t)] (40) 

This differs from a "normal" translation in that the envelope, a(t), 

of the modified translated signal is altered. 

From the definition of instantaneous frequency v(t) as the 

"time rate of change of the angle of an angle -modulated wave" (14, 

p. 75), it is apparent that the instantaneous frequency associated with 

s(t) (Equation 36) is 

v(t) - dd(tt) 

Also, v1 /n(t) (the instantaneous frequency associated with 

s /n(t) -- Equation 40) is given by 

v1/n(t) = n 
40) 

- n v(t) . 

(41) 

(42) 

Equation 42 does not say that the bandwidth of sl /n(t) is 1/n 

that of s(t). This can be seen by referring to Figure 12 and recall- 

ing that a division of the instantaneous frequency implies a translation 

of the total spectrum of s /n(t). 
1 

Note that the Fourier representa- 

tion of a(t) given by A(F) is unchanged despite changes in the in- 

stantaneous frequency term N(f /n) (the Fourier representation of 
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cos [ (t)] ). The factor n has a double meaning which must be 

kept in mind. Frequency division by a factor n means division of 

the instantaneous frequency by this factor plus filtering the translated 

spectrum to a bandwidth which is 1/n that of the original signal. 

As can be seen from Figure 12 -c for n = 10, filtering the original 

signal bandwidth (whose Fourier representation is given in Figure 

12 -a) by a factor of ten causes severe changes in the signal spectrum. 

However, for signal bandwidth reductions by small values of n (2, 

3, 4), the original signal spectrum is not significantly degraded (Fig- 

ure 12 -e). It should be noted that bandwidth reduction even by small 

factors is only applicable to spectrums where the energy is concen- 

trated about a central value (as for the spectrum illustrated in Fig- 

ure 12 and as for individual speech formant bands -- Figure 7). It is 

important to keep in mind that the frequency spectrums referred to 

in the previous and subsequent discussions are actually "short- time" 

spectrums (as discussed in Chapter III). Note that application of fre- 

quency translation and subsequent bandpass filtering to the formant 

bands of Figure 7 does not degrade all formant groups, but only those 

at the edges of the formant bands (see Figure 9). 

Note that the Vobanc (Chapter IV) performed the operation of 

frequency division (translation and filtering) by implementing Equa- 

tion 40 (excluding the envelope rooting) directly. In the "analytic - 

signal rooting" technique to be developed in this chapter, frequency 
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division will be obtained by performing operations dictated by the 

analytic representation of Equation 40. The process of analytic -sig- 

nal rooting affects the signal spectrums in basically the same manner 

as does the ideal frequency division indicated in Figure 9 and Figure 

12. However, the Vobanc and other frequency division schemes de- 

viate substantially from the ideal, while the analytic rooting tech- 

nique more nearly approaches ideal frequency division. 

Returning to Equation 39 (the expression for the signal s(t) 

in terms of the analytic signal u(t)), it is possible to define a sig- 

nal s1/n(t) corresponding to the real part of the nth root of the 

analytic signal as 

or 

s 1/n(t) = Re[u(t)] 1/n , 

s 1/n(t) = Re [s (t)+j s (t) ,1/n 

(43) 

(44) 

It will be found that the polar representation of the analytic signal 

u(t) will be more useful than the rectangular form used in the pre- 

ceding equation. Thus, 

where 

u(t) = Iu(t) IeJO (t) , (45) 

lu(t)1 _ [s2(t)+s(t)2]1/2 

with a positive root implied by the absolute value notation. Thus, 

(46) 

. 



or 

Also, 

or 

and 

Thus, 

lu(t)1= a(t)[cos2c13.(t)+sin2(1)(t)]1/2 

Iu(t) I = a(t) 

0 (t) = tan -1 [ s (t) /s (t)] , 

0(t) = tan- 1 { [sin 4)(t)] /[cos (1)(t)] } , 

0 (t) = tan- 1 [tan 4(t)] . 

46 

(47) 

(48) 

(49) 

(50) 

(51) 

0(t) = 4(t) . (52) 

The complete polar form of u(t) is therefore 

u(t) = a(t)ejct . (53) 

The translated signal s1/n(t) given initially by Equation 43 can now 

be written as 

s 1/n(t) = Re[a(t)eJ(13(t)] 1/n (54) 

or 

which gives 

Jci)(t) 

sl/n(t) = Re{ [a(t)] n 
} , (55) 

s1/n(t) = [a(t)]1/ncos [4)(t)/n] (56) 

, 
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Equation 56 is the defining equation for the process of analytic -signal 

rooting -- indicating division of the instantaneous phase (I)(t), and 

thus frequency, by a factor n and extraction of the nth root of the 

instantaneous envelope a(t). To obtain subsequent bandwidth reduc- 

tion, Equation 56 implies filtering s /n(t) to a bandwidth 1/n 

that of s(t). 

For a bandwidth reduction of two (n = 2 with appropriate filter- 

ing), Equation 56 takes the form 

s1/2(t) _ [a(t)]1/2cos[ 2 (1)(0] (57) 

The well -known cosine half -angle trigonometric identity can be used 

to obtain 

s /2(t) = [a(t)]1 /2[ 
2 (1 +cos (I)(t)) ]1/2 . (58) 

Recall that s(t) = a(t) cos «t), or 

cos gt) = s(t) /a(t) . (59) 

Substitution of Equation 59 into Equation 58 gives 

or 

s 1/2(t) = [a(t)11/2 [-1 (1+s (t)/a(t)) ]1/2 , (60) 

s 1/2(t) = (-1 )1/2 )[a(t)+s (t)] 1/2 . (61) 

Note that if s(t) is multiplied by -1 (equivalent to e 
1 or a 
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phase shift of Tr), it is identical to a phase shift in si/z(t) of 
2 

(see Equation 57). Recalling that a Hilbert transform results in such 

a phase shift (see page 7, property 2), the quadrature signal si/z(t) 

can be immediately written as 

s 1/2(t) _ ( 2 )1/2[a(t)-s(t)]1/2 . (62) 

Equations 61 and 62 are the basis for the actual instrumentation of 

the two -to -one bandwidth reduction. A band - limited version of 

s1/2(t) is transmitted and the expression for s 1/2(t) is used in 

reconstructing the original signal at the receiver. 

Note that the quantities a(t) +s(t) and a(t) - s(t) within the 

square root brackets of Equations 61 and 62 are always greater than 

or equal to zero because a(t) is always positive and greater than 

or equal to Is(t) I (Equations 46 and 48). Therefore, no difficulty 

arises in taking the indicated square roots. However, the sign of the 

square roots can not be determined from Equations 61 and 62. What 

is required is a logical switch which changes the sign of the trans- 

mitted s1/2(t) every time 13.(t) goes through an integer multiple 

of 27 (see Equation 40). As suggested by Schroeder, Flanagan, and 

Lundry (21), this may be accomplished by making the sign change 

whenever s(t) goes through zero while s(t) is less than zero (see 

Equations 36 and 37). 
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Inverse Rooting 

The inverse analytic - signal rooting operation to be performed 

at the receiving site is defined by equations similar to those used in 

the initial rooting operation (Equations 44 and 56). Thus, the inverse 

relations are 

s (t) = Re[s(t)+j s(t)r- , (63) 

or 

sn(t) = [a(t)]ncos [n4 (t)] . 

With n = 2, Equation 63 can be expanded to obtain 

s2(t) = Re [s 2(t)+2j s (t) s(t)- s(t)2] , 

s2(t) = s2(t) - s(t)2 . 

or 

(64) 

(65) 

Replace s(t) by s /2(t) and s(t) by s /2(t) and apply Equa- 

tion 65. The results are 

or 

s 2(t) = 
Z 

{ [a(t)+s (t)] - [a(t)-s (t)] } , 

s2(t) = s(t) . (66) 

Thus, in the absence of band -limiting, the original signal should 

be completely recovered from the transmitted s1/2(t) signal. 

n 
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However, band - limiting so(t) to a bandwidth half that of the orig- 

inal signal causes the slight degradations indicated in Figure 9 and 

Figure 12. 

Implementation 

The preceding discussion has presented the equations and oper- 

ations required to obtain a two -to -one bandwidth reduction for signals 

with energies concentrated about central values. The results of the 

foregoing discussion are presented in the block diagram of Figure 13 

which will now be explained. 

Figure 13 represents the block diagram of the entire compres- 

sion system applicable to a particular narrow -band signal. Note that 

for a speech input, three such identical (with the exception of filter 

characteristics) systems are needed - -one for each formant bandwidth 

(see Vobanc discussion, pages 30 to 35). 

Band -pass filter A (BPF -A) shown in Figure 13 -a has a pass - 

band equal to that of the signal to be compressed. For discussion 

purposes, assume BPF -A has a pass -band of 200 to 700 Hz. The 

output of BPF -A is sent to two blocks, DEL -A and HT -A. 

HT -A represents a filter designed to obtain s(t) from s(t). 

Recall the defining equation for the Hilbert transform: 

( ) (t) _ - s a da . S 
Tr t-a 

-co 
(67) 
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As suggested in the discussion on pages 22 through 23, evaluation of 

Equation 67 implies a running computation with real -time as the inde- 

pendent variable and in which only past values of the signal are con- 

sidered. Thus, s(t) will be obtained by analyzing a portion of s(t) 

as "seen" through a specified time window or weighting function, h(t). 

Note that h(t) is the impulse response of filter HT -A. Ideally, a 

Hilbert transforming filter would have an impulse response equal to 

1 /Trt as noted on page 6. A filter with such a response is not band - 

limited nor time -limited, and thus not particularly useful. Thus, an 

approximation to the Hilbert filter must be made. The details of this 

approximate filter are given by Schroeder, Flanagan, and Lundry 

(21). Essentially, the frequency of the transform is truncated at a 

large value (10 kHz, for example) and the time response cut off at a 

duration T (8 ms, for example) such that "...over the frequency 

range of interest the transform remains acceptable" (21). Figure 14 

compares the impulse response of the approximate filter HT -A with 

that of the ideal Hilbert filter. 

An idea of how meaningful the choice of eight milliseconds is 

for the length of h(t) will now be given. Consider the ideal low - 

pass filter indicated in Figure 15 -a. Let T be defined as in Figure 

15 -b (the impulse response of the ideal filter) and denote f 
c 

as the 

upper cutoff frequency. Three representative T (h(t) duration) 

values will be discussed (11, p. 125): 1) T = 20 ms (f 
c 

= 25 Hz); 
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2) T = 10 ms (f 
c 

= 50 Hz); and 3) T = 4 ms (f 
c 

= 125 Hz). 

Condition 1) (T = 20 ms) represents a narrow bandwidth filter 

capable of resolving only the individual components within a formant 

group (see Figure 7). 

Condition 3) (T = 4 ms) represents a broad bandwidth filter 

capable of analyzing an entire formant group, but giving little insight 

as to the distribution of energy within the group. 

Condition 2) (T = 10 ms) is thus a compromise duration fall- 

ing between the two extremes associated with conditions 1) and 3). 

This compromise impulse response duration has been used in such 

devices as the Vocoder (see Chapter IV) where a "short- time" spec- 

trum was considered (11, p. 125). Thus, the selection of eight mil- 

liseconds as the duration of HT -A seems quite reasonable. 

Block DEL -A (Figure 13 -a) represents a delaying device (such 

as a delay line) used to compensate for the delay imposed on s(t) 

by the HT -A filtering. Schroeder, Flanagan, and Lundry (21) have 

found it desirable to choose 
2 

T as the transmission delays as- 

sociated with the approximate Hilbert filters. Thus block DEL -A 

should delay s(t) four milliseconds based upon the eight millisec- 

and window suggested for HT -A. 

Note that it is desired to transmit s /2(t) as given by Equa- 

tion 61 reproduced below for convenience: 

Z 
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s 1/2(t) = ( Z )1/2[a(t)+s(t)11/2 . 

Thus a(t) must be obtained. This is accomplished by squaring 

s (t) and s (t), adding s 2(t) and s (t)2, and extracting the 

square root in accordance with Equations 46 and 48. The appropriate 

blocks are as indicated in Figure 13 -a, where standard squaring and 

square -root circuitry is implied. 

The envelope a(t) and the signal s(t) are then added, the 

quantity multiplied by one -half, and the square root extracted to ob- 

tain s /2(t). 

The sign of s1 /2(t) is to be changed whenever s(t) passes 

through zero for s(t) less than zero. The logic necessary to ac- 

complish this sign change is shown in Figure 16. 

The signal s 1/2(t) is then filtered to a bandwidth one -half 

that of the original signal by BPF - . In the example considered 

here BPF- 2 has a pass -band ranging from 100 to 350 Hz. This 250 

Hz bandwidth can thus be transmitted instead of the original 500 Hz 

bandwidth. 

HT -B is used to obtain s 1/2(t) as s(t) was obtained from 

s(t). The only difference is that because the instantaneous frequency 

has been halved, the duration of HT -B must be twice that of HT -A 

if the same portion of the signal is to be "viewed" as was "seen" by 

the HT -A window. Thus, HT -B will have a duration equal to 16 
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milliseconds. 

Also, DEL -B must be twice DEL -A in order to maintain the 

proper phase relationship between the output of the DEL -B block 

([ 2 (a(t) +s(t))]1 /Z) and the output of HT -B ([ 2 (a(t)- s(t))]1 /2) 

Thus, in the example under consideration, DEL -B should be eight 

milliseconds. 

Squaring the outputs of the DEL -B and HT -B blocks gives 

s21/2(í) and s 1/2(1)2, respectively. As indicated by Equation 

66, 

s(t) = s21/2(t) -s 1/2(t)2 
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(68) 

Therefore, this simple subtraction gives the reconstructed version 

of the input signal s(t). How closely these two signals correspond 

depends upon how "narrow" the band of frequencies associated with 

s(t) was originally, and upon how accurately the filtering, delaying, 

squaring, square rooting, adding, and subtracting operations were 

performed. These matters will be considered in greater detail at the 

end of the present chapter. 

Recall that obtaining a reconstructed speech signal requires 

combining three similar rootings, one for each of the formant bands 

into which the original signal was initially divided (see Vobanc discus- 

sion and associated figures in Chapter IV). 

How "real- time" the analytic -signal rooting operation is can be 

. 
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estimated for short transmission paths by summing DEL -A and 

DEL -B. The result for this example is 12 milliseconds. This com- 

pares favorably with the seven millisecond processing delay associat- 

ed with the Vobanc (page 34). 

Detailed filter characteristics and sound spectrograms illus- 

trating the performance of the analytic - signal rooting technique ap- 

plied to speech signals can be found in the referenced paper by 

Schroeder, Flanagan, and Lundry (21). Qualitatively, the "...orig- 

inal formant structure and pitch information is preserved relatively 

well in the recovered signal!' (21, p. 401). Thus a "respectable 

quality" (21, p. 401) transmission utilizing one -half of the original 

signal bandwidth is obtained using relatively simple equipment. 

Methods Used to Obtain Compressions by 
Factors Greater than Two 

Cascading Basic Two -to -One Compressors 

If N basic two -to -one compressions (Figure 13 -a) are ser- 

ially carried out, a 2N bandwidth compression should ideally be 

realized. For example, three such units would yield a compression 

by a factor of eight. Of course, the corresponding filter bandwidths 

in each succeeding stage would be one -half of those in the preceding 

unit. Also, the Hilbert transform "windows" and delays would be 

twice as long as the corresponding quantities in the preceding stage. 



Reconstruction of the received signal could also be obtained by re- 

peated application of the basic receiving unit (Figure 13 -b). 

Trigonometric Manipulation of Analytic Signals 

An extremely useful simplification resulted when n = 2 was 

substituted in the basic signal rooting equation 

slln(t) = [a(t)] 1/ncos [(1)(t)/n] 
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(69) 

For n = 2, it was found that cos 4(t)/2 could be converted to a 

form involving cos cp(t). This form allowed consideration of the 

quantity s(t) /a(t) which avoided the phase angle division difficulty. 

However, such simple trigonometric relations do not exist for 

n values greater than 2. 

Three -to -One Application. Consider the following identity for 

cos (p(t) /n with n = 3: 

cos c)(t) = 4 cos 3[] - 3 cos [ `k(t)] (70) 

Equation 69 can thus be used in conjunction with the above equation to 

obtain 

The identity 

s(t) = 4[s 
113(t)]3 - 3[a(t)]2/3s 1/3(t) . (71) 

sin c(t) = 3 sin [ ] - 4 sin3[ `p 3t) ] 

. 
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and the expressions for s(t) and a(t) (Equations 37 and 48) can 

be used to obtain 

s(t) = 4[s1/3(t)]3 - 3s1/3(t)[s2(t)+s(t)2]1/3, (72) 

The signal so(t) can be obtained from the above relation by using 

complex root finding techniques such as the one listed in the Handbook 

of Laplace Transformation: Tables and Examples (7, p. 14- 15). A 

number of difficulties arise, however. The problem of obtaining 

three different roots which must each be transmitted is the most ob- 

vious difficulty. The appearance of imaginary roots is also a limit- 

ing factor. Thus this trigonometric technique to obtain a three -to- 

one bandwidth compression will not be considered further. 

Repeated Half -Angle Technique. For n = 4, the possibility 

of double application of the half angle cosine identity suggests itself. 

Consider 

s 1/4(t) = [a(t)] 1/4cos [4(t)/4] , (73) 

which can be rewritten as 

s 1/4(t) = [a(t)]1/4[ 2 (l+cos (t)/2)]1/2 (74) 

A second application of the cosine half angle identity gives 

s 1/4(t) _ [a(t)] 1/4[ 2 {1+ [ 2 (1-1-cos t))] 1/2}] 1/2 
(75) 
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Substitution of cos 4(t) = s(t)/a(t) from Equation 36 gives 

s1/4(t) _[a(t)]1/4 2 1+ 1 [ 2 (a(t)+s(t))]1/2 1/2 (76) 
[a(t)] 

Implementation of Equation 76 and the implied one - quarter 

bandwidth filtering is illustrated in Figure 17 -a. The characteristics 

of the individual blocks are similar to those found in the analytic - 

rooting technique discussed earlier. The major difference between 

the 2:1 analytic- rooting and 4: 1 repeated half -angle compression 

methods lies in the sign- changing switch. Figure 16 illustrates how 

the sign of s 1/2(t) is changed whenever c)(t) goes through an in- 

teger multiple of 2Tr. The 4:1 repeated half -angle compression re- 

quires that the sign only be changed whenever gt) goes through an 

integer multiple of 47. This can be seen by referring to Equation 

40 and recalling that the cosine of an angle has a sign which is posi- 

tive for one -half of its 2Tr period 

Tr remaining half period (2 to 3 ). 

(3L to 2) and negative for the 

The sign- changing switch required 

for the 4: 1 compression can be obtained from the basic sign changer 

(Figure 16) through use of a simple counting circuit. 

At the receiving site, 

s4(t) = Re[s (t)+ j s (t)]4 (77) 

must be implemented. Performing the indicated expansion gives 

1/2 
JJ lllll 
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Therefore, 
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s4(t) = s4(t) - 6s2(t) s(t)2 + s(t)4. (78) 

s(t) = S/4(t) -6s/4(t) s 1/4(t)2 + s 1/4(t)4. (79) 

The reconstructed signal, s(t), is thus obtained as indicated in 

Figure 17 -b. 

It is possible to obtain compressions by factors of 8, 16, 32, 

etc. Using further repetition the half -angle identities. The imple- 

mentation of such compressions would be quite similar to that just 

presented for the 4: 1 repeated half -angle compression. The feasi- 

bility of compressions by factors greater than four will be considered 

shortly. 

Series Representations of Analytic Signals 

The use of series approximations has long been a useful prob- 

lem solving technique. Thus, such series representations of s (t) 

will now be considered. The series to be investigated is 

cos ax = 2a lascar 1 
24- 

cos x cos 2x cos 3x 
Tr 2a 12-a2 22_a2 32-a2+ ..}, 

valid in the range 0 < x< n (7, p. 91). Let "a" be replaced by 

1/n with n = 3. Thus, 
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lx 34-3 1 cos x cos 2x cos 3x cos 
3 Tr [2+ 8 35 + 80 - ] (80) 

Using the triple angle cosine formula (Equation 70) and 

cos 2x = 2 cos 2x - 1 , 

Equation 80 can be rewritten as 

(81) 

1 3[3 1 cos x 2 cos 2 x- 1 4 cos 3 x- 3 cos x cos 3x Tr [ 2 + 8 35 + 80 ]. (82 

Noting that cos 4)(t) = s(t) /a(t), the basic equation 

s 1/3(t) = [a(t)]1/3cos [142.(t)] 

can be written as 

r- s2(t) 
- 1 4s3(t). 3s(t)- 

... 1/3 33 1 1 s(t) a2(t) a3(t) a(t) 
s 1/3(t) _ [a(t)] 

Tr 2+ 8 a(t) 35 80 

Note that 

a(t) = [s (t)2 + s (t)2] 1/2 

(83) 

Equation 83 is only valid for 0 < ck(t) < Tr; thus a second series ap- 

proximation must be used when the "phase" varies in the range Tr 

to 2r. Also, involved switching would be required to apply the series 

approximation for (1)(t) values outside the zero to 2Tr range. 

+ 
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Because of the complex switching required to obtain reasonable 

s1/n(t) approximations using series representations, this method 

for obtaining bandwidth compressions will not be elaborated upon. 

Performance of Extended Compressions 

The factor which limits the extent of compression is basically 

signal characteristics. As indicated in Figure 12, pages 43 and 44, 

a "narrow -band" signal (one in which most of the signal energy is 

concentrated about a central frequency) may be subjected to much 

greater compressions for a given allowable degradation than other 

types of signals for the same tolerable degradation. Thus, experi- 

mentation with a particular class of signals (speech, for example) 

must be carried out to determine acceptable bounds on the extension 

of analytic -signal rooting. 

Such experimentation for speech signals has essentially been 

carried out by J. L Daguet in his CODIMEX investigation (5). 

CODIMEX is an acronym for COmpression, Dlvision, Multiplication, 

and EXpansion. It is an extremely complicated system employing in- 

volved circuitry and counting devices. However, the basic technique 

of performing three two -to -one compressions is employed to obtain 

a reduction in speech bandwidth by a factor of eight. The basic 

CODIMEX unit involves division of the phase term, cp.(t), by two as 

in the analytic - signal rooting and repeated half -angle techniques. 
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The characteristics of the speech obtained by the CODIMEX 

one - eighth bandwidth reduction are described in the referenced paper 

by Daguet (5). The following statement gives information concerning 

the intelligibility of the reconstructed signal: "Bisyllabic words 

showed an intelligibility of approximately 95 percent" (5, p. 70). 

Such performance is normally termed "highly intelligible" (5, p. 63). 

Speech quality (speaker recognizability and inflection preservation) is 

on a par with that obtained in the two -to -one Vobanc compression. 

Again this implies a vague notion such as "satisfactory" (5, p. 63) 

speech quality. 

Thus, due to the existing similarities between the complex 

CODIMEX system and the relatively simple analytic -signal rooting 

and repeated half -angle techniques, it appears that "highly intelligi- 

ble" speech of "satisfactory" quality should be obtained by cascading 

three basic analytic -rooting units with appropriate filter modifications 

or by a triple application of the half -angle identity (see page 62 -65). 

The transmission bandwidth will have been reduced by a factor of 

eight using components of a much simpler nature than those required 

in presently existing compressions of equivalent quality and magni- 

tude. An overall time delay (excluding transmission path delays) of 

about 140 milliseconds would be experienced in the complete cascaded 

transmitting -receiving system and about 24 milliseconds in the re- 

peated half -angle 8:1 compression system. (Note that the 8:1 
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repeated half -angle system is simply an extension of the 4 :1 repeated 

half -angle compression discussed on page 62 -65). Recall that sys- 

tems with such delays are considered to be "real- time" operations. 

Actual Versus Ideal Systems 

The foregoing discussions describing the various compression 

systems were based upon the assumption that ideal components would 

be employed. Of course, physically realizable systems deviate sig- 

nificantly from the ideal. Although this investigation is aimed pri- 

marily at basic ideas and concepts, some mention of the effect of 

non -ideal component usage will be included. 

Filters 

The non - realizability of the Hilbert transforming filters and 

discussion of the approximation suggested by Schroeder, Flanagan, 

and Lundry (21) has been presented in the section describing the im- 

plementation of the analytic- rooting technique. However, no mention 

as to the desired characteristics of the bandpass filters has been in- 

dicated. Typical characteristics are given by Schroeder, Flanagan, 

and Lundry (21). It should be kept in mind that the choice of accept- 

able filter passband and delay characteristics will depend upon the 

characteristics of the signal to be processed. Thus, the filter choice 

should be based upon detailed computer simulations of the entire 
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system or upon the study of actual systems. 

Mathematical Operators 

The operations of root extraction, squaring, multiplication, 

and summation comprise the heart of the proposed compression sys- 

tems. Thus, the performance of these devices will have a significant 

effect upon total system performance. 

Summers can be made to approach the ideal quite readily. 

However, consistently accurate square root extraction, squaring, 

and multiplication over even limited magnitude ranges is often quite 

difficult to obtain using practical devices. It thus becomes necessary 

to determine how accurate a particular device need be in order to 

maintain adequate overall system performance. As an example, the 

effect of non -ideal squaring operations upon the inverse analytic - 

signal rooting operation will be considered. 

Refer to Figure 13 -b (receiving facility for 2:1 analytic rooting) 

and assume that the two squaring devices have the following input - 

output characteristics: 

s(t)out 2 s(t)in + s 2(t)in + is 
3(t)in. 

Thus, the reconstructed signal will have the form 

(84) 

(85) 

s(t) = 
Z 

s 
1/2(t) + s i/2(t) + - 1 

s i/2(t) - 
Z 

s 
1/2(t) 

- s 1/2(t)2 - s 1/3(t)3 . 

2 
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Assume that s 1 
1 

1/2(t) =cos 2 2nf lt. Therefore, s /2(t) 
1 

=sin 22,rf lt. 

To determine the output spectrum for the indicated inputs, consider 

the Fourier representations of the six terms of Equation 85 as illus- 

trated in Figure 18. The complete spectrum for s(t) is obtained 

by summing the individual components. The result of this summation 

yields the peak frequency values indicated in Figure 19. Note that the 

linear and cubic terms of the non -ideal squaring devices introduced 

two unwanted frequencies-- f1/2 and 3f1/2. To determine the 

effect of the f1 /2 and 3f1/2 components, consider the case 

where s(t) varies between zero and 1000 Hz. Thus, the maximum 

3 fl value is 1000 Hz and the corresponding 21 frequency is 
3f1 

1500 Hz. This 2 component can be filtered out. However, for 
3f 

fl values less than 666 Hz, the -21 component cannot be removed 

by filtering to the required zero to 1000 Hz signal bandwidth. Also, 

the 
fl 
2 

component cannot be removed and still retain the complete 

signal bandwidth. Thus, the squaring devices employed at the 

receiving facilities must not possess significant linear or cubic 

factors. If such terms exist, the reconstructed signals will be 

severely distorted. 

To determine the required quality of each of the square root, 

squaring, and multiplication devices employed in a complete compres- 

sion system, it would be necessary to consider a vast number of de- 

vice combinations and characteristics. Such a study will not be per- 

formed in this basic investigation of "real- time" bandwidth compres- 

sion systems. 
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VI. SUMMARY AND CONCLUSIONS 

This investigation has considered "real- time" methods for re- 

ducing the bandwidth required to transmit analog signals. The "real - 

time" restriction eliminates many of the presently -used bandwidth 

reduction (compression) techniques employing complex storage de- 

vices. However, such a restriction does not eliminate methods which 

possess small processing delays (due to filtering, for example). 

Also, the bandwidth compressions considered here have been based 

upon the concept of the Hilbert transform and associated analytic 

representation of signals. Compression of the bandwidth of speech 

signals has received the major emphasis. 

To achieve the real -time bandwidth compressions discussed in 

the previous paragraph, it was first necessary to introduce the con- 

cept of the analytic signal. Basically, an analytic signal is a com- 

plex time function whose frequency spectrum is non-zero only for 

positive frequencies and is used to represent a real, band - limited 

function of time. The real part of this analytic signal is the original 

time function and the imaginary part is the Hilbert transform of the 

given time function. It was shown that the real and imaginary parts 

of the analytic signal are orthogonal and possess identical energies. 

The use of the analytic signal as an analysis aid was shown by 

considering the frequency representation of a single -sideband 
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modulated signal. However, the central idea associated with this 

paper is that the analytic signal can be used as a means for designing 

useful bandwidth compression systems. Thus, the remainder of the 

paper considers the manipulation of the analytic signal to achieve the 

desired compressions. 

The classes of signals to which analytic compression would be 

applicable were considered. It was found that a compressible signal 

must be band - limited and have the majority of its energy distributed 

about some central frequency. It was shown that speech signals can 

be made to satisfy the above restriction by simply dividing the nor- 

mal 3kHz speech spectrum into three frequency bands. Each of these 

"formant bands" was found to contain one characteristic narrow -band 

"formant group" for each spoken sound. Thus, it was indicated that 

speech signals could be represented analytically and thus subjected to 

the type of bandwidth compression to be considered in this investiga- 

tion. 

A section was included illustrating two presently used speech 

bandwidth compressors not based upon the analytic -signal concept. 

These were included so that comparisons of quality and complexity 

could be made between the proposed analytic compressors and exist- 

ing systems. 

A 2:1 speech bandwidth compression system using the analytic 

signal as a design tool was described in great detail. This system 
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was recently introduced by M.R. Schroeder, J.L. Flanagan, and E. 

A. Lundry (21) and is called "analytic- signal rooting." 

Methods for extending this basic technique were then consider- 

ed. It was initially suggested that cascading three basic 2 :1 analytic - 

signal rooting devices would be feasible. The resulting 8:1 speech 

bandwidth reduction was shown to be the probable limit of such a 

scheme based upon the performance of a presently existing system 

attaining an equivalent compression using considerably more complex 

equipment. 

Other methods of using the analytic signal to obtain bandwidth 

compressions approaching the apparent 8:1 practical limit were con- 

sidered. The most promising of these was called the "repeated half - 

angle" system. This method is expected to obtain the same quality 

speech thought possible for the cascaded system. However, the re- 

peated half -angle system is somewhat simpler than the cascaded sys- 

tem for the same amount of compression. For example, a 4:1 com- 

pression of one speech formant band using the analytic -rooting tech- 

nique would require four Hilbert transforming filters. A similar 

compression using the repeated half -angle method would require two 

such filters. Also, because of this filter number reduction, the pro- 

cessing delay associated with the repeated half -angle scheme should 

be much less than that required for a cascaded analytic- rooting. 

Both systems require nearly the same number of mathematical 
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operations (summing, squaring, square root extractions, and multi- 

plications). The 4 :1 repeated half -angle method requires 21 such 

operations in the complete system, and 20 are required by the 4 :1 

cascaded analytic - signal rooting method. 

Thus, an 8:1 repeated half -angle system apparently can be used 

to obtain "highly intelligible" speech of "satisfactory" quality (as pre- 

sently obtained only from extremely complex systems) requiring a 

transmission band one - eighth that of the original. The performance 

of the required repeated half -angle system is highly dependent upon 

the accuracy of the squaring, square rooting, and multiplying devices. 

Thus, high quality components would be required in a real system. 

Therefore, it is suggested that a thorough study be made to determine 

whether the simple nature of the "block diagram" repeated half -angle 

system is severely complicated by the technology required to accur- 

ately reproduce the individual blocks. Only after such an investiga- 

tion could the proposed real -time bandwidth compression system be 

offered as a replacement for existing systems. 
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APPENDIX 

It will be shown that cos wt and sin wt are Hilbert trans- 

form pairs. 

Let s(t) = cos wt. To determine s(t) (the Hilbert transform 

of s(t)) it is necessary to carry out the operations indicated in the 

following equation: 
oo 

1W da s(t)=- 1 J 
Sada 

Tr t-a 
-oo 

(86) 

Recalling that the Cauchy principle value of the above integral is im- 

plied, Equation 86 with s(a) = cos wa can be written 

s (t) _ 1 
lim ('R cos wa da . 

Tr R-)oo J-R t-a 

Let u = t - a, Equation 87 with this substitution becomes 

or 

-s s(t) = 1 lire 
Tr R-00 -R 

cos (wt -wu) 
du 

u 

(87) 

(88) 

1 lim R cos wt cos wu ( sin wt sin wu s(t) 
Tr R óo 

du + 
u 

du , (89) 
R-400 'J R 

Consider the two integrals 

I 
1 lim 

1 Tr 11-)00 

cos (.)t cos wu du 
u 

(90) 

sada 

= 

LR u 

aR 
I 



and 

Evaluation if Il 

Note that 

Therefore, 

1 lim 
2 Tr R-s o0 

sin wt sin wu 
u 

du . 

84 

(91) 

is straightforward as indicated below: 

I1 = 
n 

cos wt 
lim ( 

R-,00 
cos wu du 

u 

cos wu 1 w2 
w4 u3 

- + 
u u 2! 4! 

cos wu du = log lu 
u 

R 
2 2 

w 

-R 2.2! 

R 
4 4 

w u 

-R 4.4! 

(92) 

(9 3) 

R 

, (94) 
-R 

which reduces to zero upon substitution of the indicated limits. 

Thus, s(t) = I2, or 

s(t) = 1 sin wt 
lim sin wu du . 

rr R oo u -R 

Let x = wu and dx = wdu. Thus Equation 95 can be written as 

Consider 

s(t) = 
lr 

sin wt R 1 s X x dx . 

lim 
3 R->00 

- -R 

-R 

sin x dx 
x 

(95) 

(96) 

(97) 

'R 

-R 

- . . 

x 

u 

-.... 



which can be rewritten as 

lim 
13 - 2R--)oo 

sin x 
dx x 

sin x because is an even function. Consider the contour, C, 

indicated in Figure 20 and the following complex integral: 

(' j z 
I4= J ez dz. 

C 

85 

(98) 

(99) 

Because z = 0 is outside the contour (see Figure 20) and eiz /z 

is analytic within and on the contour, 14 = 0 by the Cauchy -Goursat 

Theorem (3, p. 106). Thus, 

or 
-r jx 

e 
dx + 

-R 

¡ jz 
I4=\ -dz =0, 

C 

ix e -dx + x 

(100) 

ejz (' eiz dz+J dz= 0. (101) 
JAz BDEFG 

Replace x by -x in the first integral and combine with the sec- 

one integral to obtain 

eax -e-jx dx + 
x 

Equation (102) can be rewritten as 

jz 
e dz + z 

JA 

e 
jz 

dz. 
DEFG 

(102) 

x 

s x 

1" 

J 

z 

(((((````` 

r 

r 



86 

Y 

Figure 20. Contour used in cos wt, sin wt Hilbert pair 
development. 



2j 
sin xdx= 

x 
e 

e 
jz (' jz 

dz - \ z dz 
JA BDEFG 

The first integral on the right as r approaches zero is 

j 
lim 0 

e j8 
r-OS Tejè jre d6 

Tr 

upon the substitution z = rej0. This integral can be reduced to 

or 

lim 0 j r eje je d6 , 

Tr 

0lim jejrejed0 
. r-30 

Tr 

Carrying out the limiting operation gives 

- J jdO = Tr j 

Tr 

87 

(103) 

(104) 

(105) 

(106) 

(107) 

It can be shown (3, p. 172) that the second integral on the right side 

of Equation (103) approaches zero as R tends to co. Thus Equa- 

tion (103) becomes 

lim R . S' sin x 
R-3,00 2j dx=Trj, (108) 

z 

ejre 

r-0 , 

S 

. 

x 
r->.0 r 

(`0 

J 



or 

Z 
lim 
R-oo 

sin x dx =Tr. x 

88 

(109) 

Equation 109 gives the value of I3 (Equation 98), and Equations 96 

and 97 indicate that 

s(t) = 1 (sin wt)(Tr) = sin wt 
Tr 

(110) 

Thus, it has been shown that cos wt and sin wt are Hilbert trans- 

form pairs. This indicates the -Tr phase shift (or orthogonal pro- 

perty) associated with the real and imaginary parts of the analytic 

signal u(t) = s(t) + j s(t). 

1" 

J 
o 


