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The Timoshenko beam theory, as an engineering alternative to 

the elementary and exact theories, introduces a factor, k', called 

the shear coefficient which has been given various interpretations and 

values. It is the objective of this study to experimentally evaluate 

k' for a brass bar of rectangular cross - section. 

Analytical results show that high- frequency shear disturbances 

propagate with velocity, C , defined as (k'G /p )1/2 where p is the 

mass density of the beam material and G is the shear modulus of 

elasticity. Experimental evaluation of k' is obtained from measured 

values of Cq, p, and G. 

C is found by measuring the time for a shear wavefront to 
q 

travel between two points along the beam. A high- frequency shear 

disturbance, initiated by a transverse impact on the beam, is sensed 

by strain gages mounted a known distance apart on the side of the 

beam and at 45° to the direction of the neutral axis. The strain gage 

q 



outputs are simultaneously displayed on a single sweep of a dual - 

trace oscilloscope and the display photographed to obtain a permanent 

data record. With a time reference superimposed on the photograph, 

the time for passage of the wavefront between the two strain gages is 

found directly and knowing the distance between strain gages, C is 
q 

calculated. 

Evaluation of the mass density, p , is accomplished by conven- 

tional means of measuring mass and volume. The value of G re- 

mains to be determined as results of that part of the project are un- 

satisfactory. 

Combining the above results for C and p with values of G 
q 

cited by handbooks yields a range of values of k' in general accord 

with analytical findings. Although this range of values of k' is too 

broad to substantiate a preference for a particular analytical result, 

it does indicate the merit of the experimental method. 
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DYNAMIC MEASUREMENT OF TIMOSHENKO 
BEAM SHEAR COEFFICIENT 

INTRODUCTION 

This thesis is a presentation of an experimental method of 

determining a numerical value of the Timoshenko shear coefficient 

for a brass bar of rectangular cross - section. Analytical investiga- 

tion of the Timoshenko beam theory shows a strong relationship be- 

tween the propagation velocity of shear discontinuities and the shear 

coefficient, k'. Experimental results deriving from this relation- 

ship will be compared with values of k' predicted by various analyti- 

cal methods. 

Beam Bending and Vibration 

In the general study of beam bending and beam vibration, 

several important theories have been advanced. Three such models 

are the elementary or Bernoulli -Euler theory, the "exact" theory 

based on three -dimensional linear elasticity, and the approximate 

theory of Timoshenko. Comparison of typical beam elements in each 

of the three theories suggests the relative sophistication of each 

model. Consider beam segments of incremental length bounded by 

cross -sections which are plane and normal to the neutral axis when 

the beam is undeformed. (See Figure 1) 
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(a) (b) (c) 

Figure 1. Beam elements of (a) Bernoulli -Euler model, (b) 

Timoshenko model, and (c) exact model. 

In the Bernoulli -Euler model, cross - section planes remain 

plane and normal to the neutral axis, so specification of the neutral 

axis deflection as a function of axial position completely describes the 

position of every particle in a cross - section. 

The Timoshenko model adds an angular degree of freedom to 

the cross -section planes of the elementary theory. Cross - sections 

in the deformed Timoshenko beam must remain plane, but are not 

required to remain normal to the neutral axis. This permits account- 

ing for shear deformation effects which the Bernoulli -Euler develop- 

ment neglects. To describe the position of every particle in a cross - 

section, not only the deflection, but also the angle of cross- section 

rotation must be given. 
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The model for the exact theory of beam bending adds infinitely 

more degrees of freedom to the cross- sections. Each particle in a 

cross - section is allowed to displace in all three cartesian coordinate 

directions, so a complete description of the deformed beam cross - 

section requires a three -dimensional analysis. Physically, this 

means that cross -sections may warp under deformation and the num- 

ber of warping configurations is unlimited. 

The Bernoulli -Euler theory considers beam deflection due only 

to moment loading and accounts for dynamic effects of only trans- 

verse motion. Figure 2 shows notation convention and the directional 

sense of positive curvature. For small deformations, the deflection, 

y, of the beam neutral axis is expressed by the well -known flexure 

formula 

a2y M 

óx2 
EI 

(1) 

where M is the applied moment as shown, I is the second moment 

of inertia of the cross - section area, A, about an axis through the 

section centroid and normal to the xy- plane, and E is Young's 

modulus of elasticity. Applying a lateral load given by the D'Alembert 

reverse effective force, pA 82y/at2 , and summing moments and 

transverse forces respectively, the differential equation for vibration 

of a homogeneous prismatic bar is obtained, 

= 



4 

4 
Ela 4+ pA a 

z- 0 

ax at 

where p is the mass density of the bar material. 

(2) 

(a) (b) 

Figure 2, (a) Notation convention and (b) positive curvature. 

This analysis yields satisfactory results for many engineering 

applications involving long, slender beams under low- frequency 

dynamic conditions. Notably absent from this development, however, 

are considerations of rotatory inertia and shear deformation. These 

deficiencies become most noticeable in the study of high -frequency 

dynamic behavior. For instance, in considering traveling wave 

propagation, Bernoulli -Euler theory predicts propagation of harmonic 

waves at velocities which increase without limit as wavelengths be- 

come shorter relative to the cross - section radius of gyration. 

Clearly, this is not in accord with experience and this theory, then, 

2 

EI 

M + dM dM 

dx-si 
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is a poor description of high- frequency beam vibration. 

In this study, reference will be made to propagation of harmon 

disturbances and propagation of discontinuities of moment and shear 

force. It should be noted that these two notions are closely related 

as demonstrated by the presence of significant high- frequency com- 

ponents in the Fourier analysis of discontinuous functions. 

The so- called "exact" theory of beam vibration is based on 

three -dimensional elasticity theory. It treats the general problem 

of a disturbance in an elastic medium and introduces the "beam" 

aspects of the situation as boundary conditions, namely, free lateral 

surfaces. This procedure shows that the elastic medium itself is 

non -dispersive; dispersion effects appear as a result of reflections 

at the lateral surface boundaries. Mathematical details are too com- 

plicated for presentation here, but are given, for example, by Love 

(1944). The pertinent result of this beam model is the appearance of 

an infinite number of branches in the solution of the characteristic or 

frequency equation. These branches, commonly called dispersion 

curves, relate propagation velocity to wavelength of a harmonic dis- 

turbance in the medium. Mathematical complexities have prohibited 

solution of all but a few of the lowest branches and solutions which 

have been obtained are largely the result of modern computer tech- 

niques. The exact theory, then, is a complete, if complicated theory 

of beam vibration and a model of questionable utility in less than 
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exotic engineering applications. 

Timoshenko Beam Theory 

Timoshenko beam theory is an approximate model, less pre- 

cise than the exact theory, but a more complete description than the 

elementary formulation. The Timoshenko development involves four 

fundamental relationships; two deriving from Newtonian mechanics 

and two from conditions of linear elasticity. In essence, the 

Timoshenko beam model is the Bernoulli -Euler model with the addi- 

tion of shear deformation and rotatory inertia effects. Rotational 

inertia loading is included in considering rotation of cross -section 

planes in the beam and the effect of elastic shear deformation is seen 

to change the slope of the deflection curve without altering the angle 

of cross - section rotation. In terms of traveling wave phenomena, an 

important result of these corrections to the elementary scheme, is to 

limit to a finite value the velocity with which waves may propagate. 

Inclusion of shear deformation in the Timoshenko theory makes it 

applicable to relatively short, wide beams not within the realm of the 

Bernoulli -Euler model. The large gap in utility between the ele- 

mentary and exact theories would thus seem to be filled by the engi- 

neering theory of Timoshenko, the details of which follow. 
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Development of the Timoshenko Beam Theory 

The four fundamental relationships underlying the Timoshenko 

development are Newton's second law for lateral motion, the corre- 

sponding statement for rotational motion, the elastic relationship be- 

tween shear stress and shear strain, and the familiar moment - 

curvature equation. Consider the deflection, rotation, and deforma- 

tion of a beam element of length dx as shown in Figure 3. 

Y 

M + dM 

Perpendicular to 
face 

Shear angle ß 
Tangent to 

M 

V + dV 

>- X 

Figure 3. Deformation of the Timoshenko beam element. 

Here deformations are assumed sufficiently small that the slopes 

and ay/ax can be replaced by the angles as shown. Note that the 

effect of including shear strain is to reduce the magnitude of the slope 

of the neutral axis without rotating the element. 

= 

c, 

LP 
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The first equation from translational dynamics is 

A 
a2y _ aV 

P 

at 2 
ax (3) 

where V is the shear force acting on the cross - section. A second 

dynamic equation, the rotational analog of (3) is 

2 

PI ât 8M - 
V (4) 

where 4 is the contribution to slope of the neutral axis from moment 

bending. The angular deformation produced by the shear force is 

given by 

( - ax) Á)G (5) 

where G is the shear modulus of elasticity and k' is the Timo- 

shenko shear coefficient, the subject of this investigation. The final 

relationship is the flexure formula, 

aii M 
ax EI ' 

(6) 

Upon substituting the expressions for shear and moment ob- 

tained from the equations of elasticity, (5) and (6), into the dynamic 

equations, (3) becomes 

- 

= 
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2 y. [ k t - o 

and (4) becomes 

p I a 22 
a 
x 

[ EI áx ,+ k'AG( - 0. 
ax )= at 

For constant E, I, k', p , A, and G, (7) and (8) simplify to 

and 

2 2 

p A at2 + 
k'AG( 

ax 
) 0 

x 

2 2 

p I -- 2 EI -2 + k'AG(4, 21) = 0, 
a t ax 

(7) 

(8) 

(9) 

(10) 

respectively. The variable, 4i, can be eliminated from these two 

equations to obtain the single Timoshenko beam equation, 

4 2 4 2 2 

EI a 
4 

+pA a 
2 (pl+kG) 2y2 +kp'G 

a 
2 

Q. (11) 
aX at2 ax at at 

Timoshenko Shear Coefficient 

An interesting parameter which appears in the Timoshenko 

theory of beam vibration is the shear coefficient, k'. This shear 

coefficient has been given various interpretations and subsequently 

assigned various values depending upon the particular circumstances 

ay 
p 

A a tz aX 
( - ax )1 

á - - 

- - 

- - 
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under which it is encountered. In this report, only beams of uniform 

rectangular cross - section and values of k' for such a cross - section 

will be considered. (Subsequent reference to particular values will 

be for uniform rectangular cross - sections whether specified or not. ) 

Since the first paper on this subject by Timoshenko (1921), the 

value of k' has been subject to controversy; numerical values have 

ranged from O. 667 to O. 889. The first and most widely accepted 

interpretation stems from Timoshenko's definition of k' as the ratio 

of the average shear strain on a section to the shear strain at the 

centroid of that section. 

It can be easily shown that as a consequence of longitudinal 

equilibrium and the fundamental relationships between curvature, 

moment, and shear loading, the shear stress and shear strain distri- 

bution across a rectangular cross - section is parabolic as shown in 

Figure 4. The analytical expression for this strain distribution is 

E. 
2 

2 xy 2GI ( 4 Y 
) 

(1 2) 

Note that a cross -section plane in an elastic medium under the above 

shear loading will warp as shown in Figure 4(c). Clearly, the original 

right angles between the cross - section and the lateral surfaces 

(y = ±h /2) must be preserved since the shear strain is zero there. At 

the neutral axis (y = 0), shear strain is maximum, so warping of the 

V 
- 
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cross - section is maximum. Integrating (12) over the cross -section, 

it follows that Timoshenko's original definition of k' gives a value 

of k' = 2/3 = 0. 667. 

Y Y 

h 
A 

xy 

2 

h 
2 

(a) (b) 

r 

x 

(c) 

Figure 4. (a) Shear strain and (b) shear stress across cross - section 
and (c) warping of cross -section. 

Paradoxically, in deriving the Timoshenko beam equation, 

cross - section planes were assumed to remain plane, but evaluating 

k', there appears a shear strain distribution which causes warping 

of these planes. 

In a later publication, Timoshenko (1922) gave a value of 

k' = 8/9 = 0. 889 for a beam of rectangular cross - section, say b x h, 

where either b » h or b « h. This problem was reduced to one 

of essentially plane stress or plane strain and the value of 0. 889, 

xy 
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based on experimental results of L. N. G. Filon (1903), came about 

by enforcing closer agreement between the solution of the Timoshenko 

beam equations and the results of elasticity theory for small vibra- 

tions. 

R. J. Roark (1954) lists k' = 5/6 = 0. 833. This value is based 

upon a development by Newlin and Trayer (1924) considering static 

strain - energy obtained by integrating over the cross -section with a 

parabolic stress distribution as given by (12). 

Goodman and Sutherland (1951) note from the 1922 work of 

Timoshenko and a more contemporary paper by Mindlin (1951) that 

for thin (again, b » h or b « h) rectangular beams, the velocity of 

elastic disturbances must approach the velocity of Rayleigh surface 

waves as the wavelength in the medium becomes small relative to the 

cross - section radius of gyration. This leads to a value of k' = 0. 870 

for an assumed Poisson ratio, V = 1/3. 

Mindlin and Deresiewicz (1953) obtain the value k' = 0. 822 by 

enforcing agreement between the frequency equations for the first 

thickness -shear mode (y = 0) of vibration in the Timoshenko theory 

and the corresponding mode of vibration described by three- dimen- 

sional elasticity. The Timoshenko frequency equation is 

_ C'(k')1/2 
1 

(13) 
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with wl the frequency of the first thickness -shear mode, C' the 

shear wave velocity in an infinite medium, and K the cross -section 

radius of gyration. The frequency equation from elasticity theory 

derives from the wave equation, 

2 2 2 
8 p 8 p w = 

2 
8 z2 C2 

(14) 

where u = p(y, z)eiwt is the axial component of displacement; v and 

w, the lateral displacement components, are zero for thickness- 

shear vibration. Necessary boundary conditions are 

ap = 0 
an 

(15) 

where n is the normal to the lateral boundaries and the solution is 

taken from an analogous problem in hydrodynamic studies. For a 

rectangle of depth, h, the frequency equation is 

TT C' 
h 

2 
Equating this result with (1 3) leads to k' = 

12 
= 0.822. 

(16) 

Motivation for enforcing agreement between these two theories 

at the frequency of the first thickness -shear mode is that coupling 

between this mode and the flexural mode of vibration strongly influ- 

ences the high- frequency spectrum. The value of k' thus obtained 

results in especially accurate predictions of high- frequency 

+ + 0 

w2 = 
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beam response. 

It should be noted that the arguments of Sutherland and Goodman 

as well as Mindlin and Deresiewicz are for enforcing agreement in 

dynamic response between Timoshenko theory and three -dimensional 

elasticity analysis. The ratio definition, per se, of Timoshenko has 

been disregarded. 

An interesting approach to defining the Timoshenko shear coef- 

ficient is presented by Cowper (1966) who derives the Timoshenko 

beam equations in terms of integral relationships. 

Figure 5. General beam element. 

Y 

The fundamental relationships used to develop the Timoshenko 

theory are: Newton's second law 



PA at2 

15 

(17) 

where W is the mean transverse deflection; moment equilibrium, 

am V 82,4) 

ax P 

at2 

where 4 is the mean angle of rotation of cross - section; moment 

curvature 

EI = M - SS 
y(6 + 

o- zz)dydz YY 

(18) 

(19) 

where o- .. is the stress in the j- direction on a face normal to the 

i- direction; and shear deformation -deflection, 

av 

aaW 
+ .4) = SS 

( - G )dydz (20) 

where v x is defined as residual displacement of the cross -section 

in the direction of the longitudinal axis. Essentially, v 
x 

represents 

warping of the cross - section. Two assumptions must be introduced 

to make the above equations manageable. Assume first that o 
YY 

and o- are both much less than o- so the integral in (19) can be 
zz xx 

neglected leaving the familiar flexure formula 

EI 21--(1)- = M. (21) 

E 

I 

J J 

a w 

ij 

ae y. ay 
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This is valid for beams in which wavelength is significantly greater 

than either depth or width. This implies that V does not vary too 

rapidly along the length of the beam, so that for dynamic loadings, the 

transverse shear stress distribution for uniformly loaded beams and 

tip -loaded cantilever beams is given (Love, 1944) as 

- 
V ay vy2 (2-v)z2 

óyx 2(1+v )I ay 2 2 

- V [ a 
+ (2 +v )yz1 

zx 2(1 +v )I ay 

u = yf(x) - EÌ ( X + Yz2) 

(22a) 

(22b) 

(22c) 

where x is a harmonic function satisfying the boundary conditions 

2 2 

8n = [ v 2 + 
( 2+2 )z 

( 2+')yz 

on the boundaries of the cross - section and where u is the x- 

(23) 

component of the displacement of the element, f(x) is a polynomial 

dependent upon end conditions, and n and n are the components 
Y z 

of a unit normal to the cross - section boundary. Using these rela- 

tionships to evaluate the integral in (20) leads to the expression 

a w _ v 
az + 10AG 

(24) 

+ 

X 

n ] 

_ 

] 
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v(I - I) 

55(x k' _ [ 2(1+)11[ Y A +yz2)dydz] (Z5) 

and Iy is the moment of inertia of the cross -section about the y- 

axis. Using the form of x for a rectangular cross - section as 

derived by Love (1944), (25) becomes 

k' _ 10(1 + v) 
12'+ llv 

Some representative values obtained by equation (26) are given in 

Table 1 below. 

Table 1. Values of k' from equation (26). 

(26) 

v 0 

k' = 0.833 

0. 3 0. 5 

0. 850 0. 870 

Still another point of view which lends some physical insight 

into the nature of k' is employed by Leonard and Budiansky (1953). 

Instead of introducing k' as a ratio of shear strains, or as an ex- 

plicit function of Poisson's ratio, Leonard and Budiansky define two 

a yeas, A., the undeformed cross- section area (previously denoted 

as A), and As, the effective cross - section area supporting shear 

leading. The role of k', then, is filled by the ratio, As/Ai. In 

these terms, k' is a measure of cross - section deformation due to 

Y 

= 



18 

shear. 

In view of the disparity in the numerical values of k' cited 

above, there appears to be a need for direct empirical evaluation of 

this shear coefficient and since the effects of shear deformation and 

rotatory inertia are high- frequency phenomena, experimental deter- 

mination of k' should most logically be under conditions of high - 

frequency beam response. Further results from the Timoshenko 

analysis indicate a possible laboratory approach to this problem. 

Further Results of the Timoshenko Beam Theory 

With the definitions, 

C2 = E/p, CZ k'G K2 = 
I 

A 

the Timoshenko beam equation, (1 1) becomes 

a4y 
+ 

1 1 a 2y 1 1 a 4y 1 1 a4y - 0. 

ax Co 2 KL at2 ( c2 c2) ax2at2 c2 c2 at4 
o q q o 

This equation possesses solutions of the form 

= y ei[a(x - ct)] 
y o 

(27 ) 

(28) 

(29) 

presenting traveling harmonic waves where C is the velocity at 

which the wave travels and the wave number, a, is related to the 

o q p 
= , 

0 
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wavelength, X., by a = . Substitution of (29) into (28) leads to the 

dispersion equation, 

2 2 2 C C2 C2 
(C2 - (C2)[ 22 + 

2 a2KC2 
+ 1] + = 

C2 
0. 

o o o o o 

This, in turn, yields the two values of C2, 

C2 C2 C2 C2 C2 C2 1/2 2 o q q ( q 
q )2 - q] C= 

+a2K2C2 
+ 1± 

+ a2K2C2 
+ 1 422 

o o o o o 

C2A (- ) in. 2 

sec 

1013- 

101 

1011 

1010 

109 

108 

107 

(30) 

(31) 

106 i > in. 
10-1 100 101 102 

2n ( 10-3 10-2 

Figure 6. Dispersion curves of Timoshenko theory. 

) - 

Co Co Co Co 

-Z= 
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The dispersion curves in Figure 6 are plots of these two values 

of C2 versus wave number for the brass bar to be tested. Assumed 

physical properties used for these curves are E = 15 x 106 psi, 

G = 5. 6 x 106 psi, and k' = 0. 850. 

It should be noted that for sufficiently small wavelengths, that 

is, for large values of a, terms involving 1/(22 can be neglected 

in equation (31) to yield the high -frequency asymptotes shown in 

Figure 6. The horizontal nature of these asymptotes implies that the 

beam is non -dispersive for very high- frequency disturbances, or 

equivalently, high- frequency disturbances propagate with unchanging 

waveform. Asymptotic values approached by the upper and lower 

curves are C2 
o 

and C2 , respectively. 

A physical interpretation of the phenomena described by Figure 

6 can be found in terms of cross - section rotation, and neutral axis 

deflection, y. Returning to equations (9) and (10), the variable y 

can be eliminated to yield a single equation of the same form as (11), 

but with j as the dependent variable. This implies that for an 

assumed harmonic solution, y and i vary at the same frequency 

but with possible differences in phase and amplitude. To evaluate 

these differences, combine equations (4), (5), and (6) to obtain the 

following relationship between y and li, 

q 

j, 



p I 
a22 

- EI a2 2+ k'AG( - ax )- 0 
a t ax 

- 
and assume complex solutions, y = Y 

o 
e 

i(wt ax) and 

= Bei(wt 
- ax - a') where a' is the phase difference between y 

and 4. Substitution into (32) yields 

or 

21 

(32) 

(- p Iw2 + EIa2 + k'AG)4., + ik'AGay = 0 (33) 

y _ 
Yo ia EIa2 + k'AG - p I w2 

- 
B 

e = i( k'AGa ) (34) 

Thus, at = 
Tr 

; that is, the deflection leads the section rotation by 90 °. 
2 

Using the definitions, a = -27 and w 
2 

C , the amplitude ratio, 

(Y 
0 
/B), can be written as a function of wavelength, 

Yo 2TrI 2 

B k'AG[ E- p C 2.7 
(35) 

Since C2 is a doubled -valued function of wavelength so is (Y /B); 
o 

the ratio, (Yo /B)1, corresponding to C1 and the other branch, 

(Yo /B)2, corresponding to C2. Equation (35) is not easily manipu- 

lated analytically, but numerical evaluation at selected points can 

be performed to develop the curves shown in Figure 7. 

(1) 

B 

. 

= 

+ 
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Figure 7. Deflection- rotation ratios corresponding to (a) C1 and 
(b) C 2 C. 

A procedure similar to the above can be employed to evaluate 

the ratio of shear angle, ß, to deflection, y. This result and that 

of Figure 7 combine to give a description of the deformed beam con- 

figuration. Figure 8 qualitatively depicts the physical configuration 

of the beam corresponding to selected points on the dispersion curves. 

It is interesting to note that the Bernoulli -Euler deformation appears 

i t 

103 

1 

10 

2 ) 
i 
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Figure 8. Deformation configurations. 
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at long wavelengths along the lower dispersion curve and at inter- 

mediate wavelengths along the upper dispersion curve of Figure 6. 

As suggested previously, propagation of discontinuities of 

moment and shear take place at velocities corresponding to the limit- 

ing cases of high- frequency harmonic wave propagation. To verify 

this, consider the following argument of Flügge (as cited by Zajac, 

1962). Since there can be no discontinuities in y and i without 

tearing of the material, y and must be continuous. Consider a 

jump in shearing force, V, traveling in the beam and let Vi(t) and 

V 2(t) be the shearing forces on the left and right sides of an element, 

tx1, through which the jump propagates during a time tt. Denote 

quantities to the left and right of the jump by subscripts, 1 and 2, 

respectively, and define the jump operator, 8 by 6( ) = ( )1 - ( )2. 

Application of the impulse- momentum law yields 

ï 
t 

t+At 
6Vdt = pA6( t)Axl (36) 

but upon division by At and letting At approach zero, the integra- 

tion in (36) can be eliminated to give 

ay 
6V= pAC6(at) (37) 

i, 



where C = dx1 /dt. Hence, a jump in V propagates at the as yet 

unknown constant velocity, C. To evaluate C, note that because 

y is continuous, the following equality is obtained, 

at + 
C8(1) = o. 

ax 

Substitution of equation (38) into (37) produces the result, 

2 ay 
SV = - pAC s(ax) y 
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(38) 

(39) 

but applying the jump operator to equation (5) leads to the expression, 

SV = k'AG [Sp - 6(áX )] . (40) 

Recall, however, that Egli equals zero by continuity so (40) simplifies 

to 

bV = - k'AGS( ax ) 

Comparison of equations (39) and (41) shows that 

C (kIG 
)1/2 

(41) 

(42) 

This is the quantity previously denoted as C , so it is seen that C 
q q 

is the velocity with which discontinuities of shear force, transverse 

velocity, and neutral axis slope are propagated in the Timoshenko 

beam. Similarly, it can be shown that a jump in moment or section 

- 
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angular velocity propagates with velocity, C = (E /p )1/2, which was 

previously defined as Co. 
0 
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THE EXPERIMENT 

Results of the previous section suggest the possibility of ex- 

perimentally determining the shear coefficient, k', from measure- 

ments of the shear modulus, the mass density, and the shear velocity, 

C . From the definition of C given in (27), it is seen that k' can 
q q 

be expressed as 

2 
P C 

k' _ q 
G 

(43) 

The beam to be used in this experiment is a brass bar one inch wide, 

one - and -three -quarters inches deep, and approximately 11 -1/2 feet 

long. 

Designing the Experiment 

C is evaluated knowing the time for a very high- frequency 
q 

shear disturbance to traverse a given distance in the elastic medium. 

The distance, L, between two shear -sensitive detectors on the bar 

can be measured by conventional means. Measuring the time inter- 

val, T, for passage of the waveform requires the assurance of high - 

frequency excitation, identification of shear deformation, establish- 

ment of a time coordinate, high- frequency strain detection, amplifi- 

cation, display, and permanent data recording. 
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First, consider excitation of the bar. Two possible types of 

loading are apparent: (1) steady -state loading in which the beam is 

vibrated sinusoidally at a constant frequency and (2) transient, or, 

non - repetitive loading such as step or pulse forcing. The steady - 

state method requires a precise understanding of resonant response 

and end conditions which are, at best, approximations to the mathe- 

matical ideal. It also necessitates more sophisticated driving ap- 

paratus than transient loading which can be accomplished by simply 

dropping a steel ball on the beam or striking it with a hammer. This 

hammer method will be used in the following work with the bar canti- 

levered from the end opposite the end to be struck. 

Since the beam has been shown to be a dispersive medium for 

all but very high- frequency harmonic waves, and since pulse excita- 

tion generates a disturbance containing virtually all frequencies, the 

waveform will, in general, change shape as it progresses down the 

bar. Highest- frequency components traveling with the greatest 

velocity, C , make up the leading portion of the waveform and cause 
q 

this part of the response to retain its shape. Outputs from shear - 

sensitive transducers mounted at different stations along the bar will 

be essentially identical in the early part of the observed waveform, 

but will bear no mutual resemblance as later portions of the signal 

appear. The objective, then, is to produce a display of shear strain 

at two stations versus a common time axis. This is accomplished 
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with a Tektronix RM564 dual -trace oscilloscope showing strain on 

each channel and superimposing a time reference using the same 

horizontal sweep circuit. A permanent record is obtained by photo- 

graphing the strain display and time reference as they are generated 

respectively. 

Consider now the time axis or horizontal display. Since it is 

desirable to observe only one passage of the transmitted waveform 

and avoid reflected disturbances, a time origin must be established 

prior to the arrival of any signal at the shear transducers and the 

waveform must subsequently pass both stations within the time inter- 

val of one sweep of the oscilloscope display. With this adjustment 

of transducer placement, time origin, and sweep rate, the beam ap- 

pears semi - infinite to the instrumentation. A strain gage mounted 

on the bar near the source of excitation is used to trigger the hori- 

zontal amplifier, a Tektronix 3B3 plug -in unit. Since the accuracy 

of the sweep circuit is a nominal three percent, it is desirable to 

superimpose on the photograph of the strain display a single -sweep 

trace of an accurate, high -resolution time marker. This marker is 

derived from a crystal oscillator. A Hewlett- Packard 200cd audio 

oscillator is tuned with a beat -frequency oscillator to precisely 

200kHz. The output is converted to a square wave and the square 

wave differentiated to yield a 200kHz series of spikes. Replacing 

one oscilloscope input with this time reference and operating in a 
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single - channel mode, the marker is superimposed on the strain dis- 

play photograph with a second camera exposure. 

Next, consider the vertical or strain display. This part of the 

system must have several properties. It must truly indicate shear 

deformation as distinct from other modes; it must have adequate high - 

frequency capability, and it must provide an output of readable mag- 

nitude, reasonably free of noise. Magnitude calibration, accuracy, 

and linearity need not be of the usual concern since only the shape of 

the propagated waveform is of particular interest. 

Recognize that shear deforms a rectangular element on the 

neutral axis to a rhomboid as shown, so the diagonals of the original 

element experience maximum shear strain and the sides remain un- 

strained. 

Y 

Figure 9. Deformation due to shear. 

>- X 
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On the other hand, bending deformation produces maximum 

strain on the top and bottom sides of the element and diagonals re- 

main unchanged in total length. A strain gage mounted on the neutral 

axis of the beam at 45° to the longitudinal axis observes only shear 

deformation and thus serves as a shear strain detector. A convenient 

circuit configuration for strain gage applications is the DC Wheat- 

stone bridge with one active arm. Since only AC output signals are 

of value here, exact balancing of the bridge to a DC null is unneces- 

sary, although balance should be attained as nearly as convenient for 

maximum sensitivity. 

Frequency requirements must now be evaluated, To closely 

approximate the asymptotic value, C , of the lower curve in Figure 6, 

K2a2 must greatly exceed unity, where a = 2rf1 /C 
q 

. For a 

rectangular cross - section of width, b, and depth, h, K is defined by 

2 I h2 
K - A 12 

so the frequency constraint can be expressed as 

2 
3Cq 

fl 2> 
> 

Tr 

(44) 

(45) 

Using previously assumed values for the physical constants of the 

brass bar of depth, h = 1. 75 inches, and assuming k' to equal 0.850, 

q 

=7 

2 
h 

2 



the above inequality yields 

f > > 24, 440 Hz, 
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(46) 

This relationship must be satisfied by all components of the strain 

display system. 

Ideal frequency response limit of a strain gage is reached when 

the wavelength of the harmonic disturbance approaches the length of 

the gage measured in the direction of wave propagation. For a strain 

gage one -quarter inch in length affixed at 45° to the longitudinal axis, 

this cutoff frequency is 

f2 = q = 439, 000 Hz, (47) 

sufficient to satisfy equation (46). Note that resistors in the inactive 

arms of the bridge circuit must be non - inductive to avoid high - 

frequency attentuation of the signal. 

Frequency requirements of amplifiers and display devices 

should be considered in light of necessary amplification since gain 

and bandwidth are usually related. Measurement of shear strain 

under static loading shows typical magnitudes of several microstrains 

and since the mounted strain gages will survive at least 15 volts DC 

excitation, a gage output of 10 to 100 microvolts may be anticipated. 

A signal of this magnitude is too small for direct oscilloscope display 

C 
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without amplification. Two operational amplifiers and one vertical 

amplifier are available in the Tektronix Type O plug -in unit. At 

nominal gain settings of 100 , the operational amplifiers af- 

ford reasonably flat response to 80kHz and gain still above 50 at 

130kHz. The vertical amplifier with bandwidth to 14MHz can be used 

to compensate for diminished amplitude of strain in the bar between 

the first and second sensing stations. The oscilloscope dual -trace 

amplifier, a Tektronix 3A3 plug -in unit with DC to 500kHz bandwidth 

offers final adjustment of signals for convenient display. Bandwidth 

of the Tektronix RM564 oscilloscope is DC to 10MHz. Clearly, the 

severest frequency limitation of the shear strain sensing and display 

system is associated with the operational amplifiers, but this limit is 

demonstrably high enough that the leading part of the observed dis- 

turbance propagates in a non -dispersive manner. 

When leads are shielded and appropriate grounding measures 

applied, the remaining noise is largely that constant -magnitude noise 

inherent in the amplifiers. The resulting signal -to -noise ratio is 

most effectively improved by increasing the signal at its source, that 

is, increasing the DC bridge excitation. Batteries prove to be a 

Netter power supply for the DC bridge than electronic power supplies 

since the latter tend to introduce high -frequency noise. 

The overall accuracy with which this scheme measures the 

shear velocity, Cq, depends upon the resolution with which 
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corresponding points on the observed waveforms can be identified, 

the accuracy with which the distance between strain gages can be 

ascertained, and the accuracy with which the strain -time display can 

be interpreted. These tolerances will be evaluated with the data 

analysis. 

A block diagram of the C measuring system is shown in 
q 

Figure 10 and the components are identified in the following apparatus 

list. 

Apparatus list: 

1. Trigger strain gage is SR -4 Type A -5 by Baldwin -Lima- 

Hamilton, one -half inch mesh on paper backing. 

2. Shear -sensing strain gages are SR -4 Type ABD -7 by 

Baldwin - Lima -Hamilton, one -quarter inch mesh on bakelite backing 

with epoxy adhesive mounting. 

3. Bridge resistors are 100 ohm -5 watt Koolohm resistors. 

4. Carrier amplifier is Tektronix 3C66 plug -in unit. 

5. Differential amplifier is Tektronix 2A63 plug -in unit. 

6. 3C66 and 2A63 units are powered by Tektronix Type 129 

Plug -In Unit Power Supply. 

7. Both operational amplifiers and the vertical amplifier are 

in Tektronix Type O Operational Amplifier Unit powered by a Type 

133 Plug -In Unit Power Supply. 
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8. Time base is Tektronix 3B3 plug -in unit. 

9. Dual -trace differential amplifier is Tektronix 3A3 plug -in 

unit. 

10. Dual -trace oscilloscope is Tektronix RM564 Split- Screen 

Storage Oscilloscope. 

11. Power to 3B3 and 3A3 units provided in oscilloscope 

chassis. 

12. Audio oscillator is Hewlett- Packard 200cd unit. 

13. Crystal beat -frequency oscillator is OSU No. 31737 -1. 

14. Camera system is composed of 4 x 5 Graflock back on 

Tektronix viewing hood with Eastman Tri -X film. 

To experimentally determine the mass denisty, p, of the brass 

bar, the total mass and total volume must be known. The weight of 

the bar divided by the acceleration of gravity gives the mass; the 

volume is calculated from the measured physical dimensions. 

Numerous experimental values of the shear modulus, G, are 

available in handbooks. These values range from 5. 3 x 106 psi 

(Baumeister, 1958) to 6. 2 x 106 psi (Urquhart, 1959). In this study, 

this range of values will be used to yield a range of experimental 

v-Lies of the shear coefficient, k'. A dynamic method of measuring 

G based on the Saint Venant analysis of torsional stiffness is de- 

scribed in the Appendix. 
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Data 

To measure C 
q 

L = distance between strain gages = 17. 70" ± O. 03" 
measured with machinist's scale. 

Instrumentation scheme for obtaining strain -time display is 

as shown in Figure 10. 

The procedure for obtaining a permanent data record is as 

follows: 

1. Appropriately position chopped -mode traces to show 

strain responses. 

2. Ready single -sweep circuit. 

3. Open camera shutter. 

4. Strike beam with hammer setting up disturbance in beam 

and triggering display electronics. 

5. Close camera shutter. 

6. Replace one strain channel input with time marker cali- 

brated to 200 kHz. 

7. Switch to single -channel operation. 

8. Position marker trace near top of graticule. 

9. Open camer shutter. 

10. Ready single -sweep circuit. 

11. Strike beam to trigger display of time marker. 

12. Close camera shutter. 
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The following photographs result. 

Photograph No. 1 

Photograph No. 2 
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Photograph No. 5 

mismormemetmoirommommomotume 

Photograph No. 6 
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Photograph No. 7 

It should be observed that the leading portion of each waveform 

is propagated essentially unchanged from the first strain gage to the 

second. This qualitatively verfies that the calculated high- frequency 

requirements have been satisfied by the strain -time display system. 

To measure p : 

Wb = weight of brass bar = 72 lb 3 oz ± 4 oz weighed 
on calibrated balance scale. 

lb = total length of brass bar = 135 -1116" t 1/16" 
measured with carpenter scale. 

b = width of brass bar = 1. 0009" ± 0. 0005" measured 
with micrometer. 

h = depth of brass bar = 1. 7497" ± 0. 0005" measured 
with micrometer. Width and depth values are 
average of measurements at one -foot intervals 
along the length of the bar. 
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D = diameter of hole in end of bar = 0. 50" ± 0. 01" 
measured with machinist's scale. 

d = depth of hole in end of bar = 2. 19" + 0. 01" 
measured with machinist's scale. 

Data Analysis and Calculations 

Evaluating C 
q 

: 

C = L/T 
q 

Directly from data, L = 17. 70" ± 0. 169 percent. T must be ob- 

tained from the strain -time photographs. The procedure for 

analyzing the photographic data is as follows: 

1. Align photo under traveling microscope with x -y (time - 

strain)vernier scales. 

2. Assign x- coordinate value to each time reference mark 

over a range including first negative maxima on both strain traces. 

3. Determine the maximum deviation of the time reference 

from linearity. 

4. Ascertain x- coordinates of first negative maxima on both 

strain traces. 

5. Define interval of uncertainty of (4) above. 

6. Calculate T from the number of complete 200kHz cycles 

between strain peaks in (4) and the fractional cycles determined from 

linear interpolation between time marks adjacent to both strain peaks. 
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7. Accuracy of time measurement is determined by uncer- 

tainty of peak definition and deviation of time marker from linearity. 

The analysis of photograph no. 1 follows as an example. 

Define the zero mark as the first hash mark to the right of the 

first negative peak on the lower trace and number successive marks 

from right to left. This numbering scheme, while reverse of the 

"real" time sense, coincides with the directional sense of the hori- 

zontal vernier scale. 

Average length of interval between marks is 

(1. 192. -0.013)46 = 0. 02563. 

Maximum deviation of time marker from linearity is 

100(0. 02563 - 0. 023)/0.02563 = 10. 26 %. 

First negative peak on lower trace occurs at 0. 036 ± 0. 007. First 

negative peak on upper trace occurs at 1. 169 f 0. 005. Combined 

uncertainty of definition of the two strain peaks is 0. 012. 

T is represented on the photograph by 44 complete mark 

intervals plus portions of intervals represented by the lengths (in 

coordinate units)(0. 038 - 0. 036) = 0. 002 and (1. 169 - 1. 168)= 0. 001. 

v:rrr,s of time, the 44 whole cycles correspond to exactly 

44/200 x 103 sec = 220 x 10 -6 sec. 

The fractions of cycles correspond to 

... 



Table 2. Analysis of photograph no. 1. 

Mark no. Position. Coordinate Mark interval Mark no. Position coordinate Mark interval 
0 

1 

2 

0. 013 
0.038 
0.064 

0.025 
0.026 

24 
25 
26 

0. 6 27 
0.653 
0.679 

0. 026 
0.023 
0.026 

3 0. 089 0. 025 27 
4 0. 113 0. 024 28 0. 730 0. 051 
5 0. 1 39 0. 026 29 0. 756 0. 026 
6 30 0. 782 0. 026 
7 0. 188 0. 049 31 0. 807 0. 025 
8 0. 216 0.028 32 0.833 0.026 
9 0. 241 0. 025 33 0.858 0. 025 

10 0. 267 0.026 34 0.885 0.027 
11 0. 293 0.026 35 0.910 0.025 
12 0. 320 0. 027 36 0. 936 0. 026 
13 0. 345 0.025 37 0.962 0.026 
14 0. 372 0. 027 38 0. 989 0. 027 
15 0. 397 0. 025 39 1. 014 0. 025 
16 0. 423 0. 026 40 1. 041 0. 027 
17 0. 449 0. 026 41 1. 065 0. 024 
18 0. 474 0. 025 42 1. 091 0. 026 
19 0. 499 0. 025 43 1. 115 0. 024 
20 0. 525 0. 026 44 1. 141 0. 026 
21 0. 551 0. 026 45 1. 168 0. 027 
22 0. 577 0. 026 46 1. 192 0. 024 
23 0. 604 0. 027 

--- 
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003 
1 

3)sec = 0. 5852 x 10 -6 sec. 
200 x 10 

Deviation of the horizontal display from a linear representation of 

time introduces a limiting error of (0. 1026)(0. 5852 x 10 -6) sec = 

0. 06005 x 10 -6 sec. Inability to exactly define the peaks of the strain 

traces introduces a possible time error of 

0. 012 
( 0. 02563)( 

1 

200 x 10 

Total uncertainty of the time T is 

sec = 2. 3409 x 10 -6 sec. 

(0. 06005 x 10 -6) + (2. 3409 x 10 -6) sec = 2. 4009 x 10 -6 sec . 

or, expressed as a percentage of T 

2. 4009 x 10-6 
100 x 

_ 6 
- 1. 09 %. 

220. 5852 x 10 

Dropping digits of questionable significance, 

T = (220. 585 x 10 -6 ± 1. 09 %) sec. 

The resulting value of the shear velocity is 

(17. 70 ± O. 169%) 

q (220: 585 x 10 -6 ± 1. 09 %) sec 
_ (80, 240 ± 1. 27%0) /sec. 

Similar analysis of photographs no. 2 through no. 7 yields the 

following results. 

)( 

= 



Photograph no. 2 C 
q 

= (78, 850 ± 1. 12%)"/sec 

Photograph no. 3 C 
q 

= (79, 590 ± 1. 26%) "/sec 

Photograph no. 4 C 
q 

= (79, 890 ± 0. 53%)"/sec 

Photograph no, 5 C 
q 

= (78, 990 ± 0. 99%)"/sec 

Photograph no, 6 C 
q 

= (80, 380 ± 0. 86%)"/sec 

Photograph no. 7 C 
q 

= (79, 270 ± 1. 15%) "/sec 

The average value of C is 79, 600 " with an average limiting 
q 

error of 1. 03% and maximum deviation from the mean of 0. 94 %. 

Evaluating p 
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where g is the assumed acceleration of gravity and Vb is the total 

volume of the bar. 

f = 

fish 

(135. 6875 ± 

Tr D2d 

0. 05%)" 

b = (1. 0009 + 0. 05%)" 

h = (1. 7497 ± 0. 03%)" 

Tr = 3, 1416 

D = (0, 

d = ( 2. 

50 

19 

± 2. 

± 0. 

00%)" 

46%)" 

: 

p 

Wb 

gV 



so, 
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Vb = (135. 6875 ± 0. 05%)(1. 009 ± 0. 05%)( 1. 7497 ± 0. 03%) 

(3. 1416)(0. 50 ± 2. 00%)2(2. 19 ± 0. 46%) _ (236. 293 
4 

± 0. 16%) in3 

Wb = (72. 1875 ± 0. 35%) lb 

gl/ = (386.088)"/sec2 

(72. 1875 ± 0. 35%) -(7, 914x 10 4±0.51%)lb-sec (386. 088)(236. 293 ± 0. 16%) in 

k' 5. 014 x 106 ± 2. 59% 
G 

3 

(43) 

1/ 
Note that since the scale used to evaluate Wb is a balance scale 
and actually measures mass, the conversion to weight is obtained 
by assuming the reference value of g. 

P= 
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RESULTS AND CONCLUSIONS 

A survey of values of G given in handbooks shows a range of 

5.3x 106 psi (Baumeister, 1958) to 6.2x 106 psi (Urquhort, 1959) for 

various types of brass. Combining these values with the experimental 

values of C and p, equation (43) indicates a range of k` between 
q 

0. 946 and 0. 809 with a limiting error of 2. 59 percent assuming the 

above values of G to be exact. It is seen that this range of values of 

k' encompasses the analytical results cited previously with the excep- 

tion of the value k' = 0. 667 given orginally by Timoshenko. Although 

the experimental results do not definitely confirm any one theoretical 

value of k', it is clear that if the shear modulus can be precisely 

measured, the experimental procedure of this study provides a means 

of accurately evaluating the Timoshenko shear coefficient, as it is 

applied to high frequency shear waves. 

Several refinements of the laboratory scheme used in this 

project might be considered in any future work. The system used to 

measure the shear velocity can be improved with the use of strain 

gages with higher gage factors. Devices are available with gage 

factors large enough that electronic amplification of the strain signals 

can be significantly reduced. This would improve the signal -noise 

ratio and increase the bandwidth of the high -gain amplifier. Increas- 

ing the high- frequency amplification of the strain display system more 
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nearly assures measurement of the asymptotic value, C . There 
q 

also exists the possibility of displaying the strain signals on a dual - 

beam oscilloscope instead of a dual -trace oscilloscope. This would 

allow unchopped display of the two strain traces and increase the 

accuracy with which C can be ascertained. Calibration of both 
q 

time axes would then be necessary. 

The problem of measuring the shear modulus is of obvious con- 

cern and a careful investigation is strongly urged for future work. 
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An attempt was made to dynamically measure the shear 

modulus, G, using the Saint Venant concept of torsional stiffness of 

a beam under a twisting load. It will be seen that experimental re- 

sults of this procedure are too far from accord with reasonable values 

to be credible. Time limitations discourage a more detailed pursuit 

of this problem at present. The analysis and ensuing experimental 

work is presented below. 

According to the Saint Venant idea, a beam of length L., 

rigidly fixed at one end and free at the other, behaves with respect 

to a twisting load as a torsional spring of stiffness JG /L: where J 

is the effective polar moment of inertia of the cross -section. In 

practice, a completely rigid constraint of one end of a beam is diffi- 

cult to obtain, so it seems more reasonable to expect some movement 

of the so- called fixed end under a restoring force which acts as a 

torsional stiffness, K , 
c 

in series with the stiffness of the beam. 

Combining the two stiffness elements to form an equivalent spring 

constant of the whole system, the following differential equation of 

motion can be written, 

d20 JGKc 
Ib 

dt 2+ JG ± Kc Li = 0. (A-l) 

By analogy with the simple spring -mass oscillator, the period of 

free torsional oscillation is seen to be 

6 



1 Li 12 Ti = 2 T [ Ib (K 
+ JG )] . 

c 

Note that this expression is of the form, 

Ti = [ E + yLi ] 
1/2 
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(A -2) 

(A- 3) 

where E and y are constants and the information of interest is 

contained in the quantity, 

2 
4 Tr Ib 

JG (A -4) 

Clearly, y can be extracted from two measurements of Ti 

corresponding to two distinct values of Li . Knowing the value of y, 

the shear modulus can be found if Ib and J can be ascertained. The 

value of J for a rectangular cross - section is analytically derived in 

texts and references, and Ib can be obtained by measuring the 

period of free oscillation of the rigid mass suspended as a physical 

pendulum. 

This suggests the following laboratory scheme to determine y. 

The brass bar can be held reasonably tightly clamped in a large 

(600,000 pound capacity) testing machine, leaving a measured length 

(L.) of the bar exposed. As shown in the following sketch, an I -beam 

is attached to the free end of the bar and weights are bolted to each 

end of the I -beam. A bolt into the free end of the bar is supported 



by a bearing so the bar can twist, but cannot deflect. The I -beam 

and weights constitute the mass, mb, with moment of inertia, Ib. 

-4----0----- Test Machine 
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Figure 11. Torsional vibration laboratory scheme. 

Bolt & Bearing 
End Support 

A stopwatch is used to time a counted number of oscillations and 

from this reading, the period of oscillation is obtained corresponding 

to a known length, Li. Repetition of this procedure with a different 

Brass Bar 

Weights 

I-Beam 

Weights 



value of L. allows solution for Y as 

Yi 2 
4Tr (Li - L.) 

2 2 
T. - T. 

_ 1 J 
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(A -5) 

where i and j serve to associate corresponding values of L. and 

T.. 

To determine Ib, the I -beam with weights attached is suspended 

from a point on the I -beam a distance, 1, from the center of mass 

and the period of oscillation, T. is measured. T1 is related to the 

moment of inertia about the point of suspension by 

2 
T .2mbg 

1 
I1 

4Tr 

(A -6) 

where mbg is the weight of the I- beam -weight combination. The 

moment of inertia, Ib, then is found by the well -known theorem, 

T 
2 

.Qm g 

Ib = I - mbQ2 - 2b 
- mb.Q2. 

4Tr 

(A -7) 

The remaining quantity to be evaluated to ascertain G, is the 

constant, J. Timoshenko and Goodier (1 951) have developed the 

following experession for J which can be easily evaluated by 

substituting appropriate values of width, b, and depth, h. 

i 

i 

i 

= 

I 



CO 

1 3 192 b J= bh 1_ ? Jrrh tanh 
3 ( 5 5 2b ) 

Tr 

Numerical expansion of (A -8) yields 

Data 

J = 0. 3757 ± 0. 19% in. 
4 

To measure Y: 
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(A -8) 

(A -9) 

L. = length of beam exposed as measured with scale. 

1 " 
L1= 4'+16 200 T1 +0.2sec 1 

H 

200 T2±0.2sec L2 = 4'6" 

52.7 54. 8 

52. 4 54. 7 

52.6 54. 9 

5 2. 5 54. 8 

5 2. 6 54. 9 

52. 4 54. 7 

1 " 1 " 
L3 5't16 200 T3± 0. 2 sec L4 =6' +16 200 T4 ± 0. 2 sec 

58. 6 

58. 9 

58. 6 

58. 8 

58.7 
58. 8 

64. 2 

64. 2 

64. 3 

64. 4 
64. 3 

64. 4 

\- 
h / 

s='1, 3... 
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L5 - 7' + 200T5±0.2sec L6 = 9' + 200 T6+0.2sec 

70. 0 79. 0 

69. 8 79. 2 

69. 8 79. 0 

69. 9 79. 1 

70. 0 79. 0 

69. 8 79. 1 

L7 = 9'6" ± 200T7 ± 0. 2 sec L8 = 10' ,t 
1 

200 T8 ± 0. 2 sec 

81. 1 

81. 2 

81. 2 

81. 1 

81. 1 

81. 2 

To measure lb: 

83.0 
83. 1 

83. 1 

83.1 
83.1 
83.0 

= distance from center of mass to point of suspension 
as measured with machinist's scale. 

V=10.15" to 0.02" 50 T +O. 2 sec 

97.4 
97.7 
97.4 
97.4 
97. 6 

97.4 

it = 16..12"+0.02" 50 TQ ±0.2 sec 

92.8 
9 2. 7 

9 2. 5 

92. 8 

92. 7 

Q' = 20.06" ±0.02" 50 T ±0.2 sec V= 20.12"±0.02" 50T 
/2± 

0.2 sec 

93.4 
93.4 
93.4 
93.4 
93.4 

93. 0 

92.9 
92.8 
92.9 
93.0 

1 " 

Q 
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mbg = weight of I -beam and weights weighed on calibrated 
balance scale. 

mbg = 86 lb 13oz±3oz 

Data Analysis and Calculations 

Calculating 

yid result: 

= 

y17 = 

= 

y28 = 

Y27 

y26 = 

N.. 

0. 

0. 

0. 

0. 

0. 

0. 

by equation (A -5), the following values of 

01748 ± 1. 13% sec2/ft 

01764 ± 1. 56% sec2/ft 

01773 ± 1. 68% sec2/ft 

01771 f 1. 25% sec 2 /ft 

01791 ± 1. 73% sec 2 /ft 

01804 ± 1. 89% sec 2 /ft 

An investigation of calculations of the limiting error shows that as 

the values of L. and L. become nearly equal, the limiting error 

becomes extremely large, so only certain combinations of values of 

L. and L. yield usable results. Only values of yid with limiting 

error less than two percent have been included. The average value 

of N.. is 0. 01775 ± 1. 54% sect /ft or 0. 001479 ± 1. 54% sect /in. 

Calculating Ib by equation (A -7), the following values are 

obtained: 

Q = 10. 15", lb = 61. 6954 ± 1. 054% lb-in-sec2 

y18 

N16 

= 

J 
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Q = 16. 12", lb = 63. 4310 ± 1. 356% lb-in-sec2 

Q = 20. 06", Ib = 63. 4573 ± 1. 810% lb-in-sec2 

Q = 20. 12", Lb = 61. 7958 ± 1. 527% lb-in-sec2 

The average value of Ib is 

Ib = 62. 5949 ± 1. 437% lb-in-sec2. 

Combining the above values of Yi.J , Ib, and J in the definition of 

y (A -4) to solve for G 

The resulting value is 

G = 4,469,000±3.18%psi. 

Typical values of G given in handbooks range from 5. 3 x 106 psi 

to 6. 2 x 106 psi. The experimental value of G obtained above is at 

least 15 percent below this range. To see which value of G is 

more reasonable, note that substitution of the experimental value of 

G into equation (48) yields 

k 1. %. 

In view of the physical interpretations of k', it seems unreasonable 

to expect a value of k' greater than unity. As shown in the text, the 

range of values from handbooks does yield an acceptable range of 

4n21b 
G - 

NJ 

= 

il 
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k' and it would appear that the experimental value of G is unsatis- 

factory. The large discrepancy between the laboratory results and 

those published in handbooks demands further study of this procedure. 


