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The vertical reference system being considered utilizes a two - 

degree-of- freedom gyroscope configured as a vertical gyro. Each 

gimbal erection circuit forms a second -order feedback control sys- 

tem. 

Gyros are susceptable to a number of error sources. In view 

of the closed loop application being considered, all error sources are 

of negligible consequence with the exception of friction. With friction 

included in the gyro model, the inner and outer gimbal erection cir- 

cuits cease to exist as independent second -order systems. Friction 

couples the gimbal erection circuits together in a type of algebraic 

loop. 

Bearing friction is a random phenomenon best described by a 

Gaussian distribution. Slip -ring friction is best categorized as a 

sliding friction. For simulation purposes, slip -ring friction is 

41768 



conveniently handled using the Amontons - Coulomb description. 

The digital technique is better suited to this simulation problem 

primarily because of the many decision making elements required. 

The Gaussian distribution needed to produce the random bearing 

torques is generated by sampling from the more easily produced uni- 

form distribution. 

The simulation program is written in the FORTRAN IV pro- 

gramming language. Because of the special features required in 

simulating the vertical reference system, it was more feasible to de- 

velop the simulation program as a self- contained package complete 

with an integration routine. A second -order Runge -Kutta integration 

routine was selected. 

Using an integration interval of 0. 02 seconds, the simulation 

program produces excellent results when compared with the response 

characteristic of an actual vertical reference system. 
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DIGITAL SIMULATION OF A VERTICAL REFERENCE SYSTEM 
INCORPORATING RANDOM ERROR SOURCES 

I. THE VERTICAL REFERENCE SYSTEM 

Introduction 

A vertical reference system may be defined as a system that 

provides a means of measuring displacement with respect to the local 

vertical of the earth. Common applications utilizing the vertical re- 

ference are found in tracking and fire - control systems aboard vehi- 

cles that maneuver on the surface of the earth. With the local verti- 

cal of the earth established, an antenna or gun may be positioned pre- 

cisely to a designated elevation angle. 

The heart of the vertical reference system is the device that 

physically establishes earth's vertical at any given latitude and long- 

itude. The simple mass pendulum is a device that establishes the 

local vertical of the earth. Although the mass pendulum is accurate 

under static conditions, such a device is not suitable aboard a maneu- 

vering vehicle due to its inherent underdamped characteristic. A 

much more sophisticated device that establishes earth's vertical is 

the two -degree -of- freedom gyroscope configured as a vertical gyro. 

A vertical gyro implies a two- degree -of- freedom gyroscope with its 

spin axis coinciding with the local vertical of the earth. 
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Statement of the Problem 

The response of the vertical reference system depends on a 

number of chosen parameters. Because the parameters are chosen 

according to the environmental conditions under which the system 

must operate they are sometimes selected under conflicting criteria. 

A simulation program provides a convenient means of establishing 

and optimizing system performance when conditions exist as mentioned 

above. 

Without the effects of friction, the erection system can be con- 

sidered ideal. Under ideal conditions the inner and outer gimbal 

erection circuits are independent second -order systems. Such con- 

ditions allow either erection circuit to be simulated on an analog com- 

puter or be adapted to an existing digital program that simulates an 

analog computer. 

In the actual two- degree -of- freedom gyro being considered, the 

inner and outer gimbals are supported by instrument -type ball bear- 

ings. Power and signal leads are routed to and from the inner gimbal 

by a slip -ring and brush assembly mounted on both the inner and outer 

gimbals of the gyro. A friction torque arises due to the gimbal bear- 

ings and the slip -ring assemblies. Friction comprises a quantity re- 

ferred to as a disturbance torque. 

Disturbance torques make simulating the vertical reference 
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system a problem of much greater complexity. A friction torque is 

generated whenever a gyro gimbal is in motion with respect to the 

gyro base or whenever the gyro base is in motion with respect to the 

gimbal in question. The resulting friction torque causes the spin axis 

to precess about the axis 90 degrees from the axis in question. 

The preceding statements imply that whenever there is a net 

motion developed about one of the gimbal axes, the developed friction 

disturbance torque must be simultaneously coupled with correct mag- 

nitude and sign to the remaining gimbal axis. 

As indicated in (1) and (12, p. 43 -44) gimbal bearing friction 

torque is a random phenomona best described by a Gaussian distribu- 

tion. The slip -ring friction torque is most simply handled by using a 

coulomb friction description. This thesis will be concerned with two 

primary problems in developing the system simulation; (1) the meth- 

od by which the friction torques will be cross coupled between the in- 

ner and outer gimbal erection circuits, and (2) the method of gener- 

ating the Gaussian distribution functions to simulate the random bear- 

ing torques. 

In the past few years a number of digital computer programs 

have been written that allow the digital computer to perform the oper- 

ations of analog computer elements. Such programs are gaining wide- 

spread use in the field of systems simulation. This thesis will follow 

a similar pattern in developing the simulation of the vertical reference 



4 

system. The digital technique will prove to be a more feasible ap- 

proach for reasons that will become apparent later in the text. 

The simulation of the vertical reference system involves only 

one specific type of system. Once the system block diagram has been 

established there will not be any anticipated changes or modifications 

to the system block diagram. For these reasons the digital simula- 

tion program will be developed as a self- contained package; that is, 

the simulation program will not be adapted to an existing general pur- 

pose simulator program but will be developed as a self- contained pro- 

gram complete with an integration routine. 

System Description 

Once the spin axis of a two- degree -of- freedom gyro has been 

positioned, the spin axis will act as an inertial reference and will 

ideally maintain its orientation indefinitely. Hence, a two- degree -of- 

freedom gyro placed at a given latitude and longitude will not by itself 

be able to maintain its spin axis parallel to the local vertical of the 

earth due to earth's rotation. For this reason the gyro spin axis must 

be slaved to the local vertical of the earth. 

Slaving the spin axis to earth's vertical is accomplished by plac- 

ing vertical sensors on the inner gimbal of the gyro. The vertical 

sensors produce an output signal proportional to the angle of tilt from 

vertical. The error signal from the vertical sensor feeds an erection 
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circuit which in turn drives a torquer on the gyro to precess the spin 

axis back to vertical. 

A diagram of a vertical reference system using a two- degree- 

of- freedom gyro is shown in Figure 1. The gyro is shown with its 

spin axis aligned with earth's local vertical in which case the vertical 

sensors produce no error signal. A two- degree -of- freedom vertical 

gyro requires an erection circuit for both the inner and outer gimbals 

to maintain its spin axis vertical. 

The erection circuit used in this system consists of an opera- 

tional amplifier that drives a modulator -amplifier. The modulator - 

amplifier delivers a 400 Hz square -wave whose peak -to -peak ampli- 

tude is proportional to the dc output of the operational amplifier. The 

square -wave output of the modulator -amplifiers drive torquers lo- 

cated on the inner and outer gimbals of the gyro as shown in Figure 1. 

The torquers position the gyro spin axis by precession. 

The operational amplifier is configured as a lag circuit; that is, 

the gain is set by the ratio of Rf /Ri while the capacitor C per- 

forms an integrating or averaging action. The gain and time constant 

associated with the operational amplifier are parameters that are 

chosen and depend on the environmental operating conditions of the 

system. 

The angular displacement of the gyro base with respect to 

earth's vertical is provided by resolvers placed on the inner and outer 
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gimbals of the gyro. The outer gimbal resolver provides the sine and 

cosine of the roll angle while the inner gimbal resolver provides the 

sine and cosine of the pitch angle. The resolver signals are used to 

compute vertical position information. 

The type of vertical sensor used for this vertical reference sys- 

tem is an accelerometer of the force -balance type as described in 

(29). The force - balance type of accelerometer is itself a second - 

order feedback control system and provides an output with a high de- 

gree of damping. Such a device is quite suitable as a vertical sensor 

due to its high degree of damping as compared to a mass pendulum. 

The time constants associated with the accelerometer are negligible 

when compared to the time constants that will be involved with the 

vertical reference system and thus may be neglected entirely. 

An accelerometer acts as a vertical sensor by detecting tilt in 

terms of the earths gravitational field. As shown in Figure 2 an 

accelerometer that is tilted an angle ¢ from vertical provides an 

output signal proportional to Gsin0. For small angles of tilt, as 

will be encountered in the study of the vertical reference system, the 

accelerometer output may be considered linear. 

The use of accelerometers as vertical sensors has a drawback 

in that it subjects the vertical reference system to errors caused by 

vehicle accelerations when maneuvering on the earth's surface. De- 

pending on the application it is sometimes necessary to provide a 
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means of compensating for errors that result from vehicle maneuvers 

involving accelerations. Such a compensator will not be considered 

in this study since it is not directly involved in the closed loop sys- 

tem performance. 

Accelerometer tilted 
¢ degrees from vertical 

Local vertical 

Tilt from vertical 

cansó 

Sensitive axis of 

accelerometer 

Gsin¢ 
Component of gravity sensed 

by accelerometer 

Figure 2. Accelerometer as a vertical sensor. 

For purposes of this study it will not be necessary to become 

involved with the equations that describe the dynamic motion of a gy- 

roscopic mass. An excellent discussion of the mathematical analysis 

of gyro dynamics may be found in (26, p. 32 -53). 

The angular momentum vector H of the rotating gyroscopic 

mass is defined as the product of the moment of inertia of the rotating 

mass and its angular spin velocity when both refer to the same axis 

of rotation. 

--i, 
I 

I / 

p 



H = lw 
s 

As indicated in Figure 1 the direction of the vector quantity H 

is coincident with the spin velocity w 
s 

according to the right 

hand rule. The mathematical relationship between an applied torque 

vector and the resulting precession velocity is given by expression 

(1. 2) 

T =w xH, 
p 

9 

(1. 2) 

where the applied torque vector is represented ty T, the resulting 

precession velocity by w , and the angular momentum vector by H. 

Characteristics of the Vertical Reference System 

A block diagram of an erection circuit for the vertical reference 

system may be represented as shown in Figure 3. This block diagram 

may be used to represent either the inner gimbal or the outer gimbal 

of the system shown in Figure 1. 

The nomenclature for Figure 3 is as follows: 

-e- = position of spin axis with respect to vertical in radians 

= acceleration input represented by an equivalent tilt angle in 

radians 

K = accelerometer scale factor in VDC/ (radian of tilt) 
a 

K1 = operational amplifier gain or Rf /Ri 

T = operational amplifier time constant or RfC 

(1. 1) 

P 

a a 
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K = modulator- amplifier scale factor in VAC /VCD m 

Kt = angular momentum of gyro wheel in dyne -cm -sec 

$ = spin axis precession rate in radians/ sec 

we = earth's angular velocity component in radians /sec 

Td = disturbance torque error source in dyne -cm 

H = angular momentum of gyro wheel in dyne -cm -sec 
e 

a 
Accelerometer 

--> K1 

Ts + 1 

Op. amp. 

Op. amp. saturation 

K 
m 

Modulator -amplifier 

Gyro torquer 

Angular momentum 

8 

Figure 3. Block diagram of an erection circuit. 

It is common practice to place a limit on the maximum erection 

rate of the spin axis when the tilt from vertical exceeds a specified 

angle. The maximum erection rate is set by the saturation level and 

the gain of the operational amplifier. The tilt angle at which the 

w 
e 

1 

s 
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erection rate becomes maximum is chosen depending on the environ- 

mental operating conditions of the system. 

The gain and time constant associated with the operational am- 

plifier are likewise chosen according to the environmental operating 

conditions of the system. 

The linearized system response is described by expression 

(1. 3) where K represents the quantity given by (1. 4). 

(K /T)$a(s) + (Td(s) /HT)(Ts +l) + (we(s) /T)(Ts +1) 

s2+s/T+K/T 

K 
KaK1KmKt 

(1. 3) 

(1.4) 

K is referred to as the erection constant of the system and is 

most commonly expressed in units of (degrees/minute)/ (degree of 

tilt). The erection constant is also chosen according to the environ- 

mental operating conditions of the system. 

The term containing we e 
in expression (1. 3) represents the 

effect of earth's rotation on the system. With a properly selected 

erection constant the steady state error due to earth's rotation can be 

made quite small. 

The term in (1. 3) containing Td represents the effect of dis- 

turbance torques on the system. The quantity Td arises due to 

slip -ring and gimbal bearing friction inherent in the type of two- 
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degree -of- freedom gyro being considered. The make -up of Td is 

quite complex and will be of primary interest in the simulation of the 

vertical reference system. 

When considering an ideal erection system without the effects 

of friction the term in (1. 3) containing Td would not be present. 

If in addition the effect of earth's rotation is temporarily neglected, 

the system response given by (1. 3) may be reduced to the expression 

given by (1. 5). 

(K/ T)-&a(s) 
-0-(s) , ' 

s 2+s/ T+K/ T 
(1. 5) 

Expression (1. 5) is in the standard form of a second -order 

feedback control system which has a natural frequency given by (1. 6) 

and a damping ratio given by (1.7) 

con = ni K/ T 

1 

2N/KT 

(1. 6) 

(1. 7) 

Expression (1.7) indicates that caution must be exercised in the 

selection of the erection constant K and the operational amplifier 

time constant as the damping ratio is an important factor in deter- 

mining the system transient response. 

Setting the operational amplifier time constant T equal to 

zero reduces expression (1. 5) to that given by (1. 8). 
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s$(s) = K($a--0-) (1. 8) 

Assuming no acceleration input, expression (1. 8) reduces to the 

differential equation given by (1. 9). Expression (1.9) describes an 

(1. 9) 

ideal erection system of the proportional type; that is, the erection 

rate of the gyro spin axis is directly proportional to the angle of tilt 

from vertical. 

The differential equation of (1. 9) has a solution given by (1. 10) 

where T is termed the erection time constant. The erection time 

constant T is simply the reciprocal of the erection constant K as 

shown in (1. 11). The initial position of the spin axis at t = 0 is 

represented by -8-i . 

-t/T $ =$.e 

1 
T =K 

(1. 10) 

A deviation from the response given by (1. 10) occurs whenever 

there is a time constant T associated with the operational amplifi- 

er. The response is further deviated from that given by (1. 10) when 

the disturbance torques Td and earth's rotation we are taken into 

consideration. When the above quantitites are taken into account, the 

system response is as dictated by (1. 3). 

$ _ - K8 
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II. DEVELOPING THE TWO -DEGREE -OF- FREEDOM 
GYRO MODEL 

Introduction 

In the previous chapter a block diagram of an erection circuit 

was presented in Figure 3. This block diagram contained an input 

Td which represented disturbance torques inherent in the type of gy- 

roscope being considered. In general the term Td is comprised of a 

number of different types of error sources. The purpose of this chap- 

ter is to present the general classification of error sources that might 

be included in the term Td. It remains to be shown that the majority 

of these error sources may be eliminated when considering the appli- 

cation of a two- degree -of- freedom gyro as used in a vertical refer- 

ence system, The NV3401 gyro manufactured by the Electronic Specialty 

Company will be used as an example to illustrate several clarifying 

facts regarding the application of a two -degree -of- freedom gyro as 

used in a vertical reference system. 

With the majority of error sources eliminated, the make -up of 

Td will consist only of the disturbance torques due to the gimbal 

bearings and slip- rings. Several corporations acting under govern- 

ment contracts have conducted actual tests that substantiate the ran- 

dom properties of gimbal bearings. The quantitative results of some 

of these tests will be presented in this chapter. 

It was stated in the previous chapter that the term Td 
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prevented the inner and outer gimbal erection circuits from being 

considered as independent systems. In this chapter a more realistic 

block diagram of the two- degree- freedom gyro will be developed. 

This gyro model will involve both the inner and outer gimbal erection 

circuits coupled together by the friction disturbance torques. 

Gyro Error Sources 

Gyro error sources must be considered in view of the applica- 

tion in which the gyro is used. Error sources are best analyzed on a 

comparative basis with their effect on a two -degree -of- freedom gyro 

configured as a "free" gyro. A "free" gyro configuration implies a 

two- degree -of- freedom gyro used as an inertial reference; that is, 

once the spin axis is positioned, the axis must maintain that position 

for a specified time. The "free" gyro configuration is by far a more 

sensitive application as compared to the gyro used in the vertical re- 

ference system. 

For the reference of the "free" gyro to be utilized, the refer- 

ence must be either inherently invariable or predictably variable. 

Hypothetically, an ideal gyro remains immobile in inertial space. 

Actual gyroscopes do not maintain absolute immobility but deviate 

from their initial fixed position. The rate of deviation is referred to 

as "gyro drift rate" and is a measure of gyro performance - -the lower 

the rate the better the gyro. The drift rate is a consequence of the 
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spurious and undesired torques which cause precession of the gyro 

spin axis. 

It is not uncommon to require a drift rate of O. 05 deg. /hr. or 

less for a "free" gyro used as an inertial reference. A gyro used in 

a vertical reference system with its spin axis slaved to the reference, 

however, may tolerate a drift rate up to 0.25 deg. /min. or more de- 

pending on the erection constant K and the required accuracy of the 

system. 

To illustrate this point consider the Electronic Specialty 

NV3401 gyro used in the J -400 Vertical Reference System. This gyro 

has an angular momentum of H = 6, 300, 000 dyne -cm -sec. and the 

system operates with a moderate erection constant of K = 10 deg. / 

min. / (deg. of tilt). 

Consider 0. 2 grams of mass unbalance located two centimeters 

out from the outer gimbal axis with the inner gimbal axis passing 

through the center of mass of the unbalance. With this configuration 

the spin axis will be precessed only about the inner gimbal axis. 

The magnitude of the drift rate is calculated below. 

Td 

wd H 

980dynes 1 57. 3 deg 60 sec 
wd = (2cm)(0. 2gr) ( r )( 6 )( rad min ) g 6.3x10 dyne -cm -sec 

wd = 0. 214 deg /min (2. 1) 
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Now consider the effect of this drift rate on the two applications 

mentioned above. Expression (1.9) may be used to calculate the 

steady state error for the application concerning the vertical refer- 

ence system. 

(1) Gyro used in the vertical reference system (closed loop) 

= - K-9- (replace $ by - wd) 

-9- = -( -0. 214 deg /min) /((10 deg /min) /(deg of tilt)) 

-9- = 0. 0214 deg of tilt (steady state error) 

(2) Gyro used as a "free" gyro (open loop) 

-0- = wdt (let t = 1 hr) 

$ _ (0. 214 deg /min)(1 hr)(60 min /hr) 

-9- = 12. 84 deg of drift in 1 hr 

(2.2) 

(2. 3) 

For the case of the gyro being used in the vertical reference 

system result (2. 2) indicates that the mass unbalance would cause a 

list angle of only 0. 0214 degrees. This is the steady state error 

necessary for the erection circuit to develop a torque equal and oppo- 

site to the disturbance torque. Such an error would not be of much 

consequence in this application and could be neglected. 

For the case of the "!free" gyro application the error is much 

more pronounced. If the gyro was required to maintain its reference 

for a period of one hour an error of 12. 84 degrees would be 

0 
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accumulated at the end of that period. Such an error could never be 

tolerated even in the most crude application of guidance. For this 

reason a "free" gyro being used as an inertial reference must be of 

the highest quality and thus very costly. 

Classification of Gyro Error Sources 

Disturbance torques resulting from various types of error 

sources can be classified as G- sensitive, non -G- sensitive, G2- 

sensitive, and random. 

Disturbance torques that are G- sensitive arise because of lin- 

ear or vibratory acceleration inputs to the gyro. Under normal oper- 

ation the earth's gravitational field is responsible for the G- sensitive 

disturbance torques - -the mass unbalance discussed in the previous 

section being a typical example. Mass unbalance is also temperature 

sensitive; that is, if the expansion of a gyro component is due to a 

non - symmetrical temperature distribution the center of mass will 

shift upsetting the gyro balance. 

Non -G- sensitive error sources are commonly caused by elastic, 

viscous, or magnetic forces. An improperly shielded torquer may 

introduce a stray magnetic field thus causing a small disturbance 

torque. 

Error sources that are G2- sensitive are caused by differences 

in the structural compliance of various gyro elements. When the gyro 
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is subjected to vibration along both axes simultaneously certain 

structures more compliant in one direction than in another result in 

disturbance torques dependent on the square of the applied accelera- 

tion vector. 

Random torques may also be included in the non -G- sensitive 

category but they are best handled under a separate category. The 

friction torque due to the gyro gimbal bearings would fall into the ran- 

dom category. Unpredictable changes that might occur in the other 

mentioned error sources would also be included in the random cate- 

gory. 

Gimbal disturbance torques can be divided into two general 

classifications: (1) systematic torques and (Z) random torques. Sys- 

tematic torques can be defined as torques which can be measured and 

whose characteristics can be correlated with some parameter. Ran- 

dom torques can be considered as spurious changes in systematic 

torques plus other unpredictable inputs that may be described only by 

a statistical means. The magnitudes of random torques establish the 

level of uncertainty in gyro performance. 

A general classification of gyro error sources is shown below 

in Table .1. 

The error sources listed in Table 1 are general classifications. 

It is possible to further subdivide and refine the definitions of the 

classifications presented. In the case of a "free'! gyro all possible 
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error sources must be considered and such action would warrant con- 

sideration. A detailed treatise on the subject of error sources may 

be found in (4, p. 72 -90) and (26, p. 204 -250). During normal opera- 

tion of the gyro several of the error sources listed in Table 1 will 

fail to produce disturbance torques. The preceding statement is true 

due to the fact that the existence of some of the error sources depends 

on an external excitation applied to the gyro -- namely linear and vibra- 

tory accelerations. The static balance of the actual gyro may quite 

easily be refined to a point such that the resulting drift rate does not 

exceed the value given by result (2. 1). It was shown that with a mod- 

erate erection constant the drift rate given by (2. 1) resulted in a very 

small steady state error. 

Table 1. Classification of gyro error sources. 

A. Systematic gimbal torques 

1. Non -G- sensitive 
a. Elastic 
b. Viscous 
c. Magnetic 
d. Non - orthogonality of suspension axes 
e. Linearity of torquer scale factor 

2. G- sensitive 
a. Mass unbalance 
b. Temperature stability 

3. G2- sensitive 
a. Structural compliance 

B. Random gimbal torques 

1. Gimbal bearing friction 
2. Instability of other error sources 
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The non -G- sensitive error sources may be eliminated by the 

following argument. The type of two- degree -of- freedom gyro being 

considered does not contain any elements that would give rise to vis- 

cous and elastic torques. Magnetic torques can arise from stray 

magnetic fields due to either improper shielding or mechanical align- 

ment of the gyro torquers. This source of error can become severe 

when DC torquers are used and may require the use of non -magnetic 

materials in regions where the torquers are located. The gyro used 

in the vertical reference system operates closed loop with AC torqu- 

ers and consequently reduces the effect of magnetic torques to a neg- 

ligible value. The linearity of the torquer scale factor is a problem 

only in applications involving open loop torquing. Because the verti- 

cal reference system gyro uses closed loop torquing the linearity of 

the torquer scale factor may also be eliminated. 

With the exception of friction the error sources of Table 1 are 

either dependent on an external excitation or arise due to some anom- 

aly in the gyro assembly. In a properly assembled gyro all systema- 

tic torques can be minimized such that their combined effects can be 

neglected when considering the closed loop performance of the gyro. 

Friction gimbal torques, however, are inherent in the type of 

gyro being considered. Friction is a basic design limitation in this 

type of gyro - -its effects can be minimized but never eliminated. 

Friction is the primary reason this type of gyro is not suitable as an 
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inertial reference. 

For the reasons stated above the effects of friction disturbance 

torques must be included in the gyro model. This simulation will be 

developed such that the performance sensitivity of the system will de- 

pend on two factors: (1) the operating parameters of the system and 

(2) the effects of gimbal friction torques. 

Effect of the Gimbal Inertias 

Before proceeding with the nature and properties of friction 

torques it remains to discuss the effects of a condition that arises due 

to the gyro gimbal inertias. This condition will arise when the tran- 

sient response of the system is being investigated. 

Refer to Figure 1 as a pictorial aid during the following discus- 

sion. Suppose the system response is desired for the following con- 

ditions at t = 0: the inner gimbal is displaced one degree from ver- 

tical while the outer gimbal remains at vertical. At t = 0+ the out- 

er gimbal torquer develops a torque which begins to precess the inner 

gimbal back to vertical. As the inner gimbal begins to precess it un- 

dergoes an angular acceleration 4.. A torque is then sensed about 

the inner gimbal axis due to the product of -4-, and the inertia of the 

inner gimbal I.. The resulting torque $-.I. causes the spin axis 

to precess about the outer gimbal axis. In like fashion an angular ac- 

celeration of the outer gimbal would result in an inertia torque which 

1 

1 
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would precess the inner gimbal. 

The effect of gimbal inertias on the gyro is shown in Figure 4. 

The inputs for earth's rate and the disturbance torques have been 

omitted for simplicity. 

Inner gimbal 

Outer gimbal 

s 

s 

Figure 4. Block diagram of gyro showing effect of gimbal inertias. 

The nomenclature for Figure 4 is as follows: 

Kt = scale factor of gyro torquer 

eti = voltage input to the outer gimbal torquer which precesses 

the inner gimbal 

eto = voltage input to the inner gimbal torquer which precesses 

the outer gimbal 

H = angular momentum of the gyro wheel 

a. 

-9-., -9- = precession rates of the spin axis about the inner and outer 
o 

gimbal axes respectively 

e 
ti 

to 

Kt 

Kt o 
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ß., ß- = position of spin axis with respect to vertical 
o 

Ii = inertia of the inner gimbal about the inner gimbal axis 

I 
0 

= inertial of the outer gimbal (including the inner gimbal) 

about the outer gimbal axis 

The block diagram of Figure 4 shows only the two- degree -of- 

freedom gyro. The inner and outer gimbal erection circuits have 

been omitted. The gimbal inertias tie the inner and outer gimbals of 

the gyro together in a manner that is most undesirable. The gimbal 

inertias form an algebraic loop of the worst kind --one that involves 

differentiation. In conventional analog simulation techniques both al- 

gebraic loops and differentiation are conditions that are to be avoided. 

Fortunately the effect of the gimbal inertias can be shown to be neg- 

ligible. 

The Electronic Specialty NV3401 gyro as used in the J -400 Ver- 

tical Reference System will be used to illustrate the fact that the gim- 

bal inertias can be neglected. The angular momentum of the NV3401 

gyro is 6, 300, 000 dyne -cm -sec. The inner gimbal of the gyro weighs 

approximately three pounds. The outer gimbal which includes the in- 

ner gimbal weighs approximately 4. 5 pounds. The weight may vary 

slightly depending on the number of trim screws that are used to sta- 

tic balance the gyro. 

The inertia of the outer gimbal will be used since being the 
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larger of the two represents the worst -case condition. The radius of 

gyration for the outer gimbal will be taken as the maximum radius of 

the gimbal itself about the outer gimbal axis. This radius is about 

two inches. Using this radius to compute the outer gimbal inertia will 

insure a worse -case analysis. 

The outer gimbal inertia of the NV3401 gyro is given by result 

(2.4). 

= mr2 2 

I = (4. 5 ló)(454 gr)(2 in)2( 
2. 54 cm 

) 

2 

o lb in 

= 52, 600 gr-cm2 (2. 4) 

The maximum inertia torque is found by using the maximum an- 

gular acceleration of the spin axis about the outer gimbal axis. Con- 

sider the J -400 Vertical Reference System which operates with a mod- 

erate erection constant of K = (10 deg /min) /(deg of tilt). It will be 

assumed that the erection circuit is configured such that there is not 

a time constant associated with the operational amplifier. It will also 

be assumed that the effects of earth's rotation and friction are not 

present. These assumptions give rise to the worst -case condition; 

that is, the outer gimbal will experience a maximum acceleration un- 

der these conditions. 

Because of the assumptions made in the preceding paragraph 

I 
o 

Io 
0 
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the response of the system is dictated by expression (1. 10). Assume 

the system has a saturation angle of one degree and let the initial tilt 

angle of the outer gimbal be one degree. The acceleration of the out- 

er gimbal is found by differentiating expression (1. 10) twice. 

$ _ e where T = 1/K 
o io 

4 - 
-G-io e-t/T 

o T 

-e-io e-t/T 
e 

o ,r2 
(2. 5) 

The maximum acceleration of the outer gimbal is found by set- 

ting t = 0 in expression (2. 5). 

-&-. io 
o max 2 

T 

1 deg 1 rad 
omax (6 sec)2 (57.3 deg 

omax = 
0. 000484 

rad 
$ sec 

(2. 6) 

The maximum acceleration would remain equal to that given by 

result (2. 6) even if the initial tilt angle was to exceed the system sat- 

uration angle. 

The maximum inertia torque of the outer gimbal is given by re- 

sult (2. 7). 

- 

,f e 



T =I 4 T To max o o max 

= 52,600 r- cm2 
4. 84x 10 4rad 

)( 
1 dyne 

To g ( 2 2) 
sec 1 gr -cm /sec 

T =25.5dyne-cm To max 
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(2.7) 

The precession rate of the inner gimbal due to the outer gimbal 

inertia torque is given by result (2. 8). 

T 
o max 
H 

25. 5 dyne cm 57.3 deg 60 sec 
)( ) 01 

6. 3 x 106 dyne- cm- sec rad min 

$. = 0. 0139 
deg 

i min 
(2. 8) 

If the inner gimbal precession rate exists for a finite time the 

maximum closed loop error of the spin axis about the inner gimbal 

axis will be given by result (2. 9). 

. = - K$. 
i i 

0. 0139 deg /min 
$i (10 deg /min)(deg of tilt) 

$i = 0. 00139 deg (2. 9) 

The error given by result (2. 9) is the maximum closed loop 

steady state error of the inner gimbal due to the outer gimbal inertia 

torque. Such an error is of little consequence in the closed loop 

max 

í 
( 

= 

o 
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application and may be neglected. 

Friction Disturbance Torques 

Friction remains the primary source of error regarding the 

closed loop performance of the vertical reference system. As pre- 

viously stated, friction in the two- degree -of- freedom gyro originates 

from two sources: (1) the bearings which support the gimbals and 

(2) the slip -rings that are used to route power and signal leads to and 

from the inner gimbal of the gyro. 

Friction is an interesting subject. A number of theories and 

facts have been developed over the years to describe the friction phe- 

nomena. A detailed study of the friction phenomena involves a com- 

plexity and thoroughness that is beyond the scope of this thesis. To 

complete the gyro model, however, it is necessary to delve into some 

of the predominant characteristics of bearing and slip -ring friction. 

These characteristics will be discussed in the following sections of 

this chapter. 

Gyro Gimbal Bearings 

Bearings that are used to support gyro gimbals are selected 

from a type classified as precision instrument bearings. The Elec- 

tronic Specialty NV3401 gyro uses the R4SS bearing manufactured by 

the Barden Corporation of Danbury, Connecticut. The R4SS is a low 
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torque, deep groove, bearing with a standard retainer and a double 

shield. 

A cross - sectional drawing of the R4SS bearing is shown in Fig- 

ure 5. The inner race, outer race, and the balls of the R4SS bearing 

are made of SAE 52100 chrome bearing steal. The retainers are 

made of hardened pressed stainless steel with the shields and snap - 

wires also being of stainless steel material. The R4SS bearing weighs 

0. 01 pounds. 

Outer race 

Inner race 

Shield 

0, 196 in 

%.Nr 
I ,T- 

kI 
Snap -wire shield -y I l' 

retainer .f1 

r = 0. 012 in 

1125 in 

0. 250 in 

Ball 

Ball retainer 

0. 625 in 

Figure 5. Cross- section of the Barden R4SS bearing. 

The bearings used to support the outer gimbal of the gyro are 

mounted such that the outer race is fixed to the gyro base while the in- 

ner race becomes part of the outer gimbal axis. The bearings used 

A 

A 

,r 

> %I //' A 

' ( 
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to support the inner gimbal are mounted such that the outer race is 

fixed to the outer gimbal structure while the inner race becomes part 

of the inner gimbal axis. The bearings provide the gyro base with its 

freedom of movement with respect to the gyro spin axis. 

The shields shown in Figure 5 are necessary to prevent the in- 

nards of the bearing from becoming contaminated with dirt particles. 

Random Properties of Bearings 

In Table 1 bearing friction torques were classified as random 

gimbal torques. The reason for this classification will become ap- 

parent in the discussion to follow. 

Whenever the outer race of the bearing shown in Figure 5 exper- 

iences rotation with respect to the inner race or vice versa, there is 

a drag force established between the two races which acts as a re- 

tarding torque on the motion. This retarding torque is, of course, 

due to friction. Friction is a result of a coupling between the inner 

and outer races due to the rubbing, sliding, and rolling action of the 

balls and retainer on the inner and outer races of the bearing. 

The factors which affect the magnitude of this coupling are as 

follows: 

1. size and geometry of the bearing 

2. loading on the bearing, 

3. alignment of bearings and mating parts 

. 
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4. surface condition of bearing races and balls 

5. cleanliness of the bearing 

6. materials and lubrication 

The factors that are responsible for the friction retarding 

torques may be divided into two general classifications: (1) conserva- 

tive bearing torques and (2) non -conservative bearing torques. 

Non - energy dissipating force systems in the bearing are respon- 

sible for the conservative torques. An example of a conservative 

torque is the torque required to move a ball from a minute depression 

in the bearing race. The minute depression may be due to a machin- 

ing imperfection on the surface or may be due to brinelling of the 

surface. 

Energy dissipating force systems in the bearing are responsible 

for the non -conservative torques. A non - conservative force is nor- 

mally what is though of as friction and is primarily the average drag 

exhibited by a bearing undergoing rotation. Examples of non- conser- 

vative torques are the minute "plastic" deformations that occur at the 

points where the balls contact the races. 

The average friction torque in a bearing is maintained by the 

non -conservative forces. The average friction torque is more com- 

monly referred to as the mean running torque of a bearing. The ran- 

dom torque characteristics of a bearing are due to the conservative 

forces. The purely random torques may result from either actual 
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dirt particles in the bearing or from machining imperfections in the 

bearing. 

The instantaneous magnitude of the friction torque in a bearing 

undergoing motion is best determined by means of statistics. The 

statistical properties of random bearing torques were established by 

studies made during the late 1950's. The Department of Defense un- 

dertook the study of the problem of standardizing the friction -torque 

testing and the rating of instrument type bearings. Before proceeding 

with the program it was first necessary to develop a torque tester 

that would be of great enough precision to isolate the random proper- 

ties of instrument bearings. The Asch Equipment Company of Dayton, 

Ohio was awarded the contract and as a result developed the Military 

Standard #206 friction -torque tester. This tester allows a bearing to 

undergo rotation under loaded conditions and uses a precision strain - 

gage bridge to monitor the continuous torque level of the bearing. A 

detailed description of the Military Standard #206 friction- torque 

tester including the results of tests made with the instrument may be 

found in (1). 

Test results with the friction- torque tester showed that the 

friction torque in a bearing undergoing continuous rotation is not seen 

as a steady average value, but rather as a continuous plot of irregular 

time - changing values. A strip -chart recording of a torque trace 

made by the Military Standard #206 torque tester would appear as 
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shown in Figure 6. This particular trace was made from an R3 in- 

strument bearing. The R3 bearing is slightly smaller in physical size 

than the R4 bearing discussed earlier, but other wise is very similar 

to the R4 in its operating characteristics. 

CW rotation 

- Mean CW torque 

Time- -sec 

20 30 
4 

40 50 
I 1 

Mean CCW torque - 

CCW rotation 

Figure 6. Typical torque trace of a R3 instrument bearing. 

The trace shown in Figure 6 was made by rotating the outer race 

of the bearing at a speed of 1/2 rpm first in a clockwise direction fol- 

lowed by a fast reversal to a counterclockwise direction. Studies of 

such bearing torque traces have revealed several important proper- 

ties regarding the friction levels present in a bearing. These proper- 

ties are as follows: 

1. The mean or average running torque for a clockwise rota- 

tion can be considered equal in magnitude to the mean 

+0. 5 - 

-0. 5 - 

I I 1 1 I 

10 
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running torque for a counterclockwise rotation. 

2. Increasing or decreasing the angular velocity does not af- 

fect the average peak amplitude of the random disturbance 

but may vary only the frequency of occurrence. 

3. The irregular torque magnitudes that are superimposed on 

the mean torque are best described by a Gaussian distribu- 

tion function. 

The Military Standard #206 friction -torque tester measures 

bearing torque under specific conditions of speed, load, alignment, 

axis position, and so on. Consequently, it provides a means of as- 

sessing bearing quality on a comparative basis. Additional informa- 

tion concerning the friction characteristics of balls rolling on smooth 

surfaces may be found in reference (3). 

Torque -Speed Characteristic of a Bearing 

For the most part the gimbal bearings of a gyroscope operate 

at relatively small angular velocities. A typical torque-speed char- 

acteristic of an instrument type ball bearing is shown in Figure 7. 

Units have purposely been omitted on the ordinate of the curve due to 

the fact that the magnitude of the mean friction torque is a function of 

the loading on the bearing. 
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Figure 7. Bearing torque -speed characteristic. 

When a bearing is at rest a stiction torque must be overcome in 

order for the bearing to experience motion. Stiction torques are 

caused by both conservative and non - conservative forces in the bear- 

ing. For instance, a ball may be at rest in a minute depression on 

the bearing race or a ball may be at rest with a flat spot in its sur- 

face making contact with the bearing race. Also, when a bearing has 

been at rest for a finite time the minute "plastic's deformations that 

occur at the points of contact between balls and races tend to be more 

severe than those that occur during motion. 

When the stiction torque has been overcome motion starts and 

N 
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the friction torque falls rapidly. Once motion has started, even 

though it may be very small, the mean friction torque remains essen- 

tially constant with increasing angular velocity. When the bearing 

velocity becomes sufficiently high, viscous and dynamic forces cause 

the mean friction torque to increase. At very high angular velocities 

the friction torque in the bearing rises sharply. The range of typical 

gimbal velocities that might be encountered in the gyro is indicated in 

Figure 7. For practical purposes the mean bearing torque will be 

considered constant throughout this range. 

Starting stiction torques are quite erratic and are difficult to 

predict. The Barden Corporation claims that a rough approximation 

of the stiction torque is made by doubling the mean running torque of 

the bearing. 

Loading Characteristics of a Bearing 

During normal operation of the gyroscope, the gimbal 

bearings are subjected only to radial loading. The bearings are in- 

stalled in the gyro with the axial preload recommended by the bearing 

manufacturer. The bearing manufacturers supply curves that show 

the expected mean running torque of a bearing for a given radial load- 

ing on the bearing. These curves provide a means of determining the 

gimbal bearing friction level in a gyro. 

The mean friction torque of the Barden R4 bearing as a function 
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of radial loading is shown in Figure 8. Consider the Electronic Spe- 

cialty NV3401 gyro for which it was previously stated that the weight 

of the inner and outer gimbals are three pounds and 4. 5 pounds, re- 

spectively. The mean bearing torques for the NV3401 gyro as deter- 

mined from the loading characteristic of Figure 8 are as follows: 

50000 

1000 

500 

Radial load- 

5 10 

Figure 8. Radial load characteristic of the Barden R4 bearing. 
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Inner Gimbal 

3400 milligram- millimeters = 333 dyne -cm (2.10) 

Outer Gimbal 

5100 milligram -millimeters = 500 dyne -cm (2. 11) 

The outer gimbal of the gyro has a higher bearing friction 

torque than the inner gimbal due to the heavier weight of the outer 

gimbal. The instantaneous or random torque components may ap- 

proach values twice as high as the mean torques indicated above. 

Gyro Slip -Rings 

A slip -ring and brush assembly is necessary in a two- degree- 

of- freedom gyro to route power and signal leads to and from the inner 

gimbal of the gyro. These assemblies are mounted on both the inner 

and outer gimbal axes of the gyro. This arrangement is necessary to 

provide the gyro base complete freedom of movement with respect to 

the spin axis. 

A slip -ring and brush assembly is shown in Figure 9. The as- 

sembly shown in Figure 9 is the type used on the Electronic Specialty 

NV3401 gyro. The outer gimbal assembly of this gyro contains 16 

pairs of brushes that contact 16 slip -rings while the inner gimbal as- 

sembly contains 13 pairs of brushes that contact 13 slip- rings. This 

arrangement implies a higher friction level on the outer gimbal axis. 
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The number of brushes and slip -rings used in an assembly will vary 

depending on the specific gyro being considered. 

The slip -ring diameter used on the NV3401 gyro is 0. 114 inches. 

This diameter results in a friction torque moment arm of 0. 057 

inches. To reduce friction it is desirable to keep the slip -ring diam- 

eter at a minimum. The limit on the minimum slip -ring diameter 

depends on the numbers of leads that must be internally attached to 

the same number of slip- rings. 

0.020 
inches 

0. 114 

inches 
Slip -ring 
barrier 

Brush 

Brush 
Collector 

End view 

Slip -ring - 
Slip -ring 
collector 

Side view 

Figure 9. Typical gyro slip -ring and brush assembly. 

c 
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The NV3401 gyro brushes are adjusted such that they exert 

three to five grams -force against the slip -rings they contact. As 

shown in Figure 9 the slip -rings are separated by barriers that keep 

the brushes in place whenever the gyro is subjected to high level vi- 

bration or shock. 

The slip -rings and brushes used on the NV3401 gyro are com- 

posed of a rhodium electroplate on heat treated steel. The rhodium 

electroplate has a surface thickness of 0. 0002 inches. Rhodium is 

used because rhodium on rhodium has a slightly smaller coefficient of 

friction than steel on steel. The coefficients of friction for rhodium 

on rhodium may be taken as follows: 

p 
s 

= 0. 14 (static coefficient of friction) (2.12) 

µk = 0. 09 (kinetic coefficient of friction) (2. 13) 

Characteristics of Slip -Ring Friction 

Slip -ring friction is best categorized as a sliding friction. The 

exact nature of sliding friction is a very complex subject. An analy- 

sis of the subject is beyond the scope of this thesis. The factors that 

contribute to the complexity of sliding friction are mentioned in the 

following discussion. 

Static friction is the measure of the force required to start mo- 

tion whereas kinetic friction is the measure of the force required to 
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maintain motion. Although it is agreed that kinetic friction is lower 

than static friction, the transition from static to kinetic conditions is 

not well understood. 

The kinetic friction coefficient is largely dependent upon the in- 

stantaneous angle of contact between the sliding surfaces. The con- 

tact angle is a geometric problem and depends on the surface condi- 

tion of the sliding materials. The certainty to which the friction coef- 

ficient may be known cannot exceed the certainty to which the asperi- 

ties in the contacting surfaces are known. 

A large number of studies have been made regarding the char- 

acteristics of friction between two sliding surfaces. The conclusions 

of many of these independent studies are not always in agreement. 

Much of the observed phenomena is explained only by hypothetical 

theories. The reason for this uncertainty is due to the fact that the 

coefficients of friction are very sensitive to cleanliness, atmospheric 

dust and humidity, oxides and other lubricating films, surface finish, 

velocity of sliding, contact pressure, temperature, and such things as 

grain size, direction of grain, vibration, and static charges. Addi- 

tional information regarding the effects of these influencing factors 

may be found in (5, p. 306-341) and (19). 

Method of Handling Slip -Ring Friction 

The preceding discussion suggests that sliding friction involves 
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a certain degree of random characteristics. The problem, however, 

is not as clear -cut as for the case of the random bearing torques. The 

supporting evidence needed to establish a statistical model lacks 

agreement among the authorities and is too complex to warrant con- 

sideration for the simulation program. For this reason a simplified 

approach will be used to handle slip -ring friction. 

The older Amontons - Coulomb law of sliding friction will suffice 

in handling the slip -ring friction for the simulation program. The 

Amontons - Coulomb law of sliding friction is summarized below. 

1. The friction force is directly proportional to the load. 

2. The friction force is independent of the visual gross contact 

area (the net contact area is proportional to the load). 

3. The friction force is independent of the sliding velocity. 

4. The friction force depends on the nature of the surfaces. 

A graphical representation of the Amontons- Coulomb law of 

friction is shown in Figure 10. A stiction torque due to the static co- 

efficient must be overcome to start motion. Once motion is started 

the average friction torque is determined by the kinetic coefficient of 

friction. The average friction torque can be considered independent 

of velocity. 
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Stiction torque for positive velocity 

Average friction torque 

NEGATIVE VELOCITY 

Average friction torque 

Z ° POSITIVE VELOCITY O 
E+ 

w 

Stiction torque for negative velocity 

Figure 10. Amontons -Coulomb law of sliding friction. 

Method of Establishing the Gyro Friction Levels 

The mean gimbal bearing friction in the gyro may be found quite 

accurately by knowing the weights of the inner and outer gimbals of 

the gyro. The mean bearing friction is then found by using a curve 

as shown in Figure 8. 

The Amontons- Coulomb law of friction allow calculations to be 

made to determine the slip -ring friction. Consider the NV3401 gyro. 

The brushes are set with a tension of three to five grams- force. This 

condition implies a great deal of uncertainty in the calculation. How- 

ever, to obtain an estimate of the slip -ring friction assume an average 
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brush tension of four grams- force. The torque moment arm is 0. 057 

inches as shown in Figure 9. The kinetic coefficient of friction is 

given by (2. 13) as 0. 09. The inner and outer gimbals of the NV3401 

gyro use 13 and 16 slip -rings respectively. The average slip -ring 

friction of the NV3401 gyro is calculated below. 

Inner Gimbal: 

2 brushes 4 gr 980 dynes 2.54 cm 
Tsi slip -ring (' 09)(brush )( gr )(057 in)( 

in )(13 slip -rings) 

T si = 1328 dyne -cm 

Outer Gimbal: 

(2. 14) 

2 brushes 4 gr 980 dynes 
T 057 in 2.54 cm 

16 slip-rings) 
so slip -ring (' 9)(brush)( gr )(' )( in )( 

T = 1636 dyne -cm (2. 15) 
so 

When using the simulation program the above calculations pro - 

vide a reasonable approximation of the slip -ring friction levels. How- 

ever, when using the simulation program to study the response of a 

particular vertical reference system it becomes necessary to know 

the slip -ring friction with greater accuracy. A simple test may be 

used which accurately establishes the slip -ring friction level in a par- 

ticular gyro. This test is conducted as follows: 

1. Operate the gyro under static conditions (gyro base remains 

= 
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fixed or motionless) and allow the spin axis to erect to ver- 

tical. 

2. Open both erection loops at the point where the vertical sen- 

sors feed the operational amplifiers. 

3. Insert a fixed DC drive voltage to the operational amplifier 

in one of the erection circuits. As one axis in being driven 

observe the resulting precession of the other axis. This 

precession is due entirely to friction coupling. 

4. The average overall friction torque can be found from the 

observed precession rate since the angular momentum of 

the gyro is known. 

5. Subtract the mean bearing friction torque from the deter- 

mined overall friction torque. The resulting torque is the 

average slip -ring friction torque. 

This test was conducted on the Electronics Specialty NV3401 

gyro. The gimbal positions were monitored by recording the vertical 

sensor outputs on a strip chart recorder. Shown in Figure 11 are the 

results of the outer gimbal being driven while the inner gimbal is pre - 

cessed by the outer gimbal friction level. The gyro was placed in a 

North heading to free the inner gimbal of earth's rotation. 

The terms "top back, " "top forward, " "top left, " and "top right" 

are standard terminology in describing the position of the spin axis 

with respect to vertical. Definitions of these terms are given in 
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Figure 11. Friction level on the outer gimbal axis of 
the NV3401 gyro. 
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Appendix I. 

The precession rate of the inner gimbal is 1.33 deg /min. The 

angular momentum of the NV3401 gyro is 6. 3 x 106 dyne -cm -sec. The 

results of Figure 11 allow the total average friction level of the outer 

gimbal axis to be determined. 

1.33 deg 1 rad 1 min 6 

T - ( min )57.3 deg )(60 sec) (6 3 x 10 dyne -cm -sec) 

To 2440 dyne-cm (2. 16) 

The mean outer gimbal bearing friction of the NV3401 gyro is 

given by (2.11) as 500 dyne -cm. Subtracting the mean bearing fric- 

tion from result (2. 16) gives the average slip -ring friction on the out- 

er gimbal axis. 

T - 2440 dyne -cm - 500 dyne -cm 
so 

T = 1940 dyne -cm (2. 17) 
so 

The slip -ring friction given by (2.17) is somewhat higher than 

the computed value of result (2.15y. This condition implies that the 

average brush tension was actually closer to five grams -force than 

the four grams -force used in the calculation of result (2. 15). 

Shown in Figure 12 are the results of the inner gimbal being 

driven while the outer gimbal is precessed by the inner gimbal fric- 

tion level. The gyro was placed in a West heading to free the outer 

_ 
o 
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Figure 12. Friction level on the inner gimbal axis of 
the NV3401 gyro. 
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gimbal of earth's rotation. 

The precession rate of the outer gimbal is 0. 8 deg /min. The 

total average friction level of the inner gimbal axis is determined be- 

low. 

0. 8 deg 1 rad 1 min 6 

Ti ( min )(57.3 deg)( 60 sec) (6. 3 x 10 dyne -cm -sec) 

T. = 1465 dyne -cm (2. 18) 

The mean inner gimbal bearing friction of the NV3401 gyro is 

given by (2.10) as 333 dyne -cm. Subtracting the mean bearing fric- 

tion from result (2. 18) yields the average slip -ring friction on the 

inner gimbal axis. 

T = 1465 dyne -cm - 333 dyne -cm 
si 

T si = 1132 dyne -cm (2. 19) 

The slip -ring friction given by (2.19) is somewhat lower than 

the calculated value of result (2. 14). This condition implies that the 

average inner gimbal brush tension was closer to 3. 5 grams -force 

than to the four grams -force used in the calculation of (2.14). 

It is difficult to control the brush tension in the gyro. For this 

reason the results of this test have been shown to be the better meth- 

od of establishing the average friction level in the gyro, 
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The test results of Figure 11 and Figure 12 have also served to 

substantiate the fact that the error due to bearing and slip -ring fric- 

tion far outweigh the effects of the other error sources mentioned ear- 

lier in the chapter. 

Model of the Vertical Reference System 

Gyro applications are subject to a number of error sources. 

These error sources have been presented in this chapter. In view of 

the gyro application being considered, it has been shown that friction 

is the only source of error that warrants consideration in the simula- 

tion program. The gimbal bearings and slip -rings used in the gyro 

are responsible for the friction level in the gyro. These frictions 

have been discussed in detail. At this point the final model of the ver- 

tical reference system may be constructed. 

A block diagram of an erection circuit was presented in Figure 

3 of Chapter I. Such an erection circuit is used for both the inner and 

outer gimbals of the two- degree -of- freedom gyro. The equations that 

describe the response of the erection circuit were also presented in 

Chapter I. 

A complete block diagram of the vertical reference system is 

shown in Figure 13. The nomenclature for the erection circuits 

shown in Figure 13 is the same as the nomenclature used in Figure 3 

of Chapter I. The subscripts 'dill and "oil have been added to several 
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quantities to differentiate between the inner and outer gimbals of the 

gyro. 

The friction loop that couples the inner and outer gimbals of the 

gyro together is shown in Figure 13. The terms T. and To re- 

present the instantaneous value of the friction torque present on the 

inner and outer gimbals of the gyro, respectively. Two of the blocks 

shown in Figure 13 are labeled "Torque sign logic. " The function of 

these blocks is to assign the correct algebraic sign to the generated 

friction torque on the inner and outer gimbals of the gyro. 

The algebraic sign that is to be associated with the generated 

friction torque on a gyro axis is determined by the rates of the spin 

axis and gyro base about the axis being considered. The terms 0. i 

and represent the velocity of the gyro base as it moves about 
0 

the inner and outer gimbal axes, respectively, The quantities 

$i) and (fio- $o) represent the net motion occurring about the 

inner and outer gimbal axes, respectively. In Chapter III it will be 

shown that the algebraic sign that is to be associated with the gener- 

ated friction torque depends on whether the quantities (.0.--8-,) and 

(00-40) are less than, equal to, or greater than zero. The logic 

blocks test these quantities and assign the correct algebraic sign to 

the generated friction torque according to an established convention. 

The logic of the convention to be used will be established from the 

test results of Figure 11 and Figure 12. This procedure will be 

o 

¢ 
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discussed in detail in Chapter III. 

Since both axes of the gyro use bearings to support the gimbals, 

the random bearing friction torque of the outer gimbal must be gener- 

ated independent of the inner gimbal bearing friction torque. This 

condition necessitates using two independent Gaussian distribution 

functions in the simulation program. 

Careful examination of the friction loop shown in Figure 13 in- 

dicates that it is a type of algebraic loop. The simulation program 

will handle this loop in a special manner as will be discussed in Chap- 

ter III. 
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III. THE DIGITAL SIMULATION PROGRAM 

Introduction 

In Chapter I the characteristics of the vertical reference sys- 

tem were discussed. Chapter II presented the details of the friction 

error sources that must be included in the simulation program. A 

final block diagram of the vertical reference system was also con- 

structed in Chapter II. It now remains to develop the digital program 

that is to simulate the vertical reference system. 

The simulation program will be written for use with a FORTRAN 

IV compiler. FORTRAN IV is one of the most widely used program- 

ming languages. This fact allows the simulation program to be easily 

adapted to a number of different high speed digital computers. The 

simulation program will be developed as a self- contained package; 

that is, the program will be complete with its own integration routine. 

This simulation program may be broken down into several areas. 

Algorithms will be presented to handle such areas as the integration 

routine, the method of generating the random bearing torques, the 

operational amplifier saturation, the method of handling the friction 

loop, etc. 

Analog Block Diagram and System Differential Equations 

A block diagram of the vertical reference system was shown in 
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Figure 13 of Chapter II. This block diagram is essentially a mathe- 

matical block diagram; that is, it is composed of blocks containing the 

transfer functions of the various individual elements making up the 

system. The more familiar analog block diagram of the system is 

needed to develop the simulation program. An analog block diagram 

expands the transfer functions in terms of integrators, summers, etc. 

and provides a more convenient means of establishing the working 

mechanism of the program. 

An analog block diagram of the vertical reference system is 

shown in Figure 14. Figure 14 is merely an expansion of the diagram 

shown in Figure 13. The blocks containing the letter "III represent 

integrators. The terms -0% and $ represent initial displace- ii o0 

ments of the spin axis about the inner and outer gimbals, respectively. 

These terms are shown as initial conditions on the integrators that 

yield -9-, and -A- The remaining nomenclature is identical to that 
i o 

used in Figure 13. 

The standard procedure in developing an analog simulation of a 

system is to establish the differential equations that describe the re- 

sponse of the system. A number of existing analog simulators using 

digital techniques are programmed to accept input information direct- 

ly from an analog block diagram such as shown in Figure 14. The 

blocks comprising the system are given a number and identified as to 

a type such as integrator, summer, etc. Once the inputs to the 



 

ai 

Inner gimbal erection circuit 

r- - - -- -- ------ - - - - -- - - - - --7 
Operational amplifier 

K 
4111:0 

1 

Random Bearing Friction 
(Gaussian distribution) 

Slip -ring 
friction 

Disturbance torque due to O. G. friction 

w 
ei 

o 

Torque 

sign logic 

Gyro base rate 
(about O. G. axis) 

o 

27 

P, 
00 

Friction loop 

y i i 

Torque 

sign logic 

13 

Gyro base rate 
(about I. G. axis) 

T = 

W eo 

Disturbance torque due to I. G. friction 

Kt K 
m 

r 
21 

1 

T 

Slip -ring 
friction 

Random bearing friction 
(Gaussian distribution) 

K 
1 

' Ì Operational amplifier L----------- --- ----------=--1 
Outer gimbal erection circuit 

ao 

Figure 14. Analog block diagram of the vertical reference system. 

I 

i 

i_ I 
i 
I 

I 

I 

L- - - ------J 

8 

o 

K 

(fao 0) 

6 

T 

T YoI tt) 
e` 

04 

K 'Q. 



57 

various blocks are established the differential equations are estab- 

lished by sorting and linking routines within the main program. This 

type of simulator can be easily adapted to a number of different sys- 

tem configurations by merely making the appropriate changes in the 

input information. 

Once the differential equations are established for the vertical 

reference system, there will be no anticipated changes in the system 

make -up. It will be necessary to incorporate several special features 

in the simulation program to handle the friction loop, generate the 

friction torques, etc. These features are not generally available in 

an existing simulation program. For these reasons the simulation 

program for the vertical reference system will be developed as a 

complete self- contained package. 

The working differential equations for the vertical reference 

system will now be established. Numbers may be arbitrarily as- 

signed to the blocks and inputs shown in Figure 14. The numbers are 

shown only for the integrators; that is, blocks 7, 13, 21, and 27 are 

integrators. As many differential equations as there are integrators 

must be written. By definition the differential is equal to or identical 

with the input to an integrator. The preceding two statements form 

the basis for the sorting and linking routines found in the more gener- 

al simulation programs - -the proof, of which, may be found in refer- 

ences (27) and (28). 
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The output of the integrators shown in Figure 14 will be repre- 

sented by the prefix P preceding the number of the block in ques- 

tion. For instance, the output of integrator 7 will be designated P7 

while the input to integrator 7 will be designated d(P7) /d(t). The 

differential equations of the system are written directly from Figure 

14 as follows: 

d'(P7)/d(t) = [ ($ai- P13)KaKl- P7]/T 

d(P13)/d(t) = (P7KmKt+To) /H + wei 

d(P21)/d(t) = ( ($ 
ao 

- P27)K a K 
1 

- P21]/T 

d(P27)/d(t) = (P21K nKt+Ti)/H + weo 

(3. 1) 

Expressions (3. 1) through (3.4) represent the basic working 

equations of the simulation program. At t = 0 the output of an in- 

tegrator will be either zero or equal to a preset initial condition. 

This very fact allows a sequential device such as a digital computer 

to be used as an analog simulator. It is important to note that all the 

differential equations must be evaluated for the time interval in ques- 

tion before any of the differentials are applied to integrators. In oth- 

er words all the differential equations are up -dated before any of the 

differentials are integrated. If this procedure is not followed erron- 

eous results will be obtained. The proper ordering of events is an 

important factor when using a sequential device such as a digital 

(3.2) 

(3.3) 

(3.4) 
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computer. 

The blocks in Figure 14 that represent the saturation on the 

operational amplifiers involve conditional restrictions on the opera- 

tion of integrators 7 and 21. This restriction will be discussed in a 

later section of this chapter. 

Integration Routine 

It is necessary to establish an integration routine for use with 

the simulation program. The choice of an integration routine is a 

compromise between conflicting criteria -- primarily that of accuracy 

and stability versus allowable machine computation time. The choice 

of an integration routine extends from the simple rectangular integra- 

tion process to the more sophisticated predictor- corrector methods. 

The integration routine that will be used for the simulation pro- 

gram is a second -order Runge -Kutta method. This method is more 

specifically known as the modified Euler method or the improved poly- 

gon method. This integration routine is used by several existing ana- 

log simulation programs and has proved to be a satisfactory compro- 

mise between accuracy, stability, and machine computation time. 

The primary characteristics of the Runge -Kutta integration 

technique are as follows: 

1, Runge -Kutta methods are self- starting; that is, in getting a 

value for the next point (x m +1 
, y m +l 

), only the information 
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of the preceding point (x , y ) is required - -no prior m m 

points are needed. 

2. Runge -Kutta methods require several evaluations of the 

function f(x, y) and the higher order methods can become 

a time consuming process. This is the reason a second- 

order method was selected over the popular fourth -order 

method. 

3. Because Runge -Kutta methods are self - starting, they per- 

mit an easy change of the integration step size, h. 

4. The Runge -Kutta methods have a disadvantage in the fact 

that they provide no easily obtainable information about the 

truncation error. 

A graphical interpretation of the second -order Runge -Kutta in- 

tegration technique is shown in Figure 15. Starting at a point 

(xm, ym) consider the line L1 which passes through the point 

(x , y ) with a slope of y' The slope ys is a function of x 
m m m . m m 

and y as given by (3. 5). 

Proceed along 

ym = f(xm, Ym) (3. 5) 

L1 until the intersection with the ordinate 

erected at xm + h/2 is reached. At point P1 the ordinate is 

given by (3. 6). The slope ym is given by (3. 5). 
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Figure 15. Graphical interpretation of second -order Runge - Kutta. 

yh/ 2 = yin + (h/ 2 )y'ni (3. 6) 

The slope of the curve y = f(x) at the abscissa x + h/2 is m 

approximated by yh/ The slope 

of xm + h/2 and yh/ 2 

yh/ 2 

as given by (3. 7). 

is evaluated as a function 

yh/ 2= f (xm+h/ 2, ym+y'nlh/ 2) (3.7) 

The line L2 passing through point P1 has a slope given by 

(3. 7). Line L3 is drawn parallel to line L2 such that L3 

passes through the point (xm, ym). Proceed along L3 until the 

(x 
m 

+h/2, y m +y m 
' h/2) 

ym 

x 

h/2 

h 

ym+1 

m+1 

l 

Ia- 



intersection with the ordinate erected at xm 
+1 

is reached. This 

intersection defines point P2. The ordinate at point P2 is 

ym+1 The value of 

as given by (3. 8). 

+1 
is found from the equation for line 

' ym+ 1- ym +(xm+ 1- Xm yh/ 2 

ym+ 1 - ym + yh/ 2 
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(3. 8) 

The value of ym +1 
approximates the exact value of the func- 

tion y = f(x) at the abscissa x m +1' 

Expressions (3. 5), (3.7), and (3. 8) define this second -order 

Runge -Kutta integration technique. Additional information concerning 

the Runge -Kutta methods of integration may be found in (15, p. 317- 

329). 

The second -order Runge -Kutta integration routine will be incor- 

porated in the simulation program as a function subprogram. The in- 

tegration algorithm is stated below. 

Integration Algorithm: 

1. During the first pass through the main program the initial 

conditions of all integrators must be established. This in- 

formation will be communicated to the integration subpro- 

gram by a subscripted variable common to both the main 

program and the integration subprogram. The first pass 

L3 



63 

through the main program establishes the initial values of 

x and ym. 

2. The derivative at xm which is ym is established by 

computing numeric values for differential equations (3. 1), 

(3. 2), (3. 3) and (3.4). This step corresponds to an evalu- 

ation of expression (3. 5). The integrator output remains 

as y during this pass through the main program. 

3. The value of y m computed in step (1) is stored. The val- 

ue of the ordinate at x + h/ 2 is computed; that is, ex- 

pression (3. 6) is evaluated and stored. The integrator out- 

put is now equal to yh/ 2 . 

4. The derivative at xm + h/ 2 which is y' is estab- 

lished by computing numeric values for Equations (3. 1), 

(3. 2), (3. 3) and (3. 4). This step corresponds to an evalua- 

tion of expression (3.7). The integrator output remains at 

yh /2 during this pass through the main program. 

5. The value of the ordinate at xm 
+1 

is computed; that is, 

expression (3. 8) is evaluated to give ym +1° 
The integra- 

tor output is set equal to ym +1' 
The value of ym +l is 

stored such that it will be available the next time the inte- 

gration routine is called. 

Each time the derivatives are up -dated a complete pass through 

the main program is required. All the derivatives are up -dated during 

m 

m 

/2 
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the same pass through the main program. The main program main- 

tains the proper sequence of events and controls the integration sub- 

program by the use of control variables that are common to both main 

program and subprogram. 

A listing and flow -chart of the integration subprogram are given 

in Appendix II. 

Generating the Random Friction Torques 

Friction torques arise from two sources in the two- degree -of- 

freedom gyro; (1) from the bearings that support the gimbals, and 

(2) from the slip -rings that route power and signal leads to and from 

the inner gimbal of the gyro. In Chapter II it was shown that the in- 

stantaneous value of the friction torque displayed by a bearing is best 

described by a Gaussian distribution function. 

A Gaussian distribution may be developed on a digital computer 

with the aid of the more easily produced uniform distribution. Con- 

sider the uniform distribution f(x) = 1 for x defined between the 

limits 0 and 1. Such a density is shown in Figure 16. This den- 

sity has a population mean given by (3. 9). 

N = 1/2 (3.9) 

The variance of the uniform distribution is found by determining 

the second central moment about the mean. 



i 

f(x) 

f(x) =1, 0 <x <1 

f(x) = 0, otherwise 

0 1 x 

Figure 16. Uniform distribution for 0 < x < 1. 

2 1 2 
o- = (x-N ).. f(x)dx 

0 

o-2 = 1/3 - p + µ2 

Substituting = 1/2 yields the variance. 

o-2 = 1/12 
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(3.10) 

Consider the Central -limit Theorem which may be stated as 

follows: 

Let f(x) by a density with mean µ and finite var- 
iance o-2. Let xn be the mean of a random sample of 
size n from -f(x). Let the random variable yn be 
defined by 

x -N n 
Yn 6/Nrii (3. 11) 

A 

N 

1 
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The density of yn approaches the normal distribu- 

tion with mean 0 and variance 1 as n increases 
without bound. 

The theorem does not say anything about the form of the original 

density function but only specifies that it have a finite variance. Such 

a requirement is met by the uniform distribution of Figure 16. 

Consider a random sample of size n drawn from the uniform 

distribution. The sample mean is given by (3. 12). 

- i=1 x - 
n n 

(3. 12) 

Substituting expressions (3. 9), (3. 10), and (3. 12) into expres- 

sion (3. 11) yields the random variable y n 
given by (3. 13). 

n 

xi/n-1/2 
i=1 

yn 1/12/67. 

Consider a sample size of n = 12 which yields 

yn 

12 

i=1 

(3. 13) 

- 6 . (3. 14) 

Thus, summing 12 random samples from the uniform distribu- 

tion and substituting the sum into expression (3. 14) yields a normal 

variable y with mean 0 and variance 1. It is stated in (8, 
n 

p. 389) that a sample size of 10 or greater produces a very close 

/ xi 
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approximation to the normal distribution. 

The variable y n 
in expression (3. 14) may be used to form 

another normal variable Y . The variable Y n 
may be adjusted 

n 

to any desired mean and standard deviation by using expression (3. 15). 

Yn = yn6 + µ (3. 15) 

Expression (3. 15) yields the final desired variable that is taken 

from a Gaussian distribution. The desired mean and standard devia- 

tion will be specified as input parameters to the simulation program. 

A number of different methods exist for generating a sequence 

of uniformly distributed random numbers on a digital computer. One 

of the more common methods is given by (3. 16). 

xn+1 
= Mxn(modulo P) (3. 16) 

Most machines have a fixed integer word length. In this case it 

is more efficient to use a large integer multiplier M and then re- 

duce modulo P by truncation; that is, by letting P be the integer 

word size of the machine and discarding everything in the product of 

M time x that exceeds the integer word length. The truncated 

product is then converted to floating point and divided by the largest 

integer number in the machine. The largest integer in the machine is 

converted to floating point before the division is performed. This 

n 
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division produces a floating point number between zero and one. 

With the majority of FORTRAN IV compilers it will be neces- 

sary to use a machine language subroutine to perform the integer 

multiplication and truncation process. Otherwise, an error printout 

would be obtained from the FORTRAN IV compiler whenever the inte- 

ger word length was exceeded. 

The method of expression (3. 16) is a recursive process; that is, 

the next random number in the sequence makes use of the previous 

result. It is necessary to assign an integer x 
0 

to start the se- 

quence. This method is properly termed a pseudo- random number 

generator since it is possible to repeat the entire sequence of gener- 

ated numbers. The sequence is repeated simply by using the same 

starting integer and restarting the program. It is possible to make 

the starting integer an input parameter to the program to insure a 

new sequence of numbers each time the program is run. 

How far the sequence may extend before any of the numbers are 

repeated depends on a proper choice of the fixed multiplier M and 

the starting integer x . More detailed theory on this method of 
o 

generating random numbers may be found in references (9), (13), and 

(25). 

Bearings are used to support both the inner and outer gimbals 

of the gyro. Consequently, random bearing torques are found on both 

axes of the gyro. The random bearing torque on the inner gimbal is 
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developed independent of the random bearing torque on the outer gim- 

bal axis. Two Gaussian distribution functions will be used to follow 

through with this concept. Expression (3. 16) will yield two different 

sequences of uniformly distributed random numbers by using two dif- 

ferent starting integers. Two different normal variables will be 

formed by sampling from the two sequences of random numbers. One 

of the normal variables will represent the outer gimbal bearing fric- 

tion and the other the inner gimbal bearing friction. 

The gyro friction torques will be generated by two function sub- 

programs- -one for inner gimbal and one for outer gimbal. The al- 

gorithm for the gyro friction torques is stated below. 

Friction Algorithm: 

1. Two starting integer numbers are assigned to generate the 

two sequences of uniformly distributed random numbers. 

One sequence is used for inner gimbal and the other is used 

for outer gimbal. 

2. A fixed integer multiplier M is assigned. Each sub- 

program performs the operation of expression (3. 16). The 

product x M and the resulting truncation that is per - 

formed on the product will be accomplished by a machine 

language subroutine. 

3. The truncated product is converted to floating point. The 

largest integer number in the machine is also converted to 

n 



70 

floating point. The converted truncated product is divided 

by the converted largest integer. A floating point number 

between zero and one is a result of this division. 

4. Use steps (2) and (3) to form 12 numbers between zero and 

one. Sum these 12 numbers and form the normal variable 

y according to expression (3. 14). A normal variable is 
n 

formed for both the inner and outer gimbal subprograms. 

5. Form the normal variable Y for both the inner and out - 
n 

er gimbal subprograms. The variable Y n 
is adjusted to 

a specified mean and standard deviation by expression 

(3.15). The mean and standard deviation are input param- 

eters to the main program. The variable Y n defines the 

random bearing torque. 

6. Add the inner gimbal slip -ring friction to the inner gimbal 

bearing friction. Add the outer gimbal slip -ring friction to 

the outer gimbal bearing friction. These sums establish 

the total instantaneous friction level on the inner and outer 

gimbals of the gyro. The slip -ring friction levels are input 

parameters to the main program. 

A flow -chart and listing of the inner and outer gimbal friction 

subprograms are given in Appendix II. 
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Torque Sign Logic 

The function of the two blocks in Figure 14 labeled "Torque Sign 

Logic" will now be discussed in detail. The basic function of these 

two blocks is to assign the correct algebraic sign to the generated 

friction torque on the inner and outer gimbals of the gyro. To estab- 

lish the working mechanism of these blocks it will be necessary to 

first establish several system conventions. 

The chosen convention for the gyro spin axis is shown in Figure 

I -A of Appendix I. Gimbal displacements of "Top Forward" about the 

inner gimbal axis and "Top Right" about the outer gimbal axis will be 

considered positive. Displacements of "Top Back" and "Top Left" 

will be considered negative. 

A positive precession velocity about the inner gimbal axis will 

be regarded as a velocity that results in a spin axis displacement of 

or toward "Top Forward." Likewise, a positive precession velocity 

about the outer gimbal axis will be regarded as a velocity that results 

in a spin axis displacement of or toward "Top Right. " 

Another needed convention is the gyro torque convention. The 

positive gyro torque convention is shown in Figure 17. A positive in- 

ner gimbal torque will be defined as a torque applied from the right 

side of the gyro such that the torque vector points into the gyro. A 

positive outer gimbal torque will be defined as a torque applied from 
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the front of the gyro such that the torque vector points into the gyro. 

Vertical 

F-i 

I. G. 
axis 

+ T 

Pitch sensor 

(Right side view of gyro) 

Inner gimbal 

O. G. axis 

Roll sensor 

k- Gyro Base 

Vertical 

(Front view of gyro) 

Outer gimbal 

Figure 17. Positive gyro torque convention. 

A positive torque Ti applied to the inner gimbal results in a 

positive precession velocity -9-o about the outer gimbal axis. A 

positive torque To applied to the outer gimbal results in a positive 

precession velocity -e-. about the inner gimbal axis. The above 

statements are true for a vertical gyro in which the angular momen- 

tum vector points downward as shown in Figure 1 of Chapter I. 

The remaining needed convention concerns the maneuvers of the 

gyro base. The gyro base convention is defined in Figure I -B of Ap- 

pendix I. A positive base velocity about the inner gimbal axis is de- 

fined as a clockwise motion of the base when looking into the right 

+ 
o I. G. 

axis 

O G. axis 

o -1 

i 
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side of the gyro. A positive base velocity about the outer gimbal axis 

is defined as counterclockwise motion of the base when looking into 

the front of the gyro. 

A friction torque arises whenever the gyro spin axis undergoes 

motion or whenever the gyro base undergoes motion. Of course, both 

the spin axis and gyro base may experience motion simultaneously. 

First, consider only the movement of the spin axis. A positive pre- 

cession velocity about the inner gimbal axis will generate a negative 

inner gimbal friction torque according to the previously established 

convention. A positive precession velocity about the outer gimbal 

axis will generate a positive outer gimbal friction torque. The read- 

er may verify the preceding two statements by referring to the test 

results of Figure 11 and Figure 12 in Chapter II. 

Now, consider only the movement of the gyro base. A positive 

base rate about the inner gimbal axis will generate a positive inner 

gimbal friction torque. A positive base rate about the outer gimbal 

axis will generate a negative outer gimbal friction torque. 

When the spin axis and gyro base are experiencing motion sim- 

ultaneously, both velocities must be known to determine whether the 

generated friction torque is positive, negative, or zero. As an ex- 

ample, consider the difference between the base velocity and preces- 

sion velocity about the inner gimbal axis. This quantity is expressed 

as (0i --0-i). Three different conditions are implied when the 



quantity (0i- moi) is positive. These conditions are as follows: 

(1) both velocities are positive with i 
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having the larger magnitude, 

(2) is positive and $. is negative, or (3) both velocities are 

negative with -6i having the larger magnitude. All three conditions 

cause the bearings and slip -rings on the inner gimbal to generate a 

positive inner gimbal friction torque. Likewise, three conditions 

exist when the quantity 0. --8-.) is negative. These three conditions 

will cause the inner gimbal bearings and slip -rings to generate a neg- 

ative inner gimbal friction torque. When the quantity ( - -6 .) is 
1 1 

zero, there will not be a friction torque generated on the inner gimbal 

axis. 

The sign of the quantity (fi --i) can be used to determine the 

algebraic sign that is to be associated with the inner gimbal friction 

torque. The logic for the inner gimbal friction torque is summarized 

in Table 2. This logic applies when both velocities exist, when one or 

the other velocity exists, or when neither velocity exists, Table 2 

covers all possible cases. 

In a similar fashion the sign of the quantity (¢ --6- ) may be 
o o 

used to determine the algebraic sign that is to be associated with the 

outer gimbal friction torque. The logic for the outer gimbal friction 

torque is presented in Table 3. This logic is derived in accordance 

with the previously stated conventions. 

The algorithms for the torque sign logic are stated below. 

ii. 

k 
1 1 

1 

1 
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Table 2. Inner gimbal torque sign logic. 

Base Velocity 

of 

Spin Axis Velocity 

i (0i -é-i) 

Torque Sign 
T. 

i 

+ Ó. > -ß-. 

Positive Positive 0 - ¢. = . 
- --- 0. < 4. i i 

Positive Negative + Ái > -g-i 

Negative Positive - 0i > -6-i 

+ -1. <-4-. 
i 1 

Negative Negative 0 --- 
0. 4i 

_ -0.> $. 
i. i 

0 

0 

Table 3. Outer gimbal torque sign logic. 

Base Velocity 

o 
Spin Axis Velocity 

4o 
Torque Sign 

To 

+ -- > 40 0 

Positive Positive 0 
0o = 4o 

_ .--- 0 < -é-. 
o i 

Positive Negative + -- 0o > o 
Negative Positive - 0o > o 

< 4 
+ o o 

Negative Negative 0 -- 0o = 4 o 
_ .--- 0 > 4 

o o 

0 

0 

-- 
I. 1 

I. 1 

- 

+ 

+ 

+ 

0 
o - 

+ 

+ 

+ 

(Q -S-) 
0 0 0 
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Algorithm for Inner Gimbal Torque Sign Logic; 

1. Before the inner gimbal friction subprogram is used to gen- 

erate a friction torque, the quantity ( --.) is evaluated. 

2. Determine whether 0.- 4.) is positive, negative, or 

equal to zero. 

3. Generate a positive friction torque Ti if ((i --moi) is 

positive. Generate a negative friction torque T. if 
1 

is negative. Set Ti equal to zero if (.--ê-.) 

is equal to zero. 

Algorithm for Outer Gimbal Torque Sign Logic: 

1. Before the outer gimbal friction subprogram is used to 

generate a friction torque, the quantity (0 ) is eval- 
0 o 

uated . 

2, Determine whether ((b -$ ) is positive, negative, or 
o O 

equal to zero. 

3. Generate a negative friction torque T is (0 
o 
, ) is 

o o 

positive. Generate a positive friction torque To if 

(0 -A- ) is negative. Set T equal to zero if (i -0- ) 

O O O o o 

is equal to zero. 

Simulated Scorsby Motion 

Scorsby motion implies a sinusoidal motion that is applied to 

0. -4.) 
1 3. 

- 

O 
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the base of the gyro. A gyro of the type being considered is often test- 

ed with the gyro base attached to a scorsby table. This table applies 

sinusoidal motion to the base about both the inner gimbal and outer 

gimbal axes simultaneously. 

The oscillating action of scorsby motion greatly reduces the ef- 

fects of friction on gyro performance. Scorsby motion insures that 

approximately equal times are spent rotating the gimbal bearings and 

slip -rings clockwise and counterclockwise. This action tends to aver- 

age the friction torque to a value close to zero. Scorsby motion is of 

interest in the simulation program because it allows a comparison be- 

tween gyro performance with normal friction characteristics and with 

the effects of friction greatly reduced. 

The gyro base rate fd, about the inner gimbal axis and 
o 

about the outer gimbal axis will represent the simulated scorsby mo- 

tion. Scorsby motion is normally described in terms of "degrees of 

maximum tilt displacement" and the "number of oscillations per min- 

ute. " The input parameters to the simulation program will be in 

terms of this description. The gyro base rates must then be deduced 

by the program from this input information. 

The displacement of the scorsby motion will be described by a 

sine function as given by (3. 17). 

0 = A sin w t 
s 

(3. 17) 

1 
0 
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The coefficient A represents the maximum tilt angle of the 

gyro base due to the scorsby motion. The term cos represents the 

radian frequency which must be deduced from an input parameter de- 

scribed in "oscillations or cycles per minute." The radian frequency 

is given by expression (3. 18). 

cycles 1 min 
- cos min PIT) (60 sec) 

(3. 18) 

The scorsby rate is simply the derivative of expression (3. 17). 

This rate expressed in degrees/minute is given by (3. 19). 

60 sec =Aw ( cos w t 
s min s 

(3. 19) 

Expression (3. 19) will be used to calculate the gyro base rates 

and as a function of time. The program may be run with or 

without scorsby motion. The scorsby motion may be applied only to 

one axis of the gyro or to both axes simultaneously. 

The algorithm for the simulated scorsby motion is stated below. 

Scorsby Motion Algorithm: 

1. Test the input parameters to determine whether the pro- 

gram is to be run with scorsby or without scorsby. To run 

the program without scorsby the input parameters of "max- 

imum tilt displacement" and "oscillations per minute" must 

i5, 
1 o 

0 

0o 
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be set equal to zero. 

2. Evaluate the radian frequency c 

s 
given by expression 

(3. 18). This evaluation is done for both the inner and outer 

gimbals since it is possible to run the program using differ- 

ent radian frequencies on the inner and outer gimbal axes 

of the gyro. 

3. Evaluate the gyro base rates jb and 
o 

as a function of 

time using expression (3. 19). 

Method of Handling the Program Friction Loop 

A special problem is encountered when using a digital computer 

to simulate the system shown in Figure 14. The friction loop is re- 

sponsible for the problem about to be discussed. Refer to Figure 14 

during the following discussion. 

Suppose a value for the inner gimbal precession rate is to 

be computed during a given time interval. The value of , depends, 

of course, on the torque generated by the inner gimbal erection cir- 

cuit. The disturbance torque To due to the outer gimbal friction 

must also be known to compute -. The outer gimbal friction 

torque To may be generated without difficulty, but to associate the 

correct algebraic sign with torque To requires knowing the quanti- 

ties and 4-o. The problem lies in knowing -0-o during this 

time interval. To know requires that the inner gimbal 
0 

i 

0-. 

0 



80 

precession rate be known, but . has not yet been computed. 

This situation is typical of the problem presented by an algebraic loop. 

The situation that arises due to the friction loop is really not an 

algebraic loop in the true sense of the term. This condition is due to 

the fact that it is possible to know the magnitudes of the friction torque 

T. and To. It is only the algebraic sign that must be associated 

with these torques that cannot be determined. However, because of 

this condition it is possible to develop a strategy to overcome this sit- 

uation. 

The simulation program is written such that the inner gimbal 

quantities are computed before the outer gimbal quantities. Because 

initial conditions are not used on integrators 7 and 21, a precession 

velocity $, or 
0 

cannot exist at t = 0 unless the program is 

being run with scorsby motion. 

Consider the situation at t = 0. To determine the precession 

velocity 4., the outer gimbal base rate 0 is tested. If 
0 

exists the friction torque To is generated and given an algebraic 

sign determined only by a test on Ø. It is, of course, possible that 

the outer gimbal precession velocity $ 
0 

will exist at t = 0 if the 

inner gimbal base rate exists. At t = 0 the velocity -0-o due 
1 

to friction torque T. will be much smaller in magnitude than the 

base rate 0o. Therefore, the base rate will be the governing 

factor in establishing the sign logic for the friction torque To. 
0 

1 

1 

1 O 

O 

1 

0 o 

4 

40 
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If the initial test on 
O 

shows that 00 0 at t = 0, then 

a test is made on the inner gimbal base rate If exists, it 
1 i 

is implied that a friction torque T. exists and, thus, -6- 
o 

must 

exist at t = O. In this case the friction torque To is generated 

and given an algebraic sign determined only by a test on -8-o. If 

both 0o and 0i are found to be zero, then the friction torques To 

and Ti do not exist and the inner gimbal precession rate $i must 

be zero at t = O. This strategy allows the inner gimbal precession 

rate to be determined without error at t = O. The logic of Tables 2 

and 3 is used to carry out this strategy. An analogous strategy is ap- 

plied to determine the outer gimbal precession rate at t = O. 

For t > 0 the sign of the friction torques will be determined 

in the following manner. The base rates . and will use up- 

dated values computed for the time interval in question. The preces- 

sion rates -8. and -13-o will make use of the values from the pre- 
1 

vious integration interval. Thus, a delay of one integration interval 

for the values of -0-. and -9-0 allows the quantities 
1 

and 

to be used in usual manner to establish the friction torque 

sign logic. 

The delay of one integration interval in knowing the values of 

-8-. and -8-.0 will not result in an error of any consequence. The 
1 

maximum change in the precession rate that can occur in one integra- 

tion interval is very small. To illustrate this point consider the 

= 

o 

o 
(0. --0-.) 

1 1 

(O --9$ ) 
o o 

0 

O. 

o 
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following example. Consider a typical system with a moderate erec- 

tion constant of K = (10 deg /min) /(deg of tilt) and a saturation angle 

of 1 degree. The maximum precession rate of this system is 10 deg/ 

min. The unsaturated precession rate is found by differentiating ex- 

pression (1. 10). The maximum change in precession rate that can 

occur in a typical integration interval of 0.02 seconds is given by re- 

sult (3.20). 

-0e-t/T 
T 

where T = 1/K 

1 
0. 02/6 

- (6 
deg 
sec)( 

60 
min 

sec 
) 

e 

= 9.966 deg /min 

A-6- = (10 deg/min - 9.966 deg/min) 

A-$ = 0. 034 deg/min (3.20) 

The maximum change in the precession rate during one integra- 

tion interval is seen to be very small. Because of this fact, the de- 

lay of one integration interval in knowing the values of -6-i and 40 

will result in an error of negligible consequence regarding the friction 

torque sign logic. 

The algorithm for handling the friction loop is stated below. 

The logic established in this algorithm follows directly from Figure 

17 and Tables 2 and 3. 

-0- 

-- 

141 

_ - 



Friction Loop Algorithm: 

1. If t 0 test the base rate 

Go to step (2) if 

Go to step (3) if 

0o 

0 o 

0 o 

83 

Go to step (7) if t > O. 

is greater or less than zero. 

is equal to zero. 

2. Generate the outer gimbal friction torque To and estab- 

lish the algebraic sign as follows: 

Set To positive if 00 < O. 

Set To negative if .0 
o 

> O. 

Proceed to step (4). 

3. Test the base rate 0. 
i' 

The outer gimbal friction torque 

is controlled as follows: 

Generate a positive T 
o 

if 0. > O. 
i 

Generate a negative T 
o 

if 0. < O. 
1 

Set To equal to zero if O. 

4. Test the base rate 0 i i . Go to step (5) if 0. is greater 

or less than zero. Go to step (6) if 0. is equal to zero. 

5. Generate the inner gimbal friction torque T. and estab- 

lish the algebraic sign as follows: 

Set Ti positive if 0. > O. 

Set Ti negative if O. < O. 

Proceed to the next instruction in the main program. 

6. Test the base rate 1 0 

is controlled as follows: 

The inner gimbal friction torque 

= 

= 

0 

0 

0i 

i 
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Generate a positive Ti if 00> O. 

Generate a negative T. if 
o 

< O. 

Set T. equal to zero if = O. i o 

Proceed to the next instruction in the main program. 

7. The algebraic signs associated with friction torques Ti 

and To are determined by testing the quantities ( 0i -$i) 
and 

( ho -4-0) 
and applying the logic of Tables 2 and 3. The 

values used for and 4 are taken from the previous 
o 

integration interval. 

Earth's Rotation 

The simulation program allows the gyro to be placed in five dif- 

ferent headings. The effect of earth's rotation on the gyro for each 

of these five headings is listed in Table 4. The gyro heading will be 

selected as an input parameter to the simulation program. The head- 

ing is selected by specifying a heading designator. The heading de- 

signator is an integer number with correspondence as indicated in 

Table 4. 

The component of earth's rotation that is seen by the gyro is 

given by expression (3.21). The term wp 

w =w cosX 
e p 

represents the angular 

velocity of the earth about its polar axis. The term wp is a 

(3.21) 

i 

i 

00 

Q 
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constant equal to 0. 25 deg /min. The term X represents the local 

latitude at which the gyro is situated. The latitude X will also be 

a selectable input parameter to the simulation program. 

Table 4. Effect of earth's rotation on a vertical gyro. 

Heading 
Designator 

1 

3 

4 

Gyro 
Heading 

North 

South 

East 

West 

Northeast 

Effect of Earth's Rate on Gyro 

I. G. free of earth'e rate 
O. G. drives O.G. Top Left 

I.G. free of earth's rate 
O.G. drives O.G. Top Right 

I. G. drives I.G. Top Back 
O.G. free of earth's rate 

I. G drives I. G. Top Forward 
O.G. free of earth's rate 

I. G. drives I. G Top Back 
O.G. drives O.G. Top Left 

An expression that describes the component of earth's rotation 

seen by the inner gimbal axis is given by (3. 22). The term Cl is a 

control coefficient. 

wet = (C1)we (3. 22) 

Likewise, an expression that describes the component of earth's ro- 

tation seen by the outer gimbal axis is given by (3. 23) where C2 is 

also a control coefficient. 

weO = (C2)we (3. 23) 

2 

-- 
5 

-- 
-- 

-- 
-- 
-- 
-- 
-- 

-- 
-- 
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The values of the control coefficients for the various gyro head- 

ings are given in Table 5. The control coefficient establishes the cor- 

rect magnitude and sign of the component of earth's rotation seen by 

the inner and outer gimbal axes of the gyro. 

Table 5. Heading control coefficients. 

Heading 
Designator Heading Control Coefficients 

1 North I.G. Cl = 0.0 
O.G. C2 = -1. 0 

2 South I. G. Cl = 0. 0 

O.G. C2 = 1.0 

East I. G. Cl = -1. 0 

O. G. C2 = 0. 0 

4 West I. G. -- Cl = 1. 0 

O. G. -- CZ = 0. 0 

5 Northeast I.G. -- Cl = -0.707 
O.G. -- C2 = -0.707 

The algorithm for handling earth's rotation is stated below. 

Algorithm for Earth's Rotation: 

1. The heading input parameter is read by the main program. 

A test is made to determine the heading designator inte- 

ger. This integer defines the gyro heading according to 

Table 5. 

2. The latitude X is read by the main program. The com- 

ponent of earth's rotation is computed according to ex- 

pression (3. 21). 

3 

-- 
-- 
-- 
-- 
-- 
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3. The heading control coefficients are assigned values ac- 

cording to Table 5. 

4. The component of earth's rotation seen by the inner gim- 

bal axis is computed from expression (3. 22). The com- 

ponent of earth's rotation seen by the outer gimbal axis is 

computed from expression (3. 23). 

Operational Amplifier Saturation 

The analog block diagram of the vertical reference system 

shown in Figure 14 indicates a saturation level on the operational am- 

plifiers. This saturation level places a limit on the spin axis erec- 

tion rate when the tilt error exceeds a specified angle. 

The voltage at which the operational amplifiers saturate is spec- 

ified by an input parameter to the simulation program. The angle of 

tilt at which saturation occurs is then a function of the accelerometer 

scale factor Ka and the operational amplifier gain K1. These 

scale factors are also input parameters to the simulation program. 

The manner in which the operational amplifier saturation is 

shown in Figure 14 suggests that the saturation is handled simply by 

placing a limiter on the output of integrators 7 and 21. In this case 

the integrator is tested to determine whether its output equals or ex- 

ceeds the specified saturation level. If the integrator output equals 

or exceeds the saturation level, the limiter output is fixed at the 
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saturation level. When the integrator output is below the saturation 

level, the limiter allows the integrator output to pass unrestricted. 

It is important to note that the above interpretation of the limit- 

er in handling the saturation of the operational amplifier will result in 

a serious error. Consider the following example to illustrate this 

point. Suppose an operational amplifier lag circuit has a gain of 

K1 = 80 and a time constant of T = 45 seconds. When a step input 

voltage of O. 5 VDC is applied, the lag circuit output will approach a 

steady -state value of 40 VDC (indicated by the dashed line in Figure 

18) after several time constants. Suppose the operational amplifier 

saturates at 15 VDC. In this case the operational amplifier output 

reaches the saturation level at 21.2 seconds. The output then re- 

mains at 15 VDC as shown by the solid line in Figure 18. 

Suppose at t = 45 seconds the input changes sign but remains 

the same in amplitude. The lag circuit output must immediately inte- 

grate down until the negative saturation level of -15 VDC is reached. 

The output then remains constant at -15 VDC as shown by the solid 

line in Figure 18. The solid line follows the exact response charac- 

teristic of an actual lag circuit with saturation. The simulation pro- 

gram must also follow this response characteristic. 

If the usual interpretation of a limiter is assumed, a time delay 

error is introduced in the response of the lag circuit. Although the 

limiter would restrict the lag circuit output to 15 VDC, the integrator 
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itself would be unrestricted and would tend to approach the steady - 

state value of 40 VDC as indicated by the dashed line in Figure 18. 

When the input changes sign at t = 45 seconds, the integrator must 

now integrate down from 25.3 VDC rather than from 15 VDC. This 

type of limiter action introduces a delay error of 7.73 seconds; that 

is, the limiter output is held at 15 VDC 7.73 seconds longer than 

necessary. When the integrator output reaches the negative satura- 

tion level of -15 VDC, a delay error of 7.65 seconds exists. 

40- 

30 - 

I 
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- 30 - 
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Figure 18. The operational amplifier saturation characteristic. 
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To avoid the error discussed above the saturation will be hand- 

led by directly controlling the outputs of integrators 7 and 21 in Fig- 

ure 14. These integrators must have the capability of a "hold" mode 

of operation. That is, whenever the output of integrators 7 and 21 

equals or exceeds the saturation level, the integrator "holds" its out- 

put at this level. The derivative or integrator input will be allowed 

to vary as time continues. The derivative is constantly tested to de- 

termine when it experiences a sign change. When a change in the sign 

of the derivative is detected, the integrator is allowed to continue in 

its normal mode of operation. This procedure allows the operational 

amplifier saturation to be handled without error. The lag circuit out- 

put will then follow the solid line shown in Figure 18. 

The control necessary to incorporate the above feature into the 

operation of integrators 7 and 21 will be handled by the main program 

and not the integration subprogram. The algorithm for handling the 

saturation is stated below. 

Algorithm for the Operational Amplifier Saturation: 

1, The gain, time constant, and saturation level of the opera- 

tional amplifiers are obtained as input parameters to the 

simulation program. 

2. The derivatives for the integration interval in question are 

computed in the normal manner. A test is made to deter- 

mine whether the present output of integrators 7 and 21 (in 
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reference to Figure 14) equals or exceeds the specified 

saturation level. Go to step (6) if the integrator output does 

not equal or exceed the saturation level, otherwise go to 

step (3). 

3. A test is made to determine whether the integrator output 

is positive or negative. Go to step (4) if the integrator out- 

put is positive, otherwise go to step (5). 

4. If the updated derivative is negative go to step (6). If the 

updated derivative is positive or equal to zero, the integra- 

tor output is "held" at the positive saturation level. Pro- 

ceed to the next instruction in the main program. 

5. If the updated derivative is positive go to step (6). If the 

updated derivative is negative or equal to zero, the integra- 

tor output is "held" at the negative saturation level. Pro- 

ceed to the next instruction in the main program. 

6. The integration subprogram is called and the derivative is 

integrated in the normal manner. Control is returned to 

the next instruction in the main program. 

Using the Simulation Program 

The final result of the discussion presented in this chapter is a 

digital computer program that simulates the vertical reference sys- 

tem. This program is based on the analog block diagram of the 
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vertical reference system shown in Figure 14. The algorithms of the 

special features that must be incorporated in the computer program 

have been presented in this chapter. A complete listing of the digital 

program is presented in Appendix II. Also shown in Appendix II is a 

complete flow chart of the computer program. 

The program is written in the FORTRAN IV programming lan- 

guage. As an aid to the reader, Table III -A in Appendix III provides 

a list with definitions of the primary FORTRAN variables used in the 

simulation program. Variables that are used for intermediate steps 

of calculation and for program control are not listed in this table. 

The simulation program is written to provide a heading page 

that precedes the output data. A sample heading page illustrating the 

heading format is shown in Figure 19. The heading page lists the val- 

ues of all the parameters selected for a given system simulation. 

The heading format is merely a convenience that provides the user a 

permanent record describing the conditions under which the program 

was run. 

The digital simulation program was developed and tested on the 

CDC 3300 Digital Computer using the FORTRAN IV compiler. The 

arrangement of the opeating deck for the program including the CDC 

3300 control cards is shown in Figure 20. To use the program on an- 

other computer, the user must make the necessary modifications re- 

garding the control cards in the operating deck. For correct 
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DIGITAL SIMULATION OF A VERTICAL REFERENCE SYSTEM 

ACCEL SCALE FACTOR = 
OPERATIONAL AMP GAIN= 
OP AMP SAT VOLTAGE = 
TIME CONSTANT = 
MOD AMP SCALE FACTOR= 
TORQUER CONSTANT 

.2630 VDC /DEG 
80.00 
14.00 VDC 
45.00 SEC 

2.00 VAC /VDC 
450. 00 DYNE -CM /VAC 

ANGULAR MOMENTUM = 6300000.00 DYNE -CM -SEC 

FRICTION PARAMETERS 

IG STD DEV= 300.00000 OG STD DEV= 400.00000 
IG MEAN BEAR TORQUE= 333.0 DYNE -CM OG MEAN BEAR TORQUE= 500.0 DYNE -CM 
IG SLIP RING TORQUE = 1590.0 DYNE -CM OG SLIP RING TORQUE = 3020.0 DYNE -CM 

SCORSBY MOTION 

IG - SCORSBY ABOUT IG AXIS= O DEG AT O CASGMIN 
OG - SCORSBY ABOUT OG AXIS= O DEG AT O OSC /MIN 

ANGIG POSITIVE CORRESPONDS TO TOP FORWARD 
ANGOG POSITIVE CORRESPONDS TO TOP RIGHT 

INITIAL CONDITIONS 

AT T =0 THE IG IS ALIGNED WITH THE LOCAL VERTICAL 
AT T =0 THE OG IS 5.00 DEC TOP RIGHT 

THE IG HAS NO ACCELERATION INPUT 
THE OG HAS NO ACCELERATION INPUT 

NORTH HEADING AT LATITUDE= 45 DEG 

INTEGRATION INT= .020 PRINT INT= 1.000 TOTAL TIME= 240.000 

TIME RTIG ANGIG RTOG ANGOG 
SEC DEG /MIN DEC DEG /MIN DEG 

T 

[ 

(data is printed under these column headings) 

Figure 19. Typical program heading layout. 
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CDC 3300 Control Card 

Program Data Deck 
(Input Parameters) 

CDC 3300 Control Card 
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--Z7 
DATA DECK 

/- 
RUN, XXX 

SUBRQUTINE 

UNIFQRM(N) 

(LQAD, XX 

FINIS 

(END 
FUNCTIQN 
RNDQG(V1, V2, 
V3, V4) 

// 
(Blank Card 

fEND 
(FUN CTIQN 

RNDIG(U1, U2 
U3, U4) 

(Blank Card 

END 

'FUNCTIQN 

L 

RING(X) 

(Blank Card 

END 

Main Program 

(PRGRAM XXXXX 

(FQRTRAN, L, X 

(JQB, XX, XX, XX, 

SEQUENCE, XXX 

--7 CDC 3300 
Control Cards 

Outer Gimbal Random 
Torque Subprogram 

Inner Gimbal Random 

Torque Subprogram 

Integration Subprogram 

Main Program Object Deck 

CDC 3300 Control Cards 

Figure 20. Arrangement of the operating deck for the CDC 3300 
computer. 
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arrangement of the operating deck, the user should refer to the docu- 

ments applicable to the computer intended for use. 

The data deck contains the values of the parameters selected 

for the simulation of a particular system. This deck is composed of 

seven individual cards arranged as shown in Figure 21. All the para- 

meters are in floating point with the exception of the gyro heading de- 

signator M which is an integer number. The interpretation of the 

heading designator was presented in Table 5. 

The FORTRAN variables shown on the cards in Figure 21 may 

be identified with the aid of Table III -A in Appendix III. The FOR- 

TRAN field specification is shown directly below each variable listed 

in Figure 21. The column number in which the decimal point must be 

placed to realize the full specified field width is shown immediately 

below the field specification. The heading designator M is a single 

digit integer that must be placed in column 10. 

The individual cards of the data deck must be arranged in the 

order shown in Figure 21. A data card must not be omitted from the 

data deck. For example, if a run is desired without the effects of 

friction the parameters shown on card (4) are merely set equal to 

zero. 

The actual program run time depends on the chosen integration 

interval and, of course, the clock rate of the digital computer. The 

selection of an integration interval involves a compromise between 
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Card (7) 

Card (6) 

Card (5) 

SAT 

F10, 5 

10 / 
M ALT 

12 F10. 5 

9 -10 25 

SCI SCQ QSI QSQ 
F10.5 F10.5 F10.5 F10.5 

5 15 25 35 

SI SQ AMI AMQ SLRI SLRQ 

F10.5 F10.5 F10.2 F10.2 F10.2 F10.2 
5 15 28 38 48 58 

DEI. PRT TT 
F10. 5 F10. 5 F10. 5 

5 15 25 

AINIG ANGQG ACI ACQ 
F15.5 F10. 5 F10. 5 F10. 5 

10 20 30 40 

l 
AKA AK1 TC AKM AKT H 

F10.5 F10.5 F10.5 F10.5 F10.5 F15.5 
5 15 25 35 45 60 

Card (4) 

Card (3) 

Card (2) 

Card (1) 

Figure 21. Arrangement of the program data deck. 
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desired accuracy and allowable machine run time. An integration in- 

terval of O. 02 seconds is recommended for the simulation program. 

The O. 02 second interval allows the simulation program to be run on 

the CDC 3300 computer in less than required real time. 

Because a Runge -Kutta integration technique is used by the sim- 

ulation program, the selection of an integration interval is not mere- 

ly a simple process of calculation. The O. 02 second integration in- 

terval was established by a trial and error process. The simulation 

program was run several times using identical input information with 

the exception of the integration interval. Integration intervals of O. 01 

seconds, 0. 02 seconds, and 0. 05 seconds were used on the above 

runs. These programs ran for a total time of 240 seconds with a data 

printout every second. A total run time of 240 seconds should be 

more than adequate for the majority of runs to be made with the sim- 

ulation program. 

The runs using the 0. 02 second and 0. 05 integration intervals 

were evaluated by a direct comparison with the output data from the 

run using the 0. 01 second integration interval. The maximum disa- 

greement of the run using the 0. 02 second integration interval was 

less than 0. 5 percent. A maximum disagreement of 1. 5 percent was 

found for the run using the 0. 05 second integration interval. The 0. 02 

second integration interval is recommended as the best compromise 

between accuracy and machine time although the 0. 05 second interval 

is acceptable when the cost of machine time must be kept at a mini- 

mum. 



IV. RESULTS AND CONCLUSIONS 

Introduction 

98 

The development of the simulation program has been discussed 

in its entirety. It remains to show that the program is capable of re- 

presenting an actual vertical reference system. This final evaluation 

is best accomplished by comparing the program output data with the 

response of an actual system. 

The Electronic Specialty NV3401 Vertical Gyro as used in the 

J400 Vertical Reference System will be used to provide the actual sys- 

tem data. Simulated data will be obtained from the program by mak- 

ing a run with input parameters that are as near identical as possible 

to those used in the actual system. The results of this comparison 

are discussed in the following section. 

Simulated System Versus Actual System 

The simulation program may be used with a number of different 

input parameter combinations. It is not possible to discuss the sys- 

tem response for the many parameter combinations that exist. How- 

ever, one of the essential features of this simulation program is its 

ability to include the effects of friction on the two -degree -of- freedom 

gyro. 

To illustrate the full effect of friction, the gyro must be 
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operated under static conditions; that is, the gyro base remains sta- 

tionary whithout the use of scorsby motion. The program simulates 

this operating condition when the scorsby parameters on data card 

(5) in Figure 21 are set equal to zero. 

The input parameter values used by the program are those list- 

ed in Figure 19. These parameter values agree closely with those 

used by the actual J400 Vertical Reference System. The gyro friction 

parameters were established by a test similar to the one discussed in 

reference to Figure 11 and Figure 12. 

The system response was studied for the following initial con 

ditions at t = 0; (1) the inner gimbal was aligned with the local ver- 

tical, and (2) the outer gimbal was displaced 5 degrees "Top Right." 

The gyro was placed in a North heading at a latitude of 45 degrees. 

The response characteristic of the actual system is shown in 

Figure 22. This characteristic was obtained by recording the outputs 

of the vertical sensors on a Sanborn Model 322 two channel recorder. 

The outer gimbal was positioned 5 degrees "Top Right" in an open - 

loop configuration while the inner gimbal was positioned at vertical in 

a closed -loop configuration. At t = 0 the outer gimbal erection 

loop was closed resulting in the response characteristic shown in 

Figure 22. Approximately 215 seconds of response data are shown in 

Figure 22. 

Several important factors should be noted regarding the 



Figure 22. Response characteristic of an actual vertical reference system. 
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response characteristic shown in Figure 22. 

1. This system has an erection constant (see expression (1. 4)) 

of K = (10 deg /min) /(deg of tilt). 

2. The 45 second time constant used on the operational ampli- 

fiers in conjunction with the erection constant above renders 

the system highly underdamped (see expression (1.7)), 

3. The outer gimbal friction level is responsible for putting the 

inner gimbal into a sustained oscillation while the inner 

gimbal friction level maintains the outer gimbal in a sus- 

tained oscillation. 

When the outer gimbal erection loop is closed at t = 0, a ris- 

ing voltage is applied to the inner gimbal torquer of the gyro to pre - 

cess the outer gimbal towards vertical. The movement of the outer 

gimbal generates a friction torque that precesses the inner gimbal 

away from vertical in a "Top Back" direction. Because of the large 

time constant on the operational amplifier lag circuit, the inner gim- 

bal erection circuit cannot initiate immediate correction to the re- 

sulting error. 

Note that the outer gimbal is moving in a given direction during 

the first 70 seconds; that is, from 5 degrees "Top Right" to approxi- 

mately 1. 8 degrees "Top Left. " The outer gimbal overshoots verti- 

cal due to the underdamped condition of the outer gimbal erection cir- 

cuit. During this time, the. friction torque vector generated on the 
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outer gimbal axis remains fixed in direction. 

At t = 32 seconds the inner gimbal erection circuit finally de- 

velops a voltage that produces a torque large enough to overcome the 

outer gimbal friction torque. At this time the inner gimbal reverses 

direction and is precessed towards vertical, Note that the friction 

torque vector generated on the inner gimbal axis also must change 

direction at this time. The effect of this torque vector direction 

change may be noticed on the outer gimbal response characteristic. 

It is noticed that the slope of the outer gimbal response characteris- 

tic becomes steeper beyond t = 32 seconds. This effect is due to 

the fact that the inner gimbal friction opposes the torque generated by 

the outer gimbal erection circuit prior to t = 32 seconds. Follow- 

ing t = 32 seconds, the inner gimbal friction torque adds to the 

torque generated by the outer gimbal erection circuit. 

Just prior to t = 70 seconds, the inner gimbal operational 

amplifier is maintaining an output voltage due to the long time con- 

stant associated with this lag circuit. This voltage is large enough to 

generate a torque equal and opposite to the outer gimbal friction 

torque - -thus, the inner gimbal appears stalled near vertical for sev- 

eral seconds. When the outer gimbal changes direction at t = 70 

seconds, the outer gimbal friction torque vector also changes direc- 

tion. The effect of this torque vector direction change may be no- 

ticed on the inner gimbal response characteristic. Prior to t = 70 
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seconds, the outer gimbal friction torque is opposing the torque gen- 

erated by the inner gimbal erection circuit. At t = 70 seconds the 

outer gimbal firction torque changes direction and adds to the torque 

being generated by the inner gimbal erection circuit. The inner gim- 

bal is now precessed in the "Top Forward" direction. It must be re- 

membered that the outer gimbal friction level is substantially higher 

than the inner gimbal friction level -- therefore, this effect is more 

pronounced on the inner gimbal response characteristic. 

This interaction of the friction torques and the torques gener- 

ated by the erection circuits maintains the inner and outer gimbals in 

an indefinite oscillation. It is noticed that the inner gimbal lags 90 

degrees behind the outer gimbal during the existence of this response 

pattern. This particular situation exists only when the gyro is oper- 

ated under purely static conditions. If the gyro base were subjected 

to scorsby motion, the outer gimbal would settle at vertical after 

several oscillations. The inner gimbal would not experience drive - 

out from vertical nor a sustained oscillation when scorsby motion is 

used. 

The simulation program must accurately duplicate the effects 

displayed by the actual vertical reference system. The results ob- 

tained from the simulation program are shown in Figure 23. The 

scale used in Figure 23 is identical to the scale used in Figure 22. 

A point -by -point comparison of the simulated system response 
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against the actual system response reveals very good agreement be- 

tween the two. The zero crossings shown in Figure 22 and Figure 23 

agree within a deviation range of one second. Agreement between the 

amplitudes at corresponding times can be considered to be within five 

percent. 

There are several factors that can attribute to the slight differ- 

ences noted between the zero crossings and amplitudes of the simu- 

lated and actual systems. These factors are listed below: 

1. Calibration accuracy of the Sanborn Recorder 

2. Linearity and output symmetry of the vertical sensors 

3. Recorder chart speed accuracy 

4. Linearity of the gyro torquers 

5. Accuracy of the program integration routine 

6. Accuracy of the test used to establish the gyro friction 

parameters 

The simulation program does appear to adequately handle the 

cross -axis effect due to friction. A sustained oscillation results on 

both the inner and outer gimbals as was the case for the actual sys- 

tem. Also, if the program was run using the simulated scorsby mo- 

tion, it would be found that the outer gimbal would settle to vertical 

after a few oscillations. With scorsby, the inner gimbal would ex- 

perience little, if any, deviation from vertical. 



106 

Concluding Remarks 

The digital program used to simulate the vertical reference 

system has been shown to adequately represent an actual system. 

Reasons for selecting a digital technique to simulate this system 

should be evident from the discussion presented in this paper. Most 

important is the convenience and ease encountered in using the digital 

technique to perform the special features required of the vertical re- 

ference system. Conventional analog methods would require compli- 

cated mechanical gagetry to perform these special features. For in- 

stance, it would be a difficult task to handle the cross axis effect of 

gyro friction by conventional analog methods. Also, the digital tech- 

nique provides a convenient means of generating the Gaussian distri- 

bution needed to simulate the random bearing torques. This particu- 

lar system simulation requires a number of decision making ele- 

ments- -all, of which, are easily accomplished by a digital program. 

The use of digital techniques to perform an analog simulation 

has gained widespread use in recent years. A number of general 

digital simulation programs are available. These programs may 

readily be used to simulate many of the more straight forward system 

configurations. 

A slightly different approach was used in the simulation of the 

vertical reference system. Rather than adapting an existing general 
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program, a complete self- contained program was written specifically 

for the vertical reference system. Such an approach is feasible only 

for the case in which major changes are not anticipated in the basic 

system configuration. The vertical reference system is such a case; 

that is, the system configuration is fixed and only the system param- 

eters are varied. A program written specifically for a given system 

configuration is generally a more efficient program than one resulting 

from an adapted general simulation program. Also, because of the 

special features associated with the vertical reference system, a 

great deal of additional programming would be required to adapt an 

existing general simulation program to the particular needs of this 

system. 

The most difficult problem in writing a digital simulation pro- 

gram for a specific system lies in understanding the general simula- 

tion concept itself. Thus, the first attempt will prove to be the most 

difficult. A good understanding of the system configuration is essen- 

tial such that the system differential equations can be written. An 

understanding of analog block diagrams is needed to lay the basic 

ground plan for the program. An understanding of the digital pro- 

gramming technique is needed to provide for the proper sequencing of 

events, a satisfactory integration routine, and good programming ef- 

ficiency. 

Once familiarity has been gained with the basic technique, it is 
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a much easier task to write a simulation program for any given sys- 

tem configuration. For instance, once an integration routine has been 

established, the same routine may be conveniently used in other pro- 

grams. The versatility available from the digital technique allows 

special features to be conveniently incorporated into a system simu- 

lation when necessary. These special features are often not only in- 

convenient but very difficult with conventional analog methods. Thus, 

the digital approach to systems simulation can prove to be a valuable 

tool to the engineer. 



109 

BIBLIOGRAPHY 

1. Asch, A.B. Antifriction instrument -bearing torque testing and 
the resistance to motion of such bearings. Transactions of the 
American Society of Mechanical Engineers, Journal of Basic 
Engineering, ser. D, 81 :46 -48. 1959. 

2. Barden Corporation. Barden precision bearings. Danbury, Con- 
necticut, 1962. 73 p. (Engineering Catalog G -3) 

3. Drutowski, R. C. Energy losses of balls rolling on plates, In: 
Proceedings of the Symposium on Friction and Wear, Detroit, 
1957, ed. by Robert Davies. New York, Elsevier Publishing, 
1959. p. 16 -35. 

4. Fernandez, Manuel and George R. Macomber. Inertial guidance 
engineering. Englewood Cliffs, Prentice -Hall, 1962. 530 p. 

5. Fuller, Dudley D. Theory and practice of lubrication for engin- 
eers. New York, John Wiley, 1956. 432 p. 

6. Gaskill, R. A. , J. W. Harris and A. L. McKnight. DAS - a digit- 
al analog simulator. In: Proceedings of the 1963 Spring Joint 
Computer Conference, Detroit, May 1963. vol. 23. Baltimore, 
Md. , Spartan Books, 1963. p. 83 -90. 

7. Gruenberger, Fred and George Jaffray. Problems for computer 
solution. New York, John Wiley, 1965. 401 p. 

8, Hamming, R. W. Numerical methods for scientists and engineers. 
New York, McGraw -Hill, 1962. 411 p. 

9. Hull, T. E. and A. R. Dobell. Random number generators. 
SIAM Review. 4:230 -254. 1962. 

10. Hurley, J. R. and J. J. Skiles. DYSAC - a digitally simulated 
analog computer. In: Proceedings of the 1963 Spring Joint Com- 
puter Conference, Detroit, May 1963. vol. 23. Baltimore, Md., 
Spartan Books, 1962. p. 69 -82. 

11. International Business Machines. System /360 scientific subrou- 
tine package programmer's manual. San Jose, California, IBM 
Corporation, 1966. 157 p. 



110 

12. Kearfott. Gyros, platforms, accelerometers. 6th ed. Little 
Falls, New Jersey, Kearfott Division of General Precision Aero- 
space, 1963. 76 p. (Kearfott Technical Information for the En- 
gineer, no. 3) 

13. MacLaren, Donald M. and George Marsaglia. Uniform random 
number generators. Journal of the Association for Computing 
Machinery 12 :83 -89. Jan. 1965. 

14. Marsaglia, G. , Donald M. MacLaren and T.A. Bray. A fast 
procedure for generating normal random variables. Communi- 
cations of the Association for Computing Machinery 7 :4 -10. 1964. 

15. McCracken, D. D. and W.S. Dorn. Numerical methods and 
FORTRAN programming. New York, Wiley, 1964. 457 p. 

16. Mood, A.M. and Franklin A. Graybill. Introduction to the theory 
of statistics. New York, McGraw -Hill, 1963. 443 p. 

17. Ordeedolchest, Manoo. SIDAC -I a simulated digital- analog com- 
puter. Master's thesis. Corvallis, Oregon State University, 
1966. 163 numbered leaves. 

18. Organick, E.I. A FORTRAN IV primer. Reading, Mass. , Addi- 
son- Wesley, 1966. 263 p. 

19. Rabinowicz, E. A study of the stick -slip process. In: Proceed- 
ings of the Symposium of Friction and Wear, ed. by Robert 
Davies. New York, Elsevier Publishing, 1957. p. 149 -164. 

20. Ralston A. and H. S. Wilf (eds. ). Mathematical methods for dig- 
ital computers. New York, Wiley, 1960. 293 p. 

21. Ratner, Kenneth M. , Anthony Rubertone and Jerome Klein. In- 
ertial components and systems. Pt. I. Introduction to inertial 
components. Electromechanical Design 10 :24 -38. Feb. 1966. 

22. Ratner, Kenneth M. , Anthony Rubertone and Jerome Klein. In- 
ertial components and systems. Pt. II. Inertial systems. Elec- 
tromechanical Design 10:30 -48. Mar. 1966. 

23. Ratner, Kenneth M. , Anthony Rubertone and Jerome Klein. In- 
ertial components and systems. Pt. III. Test and evaluation of 
inertial components and systems. Electromechanical Design 
10:18 -34. May 1966. 



111 

24. Ratner, Kenneth M. , Anthony Rubertone and Jerome Klein. In- 
ertial components and systems. Pt. IV. System errors. Elec- 
tromechanical Design 10 :48 -60. June 1966. 

25. Rotenberg, A. A new pseudo - random number generator. Jour- 
nal of the Association for Computing Machinery 7 :75 -77. 1960. 

26. Savet, Paul H. (ed. ). Gyroscopes: theory and design. New 
York, McGraw -Hill, 1961. 402 p.. 

27. Stein, M. L. and J. Rose. Changing from analog to digital pro- 
gramming by digital techniques. Journal of the Association for 
Computing Machinery 7 :10 -23. 1960. 

28. Stein, M. L. , J. Rose and D. B. Parker. A compiler with an 
analog- oriented input language. In: Proceedings of the 1959 
Western Joint Computer Conference, San Francisco, Mar. 1959. 
New York, Institute of Radio Engineers, 1959. p. 92 -102. 

29. Systron- Donner Corporation. Systron- Donner model 4310 linear 
servo accelerometer. Concord, California, 1962. 7 p. 



APPENDICES 



112 

Appendix I. Gyro Maneuvers 
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Figure I -A. Maneuvers and conventions of the gyro spin axis. 
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Figure I -B. Maneuvers and conventions of the gyro base. 
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Appendix II. Program Listing and Flow Chart 

DIMENSION A(4), DRV(4) 
COMMON DH, A, I, K, DRV 
READ(60, 300) AKA, AK1, TC, AKM, AKT, H 

300 F OM AT(5F 10. 5, F15.5) 
READ(60, 301) AINIG, AINOG, ACI, ACO 

301 FORMAT(F15. 5, 3F10. 5) 
READ(60, 302) DEL, PRT, TT 

302 FORMAT( 3F10. 5) 
READ(60, 303) SI, SO, AMI, AMO, SLRI, SLRO 

303 FORMAT(2F 10.5, 4F10. 2 ) 

READ(60, 410) SCI, SCO, OSI, OSO 
410 FORMAT( 4F10. 5 ) 

READ(60, 305) M, ALT 
305 FORMAT(8X, I2, 10X, F10.5) 

READ(60, 400) SAT 
400 FORMAT( F 15. 5) 

WRITE(61, 306) 
306 FORMAT(12X, 49HDIGITAL SIMULATION OF A VERTICAL REFERENCE SYSTEM //) 

WRITE(61, 395) AKA 
395 FORMAT( 19X, 21HACCEL SCALE FACTOR =, F12. 4, 1X, 7HVDC /DEG) 

WRITE(61, 308) AK1 
308 FORMAT(19X, 21HOPERATIONAL AMP GAIN =, F10.2) 

WRITE(61, 401) SAT 
401 FORMAT( 19X, 21HOP AMP SAT VOLTAGE _, F10.2, 1X, 3HVDC) 

WRITE(61, 310) TC 
310 FORMAT( 19X, 21HTIME CONSTANT =, F10.2, 1X, 3HSEC) 

WRITE( 61, 312) AKM 
312 FORMAT( 19X, 21HMOD AMP SCALE FACTOR =, F10. 2, 1X, 7HVAC /VDC) 

WRITE(61, 314) AKT 
314 FORMAT(19X, 21HTORQUER CONSTANT =, F10.2, 1X, 11HDYNE -CM /VAC) 

WRITE(61, 316) H 
316 FORMAT( 19X, 21HANGULAR MOMENTUM =, F10.2, 1X, 11HDYNE -CM- SEC //) 

WRITE(61, 391) 
391 FORMAT(24X, 19HFRICTION PARAMETERS /) 

WRITE(61, 392) SI, SO 
392 FOMAT( 10X, 11HIG STD DEV=, F10. 5, 10X, 11HOG STD DEV =, F10.5) 

WRITE(61, 393) AMI, AMO 
393 FORMAT( lX, 20HIG MEAN BEAR TORQUE=, F6. 1, 1X, 7HDYNE -CM, 2X, 20HOG MEAN 

2BEAR TORQUE=, F6. 1, 1X, 7HDYNE -CM) 
WRITE(61, 394) SLRI, SLRO 

394 FORMAT( 1X, 20HIG SLIP RING TORQUE-, F6. 1, 1X,7HDYNE -CM, 2X, 20HOG SLIP 

3RING TORQUE=, F6. 1, 1X, 7HDYNE -CM // ) 
WRITE(61, 411) 

411 FORMAT(25X, 14HSCORSBY MOTION!) 
WRITE(61, 412) SCI, OSI 

412 FORMAT(9X, 27HIG - SCORSBY ABOUT IF AXIS =, F4. 1, 1X, 7HDEG AT, F4. 1, 8H 

4OSC /MIN) 
WRITE(61, 413) SCO, OSO 
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413 FORMAT(9X, 27HOG - SCORSBY ABOUT OG AXIS =, F4. 1, 1X, 7HDEG AT , F4. 1, 8H 

50SC /MIN/ / ) 
WRITE(61, 318) 

318 FORMAT( 16X, 41HANGIG POSITIVE CORRESPONDS TO TOP FORWARD) 
WRITE(61, 320) 

320 FORMAT(16X, 39HANGOG POSITIVE CORRESPONDS TO TOP RIGHT // ) 

WRITE(61, 420) 
420 FORMAT (22X, 18HINITIAL CONDITIONS /) 

IF(AINIG) 431, 432, 433 
433 WRITE(61, 421) AINIG 
421 FORMAT(15X, 16HAT T =0 THE IG IS, F5. 2, 1X, 15HDEG TOP FORWARD) 

GO TO 434 
431 WRITE(61, 422) AINIG 
422 FORMAT(16X, 16HAT T =0 THE IG IS, F5.2, 1X, 12HDEG TOP BACK) 

GO TO 434 
432 WRITE(61, 423) 
423 FORMAT( 10X, 48HAT T =0 THE IG IS ALIGNED WITH THE LOCAL VERTICAL) 
434 IF(AINOG) 435, 436, 437 
437 WRITE(61, 425) AINOG 
425 FORMAT( 16X, 16HAT T =0 THE OG IS, F5.2, 1X, 13HDEG TOP RIGHT) 

GO TO 439 

435 WRITE(61, 426) AINOG 
426 FORMAT(16X, 16HAT T =0 THE OG IS, F5.2, lx, 12HDEG TOP LEFT) 

GO TO 439 
436 WRITE(61, 427) 
427 FORMAT( 10X, 48HAT T =0 THE OG IS ALIGNED WITH THE LOCAL VERTICAL) 
439 IF(ACI) 440, 441, 442 

440 WRITE(61, 460) ACI 
460 FORMAT(8X, 29HACCEL INPUT TO IG IS EQUIV TO, F5.2, 1X, 20HDEG OF TILT 

6TOP BACK) 
GO TO 448 

442 WRITE(61, 461) ACI 
461 FORMAT(7X, 29HACCEL INPUT TO IG IS EQUIV TO, F5. 2, 1X, 23HDEG OF TILT 

7TOP FORWARD) 
GO TO 448 

441 WRITE(61, 462) 
462 FORMAT( 19X, 32HTHE IG HAS NO ACCELERATION INPUT) 
448 IF(ACO) 450, 451, 452 
450 WRITE(61, 465) ACO 
465 FORMAT(8X, 29HACCEL INPUT TO OG IS EQUIV TO, F5.2, 1X, 20HDEG OF TILT 

8TOP LEFT //) 
GO TO 458 

452 WRITE(61, 466) ACO 
466 FORMAT(8X, 29HACCEL INPUT TO QG IS EQUIV TO, F5.2, 1X, 21HDEG OF TILT 

9TOP RIGHT // ) 
GO TO 458 

451 WRITE(61, 467) 
467 FORMAT(19X, 32HTHE OG HAS NO ACCELERATION INPUT //) 
458 GO TO( 331, 332, 333, 334, 335),M 
331 WRITE(61, 341) ALT 
341 FORMAT (19X, 26HNORTH HEADING AT LATITUDE =, F8. 2, 1X, 3HDEG //) 
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GO TO 350 
332 WRITE(61, 342) ALT 
342 FORMAT(19X, 26HSCUTH HEADING AT LATITUDE =, F8.2, 1X, 3HDEG //) 

GO TO 350 
333 WRITE(61, 343) ALT 
343 FORMAT( 19X, 26HEAST HEADING AT LATITUDE =, F8.2, 1X, 3HDEG/ /) 

GO TO 350 
334 WRITE(61, 344) ALT 
344 FORMAT( 19X, 26HWEST HEADING AT LATITUDE =, F8.2, 1X, 3HDEG //) 

GO TO 350 
335 WRITE(61, 345) ALT 
345 FORMAT (15X, 31HNCRTH -EAST HEADING AT LATITUDE, F8.2, 1X, 3HDEG //) 
350 WRITE(61, 351) DEL, PRT, TT 
351 FCRMAT(4X, 16HINTEGRATION INT =, F6. 3, 3X, 10HPRINT INT =, F6.3, 3X, 11HTOT 

1AL TIME, F10. 3///) 
WRITE(61, 355) 

355 FORMAT (3X, 4HTIME, 8X, 4HRTIG, 10X, 5HANGIG, 12X, 4HRTOG, 11X, 5HANGCG) 
WRITE(61, 360) 

360 FORMAT( 4X, 3HSEC, 6X, 7HDEG /MIN, 10X, 3HDEG, 11X, 7HDEG /MIN, 11X, 3HDEG /) 
B2= AKM *AKT 
B3= 3439,49 
IF (ISI) 510, 510, 511 

510 WI =O.0 
GO TO 530 

511 TSI= 60,0 /CASI 

WI= 2.0*3. 14159 /TSI 
530 IF( OSO) 515, 515, 516 
515 W C =0.0 

GO TO 535 
516 TS60.0 /OSO 

W C=2.0 *3. 14159 /T SO) 

535 BIG = SCI *WI*60.O 
BOGSCO*W 0'1(60.0 
INTER =PRT /DEL 
DH= DEL /2.0 
T =0.0 
K =0 
I =0 
J =0 
GOTO(2,3,4,5,6),M 

2 SIG =0.0 
SOG = -1.0 
GO TO 7 

3 SIG=0. 0 

SOG =1.0 
GO TO 7 

4 SIG = -1.0 
SOG=O. 0 

GOTO7 
5 SIG =1.0 

S(G=O. O 
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GO TO 7 

6 SIG =-0. 707 
SOG=-0. 707 

7 ERT=(. 25/60. )*COS( ALT/57. 3) 

EI =SIG *ERT 
ECp=SCQG*ERT 

1 EAI =EI *T 
EA 0= ECk*T 

BRTI:G=BIG *COS (WI *T) 
BRTCQG=BCAG*COS( W CQ*T ) 

IF(T)8, 8, 10 

8 IF(BRTOG) 15, 20, 25 
15 C(/;=1.0 

GO TO 35 

25 CO=-1.0 
GO TO 35 

20 IF(BRTIG) 2S, 30, 15 

30 C¢=O.O 

GO TO 40 
10 IF (BRTOG-RTOG)15, 30, 25 
35 TcpG=CO*RNDCDG(T, SO, AMO, SIRO) 

GO TO 45 
40 TOG=0.0 
45 IF ( T)50, 50, 82 

50 P7=0. 0 

IF( AINIG)60, 65, 60 
60 P13=AINIG 

GO TO 62 

65 P13=0.0 
62 A(1)=P7 

A(2yP13/57. 3 

IF(BRTIG)84, 86, 88 
84 CI=-1. 

GO TO 90 
88 CI=1.0 
86 IF (BRT(bG)84, 92, 88 

92 CI=O. 0 

GO TO 94 
82 IF (BRTIG-RTIG)84, 92, 88 
90 TIG=CI*RNDIG(T, SI, AMI, SLRI) 

GO TO 96 
94 TIG=0. 0 
96 IF(T)98,98, 120 
98 P21=0.0 

IF(AINOG)102, 104, 102 

102 P27=AINOG 
GO TO 105 

104 P27=0.0 
105 A(3pP21 

A(4)=P27/57. 3 
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GO TO 200 
120 FIG=(ACI-ANGIG)*AKA 

DRP7=( FIG*AK1-P7)/TC 
DRP13=(P7*B2 + TÇOG)/H 

IF(ABS(P7)-SAT)125, 126, 126 

126 IF (P7 )127, 127, 128 

127 IF ( DRP7 )129, 129, 130 
129 P7=-SAT 

A(1)=-SAT 
I=I + 1 

GO Tp 135 

130 IF(j{;.2)129, 124, 129 

128 IF ( DRP7 )131, 132, 132 

132 P7=SAT 

A(1)=SAT 
I=I+ 1 

GO TO 135 

131 IF(K-2)132, 124, 132 

124 DRV(1pDRP7 
125 P7=RING(DRP7) 
135 P13=RING(DRP13) 

FOG= ( ACO-ANGOG )*AKA 

DRP21=( FCAG*AK1-P21)/TC 
DRP27= ( P21*B2 + TIG)/H 
IF(ABS(P21)-SAT)136, 137, 137 

137 IF (P2 1)138, 138, 139 

138 IF ( DRP21)140, 140, 141 
140 P21=-SAT 

A ( 3 )=-SAT 
I=I + 1 

GO TO 145 

141 IF (K-2)140, 144, 140 
129 IF(DRP21)142, 143, 143 
143 P21=SAT 

A(3pSAT 
I=I + 1 

GO TO 145 

142 IF (K-2)143, 144, 143 

144 DRV(3)=DRP21 
136 P21=RING(DRP21) 
145 P27=RING(DRP27) 

ANGIG =57. 3*P13 + FAI 

ANGOG=57.3*: P27 + EAO 

RTIG =B3*DRP13 
RTOG=B3*DRP27 
1=0 

IF (K - 4)150, 151, 150 
150 IF (K- 2)152, 153, 152 

152 K=K + 1 

GO TO 120 
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153 T=T + DH 
K=K + 1 

GO TO 1 

151 T=T + DH 

K=1 

J=J + 1 

IF(ITER-J)161, 161, 1 

161 WRITE( 61, 380) T, RTIG, ANGIG, RTOG, ANGOG 
380 FORMAT( lx, F9. 3, 4F15. 8) 

J=0 
IF(TT-T)166, 1, 1 

200 RTIG =(B3*TOG)/H 
RTOG= (B3*TIG)/H 
ANGIG=P13 
ANGOG=P27 
WRITE(61, 380) T, RTIG, ANGIG, RTOG, ANGOG 
K=K + 1 

GO TO 120 
166 WRITE(61, 390) 
290 FORMAT(//20X, 10HEND OF RUN) 

END 

Integration Subprogram, RING(X) 

FUNCTION RING(X) 
DIMENSION A(4), DRV(4), AA(4) 
COMMON DH, A, I, K, DRV 
I =I + 1 

GO TO (10, 20, 30, 40), K 
10 DRV(I)X 

RING =A(I) 
RETURN 

20 AA(I)A(I) 
A(I)A(I) + DH *DRV(I) 
RING =A (I ) 

RETURN 
30 DRV(I)=X 

RING =A (I ) 
RETURN 

40 A(I)AA(I)+ 2. 0*DH*DRV( I) 
RING =A (I ) 
RETURN 
END 
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Inner Gimbal Friction Subprogram, RNDIG(U1, U2, U3, U4) 

FUNCTION RNDIG(U1, U2, U3, U4) 
IF(U1)1, 1, 2 

1 IXI= 3562957 
2 XI =O.O 

DO5L =1,12 
CALL UNIFORMS (IXI) 
FIXI =FLOAT (IXI )/ 8388608.0 
XI =XI + FIXI 

5 CONTINUE 
RNDI =XI- 6.0) *U2 + U3 

RNDIRNDI + U4 
RETURN 
END 

Outer Gimbal Friction Subprogram, RNDOG(V1, V2, V3, V4) 

FUNCTION RNDOG(V1, V2, V3, V4) 
IF(V1)1, 1, 2 

1 IX 0=1592653 
2 X0=0.0 

DO 5 L=1, 12 

CALL UNIFORM1( IXO) 
FIXO= FLOAT( IXCp)/ 8388608. 0 

XO=XO + FIXO 
5 CONTINUE 

RNDO=(XO-6.0)*V2 + V3 
RNDOG=RNDO + V4 
RETURN 
END 
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Appendix II. Flow Diagram 



PROGRAM 
GYRO 

/READ 
AKA, AKI, TC, 
AKM, AKT, H 

READ 

AINIG, AINOG, 
ACI, ACO 

/READ 

DEL, PRT, TT 

SI, SO, AMI, AMCQ, 

SLRI, SLRc 

/READ 
SCI, SCÇ , OSI, 
OSO 

i 

READ 

M, ALT 

/READ 
SAT 

W 

WRITE 
PROGRAM TITLE 
306 

'WRITE SCALE 

FACTORS 395, 308, 
401,310,312,314, 
316 

WRITE 
AINIG 
422 

W 

WRITE FRICTION 
PARAM. 391, 392, 
393, 394 

WRITE SCORSBY 

PARAMETERS 

411, 412, 413 

WRITE SIGN 

CONVENTION 
318, 320 

WRITE INITIAL 
CONDITIONS 
420 

WRITE 
AINIG 

421 

122 

if 

i 

i 
/READ 

W 

f---- 

<0 
AINIG 



WRITE 
AINQG 

426 

<0 

WRITE 
AINQG 

427 

<0 

WRITE 
ACI 
460 

3 

WRITE 
AINQG 

42 S 

ACI 

<0 

WRITE 
ACQ 
465 

WRITE 
ACI 
462 

WRITE 
ACI 
461 

>0 

V 

WRITE 
ACQ 
466 

123 

(AINQG) 
1- 0 

-------f 

>0 

ACQ 

ir 
WRITE 

ACQ 
467 

0 

o 



I 

12 

,__ -- - 

Z W W 

124 

WRITE WRITE WRITE WRITE WRITE 
NORTH HEAD, SOUTH HEAD, EAST, HEAD, WEST HEAD, NORTH -EAST 
ALT ALT ALT ALT HEAD, ALT 
341 342 `3 - 344 34 5 

WRITE 
DEL, PRT, TT 
351 

WRITE 
DATA HEADINGS 
355, 360 

B2 = AKM*AKT 

B3 = 3439.49 

Q)SI 

WI = 0.0 

=0 

CQSCÿ 

i=0 

WQ=0,0 

1 

TSI = 60. 0/QSI 

WI = 2n /TSI 

TSQ = 60 0/QSQ 

WQ = 2 Tr/TSQ 

BIG = SCI *WI *60. 

BQG= SCQ *WQ*60, 

ii 

I 
- -- ,- 

I 

13 

`11 

1 

4 
I 

i 

>0 



ITER = PRT /DEL 
DH = DEL /2.0 

T=0.0 
K=0 
I =0 
J =0 

M 

Il 
L 

1 

j2 3 14 

125 

- -T 

SIG = 0.0 SIG = 0.0 SIG = -1.0 SIG = 1.0 SIG = . -.707 
SQG = -1.0 SQG = 1.0 SQG = 0.0 SQG = 0.0 SQG = -.707 

ERT = (. 25/60 *COS(ALT /57.3) 

EI = SIG *ERT 

EQ = SQG *ERT 

EAI = EI*T 

EAQ = kXÿ*T 

BRTIG = BIG *CQS(WI*I') 

BRTQG = BQG *CQS(WQ*T) 

W W 

T- _ 
IS 

W it 



 

CQ = 1. 0 

<0 

0 
<0 >0 

BRTQG ® 
=0 

BRTIG 

=0 

CQ=0.0 

TQG = 0.0 

=0 

CQ=-1.0 

0 

TQG = CQ*RNDQG(T, SQ, AMQ, 
SLRQ) 

126 

BRTQG - BRTIG 

=0 

OM >0 0 
P7=0.0 

AINIG 

1>0 
P13 = 0.0 

P13 =AINIG 
A(1) = P7 

A(2) = P13/57. 3 

T 

0 

o 



C5 

BRTIG 

= 

BRTCd G 

BRTIG .. BRTCOG 

CI=0.0 

TIG=0.0 

CI = 1. 0 

127 

TIG = CI*RNDIG(T,. SI, ..AMI, 

SLRI) 

T 

P21=0,0 

AINqG 

P27 =AINQG 

G 

P27 = 0. 0 

A(3) = P21 

A(4) = P27/ 57. 3 

<0 

<0 

0 

>0 

0 



RTIG = (B3*TCÿG)/H 
RTQG = (B3*TIG)/H 
ANGIG = P13 
ANGQG = P27 

W 

WRITE (T, RTIG, 
ANGIG, RTQG, 
ANGQG) 380 

K =K+1 

>n 
V 

DRP7 

P7 = SAT 

A(1) T SAT 

I = I + 1 

FIG = (ACI- ANGIG) *AKA 

DRP7 = (FIG *AK1- P7) /TC 
DRP13 = (P7 *B2 +TQG) /H 

ABS(P7) - SAT 

P7 = -SAT 

A(1) =-SAT 
I = I + 1 

K-2 

K-2 
)_a 

DRV(1) 
_ DRP7 

P7 = RING(DRP7) 

P13 = RING(DRP13) 

128 

P7 



F9G = (ACQ-ANG9G)*AKA 

DRP21 (F9G*AK1-P21)/T C 

DRP27= (P21*B2 +TIG)/H 

ABS(P21)-SAT 

DRP21 

P21 = SAT 

A(3) = SAT 

I = I + 1 

P21= -SAT 

A(3) =-SAT 

I = I + 1 

K-2 

P21 

<p 

DRP21 

V 

K-2 

DRV(3)DRP21 

P21 = RINGPRP21) 

129 

P27 = RING(DRP27) 

Y 

Y 
145 

4 



ANGIG = 57, 3*P13 + EAI 
ANG9G = 57. 3*P27 + EAQi 

RTIG = B3*DRP13 
RTCdG = B3*DRP27 

130 

ITER -J 

<0 

WRITE 

"END OF RUN" 

390 

J 

WRITE 
(T, RTIG, ANGIG, 
RTCdG, ANG9G) 3 80 

I=0 

K = K + 1 

K=K+1 

K-4 

T = T + DH 

K=1 
J=J+1 

J=0 

TT -T 

C WEDS 

I 

( 



INTEGRATION SUBPROGRAM - FUNCTION RING(X) 

---I------- -r--------1 
1 1 

12 13 k 
I 

I 

1 

W AA(I) = A(I) 

V 

A(I) =A(I) +DH*DRV(I) 

RING = A(I) 

RETURN 

A(I) =AA(I)+2DH*DRV(I) 

RING = A(I) 

131 

RETURN 

-- 

W 



INNER GIMBAL FRICTION SUBPROGRAM 

132 

CALL 

UNIFORM 1 

(IX) 

FiXI = FLgiAT(IXI)/8388608.0 

XI=XI+FIXI 

L-------- 

RNDI = (XI-6, 0)*U2+U3 

RNDIG = RNDI + U4 

RETURN 

r- 
I 

= 3562957 

111 

=0 

XI 0.0 

5 

L=1,12 



OUTER GIMBAL FRICTION SUBPROGRAM 

133 

RNDQG 

(V1, V2, \ V4) j 

CALL 

UNIFCQRM 1 

(IXQ) 

FIXq = FLQAT(IXCQ)/8388608. 

X9 = X(ö + FIXq 

I----- 
RNDQ = (X(p-6. 0)(V2 + V3 

RNDQG = RNDQ + V4 

J 

IXQ = 1592653 

V1 

XQ=0.0 

5 

L=1,12 

RETURN 
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Appendix III 

Table III -A. Primary FORTRAN variables used in the simulation program. 

Parameter 
used in block 
diagram 

Ka 

K1 

T 

Km 

Kt 

H 

6, 9 

e 
i 0 

T Ti , 
o 

66 
ai 

, 
ao 

0i' o 

Definition of variable Units FORT RAN 

variable 

Accelerometer scale factor 

Gain of the operation amplifier lag circuit 

Time constant of the operational amplifier lag 
circuit 

Modulator- amplifier scale factor 

Gyro torquer scale factor 

Angular momentum of the gyro wheel 

Precession rates of the I. G. and O. G. 

Spin axis displacement from vertical on I. G. 

and O. G. 

Initial spin axis displacement about I. G. and O. G. 

Eärtli's rate 

Component of earth's rate seen on I. G. and O. G. 

Component of earth's displacement seen on I. G. 

and O.G. 

Total instantaneous friction torque on I. G. and O.G. 

Mean bearing friction on I. G. and O. G. 

Mean slip -ring friction on I. G. and O. G. 

Bearing friction standard deviation on I. G. and 
O. G. 

Acceleration input to I. G. and O. G. in degrees 
of tilt 

Gyro base rates about the I. G. and O. G. axes 

Scorsby frequency about the I. G. and O. G. axes 

Maximum scorsby tilt displacement about the I. G. 

and O. G. axes 

Latitude at which the gyro is positioned 

Gyro heading designator 

Time 

Integration interval 

Print interval 

Total program run time 

VDC /deg 

Sec 

VAC /VDC 

Dyne-cm/VAC 

Dyne-cm-sec 

Deg /min 

Deg 

Deg 

Deg /sec 

Deg /sec 

Deg 

Dyne -cm 

Dyne -cm 

Dyne -cm 

Deg 

Deg /min 

Cycles /min 

Deg 

Deg 

Sec 

Sec 

Sec 

Sec 

AKA 

AK1 

TC 

AKM 

AKT 

H 

RTIG, RTQG 

ANGIG, ANGQG 

AINIG, AINQG 

ERT 

EI, EQ 

EAI, EAQ 

TIG, TQG 

AMI, AMQ 

SLRI, SLRQ 

SI, SQ 

ACI, ACQ 

BRTIG, BRTQG 

QSI, QS9 

SCI, SCQ 

ALT 

M 

T 

DEL 

PRT 

TT 

ei, 
o 

e h' 800 

We 

(a)ei' Weo 

i 


