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From the energy of distortion theory a relationship between the 

stresses in any material at failure can be written. The derived for- 

mula indicates that any increase in one of the stress components will 

reduce the sum of those remaining. When applied to wood, for ex- 

ample, an increase of perpendicular -to- the -grain compressive stress 

cr 
Y 

, with with longitudinal stress a negligible would reduce the shear 

stress, T, at failure. A testing program was undertaken to measure 

the relationship between T, at failure and 6 . The investigation 
Y 

showed that there was a statistically significant increase in T at 

failure as the compressive was increased, contrary to the re- 

sults predicted by the energy of distortion theory. 

A finite difference numerical solution to the partial differential 

equation for Airy's stress function was used to compute the stress 

components in a wood beam. The solution is in the form of a 

C' É 

Cr f 

U 



computer program, which was rewritten incorporating several im- 

provements. The results from the computer solution and the relation- 

ship between the T at failure and o- were combined to calculate 
Y 

an effective T and develop a design procedure based on the effec- 

tive T . 
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EFFECT OF VERTICAL COMPRESSIVE STRESS 
ON SHEAR STRENGTH OF WOOD BEAMS 

I. INTRODUCTION 

A formula expressing the relationship between the stress com- 

ponents in wood at failure was derived in a report by C. B. Norris (7). 

From the energy of distortion theory, it is given as 

where 

2 2 2 

fl f2 f12 flf2 
2 

+ 
2 2 F F F2 F2 

12 
1 

fl = longitudinal stress 

f2 = Cr , transverse or perpendicular -to -grain stress 
Y 

f 12 = x Y 
, shear stress 

F1' F2, and F12' maximum strengths respectively. 

The energy of distortion theory was developed from the analytical 

work of Huber, von Mises, and Hencky (10). The principle assump- 

tions made by Huber, von Mises, and Hencky were that the material 

was isotropic and that failure was associated only with the energy 

absorbed in changing shape. Since the energy of distortion theory 

assumes an isotropic material, additional modifications were neces- 

sary before it could be applied to an orthotropic material. Norris 

assumed that an orthotropic material was composed of an isotropic 

material with regularly spaced voids. Norris (7, p. 9) stated: 

It can readily be seen that the voids introduced in the 
isotropic material to make the orthotropic material need 
not be rectangular prisms, but might be ellipsoidal or 
any other shape without disturbing the validity of the 

+ 

o- 



2 

theory. Also, the voids need not be equal in size nor 
uniformly spaced or oriented so long as, macroscopically, 
the material is orthotropic because of the manner in 
which the values of strengths, F, are determined. For 
the same reason, the solid material need not be isotropic 
but may be aeolotropic. 

Investigating the stresses at the neutral axis of a wooden beam 

near a support, one finds only f2 and f12. Thus the failure cri- 

terion would be 

f 
22 2 

+ 

f 2 
12 

= 1 

F2 
2 

F 2 
12 

Hence, as f2 is increased, f12 would decrease at failure. 

Intuitively, it appears as if the contrary could be true, i. e. as the 

compressive o- is increased an increase in the shear stress at 
Y 

failure would occur. 

From this insight, it was proposed to determine experimentally 

the relationship between the compressive o and T at failure 
Y 

and to apply that relationship to the design of a wood beam. Before 

the relationship could be applied to the wood beam, the state of 

stresses, the longitudinal stress o- , 
x 

transverse stress , and 
Y 

T can be calculated from elementary strength of materials theory, 

but not o- . This necessitated the use of a more sophisticated meth- 

od of analysis. From the results of the analysis and the experimental 

relationship between o- and T, and effective T can be calcu- 

lated and a design procedure determined for the wood beam. 

. 

. 

Y 
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U. RELATIONSHIP BETWEEN o- AND T 
Y 

Proposal for Use of Mohr's Theory of Failure 

In 1882 Otto Mohn (16), a German engineer published an article 

on his "Circle of Stress" method of stress analysis. Basically his 

method is a graphical representation of the relationships between the 

stresses at a point in a material. The Mohr diagram for the stress 

at a point in a material is the locus of points describing the stress 

conditions on any plane passing through the point. The diagram is a 

circle with its center on the normal stress axis. Figure 1 shows the 

various relationships between the stresses involved, 

where 

v = normal stress in y direction 
Y 

o- x 
= normal stress in x direction 

T = shearing stress 

61 = maximum principal stress 

0.2 = minimum principal stress 

T = maximum shearing stress max 

= angle between planes on which 61 and o-x act. 

Results of tests for different combinations of principle stresses 

at failure are plotted in Figure 2 with a Mohr envelope drawn tangent 
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Figure 1. Mohr diagram of stresses (10, p. 55). 

Mohr envelope 
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Figure 2. Envelope of failure formed by Mohr circles (11, p. 15). 
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to the Mohr circles, which represents T as a function of o. 

In the study of soil mechanics, Mohr's theory of failure and the 

Mohr diagram are widely used (1, 14). The Mohr diagram is used to 

graphically described the cylindrical compression test, the direct 

shear test and other aspects of the study of soil mechanics. Figures 

3 and 4 illustrate the use of the Mohr diagram for the two tests. For 

both illustrations: 

Of = angle of failure plane from horizontal 

= angle of maximum obliquity, 

olomb's Law, first introduced in 1773 (16), is another form of 

the Mohr diagram that describes the shear failure in soils. It is of 

the form 

where 

S = c IT tan 4 

S = shearing stress at failure or shearing strength 

o- = normal stress 

= angle of shearing resistance 

c = apparent cohesion. 

Graphic representation of shear failure in soils is illustrated in Fig- 

ure 5. 

The Mohr diagram is used in the study of combined stresses in 

4, 

m 
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concrete (4). It is probably not the most accurate method of analysis, 

but undoubtedly the most convenient. Figure 6 illustrates a general 

case of the state of stress in concrete. The notation is that normally 

used for concrete with the Mohr diagram being very similar to those 

shown previously. 

It was proposed to use Mohr's theory of failure for the 

study of combined stresses at failure for wood. The choice of Mohr's 

theory was partially based on its flexibility of application, that is, it 

is empirical in nature and assumes that failure is by shear. 

Description of Tests 

Two separate methods were devised to test the shearing stress 

at failure when a stress, a- , perpendicular -to- the -grain was ap- 
Y 

plied. For the two methods used, separate testing fixtures were de- 

veloped. The first fixture, later referred to as the A -type, was de- 

signed to test the specimen by loading it as a beam and forcing a 

shearing failure adjacent to the support. Two saw cuts in the speci- 

men next to the support where failure was to occur were used to in- 

duce the shearing failure. The shearing force was applied vertically 

through a small steel distribution plate by a Southwark -Emery hydrau- 

lic testing machine. The stress 6 was applied by a lever arm and 
Y 

hanging weights as is illustrated in Figure 7. The second testing fix- 

ture, B -type, was developed around the ASTM Shear -Parallel -to- 



Figure 5. Graphic representation of Coulomb's Law for 
shear failure in soils. 
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Grain test fixture (13). A similar method as in the A -type test for 

applying 6y was used, that is, a lever arm and hanging weights 

(Figure 8). The method of shearing the specimen was by a vertically 

sliding plate resting on the notched portion of the specimen, as shown 

in Figure 10. The larger portion of the specimen was held in the 

body of the testing fixture by a rectangular plate attached to the fix- 

ture frame, which was to prevent any movement of the specimen. 

Movement of the specimen would affect the results since an 1/8 inch 

offset of the stationary shearing edge was required to avoid any com- 

pressive affects due to deviations in the slope of grain of the speci- 

mens. The 1/8 inch offset is an ASTM requirement for the Shear- 

Parallel-to-Grain test, and is incorporated into the testing fixture. 

Annual ring orientation, in both cases, was at random with respect 

to the shearing plane. 

Sample Size and Preparation 

The sample chosen for testing consisted of four pieces of 

straight grained kiln -dried coast region Douglas -fir from which test 

specimens were cut. The sample size was arrived at by use of the 

sample size relationship (2) 

n = ( á)2 



axn4xu 2u-psa4 uauztaads-a g aan21,3 

aanixi3 $upsal. uauziaads-y L aan$t3 

01 



where 

n = sample size 

t = statistical t- value, 1.96 at 95% significance level 

s = standard deviation of shear strength 

d = desired deviation. 

11 

For coast region Douglas -fir s = 96 psi (18, p. 38), with the desired 

deviation, d, being 10% of the mean, or (0. 1)(907) = 90.7 psi 

(18, p. 38). The sample size was then calculated as 

n (1. 96)(96) )2 4. 25 
90. 7 

or rounding off to n = 4. 

From each piece, which was approximately 1 1/2 x 5 1/2 x 48 

inches, small blocks were cut measuring 1 1/2 x 1 1/2 x 5 1/2 

inches. The blocks were kept in order as they were cut for the pur- 

pose of segregating into replicates later. Before any labeling was 

undertaken every third block was separated from the remainder and 

set aside, thus leaving two groups of blocks from each piece of wood, 

with one group twice as large in number as the other. 

The blocks from the smaller group were cut into two pieces 

each with dimensions of 1 1/2 x 1 1/2 x 2 inches, leaving both groups 

of blocks of equal number, but of different dimensions (Figure 11). 

Numbering of the pieces consisted of three identification marks, 



12 

for example, 2 -13 -B, where the 2 denoted piece number either 1, 2, 

3, or 4, 13 denoted block number within each piece, and B was the 

type of test fixture for which the block was to be used. 

Next, the 72 blocks of each type were then separated into repli- 

cates, or as close to identical groups as possible, which were to be 

used for testing later. Six replicates of 12 blocks each were prepared 

by taking three blocks from each of the four pieces of wood. Blocks 

for all replicates were systematically chosen at the same time. As 

an example, the first replicate consisted of blocks 1, 7, and 13 from 

each of the four pieces. The second replicate consisted of blocks 2, 

8, and 14. 

Labeling was completed and each block was cut to the dimen- 

sions shown in Figures 9 and 10. After final preparations the blocks 

were designated as specimens. 

The B- specimen, a modification of the ASTM Shear-Parallel- 

to-Grain Test speciman (13), was changed by reducing the overall 

height from 2 1/2 to 1 1/2 inches and the overall width from 2 to 1 1/2 

inches. The modifications were required for two reasons. First, it 

was necessary that both A and B- specimens were to be cut from the 

same piece of wood, to assure replicate similarity. Secondly, an an- 

ticipated increase in shearing stress, due to the applied compressive 

stress perpendicular -to- the - grain, o- , would consequently in- 

crease the compression - parallel -to- the -grain on the loading surface, 
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thus indicating a need for a reduced shearing area. The ASTM speci- 

men has a four square inch shearing surface and the modified speci- 

men 1 1/2 square inches. The modification reduced the loading sur- 

face area from 1 1/2 square inches to 1 1/8 square inches. 

When segregation of all the specimens was completed, each 

replicate was arranged on an open table top and allowed to air dry 

until equilibrium with the atmosphere was reached. The point of 

equilibrium was reached after several days and was determined by 

observing the daily specimen weights. The specimens were then 

bundled and sealed in plastic bags for testing later. 

Testing 

The testing was completed in two separate parts, the A- 

specimens and the B- specimens, The A- specimen testing consisted 

of loading the specimen as a beam (Figure 9) at the quarter point 

nearest the shearing plane. The specimen was placed in the testing 

fixture on steel blocks so arranged to provide a two inch span with 

the saw cuts directly over one of the interior edges of one of the steel 

supports. Each of the 1/2 inch steel plate supports were larger than 

the bearing area with a 1/4 inch plywood spacer used to maintain the 

two inch span. After the specimen was placed in the fixture a small 

steel distribution plate was placed on top of the specimen with one of 
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its edges coinciding with the top saw cut. This distribution plate had 

a provision for a loading point at 1/2 inch from the saw cut, or at the 

1/4 span point. The point of a 3/4 inch steel rod was placed on the 

loading point while the testing machine head was lowered into place. 

Next, the compressive o- , at levels of 0, -150, -300, and -450 
Y 

psi, was applied through the use of weights, a container for the 

weights and a _ 10 to 1 lever arm. The reaction for the applied force 

was assumed by the fixture which in turn was fastened to the testing 

machine platform. After application of the selected o- , the shear- 

ing force was then applied by the testing machine through the machine 

head at a rate of O. 020 inch per minute, which when considering fluc- 

tuations was within the ASTM standards for the shear- parallel -to- 

grain test of 0. 024 inch per minute + 25% (13). 

The specimen specific gravity and moisture content were de- 

termined by standard procedures as outlined by the "ASTM Standards" 

(13). 

The procedure was then repeated using the B- specimens and the 

B- testing fixture. 

Results 

Since two different testing fixtures were developed to test the 

same phenomenon, that is, the effect of compressive o- on the 
Y 

shearing stress parallel to grain, T, at failure, a comparison of 
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the results from both would be advantageous in determining the valid- 

ity of the test information. Several comparisons were possible from 

the data, because of the two testing fixtures and four different pieces 

of wood. Statistical methods (5) were used for comparing the differ- 

ent fixtures, pieces of wood, and v stress levels. A three -factor 
Y 

factorial experiment was used to test the compatibility of the testing 

fixtures in relation to the observed shear strengths. The results of 

these tests are shown in Table 1 along with the other statistical test 

results. Analysis of variance and homogeneity of regression coeffi- 

cients calculations are shown in the Appendix, Tables A-1 through 

A-10. Line 1 of Table 1 gives results indicating that there was a sig- 

nificant difference in shear strength as the stress perpendicular-to- 

the-grain, o- was varied. Machine compatibility was not demon- 

strated as is shown in line 2. Dissimilarity of shear strengths for 

the various pieces of wood is indicated in line 3. Lines 4, 5, and 6 

indicate a linear relationship between shear strength and 6 , a 
Y 

difference in shear strength with changes in 6 , and a non -zero 
Y 

slope of the linear relationship between shear strength and o , re- 

spectively for the A- specimens. B- specimens tests similar to lines 

4, 5, and 6 are shown in lines 7, 8, and 9. Homogeneity of regres- 

sion coefficients or the slopes of the regression lines is shown in 

lines 10 and 11 for the A and B- specimens respectively. Line 12 in- 

dicates homogeneity of regression coefficients for the testing fixtures. 

Y 



18 

Table 1. Summary of statistical tests. 

Quantity tested Tables* 
and /or of 

Line ..statistical calcula- 
no. test used tions 

1 Shear strength A -1 
data 3- factor 
analysis of 
variance. 

2 Machine corn- A -1 
patibility. 

3 Comparison of A -1 
pieces of wood 
selected. 

4 Linearity of A- A -2 
specimens shear 
strength data. 

5 Difference in . A -2 
shear strength 
with varied Cr 

for A- specimens. 
6 Non -zero regres- A -2 

sion line slope, 
A- specimens. 

7 Linearity of B- A -3 
specimens shear 
strength data. 

8 Difference in A -3 
shear strength 
with varied ÿ, 
for B- specimens. 

9 Non -zero regres- A -3 
sion line slope, 
B- specimens. 

10 Homogeneity of A -4 
regression coef- 
ficients or slopes, 
A- specimens. 
Homeogeneity of A -5 
regression coef- 
ficients, B- specimens. 

12 Homogeneity of A -6 

11 

regression coef- 
ficients for test- 
ing fixtures. 

13 Linearity test for A -7 
combined data. 

14 Difference in A -7 
shear strength with 
varied 6y for 
combined data. 

Degrees 
of 

free - 
dom 

Criti- 
Calcu- cal 
lated F 

F a =. 01 

Sig- 
nifi- 
cant 

Graphical 
Physical interpretation representation 

3, 64 88.3 4. 12 x Shear strength varies as Fig. 15 

Cr varies. 
Y 

1, 64 148 7.08 x Machines or fixtures did 

not give same results . 

Fig. 12 

3, 64 24.2 4. 12 x Pieces did not yield 
similar values of 
shear strength. 

Figs. 13 

and 14 

2, 44 0.356 5.22 Linearity of data. Fig. 12 

3, 44 36. 1 4.35 x Difference in shear 
strength indicated for 

Fig. 12 

A- specimens. 

1, 44 107 7.36 x Non -zero slope. Fig. 12 

2, 44 2.74 5. 22 Linearity of data. Fig. 12 

3, 44 17.3 4.35 x Difference in shear 
strength indicated for 

Fig. 12 

B- specimens. 

1, 44 46.7 7. 36 x Non -zero slope. Fig. 12 

3, 40 3.52 4.31 Regression coefficients 
or slopes are the same 
for A- specimens. 

Fig. 13 

3, 40 0.618 4.31 Regression coefficients 
same B- specimens. 

Fig. 14 

1, 92 

2, 92 

2. 74 

1.02 

6. 96 

4. 87 

Regression coefficients 
same for both testing 
fixtures, 

Linearity. 

Fig. 12 

Fig. 15 

3, 92 22.6 4.04 x Difference in shear 
strength. 

Fig. 15 

- 
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Table 1, Continued 

Quantitytested 
and /or 

Line statistical 
no. test used 
15 Non -zero slope 

for combined 
data. 

16 Replicate simi- 

Tables* Degrees 
of of 

calcula- free- 
tions dom 
A -7 

A -8 
larity of specific 
gravity during 
test. 

17 Replicate simi- A -9 
larity of specific 
gravity after 
drying. 

18 Replicate simi- A -10 
larity of moisture 
content. 

Criti- 
Calcu- cal Sig- 
lated F nifi- 

F a =. 01 cant 
1, 92 65. 8 6. 97 x 

3, 80 0.973 4.64 ** 

3, 80 1.299 4.64 ** 

3, 80 2.80 2. 93 ** 

Graphical 
Physical interpretation representation 
Non -zero slope. 

Similarity of specific 
gravity for different, 
values of 

Similarity of specific 
gravity for different 
values of 0 y in dry 
condition. 
Moisture content same 
for different values of 

6 
Y 

*Tables designated by A to be found in appendix. 

** a = 0.005. 

Y 
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Lines 13, 14, and 15 are similar to 4, 5, and 6 except that they are 

for the combined data. Specific gravity replicate similarity, both dur- 

ing testing and in the dry condition, is shown in lines 16 and 17, with 

replicate similarity meaning equal values at the various o- values. 
Y 

The average values for specific gravity before and after drying were 

0. 458 and 0. 483, respectively. Likewise, moisture content replicate 

similarity is shown in line 18, with an average of 5. 09 %. 

Graphical representation of the shear strength data vs. o 
Y 

is shown, for the two testing fixtures, in Figure 12. Regression 

lines for the separate pieces of wood for both testing fixtures is 

shown in Figures 13 and 14. The combined data regression line is 

shown in Figure 15. 

Conclusions 

Recalling the hypothesis, that an applied stress perpendicular- 

to- the - grain, o- , for a given wood sample affects the parallel to 
Y 

grain shearing stress, T, at failure, it has been shown that as the 

compressive T 
y 

increases an increase in the shearing stress, T, 

is linear over the selected range of o- . The relationship from the 
Y 

combined data of the tests is, T _ 773 - 1.402o- where all quanti- 
Y 

ties are in psi. 
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III. STRESS ANALYSIS OF A WOOD BEAM 

The conventional method of stress analysis used for wood is 

simply ox - , and T = I , where 

a- x = normal stress in longitudinal direction 

M = bending moment in beam 

y = distance from cross - section neutral axis to point at which 

stress 6 x occurs 

I = moment of inertia of cross - section about neutral axis 

T = shear stress 

V = total shear in beam 

Q = statical moment about neutral axis of that portion of the 

cross - section that lies outside the point where T occurs 

t = thickness of beam 

Due to the simplicity of the expressions several assumptions were re- 

quired to allow their application. Of particular interest is Saint - 

Venant's principle, which states, 

...that two different but statically equivalent force sys- 
tems acting on a small portion of the surface of an elastic 
body produce the same stress distribution at distances 
large in comparison with the linear dimensions of the por- 
tion of the surface on which these forces act (8, p. 13). 

This indicated that a more accurate method of analysis was 

necessary :near points of concentratled loads. It was possible to use 

a more spphisticated method of stress analysis.based on the theory 

111 
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of elasticity for an orthotropic material. The method consists of 

mathematically relating the structural element, the beam; the 

boundary conditions, the loading; and the stresses in the beam by 

means of a stress function. 

Development of Method 

An arbitrary structural element, Figure 16, of uniform thick- 

ness, which reduces the problem to that of plane stress (17), was cho- 

sen and loaded on the edge by stress components X and Y, where 

= o- +mT 
x xy 

Y = ma- +.Q T 
y xy 

and f and m are direction cosines of the normal N. For a 

rectangular plate or beam loaded on the edge parallel to the x -axis 

the expressions reduce to 

X = ±T and Y = ±a- xy y 

The condition of strain compatibility for the plane stress prob- 

lem is derived in Timoshenko and Goodier (17) and is given as 

2 2 2 
ô Ex ô ey a 

y2 x2 axay 

where E 
X 

= strain in x- direction 

E = strain in y- direction 
Y 

y = shear strain. xy 

X 

Yxy 

a y 8. 



Equilibrium equations (17) must be satisfied and are given as 

ao- aT 

ax ay - 0 

ao- aT -- + xy - 
ay ax 

Using Hooke's law and introducing the stress function, W, where 

2 2 2 

6X 
a W 6- = 

a W and T 
axa y ay y ax y 

the stress function then must satisfy the equation 

a4W +2 a4W a4W + - 0 

ax4 ax2ay2 ay4 
(1) 

Expansion of the equation for use on orthotropic materials leads to 

the expression 

84W+C 84W +C 84W 
- 0 

ax4 
xy 

ax2ay2 y 4 ay 

where 
E 

C - - 2µ 
xy G yx xy 

C = E /E . y y x 

Substitution of 

(2) 
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Ex = Ey, µxy = µ, and G = 2 (l+µ) 

into Equation (2) will yield Equation (1) as expected. 

Finite Difference Solution 

A direct solution of Equation (2) was not possible, but by re- 

placing it by difference equations, an approximate solution was pos- 

sible as outlined by Timoshenko and Goodier (17). For the finite dif- 

ference approach, a finite number of points were selected on the sur- 

face of the plate by subdividing it with lines spaced Ax and Ay 

apart in their respective directions yielding an orthogonal net. 

Difference equations were then written for each unknown net 

point, with the equations being of the form 

C1(W1+W3) + C2(W2+W4) + C3(W6+W8+W10+W12) + C4(W7+W11) 

+ C5(W5+W9) + C + CoWo = 0 (3) 

where the respective W values are indicated in Figure 17 and the 

coefficients C are given as 

6 Cxy 6_ C0 4+4 2 + 4 
Ax Ax Dy Ay 

-4 2Cxy 

C1 ' 4 2 2 
Ax Ax Ay 
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-4C C 
_ ---- xy 

2 
Qy4 2 

C 
xy 

C3 2 2 
Ax Ay 

C C4= 
Ay 

1 

C5 4 
Ax 

At the boundaries the stress function has known values which are cal- 

culated from the predetermined boundary conditions and were substi- 

tuted into Equation (3) as required. 

Unsymmetrical Loading Condition 

In order to solve an unsymmetrical loading problem, it was 

necessary to compute two separate sets of boundary conditions, one 

for the symmetrical loading condition and one for the antisymmetric 

condition. By combining the symmetric and antisymmetric conditions, 

an unsymmetrical loading condition was produced which avoids the 

necessity of computing stress functions for the entire beam. Illus- 

trated in Figure 18 is the technique used to create the unsymmetrical 

loading condition. 

The method used to avoid calculating values for the entire beam 

was to consider W(x, y) = W( -x, y) for the symmetrical case and 

C2 
Ay Ax Ay 

_ 
4 
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Figure 16. A thin slice or plate loaded along its 
boundary. 

7 

A 

8 2 6 

j 9 3 0 1 5 
) 
, 

10 4 12 

Y 
11 

..c 4@e 4- 

Figure 17. Grid point identification. 

y 



Formation of unsymmetrical loading condition. 
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W(x, y) = -W( -x, y) for the antisymmetrical case (17). 

Boundary Conditions for Symmetrical Loading Condition 

The boundary conditions for the symmetrical condition were 

then derived for the general loading condition as shown in Figure 19. 

The general equations to be solved are as follows 

The sign convention used was plus for tension and minus for compres- 

sion. Starting at Pl, no loading condition occurs and the value of 

the stress function is zero, and remains zero over the boundary seg- 

ment P1 -P2. From P2 to P3 

- = Yds = $(4)(ds) 
1 

solving the equations 

aW 
ay ST"Cds=o 

aW ^(-x3)x+C 
ax B 1 

aW SVds 
ax 

aw =('xds. 
ay J 

axr J 

- 
1 

3 W=(-$)22 +C1x+C2 
1 
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For convenience the common factor 1/A has been omitted from the 

equations. 

At the common point between two different loading conditions, 

the values of the stress function are equal for both loading conditions. 

This also applies to its partial derivatives as illustrated below. 

2 0=(-B2 
1 

x 
0 = - 3-3-X + C1 

1 

W's equal 

3W 
ax 

s equal 

2 

at x = x C= x3x 1 X3x l and C2 
1 1 B1 2 2B1 

Substituting back into the stress function equation yields 

2 

x3 2 x3x1 xl x3 
- W - ( )x + ( 

B )x 2B 
1 1 1 

Similarly the remaining equations for the stress function were de- 

rived for the remaining boundary segments and are given below. 

x 
P3 to P6 W = -x3x + 

2 
+ x1x3 

2 x2 x2 x B 
P6 to P7 W=- + x3x - 2+x3x- Z- 22 2 1+x1x3-x2x3 

2 x3B 
P7 to P8 W = - 2 

+ 1 x1x3 x2x3 + - 

Z 

+ 

-: 
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Boundary Conditions for Antisymmetrical Loading Condition 

The antisymmetric loading condition required a similar devel- 

opment of the boundary conditions. Laws of statics applied to the 

beam in Figure 20 gave a value of the reactions that were 
2x2 +x3 x3 

) (B times the applied loading per unit length. As in the 
( 2x1+B1 

symmetric loading condition the value of the stress function from 

Pl to P2 equals zero. The algebraic manipulations for segment 

P2 -P3 are as follows: 

2x2+x3 x3 
óW 
ax =J Yds =- (2x +B (i3-)(-cis) 

1 1 1 

óW 
2x2+x3 x3 

óx ( 2x 
1 

+B 
1 

)( g 
1 

)x + Cl 

At x = x1 and setting partial derivatives equal 

2x2+x3 x3 

C1 = ( 2x1+B1)( B1)xl 

and the stress function becomes 

2x2+x3 x3 x2 2x2+x3 x3x1 

W = -( 2x1+B1)( 2 
1) 

+ ( 2x1+B1)( 
)x + C2 . 

Setting W's equal at P2 yields 

- 

= - 
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W = 

2x2+x3 x3 x2 xl 
2x +B )(B)(-2+x1x-2 ). B 

1 
+B 

1 

Similarly the remaining stress functions for the various boundary 

segments were derived with the results listed below. 

2x +x 
P3 to P6 W = - ( 2 3 )(x )(x- 1 

2x1+B1 3 2 

2 2x +x B 

1 
P6 to P7 W = - 

Z + (x2+x3)x 
( 2x23 )(x )(x-- 

2 - xl) 
1+B 1 

2x2+x3 B x 2 

P7 to P8 W = x3x + ( 2x1+B1)(x3)(-x+21x1) 2 - x2x3 

Solution of Stress Function 

The values of the stress function a distance Ax or Ay out- 

side the boundary were calculated from the derivatives of the stress 

function at the boundary and were used later to compute the stresses 

at the boundary. The value of the partial derivative ô along the 

top and bottom edges of the plate equals zero which yielded stress 

function values for the exterior points equal to the adjacent interior 

points. Along the vertical edge or end of the beam for the symmetri- 

cal case 

aw 
ax 

- X3 

( 
1 

- xl ) 

2 
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and the antisymmetrical case 

a W 2x2+x3 

a x 
= 

- (2x1+B1) x3 

The values of the stress function for the exterior points were calcu- 

lated by assuming a straight line relationship between the interior and 

exterior points. The change in the stress function would then be 

a W (2ax) with reference to the first interior point. ax 

Difference equations for each of the interior grid points were 

written. When the coefficients of the equations were arranged in 

matrix form, an elimination process was used to solve for the un- 

known stress function values. 

Calculation of Stresses 

The stresses a- , 6 and T are expressed by the partial 
x y xy 

differential equations 

2 2 

Cr 

x 
= 

a 
Z , 6 = -a 2 , and T - - axa 

Y aX Y Y 

which when written in finite difference form become 

ay 
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(6x) = (W 2W 
0+W4) /A y2 

(6y)0 = (W1- 2W0 +W3) /ox2 

(Txy)0 T (W6-W8-W12+W10)/(4.6xAy) 

where the respective W values are indicated in Figure 17. 

The symmetrical loading condition required only one set of 

stress functions and respective stress values be calculated due to 

the symmetry of the problem, but for the unsymmetrical loading con- 

dition two sets of stress functions and stresses must be solved and 

the resulting stresses added together to achieve the final results. 

Computer Program 

A computer program written by C. K.A. Stieda (14) was revised 

and expanded to solve the problem previously discussed. Stieda's 

program was limited to symmetric uniform loading or a concentrated 

load at the center of the span with the solution of the difference equa- 

tions by the Gauss -Jordan elimination or inversion process. Revisions 

were undertaken to expand the program to solve unsymmetrical load- 

ing conditions and to develop a more efficient elimination process. 

The input data for the program consisted of the predetermined 

net size, i. e. the number of unknown points in the x and y direc- 

tions, the elastic constants for the material and the geometry of the 
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beam. With this information the program computes the necessary 

boundary conditions using the expressions previously derived, gener- 

ates the coefficients of the finite difference equations, solves for the 

unknown stress functions, and computes the stresses. 

Inversion Routine 

The replacing of the Gauss -Jordan elimination process by the 

more efficient Cholesky (9) method was necessary for two reasons. 

First, the Gauss -Jordan process required storage for the entire co- 

efficient matrix of the difference equations which limited the number 

of unknown interior points to about 90 with the machine storage avail- 

able. The number of unknown interior points using Cholesky's meth- 

od was increased to as high as 300 depending upon the number of un- 

known points selected in the x and y directions. This large in- 

crease in capacity was realized by observing the coefficient matrix 

was in a banded form, i, e. non zero values occupying a band from 

the upper left hand corner to the lower right hand corner. It was pos- 

sible, using Cholesky's method to arrange this band in a rectangular 

array, thus avoiding the storing of unnecessary zero values. Second, 

the computation time for Cholesky's method was only a small fraction 

of that for the Gauss- Jordan process. The proportional time savings 

for Cholesky's method increased as the number of equations increased. 
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Comparisons with Experimental Results 

After revision of the program,verifications of the results 

with known data were performed. Stieda (14) checked the results 

from the computer solution for the example problem given in Timo- 

shenko and Goodier (17) and found excellent agreement of values. A 

further check by this author was performed by comparing shear 

stress data calculated from measured shear strains by Cowan (3) 

with the revised finite difference computer solution. Beam dimen- 

sions and loading arrangement are shown in Figure 21. Shear stress 

distributions for Cowan's experimental data and the computer solu- 

tion are shown in Figure 22. The net size used was L = 9, M = 25 

with the elastic constants taken from the text of Cowan's report. 

From the comparison it was noted that agreement of values over the 

support was not good, but good results were obtained for profiles 

10, 11, and 12. From the illustration of Cowan's test set -up and 

from Figure 23, which shows vertical strains near the bottom of the 

beam in the support area, it was apparent that the support loading 

was not uniform as was assumed by the finite difference computer so- 

lution. An apparent inability of the west support to rotate led to a 

non -uniform loading distribution as the deflection of the beam in- 

creased. 

Cowan's problem was solved assuming several different net 
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sizes for comparison of results. Net sizes were varied by first fix- 

ing the number of unknown grid or net points in the x- direction at 

M = 25, then the number of points in the y- direction was varied with 

L = 5, 7, and 9. The process was repeated using M = 50 and 

again the number of points in the y- direction was varied with L = 4, 

5, and 6. Computer storage facilities were responsible for the 

limitations of the net sizes as L = 9, M =25 and L =6, M= 50. 

The number of equations, 225 in the first case and 300 in the second, 

varied due to the method of storing coefficients in the computer pro- 

gram, in either case the total storage required was at the maximum. 

Figures 24, 25, and 26 are plots of the output data for the above de- 

scribed problems. The profile plots of o- x 
along the beam at dif- 

ferent points do not change with different net sizes except at the cen- 

ter line or directly under the concentrated load. No significant dif- 

ferences for 6 were noted for the various net sizes. The profile 
Y 

for T adjacent to the concentrated load showed differences between 

the selected M values of 25 and 50. For all plots in Figures 24, 

25, and 26 points are plotted for only those profiles where significant 

differences were noted. 

Small differences were noted at the profiles in the area of the 

reaction, but due to the smaller absolute values of the shear stress 

the differences are of little consequence. 

Smith and Voss (12) solved the partial differential equation for 
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a concentrated load at the center of the span mathematically and com- 

pared their solution with experimental strain data as shown in Figure 

27. In addition, strain distributions for the elementary theory solu- 

tion and the finite difference computer solution were also plotted on 

the same axes. The mathematical solution by Smith and Voss pre- 

sented in Figure 27 was for a loading width of 1/4 inch with the strain 

distribution measured at 0. 40 inch from the center line of the beam. 

Restricted computer storage capacity and the uniform grid spacing 

limited the calculations to a shear stress profile at 0. 96 inch from 

the center line. 
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IV. SOLUTION OF PROPOSED PROBLEMS 

Two problems, that of a concentrated load and a uniform load 

were considered. Both cases were simply supported beams with load- 

ing and bearing contact areas chosen to limit the compressive stress 

perpendicular -to- the -grain at those points to less than or equal to the 

allowable value for Douglas -fir. For both problems, the geometry 

was designed in accordance with accepted standards (6) for wood 

beams. The concentrated load problem consisted of a simple beam 

with the concentrated load applied at a point three times the depth of 

the beam from the interior edge of the support or at the quarter span 

point, which ever was closest to the interior edge of the support. For 

the uniform loading problem, the load was distributed over the entire 

beam inside the interior edges of the supports. Length to depth of 

beam ratios were chosen at 5, 10, 15, 20, and 25, which would in- 

clude most design problems. Both problems are illustrated in Fig- 

ure 28. 

Elastic constants for coast region Douglas -fir were used in the 

solutions of the proposed problems. The constants are listed in 

Table 2. 

Solutions to the proposed problems for the various L /D's were 

obtained from the computer program which utilized the geometry and 

elastic constants described above. 
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Figure 28. Design beams. 
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Table 2. Elastic constants for coast region 
Douglas -fir. 

Elastic Constant Source 

E 

Ex= 0. 05 (19, P. 79) 
x 

Ex = 1,760, 000 spi (6, p. 5) 

Ey = (0. 05)(1, 760, 000) = 88, 000 psi 

=0.029 
G = (0. 06)(1, 760, 000) = 105, 000 psi 

E 

G = 0. 838 

79) 

79) 

Results and Comparisons with Conventional Theory 

Several comparisons between the conventional theory, i. e. 

o-x = 
My and T = It 

52 

and the finite difference computer solution 

were made and are illustrated in Figures 30,31,33, and 34. Figures 29 

and 32 indicates the stress profile locations used in the aforementioned 

illustrations. Differences between the conventional theory for the 

normal stress, Cr , and finite difference solution are noted for 
x 

stress profiles directly beneath the concentrated load and near the 

left reaction of L /D = 5. All other comparisons for the concentrat- 

ed load o x 
yield only slightly smaller values for the finite differ - 

ence solution. Very good agreement of x stress profiles for the 

uniform load problems are shown in Figure 31. 

From Figure 33 it was noted that significant differences exist in the 

(19, p. 

(19, P. 

x 

x 

Y 

p 
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Figure 30. Continued. 
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Figure 31. Continued. 
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Figure 33. T /P profiles for concentrated load. 

/ 

7") 

/ 

2 

4 

1 

..//// i 



Profile numbers 
3 

2 

L/D = 20 

3 4 

L/D = 25 

Figure 33. Continued. 

60 

1 2 4 

) 1 

/ 

1 

) 1 I 



61 
Profile numbers 

1 2 3 

L/D = 5 

elementary theory 
finite difference solution 

Scale 1" = 1.5 

1 

L/D = 10 

2 3 

L/D = 15 

Figure 34. T /P profiles for uniform load. 

1 2 3 

9 ) 

i 

J 

) 
'\ 

/ 

t 

- - -- 



1 

62 

Profile numbers 
2 

L/D = 20 

3 

L/D = 25 

Figure 34. Continued. 

9 

2 

) 



63 

shear stress distributions for profile numbers 1, 2, and 3 at LID =5 

and 10. Progressively observing the shear stress distributions from 

L/D = 5 to L/D = 25, it was apparent that the elementary theory 

and the finite difference solution gave more consistant results as 

L/D increased. Profile three for L/D = 5 was of particular in- 

terest when compared with the concentrated load problem solved by 

Smith and Voss, Figure 27. Shear stress distributions with higher 

values near the loaded edges as compared to the centerline values can 

be seen in both cases. 

Stieda (14) calculated stress distributions for a square plate 

that varied considerably from that given by the conventional theory. 

Figures 35 and 36 are reproductions of some of Stieda's results for 

an orthotropic material oriented with the grain direction horizontal. 

Little agreement of the finite difference solution and the elementary 

theory is observed in Stieda's results of A/B = 1. 
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V. COMBINED RESULTS 

Application of the previously discussed relationship between 

Cr and T, to a wood beam required a knowledge of the stresses 
Y 

o- and T in the beam at various points. From the finite differ- 

ence computer solution, values of o- , o- , and T are known at 
x y 

each grid point. Figure 37 shows plots of T and o- in the area 
Y 

of the support for the concentrated loading condition with LID = 5. 

The lines of equal stress are in a dimensionless form and when mul- 

tiplied by the factor (P /Lt) will yield true values of stress, where 

P Z. total load 

L = clear span length 

t = thickness of beam. 

Similar plots for the uniform loading condition are shown in Figure 38. 

Calculation of T 
e 

To obtain a working value for T, it was necessary to reduce 

the expression T = 773 - 1.40 o- by a factor of (H/773), with 
Y 

the resulting expression of the form T = (H/773)(773 -1.40e ). 
y 

Using a value of H 120 psi (6, p. 5) the formula reduced to 

'T = 120 - O. 217T , which can be rearranged to yield 
w y 

T +0.2176 =120. 
w y 

= 

y 

w 
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Using the above result, the left hand portion of the equation can be 

considered the effective shear stress and converting to the dimension- 

less form of Figures 37 and 38 the formula for the effective T is 

T = (T+ 0. 217o- )(P /Lt) where T and o- values are for re- 
e y y 

spective grid points. Since the maximum value of T is of primary 

interest, application of the formula for T 
e 

was restricted to the 

grid points in the vicinity of the maximum value (Figures 37 and 38). 

The dashed equal stress lines for Te illustrate that for these cases 

the maximum T 
e 

corresponds in position with the maximum T . 

Plots for L/D > 5 are not included but similar results were ob- 

tained. 

To use the above results for design purposes it was necessary 

to make a plot of the maximum values of T and 6 x for the se- 

lected range of L /D. Figures 39 and 40 include these plots along 

with the o- values associated with the respective maximum T 
Y 

values. 

Design Procedure 

An outline of the steps for the design procedure using Figures 

39 and 40 is as follows: 

1. Given the values of P, L, and type of loading condition, 

and assuming a thickness t, compute (P /Lt) correct- 

ing P for duration of loading (6, p. 62). 

e 
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2. Compute Td 
d 

and óxd using the expressions 

T o- 
a xa 

Td (L óxd (L 

where the subscript d denotes dimensionless values and 

subscript a denotes allowable values for grade of coast 

region Douglas -fir chosen. 

3. From Figures 39 or 40 read L/D values for both Td 

and o-xd. For a concentrated loading condition read only 

the compressive 
x value of L/D (upper curve). 

4. Compute the required depth of the beam, D, using the 

smallest value of L/D obtained in step 3. 

5. Choose a standard beam cross - section and compute a re- 

vised L/D value. 

6. From the expression cry (o 
yd 

)(P /Lt) and using the re- 

vised L/D to obtain óyd (Figures 39 or 40) compute 

o 
Y 

7. Compute a new allowable T by the formula 

T = (H/773)(773-l. 40óy) . 

8. Using the revised L/D and respective values of Td 

and óxd (Figures 39 or 40) compute T and o-x by the 

formulas 

) ) 

v 

y 
= 

Y 

. 
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T = (Td)(P /Lt) and 6x = (crxd)(P 
/Lt) . 

9. Recycle the procedure when the values calculated in step 8 

are not satisfactory. 

Example Problems 

Calculations for a concentrated loading problem are as follows: 

1. Given L = 5', P = 2500#, assume t = 1 1/2" and a 

normal loading condition 

(P /Lt) 2500/(60)(1 1/2) = 27.7 

2. Using dense select structural coast region Douglas -fir, 

where Ta = 120 psi and o-xa = 1500 psi (6, p. 5) 

Td _ 120/27.7 = 4.34 

o-xd = 1500/27.7 = 54. 2 

3. For T, L/D = 4. 3; and o , x 
L/D = 6.9 (Figure 39) 

4. D = (5)(12)/4. 3 = 13.9" 

5. Selecting a nominal 2" x 14" (1 1/2" x 13 1/2 ") 

L/D = 60/13 1/2 = 4.45 

6. o-y = ( 0.9)(27.7) = -24.9 psi 

7. Ta = 120 - (0. 217)( -24.9) = 125 psi 

= 

Y 
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8. T = (4. 5)(27. 7) = 125 psi OK 

o- _ (40)(27. 7) = 1110 psi OK x comp 

o- = (25)(27. 7) = 692 psi OK x ten 

A check with the conventional design formulas yields 

T = ÌQ - 133 psi not acceptable 

and o- x= S =665 psi OK 

To further illustrate the procedure, a uniform loading problem 

was solved as follows: 

1. Given L = 5', P = (800 #/')(5')= 4009 #, assume t . 2 1/2" 

and a normal loading condition 

(P /Lt) = 4000/(60)(2 1/2) = 26.7 

2. Using dense select structural coast region Douglas -fir, 

Td = 120/26.7 = 4. 5 o-x = 1500/26. 7 = 56. 3 

3. For T, L/D = 6. 3; and o- , L/D = 7.8 (Figure 40) 

4. D = (5)(12)/6. 3 = 9. 52" 

5. Selecting a nominal 3" x 10" (2 1/2" x 9 1/2 ") 

L/D = 60/9 1/2 = 6.32 

x 
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6. 6y = ( -1. 1)(26.7) = -28 psi 

7. Ta = 120 - (0. 217)( -28) = 126 psi 

8. T = (4.5) - (26.7) = 120 psi OK 

o-x = (32)(26. 7) = 854 psi OK 

Checking with the conventional theory gives 

T = zQ - 127 psi not acceptable 

6 x = S = 796 psi OK 

It was apparent from the two design problems that little differ- 

ence in the results between the conventional theory and the finite dif- 

ference solution with the applied v T relationship existed. 
Y 

- 

x 
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VI. CONCLUSIONS 

1. For the coast region Douglas -fir there was a statistically 

significant increase in T as the compressive o- was 
Y 

increased, which cast doubt on the applicability of the ener- 

gy of distortion theory to the failure of other species under 

combined stresses. 

2. The elementary theory formula for T is not applicable 

near regions of concentrated loadings. For L/D > 5 the 

conventional o- x formula gives adequate results, but not 

for small L/D values. 

3. For design purposes where, in general, L/D > 5, the 

conventional formulas for T and o- x give good results, 

but when L/D < 5 more sophisticated methods of analy- 

sis should be used. 
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VII. RECOMMENDATIONS FOR FURTHER STUDY 

1. Determine by experimental methods the relationship be- 

tween 6 and T for other species. 
Y 

2. For the finite difference solution, study the effects of vary- 

ing the elastic parameters within a given species. 

3. Enlarge the capacity of the finite difference computer pro- 

gram to solve problems with smaller grid spacing and study 

the effects on the stress distributions near the concentrated 

loading points. 

4. Expand the computer program to solve a three dimensional 

problem for the purpose of studying the effects of checks 

on the strength of a wood beam. 

5. Obtain experimental data to check the validity of the com- 

puter solutions for the three -dimensional case. 

6. Investigate the effect of varying the elastic parameters 

within a given species. 
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Symbols for Statistical Analyses 

df Degrees of freedom 

SS Corrected sums of squares 

MS Mean square 

F Calculated statistical F 

F 
a =. 01 

Critical F value 

T Estimator of T 

T Average T 

v Average o- 
Y Y 

b Regression coefficient or slope of regression line 

r Correlation coefficient 

SP Corrected sums of products 

PI Piece identification 

SL o- stress level 
Y 

M Machine 
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Table A -1. Analysis of variance for shear strength data. 

Analysis of variance 
Source df SS MS F Fa = . 01 

Total 

PI 

SL 

M 

PxS 
PxM 
SxM 

MxPxS 
Error 

95 12, 354, 653 

3 1, 554, 661 518, 220 24. 24.2 4. 12 

3 5, 667, 490 1, 889, 163 88.3 4. 12 

1 3, 163, 552 3, 163, 552 148. 0 7. 08 

9 264, 779 29, 420 1.38 2. 72 

3 91, 626 30, 542 1.43 4. 12 

3 162, 233 54, 078 2. 53 4. 12 

9 81, 603 9, 067 0.425 2. 72 

64 1, 368, 709 21, 386 

Table A-2. Linearity test for A- specimens, shear strength data. 

Analysis of variance 
Source df SS MS Fa = . 01 

Total 47 5, 027, 679 

SL 3 3,573,316 1, 191, 105 36. 1 4. 35 

Reg. 1 3, 549,753 3, 549, 753 107. 0 7. 36 

Lack of fit 2 23, 563 11, 781 0. 356 5. 22 

Error 44 1, 454, 363 33, 054 

TA =T - b(FF _6 
Y Y 

= 912. 0 -(1. 600)( -226. 9- 

= 548 - 1. 600o- 

Y 

r2=.707 

r = . 842 

Y 

F 
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Table A -3. Linearity test for B- specimens, shear strength data. 

Analysis of variance 
Source df SS MS F Fa = . 01 

Total 47 4, 163, 430 

SL 3 2, 256, 418 752, 139 17.3 4. 35 

Reg. 1 2, 018, 855 2, 018, 855 46. 7 7. 36 

Lack of fit 2 237, 563 118, 781 2.74 5. 22 

Error 44 1, 907, 012 43, 341 

T = T - b(v -6 ) = . 485 
Y Y 

= 1275. 1 - (-1. 204)(-228.4-6y) r = .697 

= 999. 0 - 1. 2046 
Y 

r2 B 



Table A -4. Homogeneity of regression coefficients, A- specimens. 

Piece 
number 

Sample 
size 

SS 
or SP 

SST 
b 

Regression 
SS 

df Residual 
SS df 

1 12 347, 211 -524, 589 882, 148 -1. 510865 792, 583 1 89, 565 10 
2 12 344, 061 - 368, 573 569, 055 -1. 071243 394, 831 1 174,224 10 
3 12 341, 363 -675,003 1, 499, 504 -1.977376 1, 334, 735 1 164,769 10 
4 12 352, 628 -647, 731 1, 394, 919 -1. 886867 1, 189, 796 1 205, 123 10 

3, 711, 945 4 633, 681 40 
1, 385, 263 - 2, 215, 896 -1. 599621 3, 544, 594 1 

167, 351 3 

167351 
3 

F 633681 = 
3.52 

Fa=. 01 = 
4. 31 

40 

T1 = 712 -(-1.51)(-228-6) = 368 - 1.510-y 

T = 952 - (-1. 07)(-228- 6y) = 708 - 1. 07äy 

T = 957 - (-1. 98)(-226- vy) = 505 - 1. 98o-y 

T = 1027- (-1. 84)(-228- 
4 y) = 608 - 1. 84o-y 

r2=.897 r=.949 

=.692 r=.834 

r2 = .890 r = .945 

r2=.853 r=.925 

Y 

Y 

Y 

Y 

Y 

co 



Tabel A -5. Homogeneity of regression coefficients, B- specimens. 

Piece 
number 

Sample 
size 

SS 

y 
SP SST b Regression 

SS df 
Residual 

SS df 
1 12 350,753 -350, 623 687, 597 -0. 999629 350, 493 1 337, 104 10 
2 12 337, 594 -344, 528 528, 945 -1. 020539 351, 604 1 177, 341 10 
3 12 329, 994 -504, 893 1, 000, 284 -1. 500066 757, 282 1 243, 002 10 
4 12 353, 925 -471, 902 982, 368 -1. 333339 629, 205 1 353, 163 10 

2, 088, 584 4 1, 110, 610 40 
1, 372, 266 -1, 671, 946 -1. 218383 2, 037, 071 1 

51, 513 3 

51513 
3 

F 1110610 - 0. 618 Fa=. 01 = 
4. 31 

= 1070 

2 
= 1217 

T3 = 1390 

T4 = 1422 

40 

- (-1. 00)(-228- ) = 

- (-1. 02)(-227-o- ) 
Y 

= 

- (-1.50)(-228-6y) = 

- (-1.33)(-230-cry) = 

s 842 - 1. 00y 

985 - 1. 026y 

1048 - 1.50vy 

1116 - 1.33o- 

r2=.510 

r2=.664 

r2 = . 757 

r2 = . 641 

r =.715 

r=.816 

r=.870 

r = . 802 

6 

T 
Y 

Y 

Y 



Table A -6. Homogeneity of regression coefficients for testing fixtures. 

Machine 
identity 

Sample 
size 

SS 
cry SP SST b 

Regression 
SS 

Residual 
SS 

df 

A 

B 

48 

48 

1, 

1 , 

385, 

390, 

282 

640 

-2, 

- 1, 

217, 

675, 

523 

560 

5, 

4, 

027, 

163, 

679 

430 

-1. 

-1. 

60077 

20488 

3, 

2, 

549, 

018, 

753 

855 

1 

1 

1, 

2, 

477, 

144, 

926 

575 

46 

46 

2; 775, 922 -3, 893, 083. -1. 40245 
5,568,608 
5, 459, 843 

2 

1 

3,622,501 92 

107, 765 1 

107756 

F 1 2. 74 Fa=. =6.96 a=. 01 3622501 
92 

T 
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Table A -7. Linearity test for combined data. 

Analysis of variance 
Source df SS MS F Fa = . 01 

Total 95 12, 354, 653 

SL 3 5, 667, 490 1, 889, 163 22. 6 4. 04 

Reg. 1 5, 497, 473 5, 497, 473 65. 8 5. 97 

Lack of fit 2 170, 017 85, 008 1. 02 4. 87 

Error 92 7, 687, 163 83, 556 

T = 1093 - (-1. 402)(-228- cr ) r2 = . 445 
Y 

= 773 - 1.4026 r = . 668 
Y 

Table A -8. Replicate similarity test for specific gravity data during 
testing. 

Analysis of variance 
Source df SS MS F Fa = .005 

Total 95 . 063305 

PI 3 .038523 .012841 47.5 4.64 
SL 3 .000789 .000263 .973 4.64 
PI x SL 9 . 002351 . 000261 . 965 2. 93 

Error 80 . 021642 . 000271 
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Table A -9. Replicate similarity of specific gravity data in dry con- 
dition. 

Analysis of variance 
Source df SS MS F Fa =,005 

Total 95 . 061932 

PI 3 .032831 .010944 36.6 4.64 
SL 3 .001172 . 000391 1.30 4.64 
PI x SL 9 . 003851 . 000428 1.42 2.93 

Error 80 . 024078 . 000301 

Table A -10. Replicate similarity of moisture content data. 

Analysis of variance 
Source df SS MS F Fa : .005. 

Total 95 . 8493 

PI 3 .4011 . 1333 33.0 4.64 
SL 3 .0237 .0079 1.95 4.64 
PI x SL 9 . 1016 . 0113 2.80 2.93 

Error 80 .3229 .00404 



sym. 

Flow Chart for Computer Program 

Read data 
Elastic constants, 
grid size, geometry 

88 

Compute 
symmetrical boundary 

values 

Compute 
antisymmetrical boundary 

values 

Generate 
finite difference 

equations 

Solve difference 
equations for stress 

function values 

Compute 
stesses 

Is problem 
symmetrical or 

unsummetrical? 

unsym. 

Store stresses 
for symmetrical and 

antisymmetrical problems 

Compute stresses 
for unsymmetrical loading 

problem Have 
stresses for 

antisymmetrical problem 
been solved? 

no 

Print 
stresses 

T 

End 

Y 

T 

Y 



DIMENSION W(12.24). A(1.161). SIGMAX(11s421. SIGMAY(11,42). 
1TAU(11.42). SkS111.421. SYS(11s42). TAUS111.42). SXA111.42). 
25YA111s42)0 TAUA(11,42), X11601 
COMMON A.X 

C GENERAL DIMENSION STATEMENT 
C W(LP4.MP41.A11.NP1).SIGMAX.SIGMAY.TAU(LP3.M2P2)s 
C SXS.SYS. TAUS ,SXAsSYA,TAUAILP3,M2P2).XIN) 

READ 110. lII 
DO 1000 MM=1.(II 

C LLL=O.FOR SYMMETRICAL CASE. LLL=1.FOR UNSYMMETRICAL CASE 
C L=NUMBER OF UNKNOWN POINTS IN Y-DIRECTION 
C M= NUMBER OF UNKNOWN POINTS IN )(DIRECTION 
C AOVB= A OVER Bs TOTAL LENGTH DIVIDED BY DEPTH 

KKK=-1 
READ 110sL.M.AOVB.LLL 
IF ILLL.EQ.1) 90.55 

90 KKK=KKK+I 
IF IKKKLT1) 55.29 

55 WRITE161.100) 
100 FORMAT (1HI.16X,39HAPPROXIMATE SOLUTION OF STRESS FUNCTION /25X. 

121HFOR ORTHOTROPIC PLATE /I 
C EYOVEX.MOE IN Y-DIRECTION DIVIDED BY MOE IN X- DIRECTION 
C EYOVG =MOE IN Y-DIRECTION DIVIDED BY SHEAR MODULUS 
C AMUYX= POISONS RATIO 

READ 200sEY0VEX.EYOVG.AMUYX 
200 FORMATI3F5.0) 

LP1=L+1 
LP2=L+2 
LP3=L+3 
LP4=L+4 
MPI=M+1 
MP2=M+2 
MP3=M+3 
MP4=M+4 
M2P2=2*M+2 
M2P3.2*M+3 
M1P4= 2*M+4 
L2P1= L*2+1 
AL=L 
AM=M 
DELTAX=1.0/(2.0*AM) 

110 FORMAT(2I4.F4.1.I4) 
550 FORMAT IIHO.IIOF11.4)) 
552 FORMAT (20X.23HFOR SYMMETRICAL LOADING') 
553 FORMAT(1M1.20X.27HFOR ANTISYMMETRICAL LOADING/) 

READ 10. X1OVA. X20VA. X3OVA .810VA 
10 FORMAT (4F1O.0) 
29 IF (KKKE0.1) 30035. 
30 AK. (2.0 *X20VA +X3OVA)/ t 2.0*X1OVA+610VA1 

GO TO 40 
35 AK. 1.0 
40 CONTINUE 

C PI TO P2 
AJX1=X10VA*AM*2.0 

JX1=AJX1 
JX1=MP2-JX1 
DO 1 J=JX1.MP2 

1 WlLP3sJ1=0. 
C P2 TO P3 

AJB=4X10VA+B10VA1*2.0*AM +1.0E-7 
JB=AJB 
JB=MP2-JB 
JXI=JXI-1 
DO 2 J=JB.JX1 
XOVA=X0VAA(J.MP2.DELTAX) 

2 WtLP3.J)=11-.25/810VA)*(XOVA*XOVA-2.0*X1OVA*XUVA+XIOVA*X1UVA)) 
., P3 TO P4 

JB=JB-1 
DO 3 J=2.J8 
XOVA=XOVAA(J.MP2.DELTAX) 

3 W(LP3sJ)=(-.25*(2.0*XOVA-2.0*X10VA-)LOVA))*AK 
_ P4 TO P5 

DO 4 I=2.LP3 
4 W(I.2)=W1LP3.2) 

P5 T0 P6 
AJX3= (0.5-X3OVA- X20VA)* AM*2.0+ 0.01 
JX3.AJX3 . - 

JX3=JX3+2 
IF (JX3.EQ.2) 11.12 

12 00 .5 =31JX3 
XOVA =XOVAA(J.MP2sDELTAX) 

5 W(2.J)=1-.25*(2.0*X0VA-2.0*X10VA-81OVA))*AK 
P6 TO P7 

11 AJX2= X3OVA*AM*2.0+0.01 
JX2 =AJX2 
IF lJX2.E0.01 15.16 

15 JX2=1 
16 JX2= JX2+JX3 

JX3 =JX3+1 
00 6 JaJX3sJX2 
XOVA =XOVAA(J.MP2sDELTAX) 
IF IKKK.EQ.11 31,26 

31 W12.J/= -0.25*(X0VA*X0VA/X3OVA- (2.0*X20VA/X30VA+2.0)*XOVA+AK* 
I1 2.0*XOVA- B1OVA-2.0*X1OVA)+X2OVA*X2OVA/X30Vg+ 2.0*X20VA 
2+X30VA1 
GO TO 6 

26 W12.J). -.25*(XOVA*XOVA/X3OVA+ X30VA-B10VA- 2.0*X1UVA+X2OVA* 
1X20VA/X3DVA-2.0*XOVA*x2OVAiX30VA+ 2.0*X2OVA). 

6 CONTINUE 
P7 TO P8 
JX2= JX2+1 
DO 8 J=JX2.MP2 
XOVA XOVAA(J.MP2sDELTAX) 
IF (KKK.EQ.1) 41.28 

41 W(2sJ)=-0.25*1-2.0*XOVA+ AK*(2.0*XOVA- 81UVA--2.O*X1OVA)+ 
12.0*X20VA+X30VA1 
GO TO 8 

28 W(2sJ) -.25*tX30VA-ßi0VA-2.0*X10VA+2.0*X2OVA1 
W 
.p 



8 CONTINUE 
AOVDX=2.0*AM 
80VDY=AL+1.0 
AOVDY=(A1+1.0)*AOVE 

421 

423 

A(1,N+1)=W(I.2)*A4C5 
GO TO 426 
A1101+11=0.0 
A(1,K1=A4C0+A4C5 

C COMPUTE ELASTIC CONSTANTS GO TO 426 
CY=EYOVEX " 

424 A(1,N+1)=0.0 
CXY=-2.0*AMUYX+EYOVG A(1.KML+1)=2.0*A4C3 
A0DX2=AOVDX*A0VDX At1,KMlI=2.0*A4C1 
AODX4=AOOX2*AODX2 

" A(10KML-11=2.0*A4C3 
AODY2=AOVDY*AOVOY A(1,KM2L)=2.0*A4C5 
AODY4=AODY2*AODY2 426 IF (I-4)428.429.427 
AODXY2=AODX2*AODY2 427 IF (I-LP1) 435,430.431 
A4C0=6.0*/10DX4+4.0*CXY*A0DXY2 +6.0*CY*AODY4 428 IF (J-4) 460.461,462 
A4C1= -(4.0*A0DX4 +2.0*CXY*A0DXY2) 462 A(11,KML-11=0.0 
A4C2 = -(4.0*CY*AODY4 +2.0*CXY*AODXY2) 461 AI1,K-2)=0.0 
A4C3= CXY*AODXY2 AI1,(-1)=0.0 
A4C4= CY*AODY4 A(1.N+11=A(1 ,N+11 +W(2.J-1)*A4C3 
A4C5= AODX4 460 A(I.KPL-1)=0.0 

C DIFFERENCE EQUATIONS A(1.K)=A4C4 +A(1.K) 
NtL*M IF IKKK.EQ.I.AND.J.EQ.MP21 480.463 
NPI=N+1 480 A(1,4P1)= A(1,NP1)-..W12.MP11*A4C3 
DO 439 J=3.MP2 GO TO 435 
DO 438 I=3.LP2 463 W(2.MP3)=W(2.MP1) 
DO 400 LL=10NP1 A(1,N+1)=A(1,N+1) +W12,J1*A4C2+W(2.J+11*A4C3 

430 A(1.LL)=0.0 GO TO 435 
K=(J-3)*L +1I-21 429 IF(J-4) 465. 466. 466 
KP2L=K+2*L 466 At1,K-21=0.0 
KPL=K+L 465 A(I.N+11=W(2.J)*A4C4+A(1.N+1) 
KML=K-L GO TO 435 
KM2l=K-2*L 430 A(1.K+2)=0.0 
IFtKM2L1 402.401,412 At107+11=W(L+3.J)*A4C4+Af11N+11 

401 IFIKML-11 402,414.413 GO TO 435 
402 IF(K-L) 403.415,414 431 IF (J-4) 433.4345434 
403 IFIK-21 418.417.416 434 A(1.N+1)=A(1.N+1) +WlL+311J-11*A4C3 
412 A(1,KM2L)=A4C5 A(1.KML+11=0.0 
413 A(1.KML11=A4C3 433 A(1.K+1)=0.0 
414 A(1.KMl)=A4C1 AI1,KPL+11=0.0 
415 A(1.KML+1)=A4C3 At1.K+21=0.0 
416 A(1.K-2)=A4C4 A(1,K)=A4C4+A(1.K1 
417-A(1,K-11=A4C2 IFIKKK.E0.1.AND.J.EO.MP2) 490,432 
418 A4I.KI=A4C0 490 A(1,NP1)=A(1,NP1)-WILP3.MP11*A4C3 

A(1.K+1)=A4C2 GO TO 435 
A(1,K+21=A4C4 432 W(LP30MP3)=W(lP3.MP1) 
Al1.KPL-11=A4C3 A(1,N+1)=A(1.N+1)+ W(L+31J)*A4C2+W(L+3.J+1)*A4C3 
A(1.KPL)=A4C1 435 A(1.N+1)=-A(1.N+11 
Al1.KPL+1)=A4C3 CALL INV lN,L2P1.K1 
A(1,KP2L)=A4C5 438 CONTINUE 
IF (J-4) 420.421.422 439 CONTINUE 

422 IF (J-MP1) 426.423.424 - DO 520 J=30MP2 
420 IF IK.E(3.L) 440,425 DO 520 I=3,LP2 
440 A(1.11=0.0 K=(J-3)*L+1I-21 
425 A(I.N+1)=WlI-1,21*A4C3 +W(2,2)*A4C1 +W(I+1.2)*A4C3-A4C5*AK/AOVDX 

A(1.K4= A4CO+A4C5 
GO TO 426 

520 W(I.J1=X(K) 
DO 900 I=2.LP3 
MtI.MP31=W(I.MP1) 

O 



W(I.M+4)=W(I.M) 
900 W(I,1)= W(I.3)- AK/AOVDX 

DO 950 J=I,MP3 
W(10J)=W(3,J) 

950 W(L+4.J)=W(L+2,J) 
IF (KKK.E0.1) 955.970 

955 DO 960 I=1,LP4 
W(I,MP3)= -Wl1.MP11 

960 W(I,MP4)=-W(I.M) 
910 CONTINUE 

IF IKKK.E0.11 986.985 
C PRINT OUT VALUE OF STRESS FUNCTION 

985' WRITE (61.1108) 
1108 FORMAT (1H0,1X,19H STRESS FUNCTION W /) 

WRITE (61050) EYOVEX.AMUYX.EYOVG 
350 FORMATl10X. 9H EYOVEX =. F10.3/10X,9H AMUYX = 1F10.3/10X.9H EYUVG 

1 = ,F10.3/1 
WRITE (61.375) X1OVA.810VA,X30VA.X2OVA,L,M.A0V8 

375 FORMAT(10X07HX1/A = ,F6.4.3X.7HB1JA = ,F6.403X.7HX3/A = .F6.4. 
13X. 7HX2/A = 11F6.4// 

210X.3HL =.I3.10X0HM =.I3.10X.5HA/B =.F5.2J1 
WRITE 161.55.21 
GO TO 987 

986 WRITE (61.553) 
987 DO 1109 I=1,LP4 

1109 WRITE (610550) IW(I.J).J=1,MP21 
C COMPUTE STRESSES 

DO 610 J=2,MP2 
DO 610 I=2,LP3 
SIGMAX (I,J)=(W(I-1.J)-2.0*W(I,J)+W(I+1,J)1*AODY2*2.0*X30VA 
SIGMAY (I,J)=(W(I0J+1)-2.0*W(I,J)+W(I,J-1)1*AOOX2*2.0*X30VA 

610 TAU (I0J)=(W(I-1,J+1)-W(I+1.J+1)+W(I+10J-1)-W(I-10J-1)1*AOVDX*AUVD 
1Y*X30VA/2.0 
IF (LLL.E0.1) 609.619 

609 IF IKKK.E0.1) 613.611 
611 DO 612 J=2.MP2 

DO 612 I=2.LP3 
SXSlI.J1= SIGMAXII.J1 
SYS(I.J)= SIGMAY(I.J) 

612 TAUSlI.J1= TAU(I.J) 
GO TO 90 

613 DO 614 J=2.MP2 
DO 614 I=2.LP3 
SXA(I,J)= SIGMAX(I.J) 
SYA(IsJ)= SIGMAY(I,J1 

614 TAUAII,JI= TAU(I.J) 
DO 615 J=2,MP1 
DO 615 I=2,LP3 
MMM=M2P4-J 
SXS(I,MMMI= SXS(I.J) .. 

SXA(I.MMM)=-SXA(I,J) 
SYS(I0MMM)= SYS(I,J) 
SYA(I.MMM)=-SYAII,J) 
TAUS(I.MMMI= TAUS(I.JI .. 

615 TAUA(I.MMM) =- TAUA(I.J) 
DO 616 I =20LP3 
SXAII.MP2) =0.0 

616 5YA(I.MP2) =0.0 
DO 618 J =2,M2P2 
DO 61.8 I =2.LP3 
SIGMAX(I.J)=0.5*(SXS(I.J)+SXA(I,J)( 
SIGMAY (I.J)=0.5 *(SYS(I,J) +SYA(I,J)) 

618 TAU(I.J) =0.5* (TAUS) I,J)+TAUA( I.J)) 
619 IF (LLL.E0.1) 670.675 
670 II =M2P2 

WRITE (61.621) 
GO TO 680 

675 II =MP2 
WRITE (61.620) 

680 WRITE (61,625) (J.J =2.I1) 
620 FORMAT (1H1,10X,31HNORMAL STRESSES SIGMA X/CP/2X3)//) 
621 FORMAT (1H1,10X.31HNORMAL STRESSES SIGMA X /(P/ X3( //) 

625 FORMAT (10X, 10(4X,2HJ =,I2,3X) /) 
635 FORMAT ( 1H0, 3X ,2NI= ,I3.10F11.4/(9X,10F11.4)) 

DO 639 I=2.LP3 
WRITE (61.635) Is(SIGMAX(I.J),J =2, II) 

639 CONTINUE 
IF (LLL.E0.1) 644.645 

644 WRITE (61.641) 
GO TO 647 

645 WRITE (61,640) 
647 WRITE (61,625) (J,J =2,II( 
640 FORMAT (1H1.10Xs31HNORMAL STRESSES SIGMA Y /(P /2X3)//) 

641 FORMAT (1H1s10X1031HNORMAL STRESSES SIGMA Y /lP/ X3) //) 

DO 649 I =2sLP3 
WRITE (61,635) I, ISIGMAY(IsJ),J =2,II( 

649 CONTINUE 
IF (LLL.E0.1) 654.655 

654 WRITE (61.651) 
GO TO 657 

655 WRITE (61,650) 
657 WRITE (61.625) (J,J =2,II) 
650 FORMAT(1H11110X.27HSHEAR STRESS TAU XY /IP /2X3)//) 
651 FORMAT(1H1.10X,27HSHEAR STRESS TAU XY /(P/ X3) //) 

DO 652 I =211LP3 
WRITE (61,635) I. (TAU(I.J). J=2.II) 

652 CONTINUE 
1000 CONTINUE 

END 



FUNCTION XOVAA(J,M,D1 DO 135 JKL=NK.JJ 
KOUNT =M -J 135 T(K.JKL)=0.0 
COUNT =KOUNT GO TO 141 
XOVAA =COUNT *D 138 JJMJ= JJ-J 
RETURN JK1= J+K-1 

END TL=0.0 
DO 140 JR=1,JJMJ 
KMR= K-JR 
JPR= J+JR 
JJMR= JJ-JR 
IF (KMR.LE.0) 140,139 

139 TL= TL+ AL(KsJJMR)*TIKMR,JPRI 
SUBROUTINE INV iN,JJ.K) 140 CONTINUE 
DIMENSION A(1.161), T(160,171, AL(160.17). XI1601. AK(160) T(K,J)= (A11,JK1)-TLI/AL(K,JJ) 
COMMON A . X 141 CONTINUE 

C N. NUMBER OF EQUATIONS 142 CONTINUE 
C JJ= HALF BAND WIDTH JJM1= JJ-1 
C A= MAIN COEFFICIENT MATRIX WITH N +1 COLUMN EQUAL TO LOADING CONDITIONS IF(K.LT.JJ) 150.152 

NP1= N+1 150 JRJ=JJ-K+1 
IF(K.LE.JJ) 80.120 GO TO 155 

80 JJMK= JJ-K 152 JRJ=1 
DO 90 MNM=1.JJMK 155 ALK =0.0 

90 AL(K,MNM)=0.0 KRJJ=0 
JK= JJ-K+1 DO 170 JR=JRJ,JJM1 
AL(K.JK) =A(1s1) IF (K.LE.JJ) 160,165 

IF,(K.E0.1) 100.120 160 KRJJ= KRJJ +1 

100 AK(1)= A(1sNP1)/A(1.1) . 
GO TO 169 

DO 110 J=1.JJ 165 KRJJ= K+JR-JJ 
110 T(1.J)= A(1.J)/A(1,1) 169 ALK= ALK +ALIK.JR) +AK(KRJJI 

GO TO 350 170 CONTINUE 
120 IF (K-JJ) 112,113.114 AK(K)= (A(1.NP1)-ALK)/AL(K,JJ) 
112 J=JJ-K+1 IF (K.EQ.N) 2209350 

GO TO 116 C SOLVE FOR UNKNOWNS 

113 J=1 220 X(N)= AKIN) 
GO TO 116 NM1=N-1 

114 J=0 DO 330 K=1.NM1 
116 JP1= J+1 NMK=N-K 

DO 132 J=JP1.JJ TX=0.0 
JK=J+K-JJ DO 320 J=2.JJ 
TL=0.0 
JM1=J-1 

KPJ=NMK+J-1 
iFIKPJ.GT.NI 320.315 

DO 130 JR=1.JMI 315 TX= TX+T(NMKsJ)*X(KPJ) 
KJR= K-JJ+J-JR 320 CONTINUE 

JR1=JR+1 X(NMK)= AKINMKI-TX 
JMR= J-JR 330 CONTINUE 
IF (KJR.LE.O1 130.129 350 CONTINUE 

129 TL= TL+ AL(KsJMRI*TIKJR,JR11 RETURN 
130 CONTINUE END 

AL(K.J)= A(1.JK)-TL 
132 CONTINUE 

T(K.1)=1.0 
DO 142 J=2.JJ 
IF(J.GT.N-K+1) 133,138 

133 NK= N-K+2 


