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The nonlinear response of a ten -story steel structure with semi- 

rigid girder connections is studied under conditions of dynamic load- 

ing. The dynamic loading used in this study is the North -South com- 

ponent of the May 18, 1940 El Centro, California earthquake. To deal 

with the complexity of the problem the structure is idealized by a 

series of equivalent masses, lumped at the floor levels and restrained 

by weightless members. The physical model used to represent indi- 

vidual members consists of a flexible central beam with springs at- 

tached at both ends. All connections have the capability of exhibiting 

bilinear hysteresis curves. 

A numerical procedure is used to integrate the governing dif- 

ferential equations. The analysis is accomplished by a step -by -step 

procedure in which the structure is assumed to respond linearly dur- 

ing each time increment. However, the member properties may be 
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changed from one interval to the next. Thus the nonlinear response 

is obtained as a sequence of linear responses of successively differing 

systems. 

Semirigid girder connections affect the properties of a structure 

in three ways: (a) by altering the relative girder to column stiffness 

(b) by changing the strength or yield deformation characteristics, and 

(c) by decreasing the stiffness of the structure. The effects that these 

variables have on structural response are determined. The ground 

motion characteristics, intensity and duration, are also investigated. 
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DYNAMIC ANALYSIS OF STEEL STRUCTURES WITH 
SEMIRIGID CONNECTIONS 

I. INTRODUCTION 

Hechtman and Johnston (12) in a progress report published in 

1947 by AISC recommend that a dependable percentage of end re- 

straint can be used in design for several types of semirigid connec- 

tions. However, before high -speed computers became available the 

analysis of structures with semirigid connections was difficult and 

time consuming. In the early 1960's analyses of such structures for 

static loading became feasible through the use of matrix methods and 

high -speed computers (10;15, p. 13; 22, p. 143). Little is known, 

however, as to how semirigid connections affect the dynamic response 

of structures. 

The object of this research is a computer investigation of the 

nonlinear response of steel structures with semirigid connections 

subjected to seismic loading. In particular, the investigation is to 

consider the effects of semirigid connections on structure deflections 

and natural frequencies by comparing the response of structures with 

connections of varying rigidity. 

To deal with the complexity of the problem, certain assump- 

tions have been introduced. The structure is idealized by a series of 

equivalent masses, lumped at the floor levels and restrained by 
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weightless members. Connections are simulated by inserting springs 

at both ends of each member. The spring stiffness is varied from 

zero, for a pin connection, to infinity, for a rigid connection, through 

the use of fixity factors. All connections have the capability of ex- 

hibiting bilinear hysteresis curves. 

The governing differential equations are integrated in matrix 

form by a numerical integration technique, using a step -by -step pro- 

cedure in which the structure is assumed to respond linearly during 

each time increment. However, the member properties may be 

changed from one interval to the next. Thus the nonlinear response 

is obtained as a sequence of linear responses of successively differ- 

ing systems. 

The seismic loading used in this investigation is the North - 

South component of the May 18, 1940 El Centro, California earthquake 

accelerogram. This earthquake is believed representative of strong 

earthquakes in the western part of the United States and its accelero- 

gram is the strongest yet recorded. 

A rational method of design for seismic loading on structures 

was first introduced by Naito in Japan in the early 1920's. His meth- 

od consisted of assuming a horizontal force proportional to the weight 

of each floor or element in the structure. This method with refine- 

ments in the 1930's by Biot (3; 4, p. 262) and Freeman (7) and others 

became the accepted basis of design concepts and building codes. 



3 

Introduction of the elastic response spectrum concept provided 

a simple means of calculating elastic internal member forces and de- 

flections. From such analyses it became obvious that inelastic ac- 

tion was taking place in structures for even moderate earthquake 

forces, and to build structures to exhibit only elastic deformation is 

not economically practical. Further studies in this area led to the 

conclusion that the maximum deflections based on elastic considera- 

tions can be quite different from the results based on nonlinear con- 

siderations. Therefore it became necessary to consider nonlinear 

effects for structures in order to prevent limits on the height of 

structures that can be built in zones of high earthquake forces. 

Among the problems encountered in an investigation such as 

this is the shape that the hysteresis curve will assume under dynamic 

loading. Most investigators attribute an increase in stiffness from a 

few percent to as much as 40 percent for dynamic deformation as 

compared to static deformation. Due to this uncertainty investigators 

usually assume a hysteresis relationship for dynamic analysis com- 

puted from static tests. A comparison of static and dynamic hystere- 

sis curves is given by Hanson (11, p. 87). 

The computer program written for this investigation is appli- 

cable to any rectangular building frame and any seismic excitation. 

However, with slight modifications it can be used for any two - 

dimensional structure and any type of dynamic loading. Rayleigh 
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damping is supplied as a percent of critical damping of either the 

mass or the stiffness matrix. Static loads are also considered. The 

physical model used to represent individual members consists of a 

flexible beam with springs attached at both ends. This model is par- 

ticularly effective in calculating plastic deformation for either static 

or dynamic loading. 

The stiffness matrix for the structure is generated using a cod- 

ing procedure devised by Tezcan (22, p. 143; 23, p. 445). This 

method when used with a carefully selected systematic procedure of 

numbering the degrees of freedom produces a stiffness matrix in band 

form that reduces the computation time and the required computer 

storage considerably. 

Information on static tests of semirigid connections were ob- 

tained from reports by J. F. Baker (1), Pippard and Baker (19), 

Munse, Bell and Chesson (16, p. 729), Batho (2), Hechtman and 

Johnston (12) and many others. These investigations report the stiff- 

ness properties of several types of riveted, bolted, and welded semi- 

rigid connections. A complete listing of publications concerning 

semirigid connections is given by Gere (8). 

An extensive review of the literature on research work in earth- 

quake engineering is given by E. P. Hollis (13) and E. Rosenblueth 

(21, p. 923). 
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II. METHOD OF ANALYSIS 

In this chapter the method of analysis used in the investigation 

is developed. The nonlinear analysis is accomplished by a step -by- 

step procedure in which the structure is assumed to respond linearly 

during each time increment. However, the member properties may 

be changed from one interval to the next. Thus the nonlinear re- 

sponse is obtained as a sequence of linear responses of successively 

differing systems. 

A flow chart of the digital computer program, along with the 

limitations and assumptions used in the study, are given at the end of 

this chapter. 

Individual Member Stiffness Matrix 

The stiffness of structural elements i s assumed linear during 

all time intervals. Hence, the general relationship between member - 

end moments and member -end rotation apply whether the structure 

is elastic or partially elastic- partially plastic. The difference be- 

tween the two states is the connection rigidities that are used in com- 

puting deformations. 

Neglecting axial deformations, the force -displacement relation- 

ship is shown in Figure 2. 1. A definition of terms used in this in- 

vestigation is given in Table 2. 1. The force -displacement 
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relationship for a member is given in matrix form as follows 

where 

{q} T [k] {d} (2. 1) 

{q} - member force vector 

{d} - member displacement vector 

[k] - member stiffness matrix 

Table 2. 1. List of symbols used in Figures 2. 1 and 2. 2 and asso- 
ciated developments. 

(4) 0.) 
Wce 

Wcn' Wcn 

- bending moment at i and j ends of a member. 
- shear at i and j ends of a member. 
- displacement at i and j ends of a member, 
- rotation at i and j ends of a member. 
- total rotation of the connection at i and j ends of a 

member. 
- elastic rotation of the connection at i and j ends of a 

member. 
- plastic rotation of the connection at i and j ends of a 

member. 
k 1, k - stiffness of the connection at the i and j ends of a c c member. 
MYó, MYo - bending moment at i and j ends of a member at which 

plastic deformation begins. 
j 

eYo eYo 
- rotation at i and j ends of a member at which plastic 

deformation begins. 

These matrices are of the form 

i M Mj 

i, V V 

i 71 
j 

' , 

i i 
(A) ,w 

i i 
CO ,w 

C C 

i j 

i j 



{q} = 

i 
M 

M1 

vi 
{d} _ 

- 
w 

LY'l l+Y 12 
411 Y12 

2Y11+Y12 
L 

2Y22+Y12 2Y22+Y12 
Y12 2Y22 L L 2L EI 

2) 

2Y11"12 2Y22+Y12 2(Yll+Y12+Y22) 2(Y11+Y12+Y22) 

L L 
L2 

2Y11+Y12 2Y22+Y12 2(Y11+Y12+Y22) 2(Y11+Y12+Y22) 

- L - L - L2 L2 
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(2. 3) 

The elements of Equation 2. 3 are developed in Appendix A. In Equa- 

tion 2. 3 

E - modulus of elasticity of the member 

I - moment of inertia of the member 

L - length of the member 

vi 

(2. 

1. 

L 

[k] _ 

L2 

n 

nJ 



vil - 
3v1 

4-v vJ 
i 

3vlvj 
yi2-(4-vivj) 

3 

Y22-( i j) 
4-v v 

(2. 4) 

v1, v3 - the connection fixity factors for the i and j ends of the 

member respectively. 

The connection fixity factors are used to express the stiffness of the 

connection k 
c as a function of the stiffness of the beam k in m 

the form 

where 

and 

k 
c 

= Pk m 

k 4EI 
m L 

P 
4(1 v ) 

9 

(2. 5) 

(2. 6) 

(2.7) 

The value of y varies from zero for a pinned connection to 1. 0 for 

a rigid connection. Using Equation 2. 5, the connection stiffnesses 

given in tests by Baker (1) and others can be related to the fixity fac- 

tor used in the stiffness matrix. 

Using the above representation for semirigid connections yields 

) 

= 
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results very similar to those obtained by Giberson (9). Giberson in- 

troduces springs into the member as it commences plastic deforma- 

tion. The springs, initially rigid, are capable of exhibiting a curvi- 

linear hysteresis loop. The stiffness of the spring k 
s 

used by 

Giberson is related to the beam stiffness k as in the form m 

or 

k = fk 
s m 

f = P 

The two methods will yield identical results for structural members 

with connections that are initially rigid and that exhibit the same hys- 

teresis curves. The approach investigated herein lends itself to 

modification for use with curvilinear hysteresis loops. 

Hysteresis Loops 

Bilinear moment -rotation loops that display the connection 

characteristics assumed for this study are shown in Figure 2. 2 along 

with pertinent nomenclature. To provide a form of bilinear moment 

resistance at the member end, the rigidity of the connection is 

changed from P k 
e m 

formation to P k 
n m 

for the fully elastic region of connection de- 

in the range of nonlinear connection deforma- 

tion. Typical values of P 
e 
k m and P 

n 
k m were determined from 

previous static tests published by J. F. Baker (1). 
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loop. 
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Connection rigidities reported by J. F. Baker (1) for 12 inch 

beams vary from 150 x 106 inch -lbs for a somewhat flexible connec- 

tion of the type shown in Figure 2. 3a to 500 x 106 inch -lbs for a fair- 

ly rigid connection of the type shown in Figure 2. 3c. Fixity factors 

calculated from Baker's work indicated values in the elastic range of 

deformation of v 
e 

from 0. 7 to 0. 9. 

In this investigation initial connection fixity factors of 0. 60, 

0.80 and 1. 00 are considered. These values are considered to be 

representative of the fixity factors encountered in moment resisting 

frames. 

The slope P k of the hysteresis loop in Figure 2. 2 is a n m 

function of strain hardening during plastic deformation. The connec- 

tion rigidities reported by Baker in this range of deformation corres- 

ponded to fixity factors of v n = 0. 10 to v n = 0. 15. 

The mathematical approach used in this investigation uses a 

one - component beam model whereas a two - component beam model 

was used by Clough and Benuska (5). In Clough and Benuska's model 

one component was an elastic -perfectly plastic beam while the sec- 

ond component was a fully elastic beam. As the rotation of a member 

end surpassed the yield rotation, the contribution to the stiffness from 

the elastic -perfectly plastic component for this end was set equal to 

zero. 

The author's one- component beam model consisted of a flexible 
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(a) Flange connection. 

(b) Flange -web connection. 

(c) Split I connection 

Figure 2. 3. So- called rigid connections tested 
by J. F. Baker (1). 
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member with springs attached at both ends. The rigidity of the 

springs was altered as the member entered the plastic range of de- 

formation to simulate a bilinear hysteresis loop. 

It can be shown that the two models will yield different results 

(deformations and internal member forces), with the one -component 

beam model being more realistic from a physical point of view and 

also more versatile. 

As shown in Figure 2. 2 the connection moment crosses over 

the yield moment limit line before changing its state of stiffness. 

Likewise the connection moment decreases parallel to the yield mo- 

ment limit line, or backtracks, for one time increment before chang- 

ing back to the initial stiffness. The crossing over and backtracking 

results from assuming that the connection stiffness remains constant 

throughout each time increment. 

Ductility Factor 

Failure of a member is closely associated with the nonlinear 

displacement that takes place during plastic deformation. A ductility 

factor, defined such that it becomes a measure of this nonlinear 

yielding, is defined as 

M/MYo M < MY 

G) 

1 
cn 

M > M 
0 Yo Yo 

(2. 8) 



where 

n 
- the ductility factor which defines nonlinear or permanent 

rotational deformation of a connection. 

15 

Because no elastic deformation of the connections takes place 

for structures with rigid connections, the definition given in Equation 

2. 8 also defines the total connection deformation. This is not the 

case when semirigid connections are considered, as can be seen in 

Figure 2. 3b. To determine the total rotational deformation that a 

connection undergoes, a second definition of ductility factor is given 

and calculated in this investigation as 

w 

Yo 
where 

(2.9) 

µt is a ductility factor which defines the total rotational defor- 

mation of a connection. 

For members with rigid connections µt equals µn for M > M. 
The expression for initial yield rotation 8Yo is derived in 

Appendix B and given in Equation B. 2 as 

Yo 

MYoL 4-ve vé 
(2. 10) 6EI i j 

ve(2+ve) 

In this investigation connection moments are calculated at the 

p. 

c µt=1+e 
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end of each time increment; hence, the ductility factors are calculat- 

ed in terms of connection moments rather than connection rotations. 

This is first done for µ n as follows: From Figure 2. 3b the non - 

linear connection deformation w during any time interval, with 
cn 

M > M. is seen equal to the total deformation of the connection 

w c 
minus the elastic deformation of the connection w ce or 

M-M M-M 
Y_ Y 

wcn = P k P k n m e m 

which is rewritten in terms of fixity factors as 

4 (ve- vn M-M _Y 
wcn 3 i i k 

v v m 
e n 

(2. 11) 

(2. 12) 

The ductility factor µ can then be calculated from Equation 2. 8 

as 

M/M M < M 
Yo - 

Y 

- 2+v l-vl M-M 
1+ 2 

e n( y) M> M 
4-v iv 

\ v yo Y e e n 

(2. 13) 

The ductility factor µt given in Equation 2. 9 is next determined as 

follows: From Figure 2. 3b it is seen that the total connection defor- 

mation wc is equal to 

, 

n 

e 

- 

n 

) 



Wc 
/ \ 

M 
M < M - Y 

M>M 
Y 

Pe 
e m 

M M-M 
Y Y + `P P k e 
k m n m 

17 

(2. 14) 

The ductility factor µt given in Equation 2. 9 is then calculated in 

terms of fixity factors as 

1 + 2(1-vi 
2+v 

e 
i 

4- v vJ 
e e 

2+vj 
_ 

ve M-M 
1 + 2 

e 
(1-vl)+ (1-v1)( Y) 

4-v v e vi n Myo 
e e ,... n - 

M yo 
M<M - Y 

M>M 
Y 

(2. 15) 

Two ductility factors are calculated in the computer program 

used in this investigation, µn as given in Equation 2. 13 and µt 

as given in Equation 2. 15. With the ductility thus defined both the 

nonlinear deformation and the total connection deformation can be de- 

termined. 

Damping 

For this investigation damping was assumed to be Rayleigh 

damping which is composed of both stiffness proportional viscous 

damping and mass proportional viscous damping as given by the fol- 

lowing equation: 

v yo 

µt 

( 



[C] = a[M] + p[K] 

where 
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(2. 16) 

[C] - the damping matrix 

[M] - the mass matrix 

[K] - the system stiffness matrix 

a - a scalar quantity that indicates the fraction of mass used 

for damping 

P - a scalar quantity that indicates the fraction of stiffness 

used for damping 

The fraction of mass and stiffness conventionally used in damping is 

determined as some percent of critical damping in the fundamental 

mode. This percent of critical damping has been related to a and 

p by O'Kelley (18) as follows 

and 

where 

m a 

n = 2w n = 1, 2,..N (2. 17) 
n 

s ßwn 

2 
(2. 18) 

- the percent of mass proportional critical damping in the 

n mode, 

s - the percent of stiffness proportional damping in the nth n 

mode, 

wn - the nth circular frequency. 

m 



For the fundamental mode with n = 1, a and ß are 

= a 2w 
m 

1 1 

P = 

wl 

Thus the damping matrix takes the following form 

s 2 
[C] = z1'1[M] + 1 [ 

w 
1 

Equations of Motion 

] 

The equations of motion governing structural response for 

earthquake excitation can be expressed in matrix form as 

where 

19 

(2. 19) 

(2. 20) 

(2. 21) 

[M] {pü} + [C] {pii} + [K] { ®u} = - [M] {1 }oüg (2. 22) 

{Au} - the change in the displacement vector 

{oú} - the change in the velocity vector 

{t ü} - the change in the acceleration vector 

iü - the change in the ground acceleration 
g 

The integration of nonlinear equations can be accomplished by 

means of a numerical procedure using finite increments of time. 

2 
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The numerical procedure used here is that presented by R. W. Clough 

and E. L. Wilson (6). In the procedure the following assumptions are 

used 

1. The acceleration, velocity and displacement at the begin- 

ning of each time interval are known. 

2. The acceleration is linear within each time interval. 

3. The member stiffness properties remain constant through- 

out each time interval but properties may change from one 

interval to the next. 

With these assumptions, a set of equations relating the incremental 

acceleration, velocity and displacement during the tth time inter- 

val is found to be 

where 

{Ait) = 
O tt 

{A ut} + {Bt } 

o 

- 6 
{Aut/ + {At } 

(at) o 

{At } _ - ot {út } - 3{üt 
0 0 o 

{Bt } = - 3{út } - 2t {üt } 

o o 0 

to - the time at the beginning of the tth time interval. 

(2. 23) 

(2. 24) 

(2. 25) 

(2. 26) 

Substitution of Equations 2. 23 through 2. 26 into Equation 2. 22 results 

{o íít} 
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{Aut} -[ 6 
(at) 

m]+-1[c]+{x}1-1(- [M] (®ug{1}+ {At })-[C]{Bt 
0 0 

21 

(2. 27) 

Since all values on the right hand side of Equation 2. 27 are known at 

the beginning of each time interval, the displacement at the end of 

that interval is determined directly. The change in velocity and ac- 

celeration are found from Equations 2. 23 and 2. 24 and added to the 

total at the beginning of the increment to determine their values at 

the end of the increment. From these new totals, vectors {A} and 

{B} are computed for the increment. Thus the right hand side of 

Equation 2. 27 is known for the next interval. 

Determination of Time Increment 

Little has been done to date to determine what effect the magni- 

tude of the time increment, used in approximate solutions, has on 

calculations of multi -story structural response. In general, the 

smaller the time increment the more accurate the solution, as long 

as round -off and truncation errors are controlled. But as the accu- 

racy increases, cost also increases. It is desirable therefore to de- 

termine a time increment that yields only the accuracy required, 

thereby minimizing cost. One criteria frequently used to determine 

a suitable time increment A t is 

z 
g 



At 
10 

T min 
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(2. 28) 

where T is the shortest natural period of vibration. Newmark min 

(17, p. 67), in considering stability for approximate solutions, con- 

cluded that a time interval of 1/5 and 1/6 of the shortest natural per- 

iod of vibration would limit the error to tolerable amounts. For a 

twenty -story structure Giberson (9) used T20/6. 

The effect that varying the magnitude of the time increment has 

on a ten -story building, using the program developed for this investi- 

gation, is given in Table 2. 2. The time increment used throughout 

this investigation was 0. 01 second or approximately T 10/10. 

Table 2. 2. Time increment vs error. 
Criteria At seconds Max' error 
T min 

5 

T min 
10 

T min 
20 

. 02 1. 3% 

. 01 .5% 

. 005 

1Maximum percent difference in deflection assuming 
Tmin /20 results in "correct" deflections. Values 
of deflection were calculated for one sec. of the El 
Centro earthquake. 

2: 
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Calculation of Horizontal Shear and Deflection of Each Floor 

After the equations of motion are solved, the equivalent hori- 

zontal static force vector and member deformation vector are calcu- 

lated as follows 

and 

where 

{As} _ [K] {pu} 

{Ad} = [F] {L s} 

(2. 29) 

(2. 30) 

{As} - a vector of the changes in the horizontal static force. 

{Ad} - a vector of the changes in the internal member-end de- 

formations. 

[F] - the force matrix. 

The moments and shears of the ends of the members are determined 

by using their individual member stiffness matrices as follows 

where 

{qi 
(2. 31) 

{q'} - the internal member force vector for the ith member, 

[k1] - the member stiffness matrix for the ith member, 

{di} - the member -end deformation vector of the ith member. 

kl]{dl} = 
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The Computer Program 

A flow chart of the digital computer program used in this in- 

vestigation is shown in Figure 2. 4. In Step 6 of Figure 2.4 it is nec- 

essary to determine if a connection has changed state during the time 

interval. To do this the procedure given in Figure 2. 5 is used. If 

at least one connection has changed state during this increment, a new 

stiffness matrix is generated in Step 2 of Figure 2. 4. 

In developing the computer program, the class of structures to 

be analyzed was restricted to those with the following properties 

1. The foundation is infinitely rigid. 

2. Only plane frames are considered. 

3. The structures are moment -resisting frames; thus girders 

and columns provide the only stiffness of the frame. 

4. Axial, torsional and shear deformations are neglected in 

all members. 

5. All members can yield only at the ends and must yield ac- 

cording to the bilinear bending moment -rotation hysteresis 

loop shown in Figure 2. 3. 

6. All mass is concentrated at the floor levels. 

7. The mass at each floor level moves only horizontally; 

hence, rotational inertia associated with joint rotation is 

neglected. 
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Figure 2. 4. Digital computer program flow chart for calculation of 
nonlinear response for structures subjected to earth- 
quake excitation. 
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8. The building is laid out in a rectangular grid pattern, but 

the length per bay, the number of bays, the height per 

story and the number of stories are variable. 

9. The connection moment must not exceed twice the yield 

moment at any connection. In nonlinear analysis this will 

seldom happen and does not happen in any of the examples 

presented in this report. 

Since the computer program is written to analyze structures subject- 

ed to earthquake excitation, the properties and limitations of this 

section of the program will also be detailed. 

10. The time history of the accelerogram must be digitized into 

pairs of coordinates, time and ground acceleration, of an 

assumed piecewise linear accelerogram. 

11. An amplificator or scale factor was used which allows the 

intensity of the earthquake to be varied. 

Earthquake Accelerogram 

The accelerograml used in the investigation is the North -South 

component of the May 18, 1940 El Centro earthquake. This earth- 

quake is believed representative of strong earthquakes in the western 

1The accelerogram used herein was supplied by Paul C. Jen- 
nings, Assistant Professor of Applied Mechanics, California Institute 
of Technology. 
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part of the United States and its accelerogram, givenin Appendix D, is 

the strongest yet recorded. 

Studies by Clough and Benuska (5) indicate that the structural 

response depends primarily on the peak acceleration impulse in the 

ground motion and that continuing motions of smaller amplitude have 

only a small effect on the maximum response. Therefore, in order 

to avoid excessive computational time the duration of the earthquake 

used in this analysis was primarily limited to the first four to eight 

seconds of the El Centro earthquake. This same time duration was 

used extensively by Clough and Benuska (5), 
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III. TESTING OF THE COMPUTER PROGRAM 

To verify that the digital computer program yielded accurate 

solutions to the problems being studied, three types of errors, (a) 

gross, (b) round -off, and (c) truncation errors were considered. 

Gross errors or mistakes are most effectively checked by com- 

paring results obtained herein to results obtained for the same prob- 

lem by other investigators. If the results of the independent solutions 

are the same or approximately the same, it is assumed that no gross 

errors exist. To check for gross errors in the digital computer pro- 

gram presented, the twenty -story structure shown in Figure 3. 1 was 

analyzed for the limiting case of rigid connections and the results 

compared as shown in Figure 3. 2 to those obtained by Clough and 

Benuska (5) and Giberson (9) for the same structure. 

Clough and BenuskaQs method of analysis consisted of using a 

member with two components acting in parallel; one component was 

elastic -perfectly plastic while the second component was fully elastic. 

As the rotation of a member end surpassed the yield rotation, the 

contribution from the elastic -perfectly plastic component for that end 

was considered to be zero. 

Giberson's method and the method used in this study uses a one - 

component member with springs attached at the ends. The rigidity of 

the springs are altered as the member enters the plastic range of 
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deformation to simulate a bilinear hysteresis loop. 

Giberson in comparing the two models, concluded that the one - 

component model was more realistic from a physical point of view 

and that it was also more versatile. 

Following the work of Clough and Benuska it was assumed that 

the properties of structural symmetry could be used by pinning the 

structure at the center line and thereby analyzing only one -half of the 

structure. This assumption, though correct in the elastic range of 

deformation, introduces error during plastic deformation. Giberson, 

after studying the effects of this assumption concluded that the result- 

ing error was small. 

Due to the differences cited, the comparisons as shown in Fig- 

ure 3. 2, cannot be expected to be identical. It is believed that the re- 

sults given by the computer program described here compared well 

with results obtained by Clough and Benuska and Giberson and the dif- 

ferences shown can be explained by the differences in the mathemati- 

cal models and by the difference in the assumed structural behavior. 

A further check on the computer program developed for this in- 

vestigation was made in the following manner. Since the results ob- 

tained from an analysis in the elastic range of deformations using 

Giberson &s and the writer's program should yield similar results, a 

comparison of elastic response results were made for the first second 

of the El Centro earthquake for the twenty -story structure shown in 
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Figure 3. 1. This comparison showed a difference in results of less 

than one -half of one -percent. It was therefore concluded that gross 

errors were eliminated from the computer program. 

When large numbers of computations are made, it is a difficult 

task to insure that round -off and truncation errors have not contamin- 

ated the results. Three procedures by which these errors were eval- 

uated were: (a) checking results with results obtained by independent 

methods, (b) the use of double precision arithmetic, and (c) the use 

of error parameters. 

An error parameter was introduced into the computer program 

to help monitor the magnitude of the round -off and truncation error. 

It was based on the fact that the sum of the moments at each joint 

should at the end of each time increment be zero. Hence, the mo- 

ment residue accumulated at the joints is due solely to round -off and 

truncation error. The error parameter thus defined, however, is not 

affected by round -off and truncation errors that occur in the solution 

of the equations of motion (Equation 2. 27) and the subsequent change 

of the horizontal static force vector (Equation 2. 29). To evaluate 

these errors, higher precision arithmetic2 was used for all variables 

2The computer used for this investigation, The Control Data 
3300, has a fixed word length of 22 bits. For single precision floating 
point arithmetic, two words are used which results in precision to 11 
decimal places. The higher precision arithmetic used here utilized 
three words. This increased the time of computation about 450 per- 
cent and for this reason was used sparingly in this investigation. 
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in both these equations and the results were compared to the results 

obtained using single precision arithmetic. The results of the struc- 

tural response for the first one -half second of the El Centro earth- 

quake were essentially identical, and the error parameter was zero 

to eight decimal places in both cases. When the structure was sub- 

jected to four seconds of the El Centro earthquake, the error parame- 

ter was zero to five decimal places. 

Consequently, it is believed that gross errors have been elim- 

inated and round -off and truncation errors minimized such that the 

computer program provides the accuracy required. 

An iteration procedure given by Kreyszig (14, p. 458) was used 

in this investigation to calculate the circular frequencies and the cor- 

responding characteristic vectors for the structure. After each iter- 

ation a bound on the circular frequency, or a maximum possible er- 

ror, was determined. The iteration process was continued until the 

maximum error, or bound, was less than some predetermined per- 

cent of the circular frequency. 

Using a maximum relative error of . 0001 percent of the calcu- 

lated circular frequency, the first five natural periods, calculated 

from the circular frequencies, were obtained for the structure shown 

in Figure 3. 1. These values differed by less than one -half of one 

percent for the same values calculated by Giberson (9 ). It was there- 

fore concluded that the computer program written to obtain the natural 

periods provided the required precision and accuracy. 
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IV. RESULTS 

Design of the Building Used in the Investigation 

In order to evaluate the influence of semirigid connections on 

the dynamic response of structures, a ten -story steel structure was 

designed in accordance with the Uniform Building Code (24) of 1967. 

The building was designed for vertical gravity loads plus static later- 

al forces using approximate procedures. From the resulting internal 

member forces, relative member properties were obtained. These 

were then used as the initial member properties in a more exact com- 

puter analysis of determining member sizes and internal member 

forces. This second set of internal member forces, designated the 

design forces, were used to determine the final relative member 

stiffness as shown in Figure 4. 1. 

The overall stiffness of the structure was altered slightly by 

multiplying the stiffness of every member by a constant factor such 

that the resulting fundamental period was equal to 2. 2 seconds. This 

followed the work of Clough and Bensuka (5) and permitted a compari- 

son with their results. 

The yield moments of the individual members were determined 

by multiplying the maximum design moment for a particular member 

by four for the columns and by two for the girders. For this reason 

the resulting yield moments shown in Figure 4. 2a are designated the 



Weight per Story 3 bays at 20 feet each 
floor (kips) level 

60 10 1-- 5 
I 

5 --I -5 - n 

80 9 5 --I- 5 I 5 --I 
3 6 6 3 

80 8 1-5 5--h-- 5 --I 
3 6 6 3 

80 7 I- 5 -I- 5 
I 

5- H A 
6 12 12 6 u 

80 6 I-7 -I-- 7 I 7 --I a) 

6 12 12 6 w 
80 5 I- 7 -I- 7 -I-7 - 

6 12 12 6 -p 

80 4 I- 7 ---I 7 --I- 7 --I En 

En 

9 18 18 9 . 
80 3 I-- 7 -1 7 

I 
7 --I , 

9 18 18 9 co 

80 2 I- 8 -I- 8 -I-8 -I o, 

9 18 18 
9 80 1 I- 8 --I-- 8 -1-8 ---I 

12 24 24 12 17, 

/)/////// /1/ i i ////// // i / 
Number shown by each member is 
the relative member stiffness. 

Figure 4. 1. Building properties and relative member stiffness. 

3 6 6 3 

-- 



n-184-1-184-7-184-1 
156 204 204 156 

1--184---1-184 --I----184---1 
156 6 204 204 156 
H184-1--184-1-184-1 

156 204 204 156 
1-184-1-184-1-184-4 

228 344 344 228 
1-270 1 

270-1--270--1 
228 344 344 228 

1-270-1 270-H270-1 
228 344 344 228 

1-270 1 270 -+-2 7 0--1 
300 460 460 300 

1-270 1 2 7 0 ---I---2 7 0--1 
300 460 460 300 

1--2 94---F-2 94 --1--2 94--1 
300 460 460 300 

1-294--H2 94 --}--2 94H 
432 808 8 8p8 432 ////// ,/////)//////)// /,//,/J/, 

(a) 2/4 yield moments (ft-kips) 

C 

'--152--r152- 
140 202 
1-140-1-138- 

140 202 
1--140-1-138i 

141 202 
1-139-03 

207 312 
1---225 224- 

211 342 
1--225 224- 

211 342 
1--225 1 224 

280 459 
1-226-4224- 

283 459 
1-250-1-248- 

280 458 
1--249 248 

417 8Q7 

// / /////I// // 
(b) Modified yield moments (ft -kips) 

Figure 4. 2. Yield moments of ten -story steel structure. 

1 



2/4 yield moments. 

38 

Effect of Semirigid Girder Connections on the 
Fundamental Period 

The effect of girder connection rigidity on the fundamental per- 

iod was determined by varying the girder connection fixity factor from 

1. 0 to 0. 4 and calculating the resulting period. The results are 

shown in Figure 4. 3. The range of typical girder connection fixity 

factors is also noted. It is seen that within this range of fixity factors 

the fundamental period can increase by as much as 25 percent of that 

for rigid connections. 

Effect of Semirigid Girder Connections on Nonlinear 
Response 

Semirigid girder connections influence the dynamic response of 

structures in the following three ways. By decreasing the girder con- 

nection fixity factors (a) the relative stiffnesses of the girders are:.re- 

duced (b) the strength or yield moments of the girder connections are 

reduced, and (c) the overall stiffness of the structure is reduced or 

the period of vibration is increased. These effects are isolated and 

investigated independently. 

Ground motion characteristics also have a fundamental influence 

on the dynamic response of structures, thus the influence of the in- 

tensity and duration of the ground motion on the dynamic response 
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were investigated. 

When the rigidity of the girder connections is changed, there 

is a resulting change in the fundamental period. To isolate the effect 

of changing the connection rigidity, or fixity factor, the relative mem- 

ber stiffness of every member in the structure was multiplied by a 

factor (1*) such that the fundamental period remains constant. 

Table 4. 1 shows the multiplication factor (I *) along with all periods 

that result when girder connection fixity factors of 1. 0, 0. 8 and 0. 6 

were used. 

Table 4. 1. Periods of vibration (T) with structural 

Girder 
connection 
fixity factor 

I* 

T1 

T2 

T3 

T4 

T5 

T6 

T7 

T8 

T9 

T10 

stiffness constant (I *). 

Rigid 
y =1. 0 

Semirigid 
v = 0. 8 y = 0. 6 y = 0. 8 

56. 1 75. 5 106. 2 46. 5 

2. 20 2. 20 2. 20 2. 80 

0.79 0.78 0.76 0. 99 

0.45 0.44 0.42 0. 56 

0.31 0. 29 0. 28 0. 37 

0. 23 0. 21 0. 20 0. 27 

0. 20 0. 19 0. 17 0. 24 

0. 18 0. 16 0. 14 0. 21 

0. 15 0. 13 0. 12 0. 17 

0. 13 0. 11 0. 10 0. 14 

0. 10 0. 09 0. 08 0. 12 

ó 

yb, 

p 

° 

ó 

á 



41 

The basic quantities used to measure the nonlinear response of 

multi -story buildings were the maximum deformation of the connec- 

tion, the maximum lateral floor displacements and the maximum hor- 

izontal story shear that existed at each story level. Connection de- 

formations are measured by the nonlinear and the total ductility fac- 

tors. 

The story shear was calculated by summing the horizontal story 

forces from the top of the structure to the story under consideration. 

The horizontal story forces are equivalent static forces placed at each 

floor level which produce a given deflected shape determined from 

dynamic analysis. Thus the maximum story shear at the bottom floor 

is the base shear that exists for this structure and given earthquake. 

The damping matrix used in this investigation consisted of a 

fraction of the mass matrix. The damping coefficient was selected 

such that the damping ratio was equal to five percent of critical damp- 

ing in the fundamental mode of vibration. 

In all cases the fixity factor for both girder and column connec- 

tions was equal to 0. 10 during plastic deformation. 

Column connections or splices were considered initially rigid 

in all tests. 

Approximate Solution Using Symmetry 

In order to use symmetry (see Appendix C) to reduce the amount 
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of calculations required in analyzing the structure, the static gravity 

loads must be removed from the girders. To account for this reduc- 

tion in internal member forces, the individual member moments de- 

termined for static gravity loading only, were subtracted from the 

yield moments shown in Figure 4. Za. This resulted in the modified 

yield moments shown in Figure 4. 2b. A comparison of the maximum 

response results obtained from four seconds of the El Centro earth- 

quake using these two sets of conditions are shown in Figures 4.4 and 

4. 5. These results indicate that the approximate solution yields ac- 

curate values for the maximum lateral floor deflection but overesti- 

mates the maximum nonlinear ductility factors and the maximum 

story shear. These results, although not exact, were considered to 

be sufficiently close. Thus it was decided to use symmetry and the 

modified yield moments with the static gravity loads removed for the 

remaining analyses in order to reduce the required computation time. 

Influence of Intensity of Ground Motion 

The ground motion record used in this investigation was the 

1940 El Centro, California earthquake accelerogram. To obtain the 

influence of earthquake intensity, the earthquake acceleration was 

multiplied by a scale factor S. Thus a modified earthquake accel- 

erogram of intensity S was defined. The results of using the El 

Centro earthquake of intensity 1. 0 and 1. 5 are shown in Figures 4. 6 
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o Complete- structure yield moments given in Figure 4. 2a 
A One -half- structure yield moments given in Figure 4. 2b 
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through 4. 9. 

To illustrate the effect that earthquake intensity has on the dy- 

namic response, the ratio of the maximum structural response for an 

earthquake of scale 1. 5 to scale 1. 0 is also shown. From Figure 4.6b 

it is observed that the resulting ratio of maximum lateral floor de- 

flection is between 1. 5 and 1. 8. Likewise Figure 4. 7b shows that the 

ratio of the maximum story shear for an earthquake of scale 1. 5 to 

1. 0 varies from 1. 0 to 1. 35. Figure 4. 8b shows that the ratio of the 

maximum girder nonlinear ductility factor varies from approximately 

1. 0 to 2. 0. Figure 4. 9b shows that the ratio of maximum column 

nonlinear ductility factor varies from about 1. 1 to 1. 8. 

From studying the results it is evident that this building, de- 

signed using the Uniform Building Code (24) of 1967, is designed to 

adequately withstand the El Centro earthquake with a scale factor of 

1. 0. For this excitation only slight plastic rotation occurs in the 

girder connections and none in the column connections. This is true 

for the structure with rigid or semirigid connections. 

Since this study was intended primarily as an investigation of 

the nonlinear response of structures under dynamic loading, it was 

concluded that a scale factor of 1. 5 would be used in all of the tests to 

insure that the response would include nonlinear deformations. 
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used are given in Figure 4. 2b. Fundamental period is 2. 2 seconds. 
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Influence of Duration of Ground Motion 

To determine the influence of the duration of the ground motion, 

the maximum response values at the end of each second of earthquake 

time were printed by the computer. The results at two second inter- 

vals up to a maximum of eight seconds are shown in Figures 4. 10 and 

4. 11. Three separate tests, each carried out to a total of eight sec- 

onds and considering both rigid and semirigid girder connections, 

produced results similar to those shown in Figure 4. 10 and 4. 11. In 

no case did any maximum response occur between six and eight sec- 

onds of earthquake time. It was found that the time at which the max- 

imum responses occurred decreased as the period of vibration in- 

creased and as the initial yield moments decreased. By increasing 

the period of vibration from 2. 2 to 2. 8 seconds or by lowering the 

yield moments by 33 percent the maximum response generally oc- 

curred in four seconds or less rather than six seconds as indicated 

by the case shown. Reducing the girder connection fixity factors 

while maintaining the period of vibration and yield moments was 

found to have no effect on the time at which the maximum responses 

occurred. 

Clough and Benuska (5) found that the maximum structural re- 

sponse depends primarily on the peak acceleration impulse in the 

ground motion and it is not affected strongly by continuing motions of 
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smaller amplitudes. Generally, this conclusion was borne out in this 

investigation. Thus it was concluded the analyses would be limited to 

an earthquake duration of six seconds. 

Influence of Girder Connection Fixity Factor on Structural 
Response 

The influence of girder connection fixity factors on structural 

response was isolated as previously outlined by multiplying the rela- 

tive stiffness of each member by a factor such that the fundamental 

period remained at 2. 2 seconds as the connection fixity factor was 

varied. The results of the responses thus determined are given in 

Figures 4. 12 through 4. 14. These results show that the maximum 

lateral floor deflection and the maximum story shear are changed 

only slightly by using semirigid girder connections. The maximum 

nonlinear ductility factor is generally decreased for girders and in- 

creased for columns and the maximum total ductility factor is in- 

creased for girders. 

Increasing the girder connection flexibility alters the stiffness 

relationship between girders and columns, with the girders becoming 

relatively more flexible. Thus, yielding is decreased in the girders 

and increased in the columns as expected. However, the overall 

stiffness and strength of the structure remains unchanged. Therefore, 

little variation would be expected in the maximum lateral deflection. 
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Influence of Girder Connection Initial Yield Moments on 
Structural Response 

The effect that the initial yield moments have on structural re- 

sponse was obtained by comparing the responses of two tests in which 

the values of the initial yield moments were the only variables. The 

results, given in Figures 4. 15 and 4. 16, indicate that a reduction in 

the initial girder connection yield moments decrease the maximum 

lateral floor deflection, the maximum story shear and the maximum 

column nonlinear ductility requirements and increases the maximum 

girder nonlinear ductility requirements. 

Influence of the Period of Vibration on Structural Response 

The influence of the period of vibration on structural response 

is shown in Figures 4. 17 and 4. 18. The single variable in these re- 

sults was the period of vibration of the structure which changes from 

2. 2 to 2. 8 seconds. These results show that with this change in per- 

iod the maximum lateral floor deflection increases while the maxi- 

mum girder nonlinear ductility requirements decrease and the maxi- 

mum story shear and column nonlinear ductility factor remain es- 

sentially unchanged and mixed. 

Summary of Results and Conclusions 

Semirigid girder connections can affect the nonlinear response 
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o girder connection initial yield moments are given in Figure 4. 2b. 
a girder connection initial yield moments are reduced 33 percent of those given in Figure 4. 2b. 
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of a structure in the following three ways: (a) by reducing the rela- 

tive stiffness of girders to columns with decreasing fixity factors, 

(b) by reducing the girder connection strength, or yield moments and 

(c) by reducing the overall stiffness of the structure or increasing the 

fundamental period of vibration. These three effects were isolated 

and investigated independently. The results are summarized in Table 

4. 2. In column (a) the effect of reducing the relative stiffness of the 

girder to columns is shown. This is done by reducing the girder con- 

nection fixity factors while holding all other variables constant. In 

column (b) the effect of reducing the strength of the girder connections 

is shown. This is accomplished by reducing the girder connection 

yield moments while holding all other variables constant. Column (c) 

shows the effect of reducing the overall stiffness of the structure or 

increasing the period of vibration while holding all other variables 

constant. 

Because of large axial forces in the lower columns of tall multi- 

story buildings and the unknown requirements needed to prevent col- 

umn instability, it is generally concluded that column ductility re- 

quirements must be minimized. 

It is of interest to note from Table 4. 2 that reducing the girder 

connection yield moments will result in smaller maximum responses 

except for the girder nonlinear ductility factors. Thus, reducing the 

yield moments in semirigid girder connections may be an effective 
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method of minimizing the ductility requirements of the columns of 

controlling the points of plastic deformation, and of partially control- 

ling the maximum lateral deflections. 

Table 4. 2. Summary of the effects of semirigid connections on struc- 
tural responses. 

Decreasing girder 
connection 
fixity factors 

(a) 

Decreasing girder 
connection 
yield moments 

(b) 

Increasing 
period of 
vibration 

(c) 

Maximum 
lateral 
deflection 

maximum 
story 
shear 
maximum 
girder 
nonlinear 
ductility 

maximum 
column 
nonlinear 
ductility 

no change 

slight increase 

decrease 

increase 

decrease 

decrease 

increase 

decrease 

increase 

mixed 

decrease 

mixed 

No general conclusions can be reached from testing only one 

structure and one earthquake. However, these results indicate that 

semirigid girder connections will have a significant effect on the 

structural responses obtained, and that through a proper choice of the 

strength and stiffness properties of the connections, these responses 

may be altered to produce a beneficial effect on the structure. 
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APPENDIX A 

Derivation of the Individual Stiffness Matrix for 
Members with Semirigid Connections 

From basic engineering texts, the general fourth -order differ- 

ential equation for a structural member with loads applied only at the 

nodes is given as 

IV 
Y =O 

which has as its solution and first three derivatives 

y= Axa +Bx2 +Cx +D 

yI = 3Ax2 + 2Bx + C + 0 

yII=6Ax+2B+0+0 

yIII=6A+0+0+0 

From the geometric boundary conditions shown in Figure A. 1 

11 = Y( 0) 

= y(L) 

wi 
YI(0) w 

i 

c 

wj = yI(L) yI(L)+ 
c 

(A. 1) 

(A. 2) 

(A. 3) 

y = + + 0 + 

y = + + + 

ni 

co = + 

w 
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(a) Sign convention for member displacements. 
Directions as shown are considered positive. 
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(b) Force and displacement quantities for semirigidly 
connected members. 

Figure A. 1. Member force and displacement quantities and sign 
convention. 
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where w w are the rotations of the connections at the i. and j 

ends of a member and 

and 

i M1 
w =- 
c ki 

c 

J* 
Mi 

wc 
kj 

c 

The connection stiffness is defined as 

and 

where 

then 

and 

i 3E1 vi 
c L ( i) 

1-v 

i 

k j 3EI v 
c L 1-v 

(A. 4) 

(A. 5) 

k i, k 3 - the stiffness of the connection at the i and j ends of a 
c c 

member. 

vi, vi - the fixity factor at the i and j ends of a member. 

M1 
1 3LI vi 

1-v 

, 

C 

1-v 

i 

w - 

c 

J 



Mi 
w 

c 
- 

j 3LI( 
1-v 

Substituting M1 = - EIyII(0) into Equation A. 6 results in 

j 

w II --y(0) 3 1 

vi 
) 

v 
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(A. 6) 

(A.7) 

Likewise substituting MJ = + EIy'I(L) into Equation A. 6 results in 

J 

+y (L) 3 
1-v 

(A. 8 ) 

Solving for Equation A. 3 in terms of Equation A. 2 and writing in 

matrix form 

l^ w 

gives 

0 -21 ß +1 0 A 

wJ (+3L2+6L(3J) (+2L+2ßJ) +1 0 B 
(A. 9) .i 

0 0 0 +1 C 

1J _. _ +L3 - +L2 +L +1 _ D 

or 

where 

{d} = [M] {A} 

{d} - the individual member displacement vector 

{A} - a vector of undetermined constants 

j 

vJ 

v j) 

( 

wc 
II 

( - ) 
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[M] - a matrix of coefficients of the undetermined constants [Al. 

i L 1- v 
P 

_ i 

3 i 
v 

ßj L(1-vJ) 
3 vJ 

From the expression for moment and shear at the boundary, the fol- 

lowing equations can be obtained. 

where 

Mi = - EIyII( 

Mi = + EIyII(L) 

Vl = + EIyIII(0) 

Vj 

E - modulus of elasticity 

I - moment of inertia 

which when solved using Equation A. 2 in matrix form results in 

or 

(A. 10) 

M 0 -2 0 0 

mi +6L +2 0 0 

= EI (A.11) 
Vi +6 0 0 0 C 

VJ -6 0 0 0 D 

- 

EIyIII(L) 

A 

B 



where 

{q} _ [N] {A} 

{q} - a vector of internal member forces, 

[N] - a matrix of coefficients of {A }. 

Solving for vector {A} in Equation A. 9 

{A} = [M]- 11d} 

and substituting into Equation A. 11 

where 
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(A.12) 

{q} = [k] {d} (A.13) 

[k] _ [N][M] -1 (A.14) 

then clearly [k] is the stiffness matrix of the individual member, 

since it relates the internal member forces 

member displacements {d }. 

Inverting the [M] matrix gives 

[M] 1 

L2( 2+v 

3vJ 

{q} to the internal 

2 2+v1 vl+vJ+vivJ 
) -2L( vl+vJ+v1vJ 2L( ) 

3v1 3vlvJ 3vivJ 

-2L3 1. -L3 -L2( 2+v L2( 2+v 
) 

vJ vJ v 

+ L4( 4 
vivJ 

) 

3vivJ 
(A.15) 

= 
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The last two rows of Equation A. 15 are left blank since the last 

two columns of the [N] matrix are zero. Multiplying [N][M] 1 

results in 

[k]_2L EI 

where 

2Y11+Y12 2Y11+Y12 - 
2Y11 Y12 L L 

2Y22+Y12 2Y22+Y12 
Y12 2Y22 L L 

2Y11 +Y12 +Y12 2(Y11 +Y22) 2(Y11+Y12+Y22) 

L L L2 L2 

2Y11+Y12 2Y22+Y12 2(Y11+Y12+Y22) 2(Y11+Y12+Y22) 

L L L2 2 

3 v1 
Y11 

3 v1 vJ 

Y12 4- v1vJ 

3v 
Y22 4- vivJ 

(A.16) 

(A.17) 

= 

- 
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APPENDIX B 

Yield Rotation of Members with Semirigid Connections 

To determine the yield rotation of members with semirigid con- 

nections Equation B. 1 was determined from Equation A. 16 of Appen- 

dix A. 

Mi 

where 

2EI 
L 

Y12 

--Y12 2Y22 

i 
1 

-r1 el 
w = - YlJ 

L 

e=w--- L 

Other terms are defined in Appendix A. 

el 

ei 

(B. 1) 

To determine a unique value of yield rotation it is assumed that both 

ends of a member undergo the same rotation or that e1 = ei. This 

assumption is made only in calculating the yield rotation and does not 

affect the force -displacement relationship of a member that occurs 

during earthquake excitation. The initial yield rotation 
Yo 

thus 

defined is given in terms of initial yield moment MYo as 

M 
2Y11 

- - 
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i 

ei 
- 

MYoL 
[4-v 

ivj 
Yo 6EI i j v(2+v) 

and (B. 2) 

J 

ej MYoL 4- vj vl - ] 
Yo 6EI 3 i v(2+v) 

For members with rigid connections vi = ) = 1. 0. Equation B. 2 

reduces to 

MYoL 

8Yo 6EI 

which was the yield rotation used by Clough and Benuska (5). 

(B. 3) 

1 

- 
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APPENDIX C 

Treatment of Symmetry 

The number of calculations involved in analyzing a structure is 

reduced considerably when symmetry can be used. For lateral load- 

ing (earthquake loading) removing the static loads, cutting the struc- 

ture at the center line, and pinning the cut ends is correct for a struc- 

ture with rigidly connected members undergoing elastic deformation. 

Additional adjustments are required when nonlinear deformations or 

members with semirigid connections are considered. The additional 

adjustments must insure that the structure maintains an equivalent 

force -deformation relationship before and after being cut. Thus the 

required adjustments can be determined by comparing the relationship 

between the member -end rotation O and the member -end moment 

M of the complete member to the cut member. From Equation B. 1 

(Appendix B), the member -end rotation can be written 

ei 

e 

where: 

L 
6E1 

z 
i 

V (C.1) 

i 
M 

Mi 

-1 

? 
-1 

j 
V _ 
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ei, 0j - member -end rotation at i and 

Mi, M3 - bending moment at i and j ends of a member 

vl, vl - fixity factor at i and j ends of a member 

J ends of a member 

L - length of the member 

E - modulus of elasticity of the member 

I - moment of inertia of the member 

For a complete member vi = v = v; and since the structure is sub- 

jected to lateral loads only Mi = M3 = M and ei = 0j = O. Thus 

the member -end rotation O is given by 

For the cut member v 
i 

= v', 

ML(2-v 
6EI y 

M', M3 = 0, ei = e' and 

(C. 2) 

length of L /2. Thus the member -end rotation 0' is found to be 

M'L/2 2 
6 ' 6EI ( v' ) 

(C. 3) 

Equating the two cases, with primes indicating properties of the cut 

member, results in 

e' = O 

M'L/ 2 2 ML 2-v 
6EI ( v' ) 6EI ( v ) 

(C. 4) 

but for the cut member to yield exact results M' must equal M. 

M1 = 

o 



Hence, solving Equation C. 4 for v 

v' - 2-v 

results in 

78 

(C. 5) 

Therefore by using the modified fixity factor v' as given in Equa- 

tion C. 5 for the cut member, symmetry can be utilized and the struc- 

ture analyzed exactly. It is evident from Equation C. 5 that for mem- 

bers with rigid connections (v = 1. 0) . these adjustments are not re- 

quired as the adjusted connection is also rigid (v' = 1. 0). 
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APPENDIX D 

Earthquake Accelerogram 

C 

C 

C 

C 
C 

C 

EARTHQUAKE RECORD OF THE EL CENTRO MAY 18. 1940 NORTH SOUTH 
COMPONENT. 37 CARDS, 8.0705 SECONDS, INDEX NUMBER 102. 

THE NUMBERS GIVEN IN PAIRS ARE THE TIME AND ACCELERATION 
COORDINATES OF THE ASSUMED PIECEWISE LINEAR RECORD 

1 0.0000 0.010849 0.0415 0.001076 0.0969 0.015909 0.1606-0.000114 102 
2 0.2215 0.018989 0.2630 0.000144 0.2907 0.005942 0.3322-0.001239 102 
3 0.3738 0.020093 0.4291- 0.023781 0.4707 0.007659 0.5814 0.042514 102 
4 0.6229 0.009414 0.6645 0.013899 0.7198-0.008849 -0.7198-0.025697 102 
5 0.7891-0.038741 0.7891- 0.056885 0.8721-0.023290 0.8721-0.034306 102 
6 0.9413-0.040222 0.9413 -0.060310 0.9967-0.078909 1.0659-0.066680 102 
7 1.0659-0.038168 1.0936- 0.042997 1.1683 0.089755 1.3151-0.169618 102 
8 1.3843-0.082867 1.4120- 0.082899 1.4397-0.094595 1.4812-0.088552 102 
9 1.5089-0.108024 1.5366 -0.128015 1.6279 0.114491 1.7027 0.235583 102 

10 1.7996 0.142810 1.8550 0.177739 1.9242-0.261035 2.00720.319447 102 
11 2.2149 0.295277 2.2703 0.263464 2.3201-0.298405 2.3948 0.005427 102 
12 2.4502 0.286599 2.5194- 0.046936 2.5748 0.151683 2.6523 0.207718 102 
13 2.7077 0.108776 2.7686 -0.032552 2.8932 0.103399 2.9762-0.080328 102 
14 3.0676 0.052030 3.1285- 0.154743 3.2116 0.006525 3.2531-0.206060 102 
15 3.3860 0.192717 3.4192- 0.093731 3.5300 0.170805 3.5992-0.035974 102 
16 3.6684 0.036536 3.7376- 0.073690 3.8345 0.031194 3.9037-0.183359 102 
17 4.0145 0.022732 4.0560- 0.043532 4.1058 0.021611 4.2221-0.197259 102 
18 4.3135-0.176217 4.4159 0.146007 4.4713-0.004767 4.6180 0.257285 102 
19 4.6651-0.204520 4.7565 0.060822 4.8312-0.273350 4.9696 0.177930 102 
20 5.0389 0.030128 5.1081 0.218380 5.1994 0.026756 5.2327 0.125226 102 
21 5.3019 0.129057 5.3296 0.108947 5.3434-0.023904 5.4541 0.172352 102 
22 5.5095-0.102185 5.6064 0.014120 5.6895-0.194989 5.7725-0.024240 102 
23 5.8002-0.005080 5.8085 -0.027507 5.8694-0.057361 5.8833-0.032748 102 
24 5.9248 0.021653 5.9802 0.010855 6.0134 0.023531 6.0854-0.066594 102 
25 6.1324 0.001412 6.1740 0.049333 6.1878 0.014980 6.1878-0.020012 102 
26 6.2294-0.038186 6.2792 0.020746 6.3263-0.005856 6.3678-0.060317 102 
27 6.3816-0.016263 6.4093 0.020006 6.4591-0.0176 3 6.4785-0.003371 102 
28 6.5201 0.004376 6.5339 -0.004058 6.5616-0.009909 6.5754-0.001753 102 
29 6.6031-0.017065 6.6446 0.037338 6.6862 0.045734 6.7139 0.038587 102 
30 6.7277 0.000994 6.7692 -0.028841 6.7692 0.001615 6.8108 0.011307 102 
31 6.8523 0.002207 6.9077 0.009298 6.9907-0.099620 7.0738 0.036017 102 
32 7.1208 0.007864 7.1430-0.027790 7.1485 0.002662 7.1707 0.027273 102 
33 7.2260 0.057693 7.2953- 0.049270 7.3700 0.029739 7.4060 0.010926 102 

34 7.4254 0.018690 7.4614 -0.025396' 7.5251-0.034766 7.5721 0.003698 102 
35 7.5998-0.062804 7.6413 -0.028096 7.6690-0.019689 7.6912 0.006866 102 
36 7.7521-0.005480 7.7936 -0.060326 7.8351-0.035726 7.8767-0.071648 102 
37 7.9597-0.014024 7.9874 -0.005615 8.0013 0.022241 8.0705 0.046827 102 



APPENDIX E 

Computer Program 

PROGRAM MAINDEFL 
C THIS PROGRAM CALCULATES THE RESPONSE OF NONLINEAR MULTI -STORY 
C STRUCTURES SUBJECTED TO EARTHQUAKE EXCITATION 

DIMENSION 0(50911), 51550). NCODE( 80s4)rEPWl80r21.CCM12).ERRI8019 
1YLIM( 809 2)9 CM( 80. 2). RG( 80. 21. EG( 80. 2).DFACT(80.21.RK110.1019FIX(4) 
2.C(109 101, XX( 10r 10). IFLEX1201. A120) r8 (20),ACC (20).VEL(20).PRE(20). 
3DEFL( 20). CDEFI201. (MI201. CSF120). SF1201.XMLF(20).XMLD(20).ET(5). 
4CCMDF(60).XL(801.XI( 80). W( 80). R( 80. 3).EIOL(801.SM(4.4).EM15).P180) 
5.11/(80.2) 
COMMON Q. S. NCODE. XI. XL. W. RG. SM. FI X. R.E.CM.EIOL.ERR.DFACT.XMLD.XMLF 

2.TR 
20 FORMAT (5I39E12.4) 

C NSF - NUMBER. DEGREES OF FREEDOM FOR COMPLETE STRUCTURE 
C NMF - NUMBER. DEGREES OF FREEDOM FOR INDIVIDUAL MEMBER 
C ME - NUMBER OF MEMBERS 
C NB - ONE -HALF THE BAND BOOTH OF STIFFNESS MATRIX 
C NM - NUMBER OF LUMPED MASSES 
C E - MODULUS OF ELASTICITY OF LINEAR STRUCTURAL MEMBERS 

READ 20. NSFNMF.MEsNB.NM*E 
WRITE (61.25) )NSF.NMF.ME.NB.NM.E) 

25 FORMAT (1H1.30HDEGREE OF FREEDOM FOR SYSTEM 914/20H DEG OF FREED() 
1M PER MEMBER =.I3/26H TOTAL NUMBER OF MEMBERS =14/22H ONE -HALF DAN 
20 WIDTH .913/19H NUMBER OF STOATS = .13/24H MODULUS. OF E 
3ELASTICITY 91E12.4.13H KIPS /INCH* *2) 
READ 21r TT. TMAX. DPM.DPS.P(1),PRD 

21 FORMAT (6F10.0) 
C TT - TIME INCREMENT (SEC) 
C TMAX- DURATION OF EARTHQUAKE USED (SEC) 
C DPM - PERCENT OF CRITICAL DAMPING IN THE FUNDAMENTAL MODE 
C PROPORATIONAL TO THE MASS MATRIX 
C DPS - PERCENT OF CRITICAL DAMPING IN THE FUNDAMENTAL MODE 
C PROPORATIONAL TO THE STIFFNESS MATRIX 
C P(1) FIXITY FACTOR FOR MEMBER ONE DURING NONLINEAR DEFORMATION 
C PRO -FUNDAMENTAL PERIOD OF STRUCTURE (SECT 

WRITE (61922) TT.TMAX.DPM,DPS.P(1).PRD 
22 FORMAT (1H 9 21HTIME INCREMENT (SECS).F8.4 /20H MAXIMUM TIME (SECS) 

1sF8.4/ 20H DAMPING COEFFICIENT /10X918H MASS PROPORTIONAL.F8.4/ 
2 10X. 23H STIFFNESS PROPORTIONAL.F8.4/ 32H RIGIDITY IN PLASTIC DEF 
3ORMATION .F8.4/ 25H FUNDAMENTAL PERIOD (SEC) . F8.4) 
NA = NSF *N8 
NMI = NM + I 

NB1 NB - 1 

GG 1.0 
TIMER 1.0 
SCALE 1.5 

C IFLEXI)) DEGREE OF FREEDOM ASSOCIATED WITH THE ITH FLOOR 
C XMII) MASS OF THE ITH FLOOR 

READ 32. (IFLEX(I). XMI)).1 104M) 
32 FORMAT (5(14.F7.0)) 

WRITE 161.33) LI.IFLEXI)).XM(I). I 1.NM( 
33 FORMAT (IHO. 41HDEG OF FREEDOM ASSOCIATED WITH STORY MASS / 

16H STORY94X98HOEG FREE.4X.13HWEIGHT (KIPS) /(I4r6XI4.8XE12.4)( 
DO 40 1 19NMF 
DO 38 J 1.NMF 

38 SMII.J) = 0.0 
40 F1X1I) 0.0 

WRITE (61.15) 
15 FORMAT 11H0. 6HMEMBER. 5X. 4HCOOEs 9X96HLENGTH s5X.7HINERTIA.6X917HRLGI 

1IOITY FACTORS94X912HUNIFORM LOADs2Xr11HYIELD LIMIT /26X4HFEET97X. 
25HIN** 4. 7X5HL- END. 7X 3HR- END.7X6HKIP /FTs7X7HFT *KIPS) 

42 FORMAT (3X.413.6F9.0). 
43 FORMAT (1H .14,15.314.7E12.4) 

DO 41 1 1.ME 
P(I) P(1) 

C NCODE(I.J) TEZCAN CODING NUMBERS 
C XL(I) LENGTH OF THE I TH MEMBER OFT) 
C XIII) MOMENT OF INERTIA OF THE I TH MEMBER (IN * *4) 
C EG(I.1) FIXITY FACTOR IN ELASTIC DEFORMATION OF 1 CONNECTION FOR 
C THE I TH MEMBER 
C EG(I.21 FIXITY FACTOR IN ELASTIC DEFORMATION OF 2 CONNECTION FOR 
C THE I TH MEMBER 
C W(II UNIFORM LOAD IN KIPS ON THE I TH MEMBER 
C YLIM(1.1) YIELD MOMENT OF THE CONNECTION FOR THE I TH MEMBER AT 
C THE 1 END 

41 READ 42. (NCODE(19J).J1. NMF) .XL)I).XI(I),EG(1.1).EG(I.2).W( I). 
1 YLIM(I.11 
RRR 0.8 
DO 4444 I 1.10 
EG(1 +20.1) RRR 
80(1 +20.2) RRR 
EG(I +30.1). RRR /12. - RRR) 
P(1 +30) = P(1 +301/12. - PI1 +30)) 

4444 CONTINUE 
DO 46 I 1.ME 
XIII) X111) *46.5 

46 WRITE (61.43) IrINCODE (19J).J1.NMF).XL(I).XI(11.EG1' "- EG(Ie2): 
1 W(I). YLIMIls1).P(1) 
JET 2 

C READ FIRST CARD OF THE ACCELERATION RECORD 
C ET - TIME OF EARTHQUAKE 
C EM - MAGNITUDE. OF EARTHQUAKE ACCELERATION 

READ 12, (ET/I). EM)I). I 2951 
12 FORMAT (3X. 40F8.49 F9.5)) 

TIME = 0. 
GL - EM(2) 
KCJ -1 
DO 170 I 1.ME 
EIOLII) 2.0 *XI(I) *E /IXL(11 *144.) 
ERR1l) 0.0 
YLIM(1.21 YLIM(191/ 
DO 160 J = 1.2 
OFACTII.J) 0.0 
TRII.J1 0.0 
EPW(I.J1 0.0 
RGII.J) EG(19J) 

160 CM(19J) 0.0 
170 CONTINUE 

DO.180 I . 1.NM 



XMIII XM(I)/32.2 
ACC( II = -GL*32.2+SCALE 
VEL1I) = 0.0 
DEFLI)1 = 0.0 
SEW 0.0 
XMLFII) = 0.0 

180 XMLD(11 0.0 
DO 184 I = 1.NSF 

184 0(I.NM11 0.0 
185 DO 30 J = I.NA 
30 S(J) = 0.0 

DO 36 J = 1.NM 
DC 34 I = 1.NSF 

34 0(111J) 0.0 
K IFLEX(J) 

36 0(K.J) = 1.0 
CALL STIFF (ME,GG.NB.NM1) 
CALL BAND (NSF.NB.NM1) 
DO 210 I 1.NM 
K IFLEXILI 
DO 210 J = 1.NM 

210 RK(19J) 0(K.J) 
CALL MATINV (RK.NM) 
IF (TIME) 220.220.380 

STEP 5A CALCULATE STATIC DEFLECTIONS 
220 DO 250 I 1.NSF 
250 CCMDF(I) 0(I.NM1) 

GG 0.0 
'380 DO 390 N = L.NM 

DO 385 J = 101M 
385 XXIN.JIRKINsJI*(1.+3.*PRD*DPS/(3.142*TT)) 
390 XXtN.N)=XX(NiN)+XM(N)*(6./TT**2+12.568*DPM*3.0/IPRD*TT1) 

CALL MATINV (XX.NM) 
KCJ = KCJ + 1 

IF(TIME) 552.552.400 
400 1F1JE7-51 402.401.401 
401 JET = 1 

ET(1) = ET(5) 
EM(1) EM151 

C CALCULATE CHANGE IN DEFLECTION OF FLOORS 
READ 12, (ETU). EMU). 1= 2951 

402 IF (TIME - ET(JET+17) 404,404.403 
403 JET = JET + 1 

GO TO 400 
40412M1SET1I(GLEEMM (JET+1)-EMIJETII/(ETIJET+1)-ETIJET)7)*ITIME-ET(JET1)+ 

GL GACC + GL 
GACC = GACC*32.2+SCALE 

00 408 N = 1.NM 
A(N) _ -60+VELtNI/TT - 3.0*ACC(N) 

408 B(N) _ -3.0+VELINI - TT*ACC(N)/2.0 
DO 420 N . 1.NM 
PRE(N) = -XM(NI+IGAEC + A(N)+12.568*DPM+B(NI/PRD) 
DO 420 J 1.NM 

420 PRE(N) PREIN) - PRD*DPS *RK(N.J) +B(J) /3.142 
DO 460 I = 1.NM 
CDEF(I) = 0.0 
DO 450 J = 1.NM 

450 CDEF(I) CDEF(I) + XXII,JI *PRE(J) 
VEL(I) VELII) + 3.0 *CDEF(I) /TT + B))) 
ACC(I) = ACC(I) + 6.0 *CDEF(I) /TT * +2 + All) 

460 DEFL(I) DEFL(I) + CDEF(I) 
C CALCULATE CHANGE IN EOUIVLENT STATIC FORCES AND ADD TO TOTAL 

DO 520 1 I.NM 
CSFIII = 0.0 
DO 510 J = 1.NM 

510 CSF(1) =RK(1.J)*CDEF(J) + CSF111 
520 SF(I) = SF(I) + CSF111 

C CALCULATE CHANGE IN DEFLECTION AT EACH DEGREE OF FRAEUOM AL) TO TOTAL 
DO 540 I= 1.NSF 
CCMDF(I) = 0.0 
DO 540 J 1.NM 

540 CCMDF(I) = CCMDF(I) + 0(I.J) *CSF(J) 
552 CJ 0. 

C COMPUTE CHANGE IN INTERNAL MEMBER FORCES 
DO 730 I = 1,ME 
CCM(1) = 0.0 
CCM12) = 0.0 
DO 590 J 1.2 
L = 3 - J 

22 L - J 
IF INCODE(I.J)) 570.570.560 

560 K =.NCODE(I,J) 
CCMIJI CCM(J) + 2.0 *R(I,J) *CCMDFIK) *EIOL(I) 
CCM(L) CCM(L) + R(1.3)*CCMDF(K) *EIOL(I) 

570 IF (NCODE(19J +2)) 5909590.580 
580 K NCODE(I -.J +2) 

CCM(J) CCM(J) +ICCMDF(K) *(2.0 *R11.41 + R(1.31) =EIOL)1)/XL)I1) *ZZ 
CCMIL) = CCM(L) +(CCMDF(K) *)R11.3( + 2.0 *RI1,,L( *EIOL (1( /XL(I)) *ZZ 

590 CONTINUE 
CM(I,1) = CM(I,1) + CCM(1) 
CM(1,2) CMtI,2) + CCM(2) 
HAS CONNECTION CHANGED STATE. IN THIS THIS INTERVAL 
DO 720 J 1.2 
K = 3 -J 

C WAS CONNECTION ELASTIC OR PLASTIC IN LAST INTERVAL 
IF (EG(I.J1.E0.RG(IsJ)) 610,650 

C DID ELASTIC CONNECTION CHANGE TO PLASTIC IN THIS INTERVAL. 
610 DOD = ABS(CM(I.J) /(YLIM(1.J) )1. 

TTT 1.+ 2.* 12.+ EG(I, K))/( 4.- EG(I, J)* EG(I.KI)*(1.-EG(1.J)).ABSICM(I. 
2J) /YLIM(I.J)I 
IF( CM(1, J) GE.( YLI M)), J)+EPW(I,J)).AND.CCM(J).GT.0.0) 645.630 

630 IFICM( I. JI. LE.)- YLIM) I .J) +EPW(IsJ)).AND.CCMIJ).LT.0.1 6459710 
C CHANGED TO PLASTIC 

645 RGII,JI = P(I) 
CJ CJ + 1. 
GO TO 710 

C HAS CONNECTION CHANGED FROM PLASTIC TO ELASTIC IN THIS INTERVAL. 



650 EPW(I.J1 = EPW(I.J) + CGM(J) 
DDD. 1.+ 2.4( 2. +EG(I.K1) /(4.- EG(I.J) *EGII.K) )+((EGII,J)- RG(1.JI)I RG 

2(19J)) *A85í EPW(I,J) /YLIM(IrJ)) 
TTT= 1.+ 2.* 12.+ EG( I. K)1/( 4.- EG( I. J )EG(I.K)).(1.- EG(1.J) +EG(I.J)* 

2( 1.- RG( I. J) 1* ABSIEPW (I,J1 /YLIM(I.JI) /RG(I.J)) 
IFIABS( CM (I,J1 +CCM(J)).GT.ABS(CM(1.J11) 710.700 

C CHANGED TO ELASTIC 
700 RG(19J) EG(I.J) 

CJ r CJ + 1. 
C COMPUTE DUCTILITY FACTOR 

710 IF(TTT.GT.TR(I.J)) 712.714 
712 TR(I.J1 = TTT 
714 IF (DDD.GT.DFACT(I.J)) 715.720 
715 OFACT(I.J1 = DDD 
720 CONTINUE 
730 CONTINUE 

BIG = 0.0 
DO 830 I = 1.NM 
IF(XMLD(I) - ABS(DEFL(I) *12.)) 815.820.820 

815 XMLD(I). ABS(DEFL(I)l *12.0 
820 NVM = NM + 1 - I 

BIG = BIG + SF(NVM) 
IF(XMLFINVMI - ABS(BIG)1 825.830.830 

825 XMLF(NVMI= Á8S(810) 
830 CONTINUE 

IF ITIME.GE.(TINER- .001)) 834.836 
834 CALL ERROR (TTME.KCJ.ME.NSF9NM) 

TIMER TIMER + 1.0 
836 CONTINUE 

IF(TIME.GE. ITMAX - .0011) 9009850 
850 TIME = TIME + TT 

IF (CJI 400.400.185 
C WRITE OUTPUT 

900 CALL ERROR (TIHE.KCJ.ME.NSF.NM) 
STOP 
END 

SUBROUTINE ST[FFIM.B.NB.NMl( 
DIMENSION 0(50s11)sS(550).NCODE180.41sXI180).XL(801,W(80),RG(80,2) 

1 ,SM(4.41.-FIXl41. R180.3)9CM180.2)9EIO080) 
COMMON O.S.NCODE.XI,XL.W.RG. SM.FIX,R9E,CM9EIOL 
DO 11 I = 1.61 

R(191) 3.0*RG1I,11/(4.0 - RG(Ir1)4RG1I,211 
R(I,2) = 3.0*19GII.2)/14.0 - RG(Ir1)*RGII,2)) 
R(T,31 R1Is11*RG(I,2) 
SM11,11 = (2.0*R(1.11*EIOLII)1 
SM(1.2) ( R(I.3)4EIOL(I11 
SM(1.3) _ (SM(1.1) + SMI1.21)/XLII) 
SM11.4) -SM)1,3) 
SM(2.2) .I2.*R(I,2)*EIOL1I11 
SM12,31 = ISM(1.2) + SM(2.2)1/XLII1 

SM(2,4) -SM12s31 
SM(3s31 (SM11,31 + SM(293))/XL(I) 
SM(3.4) -SM.(3,3) 
SM14,41 = SM.393) 
FIX(11 -l(2.*RII.11-R(193)F*W(I)*XL(I1*42/12.1*B 
FIX(2) I(2.*R(1,21-R(1.3))4W(1)4XL(I)442/12.148 

C GENERATE SYSTEM STIFFNESS MATRIX IN SINGLE ARRAY 
DO 10 LG = 1.4 
IF (NCOOE(IsLG)) 10.I0.4 

4 K = NCODE)I.LG) 
0(K.NM11=0lK,NM11 - FIXILGI 
IF (LG-2114.14,16 

14 CMIT,LGI = CM(1sLG) + FIXILGI 
16 DO 8 J = 1,4 

IF INCODEII.J11 8.8.5 
5 L NCODEII,JI 

M1 = K + (NB -1).L 
IF (K-L) 7.796 

6 M1 = L + (NB-11.K 
' 

7 SIM1) = S1M11 + 5M(LG.J) 
8 CONTINUE 

10 CONTINUE 
11 CONTINUE 

RETURN 
END 

SUBROUTINE MATINVIA.N) 
MATRIX INVERSION 
DIMENSION A(10,10) 
DO 5 K 1.N 
COM = A(K.K) 
A(K+K) = 1.0 
DO 2 J 1,N 

2 AIKsJ) = A(K9J) / COM 
DO S I = 1.N 
IF (I-K) 3,5,3 

3 COM A11.K1 
A(I,K) = 0.0 
DO 4 J = 1.N 

4 AII.J) AlI,JI - COM * A(K.J) 
5 CONTINUE ., 

RETURN 
END 



SUBROUTINE BAND (NSF. NB. NLCI 
SELECTED INVERSION OF BAND MATRIX 
DIMENSION SI 550).0( 50.11) 
COMMON 0.5 

C DETERMINE TRIANGULAR BAND MATRIX IN SINGLE ARRAY 
NB1 NB - 

1 

DO 80 J l.NSF 
MC J *NB 
DO 80 I 1048 
MR J*N8 + II - 1) *NB1 
IF (NSF NB - MR)80.70.70 

70 LL NB - I 

AA 0.0 
IFILL) 78.78.72 

72 DO 74 K = 1.LL 
KC MC - K 
KR MR - K 

74 AA = AA + SIKC) *S(KR) 
IF (MC - MR) 78.76.78 

76 SIMC) (SIMC) - AAI * *0.5 
GO TO 79 

78 SIMR) (SINK) - AAI /SIMC) 
79 CONTINUE 
80 CONTINUE 

C DETERMINE INTERMEDIATE LOAD MATRIX 
DO 96 J 1.NSF 
MC = J NB 

DO 96 JJ 1.NLC 
AA 0.0 
DO 94 K 10481 
IF lJ- K)94.94.92 

92 MK MC - K 
JK J - K 

AA AA + SIMK) *OIJK.JJI 
94 CONTINUE 
96 01J.JJ) (0)J.JJ) - AA) /S(MC) 

C DETERMINE DISPLACEMENT MATRIX AND SELECTED FLEXABILITY MATRIX 
DO 116 J 1.NSF 
NI NSF - J + 1 

MC NI *N8 
DO 116 JJ 1.NLC 
AA 0.0 
DO 114 K = 104B1 
MR MC + K *N81 
IFINSF *NB -MR) 114 +114.112 

112 NJ NI + K 

AA AA + SIMR)*O(NJ.JJ1 
114 CONTINUE 
116 0)NI.JJ) IOINI.JJ) - AAI /SIMC) 

RETURN 
END 

SUBROUTINE ERRORITIME.KCJ.ME.NSF.NM) 
DIMENSION 5)550). 0150. 11). NCODE) 80. 4).XI180).XLI801.W180).RG(80.2) 
1.SM14.4). FIX( 4). R( 80. 31. CM( 80. 2 ).HIOL180).ERRI801.OFACTI80s2). 
2 XMLD(20).XMLF(20).TR)80.2) 
COMMON 0.S.NCODE.XI.XL.W.RG.SM. FIX. R.E.CM.EIOL.ERR.DFACT.XMLO.XMLF 

2.TR 
WRITE 161.9051 

905 FORMAT )1H1.5X.6HMEM8ER.5X.28HMAXIMUM NONLINEAR DUCTILITY .6X23HMA 
2XIMUM TOTAL DUCTILITY /20X 5H1- END. 7X5H2- ENOs17X5M1- END.7X5H2 -END) 
DO 920 I 1.ME 

920 WRITE 161.930) Is IDFACTII.J). J = 1.2),ITRII.L).L 1.21 
930 FORMAT C5X+14.7X.2E12.4 .10X.2E12.4) 

ERMAX 0.0 
DO 925 I = 1.ME 
DO 925 J 1.2 
IF INCODEII.JI) 925.925.922 

922 L NCODEII.J) 
ERRILI ERR(LI + CMII.J) 

925 CONTINUE 
DO 945 J 1.NSF 
IF IABSIERRIJ))- ERMAX) 945.945.942 

942 ERMAX ABSIERR(J)) 
JOINT J 

945 ERRIJ) 0.0 
WRITE 161.999) KCJ. ERMAX. JOINT. TIME 

999 FORMAT 11H1. 3414NO OF TIMES BUILDING CHANGED STATE .141/1411 
TERROR IS ,E12.4. 9H AT JOINT. 14, 14H AT TIME EQUAL .F8.4.5H SEC.) 

940 FORMAT (1H0.1X.5HSTORY.4X.26HMAXIMUM LATERAL DEFLECTION.4X.19HMAXI 
1MUM STORY SHEAR /1H . 6HNUMBER .15X8H(INCHES1.16X.6HIKIPSII 
WRITE (61.940) 
WRITE 1610950) II.XMLDIII.XMLF(11.I = 1.NM) 

950 FORMAT (15.14X. E12.4, 11X. E12.4) 
RETURN 
END 



SUBROUTINE NATFRQ(FLEX.N) 
C INTERATION PROCEDURE USED IN CALCULATING FREQUENCES AND 
C CHARACTERISTIC SHAPES 
C N DYNAMIC DEGREES OF FREEDOM (NO. OF MASSES) 
C RFC' = NUMBER OF FREGUENCYS REQUIRED 
C [LOOP .= THE MAXIMUM NUMBER OF ITERATIONS TO CALCULATE ANY ONE FREQUENCY. 
C IF FREQUENCY IS NOT CALCULATED IN ILOOP. ITERATIONS. SOLUTION IS STOPPED. 
C DELTA RELATIVE PERCENT ERROR 

25 FORMAT (215.E12.4) 
35 FORMAT(1H1.32HDIAGONAL ELEMENTS OF MASS MATRIX.15H- WEIGHT IN KIPS) 
37 FORMAT ( 1H0. 23HTHE FLEXIBILITY MATRIX s10H (FT /KIPS)) 
40 FORMAT ( 1H .10E12.4) 
41 FORMAT ( 6E12.4) 
180 FORMAT (1H0. 14HEIGEN VALUE ( .12. 4H1 .E12.4.5X BHPERIOD 

, OF 7E12.4.4H SEC /24H MAXIMUM PERCENT ERROR .E1Z.4/ 23H NUMBER ITE 

?RATIONS .14/ 12H MODE SHAPE .10E12.4/(12X 10E12.4)) 
400 FORMAT 11H1s 16HDIAGONAL ELEMENT. 13. 8H IS ZERO 1 

DIMENSION XM(20.20).FLEX(20.20). DYN(20.20). EVECT1201. AVECT(20) 
DIMENSION X120.20). DYN1(20.20). SWEEPf20.20). XMASS(20) 
READ 25. NFO.ILOOP.DELTA 
DO 10 I 1.N 
DO 10 J 1.14 

XM(I.J) . 0.0 
10 XII,J) 0.0 

READ 41. (XM(I.I). I 101) 
WRITE .)61.35) 
WRITE (61.40) 0XM(I011. I l.N) 
WRITE 161.37) 
DO 20 I 1.N 
KMI L T) XM(II) /32.2 

20 WRITE (61040) (FL£X(I.J)s J = 1041 
DO 22 I 1.N 

22 XM(1.)) SQRTFIXM)I.1)) 
DO 27 I 1.N 
DO 26 J l.N 

26 DYN(I.J) XMII.I1 * FLEX(I.J) *XMIJ.J1 
27 XMASS(I) XM)1.1) /XM(I.I) 

DO 28 I 1.N 
DO 28 J = 1.N 

28 DYN1(I.J) = DYNII.J) 
DO 350 LX 1.NF0 
KHECK 0 

DO 50 K 1.N 
50 EVECTIK) 1.0 
8O DO 100 J 1.N 

AVECT(J) 0.0 
DO 100 I = 1.N 

100 AVECT(J) = AVECT(J) + DYNI(J.I) *EVECT(11 
KHECK KHECK + 1 

IF (KHECK.GT.ILOOP) 1005.1015 
1005 PD 12.0 *3.1421 /SQRTF)1.0 /EXACT) 

WRITE )61.1010) KHECK.DIFF .PD 
1010 FORMAT (1H0. 27HSOLUTION HAS NOT CONVERGED. /53H TWO EIGENVALUES M 

2AT HAVE VERY NEARLY THE SAME VALUE. /23H NUMBER OF ITERATIONS = r 

314/ 34H MAXIMUM PERCENT ERROR IN PERIOD .E12.4/ 30H APPROXIMATE 
4VALUE OF PERM = .E12.4.4H SEC) 
GO TO 999 

10I5 EVMAX AVEC711F 
EVMIN = AVECT111 
DO 110 I 1.N 
IF IEVMAX - AVECT(f1/£VECT(I)) 102.104.104 

102 EVMAX AVECTIII/EVECT(I) 
104 IF IAVECT(I)/EVECT(I)- EVMIN) 106.110.110 
106 EVMIN AVECT(I)/EVECTIII 
110 EVECTIII AVECTII)/AVECTI11 

EXACT AVECTI11 
BOUND ABSFIEVMAX - EVMINI 
D1FF = ABSFCBOUND/EXACT)100. 
IF (01FF DELTA) 150.80.80 

150 PD (2.03.14)/SQRTF11.0/EXACT) 
DO 160 I. 104 

160 AVECTIIt EVECTIII XMASS(I) 
WRITE (61.180) LX.EXACT.PD.DIFF .KHECK.IAVECTIII. I 111N) 

IF (LX - NFO) 185.999.999 
185 DO 190 J L.N 
190 XILX.J) EVECT(J) 

LZ LX - 1 

1FILZ) 290.290.200 
200 DO 240 J 1.LZ 

PIVOT + X(LX.JI 
DO 240 I 1.14 

240 XiLX.II. XILX.1) - X(J.I1*PIVOT 
PIVOT XILX.LX1 
IF (PIVOT) 250.380,250 

380 WRITE (61.400) LX .. 

GO TO 999 
250 DO 260 J 

260.X(LX.JI X(LX.J) /PIVOT 
DO 280 J l.LZ 
PIVOT = XIJ.LXI 
DO 280 I 1.N 

280 XIJ.I1 = XIJ.I1 - X(LX.I)*PIVOT 
290 DO 300 I 

DO 300 J 1.N 
300 SWEEP(I.J) _ - XII.J1 

DO 320 I 1.LX 
320 SWEEPII.I) 0.0 

LV LX .+ 1 

DO 330 I LV.N 
330 SWEEP(I.1) = 1.0 

DO 350 K 1.N 
DO 350 J 1.N 
OYNIIK.J1 0.0 
DO 350 I L.N 

350 DYN1IK.J) = DYN1(K.J1 + DYN(K.I1SWEEPII.J) 
999 RETURN 

END 

.I.N 

1.14 


