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INDIRECT PROOFS 

INTRODUC TION 

Three principles of logic commonly employed in the proofs 

of theorems of classical and modern mathematics are (1) the Law 

of the Excluded Middle, (2) the Law of Contradiction, and (3) the 

Law of the Double Negative. It is the intent of this thesis (a) to 

discuss these laws, (b) to discuss a few of the criticisms and counter 

criticisms that have been leveled upon these laws, (c) to discuss 

the development of these principles from an axiomatic basis and to 

develop the various forms of indirect proof, (d) to discuss the sig- 

nificance of these principles with regard to indirect proofs, and 

(e) to discuss the significance of indirect proofs in mathematics. 



2 

CHAPTER I 

THREE PRINCIPLES OF LOGIC AND INDIRECT PROOFS 

Remark: In this chapter we will discuss the three laws 

mentioned above and some forms of indirect proof as well as 

criticisms that have been made about the use of these laws and 

methods of proof. We begin with the introduction of certain basic 

symbols and terminology which will be used throughout this thesis 

and proceed with the above discussions. 

1. Basic Symbols 

1. 1. Propositions will be denoted by letters p, q, r, .. . 

1. 2. Any statement or proposition which is asserted to be 

true will be preceded by the symbol 

p is true we write, l' p 

Thus, if a proposition 

1. 3. Equal will be denoted by = , and equivalent by a 

1. 4. Any symbol of the form (I, 2. 1) will denote reference 

to chapter, section, and item. Symbols of the form [ 8, p. 5] 

will denote reference to the bibliography and page number. 

2. Terminology 

2. 1. Proposition- -A proposition is any statement of the 

k . 

. 
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declarative form. For example: The sun is shining. This cat is 

brown. 2 + 2 = 4. Das ist ein Buch. (In no case will we allow any 

other sentence form such as: Close that window. (Imperative), How 

are you? (Interrogative), or Good grief! (Exclamatory). ) 

2. 2. Conditional Statement --Let p and q each be propo- 

sitions. The statement "If p, then q" is a conditional state- 

ment which is valid except when p is true and q is false. A 

valid conditional statement may be symbolized by I- . p -q (which 

is read: it is true that p implies q. ) 

2. 3. Disjunctive Statement - -Let p and q be propositions. 

The statement " p or q" is called a disjunctive statement and 

symbolized by 

or I- q, 

p v q 

or both. 

We write r p vq if and only if I- p 

2.4. Conjunctive Statement- -Let p and q be propositions. 

The statement "p and q" is called a conjunctive statement and 

symbolized by p A q. We write 

I- p and I- q 

r p A q if and only if both 

2. 5. Negation of a proposition --Given a proposition p, the 

negation of p is that proposition which asserts the denial of p, 

and we write I- . -p. 

2. 6. Equivalence -- p is equivalent to q means that both 

, p -'q and I- q p, and we write . p z q. - 

. 

. 



4 

3. Three Principles of Logic 

3. 1. The Law of the Excluded Middle: I- . p y -p. (II, 5.5). 

The law of the excluded middle says in effect that given a proposi- 

tion p, either p is true or the denial of p is true. For 

example: given a property M and an object X, either X has 

property M or it does not have property M. 

3. 2. The Law of Contradiction: 
1- -(p n -p). (II, 8. 7). 

The law of contradiction states that given a proposition p and its 

negation, it cannot be the case that the given proposition and its 

negation are simultaneously true. For example: given a property 

M and an object X the law ensures that it is not the case that 

X simultaneously succeeds and fails in having the property M. 

3. 3. The Law of the Double Negative: ï . p z -(-p). (II, 7. 4). 

The law of the double negative states that a proposition p and a 

proposition which states that it is false that a proposition p is 

false are equivalent propositions. For example, to say that an 

object X has the property M is equivalent to saying that it is 

false that X fails to have the property M. 

Remark: These three laws ar e employed quite extensively in 

the development and proof of theorems of classical and modern mathe- 

matics. An example of the use of the law of the excluded middle is 
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found in the proof of the theorem: If a and b are real numbers 

and ab = 0, then either a = 0 or b = O. The proof of this 

theorem assumes by the law of the excluded middle that either 

a = 0 or a O. Suppose a = 0, then we have the desired 

result. However, if a 0, then 1 
a 

is a real number and if 

ab = 0 we have, 

(i) (ab) = 
a 

(0) 

(ii) ( 1 
a 

a )b = 0 

(iii) 1 b = 0 

(iv) b = 0, the desired conclusion. 

Most significant is the fact that the key to most forms of indirect 

methods of proof relies upon the assumption of (3. 1 -3. 3) above. 

Let us consider the proof of a statement of the form p 'q . A 

method whereby this statement may be proven indirectly is to show 

that the statement "p and the negation of q" is false or that 

I- -(p A -q). This is a valid form of proof provided we accept 

that (p -q) z - (p A -q) as will be shown in (II, 11. 3). Another 

method of indirect proof for the statement p -q is to assume the 

negation of q and derive by successive steps the conclusion that 

. -p. Since it can be shown that I- . (p -q) w ( -q ; -p) (II, 9. 3) 

we establish I- . p . q. 

/ 
/ 

I- 

a 



The law of the double negative is also the basis of another 

form of indirect proof. Since 

establish I- p, 

p -( -p), (II, 7.4) in order to 
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we assume that p is false and by a succession 

of logical steps arrive at a contradiction. 

These are but few examples of the principles of logic which we 

use in our mathematical developments. However, the three prin- 

ciples of logic mentioned above have been the object of much re- 

newed controversy since the beginning of this century especially 

among those who are concerned with the study of the foundations of 

mathematic s. 

The study of establishing mathematics on a sound foundation is 

being carried on by members of several schools of thought. Among 

them we have the intuitionists, formalists, and logicists. As with 

Zeno (5th century BC) and Eudoxus (408 -355 BC) we have had at the 

turn of our present century critics and defenders of classical and 

modern mathematics. Bell in 1937 categorized the critics and the 

defenders into two camps, "critical destructive" and the "critical 

constructive. " The members of the former camp include Zeno, 

Kronecke r (1823-1891), and Brouwer (1881- ), while the latter 

include Eudoxes, Weierstrass (1815-1897), Dedekind (1831- 1916), 

and Cantor (1845 -1918), to which may be added Hilbert (1862 - 1943). 

Of the three schools mentioned above, it is with the intuitionists' 

criticisms regarding the use of the previously mentioned laws and 

F_ --, 
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methods of proof with which we will be most concerned. 

Perhaps it might be said that the criticism regarding the indi - 

rect method of proof was originally initiated by Malus (1775 -1812) in 

1811. According to Bell, Cauchy (1789 -1857) submitted his first 

memoir on the theory of polehedra, which answered indirectly a 

question asked by Poinsott (1777 -1859) namely, "is it possible that 

regular polehedra other than those having 4, 6, 8, 12, or 20 faces 

exist ?" [2, p.277] In this Malus objected to Cauchy's use of the 

indirect method of proof. It was, however, a hundred years later 

that Brouwer in 1911 submitted a much more significant criticism 

of the use of indirect proof and also "challenged the belief that rules 

of classical logic ... have an absolute validity independent of the sub- 

ject matter to which they are applied "[4, p. 46]. For example, 

according to Brouwer, the law of the excluded middle is applicable 

only to finite sets when dealing with sets and not to the idea that 

infinite sets can be regarded as totalities; i. e. , as entities in them- 

selves. On the other hand, Cantor and his followers believed that 

infinite sets can indeed be so regarded. Thus the intuitionists re- 

jected the unrestricted application of the law of the excluded middle. 

Another reason for the rejection of the law of the excluded 

middle is that the application of this law "implies a tacit and, in 

general, unjustified appeal to the solvability principle," which was 

first introduced by Hilbert in 1900 [4, p. 414]. That is, to accept 
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the law of the excluded middle would be tantamount to accepting that 

all problems of mathematics are solvable and can be shown to be 

either true or false. It is not altogether a criticism without founda- 

tion, for Godel in 1931 showed that if a system is consistent there 

will be unprovable propositions [ 9, p. 204-213]. 

Heyting's development of a supposed logical system in 1956 

based upon axioms and operations similar to those in Chapter II 

does not establish the validity of the law of the excluded middle. In 

regard to the other form of indirect proof mentioned above, namely, 

(p -q) x (-q --p) it is found that this equivalence is not derivable 

in his system. We find that - (p --.q) --( -q --p); however, 

( -q -p) --'(p -q) is not valid. 

Another objection to the indirect method of proof is that it is 

inconsistent with the principle of constructivity, an important tenet 

of the intuitionist belief. Intuitionists believe that "the sole admis- 

sable demonstration of existence theorems is effective construction" 

[ 5, p. 42]. Thus to show the existence of a property M by show- 

ing the falsity of the non -existence of a property M "does nothing 

but point to the possibility of existence or of truth without warranting 

it" [5, p. 42]. For example, Euclid's indirect proof of the existence 

of the infinitude of primes does not provide for an effective method 

whereby the nth prime can be constructed, hence, according to the 

intuitionists it would be objectionable. 

- 
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The difficulty which triggered the non -acceptance of the law 

of the excluded middle may be attributed to the disagreement be- 

tween Kronecker and Cantor regarding the use of infinity. Kronecker 

would not accept the use of infinity as if it were actual and complete. 

To Kronecker it was only "potential" and certainly" non- construc- 

tible." He regarded Cantor's theories of the infinite as non- construc- 

tive and "a dangerous type of mathematical insanity, " leading mathe- 

matics to the "madhouse. " Unfortunately, Kronecker' s persistent 

and unyielding criticisms of Cantor's work led Cantor, instead of 

mathematics, to the madhouse [ 2, p. 570-571]. It might be men- 

tioned here that Gauss (1777 -1855) in 1831 also protested the use of 

infinity as a totality [9, p. 49]. 

It was, perhaps, destined for revolutionaries such as Cantor, 

Weierstrass, and Dedekind to encounter counter -revolutionaries. 

To add fuel to the fire started by Kronecker, an Italian mathemati- 

cian by the name of Burali -Forti produced in 1897 "a flagrant con- 

tradiction by reasoning of the type used by Cantor in his theory of 

infinite sets" [2, p. 575]. 

These are only a few of the objections leveled upon the classi- 

cal logic used in mathematics. In general, it may be said that the 

intuitionists have revived interest in those who are concerned with 

the foundations of mathematics and logic. No longer can these 

mathematicians shelter themselves under the "definitive tone" of 
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the logicists. It is said that the intuitionists have "instilled diffi- 

dence towards the old orthodoxies," and "have stimulated the search 

for new direct demonstrations of well known mathematical theorems 

as well as reconstruction of previously invented concepts" [ 5, p. 

265 -266]. 



11 

CHAPTER II 

AXIOMATIC DEVELOPMENT OF LOGICAL PRINCIPLES 

1. General Remarks 

We have seen in Chapter I some of the difficulties arising from 

the use of the three principles of logic mentioned in (I, 3) and of 

several forms of indirect proof. Some attempts have been made to 

defend the use of these principles but no one so far has been able to 

pacify the intuitionists and it seems that few are at all concerned 

about the problems raised by them. Most mathematicians are con- 

tent to follow and extend the works of Cantor, Dedekind, and 

Weierstrass using methods of proof similar to those laid down by 

G, Frege (1848 -1925) and B. Russell (1872- ) 

In this chapter we will show that the principles of logic men- 

tioned above can be developed in an axiom system based upon a set 

of undefined constants, axioms, and definitions. The systematic 

development of these rules were first introduced by G. Frege and 

later more fully developed by A. N. Whitehead (1861-1947) and B. 

Russell in the Principia Mathematica during the period 1910-1913. 

A further discussion regarding the development of these rules 

of logic from an intuitionist point of view will be given in Chapter 

III. We now proceed to show the development of these principles. 
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2. Basic Symbols 

2. 1. Refer to Chapter I, Section 1. 

2. 2. Terminology of (I, 2). 

2. 3. The statement "p is substituted for q" will be denoted 

by p. f. q and used in conjunction with Rule la and lb below, 

2. 4. Parentheses, braces, and brackets will be used in the 

usual way. 

3. Rules for Calculation 

3. 1.Rule la. Rule of Substitution: If A and B are equiva- 

lent propositions, then A may be replaced by B in any formula. 

(For example, given -( -p) Z p and -(- p) ---q, we may substitute 

p. f. -( -p) and write p -..q. ) 

Rule lb. Substitution: r. f. q in p -.q yields p -r. 

3. 2. Rule 2. Modus Ponens: . [A n (A B)] --B. 

4. Definitions and Axioms 

4. 1. DEFINITION 1. I- . (p _.q) Z ( -p V q). 

DEFINITION 2. k . (P n q) -( -p y -q). 

- 
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4. 2. AXIOM 1. I- (p v P) --P 

AXIOM 2. I- . q -.(p v q). 

AXIOM 3. I- . (p v q) -'(q v p). 

AXIOM 4. I- . [pv (q v r)] -[q v (p v r)]. 

AXIOM 5. I- . (q --r) --[(p `/ q) -(p v r)]. 

5. Proof of the Law of the Excluded Middle: I- . p y -p. 

5. 1. Lemma. I- . (q -r) -[ (P -q) --(P --r)] 

Proof: 

(1) I- . (q - r) - [(P v q) - (p -.-r)] by Ax. 5. 

(2) I- . (q -- r) -- [(-p v q) - (-p v r)] by Rib, -p. f. p. 

(3) I- . (q _ r) -- [ (p --q) -- (P _. r)] by Dfn 1, Ria, 

q. e. d. 

Remark: The following lemma is not used in the proof of the 

above law, however, it is proved in this section for use in succeed- 

ing sections. It is often referred to as the principle of transitivity. 

5. 1. 1. Lemma. I-[ (a -- b) c) ] -- (a - c) 

Proof: 

(1) I- . (q r) -[(P --q) -(P r)] by 5.1. 

By Rib, b. f. q, c. f. r, and a. f. p. in 5. 1 we have 

(2) I- . ( b c) [ ( a -b) --- ( a --- c ) ] 

n (b 

_. 

- 

_. - 



q. e. d. 

(3) 1- . b -. c Given. 

(4) . (a - b) -- (a c) by R2 from 2 and 3. 

(5) I- . a --b Given. 

(6) k . a c by R2 from 4 and 5, q. e. d. 

5.2. Lemma. P -- (p v p) 

Proof: 

(1) . q v q) by Ax. 2. 

(2) I- p --- (p v p) by Rib, p f. q, 

5. 2. 1. Lemma. I-. p (p y p) 

Proof: 

q. e. d. 

(1) By Axiom 1, Lemma 5.2, and (1,2. 6). 

5. 3. Lemma. 

Proof: 

In 5. 1 use Rib, (p v p). f. q and p. f. r, we get 

(1) 

(2) 

P- Hp v P) -[(p -(p v p)) -(p -01. 
I- (p v p) Ax. 1. 

(3) I- [p -- (p v p)] p) 

(4) 

(5) 

by R2 from 1 and 2. 

I- p (P v p) by 5. 2. 

I- . p - p by R2 from 3 and 4, q. e. d. 

14 

I- -- 

x 

- . p p 

Pl 

-- (p -- 

-- 

-p 

_.' 
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5.4 Lemma. . -p v p 

Proof: 

Restatement of 5.3 by Dfn 1. 

5, 5. Theorem. I- . p v -p (Law of the Excluded Middle) 

Proof: 

(1) I- . (p v q) -- (q v p) by Ax. 3. 

(2) . (-p v P) --- (P v -p) by Rib, -p. f. p and p. f. q. 

(3) I-. -p v p by 5.4. 

(4) I- . p V -p by R2 from 2 and 3, q. 

6. Proof of the Reductio Ad Absurdum Theorem: 

Remark: The reductio ad absurdum theorem is a method of 

proof whereby a proposition p is shown to be false by showing 

that the assumption I- . p leads to absurdity. 

6. 1. Theorem. I- . (p -p) -- -p 

Proof: 

(1) I- . (p V p) - p by Ax. 1. 

(2) r (-p v -p) - -p by Rib, -p. f. p. 

(3) I- (p - -p) -p by Dfn 1, Ria, q. e. d. 

e. d. 

1- . (p - -p) --p. 

- 

I- 

I- 

- 



7. Proof of the Law of the Double Negative: . p -( -p). 

7. 1. Lemma. . p -( -p) 

Proof: 

(1) r p v-p by 5.5. 

(2) I-- . -p v -(-p) by Rib, -n. f. p. 

(3) I- . p -.-(-p) by Dfn 1, q. e. d. 

7. 2. Lemma. I- . p v -[ -( -p)] 

Proof: 

(1) . (q -` r) ' [ (p v q) (p v r)] by Ax. 5. 

By Rib, -p. f. q and -[ - ( -p)], f, r we get 

16 

(2) (- . {-p {(p v -P)--P v -(-(-p))]} 

(3) I- 

(4) 

(5) 1- 

(6) I- 

. -p -[ -( -p)] by Rib, -p. f. p in 7. 1. 

(p V -p) {p v - [ -( -p)] } by R2 from 2 and 3. 

. p -p by 5.5. 

. p v - [ -( -p)] by R2 from 4 and 5, q. e. d. 

7. 3. Lemma. I- . -( -p) 

Proof: 

- [-(-p)] . f. q. 

(p y q) ---(g V p) by Ax. 3. 

{P y -E-(-011- {-E-(-13)] v p} by Rib, 

^' 

- -. 

(- - 

-- -[ -(-p)]}- . 

1- 

-.p 

(1) 

(2) . 

- 
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(3) k p y - [ -( -p)] by 7.2. 

(4) 1- . -[ -( -p)] v p by R2 from 2 and 3. 

(5) I- . -( -p) -.p by Dfn 1 from 4, q. e. d. 

7.4. Theorem. k . p z -( -p) (Law of the Double Negative) 

Proof: 

(1) By 7. 1 and 7. 3, and (I, 2. 6) we have . p Z -( -p), 

q. e. d. 

8. Proof of the Law of Contradiction: [- , -(p A -p). 

Remark: Theorems 8. 1, 8. 2, 8. 3, and 8, 5 are not used in 

the proof of the Law of Contradiction; however, they are proven in 

this section for use later in the discussion of indirect proofs. 

Rib, 

8, 1. Theorem. 

p. f. 

p) - 

Proof: 

(1) . (q [(p q) (p r)] by 5. 1. 

(2) I- . [ p -- -(-p)] - {(-p -` -(-p)]) by 

q, -p. f. p, -(-p) f. r. 

(3) p _ -(-p) by 7. 1. 

(4) [- . (-p - p) -- [ -p -- -(-p) ] by R2 from 2 and 3. 

(5) I- . [ -p - -(-p)] -(-p) by 6. 1, Rib, -p. f. p. 

(6) . 

- 

(-p -p) -- -(-p) by 5. 1. 1. 

I- 

. ( -p 

~ r) ~ ~ ~ 

~ p) ~ [ -p 

I- 

1- 



q. f. p. 

(7) . -(-p) - p by 7. 3. 

(8) I- (-p p) - p by 5. 1. 1, q. e. d. 

8. 2. Theorem. I- . p -- (p y q) 

Proof: 

(1) I- q -(p v q) by Ax. 2. 

(2) I- p - (q v p) by Rib, p. f. q and q. f. p. 

(3) I- (q v p) -- (p v q) by Ax. 3, Rib, p. f. q and 

(4) I- P--(P vq) by 5. 1. 1, q. e, d. 

8. 3. Theorem. I- . -p -- (p - q) 

Proof: 

(1) I- p--(p vq) by 8.2. 

(2) k (-p v q) by Rib, -p. f. p. 

(3) I- -p (p q) by Dfn. 1, 

8.4. Lemma. I- (p - -q) - (q 
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Proof: 

(1) . (p v q) - (q v p) by Ax. 3. 

(2) r (-p v -q) ---(-q v -p) by Rib, -p. f. p and -q.f.q. 

(3) I- (p -- -q) - (q -i -p) by Dfn 1, Rla, q. e. d. 

. -p 

-- 

. - -p) 

I- 

F 

. 



8. 5. Theorem. I- . q (p - q) 

Proof: 

(1) . q - (p v q) by Ax. 2. 

(2) I- . q _ (-p v q) by Rib, -p. f. p. 

(3) I- q - (p - q) by Dfn 1, Rla, q. e.. d. 

8. 6. Theorem. I- . -(p A -p) (Law of Contradiction) 

Proof: 

(1) I- . pp by 5.3. 

(2) r (p A q) -' -(-p v -q) by Dfn 2. 

(3) I- . (-p y -q) -- -(p n q) by 8.4. 

(4) I- [ -p v -(-p)] -- -(p A -p) by Rib, -p. f. q. 

(5) . 

(6) I-o 

(-p v p) -- -(p n -p) by 7.4. 

-pvp by5.4. 

-(p A -p) by R2, q. e. d. 

9. Proof of the Equivalence of p -q and -q -p 

9. 1. Theorem. I- . -p) 

19 

Proof: 

(1) I- . (p -q) (q -p) by 8.4. 

(2) I- . [ p -' -(-q)] -i (-q -` -p) by Rib, -q. f. q, 

(3) (p -. q) . (-q -. -p) by Rla and 7. 4, q. e. d. 

I- 

(p --- q) ( -q 

" 

I- 

F 

(7) I- 

- - 
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9. 2. Theorem I- . ( -q -- -p) (p-- q) 

Proof: 

(1) I- . (p v q) - (q v p) by Ax. 3, 

(2) I- . (-q v -p) ~ (-p v -q) by Rib, -q. f. p. and -p,f.p. 

(3) I- . (q (p - -q) by Dfn 1, Rla . 

(4) I- . (-q -p) -' [ p -(-q)] by Rib, -q. f. q. 

(5) I- . (-q - -p) - (p - q) by Rl and 7. 4, q. e. d. 

9.3. Theorem. I- . (p q) w ( -q -- -p) 

Proof: 

(1) By 9. 1 and 9.2 and (I, 2. 6), q. e. d. 

10. Proof of the Equivalence of p v -p and -(p A -p) 

10. 1. Theorem. I- . (p V -p) -. -(p A -p) 

Proof: 

(1) I- . 

(4) I- 

p -.p by 5.3. 

(p A q) -- -(-p V -q) by Dfn 2. 

(-p v -q) - -(p A q) by 8.4. 

[ -p v -(-q)] -(p A -q) by Rib, -p. f. q. 

(-p V p)_,..-(p A -p) by 7.4. 

(p v -p) (-p vp) by Ax. 2. 

(p v -p) -. -(p A -p) by R2 from 5 and 6, q.e.d. 

-... 

----p) -- 

-- - 

-- 

(2) I- . 

(3) I- . 

(5) I- . 

(6) I- . - 
(7) I- . 



10. 2. Theorem. I- . -(p A -p) -(p v -p) 

Proof: 

(3) I- 

(6) 

(7) . 

21 

p-.p by 5.3. 

-(-p v -q) -- (P n q) by Dfn 2. 

- (p A q) --- (-p y -q) by 8.4. 

- (p n -p) -- [ -p v -(-q)] by Rib, -p. f. q. 

-(p n -p) - (-p v p) by 7.4. 

(-p v P) - (P v -P) by Ax. 2. 

-(p n -p) - (p v -p) by R2 from 5 and 6, q.e.d. 

10. 3. Theorem. I- . (p v -p) -(p A -p) 

Proof: 

(1) By 10. 1 and 10.2 and (I, 2. 6), q. e. d. 

11. Proof of the Equivalence of p q and -(p A -q). 

11. 1. Theorem. I- . (p -. q) -. -(p n -q) 

Proof: 

Rib, -q. f. q. 

(1) t' . (p -' q) -- (-P v q) by Dfn 1 

(2) k (p A -q) -[ -p V -(-q)] from Dfn 2 by 

(3) I- . -[ -p v -(-q)] -(-p v q) by Rla and 7.4. 

(4) I- . (p A -q) _. -(-p V q) by 9. 3 from 3. 

(1) 

(2) 

r. 
I- 

(4) I- . 

(5) I- . 

I- 

z 

. 
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(5) I- . -(-p v q) - -(p _ q) by 9. 3 from 1, 

(6) I- . (p n -q) -- -(p -' q) by 5. 1. 1. 

(7) I- . (p - q) -- -(p A -q) by 9.3 from 6, q. e. d. 

11.2. Theorem. I- . -(p A -q) -- (p q) 

Rib, -q. f. q. 

Proof: 

(1) I- . (-p v q) -' (p - q) by Dfn 1. 

(2) I- . -[ -p v -(-q)] -. (p A -q) from Dfn 2 by 

-(-p v q) -. (p A -q) by Rla, and 7.4. 

-(p A -g) -[ -(-p v g)] by 9. 3. 

-(p A -q) _-. (-p y q) by Rla and 7. 4. 

-(p n -q) -- (p - q) by Dfn 1, Rla, q. e. d. 

11.3. Theorem. I- . (p q) -(p A -q) 

Proof: 

(1) By 11. 1 and 11. 3 and (I, 2. 6), q. e. d. 

12. Other Indirect Proof Theorems 

12.1. Theorem. I- . [ (p A -q) q] -- (p q). 

Proof: 

(1) I- . [ (p A -q) - q] [ -(p A -q) y q], by Dfn 1. 

(3) I- 

(4) 

(5) 

(6) 

I- 

-- 

° 

- 

. 

-. 

' --. 



(5) I- . 

(6) i-. 

[ (p -. q) v q], by 11.2 and Rla. 

[(-p y q) v q], by Dfn 1 and Rla. 

-' [q v (-p v q)], by Ax. 3. 

(q v q)], by Ax. 4. 

q), by Lemma 5. 2. 1, Rla. 

(7) I- . (p q), by Dfn 1, R la. 

(8) 
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I- [ (p n -q) --i q] -- (p q), by 5. 1. 1, q. e. d. 

12. 2. Theorem. (- . [ (p A -q) -p] (p -- q). 

[ (p A -g) - -p] z 
[ -(p A °(4) V 

-p], 
by Dfn 1. 

[ (p _. q) v -p], by 11,2 and Rla. 

x [(-p v q) v -p], by Dfn 1, Ala. 

-4-1)v (q v-p)], by Ax. 3, 

[q v (-P v -p)], by Ax. 4. 

(q V -p), by 5.2. 1, Rla. 

-- (-p v q), by Ax. 3. 

(p q), by Dfn 1j Rla. 

[ (p A -q) -' -p] --' (p q), by 5. 1. 1, q. e. d. 

12.3, Theorem. (- . [ (p A -q) (r A -r)] -- (p q). 

Proof: 

(1) - . [(P A -q) --- (r A -r)] [-(r A -r)----(p A-g)] 

(-p v 

-- 

Proof: 

(1) 

(2) 

(3) I- . 

(4) 

(5) I-. 

(6) I- . 
a 

(7) I- . 

(8) 

(9) 

^ 

l' 

x -- 

--` 

(2) 

(3) 

(4) 

1- . 
+ 

° 

[-p v 

- 
° 

- 

, 

° 
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(2) 1- . -(r A -r) is known for all r by 8. 6. 

(3) I- . (p q), by modus ponens, q. e. d. 

12.4. Theorem. . [ (p --- r) A ( -q -- -r)] [ (p ~ -q) 

_,,(r A -r)] 

by 9. 3, Rla. 

Proof: 

(1) . [(P~ r) A (-q -'-r)] [(p --r)n (r ~q)] 

(p_.q).f.q and (rA 

(4) E-. 

(5) I- . 

(6) . 

q) by 5. 1. 1. 

-..[(r A -r) v (p -- q)] by Ax. 2, Rib, 

-r), f. p. 

(p ~ q) v (r A-r)] by Ax. 3. 

[ -(p A -q) v (r A -r)] by Rla, 11.3. 

z [ (p n -g) ~ (r A -r)] by Dfn 1, q. e. d. 

Remark: This completes our deduction of some theorems of 

logic from a simple set of axioms and definitions. 

(2) I- . --- ( p _. 

(3) . 

--[ 

- 

F 

1- 

F 

' 

" 
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CHAPTER III 

INTUITIONISTS AXIOMS FOR LOGICAL PRINCIPLES 

We have seen in Chapter II the development of a set of logical 

theorems based upon a few constants, definitions, and axioms. 

Although the intuitionists do not believe in any formalization of logic 

and of mathematics, Heyting has developed what would amount to 

the intuitionist's rules of logic. These rules are developed from 

a set of four constants similar to those in Chapter II, namely, 

, , and - , and on the basis of 11 axioms with the usual rules 

of deductions employed in classical propositional calculus. The 

axioms are listed as follows [8, p. 101]: 

I. 

II. 

IV. 

r p-i(pn p) 

(pn q)-' 

- (p _--. g ) -. 

r 

(q A p) 

[ (p A r) (q n r)] 

[(P g)n (q -'r)] -(p r) 

V. L q - ( p -` q ) 

[ p n (p -q)] -q 

VII. I-. P (pv q) 

VIII. (p q)-- (q v p) 

A -', 

III. ---' 

VI. k 

--- 

I- v 



IX. 

X. 

I- [ [(p r) A (g -- r)] - HP n q) 

I- -13 .- 

XI. I- . [ (P - q) A (p -p 

r] 
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The only similarity of the above axioms to those of Chapter 

II, Section 4. 2 is that of VIII above which corresponds identically 

to Axiom 3 of (II, 4. 2). We find that I above is the converse of 

Axiom I in (II, 4. 2). The other intuitionist axioms are found as 

theorems in the non -intuitionistic system. For example, some of 

the intuitionist axioms which we have proven as theorems in Chap- 

ter II are IV, V, VII, and X which are respectively Theorems 

5.1.1, 8. 5, 8. 2, and 8. 3. 

In the theorems developed from the intuitionist axioms we 

find that I- p - -( -p), however, the statement -( -p) p, 

(II, 7. 3), has been rejected on the basis of counter examples. 

Hence, p - ( -p), (II, 7. 4), is not valid in this system. Like- 

wise, we find k . (p q) -. ( -q -p) but not ( -q - -p) 

(p -. q), (II, 9. 2). Thus (p -. q) = ( -q -p), (II, 9. 3) cannot 

be established to be valid. 

Although the law of the excluded middle, p v -p, has been 

suspended in this system as mentioned in Chapter I, we find that 

the statement -[ -(p v -p)] is valid, or I- -[-(p v -P)] 

This statement in our translation would read: It is not the case that 

(P-- q) 

---q)] - 

° 

-. -_ -. 
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the statement (p v -p) is false. Recall that it was mentioned 

in Chapter I that in accepting the law of the excluded middle, ac- 

cording to Brouwer, one assumes that all problems are solvable. 

The Kolmogoroff interpretation of I- . -[ -(p v -p)] is the as- 

sertion that "there cannot be a given provably unsolvable problem" 

[ 13, p. 247]. 

It is interesting to note here that the statement -(p V q) 

( -p A -q) is valid in this system. However, if we interpret the 

suspension of the theorem (p v -p) to be a rejection by the in- 

tuitioni st, that is, 1- -(p v -p), by the preceding statement 

we find I- . -(p y -p) [ -p A - ( -p)], which is a contradiction. 

It is also noted that since A , y , , and - are independent 

of each other in this system, we find that ( -p v q) z (p - q) is 

not valid, and since (II, 7. 4) as well as (11,9.3) are not valid in 

this system we cannot establish - . -(p A -q) z (p -- q), 

(II, 11. 3). 

We have seen, from the above objections, that the axioms 

listed in this chapter do not lend themselves well to any formaliza- 

tion. Hence, intuitionism does best in proceeding without any for- 

mal system. As Heyting admits, "one is never sure that the 

formal system represents fully the domain of mathematical thought" 

[8, p. 5]. 

We will see in the next chapter that some parts of classical 

- 

- 

-- 
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logic (as set forth earlier in this chapter), which Heyting objects 

to and omits in his system, play an important role in many of the 

proofs given in non-intuitionistic mathematics. 

A more extensive discussion of the preceding axioms and 

theorems is found in a book authored by A. Heyting called 

Intuitionism, An Introduction [8]. We now proceed to a discussion 

on indirect proofs. 
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CHAPTER IV 

INDIRECT PROOFS 

Remark: It is the purpose of this chapter to discuss and 

exemplify the various forms of indirect proof used in mathematics, 

and also to discuss the relationships which exist between these 

indirect proofs and the three principles of logic mentioned in 

Chapter I, Section 3. 

1. Methods of Indirect Proof 

We have seen in Chapter II the derivation of several rules 

of logic from an axiomatic basis. Besides the three laws men- 

tioned in Chapter I, Section 3, we have established the validity 

of several forms of indirect proof. Among those already men- 

tioned in Chapter I are: 

(II, 7. 3) Theorem. I- -( -p) p, 

(II, 9. 2) Theorem. I- ( -q -. -p) --- (p --- q), 

(II, 11.2) Theorem. I- -(p A-q) --. (p q). 

Some other forms of indirect proof are: 

(II, 6. 1) Theorem. 

(II, 12. 1) Theorem. I- . [ (p A -q) q] -- (p q), 

. -- 

. 

. 

- (p -- -p) -- -p, 

-' --. 

-. 

I- 
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I- 

(II, 12.2) Theorem. I- . [ (p A -q) - -p] (p q), 

(II, 12. 3) Theorem. I- [(p A -q) --- (r A-r)] - (p 

Remark: We now proceed to show examples of the above 

mentioned theorems. 

2. Theorem. (II, 7. 3. ), j- . -( -p) p 

One should recall that this theorem is a case where, in order 

to prove the validity of a proposition p, we assume that the 

negation of p is true and proceed to show that this assumption is 

false. Once this is established, which may be written as 

we use this fact along with modus ponens to arrive at the desired 

result. (See Example A below. ) 

This theorem is also effectively used as a basis for proving 

a statement of the form (p q). If by assuming the negation of 

q we arrive, by means of a sequence of logical steps, at a con- 

tradiction, that is I- . -( -q), then by Theorem 7. 3 we may 

conclude that q is true. By Theorem (II, 8. 5), I- . q -.(p q), 

and modus ponens, we arrive at l' p . q. This, however, is 

a rather uninteresting case since here the proposition (p q) 

depends only on the truth of q and is quite independent of the 

truth value of p. (See Example B below. ) 

q). 

-(-P), 

-. 

- 
-- 

- 

.-. 
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EXAMPLE A: Let M be the proposition: There are 

infinitely many prime numbers. One proof of this proposition 

requires that we assume there are only finitely many distinct 

primes, which is the negation of the proposition M, and proceed 

to show that this is impossible. Before proving this proposition, 

let us assume that the following two theorems have already been 

proven. 

Theorem I. Let k, m, and n denote natural numbers. 

If kim (read k divides m) and if kin, and m< n, then 

kl (n - m). 

Theorem II. Every natural number greater than 1 has at 

least one prime divisor. 

Proof of Proposition M: Assume there are only finitely many 

distinct primes: pl, p2, p3, ... , 
pn Let q designate their 

product: q = p1 p2p3 ,., pn, and let r = q + 1, so that q r 

By Theorem II, the natural number r has a prime divisor p >1, 

which by assumption must be one of the finite set pl,p2,p3,,..pn; 
that is, p = pk where 1 < k < n. We now have simultaneously 

pi r and pi q (since p = pk is one of the factors of q), and 

therefore, by Theorem I, pi (r - q). But this means that pi 1, 

which is impossible since p > 1. Hence the negation of M is 

< 
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impossible; that is, I- . -( -M). Therefore by Theorem 7. 3, 

since 

I- -( -M) M 

and I- -( -M) 

we arrive at I- . M by modus ponens. 

EXAMPLE B: Consider the statement: If all crows are 

black, then 3 / 

Let P: 

.33. 

all crows are black. 

1 

q: 3 
.33 

1 -q: = .33, 
3 

then 3 =.33 1 =.99 

---100= 99 

1 = O. 

But this conclusion is a contradiction to a known axiom of a field, 

namely, that there exists a number 1 / 0 such that for any 

number x, x 1 = x. Therefore I- . -( -q), and I- . q. 

Hence I- . p - q 

Remark: The proof of (II, 7. 3) relies indirectly upon the 

law of the excluded middle through the use of (11,7. 1) and (II, 7. 2). 

We have stated in Chapter III that this rule is not verified in 

- 
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Heyting's supposed formal system of logic. It is in the application 

of this proof toward existence theorems that we encounter the 

strongest intuitionist objections. Consider, for example, the proof 

of the theorem mentioned in Example A above, namely, that there 

exist infinitely many prime numbers. The proof of this theorem 

begins by assuming its negation: namely, that there exists only a 

finite number of primes, say n of them. The proof then pro- 

ceeds to show that this is impossible since we can argue the 

existence of the (n + 1)th prime. Hence, we argue further that 

since it is impossible to have a finite number of primes, we con- 

clude that there must be infinitely many of them. The intuitionist 

objection here, as we have stated in Chapter I, is that the argu- 

ment above only "points to the possibility of the existence" of in- 

finitely many primes, and that there is no constructive method of 

producing, say, the nth prime. An alternative proof to eliminate 

the former objection is given in Example C below, however, the 

intuitionists may still argue the latter objection. This proof was 

acquired through discussions with Professor K. Stromberg (1931- 

Remark: In Example C below we will first show that any 

pair of Fermat numbers is relatively prime and then show that 

there exists an infinite sequence of distinct primes. 
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EXAMPLE C: Let Fn = nth Fermat number 

2n 
= 2 + 1, (n = 0, 1, 2, .,. ) 

Theorem: 0 < m < n implies (Fn, Fm) = 1, that is, - - 
Fn and F have no common prime factor. 

m 

Proof: 

Let A = 2 
2n-2m 

- 22n-2. 2111+22n-3. 2m -... +... 2n- 211-111 . 

Then Fn = F m A + 2. 

m 
Also F = 2. 22 1 +1 m 

m 
Thus Fm = (Fn - F m 

A) 2 1+ 1 

m 
or 1 = (-22m-1 ) F+ (1+A-2 '1) F 

n m 

Therefore (PI F m and pI Fn) implies pi 1. q. e. d. 

Corollary: There exists a sequence (P 
n 

) 
°° of distinct 

n =1 
prime s. 

Proof: 

Let Pn be the smallest prime factor of Fn. q. e. d. 

3. Theorem. (II, 9. 2), - . ( -q -p) (p g) 

This method of proof is sometimes referred to as a proof by 

- 

2 

- 

n 

m 

m n 

- 
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contraposition and (-q -p) is called the contrapositive of 

In this form of indirect proof, we try to establish 

. ( -q -. -p) by assuming the negation of the conclusion of the 

statement (p q) and derive by means of (II, 5. 1, 1) the con- 

clusion I- . ( -q -. -p). By Theorem (II, 9, 2), 

and modus ponens, we may assert the validity of 

I- (P - q) 

I- (-q -p), 

(p q), 

Example D illustrates the use of this method. 

EXAMPLE D: Consider the theorem: If x 0 and 

y / 0, then xy O. 

or 

Solution: Let the proposition " x O and y / 0" be 

represented by p and let -r mean x 0 and -s mean 

y/ O. Hence, -r A-s w p and r means x= 0 and s 

means y = O. Let "xy 0" be represented by q so that 

means xy = O. Then -p - ( -r A -s) and -( -r A -s) 

- {- [ -( -r) v -(- s)] } by (II, Dfn 2) and - {- [ -( -r) V -(-s)]} Ñ 

(r v s) by (II, 7. 4). 

In order to show that -q -p is true we observe that 

-q -p from the above is the statement: if xy = 0, then 

x = 0 or y = O. But this is true from the remark in (I, 3.3). 

-q 

Remark: One can observe that the proof of Theorem (II, 9. 2) 

relies upon the law of the double negative (II, 7, 4) and indirectly 

(p q). 

-. 

- 

, 

- 

- 

{ 

{ 

- 
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upon the law of the excluded middle through (II, 7. 4). One can also 

observe that this is one of the theorems which is not verified in 

Heyting Is system as mentioned in Chapter III. This method of in- 

direct proof is perhaps the most common form of indirect proof 

used in proving statements of mathematics. 

4. Theorem. (II, 11.2), F- . -(p A -q) q). 

As originally mentioned in Chapter I, this is the method of 

indirect proof whereby in order to prove the statement (p 

we try to show that "p and the negation of q" is false. We see 

in Section 2. 2 of Chapter I that I` - p A -q, or both true p 

and false q, is the only condition which implies that (p q) 

is false. By having Theorem (II, 11.2), 

(1) F- . -(p n -'q) (p q), and 

by asserting (2) k . -(p A -q) with modus ponens 

we arrive at the desired conclusion 

(3) F-. (p q), 

Remark: An objection that an intuitionist might have with 

regard to this method of proof is that its validity also relies 

directly upon the law of the double negative and indirectly upon 

the law of the excluded middle. An example of the use of this 

method follows. 

-- (p-- 

-..q) 

- 

- 
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EXAMPLE E: Prove that if x 4 0, then x -1 4 0. 

Solution: Let p be the statement that x 4 0 and q be 

the statement that x -1 4 0, then the statement above may be sym- 

bolized by (p - q). In the solution to this problem we seek a con- 

tradiction to the assumption that there exists a number x such 

that x 4 0 and x 
-1 

= 0. If a contradiction to some previously 

proven or assumed statement is obtained, then this assumption is 

said to be impossible, that is I- . -(p A -q). 

By our assumption x x -1 = x 0, but x 0 = 0 so 

-1 -1 -1 = 0. On the other hand x x = 1 by definition of x x x . 

This means that 1 = 0, which is a contradiction to a known axiom 

of a field, namely, that there exists a number 1 4 0 such that 

for any number x, x 1 = x. 

Hence, since (p A -q) implies a contradiction, we may say 

that (p n -q) is impossible or I- -(p A -q). With Theorem 

(II, 11. 2) and modus ponens we may assert I- . (p - q). 

Remark: Theorem (II, 6. 1) below is not a method of indirect 

proof. However, it is presented here to illustrate a method where- 

by a proposition is shown to be false by producing a counter - example 

to such a proposition. 

. 
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5. Theorem. (II, 6. 1), I- . (p -p) -p. 

This theorem is better known as the "reductio and absurdum" 

theorem. Example F illustrates this method. 

EXAMPLE F: Let p be the proposition: The square of any 

odd integer is even. By considering an odd integer, say 3, we find 

that 32 = 9, hence we show a case where the square of an odd 

integer is not even and the proposition p is disproved. However, 

a different method is used when proving, rather than disproving, a 

general statement of the form "the square of any odd integer is odd." 

6. Theorem. (II, 12. 1), I- . (p n -q) (p -. q). 

This theorem represents another method of proof used in 

proving statements of the form (p -q). We begin by assuming 

the validity of both the proposition p and the negation of the propo- 

sition q. With this assumption, we try to establish, by successive 

logical steps using Theorem (II, 5. 1. 1), the statement 

I- (p n -q) - q. Theorem (II, 12. 1) along with the establishment 

of the statement 

as sert 

I- . 

I- (p q)- 

(p A -q) q and modus ponens allow us to 

The above theorem may be restated in the 

following way: If the negation of the statement (p q) implies 

- q , then the statement Ip - q) is true, or . (p q). 

Example G illustrates the use of this theorem. 

- qj - 

. 

I- 

I. 

-- 

- 
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EXAMPLE G: Consider the theorem: If two lines in a plane 

are cut by a transversal so that the sum of the interior angles on 

one side of the transversal is less than 180o, then the lines meet 

on that side of the transversal. 

Solution: 

m1- 
m2, 

Consider p: L1 + L2 < 1800 

L 

q: L1 meets L2 towards the right. 

1 

L2 

Proof: We assume that L1 and L2 are not parallel 

(since L1 + L2 <1800), so p A -q can be phrased as: 

Li + L2 < 180° and L1 meets L2 to the left. But L3> /1 

and /4 > L2 because angles 3 and 2 are supplements and 

angles 4 and 1 are supplements. Thus, if we construct ml 

and m2 making angles 1 and 2 as shown above, then ml 

and m2 will lie inside the triangle formed by L1, L2, and 

the transversal. Thus, m1 and m2 must meet. But the con- 

figuration of ml, m2, and the transversal is congruent to the 

configuration of L1, L2 (to the right), and the transversal. Hence 

L1 meets L2 to the right. 
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Remark: The above method of proof is seldom used in proving 

theorems of mathematics. 

7, Theorem. (II, 12. 2), I- . [ (p n -q) -p] (p q). 

This theorem as well as the following theorem (II, 12. 3) bears 

a close resemblance to Theorem (II, 12. 1) in that they are also used 

to verify statements of the form (p ---q) and they all assume that 

(p n -q) is true and try to show that this supposition implies a 

contradiction to p; that is I- (p A -q) - -p. If this implica- 

tion can be verified, then with Theorem (II, 12. 2) and modus ponens 

we may assert I- . (p- q). Example H below illustrates the use 

of this theorem. 

EXAMPLE H: Consider the theorem: If r is a rational 

number and if x is irrational, then x + r is irrational. 

Before showing a proof to this theorem let us assume that 

the following theorem has already been established; If s and r 

are both rational numbers, then s - r is a rational number. 

Solution: Let p be the statement: r is a rational number 

and x is irrational. Let q be the statement: x + r is irra- 

tional. Then -q is the statement: x + r is a rational number 

(which may be represented by s such that x + r = s. ) 

The assumption of (p A -q) gives x + r =s, thus 

-- -- 
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x = s - r, but s - r is a rational number. Hence, x is a 

rational number contrary to our assumption of p, therefore we 

find I- (p n -q) -p, Consequently, as we have stated above, 

we may assert I- (P -- q) 

8. Theorem. (II, 12. 3), I- . (p A -q) (r A -r)] (p 

This theorem says in effect the following: If from the assump- 

tion of both I- . p and I- -q we derive a contradiction of the 

form (r n -r), then the statement (p q) is true. For 

example, suppose I- p and I- . -q, 

I- . p -- r 

then it may be that 

and 

By Theorem (II, 12.4) we establish 

I- (P n - q) -i(r A -r). 

Hence by Theorem (II, 12.3) and I- . (p A -q) - (r n -r) along 

with modus ponens, we may assert I- . (p -q). Example I below 

illustrates the use of this theorem. 

EXAMPLE I: Consider the statement: If x is an even 

prime, then x = 2. 

Let p be the proposition "x is an even prime" and let 

q be the proposition "x = 2 ". 

If we let r denote the proposition 
2 

= 1, " then it is 

- 

-q). 

I- . -q -r 

" 

- 

-a- 

_. . 
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clear that r q, and so by (II, 9) -q -- -r. On the other hand 

if x is an even natural number, then, by definition, X 

2 
1. n 

for some natural number n. If, in addition, x is a prime, we 

must have n = 1. Thus 2 = 1; that is p -- r. By (II, 12. 4), 

we obtain I- (p A -q) (r n -r), and thus I- . p q. 

Remark: An observation of the proof of Theorems (1I,12.1, 

12. 2, and 12. 3) reveal that each of these theorems were proven 

with the use of the law of the excluded middle through Theorem 

(II, 11. 2). For this reason the intuutionist might find them objec- 

tionable. 

9. Remark 

We have now seen a few examples of the use of indirect proof 

theorems. In most cases we have observed that the proofs of each 

of these theorems (Chapter II) rely directly or indirectly upon the 

law of the excluded middle whereupon their validity may be ques- 

tioned by the intuitionists. One will find, upon investigation, that 

some of these methods are used quite extensively in certain areas 

of mathematics, and are very much an indispensable part in the 

verificat on of theorems in these fields. 

It was intended by this writer that an example of an intuition - 

istic and a non -intuitionistic proof of a theorem be given to show a 

~ 

x 

= 
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comparative difference in methods of proof between the intuitionists 

and the classicists. However, this would be much too difficult to 

present since an intuitionist proof would require that the reader 

be presented the essential background of intuitionist assumptions 

and definitions. Nevertheless, an example of intuitionist reasoning 

which is found to be markedly different from that of classical 

reasoning is given below. 

The following quotation, which I hope is self explanatory, 

embodies certain ideas regarding the intuitionists notion of relations 

and real number generators [8,p. 16 -17] . 

"Let us suppose that the theory of rationals, including their 

order relations, has been developed. A sequence {an) of 

rational numbers is called a Cauchy sequence, if for every natural 

number k we can find a natural number n = n(k), such that 

an+ 
P 

- anJ < 1/k for every natural number p This must be 

so understood, that, given k, we are able to determine effective- 

ly n( k) . 

"Example. The sequence a = (2-n) is a Cauchy sequence. Let 

the sequence b 
n 

} be defined as follows: If the nth digit 

after the decimal point in the decimal expansion of 7r is the 9 

of the first sequence 0123456789 in this expansion, b 
n 

= 1, in 

every other case b 
n 

= 2 -n b differs from a in at most one 

I n 

= 
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term, so b is classically a Cauchy sequence, but as long as we 

do not know whether a sequence 0123456789 occurs in Tr, we 

are not able to find n such that 

P; 

Ibn+ P - bn I < 1/2 

we have no right to assert that b is a Cauchy sequence in our 

for every 

sense. 

"Definition 1. A Cauchy sequence of rational numbers is a real 

number -generator. Where no confusion is possible, we shall speak 

briefly of a number -generator. 

"Two number -generators a {a ) and b {b ). are 
n n 

identical if an = bn for every n. We express this relation by 

a = b. The following notion of coincidence is more important. 

"Definition 2. The number -generators a ' {a) and b {b) 
n n 

coincide, if for every k we can find n = n(k) such that 

I an+ P - bn+ P 
I 

< 1/k for every p. This relation is denoted by 

a = b. 

"2. 2. 2. Inequality relation between number -generators 

"If a = b is contradictory (that means: if the supposi- 

tion that a = b leads to a contradiction), we write a / b. 

"Theorem 1. If a / b contradictory, then a = b [L. E. J. 

n 

f 
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Brouwer 1925, p. 254]. 

"Proof. Determine n so that Ian+ - an < 1 /4k and 
P 

Ib n +p - b I 

n 
< 1 /4k for every p. Suppose I an - b I 

n 
> 1/k ; 

then we would have Ian+ 
P - bn+ p I 

> 1 /2k for every p, which 

entails a / b. Thus I an - bn1< 1/k and 
I an +p -bn +p I 

< 2/k 

for every p, and as for every k we can find n so that this 

inequality is valid for every p, we have a = b." 

Remark: In the preceding quotation we find that the in- 

tuitionists' definition of the inequality relation between number - 

generators require that "a different from b" be defined in terms of 

the contradictoriness of "a is equal to be" and we write a / b. 

This notion then leads us to Theorem 1 above, which requires a 

proof in intuitionist mathematics. However, Theorem 1 and the 

definition which states that -(a = b) -(a / b) are both assumed 

to be valid in classical mathematics and furthermore they are 

equivalent. 

Another idea that we find in intuitionist mathematics which 

is different from classical mathematics is the notion that "a is not 

equal to b (a / b)" is different from the statement that "a is really 

not equal to b (a # b) ". Because the latter remark demands the 

actual indication of n and k as stated in Definition 1 below it 

is said to be a stronger condition than a / b. 

I 

- 
n 

n 

n 
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"Definition 1. For real number -generators a and b, a lies 

apart from b, a # b, means that n and k can be found 

such that Ian+ 
P 

- bn+ 
p 

I > 1/k for every p [ L, E. J. Brouwer 

1919 A, p. 3]." We find in classical mathematics no such distinc- 

tion made, moreover, there is no condition of a # b, only a / 

Thi s completes our discussion of indirect proofs and 

examples for indirect proofs as well as examples of intuitionistic 

reasoning. 

b. 

n 
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CHAPTER V 

SUMMARY 

In the preceding chapters we have discussed briefly a few of 

the intuitionist objections to some of the rules and principles of 

classical logic. For example, we have indicated that the intuitionists 

would like to suspend the law of the excluded middle as it is used in 

relation to infinite sets. A consequence of this move would be the 

elimination from mathematics of any statement of a hypothetical 

nature involving infinite sets such as: the decimal expansion of n 

contains a run of ten consecutive 4's; or, every even number greater 

than 2 is the sum of two primes. To the intuitionists, these are 

forms of indeterminate statements which would best be left unsaid 

until they are actually established to be true or false, that is, we 

might discover them to be either true or false. But to abandon such 

statements as those mentioned above would stifle one's "spirit of 

scientific research" [ 5, p. 53] . It seems that in order to satisfy 

Brouwer's objection to this law "one would have to provide a method 

adequate in principle for solving not only alI. the outstanding unsolved 

problems, but any other that might ever be proposed in the future" 

[ 9, p. 48] . Perhaps it is reasonable to state that, because of the 

many unfavorable consequences engendered by the suspension of 



48 

this law, most contemporary mathematicians are ignoring this 

intuitionist proposal. 

The law of contradiction and the law of the excluded middle 

as we have shown in Chapter II, Section 10 are equivalent statements. 

Upon closer investigation one can observe that this equivalence is 

fostered by (II, Dfn 1 and Dfn 2) which interrelates the constants 

and y as well as A and y . For this reason the intui- 

tionists might interpret the above stated equivalence to be non -valid, 

since, according to Heyting these constants are independent of each 

other. Very little objection has been mentioned regarding the law 

of contradiction, nevertheless, Heyting indicates in his supposed 

system of logic that -(p n -P) implies a contradiction of the form 

-p A -( -p) which is certainly objectionable enough. 

The law of the double negative as we have pointed out in earlier 

chapters forms the basis for some indirect proofs, and as we have 

seen, it is used in proofs of existence. This law, if it were re- 

stricted, would have dire consequences in the verification of some 

existence theorems. A classical example is the nullification of 

Euclid's proof of the infinitude of primes. One can perhaps appreci- 

ate the intuitionists' objection to this rule if, in these existence 

theorems, the constructive principle of the intuitionist were adopted. 

But few contemporary mathematicians would doubt that there exists 

infinitely many primes even if Euclid's proof were to be nullified. 
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The pragmatic approach to these existence theorems, which the 

intuitionists seem to adopt in their "show me" attitude, is not in 

vogue with current mathematical thinking especially in the theory of 

sets and field of analysis as well as other active branches of mathe- 

matics. 

It is in essence the same intuitionistic objections to the law of 

the double negative which prevails in all the forms of indirect proof 

mentioned in Chapter IV. In so far as these indirect methods of 

proof (IV, 1) are developed with the use of the law of the excluded 

middle in this thesis, we have an added consequence to the abandon- 

ment of this law. 

One need only investigate certain branches of mathematics to 

discover that the abandonment of the indirect method of proof would 

cripple the present progress we are making in the teaching and 

development of mathematics as well as amputate a vast segment 

of our established branches of mathematics. Hence, it may be for- 

tunate that the intuitionists with their respective beliefs may be 

likened to a dissenting minority without power to force their own 

beliefs upon others. 

A visual image which depicts the intuitionists is that of one who 

has just discovered a healthy, but not flawless, tree bursting with 

foliage. Having discovered a few flaws in its roots, he decides that 

what ails the tree is that it is doomed to fall from being top heavy, 
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and he proceeds to prune the tree at its roots and also performs 

surgery by cutting off most of its branches. 

In order to appreciate the apprehension shared by the intui- 

tionists regarding the foundations of mathematics we need only con- 

sider the paradoxes that have been discovered in some of our sys- 

tems. But, one can also appreciate Zeno's apprehension toward 

the stability of mathematical thinking when he presented his paradox, 

and especially if one realizes the primitive tools with which he and 

his contemporaries attempted to find a solution to this problem. 

However, as with Zeno's paradox and its solution with the invention 

of convergent sequences, who is to deny our generation the possi- 

bility that our present paradoxes would perhaps be solved at a later 

date by more modern inventions? 

In conclusion this writer feels that the beliefs and objections 

held and entertained by the intuitionists are of a religious nature 

"to be or not to be" adopted depending upon one's convictions with 

respect to the foundation of mathematics. 
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