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PROBABILITY THEORY AS APPLIED TO SLOT MACHINES 

CHAPTER I 

PERMUTATIONS AND COMBINATIONS 

Introduction 

Definition 1. 1: A permutation is an arrangement of some or 

all of any number of objects taken in a definite order. 

Definition 1. 2: A combination is a set of some or all of any 

number of objects taken without reference to their order. 

Arrangement in a definite order characterizes a permutation, 

while a mere selection regardless of order characterizes a combina- 

tion. 

We shall denote the number of permutations of N different 

objects taken r at a time by NPr. and the number of combina- 

tions of N different objects taken r at a time by NCr . 

Fundamental Principle 

In the treatment of permutation::: 

fundamental principle is used: 

combinations the following 

If one operation can be performed in M different ways, and 

after that a second operation can be performed in N different ways 

and 
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for each way the first has been performed, the number of different 

ways in which the two operations can be successively performed is 

MN. 

For the first way of performing the first operation there are 

N different ways of performing the second and thus N different 

ways of performing the pair of operations; with the second way of 

performing the first, there are N different ways of performing 

the second, and thus N other different ways of performing the 

pair of operations. Continuing in this way, we see that the total 

number of different ways of performing the two operations succes- 

sively is N +N+ +N to M terms, or MN. In the same way, 

if an operation can be performed in M different ways, and after 

that a second operation in N different ways, and after that a third 

in P different ways, the number of different ways of performing 

the three successively is MNP. For it has just been shown that 

the number of different ways of performing the first two successively 

is MN, and hence the number of different ways of performing these 

two and the third is MNP. And in general if an operation can be 

performed in M1 different ways and afterwards a second in M2 

different ways up to an different ways, then all 

can be performed successively in M1M2 MN different ways. 

in MN WI- 
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Theorems on Permutations and Combinations 

Theorem 1. 1: The number of permutations of N different 

objects taken r at a time, NPr, is N(N- 1)(N -2) (N -r +1). 

Proof: We will represent the objects by the N letters 

a a2, a3, , aN . This problem is the same as to find the num- 

ber of different ways in which the N letters can be distributed r 

at a time in a box with r compartments, one letter to each compart- 

ment. We can place any one of the N letters in the first compart- 

ment, thus filling it in N ways. After the first compartment has 

been filled we can place any one of the remaining N-1 letters in 

the second compartment for each way in which the first has been 

filled. Therefore we can fill the two successively in N(N -1) dif- 

ferent ways. After the first two have been filled we can place any 

one of the remaining N -2 different letters in the third compartment 

for each way in which the first two have been filled. Therefore we 

can fill the three successively in N(N- 1)(N -2) different ways. 

Reasoning in this way, and noticing that for each compartment 

filled a new factor is introduced which is one less than the preceding 

factor, and the number of factors in the product is always equal to 

the number of compartments filled, we obtain N -(r -1) or N -r +1 

as the last factor, where r compartments are to be filled. 

- 
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NPr = N(N-1)(N-2) (N-r+1) . 

If all of the objects are taken, r = N, and 

NPr = N(N- 1)(N -2) (N -r +l) becomes NPN = N(N -1) 3. 2. 1. 

This is the continued product obtained by taking all the natural num- 

bers from one up to N, inclusive, and is called N factorial, 

and is denoted by the symbol N! . Zero factorial, 0! , is defined 

as equal to one. 

Theorem 1. 2: The number of combinations of N different 

objects taken r at a time, or NCr is equal to the number 

N! 
r! (N-r)! 

Proof: Each of the NCr combinations contains r objects, 

and therefore will yield r P r = r! permutations. Hence NCr 

combinations will yield NCr r! permutations, and as this is the 

total number of permutations of N different objects taken r at a 

time, or NPr, we have NCr r! = NPr. When we divide by r! 

NPr N(N- 1)(N -2) (N -r +1) 
we get NCr = If we now 

r! r! 

multiply both numerator and denominator by (N -r)! we get the 

desired result NCr = 

NCr 

N! 
r! (N-r)! 

For later use we derive a relationship among the expressions 
. 
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Theorem 1.3: 
M M CK + CK-1 M+1CK ' 

Proof: By theorem 1. 2 we get 

M! 
MCK K! (M-K)! and MCK-1 

M! 
C M K + C M K+1 K! (M-K)! + (K-1)! (M-K+1)! 

M! 
(K-1)! (M-K+1)! 

M! 

M! (M-K+ 1 ) M! K 
K! (M-K+1)! + K! (M-K+1)! 

M! M-M! K+M! +M! K 
K! (M-K+1)! 

M! M+M! 
K! (M+ 1-K) ! 

M! (M+1) 
K! (M+1-K)! 

(M+1)! 
K! (M+1--K)! 

M+1CK ' 

Application of Permutations and Combinations to Two Important 
Problems 

Two important applications of the previous theorems which 

are used quite frequently in basic probability theory are finding the 

number of subsets of a set and the number of ways in which one can 

partition a set under given conditions. 
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First we will look at the number of subsets of a set. Consider 

the set S = { 1,2, , N } which consists of all integers 1 to N. 

How many subsets of S can be formed ? In order to solve this prob- 

lem, we first find for K = 1, 2, , N the number of subsets of S 

with K elements. Let XK be the number of subsets of S with 

K elements. We shall show that XK satisfies the relationship 

NP XK K! =NPK so that XK = K! - NCK. The number of 

permutations that can be formed from a set containing K elements 

taking all K of them is KPK or K! . On the other hand the 

number of permutations containing K elements that can be formed 

from the set S, which contains N elements, is NPK. However 

all the permutations with K elements that can be formed from the 

set S can be obtained by first forming all the subsets of S with 

K elements and then taking all the permutations of K elements 

taken K at a time that these subsets will produce. Consequently, 

XK K! = NPK, or, in words, the number of subsets with K 

elements, multiplied by the number of permutations of K elements 

taken K at a time, is equal to the number of permutations of N 

P 
elements taken K at a time. Therefore XK 

K! NCK 

The quantities NCK are generally called binomial coeffi- 

cients because of the role they play in the binomial theorem, which 

states that for any two real numbers a and b and any positive 

integer N, 



N 

(a+b)N = NCK aN-KbK 

K=0 

The binomial theorem can be proven by using the principle of 

mathematical induction. 

Proof: Let N = 1. 

1 

1CK 
K=0 

(a +b)1 = 
a1-KbK 

= 1C0 a + 1C b 

= a + b . 

Assume the theorem true for N = M, 

(a+b) 

M 

K=0 

aM-KbK 

7 

We must now show that the theorem is also true for N = M +1 . 

= MCK 

. 

= 
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(a +b)M +1 (a +b)(a +b)M 

M 
M-K bK 

= (a+b) MCK a b 

K=0 
M M 

aM+1-K bK + aM-K bK+1 

K=0 K=0 

M M-1 

= 
0aM+1+ / MCKaM+1-K 

b K+ V MCKaM-KbK+1 
mC 

hM+l 

K=1 K=0 M 

M M 
MC0aM+1 +/ MCKaM+1-KbK+ MCK-M+1-KbK+MC bM+l 

K=1 K=1 
NI 

M 

= C aM+l+ (MC + C 
1)a 

M+ 1-KbK 
+ C 

M+1 M+1 
bM+ 

1 

M+1 0 K M K-1 
K=1 

By Theorem 1. 3 we know that C + C = C M K M K-1 M +1 K 

Therefore 

(a+b)M+1 CaM+1+ M+1 

M 

K=1 

1-KbK M+l 
+1CKa b + 

M+1 M+1 

M+ 1 

M+1- K 
M+1Cka 

K=0 

Hence the theorem is true for all positive integers N. 

The mathematical facts are now at hand to determine how 

/ 

L 

L 

= 

/, . 

Ms-'K 

b 
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many subsets of S we may form. From the binomial theorem with 

a = b = 1 it follows that NCO + NC + NC2+ + NCN` 1+ NCN = 2N 

Since 
NCO 

represents the number of subsets with no elements and 

NC the number of subsets with one element and NCr the number 

with r elements, we see then that the total number of subsets of 

S having N elements is 2N . 

Another counting problem which is used quite frequently in 

some applications of probability theory is that of finding the number of 

partitions of a set of N elements, and inparticular of the set 

S= { 1,2,,N }. 

Definition 1. 3: A partition of a set S is a subdivision of 

the set into an ordered set of non -empty subsets that are disjoint and 

whose union is the entire set. 

The subsets A. are called cells, and in symbols this 

definition would say A. AK = it. if i L K, and 

Al A2 v A3v v Ar = S. 

Theorem 1. 4: The number of ways in which we can partition 

a set with N elements into r subsets so that the first subset 

has K1 elements, the second subset has K2 elements, and so on 

where K1 +K2+ +Kr = N, is the product 

NCK1 N-K 
1 

N-K1-K2CK3 
... ... -Kr-1 Cr 

i 

I 

. 

' N K1 -K2- 
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Proof: For the first subset of K1 elements there are 

N elements available, so that there are 
NCK 

ways in which the 
1 

subset of K1 elements can be selected. There are N -K1 

elements available from which to select K2 elements that go into 

the second subset; consequently the second subset, containing K2 

elements, can be selected in 
N 

-K1CK2 ways. Continuing in this 

manner, we determine that the rth subset, containing K r 

elements can be selected in N-K -K - -K CK ways. By 
1 2 r -1 r 

multiplying these expressions, we obtain the number of ways in 

which a set with N elements can be partitioned in the manner 

described. 

The expression 

NCK1 N-K1CK2 N-K1-K2CK3 
. 

N-K1-K2- . -Kr 
-1CKr 

can be 

written in a more convenient form. 

C C 
N K N-K K K 

1! 
(N-K )! K ! (N-K -K )! K 

1! 
K ! (N-K -K )! 

- 
1 1 2 1 2 1 2 2 1 2 

N! 
(N-K 

1 
)! 

N! 

N! 
NCK1 N-K1CK2 N-K1-K2CK3 K1! K2! K3! (N K1 K2-K3)! 

Continuing in this manner, and remembering that 

N- K1 -K2- -Kr = K , we find that 

NCK1 N-K1CK2 N-K1-K2CK3 
. 

N-K1-K2-K3- - Kr -1CKr 

r 

- 
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is equal to 
K3! K1. K2. K3. . Kr. 

N! 
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CHAPTER II 

BASIC PROBABILITY THEORY 

Axiomatic Approach to Probability Theory 

Probability theory is regarded as a part of mathematics. As 

is the case with most parts of mathematics, probability theory can 

be developed by means of the axiomatic method. We begin with 

certain undefined concepts. We then make certain statements about 

properties possessed by and the relations between these concepts. 

These statements are called the axioms of the theory. Then by 

means of logical deduction various propositions called theorems are 

obtained from the axioms. 

The undefined concepts of our development of probability 

theory will be experiment, outcome, and weight. 

Axiom 2. 1: Each experiment determines a non -empty finite 

set of possible outcomes. 

Definition 2. 1: The possibility set U is the set of all 

possible outcomes determined by a particular experiment. 

Axiom 2. 2: Each element in U is assigned a positive 

number called its weight. 



is one. 
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Axiom 2. 3: The sum of the weights of all the elements of U 

Definition 2. 2: The measure of any subset X of U is 

the sum of the weights of its elements. 

Definition 2.3: Let U be the possibility set, let p be a 

statement relative to the elements of U, and let P be that sub- 

set of U composed of all elements for which p is true; then we 

call P the truth set of p. 

Definition 2.4: The probability of a statement p is the 

measure of its truth set. 

Assignments of Weights 

From the discussion above, the basic format which will be 

used to assign probabilities to statements in all future work may be 

summarized as follows: 

(1) First we determine U, the possibility set. 

(2) To each subset X of r_í we assign its measure 

denoted by m(XX). 

(3) To each statement p we assign m(P), the measure 

of its truth set, as a probability. 
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The probability of a statement p will be denoted by Pr[ p] 

To be consistent with the idea of probability as presented, we 

must be careful in how we assign weights to the elements of U. 

The weights assigned to the elements of U must be positive and 

add up to one. In an actual application of the probability theory 

to the solution of a problem, we will use our intuitive understanding 

of the problem plus the restrictions imposed by the axiomatic system 

to assign weights to the elements of the set U for that problem. 

Theorems on Probability Measure 

Theorem 2. 1: m(X) = 0 if and only if X = 020 

Proof: First let us prove if X = c), then m(X) = O. 

X = X has no elements . > m(X) = 0 by definition 2. 2. 

Next we prove if m(X) = 0, then X = c . Assume 

X X has at least one element. 

By axiom 2. 2 this element is assigned a positive number W 

as its weight. By definition 2. 2 m(X) > W. But m(X) = 0, hence 

the assumption was false and X = c. 

Theorem 2. 2: 0 < m(X) < I for any set X. 

Proof: If X = c), then just as in the first part of the proof 

of theorem 2. 1 m(X) = O. If X c), then X has at least one 

c12, 

X 

# 

# 4 . 

4 

= 
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element and by axiom Z. Z this element is assigned a positive number 

W as its weight. Hence m(X) > W. By the above two sentences 

we see that m(X) > O. If X = U, then m(X) = m(U) = 1. If 

X C U, then every element of X is an element of U. But U 

may have some elements which are not in X, therefore by definition 

Z. Z m(X) < M(U) = 1. Hence we see that m(X) < 1. Therefore 

0 < m(X) < 1. 

Theorem Z. 3: For any two sets X and Y, 

m(X v Y) = m(X) + m(Y) - m(X (Th Y). 

Proof: M(X) + m(Y) is the sum of the weights of the ele- 

ments of the set X plus the weights of the elements of set Y. 

If X n Y = j this would give us m(Xv Y). However, if 

X Y cl), then we have added some weights twice. Namely, the 

weights of elements in X Y. Therefore to get the correct value 

of m(X v Y) we must subtract the weights that were added twice. 

Therefore m(X) + m(Y) - m(X Y) = m(X v Y). 

Theorem 2.4: m(X) = 1 -m(X). X is the complement of 

the set X. 

Proof: By the meaning of the complement of a set, 

X v X = U. Hence m(X v X) = m(U) = 1. But by theorem Z. 3 

ti 
we know that m(X v X) = m(X) + rn()Z m(X) . Therefore 

r, 

r, 

rm 

# 
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ti 
m(X v X) = m(X) + m(X) 

ti 
= 1. By subtracting m(X) from both 

ti sides of the equation we get the desired result m(X) = 1 -m(X). 

Since the probability of a statement is the measure of its truth 

sett-, the above properties can be translated into properties about the 

probability of statements. 

(a) Pr[ p] = 0 if and only if p is logically false. 

(b) 0 < Pr[ p] < 1 for any statement p. 

(c) Pr[ p V q] = Pr[ p] + Pr[ q] - Pr[ p A q] 

(d) Pr[ ^ p] = 1 -Pr[p] . 

Equiprobable Measure 

One special probability measure which occurs quite frequently 

in applying probability theory to specific problems is the equiprobable 

measure. 

Definition 2. 5: If the same weight is assigned to all pos- 

sibilities in determining the appropriate probability measure, this 

probability measure is called the equìrF_,-oba.bie measure. 

As we can see by the definition of equiprobable measure it is 

very easy to work with in solving problems. If the set U has N 

elements, then the weight of each element must be 1 /N, and if 
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the truth set of a statement has r elements, then the probability 

of the statement is r /N. 

Conditional Probability 

A more difficult probability problem is determining the 

probability of a statement p after receipt of the information that 

statement q is true. This probability is called a conditional 

probability and is denoted by Pr[ p I q] which is read the probability 

of p given q. 

Since we know that statement q is true, the only elements 

of the possibility set U that remain plausible to use in finding the 

probability of the statement p are those which do in fact make q 

true. Therefore in finding the probability of statement p we need 

only concern ourselves with the set Q which is the truth set of 

statement q. We must redefine our measures on the subsets of 

Q. Every non -empty subset X of Q is also a subset of U, 

and hence we know m(X), its measure before q was found to be 

true. In defining m' (X), the new measure of set X, we will 

want to preserve the property that if X and Y are subsets of Q 

and m(X) = 2m(Y), then we will get m' (X) = 2m' (Y). This will 

be the case if the measures of the subsets of Q are simply multi- 

plied by a proportionality factor m' (X) = Km(X). 

To find K we will use the fact that we know 
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1 = m' (Q) = Km(Q). This gives us K = 1 /m(Q). Hence this leads 

us to the following definition. 

Definition 2.6: m' (X) - m(X) 
m(Q) 

How does this affect the probability of p ? First of all we 

see that the truth set of p has been reduced because all elements 
ti 

of Q have been eliminated. Hence the new truth set of p is 

P n Q where P is the original truth set of p. Therefore 

the probability of p given q is defined as follows. 

m(P n Q) Definition 2.7: Pr[ p q] = m' (P n Q) - m(Q) 
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CHAPTER III 

APPLICATIONS OF PROBABILITY THEORY TO SLOT MACHINES 

Solution of Specific Problem 

Assume that we are presented with two slot machines A 

and B. Each machine pays off the same fixed amount when it 

pays off. Machine A pays off each time with probability 1/2, 

and machine B with probability 1/4. We are not told which 

machine is A. Suppose that we choose a machine at random and 

win. What is the probability we chose machine A? 

To solve this problem we will first construct a tree diagram 

to show the possibilities and assign branch probabilities. 

Since we are selecting the machines on a random basis, we 

are just as likely to select machine A as machine B. Hence the 

probabilities of picking machine A or machine B will be the 

same and must be 1/2. If we select machine A we have only 

two possibilities, win or lose. Since a win will occur 1/2 of the time 

a loss will also occur 1/2 of the time. If we select machine B 

we also have only two possibilities, win or lose. Since at machine 

B a win will occur 1/4 of the time, a loss will occur 3/4 of the 

time. 
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WIN 

LOSE 

WIN 

4 
LOSE 
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Let p be the statement "machine A was chosen" and 

q the statement "the machine chosen paid off" . The problem 

now becomes one of finding Pr[ p I q] . 

U = {AW, AL, BW, BL } where AW means won at A, 

AL means lost at A, BW means won at B and BL means 

lost at B. 

m(AW) = 1/4, m(AL) = 1/4, m(BW) = 1/8, and m(BL) = 3/8. 

The truth set of q is Q = {AW, BW } , and m(Q) = 3/8. The 

truth set of p is P = {AW,AL 1. P n Q = {AW } and 

m(P n Q) = 1/4. 

Pr[ p I g] = m' (Pn Q) _ rn(P (Th Q) 1/4 2 

m(Q) 3/ 8 3 

Therefore we see that if we win on our play the probability 
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of being at machine A, the better machine, is 2/3. The prob- 

ability that we are not at machine A and hence at machine B is 

1 -2/3 or 1/3. 

Although this is a very simple problem and the result was to 

be expected, it is still a very interesting result, because if we were 

going to play two coins this would give us some insight as to where 

to play the second coin. 

We will again consider a similar problem, this time with the 

statement q being "the machine chosen did not pay off ". The truth 

set of q is Q = {AL, BL } , and m(Q) = 5/8. The truth set of 

p remains P = {AW,AL } . Pr, Q = {AL 1, and m(Pn Q) =1/4 

. Pr[ P I q1 = m' (P n Q) = 
m(P n Q) 1/4 2 

m(Q) 5/8 5 

Therefore we see that if we lose on our play, the probability 

of being at machine A, the better machine, is only 2/5. The 

probability that we are not at machine A and hence at machine B 

is 1 - 2/5 or 3/5. 

The result of this problem tells us that if we win on our first 
play we are more likely to be at the better of the two machines and 

hence should stay there at least for the next play. If we lose on our 

first play we are more likely to be at the poorer of the two machines 

and should switch for the next play. 
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Solution of General Problem 

Suppose that we are presented with N slot machines. 

Will the result just obtained still be true ? We will now look at a 

more general problem to try to answer this question. 

Assume that we are presented with N slot machines 

A AZ, A3, l' , AN. Each machine pays the same fixed amount 

when it pays off. Machine Al pays off with a probability of P 

A2 pays off with a probability of P2, 
AN 

pays off with a 

probability PN . We also know P1 > P2 > a PN. We are not 

told which machine is Al or A2 etc. Suppose we choose a 

machine at random and win. What is the probability we chose Al? 

P 
1 

WIN Al W P LOSE AIL 
1 

WIN A2W 

1 LOSE A2L 

1 -PN 

AN 1W 

LOSE AN 
-1 

L 

WIN ANW 

LOSE A L 
N 

1 

N 

N 

I 

N-1 --- WIN 

1-PN--1 
PN 

P 

-P2 

N 
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U = {A1W,A1L,A2W,A2L, ,ANW,ANL } 

N m(A1W ) = 
N1 

, 
m(A2W) = 

N2 
, and m(ANW) - 

1-P1 1-P2 1-PN 
m(Al L) = 

N , m(A2L) = , , and m(ANL) - 

Let al be the statement " machine Al was chosen" and 

q be the statement "the machine chosen paid off" . We must now 

find Pr[allq] . The truth set of q is Q = {A1W,A2W, ,ANW } 

N 

and m(Q) = 
lv 

(P1 + P2 + + PN) 
N 

PK The truth set of 

K =1 

al is Al = {A1W,A1L } . A1r Q = {A1W } and m(A1 Q) =P1 /N. 

Pr [al Icd = m' (A Q) Q) - 
N 

/ PK 
K=1 

m(A1 
Q) P1 

What is the probability we chose machine A2? This can be 

answered by changing statement al to statement a2 which would 

be "machine A2 was chosen" . The truth set of q would remain 

the same. The truth set of a2 is A2 = {A2W, A2L }. 

A2C' Q = {A2W 1, and m(A2r Q) = P2 /N. 

m(Q) 

N 

- . 

= / . 



Pr[a2I q] = m' (A2(Th Q) - m(Q) 

m(A2n Q) P2 

N 

PK 

K=1 
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By a similar method the probabilities of having chosen the 

various machines A3 through AN could be computed. In general 

the probability of having chosen the rth machine would be 

Pr 
N 

/ PK 
K=1 

. A comparison of these N probabilities gives us 

P1 

N 

»K 
K=1 

P2 

N 

PK 
K=1 

> .. PN-1 
N 

PK 
K=1 

PN 

N 

/ PK 
K=1 

Letting q now be the statement "the machine chosen did 

not pay off" , we will find the probabilities of having chosen the 

various machines and compare them. 

The truth set of q now becomes Q = {A1L,A2L, ,ANL } 

cN 
and m(Q) = 

Ñ 
[ (1-P1)+(1-P2) + + 

IV 
(1-PN)] or 

I 
(1--PK). 

K=1 

A1 (Th Q = {AIL }, and m(A1 Q) - 
1-P1 

N 

> > > - - - - 

. 

/ 

r 

/ / 

n 



m(A1rm Q) 1-P1 
Pr[ al I q] = m' (A r Q) = m(Q) N 

(1-PK) 
K=1 

1-P 
A2rm Q = {A2L }, and m(A2 Q) - 

. Pr[a2I q] = m'(A2r- Q) _ 

m(A2 Q) 1-P2 

m(Q) N 

(1-PK ) 

K=1 
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Again by a similar method the probabilities of having chosen 

the various machines A3 through AN could be computed. In gen- 

eral the probability of having chosen the rth machine would be 

1-Pr 
N 

(1-PK) 

K=1 

Since P1> P2 > > PN' 1 -P1 1 -P2< < 1 -PN. 

Therefore a comparison of these N probabilities gives us 

1-PN 1-PN-1 1-P2 1-P1 
> > > > 

N - N - - N - N 

(1-PK) (1-PK) \> (1-PK) / (1-PK) 
K=1 K=1 K=1 K=1 

N 

< 

. . 

/ 

1 

- - N 

1 
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Conclusion 

In conclusion we see then that if win on our play we are 

most likely to be at the best machine and least likely to be at the 

poorest machine. If we lose on our play we are most likely to be 

at the poorest machine and least likely to be at the best machine. 

If we restrict our conclusion to just two machines we can say 

that if we win, we are more likely than not at the best machine. If 

we lose, we are more likely than not at the poorer machine. 



27 

CHAPTER IV 

METHODS OF PLAY 

Definition of Method of Play 

Definition 4. 1: A variable Z is functionally related to the 

N variables x ,x 
1 2 

, , xN if and only if there is a procedure 

which determines a unique value of Z whenever a value for each of 

xl, x2,x , 

3 
. , xN is given. The variable Z is the dependent 

variable and the variables xl, x2, , xN are the independent 

variables. The N +1 variables xi, x2, . 
, xN, Z together with . 

the procedure which determines the values of Z, constitute a 

function. 

We will write Z = f[ xl, x2, ,xN] to indicate that Z 

is a function of the variables xi, x2, , xN and, if al, a2, , aN 

are values of the variables xl, x2, , xN respectively, we will 

denote by f[al, a2, , aN1 the unique value of Z which is 
1 

determined when the independent variables are given these values. 

To define the type of functions we will be using, we will give 

a set of rules by which a unique value c Z may be determined 

when values for x 
1, 

x2, , xrJ are given. 

Definition 4. 2: A vector is called a probability vector if it 

N 
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has non -negative components whose sum is one. 

Definition 4.3: A method of play for two machines is a 

sequence of functions f2, f3, , fN, where the independent vari- 

ables of fK represent the results of the previous K -1 plays, 

and a value of the dependent variable is a probability vector 

(P, 1 -P), where P is the probability of staying at the same 

machine and 1 -P is the probability of switching machines on the 

th 
K play. 

Hence by the definition of a method of play we can say that the 

Kth play is a function of the results of the previous K -1 plays. 

The independent variables referred to in the definition of a method 

of play can have (1, W), (1, L), (2, W), or (2, L) as their values. 

The one in the ordered pair represents the first machine played, 

the two represents the other machine. The W represents a win 

and the L represents a loss. Therefore if a (1,W) occurred 

as the value of the rth independent variable, this would mean a 

win occurred on the rth play, at the machine that was played with 

the first coin. 

In discussing methods of ;lati. will restrict ourselves to 

two types of method of play. The first type, called the random 

method of play, will be one for which given any values for the inde- 

pendent variables, we get (1/2, 1/2) as the value of the dependent 

0 
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variable. The second type, called a specific method of play, will be 

one for which given any values for the independent variables, we 

get either (1,0) or (0, 1) as the value of the dependent variable. 

In both of these methods of play, the first machine to be played will 

be selected at random. Hence f1 will always be (1/2, 1/2). 

Let us now look at the random method of play. If we put in 

arbitrary values for the independent variables of fK, we would get 

the following sequence of probability vectors to determine how to 

play our coins. f1 = (1/2, 1/2). f [(1,W)] _ (1/ 2,1/2). 

f3[ (1,W), (1, L)] = (1/2, 1/2). f4[(l, W),(l, L),(2, L)]= (1/2, 1/2). In 

general f[ (1, W), (1, L), (2, L), , (1, L)] _ (1/2, 1/2). The tree 

diagram of this method of play for two machines A and B is 

shown on the following page. 

Let us now look at a specific method of play. Consider the 

method of play described by the rule, "we will stay at the same 

machine if we win and switch if we lose and continue this pattern 

throughout all our plays" . Putting in arbitrary values for the inde- 

pendent variables of f we might get the following sequence of prob- 

ability vectors to determine how to play our coins. f1 = (1/2, 1/2). 

f2[(1,W)] _ (1, 0) f[ (1-, W), 1_.,)] (i, (0, 1). 

f4[(1, W), (1, L), (2,W)] _ (1, 0). f5[(1, W), (1,L), (2, W), (2,W)] _ (1, 0). 

In general fK = (1, 0) if the value of the last independent variable 

is (1,W) or (2,W) and will be (0,1) if the value of the last 

= 
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independent variable is (1, L) or (2, L). 

A Comparison of Some Different Methods of Play 

Suppose we are playing two slot machines A and B. 

Each machine pays off the same fixed amount when it pays off. 

Machine A pays off with probability 1/2 and machine B with 

probability 1/4. r, e are not to machine is A. What is 

the probability of getting at least one win under the assumption that 

we play the same machine twice ? From our definition of method of 

play we get f1 = (1/2, 1/2), f2[ (1, W)] _ (1, 0), and f2[(1, L)]=(1,0). 

L 

W 
A 

L 

W 
1 

2 

2 L 

1 A 
W 

L . 

2 

W 1 

L 

L 2 

A 

B 

W 

L 

:x r :..f? 



For this method of play we get the following tree diagram. 
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1 
WIN AWW 

1 LOSE AWL 
2 

1 WIN ALW 

2 

1 

2 

2 

4 

LOSE ALL 

WIN BWW 

LOSE BWL 

U = {AWW, AWL, ALW, ALL, BWW, BWL, BLW, BLL }. 

m(AWW) = 1/8, m(AWL) = 1/8, m(ALW) = 1/8, m(ALL) = 1/8, 

m(BWW) = 1/32, m(AWL) = 3 /32, m(ALW) = 3/32, and 

m(BLL) = 9/32.. Let p be the statement "we have won at least 

once" . The truth set of p is 

P = {AWW, AWL,ALW,BWW,BWL,BLW }. m(P) = 19/32. 

Pr [p] = 19/ 32 . 

Now let us consider the probability of getting at least one win 

under the assumption that we play the same machine the second time 

if and only if we won the first time. From our definition of method 

2 

1 

4 

1 

WIN BLW 

3 

4 
LOSE BLL 

4 



of play we now get f1 = (1/2, 1/2), f2[ (1,W)] _ (1, 0), and 

f2[ (1, L)] _ (0, 1). For this method of play we get the following 

tree diagram. 

W 

L 
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1 WIN AWW 

LOSE AWL 

2 

WIN ALBW 

LOSE ALBL 

WIN BWW 

LOSE BWL 

WIN BLAW 

LOSE BLAL 

U = { AWW, AWL, ALBW, ALBL, BWW, BWL, BLAW, BLAL }. 

m(AWW) = 1/8, m(AWL) = 1/8, m(ALBW) = 1/16, m(ALBL) =3/16, 

m(BWW) = 1/32, m(BWL) _. 3/32, m(BLAW) = 3/16, and 

m(BLAL) = 3/16. Let p again be the statement "we have won at 

least once" . The truth set of p is 

P = {AWW, AWL, ALBW , BWW, BW T,, BLAW }, m(P) = 20/32. 

Pr[p] = 20/32 . 

We see that the second method of play gives us the higher 

probability of getting at least one win. This result should come as 

1 

2 

W 

z 

1 

L 

4 

1 
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no surprise to us, since our conclusion from Chapter III suggested 

the stay if you win, switch if you lose method of play. 

Let us now look at the same problem using the random method 

of play. From our definition of method of play we get fl = (1/2, 1/2), 

f2[(1, W)] = (1/2, 1/2), and f2[ (1, L)] _ (1/2, 1/2). The tree dia- 

gram for this method of play is as follows. 

W 

2 

WIN AWW 

LOSE AWL 

WIN AWBW 

LOSE AWBL 

1/2 WIN ALW 

1/2 LOSE ALL 

1/4 

3/4 

WIN ALBW 

LOSE ALBL 

1/2 WIN BWAW 

1/2 

A 

B 

LOSE BWAL 

WIN BWW 

LOSE BWL 

WIN BLAW 

1/2 LOSE BLAL 

1/4 
WIN BLW 

LOSE BLL 

U = { AWW, AWL, AWBW, AWBL ,ALW, ALL ,ALBW ,ALBL,BWAW, 

BWAL, BWW, BWL, BLAW, BLAL, BLW, BLL 1. 

1/2 

1/2 

1/4 

3/4 

1/4 

3/4 

1 /2 



m(AWW) = 1/16, m(AWL) = 1/16, m(AWBW) = 1/32, 

m(AWBL) = 3/32, M(ALL) = 1/16, m(ALW) = 1/16, 

m(ALBW) = 1/32, m(ALBL) = 3/32, m(BWW) = 1/64, 

m(BWL) = 3/64, m(BWAW) = 1/32, m(BWAL) = 1/32, 

m(BLL) = 9/64, m(BLW) = 3/64, m(BLAW) = 3/32, and 

m(BLAL) = 3/32. Let p be the statement "we have won at 

least once" . The truth set of p is P = {AWW, AWL, AWBW, 

AWBL, ALW, ALBW, BWW, BWL, BWAW, BWAL, BLW, BLAW 1. 

m(P) = 39/64 = 19.5/32 . . Pr[p] = 19.5/32. 

We will now compare four methods of play by computing the 

probabilities using the same procedure just illustrated, and list the 

results in the form of a table. Let a be the method of play 

"all plays at the same machine" . Let ß be the method of play 

"alternate until you win, then stay for the rest of the plays at the 

winning machine" . Let Y be the method of play " same 

machine if you win, switch if you lose" . And let be the random 

method of play. 

34 

Probability of at least X wins from three plays 

Method 

a 

X =1 

93/123 

X =2 X =3 

9/ 128 

P 98/128 45/128 9/ 128 

Y 98/123 44/128 9/ 128 

96-4 /128 44/128 6-3-4/128 

42;`? :? 

. 
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Probability of at least X wins from four plays 

Method X=1 X=2 X=3 X=4 

a 103-4/128 604/ 128 23-1/128 4-4/128 

ß 110/128 66- / 128 25/128 474/128 

y 110/128 65/ 128 23/128 44/128 

108+/128 61+/ 128 19+/128 1+ /128 

From the above information, it appears as though method of 

play ß and method of play y give us the best probability for at 

least one win; but method of play ß gives us the best all around 

probability for at least X wins. 

Best Method for Getting at Least One Win from N Plays 

Suppose we are playing two slot machines A and B. 

Each machine pays off the same fixed amount when it pays off. 

Machine A pays off with probability 1 -P and machine B 

pays off with probability 1 -Q. Remembering that we pick the 

first machine at random, what is the best method of play for getting 

at least one win from any number of plays ? A tree diagram of this 

situation for one play is as follows. 



1 -P WIN 

P LOSE 

WIN 

LOSE 
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The following theorems will prove for us that method of play 

3, where we alternate machines until we win and then stay at the 

winning machine for the remainder of the plays, is the best method 

of play for getting at least one win from any number of plays. 

Theorem 4. 1: The probability of getting all losses from 2N 

plays using method of play (3 is 
z 
PNQN+ 2 QNPN PNN 

Proof: We will use the principle of mathematical induction 

to prove the theorem. 

Let N = 1. f = (1/2, 1/2). f2[ (1, L)] _ (0, 1). The 

1 1 probability of all losses after two plays is 2 PQ + 2 QP = PQ. 

Hence the theorem is true for N = 1. 

Assume the theorem is true for N =K. Therefore the 

probability of all losses after 2K plays is 
2 

PKQK+ 
2 

QKPKKQK 
+ 

A 

1 O 

B 

Q 
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We must now show that the theorem is true for N = K +1 or 

2(K +1) plays. f2K +1[(1, L), (2, L), (1, L), , (2, L)] _ (0, 1). 

Therefore the probability of all losses after 2K +1 plays is 

1 K+1 K 1 K+1 K 2 P Q + Q P . f2K +2[(l,L),(2,L), 
... 

, (2,L), (1, L)] = (0, 1). 

Therefore the probability of all losses after 2K +2 plays is 

l PK +1QK +1 2 QK +1pK PK +1QK +1 

Therefore the theorem is true for all natural numbers N. 

Theorem 4.2: The probability of getting all losses from 

2N-1 plays using method of play ß is 4 p NQN- NPN- 1 

Proof: We will again use mathematical induction. 

Let N = 1. fl = (1/2, 1/2). Therefore the probability of all 

losses after one play is 2 p + 2 Q . Hence the theorem is true 

for N = 1. 

Assume the theorem is true for N = K. Therefore the 

probability of all losses after 2K -1 plays is 1 PKQK-1 QKPK 
P 

-1 

We must now show that the theorem is true for N =K +1 or 

2K +1 plays. f2K[ (1, L), (2, L), , (2, L)] _ (0, I). Therefore the 

probability of all losses after 2K plays is 
2 

PKQK+ 
2 

QKpK 

+1[ 
(1, L), (2,,), , (2, L), (1, L) j = (O. 1). Therefore the prob- 

ability of all losses after 2K +1 plays is 
2 

K +1QK+ 2 QK +1pK 

Hence the theorem is true for all natural numbers N. 

1 

2 

2 
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Theorem 4.3: The probability of getting all losses from N 

plays using any specific method of play is 1 PXQN -X+ 
2 

QXPN -X 

where X is the number of plays at the machine where the first 

play was made; hence 0 < X < N . 

Proof: Let N = 1; then X = 1. f1 = (1/2, 1/2). There- 

fore the probability of all losses after one play is 2 P + 2 Q . 

Hence the theorem is true for N = 1. 

Assume the theorem is true for N = K. Hence the prob- 

ability for all losses after K plays is 
2 
PXQK -X+ QXPK -X 

We must now show that the theorem is true for N = K +1. 

To do this we consider four cases. 

(1) Suppose fK 
+1 

(1, 0), and on the Kth play we were 

at the machine at which we started. The probability of all losses 

after K +1 plays is then 
2 
PX +1QK -X+ 

2 

QX +1PK -X where 

we have now made X+ 1 plays at the machine at which we started. 
1 X +1 K -X 1 X +1 K -X However 2 P Q + 2 Q P can be written as 

1 X +1 K +1 -(X +1) 1 X +1 K +1 -(X +1) 
Z P Q + 2 Q P Therefore the theorem 

is true for the above conditions. 

(2) Suppose fK+ 
1 = (1, 0), and on the Kth play we were 

not at the machine at which we started. The probability of all losses 

after K +1 plays is then 
2 

PXQK +1 -X+ QXPK +1 -X where 

P 

2 

- 
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we still have X plays at the machine at which we started. Hence 

the theorem is true for the conditions of this case. 

By arguments similar to those of cases (1) and (2), it follows 

that the theorem is true when fK +l = (0, 1) and we are at the ma- 

chine at which we started, or we are at the other machine on the 

th 
K play. 

Therefore the theorem is true for all natural numbers N. 

Theorem 4. 4: Method of play p is the best specific method 

of play for getting at least one win from 2N plays. i. e. 

1 -PNQN > 1- 1 /2[PXQ2N -X QXp2N -X] 0 < X < 2N . 

Proof: 0 < [pXQ2N -X- QXp2N -X] 

4P2NQ2N 

2pNQN 

PNQN 

1-PNQN 

2 

0 < p2XQ4N-2X 2P2NQ2N+ Q2Xp4N-2X 

p2XQ4N-2Xt2P2NQ2.Nt Q2Xp4N-2X 

pXQ2N-X+ QXP2N-X 2 

pXQ2N-X QXp2N-X 

< 1/2[ pXQ2N-X Xp2N-X 

> 1- 1/2[ PXQ2N-X QXp2N-X 

< 

J 
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Theorem 4. 5: Method of play ß is the best specific 

method of play for getting at least one win from 2N-1 plays. i. e. 

1-1/2[PNQN- l +QNPN 1] > 1-1/2[ 1-X 

0 <X <2N -1. 

Proof: We will consider two cases. 

Case I. Suppose Q > P. 

(a) Suppose N-X > O. N-X > > 

N- 1-X QN- 1 -X 

N-X N-X 

Multiplying these two inequalities we get 

pN-1-X N-X N-X, _ N-1-XN-X N-X [Q P , t 
N-1-XQN-X P2N-1-2X Q2N-1-2X QN-1-XN-X 

PN-XQN- l-X+QN-XPN- 1-X 
< 

Q2N-1-2X P2N-1-2X + 

pNQN- 1 QNPN- 1 

1/2[ pNQN 1 QNPN 
,ç. 

1-1/4 PNQN- QNPN- 1 

nXú2N-1-X+QXp2N- 1-X 

1 
/2[PXQ2N-1-X+QXP2N-1-X1 

1-1/ 2EP Q2N-1-X X QXP2N-1-X1 

0 >N-X-1 0 

> 0 

_ 

. 
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Hence we see under the condition Q > P and N -X > 0 the 

theorem is true. 

(b) Suppose N -X < 0. N -X < 0 >N -X -1 < 0 

QN -1 -X PN- 1-X 

N-X N-X 
< 0 

QN-1-X, QN-X PN-X PN- 1-X[ QN-X PN-X 

We see that this is the same statement we had in part (a) 

and the rest of the proof follows exactly as in part (a). 

Case II. Suppose Q < P . 

Again we must consider the two parts (a) and (b). The 

proof of Case II however follows from Case I by interchanging the 

Q for the P. 

Theorem 4. 6: The probability for getting all losses from N 

plays using the random method of play is 

Proof: Let N = 1. 

L 
2-I 

+ ZQ] 
N 

11. Therefore the prob- 

ability of all losses after one play is 2 P Q. Hence the 

theorem is true for N = 1. 

Assume the theorem is true for N = K. Therefore the 

f (1 /.:. 

Y 

< 

_ 

2 2 
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probability for getting all losses from K plays using the random 

method of play is [P + 2 Q] K. 

We must now prove the theorem is true for N = K +1. 

fK +1 - (1/2, 1/2). [ZP + ZQ] 
K[2p+ZQ] - [2P + 2Q]K+1 

Therefore the theorem is true for all natural numbers N. 

Theorem 4.7: Method of play ß has a higher probability 

than the random method of play for getting at least one win from 

2N plays. i. e. 1 -PNQN -[2P+ 2 2N. 

Proof: 0<[ZP -2Q]2 

0 <4P2 -ZPQ+ 4Q2 

PQ<4P2 
2 +PQ+ 

2 

<[2P +2Q]z 

pNQN 1 1 2N P Q <[2P+- 
2 

1 -PNQN > 1 [ 
2 

P+ 2 
2N 

Theorem 4. 8: Method of play ß has a higher probability 

than the random method of play for getting at least one win from 

2N -1 plays. i. e. 1 /2[P N 
Q 

N -1 
+Q 

N P N -1 
] >1 Q] 

2N -1 

Proof: Let N = 1. 1- 1 /2[P +Q] > 1- [2P +2Q] . 

- 

> 



Hence the theorem is true for N = 1. 

Assume the theorem is true for N = K. Hence 

1- 1 /2[PKQK- 1 +QKPK -1] 
> 1-[ 2P+ 

2 
Q] 2K -1 

We must now show the theroem is true for N = K +1 . 

0 <[2P -2Q] 2 

0 < 4 P2 - ZPQ+4Q2 

PQ<4P2+ 2PQ+4Q2 

PQ<[2P+2Q]2 . 

From the induction hypothesis we can establish that 

1 

QKPK -1] 
Z 

P 12Q] 2K-1 

the last two inequalities together we get 

1 /2[ PK K+1 K +1pK] 2K +1 

1- 1 

+1QK +1pK] -[2P +2Q)] 2K +1 

theorem is true for all natural numbers N. 

By multiplying 

Therefore 

Hence the 
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2P0 + 4 Q 

2 

1 
+ Q < [ 2 P . 

` 

+ 
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CHAPTER V 

A CONJECTURE ON THE PROBABILITY OF EXACTLY X 
WINS USING METHOD OF PLAY ß 

In view of the conclusion reached in Chapter IV, it seems 

worthwhile to take a closer look at method of play ß. A development 

will be presented which will lead to a conjecture on the probability of 

getting exactly X wins, where X > 0, from any number of plays 

using method of play ß. A tree diagram of method of play ß 

is beneficial at this time. 

L 

1 -P _WIN . 

LOSE 

1 -P _WIN ... 

LOSE 

1 -Q .WIN 

LOSE ... 
1 -P 

WIN 

LOSE 

1 -Q WÍN ... 
LOSE 

1-Q WIN 

LOSE ... 
1-P = WIN 

LOSE 

1-Q WIN 

Q LOSE ... 

1 -P 

Q 

P 1 

1 -P W \ 
L 

W 

- 
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We have already seen that the probability of getting no wins 

from 2N plays using method of play ß is PNQN. Let us now 

look at the probability of getting an odd number of wins from 2N 

plays using method of play 3. If we had started our plays at 

machine A, considering all losses we would get 2N plays 

occurring in the following order, ABABAB" ABABAB. Suppose 

we get one win. Also suppose this win occurred at machine A, 

the machine first played. If this win occurred on the 2N -lst play 

we would get our 2N plays occurring in the following order, 

ABABAB ABABAA. The probability of this happening is 

2 
(1 -P)PNQN- 1 

If this win occurred on the 2N -3rd play we 

would get our 2N plays occurring in the following order, 

ABABAB ABAAAA. The probability of this happening is 

2 
1 (1 P)PN+1QN-2 Had this win occurred at the 2N -5th play we 

would get our 2N plays occurring in the following order, 

ABABAB AAAAAA. The probability of this happening is 

p)pN +2QN -3 Had the win occurred on the very first play, 

we would get all of our 2N plays at machine A or 

AAAAAA AAAAAA. The probability of this is 
1 

(1- P)P2N -1 

We can see from the above argument that the probability of getting 

exactly one win from 2N plays and having this win occur at 

N -1 
N +i N -(i +1) machine A, the first machine played is 1/2 ) (1 -P)P Q 

i=O 

1 

2 
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This win could have occurred at machine B even though we started 

our plays at machine A. The way in which our plays could have 

occurred followed by the probability of that happening is as follows. 

ABABAB ABABAB 

ABABAB ABABBB 

ABABAB ABBBBB 

ABBBBB BBBBBB 

2 

Q)PNQN-1 

1 (1-Q)PN-1QN 

1 (1-Q)PN-2QN+1 
2 

1 

2 
(1-Q)P Q2N-2 

We see from this pattern that the probability of getting exactly 

one win from 2N plays and having this win occur at machine B, 

the machine which was not played on the first play is 

1/2 

N-1 

i=0 

Q)pN-iQN+(i-1) 

By a similar analysis we get the probability of getting exactly 

one win from 2N plays and having this win occur at machine B, 

1\T 

the first machine played is 1/2 (l Q)pN (i + -1) N +i Also the 

probability of getting exactly one win from 2N plays and having 

2 

. 

i =0 
1777-0 



this win occur at machine A, the machine which was not played 

on the first play is 1/2 

N-1 

i=0 
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p)pN +(i- 1) N -i 
Q By considering all 

four of the above cases, we get the probability of getting exactly one 

win from 2N plays using method of play ß to be 

N-1 

1/2 {(1-p)(pN+iQN-(i+l)+(1 +(l-iQN+(i-1)+(1-Q)PN-(i+1)QN+i 

i=0 

(1-P)PN+(i-1)QN-i 

By using the same type of argument just illustrated, we can 

show that the probability of getting exactly three wins from 2N 

plays using method of play ß is 

1/2 

N-2 

i=0 

C [ (1-p)3PN+(i- 1)QN (i+2)+(1 Q)3pN-(i+2)QN+(i-1) , 
2i+3 2 

+ 2i+2 C 
2 
[(1-Q)3pN-(i+1)QN+(i-2)+(1 P)3PN+(i-2)QN-(i+l) 

The probability of getting exactly five wins from 2N plays 

using method of play Ñ is 

N-3 

1/2 
21+5 4 

{ C [(1-p)5pN+(i-2)aN-(i+3)+(1 Q)5p1V-(i+3)QN+(i-2), 

i=0 

+ 
2i+4 C 

4 
1-Q)5 pN-(i+2)QN+(i-3)+ 

( 
1-P PN+(i-3) N-(i+2) 

1. 

L 

}. 
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From the above probabilities which have been computed, we 

may conjecture that the probability of getting an odd number of wins 

from 2N plays using method of play ß is 

2N-(X+1) 
2 X-1 X+1 X+1 X+1 N+(i- ) N-(i+----) N-(i+ ) N+(i--- ) 

1/21 {2i+XCX-1[(1-P)XP 2 2+(1-Q)XP 2 2] 
i=0 

X-1 x+1 X+1 x-1) N+(i- 2) 
X 

N+(i -) N+(i 
2 

+2i+X-1CX-1(1- Q) 
P Q 2+(1-P)xP Q ] }. 

By a similar procedure we may conjecture that the probability 

of getting an even number of wins from 2N plays using method of 

play ß is 

2N -X 
2 

N+(:- Z) N-(i+) N-(i+) N+(i-X) 
1/2 2i+X 1CX-1[(1 P Q +(1-Q) P Q ] 

i=0 

2N-(X+2) 

2 
Ç 

N-(i+} N+(i-X) N+(i-X) N-(i+ +1/2 
2i+X X-1(1-Q)XP L Q 2+(1-P)XP 2 Q 2 ] 

i=0 

We may also conjecture that the probability of getting an odd 

number of wins from 2N -1 plays using method of play ß is 

Q Q 



49 

2N-(X+1) 
2 X-1 X+1 X+1 X+1 N+(i- ) N-(i+--) N-(i+ ) N+(i---) 

1/2 Zi+X-1CX-1(1-P) XP Z Q 
2 2+(1-Q)XP 2 

Z] 

i=0 

2N-(X+3) 
Z X+1 X+1 X+1 X+1 N-(i+ Z) N+(i- ) X N+(i- Z) N-(i+ Z) 

+1/2 Zi+XCX-1[(1-Q) Q +(1-P) P Q 
Ji 

. 

i=0 

Finally, by similar procedures, we may conjecture that the 

probability of getting an even number of wins from 2N -1 plays is 

2N-(X+2) 
X N+(i-) N-(i+X+Z) N-(i+ N+(i- ) 

1/Z Zi+XCX-1 
[(1-P)XP . 

Q 
2 2+(1-Q)XP Z Z] 

i=0 

N-(i+ 2) N+(i- Z+2) N+(i-XZ2) N-(i+ ) 

+Zi+X-1CX-1[0- Q) P Q +(i-P) P Q ]}. 

2 

Q 



50 

BIBLIOGRAPHY 

1. Arnold, B.H. Logic and boolean algebra. Englewood Cliffs, 
N. J. , Prentice -Hall, 1962. 144 p. 

Z. Kemeny, John, Laurie Snell and Gerald L. Thompson. Introduc- 
tion to finite mathematics. Englewood Cliffs, N. J. , Prentice - 
Hall, 1957. 372 p. 

3. Metzer, William H. , Edward Drake Roe and Warren G. Bullard. 
College algebra. New York, Longmans, Green and Co. , 1908. 
341 p. 

4. Parzen, Emanuel. Modern probability theory and its applications. 
New York, Wiley, 1960. 464 p. 


