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The purpose of this thesis was to investigate the anisotropy 

of some mechanical properties of commercial tungsten single crys- 

tals which were grown by the arc - Verneuil process. The primary 

results of this study are as follows: 

1. The symmetries shown by ridging around indentations, 

and the characteristic slip line patterns in the vicinity of indenta- 

tions, have been related to the crystal symmetries of the indented 

planes. Indentations were made at room and at elevated tempera- 

tures in the (001) , (110) , (111) , and (112) planes using an indenter 

with a circular cross section, 
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2. A simple microscopic technique has been discovered for 

clearly revealing the ridging symmetry around indentations. 

3. The ridging symmetry, which is caused by plastic aniso- 

tropy of the crystals, is qualitatively explained by assuming that 

material flow during indentation resembles the back extrusion of 

metal during the permanent expansion of a hole in an infinite plate 

with the indenter acting as the ram and the neighboring metal acting 

as the die. The validity of this model is demonstrated by comparing 

the maximum value of the product of a lattice rotation factor and the 

resolved shear stress on all probable slip systems, plotted at ten 

degree intervals about the axis of the indentations, with the observed 

ridging characteristics. It is felt that this model is superior to 

previous models in accounting for the plastic anisotropy exhibited by 

indentations. 

4. The indentation anisotropies of the (001) , (110) , (111) , 

and (112) planes in tungsten single crystals, as revealed by the char- 

acteristic ridging around Rockwell A(RA) hardness indentations, 

have been correlated with Knoop hardness number (KHN) anisotropies 

in the same planes. This correlation refutes certain aspects of pre- 

vious explanations of KHN anisotropy. 

5. Single crystal specimens of tungsten, 1/2 -inch in dia- 

meter and 1/2-inch long, were forged parallel with the [001], 

[ 110], and [ 111] directions and the plastic anisotropy, as measured 

by radial strains, has been correlated with crystal symmetry and 



with the plastic anisotropy exhibited by KHN and RA indentations. 

This suggests applications of indentation techniques for the simple 

prediction of the forming characteristics of materials. 

6. The plastic anisotropy as revealed by RA indentations 

has also been used to identify simple deformation sheet textures in 

heavily deformed tungsten and molybdenum single crystals. This 

method has some significant advantages over conventional X-ray 

techniques in that the characteristics of a very localized area may 

be determined, and the technique is quite fast. Its usefulness 

seems, however, to be restricted to simple sheet textures. 

7. Etch pits and etch pyramids have been observed and have 

been related to the orientations of the (001), (111), and (112) planes 

in tungsten single crystals. 
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CORRELATIONS BETWEEN CRYSTAL ORIENTATION, 

DEFORMATION TEXTURE, AND INDENTATION ANISOTROPY 

IN TUNGSTEN AND MOLYBDENUM SINGLE CRYSTALS 

INTRODUCTION 

Purpose 

The purposes of this investigation were (1) to show the rela- 

tionship between the morphologies of Rockwell A hardness indenta- 

tions (RAI) on single crystals and the orientation of the indented 

planes, (2) to correlate the variations in Knoop Hardness Numbers 

(KHN), resulting from variations in indentation orientation on the 

(100) , (111) , (110), and (112) crystal planes with the symmetrical 

ridges around RAI's on the same planes, (3) to expand the current 

theory which attempts to explain the variation of KHN with indenta- 

tion orientation on a crystal plane, (4) to develop an explanation 

which would account for KHN anisotropy and ridging anisotropy of 

RAI's, (5) to show the correlation between the morphology of R I's 
A 

in a deformation sheet texture, produced by rolling or forging a 

single crystal, and the morphology of RAP s in a single crystal with 

the ideal orientation, and (6) to explore the usefulness of indentation 

morphologies as a method for identification of deformation sheet tex- 

tures produced by rolling or forging single crystals of tungsten and 

molybdenum. 
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Anisotropy in Single Crystals 

Anisotropy is defined as the variation of a particular property 

with direction of measurement. Isotropy is invariance of the meas- 

ured value of a property under any rotation, while homogeneity may 

be described as the invariance under any translation (7). All crys- 

tals show anisotropy in some of their properties. The anisotropy of 

the properties of a crystal results from the geometrical anisotropy 

of its crystal structure. The symmetry scheme which governs pro- 

perty anisotropy of a crystal is the space lattice of the crystal. By 

definition, crystals of the same crystal class have the same rota- 

tional symmetries regardless of composition. Since anisotropy is a 

variation with rotation, the general manner in which a property 

varies with direction is the same for crystals in the same crystal 

class (7, 9). 

Early mineralogists found cubic crystals to be isotropic with 

respect to optical properties. Thus the misconception that cubic 

crystals are isotropic with respect to all properties developed. 

Later, because of the availability of large metal crystals, research- 

ers found that cubic crystals can show anisotropy in their elastic and 

plastic properties: (7). 



3 

Deformation by Slip in Tungsten Single Crystals 

Deformation in tungsten single crystals has been investigated 

over the temperature range of 77 °K to 2, 500 °K (16, 28, 30, 33, 43, 

45). Taylor's (43) excellent work summarizes the temperature de- 

pendence of crystallographic slip in tungsten. At low temperatures 

((110)) [ slip [11111-1/ occurs, at room temperatures ((112)) [ [ 111]] 

slip occurs in addition to ((110)) [ [ 1li]], and at temperatures be- 

tween 2,500 and 5,000°F ((123)) [[ 111]] slip operates in addition to 

the other two modes. Taylor concludes that his experimental evidence 

which pertains to the temperature range from 2, 500 to 5, 000 °F 

strongly suggests that the critical shear stress is the same for slip 

by any of the three modes and shows that slip is dependent upon ori- 

entation in the manner expected from critical resolved shear stress 

calculations. In contrast, Rose et al (30) report that yielding in 

their tungsten single crystals in the temperature range from 77 to 

300 °K did not obey the critical resolved shear -stress law. 

According to Nabarro, Basinski, and Holt's (23) recent re- 

view of deformation in body -centered cubic (bcc) metals, there is 

1/ These designations follow those proposed by Buerger (9, p. 114) 

and used by Azaroff (1, p, 15). In this convention, symmetrical 
sets of planes are designated ((hkl)) instead of(hkl} and sym- 
metrical sets of directions or lines are designated by [[uvw]] 
instead of <uvw> . 

, 
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agreement that the close -packed directions [[ 11111 are the active 

slip directions. 

Previous Work Relating Indentation Morphology 

to Single Crystal Orientation 

Surface indentation effects are related to the plasticity and 

strength of single crystal and polycrystalline materials. Indentation 

and scratch morphologies disclose qualitative information about 

single crystal symmetry, ductility, cleavability, and operative slip 

systems as a function of crystal orientation (35, 36, 41). Recently, 

Dryer (15) used the subsurface dislocation etch pit distribution to 

study the mechanism of indentation by a ball in single crystal copper. 

In addition to agreeing with his dislocation model, Dryer's experi- 

mental evidence exemplifies the relationship between indentation 

morphology and crystal symmetry. 

Effects of crystal orientation and crystal structure on plastic 

deformation around an indenter were observed many years ago. In 

1905, Osmond and Cartaud (26) published pressure figures obtained 

from the pressure of a point with a circular cross - section on differ- 

ent crystal planes of single crystals of gamma iron above 1650oF, 

and of alpha iron at 68oF. The morphology of the pressure figures 

exhibited the crystallographic rotational symmetry of the normal to 
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the indented plane. Each different crystal orientation was character- 

ized by an unique pattern of slip bands. In addition, the active slip 

systems were indicated by the traces of the displaced planes. G. 

Tamman (41) and Minari (21) present pressure figures produced on 

the (001), ( 111), and (011) of single crystals of electrolytic copper. 

G. Tamman concludes that the same form of pressure figures are 

found on the planes of single crystals of copper and gamma iron. He 

suggests the application of pressure figures to orienting single crys- 

tals and establishing the planes of crystallites in crystal conglom- 

erates of large grains. He did not extend this analysis to hardness 

anisotropy. 

One of the first attempts to explain the pressure figures on 

the basis of resolved shear stresses was made by Rinne and Hofmann 

(29). With the assumption that the forces are transmitted to the 

crystal by the cone indenter (apex angle 900) only in a direction per- 

pendicular to the crystal face, the distribution of shear stresses on 

the dodecahedral glide systems of tested surfaces was calculated. 

They found qualitative agreement with the pressure figures which 

appear on the cubic, rhombic, dodecahedral and octahedral faces of 

rock salt. 

Smakula and Klein (40) report that cubic thallium halide crys- 

tals produced two kinds of raised patterns under the pressure of a 
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cone which was perpendicular to the crystal surface. They observed 

that the shape, symmetry, and position of the patterns depended on 

the lattice orientation of the crystal with respect to the observation 

surface. One of the patterns was observed to have the pattern of 

radial wings. The other, which developed on the opposite side of the 

pressure figure, had a square or rhombic shape. They developed an 

empirical equation which related (1) the length of the wing on any 

plane to the length of the wing on the cubic face, (2) to the angle be- 

tween the glide direction and the observation plane, (3) to the angle 

between the radial force direction and the glide plane, and (4) to the 

angle between the radial force direction and the glide direction. 

They explain the localized distortion of the single crystal around the 

pressure figure as a mechanically connected aggregate of small 

crystals. They suggest that the superficial patterns can be applied 

to determine crystal orientation within a few degrees. 

Previous Work Relating Hardness Anisotropy 

to Single Crystal Orientation 

One effect, the relative "size" of the indentation which is in- 

dexed as indentation hardness, has been described as a "hazily con- 

ceived conglomeration or aggregate of properties of a material more 

or less related to each other" (19). As a characteristic property of 
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materials, hardness is technically very important, even though in- 

dentation hardness is by no means a simple basic property. From 

the practical standpoint, it provides a simple, quick, nondestructive, 

and semi - quantitative means of inspection and control for a partic- 

ular material and process (2). 

Schmid and Boas (35) summarized the early studies of hard- 

ness anisotropy. They show plots of scratch hardness as a function 

of direction on the cube and octahedral planes of sodium chloride 

(NaC1) and fluorspar crystals. Although both of these ionic com- 

pounds are face -centered cubic, the relationships between hardness 

and crystal direction in the sodium chloride differs from the rela- 

tionship between hardness and crystal direction in the fluorspar. 

For instance, the maximum hardness on the (001) plane of the 

sodium chloride is rotated 45 degrees from the crystal direction 

with the maximum hardness on the (001) plane of the fluorspar. This 

observation suggests that in ionic crystals, although the crystal 

structure may be the same and the symmetry of the hardness varia- 

tion may be the same, the hardness maximum and minimum are not 

necessarily oriented in the same directions. However, the hardness 

anisotropy, as determined by pendulum hardness tests on the (001) 

plane of sodium chloride crystals, is rotated 45 degrees from the 

scratch hardness pattern of anisotropy on the (001) plane of sodium 
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chloride crystals. 

The more recent and admirable work, which is discussed and 

expanded in this thesis, was completed by Daniels and Dunn (12). 

They report the effect of orientation on KHN of single crystals of 

zinc and single crystals of silicon ferrite. They propose a theory 

to explain variations in hardness on the basis of resolved shear 

stress on the slip planes of the metal. One assumption is that each 

indenter facet causes a tensile stress parallel to the direction of the 

steepest slope in the facet in the adjacent metal. A second assump- 

tion is that the unit deforming volume is a cylinder with its axis par- 

allel to the tensile force. They calculate the product of the resolved 

shear stress on the probable slip systems in the unit deformation 

volumes and a modifying factor for crystal distortion caused by lat- 

tice rotation during deformation. The resultant-effective resolved 

shear (ERS) - -is plotted as a function of the long diagonal orientation 

in the indented plane. Although the tensile force is more nearly 

parallel to the short diagonal than the long diagonal and the indenter 

was assumed to act as a wedge, they associate the KHN and ERS 

with the crystal direction which is parallel to the long diagonal. 

They report fair agreement between the ERS and the reciprocal of 

the hardness as a function of direction on the (001), (110), and (111) 

planes of single crystal silicon ferrite. They report fair agreement 
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between theory and experiment on the (1450) plane of zinc, but find 

no agreement on the (0001). In addition, they found that the average 

Knoop hardness number (KHN) values for each different plane were 

equal. 

Douglas (14) applied the same theory to explain the hardness 

anisotropy of columbium single crystals. He reported good agree- 

ment between the theoretical ERS and the reciprocal of the Knoop 

hardness on the (111) and the (110) planes when the proper slip sys- 

tem is assumed to be operative. He assumes the same association 

between KHN and crystal direction that was assumed by Dunn and 

Daniels. 

Several questions arise from these works. Some are gen- 

eral, and some apply to specific materials. This thesis proposes 

answers to these questions on the basis of work with tungsten single 

crystals. 

1. What is the relationship between the morphologies of RA 

hardness indentations in tungsten single crystals and the orientation 

of the indented crystal planes? 

2. What is the relationship between KHN anisotropy and the 

ridging anisotropy of RA hardness indentations? 

3. Do indications of mechanical anisotropy from an in- 

denter with a rhombic cross- section such as a Knoop indenter 
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correlate with indications of mechanical anisotropy from an indenter 

with a circular cross- section? 

If both KHN anisotropy and ridging anisotropy of RA hardness 

indentations are related to plasticity and strength of single crystals, 

they should correlate. No such correlation has been found in the 

literature for any metals. If they are correlated, then the theory 

which explains one should explain the other. One objective of this 

investigation is to show that they can be related experimentally and 

that at least in the case of tungsten single crystals the same theory 

can be used to analyze both phenomena. 

4. What are the suspected deficiencies of the Daniels and 

Dunn theory, and what improvements should be made? 

The theory assumes that each indenting facet causes a tensile 

stress parallel to the direction of the steepest slope of the facet. 

Mebs' written discussion in (12, p. 41) asserts that this assumption 

causes a serious defect in Daniels and Dunn's theoretical calcula- 

tions. He states that "basic mechanical principles dictate that each 

facet should produce a large compressive stress in the adjacent 

metal in a direction normal to the contact plane, plus a small fric- 

tional shear stress component parallel to the plane and in a down- 

ward direction." Mebs questions the existence of a mechanism 

whereby a compressive stress normal to the surface of a metal 
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would be translated to a lateral tensile stress a short distance 

beneath that surface. 

Thus one needed improvement is a justification of the deform- 

ing state of stress, which is used to explain KHN anisotropy. 

Although the authors (12, 14) have served their objective of 

revealing the presence of KHN anisotropy, they have not tested the 

assumption that KHN is associated with the crystal direction which is 

parallel to the long diagonal. Contrary to their assumption, it seems 

reasonable that the Knoop indenter is more sensitive to resistance to 

plastic deformation, which is parallel to the short diagonal, espe- 

cially when the indenter is assumed to act as a wedge. The associa- 

tion between KHN and crystal direction in the indented plane should 

be established so that anisotropy of other mechanical properties can 

be predicted from KHN anisotropy. 

The Relationship Between Anisotropy in Texture Metal 

and Anisotropy in Single Crystals 

Anisotropy commonly occurs in commercial engineering 

metals as a consequence of the strong preferred orientation developed 

by commercial fabrication processes. This directional dependence 

in a mechanical or physical property may produce objectionable ef- 

fects, such as earing of deep -drawn objects, splitting of deep -drawn 
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objects, insufficient ductility in forgings, and very significant varia- 

tions in strength properties of rolled products. A commercial exploi- 

tation of anisotropy by deliberately developing preferred orientation 

exists in the production of transformer cores which require a high de- 

gree of magnetic permeability in one direction. A high degree of 

magnetic permeability in one direction caused by preferred orienta- 

tion of the grains can be produced by controlling the fabrication pro- 

cess of sheet steel. The ((110)) planes tend to be parallel to the 

rolled surface and the [[001]] directions tend to be parallel to the 

direction of rolling. 

The terms "texture" or "preferred orientation" are used to 

denote the condition of a crystalline mass wherein the distribution of 

crystallite or crystal orientations is nonrandom with respect to some 

frame of reference (10). Although there are many species of pre- 

ferred orientation, this investigation concerns only one type-- defor- 

mation sheet textures. 

Deformation sheet texture denotes, in the simplest case, the 

condition of a cold -worked crystalline mass wherein most of the 

grains are oriented with a certain set of planes ((hkl)) roughly paral- 

lel to the worked surface, and a certain set of directions [[uvw ]] in 

those crystal planes roughly parallel to some reference direction (10). 

In more complex textures, more than one set of crystal planes tends 
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to be parallel to the worked surface and /or more than one set of 

crystal directions tend to be parallel to the same reference direction. 

A pole figure yields the most precise description of preferred 

orientation. A pole figure is a stereographic projection which shows 

the relative orientation distribution of a chosen symmetrical set of 

crystal plane poles. Pole figures are principally used to predict the 

anisotropy of various properties or to evaluate the effects of a pro- 

cess on texture. However, elongated inclusions, voids, cracks, 

grain size, grain shape, and the interaction of each grain with neigh- 

boring grains also cause anisotropy of mechanical properties (44, 3). 

Thus, the anisotropy of mechanical properties exhibited by a speci- 

men may differ considerably from the anisotropy predicted from a 

pole figure. 

In order to convey a large portion of the pole figure informa- 

tion without reproducing the pole figure, sheet texture is often de- 

scribed in terms of an "ideal orientation "; that is the orientation of 

a single crystal whose corresponding poles would lie in the high den- 

sity regions of the pole figure (10). In addition to describing the tex- 

ture, the "ideal orientation" may be used to predict the anisotropy 

of mechanical properties which the sheet possesses. However, it is 

well known that, except for special cases, it is difficult to calculate 

the degree of anisotropy of properties of a polycrystalline aggregate 
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from the properties of a single crystal of the same material in the 

ideal orientation. Nevertheless, the anisotropy in the single crystal 

shows the tendency, and ultimate limit, for anisotropy in textured 

material when the other effects are negligible. Thus, knowledge 

and understanding of anisotropy of mechanical properties in single 

crystals should allow some prediction of the mechanical behavior of 

textured materials. This should suggest which texture possesses the 

most desirable mechanical properties for a load.. bearing part and 

even help in making the part from single crystals by plastic deforma- 

tion processes. 

Common Methods and Problems of Deformation 

Texture Determination 

Textures are normally determined by means of X -ray diffrac- 

tion or etch -pit methods (3, 5, 10, 37, 38). The etch -pit techniques 

are limited to crystal orientations where etch pitting occurs and gen- 

erally are limited to deformations below 50 percent. The X -ray 

techniques are quite time consuming and place severe restrictions 

upon dimensions and surface conditions of the test specimen. With 

the Schulz X -ray methods, it is difficult or impossible to determine 

the texture of small regions or variations in texture over short dis- 

tances because the X -ray beam impinges on a rather large area of 

- 
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the specimen. Possibly the greatest handicap of these methods is 

that the results must be subjected to considerable analysis before 

predictions concerning properties can be made. Thus, a simple 

and quick technique for identifying and analyzing even simple defor- 

mation textures would be valuable. 

One part of this thesis explores the method of using indenta- 

tion morphologies to identify and study simple deformation sheet 

textures produced by rolling or forging single crystals of tungsten 

and molybdenum. 
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EXPERIMENTAL PROCEDURE 

The purity, quality, and orientation of the as- received 

tungsten single- crystal rods were determined. 

The morphologies of indentations made at room temperature 

with a RA hardness indenter in the (001), (111), (110), and (111) 

planes of the tungsten single crystals were related to the indented 

plane orientations and compared with previously published "pressure 

figures" in alpha -iron single crystals. Halopatterns of these inden- 

tations were obtained. 

The morphologies of indentations, which include slip line 

patterns, made at elevated temperatures with a cone indenter in the 

(001), (111), (110), and (111) planes were related to the indented 

plane orientations and compared with previously published "pressure 

figures" in alpha -iron single crystals. 

The KHN anisotropies in the (001), (110), (111), and (112) 

planes of tungsten single crystals were determined. The aniso- 

tropies were compared with previously reported KHN anisotropies 

in silicon ferrite single crystals and columbium single crystals. 

Plastic anisotropies revealed by the RAPS 
A 

in each indented 

plane were quantitatively evaluated as the variance in RA indentation 

diameter (RAD) from ridge peak to ridge peak with the direction of 

measurement in the indented plane. It was assumed that the 
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shortest diameters are parallel to the "least plastic" or "hardest" 

directions in the indented crystal plane and the longest diameters 

are parallel to the "most plastic" or "softest" directions in the in- 

dented crystal plane. Since KHN anisotropy should also indicate the 

"least plastic" and "most plastic" directions in the indented plane, 

attempts were made to correlate the plastic anisotropies revealed 

by RAI's with the plastic anisotropies revealed by Knoop indentations. 

The length of the long diagonal of the Knoop indentations were plotted 

versus the long diagonal directions. This is the association between 

KHN and crystal direction in the indented plane that Daniels and 

Dunn assumed in their theory. On this basis, no correlation was 

found between RAD anisotropies and Knoop indentation length aniso- 

tropies in the (110) , (111) , or the (112) . The length of the long diag- 

onal of the Knoop indentation was plotted versus the short diagonal 

direction. In this case, RAD anisotropies correlated with Knoop 

indentation length anisotropies in the (001) , (110) , (11 1) , and the 

(112). 

Short - circular - cylindrical single crystals of tungsten were 

upset forged. The plastic anisotropies evidenced by the shape of the 

upset forgings were compared with the plastic anisotropies revealed 

by indentations. For example, the RAD anisotropy and the KHN 

anisotropy in the (001) were compared with the shape of the single 
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crystal which was upset forged along the [001]. This comparison 

verified for the processes considered here the assumed relationship 

between the RAD 
AD 

and the "least plastic" and "most plastic" direc- 

tions in the indented planes. 

Single crystals were deformed by either rolling or upset 

forging to develop deformation textures. Pole figures were pre- 

pared, and the ideal orientation of each texture was identified. The 

morphology and orientation of RAI's in the deformed specimens were 

correlated with the respective pole figures. They were compared 

with the morphology and orientation of RAI's in single crystals which 

had the ideal orientations of the textures in order to develop a meth- 

od of identifying simple deformation sheet textures by indentations. 

Preparation and Examination of Single 

Crystal Specimens 

The tungsten single crystals were purchased from the Union 

Carbide Corporation, Linde Division, in Indiana. The as -grown 

crystals were in the shape of circular rods with the nominal dimen- 

sions 1/2-inch diameter by 3- inches long. Figure 1 shows the as- 

received crystals. The crystals were grown with a predetermined 

crystal direction parallel to the cylinder axis. The crystal direction 

which was parallel to the cylinder axis was one of the following: 



Figure 1. As- received and as -grown tungsten single crystal rods. 
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[001J, [ 111 J, [110J, or [112J. The crystals were grown by the arc 

Verneuil method. Growth by zone melting is impractical for 1/2- 

inch- diameter tungsten rods. 

Sectioning, Polishing, and Etching 

Water -cooled 0. 004 - inch -thick abrasive wheels were used 

to section all specimens in order to minimize cutting and hold down 

forces. A conventional cylindrical grinder and conventional proce- 

dures were employed to remove all surface irregularities and re- 

duce the diameter of the as- received single crystal rods to a nomi- 

nal 0. 500 inches. By using this type of grinder, the bending forces 

on the crystal rod were minimized. The bending forces must be 

minimized to prevent plastic deformation or fracture of the rods. A 

crystal rod with the [0011 parallel to the rod axis is particularly 

susceptible to fracture by bending forces, since one of the ((001)) 

clevage planes is perpendicular to the rod axis. By following this 

procedure none of the crystal rods was fractured. Walters et al 

(45) report that grinding with a centerless grinder caused fracture 

in some tungsten single- crystal rods, which were approximately 

8 inches long and 7/16 inches in diameter. 

A conventional surface grinder and conventional techniques 

were used to finish -grind the ends of 1/2 -inch diameter by 1/2 -inch 



21 

long crystal cylinders. 

Three chemical etchants and two electrolytes were investi- 

gated while developing techniques for etching and polishing tungsten 

single crystals. Table 1 shows the observations made from this 

limited investigation. 

A combination of mechanical and electropolishing produced 

the best results. Conventional abrasive wheels and conventional 

techniques were used to the 600 grit silicon carbide wheel; thereafter 

the electropolishing techniques given in Table 1 were used. Best 

results were obtained with a two- percent -by- weight solution of NaOH 

in distilled water. With the tungsten specimen as the anode, a 0.05 

amp /cm2 current density was applied for 15- second intervals several 

times (5, 4). 

Etching was performed by either chemical or electrolytic 

etchants, depending on the desired effect. Electroetching was per- 

formed with the electropolishing reagent simply by reducing the cur- 

rent density to approximately 0.017 amp / cm 
2 

. Electroetching re- 

veals microstructure and substructure and produces etch pits, but 

it does not produce much contrast between grains. 

Swabbing with etchant No. 3 in Table 1 reveals contrast be- 

tween grains separated by low -angle grain boundaries plus micro- 

structure and substructure. 



22 

Table 1. Reagents and techniques for polishing and etching 
tungsten. 

Chemical Etchant: 

1 Boiling H2O2 

2 15 grams K Fe(CN)6 
5 grams NaOH 

100 ml H2O 

3 4. 7 grams CuSO ` 5H20 
7. 5 grams H2O 

4 2 

6. 0 grams NH4OH (conc.) 

Electroetching Solution: 

4 2 solution NaOH by 
weight in distilled H20 

Current density 0. 017 2 
2 

amp / cm 

5 60 cc perchloric acid 
350 cc 2-butoxyethanol 
590 cc methyl alcohol 

Electropolishing Solution: 

6 Same as 4, except in- 
creased current density 
to 0.05 amp /cm 

Same as 5, except in- 
creased current density 

Effect: Ref.: 

Reveals microstructure and (25) 
substructure. 

Reveals microstructure and (8) 

produces contrast between 
grains. 

Reveals microstructure and (45) 

substructure. Produces etch 
pits and contrast between 
grains. 

Reveals microstructure, 
substructure, and produces 
etch pits. 

Reveals microstructure and 
produces etch pits. 

Produces polished surface 
free of cold work (follows 
polishing on 600 grit wheel). 

Produces polished surface 
free of cold work. Staining 
may occur. 

(5) 

(8) 

(5) 

(8) 7 
- 
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A Buehler Ltd. 1721 -1AB power source and a beaker were 

used for electroetching and electropolishing. 

Purity 

Spectrographic and chemical analyses of metal from two 

different as- received crystals indicate the amounts of various impu- 

rities. Table 2 shows results of the tests. 

Specimens for the spectrographic analyses were obtained by 

turning off, with a tungsten carbide tool, a 0.20-inch long x 0. 10 -inch 

deep section from one end of each crystal rod. About five grams of 

10 -15 mil. thick chips were obtained from each of the two crystal 

rods. The reduced sections remaining on the crystal rods were cut 

off and parted into two chunks for the chemical analyses. 

The results in Table 2 show that the two crystals contained 

about the same amounts of the various impurities. A comparison 

of these data with that reported by Schadler and Low (34) shows 

that the as- received crystals contained approximately twice as much 

carbon, four times as much sodium, twenty times as much nitrogen, 

and ten times as much oxygen as in tungsten which has been zone 

refined twice. 
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Table 2. Spectrographic and chemical analyses for impurity content 
in as- received tungsten single crystal rods. 

Impurity Analysis 

Impurity Content (ppm by Weight) 
Sample 

1681 -19 -A 
Sample 

1681-10-C 

C Chemical 40 50 

N do, 30 20 

Mo do. <2 10 

Fe do. 2+1 7+1 

O do. 20 20 

Al Spectrographic 1 1 

Co do. 10 1 

Cr do. 1 1 

Cu do. 5 0 5 

Fe do. <5 <5 

K do. #40 40 

Li do. 4 4 

Mg do. 1 1 

Mn do. 1 1 

Mo do. 30 30 

Na do. 40 40 

Ni do. 1 1 

Pb do. 1 #1 

Si do. <10 <10 

Sn do. 1 #1 

Ti do. 1 1 

V do. 2 2 

Legend: < Less than. 
Not detected at this value. A 
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Orientation 

Four different, conventional methods were used to determine 

crystal orientation. The back -reflection Laue method (10) was em- 

ployed to determine the orientations of the as- received single crystal 

rods. This included determining the misalignment angles between 

the rod axes and the low indices directions and locating in each 

rod a low indices reference direction which was normal to the 

rod axis. The etch pit method (5, 47) was used to qualitatively veri- 

fy these orientations. The technique and apparatus described by 

McCune (20) were employed to orient all small (no larger than 1/2- 

inch diameter by 3/4 -inch long) single crystals. These orientations 

were subsequently verified either by the etch pit method or, after a 

relationship was developed, by the shape and orientation of RAI's. 

For marking and determining the orientation of the as- 

received crystal rods by the Laue method, a special apparatus was 

built and used to position and hold the crystal rods on the X -ray dif- 

fraction instrument. The positioning apparatus permitted the crys- 

tal rod to be rotated about the X -ray beam, about an axis which 

was perpendicular to the X -ray beam, and permitted translation 

in the horizontal plane through the X -ray beam. 

Each as- received single- crystal rod was oriented by the 

following procedure. 
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a. The ends of the crystal rod were "faced off" perpendicular 

to the rod axis with a water- cooled abrasive cut off wheel; 

b. One end was polished and etched; 

c. After placing the crystal rod in the positioning apparatus 

on the X -ray diffraction instrument, the crystal rod axis 

was aligned parallel to the X -ray beam to within ±lo; 

d. A Laue back -reflection exposure was made of one end of 

the crystal; 

e. The approximate crystal orientation was determined from 

this film by comparing the film with exposures published 

by Wood (48); 

f. The exact orientation of the crystal with respect to the 

cylinder shape was determined from this film by the con- 

ventional use of a Greninger chart and a Wulff net; 

g. On the basis of this orientation, a low indices crystal 

direction which was normal to the crystal rod axis was 

located and marked with an inked line on the side of the rod; 

h. The crystal was examined under the microscope to ascer- 

tain that the orientation of etch pits on the ends of the rod 

agreed with the crystal orientation by Laue back - reflection 

method. 

The rod orientations are shown in Table 3. 
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Table 3. As- received crystal rod orientations. 

As- received 
Crystal Rod 

Low Indices Crystal 
Direction Close to 

Rod Axis 

Angle Between 
Rod Axis and 

Crystal Direction 

1681-56-2 [001] 30 

1681-19-A [110] 10 

1681-19-B [110] 
30 

1681-19-C [110] 50 

1681-55-1 [111] 
20 

1681-57-3 [112] 30 

All Laue back- reflection exposures were made with a molyb- 

denum target, a target to filament voltage of 40KV, a filament cur- 

rent of 20 ma, and for a duration 15 minutes. A Norelco X -ray dif- 

fraction instrument was used for all X -ray diffraction work. 

The apparatus used to determine the orientation of small 

single crystals was essentially a conventional Norelco diffracto- 

meter, the associated pole figure goniometer, and a protractor, 

The protractor was used to measure rotation of the pole figure 

goniometer about the diffractometer axis. The procedure used for 

determining the orientation may be described as follows: 
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a. The Bragg angle (9) was set on the diffractometer 

for "reflection" from a predetermined low indices 

plane which was oblique to the crystal surface; 

b. The polished and etched crystal was placed in the 

pole figure goniometer so that the X -ray beam 

impinged on the surface with the unknown crystal 

orientation; 

c. The pole figure goniometer was manually adjusted 

until a reflection of peak intensity was found; 

From readings of the goniometer setting, the pole 

of the reflecting plane was plotted on a stereographic 

projection wherein the unknown pole was the central 

axis; 

e. Two or more poles were plotted in this manner to 

completely define the pole which was normal to the 

surface; 

f. On the basis of this orientation a low indices crystal 

direction parallel to the crystal surface was selected 

and marked with an inked line as a reference direction; 

g. In cases where the crystal direction which was normal 

to the surface possessed an odd fold of rotational sym- 

metry an arrowhead was put on one end of the reference 

d. 
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line so that the orientation was completely defined; 

h. The reference line was checked by using it to locate 

a reflection from some arbitrary plane; 

i. The specimen was examined under the microscope 

to ascertain that the orientation of etch pits agreed 

with the orientation of the reference line. 

This technique, as compared with the Laue method, reduced orient- 

ing time by a factor of two when a large number of samples were to 

be oriented, but it did not- produce more accurate results. 

After the symmetry, and orientation of RAI1S were related to 

crystal orientation, this relationship was used to determine and 

check crystal orientation. This technique, as compared with the 

other three methods, reduced orienting time, and furnished the 

most accurate means of placing a reference line parallel to certain 

crystal directions which are parallel to the indented plane. 

Perfection 

The purpose of these tests was to ascertain that each rod 

was indeed a single crystal and to determine the extent and type of 

line and plane defects present. Specifically, dislocations, grain 
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boundaries, low -angle grain boundaries-, and subgrain boundaries?/ 2/ 

were the defects of interest. The presence of these defects is known 

to effect the relative ease with which most crystals can be deformed 

by an externally applied stress. Although investigation of the effect 

of these defects on mechanical properties was not one of the pur- 

poses of this study, the extent and type of defects are important test 

conditions. In addition, in order to check the orientation of single 

crystals by means of etch pits, the shape of the pit or pyramid, as 

the case may be, must be determined as a function of orientation. 

A 1/2 -inch diameter by 1/2 -inch long cylinder from each as- 

received crystal rod was examined by metallography and X -ray dif- 

fraction. Metallography revealed the presence of all of the defects 

mentioned above. Laue back -reflection exposures re- enforced the 

metallographic interpretation of the structure. 

Typical structure revealed on the (001) of the single crystals 

is shown in Figure 2. The two -percent NaOH electroetching solu- 

tion revealed the structure and etch pits. Figure 2B, which is an 

area in Figure 2A, shows the etch pits as bases of right 

2/ Low -angle grain boundary, as used in this thesis, denotes the 
boundary between adjacent grains where the disorientation angle 
between the grains falls between 5° and 1 °. Subgrain boundary, 
as used in this thesis, denotes the boundary between adjacent por- 
tions of a crystal or grain where the disorientation angle between 
the two portions is less than 1° (2). 
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Figure 2. Substructure and etch pits in the (001). 

A. Typical substructure (X 50), 
B. Typical etch pits related to plane orientation (X 500), 
C. Back - reflection Laue from region shown in A and B. 
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rectangular pyramids. The etch pits are often called crystallographic 

pits because the sides defining the pits are crystallographic faces (5). 

It has been established that these faces are ((110)). With this infor- 

mation, one can determine the orientation of a crystal (3, 47). The 

[ 110] direction shown in the figure lies in the (001), This direction 

relates the orientation of the (001) to the orientation of the etch pits. 

Dislocation density was approximated from etch pit density. 

Schadler (32, 33) shows that etch pits produced by the Millner and 

Sass reagent and the two -percent NaOH solution can independently 

reveal dislocations, but he also concludes that there is no guarantee 

that all pits are formed at dislocation sites. The latter conclusion 

follows from evidence that etch pit density depends on current den- 

sity and the presence of carbon as well as the dislocation density. 

Thus one must be quite careful when predicting the dislocation den- 

sity in tungsten as revealed by etching. In this thesis, the disloca- 

tion density is estimated only to the order of magnitude from etch 

pit studies . The etch pit density per unit area was determined 

from representative areas (9 cm2) of six different photomicrographs 

(X 500). Two photomicrographs of etch pits on ((112)) and four 

photomicrographs of etch pits on ((001)) were used for this evalua- 

tion. When etch pits which were at subgrain boundaries were not 

6 2 counted, all etch pit densities were in the range of 10 /cm to 
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9 x 10 
6 

/ cm 2 
. When etch pits at subgrain boundaries were also 

counted, all etch pit densities were in the range of 9 x 106 /cm2 to 

2 x 10 
7 /cm . 

2 Thus the dislocation density is probably best esti- 

mated as 10 
7 

/ cm . 

2 

A subgrain structure is often called substructure or mosaic 

structure because of its appearance (25). The structure shown in 

Figure 2A is an example of the substructure or mosaic structure 

which is common in relatively pure tungsten. This structure is sim- 

ilar to substructure illustrated by other reporters (25, 35). The 

Laue photograph shown in Figure 2C was typical of four different 

Laue back -reflections taken of various regions which were similar 

to that shown in Figure 2A. All of the Laue spots are sharp and 

undivided, although the X -ray beam impinged practically upon the 

entire area shown in Figure 2A. Thus, although the beam impinged 

upon a multitude of the subgrains, relative disorientation between 

the subgrains is not apparent in the Laue photograph. Since Laue 

back -reflection exposures should indicate disorientations of approxi- 

mately 10 or more by diffuse or divided spots, the disorientation 

angle between these subgrains is probably 10 or less. 

An attempt was made to verify the disorientation between 

adjacent subgrains by determining the relative orientation of etch pits 

in the subgrains. However, since the accuracy of this method was 
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approximately }20, this test only verified that the disorientation 

angle was not greater than 2o. 

Some results of the study of perfection in the (110) are shown 

in Figure 3. The (110) was etched with chemical etchant No. 3 

in Table 1. Figure 3A shows the typical substructure on the (110) 

plus two low -angle grain boundaries. The Laue back -reflection 

photograph shown in Figure 3C indicates the disorientation between 

the two grains. The disorientation between these two grains is 

approximately 2`' tilt and approximately 1°rotation. This disori- 

entation exceeds the limits in the definition of substructure, but 

lies in the defined range for low -angle grain boundaries. Thus the 

boundary between the two grains is a low -angle grain boundary. 

Figure 3A clearly shows a difference in contrast between 

the two grains, but it does not show any difference in contrast be- 

tween the subgrains in either grain. In this case, the chemical etchant 

No. 3 in Table 1 provides a qualitative means of differentiating be- 

tween subgrain boundaries and low -angle grain boundaries. 

Figure 3B shows the typical substructure in the (110). In 

agreement with Wolff (47), etch pits were not obtained in the ((110)). 

Figure 4A shows the typical substructure in the (111). 

Figure 4B, which is an area from Figure 4A, shows the typical etch 

pyramids, which are peculiar to the (111). As in the case of the 
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Figure 3. Low angle grain boundary and substructure in the (110). 

A. Low angle grain boundary and substructure (X 100), 
B. Etched (110) shows no etch pits (X 500) , 

C. Back -reflection Laue from region shown in A. 
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Figure 4. Substructure and etch pyramids in the (111). 

A. Typical substructure (X 100), 

B. Typical etch pyramids on (111) related to plane 
orientation (X 750). 
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pits, the sides of the etch pyramids are defined by ((110)) (5). The 

[ 121 ] and the arrow shown in 4B relates the orientation of the (111) 

to the orientation of the etch pyramids. 

In this thesis, all Miller indices used to designate crystal 

directions and crystal planes are based on the standard stereographic 

projections shown in Appendix I. Arrows are used to orient a given 

crystal plane with respect to its standard stereographic projection. 

The arrows shown with crystal directions, which are in the given 

crystal plane, point from the center of the stereographic projection 

to the intersection of the crystal direction with the base circle. For 

example, when Figure 4B is positioned so that the arrow points from 

the center of the (111) standard stereographic projection given in 

Appendix I, Figure 3, to the intersection of the [12i] with the base 

circle, the etch pyramids have the correct relationship to the stereo- 

graphic projection. In contrast, when Figure 4B is positioned so that 

the arrow points from the center to the intersection of the [121] with 

the base circle the etch pyramids will not have the correct relation- 

ship to the stereographic projection. 

In order to prove that etching produced pyramids instead of 

pits, a shadowing experiment was performed in a scanning- electron- 

beam microprobe. An electron beam, which was oblique to the [ 111 ], 

was used to illuminate a region which contained etch pyramids and a 
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surface scratch. A photograph produced by this illumination con- 

tained shadows which verified that the convexity of the scratch was 

opposite to that of the etch pyramids. Since the scratch protruded 

into the metal, the etch pyramids must protrude above the surface 

of the metal. Although it has been shown that the rate of attack by 

etchants is always greatest in the [ 111 ] direction, the mechanism 

of etch -pyramid formation has not been explained (5). 

Figure 5A shows the typical substructure in the (112). Figure 

5B shows the typical shape and orientation of etch pits which are 

produced on the (112). 

In summary, the results of the study of crystal perfection on 

the (001), (110), (111), and (112) indicate that substructure is appar- 

ent on all planes. The chemical etch No. 3 in Table 1 provides a 

qualitative means of differentiating between subgrain boundaries and 

low -angle grain boundaries on the (110). The orientation, shape, or 

absence of etch pits or pyramids, as the case may be, provides a 

means for determining the orientation of tungsten single crystals. 

The acceptance or rejection of each 1/2 -inch diameter and 

1/2 -inch long single crystal cylinder for further tests was deter- 

mined on the basis of metallographic and X -ray examination. If a 

disorientation angle from the nominal crystal orientation exceeded 

5o, the crystal specimen was considered unacceptable for further 
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Figure 5. Substructure and etch pits in the (112). 

A. Typical substructure in (X 50) , 

B. Typical etch pits related to plane 
orientation (X 500). 
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use. Each specimen was polished and etched on one end with the 

chemical etchant No. 3 in Table 1. If any contrast was observed, 

special care was taken in the X -ray examination to determine the 

maximum disorientation angle. The X -ray technique and apparatus 

described by McCune was used to carefully scan each crystal spe- 

cimen for grain boundaries. 

Indentation Experiments 

Indentations were produced with three different types of in- 

deniers-- diamond Brale, Knoop, and sapphire cone. The apparatus 

and procedures used to make and investigate the indentations are 

described in sections which are divided on the basis of the type of 

indenter, except that one additional section is devoted to the experi- 

mental procedure and apparatus used to obtain the halopatterns. 

Diamond Brale 

A diamond Brale indenter is a 1200 sphero- conical indenter 

with a spherical segment tip and frusto - conical sides. In short, it is 

o 
a 120 cone with a spherical tip. It is the indenter used in RA hard- 

ness tests. At normal indentation depths, the spherical tip is well 

below the indented surface plane. Thus the metal at the indented 

surface plane is in contact with the conical sides of the indenter. 
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A conventional Wilson Rockwell hardness tester with a con- 

ventional diamond Brale indenter and a 60- kilogram load was used 

to produce RAI's at room temperature and atmospheric pressure. 

The polished and etched ends of 1/2 -inch diameter by 1/2- 

inch long crystal cylinders were subjected to typical room tempera- 

ture RA hardness tests to produce RAI's in the (001), (110), (111), 

and (112) crystal planes. The indentation's topographic features 

were related to orientations of the indented planes. The indented 

specimens were positioned on the metallograph so that the reference 

line, which had been drawn on the specimens during orientation by 

X -rays, was parallel to the sides of the viewing screen of the metal - 

lograph. Thus, the photomicrographs obtained with crystal cylinders 

oriented in this manner were related to crystal orientation as deter- 

mined by X -rays. 

RA indentation diameter (RAD) at the indented plane surface 

was measured from ridge peak to ridge peak. The RAD's 
A 

were 

measured at 50 intervals over an azimuthal angle range of 00 to 

180°. The azimuthal angle (ó) is the angle between the reference 

line on the crystal cylinders and the indentation diameter. These 

measurements were made with the measuring instruments on the 

conventional Knoop hardness tester. The only adaptation of the con- 

ventional apparatus was the installation of a protractor on the 
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specimen turntable. The protractor was used to vary the azimuthal 

angle. The microscope and micrometer on the Knoop hardness 

tester were used to measure the diameter of the indentation from 

ridge peak to ridge peak. 

Halopatterns 

A novel method was employed to portray the symmetrical 

morphology of the RAI's. In general, the method clarifies the sym- 

metry of the ridging anisotropy around the various indentations. The 

method utilizes a defocused (out of focus) image of the indentation to 

exaggerate certain shape characteristics of the indentations. A de- 

focused image obtained by focusing below an indented plane is termed 

a halopattern, since a halo occurs on the perimeter of the image. A 

defocused image obtained by focusing above an indented plane is 

called a darkpattern, since the perimeter of the image is black. - 

Halopatterns, rather than darkpatterns, provide a relatively accurate 

means for determining crystal orientation as well as the symmetry of 

ridging anisotropy. Therefore, halopatterns, instead of darkpat- 

terns, are used in this thesis. 

A Bausch and Lomb Research Metallograph, Series No. 

-BR6568, was used to obtain the halopatterns. A concentrated 

zirconium arc lamp was used as a light source. Bright -field 

- 
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illumination was used. The halopatterns were obtained by following 

the standard operating procedures, except for the focus setting and 

the aperture diaphragm setting. With the indentation in the center of 

the field of view and the aperture diaphragm on the minimum setting 

(closed down), the microscope was focused on a plane (focal plane) 

somewhat below the indented surface plane. The distance between 

the focal plane and the indented surface plane was not critical and 

depended on the objective lens used. When the 8X O. 2N. A. objective 

lens was used, the sharpest halopattern was obtained when the dis- 

tance between the focal plane and the indented surface was approxi- 

mately 0. 8 mm. 

Knoop 

The Knoop indenter is a pyramidal diamond having an included 

longitudinal angle of 172 degrees 30 minutes and an included trans- 

verse angle of 130 degrees 0 minutes. The cross section of a Knoop 

indentation appears rhombic in shape, with a ratio of long diagonal to 

short diagonal of 7. 11 to 1. The long diagonal is measured and the 

KHN, corresponding to a measured length (1), is computed from the 

following formula: 

KHN = 

12Cp 

L 
, 
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where KHN Knoop hardness number, 

L = Load (kilograms) applied to indenter, 

1 = Length of long diagonal (mm) , and 

Cp = Constant for each indenter, supplied 

by manufacturer (2). 

The polished and etched ends of 1/2 -inch diameter by 1/2- 

inch long crystal cylinders of the various orientations were subjected 

to typical room temperature Knoop hardness tests. A 2- kilogram 

load was used. The specimens were rotated 5o about the normal 

to the indented surface after each indentation was made. Knoop hard- 

ness measurements were made on the various planes over an azi- 

muthal angle range of 00 to 1800. The azimuthal angle (8) is the 

angle between the reference line and the short diagonal. A protractor 

installed on the specimen turntable was used to vary or set the azi- 

muthal angle. 

Sapphire Cone 

Indentations were made with a right- sapphire cone 

which has approximately 120° between the most opposite elements. 

The various planes were indented at various temperatures over a 

°F ® temperature range of 900 to 3, 000 F under vacuo. The indentation 

morphologies were related to the indented crystal plane orientation 

= 
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by the same procedure followed with the RAI's. 

A typical hot -hardness tester was used to produce the inden- 

tations at elevated temperatures. The specimens were heated by ra- 

diation from resistance- heated molybdenum elements. Specimen 

temperature was determined with a thermocouple which was in direct 

contact with the bottom of the specimen. Since the maximum indent- 

er load of the instrument was 2 kilograms, a spheroconical indenter 

was replaced by the 120o conical indenter. This permitted greater 

penetration for the same load. The loading time was 2 seconds, and 

the load was sustained for 12 seconds. 

Deformation Texture Development 

Two different types of forming processes were used to devel- 

op deformation sheet textures. Tungsten single -crystal cylinders 

were upset forged at elevated temperatures. Tungsten single crys- 

tals and molybdenum single crystals were rolled at elevated temper- 

atures. The purpose of developing textures by deforming single 

crystals was to obtain simple deformation sheet textures for devel- 

oping the correlation between the indentation behavior of single crys 

tals and textured specimens. 
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Upset Forging 

In general, the procedure was to upset forge the 1/2 -inch 

diameter by 1/2 -inch long tungsten single crystals parallel to the 

cylinder axis to an 80 to 90 percent reduction in height in approxi- 

mately one millisecond. A pneumatic forging machine (Hi -V) with 

a 5, 000 foot -pound capacity was used to upset forge the single crys- 

tals. The strain rate varied from 0 to 800 inches per inch per 

second during the forging process. Figure 6 shows the Hi -V and the 

control panel. Figure 7 shows the forging anvils in the closed 

position, 

A Fastax -16 millimeter, high -speed movie camera was 

used to record the change in shape of the single crystals during 

the upset forging process. The maximum "speed" of this camera 

was approximately 3, 800 frames per second when utilizing a 100 -foot 

roll of Kodachrome II film. 

After orienting the crystal cylinders by means of X -rays, a 

fine tungsten wire was spot- welded to the side of each cylinder so 

that the orientation of the single crystal could be determined during 

the forging process. The specimens were preheated to predeter- 

mined temperatures in the range of 1, 100°F to 1,500°F in a conven- 

tional tube -furnace at atmospheric pressure. The specimen temper- 

ature was determined with a thermocouple which was in direct 
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Figure 6. Pneumatic forging machine. 
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Figure 7. Forging anvils in closed position. 
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contact with the bottom of the specimen. The total preheat time was 

approximately eight minutes. The specimens were rapidly trans- 

ferred from the tube furnace onto the bottom anvil and positioned so 

that the wire on the side of the cylinder would appear in the high- 

speed movie of the upset -forging process. An electronic timer 

was activated to start the camera and, subsequently, fire the Hi -V 

after a 0. 4 second time delay. 

Rolling 

The single crystals which were deformed by rolling were 

obtained in the as- rolled condition from other sources. The rolled 

tungsten single crystals were produced under a Bureau of Naval 

Weapons contract. A. C. Walters and others describe in detail the 

procedure followed in rolling the tungsten single crystals (45). 

A strip of rolled molybdenum and a (1 10) pole figure of the 

texture of the strip were obtained from a research project at the 

United States Bureau of Mines, Albany Metallurgy Research Center. 

The 1/2 -inch wide by 1/32 -inch thick strip had been produced by roll- 

ing a single crystal of molybdenum to 95- percent reduction in 

height (6). 



50 

Deformation Texture Determination 

Pole figures of the deformed tungsten specimens were ob- 

tained by the diffractometer- reflection method (10, 37). The Schulz 

method of using a Geiger counter X -ray diffractometer was used 

except for slight changes to the scattering and receiving slit condi- 

tions. Since the reflection method is limited to determining the cen- 

part of the pole figure, only the inner 70° (b = 0 -70o, (5 = 0 at the 

center of the pole figures) were determined. Normally the outer 300 

of the pole figures are determined by the transmission method, but 

because of the high absorption coefficient of tungsten the transmis- 

sion method could not be used. Tests indicated that the tungsten 

must be less than l -2 mil thick in order to obtain an acceptable 

X -ray signal. Since it was impractical to obtain 1 -2 mil. thick 

tungsten sheet, the outer 30 
0 

of the pole figures were not obtained. 

The specimens were prepared by electrolytically polishing 

and etching. The polishing and etching procedure removed approxi- 

mately . 001 -inch from each surface of the upset -forged crystal, 

approximately . 001 -inch from each surface of the rolled tungsten 

crystal, and approximately . 002 -inch from each surface of the 

rolled molybdenum single crystal. 

A Norelco 50 -kv, diffraction instrument and the associated 

pole figure device and the associated electronics were used to obtain 
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the X -ray data for the pole figures. The experimental set -up for 

the reflection method of pole figure determination is shown in 

Figure 8. Conventional procedures were employed except for the 

choice of diffraction slits. A nickel filter and copper K -alpha radia- 

tion (35 -kv. 18-ma.), 1° divergent slit, 0.02-inch vertical slit, and 

calibrated aluminum foil attenuators were used. Extensive tests 

were carried out with randomly oriented powder in order to deter- 

mine which combination of slits produced the minimum decrease in 

the diffracted X -ray beam as a function of alpha. The final choice 

of the slits on the basis of these tests does not differ from the slits 

suggested by Cullity (10), but differ somewhat from the slits sug- 
r 

gested by Schulz (37) and Barrett (3). Pole figures were drawn in 

the conventional manner from stripchart recordings of the relative 

intensity of the diffracted X -rays. 
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Figure 8. Schematic of X -ray "reflection" method for pole figure 
determination. 
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RESULTS 

RA Hardness Indentations and Halopatterns Related to 

Crystal Plane Orientation 

One purpose of this phase of the investigation was to show 

the relationship between the morphologies of RAI's 
A 

in single crystals 

and the orientation of the indented planes. Results are given as 

photomicrographs of indentations made on the various planes. The 

photomicrographs were obtained by focusing on the metal surface 

immediately outside the indentation. The indentations in one plane 

are distinguished from the indentations in another plane by surface 

markings, shape of the black region, and symmetry. 

A second purpose was to show the halopatterns of the RAI's. 

The RAI in each given plane is shown beside its respective halopat- 

tern. The orientation of the halopattern and the orientation of the 

RAI are the same with respect to the crystal plane orientation as 

they are shown. Thus, the given crystal directions and the crystal 

symbols which define the RAI orientations with respect to the in- 

dented crystal -plane orientations also apply to the halopatterns. 

Figure 9A shows a RAI in the (001). This RAI, which is the 

typical result of indenting any plane in the ((001)) set of planes during 

a RA hardness test, will be referred to as the (001) RAI. The 
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Figure 9. RA hardness indentation and halopattern in the (001) related 
to crystal plane orientation. 
A. Typical (001) RAI (X 150), 

B. Halopattern of (001) RAI (X 100). 
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indentation is oriented with respect to the (001) by the reference 

directions shown in the figure. Figure 9B shows the halopattern of 

the (001) RAI. Both the RAI and the halopattern show four -fold rota- 

tional symmetry about the normal to the indented surface plane, 

which is in agreement with the 
4 

rotational symmetry of the [0011 

in bcc tungsten. The indentation exhibits four -fold symmetry first, 

by a variance in radius of the black region, and second, by the dis- 

tribution of surface markings around the black region. The variance 

in radius is attributed to anisotropic ridging around the indenter. 

Since the indenter is conical near the indented surface plane, the 

variance in radius is directly proportional to the variance in ridge 

height. Proof that anisotropic ridging causes the variance in radius 

will be given in the analyses section. The halopattern shows four- 

fold symmetry by the four symmetrically-disposed light spots. 

Although the black region in the (001) RAI has the shape of a square 

with rounded corners, the black region in the halopattern is circular. 

The light spots and the noticeable change in shape of the black region 

progressively evolve on defocusing (moving the indented surface 

plane toward the objective lens of the microscope). The light spots 

appear to be relatively intense light reflections from the high points 

on the ridges. The symmetrical disposition of these light spots in 

Figure 9B does not change under extensive defocusing. The circular 
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shape of the black region in this halopattern may suggest the false 

conclusion that the change in shape of the black region on defocusing 

is due to the change in cross - section of the indentation. However, 

further defocusing progressively transforms the shape of the black 

region to a square with rounded corners. This shape is rotated 45o 

from the shape of the black region in the (001) RAI. 

The general characteristics of the halopattern in Figure 9B 

and the halopatterns shown in latter figures are attributed to the 

combined effects of focus, Fresnel diffraction, interference, and 

aberration. More discussion will be given in the analysis section. 

Figure l0A shows the (110) RAI, and Figure 10B shows the 

halopattern of the (110) RAI. The indentation is oriented with re- 

spect to the (110) by the crystal directions shown in the figure. Both 

the indentation and the halopattern exhibit two -fold rotational sym- 

metry about the normal to the indented plane, which is in agreement 

with the ? rotational symmetry of the [ 110] in bcc tungsten. The 

shape of the black region in the indentation is inverted when the 

microscope is focused below the indented surface plane, as shown 

in the halopattern. This inversion is in agreement with the Fresnel 

diffraction effect on light passing through a cigar- shaped slit (39, 

31). 

Figure 11A shows the (111) RAI and Figure 11B shows the 
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Figure 10. RA hardness indentation and halopattern in the (110) related 
to crystal plane orientation. 

A. Typical (110) RAI (X 150) , 

B. Halopattern of (110) RAI (X 100). 
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Figure 11. RA hardness indentation and halopattern in the (111) related 
to crystal plane orientation. 
A. Typical (111) RAI (X 150), 

B. Halopattern of (111) RAI (X 100) . 
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halopattern of the (111) RAI. The indentation is oriented with re- 

spect to the (111) by the crystal directions and lens symbols. The 

lens symbols indicate the approximate location of the (101) , (110) , 

and (011) poles in a (111) projection in which the base circle's dia- 

meter is approximately equal to the diameter of the black region. 

Although the indentation appears at first glance to have six- 

fold symmetry, it only has three -fold symmetry. The surface 

markings around the indentation are similar at 120o intervals, 

whereas the surface markings at 600 intervals are not similar. 

Thus, the (111) RAI possesses only three-fold rotational symmetry 

about the normal to the indented plane. The halopattern also exhib- 

its only three -fold symmetry. The three -fold symmetry exhibited 

by both the RAI and the halopattern is consistent with the three -fold 

roto -inversion symmetry about the [ 111]_ in bcc tungsten. 

Figure 12A shows the (112) RAI and Figure 12B shows the 

halopattern of the (112) RAI. The orientation of the indentation is 

related to the crystal -plane orientation by the crystal directions and 

triangular symbol as shown. The triangular symbol indicates the 

approximate location of the (111) pole. Both the indentation and the 

halopattern exhibit one -fold symmetry. This is consistent with the 

one -fold roto -inversion symmetry possessed by the [ 112] in bcc 

tungsten. 
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Figure 12. RA hardness indentation and halopattern in the (112) related 
to crystal plane orientation. 

A. Typical (112) RAI (X 150) , 

B. Halopattern of (112) RAI (X 100). 
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The above results can be compared on the basis of symmetry 

and orientation with the pressure figures published by Osmond and 

Cartaud (26). Osmond and Cartaud found that the indentations made 

with a needle in alpha and gamma iron single crystals tended to 

exhibit the rotational symmetry possessed by the crystal direction 

which was normal to the indented plane. Both the indentations and 

the halopatterns shown in Figures 9, 10, 11, and 12 indicate that 

this is also true for tungsten single crystals. The orientations of 

the pressure figures published by Osmond and Cartaud are related 

to the crystal plane orientations by distribution and orientation of 

slip lines on the indented surface in the vicinity of the indentation, 

rather than by the shape of the rim itself, Thus the orientations of 

the pressure figures cannot be compared directly with the orienta- 

tions of the RAI's and the halopatterns. However, if an envelope 

is drawn around the slip line patterns of the pressure figures, the 

resulting envelopes agree with the RAI's and halopatterns with re- 

spect to orientation and symmetry. In addition, the orientation and 

distribution of the slip lines which occur around the (111) RAI agree 

with the orientation and distribution of the slip lines in the (111) 

pressure figure. 
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Indentations Produced at Elevated Temperatures with a 

Conical Indenter Related to Crystal Plane Orientation 

The first objective of this test was to determine the relation- 

ship between the morphologies of indentations produced at elevated 

temperatures and the orientations of the indented crystal planes. The 

second objective was to compare these indentation morphologies, 

which include slip line patterns, with the pressure figures which 

Osmond and Cartaud produced in alpha -iron single crystals at 68o F. 

Except for the (111) RAI, the RAI's in the preceding section did not 

exhibit slip line patterns. However, all indentations made at ele- 

vated temperatures with a conical indenter exhibit slip line patterns 

in the indented planes of tungsten single crystals. These indenta- 

tions are easier than the RAI's to compare with Osmond and 

Cartaud's pressure figures, because the distinctive features of the 

pressure figures are slip line patterns. 

The third objective was to determine if the temperature 

dependence of the operative slip planes in tungsten could be deter- 

mined from changes in the slip line patterns of the indentations as 

a function of temperature. 

Results are given as photomicrographs of indentations made 

in the various planes. Each photomicrograph is shown below a 



63 

simplified stereographic projection of the corresponding indented 

plane. The orientation of the stereographic projection in each 

figure defines the orientation of the indentation with respect to the 

indented plane. The squares, triangles, and lens symbols in the 

stereographic projections locate the axes of 
4 symmetry - -the 

[ [0011], the axes of 3 symmetry--the [ [ 1 11 ] ], and the axes of 

symmetry - -the [ [ 110] ]. These axes comprise the point group sym- 

metry of bcc tungsten. A white spot in the center of a symbol de- 

picts inversion symmetry. Thus, the stereographic projections not 

only define the orientation of the cone indentation in the indented 

plane, but they also illustrate the rotational symmetry of the crystal 

axis which is normal to the indented plane. 

Figure 13 shows a (001) stereographic projection and an 

indentation made with a conical indenter in the (001) of a tungsten 

single crystal. The specimen temperature was 3, 
o F, and the 

pressure in the hot -hardness testing chamber was 2. 8 x 10-6 torr. 

In the photomicrograph, the heavy black lines are subgrain bounda- 

ries, the lighter lines are slip lines, and the black spots are etch 

pits. Four -fold symmetry is exhibited by the black region of the 

indentation. However, at this particular focus the symmetry is not 

readily apparent. The pattern of slip lines shows four -fold sym- 

metry which is present in the corresponding stereographic 

2 
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Figure 13. Indentation produced in the (001) at elevated temperature 
with a conical indenter. The standard (001) projection 
has the same orientation as the indented plane. 
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projection. The slip lines have the approximate shape of parabolas 

with groups of parabolas appearing at 900 intervals. When the 

[ [ 111 ] J are projected onto the (001) - -the plane of the page - -each 

resulting projection is parallel to the axis of a group of slip lines. 

This correspondence is significant because it indicates which slip 

direction operated to produce any given group of slip lines. The 

straight portion of the slip lines are parallel to ((110)) slip plane 

traces in the (001). The curved portion of any particular slip line 

probably is either a summation of steps caused by alternate slipping 

on ((110)) and either ((112)) or ((123)) slip planes, or the result of 

all the slip planes in the zone of any given slip direction acting 

simultaneously. Taylor (43) found that at room temperatures 

((112)) and ((110)) slip planes operate, and at temperatures between 

2, 500o and 5, 000oF ((123)) slip planes, in addition to the other two 

sets of slip planes, operate. Since the indentation in Figure 13 was 

made at 3,000 F, it is possible that the curved portion of the slip 

lines is the result of all the slip planes, in the zone of any given 

slip direction, simultaneously slipping along their common slip 

direction. The indentation in Figure 13 is the same in nearly every 

detail as the pressure figure obtained in the (001) of alpha -iron, at 

room temperature, by Osmond and Cartaud. 

The indentation in Figure 13 is evidence that the subgrain 
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boundaries do not have a substantial effect on plastic anisotropy. 

Although the indentation is at the intersection of three subgrain 

boundaries, the subgrain boundaries do not have any substantial ef- 

fects on either the slip line pattern or the ridges. 

Figure 14 shows a (110) stereographic projection and an inden- 

tation made with a conical indenter in the (110) of a tungsten single 

crystal. The specimen temperature was 1, 200°F, and the pressure 

in the hot -hardness testing chamber was 8. 0 x 10-6 torr. The inden- 

tation matches the two -fold symmetry of the (110) stereographic pro- 

jection with a pattern of slip lines. This pattern of slip lines is not 

as extensive as the slip -line pattern obtained in the (110) of alpha - 

iron by Osmond and Cartaud. However, the slip lines which do ap- 

pear in this cone indentation have the same shape and orientation as 

the slip lines in the corresponding regions of the pressure figure. 

Figure 15 shows a (111) stereographic projection and an inden- 

tation made with a conical indenter in the (111) of a tungsten single 

crystal. The specimen temperature was 2, 500oF, and the pressure 

in the hot -hardness testing chamber was 4. 0 x 10-6 torr. The three 

symmetrically disposed herring -bone patterns of slip lines exhibit 

the three -fold rotational symmetry which is in agreement with the 

rotational symmetry of the (111) stereographic projection about the 

[111]. The herring -bone patterns in the cone indentation appear in 
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Figure 14. Indentation produced in the (110) at elevated temperature 
with a conical indenter. The standard (110) projection 
has the same orientation as the indented plane. 
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Figure 15. Identation produced in the (111) at elevated temperature 
with a conical indenter. The standard (111) projection 
has the same orientation as the indented plane. 
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the same regions and have the same orientation as the herring -bone 

patterns in the (111) RAI in Figure 11A. The slip line pattern in the 

cone indentation has the same symmetry and orientation with respect 

to the (111) as the presure figure obtained in the (111) of alpha -iron 

by Osmond and Cartaud. In the pressure figure in alpha -iron, 

groups of curved slip lines, such as those in the (001) cone indenta- 

tion, extend from one herring -bone pattern to another. These groups 

of curved slip lines indicate the most active slip direction in each 

region around the indentation. The groups of curved slip lines are 

attributed to slip along the slip direction whose projection in the (111) 

bisects the curved group of slip lines. The curved slip lines extend 

directly from the straight slip lines on one side of each pair of her- 

ring-bone patterns. Thus, slip lines in the herring -bone patterns 

also may be attributed to slip along the slip direction whose projec- 

tion bisects the corresponding curved group of slip lines. When the 

slip direction is determined in this manner, the slip lines in the 

herring -bone patterns can be attributed to slip on ((110)) slip planes. 

This follows from the fact that the traces of ((110)) slip planes, 

which are in the zone of the determined slip direction, are parallel 

to these slip lines. A similar argument may be given for the her- 

ring-bone patterns in the (111) cone indentation in Figure 15, although 

only a few curved slip lines, such as those in the (001) cone - 
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indentation, appear. They appear in the upper left hand region of the 

(111) cone indentation. The slip lines in the herring -bone patterns 

are parallel to the traces of the ((110)) slip planes which lie on the 

base circle of the (111) stereographic projection shown in Figure 15. 

Figure 16 shows a (112) stereographic projection and an inden- 

tation made with a conical indenter in the (112) of a tungsten single 

crystal. The specimen temperature was 1,200°F, and the pressure 

in the hot -hardness chamber was 3. 0 x 10 -4 torr. The slip line pat- 

tern in the (112) cone indentation exhibits one -fold rotational sym- 

metry, which is in agreement with rotational symmetry of the (112) 

stereographic projection about the [ 112]. This slip line pattern is in 

excellent agreement with the slip line pattern in the pressure figure 

obtained in the (112) of alpha -iron by Osmond and Cartaud. The her- 

ring-bone pattern may be attributed to slip on ((110)) slip planes by 

the same arguments given for the herring -bone patterns in the (1 11) 

cone indentation. The slip lines in the right side of the herring -bone 

pattern are attributed to slip on the (011) [ 111] slip system and the 

slip lines in the left side of the herring -bone pattern are attributed to 

slip on the (101) [ 1 1 1 ] slip system. The planes and directions defined 

by these Miller indices are related to the (112) by the standard (112) 

stereographic projection given in Appendix I, Figure I-4. 

The two groups of curved slip lines, which appear as wings, 
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Figure 16. Indentation produced in the (112) at elevated temperature 
with a conical indenter. The standard (112) projection 
has the same orientation as the indented plane. 
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are attributed to multiple slip. The wing on the right side of the cone 

indentation is attributed to all the active slip planes, in the [ 111] 

zone, simultaneously slipping along the [ 111 ]. The wing on the left 

side is attributed to simultaneous slip in the active slip plane in the 

[111] zone, along the [1i 1 ] slip direction, 

In summary, the results in this section relate the (001), (110), 

(111), and (112) cone indentations to the orientation of the correspond- 

ing plane. The results show that cone indentations in the various 

planes of tungsten at elevated temperatures agree with the pressure 

figures obtained in corresponding planes of alpha -iron by Osmond 

and Cartaud. The slip line patterns around the (001), (111), and (112) 

cone indentations were discussed and explained on the basis of simple 

and multiple slip. The third objective of this phase of the investiga- 

tion was not satisfied. Changes were observed in the slip line pat- 

terns of cone indentations made at various temperatures over the 

temperature range of 900oF to 3,000 F. o 
On the basis of microscopic 

examination of the indented surface, however, these changes, such 

as the size of the slip line pattern, could not be directly associated 

with the temperature dependence of the operative slip planes in 

tungsten. 



73 

KHN Anisotropy 

The first objective of these tests was to determine KHN as a 

function of indentation orientation in the indented plane for various 

crystal planes of tungsten. 

The second objective was to compare the KHN anisotropies 

in tungsten single crystal planes with the reported KHN anisotropies 

in single crystal planes of silicon ferrite and columbium (12, 14). 

KHN anisotropies have been qualitatively explained by a theory which 

includes only crystal system, slip systems, crystal orientation, 

indenter orientation, and an assumed force as variables. This theory 

predicts that the KHN anisotropies in silicon ferrite, columbium, 

and tungsten should agree in symmetry and orientation, because the 

variables which depend on the material -- crystal system and slip 

systems -are the same for each of these materials. 

Results are shown as plots of KHN versus azimuthal angle 

delta (6). The azimuthal angle defines the orientation of the Knoop 

indentation in the indented plane. It is the angle between the short 

diagonal of the Knoop indentation and a reference crystal direction 

in the indented plane. In the previous investigations, the KHN has 

been associated with the crystal direction which is parallel to the 

long diagonal rather than the short diagonal (12, 14, 6, and 7). 
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However, it is believed that work reported here proves that KHN's 

should be associated with the direction which is parallel to the short 

diagonal of the Knoop indentation in order that hardness anisotropy 

will agree with other mechanical anisotropic phenomena such as 

anisotropic ridging around RAI 's and anisotropic radial strain in up- 

set forgings. Thus, the data from the other sources are also plotted 

so that the azimuthal angle is the angle between the short diagonal 

and the reference crystal direction. The experimental measurements 

and calculations for this experiment are given in Appendix II. 

Figure 17 shows the KHN anisotropy in the (001) of a tungsten 

single crystal. Results published by Daniels and Dunn (12) and 

Douglass (14) are shown for comparison. The azimuthal angle is 

zero when the short diagonal is parallel to the [1001. 

Figures 18, 19, and 20 show the KHN anisotropies in the 

(110), (111), and (112) respectively. Results published by Daniels 

and Dunn and Douglass are shown for comparison. Published data 

were not available for certain planes. 

The plots show, in those cases where comparison data are 

available, that KHN anisotropies in the planes of tungsten single 

crystals have the same periods as and are in phase with the KHN 

anisotropies in the corresponding planes of silicon ferrite single 

crystals and columbium single crystals. 
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Figure 17. KHN anisotropy in the (001). KHN anisotropy in tungsten 
is compared with KHN anisotropy in silicon ferrite. 
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Figure 18. KHN anisotropy in the (110). KHN anisotropy in tungsten 
is compared with KHN anisotropy in silicon ferrite and 
KHN anisotropy in columbium. 
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Figure 19. KHN anisotropy in the (111). KHN anisotropy in tungsten 
is compared with KHN anisotropy in silicon ferrite and 
KHN anisotropy in columbium. 
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RA Hardness Indentation Diameter Anisotropy 

Related to Knoop Length Anisotropy 

The most important purpose of these tests was to show that 

the plastic anisotropies revealed by RAI's in the indented planes of 

tungsten single crystals correlate with the plastic anisotropies re- 

vealed by Knoop indentations in corresponding planes if it is assumed 

that the length of the long diagonal of each Knoop indentation is prin- 

cipally dependent on the metal's resistance to displacement parallel 

to the short diagonal. 

The RAI's reveal plastic anisotropy by a ridging effect. The 

variance in ridge height around the rim of a RAI is directly propor- 

tional to the variance in the RA indentation radius (RAR) as a func- 

tion of azimuthal angle (S) since the indenter is conical near the in- 

dented surface plane. This is true for RAD as well as RAR as a 

function of S , where the normal to the indented plane has an even- 

fold of rotation symmetry. One advantage of using the variance in 

RAR instead of the variance in RAD to indicate plastic anisotropy is 

that the variance of RAR can reveal an odd -fold of rotational sym- 

metry, such as that in the (112) RAI shown in Figure 12. However, 

the variance in RAD will be used here for two reasons. First, 

measuring the variance in RAR requires that the center of the inden- 

tation be accurately relocated before each RAR is measured, This 



80 

proved to be impractical. Second, the plastic anisotropies revealed 

by the RAI's are to be compared with the plastic anisotropies re- 

vealed by Knoop indentations. Like the variance in RAD, the vari- 

ance in length of the long diagonal of Knoop indentations shows only 

even -folds of rotational symmetry of anisotropy, The Knoop indenter 

possesses two -fold rotational symmetry about the indenter axis. 

Thus, even though the normal to the indented crystal plane has either 

three -fold, -fold, one -fold, or 1 -fold rotational symmetry of plastic 

anisotropy, the anisotropy measured from Knoop indentations exhibits 

six -fold, six -fold, two -fold or two -fold symmetry, respectively. 

It is assumed that the longest RAD's are parallel to the 

"softest" or "most plastic" directions in the indented plane, whereas 

the shortest RAD's are parallel to the "hardest" or "least plastic" 

directions in the indented plane. (Proof that this assumption is valid 

will be given in the section on plastic anisotropy exhibited by upset - 

forged tungsten single crystals.) RAD will be plotted versus azi- 

muthal angle delta (6), Delta is the angle between the measured dia- 

meter and a certain reference direction in the indented plane. Thus 

the maxima of the plots will indicate the "softest" directions in the in- 

dented plane. 

The long diagonal length of a Knoop indentation, hereafter 

3 

- 
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referred to as Knoop length, will be plotted versus delta 

for comparison with the variance in RAD. Delta is the angle between 

the short diagonal of the Knoop indentation and the reference direc- 

tion in the indented plane. This definition of delta is based on the 

assumption that the Knoop indentation length and thus KHN are prin- 

cipally dependent on the metal's resistance to displacement parallel 

to the short diagonal, A KHN is inversely proportional to the square 

of the Knoop indentation length. Thus the maximum of the plots of 

Knoop indentation length (Knoop length) versus delta should also indi- 

cate the "softest" directions in the indented plane. 

Figures 21, 22, 23, and 24 compare RAD anisotropies with 

Knoop length anisotropies of tungsten single crystals in the (001), 

(110), (111), and (112) planes, respectively. The measured RAD 

anisotropies agree in symmetry and orientation with the apparent 

RAD anisotropies in the corresponding RAI's 
A 

shown in Figures 9, 10, 

11, and 12. Figure 21 shows that, in the (001), the variance in RAD 

has the same period as and is in phase with the variance in Knoop 

length when Knoop length is plotted versus the short -diagonal direc- 

tion. Figure 22 shows that, in the (110), the variance in RAD has the 

same period and is in phase with the variance in Knoop length only if 

Knoop length is plotted versus the short -diagonal direction. If Knoop 

length were plotted versus the long diagonal direction in the indented 
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Figure 21. RAD anisotropy in the (001) compared with Knoop length 
anisotropy in the (001). 
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Figure 22. RAD anisotropy in the (110) compared with Knoop length 
anisotropy in the (110). 
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Figure 23. RAD anisotropy in the (111) compared with Knoop 
length anisotropy in the (111). 

- 
- _ 

O 

oo° á 
0° 

° 
o 0 

°° 0° 
o ° 

J 

_ - 
d a 
cc 

ó 

zLO 

Cz 

h- 

¢ a 

W 
o 
CC 

H 

2 a 
E 

= 
`J 



D
I
A
M
E
T
E
R
 
O
F
 

E 0.46 
E 

9 

cr 44 . o z 
O ó 0 

Q 
z .42 -0 
w ° o 
z - 

o 

.40 

.38 

.360 

0.30 

O -0 Li_ 

Qo 0o 0 
o °o 

0 00 0- 
.29 .1-1 E 0 0 0 

o 0 z - 

° O z 
o c 

00 O Q O 

ODD 
.28 ö á 

0 I- 
0 °b ó w J o 
m - .27wz 

oa 
- x 

F-o 
0 ßrale diameter 26oz z 

w 
Knoop length J 

(112) 
1 I I I 1 .25 

° 

tP 

30 60 90 120 150 180 
AZIMUTHAL ANGLE 8, deg 
8 =o when RAD is parallel 

to HT] 
8 =o when short diagonal of 

Knoop indentation is 
parallel to jl i i] .. -66 

85 

Figure 24. RAD anisotropy in the (112) compared with Knoop length 
anisotropy in the (112) . 
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plane, variance in Knoop length would be 900 out of phase with the 

variance in RAD. Figure 23 shows that, in the (111), the variance 

in RAD has the same period as and is in phase with the variance in 

Knoop length only if Knoop length is plotted versus the short -diagonal 

direction. In contrast, if Knoop length were plotted versus the long 

diagonal direction in the indented plane, variance in Knoop length 

would be 300 out of phase with the variance in RAD. Figure 24 shows 

that, in the (112), the variance in RAD has the same period as and is 

in phase with the variance in Knoop length when Knoop length is plot- 

ted versus the short -diagonal direction. In summary, Figures 21, 

22, 23, and 24 show that the indentation anisotropies of the (001), 

(110), (111), and (112) planes in tungsten single crystals, as re- 

vealed by characteristic ridging around RAI' s, correlate with Knoop 

length anisotropies and also KHN anisotropies in corresponding 

planes if it is assumed that Knoop lengths and KHN's are principally 

dependent on the metal's resistance to displacement parallel to the 

short diagonals of the Knoop indentations. 

Plastic Anisotropy of Tungsten Single Crystals 

as Revealed by the Shapes of Upset Forgings 

One purpose of these tests was to relate the plastic anisotropy 

of tungsten single crystals as revealed by the shape of upset- forged 
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cylinders of tungsten single crystals to the initial crystal orientation. 

The plastic anisotropy was demonstrated by the variations in radial 

strain associated with the characteristic final shapes of the upset 

forgings. Each billet and its corresponding upset forging will be 

identified by the crystal direction which was parallel to the cylinder 

axis of the single crystal billet. 

A second objective of these tests was to test the assumption 

that the longest RAD's are parallel to the "softest" or "most plastic" 

directions in the indented plane, whereas, the shortest RAD's are 

parallel to the "hardest" or "least plastic" directions in the indented 

plane. If the morphology of a RAI and thus RAD anisotropy exhibit 

the directionality of plasticity, or ductility in the indented plane, 

the same anisotropy should be exhibited by the shape of an upset - 

forged single crystal which has been forged along the normal to the 

plane. This follows not from the knowledge of the exact states of 

stress during upset forging or indenting, but rather from the know- 

ledge that in both cases the initial stresses are compressive and 

their distributions are invariant with rotation about the cylinder axis, 

and from the knowledge that radial strain must accompany axial 

strain. These two factors connect the process of indenting with the 

process of upset forging where both the indenter and the billet have 

a circular cross section, 
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A third objective of these tests was to compare KHN aniso- 

tropy to the shape of the upset- forged cylindrical single crystals. 

For example, the KHN anisotropy in the (001) will be compared with 

the shape of the [001] upset forging. In view of the discussion and 

the results in the preceding section, the directionality of the resist- 

ance to penetration, as determined by KHN anisotropy in a given 

plane, should be inversely related to the directionality of plasticity, 

as demonstrated by the shape of the upset forgings, in the given 

plane. For example, the KHN anisotropy in a (110) is expected to 

be inversely related to the magnitude of the radial strains in the 

[ 110] upset forging. 

Figure 25 shows the initial orientations and shape of the single 

crystal billets and the final shape of the upset forgings. At the top, 

from left to right, the (001), (110), and (111) stereographic projec- 

tions are positioned to show the complete initial orientation of the 

crystal cylinders shown directly below. The central axes of the 

stereographic projections correspond to the crystal directions which 

were parallel to the cylinder axes. The figure shows, from left to 

right, at the bottom, the results of upset forging the (001), (110), 

and (111) cylindrical tungsten single crystals to approximately 85- 

percent reduction in height in one stroke. The billets were preheated 

in air at 1470 °F for eight minutes before upset forging. 
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Figure 25. Initial orientations and shape of the single crystal billets related 
to the final shapes of the upset forgings. 
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Figures 26, 27, and 28 show the results of an incremental 

upset- forging process. Figure 26 shows, from left to right, the 

[001], [111], and [110] crystal billets upset forged 42, 26, and 43 

percent reduction in height, respectively. Figure 27 shows the 

billets upset forged 76, 63, and 68 percent reduction height, respec- 

tively. This figure shows the contours of the sides of the billets and 

the yellow deposit, revealed by electro- polishing the forgings with 

2- percent sodium hydroxide solution. Figure 28 shows the billets 

upset forged 81, 68, and 72 percent reduction in height, respectively. 

This figure shows the forgings after cleaning by alternate scrubbings 

with steel wool and electro- polishings with 2- percent sodium hydrox- 

ide solution. 

Figures 25, 26, 27, and 28 illustrate the relationship between 

the point group symmetry of tungsten 4 
3 ? and its plastic aniso- 

m m 

tropy. Compression of the [0011, [1101, and [1111 crystals produced 

4 2 

m m' and 3 symmetry, respectively. The 3 symmetry may not be 

apparent in the [1111 forging. in Figure 25 since at first glance the 

shape of this forging may appear to have six -fold symmetry. Close 

examination of the forged [111 ] crystal in Figures 26, 27, and 28, 

however, clearly reveals the 3 symmetry. The top of the forging 

has maximum radial strains at 120° intervals as does the bottom of 

the forging. The maxi- radial strains at the top of the forging 



 

o 

Scale, inches 

Figure 26. Plastic anisotropy exhibited by upset forging the [001], [ 1 11 ], and 
[ 110] tungsten single crystal billets to 42, 26, and 43 percent 
reduction in height, respectively. 
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Figure 27. Plastic anisotropy exhibited by upset forging the [001], [ 111 ], 

and [ 110] tungsten single crystal billets to 76, 63, and 68 

percent reduction in height, respectively. 
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Figure 28. Plastic anisotropy exhibited by upset forging the [ 0 0 1 1 , [ 1 1 11, 

and [ 110] tungsten single crystal billets to 81, 68, and 72 
percent reduction in height, respectively. 
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are azimuthally rotated 600 from the maximum radial strains on the 

bottom of the forging. Therefore, any pie section with an interior an- 

gle of 1200 and a thickness of one of the ingot will reproduce the 

shape of the forging when a symmetry operation is carried out 

about an axis which is normal to the top surface and through the 

center of the forging. 

It is important to observe a relationship between the slip 

directions in tungsten and the shape of these forgings. For all of 

these forgings, the directions of maximum radial strain lie along 

the projections of the original crystals [ [1111] slip directions which 

had a shear stress component parallel to them. This can be ob- 

served by projecting the slip directions (triangle symbols) in the 

stereographic projections of Figure 25 onto the upset forgings, 

In agreement with the assumption that the longest RAD's 

are parallel to the "softest" or most "plastic" directions in the 

indented plane, the RAI in Figures 9, 10, and 11 match the upset 

forgings in Figure 25 with respect to shape, symmetry, and orien- 

tation. As must necessarily follow from the above result, and the 

relationship between RAD and KHN developed in the preceding sec- 

tion, the plastic anisotropy exhibited by the shape of the upset forg- 

ings is in agreement with what would be predicted from the KHN 

anisotropies shown Figures 17, 18, 19, and 20. For the [0011 

3 

in 
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and 11101 forgings, the maximum radial strains are parallel to the 

directions which exhibit the minimum KHN and the minimum radial 

strains are parallel to the direction which exhibits the maximum 

KHN in the single crystal. 

If the radial strains from both the top and bottom of the 

[111] forgings are projected onto a plane which is parallel to the 

top and bottom of the forging, the maximum radial strains are 

parallel to the directions which exhibit the minimum KHN and the 

minimum radial strains are parallel to the direction which exhibits 

the maximum KHN in the single crystal. 
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ANALYSIS 

Ridging Around the RA Hardness Indentations 

Schmid and Boas (35) show that cubic crystals can be aniso- 

tropic with respect to elastic and plastic properties. Tarasov's 

note in reference (12) states that the KHN anisotropies reported by 

Daniels and Dunn agree with what would be expected from elastic 

recovery of the metal around the indenter. Certainly both elastic 

and plastic strains occur during the indentation process. Thus, 

plastic anisotropy and elastic anisotropy must be considered. 

Since some elastic recovery occurs after removal of the 

sindenter, R elastic recovery will alter the dimensions of AI 

Anisotropic elastic recovery can occur from two different causes. 

Both anisotropy of the modulus of elasticity and anisotropy of the 

flow stress could cause a variation in elastic recovery with direc - 

tion. When the indenter is removed, the elastic recovery which 

occurs in any given direction is proportional to the flow stress in 

that direction and is inversely proportional to the modulus of elas- 

ticity in that direction, 

Anisotropy of the modulus of elasticity will be considered 

first. Schmid and Boas (35, p. 21) give the following theoretical 

expressions for the dependence of the modulus of elasticity (E) upon 

indenter, 



orientation of cylindrical specimens of cubic crystals. 

511-2 [(S11S12) 2-544](Y12y22{-Y22Y32+Y32Y12) 

97 

(E -1) 

where y1, y2, and y3 represent the cosines of the angles formed by 

the axis of the specimen with the three edges of the unit cell, and 

S11, S12, and S44 are the elastic coefficients of the metal. Sets of 

values for the elastic coefficients which were determined by differ- 

ent investigators are given in Table 4 (35). 

Table 4. Elastic coefficients for tungsten. 

Investigator I Investigator II 

S 2. 534 2. 573 

S12 -0. 726 -0. 729 

S44 6. 55 6. 604 

On substituting the first investigator's values into (E -1), the 

relation for 
É 

becomes 

=2.534+0,03 (E-2) 

On sub substituting the second investigator's values the 

[y12y22 + y22y32 + y32y12 ]. 

into (E -1), 

É 
= 



relation becomes 

1 
= 2. 573. 

E 
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(E -3) 

The elastic coefficients of the first investigator indicate that tung- 

sten is only slightly anisotropic, and the results of the second inves- 

tigator indicate that tungsten is isotropic with respect to modulus 

of elasticity. This is in agreement with Boas and Mackenzie's (7) 

statement that, of the cubic metals, the elastic anisotropies of 

aluminum and tungsten are very small, and the same holds for the 

hexagonal magnesium. Thus, elastic recovery anisotropy in tung- 

sten due to anisotropy of the modulus of elasticity is negligible. 

The variation in elastic recovery due to anisotropy of flow 

stress will be considered next. Figure 29 shows photomicrographs 

of the same RAI. The photomicrographs show the effects of various 

metallographic treatments on the shape of the indentation and on the 

surface surrounding the indentation. Figure 29A shows a typical 

(001) RAI. Prior to indenting, the plane was polished but not etched. 

Figure 29B shows the effect of etching the indented (001) with 2 -per- 

cent NaOH solution for 12 seconds. The black lines are substructure 

and the black spots are etch pits. On the assumption that etch pits 

reveal dislocation sites, this photomicrograph shows that disloca- 

tion) are concentrated in certain regions. The concentration of 
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Figure 29. Plastic anisotropy causes ridging and RAD anisotropy 
around the RA hardness indentation in the (001). A. RAI in 
polished (001), (X 100). B. Etched region in A shows etch pit 
and dislocation distribution (X 75). C. Polishing with a 600 grit 
wheel produces scratches in the ridges and shows the effect of 
ridging on RAD (X 75). D. Further mechanical polishing and 
electropolishing shows a circular cross-section (X 75). 
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dislocations is evidence that plastic deformation has occurred. 

The symmetrical distribution and location of the dislocations are 

evidence that the indentation diameter is related to plastic aniso- 

tropy. Figure 29C proves that ridging is the principal cause of var- 

iations in RAR and RAD. This photomicrograph shows the effect of 

lightly polishing the surface in Figure 29B with 600 -grit paper. The 

pattern of scratches shows that ridging and the maximum RAD occur 

along the same azimuthal directions. It was observed that as the 

ridges were polished away the corresponding diameters decreased. 

An envelope around the scratches represents an approximately 

constant elevation contour around the ridges. It can be observed 

that this envelope has approximately the same shape and orientation 

as a constant dislocation density contour which could be imagined in 

Figure 29B, Figure 29D shows evidence that the variation in RAD 

is not caused by elastic recovery of the metal after removal of the 

indenter. Elastic recovery is not limited to contraction at the sur- 

face. Rather, elastic recovery should occur at all depths of the in- 

dentation. Thus, if indentation anisotropy is due to elastic recov- 

ery, the anisotropy should be evident below the indented surface 

plane as well as at this surface plane. However, as Figure 29D 

shows, the cross section of the indentation just below the surface 

is circular. Thus, the effects of elastic recovery on indentation 
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anisotropy are probably negligible. 

In summary, the evidence in Figure 29 shows that elastic 

recovery is of little or no significance as a cause of the anisotropy 

revealed by RAI's in tungsten single crystals. It shows that the 

effects of plastic anisotropy far outweighs the effects of elastic 

recovery anisotropy in the (001), The evidence also shows that 

metal is extruded above the initial metal surface and that anisotropic 

ridging of the metal causes the variation in RAD. 

Halopatterns 

The halopatterns are caused by a complex combination of 

optical phenomena. The effects of the symmetrically- contoured 

surface of the indentations on the illuminating light are combined 

with the optics of the metallograph. When the focal plane of the ob- 

jective lens in the metallograph is below the indented surface plane, 

the image (halopattern) produced by intercepting the unfocused light 

of the metallograph is altered by the combined effects of Fresnel 

diffraction, interference, and aberrations. Due to the complexity 

of this optical system and the complex combination of effects intro- 

duced on defocusing, the halopatterns are not subject to a rigid 

analysis with the science of geometrical optics (39). 

The conditions for Fresnel diffraction and interference are 
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present in this combined optical system. The illuminating light 

comes from an aperture diaphragm which has a finite size and which 

is relatively close to the indented surface plane. The inside of the 

indentation acts as a nonreflecting body, whereas, both the flat and 

the contoured surfaces outside the indentation act as reflecting 

bodies. These conditions are similar to the conditions for producing 

Fresnel diffraction with a small, opaque disk positioned in the 

center of a light beam. All points on the rim of an indentation, 

which is comparable with the rim of a disk, act as point sources of 

light. The resulting Fresnel diffraction pattern shows the effects 

of interference when all points on the rim act as point sources of 

light. This is because the intensity of each point in the diffraction 

pattern results from a summation at that point of the light rays from 

all points of the illuminated surface. In addition, the rectangular 
o 

Fresnel diffraction pattern for a rectangular disk is rotated 90 

about the beam axis from the rectangular disk. These effects of 

Fresnel diffraction and interference explain in part the presence of 

light spots and dark regions and the shape of the dark regions in the 

halopatterns (39, 31). 

When the focal plane of the objective lens is positioned below 

the indented surface, the optical system amplifies the optical effects 

of the symmetrically- contoured surface of the indentation. Since the 
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indentation's axis of symmetry is colinear with the axis of the opti- 

cal system, the image formed by intercepting the unfocused light in 

the metallograph portrays the symmetry of the anisotropic ridging. 

Although they cannot be mathematically analyzed at this time, 

the halopatterns are useful. They clarify the symmetry of the plastic 

anisotropy exhibited by indentations made with an indenter with a 

circular cross section. They are reproducible. Their character- 

istics are different for different directions in the indented planes. 

Thus, a standard set of halopatterns for various low indices planes 

can be used to determine crystal orientations or verify crystal ori- 

entations as determined by other means. 

Directional Plasticity Factor 

Directional plasticity has been shown to be the phenomenon 

which is observed and correlated in the experiments reported here. 

In the case of the RAI's, directional plasticity is revealed by ridging 

phenomena. In the case of the KHN indentations, the directional 

plasticity is revealed by the variation in Knoop length. These ex- 

perimental results can be qualitatively explained by an analytical 

parameter which will be called the "directional plasticity factor" 

(DPF). The relationship for the DPF and the definitions of the 

variables involved are as follows: 



DPF(6) = [cr cosl\cos 
Y 

v cos cos+7. (cos 7\ cos 
x xy 

104 

cosa cosO]cosY, (E-4) 

where the y -axis is parallel to the indenter axis, 

ö = angle between the x -axis and a given reference direction 

in the indented plane, 

o- = normal stress which is parallel to the indenter axis, 
Y 

u = normal stress which is normal to the indenter axis, 

"1"- y 
= 

Y 
shear stresses completing the definition of the xx 

state of stress at a point in the xy plane, 

= angle between the slip direction for the given slip 

plane and the y -axis, 

CI) = angle between a given slip plane pole and the y -axis, 

= angle between the slip direction for the given slip plane 

and the x -axis for a given ô , 

= angle between a given slip plane pole and the x -axis 

for a given ô, and 

= angle between a slip system's axis of rotation during 

slip and the z -axis for a given 6 

Figure 30 shows the angles and the coordinate system in a 

simplified stereographic projection. The indented plane is the 

plane of projection. The coordinate system is rotated 6 degrees 
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Indented plane stereographic projection showing schem- 
atically the direction cosine angles and the rotation angle 

of a slip system for the single crystal element shown. 
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about the y -axis so that the angles X, () , ¿X, ß , andw are defined 

for a slip system in the single crystal element as shown. The slip 

direction (SD), the slip plane (SP), and the axis of rotation (AR) of 

the slip system are shown. 

Equation (E -4) is made up of two factors which influence 

deformation. The resolved shear stress (RSS) which is given by the 

following equation 

RSS = Q cos )cos + crxcoscucosp (cosNcos 13+ 

oosacos4), (E -5) 

and a rotation factor (RF) which is given by the following equation 

RF = cos . ' (E -6) 

Daniels and Dunn (12) were the first to qualitatively explain 

hardness anisotropy with a formula involving the product of RS$ 

and a RF. Their formula for effective resolved shear (ERS) is given 

by the equation 

where 

and 

ERS = A cosh cos 4) cos4) , 

Â cos À. cos 4) = RSS, 

cos 4' = RF. 

y x xy 

(E -7) 

(E -8) 

(E.9) 



Their analysis applies to the Knoop indenter. They assume the 

metal tending to deform may be considered as a number of very 
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small cylinders parallel to the deforming tensile force F. They 

also assume that the deforming force for a single facet is parallel 

to the steepest slope of that facet. Thus, the resolved shear stress 

on a given slip system is given by equation (E -8), where A is the 

cross - sectional area of the cylinder, % is the angle between the 

slip direction and the force F, and c is the angle between the nor- 

mal to the slip plane and the force F. 

Daniels and Dunn's rotation factor, equation (E -9), and the 

author's rotation factor, equation (E -6), are justified by essentially 

the same arguments. The angle y in equation (E -9) is defined as 

the angle between a slip system's axis of rotation and the axis which 

is perpendicular to the force F and parallel to the indenter facet. 

This differs from that in equation (E -6) because Daniels and Dunn 

consider a different indenter, assume a different state of stress, and 

assume a different deforming element. 

The plastic deformation model of Daniels and Dunn is dif- 

ferent from that proposed here as the basis for the DPF of (E -4). 

The analysis that follows will be developed for a Brale indenter 

(RA hardness indenter), which has a circular cross section. The 

model of deformation during indentation will be assumed to be the 
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permanent expansion ofa.hole in a flat plate by internal pressure. 

The stress distribution defined by this model is simplified to a state 

of biaxial plane stress which is rotationally uniform about the y -axis. 

Equation (E -4) is used to determine the DPF on the various slip sys- 

tems from the biaxial state of stress. The analysis here involves 

a biaxial state of stress and a spheroconical indenter, whereas, 

Daniels and Dunn consider a uniaxial state of stress and a Knoop 

indenter. 

Model of Indentation Process 

Hill's theoretical investigation of the effect of specimen size 

on the measurement of hardness (18), and Heyer's analysis of the 

Brinell hardness test (17) , show that even for a homogeneous and 

isotropic medium the stress distribution around an indenter under 

load is very complex. Due to the complex deformation process 

during indentation and the typical inhomogeneities of real materials, 

an exact theoretical solution for hardness as a function of elastic 

and plastic coefficients of a material has not yet been developed. 

Because of the anisotropy of single crystals, the deformation pro- 

cess is even more complex than that in an isotropic medium. Thus, 

the model used here to explain the plastic anisotropies exhibited by 

indentations is, of necessity, somewhat simplified. 
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The model of deformation is assumed to resemble the back 

extrusion of metal during the permanent expansion of a hole by in- 

ternal pressure in an infinite plate. The internal pressure is caused 

by the indenter. This model also resembles the back extrusion of a 

thick -walled cylinder with its axis coincident with the axis of the 

indenter. The indenter acts as the ram and the elastically strained 

metal ( "rigid ") acts as the die. This deformation model applies to 

the cylinder of metal which is at or beyond the point of contact be- 

tween the side of the indenter and the original metal surface. This 

is the region where extrusion occurs and the region which was 

studied in the experiments. 

The procedure will be to initially consider an isotropic 

homogeneous material with an ideal elastic -plastic stress - strain 

curve. A rotationally uniform stress system which causes ridging 

during indentation will be induced. The model will then be applied to 

tungsten single crystals by considering the state of stress at one 

point as typical of all points in the xy -plane and determining the 

relative magnitude of the RSS on the various slip systems. The 

model will be altered by including a RF to account for distortion 

due to lattice rotation. The product of RSS and the RF, termed DPF, 
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will be evaluated and compared with experimental results. 

Approximate State of Stress 

Consider the indentation process with the analytical terms 

defined in Figure 31. The locus of contact between the indenter and 

the original surface is at the inside circle with radius ri, and the 

boundary between the deformed and undeformed region is at the out- 

side circle with radius ro. The internal pressure is pi, and the 

pressure is Po at the plastic -elastic boundary. By definition, 

= radius of the indenter at the surface. (E-10) 

Cylindrical coordinates are used to give the dimensions and stresses 

on the typical element in the deformed region. A rectangular co- 

ordinate system is also shown for future reference. Since the ele- 

ment shown is near the free surface, the normal stress in the y- 

direction is assumed to be negligible, 

cr (E -11) 

Since the geometry of a section parallel to the surface of the plate 

is assumed to be independent of depth, the relative values of the 

y= 0. 
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internal pressures and the external pressures are assumed inde- 

pendent of depth. The principal deforming stresses develop from 

the relative values of the internal and external pressures, thus the 

change in cry with depth is assumed negligible, 

The observed radial strain (Er) is negative, 

er< O. 

(E -12) 

(E -13) 

Therefore, equilibrium and the mechanics of the process suggest 

that 

(E -14) 

That is, 0r is a compressive stress. Experimental evidence of 

ridging shows that 

(E -15) 

These inequalities and assumptions simplify the problem 

to solving for the plastic stresses in a plate having a hole, after 

doy 
- O. 

dy 

or LO. 

ey> O. 
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partial yielding through expansion. A solution to this problem is 

given by Nadai (24, p. 472 -481), Thus the solution is only briefly 

described here. The solution can be obtained by the following steps: 

1. Obtain the differential equation describing the static 

equilibrium condition, 

2. Obtain the solution for the elastic stress distribution 

in the region ro <r(.x. 
3. Assume a yield criterion. 

4. Solve the differential equation for equilibrium using 

the yield criterion and the boundary condition at the boundary r = ro, 

where the material is in the elastic state for all r]ro and the mate- 

rial is in the plastic state in the region rid rro. 
The differential equation describing the static equilibrium 

condition may be obtained by putting the element shown in Figure 31 

in equilibrium. The sum of the forces along a radial line must equal 

zero, 

EFr=O, 

so that 



da 
6rrd6 dy + 2at( ) dray - (crr + 

drr, 
dr)(r + dr)dc dy = 0. 

Simplifying and neglecting the infinitesimals of higher order, 

dar 
at -,crr -r dx = 0. 
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(E -16) 

(E -17) 

In the region where the plate is stressed below the yield limit, the 

radial and tangential components of stress are known from elastic 

theory to be 

2 

Poro 
ate = - a = re 2 r 

(E -18) 

where po is the pressure at r ro. Subscript e denotes the elastic 

state. 

The distortion energy yielding criterion is assumed. Yield- 

ing occurs when 

2 2 2 
at -tar + Q = ao , (E -19) 

r 

= 

o r 
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where ao is the yield strength in simple tension. Values for ate 

and erre can be obtained by combining equations (E -18) and (E -19) 

Thus 

for r <r < .0, and o -. 

2 
ao ro 

a te re r 

ao , 
cite = are = 

(E -20) 

(E -21) 

at the boundary r = ro. Equation (E -19) represents a plasticity 

ellipse in ar and at space having 2 and - ao as the major and 

minor semi -axis and whose principal axes bisect the right angle of 

the a and at axes. In order to obtain a solution which satisfies 

both the differential equation and the yield criterion, Nadai uses 

two variable stresses a and a and an auxiliary variable angle e, 

by means of which ar and at are expressed as follows: 

a-v 2çro ! 
a - sin (e - -) , r T - ,v3 6 

(E-22) 

^ - 
= 

2 ' 

N 

ao 

te 



+ Q 2 
= 

6o 
sin (8+ ). ÿ3 6 
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E-23) 

The auxiliary variable angle e is related to the plasticity ellipse in 

or and Qt space as shown in Figure 32. 

After substituting a r and the value of the difference of the stresses 

vt - ar computed from (E -22) and (E -23) in (E -17), the latter is 

reduced to a differential equation for the variables r and e; 

r sin (e - 

Integrating (E -24) yields 

2 -VT 9 
C 2 _ c cos e, 
r 

cosh.. (E -24) 

(E -25) 

where c is an integration constant. The integration constant is inter- 

preted as the variable radius ro of the boundary between the elastic 

and the plastic regions. This interpretation fixes the boundary value 

of ()when r becomes equal to ro, From (E -21), (E -22), and (E -23) 

C 

r 

6 ) = 



117 

Figure 32. Ellipse of plasticity. 



it must be that 

fl 
o 

= 0, 
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(E -26) 

and e <. 0. (E -27) 

Thus in (E -25) as r varies between the values ri< r< ro the angle 

O varies between the values e. <0 <0 and the condition 1- - 

c 
2= r. 2 4,1-3- O. cos O. i (E -28) 

2a o 
determines the angle 0.. Assuming the pi is the maximum ( ), e 

varies between the values - <e<0 as r varies between the values 

ri <r <ro. This corresponds to traversing the shortest path from 

point A to B along the ellipse of plasticity in Figure 32. The inte- 

gration constant in (E -25) is determined by taking r = ri and O. 

so that 

2 2 
c = r, e 

i 

cos(- 

2 
r (0+ il 

r 2e cos 3 
cose. 

r 
(E -29) 

3 

= - 

'Tr Tr 
3 

-VT 
1 

2 

1- 
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The ratio of the radial stress °rp to the tangential stress Qtp in the 

plastic region, where subscript p denotes the plastic state, is given 

by 

sin (0 - IL' ) 
Q 6 rp 
crtp sin (0+16-) 

v 
Table 4 gives the values of 

r and rp as a function of O. The 
ri atp 

(E-30) 

plastic stresses at r = r. are assumed to be the most significant 

stresses, since the variation in the experimentally measured RAD 

is caused by ridging in the immediate vicinity of contact between the 

indenter and the original metal surface. Thus the state of stress 

at r = ri is assumed to be typical of all points in the plastic region. 

According to Dieter (13, p. 50), some materials can with- 

stand very large, hydrostatic pressures without undergoing plastic 

deformation. Particularly in the theory of plasticity, it is desirable 

to designate the part of the total stress which can be effective in 

producing plastic deformation. This part is known as the stress 

deviator (á'). The stress deviator is given by the following equations: 

a 

= 



Table 4. Radius ratio and plastic stress ratio, 

e r Q r 
ri 

tp 

- Tr/3 1.0 +2.0 

- 11/24 1.02 +2. 58 

11/4 1.06 +3,73 

- 5 Tr/24 1,11 +7.05 

-1Ì/6 1.2 00 

-11/8 1.3 -6.06 

-11/12 1.4 -2.73 

- in./24 1.57 -1.59 

- 0 1.75 -1.00 
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(E -31) 

(E -32) 

2a3 
- al - a2 

a3 
- 

3 (E -33) 

where al, a2, and a3 are principal stresses and al>a2 >a3 (13, 

p. 50) . These equations apply to a rectangular coordinate system. 

Thus arp, atp, and a must be given in terms of rectangular co- 

ordinates in order to compute the stress deviator by equations 

(E -31), (E -32), and (E -33). Since the element shown in Figure 31 

includes an infinitesimal angle between two of its sides, it may be 

treated as if it were an element in a rectangular coordinate system 

(27, p. 417). Thus, 

= a , (E-34) 
rp xp 

a = a , and zp 
(E -35) 

^ 3 

3 ' 

3 

rp tp 

v 

tp 

° 

y 



a = a , 

Y Y 

in the rectangular coordinate system shown in Figure 31. 
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(E -36) 

Since the variation in stress rather than the absolute value of 

stress is desired, low integer values may be chosen for a and 
xp 

o'zp which satisfy the ratio of a :aZp given by (E -30). If it is as- 

sumed that 

then by (E -30) 

aXp = ,.2, 

Q 
zp 

when r = r,. By (E -11) a = 0. Thus, 
1 Y 

a> a > a 
Y zp p 

(E -37) 

(E-38) 

(E -39) 

On letting ay = al, azp =a2, and amp = a3 in (E -31), (E -32), and 

zp P 

= -1, 

P 

xp 



(E -33), the following stress deviator values are obtained: 

a =+1, 
Y 

= Q, and zp 

Q = -1. xp 
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(E-40) 

(E -41) 

( -42) 

In general, the result given by (E -40), (E -41), and (E -42) 

agrees with the experimental evidence reported here. The complex 

stress distribution around the indenter compresses the material ra- 

dially and extrudes the material vertically. When the hydrostatic 

component of stress is removed by considering only the stress 

deviator component, the deforming stresses appear as a tensile 

stress pulling the metal toward the surface and a radial compres- 

sive stress, This result is by no means a complete representation 

of the stress distribution around the indenter. Rather, it is con- 

sidered to be a state of stress which produces ridging during the 

indentation process. 

o 
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Resolved Shear Stress 

Equations (E -40), (E -41), and (E -42) represent a biaxial state 

of stress in the xy- plane. This state of stress is rotationally uniform 

about the y -axis shown in Figure 31. However, in the case of a sin- 

gle crystal, as the biaxial state of stress in the xy -plane is revolved 

about the y -axis, the resolved shear stress on the various slip sys- 

tems varies. Thus, in order to predict the plastic anisotropy as 

exhibited by RAI' s, the resolved shear stress on the various slip sys- 

tems must be calculated from the biaxial state of stress as the xy- 

plane is rotated about the y -axis. This will be done by representing 

metal in the region r. <r. x around the indenter as single 
1-- 

crystals with the dimensions and &c, A z, anda y. All of these finite 

crystals will have the same crystal orientation with respect to the y- 

axis and with respect to some chosen reference direction which is 

perpendicular to the y -axis. The biaxial stress in the xy -plane will 

be rotated about the y -axis, and the angle of rotation ( (5) will be the 

angle between the reference direction and the x -axis. The resolved 

shear stress on the various slip systems in a given single crystal 

element will be calculated from the biaxial state of stress when the 

xy-plane bisects the center of that element. In Figure 30, the x -axis 

is rotated to the desired angle (5 for calculating the resolved shear 

stress on a slip system in the single crystal element shown. 

+ - u 
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The state of stress, or stress tensor, which is caused by 

indenter action and parent metal reaction, must be resolved into 

shear stress on the possible slip systems in each element. Although 

the state of stress of immediate interest is plane stress in the xy- 

plane, a three -dimensional state of stress may be considered later. 

Therefore, the equation for resolving a three- dimensional state of 

stress will be developed and then simplified for the plane state of 

stress. 

Westergaard (46, p. 58) states the stress tensor as a matrix 

in the form 

[o, = 

- 
a x rxy 7-xz 

Tyx 6 y ryz , 

rzx rzy Cr zi 

where, by the law of shears in pairs, 

= , and 7-- rzx xz 

(E-43) 

The first subscript identifies the plane on which the stress acts, and 

a second subscript identifies the direction along which it acts. Thus 

ax and r act on a plane perpendicular to the x -axis, and y acts 
y xy 

along the direction of y. 

Let any given slip plane be defined by the unit vector n which 

=?-yx, Txy r 

x 



126 

is normal to the plane as follows: 

= n n nz, (E-44) 
Y 

where n , n , and n are direction cosines of the unit vector. 
x y z 

Let any slip direction in the given plane be defined by the unit 

vector v given by 

v =Tv +37v Kvz, (E -45) 
x Y 

where v , v , and v are direction cosines of the unit vector. 
x y 

The general transformation of the stress tensor in matrix 

form can be expressed as 

n n n a 't 7" (7n x y z x xy xz 
v V v 

.T. ny r: x y z Tyx y ryz 
w w w rnw x y z r z. r -zy Crz 

X 

y 

[niln 
z 

(E -46) 

where w , w , and w are direction cosines of a unit vector which is 
Y z 

perpendicular to both v and n. Since the shear stress Zny, which 

lies parallel to v and in the plane defined by n, is the resolved shear 

stress of concern, only T need be determined. From the matri- 
nv 

ces, the RSS expressed as is given by 
nv 

-f 
z 

z 

x 

¿' 

j 
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= Q v n +-r vn + v n 
ny x x x yx y x zx z x 

+7- vn +Qvn vn xyxy yyy zy z y 

vn vn + Q v n. (E®47) 
xz x z yz y z z z z 

This equation for a three -dimensional state of stress can now be 

simplified for a plane state of stress in the xy -plane by dropping the 

terms with a z component to obtain 

'rnv = vyvyny 
_ 

xvxnx 
+7- 

Y(vYnx 
+ vxn) . (E- 48) 

The equation in this form is difficult to evaluate. The x -axis 

will be rotated in the indented crystal plane. The direction cosines 

defining n and v should be easily measured or calculated as a function 

of the azimuthal angle 6. A direct measurement of the direction 

cosine angles will be chosen over solving for the direction cosines 

in terms of Miller indices. 

Let the angles A , 4 , «, and t' be defined as follows: 

l= angle between the slip direction for the given slip plane 

and the y -axis, 

angle between any given slip plane pole (direction nor- 

mal to the plane) and the y -axis, 

r 
+T 

+ r 

= 

+ 
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a = angle between the slip direction for the given plane and 

the x -axis for a given 61, and 

ß = angle between a given slip plane pole and the x -axis for 

a given ó . 

Thus, by the definition of the direction cosines, 

v = cosh, 
Y 

n = cos 4), 
Y 

v x 
= cos a , and 

n = cos ß . 
x 

(E-49) 

(E-50) 

(E-51) 

(E-52) 

Substituting these functions into (E -48), and designating T nv 
by RSS, 

gives the desired equation (E -5). 

RSS = Q cos cos 4 ) + Q cosa cos fT (cook. cos t : 5 
y x xy 

cosacos). (E -5) 

Equation (E-5) can be used to calculate the RSS on any slip system 

from a plane state of stress when the slip system is given in terms 

of direction cosines and the biaxial state of stress is in the xy- plane. 

Rotation Factor 

On the basis of the critical resolved shear -stress law, slip 

+ 
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will be initiated when the resolved shear stress exceeds the critical 

value. However, slip in the single crystal elements around the in- 

denter is governed not only by RSS but also by limitations on the 

distortion of the elements during plastic deformation. These limita- 

tions are imposed by the rigid indenter, the "rigid metal" surround- 

ing the elements, and the requirement that the elements do not 

separate. These limitations must be considered before any con- 

clusions can be made about the active slip systems in the elements. 

As mentioned earlier, the rotation factor is justified in prin- 

ciple by the same arguments given by Daniels and Dunn (12). How- 

ever, their arguments are based on deformation by a uniaxial tensile 

stress, whereas, the arguments given here are based on deforma- 

tion by a biaxial state of stress. 

Consider the element shown in Figure 31. As the metal is 

back extruded, the deforming elements do not separate. Although 

this indicates that two or more slip systems may be operative in 

some elements, it is assumed that the significant slip in each ele- 

ment occurs on one slip system. The operative slip system in one 

element may be different from the operative slip system in another 

element. 

As the indenter is forced into the metal, the radial dimen- 

sion of the typical element tends to decrease, and the element tends 
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to be extruded in the y- direction. The change in the tangential 

dimension of the element tends to be small with respect to the 

change in the radial dimension. This can be shown by considering 

the ratio of the change in the radius to the change in the tangential 

dimension of the element when the depth of the RAI is increased by 

dh. Since the included angle of the indenter in the conical region 

is 120o, the change in r is given by 

= dh tan 60°. (E- 53) 

The change in the tangential dimension (ds) can be expressed as 

ds=drdó, (E- 54) 

where ó is defined in Figure 31. If (E- 53) and (E- 54) are combined, 

the ratio dr :ds can be expressed as 

dr 1 

ds d6. (E-55) 

Thus, for an infinitesimal element, ds is negligible with respect to 

0 dr. When L ó = 5, ds 
= 11. 5. In summary, to accommodate the 

increase in diameter of the indenter as it is forced into the metal, 

the radial dimensions of the elements tend to decrease, the ele- 

ments tend to be extruded in the y- direction, and the tangential 

dr 



131 

dimensions of the elements remain approximately constant. These 

conditions decrease the tendency for certain slip systems to be ac- 

tive and increase the tendency for other slip systems to be active 

because of limitations on the distortion of the elements during plas- 

tic deformation rather than because of the magnitude of the RSS on 

the slip systems. During back extrusion by slip, the slip planes 

tend to rotate about an axis which lies in the slip plane and which 

is perpendicular to the slip direction. Assuming a single slip sys- 

tem is active in each element, when the axis of rotation is parallel 

to the tangential direction (z- axis), the radial dimension of the 

element decreases, while the tangential dimension remains constant 

during back extrusion by slip. When the axis of rotation is parallel 

to the x -axis, the radial dimension of the element remains constant 

while the tangential dimension increases. When the axis of rotation 

is parallel to the y -axis, the radial dimension decreases, but the 

tangential dimension increases, and back extrusion does not occur. 

When the axis of rotation lies in the xy- plane, the resulting plastic 

deformation is not consistent with the limitations on distortion of the 

elements. Thus when the axis of rotation of any slip system lies in 

the xy -plane (that is, perpendicular to the tangential direction), the 

tendency for that slip system to operate is minimal. When the axis 

of rotation of any slip system is parallel to the tangential direction, 
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the tendency for that slip system to operate is maximal, because 

the resulting plastic deformation is consistent with the limitations 

on distortion of the elements. 

In order to account for this limitation on the tendency for 

slip systems to act, the RSS on each slip system is multiplied by 

a rotation factor (RF). Since the RF must vary from a maximum to 

a minimum as the angle between the rotation axis and the tangential 

direction varies from 0 to 90o, a cosine function is chosen. Thus 

the RF is given by equation (E -6). 

RF = cosY, (E-6) 

where 4) is the angle between the rotation axis of the slip system 

and the tangential direction. 

The RSSRF product is termed DPF and is given by (E -4): 

DPF(ó ) _ [ 0 * cosh cos cp + a cosacos ß + 
Y X 

Xy(cos A cos + cosacos ) ] cos 4). 

Theoretical Results 

(E -4) 

Since the DPF is assumed to indicate the tendency for any 

slip system to operate in any element, the following assumptions 

concerning slip in the elements are made: 
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1. Slip in a given element will occur on the one slip system 

which possesses the maximum directional plasticity 

factor (MDPF). 

2. The relative magnitude of slip will be proportional to the 

relative magnitude of the MDPF. 

Since the critical resolved shear stress values of the various 

slip systems in tungsten are unknown to the author, these variables 

cannot be accounted for. 

Measurement of Angles 

The angles T, , a, ß , and 9 were determined with stere- 

ographic projections and a transparent Wulff net. The indented 

planes were the planes of projection. The stereographic projections 

comprised the slip directions (SD), the slip planes (SP), their re- 

spective axes of rotation (AR), and the chosen reference directions. 

Figure 30 shows the direction cosine angles and y for one slip 

system in one single crystal element. The direction -cosine angles 

and 4) were measured at loo intervals of ô for all probable slip 

systems. That is, the cosine angles and 4) were measured from the 

single crystal elements which occurred at a 10o interval of ô . The 

slip- system direction -cosine angles for the indented crystal planes 

(001), (110), (111), and (112) are given in Tables III -1, III -2, III -3, 
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and III -4, respectively, in Appendix III. The RF angles for these 

crystal planes are given in Tables III -5, III -6, III -7, and III -8, in 

Appendix III, 

The slip systems are divided into sets on the basis of slip 

planes. The measured values for the ((110)) slip -plane set of slip 

systems ((110)) [ [ 111] ], the ((112)) slip -plane set of slip systems 

((112)) [ [ 111] ], and the ((123)) slip -plane set of slip systems ((123)) 

[[1111] are shown separately in the tables. Because of the respec- 

tive crystal symmetries, the angles were not measured over the 

entire range from (5= 0o to ó = 360o. The angles were measured 

only over a range of S in which a representative half -cycle or full- 

cycle variation in angles occurs. The accuracy of the direction 

cosine angles as given in the tables is approximately +2o. 

Calculations 

DPF values were calculated from values of the deviatorial 

stresses given by equations (E -40), (E -41), and (E -42), the slip 

system direction cosine angles, and the RF angles. Calculations 

of the values of DPF for each different slip system at each interval 

of 8 for the indented crystal planes (001), (110), (111), and (112) 

were computerized. Tables III -5, III -6, III -7, and III -8 in Appendix 

III show the essential computer output. The RSS and DPF for each 
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slip system (hkl) [uvw] are given versus 6 . The MDPF which oc- 

curs on the ((110)) slip planes, the ((112)) slip planes, and the 

((123)) slip planes in each element (that is, each value of (5) are 

shown at the left. The slip system with the MDPF for each set of 

slip systems at some 6 can be determined by locating the slip 

system which has a DPF(6) which equals the MDPF(6 ). 

The maximum directional plasticity factors for each slip 

system for 6 and for 6 + 1800 are averaged and given at the left. 

This averaging is necessary when the MDPF of the slip system 

does not possess even -fold rotational symmetry about the normal 

to the indented plane, because the MDPF differs for an element at 

6 and an element at 6 + 1800. In order to predict the anisotropy 

exhibited by an indenter with two -fold rotational symmetry about 

the indenter axis, the MDPF of the elements at 6 and 6 + 180° 

are averaged. 

Presentation of Results 

The calculated MDPF values are plotted versus 6 on polar 

coordinate paper. Figures 33, 34, 35, and 36 show plots of MDPF 

versus 6 for the planes where the y -axis is normal to the (001), 

(110), (111), and (112) planes. The plots are related to crystal 

plane orientation by the crystal directions and symbols as shown. 
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Figure 33. Maximum directional plasticity factor versus direction 
in the (001). 
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Figure 34. Maximum directional plasticity factor versus direction 
in the (110) . 
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Figure 35. Maximum directional plasticity factor versus direction 
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Figure 36, Maximum directional plasticity factor versus direction 
in the (112). 
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The plots were extended by symmetry to show the curve of MDPF 

from S = 0o to S = 3600. The MDPF for each set of slip systems 

increases as the radius of the polar plot increases. 

The average maximum directional plasticity factors for each 

set of slip systems are plotted versus b on rectangular coordinate 

paper. Figures 37, 38, 39, and 40 show the plots for planes where 

the y -axis is normal to the (001), (110), (111), and (112) crystal 

planes. For comparison, the experimental results from Knoop length 

measurements are reproduced on the figures. 

Discussion 

Maximum Directional Plasticity Factor 

Compared with RA Hardness Indentations 

As shown by the scale on the MDPF plots, MDPF increases 

as the radius of the polar plot increases. Thus, an increase in 

radius shows a tendency for increased ridging around the indenta- 

tion. In other words, the polar plots of MDPF should show the 

plastic anisotropies exhibited by ridging around the indentations. 

Since RAR and MDPF should be directly related to the extent of 

ridging, they should be directly related to each other. 

On comparing the (001) RAI, Figure 9, with the MDPF plot 

in which the y -axis is normal to the (001), Figure 33, the 
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Figure 37. Average maximum directional plasticity factor compared 
with experimental Knoop length anisotropy in the (001). 
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Figure 38. Average maximum directional plasticity factor compared 
with.experimental Knoop length anisotropy in the (110). 
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Figure 39. Average maximum directional plasticity factor compared 
with experimental Knoop length anisotropy in the (111). 
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Figure 40. Average maximum directional plasticity factor compared 
with experimental Knoop length anisotropy in the (112). 
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correlation is observed. The MDPF plot has the same shape and 

orientation as does the black region of the RAI. Thus ridging oc- 

curs in the (001) as predicted by the MDPF plot. 

The critical resolved shear stress values of each slip sys- 

tem must be known to draw any meaningful conclusions from the 

MDPF plots as to which set of slip systems is active at any 6. 

However, the variation in MDPF for the different sets of slip sys- 

tems indicates that at least one conclusion can be made in this 

connection. The variation in MDPF for the ((110)) slip planes ex- 

hibits approximately 8 -fold symmetry rather than the 4 -fold sym- 

metry exhibited by ridging. Thus, although slip on the ((110)) slip 

planes probably occurs in some elements, either the ((112)) slip 

planes or the ((123)) slip planes, or both, must be active in the 

major share of the elements. 

On comparing the (110) RAI, Figure 10, with the MDPF plot 

in which the y -axis is normal to the (110), Figure 34, the correla- 

tion is observed. The MDPF plot agrees in symmetry, shape, and 

orientation with the extent of ridging as indicated by the radius of 

the black region. 

Comparison between the (11 1) RAI , Figure 11, and. the MDPF 

plot in which the y -axis is normal to the (111), Figure 35, requires 

more interpretation. The 3 -fold roto -inversion symmetry possessed 
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by the [111] complicates the already complex deformation process. 

Although the slip line pattern shows simple 3 -fold rotational sym- 

metry, the black region (or variation in RAR) shows simple 6 -fold 

rotational symmetry about the normal to the indented plane. The 

MDPF plots, developed on the premise that the elements only tend 

to be extruded out of the metal surface and away from the indenter, 

exhibit only 3 -fold rotational symmetry. These plots are shown by 

the solid curves in Figure 35. However, if the elements which are 

some finite distance from the indenter are assumed to be capable of 

extruding out of the metal surface and toward the indenter, then the 

MDPF plots exhibit 6 -fold rotational symmetry. This symmetry is 

shown by the combination of the solid and broken curves in Figure 

34. This latter manner of extrusion probably occurs on indenting 

the (111) crystal plane and to a limited degree on indenting the other 

planes. It is not surprising that this deviation from the model of 

extrusion proposed earlier is observed in (111). Since the ridges 

around the indentation in this particular plane are relatively slight, 

any deviations from the normal ridging process will be relatively 

more noticeable. 

The ridging anisotropy exhibited by the (112) RAI, Figure 12, 

agrees with the tendency predicted by the MDPF plots in which the 
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y -axis is normal to the (112), Figure 35. In addition, an envelope 

around the MDPF plots agree with respect to shape, symmetry, 

and orientation with an envelop around the slip line pattern in the 

(112) cone indentation, Figure 16. Although the [ 1121 has 1 -fold 

roto- inversion symmetry, the deviation observed in (111) RAI is 

not noticed in the (112) crystal plane. 

The fact that the theoretical curves agree with the experi- 

mental observations in the case of the (112) is most important. 

Since the (112) has lower symmetry about its normal axis than 

any of the other indented planes, it provides the strongest test for 

the generality of the analytical method. That is, if the MDPF cor- 

rectly predicts the tendency for ridging in the (112), then it is 

likely that the theoretical method will give good results for any 

crystal plane. 

Theoretical Results Applied to KHN 

Anisotropy and RAD Anisotropy 

Figures 37, 38, 39, and 40 show the comparisons to be 

discussed. The RAD is not plotted here because RAD has been 

previously related to Knoop length by Figures 21, 22, 23, and 24. 

The following discussion explains why the DPF developed 

from a model of the indentation process for a RA hardness indenter 
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can be related to the indentation hardness anisotropy measured 

with a Knoop indenter. 

Let the Knoop indenter be idealized as a smooth wedge with 

convex sides, During indentation with such a wedge, deformation 

of elements around the side of the wedge would be quite similar 

to deformation of elements around the R a 
hardness indenter. Thus 

the DPF might be applied to indentation with the idealized Knoop 

indenter. Since the average MDPF indicates the tendency of ele- 

ments to be extruded and simultaneously reduced in the radial di- 

rection, it should be inversely related to the resistance to indenta- 

tion by such a wedge. 

Let the short diagonal be retained to designate the lateral 

direction of the wedge. The average MDPF which is parallel to 

the short diagonal should be the most important average MDPF for 

predicting the resistance to indentation. Thus, a plot of length of 

the long diagonal versus the short diagonal direction as given by 8 

should vary directly as the plot of average MDPF versus S . Thus, 

the plots shown in Figures 37, 38, 39, and 40 are as predicted. 

In summary, the average MDPF qualitatively predicts the 

KHN anisotropy when the KHN is associated with the direction which 

is parallel to the short diagonal. 
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Shape of Upset Forgings 

The shape of the upset- forged [001], [110], and [111] tung- 

sten single -crystal cylinders shown in Figures 25, 26, 27, and 28 

can be qualitatively explained by considering the symmetrical orien- 

tation of the slip directions, cones of undeformed metal at the ends 

of the billets, the resolved shearing stresses, and the limitations 

on deformation imposed by the anvils. 

The equation for RSS given by (E -8) shows that all equivalent 

slip systems- -those which have the same geometric relationship to 

the longitudinal axis of one of the cylindrical billets - -will have the 

same RSS in that billet. Although the RSS equation shows the tend- 

ency for slip systems to be active as a function of the angles A. and , 

it cannot show a variation in the tendency of slip systems to operate 

as a function of azimuthal angle S. 

Since that part of the cylinder which touches the anvils pro- 

ducing the compression is hindered from expanding radially because 

of friction, a non- uniform distribution of compressive stress re- 

sults. Consequently, conical regions of undeformed metal often 

result during unlubricated compression along the axis of circular 

cylinders of ductile metals. The bases of the cones are the ends of 

the cylinders. The included angle (20) of each cone varies with the 

friction, the extent of compression, and the ratio k-,f cylinder 
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diameter (d) to cylinder length (1). Barrett shows the following re- 

sults, Table 6, for compressed steel cylinders with accurately 

machined ends (3, p. 328 -341). 

Table 6. Angle defining conical region of undeformed metal in 
compressed steel cylinders. 

d/1 0.4 0.6 0.8 

e 32° 40° 47° 

1.0 1.2 

550 62° 

Although these results may not apply directly to the upset -forged 

single crystals of tungsten, they give a first approximation of what 

to expect. The diameter -to- length ratio of the tungsten single crys- 

tal cylinders is one. If cones of undeformed metal, where e is ap- 

proximately 55 °, are assumed to exist during the initiation of plastic 

deformation, the observed shape of the upset forgings can be ration- 

alized. The cone on the top of the billet and the cone on the bottom 

of the billet probably tend to act like indenters. The metal adjacent 

to a cone probably tends to slip parallel to the face of a cone toward 

the anvils. Thus each active slip system is more active in the re- 

gion of the cylinder where its slip direction is more nearly parallel 

to a generatrix of a cone. 
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Figure 41 shows the development of this argument and the 

predicted shape of the upset forgings on this basis. Figure 41A 

shows the sense and idealized directions of the maximum shear 

stresses which are rotationally uniform about the axes of the cylin- 

drical billets. These maximum shear stresses are the principle 

elastic shear stresses for a uniform uniaxial- compressive stress 

which occurs at 45o to the principal compressive stress in a homo- 

geneous and isotropic body. They are used here to illustrate that 

the maximum shear stresses in the elastically stressed cylinder are 

close to being parallel to the sides of the assumed cones of unde- 

formed metal. The resolved shear stress is a maximum on the slip 

systems whose slip planes are closest to being tangent to the maxi- 

mum shear stress cone as shown in the Figure 40A, and whose slip 

direction is at nearly 45o to the cylinder axis. Thus the assumption 

that the metal tends to flow along the sides of the cone is in agree- 

ment with what would be expected on the basis of resolved shear 

stress. 

Figure 41B, C, and D show the orientation of all of the slip 

directions in the [001], [ 110], and [ 111] single - crystal billets, 

respectively. Arrows indicate the predicted sense of slip along each 

slip direction. The sense of slip is predicted on the basis that slip 

tends to occur toward the anvils along the generatrices of the cones 
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Figure 41. Diagrammatical explanation of the shape of the upset 
forged tungsten single crystal cylinders. A. Sense and direction 
of maximum shear stresses and assumed conical region of unde- 
formed metal in the single crystal billet. B. Slip directions in the 
1001] crystal billet and the region where the [111] is the most ac- 
tive slip direction. C. Slip directions in the [ 110] crystal billet. 
D. Slip directions in the [ 111] crystal billet and the region where 
the [ ill] is the most active slip direction. E, F, and G. The 
predicted shape of the upset forged [001], [ 110], and [ 111] 

single crystal cylinders, respectively, 
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of undeformed metal. Figure 41E, F, and G shows the predicted 

shape of the upset forgings. In the [001] crystal billet, Figure 41B, 

the azimuthal angle between any two adjacent slip directions is 90o. 

Thus, for example, the [111] slip direction will be most active in 

the cutout region shown near the [001] billet. The radial component 

of slip will be a maximum along the projection of the [ 111] onto the 

top anvil, The maximum radial components of slip in the [001] 

forging are shown parallel to the projection of the [ [111] ] onto the 

anvils in Figure 41E. The predicted shape of the [001] forging 

qualitatively agrees with the shape of the actual [001] forgings 

shown in Figures 25, 26, 27, and 28. The bulging at the center of 

the actual forging might be explained by the type of duplex slip where- 

in two slip directions simultaneously act on one slip plane. The 

direction of effective slip is the bisector of the angle between the 

two slip directions (35, p. 64; 22). 

In the [110] crystal billet, Figure 41C, the [lii] and the 

[1111 slip directions probably are not active during the initial stages 

of compression because all slip systems whose slip directions are 

900 from the cylinder axis have zero resolved shear stress. The 

slip directions which are shown protruding from the top and bottom 

of the billet must be the active slip directions during the initial 

stages of compression. Thus the radial slip components are expected 
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to be a maximum along the projections of the [ 11 1 ] and [1111 onto 

the anvils. The predicted shape of the (110] forging shown in Figure 

41F agrees with the shape of the actual [ 110] forgings shown in 

Figures 25, 26, 27, and 28. 

The [ 111] forging provides the best test for the assumed 

mechanism of deformation. On the basis of symmetry, the [111] 

billet, Figure 41D, can be divided into the six equivalent regions 

wherein only one slip direction is the most active slip direction in 

any given region. The five remaining equivalent regions can be 

developed by performing a 3 -fold roto- inversion symmetry operation 

about the [111] cylinder axis with this region as the motif. The 

predicted shape of the ( 1111 forging as shown in Figure 41G is pre- 

dicted by considering the radial components of slip in each region. 

The predicted shape of the forging agrees with the shape of the 

actual forgings shown in Figures 25, 26, 27, and 28. 

Thus the shape of the upset- forged [001], [110], and [111] 

tungsten single crystal cylinders can be qualitatively explained by 

considering the symmetrical orientation of the slip directions, the 

cone of undeformed metal at the ends of the billets, the maximum re- 

solved shear stresses, and the limitations on deformation imposed 

by the anvils. 
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APPLICATION 

The objective of this phase of the investigation was to explore 

and develop the use of RAI's 
A 

as a simple experimental technique for 

determining the "ideal orientation" of some simple deformation sheet 

textures and to show the plastic anisotropy, as exhibited by indenta- 

tions, of the textures. The technique makes use of the characteris- 

tic anisotropic deformation behavior of single crystals discussed 

previously and of the characteristic deformation behavior of cold - 

worked textured materials, which cause distinctive residual shapes 

of RAI's and characteristic surface deformation markings. It ex- 

tends the previous applications of indentations for single crystal and 

recrystallized texture studies to the identification and study of de- 

formation sheet textures. The technique was conceived and devel- 

oped as a result of the work discussed earlier. 

Figure 42 shows how a (001) [uvw] texture might be identified 

with RAPS. Figure 42 (top) shows a (001) RAI in a tungsten single 

crystal. The indentation is related to the orientation of the crystal 

by the reference direction shown in the figure. Figure 42 (center) 

is the (110) pole figure of a molybdenum strip, which was produced 

by rolling a single crystal to 95- percent reduction in height. The 

ideal orientation of this texture is (001) [110J rotated 14° about the 

[11n The pole figures in this and subsequent figures were 
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Figure 42. RA hardness indentation in (001) [uvw] textured molyb- 
denum compared with a RAI in the (001) of a tungsten sin- 
gle crystal. A. (001) RAI. B. The (110) pole figure of 
the strip of rolled molybdenum. C. RAI in the rolling 
plane of the molybdenum strip. 
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determined by the Schulz X -ray reflection method. Figure 42 

(bottom) is a RAI made at room temperature in the rolling plane of 

the molybdenum strip. The indentation is related to the pole figure 

shown in Figure 42 (center) by the reference direction which is 

parallel to the [ 110] rolling direction. A comparison of the RAI's 

shows that the molybdenum with the simple deformation sheet tex- 

ture responds to the indenter in a manner similar to a single crystal 

with the ideal orientation of the texture. The orientation, symmetry, 

and shape of the indentations are similar. Since the pole figure ex- 

hibits approximately a 4 -fold symmetry, the plastic anisotropy ex- 

hibited by the textured material is expected to be 4 -fold in nature, 

The indentation shown in Figure 42 (bottom) was typical of the RAI's 

made over a wide area on the molybdenum strip. 

Figure 43 shows how a (110) [uvw] simple deformation sheet 

texture might be determined with RAI's. Figure 43 (top) shows a 

(110) RAI in a tungsten single crystal. The reference arrow shown 

in the back region orients the indentation with respect to the orienta- 

tion of the indented plane. Figure 43 (center) is the (110) pole figure 

which illustrates the texture of a rolled tungsten single crystal. This 

texture may be described by the ideal orientation (110) [001]. Figure 

43 (bottom) is a typical RAI made at room temperature on the rolling 

plane of the tungsten strip. The orientation of the pole figure is 
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Figure 43. RA hardness indentation in (110) [uvw] textured tungsten 
compared with a RAI in the (110) of a tungsten single 
crystal. A. (110) RAI. B. The inner 700 of a (110) 
pole figure of the strip of rolled tungsten. C. RAI in 
the rolling plane of the tungsten strip. 
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related to that of the RAI by the reference direction, which is paral- 

lel to the rolling direction. A comparison of the RAI's A 
shows that 

the (110) [001] simple deformation sheet textured material and a 

tungsten single crystal with the ideal orientation of the texture re- 

spond in a similar manner to the indenter. The symmetry and ori- 

entation of the indentations are similar. 

Figure 44 shows the relationship between a (111) RAI of a 

tungsten single crystal and a (111) [11:2] textured material. Figure 

44 (top) shows a (111) RAI in a tungsten single crystal. The complete 

orientation of the indented plane is given by the arrows and lens 

symbols. Figure 44 (center) shows the (110) pole figure of the upset - 

forged tungsten single crystal. The reference direction shown in the 

pole figure is a reference direction which was initially parallel to 

the [ 100] direction in the undeformed crystal. This texture may 

be described by the ideal orientation (111) [ 112] where the [ 112] 

direction is parallel to and has the same "sense" as the reference 

direction of the pole figure. The word parallel is not sufficient by 

itself where 2 -fold symmetry is absent. Therefore, it is convenient 

to assign a "sense" to the directions [uvw] and define the direction 

out of the crystal as positive. Figure 44 (bottom) shows the indenta- 

tion made in the upset -forged tungsten single crystal in the same 

region that was examined for texture by X -rays. The reference 
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Figure 44. RA hardness indentation in (111) [uvw] textured tungsten 
compared with the RAI in the (111) of a tungsten single 
crystal. A. (111) RAI. B. The inner 70° of a (110) pole 
figure of the upset forged tungsten single crystal. C. 
RAI in the upset forging. 
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direction shown here is parallel to the reference direction shown in 

the pole figure. The RAI in the textured material is similar in ori- 

entation, symmetry, and shape to that of the RAI in the tungsten 

single crystal. 

The correlation between the shape, orientation, and sym- 

metry of RAI's was used to explore the upset forging for variations 

in texture. This experiment proved the usefulness of texture identi- 

fication and texture study by this indentation method. On one end 

on the top side of the forging, all RAI's were the same in shape, 

symmetry, and orientation to that shown in Figure 44 (bottom). 

However, on the other end of the upset forging, the RAI's were 

rotated exactly 180o from that shown in the figure. The RAI's pro- 

duced in a narrow 1/8- inch -wide band in the center and top of the 

forging showed simple 6 -fold symmetry instead of 3 -fold symmetry, 

although the orientations of the black regions of the RAI's in the 

middle were the same as the RAI's on both ends. From this evi- 

dence, it was predicted that on the opposite end of the forging shown 

in Figure 44 the texture was (111) [ 112] with the same reference 

direction, and in the center that the texture was the summation of the 

textures found on both ends- -that is (111) [ 112 + 112]. Subsequently, 

the predictions of these textures were confirmed by the conventional 

Schulz X -ray reflection method. The existence and width of this 
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band in the center of the upset- forged single crystal is difficult to 

detect with Schulz X -ray technique. The pole figure determined 

with this technique will show two components, but these two compon- 

ents can develop from either of two causes, The two component 

texture can exist in the irradiated metal or the center of the irradi- 

ated area can be on the boundary between two regions with distinctly 

different textures. In the latter case, the two components result 

from summing the diffracted X -rays from the two different regions. 

In summary, the technique of using RAI's for identifying, 

detecting, and /or checking deformation sheet textures has some 

advantages over conventional X -ray methods. The most important 

of these advantages is the saving in manpower time and instrument 

time. Where the RAI method is applicable, time to identify a simple 

deformation sheet texture may be reduced 10- to 1,000-fold as 

compared to the time required by conventional X -ray methods. 

In addition, the anisotropy of some mechanical properties may be 

qualitatively predicted from the morphology of the RAI, whereas 

the X -ray data must be subjected to considerable analysis before 

predictions concerning properties can be made. Another advantage 

is the ability to determine the variation in texture over short dis- 

tances. Several RAPS A can be made in the same area required for 

determining one pole figure by the Schulz reflection method. 
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Another advantage is that the RAI method may be used on large 

specimens or work pieces, which, without sectioning, could not be 

investigated with conventional X -ray methods. This benefit is pos- 

sibly the most important industrial benefit. Industrial applications 

might be quality control or process control for forged or rolled 

products. 

The conventional X -ray methods still have important advan- 

tages over the RAI method. The conventional X -ray methods pro- 

vide the most precise description of preferred orientation and are 

the only means for determining and describing a complex texture. 
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CONCLUSIONS 

1. The morphologies of indentations made with conical in- 

denters characterize both the indented planes and the orientations 

of the indented planes in tungsten single crystals. RA hardness 

indentations made in the (001) , (110) , (111) , and (112) planes dif- 

ferentiate one plane from another by symmetrically -contoured sur- 

face distortions (symmetrically -disposed ridges). In these same 

planes, indentations made at elevated temperatures (up to 3,000°F 

in vacuo) with a cone differentiate one plane from another by unique 

slip line patterns in addition to ridges. Both types of indentations 

show the rotational symmetries of the crystal axes which are nor- 

mal to the indented planes. Consequently, conical indentations in 

the (001), (110), (111), and (112) planes exhibit 4 -fold, 2 -fold, 3- 

fold, and 1 -fold rotational symmetry, respectively. The slip line 

patterns made at elevated temperatures are quite similar with 

respect to symmetry and orientation to previously reported slip line 

patterns around indentations made at room temperature in corre- 

sponding planes of alpha -iron single crystals. Plastic anisotropy 

causes the symmetrically- disposed ridges. Variations in the height 

of the ridges at the rim of the indentations cause the measured rim 

diameters to vary periodically with the direction of measurement in 
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the indented planes. 

2. Halopatterns produced with a light microscope by inter- 

cepting the unfocused image of RA hardness indentations clearly 

portray the symmetry of the symmetrically- contoured surface dis- 

tortions in the vicinity of the indentations. In addition to showing the 

rotational symmetries of the normals to the indented crystal planes, 

the characteristic light spots and halos of the halopatterns have a 

precise disposition with respect to the orientation of the indented 

planes. Consequently, halopatterns can be used to identify the (001), 

(110), (111), or the (112) crystal planes and accurately determine 

(+2°) directions in these crystal planes. 

3. The periods of the KHN anisotropies in the (001), (110), 

(111), and (112) planes of tungsten single crystals depend on the 

rotational symmetry of the axes which are normal to the indented 

planes. The KHN anisotropies repeat every 90° in the (001) planes, 

every 180° in the (110), every 60° in the (111), and every 180° in the 

(112) plane. The variations in KHN with direction of measurement 

in the planes have the same period and are in phase (within experi- 

mental error) with the variations in KHN in corresponding planes 

of silicon ferrite single crystals and columbium single crystals 

where comparison data are available. 

4. The shape of upset -forged tungsten single -crystal 
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cylinders show the rotational symmetry of the crystal axes which 

were initially parallel to the direction of forging. Consequently, 

upset forgings produced by upset forging crystals at elevated temper- 

atures (1, 100°F to 1,475°F) with the [001], [ 110], and [ 111] crystal 

axes parallel to the cylinder axes show 4 -fold, 2 -fold, and 3 -fold 

rotational symmetry, respectively. The shape of the upset forgings 

can be qualitatively explained by considering the orientation of the 

slip directions, cones of undeformed metal at the ends of the billets, 

maximum resolved shear stresses, and the limitations imposed by 

the anvils on deformation. The shape of the upset forgings corre- 

spond to the shape of the RA hardness indentations. The variations 

of RA hardness indentation diameter with direction in the (001), (110), 

and (111) planes have the same period and are in phase (measured 

from the same reference direction) with the variations in radial . 

strains in the corresponding upset forgings. Consequently, for the 

processes considered here, the "softest" or "most plastic" direc- 

tions in each particular indented plane are parallel to the longest RA 

hardness indentation diameters and conversely for the "hardest" 

directions. The variations in radial strains in the upset forgings 

agree with the KHN anisotropies in corresponding planes if the KHN's 

are plotted versus the short diagonal directions. Thus, in the 

tungsten single crystals investigated here, KHN is principally 

- 
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dependent on the resistance of the metal to being displaced parallel 

to the short diagonal direction of the Knoop indentation. 

5. The KHN anisotropies correlate with the RA hardness 

indentation diameter anisotropies. The periodic variations of the 

RA indentation diameters have the same period as and are in phase 

with the periodic variations in the length of the long diagonal of Knoop 

indentations in corresponding planes if Knoop length is plotted versus 

the direction which is parallel to the short diagonal of the Knoop 

indentation. Consequently, the RA 
A 

hardness indentation diameter 

anisotropies in the (001), (110), (111), and (112) planes have the 

same period as and are in phase with KHN anisotropies in 

corresponding planes if the KHN's are associated with the directions 

of the short diagonals of the Knoop indentations. 

6. An equation has been developed for a directional plasticity 

factor which can be used to qualitatively predict the RA hardness 

indentation diameter anisotropy and the KEIN anisotropy on the (001), 

(110), (111), and (112) crystal planes of tungsten single crystals. 

The model of plastic deformation is assumed to be the back extrusion 

of single crystal elements in a thick -walled cylinder by internal and 

external pressures. This model may be applied to the Knoop inden- 

tation process if the Knoop indenter is idealized as a smooth wedge 

with convex sides. The theoretical results obtained on this basis 

' 

. 
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agree with all experimental results if KFIN' s are plotted versus the 

short diagonal directions in the indented planes. 

7. Some simple sheet deformation textures in tungsten and 

molybdenum can be identified and studied by the shape, orientation, 

and symmetry of RA hardness indentations. This method of inves- 

tigating deformation sheet textures has some significant advantages 

over conventional X -ray techniques. The method is simple and 

fast. Variations in texture over short distances can be detected. 

Small, as well as very large, work pieces can be investigated. The 

indentations can show the presence and symmetry of plastic aniso- 

tropy without necessitating extensive analysis. However, the meth- 

od's usefulness seems limited to deformed single crystals and 

heavily polycrystalline specimens. 
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APPENDIX I 

Standard Stereographic Projections of Cubic Crystals. 
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Figure I -1. Standard (001) projection of a cubic crystal. (42) 
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APPENDIX II 

KNOOP HARDNESS DATA 

TABLE II -1 

Knoop Hardness Data 
Indenter axis normal to (001) 

Length of long diagonal and KHN are referenced to the crystal direction 
which is parallel to the short diagonal. 

o = 0° when short diagonal of Knoop indenter is parallel to [1001. 
Load = 2 kg. 

6 1/ 2/ 3/ 
0 565 .2601 421 

5 569 .2618 415 

10 576 .2650 405 
15 578 .2659 402 
20 584 .2686 393 

25 600 .2728 382 

30 604 .2777 368 

35 607 .2792 366 

40 605 .2783 368 

45 604 .2783 368 

50 606 .2783 368 
55 604 .2779 368 
60 602 .2769 371 
65 594 .2732 382 
70 587 .2700 390 
75 574 .2640 408 

80 568 .2611 418 
85 562 .2585 424 
90 557 .2562 434 
95 557 .2562 434 

100 564 .2592 424 
105 572 .2629 411 
110 577 .2652 405 
115 586 .2696 390 

120 591 .2719 385 
125 600 .2760 374 

130 601 .2765 371 

135 604 .2778 368 

140 601 .2762 374 
145 596 .2767 379 

150 588 .2742 387 
155 586 .2705 393 

160 576 .2693 402 

165 582 .2666 402 

170 560 .2666 424 
175 556 .2592 434 

180 555 .2557 438 

1/ Measured length of indentation in filar units 
2/ Length of indentation in mm. 
3/ KHN when load is 2 kg. 
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TABLE II-2 

Knoop Hardness Data 
Indenter axis normal to (110) 

Length of long diagonal and KHN are referenced to the crystal direction 
which is parallel to the short diagonal. 

ö = 0° when short diagonal of Knoop indenter is parallel to [1101. 
Load = 2 kg. 

ö if 2/ 3/ 
0 560 .2576 429 
5 558 .2567 432 

10 576 .2649 406 
15 568 .2613 417 
20 590 .2714 386 
25 590 .2714 386 
30 592 .2723 384 
35 603 .2774 370 
40 602 .2769 371 
45 602 .2769 371 
50 593 .2728 382 
55 598 .2751 376 
60 598 .2751 376 
65 593 .2728 382 
70 602 .2769 371 
75 600 .2760. 374 
80 ND ND ND 
85 598 .2751 376 
90 594 .2732 381 
95 577 .2654 404 

100 614 .2824 357 
105 596 .2742 379 
110 572 .2631 411 
115 592 .2723 384 
120 600 .2760 374 
125 594 .2732 381 
130 598 .2751 376 
135 587 .2700 390 
140 596 .2742 379 
145 586 .2696 392 
150 607 .2792 365 
155 585 ,2691 393 
160 590 .2714 386 
165 577 .2654 404 
170 572 .2631 411 
175 565 .2599 421 
180 557 .2562 433 

1/ Measured length of indentation in filar units. 
2/ Length of indentation in mm. 
3/ KHN when load is 2 kg. 
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TABLE H -3 

Knoop Hardness Data 
Indenter axis normal to (111) 

Length of long diagonal and KHN are referenced to the crystal direction 
which is parallel to the short diagonal. 

6 = 0° when short diagonal of Knoop indenter is parallel to [ 110]. 

Load = 2 kg. 

6 1/ 2/ 3/ 
0 591 .2707 385 

5 594 .2718 381 

10 602 .2757 371 

15 599 .2743 375 

20 603 .2762 370 

25 609 .2789 363 

30 613 .2810 358 

35 ND ND ND 

40 589 .2698 388 

45 583 .2668 396 

50 596 .2730 379 

55 581 .2659 399 

60 588 .2693 389 

65 588 .2693 389 

70 595 .2725 380 

75 597 .2734 376 

80 609 .2789 363 

85 609 .2789 363 

90 615 .2817 356 

95 611 .2798 360 

100 610 .2794 362 

105 607 .2780 365 

110 590 .2702 386 

115 584 .2674 394 

120 597 .2734 378 

125 600 .2748 374 

130 594 .2718 381 

135 607 .2778 365 

140 608 .2785 364 
145 605 .2771 368 

150 614 .2812 357 

155 617 .2824 353 

160 602 .2757 371 

165 589 .2698 388 

170 589 .2695 388 

175 584 .2672 394 

180 591 .2707 385 

1/ Measured length of indentation in filar units. 
2/ Length of indentation in mm. 
3/ KHN when load is 2 kg. 
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TABLE II-4 

Knoop Hardness Data 
Indenter axis normal to (112) 

Length of long diagonal and KILN are referenced to the crystal direction 
which is parallel to the short diagonal. 

6 = 00 when short diagonal of Knoop indenter is parallel to [111]. 
Load = 2 kg. 

6 1/ 2/ 3/ 
0 625 .286 344 
5 615 .282 356 

10 610 .279 362 
15 608 .278 363 
20 598 .274 376 
25 594 .272 381 
30 581 .266 399 
35 587 .269 390 
40 579 .265 501 

45 580 .266 400 
50 595 .273 380 

55 604 .277 369 
60 607 .278 366 
65 609 .279 363 

70 609 .279 363 
75 609 .279 363 
80 606 .278 366 
85 606 .278 366 
90 608 .278 364 
95 617 .283 353 

100 610 .279 362 
105 606 .278 366 
110 618 .283 352 
115 609 .279 362 
120 607 .278 365 
125 608 .278 363 
130 598 .274 376 
135 589 .270 388 

140 590 .270 386 
145 599 .274 375 
150 597 .273 377 
155 604 .277 369 
160 609 .279 363 
165 609 .279 363 
170 608 .278 364 
175 617 .283 353 
180 620 .284 349 

1/ Measured length of indentation in filar units. 
2/ Length of indentation in mm. 
3/ KHN when load is 2 kg. 
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Slip system direction cosine angles 
Table III -1. y -axis normal to (100) 

ó = 0° when positive x -axis intersects (110) pole of standard (100) projection 

Azimuthal 
angle 

Slip system - respective direction cosine angles 

((110)) slip planes 

(011) [Ill] 
¢ a ß a 

(101) [Ill] 
¢ a ß a 

(110) [111] 
¢ a Q 

((on) [ 1a 1 ] 

13 X 
( 1) t 1Q lr 

Q 
(110) [Ill] 

ó a 4) a IB X 

0 55 90 35 90 55 45 35 120 55 45 35 120 55 90 90 00 55 45 90 60 55 45 90 120 
10 55 90 36 80 55 45 36 115 55 45 36 126 55 90 83 10 55 45 83 65 55 45 83 126 
20 55 90 40 70 55 45 40 109 55 45 40 130 55 90 74 20 55 45 74 71 55 45 74 130 
30 55 90 45 60 55 45 45 102 55 45 45 134 55 90 67 30 55 45 67 78 55 45 67 134 
40 55 90 51 50 55 45 51 95 55 45 51 135 55 90 59 40 55 45 59 85 55 45 59 135 
45 55 90 55 45 55 45 55 90 55 45 55 135 55 90 55 45 55 45 55 90 55 45 55 135 

((112)) slip planes 

á (121) [Ill] (112) [Ill] (211) [Ill] (121) (ill] (112) [ill] (211) [ill] 

0 55 66 35 107 55 35 35 125 55 66 35 107 55 66 90 30 55 35 90 90 55 66 90 150 
10 55 66 36 99 55 35 36 125 55 66 36 115 55 66 83 37 55 35 83 96 55 66 83 155 
20 55 66 40 90 55 35 40 124 55 66 40 124 55 66 74 44 55 35 74 101 55 66 74 157 
30 55 66 45 81 55 35 45 121 55 66 45 135 55 66 67 53 55 35 67 107 55 66 67 155 
40 55 66 51 72 55 35 51 117 55 66 51 141 55 66 59 62 55 35 59 112 55 66 59 149 
45 55 66 55 66 55 35 55 114 55 66 55 145 55 66 55 66 55 35 55 114 55 66 55 145 

((123)) slip planes 

s (231) [Ill] (132) [111] (123) [111] (231) [111] (132) [ 111] 1123) [ill) 

0 55 75 35 101 55 58 35 112 55 37 35 125 55 75 90 19 55 58 90 41 55 37 90 79 
10 55 75 36 102 55 58 36 106 55 37 36 122 55 75 83 27 55 58 83 50 55 37 83 86 
20 55 75 40 83 55 58 40 97 55 37 40 118 55 75 74 35 55 58 74 56 55 37 74 92 
30 55 75 45 73 55 58 45 89 55 37 45 113 55 75 67 44 55 58 67 64 55 37 67 98 
40 55 75 51 63 55 58 51 80 55 37 51 108 55 75 59 53 55 58 59 72 55 37 59 104 
45 55 75 55 58 55 58 55 75 55 37 55 105 55 75 55 58 55 58 55 75 55 37 55 122 

((123)) slip planes (continued) 

á (213) [111] (321) [111] (321) [Ill] (213) [II1] (312) [111] (321) [111] 

0 55 37 35 125 55 58 35 112 55 75 35 101 55 37 90 101 55 58 90 139 55 75 90 161 
10 55 37 36 127 55 58 36 120 55 75 36 110 55 37 83 106 55 58 83 144 55 75 83 166 
20 55 37 40 127 55 58 40 128 55 75 40 120 55 37 74 112 55 58 74 148 55 75 84 164 
30 55 37 45 126 55 58 45 135 55 75 45 129 55 37 67 117 55 58 67 149 55 75 67 158 co 
40 55 37 51 124 55 58 51 141 55 75 51 138 55 37 59 121 55 58 59 147 55 75 59 149 N 
45 55 37 55 122 55 58 55 143 55 75 55 143 55 37 55 122 55 58 55 143 55 75 55 143 

a 

__ _ __ _ _ 



Table III -2. Slip system direction cosine angles 
y -axis normal to (110) 

a =1)* when positive x -axis intersects (110) pole of standard (110) projection 

Azimuthal 
angle 

b 

Slip system - respective direction cosine angles 

ß 

((110)) slip planes 

ß a 
(101) 
tk 

[ 1111 
a ß a 

(011) 
tp 

[ 1111 aß ñ 
(101) [Ill) 
¢ aß a 

(110) 
¢ 

I1111 
a /3 a 

(011) 
¢ 

[ 1111 
a a 

(110) [ 111] 
a 

0 35 90 90 00 35 60 90 120 35 60 90 60 90 60 35 120 90 00 35 90 90 60 35 60 
10 35 90 84 10 35 60 84 128 35 60 84 68 90 60 25 112 90 00 25 90 90 60 25 68 
20 35 90 78 20 35 60 78 136 35 60 78 77 90 60 15 103 90 00 15 90 90 60 15 77 
30 35 90 73 30 35 60 73 143 35 60 73 85 90 60 05 95 90 00 05 90 90 60 05 85 

40 35 90 68 40 35 60 68 148 35 60 68 94 90 60 05 86 90 00 05 90 90 60 05 94 
50 35 90 64 50 35 60 84 150 35 60 64 103 90 60 15 77 90 00 15 90 90 60 15 103 

60 35 90 59 60 35 60 59 150 35 60 59 111 90 60 25 69 90 00 25 90 90 60 25 111 
70 35 90 56 70 35 60 56 147 35 60 56 119 90 60 35 61 90 00 35 90 90 60 35 119 
80 35 90 55 80 35 60 55 141 35 60 55 128 90 60 45 52 90 00 45 90 90 60 45 128 
90 35 90 55 90 35 60 55 135 35 60 55 135 90 60 55 45 90 00 55 90 90 60 55 135 

((112)) slip planes 

6 (211) [ 111] (112) [ 111] (121) [1111 (112) [ill] (211) [ill] (121) [111] 

o 35 73 90 150 35 55 90 90 35 73 90 30 90 90 35 125 90 30 35 107 90 30 35 73 
10 35 73 84 159 35 55 84 98 35 73 84 38 90 90 25 115 90 30 25 102 90 30 25 78 
20 35 73 78. 163 35 55 78 107 35 73 78 48 90 90 15 105 90 30 15 97 90 30 15 83 

30 35 73 73 163 35 55 73 114 35 73 73 57 90 90 05 95 90 30 05 92 90 30 05 88 
40 35 73 68 158 35 55 68 122 35 73 68 66 90 90 05 85 90. 30 05 88 90 30 05 92 
50 35 73 64 150 35 55 64 129 35 73 64 76 90 90 15 75 90 30 15 82 90 30 15 98 
60 35 73 59 141 35 55 59 135 35 73 59 85 90 90 25 65 90 30 25 77 90 30 25 103 
70 35 73 56 132 35 55 56 141 35 73 56 95 90 90 35 55 90 30 35 73 90 30 35 107 

80 35 73 55 123 35. 55 55 144 35 73 55 105 90 90 45 45 90 30 45 69 90 30 45 111 
90 35 73 55 114 35 55 55 145 35 73 - 55 114 90 90 55 35 90 30 55 70 90 30 55 110 

((123)) slip planes 

5 (321) [111) (311) [111] (213) [1111 (213) [1111 (312) [111) (321) [111] 

o 35 79 90 160 35 68 90 139 35 55 90 101 90 79 35 124 90 41 35 113 90 20 35 101. 

10 35 79 84 168 35 68 84 147 35 55 84 109 90 79 25 115 90 41 25 106 90 20 25 98 

20 35 79 78 169 35 68 78 154 35 55 78 117 90 79 15 105 90 41 15 99 90 20 15 95 
30 35 79 73 163 35, 68 73 158 35 55 73 124 90 79 05 95 90 41 05 93 90 20 05 .91 
40 35 79 68 154 35 68 68 158 35 55 68 131 90 79 05 85 90 41 05 86 90 20 05 88 
50 35 79 64 145 35 68 64 154 35 55 64 138 90 79 15 75 90 41 15 80 90 20 15 86 

60 35 79 59 135 35 68 59 147 35 55 59 142 90 79 25 65 90 41 25 74 90 20 25 81 

70 35 79 56 126 35 68 56 139 35 55 56 145 90 79 35 56 90 41 35 68 90 20 35 79 
80 35 79 55 116 35 68 55 131 35 55 55 145 90 79 45 48 90 41 45 62 90 20 45 76 

90 35 79 55 105 35 68 55 122 35 55 55 143 90 79 55 37 90 41 55 58 .90 20 55 75 

((123)) slip planes (continued) 

b (231) [1111 (132) 1111] (123) [ 111] 

0 35 79 90 20 35 68 90 41 35 55 90 79 

10 35 79 84 27 35 68 84 48 35 55 84 86 

20 35 79 78 36 35 68 78 58 35 55 78 95 

30 35 79 73 46 35 68 73 66 35 55 73 103 
40 35 79 68 55 35 68 78 76 35 55 78 111 

50 35 79 64 65 35 68 64 85 35 55 64 119 
60 35 79 59 ' 75 35 88 59 95 35 55 59 127 

70 35 79 56 85 35 68 56 104 35 55 56 133 
80 35 79 55 95 35 68 55 113 35 55 55 139 
90 35 79 55 105 35 68 55 122 35 55 55 143 

4) 



Table III -3. Slip system direction cosine angles 
y -axis normal to (111) 

á = 0° when positive x -axis intersects (110) pole of standard (111) projection 

Azimuthal 
angle 

Slip system - respective direction cosine angles 

((110)) slip planes 

X 

(101) [1a1] (llo) [1Q1] 
a a ß a a a a 

(011) [111) 
a 

0 71 90 35 60 71 35 35 120 71 35 35 90 
10 71 90 27 70 71 35 27 117 71 35 27 91 
20 71 90 22 80 71 35 22 112 71 35 22 102 
30 71 90 20 90 71 35 20 108 71 35 20 107 
40 71 90 22 80 71 35 22 102 71 35 22 112 
50 71 90 28 70 71 35 28 96 71 35 28 117 
60 71 90 36 60 71 35 36 90 71 35 36 120 
70 71 90 44 50 71 35 44 84 71 35 44 123 
80 71 90 53 40 71 35 53 78 71 35 53 125 
90 71 90 62 30 71 35 62 73 71 35 62 125 

((112)) slip planes 

á (112) [ill] (211) [ill] (121) [ill] 

o 71 63 35 125 71 19 35 107 71 63 35 73 
10 71 63 27 118 71 19 27 108 71 63 27 83 
20 71 63 22 109 71 19 22 110 71 63 22 92 
30 71 63 20 100 . 71 19 20 110 71 63 20 100 
40 71 63 22 93 71 19 22 110 71 63 22 109 
50 71 63 28 82 71 19 28 109 71 63 28 118 
60 71 63 36 74 71 19 36 108 71 63 36 126 
70 71 63 44 65 71 19 44 105 71 63 44 134 
80 71 63 53 56 71 19 53 103 71 63 53 141 
90 71 63 62 48 71 19 82 100 71 63 62 146 

((123)) slip planes 

á (123) [111] (213) [111] (312) [ill] (321) [ill] (231) [ill] (132) [ill] 

o 71 72 35 125 71 51 35 125 71 22 35 112 71 22 35 101 71 51 35 79 71 72 35 68 
10 71 72 27 116 71 51 27 118 71 22 27 112 71 22 27 104 71 51 27 87 71 72 27 78 
20 71 72 22 106 71 51 22 111 71 22 22 111 71 22 22 108 71 51 22 96 71 72 22 87 
30 71 72 20 97 71 51 20 103 71 22 20 110 71 22 20 110 71 51 20 103 71 72 20 97 
40 71 72 22 87 71 51 22 95 71 22 22 107 71 22 22 111 71 51 22 111 71 72 22 106 
50 71 72 28 78 71 51 28 87 71 22 28 104 71 22 28 112 71 51 28 118 71 72 28 116 
60 71 72 36 69 71 51 36 80 71 22 36 101 71 22 36 112 71 51 36 125 71 72 36 125 
70 71 72 44 59 71 51 44 71 71 22 44 97 71 22 44 111 71 51 44 131 71 72 44 135 
80 71 72 53 50 71 51 53 64 71 22 53 93 71 22 53 110 71 51 53 137 71 72 53 143 
90 . 71 72 62 40 71 51 62 57 71 22 62 90 71 22 62 109 71 51 62 140 71 72 62 151 

ß a ß ß k 4, ß ¢ A . 9 A gt 

- 
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Table III -4, slip system direction cosine angles 
y -axle normal to (112) 

d = 0° When positive x -axis intersects (111) pole of standard (112) projection 

slip system - respective direction cosine angles 

185 

((110)) slip planes 
Azimuthal 

angle (110) [10111 

0 90 90 00 90 90 
10 90 90 10 80 90 
20 90 90 20 70 90 
30 90 90 30 60 90 
40 90 90 40 50 90 
50 90 90 50 40 90 
60 90 90 50 30 90 
70 90 90 70 20 90 
80 90 90 80 10 90 
90 90 90 90 00 90 

100 90 90 100 10 90 
110 90 90 110 20 90 
120 90 90 120 30 90 
130 90 90 130 40 90 
140 90 90 140 50 90. 
150 90 90 150 80 90 
160 90 90 160 70 90 
170 90 90 170 80 90 
180 90 90 180 90 90 

((110)) slip planes 

a (110) (Ill] 

0 62 55 110 35 62 
10 62 55 101 37 62 
20 62 55 92 40 62 
30 62 55 83 45 62 
40 62 55 74 62 62 
50 62 55 66 57 62 
60 62 55 57 66 62 
70 62 55 49 74 62 
80 62 55 42 82 62 
90 62 55 35 90 62 

100 62 55 30 98 62 
110 62 55 28 106 62 
120 62 55 29 114 62 
130 62 55 31 123 62 
140 62 55 38 128 62 
150 62 55 48 135 62 
160 62 55 53 140 62 
170 82 55 61 143 62 
180 62 55 70 140 62 

((112)) slip planes 

(211) (1111 
6 

0 90 60 00 90 90 
10 90 60 10 99 - 90 
20 90 60 20 108 -90 
30 90. 60 90 116 90 
40 90 60 40 125 90 
50 90 60 50 132 90 
60 90 60 60 139 90 
70 90 60 70 145 90 
80 90 60 80 149 90 
90 90 60 90 150 90 

100 90 60 100 149 90 
110 90 60 110 145 90 
12f 90 60 120 139 90 
130 90 60 190 132 90 
140 90 60 140 125 90 
150 90 60 150 116 90 
160 90 60 160 108 90 
170 90 60 170 99- 99 
180 90 60 180 - 90 90 

((112)) slip planes 

(112) rial á 
0 62 48 110 118 62 

10 62 48 101 125 62 
20 62 48 . 92 130 62 
30 62 48 83 134 82 
40 62 48 74 137 62 
50 62 48 66 138 62 
60 62. 48 57 137 62 
70 62 48 49 134 62 
80 62 48 42 130 62. 
90 62 48 35 125 62 

100 62 48 30 118 62 
110 . 62 48 .28 112 62 
120 62 48 29 105 62 
130 62 48 31 97 62 
140 62 48 38 90 62 
150 62 48 48 83 62 
160 62 48 53 75 62 
170 62 48 61 68 62 
180 62 48 70 62 62 

(101) [1011) 

30 00 
30 10 
30 20 
30 30 
30 40 
90 50 
30 60 
30 70 
30 80 
30 90 
30 100 
30 110 
30 120 
30 130 
30 140 
30 150 
30 160 
30 170 
30 180 

(101) [111] 

30 110 
30 101 
30 92 
30 83 
30 74 
90 66 
30 57 
30 49 
30 42 
30 35 
30 30 
80 28 
30 29 
30 31 
30 38 
30 48 
30 53 
30 61 
30 70 

.too. tool, 

00 
10 
20 
30 
40 
50 . 

60 
70 
80 
90. 

100 
110 
120 
130 
140 
150 
160 - 

170 
180 

(211) (111) 

33 110 
33 101 
33 92 
33 83 
33 74 
33 66 
33 57 
33 49 
33 42 
39 35 
33 30 
33 28 
33 29 
33 93 
39 39 
33 46 
33 54 
33 62 
33 70 

ß X 

on) [11a 11 

ß 
(110) t1a1] (pill [111] 

a ß a 
(104 [1Q11] 

ß 

90 90 30 00 90 19 90 71 90 19 73 71 145 19 73 71 145 

95 90 30 10 85 19 90 71 80 19 73 71 154 19 73 71 136 

100 90 30 20 80 19 90 72 70 19 73 72 160 19 73 72 127 

104 90 30 30 76 19 90 73 60 19 73 73 163 19 73 73 118 
109 90 30 40 71 19 90 75 50 19 73 75 161 19 73 75 109 

112 90 30 50 68 19 90 78 40 19 73 78 155 19 73 78 99 

115 90 30 60 65 19 90 80 30 19 73 80 147 19 73 80 89 

118 90 30 70 62 19 90 83 20 19 73 83 138 19 73 83 79 

119 90 30 80 61 19 90 87 10 19 73 87 129 19 73 87 70 

120 90 30 90 60 19 90 90 00 19 73 90 120 19 73 90 60 

119 90 90 100 61 19 90 94 10 19 73 94 110 19 73 94 51 

118 90 30 110 62 19 90 97 20 19 73 97 101 19 73 97 42 

115 90 30 120 65 19 90 100 30 19 73 100 91 19 73 100 33 
112 90 30 130 68 19 90 102 40 19 73 102 81 19 73 102 25 

109 90 30 140 71 19 90 105 50 19 73 105 71 19 73 105 18 
104 90 30 150 76 19 90 107 60 19 73 107 62 19 73 107 16 
100 90 30 160 80 19 90 108 70 19 73 108 53 19 73 108 20 

95 90 30 170 85 19 90 109 80 19 73 109 44 19 73. 109 26 

90 90 30 180 90 19 90 109 90 19 73 109 35 19 73 109 35 

(011) (111] (101) [111l (011) [1111 (110) [1í1l 

90 62 73 110) 145 62 73 110 145 62 30 110 90 62 55 110 35 
95 62 73 101 153 62 73 119 136 62 30 119 85 82 55 119 97 

100 62 73 92 160 62 73 127 127 62 30 127 80 62 55 127 40 
104 62 73 83 189 62 73 192 117 62 30 132 76 62 55 132 45 
109 62 73 74 161 62 73 141 107 82 90 141 71 62 55 141 52 
112 62 73 66 155 62 79 147 98 62 90 147 68 62 55 147 57 
115 62 73 57 148 62 73 151 89 62 90 151 65 62 55 151 66 
118 62 73 48 139 62 73 152 79 62 30 152 62 62 55 152 74 
119 62 73 42 130 62 73 150 69 62 30 160 61 62 55 150 82 
120 62 73 35 120 62 73 145 60 62 30 145 60 62 55 145 90 
119 62 73 30 111 62 73 138 50 62 30 198 61 62 55 138 98 
118 62 73 28 101 62 73 131 41 62 30 131 62 82 55 131 106 
115 62 73 29 91 62 73 123 32 62 30 123 65 62 55 123 114 
112 62 73 31 82 62 79 114 25 62 30 114 88 62 55 114 123 
109 62 73 38 73 82 73 106 19 62 30 106 71 62 55 106 128 
104 62 73 48 63 62 73 97 17 62 30 97 76 62 55 97 135 
100 82 73 63 53 62 73 88 20 62 30 88 80 62 55 88 140 
95 62 73 61 44 62 73 79 27 62 30 79 85 62 55 79 143 
90 62 73 70 35 62 73 70 35 62 30 70 90 62 55 70 145 

(121) [1111 (121) [1111 (112) [111) (211) [1111 

90 90 60 00 90 19 80 71 118 19 70 71 161 19 80 71 118 
90 90 60 10 81 19 80 71 129 19 70 71 159 19 80 71 109 
90 90 60 20 72 19 80 72 138 19 70 72 163 19 80 72 100 
90 90 60 30 64 19 80 73 148 19 70 73 148 19 80 73 90 
90 90 60 40 55 19 80 75 158 19 70 75 137 19 80 75 80 
90 90 60 50 48 19 80 78 166 19 70 78 128 19 80 78 70 
90 90 60 60 41 19 80 80 170 19 70 80 119 19 80 80 67 
90 90 60 70 35 19 80 :83 167 19 70 83 110 19 80 83 50 
90 90 60 80 31 19 80 ' 87 158 19 70 87 100 19 80 87 41 
90 90 60 90 30 19 80 90 150 19 70 90 90 19 80 90 30 
90 90 60 100 31 19 80 94 139 19 70 94 81 19 80 94 22 
90 90 - 60 110 35 19 80 97 130 19 70 97 71 19 80 97 13 
90 90 60 120 41 19 80 100 113 19 70 100 62 19 80 100 10 
90 90 60 130 48 19 80 102 110 19 70 102 53 19 80 102 14 
90 90 60 140 55 19 80 105 100 19 70 105 44 19 80 105 22 
90 90 60 160 64 19 80 107 90 19 70 107 35 19 80 107 32 
.90 90 60 160 72 19 80 108 80 19 70 108 28 19 80. 108 42 
90 90 60 170 81 19 80 109 71 19 70 109 22 19 80 109 51 
90 90 60 180 90 19 80 109 62 19 70 109 19 19 80 109 62 

(121) [1111 (112) [1I11 (121) (1111 (211) 11111 

62 82 80 110 19 62 48 110 118 62 33 110 62 62 80 110 19 

66 62 80 101 12 62 48 119 112 62 33 119 80 62 80 119 28 
70 62 80 92 10 62 48 127 105 62 - 33 127 58 62 . 80 127 38 
75 62 80 83 16 62 48 132 97 62 33 132 57 62 80 132 48 
80 62 80 74 25 62 48 141 90 62 39 141 57 62 80 141 57 
85 62 80 66 34 62 48 147 83 62 33 147 58 62 80 147 67 
90 62 80 57 44 62 48 151 75 62 33 151 61 62 80 151 77 
96 62 80 49 53 62 48 152 68 82 33 152 65 '62 80 152 87 

102 62 80 42 63 62 48 150 62 62 33 150 68 62 80 150 97 
107 62 80 35 73 62 48 145 55 62 33 145 73 62 80 145 107 
112 62 80 30 89 62 48 198 50 62 33 138 78 62 80 138 117 
115 62 80 28 93 62 48 131 46 62 33 131 84 62 80 131 127 
119 62 80 29 103 62 48 123 43 62 33 123 90 62 80 123 136 
122 62 80 31 113 62 48 114 42 62 33 114 95 62 80 114 146 
123 62 80 98 123 62 48 106 43 62 33 106 100 62 80 106 155 
123 62 80 48 132 62 48 97 46 62 33 97 105 62 80 97 164 
122 62 80 53 142 62 48 88 50 62 33 88 110 62 80 88 170 
120 62 80 81 151 62 48 79 55 62 33 79 114 62 80 79 168 
118 ' 62 80 70 161 62 48 70 62 62 33 70 118 62 80 70 161 

d ß a I # u 

00 
00 
00 

00 
00 
00 
00 

00 
00 

DO 

00 

00 

00 

00 

00 

00 

00 

00 

00 



Table III- 5. 
Development of maximum resolved shear stress and maximum directional plasticity factor 

y -axis normal to (001) 

8= 0; when positive x -axis intersects (110) of standard (001) projection 
cy= *1.0; (Tx = -1.0; Txy =O 

Azimuthal 

angle 

Maxima Slip system - resolved shear stress - rotation factor angle - directional plasticity factor 

((110)) slip planes 

(110) 111] (011) 111] (101)x4111] (110) 111] 014[1113 (101)[111] 

8 1/ 2/ 3/ 4/ 5/ 6/ 4/ 5/ 6/ 4/ 5/ 6/ 4/ 5/ 6/ 4/ 5/ 6/ 4/ 5/ / 

0 .815 .707 .707 .000 90 .000 .816 30 .707 .816 30 .707 .000 54 .000 .406 73 .118 .406 72 .125 

10 .881 .792 .792 -.140 85 -.012 .747 36 .604 .881 26 .792 -.120 55 -.069 .354 82 .049 .478 64 .209 

20 .897 .821 .821 -.262 79 -.050 .655 44 .471 .898 24 .821 -.259 56 -.145 .316 89 .005 .583 55 .335 

30 .897 .806 .806 -.353 74 -.097 .552 52 .340 .897 26 .806 -.338 59 -.174 .325 79 .062 .677 47 .462 

40 .851 .729 .729 -.405 69 -.145 .460 61 .223 .851 31 .729 -.395 63 -.179 .361 70 .123 .770 38 .607 

45 .811 .664 .664 -.406 66 -.165 .406 65 .172 .811 35 .664 -.406 66 -.165 .406 66 .165 .811 35 .664 

((112)) slip planes 

(121) [l 11] (112)[111] (211)[111] (121)[111] (112)[111] (211)[111] 

0 .940 .940 .940 .473 60 .237 .940 00 .940 .473 60 .237 .233 60 .117 .470 90 .000 .235 60 .118 

10 .934 .920 .920 .360 66 .147 .934 10 .920 .575 55 .330 .136 66 .055 .483 80 .084 .345 55 .198 

20 .898 .844 .844 .233 72 .072 .898 20 .844 .662 50 .426 .035 72 .011 .523 70 .179 .488 50 .314 

30 .834 .722 .722 .123 80 .021 .834 30 .722 .734 47 .500 -.002 80 .000 .584 60 .292 .588 47 .401 

40 .755 .578 .578 .039 87 .002 .755 40 .578 .723 45 .511 -.008 87 .000 .663 50 .426 .676 45 .478 

45 .704 .498 .498 .000 90 .000 .703 45 .497 .704 45 .498 .000 90 .000 .703 45 .497 .704 45 .498 

((123)) slip planes 

(231)[111] (132)[111] (123)[111] (23 1)[111] (132)[111] (123)[111] 

0 .928 .911 .911 .305 71 .099 .611 49 .401 .928 11 .911 .148 56 .083 .304 64 .133 .458 83 .056 

10 .945 .931 .931 .316 76 .076 .527 54 .310 .886 18 .843 .040 60 .020 .225 70 .076 .450 87 .023 

20 .919 .883 .883 .055 83 .007 .397 -62 .187 .818 27 .729 -.077 65 -.033 .150 78 .031 .468 87 .105 

30 .874 .799 .799 -.058 89 .000 .292 69 .105 .734 37 .586 -.132 70 -.045 .133 86 .009 .513 67 .201 

40 .810 .671 .671 -.137 84 -.014 .195 77 .044 .653 47 .445 -.161 77 -.036 .145 86 .010 .583 58 .309 

45 .762 .592 .592 -.155 81 -.024 .155 81 .024 .607 52 .374 -.155 80 -.027 .155 82 .022 .762 53 .459 

((123)) slip planes (continued) 

(213) 111 (312)[111] (321)[111] (213)[111] (312)[111] (321)[111] 

0 .927 11 .910 .611 50 .393 .305 72 .094 .459 83 .056 .305 63 .138 .150 56 .084 

10 .945 10 .931 .709 45 .501 .425 68 .159 .492 73 .144 .403 56 .225 .268 53 .161 

20 .919 16 .883 .776 41 .586 .532 61 .258 .562 63 .255 .539 50 .347 ND 50 ND 
30 .874 24 .799 .804 59 .625 .594 57 .324 .636 53 .383 .640 45 .452 .512 49 .336 

40 .810 34 .671 .793 39 .616 .617 53 .371 .724 44 .521 .737 40 .565 .591 50 .453 

45 .762 39 .592 .762 40 .584 .607 52 .374 .762 39 .592 .762 39 '.592 .607 51 .472 

1/ Maximum resolved shear stress = MESS 
2/ Maximum directional plasticity factor = MDPF 

Average maximum directional plasticity factor for 8 and 8+ 180 = 1/2 (MDPF(&) + MDPF (& +180)) 
4/ Resolved shear stress = RSS = = cos 1...s6, o' xcosacos ß +Txy (COS Xcosß +cosacoaCh 

Rotation factor angle = 

6/ Directional plasticity factor =DPF= cos t( ay cos Xcos++ crxc osa cosß +Txy (cos XCOsß + COS acoa')) 

3/ 
1--. 

CO 
5/ 4, O's 



Table III -6. 

Development of maximum resolved shear stress and maximum directional plasticity factor 
y -axis normal to (110) 

8 = 0, when positive x -axis intersects (110) pole of standard (110) projection 
Cry = +1.0;ox=- 1.0;rxy =0 

Maxima Slip system - resolved shear stress - rotation factor angle - directional plasticity 

Azimuthal 
angle 
B 1/ 

0 .410 
10 .475 
20 .560 
30 .844 
40 .728 
50 .790 
60 .856 
70 .879 
80 .866 
90 .815 

0 .470 
10 .485 
20 .531 
30 .589 
40 .669 
50 .746 
60 .834 
70 .905 
80 .934 
90 .940 

0 .470 
10 .505 
20 .564 
30 .634 
40 .716 
50 .796 
60 .876 
70 .928 
80 .940 
90 .928 

0 

10 
20' 
30 
40 

50 
60 
70 

80 
90 

187 

actor 

((110)) slip planes 

(110 ¡['111] (119r11] 
2/ 3/ 4/ )/ 6/ 4/ 5j 6/ 

.167 .167 .000 35 .000 .410 66 .167 

.266 .266 -.104 36 -.084 .475 56 .266 

.382 .382 -.195 40 -.148 .560 47 .382 

.507 .507 -.253 45 -.179 .644 38 .507 

.637 .637 -.287 51 -.180 .728 29 .637 

.732 .732 -.281 58 -.149 .790 22 .732 

.818 .818 -.257 66 -.105 .856 17 .818 
.840 .840 -.191 74 -.053 .879 17 .840 
.794 .794 -.099 82 -.138 .856 22 .794 
.706 .706 .000 90 .000 .815 30 .706 

((112)) slip planes 

(211)[111] (11í)C111] 

.170 .170 .241 45 .170 .470 90 .000 

.264 .264 .340 39 .264 .485 80 .084 

.369 .369 .440 33 .369 .531 70 .182 

.451 .451 .521 30 .451 .589 60 .295 

.509 .509 .588 30 .508 .669 50 .430 

.571 .571 .621 32 .526 .746 40 .571 

.722 .722 .641 37 .512 .834 30 .722 

.851 .851 .614 44 .441 .905 20 .851 

.920 .920 .553 52 .341 .934 10 .920 

.940 .940 .473 60 .237 .940 00 .940 

((123)) slip planes 

(321)[111] (312)[111] 

.197 .197 .158 39 .123 .308 52 .190 

.285 .285 .260 35 .213 .396 44 .285 

.400 .400 .361 33 .303 .495 36 .400 

.502 .502 .437 34 .362 .580 30 .502 

.590 .590 .494 37 .395 .656 26 .590 

.682 .682 .517 42 .384 .702 26 .631 
.818 .818 .521 48 .349 .740 29 .648 
.908 .908 .485 55 .278 .730 34 .905 
.933 .933 .408 63 .185 .683 41 .516 
.911 .911 .305 71 .099 .611 49 .401 

f(123)) slip planes (continued) 

(23í)[111] (132)[í1] 

.156 39 .121 .307 52 .189 

.063 46 .044 .237 61 .115 
-.012 52 -.007 .197 70 .067 
-.047 60 -.024 .188 78 .039 
-.059 68 -.022 .257 88 .009 
-.029 76 -.007 .269 83 .033 
-.023 85 -.002 .352 74 .097 
-.108 87 -.006 .442 66 .180 
-.206 79 -.039 .531 57 .289 
-.305 71 -.099 .611 49 .401 

(0lí)¡r111] 
4/ 5r 6/ 4/ 

(101 x`111] 

J (110)rí11] 
6r 4/ 

(015)¡111] 
J 

.409 66 .166 .410 66 .167 .000 35 .000 -,409 66 -.166 

.370 76 .090 .339 63 .154 .000 25 .000 -.340 63 -.090 

.363 85 .032 .217 61 .105 .000 15 .000 -.218 61 -.032 

.384 85 .033 .086 60 .043 .000 05 .000 -.087 60 -.033 

.436 76 .106 -.070 60 -,035 .000 05 .000 ,069 60 .106 

.508 66 .207 -.218 61 -.106 .000 15 .000 .217 61 .207 

.594 56 .332 -.324 63 -.147 .000 25 .000 .324 63 .332 

.681 47 .464 -.397 66 -.162 .000 35 .000 .397 66 .464 

.763 38 .601 -.435 69 -.156 .000 45 .000 .436 69 .601 

.815 30 .706 -.406 73 -.119 .000 55 .000 .406 73 .706 

(121)[111] (112)[111] (211)[11] (1210.1l] 

.240 45 .170 .470 90 .000 .240 45 .170 -.240 45 -.170 

.157 53 ..095 .382 90 .000 .188 39 .146 -.188 39 -.146 

.101 61 .049 .250 90 .000 .118 33 .099 -.118 33 -.099 

.081 69 .029 .086 90 .000 .035 30 .030 -.035 30 -.030 

.087 78 .018 -.087 90 .000 -.035 30 -.030 .035 30 .030 

.133 86 .010 -.251 90 .000 -.135 32 -.145 .135 32 .145 

.195 85 .017 -.383 90 .000 -.204 37 -.163 .204 37 .163 

.289 76 .070 -.470 90 .000 -.240 44 -.173 .240 44 .173 

.389 68 .146 -.501 90 .000 -.253 52 -.156 .253 52 .156 

.473 60 .237 -.470 90 .000 -.196 60 -.098 .197 60 .098 

(213)[111] (213)[111] (312)[111] mural 

.470 81 .073 .458 81 .071 .320 52 .197 .156 40 .119 

.505 71 .165 .382 80 .066 .250 47 .171 .127 31 .109 

.564 61 .274 .250 79 .048 .151 43 .110 .084 24 .077 

.634 51 .399 .086 79 .016 .520 41 .393 .017 20 .016 

.716 41 .541 -.087 79 -.017 -.070 41 -.053 -.035 20 -.033 

.796 31 .682 -.251 80 -.044 -.167 43 -.122 -.068 24 -.062 

.876 21 .818 -.383 80 -.067 -.250 47 -.171 -.142 32 -.120 

.928 12 .908 -.458 81 -,071 -.307 52 -.189 -.156 40 -.119 

.940 07 .933 -.473 82 -.066 -.332 58 -.176 -.171 49 -.112 

.928 11 .911 -.458 83 -.056 -.304 65 -.129 -.148 51 -.081 

(123)[111] 

.470 81 .073 
.463 89 .008 
.488 79 .093 
.536 69 .192 
.545 59 .281 
.683 49 .448 
.780 39 .606 
.851 29 .745 
.903 20 .849 
.928 11 .911 

1/ Maximum resolved shear stress = MRSS. 
2/ Maximum directional plasticity factor = MDPF. 
3/ Average maximum directional plasticity factor for 8 and 8 + 180° = 1 /2(MDPF(8) 4 MDPF (8 1800. 

4/ Resolved shear stress = BSS = Inv =cry cosXcos W 
+oxcos a cosß +r xy (COS X cos /3+ COS a cos 0). 

5/ Rotation factor angle = 4'. 
6/ Directional plasticity factor = DPF = cosy(oycoskcos cos acosß +rxy (cos ñ cos (3+cosacos). 

y 



Table I1i -7. Development of maximum resolved shear stress and maximum directional plasticity factor 
y -axis normal to (111) 

8 = 0° when positive x -axis intersects (110) pole of standard (111) projection 
vy = +1.0; 

Azimuthal 
angle 

cx = -1.0; Txy = 

Maxima Slip system - resolved shear stress - rotation factor angle - directional plasticity factor 

((110)) slip planes 

(101011] (110) 111] (011)111] 
8 1/ 2/ 3/ 6/ 4/ 5 6/ 4/ 5 6/ 4/ 5/ 6/ 4/ 5/ 6/ 4/ 5/ 6/ 

0 .677 .568 .568 -.409 80 -.071 .677 33 .568 .267 49 .181 
10 .671 .587 .587 -.305 83 -.037 .671 29 .587 .282 41 .213 
20 .615 .548 .548 -.161 86 -.011 .615 27 .548 .459 35 .376 
30 .557 .487 .487 -.001 90 -.000 .557 29 .487 .542 30 .469 
40 .615 .543 .543 -.161 87 -.008 .459 34 .381 .615 28 .543 
50 .668 .585 .585 -.302 83 -.037 .360 40 .276 .668 29 .585 
60 .672 .564 .564 -.405 80 -.070 .267 48 .179 .672 30 .564 
70 .659 .512 .585 -.462 78 -.096 .192 56 .107 .659 39 .512 
80 .613 .426 .543 -.461 75 -.119 .142 65 .060 .613 46 .426 
90 .537 .316 .487 -.407 73 -.119 .130 74 .036 .537 54 .316 

((112)) slip planes 

(112)[111] (211)C11] (121)(111] 

0 .618 .475 .475 .618 55 .355 .548 30 .475 -.092 73 .027 
10 .584 .560 .560 .567 55 .325 .586 20 .560 .039 67 .015 
20 .626 .617 .617 .450 58 .239 .626 10 .817 .180 63 .082 

,30 .630 .630 .630 .312 60 .156 .630 00 .630 .312 60 .156 
40 .626 .617 .617 .196 64 .086 .626 10 .617 .450 56 .252 
50 .596 .560 .560 .025 68 .009 .586 20 .560 .563 54 .331 
60 .623 .475 .475 -.075 73 -.022 .548 30 .475 .623 53 .375 
70 .648 .381 .549 -.156 78 -.032 .495 40 .379 .648 54 .381 
80 .616 .344 .617 -.188 84 -.020 .444 50 .285 .616 56 .344 
90 .538 .269 .630 -.166 90 -.000 .391 60 .196 .538 60 .269 

15123)) slip planes 

(13)[111] (213)[111] (312010 (321)[111] (231)[111] (132) 111 

0 .675 .539 .539 .571 63 .259 .675 46 .469 .610 28 .539 .459 35 .376 .049 64 .021 -.207 83 -.025 
10 .636 .602 .602 .491 65 .208 .624 45 .441 .636 19 .602 .636 26 .572 .159 58 .084 -.085 79 -.016 
20 .634 .620 .620 .356 67 .139 .537 46 .373 .634 12 .620 .634 18 .603 .302 53 .182 .052 75 .013 
30 .624 .613 .613 .214 71 .070 .417 49 .273 .624 11 .612 .624 11 .613 .417 49 .274 .215 71 .070 
40 .634 .620 .620 .052 74 .014 .286 53 .172 .574 17 .549 .634 12 .620 .537 46 .373 .356 68 .134 
50 .633 .599 .599 -.083 78 -.017 .159 58 .084 .516 26 .464 .633 19 .599 .620 45 .438 .488 65 .206 
60 .669 .540 .540 -.189 83 -.023 .065 64 .028 .457 36 .370 .606 27 .540 .669 45 .473 .565 64 .247 
70 .677 .462 .599 -.270 88 -.009 -.029 70 -.009 .390 45 .276 .560 37 .447 .677 47 .462 .609 63 .276 
80 .646 .406 .620 -.286 88 -.010 -.059 77 -.013 .334 55 .192 .509 46 .354 .646 51 .406 .582 62 .273 
90 .566 .316 .613 -.260 83 -.032 -.051 84 -.005 .303 65 .128 .456 56 .255 .566 56 .316 .512 63 .232 

1/ Maximum resolved shear stress = MRSS 
2/ Maximum directional plasticity factor = MDPF 
3/ Average maximum directional plasticity factor for 8 and 8 +180° = 1 /2(MDPF(8) +MDPF(8 +180)) N 
4/ Resolved shear stress = RSS =Tnv = cry cosñco5 +C cosy cosß +Tx,(cosXcoaß cosa cost 00 
5/ Rotation factor angle = ik CO 

6/ Directional plasticity factor = DPF =cos (cry cos ñcosck+crx cos° cosß +Txy(COS ñ cosß +cos a coach) 

4/ 5/ 



Table III -8. 189 
Development of maximum resolved shear stress and maximum directional plasticity factor 

y -axis normal to (112) 

8 =0° when positive x -axis intersects (111) pole of standard (112) projection 
ety = +1.0; ox = -1.0; Tom.= 

Maxima Slip system - resolved shear stress - rotation factor angle - directional plasticity factor 

((110)) slip planes 
Azimuthal 

angle (1i0) 111] (101)C111] (011)r4111] (1io)r411j1 (Oil)gig (i01)rill] 
8 1/ 2/ 3/ 4/ 6/ 4/ 5/ 6/ 4/ 5/ 6/ 4/ 5/ 6/ 4/ 5/ 6/ 4/ ST 6/ 

0 .545 472 .472 -.001 90 .000 .000 30 .000 .000 30 .000 -.001 90 .000 .545 30 .472 .545 30 .471 

30 .571 .529 .529 -.171 90 .000 .085 31 .073 -.085 31 -.073 -.056 81 -.009 .571 22 .529 .512 40 .392 
20 .568 .553 .553 -.322 90 .000 .163 35 .135 -.162 35 -.135 -.105 71 -.034 .568 13 .553 .463 49 .904 
30 .558 .549 .549 -.433 90 .000 .209 41 .158 -.209 41 -.158 -.146 62 -.069 .558 10 .549 .415 59 .214 

40 .523 .507 .529 -.493 90 .000 .250 48 .167 -.250 48 -.167 -.166 59 -.100 .523 14 .507 .362 68 .136 
50 .560 .432 .546 -.493 90 .000 .241 55 .138 -.241 55 -.138 -.159 44 -.114 .466 22 .432 .310 78 .064 
60 .637 .426 .587 -.433 90 .090 .212 84 .093 -.211 64 -.093 -.150 35 -.123 .423 32 .359 .274 89 .005 
70 .715 .563 .687 -.322 90 .000 .162 72 .050 -.161 72 -.050 -.114 28 -.101 .368 42 .273 .254 82 .035 
80 .768 .672 .741 -.171 90 .000 .085 81 .013 -.084 81 -.019 -.051 22 -.047 .311 51 .196 .259 72 .078 
90 .817 .773 .773 .000 90 .000 .001 90 .000 .000 90 .000 .000 19 .000 .278 62 .131 .277 62 .131 

100 .827 .809 .741 0.171 90 .000 -.083 81 -.013 .085. 81 .013 .069 22 .064 .254 72 .078 .321 51 .196 
110 .822 .810 .687 .321 90 .000 -.160 72 -.049 .181 72 .049 .114 28 .101 .254 82 .095 .367 42 .273 
120 .777 .747 .587 .433 90 .000 -.210 64 -.092 .212 64 .092 .151 35 .124 .274 89 .005 .423 32 .359 
130 .737 .660 .546 .492 90 .000 -.239 55 -.137 .239 56 .137 .159 44 .114 .310 78 .064 .465 22 .432 
140 .755 .550 .529 .493 90 .000 -.248 48 -.166 .251 48 .166 .167 53 .101 .362 68 .136 .523 14 .507 
150 .743 .549 .549 .433 90 .000 -.208 41 -.157 .211 41 .157 .147 62 .069 .415 59 .214 .558 10 .549 
160 .731 .553 .553 .322 90 .000 -.162 35 -.133 .164 35 .133 .106 71 .035 .463 49 .304 .567 13 .559 
170 .657 .529 .529 .171 90 .000 -.084 31 -.072 .087 31 .072 .057 81 .009 .512 40 .392 .570 22 .529 
180 .551 .472 .472 .001 90 .000 .002 30 .002 .015 30 .002 .001 90 .000 ..544 30 .471 .544 30 .472 

((110)) slip planes (continued) 

(110)[111] (101)[i113 (011)[111] (101)[111] (011)[lí1] (110)[1] 

0 .550 55 .916 .408 79 .119 -.142 73 -.041 -.142 73 -.042 .408 73 .119 .550 55 .316 
10 .422 62 .198 .391 89 .048 -.031 68 -.012 -.210 78 -.044 .450 63 .204 .657 50 .422 
20 .298 68 .111 .402 87 .021 .106 65 .045 -.224 84 -.024 .512 53 .308 .731 46 .508 
30 .183 75 .121 .437 77 .098 .255 61 .124 -.165 90 .000 .570 44 .409 .743 43 .549 
40 .100 83 .012 .497 67 .194 .399 58 .211 -.089 85 -.008 .661 34 .550 .749 42 .561 
50 .048 90 .000 .560 57 .305 .507 57 .276 .021 80 .003 .722 25 .660 .727 43 .599 
60 .048 83 .006 .637 48 .426 .600 57 :327 .154 75 .039 .777 16 .747 .626 46 .434 
70 .089 75 .023 .715 38 .563 .643 58 .341 .307 70 .105 .823 10 .810 .514 50 .330 
80 .166 68 .062 .768 29 .672 .615 60 .308 .448 66 .182 .828 12 .809 :391 55 .224 
90 .269 62 .126 .817 19 .773 .548 62 .258 .547 62 .258 .817 19 .773 .271 62 .126 

100 .391 55 .224 .827 12 .809 .447 66 .182 .615 60 .308 .768 29 .672 .167 68 .062 
110 .519 50 .330 .822 10 .810 .306 70 .105 .633 58 .341 .716 38 .563 .090 75 .023 
120 .625 48 .434 .777 16 .747 .152 75 .039 .600 57 .327 .638 48 .426 .049 83 .006 
130 .737 43 .539 .728 25 .660 .018 80 .003 .506 57 .276 .560 57 .305 .049 90 .000 
140 .755 42 .561 .664 34 .550 . -.093 85 -.008 .998 58 .211 .497 67 .194 .101 83 .012 
150 .743 43 .543 .589 44 .409 -.168 90 .000 .254 61 .124 .437 77 .098 .185 75 .121 
160 .731 46 .508 .512 53 .308 -.224 84 -.024 .105 65 .045 .402 87 .021 .287 68 .111 
170 .657 50 .422 .450 63 .204 -.211 78 -.044 .083 68 .012 .391 83 .048 .422 62 .198 
180 .551 55 .316 .407 73 .119 -.143 73 -.042 -.143 73 -.041 .407 73 .119 .551 55 .316 

((112)) slip planes 

Azimuthal 
angle (211)[11i] (112)[111] (121)[111] (121)[111] (1.í2)[111] (211)[111] 

8 I/ 2/ 3/ 4/ J -2/ 4/ 5/ A/ 4/ 5/ J 4/ 5/ 6/ 4/ 5/ 6/ 4/ 5/ 6/ 

0 .633 .693 .633 .000 60' .000 .000 00 .000 .000 60 .000 .318 60 .159 .633 00 .693 .318 60 .159 
10 .629 .620 .619 .153 61 .074 .000 10 .000 -.155 61. -.075 .370 50 .238 .629 10 .620 .271 70 .097 
20 .600 .564 .562 .290 62 .136 .000 20 .000 - -.291 62 -.137 .394 41 .297 .600 20 .564 .218 79 .045 
30 .567 .492 .571 .980 65 .161 .000 30 .000 -.380 65 -.161 .419 32 .349 .587 30 .492 .164 89 .006 
40 .516 .394 .568 .440 68 .165 .000 40 .000 -.499 68 -.165 .405 24 .370 .514 40 .394 .119 81 .016 
50 .618 .381 .588 .490 72 .133 .000 50 .000 -.430 72 -.139 .366 18 .348 .452 50 .291 .093 71 .027 
60 .713 .496 .639 .378 76 .091 .000 80 .000 -.377 76 -.129 .335 17 .320 .408 60 .204 .096 62 .042 
70 .770 .590 .858 .281 81 .043 .001 70 .000 -.280 81 -.044 .284 20 .267 .366 70 .125 .086 53 .051 
80 .792 .633 .637 .149 85 .013 .001 80 .000 -.149 85 -.013 .213 27 .180 .333 80 .058 .124 44 .079 
90 .784 .634 .634 .001 90 .000 .001 90 .000 .000 90 .000 .165 36 .133 .324 90 .000 .164 35 .133 

100 .721 .641 .637 -.148 85 -.013 .001 80 .000 .149 85 013 .112 45 .079 .335 80 .058 .229 27 .190 
110 .767 .721 .656 -.279 81 -.044 '.001 70 .000 .280 81 .044 .087 54 .051 .964 70 .124 .282 20 .267 
120 .518 .782 .699 -.377 76 -.091 .001 60 .000 .378 76 .129 .097 64 .042 .406 60 .203 .335 17 .320 
130 .839 .794 .588 -.429 72 -.133 .001 50 .000 .430 72 .133 .094 73 .027 .449 50 .289 .365 19 .348 
140 .818 .741 .568 -.439 68 -.165 .001 40 .000 .440 68 .165 .120 82 .016 .510 40 .391 .404 25 .370 
150 .773 .649 .571 -.379 65 -.160 .002 30 .000 .381 65 .161 .165 88 .006 .563 30 .488 .412 33 .349 
160 .706 .560 .562 -.289 62 -.136 .002 20 .000 .291 62 .137 .218 78 .045 .596 20 .560 .993 42 .297 
170 .630 .617 .618 -.153 61 -.074 .002 10 .000 .155 61 .075 .271 69 .097 .626 10 .617 .369 51 .298 
180 .632 .633 .639 -.001 60 .000 .002 00 .000 .001 60 .000 .317 60 .159 .632 00 .633 .317 60 .159 

((112)) slip planes (continued) 

0:12)G11] (211)[}11 0.21.)[111] (112)11(1] 021)1110 (211)1511] 

0 .155 90 .000 .555 60 .278 .405 80 .209 .155 90 .000 .555 60 .278 .405 60 .203 
10 .206 82 .029 .472 70 .161 .268 60 .194 .134 82 .018 .697 51 .396 .505 60 .253 
20 .293 74 .081 .407 79 .078 .116 62 .055 .160 74 .044 .714 42 .525 .556 62 .261 
30 .400 66 .163 .363 89 .006 -.036 64 -.016 .234 66 .094 .759 33 .649 .529 64 .292 
40 .516 59 .266 .347 81 .054 -.169 68 -.063 .316 59 .162 .818 25 .741 .505 68 .192 
50 .618 52 .981 .359 72 .111 -.257 72 -.079 :418 52 .258 .839 19 .794 .410 72 .129 
60 .713 46 .496 .394 62 .185 -.310 76 -.075 .542 46 .376 .819 17 .782 .279 76 .067 
70 .770 40 .590 .469 53 .279 -.913 81 -.049 .646 40 .494 .768 20 .721 .128 81 .020 
80 .792 37 .633 .548 44 .994 -.256 85 -.022 .722 37 .576 .720 27 .641 -.023 85 -.002 
90 .784 36 .634 .634 35 .519 -.159 90 .000 .785 36 .634 .635 35 .519 -.157 90 .000 

100 .721 37 .576 .719 27 .6:1 -.025 85 -.002 .793 37 .633 .549 44 .394 -.255 85 -.022 
110 .645 40 .494 .767 20 .721 .127 81 .020 .770 40 .590 .464 59 .279 -.312 81 -.049 
120 .541 46 .376 .818 17 .782 .278 76 .067 .713 46 .498 .395 62 .185 -.310 76 -.075 
190 .419 52 .258 .839 19 .794 .416 72 .129 .617 52 .381 .360 72 .111 -.255 72 -.079 
140 .314 59 .162 .818 25 .741 .511 68 .192 .516 59 .266 .347 81 .054 -.167 68 -.063 
150 .232 66 ..094 .773 33 .649 .529 64 .232 .399 66 .163 .364 89 .006 -.035 64 -.016 
160 .158 74 .044 .706 42 .525 .556 62 .261 .292 74 .081 .407 79 .078 .117 62 .055 
170 .132 82 .018 .630 51 .396 .506 60 .253 .205 82 .029 .473 70 .161 .269 60 .134 
180 .154 90 .000 .556 60 .278 .406 60 .203 .154 90 .000 .556 60 ..278 .406 60 .203 

1/ Maximum resolved shear stress = MOSS. 
2/ Maximum directional plasticity factor = MDPF. 
3/ Average maximum directional plasticity factor for 8 and 8 +160° = 1 /2 (MDPF (8 +MDPF(8 +180)). 
4/ Resolved shear stress = RSS = r50 =My cos)cos40+?x coed oosß +Txy(cosX cos +cos i acus4)). 
5/ Rotation factor angle =4,. 

pp 6/ Directional plasticity factor = DPF= cos*)u $y cock cos +.7xcosaco.otxy(cosX cosß + cosy cos*. 


