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A NEW METHOD FOR THE CALCULATION OF 
MOMENTUM, HEAT AND MASS TRANSFER 

IN LAMINAR BOUNDARY LAYER FLOW 

I. INTRODUCTION 

The calculation of momentum, heat and mass transfer in steady 

two -dimensional or axisymmetrical laminar boundary layers with 

arbitrary external pressure distributions is quite difficult, due to the 

complicated nature of the partial differential equations describing the 

transport processes. Several formally exact methods of solution have 

been developed which produce reasonably accurate results (2, 3, 6, 

7, 22, 27), but these methods require much computational effort and, 

in some cases, numerical difficulties limit the ultimate accuracy of 

solution. Thus, many approximate methods have also been developed 

for the calculation of the transfer coefficients (4, 12, 14, 20, 21). 

These approximate methods vary considerably in versatility and ease 

of calculation, but they are often quite inaccurate, especially far 

downstream of the leading edge. Few methods are available that 

strike a reasonable compromise between accuracy and ease of appli- 

cation. This study has been undertaken in order to develop a method 

of calculation of boundary layer transfer coefficients that is reason- 

ably versatile and accurate, yet a method that requires relatively 

simple calculations. 
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II. THEORY AND PREVIOUS WORK 

In 1904, Prandtl (15) developed the concept of the boundary 

layer in fluid flow. This concept led to simplifications of the general 

equations of momentum transfer, and subsequently the equations of 

heat and mass transfer, that have been shown to be of great practical 

value in the calculation of momentum, heat and mass transfer rates. 

Development of the Boundary Layer Equations 

The partial differential equations known as the boundary layer 

equations may be derived from the general equations of change of 

motion, energy and mass. The form of the equations of change pre- 

sented below was given by Bird, Stewart and Lightfoot (1). 

The Equation of Continuity of Mass 

+v pv =0 
at 

The Equation of Motion 

a 

at pv = - v pvv - vp - v . 

The Equation of Thermal Energy 

DU = --v q-pv v-T:OV pDt 

T -Fpg 

(1) 

(2) 

(3) 

áP 
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The Equation of Continuity of a Species in a 

Binary Mixture 

at + 
v 

Av 
V c O XA+ D 

AB RA (4) 

At this point, a number of simplifying assumptions are made. 

1. The fluid flow is steady state. 

2. The fluid density and heat capacity are constant. 

3. The fluid transport properties are constant. That is, 

the viscosity, thermal diffusivity and mass diffusivity are 

constant. 

4. There are no volume effects acting within the fluid. That 

is, there are no gravitation, radiation or chemical reac- 

tion effects. 

5. The flow system can be described as either two- dimen- 

sional or axisymmetrical. 

6. There is no effect to the energy due to the work done by 

the shear stresses. 

7. The Soret and the Dufour effects are insignificant. 

8. The longitudinal distances in the flow system are much 

greater than the transverse distances. As a result, deri- 

vatives in the longitudinal direction are insignificant with 

respect to derivatives in the transverse direction. 

9. The fluid flow in the external field is irrotational. 
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10. The viscous effects are Newtonian. 

11. Flow in the boundary layer is laminar. 

Assumptions 1, 4, 6 and 10 are usually satisfied in most prac- 

tical engineering situations. Assumptions 2, 3 and 5 place somewhat 

inconvenient or unrealistic restrictions on the application of the 

equations. However, they render the equations more amenable to 

solution. Assumptions 8 and 9 imply the boundary layer concept. 

Several references (1, 10, 16) give a more detailed development of 

the boundary layer hypothesis. 

When these assumptions are introduced, the equations of change 

take the following form: 

The Equation of Continuity of Mass 

8u 
ax ôv + = 0 for two- dimensional flow (5) 

Y 

aru 
+ 

aav 
0 for axisymmetrical flow (6) 

ay 

The Equation of Motion 

2 

uau+vau= 1 ap au 
ôx ay p óx 2 

ay 

The Equation of Thermal Energy 

2 u- vaT a a 

Y ay 

(7) 

(8) 

- 

- 

aT 



The Equation of Continuity of a Species in a Binary 

Mixture 

aXA aXA 
a2XA u 

ax + 
v 

ay 
DAB 

2 
Y 

(9) 

5 

Application of Bernoulli's equation to the flow at the edge of the 

boundary layer leads to the relation: 

?p dU(x) 
p ax U(x) dx 

The equation of motion may then be written: 

are: 

uau+vau = UxdU(x)+va2u 
8x ay U(x) dx 

3y2 

(10) 

The boundary conditions on equations (5), (6), (8), (9) and (11) 

at y = 0 

atx= 0 

u=0 (12) 

v=v 
w 

(13) 

T = 
w 

(14) 

XA = XAw (15) 

u=Uco (16) 

T=Too (17) 

XA = XA (18) 

: 

- 
1 

= 



6 

and as y .co u = U(x) 

T = T(x) 

XA = XA(x) 

(19) 

(20) 

(21) 

The coordinate system used is shown in Figure 1. 

Transformation of Variables 

A transformation of variables (12) provides a more convenient 

description of the boundary layer. A stream function, 4, is written 

such that: 

L 
u r 

v = - - L 
r ôx 

(22) 

(23) 

This definition of 4 immediately satisfies the equation of con- 

tinuity (5, 6). Here L is an arbitrary reference length on the body 

in the flow system. The factor r/L implies Mangler's transfor- 

mation from axisymmetrical coordinates. For two - dimensional flow: 

r/L = 1 ( 24) 

The x and y coordinates are transformed by: 

= 

C xU(x) r 2 dx 
U09 

L2 L 
0 

(25) 

ay 

J 

./.. 

t J 



flow 

flow 

flow 

Two -dimensional wedge 

Arbitrary two -dimensional body 

Arbitrary axisymmetrical body 

Figure 1. Coordinate system 
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(Re ) U(x) r y 
4 U00 L L 

8 

(26) 

where U(x) is the velocity of the fluid at the edge of the boundary 

layer, Uo0 is a reference velocity and 

U L 
co 

Re - (27) 
v 

The stream function is now written: 

1 

Lii(xv y) = UcoL(Re)-2 f(n, ) (28) 

Substitutions of the definitions (25), (26) and (28) into equation 

(11) yields a third order, non -linear partial differential equation 

defining the dimensionless stream function, f(n, ): 

' ' ' af' "af 
f + f f +p(1 - f f ) = 2t(f - f a) 

where the prime indicates differentiation with respect to The 

parameter (3 is defined by: 

2 dU(x) 
P U(x) 4 

( 29) 

(30) 

The velocity components in terms of the transformation vari- 

ables are: 

u(x, y) = U(x)ft(r), (31) 

v(x, y) = 
r U(x) 8f 

1 (f + + ( p -1)rif) ( 32) 
( 2tRe)2 a 

1. 

-L 2t 

- 



The boundary conditions on equation (29) may now be written: 

at 0, 

f = 

f + 2 óf - 
vwL (20.e)2 

at r U(x) 

and as -. 00 

(33) 

(34) 

f -. 1 ( 35) 

Equations (8) and (9) will be transformed by introducing the 

following dimensionless profile functions: 

T(x, y) - Tw 

T(n' T - T 
w 

XA(x, y) - XAw 

BAB (11' - X - X 
0o Aw 

and defining: 

A 
v =- 

T a 

(36) 

(37) 

(38) 

A _ (39) 
AB DAB 

The equations for thermal energy and mass diffusion are then trans- 

formed to an identical form: 

II = 2n(fá II ) (40) 

9 

) 

= 

_ 

- 

0 



With the assumption that Tw, Too, XA and XAco are inde- 

pendent of x , the boundary conditions on equation (40) become: 

at r)= 0, 

as ri -.00 

10 

II= 0 (41) 

II_. 1 (42) 

These non -linear partial differential equations (29) and (40), 

then, with their boundary conditions (33, 34, 35) and (41, 42), re- 

spectively, describe momentum, heat and mass transfer within a 

steady two- dimensional or axisymmetrical constant -property laminar 

boundary layer. The problem in any practical application is that of 

finding an adequate solution to these equations for a particular ex- 

ternal velocity distribution. 

Similar Solutions 

When the external velocity distribution satisfies the relation- 

ship (20): 

dU(x) 
n dx C 1 U(x) 

the transformations carried out above produce ordinary differential 

equations closely related to equations (29) and (40). 

00 

= 



The momentum equation becomes': 

f0 + 
1.0 

f0 + ß 0(1 - f0f0) = 0 

and the equation of heat and mass transfer becomes: 

II0 .+ 1f 0II0 = 0 

11 

(43) 

(44) 

The boundary conditions on equations (43) and (44) are identical 

to the boundary conditions on equations (29) and (40), respectively, 

except that (34) becomes: 

atn= 0 

vwL (20.e)2 
f K 
0 r U(x) - (45) 

Solutions to equations (43) and (44) are often known as "similar 

solutions" because the velocity profiles at all points within the 

boundary layer differ only by a constant scale factor (16). 

Flow over a wedge, where 

and 

U(x) = ulxm (46) 

2m 
ß0 m+ 1 

(47) 

1 The reason for the subscripts will become apparent in later 
sections. 

- 

= - 

nt It I I 

i 

- 
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comprises an important class of similar solutions. Using potential 

flow theory (10), it may be shown that the parameter in equa- 

tion (43) corresponds to a wedge with an included angle of (p Orr) , as 

illustrated in Figure 1. 

Definition of Transfer Coefficients 

The local friction coefficient, cf , defined by 

au 

c = v (ay)y-0 
f 1 2 

zUcc, 

may now be written in terms of the transformed variables as 

2 
r U(x) 

f 
" 

c = 2 1 (0, K) 
f L U( 2Re)2 

The local Nusselt number, Nu , defined by 

and 

(48) 

(49) 

aT 
ay 

NuT 
L T )y- T oo) 

for heat transfer (50) 
( w 

(aXA ) ay y =0 

NuAB L(X - X 
Aw Aoo 

may be written as 

Nu 

for mass transfer (51) 

r U(x) 
II (0, K, A) 

- L 
U00(R 

)z 
(52) 

These expressions (49) and (52), then, relate the dimension- 

less boundary layer functions f(r, 5, K) and 11(r, , K,A) to the 

dimensionless functions cf and Nu , which are commonly used in 

= 

, 

r 

- 
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momentum, heat and mass transfer calculations. 

Previous Work 

The problem of solving the equations describing momentum, 

heat and mass transfer in laminar boundary layers has been treated 

by many workers. Only a brief discussion of the various basically 

different methods will be presented here. 

Essentially two approaches have been taken. The first is that 

of finding a formally exact solution, which would be limited only by 

errors in the numerical methods used. The second approach is that 

of finding an approximate solution to the boundary layer equations by 

introducing additional simplifications. Approximate methods are 

quite important, since in many practical applications, the calculations 

must be made reasonably rapidly. 

Power series expansions are one general class of exact 

methods. They involve an expansion of the stream function as a 

power series in the longitudinal coordinate, with coefficients that 

depend on some similar transverse coordinate. Substitution of the 

series into the boundary layer equations produces a set of ordinary 

differential equations, the solutions of which may then be used to 

calculate the coefficients of the power series. Once calculated, these 

solutions may be tabulated for later use. Blasius (2) first used a 

power series in x to treat flow beginning at plane stagnation with 
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good results. Since then, the same method has been extended to 

flow beginning at axisymmetrical stagnation and at the leading edge 

of a flat plate (16). Froessling (6) used this method to treat heat and 

mass transfer, and recently Sparrow, Torrance and Hung (22) have 

extended the method to momentum, heat and mass transfer with 

surface mass transfer. Görtler (7) expanded the stream function 

as a power series in , in order to obtain better convergence of 

the series. However, this improvement in convergence has not 

always been realized. The method has been extended to flow begin- 

ning at plane and axisymmetrical stagnation, and at the leading edge 

of a flat plate. It has also been extended to momentum transfer 

with suction at the surface. Görtler's series method has also been 

extended to heat and mass transfer (27). The power series methods 

are quite accurate when adequate convergence can be obtained. 

Their major drawback is the large tables of solutions to the auxiliary 

differential equations that must be compiled in order to insure good 

convergence and provide adequate coverage of different flow condi- 

tions. An immense number of tables would be necessary to treat 

heat and mass transfer with a full range of Prandtl and Schmidt 

numbers. 

The formally exact numerical solution of the partial differential 

equations describing laminar boundary layer flow has been carried 

out using finite difference techniques by several workers in the past. 

`5 
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The recent study by Clutter and Smith (3) is the most substantial con- 

tribution using this technique. By using refined numerical methods 

and aided by a high speed digital computer, they have carried out 

many accurate solutions of the momentum equation for different ex- 

ternal velocity distributions and for different conditions of surface 

mass transfer. They have also extended this method to heat and mass 

transfer. The finite difference method is probably the most versatile 

method available, since variations in fluid properties, surface mass 

transfer rates, and surface temperature and composition may easily 

be taken into consideration. The major disadvantage of this method 

is the tremendous amount of computation necessary for each problem. 

Several approximate methods, such as the method of Pohlhausen 

(14), have been developed which are based on von Kármán's momen- 

tum integral equation (25). With the assumption of a power series for 

the internal velocity profile, the integrals for the momentum and dis- 

placement thicknesses may be expressed explicitly in terms of the 

momentum transfer to the boundary layer at its outer edge. These 

thicknesses may then be correlated in an ordinary differential equa- 

tion, the solution of which leads to the calculation of the momentum 

transfer coefficients. These methods are of relatively poor accuracy 

and have seen more application in the study of turbulent boundary 

layers. 

The approximate method of Spalding (20) is related to the 

: 
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von Kármán-Pohlhausen methods. Spalding assumed that certain 

functions of a similar boundary layer have the same values in a non - 

similar boundary layer. The momentum and displacement thicknesses 

may then be correlated by these functions in an ordinary differential 

equation. The solution of this equation leads to the calculation of the 

momentum transfer coefficients. The introduction and correlation of 

a "conductive thickness" allows the calculation of heat and mass 

transfer coefficients. This method can also be applied to boundary 

layer flow with surface mass transfer. 

Eckert (4), Merk (12) and others have developed approximate 

methods that may be classed as "similar methods" or "wedge 

methods ". Although differing somewhat as to the initial assumptions 

made, these methods all involve the calculation of a value of the 

parameter, ß , such that the similar solution at this value approxi- 

mates the solution to the equation (29) describing the actual non - 

similar flow. These methods are easily extended to heat and mass 

transfer by assuming that the solution of the similar profile equation 

(44) at the calculated value of 13 approximates the solution of 

equation (40). The similar methods also treat the case with surface 

mass transfer (4). The similar methods are reasonably versatile and 

allow rapid calculation of momentum, heat and mass transfer coeffi- 

cients. They are also exact in the limit as the non -similar flow ap- 

proaches similar flow. However, in many cases of non - similar flow, 

the similar methods fail far downstream close to separation. 

0 
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IIL EXTENSION OF THE MERK SERIES 

In the presentation of his similar method, Merk indicated that 

greater accuracy could be achieved by including higher order terms 

in a series that had been truncated after the first term (12). It was 

anticipated that inclusion of just a second term would produce results 

that would be accurate even in the region near separation. However, 

the functions associated with the higher order terms were not avail- 

able at that time. Thus, the calculation of these functions was under- 

taken in this work, so that Merk's series could be evaluated with at 

least two terms. 

Development of Merk's Series 

In the development of the Merk similar method, it was pointed 

out that, because ß is a single -valued function of g , t may be 

considered a function of 3 . The solution of the equation 

af' " af 
f ' + f f +(3(1 - f f ) = 2g(f - f ) 

was then written as 

f(11, ) = f0(n, ) ß + 2 á f1(1, ß ) + 

where 

2t dU(x) 
U(x) dg 

(29) 

(53) 

(30) 

'. 

11 
' ' ' 

ß 
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Merk also considered the heat and mass transfer equation (40), 

but this equation will not be included in this section. 

After substituting series (53) into equation (29), Merk obtained 

the following ordinary differential equations defining f0 and f1 : 

and 

f0 + fofo + P(1 - f0f0) = 0 

I i 11 Iaf0 II af0 
f1 +f0f1 , 2(3f0f1 +f0f1 = f0aß f0 

8ß 

(54) 

(55) 

From the boundary conditions (33), (34) and (35) on equation 

(29), the boundary conditions on equations (54) and (55) are found to 

be: 

at = 0 

and as r1 00 

f0=-K 

f0 = 0 

1 af0 
f l 3 aß 

fl = 0 

(56) 

(57) 

(58) 

(59) 

f0 1 (60) 

f -. 0 (61) 
1 

II 

111 II 

1 

-. 

- 
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It was found in the present study that if, in the derivation of the 

equation defining f1 , all terms of like order in 

the following definition of f1 would result: 

af0 "0 
I I 

f1 + fOf1 - 2(3 + 1)f0f1 + 3f0f1 = f0 ap o aß 

were equated, 

(62) 

also with boundary conditions (58), (59) and (61). Because it is not 

known whether the difference between equation (55) and equation (62) 

resulted from an accidental or an intentional omission on Merk's 

part, both equations are presented here. 

Solutions to the similar equation (54) and to both equations (55) 

and (62) defining f1 have been found using the numerical methods 

described in Appendix D. Table 1 presents values of f0(0, p) and 

f1(0, p) for several values of p and with the boundary conditions 

f0 = O and f1 = Oat rr= 0. 

Table 1. Values of the dimensionless velocity gradients used in 
Merk's series f0 = 0 and f1 = 0 at ri - 0 

ß 
f0(0, p) f1(0, 

1 
p) from (55) fl(0,p) from (62) 

-O. 1 0. 31927 -0. 38228 -O. 21187 

0. 0 O. 46960 -0. 22831 -O. 13432 

0. 5 0. 9 2768 -O. 05598 -O. 04044 

t 

III II Il 1 f 
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Calculations using Merk's Series with 
U(x) /Uc,9 = 2 sin x 

The circular cylinder with the external velocity distribution 

U(x) /Uoo = 2 sin x provides a convenient example with which to de- 

termine the effect of the second term in Merk's series. Figure 2 

shows the results of the calculations using both definitions of f1 , 

equations (55) and (62). Also shown are the Merk similar method, 

which is simply the evaluation of the first term in the series (53), 

and the Blasius series, which has been found to be quite accurate in 

this case and thus is often used for comparison. 

It may be seen in Figure 2 that Merk's series, using either 

definition of fl , follows the Blasius solution quite closely up to 

about O = 70 °. Past this point, however, both Merk series begin to 

diverge. The reason for this poor behavior is apparent in the fact 

that there are no real solutions to the f0 equation past the point 

where the Merk similar method, that is, the first term in Merk's 

series, predicts separation. Since a solution of the f0 equation 

is required for the solution of either f1 equation, there will be no 

real solutions to the f1 equations past this point. The behavior of 

the series in the region just before the Merk similar method predicts 

separation, about 75° to 95° on Figure 2, is evidently brought about 

by the impending singularity in the solution of the f0 equation. 



1.2 

1.0 

0.8 

0.6 

0.4 

0.2 

Merk series (12) 
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Figure 2. Comparison of Merk's series with the Blasius series with U(x) /Uoc, = 2 sin x. 
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Since the Merk similar method has, in every case studied, pre- 

dicted early separation, it is clear that the extension of Merk's series 

will be of little practical importance. The major difficulties are the 

divergence of the second term in the region just before the Merk 

similar method predicts separation and the fact that it is impossible 

to continue the series past this point. Also, at least in the example 

presented, in the region where Merk's series does improve the ac- 

curacy, the Merk similar method is accurate enough that the addi- 

tional calculation for the series method is not justified. 



23 

IV. DEVELOPMENT OF THE PRESENT METHOD 

The present method for the calculation of momentum, heat and 

mass transfer in laminar boundary layer flows was developed in order 

to bridge the gap between the accurate, but lengthy, exact methods 

and the relatively rapid and convenient approximate methods, which 

are prone to failure in many cases of non -similar flow. 

The present method involves the substitution of two series into 

the momentum equation: 

' 8f "8f f + f f + ß(1 - f f )= 
791- 

f a} 

which has the boundary conditions 

at r1 = 0 

f 2óf vwL (2Re)i 
á U(x) 

and as ri -.00 

f I 

The following series are defined: 

= P0(0 

and 

oo 

an()Pn(P0) 
n=1 

(29) 

(34) 

(33) 

(35) 

(63) 

I 

n(f - 

+ _ - 
r 

0 

" +./ 

f 



00 

f(t) = f0(rl ß0) + an(Ofn(r1, ß0) 

For convenience, al is defined as 

dß0 

a 1 = 
2t 

d 

24 

(64) 

(65) 

At the present time, the an for n 2 are not of interest. How - 

ever, they will have similar arbitrary definitions. Substitution of the 

series (63) and (64) into equation (29) produces the ordinary differ- 

ential equations: 

//I II I 

f0 +f 
0 

f0 + ß 0(1 - fOfO) = 0 (66) 

and 
i i ri iaf0 iiaf0 I i 

f1 + fOfl - 2(ß0+ 1)fOfl + 3fOf1 = f0aß0- f0Sß0- -fofo) 

The function 
ß l 

may now be defined by setting the boundary 

conditions on equation (67) such that 

at = 0 

and as rl -. 00 

fl = 0 

fi = 0 

f1= 0 

(68) 

(69) 

(70) 

o (71) fl -. 

e 

n 
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Similarly, if the an are chosen so that the p appear as free 

constants in the equations defining the fn , it will be possible to de- 

fine the ß n 
by setting the boundary conditions for the fn equa- 

tions such that, for n > 1, 

at h = 0 

and as ri . 00 

f = 0 
n 

fn = 0 

f = 0 
n 

(72) 

(73) 

(74) 

fn .0 (75) 

Thus it may be seen that the fn for n 1 make a zero 

contribution to the boundary conditions (33), (34) and (35) on the mo- 

mentum equation (29). They also make no contribution to f at 

= 0, so momentum transfer calculations may be made using only 

fo at rl = 0. 

The boundary conditions on equation (66) may now be written: 

at r)= 0 

f = _ v L ( 
4Re)z 

0 r U(x) 

0 
= 0 

and as ri - 00 

(76) 

(77) 

(78) 

n 

i 

f; 

w 

q 

f0 - 1 



It may also be shown that 

/I 

f0(0, 
ß0) 

= f(0, ) 
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(79) 

Examples of the functions f0 and f1 are shown in Figure 3. 

Equation (40) describing heat and mass transfer may now be 

considered. The following series is defined: 

0o 

nk, =n0(r1,ß0)+ an ñ(rl ß 0) 
n=1 

(80) 

Now substituting equations (64), (65) and (80) into equation (40), it is 

found that 

are 

and 

110+Af0II0 =0 

111 + A f0 - 2Af0 
0 111 

8110 

ßf0 aß0 

8f0 

110aß 
0 

) 3A110f1 
1 

(81) 

(8 2) 

Boundary conditions on these and the higher order equations 

at n = 0 

and for n 1 

110 = 0 (8 3) 

11=0 
n (84) 

) 

= 

- - 
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The function ß0(e) is defined implicitly by equation (63), and, 

with knowledge of the an , the ß 
n 

and the function ß() , it 

would be possible to evaluate the function (3 0(e). Equation (64) could 

then be used, with knowledge of the fn , to calculate the exact values 

of f(n, 

However, in order to simplify calculations and to avoid compila- 

tion of large tables of ßn and fn , an approximation is introduced. 

A first order2 approximation is made by truncating the series (63) 

after the second term to obtain 

dß 
13(g) = ß0(e) + 2g d 0 (31(130) 

Rearrangement of equation (85) produces an ordinary differential 

equation 

dß0 ß -p0 
dt 2 ß 

(8 5) 

(86) 

2The zero order approximation would be the truncation of the 
series (63) after the first term, which, with ß0(e) = ß() , would 
be the same as the Merk similar method. 

- 

t) 

n -. 1 

nn . 0 
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with a boundary condition 

at O 

Po ß 

Since ß () may be determined by equation (30) and since 

29 

(87) 

ßl 
is a function of ß0 , equation (86) may be solved to find an approxi- 

mate function po() . Some values of the function ß are given 

in Table 9 and Table 11. A discussion of the integration of equation 

(86) may be found in Appendix B. 

Extension of the present method to the calculation of heat and 

mass transfer rates is simplified by the introduction of another ap- 

proximation. The series (80) defining II is truncated after the first 

term to obtain: 

K,A) = II(, (30, K,A) (88) 

Thus III may be evaluated from the similar solutions at the proper 

value of 130 , just as f" has been. 

Since ß will in most cases be evaluated using the approxi- 

mation of equation (86), there will be two approximations used to 

evaluate II . However, if values of II n 

n 
for n > 1 were 

available, II could be evaluated more accurately by including 

additional terms in the series (80). At the present time no values of 

III for n 1 are available. It is anticipated that the calculation n 

= 

l 

II( 

: 

C, 
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of heat and mass transfer coefficients using the approximations of 

equations (86) and (88) will be of sufficient accuracy for most prac- 

tical applications. 
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V. COMPARISON OF THE PRESENT METHOD 
WITH OTHER WORK 

In order to test the accuracy of the present method, momentum, 

heat and mass transfer calculations may be carried out with different 

external velocity distributions and with different rates of injection at 

the surface. The results of these calculations may then be compared 

with exact solutions, with approximate methods and with experimental 

data available in the literature. 

Momentum Transfer 

The present method has been used to calculate momentum 

transfer with several commonly studied external velocity distribu- 

tions. A cylinder with injection at the surface has also been treated. 

The approximation of equation (86), using values of ß given 

in Table 9 and 11, was used to evaluate ßo(t). The dimensionless 

velocity gradient, f "(0, ß0, K), was then evaluated using equation 

(79) and Tables 9 and 10. 

The Circular Cylinder with U(x) /Uoo = 2 sin x 

Figure 4 shows the results of momentum transfer calculations 

made using the present method with the external velocity distribution 

of U(x) /Uoo = 2 sin x , which is predicted by potential flow theory for 
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a circular cylinder in crossflow. Also shown are the results of cal- 

culations made by the approximate methods of Merk (1 2), Eckert (4), 

Spalding (20) and Pohlhausen (16), by the series methods of Blasius 

(16) and Görtler (7) and by the continuation method of Görtler and 

Witting (9). The separation points predicted by these different calcu- 

lations are presented in Table 2. 

Table 2. Separation points with U(x) /Uoo = 2 sin x 

Method Separation Point 
Eckert (4) 1. 626 

Merk (1 2) 1. 661 

Spalding (20) 1. 768 

Blasius (16) 1. 898 

Görtler and Witting (9) 1. 90 

Present method 1. 902 

Pohlhausen (16) 1. 912 

Görtler series, 6 terms (7) 2. 052 

The present method shows good agreement with the Blasius 

series and the calculations of Görtler and Witting. The only devia- 

tion is that the present method appears to be slightly high in the range 

1. 6 < x < 1. 9. The Merk and Eckert similar methods are reasonably 

close out to x = 1. 4, where they fall off rapidly. Spalding's method 

is in reasonable agreement out to x = 1. 6, where it also falls 

rapidly. Pohlhausen's method is low in the region near the stagna- 

tion point and somewhat high in the region near separation, although 
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it predicts separation closely. With six terms, Görtler's series does 

not converge adequately for x > 1. 6 . Thus, for this case, the 

present method appears to give substantially better results for mo- 

mentum transfer calculations than do other approximate methods. 

The Velocity Distribution U(x) /Uoo = 1 - xn 

The results of momentum transfer calculations by the present 

method for the external velocity distribution /Uoo U(x) = 1 - x are 

shown in Figure 5. Also shown are the formally exact calculations 

of Clutter and Smith (3) and Görtler and Witting (8). Calculations 

made using the Merk similar method are also shown, for they repre- 

sent the zero order approximation of the present method and thus are 

of special interest. Calculations made by the present method and by 

Görtler and Witting (8) for U(x) /Uoo = 1 - xn , with n = 2, 3, 4, and 

5, are shown in Figure 6. Table 3 gives the separation points pre- 

dicted by several methods. Except for Spalding's method, the Merk 

similar method and the present method, all are considered formally 

exact. 

For n = 1, 2 and 3, there is reasonably good agreement be- 

tween the present method and the formally exact methods, although 

it again appears that the present method is slightly high in the region 

just before separation. For n = 4 and 5, the present method is sig- 

nificantly higher than the calculations of Görtler and Witting. 
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However, the latter calculations are less reliable for these values 

of n because only two terms could be used in Görtler's series, 

although Witting's numerical continuation was started relatively 

early (8). Shown only for n = 1 , the Merk similar method falls off 

rapidly, demonstrating the failure of similar methods in decelerating 

flow. 

Table 3. Separation points with U(x) /Uoo = 1 - xn. 

Exponent 
n Method Separation Point 
1 Merk (12) 0. 0867 

Spalding (20) 0. 1073 
Leigh (1 1) 0. 1 198 
Clutter and Smith (3) 0. 1200 
Present method 0. 1241 
Görtler and Witting (8) 0. 125 

2 Tani (24) 0. 271 
Present method 0. 288 
Görtler and Witting (8) 0. 290 

3 Present method 0. 408 
Görtler and Witting (8) 0.409 

4 Tani (24) 0. 462 
Görtler and Witting (8) 0. 485 
Present method 0. 495 

5 Görtler and Witting (8) 0. 552 
Present method 0. 560 
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The Velocity Distribution U(x) /Uoo= (1 + x) -n 

Momentum transfer calculations for the external velocity dis- 

tribution U(x) /Uoo = (1 + x) 
-n have been carried out using the 

present method. Figure 7 shows the results for n = 1. Also shown 

are the calculations made by Clutter and Smith (3), by Görtler and 

Witting (9) and by the Merk similar method (12). Predicted separa- 

tion points for n = 1, 1. 5, 2, 2. 5, 3, 3. 5 and 4 are given in 

Table 4. 

Table 4. Separation points with U(x) /Uoo = (1 + x) 
-n 

Exponent 
n Method Separation point 

1 Merk (12) 0. 1045 
Clutter and Smith (3) 0. 1450 
Present method 0. 1534 
Görtler and Witting (9) 0. 161 

1. 5 Present method 0. 0984 
Görtler and Witting (9) 0. 101 

2 Present method 0. 0725 
Görtler and Witting (9) 0. 075 

2. 5 Present method 0. 0573 
Görtler and Witting (9) 0. 058 

3 Present method 0. 0474 
Görtler and Witting (9) 0. 048 

3. 5 Present method 0. 0404 
Görtler and Witting (9) 0. 041 

4 Present method 0. 0353 
Görtler and Witting (9) 0. 036 
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For n = 1, the present method compares quite well with the 

calculations of Clutter and Smith, and Görtler and Witting. In fact, 

the results at every point lie on or between these formally exact cal- 

culations. The relatively sharp curvature in the calculations of 

Clutter and Smith at x = 0. 13 , however, indicates that they may 

have experienced difficulties with their numerical methods and that 

their results past this point may not be reliable. For the higher 

values of n , the present method agrees quite well with the calcu- 

lations of Görtler and Witting in prediction of the separation points. 

Axisymmetrical Flow on a Sphere with U(x) /Uoo = 1. 5 sin x 

An example of axisymmetrical flow, the sphere with 

U(x) /Uoo = 1. 5 sin x , has also been treated using the present method. 

The results are shown in Figure 8. Also shown are the calculations 

by Clutter and Smith (3) and by the Merk similar method (12). Table 

5 gives the separation points predicted by four different methods. 

Table 5. Separation points on a sphere. 

Method Separation point 

Merk (12) 1. 693 

Clutter and Smith (3) 1. 846 

Present Method 1.894 

Blasius -type series (16) 1.913 
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In the region just before separation, 1. 6 < x < 1. 9, the 

present method gives results significantly higher than the formally 

exact calculations of Clutter and Smith. However, the Blasius -type 

series employed by Schlichting predicts separation after the present 

method does. Since the Blasius series gives good results on the 

cylinder, the calculations of Clutter and Smith may not be reliable 

in this region. It may be noted that in this mostly accelerated and, 

for 0 < x < 1. 2, reasonably similar flow the Merk similar method 

gives reasonably good results. 

A Cylinder with Injection at the Surface 

The present method was used to calculate momentum transfer 

on a cylinder with several different rates of injection at the surface. 

These results are compared in Figure 9 with calculations made using 

the series method of Sparrow, Torrance and Hung (22). The velocity 

distribution used was a seventh degree polynomial correlation of 

Elzy's data (4). The first term in the velocity distribution was deter- 

mined by accurately plotting the data near the stagnation point as 

described by Elzy. 

The parameter fwd is a measure of the normal velocity at 

the surface and is defined by: 

v Pw w fwd 
p 001100 

Red (89) 
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In this case fwd is positive, and consequently the momentum 

transfer coefficients are reduced. 

The separation points predicted by these methods at various 

rates of injection are given in Table 6. 

Table 6. Separation points on a cylinder with injection at the 
surface. 

fwd 
Present Sparrow, Torrance 
Method and Hung (22) 

0. 137 1.48.2 1.479 

0. 697 1. 434 1. 428 

1. 771 1. 350 1. 349 

The results obtained with the present method compare quite 

well with the formally exact calculations made using the series of 

Sparrow, Torrance and Hung. Again the present method is slightly 

high in the region before separation. This deviation appears to be- 

come smaller at the higher injection rates. 

Heat and Mass Transfer 

No accurate analytical solutions are available for heat and 

mass transfer in non - similar constant -property incompressible 

laminar boundary layer flow, so the calculations of heat and mass 

transfer by the present method are compared mainly with experi- 

mental data. This comparison will tend to show how the present 

method will perform in practical applications. It will not, however, 
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allow any definite conclusions as to the error introduced by the ap- 

proximations (86) and (88). 

Heat and Mass Transfer Data 

Heat and mass transfer data for a circular cylinder in cross - 

flow taken from five investigations (17, 18, 19, 26, 28) is compared 

in Figure 10 with calculations made using the present method. The 

widely used velocity distribution of Schmidt and Wenner (17) was used 

in the calculations. The parameter Nu /A°. 4Re0' 5 is recom- 

mended by Sogin and Subramanian (19) for the correlation of heat and 

mass transfer data taken at different values of A. 

The present method shows reasonably good agreement with the 

data up to the point of separation, which was calculated to be 81. 0° 

and which appears to vary in the data from about 77° to 90 °. 

Schnautz's Mass Transfer Data 

The mass transfer data of Schnautz (18), taken on a cylinder, 

is shown in Figure 11. Shown for comparison are calculations made 

using the Merk (1 2) and the Eckert (4) similar methods, the .Froessling 

series (6) and the present method, all with A = 0. 7 . Here the 

Chilton- Colbum analogy (1) has been used to convert Schnautz's data 

to A = 0. 7 . Again the velocity distribution of Schmidt and Wenner 

was used in the calculations. An additional calculation was made with 
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the present method using a velocity distribution measured by Elzy(4) 

in the same wind tunnel used by Schnautz. 

All of the approximate calculations agree well with the formally 

exact Froessling series in the range where it is valid, for 0< x< 0.8. 

Both the Merk and the Eckert similar methods agree well with the 

data until shortly before they predict separation, at x = 1. 231 and 

1. 253 respectively. However, separation does not occur until about 

x = 1. 45 . The present method agrees well with the data, although 

it is somewhat high in the region 1. 1 < x < 1. 3 . This trend is also 

present in the momentum transfer comparisons and may be the result 

of the approximations (86) and (88), since the functional relationships 
If 

of f0 and fl are roughly analogous. Another significant dif- 

ference is that the velocity distribution of Elzy predicts separation 

slightly earlier, at x = 1. 355 , than does the velocity distribution of 

Schmidt and Wenner, which indicated separation at x = 1. 416. Since 

the velocity distributions were actually quite similar, it appears that 

good correlation of velocity data may be quite important. 

Elzy's Transpiration Cooling Data 

The series method of Sparrow, Torrance and Hung (22) and the 

present method are compared in Figure 12 with the heat transfer data 

of Elzy (4) taken on a cylinder with transpiration cooling. The injec- 

tion parameter, fwd , is defined by equation (89). The velocity 

1 
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distribution used was a seventh degree polynomial correlation of 

Elzy's data (4) and was described in more detail earlier. 

Both methods compare well with the data to about 40 °. After 

this point, both are significantly higher than the data, with the series 

method of Sparrow, Torrance and Hung highest in all cases. 
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VI. CONCLUSIONS 

The use of a second term in Merk's series does not significantly 

improve the accuracy of momentum transfer calculations in a 

constant -property, two -dimensional or axisymmetrical laminar 

boundary layer. In fact, due to a singularity at the point where solu- 

tions to the f equation become imaginary, the use of the second 
0 

term in the region just before this point gives poorer results than the 

use of the first term alone. Since this problem will occur in most 

cases of non -similar boundary layer flow, it is apparent that the use 

of additional terms in Merk's series will be of little value in momen- 

tum transfer calculations. Because the heat and mass transfer equa- 

tions depend on the momentum equation, the use of additional terms 

in Merk's series should produce poor results in this case also. 

The present method, using the first order approximation, com- 

pares well with exact methods in the calculation of momentum trans- 

fer in laminar boundary layers at both high and low rates of injection 

at the surface. The only significant deviation is that the present 

method is, in some cases, slightly high in the region just before 

separation. For calculation of momentum transfer on the circular 

cylinder, the present method gives substantially better results than 

do other approximate methods. Since the present method is no more 

difficult to apply than the von Kármán- Pohlhausen integral methods 
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or the method of Spalding, it is apparent that the present method may 

be of considerable value in the calculation of momentum transfer 

rates. 

Heat and mass transfer calculations using the present method, 

with the introduction of an additional approximation, compare quite 

well with experimental data, although the results again appear to be 

slightly high in the region just before separation. Because the 

present method is easily extended to heat and mass transfer, this 

method should also be useful in the calculation of heat and mass 

transfer rates. 
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NOMENCLATURE 
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NOMENCLATURE 

(Dimensions are indicated by M for mass, L for length, t for 

time, T for temperature and mole for moles. ) 

an coefficients in the series (63), (64) and (80), dimensionless 

a thermal diffusivity, L2 /t 

flow parameter defined by (30), dimensionless 

ß0 flow parameter defined by (47) or (86), dimensionless 

parameters in the f 
n 

equations, dimensionless 
n 

c molar density, mole /L3 

cA molar density of species A, mole /L3 

c local friction coefficient defined by (49), dimensionless 

DAB binary diffusivity, L2 /t 

Tl similar coordinate defined by (26), dimensionless 

f stream function defined by (29), dimensionless 

f0 similar stream function defined by (43), dimensionless 

fn auxiliary stream function of order n , used in (64), 
dimensionless 

fwd injection parameter defined by (89), dimensionless 

g acceleration due to gravity, L /t2 

K normal velocity parameter defined by (45), dimensionless 

L arbitrary reference length, L 

A diffusivity ratio defined in (38) and (39), dimensionless 

Nu local Nusselt number defined in (52), dimensionless 

f3 

ß 
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diffusivity of momentum, L2 /t 

p pressure, M /Lt2 

II profile function defined by (40), dimensionless 

IIO similar profile function defined by (44), dimensionless 

II 
n 

auxiliary profile function of order n , used in (80), 
dimensionless 

radius of axisymmetrical body, L 

p mass density, M /L3 

Re Reynolds number defined by (27), dimensionless 

t time, t 

T Temperature, T 

T shear stress, M /Lt2 

u longitudinal velocity, L/t 

U(x) mainstream velocity, L/t 

Uoo reference velocity, L/t 

transverse velocity, L/t 

longitudinal coordinate, L 

XA mole fraction of species A, dimensionless 

coordinate defined by (25), dimensionless 

y transverse coordinate, L 

x 
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APPENDIX B 

INTEGRATION OF THE p EQUATION 
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INTEGRATION OF THE p' EQUATION 

The differential equation (86) used to evaluate p0 
0 

must be 

solved numerically for most cases of boundary layer flow. Because 

dß0 /d is indeterminate at the boundary condition (87), some diffi- 

culties may be encountered. 

It has been found that, if a reasonable value of (dß /da ) 
I 0 =0 

can be estimated, most single -step numerical integration methods, 

such as the Euler or Runge -Kutta methods, will give accurate results. 

However, a temporary instability may occur in the first few steps. 

Multiple -step methods, such as the Milne method, seem to be less 

satisfactory, since they may become catastrophically unstable. 

Because common methods of numerical integration may be 

troublesome, a method of integrating equation (86) may be derived 

which is both convenient and stable. By writing 

dPo (Pon+1 Pon) P P0 
( dg )n+Z ( n+ 1 - ( 2 P 1 )n+Z 

assuming 

POn +2 z( Pon + POn) 

and where 

n+1 
+ h 

it may be found that 

(90) 

(91) 

(92) 

- 
- - 

6, 

- 



h (ßn +i On) _ a 

ß0n +1 ß0n + (h /2 + 2( + h/2)ß1n +) 
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(93) 

The accuracy of this formula is difficult to estimate analytically. 

However, an estimate of the error may be obtained by carrying out 

the same integration with different step lengths, h . As an example, 

calculations for the circular cylinder with U(x) /Uo0 = 2 sin x are 

presented in Table 7. 

Table 7. Values of ß calculated with U(x) /Uoo = 2 sin x 

I h 0. 02 

0. 0 1. 0 

1. 0 

2. 0 

2. 4 

separation 

0. 70669 

0. 21999 

-0. 04160 

2. 6512 

0. 1 0. 2 

1. 0 1. 0 

0. 70691 0. 70760 

0. 22031 0. 22126 

-0. 04150 -0. 04110 

2. 6546 2. 6619 

It is seen that there is only about 0. 4 percent difference be- 

tween the calculations carried out with 133 and 14 integration steps, 

the former being more accurate. Thus the integration formula (93) 

appears to be sufficiently accurate for most practical applications. 

An outline of the integration procedure is given below for a 

general single integration step. For the first step, and 3 will 

be determined by the boundary condition (87). 

- 

`12 

E 



62 

Given: values of and ß On 

Determine: values of 
+1 

and ßOn +1 

Step 1 

Choose a step length h and calculate 
+1 

using equation 

(92). 

Step 2 

Calculate ß(tn + 2) using equation (30). 

Step 3 

For the first trial, evaluate 
PI n+-1 

cessive trails, evaluate ß1n +-¡- 

at ß0n . For suc- 

using equation (91). 

Values of ß 1(ß K) are given in Tables 9 and 11. 

Step 4 

Calculate ß0n +1 
using equation (93). 

Step 5 

If the change in the calculated values of (3011+1 

the desired error limit, accept the last value of 

Otherwise, repeat Steps 3 and 4. 

The procedure may now be repeated for the next integration 

step by starting at Step 1. 

is within 

+1 

n 

to 

` 

n 
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APPLICATION OF THE PRESENT METHOD 

The present method may be applied to the practical calculation 

of momentum, heat and mass transfer coefficients using the step- 

wise procedure outlined below. 

Given: U(x), v (x) 
w 

and the fluid properties 

Determine: the local transfer coefficients 

Step 1 

Determine (x) using equation (25) and U(x). Then find 

a convenient method of determing x(): 

a. analytically 

b. as a successive approximation 

c. plot x vs 

Step 2 

Determine 13() using equation (30) and U(x). 

Step 3 

Determine K() using equation (45), v 
w 

(x) and the fluid 

properties. 

Step 4 

Using ß(), K(g) and Appendix B, solve equation (86) to 

obtain Po(). 

Step 5 

Evaluate the dimensionless gradients f0(0, ß0, K) and 

g 

il 
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II 0(0, p0, K, A) at the calculated values of (30(0 and K(). 

Step 6 

Calculate the transfer coefficients cf and Nu using 

equations (49) and (52). 
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APPENDIX D 

NUMERICAL SOLUTIONS OF THE f0 AND 
fl EQUATIONS 
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NUMERICAL SOLUTIONS OF THE f0 AND 
f 

1 
EQUATIONS 

Equations (66) and (67) were integrated numerically using 

multiple -step, predictor- corrector type integration formulas. 

These formulas, which were derived using techniques presented by 

Milne (13), are: The predictor 

h2 h 
yn+1 yn-1 + 5 - 53yn + 46Yn-1+ 37yn- 2) +-17( 39yn + 70yn-1 

7 vii 
h Y (xe) + l l yn- 

2) + 115 

The corrector 

L1 
h2 II 

yn+ 1 yn + 240 ( 49yn+ 1+ 23 2yn - 41 Yn-1) + 24 ( 4yn - yn-1) 

13 
7 vii 

+ 120 y 5100 

(94) 

(95) 

Special "starter" formulas are required to begin integration 

with multiple -step methods. The starter formulas used are: 

h h2 " h3 "1 h4 iv 
y1 y0 + 60 ( l lyl + 48y0 

+ y-1 72 y0 ) + 3 y0 + 15 y0 + 

7 vii 
e 

12600 (96) 

+ 

y 

' ' ' 

y 



h ' ' h2 " h3 "' h4 iv 
y-1 = y0 - TZ-(11Y-1 

+ 48y0 
+ y1) + 3 y0 15y0 + 72y0 

h7yvii(xe) 

12600 

The last term in these formulas represents the truncation 

68 

(97) 

error, where x 
e 

is some value of x within the range of points 

used by the integration formula. 

There are several advantages to integration formulas (94), (95), 

(96) and (97). The use of higher order derivatives increases the ac- 

curacy considerably, while increasing the computation required only 

slightly. The high accuracy of these formulas then allows a rela- 

tively large integration step size, which not only reduces the number 

of calculations necessary, and consequently the time required, but 

also reduces the problem of storage of the numerical solutions. 

The functions af0 /a ß and af0 /aß0 , necessary for the 

solution of equation (67), were obtained by the numerical solution of 

an additional differential equation, also using the formulas described 

above. This equation, which was obtained by the differentiation of 

equation (66) with respect to and and the subsequent reversal of the 

order of differentiation, is: 

afo III af0 
(--) + fo(- apo ) + fo + 1- fof0 

, af 
- ) 2(30f0(aß 

0 

= 0 (98) 

ß0 

a 

0 0 

-T 

+ y 

r 



and has boundary conditions 

at = 

and as u) oo - 
.8f0 (° .. > .. o 

0 
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(99) 

(100) 

(101) 

Thus, once the f0 equation (66) has been solved, the 

8f08ß0 equation (98) may be solved. When solutions to both equa- 

tions (66) and (98) are available, the f1 equation (67) may be 

solved. 

The values of f0 and p1 presented in Tables 9, 10 and 11 

were calculated using integration formulas (94), (95), (96) and (97) 

to solve equations (66), (98) and (67) numerically. The calculations 

were carried out on a Control Data Corporation 3300 digital compu- 

ter, which carried 36 binary digits, the equivalent of about 11 

decimal digits. The boundary conditions as i -. 00 were met by 

requiring the calculated value of f, 
i 

to be within 10 -8 of the 

specified value and by requiring that fi be less than 10 -8 in 

absolute value. Numerical difficulties, however, made it necessary 

to relax these requirements slightly for 130 2 and for K > 2. 

, 

8f0 

ß 
0 
8 

0 

"o' 
(eP )= o 

i 

3 



The values of f0 
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calculated compared very well with values 

given by Stewart and Prober (23) and by Clutter and Smith (3). No 

comparison is possible for values of ß , so calculations were 

carried out with different integration step lengths in order to check 

the accuracy of these values. The results are shown in Table 8, 

at (30= 1 and K O. 

Table 8. Values in numerical integration with different step lengths 
ß= 1, K = 0 

h 0. 20 0. 10 0. 05 

f0 1. 2325876573 1. 23258 76566 1. 2325876568 

(af, /ap) 0. 53671474 0. 5367145081 0. 5367145036 

R1 O. 043433 0. 0434103 0. 04340879 

Note: underlining indicates inaccurate digits 

These results verify that the values of f0 calculated are 

quite accurate. The eight significant digits given in Table 9 and 10 

should all be accurate. 

Some error definitely appears in the values of p 
1 

calculated. 

Of the six decimal places given in Tables 9 and 11, it is likely that 

the last will contain some error. For values of p 
1 

< 0. 05, the 

fifith place may be in error. 

Only the functions f0 and 3 , which are necessary for 

momentum transfer calculations, have been presented in Tables 9, 

I 

It 

l 



71 

10 and 11. The complete solutions to the f0 and f1 equations 

for the values of ß0 and K used in the tables are available at 

the Chemical Engineering Department at Oregon State University. 

Accurate values of II (0, ß K, A) for 75 values of A and at 

the values of ß0 and K used in Tables 9, 10 and 11 are also 

available as a result of this study. These values of f0 and 11 
will be published in an Oregon State University Engineering Experi- 

ment Station report in February 1967. 
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Table 9. 

VALUES OF THE DIMENSIONLESS VELOCITY GRADIENT, f0(0, ß0, 0) 

AND THE FUNCTION P00,0) 
WITH KQO, NO NORMAL VELOCITY AT THE WALL 

Ro 

-0.195 
0.19 
-0.18 
-0.16 
-0.15 
-0.14 
-0.10 
-0.05 
0.00 
0.05 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
3. 
4. 
5. 

6. 
7. 
8. 
9. 

10. 
20. 
50. 
100. 

f0(0, ß0' 

0.55171837.1 
0.85699745 -1 
0.12863622 
0.49077986 
0.21636141 
0.23973596 
0.31926976 
0.40032259 
0.46959999 
0.53112963 
0.58703522 
0.68670818 
0.77475458 
0.85442123 
0.92768004 
0,99583644 
1.0598078 
1.1202677 
1.1777278 
1.2325877 
1.3357215 
1.4315854 
1.5215140 
1.6064801 
1.6872182 
1.7642986 
1.8381745 
1.9092131 
1.9777166 
2.0439372 
2.3472865 
2.6157795 
2.8592137 
3.0835128 
3.2925815 
3.4891543 
3.6752342 
5.1807182 
8.1755325 
1.1554472+ 1 

Pl(ß 10) 

0,283862 
0.262697 
0.238242 
0.209842 
0.199812 
0.191298 
0.166005 
0.144667 
0.129105 
0.116964 
0.107107 
0.918956-1 
0.805883.1 
0.7179901 
0.647501-1 
0.5896281 
0.541227-1 
0.500134-1 
0.464804.1 
0.434103-1 
0.383375.1 
0.343191-1 
0.310582-1 
0.283598.1 
0.2609031 
0.241555-1 
0.224866-1 
0.2103251 
0.197544.1 
0.186222-1 
0.1447191 
0.118249.1 
0.999866-2 
0.866062.2 
0.763823-2 
0.683166-2 
0.617844-2 
0.315912.2 
0.128087-2 
0.643280-3 

VALUES GIVEN IN TABLE MUST BE MULTIPLIED 
BY THE POWER OF TEN INDICATED AFTER THE NUMBER 

tl 



Table 
VALUES 

K 

10. 

OF THE DIMENSIONLESS VELOCITY GRADIENT. 

-1. -0.5 -0.2 

f0(0, ß0, K) 

-0.15 -0.1 -0.05 

-5. 4.7458320 4.9499918 5.0376423 5.0519343 5.0661401 5.0802613 
-4. 3.7416575 3,9374750 4.0456908 4.0631525 4,0804612 4,0976209 
-3. 2.6457513 2.9165678 3.0576278 3.0799434 3.1019532 3.1236688 
-2. 1.4142137 1.8743534 2.0764479 2.1070162 2.1368527 2.1660031 
-1.6 0.74833153 1.4419809 1.6869731 1.7226949 1.7572947 1.7908629 
-1.2 0.98528903 1.2996435 1.3425120 1.3835342 1.4229087 
-1.0 0.73546442 1.1066905 1.1543214 1.1994845 1.2425090 
-0.8 0.44457374 0.91388628 0.96753982 1.0177785 1.0651318 
-0.6 0.72044381 0.78211851 0,83877572 0.89139517 
-0.5 0.62291382 0.68980046 0.75040210 0.80612302 
-0.4 0.52418275 0.59757168 0,66282370 0.72205730 
-0.3 0.42318685 0.50514694 0,57604375 0.63931686 
-0.2 0.31759561 0.41195837 0.49001137 0,55802862 
-0,1 0.20066401 0.31677271 0,40456157 0.47832298 
0.0 0.21636141 0.31926976 0.40032259 
0.1 0.96572551-1 0.23302500 0,32411431 
0,2 0.14224052 0,24967476 
0.3 0.17663720 
0.4 0.10326544 
0.5 0.62117644 -2 
0,6 
0.8 
1.0 
1.4 
7. 
1. 

VALUES GIVEN IN TABLE MUST BE MULTIPLIED 8Y THE POWER OF TEN INDICATED AFTER THE NUMBER 

PO 



Table 
VALUES 

10. (Continued) 

OF THE DIMENSIONLESS VELOCITY GRADIENT, f0(0, ß0,K) 

PO 0.0 0.05 0.1 0.2 0.3 0.4 

-5. 5.0942994 5.1082557 5.1221317 5.1496480 5.1768587 5.2037736 
-4. 4.1146351 4.1315073 4.1482410 4.1813055 4.2138531 4.2459066 
-3. 3.1451009 3.1662599 3.1871552 3.2281912 3.2682758 3.3074695 
-2. 2.1945090 2.2224081 2.2497348 2.3027933 2.3539057 2.4037589 
-1.6 1.8234787 1.8552121 1.8861255 1.9457090 2.0026094 2.0571376 
-1.2 1.4608022 1.4973565 1.5326928 1.6001168 1.6637622 1.7241627 
-1.0 1.2836346 1.3230764 1.3610094 1.4329187 1.5003080 1.5618859 
..Q.8 1.1100082 1.1527312 1.1935612 1.2703599 1.3417244 1.4086043 
-0.6 0.94067878 0.98714970 1.0312099 1.1133023 1.1888329 1.2590851 
-0.5 0.85791615 0.90646342 0.95227269 1.0371548 1.1148173 1.1867562 
-0,4 0.77660815 0.82738386 0.87503485 0.96279070 1.0425990 1.1162060 
-0.3 0.69691922 0.75009017 0.79967605 0.89037488 0.97232319 1.0475614 
-0.2 0.61903772 0.67478709 0.72639896 0.82008815 0.90414557 0.98095581 
-0.1 0.54318069 0.60170975 0.65543245 0.75212784 0.83823136 0.91652814 
0.0 0.46959999 0.53112963 0.58703522 0.68670818 0.77475458 0.85442123 
0.1 0.39859048 0.46336212 0.52149967 0.62405989 0.71389630 0.79478014 
0.2 0.33050140 0,39877596 0.45915558 0.56442850 0.65584192 0.73774941 
0,3 0.26575266 0.33780505 0.40037281 0.50807088 0.60077704 0.68346964 
0,4 0.20485998 0.28096253 0.34556152 0.45524887 0.54888183 0.63207303 
0.5 0.14847634 0.22885560 0.29516654 0.40621910 0.50032340 0.58367806 
0,6 0.97468837 -1 0.18219480 0.74965052 0.36121776 0.45524614 0.53838330 
0.8 0.17574756 -1 0.10840847 0.17494348 0.28401191 0.37592982 0.45734815 
1.0 n.64355922-1 0.12332671 0.22420934 0.31118739 0.38910354 
1.4 0.74478905-1 0.14989222 0.22119368 0.28807095 
7, 0.10089760 0,15133517 0.20106845 
3. 0.10015278 0.13346977 

vALUES GIVEN IN TABLE MUST BE MULTIPLIED BY THE POWER OF TEN INDICATED AFTER THE NIIM8rP 

K 



Table 
VALUES 

10. (Continued) 
OF THE DIMENSIONLESS VELOCITY GRADIENT, 

P.0 
0.5 0.6 0.7 

f0(0, ß0, K) 

0.8 0.9 1.0 

-5. 5.2304019 5.2567525 5.2828337 5.3086537 5.3342198 5.3595396 
-4. 4.2774873 4.3086149 4.3393078 4.3695835 4.3994580 4.4289466 
-3. 3.3458266 3.3833964 3.4202236 3.4563490 3,4918099 3.5266404 
-2. 2.4510132 2.4973064 2.5422586 2.5859744 2.6285463 2.6700559 
-1.6 2.1095505 2.1600635 2.2088589 2.2560925 2.3018987 2.3463940 
-1.2 1.7817410 1.8368381 1.8897338 1.9406602 1,9898125 2.0373566 
-1.0 1.6241988 1.6816776 1.7366687 1.7894550 1.8402711 1.889313R 
-0.8 1.4717086 1.5315819 1.5886523 1.6432637 1.6956964 1.7461825 
-0.6 1.3249806 1.3872064 1.4462898 1,5026454 1.5566060 1.6084432 
-0,5 1.2540225 1.3173862 1,3774310 1.4346108 1.4892866 1.5417511 
-0,4 1.1848091 1.2492703 1.3102336 1.3691945 1.4235437 1.4765951 
-0.3 1.1174518 1.1829568 1.2447847 1.3034745 1,3594472 1.4130388 
-0.2 1.0520658 1.1185458 1.1811722 1.2405286 1,2970669 1,3511447 
-0.1 0.98876875 1.0561386 1.1194842 1.1794344 1.2364715 1,2909745 
0.0 0.92768004 0.99583644 1.0598078 1.1202677 1.1777278 1.2325877 
0.1 0.86891846 0.93773858 1.0022275 1.0631014 1.1208998 1,1760407 
0.2 0.81260018 0.88194078 0.94682381 1.0080047 1.0660474 1.1213864 
0,3 0.75883585 0.82853287 0.89367160 0.95504095 1.0132255 1,0686728 
0.4 0.70772732 0.77759627 0.84283782 0.90426664 0.96248241 1,0179421 
0.5 0.65936380 0.72920118 0.79437958 0.85572946 0,91385891 0.96922955 
0,6 0.61381768 0.68340358 0.74834193 0.80946675 0.86738668 0.92256268 
0.8 0.53135689 0.59973623 0.66363563 0.72385296 0,78097077 0.83543069 
1.0 0,46042840 0.52665164 0.58876253 0.64746118 0,70326614 0,75657490 
1.4 0.35101839 0.41057367 0.46719851 0.52127185 0.57310312 0,62294654 
2. 0.24978727 0.29734860 0.34370881 0.38887830 0,43289515 0.47581057 
3. 0.16666654 0.19969788 0.23252260 0.26510695 0.29742400 0.32945313 

I 

K 



Table 10. (Continued) 
VALUES OF THE DIMENSIONLESS VELOCITY GRADIENT, f0(0, ß0,K) 

K 
130 

1.2 1.4 1.6 1.8 2.0 5.1 

-5. 5.4094669 5.4584873 5.5066480 5.5539923 5,6005601 6,2256460 
-4, 4.4868219 4.5433141 4,5985160 4.6525108 4,7053733 5,3969059 
-3. 3.5945334 3.6602515 3.7239858 3.7859019 3,8461435 4,6096184 
-2, 2.7501713 2.8268157 2.9003914 2.9712300 3,0396085 3,8750913 
-1.6 2.4318480 2.5131349 2.5907929 2.6652556 2.7368782 3,5989145 
-1.2 2.1281694 2.2140246 2.2956325 2.3735516 2.4482297 3.3340869 
-1.0 1.9827222 2.0707524 2.1542145 2,2337367 2,3098175 3.2061946 
-0.8 1.8420632 1.9321393 2.0173274 2.0983290 2.1756946 3,0814503 
-0.6 1.7066098 1.7985516 1.8852960 1.9676189 2,0461231 2.9599499 
-0.5 1.6409683 1.7337578 1.8212025 1.9041154 1.9831245 2,900444A 
-n.4 1.5767882 1.6703583 1.7584437 1.8418931 1.9213593 2.8417835 
-0.3 1.5141224 1.6083984 1.6970585 1.7809863 1,8608576 2.7839771 
-0.2 1.4530228 1.5479217 1.6370847 1.7214278 1.8016486 2,7270349 
-0,1 1.3935397 1.4889706 1.5785584 1.6632.492 1,7437601 2.6709661 
0.0 1.3157215 1.4315854 1.5215140 1.6064801 1.6872182 2.6157795 
0.1 1.2796136 1.3758038 1.4659836 1.5511484 1.6320473 2.5614829 
0,2 1.2252584 1.3216607 1.4119965 1.4972794 1,5782697 2.5080839 
0.3 1.1726937 1.2641873 1.3595792 1.4448959 1.5259052 2.4555889 
0,4 1.1219530 1.2184108 1.3087546 1.3940175 1.4749711 2.4040042 
0.5 1.0730638 1.1693538 1.2595417 1.3446609 1,4254820 2.3533349 
0,6 1.0260477 1.1220341 1.2119556 1.2968388 1,3774493 2.3035854 
0.8 0.93768627 1.0326493 1.1217006 1.2058316 1.2857829 2.2068600 
1.0 0.85689490 0.95028140 1.0380144 1.1210204 1.1999962 2,1138473 
1,4 0.71747933 0.80618856 0.89003459 0.96974096 1.0458682 1,9389687 
2. 0.55856301 0.63758203 0.71327567 0.78599938 0.85605808 1.7041744 
3. 0.39259154 0.45445136 0.51501174 0,57428360 0.63229711 1,3822335 



Table 
VALUES 

K 

11. 

OF THE FUNCTION RETA ONE, 

R -1. -0.5 

ß 1(ßo, K) 

-0.2 -0.15 -0.1 -0.05 

-5. 0.233256 -1 0.203698 -1 0.189121-1 0.186881-1 0.184689 -1 0.182546 -1 
-4. 0.357854 -1 0.294184-1 0.265207 -1 0.260887-1 0.256696 -1 0.252628 -1 
-3. 0.619959 -1 0.456076 -1 0.391344-1 0.382170-1 0.373384 -1 0.364963 -1 
-2. 0.138539 0.787119-1 0.615372-1 0.593264 -1 0.572567 -1 0.553157 -1 
-1.6 0.237153 0.102921 0.753552-1 0.720556 -1 0.690122 -1 0.661975 -1 
-1.2 0.141754 0.937507-1 0.886192-1 0.839889 -1 0.797909 -1 
-1.0 0.173171 0.105363 0.988205-1 0.930090 -1 0.878128 -1 
-o.8 0.226494 0.119229 0.110700 0.103286 0.967779 -1 
-0.6 0.136262 0.124758 0.115076 0.106792 
-0.5 0.146486 0.132856 0.121651 0.112231 

0.158386 0.141896 0.128769 0.117980 
-0,3 0.172783 0.152176 0.136534 0.124061 
-0.2 0.191479 0.164225 0.145105 0.130504 
-0.1 0.219983 0.179138 0.154755 0.137349 
0.0 0.199812 0.166005 0.144667 
0.1 0.240398 0.190071 0.152584 
0.2 0.200886 0.161377 
0.3 0.171768 
0.4 0.186396 
0.5 0.252467 
0.6 
0.8 
1.0 
1.4 
2, 
3. 

vALUES GIVEN IN TABLE MUST BE MULTIPLIED BY THE POWER OF TEN INDICATED AFTER THE NUMBER 

-0.4 



Table 
VALUES 

K 

11. (Continued) 

OF THE FUNCTION RETA ONE 

Po 0.0 0.05 

ß 1(ß 0, K) 

0.1 0.2 0.3 0.4 

-5. 0.180448-1 0.178396 -1 0.176388 -1 0.172495 -1 0.168762 -1 0.165179 -1 
-4. 0.248679 -1 0.244844 -1 0.241117 -1 0.233973 -1 0.227215 -1 0.220814 -1 
-3. 0.356885 -1 0.344131 -1 0.341683 -1 -1 0.327638 -1 -1 0.314627-1 0.302546 -1 
-2. 0.534921 0.534921-1 0.517762-1 0.501590 -1 0.471899 -1 0.445305 -1 0.421366 -1 
-1.6 0.635873 -1 0.611610 -1 0.589005 -1 0.548155 -1 0.512269 -1 0.480525 -1 
-1.2 0.759685 -1 n.724744-1 0.692691 -1 0.635955 -1 0.587341 -1 -1 0.545261 -1 
-1.0 0.831394 -1 0.789144 -1 0.750770 -1 0.683725 -1 0.627146 -1 0.578803 -1 
-0.8 0.910157 -1 0.858777 -1 0.812674 -1 0.733363 -1 0.667606 -1 0.612238 -1 
-n.6 0.996132 0.996132-1 0.933246 -1 0.877673 -1 -1 0.783841-1 0.707641 -1 -1 0.644535 -1 
-n.5 0.104177 0.972016-1 0.910931 -1 0.808911 -1 0.727028 -1 0.659832 -1 
-0.4 0.108910 0.101155 0.944365 -1 0.833511-1 0,745669-1 0.674279 -1 
-0.3 0.113796 0.105156 0.977626 -1 0.857293 -.1 0.763260 -1 0.687622 -1 
-0.2 0.118814 0.109165 0.101025 0.879827 -1 -1 0.779446 -1 0.699576 -1 
-0.1 0.123933 0.113126 0.104166 0.900592 -1 0.793813 -1 0.709818 -1 
0.0 0.129105 0.116964 0.107107 0.918956 -1 0,805883-1 0.717990 -1 
n.1 0.134260 0.120574 0.109746 0.934157 -1 0.815113 -1 0.723700 -1 
0.2 0.139297 0.123811 0.111952 0.945292-1 0.820894 -1 0.726526 -1 
0.3 0.144058 0.126469 0.113552 0.951302 -1 0.822559 -1 0.726030 -1 
0.4 0.148299 0.128255 0.114326 0.950981 -1 0.819402 -1 0.721768 -1 
0.5 0.151607 0.128747 0.113991 0.942996 -1 0.810704 -1 0.713314 -1 
0.6 0.153217 0.127329 0.112200 0.925961 -1 0.795784 -1 0.700292 -1 -1 
0.8 0.140773 0.115014 0.102653 0.859796 -1 07451801 0.659507 -1 
1.0 0.836340 -1 0.833402 -1 0.747354 -1 0,666022-1 0.598948 -1 
1.4 0.336160 -1 0.438260 -1 0.448593 -1 0.434322 -1 
2. 0.130303 -1 0.174121 -1 0.199968 -1 
3. 0.367946 -2 0.477801 -2 

VALUES GIVEN IN TABLE MUST BE MULTIPLIED BY THE POWER OF TEN INDICATED AFTER THE NUMRFP 
co 



Table 
VALUES 

K 

11. (Continued) 
OF THE FUNCTION BETA ONE, ß 1(ßo, K) 

Po 0.5 0,6 0.7 0.8 0.9 1.0 

-5, 0.161737-1 0.158427-1 0.155244-1 0.152180-1 0,149229-1 0.146385 -1 
-4. 0.214743-1 0.208978-1 0.203498-1 0.198282-1 0.193313-1 0.188574-1 
-3, 0.291301-1 0.280812-1 0.271008-1 0.261826-1 0.253212-1 0.245116-1 
-2. 0.399717-1 0.380055-1 0.362130-1 0.345727-1 0.330669-1 0.316801-1 
-1.6 0.452266-1 0.426967-1 0.404200-1 0.383615-1 0.364922-1 0.347880-1 
-1.2 0.508515-1 0.476173-1 n.447510-1 0.421946-1 0,399019 -1 0,378349-1 
-1.0 0.537055-1 0.500667-1 0.468690-1 0.440387-1 0.415173-1 0.392578-1 
-0.8 0.565009-1 0.524277-1 0.488809-1 0.457665-1 0,430114 -1 0.405580-1 
-0.6 0.591437-1 0.546161-1 n.507119-1 0.473121-1 0.443263-1 0.416844-1 
-0.5 0.603704-1 0.556133-1 n.515316-1 0.479924-1 0.448957-1 0.421643-1 
-0.4 0.615101-1 0.565254-1 0.522704-1 0.485968-1 0.453943-1 0.425784-1 
-0.3 0.625420-1 0.573356-1 0.529142-1 0.491135-1 0.458122-1 0.429185-1 
-0.2 0.634430-1 0.580253-1 0.534482-1 0.495304-1 0.461394-1 0.431761-1 
-0.1 0.641881-1 0.585746-1 0.538564-1 0.498346-1 0.463655-1 0.433429-1 
0.0 0.647501-1 0.589628-1 0.541227-1 0.500134-1 0.464804-1 0.434103-1 
n.1 0.651001-1 0.591682-1 0.5423n4-1 0.500537-1 0,464737-1 0.433704-1 
0.2 0.652083-1 n.591688-1 n.541632-1 0.499433-1 0.463358-1 0.432155 -1 
0.3 0.650443-1 0,589432-1 0.539053-1 0.496703-1 0.460578-1 0.429386-1 
0,4 0.645788-1 0.584712-1 0.534426-1 0.492243-1 0.455319-1 0.425339-1 
0.5 0.637851-1 0.577351-1 0.527627-1 0.485966-1 0.450518-1 0.419968-1 
0,6 0,626404-1 n.567205-1 0.518563-1 0.477810-1 0,443133-1 0.413242-1 
n.8 0.592433-1 0.538255-1 0.493468-1 0.455756-1 0.423559-1 0.395707-1 
1.0 0.543824-1 0.497976-1 0.459319-1 0.426308-1 0,397796-1 0.372922-1 
1.4 0.413202-1 0.390919-1 n.369455-1 0.349474-1 0.331132-1 0.314384-1 
2. 0.213745-1 0.219971-1 0.221545-1 0.220264-1 0.217242-1 0.213180-1 
3. 0.575461-2 0.659711-2 0.730684-2 0.789331-2 0.836983-2 0.875079-2 

vALUES GIVEN IN TABLE MUST BE MULTIPLIED 8Y THE POWER OF TEN INDICATED AFTER THE NuMBFR 



Table 
VALUES 

K 

11. (Continued) 
OF THE FUNCTION SETA ONE, 

Ro 1.2 1.4 

81(ß0,K) 

1.6 1.8 2.0 5.0 

-s. 0.140995-1 0.135970-1 0.131276-1 0.126882-1 0.122761-1 0.820571 -2 
-4. 0.179726-1 0.171634-1 0.164206-1 0.157367-1 0.151051-1 0.934832 -2 
-3. 0.230307-1 0.217102-1 0.205262-1 0.194591-1 0.184928 -1 0.104769-1 
-2. 0.292128 -1 0.270861-1 0.252358-1 0.236127-1 0.221782-1 0.114261-1 
-1.6 0.317966-1 0.292591-1 n.270820-1 0.251953-1 0.235458-1 0.117305-1 
-1.2 0.342601-1 0.312799-1 0.287603-1 0.266042-1 0.247398-1 0.118989-1 
-1.0 0.353803 -1 0.321768-1 0.294887-1 0.272030 -1 0.252372-1 0.119597-1 
-0.8 0.363810-1 0.329612-1 0.301130-1 0.277063 -1 0.256473-1 0.119934-1 
-0.6 0.372221-1 n.336016-1 0.306082-1 0.280940-1 0.259539-1 0.119983 -1 
-n.5 0.375692-1 0.339573-1 0.307992-1 0.282381-1 0,260631-1 0.119893-1 
-0.4 0.378596 -1 0.340643-1 0.309481-1 0.2R3455-1 0,261403-1 0,119726-1 
-0.3 0.380876 -1 0.342182-1 0.310516-1 0.284137-1 0.261834-1 0.114480-1 
-0.2 0.382471-1 0.343148-1 0.311064-1 0.284403 -1 0.261906-1 0.119152-1 
-0.1 0.383323-1 0.343497-1 0.311096-1 0.284231-1 0.261601-1 0.118742-1 
0.0 0.383375-1 0.343191-1 0.310582-1 0.283598-1 0.260903-1 0.118249-1 
0.1 0.382574-1 n.342193-1 0.309497-1 0.282486 -1 0.259798-1 0.117672-1 
n.2 0.380870-1 0.340470-1 0.307817-1 0.280878-1 0.258274-1 0.117010-1 
0.3 0.378221-1 0.337992-1 0.305523-1 0.278761 -1 0.256322-1 0.116265-1 
0.4 0.374590-1 n.334739-1 0.302601-1 0.276125-1 0.253934-1 0.115435-1 
0.5 0.369952-1 0.330695-1 0.299041-1 0.272965-1 0.251107-1 0.114521-1 
0.6 0.364292-1 0.325852-1 0.294840-1 0.269280-1 0.247842-1 0.113524-1 
0.8 0.349912-1 n.313788-1 0.284537-1 0.260353-1 0.240014-1 0.111284-1 
1.0 0.331612-1 0.298681-1 0.271802-1 0.249436-1 0.230528-1 0.108727 -1 
1.4 0.285167-1 n.260727-1 0.240076-1 0.222439 -1 0.207217 -1 0.102732-1 
2. 0.203547 -1 0.193335-1 0.183363-1 0.173956-1 0.165223-1 0.919167-2 
3. 0.928026 -2 n.957621-2 0.970946-2 0.973059-2 0,967508-2 0.712688-2 

VALUES GIVEN IN TABLE MUST BE MULTIPLIED BY THE POWER OF TEN INDICATED AFTER THE NUMBrR 


