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An analysis of the velocity and the shape of large gas bubbles 

rising through tubes filled with viscous liquids is presented. Four 

tubes, with diameters ranging from O. 446 inches to 3. 97 inches, and 

three liquids, with viscosities ranging from one to 200 centipoise, 

were used in the study. Data are correlated using the three dimen- 

sionless parameters characteristic of the system: the Reynolds 

number, the Froude number, and the Weber number. 

At high Reynolds numbers the Froude number was constant 

at a value of O. 126, agreeing well with the theoretically predicted 

value of O. 122 for a perfect fluid. At Reynolds numbers below 5000, 

the Froude number decreased sharply, with the Reynolds number of 

the flow and the surface tension of the liquid both affecting this de- 

crease. 

The shape of the rising bubble was found to be independent of 

the tube diameter and of the physical properties of the liquid. The 

bubbles were all found to be spherical- capped. 
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THE RISE OF LARGE GAS BUBBLES THROUGH 
TUBES FILLED WITH VISCOUS LIQUIDS 

INTRODUCTION 

Systems involving two -phase flow are becoming increasingly 

important in modern industry. Some of the most frequently encoun- 

tered systems are those involving gas - liquid two -phase flow. A 

knowledge of the behavior of these systems is most desirable. 

A commonly observed type of flow is that of a liquid and a gas 

flowing co- currently in a vertical tube, including flow of a liquid in 

which gas bubbles are formed by the action of heat transfer as well 

as flow in which air bubbles are introduced into the liquid, such as 

occurs in air -lift pumping. Under certain conditions of gas -liquid 

volume ratio, a flow pattern known as "slug- flow" occurs, in which 

bullet- shaped bubbles, filling the cross -section of the tube, rise 

through the liquid. Previous studies of this type of system (1, 2, 5) 

have been concerned primarily with the rise of air slugs through 

water, with particular emphasis on their velocity and shape. The 

variables considered by previous investigators in velocity correla- 

tions have been density of the liquid, velocity of the rising bubble, 

and diameter of the tube. 

The present study extends the work of the other investigators 

and also considers the effect of the surface tension and viscosity of 
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the liquid on the rate of rise of gaseous slugs. The rate of rise of 

slug -type air bubbles was measured in four tubes of different diam- 

eters ranging from -inch to four inches. Three different liquids 

were used covering a viscosity range of one centipoise to 200 centi- 

poise. Data are correlated using the three dimensionless param- 

eters characteristic of this system: the Reynolds number, the 

Froude number, and the Weber number. 

A photographic study was also made of the shape of the bubbles 

as they rose through the liquids. The profiles of the leading edge of 

the bubbles in different tubes and through different liquids are com- 

pared with each other. 
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EXPERIMENTAL EQUIPMENT 

The apparatus used to perform the experiments consisted of 

four long interchangeable vertical tubes, a base -plate to which the 

tubes were mounted, an equal -head pipe, and an air inlet regulated 

by a two -way stop -cock. A schematic arrangement is shown in 

Figure 1. 

The four tubes used in this study were constructed from Plexi- 

glas tubing with inside diameters of 0.446 inches, 1. 25 inches, 1. 97 

inches and 3. 97 inches. These sizes were sufficient to give a large 

range of operating conditions. The three larger tubes were approxi- 

mately nine feet in length. The test sections were five feet in length 

with a calming section of about three feet. The smallest tube was 

six feet in length with a test section of 3z feet and a calming section of 

about two feet. The three larger tubes were cast - Plexiglas and the 

smallest tube, extruded -Plexiglas. 

The tubes were attached to the base -plate by means of flanges 

constructed of * *-inch thick Plexiglas sheet. Four 3/8 -inch holes 

were drilled in the corners of each flange for bolting the tubes to 

the base -plate. The Plexiglas base -plate was one inch thick and 

one foot square. A 14 -inch hole was drilled and threaded in the cen- 

ter of the base -plate. This allowed the base -plate to be removed 

easily from the rest of the apparatus and also provided a tight seal 
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with the pipe connection. Around the center hole in the base -plate, 

3/8 -inch holes were drilled and tapped for the bolts used to attach 

the tubes. Gaskets were made of 1/16 -inch thick rubber sheets and 

were cut to fit the flange of each tube. 

Rectangular boxes were built around the 14 -inch and 2 -inch 

tubes to act as correction boxes to reduce refraction for photography. 

These were fabricated out of + -inch thick Plexiglas sheet and were 

attached to the tubes at about the midpoint of the test section. 

The equal -head pipe, the drain pipe and the metal connections 

were all constructed from 14 -inch brass pipe. Laboratory air at 

20 psig was delivered to the apparatus through thick -walled rubber 

tubing of 3/16-inch inside diameter. The rubber tubing was attached 

to the apparatus by a i -inch stainless steel nipple. This nipple was 

attached to an expansion chamber six inches in length, connected to 

a 14 -inch brass stop -cock. The stop -cock was connected to the rest 

of the apparatus about four inches below the base -plate. With the 

air on, a single bubble could easily be generated by a quick opening 

of the stop -cock. 

Three different liquids were used in the present study. Water, 

with a viscosity of approximately one centipoise, was used to provide 

a comparison of the present work with that of other workers. The 

other two liquids were mineral oils, one with a viscosity of about 

15 centipoise at 70°F. , and the other with a viscosity of about 200 
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centipoise at 70°F. Both were manufactured by the Calresearch 

Division of the Standard Oil Company of California. 

A Junghams stop -clock was used to time the bubbles through 

the test sections of the tubes. This stop -clock gave readings which 

could be estimated to 0. 001 minutes. Photographs of the rising bub- 

bles were taken with a Robot 35 mm camera. 
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EXPERIMENTAL PROCEDURE 

With the three different liquids and the four different tubes, a 

set of runs was made at each of the 12 operating conditions. At the 

beginning of each run, the Plexiglas tube was removed from the ap- 

paratus and thoroughly cleaned with a cloth swab. The remainder 

of the apparatus was cleaned in the following manner. Air was blown 

through the open stop -cock and through the top of the equal -head pipe, 

with the drain valve open. This removed excess oil, water, and the 

silicone stop -cock lubricant and gasket sealer. When changing liq- 

uids from one run to the next, the apparatus was rinsed with cleaning 

solvent, air -dried, then rinsed with the next liquid to be studied. 

The gasket was then thoroughly lubricated with Dow High Vacu- 

um silicone grease and the tube was bolted firmly to the base -plate 

and made plumb. The stop -cock was cleaned and relubricated with 

the silicone grease. This grease was found to be the only stop -cock 

grease that would withstand the combined action of the air pressure 

and the mineral oils. 

The apparatus was next filled with liquid to a level approxi- 

mately five inches above the top line of the test section in the tube. 

The air was then turned on and the stop -cock opened so that air bub- 

bled slowly through the liquid. The temperature of the liquid was 

measured about two feet below the surface with a thermometer with 
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0. 1°F divisions. When the liquid and the air had reached an equilib- 

rium temperature, this temperature was recorded, and the stop -cock 

was closed. 

Slug -type air bubbles were formed by the quick opening and 

closing of the stop -cock after sufficient pressure had been built up 

in the rubber air hose. This was a trial - and -error procedure, but 

after several adjustments of the air pressure, uniform bubbles were 

easily obtained. Slug -type bubbles were timed through the test sec- 

tion of the tube. Normally, from five to ten bubbles were timed on 

an accumulative time basis and the average time for the bubbles was 

calculated. After ten bubbles were timed, the temperature of the 

liquid was again measured and recorded, and another ten bubbles 

was timed. Each run consisted of timing five to ten groups of ten 

bubbles each. 

Photographs were taken of the slug -type bubbles in the 14 -inch 

and the 2 -inch tubes. The Plexiglas boxes around each tube were 

filled with the heavy oil to reduce refraction in the photographs. 

The heavy oil was used since it had approximately the same refrac- 

tive index as the Plexiglas boxes and tubes (n= 1. 5). The photo- 

graphs were taken at a shutter speed of 1/500 second with the Robot 

camera. 

Surface tension of the light and heavy oils as a function of tem- 

perature was measured with a Cenco- du -Noiiy ring- tensiometer. 
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Density and viscosity data for the oils were taken from Ward (8, 

page 193). Density, surface tension, and viscosity data for water 

were taken from. Perry (6, pages 177, 363, and 373). 
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THEORETICAL CONSIDERATIONS AND 
LITERATURE REVIEW 

As a bubble of a gas rises at a steady rate in a liquid, four 

types of forces acting on the bubble are in equilibrium. These forces 

are viscous forces, inertial forces, surface tension forces, and 

gravitational forces. Viscous forces are important near the tube 

wall, and in flow throughout the tube when the velocity is low and /or 

the viscosity of the liquid is high. Inertial forces become important 

when the velocity is high and /or the viscosity is low. Surface ten- 

sion forces are important at low velocities or in flow through small 

tubes. 

The velocity of a bubble rising in a liquid can be considered to 

be a function of five physical parameters of the system: the diam- 

eter of the tube, the viscosity, density, and surface tension of the 

liquid, and the acceleration of gravity. By dimensional analysis (see 

Appendix I), these parameters form three dimensionless groups: 

the Froude number, the Reynolds number, and the Weber number. 

The Froude number gives the ratio of the inertial forces to gravita- 

tional forces; the Reynolds number, the ratio of inertial forces to 

viscous forces; and the Weber number the ratio of inertial forces 

to surface tension forces. Dimensional analysis gives no quantita- 

tive relationship among the dimensionless groups, but it does indi- 

cate that some relationship does exist; this may be determined 



11 

experimentally. 

Davies and Taylor (1) have developed a theoretical expression 

for the rate of rise of gas bubbles in tubes filled with liquids of low 

viscosity (no shear stresses). The theory only applies where the 

gas density is much less than the liquid density. The pressure at 

the surface of the bubble is essentially constant, since pressure 

variations within the bubble are very small. Bernoulli's equation 

can be applied to steady flow relative to the bubble, and the surface 

condition must be 

2 
q = 2gx (1) 

(All symbols are defined in the nomenclature section. ) Davies and 

Taylor attempted to find the shape of a body of revolution which, if 

inserted into a circular tube, would leave a space through which a 

perfect fluid could flow so that the velocity at its surface would be 

proportional to Ñx. The equations characteristic to this type of 

flow are 

Knx/R 
ci) =-Ux+ Ane Jo(Kn r/R) n n o 

2 Kn x/R 
LP _-? LJr + r ñAne Jl(Knr/R) 

where Kn is a root of the equation J1(z) = O. 

(2) 

(3) 



The pressure condition at the surface Ili = 0 is 

()Z âx 

2 

+ 8 = 2 gx y 
Using only the first term in the series in Equations 2 and 3, with 

the boundary condition that Equation 4 is satisfied when ti = 0 at 

r = i R, their approximate solution is 

U = 0.464 

12 

(4) 

(5) 

This is the predicted velocity of rise of a gas bubble through a tube 

filled with a perfect fluid. 

To test this expression, experiments were conducted by empty- 

ing vertical tubes filled with water and observing the rise of the re- 

sulting single, large air bubble. They measured the velocity of the 

bubbles in tubes with diameters of 1. 25, 2. 16, and 7. 94 centimeters. 

Their experimental values for U/ gR were O. 40 to 0. 41 for the 1. 25 

cm tube, O. 447 to 0. 468 for the 2. 16 cm tube, and O. 466 to O. 490 for 

the 7. 94 cm tube. 

Although there had been some early study of the rise of small 

gas bubbles in liquids (4), the rise of large gas bubbles through liq- 

uid- filled vertical tubes was first investigated in detail by Dumitres- 

cu (2). He derived a theoretical expression for the rate of rise of 

bubbles through perfect fluids by solving the Stokes stream function 

equation and the velocity potential equation in cylindrical coordinates. 

\ 



His theoretical expression, similar to that of Davies and Taylor 

(Equation 5) and based on the same assumptions, is 

U = 0. 496 
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(6) 

He tested this expression by measuring the velocity of air bubbles 

through four different tubes with diameters ranging from 0. 99 cm 

to 7. 0 cm. Values obtained for the term U/ Nrg-R were 0. 28 for the 

0. 99 cm tube, 0. 47 for the 2. 00 cm tube, and 0. 49 for the 3. 76 cm 

and 7. 00 cm tubes. These showed good agreement with the theo- 

retical expression at higher Reynolds numbers. Dumitrescu also 

found that the velocity of a rising slug was fairly independent of the 

slug length. 

Davies and Taylor (1) also extensively studied the rise of 

large bubbles through large bodies of liquids. They found that when 

the bubbles were not in contact with the wall, i. e. , in large bodies 

of liquid, the cap of the bubbles was nearly spherical and the trail- 

ing end was relatively flat. The velocity of these bubbles was found 

to increase with increasing volume of the bubble. 

The findings of Dumitrescu and of Davies and Taylor were sub- 

stantiated by Nicklin, Wilkes, and Davidson (5), who found the veloc- 

ity of the rising bubble to be 

U = 0. 495 4iTt (7) 
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They also studied the rise of bubbles through moving liquids in 

tubes. For upward flowing streams of water, the velocity of the 

slug is given by 

U = 1. 2qL + O. 4954-gii- (8) 

where qL is the average liquid velocity and the second term on the 

right is the velocity of the slug through stagnant liquid. 

Also studied was the velocity of slugs in steady two -phase flow. 

Here the slugs were separated by zones of liquid, and the motion of 

this liquid contributed to the rising velocity of the slugs. The veloc- 

ity of these slugs was found to be 

U = 1. 2( ÁL) + O. 495 (9) 

where G and L are the respective volume flow rates of gas and liquid, 

and A is the cross -sectional area of the tube. 
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EXPERIMENTAL RESULTS 

Velocity of the Bubbles 

Experimentally determined rates of rise of the bubbles are 

shown in Figures 2, 3, and 4. Figure 2 shows the velocity as a 

function of tube diameter for the three different liquids investigated. 

Figure 3 is a plot of the Froude number versus the logarithm of the 

Reynolds number with the Weber number identified at each point. 

At low Reynolds numbers the Froude number increases somewhat 

sharply with increasing Reynolds number, then becomes asymptotic 

to the line Fr = 0. 126 at Reynolds numbers above about 5000. For 

comparison, results of Davies and Taylor (1) and Dumitrescu (2) 

for water are also shown on Figure 3. Figure 4 is a plot of the 

Froude number versus the logarithm of the term N/Re(We /Fr). The 

Froude number becomes asymptotic to the line Fr =0126 at values 

for './Re(We /Fr) of above 2000. 

Shape of the Rising Bubble 

Figures 5, 6, 7, 8, 9, and 10 are photographs of the rising 

bubbles under six different experimental conditions, with the Reynolds 

number ranging from 50 to 13, 300. In Figure 11, the shapes of the 

front portion of these bubbles are compared with each other and with 
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Figure 5. Heavy Oil in 14 -inch Tube, Re = 50 

Figure 6. Heavy Oil in 2 -inch Tube, Re = 88 
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Figure 7. Light Oil in 14 -inch Tube, Re = 350 

Figure 8. Light Oil in 2 -inch Tube, Re = 800 
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Figure 9. Water in 14 -inch Tube, Re = 6500 

Figure 10. Water in 2 -inch Tube, Re = 13, 300 
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a hypothetical hemispherical- capped bubble with parallel sides. 

Data for the preparation of Figure 11 was taken from the photographs 

of the bubbles. These were enlarged approximately 20 times by 

opaque projection onto a screen and the profiles were measured. 

Since it was not known whether all refraction had been eliminated 

by the correction boxes around the tubes, a one -inch steel ball - 

bearing was suspended in the tubes and this was photographed in 

the same position as were the bubbles. The profile of this sphere 

was used to obtain the shape of the hypothetical hemispherical - 

capped slug. To compare the profiles with each other, the dimen- 

sionless ratios Z = x/d and X = x/1 were plotted on Figure 11, where 

1 was defined arbitrarily as the length of the slug when Z = 2. 125. 
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DISCUSSION OF RESULTS 

A study of Figure 3 leads to several conclusions concerning 

the velocity of the rising bubbles. The theory that predicts a con- 

stant Froude number for a perfect fluid agrees well with the data for 

high Reynolds numbers. At Reynolds numbers above 5000 the Froude 

number appears to become constant at a value of about O. 126. This 

corresponds to a value for U /\/gR of O. 502 where the theory pre- 

dicts O. 495. This agreement at high Reynolds numbers is due to 

viscous forces becoming negligible in comparison to inertial forces 

in this region, and the conditions necessary to satisfy Bernoulli's 

equation are met. 

At lower Reynolds numbers viscous forces are no longer negli- 

gible in comparison to inertial forces, and the theoretical prediction 

no longer holds. Gravitational forces also become important and the 

Froude number decreases somewhat sharply with decreasing Reynolds 

numbers. The region of the greatest decrease in Froude number is 

in the range of Reynolds number between 4 and 100, where the Froude 

number decreases by a factor of 4. 

Figure 3 shows that the Weber number is not an important fac- 

tor to be considered in this system. This is shown by the complete 

independence of the Weber number on the Reynolds or Froude num- 

bers; for example, Weber numbers of 4. 8, 38, and 315 appear in 
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nearly the same position on the plot and all Weber numbers seem 

to appear on the plot in a random fashion. 

An analysis of Figure 3 indicates that although the Weber num- 

ber itself is not important, surface tension does seem to affect the 

velocity of the bubble, particularly when data of Davies and Taylor 

(1) and Dumitrescu (2) are considered. The set of points on Figure 

3 for water in the smallest tube (Re =1200, Fr =O. 098) fall well below 

the curve drawn through the remainder of the data points. The data 

of Davies and Taylor and of Dumitrescu both substantiate that these 

points are esentially correct. It would appear that an additional 

curve could be drawn to fit the data for water. The surface tension 

of water at room temperature is about 70 dynes /centimeter - -more 

than twice that of either of the oils studied. It is hypothesized that 

this difference in surface tensions is the reason for the two separate 

curves. Since the surface tension of water is one of the highest of 

all known liquids, the curve for water would probably represent the 

right -hand limit of a band of curves for liquids of different surface 

tensions. Most common liquids have surface tensions in the 25 to 

35 dynes /centimeter range and should closely agree with the curve 

for the oils. Liquids with surface tensions greater than the oils 

would give data that would fall to the right of this curve. 

Since the Froude number and the Reynolds number both approach 

zero as the velocity approaches zero, the curve in Figure 3 must 
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become asymptotic to the line Fr = 0 at very low Reynolds numbers. 

In this region the tubes would necessarily be extremely small in 

diameter and would actually be approaching the size of capillary 

tubes where the surface tension forces in all liquids would be much 

greater than the inertial and gravitational forces. Thus, it could 

be expected that the data for all liquids would fall on one line in 

this region. Figure 12 shows a qualitative illustration of the above 

hypothesis for the full range of Reynolds numbers for all liquids. 

Fr 

low 
surface 
tension 

log Re 

Figure 12. Predicted Froude Number for Full Range 
of Liquids and Tube Diameters. 

III II I 

high 
surface 
tension 
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The plot is divided into three regions. In Region I inertial forces 

are the dominant forces in the system for all liquids. In Region II 

viscous forces and surface tension forces become important, but do 

so in varying degrees for different liquids. In Region III viscous 

forces and surface tension forces totally dominate the system for 

all liquids. 

Figure 4 is a plot of the Froude number versus the logarithm 

of the dimensionless term 4Re(We /Fr). This plot was made in an 

attempt to correlate all the data of this study to one curve by using 

all the dimensionless groups of the system. It can be seen that a 

single curve fits the data much better on Figure 4 than it does on 

Figure 3. The solid curve represents the data within ± 10 percent. 

The basic difference between Figure 3 and Figure 4 is that the ab- 

scissa in Figure 3 is essentially multiplied by the factor d/' to 

give the abscissa in Figure 4. The factor d/NR- comes from 

We Ju2pd/jì\ 
Fr 

\ gc 
o- / U 2/ 

= dN g = (Tg-P-\ 
gc cr \ gc 

where g , 

c 
g, and p are essentially constant at all operating condi- 

tions. The factor d/I tends to move the curve for water in Figure 

3 closer to that of the oils. However, the author holds no strong 

case for the accuracy of the extension of this correlation to other 

liquids since it was developed empirically from the data of this study 

/ 
si 
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alone. 

The shape of a slug -type bubble seems to be completely inde- 

pendent of the liquid viscosity and surface tension, the tube diam- 

eter, and the length of the slug. In Figure 11, it can be seen that 

the profiles of the bubbles measured in the two tubes and through 

the three liquids are very similar. The profiles of these bubbles 

out to the point Z = O. 3 all agree closely to that of the hemispherical - 

capped model. This would agree with the work of Dumitrescu (2), 

who also found the slugs to be spherical- capped. It can thus be stated 

that when a slug rises in a tube, it will assume a shape that will allow 

it to rise at the largest velocity possible. The shape that offers the 

least resistance to flow appears to be that of a spherical- capped slug. 

Certain other qualitative results of this research now merit 

discussion. Except in the smallest tube, the velocity of the bubbles 

was found to be completely independent of slug length. In the small- 

est tube, high l/d ratios in the bubble were easily obtainable due to 

the relatively high air pressure and the small diameter of the tube. 

In the larger tubes, a high 1/d ratio was almost impossible to obtain. 

However, by keeping the l/d ratio between two and ten in each tube, 

no noticeable variation in velocity occurred. 

The region in the wake of a rising bubble was quite turbulent 

under all conditions except with the heavy oil in the 1 -inch and 14 -inch 

tubes and the light oil in the 1-inch tube. This can be observed in 
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Figures 5 through 10. The region behind the bubble in the photograph 

of heavy oil in the 14 -inch tube has no turbulence whatsoever but has 

a well- defined, stable, concave shape. With heavy oil in the 2 -inch 

tube, some turbulence was evident, with the bubble appearing to have 

a "wagging tail" of air. In all other conditions with higher Reynolds 

numbers, the region behind the bubble was turbulent, with the trail- 

ing end fluctuating and with the occurrence of shedding and assimila- 

tion of small air bubbles. There appears to be some sort of laminar - 

turbulent transition point for the flow in the wake of the bubble at a 

Reynolds number near 70. 

When two bubbles rose in the tube close to each other, the bub- 

bles tended to coalesce, with the bottom bubble being accelerated 

and drawn into the wake of the top bubble. However, if the bubbles 

were separated by a distance of about five tube diameters or more, 

they did not coalesce but rose at constant and equal velocities. 

Although this research was not concerned with the rise of bub- 

bles not in contact with the wall, this type of two -phase flow was ob- 

served qualitatively. The shape of the bubbles was somewhat hemi- 

spherical with the trailing edge relatively flat. Turbulence occurred 

behind the bubble except in conditions of small Reynolds numbers. 

As would be expected, the velocity of rise was dependent on the vol- 

ume of the bubble, with larger bubbles rising faster than smaller 

bubbles of the same shape, Extremely small bubbles were spherical 
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in shape and showed little tendency to rise, especially in the heavy 

oil. 

An analysis of the error indicates that the principle experi- 

mental error probably occurred due to a slightly unstable system 

when taking data for the water in the larger tubes. Because of the 

low viscosity of the water, when a bubble was introduced at the bot- 

tom of the tube, the water would quickly rise in the tube an amount 

equal to the volume of the bubble. The increased head would cause 

a slight downward flow of water while the bubble was rising in the 

tube. The head in the equal -head pipe would then increase and a 

fluctuation in the liquid flow would occur. This caused a wide scat- 

ter in the water data since the system would not always fluctuate in 

the same manner. 

Some experimental error probably occurred in the temperature 

measurements of the liquid. Not only did the temperatures vary with 

time, but different temperatures probably existed at different levels 

in the vertical tubes. The temperature fluctuations were caused 

mainly by the air bubbling through the liquid at a different tempera- 

ture than that of the liquid. Accurate temperature measurements 

were not too important when the water was used, but they were ex- 

tremely important with the heavy oil, where the viscosity decreased 

by 50 percent with a temperature increase of 20° F. 

Another slight error may have occurred by assuming that the 
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slug velocity was independent of slug length and of depth below the 

surface of the liquid. Although the length -to- diameter ratio of the 

slugs was kept as constant as possible, some variations between 

tubes did occur. At a distance of eight feet below the liquid surface, 

the pressure would be about 1. 25 atmospheres. The decrease in 

pressure with rise would cause a bubble to expand approximately 

25 percent. This might cause some increase in velocity with rise. 

However, by measuring an average velocity rather than an instantan- 

eous velocity with each run, these errors were probably eliminated. 

The Plexiglas boxes used to eliminate refraction actually over- 

corrected the refraction to some extent. With no correction a sphere 

suspended in a tube appeared as an ellipse with a height -to -width ra- 

tio of O. 9. With the heavy oil in the correction box, the sphere ap- 

peared as an ellipse with a height -to -width ratio of 1. 15. Thus the 

photographs appearing in Figures 5 through 10 are distorted to some 

extent with the slugs actually having noses more blunt than they ap- 

pear to have in the photographs. For this reason, the profiles of the 

bubbles taken from these photographs were compared to the profile 

of the sphere photographed in the tube surrounded by the correction 

box. 
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CONCLUSIONS 

The velocity of a slug rising in a tube filled with a viscous liq- 

uid is dependent upon the viscosity and surface tension of the liquid 

at Reynolds numbers below 5000. The Froude number increases 

sharply with increasing Reynolds number in this region and becomes 

asymptotic to the line Fr = O. 1 2 6 at high Reynolds numbers where 

viscous and surface tension forces are small in comparison to in- 

ertial forces, The experimental limiting Froude number of O. 126 

agrees very well with the theoretical value derived for flow of a 

perfect fluid of O. 1 2 2 (U/ gR = 0. 495). 

The Froude number for liquids of high surface tension increases 

more sharply and at higher Reynolds numbers than it does for liquids 

of low surface tension. It is hypothesized that on a plot of Froude 

number versus Reynolds number there will be a band of curves for 

liquids of different surface tensions. (See Figure 12. ) 

The shape of the forward portion of the rising slug is indepen- 

dent of both the tube diameter and the physical properties of the liq- 

uid. The caps of these slugs are spherical in shape out to the point 

Z = 0. 3. Neither the length of the slug nor the condition of the wake 

behind the slug has any appreciable effect on the shape or velocity of 

the slug. 
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RECOMMENDATIONS FOR FUTURE WORK 

A further investigation with smaller diameter tubes filled with 

viscous liquids would be desirable. This would not only extend the 

range of Figure 3 to lower Reynolds numbers but would also deter- 

mine any significant effects of the surface tension on the velocity of 

the rising bubble. Surface tension effects could also be determined 

by studying several liquids with the same viscosity but with different 

surface tensions. 

An additional variable which could be considered in the present 

system is surface roughness. In the present study the tubes were all 

smooth. Future studies could use either artificially roughened tubes 

or pipes of known roughness. 

To determine if the shape of a slug -type bubble is independent 

of tube diameter and fluid properties as determined in the present 

study, liquids of very low and very high viscosities could be employed 

and the bubbles' profiles measured. Liquids with viscosities above 

500 centipoise could be used not only to determine the shape of the 

rising bubbles but also to extend Figure 3 in the low Reynolds number 

region. 



NOMENCLATURE 

A - cross -sectional area of tube, ft 

d - diameter of tube, ft 

2 

G - volume flow rate of gas, ft 3/sec 

g - acceleration of gravity, ft /sec 2 

gc - mass -force conversion factor, lbm- ft /lbf -sec 

L - volume flow rate of liquid, ft 3/sec 

1 - length of slug -type bubble, ft 

n - refractive index, dimensionless 

q - velocity of liquid, ft /sec 

R - radius of tube, ft 

- distance in radial direction, ft 

t - temperature, ° F 

U - average velocity of bubble, ft /sec 

X - dimensionless length ratio, x/1 

x - distance below nose of bubble, ft 

Z - dimensionless length ratio, x/d 

P - density of liquid, lb /ft 3 

m 

o- - surface tension of liquid, dynes /cm 

µ - 

- 

viscosity of liquid, centipoise 
2 velocity potential, ft /sec 

- Stokes stream function, ft 3/sec 

2 

34 

(i) 
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NOMENCLATURE (Continued) 

Fr - Froude number, U 
2 
/gd, dimensionless 

Re - Reynolds number, pUd /µ, dimensionless 

We Weber number, U pd 
2 /vg 

c 
, dimensionless 

An constant, ft2 /sec 

K - constant, dimensionless 

- 

- 
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APPENDIX I 

DIMENSIONAL ANALYSIS OF THE SYSTEM 

The velocity of rise U is a function of the tube diameter d, 

the fluid density p, the fluid viscosity µ, the fluid tension a-, and the 

acceleration of gravity g. When using the four fundamental dimen- 

sions of length, mass, force, and time, we must also include as a 

variable the mass -force conversion factor g . 

Quantity Dimensions 

Now 

U 

d 

p 

Cr 

c 

n= 7, j=4 

L/6 

L 

M/L3 

M/LA 

F/L 

L /e2 

ML 
2F 

i = n - j = 3 dimensionless groups 

a b c d e f g 
Tr =d p g a J. U g 

a( 
L 

M 
c(Fid ( 

Mle115-1 
L 

) g 

1L 
6 

2 L 
6 F 

from which we can write 

c 

P. 

g 

= 
M 
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0=b+e+g forM 

0= a- 3b + c- d- e+ f+ g forL 

0=-2c-e-f- 2g 

0 = d - g 

For Tr1, let d = 1 , c= e= 0 

Hence b = -1 

a = -1 

f = -2 

for 9 

for F 

g = 1 Therefore, 

For Tr , let d = 0, a = 1, c = 0 

Hence b = 1 

f = 1 

e = -1 

gL, Tr = = W e 
-1 

U dp 

g=0 Therefore, Tr 2= Uµ p- Re 

For Tr let d = 0, e = 0, a = 1 

Hence b = 0 

c = 1 

f = -2 

g=0 Therefore, Tr = = Fr 1 

U 

and Tr = f [ (Re)(Fr)(We)] 

crg 

2 



APPENDIX II 

Table 1. Physical Properties of the Liquids 

t 
° F 

Water Light Oil Heavy Oil 
v 

dynes /cm 
p 

lbm/ft 
P. 

centipoise dynes /cm 
p 

lbm /ft 
µ 

centipoise 
6 

dynes /cm 
P 

P- 

lbm/ft centipoise 

60 73.45 62.40 1.097 27.45 53.95 19. 1 32.04 55.32 277 

65 73.01 62.34 1.051 27.07 53.85 16.8 31.81 55.22 236 

70 72.56 62.28 1.009 26. 71 53. 76 14. 7 31.58 55. 14 196 

75 72.14 62.22 0.958 26.35 53.65 12.6 31.35 55.05 156 

80 71.69 62. 16 0.912 25.96 53.53 10.4 31. 10 54.95 117 

85 71.27 62.10 0.867 25.60 53.44 8.2 30.88 54.87 78 

o- 3 3 



APPENDIX II 

Table 2. Data for Water 

d U t p µ 
Run ft ft/sec ° F lb/ft c p dynes/cm Re Fr We We N ReFr 

1 0. 0371 0. 3491 68.0 62.3 1.025 72. 74 1193 0. 102 1. 752 
2 " 0. 3939 " " 1177 0.097 1. 701 144 
3 " 0.3450 " H " " 1180 0.098 1.713 
4 " 0. 3429 II 1174 0.096 1.604 
5 " 0. 3433 77.9 62.2 0.93 71.87 1297 0.096 1. 714 152 
6 0. 1042 0. 6526 72. 8 62. 25 0. 978 72. 32 6440 0. 127 17, 06 927 
7 " 0. 6551 " " " 6480 0. 128 17. 19 
8 " 0. 6541 " " " 6470 0. 127 17. 13 
9 " 0. 6516 " " " 6430 0. 126 16.95 

10 " 0.6531 " 6450 0. 127 17.08 
11 0. 1650 0.8611 71.9 62.25 0.986 72.40 13310 0. 139 47. 72 2070 
12 " 0. 8551 " " " 13220 0. 137 47. 15 
13 " 0. 8542 " 13210 0. 137 47.03 
14 " 0. 8575 " H H 13280 0. 138 47.40 
15 " 0. 8611 " H 13310 0. 139 47. 72 
16 " 0. 821 74.0 61.2 0.968 72.21 12960 0. 126 43.5 
17 0.826 " 13050 0. 128 44.0 2120 
18 " 0.844 75.0 0.957 72.14 13410 0. 134 45.9 
19 0.850 " 13460 0. 136 46.6 
20 0.3310 1. 1186 63.5 62.3 1.065 73.13 32200 0. 118 16.05 
21 '' 1. 1400 65.0 1.050 73.0 33300 0. 122 167.0 - 
22 " 1.1415 " " " 33300 0. 122 170.2 

3 

-- 

-- 
-- 

-- 

-- 
" -- 

-- 
-- 
-- 
-- 
-- 

" " " 

-- 
" " If " 

-- 
" 



Table 2 (Continued) 

Run 
d U 

ft ft/sec 
t 
°F 

P 

3 lb/ft 
µ v 

c p dynes/cm Re Fr We ReWFre 

23 
24 
25 
26 
27 

0. 3310 
" 
" 

1. 1431 
1. 1431 
1.0979 
1. 111 
1.. 1082 

65. 0 

74.4 
75. 2 

75. 7 

62. 3 

62. 25 

!p 

1.050 
!1 

0.965 
0.960 

" 

73.0 

72. 18 
72. 12 
72.08 

33400 

34000 
35500 
35500 

0. 123 
II 

0. 113 
0. 116 
0. 115 

172. 7 
PI 

156. 1 

160.0 
158. 9 

6830 

7000 

/ 

J 

-- 
-- 

" " 
" -- 



Table 3. Data for Light Oil 

U d t p 0- 

Run ft/sec ft °F lb/ft dynes /cm cp Re Fr We ,./ReFr 

28 0. 3583 0.0371 70.6 53. 70 26.65 14.50 73. 2 0. 1075 4.38 
29 0. 3623 " 74. 1 0. 1095 4.45 
30 0. 3599 73. 7 0. 1085 4.39 53.4 
31 0. 3605 73.8 0. 109 4.41 
32 0. 3607 " 73. 8 0. 109 4. 41 
33 0. 3692 81.3 53.50 25.88 10.30 105.5 0. 114 4. 73 
34 0. 3694 " 105.5 0. 114 4. 73 66.3 
35 0. 3713 106.5 0. 115 4. 78 
36 0. 6381 0. 1042 69.0 53. 75 26. 79 15. 10 351 0. 1215 38.6 
37 0. 6219 342 0. 1155 36. 7 
38 0. 6275 11 345 0. 1175 37. 3 
39 0. 6366 I. " " 350 0.1210 38.4 334 
40 0. 6305 If " 347 0. 1140 37. 7 
41 0. 6266 " If " 344 0. 1170 37. 2 
42 0. 6371 " " 11 351 0, 1240 38. 5 
43 0. 8389 0. 1650 72. 1 53. 7 26.55 13.90 708 0. 1325 106.9 
44 0. 8446 " " 53.7 804 0. 1345 108.2 
45 0. 8361 H 796 0. 1315 106.3 802 

" 

" 

3 

-- 
-- 

-- 
-- 
-- 

-- 
-- 

" " -- 
-- 

-- 
-- 

-- 

" " -- 
" " 



Table 3. (Continued) 

Run 
U 

ft/sec 
d 
ft 

t 
°F 

P 3 
lb/ft 

o- 

dynes/cm cp Re Fr We We Re Fr 
46 0. 1650 0.8417 72. 1 53. 7 13.40 26.55 801 0. 1335 107.6 
47 " 0.8513 " " 810 0. 1360 110.2 
48 " 0.8523 " " " 811 0. 1365 110.6 - 
49 " 0.8455 if H 804 0. 1350 108.8 
50 0.8399 it " IT 798 0. 1330 107.5 
51 0.3310 1.1307 78.1 53.5 11.55 26.10 2580 0. 120 343.5 
52 It 1. 1399 " 2600 0. 122 349 
53 It 1. 1368 " " 2590 0. 1215 397.5 2910 

' 

" 

" 

" 

" " 

-- 

-- 

-- 
-- 



Table 4. Data for Heavy Oil 

d U t p µ cr 
We Run ft ft./sec ° F lb/ft cp dynes/cm Re Fr We Re Fr 

54 0.0371 0.1705 74.8 55.15 159 31.36 3.44 0.0270 .952 
55 " 0.1771 " It 3.40 0.0263 .934 11.0 
56 " 0. 1834 " " 3.53 0.0282 1.003 
57 " 0.1821 " " " 3.50 0.0278 .989 
58 0.1792 " " " 3.44 0.0270 .955 
59 0.1821 " " 3.50 0.0278 .939 
60 " 0. 2110 78.9 55.0 127 31. 15 5. 04 0. 0376 1 1.324 
61 0.2159 79.5 123 31.10 5.33 0.0391 1.381 13.7 
62 " 0. 2096 79. 7 121 " 5. 21 0. 0369 1, 309 
63 0.2099 " " " 5.23 0.0369 1.310 
64 0.1042 0.5708 83.0 54.9 97 30.97 49.6 0.0071 27. 2 
65 " 0.5716 " " " " 49. 7 0.0976 27.3 118 
66 " 0.5708 " " 49.6 0.0971 27.2 
67 " 0.5727 " " 49.8 0.0979 27.5 
68 0.165 0.7796 79.7 55.0 121 31.10 87.2 0..1141 80.3 
69 " 0.7845 " 87.8 0. 1155 81.5 
70 0.7829 " " 87.6 0.115 81.2 250 
71 " 0.7845 " " 87.8 0. 1155 81.5 
72 0.3310 1.0907 79.6 55.0 122 31.1 242 0.112 315 
73 " 1.0893 " " " 242 0. 1115 315 830 
74 1.0878 " " " 241 0.111 314 
75 " 1.0850 " " 240 0. 1105 312 

-- 

-- 

" 
" " " -- 

-- 
" 

-- 
" " -- 

-- 

" -- 
" 

-- 
" -- 

-- 
-- 

" -- 



Table 5. Dimensionless Bubble Profiles 45 
A. Water in 2 -inch Tube 

Z = x/d X = x/1 
D. Light oil in 14-inch Tube 

Z = x/d X = x/1 
0 

0.974 
0, 125 
0. 169 
0. 196 
0.279 

0 

0.0091 
0. 025 
0.041 
0.053 
0.094 

0 

0. 125 
0. 170 
0.258 
0.326 
0.393 

0 

0.0194 
0, 0351 
0.074 
0. 113 
0. 152 

0.389 0. 147 0.542 0.229 
0.497 0.201 0.699 0.308 
0.600 0.254 0.867 0.385 
0, 713 0. 308 1. 011 0. 463 
0. 821 0. 361 
0. 932 0, 414 
1. 041 0. 467 

B. Water in 14-inch Tube 
Z = x/d X = x/1 

E. Heavy Oil in 14 -inch Tube 
Z = x/d X = x/1 

0 

0, 091 
0. 183 
0. 240 

0 

0. 0132 
0.0396 
0. 0661 

0 

0. 086 
0.170 
0. 238 

.0 

0. 0114 
0.0402 
0. 073 

0. 2886 0. 0881 0. 314 0, 113 
0.367 0. 1275 0.379 0. 146 
0.543 0.216 0.452 0. 186 
0. 713 0.302 0. 572 0. 259 
0.896 0.392 0.718 0.332 
1. 079 0. 481 0. 881 0. 405 

1. 171 0. 550 
C. Light Oil in 2 -inch Tube 

Z = x/d X = x/1 F. Hemispherical- capped Model 
Z = x/d X = x/1 0 0 

O. 1025 0.0103 0 0 

0. 139 0.0259 0.0595 0.0069 
0.207 0.0414 0.0935 0.0138 
0.229 0.0517 0. 138 0.0276 
0.287 0.0777 0. 171 0.0414 
0. 332 0. 1035 0. 201 0. 0552 
0.385 0. 1296 0.227 0.0691 
0.485 0. 181 0.254 0.0829 
0.587 0.233 0.277 0.0968 
0.695 0.285 0.322 0. 1241 
0, 806 0. 337 0. 344 0. 1381 
0.909 0.389 0.435 0. 1935 
1. 018 0, 441 0. 562 0. 263 

0. 646 0. 304 
0. 806 0. 380 


