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The effects of vertical ground motion are particularly signifi- 

cant in the design of highway bridge girders. Conventional codes do 

not recommend methods for solving the problem. The intent of this 

work is to suggest an approach for such design. 

A set of curves for velocity spectra which are the average val- 

ues of eight components of the four strongest ground motions yet re- 

corded, the curve of Modified Mercalli intensity vs ground accelera- 

tion and the seismic regionalization map are the basic materials for 

this method. From records of the significant earthquakes in the past 

thirty years, modified factors for the velocity spectra corresponding 

to different Modified Mercalli intensity have been developed. Thus, 

the possible support shear or displacement for bridge girders in any 

seismic region can be found by substituting the modified velocity 

spectrum into an established formula. 
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In the calculation of the natural period for the prestressed con- 

crete member, the value of I is based on the ultimate strength 

theorem and a fully cracked section. The bending stress at midspan 

of the prestressed concrete girder due to the vertical support displace- 

ment is calculated by means of an approximate method. An equiva- 

lent one -degree system is used to obtain the beam deflection and the 

participation factor is used to convert this deflection into the actual 

midspan deflection for the girder. 

Finally, a numerical example is used to demonstrate the design 

procedures. This has been done by using the elastic strength theorem 

to calculate the dead -load and live -load moments and the ultimate 

strength theorem to check the adequacy of the design for the possible 

bending moment due to earthquakes. A trial and error method is 

used for this purpose. 
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A METHOD OF SEISMIC DESIGN FOR PRESTRESSED 
CONCRETE HIGHWAY BRIDGE GIRDERS 

INTRODUCTION 

In the design of highway bridges for seismic areas, the effects 

of ground motion become significant. Catastrophic failure can happen 

at any time if the flexural and shear strength for the bridge girders 

and lateral resistant strength for the bridge bents are insufficient. 

An exact earthquake- resistance method seems impossible at present 

because of the lack of ground motion records. The seismic design is 

therefore based on the principle that structures can survive a moder- 

ate earthquake without any damage and stand up in the most severe 

earthquake ever recorded without collapse. An approximate design 

method is appropriate for practical purposes and, therefore, adopted 

here. 

The objective of this paper is to investigate the effects on pre- 

stressed bridge girders of vertical support motion. The associated 

bending and shear stresses are usually severe. This is true especial- 

ly for long -span girders. The cross -section of the girder is assumed 

sufficient to resist the torsional stresses and, therefore, not consid- 

ered here. 

The vibratory period of the members plays an important role in 

the design. It is achieved by the method based on an equivalent one - 
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degree system. 

It is important to evaluate the earthquake input in seismic de- 

sign. To make an accurate prediction for future earthquakes is impos- 

sible, at least at present. An approximate approach for this problem 

has been developed here which is based on the significant earthquakes 

which have occurred in this country during the past thirty years. 
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NATURAL PERIOD OF VIBRATION FOR PRESTRESSED 
CONCRETE GIRDERS DUE TO VERTICAL MOTION 

Earthquake motions can be in the vertical direction as well as 

in the horizontal direction. Sometimes the vertical motion is almost 

as great as the horizontal component, even greater in a few cases. 

For a long bridge girder, such motion will result in significant de- 

flections at midspan. It is, therefore, n e c e s s a .r y to take the 

stresses due to the vertical support motion into account in seismic de- 

sign. The period of vibration is the most important parameter in such 

calculations. This quantity is extremely complicated by direct math- 

ematical approaches [7, p. 39 -127] . Before we can predict the earth- 

quake effects; an approximate method of determining the natural per- 

iod of the girder is quite appropriate. This will be achieved by con- 

sidering an equivalent one -degree system and assuming a deflected 

shape similar to the static deflection curve [ 3, p. 199 -212, 15, p. 

146 -150] . The latter assumption is not particularly accurate for the 

fundamental mode, especially for a long girder. It is believed, how- 

ever, that the error is permissible for practical purposes. 

The most common highway bridge girder is the composite sec- 

tion, with precast prestressed concrete stem and cast -in -place rein- 

forced concrete slab. In connection with the calculation of the natural 

period for prestressed concrete members, the following assumptions 

must be made: 



1. Each girder acts as an individual member in vibration. 

2. The dynamic interaction between the bridge girders and the bent 

girders, if so, can be neglected. Since the length of the former 

is usually three times to that of the latter, these two periods 

will likely differ by a factor more than 2 [ 3,, p. 238]. 

3. The dead load is assumed to be a uniformly distributed load. 

The three axle loads of a truck are considered to be spaced 14 

feet apart. The combined deflected shape for the dead loads and 

these three concentrated loads is approximately similar to that 

for a member under pure uniformly distributed loading. 

4. The natural period of a prestressed beam, as well as the fre- 

quency, is the same as that of a reinforced beam. This fact has 

been shown by Merlin L. James and his co- author in their pap- 

er 
[ 
9]by applying the Lagrange's equation for free vibration. 

5. The prestressed girder can resist the upward motion as well as 

downward motion. This fact had been shown by T. Y. Lin in his 

paper [11] by demonstrating the movement of the pressure line. 

Modulus of Elasticity for Concrete 

This value is an important parameter in calculating the stiffness 

of the bridge girder. It partly depends on the strength of concrete 

which varies with many factors [ 6, p. 1-14, 12, p. 34 -42] , such as 

the concrete age, curing method, type of specimen, and the 

4 
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characteristics of the applied load. Consequently it seems impossible 

to determine an exact value of Ec for a given concrete. From the 

typical concrete stress - strain curve in Figure 1, we find that the ini- 

tial tangent value is too high, expecially for high strength concretes. 

A more reasonable value can be obtained by taking the slope from the 

zero point to the intersection point of 0. 5f'. This is referred to as 

the secant modulus of elasticity. The tangent modulus is designated 

as Et. In the following calculation if there is no further designa- 

tion, it is implied that the E value is the secant modulus. 

f' 
c 

_ro 

-1 
tan Et(tangent modulus) 

ant modulus) 

E strain 

. Figure 1. Typical concrete stress -strain curve 

There are several empirical formulas for the determination of 

the value E. 

a. ACI code for low strength concrete 

E = 1000f' 
c 

(1) 

ÿu0. Sf' 
c 

c 



6 

where 

or 

b. ACI code for concrete 

E =W1.5x334r 

W = weight of concrete (pcf) 

= 90 pcf to 155 pcf 

= 150 pcf for normal weight concrete 

E = 59, 300 f' 

c, proposed by Jensen 

6x106 
1 + (2000) 

f' 
c 

d. proposed by Hognestad 

E = 1.8x10 + 460f' 6 

(2) 

(3) 

(4) 

Table 1 shows that Equation (1) gives a value of E that is too 

high for high strength concretes. So it is only suitable for low 

strength concretes with f' < 3000 psi. For high strength concretes 
c - 

the last three formulas give a better value. Among them, Equation 

(2) takes the weight of concrete into account and seems more reason- 

able. In the following calculation, this formula will be used to 

c 

- 

v 
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determine the E value. 

Table 1. Comparison of E Values for Concrete 

f' 
ksi 

E (106psi) 
ACI 

E = 1000f' 
c 

ACI 
E = 59300 f' 

c 

Jensen's 
formula 

Hognestad's 
formula 

2 2 2.65 3.00 2.72 
3 3 3. 25 3. 60 3.18 
4 4 3.76 4.00 3.64 
5 5 4.19 4. 30 4.10 
6 6 4.60 4.50 4.56 
7 7 4.95 4.66 5.02 

Moment of Inertia for Prestressed 
Concrete Sections 

A structure may only encounter severe earthquakes a few 

times throughout its life. It is advisable, therefore, to calculate the 

moment of inertia of the prestressed concrete girder section by the 

ultimate moment theorem. Thus, the following assumptions are 

made: [ 10, p. 52 -65, 12, p. 141 -159] 

1. Plane sections are assumed to remain plane. 

2. Ratio of . the steel strain to the concrete strain in the extreme 

fiber is the same as the ratio of their respective distances from 

the neutral axis, i, e. a linear relationship. From Figure 2, we 

find 

E kd k 
c u u 

E d-k d 1-k 
s u u 

(5) - 
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3. Stress - strain properties of the steel are smooth curves without 

a definite yield point. 

4. The concrete does not resist tensile stress. 

5. The maximum strain of concrete at the extreme compression 

fiber is equal to 0.003 regardless of the strength of the con- 

crete. 

6. The average compressive stress in concrete at rupture is 

0.85f' , suggested by Whitney. The resultant force acts at a 

distance of O. 5k 
u 

d from the top. 

7. The strain of the top fiber under prestressing alone is equal to 

zero. 

8. The shear strength of the member is larger than the flexural 

strength. 

9. The steel and concrete are completely bonded. 

10. The shear resistance between the precast prestressed girder 

and the cast -in -place slab is sufficient, so that they behave as 

one member. 

111. The moment of inertia is based on a fully cracked section. 

Based on the above assumptions, the girder will fail under a 

strong excitation in two modes: failure due to the yielding of tendons 

or the crushing of the concrete while tendons still remain in the elas- 

tic range. If the amount of steel is comparatively less or the com- 

pression area is large, such as the compression flanges of a 

c 
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composite section, the steel will yield before the concrete in the com- 

pression zone is crushed. We call such a member underreinforced. 

If the amount of steel is very large, the stress of the steel will re- 

main in the elastic range when the concrete has already been crushed. 

We call such a member overreinforced. 

The most common highway bridge girders are those with com- 

posite section, precast prestressed stem and cast -in -place reinforc- 

ed slab as flanges. Such girders are usually underreinforced. This 

can be checked by applying formula pf /f' < 0. 3 for rectangular 
sw c 

sections and A f /b'df' < 0. 3 for flanged section to check the 
Sr su c 

result (ACI Code). Therefore, the location of the neutral axis and 

the calculation of moment of inertia are based on the underreinforced 

case. 

The location of the ultimate neutral axis is calculated as below. 

t 

E =0 
c 
o 

E = .003 

E 
S E'=003( 0 

s k 
u 

k'f' 
c 

strain due ultimate ultimate 
to prestress strain stress 

Figure 2. Ultimate strain and stress distribution 

C._ 

1" 
d 

u 

d -küd 

J T' 
u) 
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For an underreinforced beam,the ultimate compressive force in the 

concrete C is equal to the ultimate tensile force in tendons T', 

therefore, 

in which 

Thus we find 

where 

T' = C (6) 

T' = A f' 
s s 

C = f A' = k' f' A' cu c c c 

A f' A f' 
A' = 

s s= s s 
c f k' f' cu c 

A' = the compressive concrete area 

f' = the ultimate tensile strength of steel 

f = the ultimate compressive strength of concrete 
cu 

f' = the compressive strength of concrete 

k' = 0.85, following Whitney's suggestion 

With this known value of A' , one can locate the neutral axis and 
c 

find the value of k by the following procedure. 

For common prestressed AASHO sections, the ultimate neutral 

axis always falls into the flange part or at least into the upper wide 

part of the stem. The'Tentative Recommendations for Prestressed 

u 



Concrete' [ 1 ] have suggested a formula for this purpose. 

Case I. The ultimate neutral axis in the flanged section if 

where 

then 

that is 

where 

t > 1.4dpf /f' 
- su c 

t = thickness of flange 

p = As/b'd 
pf' 

f = f' (1-0.5 S ) su s f' 
c 

cf 
A' -b'dl E 

cg 

' 

d 
Ac , cf 

1 b' "E 
cg 

(7) 

(8) 

= the center to center distance between two girders 

Ec /Ec 
g 

= the ratio of the modulus of elasticity of flange con - 

crete to that of girder concrete 

from Figure 3(a) we find that 

' 
c . cf kud = d 

1 b' E cg 

Case II. The ultimate neutral axis in the stem section if 

t <1.4dpf su /fc ' 

(9) 

11 

b' 

E 

A E 



then 

A' =A+A 
g 

cf : b't btdl 
cg 

where 

Af = the effective flange area 

A = the approximate compressive girder area = btdl 
g 

from Equation (10), we have 

1 Ecf) dl 
1 

Ac-btEcg 

from Figure 3(b) we find that 

k d=t+d 
u 1 

(10) 

(12) 

12 

In case the tendons remain elastic when the concrete is crushed, 

the value of k 
u 

must be found by trial and error. The first trial is 

to assume fsu equal to a fraction of f' . By applying Equations 

6, 7, 8, and 9 or 6, 10, 11, and 12, we obtain the trial value of k . 
u 

The actual strain of the tendons is 

E =E + E I so s 
(13) 

= bt 

E 

cg 

su s 



where 

ESO 

Et 
S 

= strain of tendons due to prestressed = f /E 
O S 

1 -k 
strain of tendons at ultimate stress = 0. 003( ) 

u 

u 
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We then check whether or not the assumed 
su 

is equal to the value of 

EE . If another trial is required, the same procedure will be car- 
s 

ried on until these two values coincide. 

b' _ b' 

N. A 

d(1-k ) 
u 

Gg.S. 

Figure 3. Neutral axis of the cross section 

(b) 

By using the known value of k, we can readily find the re- 

quired moment of inertia. 

For case I. (neutral axis located in the flange) 

I = I + I 
c s 

bi d 
1 

b dl 

E 
cf 2 

3 cg 

For case II. (neutral axis located in the stem) 

(14) 

k d 
u. 

d 

(a) 

= 

d 

+ 



where 

14 

I=Icg+Icf+Is (1 5) 

3 

1+(b3 3+ b'td1Z) cf + Asn(d-kud)2 
cg 

I 
c 

= the moment of inertia of the compressive portion of the 

flange 

Is = the moment of inertia of the tendons 

I cg = the moment of inertia of the compressive portion of the 

stem, which is approximately equal to that for a rectan- 

gle with width bt 

Icf = the moment of inertia of the compressive portion of the 

flange 

n = E /E 
s cg 

Moment of Inertia for Reinforced 
Concrete Sections 

If a reinforced concrete section is used, the period of vibration 

can be found in the same way as for a prestressed concrete section 

except for a slight difference in calculating the moment of inertia. 

Similarly, the ultimate strength theorem can be applied as well. One 

more assumption must be made: 

1. The compressive steel yield stress is equal to the tensile steel 

ß 

E 
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yield stress. 

The location of the ultimate neutral axis can be found by equating all 

horizontal forces acting on the section as shown in Figure 4. to zero. 

Thus, 

EFH = Af -Af -fbkd 
Y 

s (16) 

For a deep beam, the compressive steel usually yields before the con- 

crete crushes. That is, f = f approximately. 
s y 

From Equation (16), we have 

or 

where 

ku bdf 
(A -A' )f 

s s y 

cu 

(p-p') 
fY 

ku = f cu 

A A' 

P bd ' p bd 

A' = area of compressive steel 

(17) 

(18) 



b 

d 

d' 
k d 
u 

N. A. 

d(1-k ) 
u 

cross section 

2 

a 

d-d' 

A'f 
s 

stress 

a = 0.85kud (for f' = 4000 psi. ) 

a = 0.80k 
u 

d (for f' = 5000 psi. ) 
c 

Figure 4. Ultimate stresses and neutral axis 

f bk d 
cu u 

a 

. Af sy 

16 

The effective cross section of the beam for its moment of iner- 

tia consists of the compressive zone of concrete, the tensile steel ar- 

ea times n and the compressive steel area times (n -1). Thus 

where 

I=I +I +I' 
c s s (19) 

I 
c 

= the moment of inertia of the compressive area of concrete 

Is = n times the moment of inertia of the tensile steel about the 

neutral axis 

I' = (n -1) times the moment of inertia of the compressive steel 

about the neutral axis. 

Finally, the moment of inertia of a reinforced concrete section with 

compressive steel can be expressed as 

3 

I - 
b(kud) 

+ A n (1-k )2d +A' (n-1)(k d-d')Z (ZO) 
3 s u s u 

. 

u c 
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Natural Period of a One -degree System 

If the member in vibration is assumed to be a single mass, its 

vibrating behavior is similar to the system as shown in Figure 5(a). 

A force moves the weight to a distance x and is suddenly removed. 

The weight then vibrates up and down. This behavior is called free 

vibration or natural vibration [ 21, p. 1 and 21]. Taking a free body 

of the weight, we have forces acting on it as shown in Figure 5(b), in 

which W + kx = the tensile force in the spring, W = the gravity 

force of the weight, wx = the inertia force due to the upward and 

downward motion, in which x denotes the acceleration of the 

weight. 

W 

(a) 

W+kx cic . W+kx 

W 
undamped 

(b) 

W 

damped 
(c) 

Figure 5. Free vibration of one -degree system 

According to D'Alembert's Principle, EF = 0 is for dynamic 

equilibrium of the weight. We have therefore 

or 

W - (W+kx) -gx=0 

+ w X = 0 (21) 

1J 

ie 



The general solution for this motion equation is expressed as 

x=Acos W t+BsinWt (22) 

18 

From Equation (22), it is seen that x is a trigonometry function of 

Therefore the motion of the weight has a vibratory character. 

For one complete cyclic motion, W t must be equal to 27, 

that is 

where 

t=2Tr (23) 

t = time required for the movement to a certain point 

= T for a complete cyclic motion 

= circular frequency = w 
W 

The term T is the natural period for this system. Then 

T =2W=2Trk =2Trk 
g 

(24) 

This is the equation for the natural period for a one -degree system, 

neglecting the damping force. 

Actually, there is a damping force in members which comes 

from air or fluid friction, friction between sliding surfaces, or inter- 

nal friction of the material of the vibrating body. In a bridge, the 

At. 
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damping force chiefly comes from the last source, which is assumed 

to be proportional to velocity, denoted as -cx [ 21], where c is 

the coefficient of damping x = d = velocity of motion. A free body 

of the weight with this additional force is shown in Figure 5(c). 

or 

or 

or 

where 

By applying D'Alembert's Principle again, we have 

W-(W+kx)-Wx-cx=o 

Mx + kx + k = o (25a) 

X+ w X+ W X = 0 (25b) 

X + w2x + 2µ3c = o (25c) 

Isa 
w2 = 

W ' 
2µ 

W 

The general solution for the above differential equation is [25, p. 85- 

89] 

x= e [A costs/ w2-µ2t + B sind w2-µ2t] 

The term N w2 -µ2 

µ 

(26) 

is the 
`circular 

frequency including the quantity 

It is denoted as wd = N w2 -µ2, where wd is the damped nat- 

ural circular frequency [3, p. 51-54]. Natural period for such a 

W W 



damped system is 

2 -rr 2 -rr 

wd w2-12 
(27) 

For the limiting case, µ = w, which is known as critical 

damping. For this condition all vibrations are completely removed. 

In this case, 

µ = ccr W 

or the critical coefficient 

2W 2W 
a cr =- 

g 
µ w 

g 

(28) 

(29) 

20 

For another limiting case, µ, = 0 , no damping force exists. Then 

wd w, similar to what we have discussed before. However, these 

two extreme cases are seldom found in actual structures. Observa- 

tions indicate that most structures have between 5 to 10 percent of 

critical damping, depending on the materials used, shapes of cross 

section and arrangement of members. Taking a lower value of 6%, 

i. e. µ = 0.06w, we find that wd = ß/w2 -(. 06w)2 = O. 998w, which is 

only slightly less than the undamped natural frequency. For structur- 

al purposes, only the maximum deflection is of interest, which occurs 

in the first mode. As the damping force will only influence the deflec- 

tion in higher modes for the accumulative effects, we can, therefore, 

N 
1 



2:1 

neglect the damping in the calculation of the natural period. 

Natural Period of an Equivalent One -degree System 

The vibration behavior of a bridge girder is not as simple as 

that indicated above. It consists of infinite numbers of lumped mas- 

ses connected by springs. When it is in motion, these springs influ- 

ence each other and make the vibration behavior extremely complex, 

rendering the so- called rigorous or exact method impractical. 

Figure 6 shows that the dynamic behavior at the midpoint of the 

girder can be idealized to an equivalent one -degree system by modi- 

fying the associated mass, stiffness and force. This method can be 

achieved by using the static deflected shape .1(x). It should be men- 

tioned that the stresses and forces in the idealized system are not di- 

rectly equivalent to the same quantities in the real structure. How- 

ever, knowing the deflection, the stresses in the real structure can 

be obtained by a mathematical treatment which will be shown later. 

p 

I 44k 
Y 

Figure 6. Equivalent one -degree system 

F 
e 

k 
e 

l l l l l l l l e 

TAT M 

I 



Deflected Shape 

For a simply supported girder the deflected shape to be used 

can be found from the distributed -mass system. For members of 

other types, such as rigid frames, the complex boundary conditions 

render the mathematical procedures extremely cumbersome. To 

generalize this method, the static deflected shape will be calculated 

by means of double integration. 

W=PQ+W'Q 

-EIy" = 

W/2 

Figure 7. Simply supported girder 

The girder and the assumed distributed loading are shown in 

Figure 7. The moment equation can be expressed as 

W/2 

from which, we have 

or 

W 

2x2 

- EI W-2 3 Wx4 W.Q 3x 
y 12 24 24 

W 3 3 4 
y 24EI(/ x-2.Qx +x) 

Letting y = unity for x = 02, 2, we find 

(30) 

22 

I [ I I I I I I I I 

e 

j 

= x 

= 



384EI 
W - 

4 
51 

Thus, the deflected shape can be expressed as 

.(x) - 164 (1 3x- 21 x3 +x4) 
51 

Equivalent Quantities 

(31) 

(32) 

The required equivalent quantities are the equivalent mass, 

equivalent force and equivalent stiffness which are expressed as 

M 
e 

= Sm2(x)dx 

Fe = SP«x)dx 

F 
ke= -Fe,k 

The above equations will be discussed later. 

a. The equivalent mass of the girder 

M = 2`1/2m[ (x)]2dx 
e .Jl 

0 

= 2m 
256 i1 / 2(13x- 

21 x3 +x4) 2dx 
2518 

Me = 0. 5081m 

(33) 

(34) 

(35) 

(36) 

23 

0 

e 

e 



b. The equivalent force on the girder 

.7 

Fe 2\2P(x)dx 
e .J 

0 

= 2P 1 4 JZ (,Q 3x-2.Q x3+x4)dx 
5, 0 

Fe = O. 641 P 

c. The equivalent stiffness of the girder 

F 
ke = F k 

0.64.2P 
QP 

k 
e 

= 0.64k 

in which, k = . Assuming y = unity, we find 
c 

or 

k 
384E1 

5Q 3 

k = 0. 64 x 
384EI 

e 
5/3 

(37) 

(38a) 

(38b) 

24 

Finally, with these known quantities, the natural period for the 

prestressed concrete girder, simply supported, can be expressed by 

P 
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M 
e 

T = 21r k 
e 

(39) 

The above equation shows that the natural period depends on the 

mass of the girder and the external loads. 
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EVALUATION OF EARTHQUAKE INPUT 

In order to calculate the earthquake effects on structures, we 

must know the maximum ground acceleration and the associated fre- 

quencies as well as the magnitude. The evaluation of these quantities 

for engineering purposes is extremely complex. There are two ma- 

jor difficulties in this matter: 

1. The prediction of magnitude and distribution for future earth- 

quakes - the Coast and Geodetic Survey has carried on a 

strong- motion program to record strong ground movements in 

the seismically active regions. Since then, except in Califor- 

nia, insufficient ground -motion records have as yet been obtain- 

ed for an accurate seismic prediction. 

2. The variation of earthquake frequencies - these quantities are 

quite uncertain. As they are the essential data for the compu- 

tation of the structural response or the response spectra, it is 

difficult to predict the destructive characteristics of future 

earthquakes. 

Prediction of Future Earthquakes 

To solve this problem, the Uniform Building Code suggests a 

map of seismic probability [ 16], which classifies the United States 

into four different zones, from 0 to 3. This code adopts a suitable 
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factor for each zone, i.e. 1 for zone 1, 2 for zone 2 and 4 for zone 3, 

to be used in the horizontal force formula F = CW. Since the code 

has not suggested a vertical force formula and a numerical value of 

c for bridges, we, therefore, cannot apply this map to our purpose. 

C. F. Richter suggests a seismic regionalization map, shown 

in Figure 8, for the United States [ 19], giving probable maximum in- 

tensity in Modified Mercalli (M. M.) scale (see appendix). Except in 

California, the seismic records are still inadequate. Therefore, 

lines between the areas of differing intensity are approximations on- 

ly. Until such time that sufficient data can be obtained, this map can 

serve for purposes of bridge design. 

From the engineering view point, the most important seismic 

quantity is the ground acceleration, not earthquake intensity. The 

former, however, is a basic element of the latter, for it is the accel- 

eration that people feel and it is the acceleration that causes objects 

to move and structures to collapse. Moreover, the ground periods 

also play an important part in the relationship between the accelera- 

tion and the intensity. An acceleration combined with a ground period 

of 6 seconds would cause no damage, where as the same acceleration 

combined with a 0. 3 sec. period would cause great damage. After a 

long period of observation, Frank Neumann suggested an empirical 

relationship between these quantities [ 14, p. 55 -60]. The adopted 

graph (the solid line in Figure 9) is quite reasonable for practical 
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purposes for the following reasons: 

1. The average epicentral distance is 15 miles - to design a struc- 

ture that can survive right at the epicenter seems too con- 

servative. Therefore, a structure that can stand against the 

most severe earthquake at that distance without collapse seems 

to be a reasonable design. 

2. It is based on the maximum accelerations of the past ten most 

severe earthquakes from the period- acceleration graphs [ 14, 

Figures 6, 8]. 

From Figure 8 and Figure 9, we can evaluate the possible max- 

imum ground accelerations for a particular seismic region. 

Determination of Structural Responses to 
Support Motions 

The seismic wave of ground motion becomes a series of com- 

plicated impulses after traveling through a number of geological for- 

mations. Therefore, when it affects a structure, it is in random 

form. We cannot predict the exact nature for which a given structure 

should be designed. 

To solve this problem, Rosenblueth has suggested using proba- 

bility theory to find the distribution of structural responses to earth- 

quakes of specified intensity [ 20]. Such an approach has not been de- 

veloped sufficiently for direct application. 
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Blume, Newmark and Corning have suggested the adoption of an 

idealized response spectrum of a particular earthquake as a design 

standard. They selected the earthquake of El Centro, May 18, 1940, 

the greatest one on seismic records as the standard [ 4, p. 9]. This 

approach is simple and applicable until additional data becomes avail- 

able. 

From the records of the significant earthquakes in this country, 

only a few earthquakes can compare with the earthquake mentioned 

above. Most of them happened in California and one or two occurred 

in Washington. It is too conservative to apply the above standard to 

design structures in other parts of the United States. 

G. W. Housner has suggested an average velocity spectrum 

which is the average value of the velocity spectra for the eight com- 

ponents of the four strongest ground motions yet recorded (El Centro 

1934, El Centro 1940, Olympia 1949, Tehachapi 1952), as shown in 

Figure 10 [ 8]. With a known natural period of a certain structure, 

the corresponding velocity coefficient S 
v 

can be found. 
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V = the maximum shear of a single degree of freedom max 

system 

u = the maximum relative displacement of the system max 

k = the stiffness of the system 

T = the undamped natural period of the system 

we can find the response of the system to a earthquake for a certain 

value of S . 
v 

Housner has also found that if the ordinate of the curves in Fig - 

gure 10 is multiplied by the factors listed in Table 2, the results will 

agree with the following recorded ground motions. 

Table 2. Modified Factors for Velocity Spectra 
Earthquakes Modified Factors 

1. El Centro, 18 May 1940 2. 7 

2. El Centro, 30 December 1934 1. 9 

3. Olympia, 13 April 1949 1.9 
4. Taft, 21 July 1952 1. 6 

5. Vernon, 10 March 1933 1. 5 

With the above values and the past earthquake records, we can 

find the approximate factors for the corresponding region indicated in 

the seismic regionalization map. This will be discussed in the follow- 

ing paragraphs. 

Table 3 shows the significant earthquakes recorded during the 

past thirty years [ 22] and indicates that the intensities closely depend 

upon the maximum accelerations, ground periods and the epicentral 

distances. 
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Table 3. The Significant Ground Motion Records 

Earthquakes 

Vert. Component Hor. Component 
Epicentral 
Distanct 
Mile 

Intentisy 
M. M. 

Max. 
Accel.2 

, cm /sec 

Ground 

Wave 
Period sec 

Max. 
Accel.2 
cm /sec 

Ground 
Wave 
Period sec 

1. Hollister, Calif. 11-15-'64 20 0. 2 37 0. 42 32 6 

2. Los Angeles, Calif. 8-30-'64 29 0. 1 48 0. 08 15 4 

3. San Diego, Calif. 12-22-'64 14 0. 34 34 0. 38 50 6 

4. Hoover Dam, Nevada 3-25-'63 134 0. 08 209 0. 12 10 5 

5. Eureka, Calif. 9- 4-'62 9 0. 3 52 0. 35 49 S 

6. Portland, Oregon 11- S-'62 63 0. 12 97 0. 13 48 6 

7. Logan, Utah 8-30-'62 41 0. 15 113 0. 36 46 7 

8. Hollister, Calif. 4- 8-'61 31 0. 17 157 0. 31 13 7 

9. Bishop, Calif. 2- 1-'61 12 0. 11 38 0. 14 48 5 

10. Ferndale, Calif. 11- 9-'61 19 0.2 42 0. 16 17 5 

11. Hollister, Calif. 1-19-'60 24 0. 3 63 0. 3 4 6 

12. Bozeman, Mont. 8-17-'S9 25 0. 2 54 0. 2 56 6 

13. San Francisco, Calif. 3-22-'S7 168 0. 1 147 0. 6 10 6 

14. Port Hueneme, Calif. 3-18-'S7 26 0. 6 167 0. 5 4 6 

15. El Centro, Calif. 2- 9-'56 10 0. 2 46 0. 7 74 6 

16. San Jose, Calif. 9- 4-'S5 124 0. 2 106 0.4 6 7 

17. Berkeley, Calif. 10-23-'S5 12 0. 2 118 0. 14 5 6 

18. Eureka, Calif. 12-21-'S4 79 0. 14 228 0. 5 15 7 

19. Taft, Calif. 1-12-'S4 24 0.2 70 0. 3 27 6 

20. Hoover Dam, Nevada 5-23-'S2 83 0.09 146 0. 19 10 6 

21. Hollywood, Calif. 7-21-'S2 56 0. 34 131 0.58 74 7 

22. Taft, Calif. 7-21-'S2 99 0. 54 128 0. 24 40 7 

23. Olympia, Wash. 4-13-'49 107 0. 1 321 0. 34 10 8 

24. Hollister, Calif. 3- 9-'49 75 0.22 191 0. 29 13 7 

25. Hoover Dam, Nevada 11- 2-'48 51 0. 1 121 0.09 4 4 

26, Hollywood, Calif. 4-10-'47 11 0. 24 100 0. 58 118 5 

27. Ferndale, Calif. 12-18-'46 20 0. 26 56 0.25 7 

28. Helena, Mont. 6- 1-'45 28 0. 11 35 0. 08 3 5 

29. Vernon, Calif. 6-18-'44 23 0. 3 110 0.09 9 6 

30. San Jose, Calif. 10-25-'43 54 0. 13 172 0. 16 14 6 

31. El Centro, Calif. 10-21-'42 25 0. 11 56 0. 31 30 7 

32. Boulder Dam, Calif. 8-11-'42 67 0. 13 54 0. 17 6 5 

33. Santa Barbara, Calif. 6-30-'41 76 0. 13 172 0. 24 10 8 

34. Ferndale, Calif. 10- 3-'41 36 0. 35 116 0. 45 15 6 

35. El Centro, Calif. 5-18-'40 259 0. 106 314 0. 181 7 8-10 
36. El Centro, Calif. 3-24-'39 14 0. 15 46 0. 12 24 5 

37. Ferndale, Calif. 9-11-'38 26 0. 18 93 0. 18 6 

38. Boulder Dam, Calif. 11-11-'37 50 0.09 65 0.09 6 

39. Helena, Mont. 10-31-'35 78 0. 125 115 0. 13 7 

40. El Centro, Calif. 12-30-'34 100 0. 1 175 0. 25 8 

41, Vernon, Calif. 3-10-'33 100 0. 7 210 0. 7 7 
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From Table 4, it is found that the values in column 2 for M. M.5 

and M. M. 6 are somewhat smaller than those in column 5, while those 

for M. M. 7 and M. M. 8 are quite acceptable. The values in column 3 

seem more in agreement with past records. There are two reasons 

for the upper bound values in column 5: 

Table 4. Modified Relationship Between Ground Acceleration and Intensity 
1 

) 
(2) 

Ground accelerations 
(3) 

Modified ground 
(4) 

Acceleration 
(5) 

Hori. acceleration 
Intensity from the adopted grape acceleration range from range from Table 3. 

M. M. in Figure 9. cm/sec cm /sect Ref. 15. .cm /sect cm /sect 

V 30. 3 52 2 - 75 35 - 194 

VI 60. 5 75 5 - 175 34 - 172 

VII 130 130 18 - 140 56 - 210 
VIII 230 230 51 - 350 172 - 321 

IX 400 400 

1. The large epicentral distance and large ground period - the 

earthquake record 26 in Table 3, with horizontal ground accel- 

eration equal to 100 cm /sect and 0. 58 sec period, plus a dis- 

tance 118 miles from the epicentre, gives an intensity equal to 

5. 

2. The conditions in the affected area - the earthquake record 4, 

with a small epicentral distance and period, gives a small in- 

tensity 5 due to the scarcity of engineering structures in the 

Hoover Dam area. 

From the above discussion and referring to Table 3 and the mod- 

ified factors in Table 2, we make a list of suggested correction fac- 

tors for the value of Sv in Figure 10, for the horizontal movement 
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as listed in Table 5, for different intensity. 

Table 5. Correction Factor for Sv 

Intensity 

M. M. 

Correction Factor 

Horizontal Movement Vertical movement 

V 1.3 0. 72 
VI 1.5 0.855 
VII 1.7 1. 0 

VIII 1.9 1. 03 
IX 2. 7 2. 2 

As for the vertical movement, the vertical acceleration compon- 

ent is usually a fraction of the corresponding horizontal value. In 

bridge structures, the vertical component plays a very important 

role. It is, therefore, necessary to find a relationship between these 

two components. Their ratios are extremely irregular. For example, 

in the earthquake records 13, 16 and 32 in Table 3, the vertical com- 

ponents are larger than the corresponding horizontal values. We can, 

however, establish an approximate relationship between them by divid- 

ing the records in Table 3 into groups, i, e, those with the same inten- 

sity, and taking the average of the vertical and horizontal ratio in 

each group. The values obtained, multiplied by the corresponding 

horizontal correction factor, are the correction factors for vertical 

movement, which can be expressed as 

EH 
F 

V r (41) FH 

V 

= - 
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F = correction factor for vertical movement 
V 

FH = the corresponding correction factor for horizontal move- 

movement 

V = vertical acceleration component for a certain earthquake 

H = the corresponding maximum horizontal acceleration com- 

ponent 

r = the total number of earthquakes in each group taken into 

consideration. 

In applying Equation(41), we must take the ground period into consider- 

ation. The amount of reduced acceleration for larger ground periods 

can be determined by using Figure 7 and Figure 8 in Reference 14. 

Substituting these values in Table 3 in Equation (41) and disregarding 

those with small ratio, say, less than 2, we can determine the correc- 

tion factors for vertical movement as listed in Table 5. 

Finally, we can determine the support shear, from the maxi- 

mum relative displacement of a structure, by employing Figure 8, 

Table 5, Figure 10 and Equation (40) 
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SEISMIC DESIGN OF PRESTRESSED CONCRETE 
BRIDGE GIRDERS 

In the design of a prestressed concrete bridge girder to resist 

the stresses of earthquakes, we must calculate the bending moment at 

the midspan caused by a certain vertical ground motion. This can be 

done by using an equivalent lumped -mass system or a distributed - 

mass system. The former, however, is too complicated for practi- 

cal purpose. The latter is a suitable method for the calculation of a 

simply supported girder, but is very cumbersome in dealing with a 

bridge bent because of the difficulty of finding boundary conditions. 

For the sake of general application, the approximate design method, 

basing on an equivalent one -degree system, as used in calculating the 

natural period, will be used. 

Before the required bending moment can be found, it is neces- 

sary to determine the cross -section and the amount of steel tendons 

in the girder. It seems, therefore, necessary to do this by means of 

a trial and error method. In this section a simply supported AASHO 

composite girder, with pretensioned, precast stem and cast -in -place 

reinforced concrete slab, is considered. 

In this design, the elastic strength theorem is used to compute 

the dead -load and live -load moments. The earthquake moment and 

the flexural strength are then checked by the ultimate strength theor- 

em. If the trial cross -section is found inadequate, the design must be 
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repeated again until the result is satisfactory. 

Experiments have shown that prestressed concrete beams under 

dynamic loading are superior to reinforced concrete beams on the ba- 

sis of elastic strength and almost the same on the basis of ultimate 

strength [23] . The rebounding ability of the former gives it an advan- 

tage on dynamic design. Cracks that had opened will be closed and 

the deflected shape will be rebounded almost to the initial position af- 

ter the removal of the residual loads. This behavior renders pre- 

stressing of concrete a satisfactory method, if not superior, in earth- 

quake design. It is true for pretensioned prestressed concrete beams. 

As for the damping coefficient of prestressed concrete girders, 

which is important in computing the displacement, experiments show 

that it depends on the amount of initial prestress, the past history of 

loading and the amplitude of displacement produced. After having 

tested almost 100 rectangular prestressed beams, Penzien recom- 

mends a coefficient of 2% of critical damping for members allowed 

hair tension cracks and 3 to 6% for those with considerable cracking 

allowed. While no test on composite beam had been made, 2% of cri- 

tical damping will be used in this calculation [17]. 

Bending Moment Due to Vertical Ground Motion 

The bending moment at midspan is critical for a simply support- 

ed girder. It has been shown that a prestressed girder can resist the 
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upward motion as well as the downward motion by T. Y. Lin [11]. The 

positive moment at midspan will be considered. Equation (40) gives 

the maximum relative displacement, u , of the equivalent one - 
max 

degree system. In order to find the actual girder deflection, the mod- 

al participation factor r must be considered. This factor will be 

derived in the following paragraphs [ 3, p. 111-1201. 

The Lagrange's Equation in virtual work form can be expressed 

as 

where 

d 8K ax au aUc 8Ue 
+ 

d a4.' ag. ag. agi t agi 

q. = generalized coordinate and is a function of time 

K = kinetic energy = 
Z 

Mx for one -degree system 

(42) 

2 Mr(> krn)2 for lumped -mass system 

r =1 n =1 

U = potential energy = 1 kx2 for one -degree system 

= 
4k("omn)2 for lumped -mass 

m =1 n =1 system 

i i i 

i 
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U 
c 

= work by damping force = ( -c k)x for one -degree system 

= I c 
r 

( k rn x r n 
) for lumped-mass 

r=1 n=1 
system 

Ue = work by external force = F(t)x for one -degree system 

> Fr ) x rn for lumped -mass 
r =1 n =1 

system 

in which the lumped -mass system has i masses, s springs, j 

normal modes, and S mn expresses the distortion of spring m, 

x rn and k rn express the components of mass r associated with 

the nth mode for displacement and velocity respectively. It is con- 

venient to select a modal displacement and velocity A and An 
n 

for each mode, so that all individual mass quantities may be express- 

ed in terms of these specified variables. They are usually taken as 

the displacement and velocity of one arbitrarily selected mass. Thus, 

x rn 
xrn = An( A ) -Anrn n 

X 

x =A (r)=A rn n A n rn 
n 

b mn 
mn An( A ) - Anbmn 

n 

(43) 

[ r 

n 

- 



where rn and .1.5mn 
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are characteristic shapes for a given mode, 

The above quantities can be expressed as 

i \ 1M a 22 
2 r n rn 

n=1 r=1 

2 2 

nórnn 

Uc = - crp,nAn42 rn 
r=1 n=1 

rJ n rn 
r=1 n=1 

The partial derivatives of these quantities can be obtained as 

ax 
= M A2 

d 

ax. 2 

aA G r n rn ° dt aA r rn 
r=1 r=1 

8K 
a - o 
A 

n 

s - lk 
2 m 

m=1 n=1 

F A 

n 
- A M 1 

K = 

U 



au 
aA - kmAn 6 

m mn 
m=1 

aA 

auc 

c r`n rn 
n r=1 

au 
e 

aA Frrn 
n r=1 

In each of the above derivatives is cancelled because only one 

n =1 

term in the modal series has a derivative. As An 

placement, it can replace the generalized coordinate q.. Substitut- 
e 
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is the modal dis - 

ing the above derivatives in Equation (42), we have 

i s i i 

An Mr(1 rn + An km smn An1 c r .1 rn - Frrn 
r=1 m=1 r=1 r=1 

(44) 

This is the modal equation of motion which is in the same form as 

that for a one - degree system MK + kx + cc = F(t). So that it can be 

stated that 

2 

n 



r=1 

m=1 

M Z = equivalent mass = Me r rn e 

km 6mn = 
equivalent stiffness = ke 

r=1 

F equivalent force = F 
r rn e 

For a distributed mass system, the equivalent mass and the equiva- 

lent force can be expressed as 

Me 

r=1 

M 2 = SmnZ(x)dx r rn 
(45) 

Fe = F rn J 
= `P n 

(x)dx (46) 

r=1 

Rearranging Equation (44), we obtain 

i 

F r rn 
k c 

Än+M An+M Án= i=1 
r r 2 

r=1 

(47) 
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i 
= 

= 

> 
e r 

M r rn 

m 

4 
LLLi 



k m Because the natural frequency wn 
M 

c r r 
µn - 2M r 
above equation becomes 

45 

the damping coefficient 

and Fr is a function of time and Fr = F' [f(t)], the 

f(t) 

A + w2 A + 2µ A= r=1 
n n n n n 

r rn 

M 
2 r rn 

r=1 

(48) 

This is the modal equation of motion for a lumped -mass system with 

applied force F' f(t) at mass r. 

or 

or 

where 

When ground motion is involved, Equation (25a) becomes 

M(ii+x ) 
s 

+ ku + cíz = 0 (49a) 

Mü + ku + cii = -Mx 
s 

= -Mx f so a (t) 

ü + w2u + 21.1.ú = -x f (t) 
so a 

ü = relative acceleration = x - x 
s 

tt = relative velocity 

u = relative displacement 

= absolute acceleration 

(49b) 

(49c) 

F 

= 

, 

x 
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= support acceleration variable with time = x so f a 
(t) 

s 

fa(t) = the time function for support acceleration 

x = maximum support acceleration 
so 

The last two terms of Equation (49a) are so written because the spring 

force and damping force are proportional to relative displacement and 

velocity rather than the absolute values. 

By comparing Equation (48) with Equation (49b), we come to the 

conclusion that the applied force F'f(t) in the former can be replac- 

ed by the acceleration force -M r so 
x f 

a 
(t) in the latter. The result- 

ing modal equation for support motion is 

A An 
n n n + 2µ A 

n n 

M x f __, r rn 
so a 

(t) r_1 
_ _ 

2 
M r r rn 

r=1 

For a distributed -mass system the above equation becomes 

2 
xsofa(t) Sml.n(x)dx 

An + w nAn + 211 
n 

=- (` 
J.rn n(x)dx 

(50) 

(51) 

Xs 

2 + w A 

n n n n 
s 
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If the modal participate factor is defined as 

5m(x)dx 
r - n 

Sm 
ñ(x)dx 

(52) 

and Equation (49c) is compared with Equation (51), we find that the 

terms of ü, ú, u in the former will be exactly similar to the rela- 

tive modal quantities A , A A in the latter except for the term 
n n, n 

r. n 
We, therefore, come to the conclusion that 

An u 
n n 

(53) 

As only the fundamental mode is important in our calculation, Equa- 

tions (51, 52, 53) become 

or 

2 xsofa(t) J m(x)dx 
A + w A+21.LA-- 

Sm2) dx 

m(x)dx 
- r 

5m2(x)dx 

(54) 

(55) 

A =ru (56a) 

Amax =ru max (56b) 

=r 
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where A is the maximum displacement of the girder at midspan 
max 

relative to the supports. 

Finally, we can summarize the procedure of finding the bending 

moment due to the support motion as follows: 

Apply Equation (39), Figure 8, Table 5, Figure 10 and Equation 

(40) to calculculate the maximum relative displacement of an 

equivalent one -degree system. 

2. Apply Equations (32), (55) and (56b) to compute the maximum 

displacement of the girder at midspan. 
2 

3. Apply the equations M = -EI 2 
ax 

the required bending moment. 

Design Procedures 

= At. (x) to determine 

The purpose in this section is to demonstrate the method of de- 

signing a prestressed concrete girder considering ground motion ef- 

fects. The detailed computations are not shown here. Only the 

stresses due to prestressed tendons, dead loads, live loads and the 

amount of required steel and the location of c. g. s. are indicated. 

The calculations of the moment of inertia for the computed section are 

obtained for determining the stiffness and period of the girder. Fin- 

ally the checks of ultimate flexural strengths, including the moment 

due to the vertical ground motion, and the shear strength of the sec- 

tion are worked out. If the section is insufficient, a second set of 

u 

1, 

, 
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calculations is required [3, p. 262, 12, p. 509 -518, 18, p. 143 -177]. 

The procedure is summarized as follows: 

1. Compute the properties of the concrete cross section. 

2. Compute the stresses in the girder at midspan due to its own 

dead load. 

3. Compute the stresses in the girder at midspan due to the dead 

weight of the slab and diaphragms and live -load. 

4. Determine the magnitude and location of the prestressing force 

at mid -span. 

5. Select required tendons and work out their location, and check 

the stresses under final dead and live loads, with trial allowable 

stresses for earthquake effects listed in Table 6. The selection 

of such factors mainly depends on the span length and the seis- 

mic location. It also depends on the specified live loads and 

cross section used. 

6. Compute the moment at midspan due to the earthquake force. 

7. Check the ultimate flexural strength of the cross section, using 

the ultimate load factor = 1. 6D + 1. OL + 2Q [13]. 

If the design is inadequate, a second set of calculations is re- 

quired. 

8. Locate the tendons at the ends of the girder. 

9. Design of shear steel, the amount of web reinforcement at the 

quarter point of the span controls the design as recommended 
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by AASHO. 

Table 6. Suggested Trial Allowable Stresses for Earthquake Effects 

Intensity 

M. M. 

Span length 40' - 70' Span length 70' - 100' 

Bottom fiber 
(compressive) 

-f' 
ci 

Top fiber 
(tensile) 

Bottom fiber 
( compressive) 

-f'. ci 

Top fiber 
(tensile) 

+ . f' ci + f' ci 

V 0 to 0. 02 3. 0 to 2. 7 0 to0.03 3.O to 2. 4 

VI 0. 01 to 0. 03 2. 8 to 2. 4 0. 02 to 0. 05 2. 6 to 2. 0 

VII 0. 02 to 0. 04 2. 6 to 2. 0 0. 04 to 0. 06 2. 2 to 1. 6 

VIII 0. 03 to O. 06 2. 2 to 1. 0 0.05to0.08 1.8to0.5 

Ix 0.05to0.08 1.2 to 0.5 0.07to0.1 0.4to0 
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NUMERICAL EXAMPLE 

Required conditions [2]: 

Span = 70'-0" center to center of bearings 

Road way width = 28'-0" 

Live load = AASHO - H2O - S16 - 44 

Asphalt wearing surface = 20 psf 

Seismic location IX 

Selected data: 

Precast , pretensioned I- section girder, AASHO Type III section 

Cast -in -place reinforced concrete slab 

Simply supported beam 

Cross section of bridge at a diaphragm as shown in Figure 11 

which at the quarter point of the span has dimensions 

8 "x2'- 6 "x6' -0" = 1500 lb. 

Concrete strength: 

Strength of concrete for girder = 5000 psi, at 28 days 

Strength of concrete for slab = 4000 psi, at 28 days 

Steel strength: 

Prestressed steel = 1/2" seven -wire uncoated strand, 

270 K grade; area = 0. 1 52 sq. in. , ultimate strength 

= 41300 lb. Es = 28x106psi 

Other specified values follow 'Standard Specifications for 
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28' - 0" 

7" slab cast -in -place 

-+a 

\r 

6' - 0" 

precast prestressed girders 
of AASHO Type III section 

6' - 0" 

cast -in -place diaphragm 
at third point of span 

Figure 11. Cross -section of bridge 

6' -0" = 72" 

16" 

'4 

22" 

transverse tie rod 

Figure 12. Dimensions of an AASHO & PCI Type III section and the slab 

J ) 1 J 

6' - 0" 6' -0" \ 
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Highway Bridges' 1961, section 13. 

Sign convention: 

( +) = tensile stress 

( -) = compressive stress 

Design calculation: 

Step 1. Properties of cross section, shown in Figure 11 

The properties for AASHO -PCI Type III section are 

A 
c 

` 560 sq. in. 

= 20. 27 in. 

= 45-20. 27 = 24. 73 in. 

I 
c 

= 125390 in. 4 

Zb = Ic/yb = 6186 in.3 

Zt = Ic/yt = 5070 in. 3 

wt = 560 x 144 
583 lb.per ft. 

The properties for the composite section in Figure 12 

Since the concrete strength of the slab and the girder are 

different, the equivalent slab area for the composite sec- 

tion can be obtained by multiplying the original slab area 

by the ratio Ec /Ec 
g 

. By applying 

=W1' 5x33 f' 

Yb 

yt 

t 

= 

E 
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we have 

Ec = 1501' 5x 334 4000 = 3,860,000 

E cg = 1501' 5x 334 5000 = 4, 300, 000 

Ec f/Ecg = 3,860,000+ 4,300,000 = 0.9 

The properties of the composite section are calculated by tak- 

ing moments about the top of the slab and tabulating the results 

as follows: 

section area y A. 
c 

y A2y Io 
c 

girder 560 31.73 17, 769 563, 810 125, 390 

flange = 72x7x0. 9 454 3. 5 1, 585 5, 550 1, 850 
1, 014 19,354 569,360 127,240 

127, 240 
69 6, 600 

Ac = 1014 s q. in. 

= 19354 : 1014 = 19.04 in. 

= 52 - 19.04 = 32.96 in. 
Yb 

I 
c 

= 696600 - 1014x(19. 04)2 = 328500 in.4 

Zt = 328500 = 19.04 = 17200 in. 
3 

Zb = 328 500 _ 32. 96 = 10, 000 in. 3 

wt. of slab = 72 x 7 x 1 50/144 = 525 lb. per ft. 

Step 2. The moment and stresses in the girder at midspan due to its 

own weight. 

o 

c 

ÿt 
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583x702x12 
MG = 

8 
= 4,300,000 in. -lb. 

ftG = -4,300,000 - 5070 = -850 psi. 

fbG = 4, 300,000 6186 = +698 psi. 

Step 3. The moments and stresses in the section at midspan due to 

the applied loads. 

The moments and stresses due to the slab and the diaphragms 

in the girder at midspan. 

5 25 870 2 x 12 
+ (1500 x 70 x 12) 

= 3,860,000 + 420, 000 = 4,280,000 in. -lb. 

ft 
s 

= -3,760,000 = 5070 = -845 psi. 

fb 
s 

= 3,760,000 ÷, 6186 = +693 psi. 

The moment and stresses due to the wearing surface in the sec- 

tion at midspan. 

20x6x702x12 
Mws = 8 

= 880,000 in.-lb. 

E cf 
f sws = -880, 000 ;- 17, 200 x = -46 psi. 

cg 

fb = 880, 000 f 10, 000 = +88 psi. ws 

ft = -880, 000 ;17,200 200 x 19. 04 -7 -32 psi. ws 19.04 

= 

= 

M 
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The moment and stresses due to live load in the section at mid - 

span. 

Impact = L +125 70 +125 - 25, 6% 

wheel load per girder = S/5 = 6/5 = 1. 2 

wheel load = one -half lane load 

live -load moment per lane = 985, 600 ft. lb. [AASHO, 

p. 273] 

ML = 985, 600x1. 256x1. 2x0. 5x12 = 8,900,000 in,-lb. 

fsL = -8, 900, 000 17, 200x0. 9 = -465 psi. 

fbL = 8, 900, 000 = 10, 000 = +890 psi. 

ftL = -8,900,000 2.- 17, 200x 19.04 - -324 psi. 

Step 4. The magnitude and location of the prestressing force at mid - 

span. 

a. The net bottom stress at midspan can be expressed as 

F 
A Ze fbG + fbs + fbws + fbL - ft (57) 

c b p 

where ft 
P 

= maximum permissible bottom stress = 0 

we have 

= -0.1 f' _ -400 psi. (a trial value in Table 6) ci 

F Fe 
- 698 + 693 + 88 + 890 + 400 

560 6186 

= +2769 

(58) 

12, 04 

- 



b. The net top stress at midspan after release of strands is 

F F e 

-AÇ + Zt - f G - ftp 

where f = the allowable tensile top fiber stress 
tp 

=+3 NTT= 190psi. 
ci 

= 0 (a trial value in Table 6) 
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(59) 

In order to have the maximum allowable compressive 

stress = 2000 psi. and increase the shear strength, some 

strands will slope toward the ends at an assumed hold - 

down point, 10' -0" from center of the span. At that 

point, ft 
P 

= 0 + (ftG- ftG10) 

where ft = 
MG10 583 x (35-10) 

- (70-25)x12÷ 5070 
G10 Z 2 

t 

= -7 80 psi. 

The allowable value of ft 
P 

= 190 + (-850+7 80) = 120 psi. 

Then the trial value of ft 
P 

= 0 + (-850+7 80) = -70 psi. 

The initial tension F. for 1/2" 270 K strand = 28910 lb. 

or f. = 28910 T 0. 152 = 190, 000 psi. 

_ 
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The final stress f = f. - final prestress losses 

(AASHO code) 

= 190, 000 - 35, 000 = 155, 000 psi. 

The effective stress f = f. - immediate prestress losses 
o 1 

= f. - losses due to creep in steel, 

shrinkage of concrete, and 

elastic shortening of bending 

of concrete 

= f. - fi (2 % +7 % +3 %) (suggested by 

T. Y. Lin) 

= 190, 000 - 22, 800 = 167, 200 psi. 

Then F = 167, 200 F = 1, 08F 
0 155,000 

Substituting all known values in Equation (59) 

1, 08F 1, 08Fe -850 + 70 = -780 
560 5070 

(60) 

c. The magnitude of the prestressing force 

Solving Equations (58, 60) simultaneously, we have 

F = -641,000 lb. 

d. The location of c. g. s, 

641, 000 641, 000e +2769 
560 6186 

i 

i 

= 

- 
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e = 14.9 in. 

20. 27 - 14.9 = 5. 37 in. from bottom of girder to 

c. g. s. 

Step 5. The required tendons, their locations and stresses check, 

a. The required number of 1/2" diameter 270 K strands 

b. 

641, 000 - (155, 000 x 0. 152) 

Location of strands 

= 27. 4 

First trial, use 28 strands 

F = -660, 000 lb. 

660, 000 660, 000e - 2769 
560 6186 

e = 14.7 in. 

20. 27 - 14.7 = 5.57 in. from bottom of gir- 

der to c. g. s, 

The trial strand pattern shown in Figure 13 meets the 

spacing requirement. The computation of center of grav- 

ity 

16 x 3. 75 = 60 
6 x 7,5 = 45 
4 x 10. 0 = 40 
2 x 12. 5 = 25 

28 1 70 

170 = 28 = 6, 08 in, bottom of c. g, s, 

e = 20.27 - 6.08 = 14,19 in. 
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The value of this pattern is a little higher than the trial 

value. This arrangement is used. 

c. g. s. 

Figure 13. Strand pattern at center of span 

c. Stresses check. 

i. The stresses in the bottom and top fibers under the 

final force F 

b 660,000 660,000 x14.19 
- f F 560 6186 = -2700 psi. 

ft 660,000 660, 000 x14.19 = +680 psi. 
F 560 5070 p 

ii. The net stress in the bottom fiber 

under prestress and weight of girder 

f , + f G = -2700 + 698 = -2002 psi -0. 

= -2000 psi. o.k. 

under all applied loads 

^Iru 

L 

- gr~- b- 2 7 

h 
c 
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f + f G + f s+ f ws + f L = -2700+698+693+88+890 

= -331 psi < 0 o.k. 

The net stress in the top fiber 

under Fo and the dead weight of the beam at 

hold down point 

ft +ft = 1.08x660 -850 

_ -118 psi. < + ft 
P 

= +1 20psi. o, k, 

under all applied loads 

fF + fG fws+ fL 660-850-845-32-324 

= -1391 psi. < -4f' 
c 

= -2000 psi. o. k. 

iv. The net stress in top of the cast -in -place slab 

f ws + f L = -46 -465 = -511 psi. < -2000 psi. o.k. 

This design is very conservative when there is no 

earthquake effect. 

Step 6. The possible moment at midspan due to an earthquake in 

seismic region Iii. 

a. The moment of inertia of one stringer section 

= 

iii. 

0 
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i. Check the location of the ultimate neutral axis 

As/old 38x0. 152 0.00175 72x45.93 

P f' fsu = f' (1-0. 5 f s ) 

c 

= (41,300 _ 0. 152)(1-0. 5 x0.00175 x 271, 000 
5000 

= 258,000 psi. 

1.4dpf su /fc ' = 1.4x45, 82x0. 00175x258, 0005000 

= 5.8 in. <t = 7 in. 

The location of the ultimate neutral axis is in the 

flanged section. 

The value of I 

3 

I = I + I = 

b ál Écf Asn(d-kud) 2 

cg 
(14) 

A f' ( ) s s 5, 79x271, 000 where A' = 370 s in, 
c k'f' 0.85x5000 q 

c 

A' 
c 

Ecf 
370 

dl b' ' E 72x0.9 5.72 in. 
8 

cg 

ii. 

- p 

c 

- 

Ecf 
- 



kud=dl =5,72in, 

Es 28x106 
n 5 

Ecg 4.3x106 6. 

(9) 
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3 
72 , 

3 
72 x0. 9+5. 79x6. 5(45. 92-5. 72)2= 64910in 4 

b. The equivalent mass of one stringer 

Me = 0.508Qin 

= 0. 508 
g 

(36) 

where W = (dead weight + live load) of one stringer 

dead wt. = 70x[ (560 +72x7) x 1.04 + 20x6 + 1000x38] 

+ 2x1500 

= 90, 500 lb. 

The end reaction for one lane = 62, 400 lb (AASHO) 

live load = 62, 400 x 1, 256 x 1, 2 x0. 5x 2 = 93, 600 lb. 

Me = 0. 508x 1838600 - 242 lb. -sec 2/in. 

c. The equivalent stiffness of one stringer 

k = 0. 64x 
384EI 

e 3 
5.Q 

(38b) 

= 

e 



= 0.64x 384x4. 3x106x64, 910 

Ex(70x12) 3 

= 2. 31x10 411Vin. 

d. The natural undamped period 

M 
T=2Tr k 

e 

2Tr 
242 = 0.642 sec. 

Z. 31x10 

(39) 
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e. The maximum relative displacement of the equivalent sys- 

tem 

u 
_W2TrS 

max e g T v 
(40) 

where Sv = 0. 7 ft /sec = 8. 4 in /sec (from Figure 10, 

with µ, = 2 %) 

the corrected Sv = 8. 4x2. 2 = 18.5 in /sec (from 

Table 5) 

hence, u max 
184, 

386 
100 

x. 642x18. 5 = (2. 31x104) 

= 3. 72 in. 

e 

- 
4 

_ 

v 
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f. The participation factor and the maximum displacement of 

the girder relative to the supports 

where 

25/ 2m (x)dx 
r - 

- 2S// 
2m4. 2(x)dx 

0 

2 Jf/2(x)dx = 0. 64 
0 

291/2.2(x)dx 
= 0. 508 

0 

0. 64 r =0.508 -1.26 

A = ru max max 

(55) 

from Equations (37 and 36) 

= 1. 26x3. 72 = 4. 7 in. 

g. The bending moment of the stringer 

2 

M = -EI a 2u 
a x 

since u = A(x) = A[ 4(,Q 3x- 2/x3 +x4)] 
5.11 

we find a 2u 16 2 

2 - 4(- 1afx +12x ) 

a x 5/ 

The maximum bending moment is at x = 1/2 

(56b) 

(43) 



66 

Therefore M = Amax EI 
max max 

5/ 
2 

= 4. 7x 
Ex(70x12)2 

48x4. 3x106x64, 910 

= 17. 9x106 in. -lb. 

Step 7. Check of ultimate flexural strength. 

From the resisting ultimate moment of the stringer in Step 6. 

a. i. , we found the section acts as a rectangular section. We 

therefore apply formula 13.10 (A) of AASHO, which is 

f 
M = A f d(1-0.61" (1-0. 6 p 

su) 
u s su f' 

c 

0.00175x258, 000, 

= 70, 000, 000 in. -lb. 

The required ultimate moment of the stringer. 

The ultimate load factor is 

1.6D +l.OL + 2.Q 

Where Q = the moment due to the earthquake 

= 5. 79 x 258, 000 x 45. 92(1-0. 6x 5000 



Therefore, we have 

Mu = 1.6(4,300,000+4,280,000+880,000) + 8,900,000 

+ 2(17, 900, 000) 

= 59, 700, 000 in. -lb. 

Since the resisting Mu is larger than the required 
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Mu, this design is sufficient. A more economical sec - 

tion may be obtained by a second set of computions, with 

ft = -0.05f'ì and 50 psi, instead of f = -0. 1fi and 
P p 

0 in Step 4. 

Step 8. The location of tendons at ends of girder. 

Since the stresses due to prestressing force 

t 
f o= 735 psi, f ó= -2910 psi. 

ftF = 680 psi. fF, = -2700 psi. 

are all in excess of the allowable values, it will be necessary to 

bend some of the strands up. 

The value of e at ends of girder can be obtained by setting 

fF = 0, 

t 660,000 660,000e fF 
- 0 560 5070 

e =9.05in. 

u 

= 
o 

F 
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ft 
0 

= Ox1.08 = 0 

fb -660, 000 660, 000x9.05 - _2135 >0. 4f' = 2000 psi. 
F 560 6186 c 

not o. k. 

fb 
o 

= -1. 08x2135 = -2300<0. 6f' 
ci 

= 2400 psi. o. k. 

From the above check, e at ends of the girder must be less 

than 9.05, say 7.8 in, 

20. 27 - 7. 8 = 1 2. 39 in. from bottom of c. g. s. 

The arrangement of the tendons at ends of the girder. 

10 center strands are sloped up in the web at x in. from 

the bottom. The required moment of strand group about 

the bottom = 28x12. 39 = 345. The moment of the 18 

straight strands is 

12x3.75 = 45 

4x7.5 =30 

2x10 =20 
95 

then x = (345 -9 5) = 10 = 25 in. , use 26 in. 

Such an arrangement is shown in Figure 14. 
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Figure 14. Strand pattern at ends of girders 
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Figure 15. Path of c.g.s. 
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The new e = 20. 27 - (95 +10x26) = 29. 27 -12. 7 

= 7. 57 in. 

The check of the stresses along the tendon path at other points 

will not be shown here. The path of the c. g. s. is shown in Fig- 

ure 1 5. 

Step 9. The shear steel. 

a. Check the web reinforcement condition (follow ACI -ASCE 

code) 

or 

pf' f b 
s = se 0.3 

c s 

0. 0017 5x271, 000 - 167, 200x7 
5000 

< O. 
3 271,000x72 

0. 09 5 0. 0172 

Since the above equation is not true, web reinforcement is 

required. 

b. The applied shears at the quarter point. 

Dead load shear 

VD = (583+525+120) x 4 + 1500 = 23,000 lb. 

Live load shear, shown in Figure 16 

One girder takes 1 . 2 x 
1 

= 0. 6 lane load 

fib' 
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Impact factor Ii 52. 50+125 = 
28. 

2% 

VL = RxO. 6x1. 282 = 34, 200 lb. 

Earthquake shear 

Apply Equation (40) divided by 2, we have 

W_ 2Tr 184, 100 Tr 

VE g T 5v' 2 386 x . 542 
x 18. 5 

= 43, 100 lb. 

l a 

[I: 

N 
M 

w 
00 

' t'. 1 171 L.. ,A. n.. .. .. 

= 44.4 kips 
70' - 0" 

Figure 16. Maximum live load shear at quarter point of span 

c. The ultimate shear at the quarter point. 

Vu = 1. 6x23, 000 + 34, 200 + 2x43, 100 

= 157, 300 lb. 

d. The effective ultimate shear at the quarter point. 

Effective Vu = 157, 300 -Vs = 157, 300 - 25x12 
12. 7 -6. 08 660,000 

= 142, 700 lb. 

- 

CI. 
Vl 

hR 

u s 



72 

e. The required web reinforcement area. 

AASHO suggests 

(V -V ) S 
u 

AV 
2f' 'dc and Vc = 180b'jd 

Y 

where b' = 7 in. 

d = 52 - [ 6. 08+12. 7x255-17. 5) = 44. 65 in. 

p = 0.00175 x 45' 92 - 0.0018 44. 6 5 

f = 271, 000x(1- O. 5x0. 0018x271, 000) 259, 000 psi. su 5000 

= 1 - 0.6 
Pf, 0018x259, 1-0.6 x.0018x259,000 

j 
5000 

c 

V 
c 

= 180x7x0. 944x44. 65 = 53, 100 lb. 

f' = 40, 000 psi. for intermediate -grade steel 
Y 

S = 18" < 4d 

Substituting the above numerical values , we have 

(157, 300-53, 100) x 18 
Av 2x40, 000x0. 944x44. 65 - 0. 56 sq. in, 

> 0. 0025b'S 

Use two #4 bars with spacing - 2x062 x 18 = 12" through 

the whole girder. 

= 
f 

V 

-0.944 
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Other details such as the design of slab, end blocks, dia- 

phragms, and the check of bond strength between the slab and string- 

ers will not be indicated here. 
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CONCLUSION 

There are three main factors influencing the above design. 

First of all, the correction factors for the vertical component listed 

in Table 5 are quite uncertain. More significant earthquake records 

are required for the ratio of vertical ground acceleration to horizon- 

tal ground acceleration. A more reliable correction factor can then 

be found. Secondly, the damping coefficient used here is too conser- 

vative. Damping tests of composite prestressed concrete sections 

are therefore essential for the evaluation of such coefficients. Fin- 

ally, the magnitude of the trial values listed in Table 6 depend on the 

span length, bridge location, selected girder section and design loads. 

Experience is important in selecting such values. A considerable 

amount of time can be saved if an appropriate value is used on the 

first trial. 
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MODIFIED MERCALLI INTENSITY SCALE OF 1931 
(abridged) 

I. Not felt except by a very few under especially favorable circum- 

stances. 

II. Felt only by a few persons at rest, especially on upper floors of 

buildings. Delicately suspended objects may swing. 

III. Felt quite noticeably indoors, but many people do not recognize 

it as an earthquake. Standing motor cars may rock slightly. 

Vibration like passing truck. Duration estimated. 

IV. During the day felt indoors by many, outdoors by few. At night 

some awakened. Dishes, windows, doors disturbed; wall made 

creaking sound. Sensation like nearby truck striking building. 

Standing motor cars rocked noticeably. 

V. Felt by nearly everyone; many awakened. Some dishes, win- 

dows etc. broken; a few instances of cracked plaster; unstable 

objects overturned. Disturbances of trees, poles, and other 

tall objects sometimes noticed. Pendulum clocks may stop. 

VI. Felt by all; many frightened and run outdoors. Some heavy fur- 

niture moved; a few instances of fallen plaster or damaged chim- 

neys. Damage slight. 

VII. Everybody runs outdoors. Damage negligible in buildings of 

good design and construction; slight to moderate in well -built 

ordinary structures; considerable in poorly built or badly 
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designed structures; some chimneys broken. Noticed by per- 

sons driving vehicles. 

VII. Damage slight in specially designed structures; considerable in 

poorly built structures. Panel walls thrown out of frame stru- 

tures. Fall of chimneys, factory stacks, columns, monuments, 

walls. Heavy furniture overturned. Sand and mud ejected in 

small amounts. Changes in well water. Persons driving ve- 

hicles disturbed. 

IX. Damage considerable in specially designed structures; well - 

designed frame structures thrown out of plumb; great in sub- 

stantial buildings, with partial collapse. Building shifted off 

foundations. Ground cracked conspicuously. Underground pipes 

broken. 

X. Some well- designed modern structures destroyed; most mason- 

ry and frame structures destroyed with foundations; ground bad- 

ly cracked. Rail bent. Landslides considerable from river 

banks and steep slopes. Shifted sand and mud. Water splashed 

(slopped) over banks. 

XI. Few if any (masonry) structures remain standing. Bridges de- 

stroyed. Broad fissures in ground. Under ground pipe lines 

completely out of service. Earth slumps and land slips in soft 

ground. Rails bent greatly. 
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XII. Damage total. Waves seen on ground surfaces. Lines of sight 

and level distorted. Objects thrown upward into the air. 


