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A REAL -TIME DIGITAL CONTROL SYSTEM FOR TWO 
HYDROELECTRIC POWER PLANTS 

I. INTRODUCTION 

In this paper we intend to develop the necessary logic for the 

automatic control of two hydroelectric generating power plants with a 

real -time digital computer. The power complex under consideration 

is composed of the following physical units connected in series: in the 

upstream, a storage reservoir, the first generating power plant des- 

ignated as plant A, the canal connecting the power plants, the second 

generating power plant called plant B, and the after -bay reservoir in 

the downstream. We are to market the generated power to a customer 

from these two power plants as though they were one single plant. 

Plant A has two types of generators: conventional turbines which 

are for generation only and reversible pump- turbines which may be 

used either for generating power or for pumping water upstream. 

Similarly, at plant B, we have two types of generators, namely, 

conventional turbines and reversible pump- turbines which need not be 

identical to those at plant A. 

Next, the generation of power involves a pump- storage opera- 

tion. During the off -peak power demand periods which are the late 

hours at night and the early hours in the morning, such as from 10 p. 

m. to 6 a. m. , the after -bay water is pumped back upstream by the 

reversible pump- turbines of both power plants through the power 
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facilities into the initial storage reservoir, the necessary power being 

purchased from some adjacent power generating sources. Of course, 

this water is released for power generation during the day time or on- 

peak power demand periods. The feasibility of such an operation de- 

pends upon the difference of the marketing rates for power between 

the on -peak and the off -peak periods. The limited supply of water 

during the non -rainy seasons of the year may demand such a unique 

scheme for hydroelectric power plants. 

The purpose of this analysis is to describe the design of a real - 

time system to control these two hydroelectric power plants by a 

digital computer. We will set up the mathematical model to simu- 

late the physical system, define the concept of optimization relative 

to this system, and resolve the problem with a logical sequence to 

control the two plants with the entire power complex operating most 

efficiently and economically. Theoretical discussions concerning the 

existence and uniqueness of solutions are presented. Finally, one 

logical sequence is tested with a set of FORTRAN programs on the 

digital computer IBM 1620. 
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II. MATHEMATICAL MODEL OF THE CONTROL SCHEME 

We are to construct the model by starting with the two con- 

trolling equations describing the system. First, as the canal has 

virtually no storage capacity, we have the continuity of flow as one 

relation. By gravity, the water flowing through the generators of 

plant A shall be carried through the canal to those of plant B. 

Secondly, as the total power generation is marketed during the on- 

peak periods, the customer's power demand must be met. There- 

fore, we have the generation inequality: the total power generation 

of both power plants shall be at least that of the requested power load. 

In order to facilitate our discussion, the following subscripts 

shall be used throughout the paper: 

A - power plant A, 

B - power plant B, 

1 - conventional type of turbines at A, 

2 - reversible type of turbines at A, 

3 - conventional type of turbines at B, 

and 4 - reversible type of turbines at B. 

Also, let Q be the discharge of water in the units of cubic feet per 

second, W be the power generation in the units of megawatts, and 

m be the number of each type of turbines. For example, m2WA2 
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would mean the power generation by m2 reversible type turbines 

at plant A. 

Now, the continuity of flow relation is simply QA = QB, for 

any incremental amount of time. The inequality relation is 

WA + WB > W, the requested power load to be met by the total gen- 

eration of both power plants. In the following discussion, we shall 

consider the limiting case, that is, WA + WB = W, which is re- 

ferred to as the identity relation of generation. Taking account 

of the numerous generators at each plant, we have the following equa- 

tions which are in more expanded forms 

and 

QA -m1QAl + m2QA2 
QB_ 

m3QB3 + m4QB4' 

W = WA + WB = (rn1WA1 + m2WA2)+ (m3WB3+m4WB4) 

One assumption will be made in order to simplify the process; gen- 

erators of one type will follow one set of performance curves. This 

supposition is valid in most power facilities, for identical generators 

normally operate similarly in the performance of power generation in 

the range of operation. 

As the system is designed on the pump- storage basis, we 

always try to conserve the release of water during the generation 

phase of the day so that it will not be necessary to consume the extra 

energy during the pumping phase. Therefore, we may define the 

: 

= 
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optimal criterion for this system as to release the least amount of 

water necessary to satisfy any requested power demand load of the 

customer. Hence, by taking advantage of the performance character- 

istics of the generators at both plants, we will achieve the following 

at both plants: 

1. We will divide any requested power demand of the custom- 

er between the plants so as to satisfy the continuity and the 

identity relations. 

2. We will find the load to be supplied by each generator at 

each plant, where we choose the combination of generators 

in satisfying this load in the most economical fashion for 

the entire complex. 

One scheme of iteration to handle the above is described here. 

Given the requested load W, which is to be satisfied, we assign an 

initial amount to plant A with the remaining to plant B, as a first 

approximation. This assignment to A and the scheme will depend on 

the local conditions, and they are trey red later in an example. At plant A, 

we find the combination of generators consisting of m1 convention- 

al turbines and m2 reversible turbines and also the optimum loads 

WA1 and WA2 respectively for each generator. In meeting that 

assigned load of A, we use the least amount of discharge of water 
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as the controlling criterion; henceforth, we shall call this part of 

the procedure the optimizing routine for plant A. Next, with the in- 

tention of obtaining the maximum generation in power at plant B, we 

locate the combination m3 conventional and m4 reversible tur- 

bines and the optimum loads WB3 and WB4 respectively for each 

generator. This scheme guarantees the satisfaction of the continuity 

relation at all times. By checking the identity relation, we will ad- 

just the allocation of power to plant A and iterate to locate the solu- 

tion for this storage. Again, the adjustment will depend on the local 

conditions and is described for an example below. This process will 

be carried out repeatedly until the true optimum solutions are arrived. 

The following is a simplified flow chart showing the scheme of opera- 

tion: 
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Read requested load W for the 
complex 

Choose WA as a first approxi- 
mation 

i 

W 
A 

Optimizing routine for 
plant A to obtain least 
discharge to satisfy WA 

QA 

WA 
.. 

Optimizing routine for plant 
B to arrive at maximum 
generation with QA = QB 

Adjust allocation of 
WA 

Exit 

Figure 1. Scheme of Operation for the Complex. 

r 

no 

yes 

Y 
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III. PROOFS OF EXISTENCE AND UNIQUENESS OF 
OPTIMUM SOLUTIONS 

Following the described iterative scheme, we notice that many 

theoretical questions need to be answered. For example, we must 

know that a unique solution exists for each of the two optimization 

routines of the two power plants. Also, we must investigate the con- 

vergence problem of the entire scheme. For the first question, we 

rely on the characteristics of the performance curves of the genera- 

tors. For a typical generator, we note that Q = f(W,h), in which 

h is the head. Examples of performance curves may be found in 

Appendix II. If the head may be considered constant, we have 

Q = f(W). Furthermore, we assume that f is strictly convex, is 

monotone increasing, and has continuous second derivatives through- 

out the range of operation of the generator. 

First, let us consider the optimizing routine for the plant A 

where we use the least amount of discharge to generate an appor- 

tioned power WA. The controlling equations are as follows: 

First, WA = m1WA + m2WA2, where al < 
WA < bl, 

a.2 < 
WA2 

< b2, intervals [ a b1] and [ a2, b2] denoting the 

ranges of operations of the two types of generators respectively, 

m1 = 0, 1, ,n1, m2 = 0, 1, , n2, n1 and n2 being some 

positive integers which denote the number of each type of generators 

l 
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available. 

Next, we have 
QA m1QA1 + m2QA2' where QA1 f 1(WÁ1)' 

QA2 = f 2(WA2), fl and f2 are both twice continuously differentiable, 

monotone increasing, and strictly convex on [ al, b1] and [a2, b2] 

respectively. We can write 

QA = mlf 1(WAl) + m2f 2(WA2). 

We note if either m1 or m2 is zero, then the allocation 

of power generation to the generators is immediately known. For 
WA 

example, suppose m1 = 0, then WA = 0, and we have A2 m2 

Hence, these cases are not of any interest with respect to the process 

of optimization. 

For the general case where both m1 and m2 are non -zero, 

we have the following: 

Proposition 1: The sufficient condition for an optimum solution is 

f' 
(W Al ) = 

f' 
(WA2). 

There exists at most one solution with 

WA = m1WA1 + m2WA2. To prove the above proposition, we need 

the convexity property of the performance curves. 

Definition: A continuous function 4 on an interval J is strictly 

convex provided that for 0 < t < 1 and x, y E J with x y, we have 

(1)[ (1 -t)x + ty] < (1- t)O(x) + tcp(y), and d2.4)(x) ) O. 

dx2 
In geometric 

- 
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terms, the entire chord joining x and y lies above the curve. 

Lemma 1: If cl)l and 
`3,2 

are both strictly convex on J, ml 

and m2 are both positive real numbers, then m14)1+ 
m24)2 

is 

strictly convex. 

Proof: For 0 < t < 1 and x, y J with x y, 

(m1,431+ m2(1)2)[ (1- t)x +ty] = m (1- icy t)x +ty] + m2cp2[(1-t)x+ ty] 

<mi[(1- t))i(x) +tcyy)] +n2[(1 t); (0-rtc1)2(y)] 

= (1 - -t)[ (m14)1+ m 
2.1)2)(x)] +t[(m141 +m242)(y ]. 

Lemma 2: Let c13(p) be strictly convex on J. Suppose we make 

a change of variable so that mop + m2q = k, in which m1, m2, 

and k are all positive real numbers. Then the new function 

2 
q 

X(q) X(q) = ( ) is strictly convex for all q in the new interval ml 
J' . 

Proof: For qi, q2EJ', q1 q2, 

X[ (1-t)g 1+tg2] _ [ 
O<t< 1, 

k-m {(1-t)q +tg } k-m q k-m q 
2 1 2 ]=[(1-t)( 2 1)+t( 2 

2)] ml ml m1 

k-m q 

< (1-0.4)[ m 
2 1 

] +t [ ml 
k-m q q 

m1 
] _ (1-t)X(g1)+tX(g2). 

k 
41 

# 
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Lemma 3: For strictly convex and differentiable on J, 

is an increasing function on J. 

Proof: For x1, x2 E J, let 

(x1) -c (x2) < O. 

Consider x3 

tx3 + -(1)(xl) 

[tx3 + (1-t)x1] -x1 

xl < x2. We will show 

and 0<t <1 , 

ci:,[ tx3 + (1-t)x2] - cl)(x2) 

[ tx3 + (1-t)x2] -x2 

cj)[tx3+(1-t)xl] -ci)(xl)+cgtx3+(l-t)x2] -cl)(x2) 
< 

2 
(x2 - xi) 

[t(x3) + (1-t)cgx 1)] - c1)(x 1) + [ tcHx3 ) + (1-t) 4)(x2)] -4)(x2) 

2 (x2 - xl) 

2c1)(x3) - cl)(xl) - cl)(x2) 

Z(x2 -x 
1) 

= ó . 

x By the strict convexity of cl), , 4(x3) = (1 2 2x) < (xl)+ 2 ß(x2). 

Hence, b, which is independent of t, is negative. Therefore, 

4' 

2 

2 

qb 

V 

x 
1 

+x 
2 

2 

- 
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lim 
t 0 _y [tx3+ (1-t)x1] - xl 

tx3 + (1-t)x1] - .4)(xl) cp[ tx3 + (1-t)x2] - cp(x2) 
- lirn 

t-0 [tx3 + (1-t)x1] - x2 

'(xl)-1 (x2)<8 <0. 

Now, we can prove the proposition: 

QA = 
mlfl(WA1) + m2f2(WA2). To minimize QA, we us;.;_ 

derivative concept to determine the critical points. 

dQA df 1(WA1) df2(WA2) ml 
+ m - mlfl(WA1)+m2f2(WA2)(- dWAI ml 

dWAl 2 dWAl 

since WA 
= m1WA1 + m2WA2 

dQA 
dW Al 

0 implies f'1(WAl) 
= f'2(WA2) . 

With 
Al 

WA-m1WA1 
WA = m1WA1 + m2WA2' g2(WA1) = 

f 2( m2 )' 

QA = mlf mlfl(WA1) + mZf2(WÁ2) becomes 

QA(WA1) mlf 1 (WA 1) 
+ m2g2(WA1)' 

d2QA(WA1) lemmas 1 and 2. As 

(WA2) 

dW 2 Al 

which is strictly convex 

> 0, solutions to 

- m g2(WA 1) give relative minima. 
1 

We now show that there exists at most one solution to 

Y 

[ 

`S1 

- 
2 

= 

'1(WAf) = f'z _ f 
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m2 

f 1(WAl) = - ml g' (WA1). As both fl(WA1) and g2(WAl) are 

strictly convex and differentiable, we know that f' (W ) is an in- 
Al m 

creasing function, while - 
m2 

g' (WA1) is a decreasing function, 
1 

by lemma 3. Therefore, these two functions cannot intersect more 

than once in their common interval. 

Moreover, the following conditions would guarantee the 

existence of a solution WAl in the common interval of operation 

[a' ,b1: 

and 

m2 
1. fl(b')? - m g2(b') , 

1 

m 
2. f' ) < - m g' (a' ) . 

1 

Next, for the second question of over -all convergence, we 

will prove a proposition concerning monotonicity: 

Proposition 2: For plant A, as WA increases, QA increases. 

Proof: First, we consider the case for fixed m1 and m2, and and 

we will demonstrate that WA(2) > WA(1) implies QA(2) > QA(1) 

for times 1 and 2. 

WA(1) = Ál(1) + m2WA2(1), 

and 

l,ñ 

- 

s 
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QA(1) mlfl(WA1(1)) + m2f2(WA2(1))' 

Similarly, 

and 

WA(2) = m1WA1(2) + m2WA2(2), 

QA(2) - mlf l(WA1(2)) + m2f 2(WA2(2))' 

Suppose we choose WA1(1) as a reference point, then 

WA(2) > WA(1) implies WA2(2) > WA2(1), where 

WA 
1(2) = WAl(1). 

QA(2) - QA(1) = ml[ f 1(WA1(2)) - f 1(WAl(1))] 

+ m2[ 
f 2(WA2(2)) - f 2(WA2(1))] 

= m f 2(WA2(2)) - f 2(WA2(1))]> °, 

as f2 is an increasing function. Therefore, QA(2) > QA(1) if 

WA(2) > WA(1), for fixed m1 and m2. 

Secondly, we wish to show the validity of the proposition by 

considering all combinations of m1 and m2 

QA = min { QA , QA' , QA }, where QA represents the total 

discharge of the ith combination of generators. From the first part, 
i 

we have QA(2) > QÁ(1) provided WA(2) > WA(1), for 

i = 1, 2, ,n. Therefore, 

QA(2) = min { QÁ(2), QA(2), , 
QÁ(2) } 

= QÁ(2), for some integer between 1 and n inclusive. 

= 

;; 

° 

. 
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As QÁ(2) > QÁ(1) > min { QÁ(1), A (1), QA(1), .. . 
, QA(1) } = QA(1), 

we obtain the desired result QA(2) > QA(1) whenever WA(2)> WA(1). 

An obvious corollary is that QA(2) < QA(1) provided that 

WA(2) < WA(1). 

With the above as a basis, we can easily prove the existence 

and uniqueness of the solutions for the optimizing routine for the 

plant B, where we use the derived amount of total discharge from 

plant A to arrive at the maximum power generation. The two 

similar controlling equations are as follows: 

First, QB 
= 

rn 
3 B3 

Q + m4QB4, where a3 < QB3 < b3 

a4QB4b4' m3=0,1,...,n3, = ... n4, n3 and n4 

are some positive integers. 

Secondly, WB = m3WB3 + m4WB4, where W 
3 g3(QB3)' 

=g 

WB4 = g4(QB4)' g3 and g4 are twice differentiable, monotone 

increasing, and strictly concave in the respectively defined intervals 

of operation. 

Since Q = f(W), where f is continuous and monotone in- 

creasing in some interval J, f is one -to -one. Therefore, there 

exists a function g such that g = f -1 in the interval J' , 

which is the range of f. For x1, x2E J, let y1 = f(xl), 

y2 = f(x2). Then g(y1) = f -1(y1) = xl, g(y2) = f -1(y2) = x2. 

Since f is monotone increasing, for x1 
< x2, we have 

' 

, 



f(x1) < f(x2) or y1 < y2; hence, xl = g(Y1) < g(Y2) = x2, 

implies g is also monotone increasing. 

As f is strictly convex on J, for 0 < t < 1 

and x1, x2 E J with x2 , we have 
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which 

f[(1-t)xl+tx2]<(1-t)f(x1)+tf(x2).(1-t)g(y1)+tg(y2) _ t)x1 +tx2 = 

g{f[ (1- t)x1 +tx2] }< g[ (1-t)f(x1)+tf(x2)] = g[ (1-t)y1+ty2] . 

Here, g is a strictly concave function provided 

that -g is strictly convex. The geometric interpretation is that 

the entire chord joining any two points of the curve is always below 

the curve. 

Lemma l' : If 41 and (1)2 are both strictly concave on J' , 

ml and m2 are both positive numbers, then 

strictly concave. 

m1(1)1 + 
m2(1)2 

is 

k -m2q 
Lemma 2' : If 4(p) is strictly concave on J' , X(q) -c1)( ), ml 
where m1q + m2q = k, ml, m2, and k are positive real num- 

bers, then X(q) is strictly concave. 

Lemma 3' : For it, strictly concave and differentiable on J, 

is a decreasing function on J. 

x1 

6' 
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Proposition l' : The sufficient condition for an optimum solution 

is g3(QB3) - g' (QB4). There exists at most one solution with 

QB = m3QB3 + m4QB4. 

Proposition 2' : For plant B, as QB increases (or decreases), 

WB increases (or decreases). 

The proofs are entirely similar to the first set and, hence, are 

omitted. 
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IV. AN EXAMPLE 

We now trace through the flow chart presented in Figure 1 

by considering a specific problem dealing with a power complex which 

consists of three conventional and three reversible turbines at plant 

A, and three reversible turbines and one conventional turbine at 

plant B. The performance curves of these four types of generators 

may be found in Appendix II. At plant A, the conventional turbines 

have the nameplate ratings of 117 megawatts each; the reversible 

pump- turbines of 98 megawatts each. For plant B the conventional 

turbine has the rating of 33 megawatts, and the reversible have the 

ratings of 28 megawatts each. 

First, since plant A usually operates at a head of 500 to 

600 feet while plant B at a head of only 80 to 100 feet, plant A 

would supply almost six times as much power as plant B. There- 

fore, given a requested load of W megawatts, WA and WB 

can be chosen in the similar six -to -one ratio, as a first approxima- 

tion, to start the iterative process. 

Secondly, the optimizing routine for plant A is designed 

to use the least amount of total discharge QA to generate a given 

load WA. We can graph the total discharge QA as a function of 

the load of one type of generator; in this case, 

A graph is constructed for each combination of 

we choose WA2. 

generators which can 
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possibly generate at least that given load WA. We then pick out the 

combination of generators and the load WA2 from the graphs so 

that the criterion of least total discharge is satisfied. With that com- 

bination of m1 and m2, plus WA2, WA1 is determined 

uniquely by the relation WA = m1WA1 + m2WA2. Therefore, we 

can locate the solution we needed for satisfying a load WA with the 

least amount of discharge QA at the plant A. 

In order to clarify this scheme, we can consider an illustrative 

example of a load of 500 megawatts at a head of 500 feet. We can 

make the graphs for only three combinations of generators which can 

generate enough to meet the demand load: 

and 

1. combination of three conventional turbines and two 

reversible pump- turbines, 

2. combination of three conventional turbines and three 

reversible pump- turbines, 

3. combination of two conventional turbines and three 

reversible pump- turbines. 

To generate the load of 500 megawatts, the first combination needs 

12,450 cfs. , the second 12, 660 cfs. , and the third 12, 590 cfs. 

Hence, we choose the first combination operating with 108 megawatts 
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to each conventional unit and 88 megawatts to each pump unit, as 

this assignment of loads and this combination would require the 

least possible total discharges to meet the load of 500 megawatts 

at a head of 500 feet. The following graphs and tables illustrate 

the calculations involved in arriving at the solution. 

In Appendix I, a series of FORTRAN subroutines are pre- 

sented; the first part corresponds to the optimizing routine for 

plant A, and the second half corresponds to the optimizing routine 

for plant B. Linear interpolation is used throughout the programs, 

since the performance curves can be approximated accurately by 

straight line segments. The performance curves are loaded into the 

computer in the forms of tables. 

For the optimizing routine for plant A, the above method is 

used. All available generators are permuted so as to provide all 

possible combinations of generators. By using a table of maximum 

generation at various heads, each combination of generators is tested 

to check if it can possibly generate enough to meet WA at the given 

head. Next, since we know that the resulting graph of total discharge 

versus WAZ is strictly convex, we can approach the lowest point 

QA from the left, using a fixed increment step, say five megawatts. 

By comparing new and old values of QA(WAZ) we can detect whether 

we have passed the lowest point or not. As soon as it has been passed, 

we back up, decrease the increment by a factor of five, and approach 
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Table 1. Combination of m1 = 3, m2 = 2, with WA = 500 MW. 

22 

WA1 3W 2W 2WA2 WA2 QAl 3QA1 QA2 2QA2 QA 

117 351 149 74.5 2920 8760 1980 3960 12720 

115 345 155 77.5 2860 8580 2020 4040 12620 

113 339 161 80.5 2800 8400 2090 4180 12580 

111 333 167 83.5 2740 8220 2150 4300 12520 

110 330 170 85.0 2710 8130 2190 4380 12510 

109 327 173 86.5 2680 8040 2210 4420 12460 

108 324 176 88.0 2650 7950 2250 4500 12450 

107 321 179 89.5 2630 7890 2290 4580 12470 

105 315 185 92.5 2580 7740 2370 4740 12480 

104 312 188 94.0 2560 7680 2410 4820 12500 

102 306 194 97.0 2500 7500 2520 5040 12540 
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Table 2. Combination of m 
1 

= 3, m2 = 3, with WA = 500 MW. 

lAl 3WÁ1 3WA2 WAZ Al Q QA2 QA1+QA2 QA 

117 351 149 50 2920 1570 4490 13470 

110 330 170 57 2710 1680 4390 13170 

105 315 185 62 2580 1750 4330 12990 

100 300 200 67 2460 1830 4290 12870 

96 288 212 71 2370 1900 4270 12810 

92 276 224 75 2280 1980 4260 12780 

90 270 230 77 2240 2010 4250 12750 

85 255 245 82 2120 2110 4230 12690 

81 243 257 86 2030 2200 4230 12690 

80 240 260 87 2010 2210 4220 12660 

75 225 275 92 1900 2340 4240 12720 

70 210 290 97 1790 2500 4290 12870 



Table 3. Combination of ml =2, m2 =3, with WA = 500 MW. 

24 

WA1 2WA1 3WA2 WAZ Al Q 2QAl QA2 3QA2 QA 

117 234 266 89 2920 5840 2270 6810 12650 

113 226 274 91 2800 5600 2340 7020 12620 

111 220 278 93 2740 5480 2380 7140 12620 

110 220 280 93 2710 5420 2400 7200 12620 

108 216 284 95 2650 5300 2440 7320 12610 

107 214 286 95 2630 5260 2450 7350 12590 

105 210 290 97 2580 5160 2500 7500 12660 
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the solution again. This process is repeated until the deviation 

tolerance is less than 10 cfs. , which is better than the accuracy of 

the physical instruments. After we considered all the combinations, 

the final step is to select the combination which uses the least amount 

of total discharge to meet the assigned load, out of all the combina- 

tions which have been stored along with the assignments of loads to 

each generator. The following flow chart indicates the sequence for 

the optimizing routine for plant A. 

Thirdly, the optimizing routine for plant B is designed to 

find the maximum possible generation WB from the derived 

increment of discharge QB from plant A. Here, the routine in- 

volves the same method but for power generation WB as a function 

of the discharge of one type of generator, say QB4. Similarly, the 

routine is constructed for each combination of generators which can 

possibly operate with that discharge QB. We next pick out the 

combination and the discharge of QB4 which results in the maxi- 

mum power generation. Again, with the combination m3 and m4 

along with QB4 known, we can immediately find WB3 and WB4 

by using the controlling relations. 

In a similar manner, the solution is approached for the 

optimizing routine of plant B as in part A but with an increment 

in cubic feet per second and a tolerance of say O. 1 megawatts for 

WB. The following flow chart shows briefly the sequence involved 
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for this optimizing routine. 

Finally, we will consider the over -all convergence problem 

for the entire scheme. The alarm conditions will indicate that the 

system is not functioning properly, and we shall exclude these from 

the discussion. Assuming proper functioning, we are assured by the 

monotonicity property that WA, QA, WB, and QB all increase 

simultaneously, or WA, QA, WB, and QB all decrease simul- 

taneously. However, the switching from one combination to another 

combination of generators will cause discontinuities of QA and WB. 

Hence, we must treat these cases by defining the algorithm properly. 

First, after each iteration, the new and the old values of WA may 

not match, which means we have not arrived at the optimum solution. 

We approach the solution by adjusting the allocation of WA by half 

of the difference between the old and the new values. Secondly, if a 

loop develops on account of the discontinuity, we merely interrupt 

the cycle by choosing to generate a little extra in order to meet the 

requested demand of the customer at all times. Aside from these 

exceptional cases and the alarm cases excluded above, the monoton- 

icity property would guarantee convergence. 
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V. CONCLUSION 

From this power complex, we have set up the mathematical 

model to handle two types of generators at the two power plants. We 

defined the optimization criterion and designed the iterative process 

to seek the optimum solution where a given load is generated with the 

least amount of discharge of water. The existence and uniqueness of 

solutions have been proved. The monotonicity properties are needed 

to guarantee the over -all convergence of solutions. 

As one programs the physical problem into a real -time com- 

puter for allocation of power to the two power plants, one must de- 

sign the exact algorithm suited for the system with the consideration 

of the rate of convergence, the system response, the time lags, the 

accuracies of measurements, of heads and of discharges, the error 

tolerances, the loss factors, and the interval of incrementing the 

load. Also, if inlets and outlets are involved between the power 

plants, then these can be added to the algorithm. 

The obvious advantages from the optimization process are 

observed readily. For example, the operators are relieved as to the 

assignment of loads to each generator. Furthermore, they know 

exactly which generators may be placed on spin reserve or on load. 

The efficiency characteristics of the generators are used so that the 

entire complex is operating always at the optimum efficiency. 
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Economically, the least amount of discharge for the entire complex 

to generate a load will result in significant savings when integrated 

with respect to time. 
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APPENDIX I: FORTRAN PROGRAMS FOR THE EXAMPLE 
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C OPTIMIZING ROUTINE FOR POWER PLANT A 
OSUBROUTINE OPCOMB( O1TBL, O2TBL,IMWI,IMW2.KHEÂC:I,KHEAD2, 
1MM,NN,O1MNMX,02MNMX, HEAD ,TLOAD,XMA,XN8,XAL,XBL,XQT,K) 
ODIMENSION TEMPI( 3), TEMP2 (3),O1MNMX(8,3),02MNMX(8,3), 
101TBL( 17, 8), 02TBL( O2TBL( 17 ,8),XMA415),XNB(15),XAL(15),XBL 
1(15),XQT(15) 
K =0 
CALL LININT (O1MNMX,HEAD,KHEAD1,TEMP1) 
CALL LININT (02MNMX,HEAD,KHEAD2,TEMP2) 
MMP1 =MM +1 
NNP1=NN +1 
DO 20 M=1,MMP1 
DO 20 N =1,NNP1 
AM =M -°1 
BN =N-1 
COMB =TEMP1(2) #AM +TEMP2(2) -BN 
IF (COMB- TLOAD) 20,30,30 

30 IF (BN) 35,35,36 
36 IF (AM) 50,37,50 
35 ALSO. 

AL =TLOAD /AM 
OT= SOL3( O1TBL ,AL,HEAD,IM "Wl,K- iEAD1) *AM 
GO TO 100 

37 AL =O. 
BL= TLOAD /BN 
QT= SOL3 SOL3 (02TBL,BL,HEAD,IMW2.K.HEAD2)+BN 
GO TO 100 

500CALL OPTIM( O1TBL, 02TBL ,IMW1,IMW2,KHEAD1,KHEAD2,AM,BN, 
1HEAD, TLOAD,O1MNMX,02MNMX,AL,BL,OT ) 

100 K =K +1 
XMA(K) =AM 
XNB(K) =BN 
XAL(K) =AL 
XBL(K) =BL 
XQT(K)=QT 

20 CONTINUE 
IF (K -1) 300,300,200 

200 CALL ORDER(XMA,XNB,XAL,XBL,XQ .K) 
300 RETURN 

END 
C ROUTINE MAKES LINEAR INTERPOLATION T ON ON TWO TABLES 

SUBROUTINE LININT(TB,ARG,KTB,A;: 
DIMENSION TB(8,3),A(3) 
DO 20 I =1,KTB 
IF (ARG-TB(I,1)) 50,50,20 

20 CONTINUE 
50 DO 30 J =2,3 
30 A( J)= SOL2( TB( T-° 1 ,1),TB(I,1),;8(I- I,J),TFB':,J), , t 

RETURN 
END 
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C ROUTINE MAKES TWO -DIMENSIONAL LINEAR INTERPOLATION 
FUNCTION SOL2(S1,S2,Ti,T2,S) 
SOL2= ((S2- S)*T1 +(S ®S1) *T2) /(S2 -511 
RETURN 
END 

C ROUTINE MAKES LINEAR INTERPOLATION -16 BY 7 TABLES 
FUNCTION SOL(PMATRX,PX,PY,IX,KY) 
DIMENSION PMATRX(17,8) 
IXP1 =IX +1 
KYP1 =KY +1 
DO 20 I =2,IXP1 
IF tPX PMATRX( I,1)) 50.50.20 

20 CONTINUE 
50 DO 60 K= 20KYP1 

IF (PY ®PMATRX(141K)) 90,90,60 
60 CONTINUE 
90 Z1 SOL2( PMATRX( I- 1, 1),PMATRX(1,1),PMATRXII- 1,K °11, 

1PMATRX(I,K °1),PX) Z2,_-° ),PMATRX(I'1 ),PMATRX(I -1,K), 
1PMATRX(I.K),PX) 
SOL3 =SOL2( PMATRX (1,K- 1),PMATRX(1,K),Z1,Z2,PY) 
RETURN 
END 

C ROUTINE FINDS LEAST DISCHARGE FOR A COMBINATION 
OSUBROUTINE OPTIM( OTBL1 ,OTBL2,IOTBL1,IOTBL2,KOTBLI, 
1KOTBL2,01N,02N,OHEAD, OLOAD ,OMNMXI,OMNMX2,O1L,021..,OQT ) 

ODIMENSION OTBL1( 17, 8) ,OTBL2(17,8),OMNMXI(8,3),OMNMX2 
1(81,3),OTEMPI(3),OTEMP2(3) 
OINCRE 5. 
J -0 
CALL LININT (OMNMX1,OHEAD,KOTBLI,OTEMP1) 
CALL LININT (OMNMX2,OHEAD,KOTBL2,OTEMP2) 
02L =OTEMP2(3) 

10 OlL=COL.OAD- 02N *02L) /O1N 
IF (01L- OTEMP1(2)) 20, 20, 30 

30 O1L =OTEMP1(2.1 
GO TO 35 

20 IF (01L- OTEMPI(3))25,40,40 
25 O1L OTEMP1(3) 
35 02L =(OLOAD-01N *O1L) /02N 

IF (02L- OTEMP2(2)) 36, 36, 37 
37 02L= OTFMP2t2) 

GO TO 10 
36 IF (02L =OTEMP2(3)) 38, 40, 40 
38 02L- OTEMP2 t 3 ) 

GO TO 10 
40 OQTQTOTAL.( OTBLI, OTB( 2,IOTBL1,IOTBL2,KOTBLI,KOTBL.2, 

1OIN,O2N,O1L,02L,OHEAD) 

IF (J-1! 80,80090 

-- 

J =J +1. 
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80 OQTOLD,=OOT 
021 -02L +OI NCRE 
GO TO 10 

90 IF ( ABSF (OQTVOQTOL.D) -10. ) 300+ 300.100 
100 IF(O0T- OQTOLD1 80,300,200 
200 OTNCRE- OINCRE /5. 

02L =02L - 4.0 * OINCRE 
IF (O2L- OTEMP2(2)) 10. 10, 300 

300 RETURN 
END 

r ROUTINE ARRANGES IN THE ORDER OF LEAST DISCHARGES 
SUBROUTINE ORDER 
DIMENSION ÁN1(15 AN2 (15)A1L(151 +A2_L -(15I +AQT(15a 
NCOMB1.- NCOMB-1 
DO 12 T= 1,NCOMB 
IP1-I +1 
DO 12 J=TP.INCOMB 
IF (AOT(I)- -AQT(J) ̀ 12,1.2 +13 

13 ".TEMP AQT(I) 
AOT(T) =AQT(J) 
AOTI JI =ATEMP 
ATEMP =AIL(I) 
AIL(I )A1L (J) 
AlL_ (J' -ATEMP 
ATEMP- A2L(I) 
Á24...(I)- A2L(.J) 

A2(, ( J ) -A TEMP 
ATEMP= AN1(I1 
AN1 (I) -AN1 (J ) 
AN1(J) -ATEMP 
ATEMP -AN2(I ) 

AN2 ( I -AN2 L) 
AN2 ( J ) =ATEMP 

I? CONTINUE 
RETURN 
END 
ROUTINE FINDS DISCHARGES FOR A GIVEN COMBINATION 

OFUNCTION QTOTAL( ZTB1, ZTB2 ,IZTBI,IZTB2KZTB1,KZTB2,Z1N, 
1Z2N+ZILZ2L,ZHEAD) 
DIMENSION ZTB1(17'8?,ZTB2(17 +8) 

OQTOTAL_° SOL3( ZTB1 ,Z1LZHEAD +IZTB1,KZTB1)*Z1N+ 
150L3 IZTB1,KZTB2) SZ.TB2,Z2L..ZHEAD, *Z2N 
RETURN 
END 
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C OPTIMIZING ROUTINE FOR POWER PLANT B 
OSUBROUTINE OPCOM2( O1TBL ,O2TBL,IQ1,IQ2,KHEAD1,KHEAD2, 
1MM,NN,O1MNMX,02MNMX, HEAD ,TQ,XMA,XNB,XAL,XBL,XLOAD,K.) 
ODIMENSION TEMP1(3), TEMP2 (3),O1MNMX(8,3),02MNMX(8,3), 
1O1TBL( 17+ 8), 02TBL.( 17, 8),XMA(7),XNB(7),XAL(7),XBL(7), 
2XLOAD(7) 
K`0 
CALL LININT (O1MNMX,HEAD,KHEAD1,TEMP1) 
CALL L. ININT(02MNMX,HEAD,KHEAD2,TEMP2) 
MMP1 =MM +1 
NNP1 =NN +1 
DO 20 M =1,MMP1 
DO 20 N= 1 +NNP1 
AM =M--1 
BN -N-1 
COMB= TEMP1(2) *AM + TEMP2(2) *BN 
IF (COMB - TQ) 20932,32 

32 COMB2= TEMP1(3) *AM + TEMP2(3) *BN 
IF (TQ- COMB2) 20, 30, 30 

30 IF (BN) 35,35,36 
36 IF (AM) 50,37,50 
35 BL =0. 

QA =TQ /AM 
AL =SOL3(O1TBL,QA,HEAD,IQ 1,KHEAD1) 
TLOAD =AL *AM 
GO TO 100 

37 AL =0. 
QB =TQ /BN 
BL =SOL3(02TBL,QB,HEAD,IQ 2,KHEAD2) 
Tt.,OAD= B1_ *BN 
GO TO 100 

500CALL OPTIM2(O1TBL,02TBL,IQ 1910 2,KHEAD1,KHEAD2,AM,BN, 
1HEAD,TO,O1MNMX 02MNMX,AL,BL.TLOAD) 

100 K-K +1 
XMA(K) =AM 
XNB(K)=BN 
XAL(K)=AL 
XBL(K) =BL 
XLOAD(K) =TLOAD 

20 CONTINUE 
IF (K-1) 300,300,200 

200 CALL ORDER (XMA.XNB,XAL,XBL,XLOAD,K) 
300 RETURN 

END 
ROUTINE MAKES LINEAR INTERPOLATION ON TWO TABLES 
SUBROUTINE LININT(TB,ARG,KTB,A) 
DIMENSION TB(8,3).A(3) 
DO 20 I=1.KTB 
IF (ARG- TB(I,1)) 50.50,20 

20 CONTINUE 

C 
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50 DO 30 3,1;3 
0 q(. ),, SOL2( TB( I- 1, 11, TB (I,1),Te(I-1,J1,TB(I,)),AR.G1 

RETURN 
END 
ROUTINE MAKES TWO -DIMENSIONAL LINEAR INTERPOLATION 
FUNCTION SOL251.S2,T1,T2,51 
SQL2- ((S2-S) *T14(S-S1) *T2) /(52-511 
RETURN 
END 
ROUTINE MAKES LINEAR INTERPOLATION --16 BY 7 TABLES 
FUNCTION SOL3!PMAÉRX,PX,PY,IX,KY) 
DIMENSION PMATRX(17,81 
1XP1t -IX +1 
KYP1 =KY +1 
DO 20 I-2.!XP1 
Tr (PX PMATRX(I,1)! 50,50,20 

20 CONTINUE 
50 DO 60 K- 2,KYP1. 

IF (PY- sPMATRX(i,K;,1 90,90,60 
60 CONTINUE 
90 7._1-50!_7( PMATRX( I- 1., 1 ),PMATRX(I,1).PMATRX(I°-1,K-11, 

1PMÁTRX(I.K- 1),PX1 
Z2- 50!- 2(PMATRX(1- 1,1.1, PMATRX (I,1),PMATRX(I- 1,K),PMATRX 
1(I.K1PX) 
SOLS (PMATRX (1 ,K --1 ) ,PMATRX (1,K) ,Z1,Z2,PY ) 

RETURN 
END 
ROUTINE FINDS MAXIMUM GENERATION FOR A COMBINATION 

OSUBROUTINE OPTIM2( OTBL. 1 .OTBL2,IOTBLl,IOTBl..2,KOTBLI., 
1KOTBL 2, 01N, 02N, OREAD 
ODIMENSION OTBL1( 17, 81 ,OTBL2(17,81,OMNMX1(8,31,OMNMX2 
1(8.31,OTEMPI(31,OTEMP2(3) 
OINCRE±-200. 
)=0 

CALL LININT (OMNMX1,OHEAD,KOTBL1,OTEMP11 
CALL (_ ININT (OMNMY2,OHEAD,KOTBL2,OTEMP2) 
02QOTEMP2(3) 

10 010.. (00 - 02N *0201 /O1N 
IF (010 - OTEMP1 21) 20,20,30 

30 010--OTEMPI(21 
GO TO 35 

20 IF (O1Q- OTEMP1(3)) 25,40,40 
25 O1QttOTEMP1t31 
35 020--,(00 ... 01N *01Q) /02N 

IF (020 .a OTEMP2(2)) 3506,37 
37 O20- OTEMP2(2) 

GO TO 10 
36 IF (O20- JOTEMP2(3)) 38,40,40 
38 0200 EMP2(31 

GO T0 10 

c` 

-- 
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400CALL GTOTAL( OTBL1, OTBL2 +IOTBL1 +IOTBL2,KOTBLI,KOTBL2, 
1O1N ,02N,O1Q,O2Q,OHEAD,O1L,O2L,OL) 
J =J +1 
TF (J -1) 80,80.90 

80 OLOLD =OL 
020 =O2Q +OINCRE 
GO TO 10 

90 IF (ABSF(OL.-- OLOLD) - 0.1) 300,300,100 
100 IF ( OLOLD OL) 80,300 +200 
200 O1NCRE= OINCRE /5. 

O2Q =O2Q - 4.0 *OINCRE 
IF (020 - OTEMP2(2)) 10,10,300 

300 RETURN 
END 

C ROUTINE FINDS GENERATION FOR A GIVEN COMBINATION 
OSUBROUTINE GTOTAL( ZTB1 ,ZTB2,IZTB1 +IZTB2,KZTBI,KZTB2, 
1Z1N, Z2N,Z1O,Z2Q,ZHEAD,Z1L,Z2L,GSUM) 
DIMENSION ZTBL1(17,8),ZTBL2(17,8) 
GSUM =O. 
IF (Z1Q) 10. 10, 20 

20 Z1L= SOL3 (ZTB1 +Z1Q,ZHEAD,IZTB1,)(ZTB1) 
GSUM =21L *Z1N 

10 IF (Z2O) 30, 30. 40 
40 Z2L= SOL3 (ZTB2,Z2O,Z_HEAD,IZTB2,KZTB2) 

GSUM=Z2L *Z2N + GSUM 
30 RETURN 

END 
C ROUTINE ARRANGES IN THE ORDER OF LEAST GENERATION 

SUBROUTINE ORDER (AN1,AN2,A1L,A2L,AQT,NCOMB) 
DIMENSION AN1( 15 ),AN2(1.5),A1L(15),A2L(15),AQT 
1(15) 
NCOMB1 =NCOMB -1 
DO 12 1 =1 +NCOMB 
IP1 =I +1 
DO 12 J= IPI,NCOMB 
IF (AOT(I )- AQT(J) 112,12_,13 

13 ATEMP =AOT(I) 
AQT(I) =AQT(J) 
AQT(J) =ATEMP 
ATEMP =AIL(I) 
A1L(I) =A1L(J) 
A1L(J) =ATEMP 
ATEMP =A2L(I) 
A2L(I) =A2L(J) 
A2L(J) -ATEMP 
ATEMP =AN1(I) 
ANI(I)= AN1(J) 
AN1(J) =ATEMP 

=AN2(I) 
AN2(I) =AN2(J) 

-- 
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AN2 )=AÎEMP 
12 CONTINUE 

RETURN 
END 
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APPENDIX II: PERFORMANCE CURVES FOR THE EXAMPLE 
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Appendix Figure 1. Performance Curves for Conventional Turbine - Power Plant A. 
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