
AN ABSTRACT OF THE THESIS OF 

Victor Corson. Moose for the M. S. in Industrial Engineering 
(Name) (Degree) (Major) 

Date thesis is presented 

Title DESIGN', CONSTRUCTION, AND EVALUATION OF A 

MECHANICAL QUEUEING SIMULATOR 

Abstract approved 
Major profess 

A machine capable of demonstrating and solving queueing 
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The educational values of a queueing simulator are unlimited. 

For this reason the paper was oriented towards classroom applica- 

tions. Example problems present ample opportunity to compare 

theoretical and simulator solutions. Although constant, normal, 

and Poisson distributions are illustrated, any arrival or service 

pattern is acceptable. More realistic answers are obtained for many 

problems because arrival and service rates can be correlated to 

queue length. Single- server, multi- server, and multi -stage queues 

can be analyzed. This versatility aids conceptual realization re- 

quired for system modifications. 
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From the data available, simulator and theoretical solutions 

compare reasonably well. When making an industrial waiting line 

study a number of proposals must be investigated. By comparing 

them on the simulator the most economical one can usually be 

chosen. Thus, in addition to being an educational aid, the simulator 

is a practical problem solving device. 

Principles of operation are visually displayed by schematics 

of the electrical and mechanical systems. Queue length is deter- 

mined by the number of one -quarter inch steel balls waiting for 

service from holes punched in a tape, The number and spacing of 

the tape holes represents the desired mathematical distribution. 

Tape speeds are controlled by varying the voltages applied to 12 

volt motors. Total material cost amounted to $200, External power 

is supplied by 110 volt AC current. A step by step operating pro- 

cedure is included as a guide for the operator. 
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DESIGN, CONSTRUCTION, AND EVALUATION OF A 
MECHANICAL QUEUEING SIMULATOR 

INTRODUCTION 

Queues are waiting lines. They can be observed at airport 

ticket counters, candy stores, barber shops, and in many industrial 

situations. All queues have arrival and service patterns, whether 

they be constant, normal, Poisson, Erlang, or undefined. By 

studying queue formation as a stochastic process, the systems engi- 

neer attempts to reduce losses in time, effort, and capital (Saaty, 

1961). In an attempt to find the most efficient service organization 

various plans are considered, and the one which approaches optimi- 

zation is accepted. Average queue length, average waiting time, 

and average time in the system are among the most important points 

brought to light by a waiting line study. Organization and planning 

are difficult in the face of fluctuating demand, but queueing theory 

has helped management solve some of these problems. 

Historical Background 

Waiting line theory is a relatively new science and was first 

applied by the late A. K. Erlang in the design of telephone communi- 

cation systems about 50 years ago. The models developed by Erlang 

and his associates had two important characteristics: (1) the calls 
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placed to the switchboard were independent of one another; and (2) 

their placement was outside the switchboard operator's control. 

Queueing theory was used extensively during World War II for ex- 

pediting shipment of goods to both the European and Pacific Theaters. 

Another early application was an attempt to eliminate congestion in 

motor vehicle traffic (Flagle, Huggins, and Roy, 1960). Examples 

of queues are given in Table 1 (Massachusetts Institute of Technology. 

Operations Research Center, 1959). 

Table 1. Queueing examples. 

Arriving Units Servers Queue 

Airplanes 
Calls 
Machines 
Finished Goods 
Patients 
Trucks 

Runways 
Telephone Circuits 
Repairmen 
Retailer 
Doctor 
Loading Crews 

Stack 
Uncompleted Calls 
Idle Machines 
Inventory 
Waiting Line 
Waiting Trucks 

Queueing Theory Objectives 

The primary objective of a queueing study is to minimize the 

sum of congestion and service costs. A system which allows long 

waiting lines to form has high congestion costs and low service costs. 

Conversely, a system with excess service capacity has too much 

idle time, even though congestion costs are almost negligible. 

Total cost is usually reduced by one of two methods: (1) sched- 

uling the flow or arrival of units into the system; or (2) employing 



the proper size service facility. "In other words, if facilities are 

fixed, one may be able to schedule flow of input. If flow is not sub- 

ject to control then one can install the proper amount of equipment" 

(Churchman, Ackoff, and Arnoff, 1957). 

Definitions 

Several key words associated with queueing theory are defined 

below. 

1. Arrival pattern. Both the number of units which enter the 
system per unit time and the statistical distribution of the 
intervals separating arrivals. 

2. Service pattern. The maximum number of services that 
can be completed per unit time and the mathematical 
distribution of service time. 

3. Queue -discipline. Method of selecting a customer for 
service. The simplest queue -discipline is service in 
order of arrival. 

4. Service capacity. Maximum number of customers 
serviced at any one time. 

5. Service abailability. The periods when service stations 
are available and the number of customers that can be 
serviced at one time. 

6. Single -server system. All arrivals are serviced once and 
at only one station. A TV repairman who services sets 
in the order brought to him is shown in Figure la. 

7. Multi -server system. All arrivals are serviced once, but 
more than one service station is available. Figure lb 
shows a barber shop with customers waiting for service 
from one of three men. 

3 
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8. Multi -stage system. Arrivals are serviced at more than 
one station before they leave the system. Figure lc shows 
a multi -stage system where bulbs are inspected and then 
packed for shipment. 

Arrivals 0000 o 
Departures 

TV Sets Re ?a rmon 
Requiting Service 

Figure la. Single- server queue. 

Arr tVQIs 0000 ô 
Men Needing Haircut 

Figure lb. Multi -server queue. 

Arrivals 

o 

Departures 

Berbers 

noon noon 
BulbsWaitin9 inspector B.&lIDS PacKer 
Inspection Waiting PacKincu 

Figure lc. Multi -stage queue. 

Departures 

o 

. 
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Thesis Objectives 

The objectives of this project were primarily twofold: (1) 

build a mechanical waiting line simulator for educational purposes; 

and (2) make it capable of solving problems which are too complex 

or impossible to analyze analytically. Use of the queueing simulator 

for a management sales tool was a secondary goal. 

Versatility was part of the design criteria. The simulator 

should be capable of solving single -server, multi -server, and multi- 

stage problems with Poisson, exponential, normal, or constant dis- 

tributions at any arrival or service center. Conversion from one 

mathematical distribution to another and from one type of problem 

to another should be both simple and fast. The simulator should be 

fully automatic, if possible, although semiautomatic operation is 

acceptable. 

For an educational aid the simulator must be small, light, and 

portable. Assuming the simulator will be transported by car and 

station wagon, sturdy construction is mandatory. Preferably, the 

simulator should be a mechanical, electrical, or an electrical - 

mechanical device. Pneumatic simulation is ruled out because a 

portable air compressor, costing approximately $200, would be re- 

quired. 

The simulator should be capable of being constructed in any 
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well equipped machine shop from materials readily available. How- 

ever, it is possible some components may obtained from mail - 

order houses. 

Educational Aid 

Mechanical simulation of queueing problems enables the student 

to grasp a better understanding of the theory he has been studying in 

class. He observes the formation of waiting lines, service times, 

effect of an additional service station on congestion, and other wait- 

ing line characteristics. If arrivals are Poisson and services ex- 

ponential the results obtained by simulation and analytical calculation 

should be reasonably close. Thus, the student gains confidence in 

himself and in the material he has been studying. 

Problem Solving Device 

In making a queueing study the first step is a preliminary sur- 

vey (Cox and Smith, 1961). At this time the arrival and service 

patterns are determined, with special emphasis on determination of 

rate and mathematical distribution. If the arrival rate is Poisson 

and the service rate exponential, theory is capable of giving a good 

approximation on queue traits, such as average waiting time. How- 

ever, if the arrivals are nonpoisson or the services nonexponential, 

another approach will be necessary. The alternatives are manual, 

be 
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computer, or mechanical simulation. Simulation by hand is slow, 

tedious, and susceptible to error. Computer simulation is expensive 

because rental fees of $300 per hour are common. In many problems 

of this type mechanical simulation is the most practical alternative. 

Sales Tool 

When the systems engineer is showing his proposed modifica- 

tions to management the mechanical simulator can be used as a sales 

aid. Many management personnel may not be familiar with queueing 

theory, thus they will better understand the decisions made by the 

systems engineer. It should be explained the simulator can solve 

production scheduling, inventory control, assembly line design, and 

other industrial problems. Management will be much more recep- 

tive to the proposed system when they can see its advantages, rather 

than just hear about them. 

Instructions for a Queueing Study 

The importance of a mechanical simulator is evident if the 

steps in a queueing study are analyzed. The usual order is: (1) a 

preliminary investigation; (2) data gathering; (3) present system 

simulation; (4) proposals for system modification; (5) simulation of 

proposed systems; (6) practical recommendation; (7) installation of 

a pilot study; and (8) full scale action. 
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During the preliminary survey all service centers should be 

checked for congestion or excessive idle time. A listing of trouble 

stations and construction of customer flow diagrams are necessary 

for a complex system (Cox and Smith, 1961). A list of modifications 

which would increase efficiency should be made for each trouble 

station. At these locations data is gathered on the arrival and 

service patterns. It should be noted that a pattern includes both the 

mathematical distribution and rate. After the above data has been 

obtained present system simulation is possible. 

System modifications are also investigated when enough data 

has been compiled on the arrival and service patterns. Changes in 

one or more of the following will be required: (1) arrivals; (2) serv- 

ices; and (3) queue -discipline. Arrivals can be controlled by install- 

ing an appointment system, encouraging a uniform arrival rate with- 

out controlling individual arrival times, and excluding certain cus- 

tomers from service. The service may be improved by increasing 

the station service rate, installing additional stations, making extra 

capacity available for periods of congestion, and increasing server 

availability. The queue -discipline can be modified by serving short 

service time customers first, serving customers with high waiting 

costs first, and assigning customer groups to certain service sta- 

tions (Cox and Smith, 1961). 

Promising proposed systems are simulated using the steps 
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outlined in Appendix III ® After the better proposals have been simu- 

lated, they are analyzed, and the one most practical and efficient 

chosen. If the formal recommendation to management and a pilot 

study are successful the new system is put into full scale action 

(Cox and Smith, 1961). 
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CONSTANT QUEUES 

The uniform distribution is the easiest to understand. The 

interval between arrivals, á, is constant as can be seen in Figure 

2a. The average arrival rate, X, is equal to i /Z. This arrival 

pattern never exists in practice, but it is useful in simulating in- 

dustrial situations like arrivals on a conveyor belt. In some in- 

stances, an appointment system can be installed changing the arrival 

pattern from random to constant. By this simple change in distri- 

bution of arrivals, congestion can often be reduced to a tolerable 

level. The distribution function curve for constant arrivals is shown 

in Figure 2b. 

1. 0 

A(x) 

"time is- 

Figure 2a. Constant arrival rate. 

Figure 2b. Constant arrival distribution function. 

kp H 

Time 
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Constant service times exist in theory only, but they are useful 

when the service rate is almost constant. A good example is meas- 

urement of motor shaft diameters when all the shafts are identical. 

Of course there will be some differences in the time taken to meas- 

ure shaft diameters, but this can be neglected if the variation is 

small. 

If both arrival and service rates are constant three waiting 

line situations exist: (1) no queue, idle time; (2) no queue, no idle 

time; and (3) queue forms, no idle time. 

If arrivals come at the rate of 20 per hour, with all arrivals 

spaced three minutes apart, and services are completed at the rate 

of 24 per hour, no queue will ever form. It is evident the service 

capacity is sufficient, and the server will be idle 4/24 or 16 2/3 

percent of the time. 

Assume arrivals occur at the rate of 20 per hour, or one every 

three minutes, and service time is constant at three minutes. The 

service capacity is just capable of taking care of the arrival rate, 

and no queue will form. It is evident no service station idle time is 

present, since a waiting line would form immediately if service was 

curtailed. 

Assume arrivals occur once every three minutes, or at the 

rate of 20 per hour. Also assume the service rate is 16 per hour, or 

the service time constant at 3 3/4 minutes. A waiting line will 
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begin to form and grow at the rate of four per hour. At the end of 

five hours one would expect to find 20 units in the queue waiting for 

service. 

Example Problem 

A machinist grinds rough spots off connecting rod forgings in 

an engine plant. The forgings arrive by conveyor belt at the rate of 

two per minute. Their arrival rate can be considered constant, since 

an automated machine places them on the belt. The man can work 

extra fast, fast, or normal. The machinist can turn out four, three, 

or two units per minute, depending on whether he is working extra 

fast, fast, or normal. He assigns exhaustion points at the rate of 

one for extra fast, three -fifths for fast, one -half for normal, and zero 

for resting. At which rate should he work to feel best at the end of 

the day? (Assume constant service rate). 

Theoretical Solution 

Percent of time at given speed = (Arrival rate) /(Service rate) at 
given speed 

Exhaustion rating = (Percent time at given speed) (Point rating 
for given speed) 

At extra fast pace. 

Percent of time busy = (2/4)(100) = 50 

Exhaustion rating = (50) (1) = 50 



At fast pace. 

Percent of time busy = (2/3)(100) = 66, 7 

Exhaustion rating = (66. 7)(0. 60) = 40 

Thus, to minimize exhaustion work at the fast pace. 

Simulator Solution 

IQueue 

S_S- No. 

FuYrNel 

ArrIvals 
i 

S s,. I,yo.a 

Tray 

Figure 2c. Ball path for constant queue problem, 

Detailed instructions on simulator operation are given in Ap- 

pendix III. The simulator data was obtained by observing the number 

in the system at 15 second intervals. Variable transformer settings 

were obtained by using Figure 2d for a rough approximation and the 

timing marks at the beginning of each tape for fine adjustment. Data 

for the normal pace was impossible to obtain because the service 

station motor wouldn't operate at the transformer setting necessary 

for a service rate of two per unit time. 
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At extra fast pace. 

Arrival setting = 7. 5; Service setting = 26. 0 

Percent of time busy = (64130)(100) = 49. 2 

Exhaustion rating = (49. 2) (1) = 49. 2 

At fast pace. 

Arrival setting = 7. 5; Service setting = 25. 0 

Percent of time busy = (137/208)(100) = 65. 8 

Exhaustion rating = (65. 8)(0. 60) = 39. 5 

The theoretical and simulator solutions compare quite favorably 

for percent of time the server is busy. Simulator values for paces 

extra fast and fast were 49. 2 and 65. 8 percent respectively. For 

comparison, the accepted theoretical values are 50 and 66. 7 percent. 

Although the simulator's performance was very satisfactory, more 

confidence could be established in the results if a larger volume of 

data had been compiled. Letting X equal the total number of observa- 

tions and X 
n 

equal the number of times the system is in state n, 

Xn /X,Pn, is an estimate of the state probability, Pn. If system ob- 

servations are random X 
n 

follows the binomial distribution and its 

variance is given by equation (2 -1). When X n 
is 40 or more the 

binomial distribution can be approximated by the normal distribution, 

and equation (2 -3) gives the standard deviation for P . Obviously, 

confidence in the results rises as the number of observations increase. 

By equating the allowable tolerance to the statistical variation within 

n 
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the confidence limits an excellent estimate of X is obtaihed (Flagle, 

Huggins, and Roy, 1960). 

Var. (Xn) = XPn(1 -Pn) (2 -1) 

Var. (P' ) _ [P (1-P )] X n n 

CT-¢n [P 1 -P)] /X 

(2 -2 

(2-3) 

In this example problem 130 observations were made at the ex- 

tra fast pace. Is this number sufficient to give P 
n within five percent 

of its actual value at a 95 percent confidence level? Equations (2 -4), 

(2 -5), and (2 -6) show approximately 1600 observations are necessary 

for the desired degree of precision. Time and financial considera- 

tions limited the number of observations for each sample problem to 

250 or less. 

Pn(1 + . 05) = Pn + 1.96 

. 0.05 Pri 1.96 

96) XV1.2 

P (1 - Pn) 

(2 -4) 

(2 -5) 

(2 -6) 

X 

P ( 1 - Pn) 

X 

(1-Pn) 
. 05 P 

n 

Letting P 
n 

= 0.5; X = 1537 observations 

n 

n 
n n 

n n n 

n 
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POISSON QUEUES 

Poisson queues are characterized by randomness in both the 

arrival and service patterns. Poisson arrivals and exponential 

services are analogous, except for the fact arrivals are discrete 

and services continuous. This distribution is capable of mathemati- 

cal analysis and is applicable in many industrial situations. 

Nomenclature 

The following symbols will be used in our discussion of Pois- 

son queues. 

n - the number of units in the system, including those 
waiting and those in service. 0 

E(n) - the expected value of n, E(n) _ ) nP ! n 
n =1 

t - an instant in time. 

At - a small increment of time. 

Pn(t) - the probability n units are in the system at time t. 

P the equilibrium probability n units are in the system. 
n 

X - the average rate at which units arrive for service. 

1/A - the average interval between arrival of units. 

µ - the potential service rate. 

1/µ - the average service time. 

X - the probability an arrival occurs during At. At 
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p. At - the probability a service is completed during At. 

p - the ratio of arrival rate to potential service rate. 

k - number of parallel service stations. 

E(v) - average time an arrival spends in the system. 

T - time interval of fixed length. 

y - random variable representing the time between arrivals. 

x - random variable representing the time it takes the 
station to complete service on a unit. 

Single- Server Theory 

The probability of an arrival during At is equal to k At, 

where k, the mean arrival rate, is independent of queue length, 

time, or any other random property (Morris, 1955). Some im- 

portant traits of Poisson arrivals are: (1) a mean interval between 

arrivals of 1 /k; (2) an interval standard deviation also equal to 

1 /k; (3) a high frequency of short intervals, thus there is a tendency 

for arrivals to bunch together as seen in Figure 3a; and (4) statistical 

independence of the interval from the nth customer to the (n + 
1)st 

customer and the interval from the (n + 1)st customer to the (n +2)nd 

(Cox and Smith, 1961). The probability density function, X is is is is 

shown in Figure 3b (Haight, 1963). The probability of n arrivals 

in time T follows from the density function and is given by equation 

(3 -1) (Riordan, 1962). 

e 
-X 

', 
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Figure 3a. Random series of arrivals. 

1 2 3 4 5 6 7 

Interval between Arrivals in Minutes 

19 

(3 -1) 

Figure 3b. Exponential density function, X = 1 /minute. 

Exponential services are applicable when there is a much 

larger percentage of short than long service times. The probability 

service is completed in a short element of time, At, is equal to µLt 

and is independent of how long service has been in progress (Sasieni, 
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Yaspan, and Friedman, 1959). Thus, service can be considered a 

random variable, and equation (3 -2) applies. 

P(n services in time T given that service is going on throughout T) 

_ (µT)ne 
µT 

n! (3 -2) 

The probability of having n units in the system at time t + At 

is equal to the sum of the following probabilities: (1) n units were 

in the system at time t, and there were no arrivals or departures 

during At; (2) n - 1 units were in the system at time t, and there 

was one arrival during pt; and (3) n + 1 units were in the system at 

time t, and there was a service during pt (Cox and Smith, 1961). 

The verbal equation stated above is represented mathematically by 

equation (3 -3). Manipulation of this equation as shown leads to 

equation (3 -4) when all terms having (ht)2 are neglected, and P (t) 
n 

is set equal to zero. 

Pn(t + pt) = Pn(t)[ 1 - nOt] [ 1 - µnpt] 

+ Pn - 1(t)[1 [in 
- IAA] ñn - 

1ot 

+ Pn + 1(t)[1 - An + 
10t] µn 1pt 

Pn(t)[1 - Xnpt - µnAt] 
+ Pn- (t)Xn- IAA +p+¢t)µn+pt-Pn(t) 

Pn(t) 
_ 

At 

(3 -3) 

n n 

+ 

- 



From (3 -4). 
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n X + n) 
_ 

Pn - 1 X - 
+ Pn 

+ lµn + 1 (3-4) 

A 

P = P 0 
µl 

A0Á1 
P µ1µ2 0 

Letting A 
0 

= A ... X00 = X. and µ = µ 
2 

= µ 3.. µ00 = µ, induction 

leads to (3 -5). Equations (3 -6) and (3 -7) follow directly from (3 -4). 
00 

The condition ¿p = 1 yields equation (3 -8). 
n 

n =0 

Pn (A/µ)nP0 

00 

E(n) = I nP - X 

X n-0 

E(v) =(1/A)E(n) 
1 X 

P0= 1 - AAµ 

Single- Server Example Problem 

(3 -8) 

An automobile dealer has used cars which need reconditioning 

before they can be sold. They are taken inat random rate averaging 

four per week. The dealer is doing to hire one of two men to clean 

up his cars. The first is capable of reconditioning cars at the rate 

of seven per week, but it would cost the dealer $100 /week to hire 

him. The alternative is to hire a less efficient man for $65 /week, 

but he is only capable of reconditioning five cars per week. The 

1 

P - 

1 

= 

µ 

(3 -5) 

(3 -6) 

(3 -7) 

n 

n 

- 



dealer estimates the cost of holding a car off the used car lot at 

$45 /week. Which man should he hire? Assume the cars are re- 

conditioned at an exponential rate. 

Theoretical Solution 

Letting C equal the weekly cost of the man, and C the 
m w 

cost of holding a used car for one week, we want to minimize TC, 

the total cost. From equation (3 -6), E(n) r 
µ 

1` - 4 
4 

- 1. 33 

4 cars for the fast reconditioner. For the slow man, E(n) - 5 _ 4 

= 4 cars. 

TC=Cm+E(n)Cw 

22 

TC(fast man) = $100 /week +(1. 33 cars)($45 /car /week) 
= $160 /week 

TC(slow man)= $65 /week +(4 cars)($45 /car /week) _ $245 /week 

Thus, if the automobile dealer is smart he will hire the fast, 

expensive man to clean up his cars. 

Simulator Solution 

Table 2. Data for slow workman, one observation made each 15 
seconds. 

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 

Frequency 
Fn 

11 13 12 18 21 18 10 14 10 10 3 3 3 1 

- 

- 
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Table 3. Data for fast workman, one observation made each 15 
seconds. 

n 2 3 4 5 6 7 

Frequency 72 52 21 20 12 
Fn 

For the fast man. 

Arriva setting = 8. 5; Service setting = 33. 5 
oo 

E(n) _ = 261/187 = 1. 39 cars 

TC(fast man) = $100 /week + (1. 39 cars)($45 /car /week) 

= $162. 50 /week 

For the slow man. 

Arrival setting = 9. 5; Service setting = 26. 5 

E(n) = 705/147 = 4.8 cars 

TC(slow man) _ $65 /week + (4.8 cars)($45 /car /week) 

$281 /week 
l 

rrr5_v915l 

5.5,_No2. 

Tray 

Figure 3c. Ball path for single -server problem. 
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Again the theoretical and simulator solutions agree with each 

other. Theoretical total costs were $160 /week for the fast man and 

$245 /week for the slow man. This compares with simulator values 

of $162. 50 /week for the fast man and $281 /week for the slow man. 

Insufficient number of observations and delay in dissipation of 

motor inertia are the primary reasons for variation between the re- 

spective theoretical and simulator solutions. A small error is oc- 

casionally developed in the simulator when a hole in the service tape 

passes under the feeding tube without picking up a ball. This hap- 

pens when one unit is at the service station, the motor is running at 

high speed, and two holes punched less than one -half inch apart ap- 

proach the service center. As expected, the ball drops in the first 

hole, and before motor inertia is dissipated the second hole passes 

through the service facility without servicing a unit. 

Multi- Server Theory 

The theory developed will be for two parallel service stations, 

although it can easily be expanded for k greater than two. It will 

be assumed arrivals form one queue, or waiting line, and fill the 

service stations as soon as one is available. The probability a unit 

is serviced in the interval t to t + At is zero if there are no units 

in the system at time t, µtt if there is one unit in the system at 

time t , and 2 µAt if there are two or more units in the system at 
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time t (Sasieni, Yaspan, and Friedman, 1959). For these assump- 

tions to be valid, it is assumed µ0 = Oµl = p µ2 = 2µ . 11,0= 211 

and X 0= A 
1 

X 
2 . X = X. Working from (3 -4), equations 

(3 -9), (3 -10), and (3-11) are developed. 

P0Á0 =`P1µ1 or P1 = P 
µ 

P1 + µ) = P0 + PZ2µ 

X +µ X 

P2 2µ pl- 2µ PO 

P = 
X + 2µ 

_ p : r+ 1 2µ Pr 2µ - 1 

_ ( /p.) nP µ2 E(n) = 
µ - X)2 

p 
+ /µ 

n=0 

(r? 2) 

=(1/X)E(n) 
= 

µX/µ2 p + 1/µ 
(2+1 

co 

(3 -9) 

(3 -10) 

(3-11) 

(3 -12) 

(3 -13) 

From J P = 1 and the above equations, the following relation 
nsO 

holds for P0. 

P 1 

+(i/ )(X/11) 
2 

Zµ2µ X 
(3 -14) 

.. 

= . . 

Tl= 

oo 

E(v) 

n 

O 

1 

= 

k 

- l 

J 
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Multi- Server Example Problem 

A large airplane manufacturer has a tool crib with one attend- 

ant. Long waiting lines form because he is unable to handle the 

number of workmen who need tools for their jobs. With a Poisson 

arrival rate of five per hour and an exponential service rate of five 

per hour this is understandable. The company is considering hiring 

another man to reduce congestion at the crib, and they would like to 

know the total cost associated with this alternative. It is estimated 

the Poisson arrival rate will increase to six per hour, while the ex- 

ponential service rate will remain at five per hour per attendant. 

Attendants are paid $3 /hour, and the average workman receives 

$5 /hour. What is the total cost associated with the new system? 

Theoretical Solution 

Letting C equal the workmen's hourly cost, C the hourly wm a 

cost of an attendant, and á the number of attendants, we want to 

evaluate TC, the total cost. Equation (3 -14) enables us to evaluate 

PQ. After PD has been calculated E(n) can be determined by use of 

equation (3 -12). 

PO 1 + 6/5 + 1/2(6/5) 5/2 

TC = áC + E(n)C 
a wm 

1 =.25 
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E(n) = 30(6/5)2 (. 25) + 6/5 = 1. 87 workmen 
(4)2 

TC(two attendants) (2 attendants)($3 /hour /attendant) 

+ (1.87 workmen)($5 /hour /workman) _ $15. 35 

Simulator Solution 

Funnel 

Figure 3d. Ball path for multi -server problem. 

Table 4. Multi -server problem data, one observation taken each 
15 seconds. 

n 0 1 2 3 4 5 6 7 8 9 

Frequency 
Fn 

18 16 22 14 15 15 7 3 3 

Arrival setting = 10. 0; Service one setting = 26. 5; 

Service two setting = 35. 0 

Arrivals 

Queue. 

S-5..No,2) 

J Troy 

8 

( 



E(n) 

Go 28 

-n;F 0 

00 

/F 
n=0 

- 437/121 = 3. 6 workmen 

TC(two attendants) _ (2 attendants) ( $3 /hour /attendant) 

+(3. 6workmen)($5 /hour /workman) _ $24 /hour 

The theoretical and simulator solutions disagree on the average 

number in the system and the expected total cost. One reason for 

the discrepancy is the delay injected into the system by manual 

operation of the multi- server slide. It is also very difficult to get 

the rubber reel brakes to exert identical loads on the film reels. 

Because series wound windshield wiper motors are very load sensi- 

tive it is easy to see how error could be induced into the system 

(Fitzgerald and Higginbotham, 1957). This particular type of 

problem is quite difficult to solve on the simulator and usually re- 

quires two people, an operator and a data recorder. Although the 

simulator solution isn't entirely satisfactory in this case, its edu- 

cational value in explaining the multi- server queue is apparent. 

Multi -Stage Theory 

Suppose customers arrive for service at the first of two sta- 

tions at random rate X. Letting band i represent the service 

'Note, and w refer to the service rates at stations one and 
two. They should not be confused with p, 

, µ2, µ3 ... Ni00 which represent 
the service rate with one, two, three,... units in the system. 

n 

= 

n 
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rates at stations one and two respectively, what is the equilibrium 

probability of n1 units in the first system and n2 units in the 

second system? If X is less than the smallest of µ,and p the 

system is stable and can be analyzed mathematically. Let P(n1, n2) 

be the equilibrium probability there are simultaneously n1 customers 

in the first queue and n2 in the second queue. The following equa- 

tions then hold (Cox and Smith, 1961). 

( + µ0+ µ6P(n1 

(A. + µ6P(0, n2) 

(X + pc9P(nl, 0) 

XP(0, 0) 

_ XP(n1 - 1, n2) + var (nl+ 1, n2 -1 ) 

+ µ2P(n1, n2 + 1) (nl, n2> 0) 

= n2 - 1) + µOP(0, n2 + 1) (n2>0) 

(3-15) 
= X -1,0) 

+ µOP(nl' 1) 
(n1> 

/POI n2) = 1 ( 3-16) 
n n 

Solving (3 -15) and (3 -16) leads to the solution in (3 -17), where 

p 
1 

and p are the load factors at service stations one and two re- 

spectively. 

P(n1, n2) _ (1 - 
P1)(1 

- p (3 -17) 

n 2) 

,ar(1, 

=µe(0,1) 

O) 

n1 
n2 

2)P 1P 

2 



30 

Multi -Stage Example Problem 

Two enterprising young men wash cars on Saturdays in an effort 

to help pay their way through college. One student washes the cars, 

and the second dries them. Customers arrive at a random rate of 

four per hour. Due to differences in car size, condition, and finish, 

service times for both washing and wiping are exponentially dis- 

tributed. Under present conditions the washing and wiping rates are 

both ten per hour. Although the students can tolerate two or more 

cars waiting for either washing or drying, they would prefer to have 

not more than one car waiting 90 percent of the time. Are their cur- 

rent service rates fast enough to accomplish this goal? 

Theoretical Solution 

From (3 -17) 

P(nl, n2) = (1 - p 1)(1 - p 
n1 n2 

Pl P2 

p1=0.4; p2=0.4 

P(0, 0) = (. 6)(. 6)(. 4)°(. 4)0 = 0. 360 
P(0, 1) = (. 6)(. 6)(. 4)0(. 4)1 = 0. 144 
P(0, 2) = (. 6)(. 6)(. 4)0(. 4)2 = O. 058 
P(1, 0) = (. 6)(. 6)(. 4)1(. 4)0 = 0. 144 
P(1, 1) = (. 6)(. 6)(. 4)1(. 4)1 = 0. 058 
P(1, 2) = (. 6)(. 6)(. 4)1(. 4)2 = 0. 023 
P(2, 0) = (. 6)(. 6)(. 4)2(. 4)0 = 0. 058 
P(2, 1) = (. 6)(. 6)(. 4)2(. 4)1 = 0. 023 
P(2, 2) = (. 6)(. 6)(. 4)2(. 4)2 = 0. 009 

Total 0. 877 



It is obvious the boys must work a little faster to reach the 

90 percent goal. 

Simulator Solution 

( Arrgv®Is 

QueueiNal 

a.S__N-n,l 

Funnel 

Qiae_ueldo2 

Nö.2, 

Sr,21 
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Figure 3e, Ball path for multi -stage queue. 

Table 5. Multi -stage data, one observation taken each 15 seconds. 

nl' n2 0,0 0,1 0,2 1,0 1,1 1,2 2,0 2,1 2,2 other 

Frequency 36 26 9 25 12 4 12 4 3 25 
Fnl, n2 

Arrival setting 8. 5; Service one setting = 38. 0; 

Service two setting = 50. 0 

Total observations = 156 

I 

= 
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P(0, 
P(0, 

0) 
1) 

= 
= 

36/156 
26156 = 

= O. 230 
O. 167 

P(0, 2) = 9/156 = 0. 058 
P(1, 0) = 25/156 = 0. 160 
P(1, 1) = 12/156 = 0. 077 
P(1, 2) = 4/156 = 0. 026 
P(2, 0) = 12/156 = 0. 077 
P(2, 1) = 4/156 = 0. 026 
P(2, 2) = 3/156 = 0. 019 

Total 0. 840 

The simulator also shows the boys should work a little harder 

to reach their goal. 

The small difference of 0. 037 between theoretical and simulator 

solutions can easily be attributed to an insufficient number of obser- 

vations. However, two or three times during data recording the 

service station two relay failed to stop the motor when service was 

not required. This minor malfunction contributed a slight error to 

the final results and was alleviated by replacing the borrowed 

3500 ohm relay with a new Sigma 5000 ohm relay. 
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NORMAL AND COMBINATION QUEUES 

Many situations exist where service times and intervals be- 

tween arrivals are normally distributed. The normal distribution 

could apply to the time it takes to give a haircut, change plugs, or 

rotate tires. If an appointment system is used the arrivals for pri- 

vate swimming lessons could make a normal pattern. When varia- 

tion in arrivals or services is significant the distribution is quite 

difficult to analyze mathematically. The technique usually used for 

solving a problem of this type is called Monte Carlo simulation. 

A normal distribution having mean service time l/µ (or mean 

interval between arrivals 1 /X), standard deviation if (6 for arrivals), 
x y 

and random variable x (y for arrivals) will have a density function 

f(x) given by 

e 
(x 

- l/µ)2 
6 
x 

(Lindgren and McElrath, 1959). The normal distribution function is 

necessary for simulation purposes and is given by 

x 
F(X) S«xd = x. 

-oo 

Typical normal density and distribution function curves are illustrated 

in Figures 4a and 4b respectively. 

I 

x 

1 2 

U 



f(x) 

1. 0 

F(X) 

VA X 

Service or Arrival Interval Time 
Figure 4a. Normal density function. 

Service or Arrival Interval Time 
Figure 4b. Normal distribution function. 
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The standard deviation for either the service or arrival inter- 

val times determines whether Monte Carlo simulation is required. 

If it is small in comparison with the mean service time (or mean 

interval between arrivals) the constant distribution can replace the 

normal. It is possible to replace the normal distribution with a 

Or 
1 % 

. 5- 
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random pattern if dispersion becomes great (Cox and Smith, 1961). 

Waiting line situations with a combination of mathematical dis- 

tributions are common. These problems are also solved by the 

Monte Carlo techniques discussed above. Depending on accuracy re- 

quired and facilities available they can be simulated by hand, com- 

puter, or mechanical device. 

Normal Example Problem 

An inspector checks electric motors for speed calibration as 

they come down an assembly line. The service time is normally 

distributed with mean 12 seconds and standard deviation four seconds. 

They arrive normally at the rate of one every 15 seconds with a 

standard deviation of 2 1/2 seconds. If one or more wait for inspec- 

tion the line must be shutdqwn. What percentage of the time is the 

assembly line not running? 

Monte Carlo Solution 

In order to solve the problem distribution function curves for 

both arrivals and services will be required. Using a table of values 

for the standard normal distribution function and equation 

F(x) = ` ( x U 
1411 

the curves of Figure 4c are drawn. When computing the distribution 

- 

x 



Figure 4c. 

8 12 16 20 24 28 
Time between Arrivals or Service Time in Seconds 

Normal distribution function curves for example problem. 

0 4 
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function curve for arrivals, x, l /µ, and U 
x are replaced by y, 1/X 

and 0- respectively. Also mandatory for problem solution is a table 
Y 

of random numbers. 

Data showing arrival number, . arrival random number, arrival 

interval for continuous arrival generation, service random number, 

and service time are shown in Table 6. The arrival number is 

simply the number assigned each arrival as it enters the system. 

The interval between arrivals for continuous arrival generation is 

determined by: (L) obtaining a random number from a table; (2) 

locating the same number on the ordinate of the distribution function 

curve; (3) moving horizontally until the arrival curve is reached; 

and (4) moving vertically to the abscissa, where the interval time 

is read. Service time is determined in exactly the same manner, 

except the service time distribution curve of Figure 4c is used. 

Table 6. Data for normal queueing example. 

Arrival 
No. 

Arrival Arrival Interval Service 
Random No. Time Random No. 

Service 
Time 

1 15 12.4 82 15.6 
2 81 17.2 62 13. 2 
3 92 19.0 13 7. 4 
4 23 13.2 08 6. 2 

5 96 20.2 92 17.8 
6 20 13.0 83 15.8 
7 68 16.0 74 14. 4 
8 57 15.5 85 16.0 
9 79 17.0 60 13. 2 

10 84 17. 5 49 12.0 
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After the data has been compiled the next step is information 

plotting on a chart with time as abscissa and arrival number as or- 

dinate. Figure 4d presents this step for the example problem. The 

following notation makes the example easy to follow: 0 is an arrival; 

- - - - -{ designates waiting; and I I shows service. 

Only one solid line can appear at a time, because only one service 

station exists. If we sum individual waiting periods the total waiting 

tine during the simulation is known. Dividing this by the number of 

arrivals gives the expected waiting time per arrival. Knowing the 

average service time is 12 seconds, the expected time in the system 

is equal to 12 seconds plus the expected waiting time. The expected 

number in the system after equilibrium has been attained, 

E(n) = 

00 

n=0 

(n)(time system is in state n) 
total simulation time 

At no time during the simulation were more than two units in 

the system. Due to the lack of data it was impossible to estimate 

the percentage of time the assembly line would be shutdown. Nat- 

urally, many more units would have to be processed through the 

system before any confidence in the results could be attained. The 

Monte Carlo techniques used above are very tiring and time consum- 

ing. The problem can be solved faster and easier with a mechanical 

simulator. 

- 
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Figure 4d. Plot for normal example. 
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Simulator Solution 

fi_5,_N o.l 

r 
IArrtVSiS. I 

5.5 No.2. 

Tray 

Figure 4e. Ball path for normal problem. 

Table 7. Simulator data for normal queueing example, one observa- 
tion taken each 15 seconds. 

n Frequency (Fn) 

0 42 
1 73 
2 15 

Arrival setting = 7. 5; Service setting = 26. 5 

Percent of time arrivals can't occur = (15/130)(100) = 11. 5 

Due to the lack of data no definite conclusion can be drawn con- 

cerning the simulator's accuracy. However, the simulator solution 

was much easier to obtain than the manual Monte Carlo solution. 

r 
Q tAeSAt 

Funnel 

- 



41 

More confidence could be put in the simulator solution when the 

number of observations is increased to approximately 2000. 

Combination Example Problem 

This example will involve two stage queueing where the arrival 

rate at the first station is Poisson with a mean of four units per 

hour. Service at the two stations has the following distribution: 

Stage One: Normal with mean service time 1/6 hour and 
standard deviation 1/36 hour. 

Stage Two: Service time constant at 3/20 hour. 

Find the percentage of time two or more units wait in the first 

queue using Monte Carlo methods, or the mechanical simulator. 

Monte Carlo Solution 

Distribution function curves for arrivals and stage one service 

will be required to solve the problem. For Poisson arrivals with a 

mean rate of four per hour, P(y < Z) = 1 - e 
-4Z, 

where Z varies 

from zero to infinity, and y is the random variable representing the 

time between consecutive arrivals. The curve for stage one service 

is obtained by using a standard normal distribution function table 

and the formula 

F(X) _ 

where x° and 6X are respectively the random variable and standard 

S( n - ) , 
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deviation of the service time (Lindgren and McElrath, 1959). These 

curves are plotted in Figures 4f and 4g. 

Arrival and service times are determined by: (1) obtaining a 

random number between 0 and 99; (2) locating this number on the 

ordinate of the distribution function curve and moving horizontally 

until the curve is reached; (3) moving vertically downward to the 

abscissa; and (4) reading the arrival interval or service time from 

the scale. The arrival time for the (n + 1)st unit equals the arrival 

time for the nth plus the time elapsed between the nth and the 

+ 1)st arrival. The (n + 1)st unit enters station one when the nth 
( 

unit departs, unless n departs before n + 1 arrives. In the latter 

case n + 1 has no waiting time. The sum of service time and station 

one entering time yields station one departure time. The (n + 1)st 

unit enters station two when n departs, unless n departs before 

n + 1 arrives. Again there is no delay in the latter case. Adding 

service time to second stage entering time gives second stage de- 

parture time. For the example problem this information is given in 

Table 8. 
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Figure 4f. Distribution function curve for Poisson arrivals. 
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Table 8. Combination queue data in hours. 

Arrival 
Arrival 

Time 
Time Into 
First Stage 

Time 
Out of 

First Stage 

Time Into Time Out of 
Second Second 
Stage Stage 

1 

2 

3 

. 14 

.77 

.79 

. 14 

.77 

.92 

. 33 

.92 
1. 15 

. 33 

.92 
1.15 

. 48 
1.07 
1. 30 

4 . 94 1. 15 1. 31 1. 31 1. 46 
5 1. 21 1. 31 1. 49 1.49 1. 64 
6 1. 23 1. 49 1. 65 1. 65 1.80 
7 1. 23 1. 65 1. 80 1. 80 1.95 
8 1. 24 1. 80 1. 96 1. 96 2. 11 

9 1. 40 1. 96 2. 07 2. 11 2. 26 
10 1.48 2.07 2.27 2.27 2.42 
11 1.67 2.27 2.49 2.49 2.64 
12 1.97 2.49 2.65 2.65 2.80 
13 2. 11 2.65 2.86 2.86 3.01 
14 2.91 2.91 3.09 3.09 3.24 
15 3. 14 3. 14 3.34 3.34 3.49 
16 3.59 3.59 3.76 3.76 3.91 
17 3.61 3.76 3.92 3.92 4.07 
18 3.91 3.92 4.05 4.07 4.22 
19 4. 10 4. 10 4.25 4.25 4.40 
20 4. 40 4. 40 4. 58 4. 58 4. 73 
21 4.44 4.58 4.76 4.76 4.91 
22 4.78 4.78 4.96 4.96 5. 11 

23 4.89 4.96 5. 15 5.15 5.30 
24 4.99 5. 15 5.33 5.33 5.48 
25 5.09 5.33 5.49 5.49 5.64 

Simulator Solution 

( Arr4yei is 
O uP ue No. 

aueuL+ No.) Ss. Np,2 
Trek 

Figure 4h. Ball path for combination queue problem. 
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Table 9. Simulator data, one observation taken each 15 seconds. 

nl, n2 F nl'n2 
0, 0 5 

0, 1 20 
0,2 6 

0, 3 1 

1,0 13 
1, 1 20 
1,2 4 
1, 3 2 

2, 0 6 
2, 1 20 
2, 2 1 

2,3 1 

3,0 2 

3, 1 12 
3, 2 4 
4, 1 9 

5, 1 11 

6,1 2 

5,2 3 

4, 2 2 

5, 0 2 
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Arrival setting = 9. 0; Service one setting _ 28. 5; 

Service two setting = 38. 0 

Percent of time more than two units are in the first queue 
= (100)(47/146) _ 32 

The simulator's versatility was vividly demonstrated by the 

example problems in this and the preceding chapters. Although 

Poisson, normal, and constant distributions were used in the pre- 

vious problems, any arrival or service pattern encountered in a 

waiting line study can be adapted to the simulator. The only tools 
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required are a random number table and the desired distribution 

function curve. 

In many queueing models it is assumed the arrival rate is in- 

dependent of queue length. This assumption is made in an effort to 

reduce mathematical computation. After observing human behavior 

in waiting lines, it is obvious that long queues often reduce the ar- 

rival rate. The simulator's arrival rate is easily reduced with the 

formation of long waiting lines by reducing the arrival variable volt- 

age transformer to the desired setting. Likewise, a person's serv- 

ice rate is often affected by queue length, the longer the queue the 

greater the service rate. Simulator service rate can easily be cor- 

related with queue length to allow increased service when the waiting 

line is long. By noting the number of balls waiting to be served a 

good estimate of required storage size can usually be made. 

The wide range of simulator operation encourages the student 

to use his imagination in proposing system modifications. This point 

must not be overlooked, since the best solution is not always the most 

obvious one. 
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SUMMARY 

As stated in the Introduction, the objectives of this project were 

twofold: (1) to build a mechanical waiting line simulator for educa- 

tional purposes; and (2) to make it capable of solving problems diffi- 

cult to analyze analytically. 

To achieve widespread popularity in college, the simulator 

must be cheap. The total material cost for this unit was approxi- 

mately $200. However, this does not include the labor costs asso- 

ciated with design and construction of the machine. Among the more 

expensive components were three windshield wiper motors, three 

variable voltage transformers, two Sigma relays, two photocell 

amplification circuits, and two light source rheostats. 

The four previous sections and appendix can be used in con- 

junction with the simulator for teaching. Historical background, 

definitions, constant queues, Poisson queues, and Monte Carlo tech- 

niques from a logical sequence for an introductory course. Constant 

and Poisson example problems enable the student to compare his 

theoretical results with the simulator solutions. Simulator opera- 

tion aids explanation of Monte Carlo methods for problems which 

are d f f i c u l t t o analyze analytically. Appendix III gives de- 

tailed instructions on operation and maintenance of the machine. 

The final design was compact, light, and portable. For short 

: 
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courses it can be transported to remote locations by either auto- 

mobile or station wagon. The simulator is easily carried by two 

people for distances under one block. The only external power re- 

quired is 110 volt AC electricity. 

With the exception of the service station two relay which: 

jammed,and breakage of spliced tape, the simulator's mechanical 

performance was excellent. A new Sigma 5000 ohm relay and Ko- 

dak's 16 millimeter film splicing tabs solved these two minor 

problems. 

A simulator used in the classroom must be versatile. At the 

present time the simulator can produce random, normal, or constant 

distributions at any arrival or service center. Other mathematical 

distributions can be simulated if the appropriate distribution function 

curves and a table of random numbers are available. In the final 

design, correlation of arrival and service rates to queue length is 

possible. The simulator can be used to introduce the student to 

single- server, multi- server, and multi -stage waiting line problems. 

The results obtained from the simulator compare favorably 

with theory for both Poisson and constant queues as shown in Table 

10. The simulator solutions were reasonably accurate, but more 

data are required before confidence in the results can be established, 

Insufficient time and money limited the number of observations to 

250 or less for each example problem. 
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Table 10. Theoretical versus simulator solutions, 

Problem 
Classification 

Unknown 
. 

Theoretical Simulator 

Cons tant Percent of Time 
Extra Fast Pace Server Busy 

Constant 
Fast Pace 

Poisson 
Single- Server 

Slow Man 

Poisson 
Single- Server 

Fast Man 

Poisson 
Multi- Server 

Poisson 
Multi -Stage 

50. 0 49. 

Percent of Time 66.7 65. 8 

Server Busy 

E(n) 

E(n) 

E(n) 

4. 0 4. 8 

1. 33 1.39 

1.87 3. 60 

Percent of Time not 87. 7 84. 0 
More Than One Car Waits 

The windshield wiper motors were rewound to form series 

motors. This configuration is very sensitive to input voltage and 

gives a wide range of speed control. Because this design is also 

load sensitive, some error is induced into the system by the vari- 

able force exerted on the reels by the rubber reel brakes. To obtain 

accurate results and loosen up gear box lubricants the motors must 

be warmed up for a minimum of ten minutes. 

The primary thesis goals have been accomplished. The simu- 

lator is a good educational tool once the instructor becomes familiar 

with its operation. The simulator is versatile, portable, and 

2 

Value Va1ue 
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reasonably trouble free. It is capable of solving problems, although 

tape speeds are sensitive to variations in variable transformer set- 

tings. Given proper care, the machine will provide many happy 

hours of simulating. 
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APPENDIX I 

Figures A. 1 -A. 6 show the final design from the front, back, 

and side. This configuration satisfies the design criteria defined in 

the Introduction. Although minor difficulties were encountered dur- 

ing the original simulations, the machine is basically trouble free. 

When 20 or more balls are in the arrival tube enough pressure is 

exerted on the tape to force more than one ball departure per tape 

hole. Thus, it is wise to limit the maximum number of balls in the 

arrival tube to 20. If the rubber reel brakes exert excessive forces 

on the reels a tendency exists for spliced tape to break. Tape brakes 

are repaired with Kodak's 16 millimeter splicing tabs or conventional 

splicing cement. 

Two minor design deficiencies from an educational standpoint 

are: (1) the steel balls are occasionally difficult to observe; and (2) 

the queue tube at service station one is too short. Because simulator 

size is proportional to ball size, small one -quarter inch balls were 

used to keep the machine compact. The small balls would possibly 

be more visible if painted a bright color. A miscalculation in planned 

photocell size resulted in a short queue tube and restricted viewing 

at service station one. 

Considerable development time was spent on an agitator device 

which bounced Ping -Pong balls through outlet holes. This model is 
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easier to understand if Figures A. 7 and A.8 are consulted. Figure 

A. 7 shows two story construction, the upper story for service and 

the lower story for arrival generation. Figure A. 8 shows the agi- 

tator mechanism to which steel impellers were attached. The hous- 

ing of Figure A. 7 fits over the agitator of Figure A. 8. After 

gathering considerable data, the design was discarded because it 

was incapable of generating a variety of mathematical distributions. 

Inability to solve multi -stage and multi- server problems was another 

limitation. 
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Figure A. 1. Wiring 
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JAN 66 

Figure A. 3. Side 
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JAN 66 

Figure A. 5. Front 
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Figure A. 6. Back 
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JAN 66 

Figure A. 7. First model 
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Figure A. 8. Agitator, first model 
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APPENDIX II 

The tools needed to build and maintain a mechanical waiting 

line simulator are available in any well equipped machine shop. An 

engine lathe, milling machine, band saw, and punch are some of the 

large pieces of equipment required. The materials used in the 

simulator are readily available, but occasionally items like variable 

voltage transformers and photocell relays have to be obtained from 

mail -order houses. Construction steps and a bill of material are 

given in this section of the appendix. Note, all parts named below 

and abbreviations can be located by referring to Figures A. 9,. 

A. 10, and the Bill of Material. 

Construction Steps 

1. Cut the following from 1/2 in. plywood: (1) one rectangle 
23 1/2 in. x 30 in. ; (2) one rectangle 12 in. x 30 in.; 
(3) two right triangles 23 1/2 in. high with a 5 1/2 in. 
base; (4) one multi- server separator support; and (5) 
three single- server tape guide supports. 

2. Cut the following from 3/4 in. plywood: (1) four tube sup- 
ports; (2) two light source supports; and (3) one funnel 
support. 

3. Using wood screws mount the 12 in. x 30 in. base to the 
30 in. x 23 1/2 in. back. Support the back by attaching 
the two triangular supports. 

4. Drill a 5/16 in. hole in the funnel support. 
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5. Coat the base, back, and all small wooden parts with a 
good brand of wood filler. After a 24 hour drying period 
sand wood lightly. 

6. Make the following on an engine lathe; (1) three tape drive 
pinions; (2) three pressure rollers; (3) six rollers for 
roller guides; (4) one shaft for tape punch; (5) two light 
source directional units; and (6) 12 reel guides. 

7. Cut to size, file, drill, tap, and mill the following: (1) 
three single -server tape guides; (2) one tape punch upper 
base; (3) one tape punch lower base; (4) one multi -server 
separator base; and (5) one multi -server separator slide. 

8. Cut to size, file, drill, tap, and assemble three pressure 
roller holders. 

9. Cut six 5/16 in. diameter reel shafts to desired length. 

10. Cut six 1/8 in. diameter roller guide shafts to desired 
length. 

11. Using 16 gage sheet steel cut to size and drill the following: 
(1) two photocell supports; (2) 12 reel shaft supports; (3) 
12 roller guide supports; and (4) one rheostat support. 

12. Mount rollers on 1/8 in. diameter steel shafts to make 
roller guides. 

13. Cut three friction drive springs to size. 

14. Cut to size and slide 1/4 in. rubber tubing over tape drive 
pinions and pressure rollers. 

15. Make three friction drive attachments and assemble them 
to tape reels. 

16. Disassemble, rewire, and reassemble windshield wiper 
motors. 

17. Cut, bend, and mill 5/16 in. I. D. steel tubing. 

18. Cut to size, attach, and smooth plastic covering to base, 
back, and all small wooden parts. 
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19. Mount the 5/16 in. I. D. steel tubes to the tube and funnel 
supports using 1/64 in. sheet steel and wood screws. 

20. Assemble the light source directional units to the bulbs, 
bulb holders, and light source supports using 1/64 in. 
sheet steel and wood screws. 

21. Drill back board holes for the following: (1) three motors; 
(2) three variable voltage transformers; (3) two light 
sources; (4) six reel shafts; (5) six roller guides; (6) three 
pressure roller holders; (7) four tube supports; (8) one 
funnel support; (9) one multi- server separator support; 
(10) three single -server tape guide supports; (11) wiring; 
(12) one DPST switch. 

22. Install the pressure rollers in their holders. 

23. Mount the 50 ohm rheostats in their support. 

24. Mount the following on the back board: (1) three pressure 
roller assemblies; (2) three windshield wiper motors; 
(3) three variable voltage transformers; (4) two light 
sources; (5) six reel shafts; (6) six roller guides; (7) four 
tube supports;. (8) one multi- server separator support; 
(9) three single- server tape guide supports; (10) one fun- 
nel support; (11) one DPST switch; (12) one rheostat sup - 
port; and (13) two Sigma 5000 ohm relays. 

25. Attach the following to their supports: (1) three single - 
server tape guides; (2) one multi- server separator; and 
(3) one plastic funnel. 

26. Build up the photocell amplification circuits of Figure 
A. 10. 

27. Attach the diodes, fuse holders, and wire boards to the 
back. 

28. Wire the simulator using Figure A. 10 as a guide. 

29. _Mountphotocell supports to single -server tape guide sup- 
ports. 

30, Glue photocells to their supports. 
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31. Make six reel brakes from 1/4 in. tubing. 

32. Screw three film drive pinions on motor output shafts. 

33. Cut 16 millimeter film into 100 ft. lengths. 

34. Draw desired distribution function curves with random 
number as ordinate and distance between holes as abscissa. 

35. Assemble tape punch. 

36. Draw random number and punch tape holes as required. 

Bill of Material 

Part Number Quantity Des cription 
1 15 sq. ft. 1/2 in. plywood finished on 

one side 

2 

3 

12 volt, unidirectional wind- 
shield wiper motors 

0 -110 volt, 4. 5 amp. variable 
transformers 

4 700 ft. 16 millimeter movie film 

5 6 ft. 5/16 in. I. D. steel tubing 

6 1 10 amp. , DPST switch 

7 3 tape drive pinions 

8 3 brass pressure rollers 
9 3 aluminum pressure roller 

holders 

10 7 3 1/2 in. diameter film reels 
11 2 6 in. diameter film reels with 

friction drive attachments 
12 1 3 1/2 in. diameter film reel 

with friction drive attachment 

13 3 single -server tape guides 

14 100 1/4 in. steel ball bearings 

3. 

3 

.. 

- 
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Part Number Quantity Description 

15 3 friction drive springs 

16 6 5/16 in. diameter reel shafts 
cut to desired length 

17 12 16 gage reel shaft supports 
cut to desired size 

18 6 rollers for roller guides 

19 1 tape punch shaft 

20 1 random number table 

21 2 International Rectifier S1M 
solar cells 

22 2 light source directional units 

23 3 automobile alternator diodes 

24 3 automobile type fuse holders 

25 1 multi -server separator base 

26 1 multi -server separator slide 

27 12 reel guides 

28 9 sq. ft. plastic covering 

29 2 ft. 1/4 in. rubber tubing 

30 3 ft. electrical cord 

31 1 electrical plug 

32 7 wiring boards 

33 75 ft. 5 amp. electrical wire 

34 - wood screws 

35 2 x 1 ft. 1/64 in. sheet steel 

36 2 9 volt transistor batteries 
37 12 16 gage sheet steel roller 

guide supports 

38 machine screws 

39 - steel washers 

40 1 pt. wood filler 
41 1 5 amp. , slow blow fuse 

- 
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Part Number Quantity Description 

42 2 2. amp. , fast blow fuses 

43 2 20 volt light bulbs 

44 2 50 ohm rheostats 

45 2 4F -5000 S /SIL Sigma relays 

46 2 100, 000 ohm resistors 
47 4 12 volt transistors 
48 2 s q, ft. 3/4 in. plywood 

49 1 2 1/2 in. diameter plastic 
funnel 

50 6 1/8 in. diameter roller guide 
shafts cut to desired length 

51 3 x 4 in. 16 gage sheet steel rheostat 
support 

52 2 20 volt bulb holders 

53 1 tape punch lower base 

54 1 tape punch upper base 

55 2 16 gage sheet steel photocell 
supports 

56 1 tube household cement 
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APPENDIX III 

Before proceeding to solve problems with the simulator it is 

necessary to become familiar with its controls. Below is a step by 

step guide which should be followed when simulating waiting line 

problems. To insure accurate results it is important to follow the 

steps in the order given. 

1. Turn the DPST switch off. 

2. Turn the variable voltage transformers to zero. 

3. Turn the light source rheostats off. 

4. Install the nine -volt transistor batteries in the photocell 
amplification circuits. 

5. Plug in simulator. 

6. Turn the DPST switch on. 

7. Allow the motors to warm up for ten minutes by setting the 
variable voltage regulators so the motors operate at high 
speed. 

8. Turn the DPST switch off. 

9. Set the variable voltage transformers to zero (steps six 
through nine may be neglected if the simulator is used for 
educational purposes only). 

10. Select the desired tapes from the tape library. 

11. Loosen the allen set screws in the outer reel guides. 

12. Remove the outer reel guides and the rubber outer reel 
brakes from the reel shafts. 

13, Grease the take -up reel shafts once a month. 



14. Position the tape and take -up reels on the reel shafts, 

15. Position the rubber outer reel brakes and the outer reel 
guides on the reel shafts. 

16. After making sure the take -up reels rotate freely, tighten 
the allen set screws in the outer reel guides. 

17. After making sure the proper tension is exerted on the tape 
reels (enough to keep the film taut, but not an excessive 
amount capable of breaking the tape), tighten the allen set 
screws in the outer reel guides. 

18. Fasten the friction drive springs around the friction drive 
attachments and the tape drive pinions. The friction drive 
spring for service station number two must form a figure 
eight because the motor rotates counterclockwise. 

19. Loosen machine screws in the pressure roller holders. 

20. Beginning with service station number one thread the tape 
according to Figure A. 11. Note, the threading may vary 
slightly from station to station. 

Fror'r tope .. reel 

roller 
guide 

tope_ 

To taKe -up reel 

roller 
utde 

tope drive pinion 
pressure roller_ 

SCreWS 

single- server tc* Pe guide 

.holder 

Figure A. 11, Threading procedure. 

21. Tighten machine screws in pressure roller holder. 

22. Turn on the DPST switch. 

23. Set the variable voltage transformer by using Figure 24 for 
a rough approximation and the timing marks at the beginning 
of each tape for fine adjustment. 

E 

- 
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24: >. Using the light source rheostat, turn up the service station 
light intensity until the motor shuts off. 

25. Repeat steps 20 -24 for service station number two if 
neces sary. 

26. Repeat steps 20 -23 for the arrival station. 

27. Turn off the DPST switch. 

28. Remove the multi- server separator slide if necessary. 

29. Plug the plastic funnel if necessary. 

30. Locate the tray under service station number two if neces- 
s ary. 

31. Insert into the arrival tube one quarter inch steel ball bear- 
ings. 

32. Turn on DPST switch. 

33. Operate the multi- server separator slide if necessary for 
problem solution. 

34. Record data (not required for educational purposes). 

35. Make sure the arrival tube is never empty. 

36, When simulation is completed or tape runs short turn off 
the DPST switch. 

37. Remove all one quarter inch steel balls from simulator. 

38. Disconnect all friction drive springs. 

39. Loosen all outer reel guides and outer reel brakes to allow 
the reels free rotation. 

40. Rewind tapes to original reels. 

41. Remove the outer reel guides and outer reel brakes. 

42. Remove all tape reels from the simulator. 
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43. Position the outer reel brakes and outer reel guides on their 
respective shafts. 

44. Unplug simulator. 

45. Remove nine -volt transistor batteries from photocell ampli- 
fication circuits. 


