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THE STEADY STATE FLOW OF WATER THROUGH UNSATURATED 
SOIL IN THE LOW CAPILLARY POTENTIAL REGION 

INTRODUCTION 

Water movement through soil is one of the most important 

phases of the hydrologic system. The movement of water to plant 

roots, to the soil surface, and to ground water aquifers are impor- 

tant aspects of this phase. The development and prolongation of an 

irrigation agriculture in the arid regions of the world depend upon an 

adequate development and understanding of the mechanisms involved 

in the mass transfer of water in the soil. Increased competition for 

water among industrial, agricultural, recreational and domestic 

users is making it imperative that a more complete understanding of 

water movement in soil be realized. Water movement throughpo- 

rous materials is important in areas other than agriculture. Drain- 

age is important in the design and construction of roads and highways 

and other flexible surfaces such as airport runways. An under- 

standing of water movement through soils is important in the de- 

sign and construction of earth dams and concrete structures. 

A great deal of progress has been made in the analytical 

treatment of water flow through saturated soils. Encouraging ad- 

vances have been made in the description of some unsaturated flow 

phenomena. The analysis of unsaturated flow problems requires a 



z 

valid model for the movement of water in unsaturated soil and ade- 

quate methods of determining soil water flow parameters. Most of 

the important unsaturated flow phenomena take place at water con- 

tents close to saturation. This study is concerned with an investiga- 

tion of the validity of the flux equation for water movement in unsatu- 

rated soil and the development of methods for the determination of 

soil water flow parameters. Water content measurements, under 

steady state flow conditions, are subjected to the developed analysis 

to show that the moisture gradient form of Darcy's law is a valid 

model for water flow in a coarse textured soil at water contents 

near saturation. Two methods for the determination of capillary 

conductivity and soil water diffusivity are presented. These meth- 

ods can be used to determine the flow parameters at specific water 

contents. 



3 

REVIEW OF LITERATURE 

Water Flow in Unsaturated Soil 

Development of the Potential Concept 

The first characterization of the state of water in an unsatu- 

rated soil, other than by a weight or volume percentage, which is 

amenable to analytical treatment, was the capillary potential con- 

cept of Buckingham (2). He defined the capillary potential 4 at a 

point in the soil -water system as the work that would have to be 

done against the capillary force field in transferring a unit mass of 

water from the given point to water at zero hydrostatic pressure. 

Gardner (10) defined capillary potential as the work done against the 

capillary force field in moving a unit mass of water from a free 

water surface to the point in question. This definition gives an 

algebraic sign opposite to that used by Buckingham and is more in 

accord with the manner in which potentials are ordinarily defined. 

Buckingham indicated that the capillary force field is simply the 

mechanical force involved in the attraction of moist soil for water. 

As stated by Richards (24), the capillary force field may be con- 

sidered as the force set up in the soil water configuration due to a 

pressure gradient. 

Under conditions of uniform temperature, constant solute 



concentration of the water and static equilibrium, the capillary po- 

tential may easily be determined. Consider a vertical soil column 

in contact with a free water surface at the bottom of the column and 

with evaporation prevented at the top of the column. Bernoulli's (31) 

well -known energy equation yields 

Lp(x)+gx= C (1) 

where C is a constant, g is acceleration due to gravity and 

is the distance of the point in question from the free water surface. 

For 4(0) = 0, C = 0 and thus 

LP (x) = - gx (2) 

The capillary potential has units of energy per unit mass 

(dyne cm /gm) but is usually reported in units of gm cm/ gm. 

On the basis of equation (2), the capillary potential may then be ex- 

pressed in terms of the length x, of the water column, which 

the tension in the soil water would be able to support. The term 

soil moisture tension arises from this mode of expression. Rich- 

ards (24) further introduced a generalized capillary potential; 

A 
(A) = J 0 p 

(3) 

where P is the pressure of the soil water, p is the density of 

4 

x 

dP 

- 

¡1 



water and Lu(A) is the capillary potential at point A. For p 

constant and equal to 1 gm/ cm3, is numerically equal to the 

pressure difference between the reference level and the point in 

question. 

5 

Buckingham (2) determined the relationship between LP and 

water content, 0, over the range of -105 < < 0 ergs per gm. 

for several soils by employing equation (2). Later workers using 

porous ceramic plates and a hanging mercury -water column exten- 

ded the range of capillary potential water content relationships to 

-1 bar. S. J. Richards (28) first employed positive pressures in the 

soil chamber above the porous plate to extend the range of measure- 

ment to less than -1 bar but was limited by air entry in the porous 

plate. The development of pressure membrane equipment by Rich- 

ards (26) and Woodruff (34) extended the range of measurement to 

-15 bars. Concerning measurements obtained with pressure mem- 

brane equipment Richards (25) remarks: 

Since it is not known over what range of moisture con- 
tent water may be present in a soil in a "liquid" form 
it should not be assumed that the water in the soil ex- 
ists under a negative pressure equal to the pressure 
difference across the membrane in the pressure mem- 
brane equipment. The attraction of soil for water 
arises from force fields associated from interface 
boundaries in the soil water system and so soil mois- 
ture tension may be taken as a measure of the surface 
force action. 

4 

$ 
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Richards (24) following Haines' (14, 15) work with a porous 

medium made up of small spheres, investigated the uniqueness of 

the capillary potential soil water content relationship for soil and 

showed that a considerable hysteresis effect occurred over the pres- 

sure range studied. Richard's (24) work was with a soil in a rather 

loose state of packing but investigations by S. J. Richards (28) con- 

firmed the existance of the hysteresis effect. 

Development of a Flux Equation 

The potential concept is the foundation for the analytical 

treatment of water flow in unsaturated soil. Buckingham (2) de- 

fined capillary conductivity with the introduction of the flux equation 

v = - K(0) ô zz 

(4) 

where v is the volume flux of water per unit area of soil, 0 is 

the water content on a volume fraction basis, a a z is the capil- 

lary potential gradient and K(8) is the capillary conductivity. 

Equation (4), considered applicable under conditions of vanishing 

gravitational potential, has the same form as the differential form 

of Darcy's law for water flow in a saturated soil. Buckingham (2) 

realized that the capillary conductivity is not a constant as is the 

conductivity term in Darcy's law for saturated flow but is a function 

of the soil water content. 

qi/ 
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Gardner, recognizing the significance of the potential con- 

cept, published several theoretical papers on water flow in unsatu- 

rated soils (9, 10, 11). Unfortunately, his investigations did not in- 

corporate the full significance of Buckingham's work as he assumed 

capillary conductivity to be constant rather than a function of the soil 

water content. 

In 1931, Richards (24) published a general partial differential 

equation to describe water flow in unsaturated porous media under 

isothermal conditions. In this development he included the gravita- 

tional potential gradient as an additional force in the flux equation 

v=-K(0)v(I) 

where c = 4 + , 4 being the capillary potential and the 

gravitational potential. For a cartesian space 

and 

('PdP 
0 

P 

=gz. 

(5) 

(6) 

(7) 

In 1936, Childs (3, 4) suggested that the water movement in 

porous material could be described as a diffusion process with a con- 

stant coefficient of diffusion. Kirkham and Feng (17) later 

. 

= 
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demonstrated that the diffusion equation with a constant coefficient 

of diffusion is not an acceptable model for water movement in unsat- 

urated soil. 

In 1950, Childs and Collis- George (6) applied the flux equa- 

tion of Richards (24) to isothermal, steady state flow in vertical or 

semivertical soil columns. Unlike Richards they chose e as the 

dependent variable. Assuming that q is a single -valued function 

of 0, 

and thus 

ae 
az de az 

ae á 
v = -K(0) [ de áz 

v = -Km d8 88 - K(e)g . 

(8) 

Childs and Collis- George combined K(8) and dill /de to form a 

new function D(0) which they called a coefficient of diffusion. 

Written with a coefficient of diffusion, equation (10) is transformed 

to 

v = -D(0)- - K(e)g . 

Experimental results, for sands greater than 0. 25 mm in grain size, 

dii 

+ az 

- 

(9) 

(10) 



were in general in agreement with equation (11). 

In 1952, Klute (18) developed a general flow equation for 

water movement in unsaturated soil by combining Darcy's law in 

the form employed by Childs and Collis- George (6) with the continu- 

ity principle to obtain, for one -dimensional, horizontal flow, the non- 

linear equation 

áe = az [ D(e) (12) 

where the water content e, is also a function of time t. Klute 

(18) made use of the Boltzmann transformation which transforms the 

dependent variable e to a new dependent variable u such that 

e = 0(u) where 

u = zt -1 2 (13) 

This transformation transforms (12) into a non - linear ordinary dif- 

ferential equation: 

de[D(6)ae] (14) 

The Boltzmann transformation suggests a method for testing 

the validity of equation (12) and thus the form of the flux equation 

v = -D(e) ae (15) 

9 

] 

2 = _ 

. 
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For a constant of value 0, and thus u, equation (13) states that 

z is proportional to tV2 when one -dimensional flow is initiated 

in a semi - infinite soil sample from a constant capillary potential 

source. If the constant value of 0 chosen is that existing at the 

wetting front in the soil, appropriate values of z, the distance 

from the water source to the wetting front, are readily obtained. 

Plots of distance to the wetting front versus the square root of time 

should, if equation (12) is valid, fall on a straight line with zero 

intercept. Employing this approach, work by Kirkham and Feng 

(17) and Swartzendruber et al. (33) seems to support the validity of 

the Boltzmann transformation and the moisture gradient form of 

Darcy's law. Nielsen et al.(22) using the same method obtained 

results inconsistent with the square root of time proportionality. 

Rawlins and Gardner (23), employing the gamma ray attenu- 

ation method of measuring the soil water content, constructed plots 

of z versus t1/2 for several values of water content. The pro- 

posed linear relationship between z and tj2 is not supported 

by their results. Stewart (30), using the neutron attenuation method 

of measuring soil water content, obtained results similar to those 

of Rawlins and Gardner. Stewart also calculated the diffusivity at 

several water contents at various times during the wetting of the 

semi - infinite soil sample. He found that for water contents near 

saturation, D(0) calculated at a given value of the water content, 
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decreased with increasing time. Swartzendruber (32), using the 

experimental data of Rawlins and Gardner (23), constructed plots of 

water flux versus water content gradient for several values of water 

content. These graphs indicate that Darcy's law is not valid over 

the entire water content range since he did not obtain a linear rela- 

tionship for flux versus moisture gradient for all values of water 

content. Although little deviation from the required linear rela- 

tionship between water flux and gradient occurred at high water con- 

tents, only relatively small gradients were encountered in the data 

at high soil water contents. 

A serious question can be raised on the validity of Darcy's 

law for water flow in unsaturated soils based on the results obtained 

by these several researchers. 

Methods for Determining Capillary Conductivity and Soil 
Water Diffusivity 

Steady State Methods 

Richards (24) used a steady state system to determine K(6) 

over a limited range of capillary potential. His apparatus consisted 

of a chamber containing soil in contact with a porous ceramic plate 

on two opposite sides. Both ceramic plates were sealed to water 

reservoirs on which tensions could be applied. Different tensions 

were applied to the two water reservoirs creating a capillary 
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potential gradient across the soil sample. Tensiometers were in- 

stalled in the sample near the ceramic plates to measure the capil- 

lary potential difference across the soil and the volume flux of water 

was recorded as a function of time. 

If the law of the mean is applied to equation (4), the flux 

equation can be expressed as 

and thus 

v = -K(0*) L (16) 

K(8-,<) = - 
vL 
Aqi 

(17) 

where K(8 *) is the capillary conductivity at some position in the 

soil sample having water content e *, L is the distance between 

the tensiometers and Ei is the difference in potential between the 

tensiometers. Richards (24) assigned this value K(6 *) as the 

value of K(6) at a water content corresponding to the arithmetic 

mean of the capillary potentials measured by the tensiometers. This 

method requires that K(8) be a very slowly changing function of 

water content over the range of water content defined by the flow 

boundary potentials. The method is also limited to the range of 

tensiometer operation. - 
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Richards and Moore (27) modified Richards' apparatus so 

that pressure rather than vacuum control could be used. Nielsen 

and Biggar (21) employed fritted glass -bead plates rather than ce- 

ramic plates in their apparatus in order to reduce plate impedance. 

The method of determining K(0) in both these cases is the same 

as that of Richards (24) and suffers from the same criticism. 

Moore (20) developed a method in which a water table was 

maintained at one end of a soil column and evaporation was allowed 

to occur at the other. The flux was measured at the inflow or water 

table end of the column and capillary potential was determined with 

the tensiometers located at 10 cm intervals along the column. A 

value of K(0) was then determined for each 10 cm section using 

equation (17). This method is again limited by the operating range 

of tensiometers and also yields values of K(0) that cannot be at- 

tributed to a particular soil water content. 

In another method, Childs (5) showed that, if a water table 

is placed in contact with the lower end of a vertical soil column and 

water is added to the upper end at a constant rate less than the satu- 

rated flux, then, upon attainment of steady state flow, the soil water 

content is sensibly constant over an appreciable length of the soil 

column. In this region of constant water content, K(0) is a con- 

stant and the capillary gradient is zero. Since gravity is the only 



force causing water flow 

and thus 

áz -g 

14 

(18) 

K(8) = v/g . (19) 

The water content in the zone of uniform water content was changed 

by adjusting the rate at which water entered the soil column. 

Steady state methods of determining soil water diffusivity 

involve the determination of capillary conductivity as a function 

of water content and the capillarypotential -water content relation- 

ship. The function D(e) is then determined by numerical differ- 

entiation of the function 4(6) to obtain dq) de and by employing 

the relation 

D(e) = K(6)4/ d® . (20) 

Such methods of determining D(8) are subject to errors inherent 

in the evaluation of K(6) and dip/d(I) . 

- 
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Transient Methods 

Staple and Lehane (29) determined capillary conductivity 

from successive measurements of the moisture profile of a vertical 

column. In this procedure the net amount of water that moves from 

one layer of soil into the next is estimated from water content pro- 

files at different times after water is added to the column. The 

area between the profiles at two successive times represents the 

water that moves during the time interval. The conductivity at the 

discreet depths is then determined by dividing the volume of water 

that moves past each depth by the potential gradient at the respec- 

tive depth and time. The gradient is determined by measuring 

either the potential at various depths and times using tensiometers 

or gypsum blocks or estimating the potential from the water content. 

This method can only give approximate results because of the gen- 

eralizations and approximations inherent in the methods. 

Gardner (12) developed a method using pressure plate outflow 

data. In this method soil samples are placed in a pressure plate 

apparatus and allowed to come to equilibrium at a certain pressure. 

The pressure is then increased by a small increment and the volume 

of outflow liquid from the sample measured as a function of time. 

At equilibrium, another pressure increment is applied and the 
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volume of outflow is again recorded as a function of time. It is as- 

sumed that over a small pressure increment, the capillary conduc- 

tivity is constant, that a linear relationship between soil water con- 

tent and capillary potential exists and that the impedance to flow 

offered by the porous plate of the pressure plate apparatus is negli- 

gible. Employing these assumptions and the analogous heat equa- 

tion solution for a step increment in boundary temperature, Gardner 

developed a relationship between the accumulative outflow at any 

time and the outflow at equilibrium, an average value of capillary 

conductivity over the pressure increment, and soil sample geometry 

parameters. At high water contents the assumption of a constant 

capillary conductivity is a poor one. At low water contents, or high 

pressures, large pressure increments are required to obtain meas- 

urable outflow. The main experimental difficulty is the measure- 

ment of the total quantity of water coming from the soil because of 

the indefinite time required to reach equilibrium. This method was 

extended to obtain values of K(6) at low water contents by using 

the pressure membrane apparatus. Miller and Elrick (19) improved 

the method by developing a correction term so that porous plate or 

membrane impedance to flow might be taken into consideration. 

In both of the above transient flow methods diffusivity is 

determined with the aid of the soil water- capillary potential rela- 

tionship and equation (20). 
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Bruce and Klute (1) developed a method for the determination 

of the diffusivity function from soil water content profiles in a semi- 

infinite soil column, initially at constant water content i 

constant water content boundary maintained at one end of the soil 

column. If equation (14) is integrated from O. to Oa for t 

equal to a constant and de /du evaluated in terms of dO/dz, t 

again constant, then 

with a 

D(ea) 
2t ( cle ) 

ea i zae . 

e e. 
a i 

(21) 

In equation (21) the derivative and integral are determined numer- 

ically from an experimental curve of O versus z at a particu- 

lar value of time t. The determination of O = 0(z) depends 

upon an instantaneous gravimetric sampling of the soil column. 

The Bruce and Klute method does not involve the drastic 

assumption that K(0) and thus D(6) is constant over a small 

pressure increment as is the case in other transient methods. 

Although the method is seemingly valid over the entire water con- 

tent range, the numerical evaluation of the derivative and integral 

in equation (21) is difficult at low water contents since, by the na- 

ture of the flow system, the water content profile changes rapidly 

over a very small length of the column. 

e,, 

i a 
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The problems associated with the existing methods of deter- 

mining capillary conductivity and soil water diffusivity point out "the 

need for improved methods which entail less drastic assumptions 

and which are more amenable to numerical treatment. 
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The Flux Equation for Steady State Flow 

Under the assumption that a "Darcy type" equation is valid 

for is othermal, unsaturated, one -dimensional, incompres sible 

flow, the flux equation may be expressed as 

v = - K(6) 
ôcp 

19 

(22) 

where v is volume flux per unit cross - sectional area as a func- 

tion of the space coordinate z and time t, 6 is soil water 

content expressed on a volume fraction basis, K(8 ) is capillary 

conductivity as a function of water content and is total potential. 

For a condition of vanishing gravitational potential, that is, hori- 

zontal flow, 

v = - K(8)á . 
(23) 

When this condition is fulfilled, the continuity principle applied to 

one -dimensional flow, assuming the density of water to be constant, 

yields 

qa 



ae av 
at _8z 
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(24) 

Applying the steady state condition, ae/ at = o to (24), and 

substituting (23) into (24), yields 

az 
[K(0) á = o . (25) 

If the assumption is made that LP is a continuous strictly 

increasing function of e then 

where 

1(LP)8z ] = 0 

K1(Lp) = K[e(Lp)] 

(26) 

(27) 

Under this assumption a moisture diffusivity function can be 

defined as 

P(0) = K(e) d 

and the continuity principle yields 

az D(e)a e ] = 0 . 

(28) 

(29) 



For a soil slab of length L and constant cross -sectional 

area the following boundary problems will be considered: 

1. Kl()á ] =0; 

00) = 

kii(L) = q-)La 

< 
410' 
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0 <z<L, (30) 

2. 8 D(6)á0 ] = 0 ; 0 < z < L , 

0(0) = 00 

0(L) = 6L a 

0 < 00 

Employing the transformations 

and 

F(4J) = K1(s)ds 
0 

('0 
G(0) = D(s)ds 

6s 

(30a) 

(30b) 

(30c) 

(31) 

(31a) 

(3 lb) 

(31c) 

(3 2) 

(33) 

LP0, 

41L 

, 

('LP 

. 

J 



where Os is soil water content on a volume basis at saturation, 

the boundary problems (30) and (31) transform to 

and 

and 

d2F - 0 

2 dz 

LI-J0 

F(LIJ0) = J K1(s)ds, 
0 

L 
F(L) _ K1(s)ds 

d2G 
2 = 0, 

dz 

00 

G(00) = D(s)ds, 
0 

s 

0L 

G(0L) = D(s)ds . 

0 
s 

The solutions for (34) and (35) are 

22 

(34) 

(34a) 

(34b) 

(35) 

(35a) 

(35b) 

FNJL) - FP0) 
F - z + F(LIJ0) (36) 

G(0L) - G(00) 
G - z + G(00) . (37) 

s 

JO 



Desirable forms of the flux equation can be obtained by 

differentiating (36) and (37) with respect to z and transforming 

to the original dependent variables. Carrying out the required 

differentiation and substitution yields 

and 

v = - L 
\ K1(s)ds 

V = 
1 

L 

OL 

D(s)ds 
eo 

The Validity of the Moisture Gradient Form of 
Darcy's Law 

Darcy's law, in terms of a soil water diffusivity function 

and soil water content gradient, may be expressed as 

v = -D(0)0 

Using equation (37), the volume flux of water is given by 

dG(e) 
G(00) - G(8 L) 

- v - dz L 

23 

(38) 

(39) 

(40) 

(41) 

('L 

0 

- J . 
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and therefore (37) may be put in the form 

G(0) = -vz + G(00) . (42) 

If the functions D(0) and 0(z) are assumed to be con- 

tinuous and monotone, a unique inverse for G, say G- 1, exists 

(16). Operating on G by its inverse yields 

0(z) = G (-vz -1 
+ G(00)). (43) 

From a series of steady state flow experiments with different 

boundary values say, 0 1 and 0 1, 0 and 0 2, , 0 n and 0n 
0 L 0 L 0 L 

where OL < 00 , i = 1, 2, , n and 00 < 00 1, 0L< 0i-1 

i = 2, 3, 4, ' ' , n, a series of graphical representations of the 

function 0(z) and its inverse z(0) for the various boundary con- 

ditions can be obtained. If the function G(0) is redefined so that 

the lower limits of integration is 0 then, for the series of ex- 

periments, 0(z) is given by 

01(z) = G-1 (-v1z), 

02(z) = G-1(-v2z + G(0 )) , 

(44) 

0n(z) = G-1 (-vnz + G(01:1;1)) , 

; 
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where v, is the volume flux per unit cross - sectional area and 

6i() is the water content profile for the .th 
z set of boundary 

conditions. For the first set of boundary conditions a scale change 

is performed on the dependent variable of the inverse z1(0) of the 

function 01(z) to obtain the function y1(0) where y1 = -viz. 

It can be seen from (44) and (42) that 

where 6L < 9 < 6 

y 
1 

(0) = G(e) (45) 

For the second set of boundary conditions 

a scale magnification and origin translation are performed on the 

dependent variable of the inverse z2(0) of the function 02(z) 

to obtain the function y2(0) where y2 = -v2z + G(0 ) 

again evident from (44) and (42) that 

y2(0) = G(6) 

Continuing in this manner then, 

yi(0) = G(0) 

where 

It is 

(46) 

(47) 

i 

. 

. 

. 
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L = 1 , (48a) 

yi = -viz + G(Ai ); i = 1, 2, 3, ,n . (48b) 

If the assumptions of differentiability and monotonicity for 

D(6) and 0(z) and the moisture gradient form of Darcy's law 

are valid then, for each set of boundary conditions, the graphical 

representation of z(A) can, by a suitable scale change of the de- 

pendent variable, be mapped into the same function G(6). If 

this mapping cannot be accomplished then at least one of the assump- 

tions is not valid. Since the assumptions of continuity and differen- 

tiability are met by most physical processes, the major assumption 

is the applicability of Darcy's law. 

Methods for Determining Capillary Conductivity 
and Soil Water Diffusivity 

Two methods for determining capillary conductivity and 

soil water diffusivity from steady state, one -dimensional flow 

experiments are presented. 

The first method utilizes the flux equations (38) and (39). 

In equations (38) and (39) the volume flux per unit cross - sectional 

area may be regarded as a function of the upper limit of integration 



when the lower limit is a constant. Therefore 

and 

vPL) = - 
1 K1(s)ds 

"v0 

(L 
v(6L) = - 

L 
\ D(s)ds . 

6 
o 

Differentiating (49) and (50) with respect to LPL and AL re- 

spectively 

and 

dv4L) 
K1 (LIJL) _ -L d L 

D(OL) = -L 
dOL 

dv(OL) 
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(49) 

(50) 

(51) 

(52) 

obtain. From a series of steady state flow experiments with con- 

stant LP0 and thus constant 00 and outflow boundary conditions 

1 2 n 1 2 n 
of L , `L , 'L and thus 0L 

' 
0L , , 0L where 

(''PL 
J 

.. , 
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i i - 1 and 0 1 < 
L L 0 1 - 1 , i = 1, 2, 3, 4, n graphical 

L 

representations of v(41L) and v(OL) can be obtained. The 

functions K1(ti) and D(0) can be determined at a set of discreet 

values using equations (51) and (52). 

If t¡J0 and thus 00 cannot be held constant when 
11'L 

and thus 0L is varied, as is generally the case, then a further 

analysis is required. Let 
0 L 

0 
0 

e l and v. be the 
L i 

capillary potential and soil water content boundary conditions and 

the volume flux of water per unit cross - sectional area respectively 

for a series of n steady state experiments with < L0, 

0L < 00i for i = 1, 2, 3, , 

00 < 00 -1, 0L eL 1 for i =1,2, 3, 4, , n then; 

n and 
i i- 1 i i-1 0 < 0 ' `PL < LPL 

and 

1 

L 
(' 

L 
K1(s)ds; z = 1 , 

4'0 

i-1 (0 ); i = 2,3,°.. 

el 
vl(0L) = 

1 
i 

D(s)ds ; i = 1 , 

L o 

0 

i i-1 
v1(0L ) = vi(eL ) + vl (00 ); i = 2,3, . ,n . 

(53) 

(54) 

, 

L 

i i 

LPL 

, 

< 

v l (4_,) _ 

vl (LP 
L ) = 

i 

- 

- 

< 

, , , 

vi4L 



Employing equations (51) and (52), 

dv1PL) 
KlPL)= - L d 

and 

D(0 L) = - L d0 L 

L 

dvl(0L) 

obtain. 
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(55) 

(56) 

The second method of determining capillary conductivity 

and soil water diffusivity yields expressions which are identities. 

The derivation of the capillary conductivity function is as follows. 

Writing Darcy's law in the form 

Kl () dz 

and integrating with respect to z from 0 to L yields 

v f Kz -- f Ld 
J 1() J 

0 0 

Atli 

where 

- L ' 

(57) 

(58) 

(58a) 

(58b) 

L 
, 

`Po 

= 

v 

_ 
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41(L) = LPL , 
(58c) 

4i(0) = L.P0 
(58d) 

Substituting (49) in (58) and differentiating with respect to 1PL, 

assumed constant, yields, after rearrangement 

K1 (LPL) 
Lv Lv2 d 

= + 
ALP 

) 

L 

`Po 

(59) 

The soil water diffusivity function may be derived in a similar man- 

ner. Starting with Darcy's law in the form of 

v d6 
D(0) - - dz 

(60) 

and integrating with respect to z from 0 

d0 , 

0 

to L yields 

(61) v J D(6) 
0 

= 00 - 8L , (61a) 

= AO , (61b) 

where 

0(L) = 0L , (61c) 

0(0) = 00 . (61d) 

Substituting (50) into (61) and differentiating with respect to 9L, 

00 assumed constant, yields, after rearrangement 

0 ( 

('Ldz 
- - 



2 
Lv 

D(eL) - AO 4- AO de 
(oe 

L 
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(62) 

It is readily seen that relations (59) and (62) are satisfied identically 

if the indicated differentiations are performed. 

) 
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MATERIALS AND METHODS 

Experimental Equipment 

Soil Bulk Density and Water Content Determination by Gamma Ray 
Attenuation 

Experimental testing of the theory required a non- destructive 

method for the measurement of soil bulk density and soil water con- 

tent. A method, employed by Gurr (13), Ferguson and Gardner (8), 

Rawlins and Gardner (23) and Davidson et al. (7) utilizing the attenu- 

ation of gamma radiation meets the above requirement. This method 

was used for soil water and bulk density measurements in the study. 

The attenuation of monoenergetic gamma radiation for a fixed 

source - detector distance is described by 

I - Io e-µPx (62) 

where I0 is the radiation intensity with no interference, I is 

transmitted radiation intensity, µ the mass absorption coefficient 

(cm / 2 
gm) of the absorber for the quantum energy of the radiation, 

p the material density (gm /cm3) and x (cm) the thickness of 

the sample. Equation (62) is valid if all quanta recorded are of a 

single energy. This condition was met by completely absorbing by 

lead shielding, or rejecting by electrical circuitry, any radiation 

outside a given energy range; thus, only unscattered radiation 

which retained its initial energy was recorded. 
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The use of equation (62) for the determination of soil density 

and soil water content requires accurate values of the mass absorp- 

tion coefficients of these materials. In terms of these coefficients 

equation (62) may be rewritten as: 

-(µ p +µ 8)x 
I0 

s s w (63) 

where p 
s 

is soil bulk density (gm /cm3), e is water content 

(gm /cm3) , x is the thickness of soil sample and µ µ and 
s w 

are mass absorption coefficients of oven -dry soil and of water re- 

spectively. In practice, equation (63) must be written to include the 

absorption of gamma photons by the soil container walls; thus equa- 

tion (63), neglecting air, may be rewritten as: 

-(µp+µe)x -µ pc 
d 

s s c 
IM =IDe (64) 

where 
c 

µ is the mass absorption coefficient of the container walls, 

pc the density, IM is transmitted radiation through moist soil and 

dc the total thickness of the container walls in consistent units. The 

corresponding equation for a dry soil is 

ID=IDe - µsps x - d 
µcpc c 

where ID is transmitted radiation through dry soil. 

equation (64) by equation (65) yields 

-µ 6x 
IM/ID=e w 

(65) 

Division of 

(66) 

I 



and thus 

8 

ln(ID/ IM) 

x w 
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(67) 

It is apparent from equation (64) that changes in soil bulk density 

cause changes in the radiation intensity passing through the soil- 

water system. The use of a constant 
Ps 

in equation (64) implies 

that the soil particles do not rearrange during an experimental trial. 

Errors in the determination of soil bulk density and water 

content due to the random nature of radioactive particle emission 

may be evaluated by the probability law applicable to the emission of 

radioactive particles. In any time interval, the number of counts 

measured obeys a Poisson probability law. For this probability dis- 

tribution the standard deviation Cr equals the square root of the 

number of counts measured in the time interval At, therefore: 

o- = /VI (68) 

where I is the number of counts measured in the time interval 

At. From equation (65), for a dry soil, the error in soil bulk den- 

sity may be estimated by 

and therefore 

a ps a ps 

dps -HD dID + dIo Ho 

a ps a ps 

dps a ID 
dID + 

a I0 
°Io 

(69) 

(69a) 

IJ 

. 

- 

.. 



Substituting for the partial derivatives in (69a) 

AID AIO 

dps N.SxID + µsxI0 

35 

(70) 

obtains. Using ± 2o- as the maximum statistical error in the 

counting process, and equation (70), an upper bound may be deter- 

mined for errors in bulk density measurement; 

+ 

2 1 1 

psl max µsx (IID + ^/IO )' (71) 

By a similar argument an upper bound for the error in soil water 

content determination due to the random nature of the counting proc- 

ess may be defined by 

2 1 1 

1" I max 
< 

µwx ( VIM +71-) 

Gamma Ray Attenuation Equipment 

(7 2) 

The source of low energy gamma radiation employed was two 

hundred millicuries of Cs137 which, upon emission of a beta particle, 

becomes Ba137 which in turn emits a gamma ray. Because soil 

and water are poor absorbers of high energy gamma radiation, a 

low -energy source is desirable. Although Cs137 does not emit a 

strictly monoenergetic gamma ray, the greater part of the radiation 

has an energy of 0. 66 MEV, thus facilitating the use of equation (62). 

= 

w 
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A low -energy source is also desirable because it is easily collimated, 

detected efficiently, requires minimal shielding and allows the use of 

relatively small sample thickness. 

The gamma rays were monitored by a scintillation detector 

consisting of a sodium iodide thalium activated crystal one inch in 

diameter and one inch thick, a photomultiplier tube and a preampli- 

fier. A Packard, Model 410A, gamma spectrometer was employed 

for counting the radiation transmitted through the soil. This spec- 

trometer consists of a high voltage supply for the detector, a linear 

amplifier, pulse height analyzer for differential gamma radiation 

analyses and a scalar. A constant voltage transformer was employed 

in the power supply line to the spectrometer. The radiation analyzer 

was set to detect transmitted gamma radiation of 0. 66 ± 0. 15 MEV. 

The arrangement of the source and detector may be seen in 

Figure 1. The Cs137 source holder was made of lead bricks. An 

end view of the source holder and lead shielding is presented in Fig- 

ure 2. A lead plug, with a 2. 54 x 0. 10 cm. collimating slit, ma- 

chined on one end to accept the source capsule was placed inside a 

4. 44 cm. O. D. brass tube. A solid lead plug was placed behind the 

collimating plug. Both ends of the brass tube were closed with brass 

caps. The cap on the slit end of the source holder was provided with 

a slit of larger dimensions than the collimating slit in the lead plug. 

The brass tube was placed inside a centre lead brick of an 
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Figure 2. End view of gamma source container and lead shielding. 
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arrangement of lead bricks, shown in Figure 2, to form an overall 

lead shielding of 21. 59 x 21. 59 x 21. 59 cm. On the detector side of 

the apparatus a lead brick of 6. 34 x 21. 59 x 21. 59 cm. was fitted 

with a 6.34 cm. long lead plug having a 2.54 x 0. 10 cm. collimating 

slit. The detector assembly is shown in Figure 3. Both the source 

shielding and detector assembly were mounted on tables with ad- 

justed legs. The collimator slits were aligned with a transit and, 

after alignment , the source was placed in the source holder and the 

lead shielding was placed behind the source in the brass tube. The 

tables were sufficiently stable so that the collimating slits were per- 

manently aligned once final adjustments were made. The table sup- 

porting the source shielding was covered with a plastic box, and 

a fan and absolute filter were mounted on the table so that, in case 

of source rupture, radioactive particles could be collected in the 

absolute filter. 

A three -foot metal lathe bed, shown in Figure 4, was used to 

support the soil container as it was moved back and forth past the 

collimated gamma ray beam. Two brass ways were mounted on the 

lathe tracks and a steel plate was bolted to the ways forming a plat- 

form to support the soil container. A bolt was threaded through a 

nut underneath one of the brass ways allowing the soil container to 

be easily moved and positioned in the gamma ray beam. The bolt 

assembly can be seen in Figure 5. A meter stick fastened to the 



Figure 4. Front view of attenuation equipment showing the modified lathe bed employed as a 
sample support. 
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Figure 5. Photograph of attenuation equipment showing, in the 
center foreground, the bolt assembly used to develop 
horizontal movement of the soil sample 
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lathe bed and pointer fastened to the steel plate located any hori- 

zontal position of the soil container. This positioning device may 

be seen in Figure 4. 

Construction of Soil Sample Container 

The soil container was made of high grade, pre- shrunk 

plastic with inside dimensions of 5. 08 cm high, 11. 43 cm wide and 

20. 40 cm long. An exploded view of the soil container is shown in 

Figure 6. All dimensions were controlled by milling the plastic to 

a tolerance of ± O. 005 cm. The soil container was assembled with 

machine screws to maintain constant soil sample thickness. Holes, 

1/16 inch in diameter, were drilled on a grid pattern on the top sur- 

face of the container to allow air to enter the soil. 

Figure 7 shows a cross - section through the end plates em- 

ployed for the application of water to and removal of water from the 

soil. The porous plates in the end plates were constructed from 15 

cm diameter by 2 cm thick, medium porosity, pyrex glass fritted 

discs. The appropriate dimensions were obtained with the aid of 

a diamond saw and very fine emery paper. The porous plates were 

cemented to the plastic end plate with an epoxy cement. Two taps 

were provided to the water chamber behind the porous plates so that 

air could be bled from the system. 



F-16 
035 -I O. /5 

WATER CHAMBER 

i 

/.8 035 

l 

Q.IS AIR 
OUTLET P 

3.8/ 
I 

._* 

222 

MANOMETER TAP 

O23- TENSIOMETER 

.01.1.' 0.3/ -048 
,+ .0 - 0.4 8 i 

611111 

7.4;0-- POUROUS PLATE ,: 
WATER CHAMBER 1 

IMMINED 

vr4 

127 

Figure 7. Cross- section through porous end plate and tensiometer. 

e- 0.2 

-44 

. 



46 

Figure 8. End view of soil sample in position between the gamma 
source and detector during test. 
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Two tensiometers, for the measurement of capillary potential 

or soil water tension at two positions in the soil, were installed on 

the soil side of the top of the soil container. 

The tensiometers were constructed of O. 46 cm wide by O. 20 

cm thick porous material identical to the material employed in the 

construction of the porous end plates. A cross - section through a 

tensiometer is shown in Figure 7, indicating the water chamber and 

manometer tap of the tensiometer. The tensiometers were located 

1.6 cm from either end of the soil sample, were extended across 

the entire width of the soil container and were provided with addi- 

tional taps so that air could be bled from the water chambers. An 

end view of the soil container in position during the test is shown in 

Figure 8. 

Water Supply and Control of Boundary Potentials 

A schematic diagram of the constant head water supply, con- 

stant head outflow and tensiometer manometer tubes is presented in 

Figure 9. The tension at the inflow face of the inflow porous plate 

was controlled by the location of the atmospheric pressure level in 

the 1000 cc and 50 cc graduated cylinders with valves F and G 

closed. The water supply was taken from either the 1000 cc cylinder 

or the 50 cc cylinder depending upon the position of stop -cock H. The 

large cylinder was employed as a general water supply whereas the small 
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cylinder was refilled, after a flux measurement, from the water 

reservoir by opening stopcock J, clamping off the atmospheric 

pressure tap, opening valve F and applying a slight suction where 

indicated. When the cylinder was refilled stop -cock J was closed 

and the atmospheric pressure level adjusted by releasing the clamp 

on the atmospheric pressure level control and reducing the pressure 

above the water in the small cylinder. Valve F was closed upon 

establishment of the atmospheric pressure level in the cylinder. The 

1000 cc cylinder was refilled from the top during the time the 50 cc 

cylinder was employed as a water supply. The atmospheric pressure 

level in the 1000 cc cylinder was established in a similar manner as 

described for the 50 cc cylinder using valve G. The tension at the 

outflow face of the outflow porous plate was controlled by the length 

of water column connected to the outflow plate. All distilled water 

used for the experiment was boiled and placed under vacuum to re- 

move as much dissolved air as possible. Copper sulphate was added 

to the water in the ratio of 1:1000 by weight to prevent bacterial growth. 

Figure 10 shows a photograph of the constant head water supply. 

Experimental Procedures 

Attenuation Equipment Reliability 

In order to check the operation of the electronic components 



50 

Figure 10. Photograph of constant head water supply. 
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of the attenuation equipment, the mass absorption coefficient of 

plastic was determined. This determination was made by placing 

different thicknesses of plastic between the source and detector and 

measuring the intensity for three one minute intervals. As pre- 

dicted by equation (62) a plot of ln I/ ID versus thickness of plastic 

yields a straight line. The mass absorption coefficient determined 

for plastic of density 1. 16 gm /cc is 0. 0810 cm2/ gm. This figure 

agrees with the value of 0. 0812 cm2/ gm. given by Davidson et al. 

(7). The plot of In I /IO versus thickness for plastic is given in 

Figure 1 of the Appendix. Several thicknesses of plastic were used 

so that the range of counting rates over which the apparatus operated 

during tests on soil samples was adequately sampled. A continual 

check on the electronic components was made using a standard lead 

absorber. 

Inflow and Outflow Plate Impedance 

The impedance to flow of the inflow and outflow plates was 

determined both before and after the experimental trials so that 

head loss across the inflow and outflow porous plates could be cal- 

culated for each steady state flow rate. A falling head device was 

used to determine the plate impedances. The equation employed 

was of the form; 



ln (h0/ h) aZ 

t-t0 
52 

(73) 

where h0 is the head in cm on the porous plate at time to, h 

is the head in cm on the porous plate at some later time t, a is 

the area in cm2 of the water container supplying the head and Z is 

the plate impedance in min /cm2. The derivation of equation (73) is 

given in the Appendix and plots of ln h0 /h versus (t - t0) for both 

porous plates are presented in Figure 2 of the Appendix. The values 

of the impedances before and after the experimental trials were equal. 

The values of impedance for the inflow and outflow plates were 0. 6601 

min/ cm2 and 0.4323 min /cm2 respectively. The head loss across 

either porous plate for any desired flow rate was determined from 

the relation 

Ah = Zq (74) 

where Oh is the head loss in cm across the porous plate, Z 

is the impedance of the plate (in min cm2) and q is the flow 

rate in cm3/ sec. 

Preparation and Uniformity Evaluation of the Soil Sample 

The soil used for this study was a surface sample of a soil 

classified as Ephrata loamy sand. A mechanical analysis of this 

= 
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soil is presented in Table 1 of the Appendix. Before the soil con- 

tainer was filled the soil was prepared by passing it through a 1 mm 

seive, mixing it thoroughly, treating it with a one percent by weight 

solution of a soil conditioner to stabilize the clay fraction, oven dry- 

ing and again seiving and mixing it. The soil was packed in the soil 

container using soil packing equipment shown in Figure 11. The soil 

packing equipment consisted of a vibration member to which the soil 

container was strapped and a funnel which when full of soil was 

raised in the soil container at constant velocity. A close -up view 

of the funnel in the soil container at the start of the packing opera- 

tion is shown in Figure 12. A rear view of the vibrating member 

with vibrator attached is given in Figure 13. The vibrating member 

consisted of a 1/2 inch thick section of aluminum which rested on a 

rubber stopper and was contained in an angle iron frame by spacer 

bolts. With the soil -filled funnel in place, the packing operation was 

initiated by starting the vibrator and funnel raising mechanism simul- 

taneously. The soil first placed in the funnel was replaced by gradu- 

ally allowing soil to discharge from the bottom while continuing to 

add soil at the top so that separation of soil particles under gravi- 

tational action was eliminated. One inch extensions of the same in- 

side dimensions as the soil container were screwed on both ends of 

the container. The soil container was then placed over the bottom 

end of the funnel and then both were carefully inverted. The 
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Figure 11. Front view of soil packing equipment. 
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Figure 12. Close up view of soil packer funnel and soil container 
at the start of the packing operation. 
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Figure 13. Side view of soil packer showing the vibrator and 
vibrating membrane. 
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container was then strapped to the vibrating member, the funnel 

raising mechanism and the packing operation commenced. After 

packing, the container extensions were removed, excess soil was 

carefully removed and the porous end plates were attached to the 

container with machine screws. 

The uniformity of the packing was checked using the attenua- 

tion equipment. Equation (65) was used to determine the product 

µs ps 
since at this stage the mass absorption coefficient was un- 

known. One -half hour counting times were used for the determina- 

tion of the product µ 
s 

p 
s 

at positions on the soil sample which 

would be required for water content determinations. Differences in 

the product 
s P were due to random errors in counting and real 

differences in soil density along the soil sample. Several soil sam- 

pies were packed and counting observations made until a sample was 

obtained for which differences in the product 
µ s P along the soil 

sample were within the random error interval as defined by equation 

(71). The mass absorption coefficient for the soil was determined by 

using the gross soil bulk density and calculating [is for each posi- 

tion of count rate determination. A mean value of 
µs 

used to determine soil bulk densities along the column. A value of 

O. 0755 for µ 
s 

agrees favorably with the value of O. 0769 deter- 

was then 

mined by Davidson et al. (7). Values of 
Ps 

along the sample are 

given in Table 2 of the Appendix. Counting rates obtained on the dry soil 
- - 
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were in the order of magnitude of 4 x 106 for half hour counting 

times. The statistical error determined by equation (71) associated 

with the soil bulk density values is ± 0. 003 gm/ cm3 . 

Saturation of the Soil Sample and Establishment of Flow 

After an acceptable sample had been packed in the soil con- 

tainer, the sample was saturated under vacuum to eliminate entrap- 

ped air. A photograph of the sample in the vacuum chamber during 

saturation is presented in Figure 14. The apparatus was so designed 

that all inlet, outlet and manometer taps were filled with water dur- 

ing the time of sample saturation. A positive head of approximately 

six cm of water was used during saturation. 

Upon saturation the vacuum was slowly released, all inlet, 

outlet and manometer connections clamped and the sample transfer- 

red to the sample support between the gamma source and detector. 

With reference to Figure 9, clamps A, B, C, D and E were closed 

at this stage. Continuous water column connections were made at 

the inflow and outflow plates by opening clamps A and C, applying 

a small positive head, and flushing out all air bubbles. Air bubbles 

were removed from the manometer connections by using the air re- 

moval taps of the tensiometers. Flow through the soil sample was 

initiated by adjusting the inflow and outflow atmospheric pressure 

levels to the desired elevation with reference to the horizontal centre 
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line of the sample and opening clamps A and B. The tensiometers 

were also activated at this time by opening clamps E. The tensions 

at the horizontal centre line inflow face of the inflow plate and out- 

flow face of the outflow plate were then equal to the elevation differ- 

ences between the atmospheric pressure levels of the constant head 

water supply and outflow tension control tube and the same horizon- 

tal centre line respectively. The tension at the inflow face of the 

inflow plate was set at 5. 56 cm for all trials and the tension at the 

outflow face of the outflow plate was set at values of 7.59, 11.60, 

14.67, 21.67, 29.33, 40.65, 49. 26, 59.10, 69. 10, 80.01, 90.16 

cm for the series of steady state flow experiments. 

Measurement of Water Flux 

For each setting of boundary tensions, measurements of in- 

flow and outflow flux were made until a steady state was obtained. 

A steady state was defined as occurring when the inflow and outflow 

flow rates were equal. Inflow flux was determined with the aid of 

the 50 cc graduated cylinder of Figure 9 as previously described. 

The outflow flux was determined by collecting the outflow in 50 ml 

volumetric flasks over approximately the same period of time as the 

inflow was measured and weighing, on an analytical balance, the vol- 

ume of water collected. Weight measurements of outflow were then 

transformed to a volumetric basis. During the approach to and 
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duration of a steady state situation, the tensiometer manometers 

were read as an additional check for the steady state requirement. 

Measurement of Soil Water Content 

The mass absorption coefficient for water µ was deter- 

mined using a lucite container with an inside width of 11 cm. Count- 

ing observations were made on the container when empty and when 

filled with water. For counting time intervals of one -half hour, and 

for a water density of 0.99779 gm /cm3, a mean value of 0. 0821 

cm2/ gm was obtained for µ This value agrees favorably with 

the value 0. 08150 quoted by Davidson et al. (7). 

Upon the attainment of a steady state flow condition, water 

content profiles were obtained by counting transmitted radiation and 

employing equation (66). A one -half hour counting time was used for 

count rate determinations at the same positions along the soil sample 

as soil density determinations were made. Counting rates obtained 

on the wet soil were in the order of magnitude of 3. 5 x 105 for half 

hour counting times. At several times during the counting operation 

measurements of outflow flux were made as a check on the steady 

state condition. Count rates for the standard lead absorber were 

also made at several times during this period as a check on the elec- 

trical circuitry. Standard counts obtained did not differ from the 

original standard count by more than three standard deviations 

. 
w 
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during the time of the experimental trials. The maximum statistical 

errors associated with the measurement of water content are 

t0. 004 cm3/cm3 . 

The relationship between soil water content and tension was 

determined, for the Ephrata soil, so that a check of experimental 

results could be obtained. A 5 cm long by 11.4 cm wide by 5. 08 

cm high container of construction similar to the one employed for 

the steady state flow experiments was packed with oven dry soil to 

within 0. 003 gm/ cm3 of the bulk density of the experimental soil 

sample. 

A porous plate was attached to one end and a lucite plate on 

the other. Holes provided in the lucite end plate for air entry were 

covered with cellophane tape. Using the mass absorption coefficient 

for soil, previously determined on the experimental soil sample, 

counting observations were made to determine the uniformity of 

packing. 

Bulk density values determined are presented in Table 3 of 

the Appendix and it is readily seen that uniformity of packing is as 

good as that obtained in the flow experiment soil sample. 

After packing, the cellophane tape covering the air entry 

holes was removed and the sample was saturated under vacuum. A 

length of tygon tubing connected to a 10 cc burette was filled with 

water and attached to the porous plate so that the tubing and burette 
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formed a U -tube water column connected to the porous plate end of 

the soil sample container. The burette elevation was adjusted so 

that the water level in the burette was at the same elevation as the 

surface of the soil next to the lucite end plate. The water surface 

elevation in the burette was recorded and then the burette was 

lowered placing a tension on the soil water equal to the distance be- 

tween the burette water level and the top of the soil sample, causing 

water to move out of the soil sample and thus raising the water level 

in the burette. Upon attainment of equilibrium, as determined by a 

stationary burette water level, the volume of water removed from 

the sample at the final tension was determined by subtracting the 

final burette reading from the initial. Continuing in this manner, 

volumes of water removed at increasing tensions were determined. 

At the final tension setting the lucite end plate was removed from 

the top of the sample, a sample of moist soil was removed from the 

container and the water content was determined gravimetrically. 

This final water content on an oven dry basis was converted to a 

volume fraction basis. Water contents on a volume fraction basis 

at the equilibrium tension values were determined using the outflow 

data. The soil water -capillary potential relationship obtained in the 

above manner is presented in Figure 3 of the Appendix. 

All experimental work was carried out at a temperature of 

20 ± 0. 5 °C. 
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Computational Procedures 

For each steady state condition, capillary potentials at the 

inflow and outflow ends of the soil sample were determined by adding 

to the inflow and outflow potentials, respectively, the potential dif- 

ferences across each plate as calculated from equation (74). 

Flux values, for the complete series of boundary potentials, 

were transformed to flux values corresponding to the inflow boundary 

potential of the first steady state condition with the aid of equation 

(53). In order to apply equation (53) the assumption was made that 

K1 (q) is constant for LpL < L < L where the superscript 1 re- 

fers to the boundary potentials for the first steady state condition. 

This assumption is justifiable for close to 
1 and for 

water contents close to saturation. 

Derivatives required for the determination of K1(4) by 

equations (55) and (59) were determined from plots of flux, trans- 

formed as described above, versus outflow potential by using a half - 

silvered mirror to draw perpendiculars to the curve at desired 

points. The required derivatives were then evaluated from the 

slopes of these perpendiculars. Greatly expanded ordinate and 

abscissa scales were employed. The capillary conductivity func- 

tion, K(6) was determined by the dependent variable transforma- 

tion defined by the water content -capillary potential relationship. 
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The flux versus outflow boundary water content relationship 

was determined by plotting flux against water content corresponding 

to outflow potentials as determined by the soil water content- capil- 

lary potential relationship. The derivatives required in equations 

(56) and (62) for the determination of soil water diffusivity D(9), 

were evaluated by the procedure described for the determination of 

KINJ) 
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RESULTS AND DISCUSSION 

The water content profiles obtained are presented in Figure 

15 and the function G(0) determined by equations (47) and (48) is 

given in Figure 16. Since the difference in water content at the in- 

flow cross - section of the sample cannot be delineated by the water 

content measurements, the assumption was made that G(0 ) was 

zero for all steady state conditions in determining G(0). Some 

variability due to the statistical nature of the counting process and 

variability in soil bulk density is shown in Figure 15. However, the 

results indicate that a flux equation in the form of equation (40) is a 

valid expression for the propagation of water in soil of the type em- 

ployed in the low capillary potential region when inertial effects are 

absent. The utilization of this technique requires a fairly large 

change in the soil water diffusivity function between the boundary 

water contents employed. This condition would not be met near 

saturation in fine textured clay loam and clay soils. The technique 

could possibly be applied in the higher soil water tension range if 

the complete apparatus was contained in a pressure cell. 

Figure 17 shows the relationships obtained between water 

contents corresponding to tensiometer readings and those deter- 

mined by the attenuation method. The results are all such that cre- 

dence may be placed in the method of determining capillary potentials 

at the inflow and outflow sections of the soil sample. 

Figures 18 and 19 show the relationships obtained between 
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water flux and outflow capillary potential and soil water content 

respectively. 

Capillary conductivity functions, determined by equations (55) 

and (59) and the soil water content - capillary potential relationships, 

are shown in Figure 20 and Figure 21 respectively. Both methods of 

determination yield quite comparable results. These methods have 

an advantage over the normal steady state approach previously de- 

scribed in that the values of capillary conductivity obtained are not 

mean integrated values for the potential differences employed but 

values at definite water contents. 

Soil water diffusivity functions as determined by equations 

(56) and (62) and the soil water content -capillary potential relation- 

ships are presented in Figure 22 and Figure 23. Both methods yield 

comparable results and have the same advantage over the normal 

steady state method of soil water diffusivity determination as the 

methods for capillary conductivity determination exhibit. 

The proposed methods of determining capillary conductivity 

and soil water diffusivity present an opportunity for the evaluation of the 

existing steady state method employed for their determination (24). 

With little additional laboratory work, present procedures can be easily 

modified to obtain the necessary derivatives required in equations (55), 

(56), (59) and (62). With these derivatives mean integrated values of 

K(0) and D(0), as determined from equation (17), canbe compared 

with values determined by the proposed procedure so that a comparison 

can be made to determine if the additional work involved is warranted. 
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Figure 20. Capillary Conductivity, as a function of water content, 
determined by equation (55) and the soil water content- 
capillary potential relationship. 
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SUMMARY AND CONCLUSIONS 

The validity of the water content gradient form of Darcy's law 

as a mathematical model for the movement of water in soil has been 

questioned by several individuals (21,22 , 29, 32). An analytical and 

experimental technique was devised to investigate the validity of this 

form of Darcy's law. The method involves the non -destructive meas- 

urement of steady state water content profiles in horizontal soil sam- 

ples and the analytical treatment of the profiles obtained in such a 

manner so as to investigate the uniqueness of the soil water diffusivity 

function. Experimental results obtained for a relatively coarse tex- 

tured soil confirm the validity of the water content gradient form of 

Darcy's law for a coarse textured soil near saturation. 

Two methods of determining capillary conductivity and soil 

water diffisuvity were developed and tested on a coarse textured soil 

in the region near saturation. Both methods have a distinct advan- 

tage over the existing steady state method (23) in that capillary con- 

ductivities and soil water diffusivities are determined at particular 

values of water content in contrast to the mean integrated values 

over a finite water content increment determined by other procedures. 

Both methods are readily applied to steady state flux data and require 

little additional laboratory work over that required by the steady 

state method in common use. 
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Table 1. Mechanical analysis of surface sample of Ephrata loamy 
sand. 

Sand Silt Clay 

84. 13 11.06 4.81 

Table 2. Soil bulk density values along soil sample as determined 
by gamma ray attenuation. 

Distance from Bulk Density 
Inflow Section 

cm 

0. 00- 0. 10 
1.00- 1. 10 
1.55- 1.65 
3. 00- 3. 10 
6. 00- 6. 10 
9. 00- 9.10 

12. 00 -12. 10 
15.00 -15. 10 
17.00 -17.10 
18.75-18.85 
20. 00 -20. 10 
20. 10 -20. 20 
20. 20 -20. 30 
20.33-20.43 

gmi cm3 

1.616 
1. 621 
1. 620 
1. 615 
1. 616 
1. 623 
1. 620 
1. 619 
1. 619 
1.614 
1.616 
1. 622 
1.620 
1.621 

% % % 
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Table 3. Soil bulk density values along soil sample employed for 
soil water content -capillary potential relationship deter- 
mination. 

Position Bulk Density 

cm gm/ c m3 

0. 00 -0. 10 1. 620 
1.00 -1. 10 1.614 
2. 00 -2. 10 1.621 
3. 00 -3. 10 1.619 
4. 00 -4. 10 1.618 
4. 90 -5.00 1.616 
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Analysis of Porous Plate Impedance to Water Flow 

The flux equation for water flow through a porous plate may 

be written as 

dQ h 
dt = z - 

where Q (cm3) is the volume flow of water through the porous 

plate from time 0 to time t (min), h (cm) is the head of 

(1) 

water on the porous plate measured from the constant outflow head, 

and z (min cm2) is the impedance to flow. Another expression 

involving Q that may be applied is ; 

dQ = - a dh 

where a is the cross -sectional area of the container supplying 

the inflow head. Substituting (2) into (1) yields 

dh h 
dt az 

Equation (3) may be integrated for the initial condition 

to yield 

(2) 

(3) 

h = h0 at t = 0 (4) 



ln(-) h0 
= - t 

. 
h az 
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(5) 

The porous plate impedance to flow may then be evaluated by evalu- 
h 

0 
ating the slope of an experimentally developed plot of In (h) versus 

t. The potential loss across the porous plate may be evaluated for 

any desired flow rate by employing equation (1). 


