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A configuration- interaction determination of wave 

functions has been made for the 2S and 2P states of lith- 

ium, and for the 1S and 3S states of the lithium ion. 

Two ls, one 2s, one 3s, and two 2p functions served as 

starting functions for all four states. Results of the 

total energy calculations (and percent error) were as 

follows: 

Li atom, 2S (19 configurations) -7.467 315 a.u. (0.15°4) 

Li atom, 2P (22 configurations) -7.395 851 a.u. (0.20%) 

Li+ ion, 1S (13 configurations) -7.265 950 a.u. (0.2004) 

Li+ ion, 3S ( 7 configurations) -5.040 783 a.u. (1.38%) 

The calculated ionization energy, 0.201 365 a.u., is 

1.6204 high. The 2P calculation is believed to be the 

first configuration- interaction treatment of this state, 

and the resulting energy is the most accurate yet 

achieved. (The energies of the other states have previ- 

ously been computed to a high accuracy, but only with 

- 

- 



considerably longer expansions.) The larger error of the 

3S calculation is probably due to the inadequacy of the 

description with only seven configurations available. 

Energies of four excited states of the same symme- 

tries as the ones above are also presented for the first 

time; their accuracy, however, is somewhat poorer. 

Methods are discussed for obtaining a good represen- 

tation of an atomic wave function with as few configura- 

tions as possible. Suggestions are made for testing the 

accuracy of the wave functions in describing other atomic 

properties. 

All the calculations were done on a desk calculator, 

with the exception of the matrix eigenvalue problem which 

was run on an IBM 709 using a standard routine. Thus 

this work demonstrates the feasibility of configuration 

interaction calculations for light atoms by investigators 

with limited computer facilities. 
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A CONFIGURATION - INTERACTION CALCULATION 
OF WAVE FUNCTIONS FOR 

CERTAIN STATES OF LITHIUM 

I. INTRODUCTION 

Immediately following its introduction in 1926, the 

Schrödinger equation was applied to the problem of struc- 

ture of the hydrogen atom. The resulting theory was so 

successful that physicists of that era felt confident that 

its extension to explain more complicated structures would 

be equally successful. Although difficulties similar to 

those occurring in the classical many -body problem were 

encountered, so that the resulting equations could not be 

solved exactly, the use of approximation methods has re- 

sulted in theories which seem to fulfill the hopes of the 

earlier workers. 

The most powerful method yet devised for treatment of 

atoms with atomic number Z > 2 is that known as "configu- 

ration interaction ", similar to the procedure used by S. F. 

Boys in his 1950 study of beryllium (2, p. 125 -137). 

Briefly, the method involves approximating the atomic wave 

function by a finite series of terms, or "configurations "; 

each configuration is a suitably chosen Slater determinant 

of single- electron wave functions (orbitals). The coeffi- 

cients of the terms are chosen so as to minimize the total 

energy of the atom. By taking enough terms one can 
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approximate the total energy (and, presumably, the wave 

function) as closely as desired; however, the process con- 

verges rather slowly, and the problem reduces to one of 

finding the best set of configurations which will produce 

a given accuracy. 

This paper presents a configuration- interaction rep- 

resentation of the wave functions for the 1S and 3S 

states of the Li+ ion, for the 2S ground state of the neu- 

tral atom, and for the 2P first excited state of the atom. 

The procedure is suitable for use by those with limited 

computer facilities; most of the calculations were done on 

a desk calculator. The final portion of the computation 

involved a matrix eigenvalue problem, for which standard 

digital computer programs are available. 

The present work is the first configuration- inter- 

action treatment of the 2P excited state, and the result- 

ing energy value is the best yet achieved. Also presented 

for the first time are some energies of excited S- states 

of the atom and ion. 

An extensive and accurate treatment of simple atomic 

systems, including the above two states of Li+ and the 

ground state of Li, has recently been reported by Weiss 

(50, p. 1826- 1836.) This approach involves extensive use 

of a large digital computer; the resulting expansions are 

quite long- -e.g., 45 terms for Li. Further comparisons 
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will be made between the configuration- interaction treat- 

ment of Weiss, and that of this paper. 

Immediate by- products of the present calculations are 

the ionization energy of lithium, and the excitation ener- 

gy of the first excited state. Other applications and 

tests for the final wave function will be suggested. 

Finally, although the present calculation is believed 

to be a reasonable compromise of accuracy and labor, it 

does not necessarily constitute the most "efficient" re- 

presentation. Suggestions are made for a slightly differ- 

ent formulation which might achieve comparable results 

with less work. 
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II. PRELIMINARY THEORY AND HISTORICAL BACKGROUND 

In the approximation used in this paper, the N- 

electron time -independent Schrödinger equation is written 

in the form 

i=1 
-2 0 2- Ze2 1 / e2 4J 2m i ri 2 r. l J/i 1J - 

= E i, (1) 

where Z = nuclear charge (not necessarily the same as N); 

e is the electronic charge; m is the mass of an electron; 

Di refers to differentiation with respect to the coordi- 

nates of the ith electron; ri is the magnitude of the 

radius vector drawn from the nucleus to the ith electron; 

rid = Ir. - r;1; and E is the total energy of the elec- 
i_j 

of the atom, i.e., the energy needed to remove all 

the electrons from the nucleus. It is seen that Eq. (1) 

is non -relativistic, and that all magnetic interactions 

have been neglected. 

Were it not for the electronic interaction terms, 

e2 /rid, Eq. (1) would be separable; indeed, it would 

reduce to N hydrogen -like equations. The occurrence of 

such terms, however, destroys the central -field charac- 

teristics of the system and thus greatly increases the 

complexity of the problem. 

N 

trons 
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It is the custom in atomic structure calculations to 

use some form of "atomic units" (a.u.). The units used in 

this paper are those of Hartree (24, p. 5), in which the 

unit of length is the radius of the lowest Bohr orbit for 

hydrogen, ro = fi2 /mee; the unit of charge is the elec- 

tronic charge e; and the unit of mass is the rest mass of 

the electron, mo. In this system the unit of energy is 

found to be 27.210 electron volts, or twice the ionization 

potential of the hydrogen atom in the ground state. Actu- 

ally, one should use the reduced mass of the electron - 

nucleus system rather than mo as the unit of mass; if this 

is done, there results a slightly different unit of energy 

for each nucleus. Note also that Slater (46, vol. 1, p. 

167 -168) and many experimenters use as the unit of energy 

the Rydberg. which is half as large as Hartree's energy 

unit. 

Atomic units have the advantage that numerical re- 

sults expressed in terms of such units are insensitive to 

changes in the various physical constants. In addition. 

the many -electron Schródinger equation is slightly simpli- 

fied to the form 

2+ - = 0 . (2) 
i ri 2 / ri 

i=1 

Before proceeding to describe in detail Boys' method 

of configuration interaction. it will be useful to give a 

+ E 

J 
1 

j/i 

'- 

N N 

` 
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brief survey of other methods of attack on the many - 

electron problem, particularly as they have been applied 

to the lithium calculation. These methods include (A) 

perturbation theory; (B) the self- consistent field or Har- 

tree -Fock method; and (C) other variational techniques. 

A. Perturbation Methods. 

This approach is most useful when the Hamiltonian of 

the system, H, can be conveniently split into two parts: 

Ho, for which eigenfunctions can be found; and the pertur- 

bation H', which may be complicated but whose effects are 

ordinarily small. Unfortunately in the many- electron case 

the perturbation term, involving the sum of electronic in- 

teractions 1 /rid, is not small compared to the nuclear at- 

traction of the electrons. This difficulty may be circum- 

vented by introduction of a term representing the average 

effect of the electrons on one another; see, for example, 

Mott and Sneddon (38, p. 145 -155) or Pauling and Wilson 

(39, p. 230 -246). To the writer's knowledge this method 

has not been used in finding the wave functions for lith- 

ium. 

Kessler (33, p. 350 -352) has given a second -order 

perturbation treatment of lithium, using for H' the direct 

electronic interaction terms E(1 /rid). His result for the 

total energy differed from the experimental value of 
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-7.4785 a.u. by about one -half percent, which is better 

than can be claimed by the Hartree -Fock or standard vari- 

ational methods. 

B. Self- consistent Field (SCF) Method. 

This procedure, as developed by D. R. Hartree and 

V. F. Fock, has been applied to many atoms. Hartree as- 

sumed that each electron in an atom satisfies a Schrö- 

dinger equation, 

[7.2 + 2(E. - V.) }J 
i 

= 0 . (3) 
i 

The potential energy Vi is due partly to the nuclear field 

and partly to an average interaction with the other elec- 

trons: 

N 

Vi = V(ri) = - + r (rj)2 dtij . (4) 
i ji 1J 

For the N- electron problem Eqs. (3) and (4) constitute a 

set of N integro- differential equations, which may be 

solved numerically by successive approximation methods; 

the "self- consistency" comes from adjusting V and IJJ alter- 

nately until both converge to the desired accuracy. 

The SCF wave functions can be obtained from a varia- 

tional principle. One assumes the wave function can be 

written as a simple product of one -electron functions: 

= ua(1) ub(2) ... un(N), (5) 

Z 
r. r 
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where the numbers in parentheses refer to the coordinates 

of each of the N electrons, It can be shown (39, p. 252- 

254) that by forming the total energy E = SIIJ*H1JciTM*IJciT 

and then subjecting this to a variation, sE = 0, the wave 

function given by Eq. (5) leads to the SCF relations (3) 

and (4). 

The wave function (5) is not very satisfactory be- 

cause it does not have exchange symmetry. Fock remedied 

this defect by expressing the wave function as a "Slater 

Determinant" of one -electron wave functions. In addition 

to making the total wave function antisymmetric as re- 

quired by the Pauli exclusion principle, this formulation 

also recognizes the essential indistinguishability of the 

electrons. A Slater determinant type of wave function has 

the form 

ua(1) ub(1) . . . un(1) 

ua(2) ub(2) . . . un(2) 

(6) 

ua(N) ub(N) . . . un(N) 

Applying the variational principle to the energy calcula- 

ted from this wave function also results in a set of 

integro- differential equations, known as the Hartree -Fock 

equations (38, p. 135 -138). They give much better results 

than do Eqs. (3) and (4), but they are a good deal more 

111 
1 

VN: - 



9 

complicated to solve. 

Applications of these methods to lithium include an 

early work by Hargreaves (23), which used the Hartree ap- 

proach but did not achieve a very accurate result; and a 

paper by Fock and Petrashen (19), who calculated wave 

functions but did not report a total energy value. 

A modification of the Hartree -Fock procedure, which 

avoids the numerical integrations inherent in that method, 

has recently been worked out and is called the "analytical 

self- consistent field" approach (40 and 41). It bears 

some relation to the configuration- interaction method in 

that the single -electron wave functions are expressed as a 

series of functions of the form rnexp( -ar) with undeter- 

mined coefficients; the coefficients, as well as the vari- 

ous a's, are variationally determined so as to minimize 

the total energy. In this way Roothaan, Sachs, and Weiss 

(42) have obtained SCF functions for Li which agree very 

well with those of Fock and Petrashen. However, the 

Hartree -Fock formulation 'still represents the electronic 

wave functions of an atom by a single configuration, 

(1s)22s in the case of lithium. The central -field aver- 

aging process inherent in this method cannot adequately 

describe the mutual interactions between electrons; this 

is the deficiency which can be accounted for by the con- 

figuration- interaction technique which is described later 



10 

in this paper. 

C. Other Variational Techniques. 

Because of their relative simplicity, some of these 

methods have been very popular in atomic structure calcu- 

lations. The usual procedure is to represent atomic or- 

bitals by linear combinations of functions of the form 

(7) 

where S,m is a spherical (surface) harmonic, X(s) is the 

spin function, and N is a normalizing constant. Electrons 

in different shells will have different values of n and of 

a. The total wave function is a properly antisymmetrized 

product (Slater determinant) of these functions. If q) is 

the normalized total wave function, the total energy is 

computed from E = [ *HcD dti, and this is then minimized 

with respect to each of the parameters a. 

As applied to the (1s)22s ground state of lithium, 

the atomic orbitals have the form 

ls: u, = Nile -arX(s) 

2s: u2 = N2(re-13r - Ae-ar)X(s) . 

The Ae -ar term is included to make u2 orthogonal to ui; N, 

and N2 are the normalizing constants. Calculations of 

lithium using this or a similar formulation have been made 

by Eckart (18); Guillemin and Zener (22); Slater (45); 

N(rne- ar)Stm(e,0X(s), 
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Wilson (52); Morse, Young, and Haurwitz (37); and Duncan - 

son and Coulson (17). Most of these authors found the op- 

timum value of a to be near 2.687; ß was about 0.64; and 

the resulting total energy was near -7.419 a.u. This may 

be compared with the SCF value for E of -7.4327, and the 

experimental value of -7.478 a.u. Holiien (25) improved 

the calculation by using a two -term is function, with an 

extra adjustable parameter; his results were near the SCF 

value. 

Variationally determined orbitals formed from expres- 

sions of the type (7) thus constitute the best compromise 

atomic wave functions in which a single variable parameter 

is used for each orbital shell. By using several param- 

eters, as is done in the analytical SCF procedure, the 

accuracy is improved but still is limited by the restric- 

tion to a single configuration. This restriction, as men- 

tioned earlier, prevents adequate description of the cor- 

relations, or interaction, between individual electrons. 

Hylleraas (29) was able to include correlation effects in 

a calculation of the helium atom by introducing inter - 

electron distances, ri, directly into the variational 

wave function. His result for the energy of helium agrees 

with experiment within the limits of experimental error. 

Hylleraas' method, although powerful, entails consid- 

erable mathematical difficulties so that it has rarely 

. 
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been used for more complex atoms. The most notable excep- 

tion is perhaps the 1936 treatment of lithium by James and 

Coolidge (30). For the K -shell electrons their best 

radial function was 

F = e- 3(r1 +r2) CC1 + c2(rl + r2) + c3r1r2 

c4(1.12 + r22) + caria + C6r1221 

The radial function for the L -shell electron was of stand- 

ard type: 

= 
r3e-0.65r3 

These functions result in an energy value of -7.47608 

a.u., only 0.04% above the experimental value and by far 

the best treatment of lithium until Weiss's configuration 

interaction paper of 1961. 

Somewhat simpler but much less accurate treatments of 

lithium by the Hylleraas technique have been made by Huang 

(27), and by Majumdar and Chowdhury (34); energy values of 

-7.457 and -7.4597 a.u., respectively, were reported. 

Recently a modified variational technique, allowing 

greater flexibility in the choice and use of functions, 

has been introduced. Known as the "open shell" or "open 

configuration" method, it actually is a simplified version 

of the configuration interaction approach and, as such, is 

able to account partially for electronic correlation ef- 

fects. As applied to lithium by Burke and Mulligan (14) 

+ 

p 3 . 
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and by Hurst, et al. (28), three functions are used to de- 

scribe the 3- electron system (instead of two functions, as 

in the standard variational method): 

-(a + S)r 

u2 = nee 
-(a - b)r 

ui = nie 

u3 = n3re 
-br 

The atomic wave function is then represented by 

= C101 + C202, 

where 

01 = A[(uia) (u2ß) (usa) - (u1 ) (u2a) (u3a)] 

02 = A[2(uia) (u2a) (u3ß) - (uia) (u2{3) (usa) 

- (u1ß) (u2a) (u3a)] . 

Here a denotes the spin function with spin "up "; ß the 

function with spin "down "; and A is the antisymmetrizer. 

Thus the K electrons are represented by different orbitals 

(hence the term "open" shell); in 01 the inner electrons 

combine in a 'S state, while in 02 they combine in a 3S 

state before being coupled with the outer electron to give 

the final 2S ground state of lithium. (The reasons for 

the arrangements of the functions in 01 and 02 will be 

discussed further in the description of the configuration 

interaction method.) 

By using different functions for the K electrons, the 

open -shell method partially accounts for the radial or 

IJ 
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"in -out" portion of electron correlation. Physically this 

means that if one of the core electrons is near the nu- 

cleus at a given time, the other core electron is more 

likely further away from the nucleus. The angular portion 

of the correlation effect is not included, however, since 

the chosen functions u possess spherical symmetry. 

Burke and Mulligan found optimum values of their 

parameters to be as follows: a = 2.6825; b = 0.642; 

b = 0.6175. (Note that a and b are nearly the same as for 

the closed -shell or standard variational method.) The 

energy for lithium was found to be -7.4436 a.u., at that 

time a value better than any method except that of Hyl- 

leraas. The function 01 contributed the major portion of 

the final wave function. 
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III. THE CONFIGURATION- INTERACTION METHOD OF BOYS. 

Although the configuration- interaction concept was 

known fairly early in the history of quantum theory, it 

was not until 1950 that S. F. Boys and colleagues in Eng- 

land gave an extensive development of the method and ap- 

plied it to a number of atomic systems (1 -12). The tech- 

nique is an application of the Rayleigh -Ritz variational 

procedure, in which an atomic wave function may be re- 

presented by an expansion 

= iUi ' 

i=1 

(8) 

If the U. comprise a complete orthogonal set of func- 

tions, the C's can be chosen so that $ will be a solution 

of the Schrödinger equation, Eq. (1). Furthermore, by 

using only the first m terms of Eq. (8), we may obtain an 

approximate solution to Eq. (1): 

C.U. 

i=1 

Pm(Ham) = Em$m , 

where Pm is a projection operator which projects onto the 

subspace defined by the functions U1 to Um. It is easily 

shown that the approximate energy Em of Eq. (10) is an 

upper bound to the true energy E; that is, Em > E. 
[See, 

$m = (9) 

(10) 
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for example, Pauling and Wilson (39, p. 180 -181) 
] 

Let 

us substitute (9) into (10), multiply both sides by one 

of the functions Uj *, and integrate over all the coordi- 

nates (including spin). The result is 

sui 
m 

CiHUi dti = EmfUj* CiUi dT. (11) 

i=1 i=1 

If the functions U. are orthonormal, (11) reduces to 

*HUi dT = EmC. . 

=1 
(12) 

The integral in (12) is usually referred to as "the 

matrix element of H with respect to functions Uj and Ui ", 

and is denoted symbolically by Hji or (jIHIi). If the 

functions U are known, these matrix elements may be com- 

puted and (12) reduces to a set of simultaneous linear 

homogeneous equations in the C's: 

H..C. = E C. 
i=1 

ji i m 

m 

or 77 
i=1 (HJ i 

Emb l) Ci 0, (13) 

where b.. is the Kronecker delta. This is a standard 
Jl 

matrix eigenvalue problem, and it is well known that a 

solution exists only if the determinant of the coeffi- 

cients of the C's vanishes. This provides an mth 

i 

- = 

2: 

rm 

L 

m 
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degree equation for Em; in the present application the 

desired eigenvalue is the largest (in magnitude) of the 

m roots. The C's corresponding to this eigenvalue can 

then be found (to within a constant factor), and the 

problem is solved for this value of m. By taking in- 

creasing numbers of functions U, the eigenvalues Em 

should approach the true eigenvalue E monotonically from 

above. 

No completely general proof of the convergence of 

the configuration- interaction procedure has ever been 

given. Courant and Hilbert (16, p. 410 -419) discuss the 

Ritz variational method and point out that convergence of 

the eigenvalue does not necessarily guarantee that the 

eigenfunction will converge to the true eigenfunction as 

one increases m. Boys in his first paper (1, p. 548 -551) 

states a number of theorems relating to the convergence, 

but rigorous proofs are not given. He concludes that the 

types of functions used are complete systems of func- 

tions, that the eigenvalues obtained thereby converge 

monotonically to the true eigenvalue, and that the eigen- 

functions do in fact converge to the true eiaenfunctions 

in the root -mean -square sense. The convergence of the 

eigenvalues follows from the Ritz variational theory when 

one assumes the completeness of the set of functions used 

in the expansion. The convergence of the eigenfunction 



18 

for the lowest state follows from the convergence of the 

lowest eigenvalue, as shown by Kemble (31, p. 410 -415), 

but the argument given by Boys for the convergence of ex- 

cited state eiaenfunctions is based on purely physical 

reasons. 

The form of the functions Ui for atomic systems will 

be Slater determinants of one -electron wave functions, 

called "detors" by Boys. For an N- electron system they 

can be written in the form 

7171 Z_ o-t Pt TT Ai(ri, si) , 

t i=1 

where Pt is a permutation operator, operating on ri and 

si, and c-t is +1 or -1 for even or odd permutations. 

(For some configurations two or more detors will be 

needed to produce the desired atomic state.) 

The A. are formed from functions of the coordinates 

of the type 

rk+te-ar 
Stm(e' 

cP)X(s), (15) 

where k is an integer, ,Q, refers to the quantum number for 

orbital angular momentum, and m is that for the z- compo- 

nent of orbital angular momentum. X is the spin function 

and SR,m is a spherical (surface) harmonic: 

Szm = (cos 0) eimq) , 

1 r-- N 
(14) 
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beina the associated Legendre polynomial. 

Boys thus begins his calculation by choosing a set 

of radial functions, rk 
+,fie -ar. 

By making judicious 

choices of the parameters lc, Z, and a, a relatively small 

number of functions will suffice to give a fairly good 

result. All radial functions for a given value of are 

made orthogonal by the Gram -Schmidt process; those for 

different values of ¿ will be automatically orthogonal 

when all functions are multiplied by the appropriate 

spherical harmonics Szm. These single- electron coordi- 

nate functions are multiplied by the spin function X(s), 

and then are combined into configurations representing 

the state of the atom being calculated. For example, 

if two ls- functions (, = 0) and one 2p- function (,. = 1) 

are used to describe the 'S state of helium, the possible 

configurations are (1s)2, (Isis?), (ls' )2, and (2p)2; 

here ls' refers to a function with different radial de- 

pendence from the function designated by ls. The proper 

combinations of orbitals within each configuration needed 

to form a state with L = 0 and S = 0 are derived from 

vector -coupling formulas for addition of angular momenta 

(15, p. 73 -77 and p. 228 -232) .] Finally, the functions 

of each configuration are antisymmetrized by use of Eq. 

(14), the results being the configurations which we have 

denoted earlier by Ui in Eq. (9). The matrix elements 

P1m4 

.?, 
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Hid with respect to these functions can be evaluated ana- 

lytically, without resort to numerical integration, and 

one is ready to solve the matrix eigenvalue problem of 

the Rayleigh -Ritz method. 

Since the number of possible configurations rises 

very rapidly as additional single- electron functions are 

introduced, it behooves one to choose parameters k and a 

carefully so as to use as few functions as possible. 

Also, it is desirable that one of the configurations be a 

fairly good approximation to the state being considered. 

To accomplish this Boys relied on experience and results 

of others in choosing his values for (k,a). With large 

computer facilities one could rely upon a trial- and -error 

process. Weiss (50, p. 1828) used a computer to deter- 

mine optimum values of two a's for each of his ¿- values; 

his k- values were 0, 1, and 2. One method for obtaining 

a good "starting function" is to solve the analytical SCF 

problem for the state first; this gives the best possible 

single -configuration representation of the atom, but 

again a computer is needed. In all of these considera- 

tions the criterion for choosing parameters is the amount 

of lowering of the total energy by the resulting configu- 

rations- -that is, the rapidity of convergence of the se- 

quence Em as one increases the number of functions m. 

Slater (46, vol. 2, p. 40 -50) has explained how the 
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configuration interaction approach is able to describe 

atomic systems accurately. It was noted earlier (p. 11) 

that the success of the Hylleraas technique of explicitly 

introducing inter -electronic distances 
r.. 

into the wave 

function was due to its ability to account for mutual re- 

pulsion of the electrons. This "correlation" effect can 

be split into two parts: (a) radial, in which two elec- 

trons with the same values of e and p must have different 

values of r; and (b) anaular, in which two electrons at 

the same radius are likely to have an angle y between 

their radius vectors. The manner in which rid terms can 

account for both types of correlation is illustrated by 

expanding the potential energy, (1 /rid): 

1 

k=0 

k 
r< 

k+l 
Pk(cos y), 

where r> is the greater and r< the lesser of ri and rj; 

and where y is again the angle between the radius vec- 

tors. Slater (ibid., p. 42) shows that a configuration 

interaction treatment of the 1S state of helium has the 

form 

U= 

where 

1, r2) Pz(cos y) 2[a(1)ß(2) - ß(1)a(2) , 

F(ri,r2) _ AnRn(r: r2) 
n 

+ 

ri.7 

0o 

r = 
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Anin2 
1 

ni n2>ni 
[R(rl)Rn2t(r2) + Rn2z(ri)R nit 

(r2) . 

Thus configuration interaction explicitly introduces 

radial and angular correlation as two separate effects, 

represented by F, and P,. The higher angular momentum 

terms, R, > 0, are introduced in the helium wave function 

by 1S configurations of the form (2p) 2, (3d) 2, (4f) 2, 

(5g)2, .. . Another way of handling the radial portion 

of the correlation is to use the so- called "open configu- 

ration" approach, which for the above helium state would 

include configurations of the type (ns n's'), with the 

two electrons assigned different values of n and of a in 

the me -ar terms. 

S. F. Boys' first application of his method was to 

the 1S state of beryllium (2). He used only four radial 

functions: re -r, e -3r, and e 
4r 

for s- functions ( = 0); 

and re -r for the p- function (t = 1). Even with this min- 

imal representation, including only two ¿- values in his 

expansion, a six -configuration calculation yielded an.en- 

ergy with but half as much error as the Hartree -Fock 

value. A ten -configuration calculation from the same 

functions improved the answer very little, and was per- 

haps an indication of a characteristic of the method: the 

process converges very slowly after the first few terms. 

2: n, 
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In later papers Boys developed extensive theorems 

and procedures for handling more complicated systems 

(3 -7). He applied these methods to other atomic systems: 

Na +, Ne, F- (8) ; Be, three lowest states (9) ; boron, 

carbon (10); Cl, Cl -, S, S- (11). In his last paper (12) 

the use of an automatic computer is discussed. 

For a simple atom such as lithium the later compli- 

cated reduction schemes are not needed; hence the treat- 

ment in this paper follows Boys' first Be calculation in 

most respects. 
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IV. CALCULATION OF LITHIUM WAVE FUNCTIONS 

A. Procedure and Notation 

In this section will be described the application of 

the configuration- interaction procedure to lithium. In 

addition to presenting the particular formulation of the 

present paper, the object will be to elaborate on those 

aspects of the calculation usually omitted in the litera- 

ture; for while the general theory has been given in a 

number of papers and books, details are often left out. 

The systems to be treated here are the 'S and 3S 

states of the lithium ion, and the 2S and 2P states of 

atomic lithium. In the 2P case, it is the 2P1 state 

which will be calculated; the 2P3/2 state lies only 0.34 

cm above the 2P1/ state - -which corresponds to about 

1.5x10 -6 a.u., an amount too small to be described by the 

approximation used here. 

In the entire calculation a total of only six dif- 

ferent one -electron functions (orbitals) was used: four 

with =0, and two with t =1. The principal calculations 

were those for the 3- electron cases; the ionic states 

were easily added by using the same core (K- shell) con- 

figurations as for the atom. The two p- functions (Z =1) 

used in describing the L -shell electron of the 2P state 

were also employed to provide the angular correlation 
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terms in the K- shells of all four states. For the latter 

purpose they were not, of course, the best functions 

which could have been used; nevertheless the results were 

satisfactory and the short -cuts therefore seem justified. 

Higher angular- momentum terms () >1), desirable for fur- 

ther improvements in the energy values, were omitted in 

order to reduce the labor involved. 

The single- electron basis functions will be denoted 

by capital letters (A,B, ...) with sub- and superscripts 

to indicate the angular momentum states. Thus an orbital 

could be represented by 

AAs(r,e,p,$) = A(r) Pi(cos 0) eim X(s). (16) 

Here P1(cos 0) is the associated Legendre polynomial for 

the orbital angular momentum ¿ and its z- component m. X 

is the spin function, and the variable s can take on the 

values of +; and -;. (We are using m instead of m and s 

in place of ms in order to avoid a profusion of sub- 

scripts.) The radial functions A(r) will be specified 

later (p. 65). All these orbitals are normalized and are 

mutually orthogonal. The orthogonality is not absolutely 

necessary; indeed, Weiss (50, p. 1828) uses a non- orthog- 

onal basis set. This would simplify the compilation of 

the two -electron matrix components (described in part F 

of this section), but certain other formulas would be 

more complicated (31, p. 418). 
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A typical configuration formed from a set of three 

orbitals could have the form 

A0B0(1S) P1(2P) 

where we have combined two functions with , = 0, A and B, 

to form a 'S core; the function P (with p, = 1) is then 

added on to form the 2P state. The procedure for doing 

this --known as "vector coupling theory " --will be de- 

scribed in Part B of this section. 

In Part C we write down formulas for the matrix com- 

ponents of the Hamiltonian between 3- electron Slater de- 

terminants (called "detors" by Boys). The actual choice 

of radial functions A(r) and the orthonormalization pro- 

cedure is described under D. The resulting integrals for 

the matrix components are evaluated and tabulated in E, 

and the matrix components themselves are assembled and 

listed in F. Finally the matrix elements Hij WHIj)1 

between the configurations i and j are assembled in Part 

G. The application of the Ritz variational principle, 

resulting in a matrix eigenvalue problem, is described in 

the final part (H) of this section. 

All the formulas of this section have been rechecked 

at least once by the writer, using a different approach 

whenever feasible. All numerical calculations (except 

the matrix eigenvalue problem of Part H) were performed 

by the writer on a Marchant Model SKA desk calculator; 

L 

, 
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they were then checked independently by an assistant. 

All initial calculations and integrals were carried 

out to 10 -place accuracy, which was no doubt more than 

necessary; however, certain portions of the work involve 

much differencing of large numbers, which results in a 

considerable loss of accuracy. The final matrix ele- 

ments, as provided to the computer, should be accurate to 

seven places after the decimal. This is but one or two 

places more than the accuracy of the experimental energy. 

B. Formation of Configurations from Orbitals. 

Each of the original basis functions (A, B, ...) in 

this calculation corresponds to an approximate solution 

of a one -electron Schrödinger equation; that is, it is 

an eigenfunction with quantum numbers (n,,,m,$). On the 

other hand, the atom or ion under consideration is known 

to be in a given state of total orbital and spin angular 

momentum; thus, the 2S state of lithium has L = 0 and 

S = ;. Hence we must combine our orbitals in such a man- 

ner as to produce eiáenfunctions of L2 and of S2. We do 

not know the components LZ and SZ of the total angular 

momenta; however, the ensuing calculations do not depend 

on these numbers, so that we are free to choose arbitrar- 

ily which of these states are used. 

The process of transforming from the (n,.,m, s) 

. 
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scheme to the (L,S,Lz,Sz) scheme is known as "vector ad- 

dition of angular momenta" or "vector coupling" theory. 

The methods are described by Condon and Shortley (15, p. 

228 -233), and the desired "Clebsch- Gordon" coefficients 

can be found from tables of "transformation amplitudes 

for vector addition" (ibid., p. 75 -78). The procedure is 

also given by Slater (46, vol. 2, p. 71 -94). Appropriate 

attention must be paid to antisymmetrizing of the final 

wave function, and this problem is discussed by the above 

authors. Here we shall describe the method briefly, ap- 

ply it to some examples, and then state the results for 

all the states calculated in this paper. 

The type of coupling to be applied is that known as 

"Russell- Saunders" or "LS- coupling ", which works well for 

the light atoms. In this type of coupling it is assumed 

that the orbital and spin angular momenta can each be 

added independently of one another; that is, the L for 

one group of electrons is added to the L for the other 

group, and likewise for the spins S. 

Following Condon and Shortley (except for using Lz 

and Sz in place of ML and MS), let us presume that we 

have already formed eigenfunctions of L2, S2, Lz, and Sz 

for two groups of electrons, I and II, containing n' and 

n" electrons, respectively. These functions X, and X 

have quantum numbers (L'S'L'z S') and (L "S "L "S "). We wish 
z z z z 
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to combine the two groups so as to obtain an eigenfunc- 

tion of L2, S2, Lz, and Sz for the (n' + n ")- electron 

system. 

Let Y be the renormalized product of X, and X,,. We 

now assume that Y can also be written as the symbolic 

product of a function referring to the L's and a function 

referring to the S's: 

Y = cu(L'L"L'z L)ti(S,S"SS"). (17) 
z z z 

This is the fundamental assumption of "LS- coupling ", and 

by "symbolic" we mean only those products are used for 

which the individual Lz's and Sz's add, respectively, to 

the desired L and S values. 

Then the desired eigenfunction i (L' S' , L "S" ; L, S, Lz, Sz ) 

can be expressed symbolically as 

* = S2(L'L";L,Lz) T(S'S";S,Sz) , (18) 

where S2 and T are, respectively, linear combinations of w 

and T, found from tables in Condon and Shortley (15, p. 

75 -77). 

In applying these ideas, one begins by combining 

just two electronic functions; that is, X, represents the 

first electron and X the second. This combination pro- 

duces the eigenfunctions of L2, S2, Lz, Sz for the two - 

electron ion (of lithium, in the present case). The pro- 

cess can then be repeated using the ionic functions as 

z 
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group I and the outer electron as group II, to obtain the 

required eigenfunctions of the neutral Li atom. 

Following the notation of this paper, let X, = Az,s' 

and X = BV,5 be the two orbitals to be combined first. 

Then 

Y = Y(n'Z'm's', n"Z"m"s") 

= w(Z'm'Z"m")ti(s's") (19) 

Now the Condon and Shortley tables are headed 

"(j1j2m1m2ljij2jm) ", which refers to a transformation co- 

efficient from the (j1j2m1m2) scheme to the (jij2jm) 

scheme. For w this would translate to 

(z'zumimulz'v,L,L 
z 

) 

For the simple case t' = -t" = 0, then m' = m" = 0 and the 

transformation coefficient is just unity, so that 

Q(L =O, Lz =0) = w(0,0) . (20) 

(We now include only the m- values of the two electrons in 

the argument of w.) Condon and Shortley (ibid., p. 230) 

list the Q's obtained from combining two p- electrons 

= .JL" = 1). For example, in the L = Lz = 0 case, we 

have 

Q(L =O, Lz =O) = (1/,n-)P(1,-1) - w(0,0) + w( -1, 1)] . (21) 

Thus it is seen that p- electrons can also produce an S- 

state configuration (L =0); it is terms of this sort which 

produce the angular correlation effects of configuration 

. 

(Z' 
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interaction. Of course, one can also use d- functions 

(Z = 2), f- functions, etc. in the same manner; and this is 

in fact done by Weiss (50) and by HolySien (26). In this 

paper, however, we are arbitrarily restricting ourselves 

to s- and p- functions. 

Applying the same procedure to the ti- functions, and 

remembering that S' = S" = 
2 

for electrons, we find that 

we are computing (2 ;s's "I ; ;S,SZ) from the Condon and 

Shortley Table 13 (p. 76). This yields for the T's 

T(S =0, SZ=0) _,(_,+d 

T( 1, 1) = ti( +, +) 

T( 1, o) (l,r) ( -) + T(-, +d 

T( 1, -1) = T(-,-) , 

where the " +" refers to "spin up" and the " -" to "spin 

down ". The first of these functions represents a singlet 

state, while the last three are components of the triplet 

state. 

We can now form the symbolic products 1 = SST. In the 

present cases these reduce to simple products of one of 

the 2's by one of the T's. Thus, combining (20) with the 

first of Eqs. (22), we obtain the state 

(22) 

11, (' S, LZ=O, SZ=O ) = G2 (1/) (A°o+Bó - AO-B0+). 
(23) 

Here the symbol 82 denotes the formation of a second -order 

= (1//7)F(+,-) 

J 

+, 

o o 

= 
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determinant from the (A,B) functions, followed by division 

by (2:). Thus (23) could be rewritten 

14A0B0 (' S ) ; Lz=O, Sz=O] = 

1 

2 

A°°+(1) B°0-(1) 

A°+(2) Bó (2) 

1 
2 

A° (1) B00+(1) 

A°-(2) B°+(2) 

(24) 

where the (1) and (2) in the determinant refer to the 

(space and spin) coordinates of the first and second elec- 

trons. Similarly, combining (21) with the second of Eqs. 

(22) we obtain one of the triplet states: 

*( 3S, Lz=O, Sz=1) = A2(Ao+Bo+) . (25) 

The above development has assumed different functions 

A and B- -i.e., "non- equivalent electrons ". If we let A = 

B in Eq. (25), we obtain a determinant with two columns 

equal; hence this triplet state vanishes, in accordance 

with the exclusion principle. Applying the same procedure 

to (24), we see that the two determinants can be combined, 

since 02(A° A ° +) _ -A2(A ° +A° ). However we must again di- 

vide by 4/-f in order to have a normalized function. Hence, 

for equivalent electrons (n' = n" and ¿' _ t ") 

if 

LAoA° 
( 1 S ) ; Lz=O, Sz=O = 02 ( A°+A° ) (26) 

and [AoAo(3S);Lz =O;Sz1 = 0 (27) * 

o 
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It can be shown that the allowed states for any (n -)2 con- 

figuration are 'S, 3P, 'D, ..., and that the proper eigen- 

functions for these allowed states can be obtained from 

those for (n'-E')(n ".') by setting n' = n" in the latter 

and dividing by 4/7. 

Having shown how to obtain the two - electron eigen- 

functions of (L2, S2, Lz, Sz), we are now ready to add a 

third electron. The relations (23), (25), and (26) are 

examples of the "group I" functions X, whose expansions in 

terms of basis functions (A,B) are known. The added or- 

bital, denoted by Cls, forms "group II ". 

Consider the case where the outer orbital t = 0, and 

let us couple such a function first to the 'S state of Eq. 

(23). The transformation coefficients for cu will again be 

unity, since we are adding a ¿" = 0 term to L' = O. The 

coefficient for ti will be (S'S "SZs "IS'S "S,Sz), with S' = 0 

and S" = Hence this coefficient will also be unity, 

and we obtain the desired 2S state simply by adding 

Có± 
o 

to the 'S ionic state terms and renormalizing: 

LAoBo(1s)Co(2s);Lzo,sz= 
±fl 

= 
A3(1/2)(A0+B0 -00+ Ao-Bo+Co±1 

. 

o o o o o o 

(28) 

Suppose now that we couple the Cr orbital to the 3S 

ion, obtaining a 2S state. The coupling coefficient for 

;. 
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co will again be unity, but for the spins we must add the 

S" = 
2 

to a S' = 1 term. The possible ways of obtaining 

SZ = +2 are to add S' = 1 and s" = -2, or to add S' = 0 

and s" = +2; while to obtain SZ = -2 we may add SZ = 0 to 

s" = -2, or S' = -1 to s" = +2. Hence T will be a linear 
z 

combination of two ti's in each case. The transformation 

coefficients for the ti's will be (2, 1, +2, SZ) 2, 1, 2, +2) and 

are found in Condon and Shortley's Table 23: 

T(S= 2,SZ=2) = (1/ )L2ti(1, -) - ti(0, +)]; (29) 

T(S =2, SZ = -2) = (1/3) Cti(0, -) -(',+). (30) 

The symbolic multiplication of n and T to obtain the 2S 

eigenfunctions means, in this case, that to obtain 

'(2S,LZ= 0,SZ =2) we should combine 

T(1,-) A/ 3 with *(3S,0,1) 

and -A/1/3 ti(0, +) with Jr (3S, 0, 0) . 

Similarly, to obtain í(2S,0, -2) we must combine 

4/ T(0,-) with iV(35,0,0) 

and - VT77 T( -1, +) with *(3S,0,-1). 

(31) 

(32) 

Now the eigenfunctions * for the triplet state components, 

found in a manner similar to that for Eq. (25), are 

4(3S, LZ =O, SZ =1) = A2(Aó +Bó +) (33a) 

*(35,0,0) = (1/2)A2(A0+B0- -AB) 
o o o o 

*(3S,0,-1) = D2(AB) . 

(33b) 

(33c) 



Performing the combinations indicated by Eqs. (31) and 

(32) and renormalizing, one obtains the desired 2S func- 

tions: 

*IA°Bo(3S)Co(2S);Lz-O,Sz 2] 

35 

(34a) 

(1//-6)3(2A°+Bo+Co- A°4-B°-C°4- A°-B°4Co+) 
o o o o o o o o o 

* p,°Bo(3S)Co(2S);LZ=O,Sz= 

= (1A/T)3(A0+Bo-00- AO-BOA-c0- - 2Ao-Bo-Co+). 
o o o o o o o o o 

(34b) 

(Note that Eqs. (28) and (34a) correspond to the open - 

shell configurations of Burke and Mulligan (14), described 

on p. 13 of this paper 

This completes the description and examples of vector 

coupling, and we are now ready to state formulas for all 

the types of configurations used in the present calcula- 

tion. Following a notation used later, we denote s- 

functions by A,B,C and p- functions by P, Q. We may omit 

the if- symbol in front of the configuration designation. 

Since the particular angular momentum states within a term 

do not affect the final energy of the atom, we have arbi- 

trarily chosen to calculate the Sz = 1 state of the 3S 

ion; the Sz = +2 state of the 2S atom; and the Lz = 0, 

Sz = +2 state of the 2P atom. 

i2 

= 

+ 

] 
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Li+ ion, 'So: 

= 
A2(A°o+Ao 

o 
) 1. A0A0(1S),(Lz=0,SZ=0) 

2. AoB°('S), (0,0) = ( v2)A2(Ao+BO- o O 
- Ao-Bo+) 

0 0 

3 P1P1(1S), (0,0) _ (1/3)A2(P1+Pl - Pi+P1 pll+pl-) 

4. P1Q1('S), (0,0) = (1/6)Ú2(P1+Q11 - Pl Q11+ - Pl+Ql 

po-Qo+ p-1+Q1- P-1-Q1+) 
1 1 1 1 1 1 

Li ion, 3S1: 

1. A0B0(3S),(LZ=0,SZ=1) = A2(A°o+B°o+) 

2. P Q (3S), (0, 1) = (14/-l+ po+Qo+ p-l+Ql+) 
1 1 1 1 1 1 1 

Li atom, 2S1/2: 
2 

1. A0A0(1S)B0(2S),(LZ=0,SZ=2) = L3(Ao+A°0 B°o+) 

2. A°B°( 1 t O+ O+ + oi 
S)Co( 

2 (2S),(0,-) = (1/2)vs(Ao Bo Co 
O- 

- Ao BOo Co 
o- 

) 

3. A0B0(3S)C0(2S),(o,) = (1/6)A3(2Ao+Bo+Co- 

A°+Bo-C°+ AO-B°+Co+) 
o o o 0° o o 

P P ('S)A (2S),(0 
'2 

) _ (1//3)3(pl+p-l-Ao+ po+po-Ao+ 
1 1 0 1 1 0 1 1 0 

+ p-1+ P 1-Ao+) 
1 1 0 

5. P Q ('S)A (2S),(0 2) = (1/4-Ao+ - Pl Q11+Aoo+ 

- Po+Qo-Ao+ Po-Qo+Ao+ 
P-1+ 1- o+ -1- 1+ o+ 

1 1 0 1 1 0 1 Q1 Ao 
P1 

Q1 Ao ) 

0 0 

+ 

,+ + 
. 

- + 

0 o o o 

- - 

4.. 

0 

- 

0 1 l 0 1 0 

- 

- 
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Li atom, 2S1 (cont.) 

6. P1Q1(3S)A0(2S), (0, ) = (1 /18)A3[2(P1 +Q11+A°0- 

- 
IDO+Qo+Ao- p-1+Q1+Ao-) 

- P1+Q-1-Ao+ pl-Q-l+Ao+ 
1 1 0 1 1 0 1 1 0 1 1 0 

+ P°+Qo-Ao+ + P° Q°+A°+ - P-1+Q1 Ao+ p-1-Q1+Ao+ 
1 1 o 1 1 o 1 1 0 1 1 o 

Li atom, 2P'/2: 

1. A0A0(1S)P1(2P),(LZ=0,SZ=2) = A3(A°°+Ao PÎ+) 

2. A oBo('S)P1(2P), (0, 2) = 

3. AoBo(3S)pl(2P),(0,2) = 

(1 /4/2)L3(A0 +Bo -p0+ 
- A B°+P°+) o 

o o 1 o o 1 

(1/6)L3(2Aó+Bó+Pi- 

- A°4-B°-P°1- - Ao B°+po+) 
o o 1 o o 1 

4. P1P1('S)Q1(2P),(0,1) _ (1/3)A3(Pi+pl1-QÎ+ 

- Po+po-Q0+ p-1+pl-Qo+) P1 P1 
1 1 1 1 

5. P1P1(3P)Q1(2P), (0, 2) = (1/12)A3 [2(P11+P7+QII- 

- Po+p-l+Ql-) - P1+po-Q-1+ + po+pQ-1+ 
1 1 1 1 1 1 1 1 1 

+ po+p-1-Q1+ p-l+po-Q1+ 
1 1 1 1 1 1 

6. P1P1('D)Q1(2P), (0, 
;) 

_ (1/60)A3p(pl+pl-Q11+ 

+ Po+pl Q-1+ po+p-1-Q1+ + p-l+P° Ql+) 
1 1 1 1 1 1 1 1 1 

- 2(Pi+Pi1 2PÎ+PÎ P1+P1 Î Q 1 

It will be found that all these configurations are 

+ 

+ 

Qi+ Qi+ + 

- 

- 

+ 
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mutually orthogonal; and, if the individual orbitals are 

normalized, the eigenfunctions will be also. 

One can obviously form a number of other orthogonal 

configurations from the above types simply by using dif- 

ferent combinations of the available functions. For ex- 

ample, the configuration BoB0(1S)A0(2S) is obtained from 

the first of the above 2S types by interchanging A and B. 

In the later calculations in this paper, a fourth s -func- 

tion, Dós, is introduced and this allows a large number of 

additional combinations. It should be remarked, however, 

that rearranging the functions within a configuration does 

not produce an independent function; that is, the function 

CoAo('S)Bo(2S) is not orthogonal to A0Bo(1S)Co(25). These 

two functions will result in different matrix elements of 

the Hamiltonian, and they will have different expansion 

coefficients as determined in the Ritz variational proce- 

dure; however, they both result in the same total energy, 

so it is immaterial which is used in the final wave func- 

tion. (These results were verified "experimentally" in 

some of the preliminary work on this problem). Actually 

the first of the above functions can be expressed as a 

linear combination of the second function and the function 

A0Bo(3S)Co(2S). Condon and Shortley give a similar ex- 

ample (15, p. 230 -231). 

Finally, we should mention that other types of 

. 
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configurations can be formed from the available functions, 

e.g., P1P1(3P)Q1(2S) and P1Q1('P,3P)A0(2P). These types 

of configurations were considered but were not included 

for reasons which will be described later (p. 103). 

C. Matrix Elements of the Hamiltonian -- Theory. 

In the Ritz variational procedure one must solve 

k 

(rHs)Ys = EkYr 
, 

s=1 
(35) 

where (riHis) are the matrix elements of the many -electron 

Hamiltonian between two configurations Ur, Us of the type 

developed in Part B: 

(r1H1s) = SU*HUdT ; (36) 

1 H = - 

i=1 

7? + 2 ZZ _ N 1 
i ri ri 

- 

The Y's in (35) are the expansion coefficients of the 

final wave function: 

k 

= YrUr 

(37) 

(38) 

The next problem, then, is to evaluate the matrix elements 

(r1H1s). For the lithium ion or atom the U's are linear 

combinations of 2nd- or 3rd -order determinants of the sin- 

gle- electron wave functions ( "detors "). Evidently (r1H1s) 

J 

r=1 

i 
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will be a linear combination of matrix elements of H be- 

tween such detors. The latter problem has been treated in 

the literature -- notably by Condon and Shortley (15, p. 

169 -179), and by Slater (46, vol. 1, p. 306 -311); hence 

the present treatment will primarily be an adaptation of 

these results to our particular notation. 

The treatment begins by splitting the Hamiltonian 

rEq. (37d into two parts: a portion Ho which is expressi- 

ble as a sum of terms dependent on individual electron co- 

ordinates, and a portion G representing interactions of 

pairs of electrons. 

H = - 1 

N 
[7: + 2Z 2 rl ' 

i=1 

N 

G = 
1 

i=1 rij 

(39) 

(4o) 

(It will be recalled that rij = I i - rjI.) 
3 

The results 

will be worked out for the N = 3 case; the specialization 

to the 2- electron case is quite easy. 

1. Matrix Elements of Ho Between Detors. 

Let the two detors in question be p3(Am1s1Bm2s2Cm3s3) 
t1 t2 t3 

and 
03(Dm4s4EmsssF 

. mssó) If these are denoted by u and t4 t5 is a 

uß, then Condon and Shortley (15, p. 169 -171) show that 

i 

j>i 

J 
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(ualHolup) = 0 unless at least two of the functions in uß 

are identical with two functions in ua; this means all 

quantum numbers must be equal, in addition to functional 

dependence on the coordinates, for the orbitals which 

match. 

Suppose that AL si but that B = E and C = F 

in all respects. If the functions do not match in this 

manner, we can arrange them so that they do, remembering 

that each interchange of two functions introduces a minus 

sign, inasmuch as we are forming determinants. For ex- 

ample, if A = F and C = D, but B / E, we can write the 

functions in the order (BAC) and (EFD); the first detor 

has undergone one interchange, and the second has two in- 

terchanges. Then the matrix element for these detors 

would be multiplied by ( -1)3 = -1] Then Condon and 

Shortley show that (ualHolup) reduces to a single inte- 

gral: 

(ualHolup) = ( ±) (Ami si )*h Dm+s+ 
° 

dti + (41) 

Here the symbol 4 denotes an integration over the three 

space coordinates, plus a summation over spins; in the 

latter case, X(2)X(2) = X(- '- )X( -'-) = 1, but X('- )X( -'-) = O. 
2 2 2 2 2 

The ho is just the Hamiltonian for a single electron: 

ho = - ;p2 - Z /r. (42) 

The integral in (41) can be reduced further. We 

7/ 
Dri4s4, 

' 



write the individual orbitals explicitly in the form 

Ams = Ra(r) S(ecP) X(s). 
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(43) 

The operator V2 is expressed in spherical polar coordi- 

nates: 

7 2Am = 1 
0 
2 Am r) + 1 S2Am r ar2 

( r2 t' 

2 (44) 

sin e 
(sin e 46) + singe 7cT7 

The volume element dT is (r2 sin e de dcp dr). These ex- 

pressions are now introduced into (41). The spin summa- 

tion can be carried out immediately, and yields b(s,,s4). 

Using the result that the surface harmonic S1 satisfy 

Si + t(t = 0, (45) 

we find that the SS occur as a simple product and may also 

be integrated immediately: 

rr n2v 
J 

J 
ST 414 sine de dp = 6(Z1,4)6(mi,m4) 

o o 

Thus Eq. (41) finally reduces to 

(46) 

(uIHoluß) = (±)b(i,4)b (mi ,m4)b (si ,s4) (47) 

Joo 
)- d 2 

(Z+21) 
Z (r) dr. 

x 
Ra xf Ra(r) 

2 dr 2r r d 

This is as far as one can go until the explicit expres- 

sions for the radial functions Ra and Rd are introduced. 

The integral in (47) will be denoted by (AIhoID). 

The "diagonal" element of Ho is obtained by similar 

1 

+ 

Q 1)S 

. 

o 

a 1 

+ 

J 

a 

Q = 
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procedures. When A = D, B = E, and C = F we obtain a sum 

of three integrals of the type (47); the delta functions 

automatically give unity. 

Summarizing the results for (ualHoluß), with ua = 

A3(ABC) and uß = A3(DEF), we have the three cases: 

(a) All three functions of ua match those of uß: 

(ualHolua) _ (AlholA) + (BIhoIB) + (ClholC). (48) 

(b) Two functions of ua match those of uß; A D. 

(ulHoluß) = + 6( Z1 ,Z4)6(ll?1,m4)b(si,s4)(AlholD) (49) 

(c) Less than two functions of ua match those of uß: 

(ualHoluß) = 0 (50) 

The corresponding matrix elements for the two - 

electron ion can be given immediately; let ua = 02(AB) and 

Up = A2(DE). 

(d) A = D and B = E: 

(ualHolua) _ (AlholA) + (BIhoIB). (51) 

(e) B = E but A D: (ualHolup) 
a 

same as Eq. (49). 

(f) A D and B 7' E: (ualHoluß) = 0. 

This completes the reduction of matrix elements of Ho 

to elementary integrals. 

2. Matrix Elements of G Between Detors. 

As in the case of Ho we let the two detors in 

/ 

V 

' ' 

.' 
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question be represented by ua = A3(ABC) and uß = A3(DEF), 

in which each of the orbitals may have different sets of 

quantum numbers. Condon and Shortley (15, p. 172 -173) 

show that (uaIGIuß) = 0 if more than two of the functions 

(A,B,C) fail to match identically with two of the func- 

tions (D, E, F) . 

Let us consider first the situation when only one or- 

bital from ua matches an orbital in uß, and let us suppose 

that the matching orbitals are C and F; we may again re- 

arrange the orbitals to this order, if necessary, result- 

ing in a (+) factor as described earlier. Condon and 

Shortley then prove that 

(uaIGIup) (52) 

*misi m2s2 1 m4s4 msSs 
Ap (i) B2 (i ) D4 (i) Es (i ) dtiidtii 

- m1S1(i) ó22S2(j) DS4(J) E5 1SS() dtidtiij A 
rii 

in which i and j refer to the space and spin coordinates 

of the ith and jth electrons. The first integral in (52) 

is the "direct" integral, while the second is known as 

the "exchange" integral. If we let g = 1 /rii, Eq. (52) 

can be abbreviated to 

(uaIGIuß) = ±BAB IgIDE) - (ABIgIED)]. (53) 

We now write each of the orbitals in (52) more ex- 

plicitly as a function of its variables and quantum 

. 

j 

rl 1, 
13 

J 
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= r Ra(E1 ;r) 0(Zi,mi ;e) cl)(mi ;cp) X(si). (54) 

The summations over spin variables in (ABIgIDE) then re- 

duce to S(s,, s4)8(sa, s5). 

We now introduce the expansion 

rl 
= (ri + r - 2rirjcos wij) 2 

13 

k =0 

where r< is the lesser and r> the greater of ri and ri; 

wij = ei -ej; and the Pk are Legendre polynomials. Then 

the matrix component (ABIgIDE) becomes 

(ABIgIDE) = 

k 
r, 

k+l Pk(cos co..) , (55) 

0o k 
00 0o 

r< 8(si, s4)8(sa, s5),- 
_ 

f , rk+l Ra(1)Rb(J)Rd(1)Re(J) dridrj 

Tr Tr 

x 
J J 

Pk(cos cuij)Oa(i)Ob(j)Od(i)Oe(j) sin ei sin ej deidej 

X j 
2v 2Tr 

J 
a(i)b(j )0 d(i)Te(j ) dcpidcpj (56) 

-o o 

The radial integral depends on the choice of R- functions; 

henceforth this portion of Eq. (56) will be denoted by 

i 

(ABIgIDE)k. The angular integrals require considerable 

further manipulation, but these can be evaluated 

'Note that our (ABIgIDE)k corresponds to (ADIMIBE)k in the 
notation of Boys (1, p. 545). 

0o 

r> 

e 

AT's' 

r 

L_ 

0 0 
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explicitly (ibid., p. 174 -176) and eventually one obtains 

(ABIgIDE) = S(si, s4)b(s2, s5)b(mi +m2,m4 +m5) (57) 

00 

x ck(imi,t4m4)ck(t5m5,t2m2)(ABIgIDE)k 
k=0 

The ck are evaluated by a procedure due to Gaunt, and val- 

ues are given in the Condon and Shortley Table 16. Fortu- 

nately most of the constants ck vanish, and in practice 

the infinite sum reduces to one or two terms in the cases 

treated here. The values of ck used in this study are 

listed in Table 1. 

Table 1. Values of ck(-f-m,Z'm') 

2 m' k = 0 1 

0 0 0 0 ck = 1 0 0 

0 0 1 0 0 +1/1/3 0 

1 0 0 0 0 +V1/3 0 

0 0 1 ±1 0 -1/1/3 0 

1 +1 0 0 0 +,1/3 0 

1 0 1 0 1 0 2/5 

1 0 1 +1 0 0 -4/7/5 

1 +1 1 0 0 0 /5 
1 +1 1 +1 1 0 - 1/5 

1 +1 1 +1 0 0 -1/-6/5 

This completes the outline of procedures for reduc- 

tion of matrix elements (u.a IGIuß) for the case that only 

one of the functions (A,B,C) matches one of the set 

., 

m k' 
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(D,E,F). In the event that two or three of the functions 

match, the procedure is similar but some of the coeffi- 

cients differ. Summarizing results for the possible ar- 

rangements of functions occurring for lithium, we have: 

(a) All three functions of ua match those of up: 

(ualGlua) 
k 

- b (sasb)k [ck(ama; 

ck(tama;zama) ck(tbmb;tbmb)(ABIgIAB)k 

b)] 2(ABIgIBA)k 

+ ck(zama;zama) ck(tcmc;tcmc)(ACI9IAC)k 
k 

2 

- b(sasc) 
L k(tama;Zcmc)] 

(ACIgICA)k 
k 

+ 77ck(tbmb;bmb) ck(tcmc;tcmc)(BCI9IBC)k 
k 

2 

- b(sbsc) Ek b 
m 
b' c 

rn cd (BCIgICB)k (58) 

(b) Two functions of ua match those of up; A 7' D. 

(ualGlup) = (59) 

fb(mamd) 
Lb(sasd)% 

ck(tamadmd)ck(bb;bmb)(ABIgIDB)k 

-b(sasb)b(sbsd)Tck(tama;Zbmb) ck(tdmd;bmb)(ABIgIBD)k 

+ b(sasd),7ck(tama;Zdmd) ck(tcmc;Zcmc)(ACIgIDC)k 

_ 

k 
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(AC 
J. 

(c) One function of ua matches one in uß; C = F. 

(ualGlup) _ +6(ma +mb,md +me) 

xF(sasd)6 (sbse) 

(60) 

ck(tama'Zdmd)ck(teme;tbmb)(ABIgIDE)k 

- b( sase) 6( sbsd)lk ck( Lama ;teme)ck(tdmd;10m10)(ABIgIED)k ]. 

(d) None of the functions of ua match those of uß: 

(uIGluß) = O. (61) 

To adapt the above results to the two -electron ion in 

which ua = ,,2(AB) and uß = 02(DE), one merely omits any of 

the terms in (58), (59) or (60) which contain function C. 

Case (d), Eq. (61), cannot occur for a two -electron ion. 

(In all the above equations the small subscripts a,b,... 

on quantum numbers -,m,s refer to the corresponding orbit- 

als A,B,... .) 

3. Matrix Elements of H Between Configurations. 

We are now ready to express the matrix elements of H, 

between configurations of the types developed in Part B, 

in terms of the radial integrals of the form (AIh0IB) and 

(ABIgICD)k. In the following list the symbol (iIHlj) 

shall refer to the matrix element of H = Ho + G between 

. 
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functions i and j of the list of configurations on p. 36- 

37. In combining two configurations to form a matrix ele- 

ment, all detors of each configuration must be considered. 

For example, in computing (iIHIj) when "i" represents a 

two -detor and "j" a three -detor configuration, there will 

be 2x3 = 6 separate contributions; however, the components 

usually combine and simplify to a very few terms. 

Li ion, ' So : 

1. (l1Hil) = 2(AIhoIA) +(AAIgIAA)o 

2. (21H12) = (AIhoIA) +(BIhoIB) + (ABIgIAB)o + (ABIgIBA)0 

3. (31H13) = (PIhoIP) +(PPI9IPP)o + 5(PPIgIPP)2 

4. (4IHI4) = (PIhoIP) +(QIhoIQ) +(PQIgIPQ)o +(PQIaIQP)o 

+ 5(PQIgIPQ)2 + 5(PQI9IQP)2 

5. (11H12) = 4[Alh0IB + (AAIgIAB)d 

6. (11H13) = - (4/7f/3)(API9IPA)i 

7. (lIHI4) = - (VT/3)(APIgIQA), 

8. (2IHI3) = - (/3)(APIgIPB), 

9. (2IHI4) (4/V3)L(AQI9IPB)i 4) = - + (API9IQB)i] 

10.(3IHI4) = 47-fI(PIhoIQ) + (PPI9IPQ)0 + 5(PPI9IPQ)2] 

. 
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Li ion, 2S1: 

1. (11H11) _ (AIhoIA) + (BIhoIB) + (ABIHIAB)C - (ABIgIBA)0 

2. (2IHI2) = (PIh0IP) + (QIhoIQ) + - (PQI9IQP)0 

+ 5-(PQIgIPQ)2- 5(PQIgIQP)2 

3. (11H12) _ (4/7/3)I(APIgIQB)1 - (AQI9IPB)l] 

Li atom, _2S1/: 

1. (11H11) = 2(AIhoIA) + (BIhoIB) + (AAIgIAA)o - (ABIgIBA)0 

+ 2(ABIgIAB)0 

2. (2IHI2) = (AIhoIA) +(BIhoIB) + (CIhoIC) + (ABI9IAB)o 

+ (ACIgIAC)o + (BCI9IBC)c + (ABIgIBA)o 

- 2(ACIgICA)0 - (BCIgICB)0 

3. (31H13) = (AIhoIA) + (BIhoIB) + (CIhoIC) + (ABI9IAB)0 

+ (ACIgIAC)o + (BCIgIBC)o - (ABIaIBA)o 

+ 2(ACIgICA)0 + (BCIgICB)0 

4. (4IHI4) = 2(PIh0IP) + (AIhoIA) + 2(API9IAP)0 

+ (PPIgIPP)o - 3(APIgIPA)i + (PPIoIPP)2 

5. (51H15) = (AIhoIA) + (PIh0IP) +(QIhoIQ) + (API9IAP)0 

+ (AQI9IAQ)0 + (PQIgIPQ)o + (PQI9IQP)0 

- 6(APIgIPA)1 - 6(AQIgIQA)1 + 5(PQIgIPQ)2 

+ 5(PQIgIQP)2 



Li atom, 2Sí/2 (cont.) 

6. (61H16) 
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(AIhoIA) + (PIhoIP) (PIhoIP) + (QIhoIQ) + (APIgIAP)o 

+ (AQIgIAQ)o + (PQI9IPQ)0 - (PQI9IQP)0 

+ 6(APIgIPA)i+ 6(AQIgIQA)i + (PQIgIPQ)2 

- 5(PQIglQP)2 

7. (11H12) = -(4/7/2)[(AIhoIC) - 2(ABIgIBC)0 + (AAIgIAC)o 

+ (ABIgICB)o] 

8. (11H13) _ - (T /2)[(AIhoIC) + (AAIgIAC)o + (ABIgICB)o] 

9. (1IHI4) = (V /3)(APIgtPB)1 

10.(1IHI5) = (44/6)[(APIgIQB)1 + (AQIY!PB)l] 

11.(1IHI6) = (A//2) [(AQIglPB)i - (API gIQB)i] 

12.(21H13) = (4//2) [(ACI9ICA)o - (BCIgICB)o] 

13.(2IHI4) = (V /6)(BPIgIPC)i 

14.(2IHI5) = (4/7/6)[(BQIglPC)i + (BPI9IQC),] 

15.(2IH16) = (1/2) [(BQI9IPC)i - (BPI9IQC)] 

16.(3IHI4) = 47 /2)(BPIgIPC), 

17.(31H15) = -(1/2) [(BQIgIPC)1 + (BPI9IQC),] 

18.(31H16) = ( /6)[(BQIgIPC), - (BPI9IQC),] 

= 
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Li atom, 2Sí/2 (cont.) 

19.(4IHI5) = [Plh0IQ) + (PPIgIPQ)o + (APIgIAQ)o 

- 6(APIgIQA)1 + (PPIgIPQ2] 

20.(4IHI6) = -(4/T/6)(APIgIQA)1 

21.(51H16) = (4/7/6) [(APIgIPA)1 - (AQIgIQA)i] 

Li atom, 2P1 

1. (11H11) 

2. (21H12) 

3. (31H13) 

= 2(AIhoIA) + (PIhoIP)+ (AAIgIAA)0 

+ 2(APIgIAP)0 - (APIgIPA)1 

= (AIhoIA) + (BIhoIB) + (PIhoIP) + (ABIgIAB)0 

+ (APIgIAP)o + (BPIgIBP)o + (ABIgIBA)o 

- 6(APIgIPA)i - 6(BPIglPB)1 

= (AIhoIA) + (BIhoIB) + (PIhoIP) + (ABIgIAB)o 

+ (APIgIAP)o + (BPIgIBP)o - (ABI9IBA)0 

+ 6(APIgIPA)i + é(BPIgIPB)1 

4. (4IHI4) = 2(PIh0IP) + (QIhoIQ) + (PPIgIPP)0 

+ 2(PQI9IPQ)0 - 3(PQIgIQP)0 

+ 5(PPIgIPP)2 - A(PQ1g1QP)2 

5. (51H15) = 2(PIh0IP) + (QIhoIQ) + (PPIgIPP)0 

+ 2(PQIgIPQ)0 + 2(PQIglQP)0 - 5(PPIgIPP)2 

+ 5(PQI9IPQ)2 + 5(PQIgIQP)2 

4 
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Li atom, 2P1/2 (cont. 

6. (61H16) = 2(PIhoIP) + (QIhoIQ) + (PPI9IPP)0 

+ 2(PQIgIPQ)0 + 6(PQIgIQP)0 + 2(PPIgIPP)2 

+ 25(PQIgIPQ)2 - 5(PQIgIQP)2 

7. (1IHI2) = W2/2)[2(AIhoIB) + 2(AAIgIAB)o + 2(API9IBP)0 

- 3(APIgIPB)d 

8. (11H13) = - (v /6)(APIgIPB), 

9. (1IHI4) = (N/7/9)(APIg1QA)1 

10.(1IHI5) = (4/7/3)(APIgIQA)1 

11.(11H16) = ( /9)(APIg1QA), 

12.(21H13) = (4/7/6)[(APIg1PA)1 - (BP 1g1PB),] 

13.(2IH14) = (6 /18)[(API9IQB), + (AQI9IPB)il 

14.(2IHI5) = (v /6) [(API9IQB)i + (AQIgIPB)l] 

(4/5/54) [(APIgIQB), + (AQIgiPB),] 

(4/.7/6)[(AQI9IPB), - (APIgIQB),] 

-(4/7/6)[(AQ191PB)i - (APIgIQB)1_ 

( /6) [(AQIgIPB), - (APIgIQB),] 

- (PQI9IQP)0 + 5(PQI9IQP)2 

15.(21H16) = 

16.(31HI4) = 

17.(31H15) = 

18.(3IHI6) = 

19.(4IHI5) = 
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Li atom, 2P1/2 (cont.) 

20. (4IHI6) _ - (4 /3)[(PQI9IQP)o + 25(PQIgIQP)2 

- 25(PQI(3IPQ)2] 

21. (51H16) = (4/3/2)[(PQIgIQP)o + 25(PQIgIQP)2] 

In compiling these matrix elements we have used cer- 

tain symmetry relations which will be proved later (p. 75, 

79); e.g., e.g., (AIhoIB) _ (BIhoIA), and (AAIgIAB)0 = 

(AAIgIBA)o, etc. 

It should be remarked that the listings do not in- 

clude all possible types of matrix elements between all 

the configurations of this paper; only the configurations 

of p. 36 -37 are represented. Two particular types of ele- 

ments not represented above are of interest because they 

vanish: CAA( 'S)B(2S)IHICC(1S)D(2S)] = 0 because none of 

the functions of the first configuration match functions 

in the second; and = 0 by an 

"accidental" cancellation of its components. 

D. Construction of Single- Electron Radial Functions. 

In the preceding Part the matrix elements of the 

many- electron Hamiltonian were reduced to integrals in- 

volving the radial portions of single- electron wave func- 

tions. Before proceeding further with the development, 

[AA(1s)B(2s)IH!CD(3S)B(2s)] 
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then, it is necessary to introduce explicitly these radi- 

al functions. 

By analogy with the solutions for the hydrogen atom 

we use functions of the general form 

f(r) = rne-ar (62) 

where n is an integer > 0, and a is a parameter chosen so 

as to obtain an optimum value for the total energy. In 

the configuration- interaction method a number of these 

functions are used, with different values of n and of a; 

in this paper a total of six such functions was intro- 

duced. 

1. Choice of Parameters. 

No satisfactory systematic scheme for determining the 

optimum set of values of (n,a) has yet been devised. 

Boys, in his treatment of beryllium (2), used integral 

values of a which were determined by judicious guesswork. 

For heavier atoms he later used integral a's multiplied 

by an appropriate scale factor (8, 10, and 11). Weiss 

(50, p. 1828) used a digital computer to minimize the en- 

ergy with respect to pairs of a's for each - -value used; 

two or three values of n were then used for each a. 

HolO'ien (26) used a single set of a's with a large number 

of n's. Since it is desirable that one of the configura- 

tions be a fairly good approximation to the atomic state 

, 
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being considered, one could use the analytical Hartree- 

Fock solution as a starting point; this method again re- 

quires computer facilities, and says nothing about values 

of (n,a) for other configurations. 

In the present work it was decided to use, in part, 

values of (n,a) which can be obtained by the ordinary 

variational procedure. Thus, for lithium one could use 

n = 0, a = 2.687 for the is functions; and n = 1, 

a = 0.637 for the 2s orbital. This single configuration, 

A0Ao('S)Bo(2S), has a total energy of about -7.419 a.u., 

as has been found by a number of authors. However, we 

chose to follow instead the work of Burke and Mulligan 

(14), in which two is - functions are used; this is the 

method of "open- shells ", and its success is due to the 

partial accounting of the radial correlation in the atom. 

The parameters found by these authors were al = 2.065, 

a2 = 3.300 for the ls- orbitals; and a3 = 0.642 for the 2s 

function. (Note that the a for the valence electron 

changed little from that determined in the ordinary or 

"closed- shell" variational method.) The open -shell 

energy resulting from two configurations using these pa- 

rameters is -7.4436 a.u., a considerable improvement over 

the closed -shell value and superior even to the Hartree- 

Fock method. 

Three of the (n,a) sets used in the present 
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calculations are therefore the same as those of Burke and 

Mulligan. To these was added a fourth s- function, rte -r, 

representing a 3s state. The choice of a4 = 1.000 was 

purely arbitrary; no attempt at obtaining an "optimum" 3s 

function was made. 

The above four s- functions were introduced for the 

purpose of describing the 2S state of the lithium atom. 

It has been observed (30) that there is no great differ- 

ence between the ion wave function and the core function 

for the atom. Hence we shall use the same four s -func- 

tions in the ionic configurations for the 1S and 3S 

states; the accuracy in these cases may not be as good as 

for the atom, however. 

Two p-functions were used to describe the 2P first 

excited state of Li. It was noted above that the L -shell 

wave function parameter a of Burke and Mulligan differed 

little from the value of the ordinary variational method 

as applied to a single A0A0(1S)B0(2S) configuration. We 

assume that the same situation occurs for a 2P state, and 

use the a which minimizes the energy of a A0A0( 1S)P1(2P) 

configuration. Using a = 2.687 in the Ao function, one 

finds that the proper P1 function is of the form 

re -0.523r 
[The 

total energy of this configuration was 

computed to be -7.350 a.u., agreeing with the values ob- 

tained by Eckart (18), by Wilson (52), and by Morse, 

. 



58 

Young and Haurwitz (37) 

A new method was used to try to determine a second 

p- function which would be a "correction" to the first. 

It was noted by Boys (8, p. 148) that the lowering of the 

total energy by the rth function in a Ritz variational 

procedure can be estimated from 

(lIH1r )2 AE - 
(r1H1r) - (11H11) ' 

(63) 

where it is assumed that function "1" is a good approxi- 

mation to the state under consideration. To see this, we 

may consider the Ritz variational method as applied to 

only the two functions, "1" and "r ". Writing Hij for the 

matrix element (11HIj), Eq. (13) leads to the simulta- 

neous set of equations 

(H11 - E)Y1 + HlrYr = 0 

(64) 
H1rY1 + (Hrr 

- E)Yr = 0 . 

These have a non -trivial solution only if 

- E2 - (H11 + Hrr)E + (H11Hrr Hlr2) 0 
' (65) 

which may be solved for E. The lowering of the energy is 

the difference between this E and the energy of function 

"1" alone, or H11; hence 

AE = E - H11 
2 [Hrr - H11 - A(Hrr -H11) 2 

+ 4H1r2] . (66) 

If (4H1r2) 
<< (Hrr- 

H11)2, we may use the binomial expan- 

sion of the radical in Eq. (66), and Eq. (63) results. 

_ 

' 

= 

= 



59 

The procedure for finding the "best" correction 

function, at least as far as function "1" is concerned, 

is to assume the form me -ar for the correction, and then 

maximize IAEI with respect to a. The analytical form for 

a is quite complicated algebraically and it is easier 

simply to compute and plot AE for a few values of a, than 

to solve ô(iE) /ôa = O. Two functions were tested in 

this manner, r e r and rte -a2r; it was found that IAEI 

did indeed have a maximum, near al = 2.5 for the first 

function and a2 = 4.0 for the second. The corresponding 

values of AE were rather small, being -0.0004 and 

-0.00035 a.u., respectively. The function arbitrarily 

chosen for use was the first one, with a = 2.5. 

Two serious objections limit the validity of the 

above method. First, we shall use the parameters of 

Burke and Mulligan rather than the value of 2.687 for a 

in the core functions; it is not obvious that 'AEI will 

also be a maximum for the functions actually used. Sec- 

ond, we are ignoring entirely the interactions with other 

configurations; this is the more serious objection, since 

AE is small and the interactions need not be large to af- 

fect the result considerably. To maximize IAEI with re- 

spect to all the configurations, however, would require 

massive computational work; so the above procedure, how- 

ever questionable, was used to determine the second 
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p- function. 

In addition to providing the description of the L- 

shell electron for the 2P state, the above p- functions 

were also used to provide angular -correlation configura- 

tions for the K -shell electrons in all four states. For 

this purpose they certainly were not the best functions 

which could have been used. Core electrons lie much 

closer to the nucleus than does the valence electron, so 

the core functions should have larger values of a; Weiss, 

indeed, used a's of 4.45 and 8.9 for his 2p functions. 

But the economy of labor involved in not introducing new 

functions for this purpose was very tempting, and the 

fairly good results in all but the 3S state would seem to 

justify the short cuts. (See Section V.) 

2. Orthonormalization of Radial Wave Functions. 

Having introduced six different radial wave func- 

tions, we now wish to form linear combinations of these 

functions which will be mutually orthogonal and normal- 

ized. As noted earlier (p.25) it is not necessary to do 

this, but to do so allows a neater and more useful formu- 

lation. 

First, we note that two functions with different -- 

values will be automatically orthogonal when multiplied 

by the spherical harmonics. Within a given '- value, 
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however, functions are not necessarily orthogonal unless 

the radial functions themselves are orthogonalized. A 

standard procedure for doing this is the Gram -Schmidt 

process. The functions to be treated by this method are, 

then, the four s- functions, and (separately) the two p- 

functions. 

Let the original untreated functions be denoted by 

fi(r). From these we form an orthonormal set Fi(r) in 

the following manner: Let 

F1 = elf, 

F2 = b,f, + b2f2 

F3 = Cifi + C2f2 + C3f3 (67) 

The coefficients a, b, c, ... may be determined uniquely by 

imposing the condition 

oo 

J j 
F.F. r2dr 

o = S iJ 
(68) 

(The r2 term in the integral arises from the radial por- 

tion of the volume element in spherical polar coordi- 

nates.) Now let 

co 

fi = f fifj 
j 

r2dr. 
o 

Then we find that the coefficients for each of the F's 

can be determined independently of those for the 

(69) 
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other F's. Thus, applying Eq. (68) to the relations 

(67) in turn, we find for Fl: 

a1 2f 1 1 = 1; a1 = 1/ (70) 

For F2: 

a1b1f11 + alb2f12 = 0 , (71a) 

b1 2f 1 1 + 2b1 b2f 12 + b22f22 = 1 (71b) 

The a, in (71a) cancels 

in (71b) to produce the 

b1f11 

b2(blf12 

These yield the solutions 

bi 

out, and then (71a) can be 

new set of equations 

+ b2f12 = 0 

+ b2f22) = 1 . 

= 
fi2 

b2 

used 

(72a) 

(72b) 

(73a) 

(73b) 

is 

f11 
f11 

b22 = 

In calculating b2 in Eq. 

f11 f12 

f12 f22 

(73b), 

D2 

the positive root 

taken. 

For F3: the conditions (68) reduce to the system 

cif,i + C2f12 + C3f13 = 0 (74a) 

C1f12 + C2f22 + C3f23 = O (74b) 

C3(C1f13 + C2f23 + C3f33) = 1 . (74c) 

Solving this system for the c's yields 

. 

f11 - 



and 

where 

c1 

C2 = 

f12 f13 

f22 f23 

D2 

f11 f13 

f 12 f 23 
D2 

C32 = D2/D3 , 

D3 = 

C3 ; 

C3 ; 

f 11 f 12 f 13 

f 12 f 22 f 23 

f13 f23 f33 

63 

(75a) 

(75b) 

(75c) 

(75d) 

Introducing F4 = d1f1 + d2f2 + d3f3 + d4f4 , we obtain 

the system 

d1f11 + d2f12 + d3f13 + d4f14 = 0 (76a) 

d1f12 + d2f22 + d3f23 + d4-f24 = O (76b) 

d1f13 + d2f23 + d3f33 + d4f34 = 0 (76c) 

d4(d1f14 + d2f24 + d3f34 + d4f44) = 1 . (76d) 

Solution of these equations gives 

f12 f13 f14 

f22 f23 f24 

di = f23 f33 f34 d4 = k1d4 ; (77a) 

fil 

f12 

D3 

f13 

f23 

f14 

f24 

d2 f13 f33 f34 d4 = k2d4 ; (77b) 
D3 

- . 

= 



64 

f11 f12 f14 

f12 f22 f24 
d3 f13 f23 f34 d4 = k3d4 ; (77c) 

D3 

and d42 = D3/D4 , (77d) 

where D4 is the fourth -order determinant analogous to D3. 

In this case it is simpler to evaluate d4 by using the 

k's defined in Eqs. (77a, b, c) in Eq. (76d) : 

d42(kif14 + k2f24 + k3f34 + f44) = 1 . (77e) 

This technique' can obviously be extended to more func- 

tions, but only four are needed in the present analysis. 

The only remaining problem is the evaluation of the 

integrals fib of Eq. (69). Our functions fi and fi are 

of the form rae -ar and rbe -ßr, respectively. Hence 

f.. = F ra+b e- (a+(3 r 
) 

r2dr . i 
o 

This can be integrated immediately to give 

f. _ (a + b + 2): 

i (a p)a+b+3 

(78) 

(79) 

We now introduce the explicit radial functions dis- 

cussed earlier. 

'The writer has not found this particular formulation in 
any of the standard physics references which mention the 
Gram -Schmidt process. 

= 
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t = 0 : fi = e- 2.065r 
(80a) 

f2 = re- 0.642r (80b) 

e- 3.300r (80c) 

f4 = rte -r (80d) 

= 1 f5 = re-0.523r 0.523r (81a) 

fe = re -2.5r (81b) 

Our final orthonormalized functions will be denoted 

by A, B, ... instead of Fi, F2, ... . Thus we have 

t = 0 : A(r) = aifi (82a) 

B(r) = bifi + b2f2 (82b) 

C(r) = cif, + c2f2 + c3f3 (82c) 

D(r) = d,f, + d2f2 + d3f3 + d4f4 (82d) 

R, = 1 : P(r) = p5f5 (83a) 

Q(r) = Oafs + gsfs (83b) 

The integrals 
f iJ 

are found from Eq. 79, and the coeffi- 

cients a, b, ... evaluated from Eqs. (70), (73), (75), and 

(77). Table 2 lists the values of these coefficients. 

The calculations were carried out to ten places in 

order to insure accuracy in later work; results were 

checked by re- substituting into the original sets of si- 

multaneous equations. The largest error occurred in Eq. 

(76b), in which the left hand side has an actual value of 

1.07x10 -8. 

. 

f3 = e 

t 
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Table 2. Coefficients in Single- Electron Functions 

= 0: a, = 5.934 854 548 b, = - 1.551 227 366 

d, = 0.108 998 176 4 
b2 = 0.394 145 952 4 

d2 = -2.175 416 419 ci = -15.381 321 444 

d3 = 1.855 564 341 c2 = 0.132 215 064 3 

d4 = 2.433 833 295 c3 = 32.576 625 23 

= 1: p5 = 0.228 414 458 2 q5 = - 0.058 417 833 64 

qs = 11.778 168 44 

E. Evaluation of Hamiltonian Integrals. 

In this Part we evaluate the integrals (filholfj) 

and (fifjlglfkft), where the f's are the elementary radi- 

al functions introduced in the preceding Part. 

1. Integrals of ho. 

In Part C, Eq. (47), we encountered the integral 

(AlholD) = f Ra(r) L 2á + (2rz. 7Rd(r) dr. (84) 
o 

Since the radial functions A,B,... are linear combina- 

tions of the f's, we must first compute 

(filh°If) fco fi(r)L2dr2 t(2r2) rfj(r) r2 dr 
o 

co r 

= 
J 

fi(r)(K - 3V)fj (r) r2 dr, 
0 

(85) 

= + 

- 
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where we have used V(r) = l/r and Z = 3 for lithium. The 

operator K is evidently -;(d2 /dr2) + t( -, +1)/2r2. 

Let fi(r) = ra 
+t -ar and f.(r) = rb +te 

, 

-ßr. Then all 

the integrals arisina here have the general form 

$000 
n: 

Yn+l 
(86) 

(Integrals between functions with different i- values are 

not needed since such matrix components vanish.) 

Thus if we let N = a + b + 2- and y = a + ß, the in- 

tegral for V becomes 

(filVlf) 

(1\1+1)1 Y 

(87) 

After some manipulation, the integral for K eventual- 

ly reduces to 

(fiIKIfi) = 1\1 

1J+3[ß2a(a +2t +1) + a2b(b +2 -t+1) 
2y 

- 24b+t (a +t +l) +l) + t( -t+1 )} ] I. (88) 

Table 3 lists the values of (f I ho I y for the func- 

tions of Eqs. (80) and (81). 

It will be seen from Eqs. (87) and (88) that 

(fiIhoIy = (fIho)fi). This also follows from the 

Hermiticity of ho. 

e 

n-Yr,, 
o 

. 

= 

= 

- 



Table 3. Values of Integrals (filholy 

0: (f, ho fl) -0.115 349 213 5 

(f, ho f2) -0.332 507 247 2 

(fi (fi ho f3) -0.060 098 301 23 

(fi ho f4) -0.252 745 625 3 

(f2 ho f2) = -6.149 959 667 

(f2 ho f3) -0.125 500 351 6 

(f2 ho f4) -5.537 512 195 

(f3 ho f3) -0.030 991 735 54 

(f3 ho f4) -0.083 627 849 87 

(f4 ho f4) = -5.062 500 000 

= 1: (fslholfs) = -12.415 108 49 

(fslholfs) = -0.153 387 325 7 

(fslholfs) = -0.004 800 000 00 

2. Integrals of g. 

The radial portion of the integral in Eq. (56) 

the form 

has 
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k 
('00 

s 

oo 

(ABIgICD)k Je 
r 
> 

Ra(1)Rb(J)Rc(i)Rd(J) dridri. (89) 

> 

This can be rewritten in the form 

op 

(ABIgICD)k 
o 

j 

r. (r. )k 

JRa (r ) 

dri 
o 

J) 

03 (r) 
k 

+ a(i)R(i) 
J 

dr. 

(rik+l r. 
Rb(J)Rd(J) dr. . 

(90) 

= = 

= 

= 

= 

= 

= 

= 

= 

= 

o 
k+l 

o 

t 

s 

J 

= 
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Now Ra = rA(r), and similarly for the other R's. Also the 

integration variables are "dummies ", so we can put i =1 and 

j =2. Hence Eq. (90) becomes 

(ABI9ICD)k = IA(l)C(l)(r,)ldr,SB(2)D(2)(r2)2+k dr2 
o o 

(91) 

+ (r2)1-kdr2 f r2A(l)C(l)(ri)2+1( dri . 

o o 

But the A,B,... functions are linear combinations of the 

elementary radial functions fi(r) of Part D. In general 

we may have four such functions, so let us define 

fa(r) = 

fc(r) = 

ra+Z, e-ar f 
b 
(r) r 

rc+3eYr 
f 
d 
(r) = rd+--4e-br 

Following now the notation of Boys (2), we denote 

x= a + c +ti + u= a + y 

y = b + d + + t4 v = ß + b . 

Now Eq. (91) assumes the form, for the f's, 

(fafbl9lfcfd)k = 

pOD 

(ri )x+l-k e-uri dri 
,ri 

e-vr2 dr2 
o o 

1 
O° y+l-k -vr2 (r2 x+2+k -uri (r2) e dr2 (ri) e dri 

o o 

We now define 

(92) 

(93) 

(94) 

t2 

(r2)y+2+k 

. 

= 

+ 



U(p, q, u, v) 
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S 
oop q -uri 2 

dri ri rz e e dr2. (95) 
o o 

The integral of Eq. (95) can be evaluated by successive 

integrations by parts; this results in the expression 

U(p,q,u,v) _ 
:(p +q -s): 1 1 

s= (p-s): ul+s (u+v)p+q+1-s . (96) 

As pointed out by Boys (ibid.), this can also be written 

in the form 

U(p,q,u,v) _ Lou - pav u(u+v) (97) 

Now, associating the p and q with the exponents of r in 

Eq. (94), we have a final form of the integral: 

(fafblglfcfd)k = U(x+l-k, y+2+k, u, v) 

+ U(y+l-k, x+2+k, v, u). (98) 

As an example of an application of Eqs. (98) and (96), we 

consider the case for k = 0, x = 0, and y = 0. This gives 

(fafblglfcfd) = 
2 

uv(u+v) 
1 1 

uv (u+v) ' 

Similar formulas were worked out for the following cases 

arising in the present calculations: 

p 

s_0 

a p a q 1 

C 

+ 
r 
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k = 0: x = 0, y = 0 x = 1, y = 1 x = 2, y = 3 

= 0, = 1 = 1, = 2 = 2, = 4 
= 0, = 2 = 1, = 3 = 3, = 3 

= 0, = 3 = 1, = 4 = 3, =4 
=0, =4 = 2, =2 =4, =4 

k = 1: x = 1, y = 1 x = 2, y = 2 
= 1, = 2 = 2, = 3 

= 1, = 3 = 3, = 3 

k = 2: x = 2, y = 2 

For reasons of symmetry, the cases with x > y give no new 

information. For if x and y are interchanged, u and v 

will be also; this has the effect of merely interchanging 

ri and r2, which are dummy variables. So the integral of 

Eq. (94), as evaluated in Eq. (98), is invariant under 

such an interchange. This means that (fafbIgIfcfd)k will 

remain unchanged if we interchange fa with fb, and simul- 

taneously fc with fd. 

It is also apparent from the definitions of Eqs. (92) 

and (93) that we can interchange function fa with fc, 

and /or function fb with fd. 

Let us abbreviate (fafbIgIfcfd) simply to (ablcd), 

for any value of k. Then the above symmetry considera- 

tions allow us to reduce greatly the number of two - 

electron integrals which must be evaluated, as indicated 

in the following list: 

(a) Two different functions fa, fb: 

(aalab) = (aalba) = (ablaa) = (balaa) 

(ablab) = (balba) 

(abiba) = (balab) = (aalbb) = (bblaa) 
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(b) Three different functions fa, fb, fc : 

(ablcb) = (cblab) = (balbc) = (bclba) 

(ablbc) _ (bblca) = (bclab) = (calbb) 

= (cblba) = (bblac) = (balcb) = (acjbb) 

(c) Four different functions fa, fb, fc, fd: 

(ablcd) = (bclda) = (cdlab) = (dalbc) 

_ (dclba) = (cblad) = (baldc) = (adlcb) 

Note, however, that (ablab) (abiba); (ablcb) (ablbc); 

and (ablcd) / (abide) (aclbd). 

Table 4 lists the values of all the (ablcd) integrals 

used in this paper, for the six elementary functions fi of 

Part D. 

Table 4. Two -electron Integrals (fafblgIf'fd) = (ablcd). 

k = 0: 

(11 11)0 0.001 040 302 770 (12 13)0 0.000 736 140 467 9 

(22 22)0 11.029 358 60 (11 23)0 0.001 207 477 435 

(33 33)0 0.000 099 813 741 5 (12 14)0 0.056 788 830 73 

(44 44)0 8.167 648 315 (11 24)0 0.005 794 498 899 

(11 12)0 0.002 523 841 336 (13 14)0 0.000 431 480 945 7 

(12 22)0 0.235 180 058 5 (11 34)0 0.000 845 569 411 5 

(11 13)0 0.000 534 482 549 4 (12 32)0 0.028 485 932 45 

(13 33)0 0.000 166 292 862 5 (12 23)0 0.002 016 868 847 

(11 14)0 0.001 793 694 844 (12 42)0 0.184 926 946 8 

(14 44)0 0.159 635 433 0 (12 24)0 0.216 030 127 4 

(22 23)0 0.053 868 910 58 (23 24)0 0.035 175 718 75 

(23 33)0 0.000 204 103 824 9 (22 34)0 0.049 318 877 94 

(22 24)0 10.110 866 41 (13 23)0 0.000 665 779 908 9 

(24 44)0 8.703 430 798 (12 33)0 0.000 362 950 819 4 

/ ' 

51 



73 

k = 0 (cont.): 

(33 34)0 0.000 115 550 906 0 (13 43)0 0.000 461 646 908 7 

(34 44)0 0.030 190 164 90 (13 34)0 0.000 208 506 793 4 

(12 12)0 0.062 170 864 21 (23 43)0 0.013 974 436 92 

(11 22)0 0.007 745 262 795 (23 34)0 0.000 337 927 562 9 

(13 13)0 0.000 310 259 501 5 (14 24)0 0.202 584 217 8 

(11 33)0 0.000 281 229 828 3 (12 44)0 0.170 074 598 7 

(14 14)0 0.053 039 031 20 (14 34)0 0.024 253 085 76 

(11 44)0 0.004 382 895 956 (13 44)0 0.000 928 467 831 3 

(23 23)0 0.015 327 506 02 (24 34)0 0.046 133 065 54 

(22 33)0 0.000 557 747 469 8 (23 44)0 0.032 246 139 35 

(24 24)0 9.472 103 969 (12 34)0 0.025 987 890 78 

(22 44)0 9.281 221 787 (12 43)0 0.001 469 455 483 

(34 34)0 0.013 036 845 64 (13 24)0 0.001 258 003 938 

(33 44)0 0.000 208 170 588 9 

(15 15)0 0.141 683 751 2 (25 26)0 0.197 754 865 2 

(15 25)0 0.544 304 909 5 (25 36)0 0.001 558 579 623 

(15 35)0 0.064 792 047 30 (25 46)0 0.181 892 787 1 

(15 45)0 0.429 641 246 4 (26 26)0 0.016 685 168 05 

(15 16)0 0,001 899 547 925 (26 36)0 0.000 172 700 679 4 

(15 26)0 0.006 159 725 585 (26 46)0 0.015 273 777 72 

(15 36)0 0.000 894 728 120 1 (35 35)0 0.034 834 355 22 

(15 46)0 0.004 663 434 410 (35 45)0 0.080 717 147 05 

(16 16)0 0.000 225 857 378 4 (35 36)0 0.000 488 256 332 3 

(16 26)0 0.000 626 527 475 0 (35 46)0 0,000 985 653 207 2 

(16 36)0 0.000 110 631 948 1 (36 36)0 0.000 061 855 078 6 

(16 46)0 0.000 457 087 387 7 (36 46)0 0.000 104 999 418 7 

(25 25)0 27.456 068 58 (45 45)023.409 820 84 

(25 35)0 0.123 290 312 1 (45 46)0 0.170 744 151 8 

(25 45)0 25.064 079 58 (46 46)0 0.014 285 055 81 
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k = 0 (cont): 

(55155)0 69.799 178 34 (56165)0 0.004 962 404 324 

(55156)0 0.459 753 434 9 (56166)0 0.000 484 800 510 0 

(56156)0 0.038 157 855 88 (66166)0 0.000 053 568 000 

k = 1: 

(15 51)1 0.006 751 641 895 (25 62)1 0.118 968 297 5 

(15 52), 0.195 929 346 3 (25 63), 0.000 904 319 998 1 

(15 53)1 0.001 602 405 028 (25 64), 0.110 566 237 1 

(15 54)1 0.181 797 987 1 (26 53)1 0.004 365 617 114 

(15 61), 0.000 795 276 893 6 (26 54)1 0.104 206 157 3 

(15 62)1 0.013 898 483 23 (26 62)1 0.002 324 595 377 

(15 63)1 0.000 232 876 120 7 (26 63), 0.000 158 883 906 9 

(15 64), 0.012 657 628 01 (26 64), 0.001 877 338 275 

(16 52), 0.003 945 286 784 (35 53), 0.000 439 874 936 6 

(16 53), 0.000 296 006 884 2 (35 54)1 0.029 653 216 39 

(16 54), 0.003 155 258 276 (35 63), 0.000 094 129 414 3 

(16 61)1 0.000 127 079 012 2 (35 64), 0.003 941 260 742 5 

(16 62), 0.000 439 934 213 8 (36 54), 0.000 687 742 434 7 

(16 63)1 0.000 053 475 311 5 (36 63)1 0.000 023 777 344 4 

(16 64), 0.000 326 295 698 7 (36 64), 0.000 113 873 232 2 

(25 52), 17.549 698 83 (45 54)114.522 036 26 

(25 53), 0.032 342 899 20 (45 64), 0.097 089 437 52 

(25 54)1 15.913 868 02 (46 64), 0.001 538 076 603 

k = 2: 

(55155)2 33.773 795 99 (56 65)2 0.002 401 163 382 

(55156)2 0.126 206 620 1 (56 66)2 0.000 206 115 887 8 

(56156)2 0.005 589 180 927 (66 66)2 0.000 025 920 000 

F. Matrix Components of the Hamiltonian. 

After working out the integrals of h0 and g between 

the elementary functions fi in the preceding Part, we are 
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now ready to assemble the matrix components of the types 

(AIhoIB) and (ABIgICD)k. Inasmuch as the functions A, B, 

... are simple linear combinations of the f's, the process 

is merely an algebraic combination of the various terms. 

As an example of a matrix component of ho, we con- 

sider (BIhoIC) where B = bifi + b2f2 and C = cif, + c2f2 

+ c3f3. Writing the value of each term just to the right 

of the term, we have 

(BIhoIC) = blci(fi hó fl) -2.752 223 785 

+ b,c2(f, ho f2) 0.068 195 782 

+ b,c3(fi f3) ho 3.036 992 683 

+ b2ci (f2 ho fl) 2.015 820 395 

+ b2c2(f2 ho f2) -0.320 486 898 

+ b2c3(f2 ho f3) -1.611 417 609 
+0.436 880 568 

Table 5 lists the matrix components of ho for the six 

functions used in this work. 

Table 5. Matrix Components of 

= 0: 

(AIhoIA) = -4.062 887 499 (BIhoIC) = 0.436 880 568 

(AIhoIB) = 0.284 139 892 ( BIhoID) = -0.120 310 946 

(AIhoIC) = -1.350 410 71 ( CIhoIC) = 0.211 441 55 

(AIhoID) = -0.094 293 631 (CIhoID) = 0.372 369 44 

(BlholB) = -0.826 371 620 (DlholD) = -0.305 358 86 

= 1: (PIhoIP) = -0.647 735 500 

(PIhoIQ) = -0.246 997 806 

(QIhoIQ) = -0.497 171 687 

Because (filholfj) _ (fjlholfi), it follows that the above 

t 

ho 
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matrix components are also symmetric: (AIhoIB) = (BIhoIA), 

etc. 

The two -electron matrix components were compiled sim- 

ilarly, by multiplying together four of the f's with their 

corresponding coefficients. This particular process is 

the most tedious portion of the entire calculation. The 

component (DDIgIDD)o, for example, has 256 terms (since 

the D function is itself a sum of four terms); fortunately 

in this case the symmetry relations of Part E reduce the 

number of terms to 55. With the component (CDIgIDD)o, we 

are not so fortunate, and 102 terms must be added. 

Considerable accuracy is often lost in this part of 

the work. For example, several of the terms in (DDIgIDD)0 

have values approaching 300, but these nearly cancel to 

give a final value for the matrix component of about 0.14. 

This is the reason that ten -place accuracy was used in the 

beginning; several figures may be lost in the formation of 

sums and differences of large numbers. It is believed 

that all the two -electron matrix components tabulated be- 

low are accurate to at least five figures. (More signifi- 

cant figures are given, but the last one or two digits 

should be considered doubtful.) 

An example of these calculations is given by the rel- 

atively simple component (ABIgICB)0: 
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(ABIgICB)0 = a1b12c1 (11 11)0 -0.228 514 834 4 

+ a,b,2c2 (11 12)0 0.004 765 450 741 

+ 2a,b,b2c1(11 12)0 2(0.140 863 445 1) 

+ a1b12c3 (11 13)0 0.248 656 958 5 

+ a,b22c2 (12 22)0 0.028 668 545 30 

+ a,b22c, (12 12)0 -0.881 667 382 6 

+ 2a,b,b2c2(11 22)0 -2(0.003 715 863 114) 

+ alb22c3 (12 32)0 0.855 580 255 1 

+ 2a,b,b2c3(I1 23)0 -2(0.142 734 094 3) 

+ 0.016 315 967 4 

Table 

again abbreviate, 

k = 0: 

6 lists 

Table 

the two -electron matrix components; 

using (ABICD)0 in place of 

6. Matrix Components of q 

we 

(ABIgICD)0. 

(AA AA)0 1.290 625 001 (AB AC)0 -0.187 186 035 8 

(BB BB)0 0.226 063 392 6 (AB CA)0 -0.073 920 624 2 

(CC CC). 1.524 752 47 (AB AD)0 0.065 049 086 

(DD DD)0 0.140 473 0 (AB DA)0 -0.002 126 473 1 

(AA AB)0 -0.129 392 724 5 (AC AD)0 0.127 026 931 

(AB BB)0 -0.006 035 563 47 (AC DA)0 0.116 475 672 

(AA AC)0 0.364 586 585 (AB CB)0 0.016 315 967 4 

(AC CC). 0.525 399 70 (AB BC)0 0.022 746 605 5 

(AA AD)0 -0.004 116 797 (AB DB), -0.000 358 178 3 

(AD DD)0 -0.000 247 59 (AB BD). 0.001 125 173 3 

(BB BC)0 -0.024 531 065 5 (BC BD)0 0.019 259 231 

(BC CC). -0.217 508 737 (BC DB)0 -0.007 918 871 

(BB BD)0 0.040 755 237 (AC BC)0 -0.144 350 612 

(BD DD)0 0.019 742 94 (AC CB)0 -0.080 874 705 

(CC CD)0 0.150 120 60 (AC DC)0 0.018 438 430 

(CD DD)0 0.009 238 72 (AC CD)0 0.056 054 662 
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= 0 (cont.): 

(AB AB), 0.319 657 961 9 (BC DC), 0.057 759 574 

(AB BA), 0.021 849 154 02 (BC CD), -0.023 001 231 

(AC AC), 1.300 193 03 (AD BD), -0.002 662 637 

(AC CA), 0.324 581 141 (AD DB), -0.000 712 054 

(AD AD), 0.213 313 03 (AD CD), 0.006 865 61 

(AD DA), 0.003 449 118 (AD DC), 0.001 580 639 

(BC BC), 0.317 239 998 (BD CD), -0.011 700 617 

(BC CB), 0.036 169 580 4 (BD DC), 0.005 703 282 

(BD BD), 0.168 984 442 (AB CD), -0.006 897 862 

(BD DB), 0.017 753 216 (AB DC), -0.002 560 660 4 

(CD CD), 0.212 393 33 (AC BD), -0.015 958 277 6 

(CD DC), 0.016 450 458 

(AP AP), 0.260 367 868 0 (BP CP)o -0.015 196 176 4 

(AP AQ). 0.113 409 658 5 (BP CQ)o -0.018 120 184 2 

(AQ AQ). 1.028 555 094 (BQ CQ)o -0.134 227 194 6 

(AP BP), -0.001 625 033 34 (BP DP), 0.032 332 859 

(AP BQ), -0.007 867 841 58 (BP DQ)o 0.009 523 723 4 

(AQ BQ)o -0.081 010 538 2 (BQ DQ)o 0.066 631 423 

(AP CP)o 0.001 049 132 2 (CP CP)o 0.254 866 356 

(AP CQ)o 0.011 611 983 8 (CP CQ)o 0.103 617 496 

(AQ CQ)o 0.169 248 137 (CQ CQ)o 0.962 360 006 

(AP DP), -0.000 850 142 9 (CP DP), 0.012 879 402 9 

(AP DQ)o -0.002 699 238 9 (CP DQ)o 0.011 018 377 3 

(AQ DQ)o -0.015 508 270 (CQ DQ), 0.090 879 076 

(BP BP), 0.205 597 547 2 (DP DP), 0.158 918 657 

(BP BQ)o 0.022 100 730 99 (DP DQ)o 0.010 773 402 

(BQ BQ)o 0.303 944 164 (DQ DQ)o 0.206 398 989 

(PPIPP)o 0.189 996 093 7 (QQIQQ)0 0.887 823 119 9 

(PPIPQ)0 0.015 939 564 42 (PQfPQ)o 0.255 595 629 0 

(PQIQQ)o 0.101 413 811 3 (PQIQP)0 0.015 335 733 62 
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k = 1: 

(AP PA), 0.012 407 284 47 (BP PC), 0.009 492 728 51 

(AP QA), 0.072 186 615 52 (BP QC), -0.007 137 229 43 

(AQ QA), 0.583 204 278 6 (BQ PC), -0.052 999 171 6 

(AP PB), 0.020 668 921 50 (BQ QC), -0.022 188 292 4 

(AP QB), 0.062 481 937 33 (BP PD), 0.011 447 129 1 

(AQ PB), -0.000 155 081 26 (BP QD), 0.005 672 958 8 

(AQ QB), QB)1 -0.036 829 645 0 (BQ PD), 0.002 885 872 2 

(AP PC), -0.007 971 194 75 (BQ QD), -0.000 150 099 6 

(AP QC), -0.042 803 470 2 (CP PC), 0.012 876 442 13 

(AQ PC), -0.030 978 239 3 (CP QC), 0.027 715 358 0 

(AQ QC), -0.107 754 740 (CQ QC), 0.169 267 789 

(AP PD), 0.006 176 503 2 (CP PD), -0.006 862 806 0 

(AP QD), 0.015 829 769 1 (CP QD), -0.012 462 537 

(AQ PD), -0.005 847 931 9 (CQ PD), 0.006 209 567 0 

(AQ QD), -0.043 968 246 6 (CQ QD), 0.021 885 349 

(BP PB), 0.130 590 684 5 (DP PD), 0.029 848 849 

(BP QB), -0.007 879 714 24 (DP QD), -0.004 873 125 

k 

(BQ QB), 

= 2: 

0.013 378 470 21 (DQ QD), 0.007 153 974 

(PP PP)2 0.091 933 593 78 (QQ QQ)2 0.429 174 003 5 

(PP PQ)2 -0.005 797 780 88 (PQ PQ)2 0,037 405 249 76 

(PQ QQ)2 0.059 627 849 73 (PQ QP)2 0.014 331 222 26 

It will be observed that because of the symmetry re- 

lations involving the integrals (fkf .tIgIfmfn), described 

on p. 71 -72, similar relations will apply to the (ABIgICD) 

components. In fact, a list of such relations may be com- 

piled simply by substituting, in the list of p. 71 -72, "A" 

for "a "; "B" for "b "; "C" for "c "; and "D" for "d ". 
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G. Lithium Configurations and Matrix Elements of the 

Hamiltonian. 

We consider next the actual configurations formed out 

of the six single- electron functions. It will be recalled 

that A, B, C, and D refer to s- functions, while P and Q 

are p- functions. The actual linear combinations of the 

functions to form the desired eigenfunctions of L2, LZ, 

S2, and SZ will not be given explicitly; but these may 

easily be found from the prototype equations of Part B. 

(The "Table" listed after each state below refers to the 

listings of matrix elements (i1HIj) later in this Part.) 

Table 7. Configurations for Four States of Lithium. 

Li ion, 'So; L = 0, S = 0. (Table 8) 

1. AoAo('S) 

2. BoBo('S) 

3. CoCo('S) 

4. DoDo('S) 

5. AoBo('S) 

6. AoCo('S) 

7. AoDo('S) 

8. BoCo('S) 

9. BoDo('S) 

10. CoDo('S) 

11. P1P1('7;,5) 

12. P1Q1(1S) 

13. Q1Q1(1S) 

Li+ ion, 3S1; L = 0, S = 1, SZ = +1. (Table 9) 

1. A0B0(3S) 

2. AoCo(3S) 

3. A0D0(3S) 

4. B0C0(3S) 

5. BoD0(3S) 

6. CoD0(3S) 

7. P1Q1(3S) 
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Table 7 (cont.) 

Li atom, 2S1; L = 0, S 
2 

= 2, SZ = (Table 10) 

1. A0A0(1S)B0(2S) 11. D0D0(1S)B0(2S) 

2. A0A0(1S)C0(2S) 12. D0D0(1S)C0(2S) 

3. B0B0(1S)C0(2S) 13. A0C0(1S)B0(2S) 

4. B0B0(1S)A0(2S) 14. A0C0(3S)B0(2S) 

5. C0C0(1S)A0(2S) 15. C0D0(1S)B0(2S) 

6. C0C0(1s)B0(25) 16. CoD0(3S)B0(2S) 

7. A0A0(1S)D0(2S) 17. A0D0(1S)B0(2S) 

8. B0B0('S)D0(2S) 18. A0D0(3S)B0(2S) 

9. C0C0(1S)D0(2S) 19. A0D0(1S)C0(2S) 

10. D0D0(1S)A0(2S) 20. A0D0(3S)C0(2S) 

21. P1P1(1S)A0(2S) 27. P1Q1(1S)A0(2S) 

22. P1P1(1S)B0(2S) 28. P1Q1(3S)A0(2S) 

23. 1311)1(1S)C0(2S) 29. P1Q1(1S)B0(2S) 

24. Q1Q1('S)A0(2S) 30. P1Q1(3S)B0(2S) 

25. Q1Q1('S)B0(2S) 31. P1Q1(1S)C0(2S) 

26. Q1Q1(1S)C0(2S) 32. P1Q1(3S)C0(2S) 

+;. 



Table 7 (cont.) 

Li atom, 2P1; L = 1, LZ = 0, S = 2 , 

2 
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S = +2 . (Table 11) 
Z 2 

1. A0A0(1S)P1(2P) 13. AoBo(3S)Q1(2P) 

2. C0C0(1S)P1(2P) 14. A0D0(1S)P1(2P) 

3. A0A0('S)Q1(2P) 15..AoDo(3S)P1(2P) 

4. A0C0(1S)P1(2P) 16. C0C0(1S)Q1(2P) 

5. A0C0(3S)P1(2P) 17. A0D0(1S)Q1(2P) 

6. A0C0(1S)Q1(2P) 18. A0D0(3S)Q1(2P) 

7. A0C0(3S)Q1(2P) 19. BoCo(1S)P1(2P) 

8. B0B0(1S)P1(2P) 20. BoCo(3S)P1(2P) 

9. D0Do(1S)P1(2P) 21. B0D0('S)P1(2P) 

10. A0B0(1S)P1(2P) 22. BoDo(3S)P1(2P) 

11. A0B0(3S)P1(2P) 23. CoDo(1S)P1(2P) 

12. A0B0(1S)Q1(2P) 24. C0D0(3S)P1(2P) 

25. P1P1('S)Q1(2P) 27. P1P1(3P)Q1(2P) 

26. Q1Q1(1S)P1 (2P) 28. P1P1(1D)Q1(2P) 

The ionic functions above represent all the configu- 

rations which can be constructed from the available orbi- 

tals. In the 2S state of the atom, configurations with 

p- functions in the core and the 3s "D" functions in the 

outer shell were not included. In the 2P state several 

possible configurations with the correction function "Q" 
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in the outer shell were omitted, for the reason that their 

matrix elements with the principal function (No.1) would 

be small or zero; see Part H for a discussion of this 

method of selection, 

Tables 8 -11 give the matrix elements of the Hamilto- 

nian, ( i IHIj), where i and j refer to numbered functions 

for the appropriate state in the above listings. A long 

dash( ) indicates that that element was not com- 

puted; some of the above functions were omitted when ap- 

plying the Ritz variational principle. 



r 

1 -6.835 150 0 
2 0.021 849 2 

3 0.324 581 1 

4 0.003 449 1 

5 0.218 845 5 

6 -1.394 165 8 

7 -0.139 173 4 
8 -0.104 539 5 

9 -0.003 007 3 

10 0.164 721 5 

11 -0.007 163 3 

12 -0.058 940 1 

13 -0.336 713 1 

TABLE 8. 

(rIHI1) 

(rIHI5) 

1 0.218 845 5 

2 0.393 298 9 

3 -0.114 374 1 

4 -0.001 007 0 
5 -4.547 752 0 
6 0.175 773 9 

7 -0.057 388 3 

8 -1.311 348 1 

9 -0.093 526 6 

10 -0.009 458 5 

11 -0.016 876 1 

12 -0.035 984 4 
13 0.030 071 3 

(rIHI9) 

1 -0.003 007 3 

2 -0.112 508 8 

3 -0.032 528 7 

4 -0.142 224 6 

5 -0.093 526 6 

6 -0.018 518 9 

7 0.280 765 2 
8 0.383 709 8 

9 -0.944 992 8 

10 0.430 883 2 

11 -0.009 346 5 

12 -0.004 941 4 
13 0.000 122 6 

LITHIUM ION (1S) MATRIX ELEMENTS 

(rIHI2) 

0.021 849 2 

-1.426 679 8 

0.036 169 6 
0.017 753 2 

0.393 298 9 

0.032 168 6 
0.001 591 2 

0.583 150 3 

-0.112 508 8 

-0.011 199 0 
-0.075 396 6 

0.006 433 8 

-0.007 724 1 

(rIHl6) 

-1.394 165 8 

0.032 168 6 

-1.166 741 8 

0.002 235 4 
0.175 773 9 
-2.226 671 8 

0.615 872 0 
0.058 914 6 
-0.018 518 9 

-0.019 800 5 

0.006 508 5 

0.042 597 9 

0.087 981 4 

(rIHI10) 

0.164 721 5 

-0.011 199 0 
0.738 912 5 

0.539 675 4 
-0.009 458 5 

-0.019 800 5 

-1.341 964 5 

-0.085 552 6 

0.430 883 2 

0.134 926 5 

0.005 603 5 

0.003 610 2 
-0.017 869 3 

(rIHI3) (rIHI4) 
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0.324 581 1 0.003 449 
0.036 169 6 0.017 753 
1.947 635 6 0.016 450 
0.016 450 5 -0.470 244 
-0.114 374 1 -0.001 007 
-1.166 741 8 0.002 235. 4 
0.079 273 3 -0.133 701 
0.310 238 6 0.008 065 
-0.032 528 7 -0.142 224 
0.738 912 5 0.539 675 
-0.007 434 2 -0.017 233 
-0.022 629 5 0.003 978 
-0.097 726 8 -0.004 130 

(rIHI7) (rIHI8) 

-0.139 173 4 -0.104 539 
0.001 591 2 0.583 150 
0.079 273 3 0.310 238 

-0.133 701 5 0.008 065 
-0.057 388 3 -1.311 348 
0.615 872 0 0.058 914 
-4.151 484 2 -0.022 856 
-0.022 856 1 -0.261 520 
0.280 765 2 0.383 709 
-1.341 964 5 -0.085 552 
-0.005 043 1 -0.007 750 
-0.005 763 0 0.034 719 
0.035 899 9 0.018 116 

(rIHlll) (rIHI12) 

-0.007 163 3 -0.058 940 
-0.075 396 6 0.006 433 
-0.007 434 2 -0.022 629 
-0.017 233 2 0.003 978 
-0.016 876 1 -0.035 984 
0.006 508 5 0.042 597 
-0.005 043 1 -0.005 763 
-0.007 750 8 0.034 719 
-0.009 346 5 -0.004 941 
0.005 603 5 0.003 610 

-0.420 966 0 -0.330 045 
-0.330 045 4 -0.853 281 
0.021 068 2 -0.172 156 

1 

2 

5 
7 

0 

5 
7 

6 
4 
2 

9 

3 

5 

3 

6 

7 

1 

6 

1 

5 

8 

6 

8 

8 
7 

1 

8 

5 

9 
4 
9 
0 
8 

4 
2 
4 
2 

3 



TABLE 8(cont.) LITHIUM ION (1S) MATRIX ELEMENTS 

r (rIHI13) 

1 -0.336 713 1 

2 -0.007 724 1 

3 -0.097 726 8 

4 -0.004 130 3 

5 0.030 071 3 

6 0.087 981 4 
7 0.035 899 9 

8 0.018 116 7 

9 0.000 122 6 

10 -0.017 869 3 

11 0.021 068 2 
12 -0.172 156 3 

13 0.562 321 0 

TABLE 9. LITHIUM ION (3S) MATRIX ELEMENTS 

(rIHI1) (rIHI2) (rIHI3) 
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(rIHl4) 

1 -4.591 450 3 0.323 615 2 -0.053 135 4 1.356 841 3 

2 0.323 615 2 -2.875 834 1 0.382 920 7 0.220 664 0 
3 -0.053 135 4 0.382 920 7 -4.158 382 4 -0.009 060 4 
4 1.356 841 3 0.220 664 0 -0.009 060 4 -0.333 859 7 

5 0.095 777 0 -0.013 397 6 0.282 189 3 0.399 547 5 

6 -0.004 337 2 0.131 909 9 -1.345 125 7 0.039 550 1 

7 0.036 163 5 -0.006 827 3 0.012 515 6 0.026 478 4 

r (rIHI5) (rIHI6) (rIHl7) 

1 0.095 777 0 -0.004 337 2 0.036 163 5 

2 -0.013 397 6 0.131 909 9 -0.006 827 3 

3 0.282 189 3 -1.345 125 7 0.012 515 6 

4 0.399 547 5 0.039 550 1 0.026 478 4 
5 -0.980 499 3 0.419 476 7 0.001 609 1 

6 0.419 476 7 0.102 025 6 -0.010 780 3 

7 0.001 609 1 -0.010 780 3 -0.895 417 7 

- 

r 
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TABLE 10. LITHIUM ATOM (2S) MATRIX ELEMENTS 

(rIHI1) 

1 -7.044 054 8 
2 0.136 429 1 

3 0.073 920 6 

4 -0.148 711 6 

5 0.080 874 7 
6 0.324 581 1 

7 0.011 913 7 

8 0.002 126 5 

9 0.000 000 0 
10 0.000 712 1 

11 0.003 449 1 

12 0.000 000 0 
13 -1.387 175 9 

14 -0.027 858 8 

15 0.164 721 5 

16 0.000 000 0 
17 -0.140 475 5 

18 -0.001 378 1 

19 0.001 256 2 

20 0.008 448 1 

(rIHl5) 

1 0.080 874 7 

2 0.460 424 4 
3 -0.022 746 6 

4 0.036 169 6 

5 0.160 553 0 
6 0.076 313 4 
7 -0.056 054 7 
8 0.000 000 0 
9 -0.113 471 4 
10 0.016 450 5 

11 0.000 000 0 
12 -0.001 580 6 

13 -0.127 298 3 

14 0.039 419 4 
15 -0.020 757 8 

16 0.003 136 2 

17 0.016 264 3 

18 -0.028 170 6 

19 -0.541 638 6 

20 0.652 839 6 

(rIHl2) 

0.136 429 1 

-4.347 903 5 

0.021 849 2 

-0.022 746 6 

0.460 424 4 
0.073 920 6 
0.509 947 6 

0.000 000 0 
-0.116 475 7 

-0.001 580 6 

0.000 000 0 
0.003 449 1 

-0.121 725 6 
-0.012 733 1 

0.001 503 6 

-0.002 604 4 
0.007 662 9 

0.019 544 8 

-0.152 734 1 

-0.068 652 7 

(rJHI6) 

0.324 581 
0.073 920 
-0.194 840 
0.080 874 
0.076 313 
1.719 574 
0.000 000 
0.023 001 
0.018 209 

1 

6 

8 

7 

4 
4 
0 
2 
4 

0.000000 0 

0.016 450 
-0.005 703 
-1.159 751 
0.027 858 
0.771 748 
0.009 698 
0.079 273 
0.000 000 
0.016 161 
-0.011 096 

5 

3 

8 

8 

7 

6 

3 

0 
7 

7 

(rIHI3) 

0.073 920 6 
0.021 849 2 

-0.616 927 9 

-1.340 525 4 
-0.022 746 6 

-0.194 840 8 
0.000 000 0 
0.418 806 8 

0.007 918 9 

0.000 000 0 

-0.005 703 3 

0.017 753 2 

-0.037 391 1 

-0.262 865 1 

0.031 676 5 

0.001 475 9 

0.016 161 7 

0.011 096 7 

0.001 591 2 

0.000 000 0 

(rIHI7) 

0.011 913 7 

0.509 947 6 

0.000 000 0 
-0.001 125 2 

-0.056 054 7 

0.000 000 0 
-6.717 331 9 
0.021 849 2 

0.324 581 1 

0.098 658 0 

0.002 126 5 

-0.116 475 7 

0.001 529 2 
0.019 544 8 

0.052 269 8 

0.090 533 9 

-0.108 547 0 
-0.186 264 7 

0.694 463 6 

1.198 974 4 
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(rIHl4) 

-0.148 711 6 
-0.022 746 6 

-1.340 525 4 
-4.872 100 6 

0.036 169 6 

0.080 874 7 
-0.001 125 2 
-0.096 135 2 
0.000 000 0 
0.017 753 2 

0.000 712 1 

0.000 000 0 
-0.106 944 8 

0.366 301 7 

0.006 688 2 
-0.005 312 0 
0.011 761 4 
-0.015 162 5 

0.005 599 5 

-0.009 698 6 

(rIHI8) 

0.002 126 5 

0.000 000 0 
0.418 806 8 

-0.096 135 2 

0.000 000 0 
0.023 001 2 

0.021 849 2 

-1.411 823 0 
0.036 169 6 

-0.001 125 2 

0.059 812 8 
0.007 918 9 
0.013 094 9 
0.016 408 7 

-0.287 334 4 
-0.483 707 6 

-0.194 263 2 

-0.338 217 9 

-0.016 084 3 

-0.027 858 8 

' 

r " 



TABLE 10(cont.) LITHIUM ATOM (2S) MATRIX ELEMENTS 

(r1H19) 

1 0.000 000 
2 -0.116 475 
3 0.007 918 
4 0.000 000 
5 -0.113 471 
6 0.018 209 
7 0.324 581 
8 0.036 169 
9 2.050 612 
10 -0.056 054 

11 0.023 001 
12 -0.531 728 
13 -0.007 944 
14 -0.003 136 
15 -0.138 780 
16 -0.254 344 
17 0.057 187 
18 0.099 050 
19 0.577 398 
20 1.003 955 

r (rIHI13) 

1 -1.387 175 
2 -0.121 725 
3 -0.037 391 
4 -0.106 944 
5 -0.127 298 
6 -1.159 751 
7 0.001 529 
8 0.013 094 
9 -0.007 944 

10 -0.004 032 

11 0.002 235 
12 0.000 503 
13 -2.445 154 
14 -0.012 401 
15 -0,020 721 
16 -0.000 974 
17 0.639 090 
18 0.006 857 
19 -0.023 186 
20 -0.004 004 

0 
7 

9 
0 
4 
4 
1 

6 

9 
7 

2 

8 

4 
2 

1 

3 

1 

9 

5 

3 

9 

6 

1 

8 

3 

8 

2 

9 
4 
8 

4 
5 

8 

9 

3 

4 
7 

9 

9 
7 

(r1H110) 

0.000 712 1 

-0.001 580 6 

0.000 000 0 
0.017 753 2 
0.016 450 5 

0.000 000 0 
0.098 658 0 
-0.001 125 2 

-0.056 054 7 

-4.109 955 2 

0.279 526 7 

-1.338 260 1 

-0.004 032 8 

0.006 985 1 

-0.017 690 9 
-0.008 448 1 

0.022 108 4 
-0.043 501 6 

-0.194 937 8 

0.622 948 2 

(rIHI14) 

-0.027 858 8 

-0.012 733 1 

-0.262 865 1 

0.366 301 7 

0.039 419 4 
0.027 858 8 

0.019 544 8 

0.016 408 7 

-0.003 136 2 
0.006 985 1 

0.000 000 0 
0.000 872 1 

-0.012 401 9 
-3.036 298 3 

0.000 974 4 
0.131 705 5 

0.006 857 9 
0.398 220 5 

-0.000 321 5 

-0.020 689 1 

(rIH!ll) 

0.003 449 1 

0.000 000 0 
-0.005 703 3 

0.000 712 1 

0.000 000 0 
0.016 450 5 

0.002 126 5 

0.059 812 8 

0.023 001 2 

0.279 526 7 

-0.976 400 6 

0.407 776 1 

0.002 235 4 
0.000 000 0 
0.572 511 6 

-0.009 698 6 

-0.135 003 6 

0.001 378 1 

0.007 662 9 

-0.019 544 8 

(rIHI15) 

0.164 721 5 

0.001 503 6 

0.031 676 5 

0.006 688 2 
-0.020 757 8 

0.771 748 7 

0.052 269 8 

-0.287 334 4 
-0.138 780 1 

-0.017 690 9 

0.572 511 6 

-0.002 258 5 

-0.020 721 3 

0.000 974 4 
-0.232 182 1 

0.015 949 0 
-1.337 021 8 

0.019 699 1 

-0.149 082 0 
0.119 371 8 

87 

(rIH112) 

0.000 000 0 
0.003 449 1 

0.017 753 2 

0.000 000 0 
-0.001 580 6 

-0.005 703 3 

-0.116 475 7 

0.007 918 9 

-0.531 728 8 

-1.338 260 1 

0.407 776 1 

0.149 533 1 

0.000 503 5 

0.000 872 1 

-0.002 258 5 

-0.052 429 4 
0.001 256 2 

-0.008 448 1 

-0.147 262 2 
0.068 652 7 

(rIHll6) 

0.000 000 0 
-0.002 604 4 
0.001 475 9 

-0.005 312 0 
0.003 136 2 

0.009 698 6 

0.090 533 9 

-0.483 707 6 

-0.254 344 3 
-0.008 448 1 

-0.009 698 6 

-0.052 429 4 
-0.000 974 4 
0.131 705 5 

0.015 949 0 
-0.211 160 2 

0.019 699 1 

-1.317 436 5 

0.118 138 5 

-0.011 955 4 

r 



TABLE 10(cont.) LITHIUM ATOM (2S) MATRIX ELEMENTS 

r (r1H117) (rIH118) (rIHI19) (r1H120) 

88 

1 -0.140 475 5 -0.001 378 1 0.001 256 2 0.008 448 1 

2 0.007 662 9 0.019 544 8 -0.152 734 1 -0.068 652 7 

3 0.016 161 7 0.011 096 7 0.001 591 2 0.000 000 0 
4 0.011 761 4 -0.015 162 5 0.005 599 5 -0.009 698 6 

5 0.016 264 3 -0.028 170 6 -0.541 638 6 0.652 839 6 

6 0,079 273 3 0.000 000 0 0.016 161 7 -0.011 096 7 

7 -0.108 547 0 -0.186 264 7 0.694 463 6 1.198 974 4 
8 -0.194 263 2 -0.338 217 9 -0.016 084 3 -0,027 858 8 

9 0.057 187 1 0.099 050 9 0.577 398 5 1.003 955 3 

10 0.022 108 4 -0.043 501 6 -0.194 937 8 0.622 948 2 

11 -0.135 003 6 0.001 378 1 0.007 662 9 -0.019 544 8 

12 0.001 256 2 -0.008 448.1 -0.147 262 2 0.068 652 7 

13 0.639 090 7 0.006 857 9 -0.023 186 9 -0.004 004 7 
14 0.006 857 9 0.398 220 5 -0.000 321 5 -0.020 689 1 

15 -1.337 021 8 0.019 699 1 -0.149 082 0 0.119 371 8 

16 0.019 699 1 -1.317 436 5 0.118 138 5 -0.011 955 4 
17 -4.509 014 6 0.003 547 2 0.272 102 6 -0.068 956 3 

18 0.003 547 2 -4.476 310 5 -0.068 956 3 0.203 885 2 

19 0.272 102 6 -0.068 956 3 -2.597 972 1 0.266 849 0 
20 -0.068 956 3 0.203 885 2 0.266 849 0 -2.263 838 7 

2S Matrix Elements for Core Functions with - = 1 

r (rIH121) (r1H122) (rIHl23) (rIHl24) 

1 

2 -0.004 
3 

4 
5 

6 
7 

13 
14 
15 
17 

20 

0.011 

0.000 
-0.075 
-0.007 
0.000 
0.003 
0.003 
-0.006 
0.000 
0.004 
0.004 

933 
602 
000 
396 
434 
000 
566 
875 
712 
000 
673 
852 

2 
2 
0 
6 

2 

0 
0 
4 
4 
0 

3 

7 

-0.007 
0.000 
0.005 
0.011 
0.000 
-0.007 
0.000 
-0.006 
0.000 
-0.005 
0.005 
0.000 

163 
000 
480 
933 
000 
434 
000 
508 
000 
603 
043 
000 

3 

0 
6 
2 

0 
2 

0 
5 

0 
5 

1 

0 

0.000 

0.008 

000 

438 

0 -0.021 
-0.062 
0.000 
-0.007 
-0.097 
0.000 
-0.025 
-0.009 
0.015 
0.000 
-0.000 
-0.015 

263 
212 
000 
724 
726 
000 
385 
058 
689 
000 
061 
475 

6 
2 
0 
1 

8 

0 
1 

3 

5 

0 
3 

3 

' 

. 

- 



TABLE 10(cont.) LITHIUM ATOM (2S) MATRIX ELEMENTS 

(rIHI25) 
1 -0.336 713 1 

2 0.000 000 0 
3 -0.012 810 4 
4 -0.021 263 6 

5 0.000 000 0 
6 -0.097 726 8 

7 0.000 000 0 
13 -0.087 981 4 
14 0.000 000 0 
15 0.017 869 3 

17 -0.035 899 9 

20 0.000 000 0 

(rIHI29) 
1 -0,058 940 1 

2 0.000 000 0 
3 -0.024 550 6 

4 0.025 444 8 
5 0.000 000 0 
6 -0.022 629 5 

7 0.000 000 0 
13 0.042 597 9 

14 0.000 000 0 
15 0.003 610 2 

17 -0.005 763 0 
20 0.000 000 0 

(rIHI21) 
21 -4.614 989 
22 0.274 000 
24 0.021 068 
25 0.000 Ó00 
27 -0.186 674 
28 -0.029 470 
29 -0.025 853 
31 0.026 510 

(rIHI27) 
21 -0.186 674 
22 -0.011 090 
24 -0.028 785 
25 -0.025 853 
27 -3.726 514 
28 -0.164 774 
29 0.204 197 
31 -1.160 825 

0 
2 
2 

0 
5 

1 

9 

7 

5 

3 

3 

9 

4 
9 

8 

8 

(rIHI26) (r1H127) 
0.000 

-0.015 

000 

036 

0 0.025 
-0.030 
0.000 
0.006 
-0.022 
0.000 
0.004 
-0.017 
0.030 
0.000 
0.002 
0.003 

444 
121 
000 
433 
629 
000 
075 
359 
068 
000 
470 
126 

(r1H130) 
0.000 000 0 

0.000 000 0 

(rIHI22) 
0.274 000 2 
-1.527 408 2 

0.000 000 0 
0.021 068 2 
-0.011 090 3 

0.000 063 3 

-0.296 933 0 
-0.023 943 5 

(rIHI28) 

-0.029 470 1 

0.000 063 3 

0.029 470 1 

0.025 508 1 

-0.164 774 9 

-3.570 113 6 

0.016 598 4 
0.028 805 0 

8 

3 

0 
8 

5 

0 
1 

9 
2 

0 
7 

5 

(rIHt31) 
0.000 000 0 

-0.058 940 1 

0.006 433 8 

0.000 000 0 
-0.030 121 3 

-0.024 550 6 

0.000 000 0 
0.017 992 2 
0.031 163 4 
0.002 470 7 
0.000 000 0 
0.000 000 0 

(r1H124 
2 

0 
4 
4 
3 

1 

3 

5 

(rIHI29) 

-0.025 853 9 

-0.296 933 0 
-0.011 090 3 

-0.139 043 8 

0.204 197 8 

0.016 598 4 
-1.194 106 0 
0.289 573 1 

0.021 06) 8 
0.000 000 
-2.135 029 
0.134 395 
-0.028 785 
0.029 470 
-0.011 090 
0.023 723 

89 

(rIHI28) 
-0.044 291 1 

0.008 361 7 

0.000 000 0 
0.000 000 0 
0.000 000 0 
0.000 000 0 

-0.015 328 4 
0.022 931 0 
0.013 239 2 

0.000 000 0 
0.001 393 5 

-0.005 390 2 

(rIH132) 
0.000 000 0 

-0.031 319 

(rIHI25) 
0.000 000 0 
0.021 068 2 

0.134 395 4 
-0.157 793 4 
-0.025 853 9 

0.025 508 1 

-0.139 043 8 

-0.013 133 8 

(rIHI31) 

0.026 510 7 

-0.023 943 5 

0.023 723 5 

-0.013 133 8 

-1.160 825 8 

0.028 805 0 
0.289 573 1 

0.545 029 3 



TABLE 11. LITHIUM ATOM (2P1/ ) MATRIX ELEMENTS 

(rIHI2) (rIHI3) 

90 

(rIHl4) 

1 -6.966 285 5 0.324 581 1 -0.044 240 7 -1.390 803 3 

2 0.324 581 1 1.805 340 6 0.000 000 0 -1.163 379 2 

3 -0.044 240 7 0.000 000 0 -5.469 612 9 0.023 723 5 

4 -1.390 803 3 -1.163 379 2 0.023 723 5 -2.363 387 0 

5 0.003 254 2 -0.003 254 2 0.012 646 8 -0.000 135 4 
6 0.026 510 7 0.023 723 5 -1.129 414 8 -0.046 621 0 
7 0.017 474 4 -0.012 646 8 0.043 990 7 0.012 837 7 

8 0.021 849 2 0.036 169 6 0.000 000 0 0.032 168 6 

9 0.003 449 1 0.016 450 5 0.000 000 0 0.002 235 4 
10 0.211 675 7 -0.114 374 1 -0.011 090 3 0.158 995 6 

11 -0.008 438 1 0.000 000 0 0.000 063 3 -0.002 740 3 

12 -0.025 853 9 0.000 000 0 0.112 960 2 -0.009 287 0 

13 -0.025 508 1 0.000 000 0 0.015 035 6 0.015 299 5 

14 -0.141 831 5 0.079 273 3 -0.002 438 9 0.629 895 2 
15 -0.002 521 5 0.000 000 0 0.002 387 4 0.001 981 1 

16 0.000 000 0 -0.049 001 3 0.324 581 1 0.026 510 7 

17 -0.007 548 4 0.000 000 0 -0.150 742 0 0.013 095 
18 -0.006 462 5 0.000 000 0 0.017 950 0 0.003 597 6 

19 -0.104 539 5 0.286 510 5 0.000 000 0 0.053 844 7 
20 0.000 000 0 0.003 875 4 0.000 000 0 0.005 966 6 

21 -0.003 007 3 -0.032 528 7 0.000 000 0 -0.018 518 9 

22 0.000 000 0 0.000 000 0 0.000 000 0 0.000 000 0 
23 0.164 721 5 0.758 744 3 0.000 000 0 -0.021 680 1 

24 0.000 000 0 0.002 801 7 0.000 000 0 -0.001 783 0 

25 0.013 892 3 0.005 333 8 -0.007 163 3 -0.010 040 4 
26 -0.336 713 1 -0.097 726 8 0.013 892 3 0.087 981 4 
27 0.041 677 0 0.016 001 5 0.000 000 0 -0.030 121 3 

28 0.031 064 2 0.011 926 8 0.000 000 0 -0.022 451 1 

r (rIHIl) 

5 



r 

91 

TABLE 11 (cont.) LITHIUM ATOM (2p11) MATRIX ELEMENTS 

(rIHI5) (rIHI6) (rlH17) (rIHI8) 

1 0.003 254 2 0.026 510 7 0.017 474 4 0.021 849 2 
2 -0.003 254 2 0.023 723 5 -0.012 646 8 0.036 169 6 

3 0.012 646 8 -1.129 414 8 0.043 990 7 0.000 000 0 
4 -0.000 135 4 -0.046 621 0 0.012 837 7 0.032 168 6 

5 -3.004 121 4 0.012 837 7 0.013 320 3 0.000 000 0 
6 0.012 837 7 -0.858 340 4 0.119 493 2 0.000 000 0 
7 0.013 320 3 0.119 493 2 -1.256 678 6 0.000 000 0 
8 0.000 000 0 0.000 000 0 0.000 000 0 -1.706 750 5 

9 0.000 000 0 0.000 000 0 0.000 000 0 0.017 753 2 
10 -0.002 740 3 -0.016 930 6 0.002 060 3 0.386 129 1 

11 0.310 001 1 0.002 060 3 -0.019 309 7 0.008 438 1 

12 0.015 299 5 0.045 244 8 0.006 405 2 -0.011 090 3 

13 -0.026 953 4 0.006 405 2 0.185 689 9 -0.000 063 3 

14 0.001 981 1 0.009 983 4 -0.001 792 5 0.001 591 2 

15 0.394 656 3 -0.001 792 5 0.012 053 3 0.000 000 0 
16 -0.017 474 4 -0.901 990 7 -0.043 990 7 0.,000 000 0 

17 0.003 597 6 0.703 103 6 '-0.006 317 8 0.000 000 0 
18 0.008 941 3 -0.006 317 8 0.477 447 3 0.000 000 0 
19 0.005 966 6 -0.007 842 0 -0.000 044 8 0.559 422 2 

20 0.222 483 8 -0.000 044 8 -0.007 893 7 -0.003 875 4 

21 0.000 000 0 0.000 000 0 0.000 000 0 -0.069 481 3 

22 -0.013 397 6 0.000 000 0 0.000 000 0 -0.004 673 3 

23 0.001 783 0 -0.001 724 6 -0.001 688 2 -0.011 199 0 
24 0.131 730 6 0.001 688 2 0.003 673 9 0.000 000 0 

25 0.006 508 5 0.000 000 0 -0.001 516 5 

26 -0.010 040 4 -0.002 787 2 -0.007 724 1 

27 0.000 000 0 0.000 000 0 -0.004 549 4 
28 0.000 000 0 0.000 000 0 -0.003 390 9 



TABLE 11 (cont.) LITHIUM ATOM (2Py2) MATRIX ELEMENTS 

(rIH19) (rIHl10) (rIHI11) 
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(rIHI12) 

1 0.003 449 1 0.211 675 7 -0.008 438 1 -0.025 853 9 

2 0.016 450 5 -0.114 374 1 0.000 000 0 0.000 000 0 
3 0.000 000 0 -0.011 090 3 0.000 063 3 0.112 960 2 
4 0.002 235 4 0.158 995 6 -0.002 740 3 -0.009 287 0 

5 0.000 000 0 -0.002 740 3 0.310 001 1 0.015 299 5 

6 0.000 000 0 -0.016 930 6 0.002 060 3 0.045 244 8 

7 0.000 000 0 0.002 060 3 -0.019 309 7 0.006 405 2 

8 0.017 753 2 0.386 129 1 0.008 438 1 -0.011 090 3 

9 -0.810 092 5 -0.001 007 0 0.000 000 0 0.000 000 0 
10 -0.001 007 0 -4.753 355 1 -0.034 116 6 -0.122 205 2 

11 0.000 000 0 -0.034 116 6 -4.749 387 4 0.023 113 2 
12 0.000 000 0 -0.122 205 2 0.023 113 2 -3.811 854 9 

13 0.000 000 0 0.023 113 2 -0.100 769 6 0.164 494 5 

14 -0.136 359 6 -0.026 963 3 -0.003 304 5 0.009 042 7 

15 0.002 521 5 -0.003 304 5 -0.018 894 7 -0.000 833 1 

16 0.000 000 0 0.000 000 0 0.000 000 0 -0.114 374 1 

17 -0.002 438 9 0.008 578 2 -0.001 637 6 0.009 268 1 

18 -0.002 387 4 -0.001 637 6 0.010 469 2 0.000 043 3 

19 0.008 065 7 -1.308 970 5 -0.002 301 1 0.016 775 0 
20 0.000 000 0 0.002 301 1 1.357 120 7 0.008 942 6 

21 -0.099 197 2 -0.095 406 2 0.001 783 0 -0.001 724 6 

22 0.004 673 3 -0.001 783 0 0.005 597 7 0.001 688 2 

23 0.559 507 2 -0.009 458 5 0.000 000 0 0.000 000 0 
24 -0.002 801 7 0.000 000 0 -0.004 337 2 0.000 000 0 

25 0.008 481 6 -0.014 763 7 -0.016 876 1 

26 0.030 071 3 0.000 000 0 0.008 481 6 

27 0.025 444 8 0.014 763 7 0.000 000 0 
28 0.018 965 5 -0.033 012 6 0.000 000 0 

. 

r 
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TABLE 11 (cont.) LITHIUM ATOM (2P1/2) MATRIX ELEMENTS 

r (r1H113) (rIH114) (rIHI15) (rIH116) 

1 -0.025 508 1 -0.141 831 5 -0.002 521 5 0.000 000 0 
2 0.000 000 0 0.079 273 3 0.000 000 0 -0.049 001 3 
3 0.015 035 6 -0.002 438 9 0.002 387 4 0.324 581 1 

4 0.015 299 5 0.629 895 2 0.001 981 1 0.026 510 7 

5 -0.026 953 4 0.001 981 1 0.394 656 3 -0.017 474 4 
6 0.006 405 2 0.009 983 4 -0.001 792 5 -0.901 990 7 

7 0.185 689 9 -0.001 792 5 0.012 053 3 -0.043 990 7 

8 -0.000 063 3 0.001 591 2 0.000 000 0 0.000 000 0 

9 0.000 000 0 -0.136 359 6 0.002 521 5 0.000 000 0 
10 0.023 113 2 -0.026 963 3 -0.003 304 5 0.000 000 0 
11 -0.100 769 6 -0.003 304 5 -0.018 894 7 0.000 000 0 
12 0.164 494 5 0.009 042 7 -0.000 833 1 -0.114 374 1 

13 -3.656 692 3 -0.000 833 1 0.010 004 7 0.000 000 0 
14 -0.000 833 1 -4.386 975 9 -0.005 034 9 0.000 000 0 
15 0.010 004 7 -0.005 034 9 -4.379 788 7 0.000 000 0 
16 0.000 000 0 0.000 000 0 0.000 000 0 3.318 761 3 

17 0.000 043 3 -0.134 033 7 0.022 245 2 0.079 273 3 

18 0.013 471 0 0.022 245 2 -0.111 595 8 0.000 000 0 
19 -0.008 942 6 -0.022 856 1 0.000 000 0 -0.023 943 5 

20 -0.006 448 9 0.000 000 0 -0.009 060 4 -0.002 913 8 

21 -0.001 688 2 0.275 695 3 0.005 966 6 0.000 000 0 
22 0.003 673 9 0.005 966 6 0.284 009 1 0.000 000 0 
23 0.000 000 0 -1.339 586 8 -0.002 301 1 0.014 118 7 

24 0.000 000 0 -0.002 301 1 -1.345 405 1 -0.002 535 0 

25 0.000 000 0 0.001 358 4 0.007 434 2 
26 0.014 763 7 0.035 899 9 0.005 333 8 

27 0.000 000 0 0.004 075 1 0.000 000 0 
28 0.000 000 0 0.003 037 4 0.000 000 0 
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TABLE 11 (cont.) LITHIUM ATOM (2P1A) MATRIX ELEMENTS 

r (rIHI17) (rIHI18) (rIHI19) (rIHI20) 

1 -0.007 548 4 -0.006 462 5 -0.104 539 5 0.000 000 0 
2 0.000 000 0 0.000 000 0 0.286 510 5 0.003 875 4 
3 -0.150 742 0 0.017 950 0 0.000 000 0 0.000 000 0 
4 0.013 095 5 0.003 597 6 0.053 844 7 0.005 966 6 

5 0.003 597 6 0.008 941 3 0.005 966 6 0.222 483 8 

6 0.703 103 6 -0.006 317 8 -0.007 842 0 -0.000 044 8 
7 -0.006 317 8 0.477 447 3 -0.000 044 8 -0.007 893 7 

8 0.000 000 0 0.000 000 0 0.559 422 2 -0.003 875 4 

9 -0.002 438 9 -0.002 387 4 0.008 065 7 0.000 000 0 
10 0.008 578 2 -0.001 637 6 -1.308 970 5 0.002 301 1 

11 -0.001 637 6 0.010 469 2 -0.002 301 1 1.357 120 7 

12 0.009 268 1 0.000 043 3 0.016 775 0 0.008 942 6 

13 0.000 043 3 0.013 471 0 -0.008 942 6 -0.006 448 9 

14 -0.134 033 7 0.022 245 2 -0.022 856 1 0.000 000 0 
15 0.022 245 2 -0.111 595 8 0.000 000 0 -0.009 060 4 
16 0.079 273 3 0.000 000 0 -0.023 943 5 -0.002 913 8 

17 -3.512 094 9 0.166 291 4 0.000 000 0 0.000 000 0 
18 0.166 291 4 -3.322 207 0 0.000 000 0 0.000 000 0 
19 0.000 000 0 0.000 000 0 -0.472 703 3 0.033 981 2 
20 0.000 000 0 0.000 000 0 0.033 981 2 -0.497 220 1 

21 -0.007 842 0 -0.000 044 8 0.397 733 0 0.001 981 1 

22 -0.000 044 8 -0.007 893 7 0.001 981 1 0.411 283 1 

23 0.016 775 0 -0.008 942 6 -0.055 127 6 0.003 304 5 

24 -0.008 942 6 0.006 448 9 -0.003 304 5 0.005 309 4 

25 -0.005 043 1 0.000 000 0 -0.008 183 5 

26 0.001 358 4 0.005 109 5 0.018 116 7 

27 0.000 000 0 0.000 000 0 -0.024 550 6 

28 0.000 000 0 0.000 000 0 -0.018 298 9 

. 



TABLE 11 (cont.) LITHIUM ATOM (2P1/2) MATRIX ELEMENTS 

(r1H121) (rIH122) (rIHI23) 

95 

(rIHI24) 

1 -0.003 007 3 0.000 000 0 0.164 721 5 0.000 000 0 
2 -0.032 528 7 0.000 000 0 0.758 744 3 0.002 801 7 

3 0.000 000 0 0.000 000 0 0.000 000 0 0.000 000 0 
4 -0.018 518 9 0.000 000 0 -0.021 680 1 -0.001 783 0 

5 0.000 000 0 -0.013 397 6 0.001 783 0 0.131 730 6 

6 0.000 000 0 0.000 000 0 -0.001 724 6 0.001 688 2 

7 0.000 000 0 0.000 000 0 -0.001 688 2 0.003 673 9 

8 -0.069 481 3 -0.004 673 3 -0.011 199 0 0.000 000 0 

9 -0.099 197 2 0.004 673 3 0.559 507 2 -0.002 801 7 

10 -0.095 406 2 -0.001 783 0 -0.009 458 5 0.000 000 0 
11 0.001 783 0 0.005 597 7 0.000 000 0 -0.004 337 2 

12 -0.001 724 6 0.001 688 2 0.000 000 0 0.000 000 0 

13 -0.001 688 2 0.003 673 9 0.000 000 0 0.000 000 0 
14 0.275 695 3 0.005 966 6 -1.339 586 8 -0.002 301 1 

15 0.005 966 6 0.284 009 1 -0.002 301 1 -1.345 405 1 

16 0.000 000 0 0.000 000 0 0.014 118 7 -0.002 535 0 

17 -0.007 842 0 -0.000 044 8 0.016 775 0 -0.008 942 6 

18 -0.000 044 8 -0.007 893 7 -0.008 942 6 0.006 448 9 

19 0.397 733 0 0.001 981 1 -0.055 127 6 -0.003 304 5 

20 0.001 981 1 0.411 283 1 0.003 304 5 0.005 309 4 

21 -1.254 952 0 0.029 081 7 0.414 104 9 0.002 740 3 

22 0.029 081 7 -1.236 978 6 0.002 740 3 0.405 862 6 

23 0.414 104 9 0.002 740 3 -0.106 144 9 -0.004 899 5 

24 0.002 740 3 0.405 862 6 -0.004 899 5 -0.124 804 0 

25 0.001 164 7 0.000 850 9 

26 0.000 122 6 0.017 869 3 

27 0.003 494 1 0.002 552 8 

28 0.002 604 4 0.001 902 7 

r 



TABLE 11 (cont.) LITHIUM ATOM (2131/2) MATRIX ELEMENTS 

(r1H125) (r1H126) (rJH!27) 
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(rlH128) 

1 0.013 892 3 -0.336 713 1 0.041 677 0 0.031 064 2 
2 0.005 333 8 -0.097 726 8 0.016 001 5 0.011 926 8 

3 -0.007 163 3 0.013 892 3 0.000 000 0 0.000 000 0 
4 -0.010 040 4 0.087 981 4 -0.030 121 3 -0.022 451 1 

5 

6 0.006 508 5 -0.010 040 4 0.000 000 0 0.000 000 0 
7 0.000 000 0 -0.002 787 2 0.000 000 0 0.000 000 0 

8 -0.001 516 5 -0.007 724 1 -0.004 549 4 -0.003 390 9 

9 

10 0.008 481 6 0.030 071 3 0.025 444 8 0.018 965 5 

11 -0.014 763 7 0.000 000 0 0.014 763 7 -0.033 012 6 

12 -0.016 876 1 0.008 481 6 0.000 000 0 0.000 000 0 

13 0.000 000 0 0.014 763 7 0.000 000 0 0.000 000 0 
14 0.001 358 4 0.035 899 9 0.004 075 1 0.003 037 4 
15 
16 -0.007 434 2 0.005 333 8 0.000 000 0 0.000 000 0 

17 -0.005 043 1 0.001 358 4 0.000 000 0 0.000 000 0 
18 0.000 000 0 0.005 109 5 0.000 000 0 0.000 000 0 
19 -0.008 183 5 0.018 116 7 -0.024 550 6 -0.018 298 9 

20 

21 0.001 164 7 0.000 122 6 0.003 494 1 0.002 604 4 
22 
23 -0.000 850 9 -0.017 869 3 -0.002 552 8 -0.001 902 7 

24 

25 -1.061 704 6 0.036 037 5 -0.012 469 5 0.001 524 7 

26 0.036 037 5 -0.078 417 6 0.106 952 8 0.078 680 8 

27 -0.012 469 5 0.106 952 8 -1.091 826 9 0.019 709 5 

28 0.001 524 7 0.078 680 8 0.019 709 5 -1.079 143 5 

r 

- 
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H. Final Solution by Ritz Variational Method. 

The configurations of Table 7 comprise the functions 

U. of the expansion of the final wave function $ for each 

state: 

= C.U. 
i=1 

(99) 

As described in Section III (p. 16 -17), the coefficients 

C. may be determined by solving the simultaneous set of 

linear homogeneous equations, 

(Hij - EmSij)Cj = 0; i = 1,2,...,m (100) 
j=1 

where the Hij = (iIHIj) are the matrix elements tabulated 

in Tables 8 -11, and Em is the energy corresponding to this 

state. For such a system a solution exists only if the 

determinant of the coefficients of the C's vanishes; this 

leads to an mth- degree equation for Em, the largest root 

of which (in absolute value) is the desired energy eigen- 

value. The C's can then be determined to within a con- 

stant factor. 

The solution of Eq. (100) can be effected by numeri- 

cal successive approximation techniques. One procedure 

was suggested by Milne (35, p. 57 -62). We arrange the 

functions U. so that U1 is the best approximation to the 

state under consideration. Then C1 will be the largest 

VJ 

i=1 

m 

1.] 

m 



coefficient in the expansion (99); we arbitrarily set 

C1 = 1. Then Eq. (100) becomes 

Em = H1jCj 
j=1 

m 
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(101a) 

Ci = É HijCj, i = 2, 3, . . .m. (101b) 

Having set C1 = 1, we initially set the other C's = O. 

Then the "zero -th" approximation to Em is just H11. We 

then compute a new set of C's from Eq. (101b), Ci= Hil /Em° 

We insert this new set of C's into (101a), compute a new 

Em, and so on. The procedure may be continued until any 

desired accuracy is achieved. This kind of problem is 

particularly well- suited for a digital computer, and a 

program based on Milne's method was written for the Oregon 

State University ALWAC III -E by Mr. Gilbert Bachelor. 

This program was used for some preliminary trial calcula- 

tions, as well as for two of the smaller matrices of the 

final calculation: (a) a 10x10 matrix of the 1S ion state; 

and (b) a 12 x12 matrix of the 2S state of the atom. In 

the latter case the convergence was very slow for some of 

the eigenvector components'Ci, and the program was stopped 

after an hour and a half even though the C's were still 

changing in the sixth decimal place. 

Since even larger matrices were being constructed, it 

m j=1 

m 
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was decided to use the much larger and faster IBM 709 com- 

puter at the University of Washington Research Computer 

Laboratory. A pre -coded FORTRAN II program, designated 

"AN F202" and entitled "Eigenvalues and Eigenvectors of a 

Real Symmetric Matrix ", by Mr. Burton S. Garbow of Argonne 

National Laboratory, was selected. The eigenvalues are 

found using Givens' method (20) applied to a tri- diagonal 

matrix which is similar to the original matrix. The tri- 

diagonal matrix is obtained from the original matrix by a 

method due to Householder (51). This program is available 

in the "SHARE" program library. 

In using the 709 program on the present problem, it 

was found by comparison with the ALWAC results that while 

the 709 eigenvalues E were correct to seven places, the 

corresponding eigenvectors Ci were quite erratic at times. 

Accordingly an iteration routine, similar to the one de- 

scribed above, Eq. (101), was written by Dr. David Dekker 

of the University of Washington. In this program the 

eigenvectors are normalized, EICO2 = 1; and the itera- 

tions are continued until a "relative difference" 

E < 10 -7, where 

e = (m) n 
l 

IACil , 

i=1 
(102) 

and AC. is the change in eigenvector Ci between two suc- 

cessive iterations. (By way of comparison, the relative 

m 
i 
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difference achieved by the ALWAC on the 12x12 matrix after 

12 hours was about 1.2x10 -5.) 

The 709 routine, as modified, was applied to seven 

matrices ranging from 7x7 to 22x22 in size, as listed be- 

low, (p. 103 -107); the total running time, including the 

iterations, was about six minutes. The maximum numbers of 

iterations necessary were 65 on the 12x12 2S matrix men- 

tioned above, and 72 on a 19x19 2S matrix (which was the 

one giving the best value of the ground state energy.) 

Agreements with matrices previously run on the ALWAC were 

very good; and the iteration routine in itself constitutes 

a check on the results, since it involves substituting 

answers into the original equations. 

Before listing the 709 results, we describe the 

method of selecting the configurations whose matrices were 

diagonalized by the above procedure. In the case of the 

Li+ ion, all available configurations were used - -7 for the 

3S state, and 13 for the 1S. (In the latter case a 10x10 

matrix, using s- configurations only, was also diagonalized 

in order to study the effect of the additional p- functions 

on the convergence.) For the 2S and 2P states of the 

atom, 32 and 28 configurations, respectively, were consid- 

ered; in each case several were eliminated by estimating 

their effect in lowering the energy through use of Eq. 

(63): 



DE = 
(l1H1r)2 

r1H1r) - (11H11) 

101 

(63) 

This technique had been tested in a preliminary Li calcu- 

lation which used three s- functions as a basis set; the 

radial dependence of these functions was e -2rß 
-3rß 

and 

re . 

-r 
Eight configurations were formed, with the e -3r 

function as the principal approximation to the is core or- 

bital. Six of the configurations were of the "closed 

shell" type, A0A0(1S)B0(2S), while the last two were "open 

shell" configurations, A0C0(1S,3S)B0(2S). Using the 

ALWAC, the convergence of the Ritz method was studied by 

calculating the energy E each time as function Um was 

added to the previous (m -1) functions. The improvement in 

the energy, E(m) - E(m -1), was then compared with AE as 

predicted by Eq. (63). The results were as follows: 

Function Predicted Actual 
No. AE AE 

2 -0.0563 a.u. -0.0563 a.u. 

3 -0.0014 -0.0015 

4 -0.0243 -0.0222 

5 -0.0011 -0.00003 

6 -0.0078 -0.0076 

7 -0.0187 -0.0245 

8 -0.0708 -0.0529 

Total -0.1804 -0.1650 

(The value of H11 was -7.238, while the E for all 8 func- 

tions was -7.403 a.u., or about 1% above the experimental 

value.) It is seen that the AE agreement, while not 

- 
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outstanding, is of the right order of magnitude and proba- 

bly is good enough to justify further use of the method. 

The total predicted AE is about 9% more than the actual 

AE. In general, functions with large predicted AE's also 

had large actual DE's, although the individual percentage 

errors were sometimes fairly large; the latter would de- 

pend on the particular order of the functions. (Note also 

that all functions --even No. 5 -- helped lower the energy, 

thus demonstrating the monotonic convergence of the Ritz 

procedure.) 

In applying this technique to the 32 2S and 28 2P 

configurations treated in this paper, we were hampered by 

the fact that the principal configurations, A0A0(1S)B0(2S) 

and A0Ao(1S)P1(2P), respectively, were rather poor approx- 

imations to the lowest state, and there were rather large 

"correction functions" (No. 13 for 2S, No. 4 for 2P). 

This is the result of using the "open- shell" parameters of 

Burke and Mulligan, instead of the standard variational 

value of 2.687 for a in the function Ao. Nevertheless Eq. 

(63) was still applied in a qualitative way, in that con- 

figurations which had a large matrix element (i.e., inter- 

action) with either function 1 or the correction function 

(with emphasis on the former) were kept; those with zero 

or small interactions were discarded. In the case of the 

2P state, a number of configuration types were eliminated 
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by this procedure because their matrix elements with both 

functions 1 and 4 vanished; these include 

P1P1(3P)A0(2P); Q1Q1(1S)P1(2P); and P1Q1('P,3P)A0(2P) 

Of the configurations which were considered, there were a 

number of borderline situations for both states, and it is 

uncertain whether the best choice was made in some cases; 

it would be desirable to write a 709 routine similar to 

that used in the ALWAC for testing each function's effect 

on the energy. 

Tables 12 -15 list the energy eigenvalues E and corre- 

sponding eigenvector components Ci as obtained on the IBM 

709 computer. The subscripts on the C's refer to the num- 

bered configurations of Table 7; $ = E CiUi. Notations 

such as 10(s) and 3(p) refer to the use of ten configura- 

tions with s- functions for the K- shell, and three config- 

urations with p- functions. 

Table 12. Lithium Ion Results, 'S State. 

A. Matrix Rank 10 [lo(s)1. 

E _ -7.253 935 a.u. 

C1 = 0.956 405 C6 = 0.272 162 

C2 = 0.002 373 C7 = -0.024 432 

C3 = 0.002 065 Cg = -0.007 496 

C4 = 0.001 037 C9 = 0.003 156 

C5 = -0.099 410 C10 = -0.025 706 

. 
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Table 12 (cont.) 

13 [10(s) and 3(p)]. 

E = -7.265 950 a.u. 

B. Matrix Rank 

C1 = 0.956 020 C8 = -0.007 591 

C2 = 0.002 426 C9 = 0.003 158 

C3 = 0.002 321 C10 = -0.025 603 

C4 = 0.001 047 C11 = 0.000 774 

C5 = -0.099 213 C12 = 0.007 552 

C6 = 0.270 722 C13 = 0.038 726 

C7 = -0.024 460 

Table 13. Lithium Ion Results, 3S State. 

A. Matrix Rank 7 [6(s) and 1(p)] . 

E = -5.040 783 a.u. 

C1 = 0.921 591 C5 = -0.020 452 

C2 = -0.157 368 C6 = 0.069 626 

C3 = 0.233 930 C7 = -0.007 177 

C4 = -0.256 643 
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A. 

Table 14. Lithium Atom Results, 2S State. 

Matrix Rank 20 [20(s)]. 

E _ -7.449 885 a.u. 

C1 = 0.959 030 C11 = 0.001 202 

C2 = -0.032 834 C12 = 0.000 088 

C3 = 0.005 127 C13 = 0.270 025 

C4 = 0.068 811 C14 = 0.001 196 

C5 = -0.003 740 C15 = -0.026 285 

C6 = 0.002 427 C16 = 0.000 090 

C7 = 0.012 863 C17 = -0.024 647 

C8 = -0.002 243 
C18 

= 0.001 204 

= -0.000 415 
C19 

= -0.001 501 

C10 = -0.000 042 C20 = -0.003 769 

B. Matrix Rank 12 [12(s)]. 

E = -7.449 832 a.u. 

C1 = 0.959 098 C7 = 0.009 035 

C2 = -0.032 085 C13 = 0.270 073 

C3 = 0.004 990 C14 = 0.001 315 

C4 = 0.068 812 C15 = -0.026 056 

C5 = -0.003 772 C17 = -0,024 726 

C6 = 0,002 397 C20 = -0.002 982 

C9 

- 
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Table 14 (cont.) 

C. Matrix Rank 19 [12(s) and 7(p)] . 

E = -7.467 315 a.u. 

C1 = 0.958 006 C17 = -0.023 902 

C2 = -0.031 940 C20 = -0.002 963 

C3 = 0.005 058 C21 = -0.002 966 

C4 = 0.068 518 C22 = 0.001 675 

C5 = -0.003 760 C24 = 0.002 717 

C6 = 0.002 883 C25 = 0.047 619 

C7 = 0.009 143 C27 = -0.005 519 

C13 = 0.269 552 C28 = 0.008 783 

C14 = 0.001 323 C29 = 0.008 200 

C15 = -0.025 991 

Table 15. Lithium Atom Results, 2P State. 

A. Matrix Rank 22 [18(s) and 4(p)] . 

E = -7.395 851 a.u. 

C1 = 0.956 147 C10 = -0.096 833 

C2 = 0.002 205 C11 = 0.002 164 

C3 = 0.018 314 C12 = 0.003 390 

C4 = 0.270 010 C13 = 0.005 845 

C6 = 0.000 826 C14 = -0.024 660 

C7 = -0.003 694 016 = -0.001 132 

C8 = 0.002 078 C17 = 0.000 916 
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Table 15 (cont.) 

22 (cont.) 

0.001 557 

-0.006 838 

0.003 111 

-0.025 815 

C25 = 

C26 = 

C27 = 

C28 = 

-0.001 

0.041 

-0.005 

-0.003 

760 

334 

365 

958 

A. Matrix Rank 

C18 = 

C19 = 

C21 = 

C23 = 

The computer output was in eight significant figures, 

but only six figures after the decimal have been included 

above. 

It is of interest in Table 14 to check whether the 

eight s- configurations omitted in sections (B) and (C) 

were actually negligible. The predicted total AE of these 

eight configurations, as calculated from Eq. (63), is 

about 4x10 -6 a.u. The actual ¿E, found from subtracting 

the E of the Rank 12 Matrix (B) from that of the Rank 20 

Matrix (A), was 52x10 -6 a.u. The effect of these config- 

urations was thus underestimated by a factor of over 10. 

Their effect was nevertheless very small --of the order of 

the uncertainty in the experimental value of E. The seven 

p- configurations added in the Rank 19 Matrix (C), on the 

other hand, contributed about 0.0175 a.u. to E, which is 

some 350 times the amount lost by neglecting the eight s- 

configurations. 

The C's in the above tables have the physical 
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significance that IC.I2 represents the probability of 

finding the system in the particular state represented by 

U.. 
J 

The IBM 709 computed all the eigenvalues of each of 

the matrices, and it happens that the other eigenvalues 

correspond to excited states of the same symmetry. Several 

of these energies are worth reporting, although the eigen- 

vector components were not calculated for these states. 

In general the accuracy decreases as we go to higher 

eigenvalues. 

Li+ ion, 'S state (from Rank 13 Matrix) 

ls2s(1S) configuration: E = -5.010 884 a.u. 

ls3s(1S) configuration: E = -4.713 709 a.u. 

Li+ ion, 3S state (from Rank 7 Matrix) 

ls3s(3S) configuration: E = -4.653 941 a.u. 

Li atom, 2S state (from Rank 20 Matrix) 

1s23s(2S) configuration: E = -7.233 247 a.u. 

Li atom, 2P state (from Rank 22 Matrix) 

1s23p(2P) configuration: E = -5.741 555 a.u. 

These results will be discussed more completely in the 

next Section. 

Figure 1 shows a portion of the experimental energy 

level diagrams for Li+ and Li; the energy levels reported 

in this paper are denoted by asterisks ( *). 
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Figure 1. Partial Energy Level Diagram for Li+ and Li. 
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V. DISCUSSION OF RESULTS. 

The criterion for accuracy of atomic structure calcu- 

lations has customarily been the total energy result. The 

experimental energy values used for comparison in this 

Section are those found in the National Bureau of Stand- 

ards "Atomic Energy Levels" (36, p. 8 -11). Since the 

total energy of an atom or ion is just the energy needed 

to remove all electrons, we can calculate the ground state 

energy of Li from the sum of the "series limit" values for 

Li, Li +, and Li + +. This number is converted to Hartree's 

atomic units by dividing by twice the Rydberg number for 

Liz, which is 109 728.723 cm -1. The ground state of Li+ 

is found similarly by using the series limits for Li+ and 

Li + +. Other states of Li and Li+ are determined by using 

the tabulated energy levels (which are the energies above 

the ground state.) The experimental uncertainty in the 

energy values, due primarily to the uncertainty in the 

series limit for the Li+ ion, is about 1.14x10 -4 a.u. 

Weiss (50, p. 1831) uses corrected values of experi- 

mental energy which are about 4.8x10-4 a.u. above the ones 

calculated from the N. B. S. tables, for the states con- 

sidered here. If we were to use Weiss's energies, the re- 

ported errors would be about 0.01% lower. Slater, on 

the other hand, quotes somewhat lower total energies 
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(46, vol. 1, p. 339); however, this is because he uses the 

Rydberg for Lib instead of for Liz. The latter is the 

more common isotope. 

A. Lithium Results of the Present Work. 

Table 16 gives the principal energy eigenvalues for 

the seven matrices calculated for the four states of this 

investigation, together with the percentage error of each. 

The notation "10(s) + 3(p)" again refers to the number of 

configurations which contain s- or p- functions, respec- 

tively, in the K- shell. 

Li+ Ion, 'S 

Table 16. Lithium Energies. 

395 a.u. 

Vo Correlation 

39.8 

67.2 

State: Experimental E _ -7.280 

V. Error 

0.36 

0.20 

Configurations 

10(s) 

10(s) + 3(p) 

Calculated Energy 

-7.253 935 a.u. 

-7.265 950 

Li+ Ion, 3S State: Experimental E _ -5.111 200 a.u. 

Configurations Calculated Energy % 0 Error 

6(s) + 1(p) -5.040 783 a.u. 1.38 

Li Atom, 2S State: Experimental E _ -7.478 552 a.u. 

Configurations Calculated Energy °/ Error Vo Correlation 

20(s) -7.449 885 a.u. 0.38 37.4 

12(s) -7.449 832 0.38 37.3 

12(s) + 7(p) -7.467 315 0.15 75.5 
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Table 16 (cont.) 

Li Atom, 2P State: Experimental E = -7.410 641 a.u. 

Configurations 

18(s) + 4(p) 

Calculated Energy 

-7.395 851 a.u. 

Error 

0.20 

An indication of the power of the configuration in- 

teraction method is indicated in the "0/0 Correlation" col- 

umns of the 1S and 2S states above. The Hartree -Fock 

self- consistent field (SCF) method is the best atomic re- 

presentation which does not take into account inter- 

electronic repulsions; hence the difference between the 

SCF energy and the experimental energy can be regarded as 

the portion of the total energy due to "correlation" be- 

tween electrons. The "% Correlation" columns refer to 

the percentage of this difference which is accounted for 

by the configurations used. The SCF values for Li+ ('S) 

and Li (2S) energies are -7.236 415 and -7.432 727 a.u., 

respectively (42, p. 191); SCF energies have not been com- 

puted for the other states. It is seen that s- configura- 

tions, only, account for over a third of the correlation 

energy; this comes about through use of configurations of 

the form A0Co('S,3S) in the core functions of the Li atom, 

and AoCo('S) functions for the ion. Having two different 

functions, A and C, allows for radial (or "in -out ") cor- 

relation between electrons. Judging from the very slight 

improvement of the 20- configuration 2S representation over 

. 

/ 
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that of 12 configurations, the limit of the ability of s- 

functions alone to describe correlation effects has just 

about been reached. Introduction of p- functions into the 

K- shell, however, increases the correlation description to 

three -fourths for the atom and to two -thirds for the ion. 

This is to be explained primarily in terms of angular cor- 

relation, as represented by the angular dependence of the 

spherical surface harmonics of the P and Q orbitals. The 

higher accuracy of the 19- configuration 2S calculation is 

no doubt due to the use of more configurations with p- 

functions in the core shell for this state. The rather 

poor result for the 3S state of the Li+ ion can probably 

be attributed to the paucity of configurations (both s 

and p) available for its description. 

The ionization energy, computed from the best values 

of the ('S - 2S) energies above, is 0.201 365 a.u. Com- 

paring with the experimental value of 0.198 157 a.u., the 

error is l.62%. This is due to the lower accuracy of the 

IS energy value. Other authors have frequently reported 

better values of the ionization energy --see, for example, 

Wilson (52); usually, however, this has been accomplished 

through fortuitous cancellation of the errors in each of 

the states. One could compute, from the above data, the 

energy (and, therefore, wavelength) of the (2P - 2S) opti- 

cal transition; but again the error would be quite large 
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(5 %) because of the different errors in the two states 

used. 

The energy values reported above were the largest 

eigenvalues (in magnitude) of the seven matrices diagonal - 

ized by the IBM 709. The other eigenvalues of these ma- 

trices represent excited states of the same symmetry; for 

example, the energy of the 1s2( 1S)3s(2S) state of Li could 

be represented by the second largest eigenvalue of any of 

the 2S matrices. The approximation will be reasonably 

good, however, only if an orbital of the appropriate state 

has been included in the description - -a 3s function, in 

the above example. Since such a function was used (D0), 

we may expect to obtain some energies of some of these ex- 

cited states; these are given in Table 17. 

Table 17. Lithium Excited State Energies. 

Atom 
Config., 
State 

Experimental 
Energy 

Functions 
Used 

Calculated 
Energy Error 

Li+ ls2s(1S) -5.047 256 10(s) +3(p) -5.010 884 0.72 

Li+ 1s3s('S) -4.734 095 10(s) +3(p) -4.713 709 0.43 

Li+ ls3s(3S) -4.752 520 6(s) + 1(p) -4.653 941 2.07 

Li 3s(2S) -7.354 582 
20(s) 
12(s) +7(p) 

-7.233 
-7.129 

297 
800 

1.65 
3.06 

Li 3p(2P) -7.337 628 18(s) +4(p) -5.741 555 21.75 

The agreement is seen to be generally poorer than for 

the ground states of the same symmetry; but considering 

that the 3s function, rte -r, was chosen arbitrarily, 

Vo 
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without any attempt at optimizing, the results are sur- 

prisingly good. It will be noted that the ls3s value for 

Li is better than the ls2s energy for the same 'S state. 

Note also that the 20 s- configuration representation of 

the 3s(2S) state is better than the [12(s) + 7(p)]-config- 

uration representation; the reverse is true for the ground 

state. This is because all eight of the s- configurations 

neglected in the 19- configuration representation included 

the 3s- function, Do; only four configurations containing 

Do remained. The 3p(2P) energy is included only to show 

what happens when one tries to approximate a 3p configura- 

tion when no such function is included in the representa- 

tion; if rte 
4r had been used for Q1 instead of re -2.5r 

this result would have been better. 

The corresponding eigenvector components for the 

above states were given by the 709, but were not treated 

by the iteration routine; hence they are subject to error 

and are not reported here. They would represent coeffi- 

cients of wave functions orthogonal to the ground state 

functions of the same symmetry. 

Although the possibility of finding such excited 

states was suggested by Weiss (50, p. 1836), the writer 

knows of no reports of such calculations in any configura- 

tion interaction investigation. The above results seem to 

justify further research in this direction. 
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B. Comparisons with Other Results. 

The 2P calculation of this paper is believed to be 

the first configuration- interaction treatment of this 

state. Other studies of the 2P state have all been by the 

standard variational approach, which yields the value 

-7.350 a.u. (18, 37, and 52); the error of this method is 

about 0.8 %, as compared with our 0.204. The configura- 

tion interaction method is of course much more compli- 

cated--22 terms in the present case, as against the single 

configuration of the variational method; but this is a 

characteristic of the method -- increased accuracy comes 

only at the cost of greater expansion lengths. 

The 2S ground state of Li has been studied many 

times, including twice by methods similar to those of this 

paper. Table 18 summarizes these results. In the 

"Method" column, "Hylleraas 11" refers to the use of rid 

terms explicitly in the wave function. The "open shell 

variational" method is essentially a two- configuration de- 

scription, using two different is orbitals. The "Analyti- 

cal SCF" method refers to the analytical determination of 

self- consistent field functions. 

It is seen that the first accurate treatment of lith- 

ium was that of James and Coolidge in 1936, using the 

method developed by Hylleraas in the study of helium. The 
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Year 

Table 18. Lithium 2S Calculations. 

o/ 0 
Error Author, Reference Method Energy 

1930 

1930 

1930 

1933 

1935 

1936 

1946 

1950 

1954 

1956 

1957) 
1958) 

1958 

1958 

1960 

1961 

1962 

1963 

1949 

Slater (45) Variational 

Guillemin, Variational 
Zener (22) 

Eckart (18) Variational 

Wilson (52) Variational 

Morse, Young, Variational 
Haurwitz (37) 

James, Coolidge (30)Hylleraas 

Huang (27) Hylleraas U 

Majumdar, Hylleraas 
Chowdhury (34) 

Holgfien (25) Variational 

2nd order 
Kessler (33) perturbation 

Brigman, Matsen, Open shell var. 
Hurst, Gray (13,28) 

Burke, Mulligan (14)Open shell var. 

Configuration 
Holgfien (26) Inter. (60?) 

Roothaas, Sachs, Analytical SCF 
Weiss (42) 

Configuration Weiss (50) Inter. (45) 

Kerwin, Burke (32) Open shell var. 

Brown (this paper) 
Configuration 
Inter. (19) 

N.B.S. Tables (36) Experimental 

-7.4179 

-7.4183 

-7.3922 

-7.4192 

-7.419 

-7.4753 

-7.457 

-7.4597 

-7.4328 

-7.44 

-7.4436 

-7.44365 

-7.47045 

-7.43273 

-7.47710 

-7.4450 

-7.46732 

-7.47855 

0.81 

0.81 

1.15 

0.79 

0.80 

0.04 

0.29 

0.25 

0.61 

0.52 

0.47 

0.47 

0.11 

0.61 

0.02 

0.45 

0.15 

0.00 

1J 

IJJ 
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James and Coolidge calculation is still the second most 

accurate ever reported for lithium; the amount of labor 

involved is apparently comparable with that of this paper, 

so their treatment would seem to be superior to the con- 

figuration interaction technique. Two later lithium cal- 

culations by the Hylleraas method were less accurate (27 

and 34). This method is not known to have been applied 

to atoms with more than three electrons, however, while 

configuration interaction has. 

The first configuration interaction treatment of 

lithium was by Holgien (26). He used associated Laguerre 

functions for the radial basis set; only one parameter a 

served for the K -shell functions, and another for the L- 

shell. Configurations used included: 

K: (15)2, ls2s, (25)2, ls3s, 2s3s, (3s)2; 

(2p)2, 2p3p, (3p)2; (3d)2 

L: ls, 2s, 3s, 4s, 5s, 6s. 

If all combinations of these functions were included, 

sixty configurations would result. The energy value ob- 

tained is slightly better than that of this paper, but the 

expansion is apparently three times as long. While HolO- 

ien's method does use a complete set of basis functions, 

the convergence is extremely slow. 

The most accurate treatment of lithium (and of sev- 

eral other systems) yet published is that of Weiss (50). 

. 
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His 45- configuration expansion produced only half as much 

error in the energy as did the James and Coolidge calcula- 

tion. Compared with our [12(s) and 7(p)] configurations, 

Weiss used 18 configurations with s- functions; 15 with p- 

functions; 8 with d- functions; 3 with f- functions; and one 

(5g)2 configuration. His variable parameters in the sin- 

gle- electron functions numbered 10, from which he formed 

19 orbitals (compared to our 6 parameters and 6 orbitals.) 

All but 10 of Weiss's configurations used the same 2s 

orbital; our work includes, in various configurations, all 

four s- functions in the L- shell. There were no 3s func- 

tions in Weiss's L -shell representation; hence the higher 

eigenvalues of his energy matrix would not be good approx- 

imations to the (15)23s configuration of Li. Weiss used 

only four 3S core configurations, and these included only 

p- and d- functions; considerably more use was made of 3S 

core configurations in our work. Finally, Weiss's single - 

electron basis set was not orthogonal; this limits some- 

what the usefulness of his representation, since calcula- 

tions with it are more difficult than with an orthonormal 

set. His expansion coefficients (corresponding to our Ci) 

are not normalized, and it is not clear that their inter- 

pretation can be made in terms of probabilities of finding 

the system in a given configuration. 

Weiss used a computer to determine optimum values of 
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his parameters a in the e -ar terms. It is of interest to 

compare the energies obtained by Weiss with those of the 

present paper, using s- configurations only: 

Weiss, 15 s- configurations: -7.44720 a.u. 

Brown, 12 s- configurations: -7.44983 a.u. 

Thus, despite Weiss's minimizing procedure, we have ob- 

tained a better s- function representation of lithium. 

This is probably due to our greater flexibility in types 

of configurations, and possibly to the use of a 3s func- 

tion as one of the orbitals. A further comparison, using 

(s) + (p) configurations, is less favorable; with 15(s) + 

10(p) configurations Weiss obtained an energy equal to 

Ho19ien's. Our seven p- configurations were not as effi- 

cient, since they were not originally chosen for the pur- 

pose of providing angular correlation corrections in the 

K- shell. Judging from the above s- function results, how- 

ever, it should not be too difficult to find a set of p- 

configurations which would be as effective as those of 

Weiss. 

A similar situation occurs in the description of the 

is state of the lithium ion. Weiss used 35 configurations 

to obtain an energy of -7.27924 a.u., only 0.016% above 

the experimental value. For the 15 s- configurations only, 

however, his energy was -7.25242 a.u.; our 10 s- configura- 

tions yielded a slightly lower energy, -7.25393 a.u. 
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These differences, although small, show that improvement 

is possible in the "efficiency" of even Weiss's represen- 

tation. 

Our 7- configuration representation of the 3S state of 

Li+ was somewhat inadequate, but this represented all the 

configurations which could be formed from the available 

orbitals. A different set of s- orbitals and an additional 

p- orbital would probably improve this calculation. 

Weiss's 19- configuration representation of this state was 

extremely accurate. 

With the exception of the 3S state, then, our de- 

scription of the lithium atom and ion is better, from the 

energy standpoint, than any previous description of these 

states except the extremely long expansions of Weiss and 

HolSien and the Hylleraas representation of James and 

Coolidge. The general trend of our results indicates con- 

vergence at least as fast as Weiss's and considerably 

faster than Holfáien's. 

C. Suggestions for Further Work. 

The configuration- interaction method of calculating 

atomic wave functions depends, as do all other variational 

methods as well, on the criterion of total energy of the 

atom. For this purpose configuration interaction has dem- 

onstrated its ability to provide a good description, 



122 

although often at the cost of a rather lengthy expansion. 

The test of any physical theory, however, is in its abil- 

ity to describe or predict properties other than those for 

which it was originally constructed. In this respect ear- 

lier atomic structure methods (e.g., Hartree -Fock) have 

not been greatly successful, primarily because the effects 

being described often depended on finer details of the 

atomic wave function. Now according to the theory of the 

Ritz variational procedure, the addition of more and more 

configurations should not only cause the calculated energy 

to converge monotonically to the true energy; but the wave 

function should also converge to the true wave function, 

in the mean square sense. Hence the more accurate wave 

functions of this method should also provide better de- 

scriptions of these other atomic properties. 

One of the subjects which could be studied is that of 

transition probabilities between stationary states, which 

requires the calculation of matrix elements of the elec- 

tric dipole moment. These matrix elements depend on inte- 

grals whose positive and negative portions sometimes near- 

ly cancel one another, and which therefore depend rather 

strongly on the exact shape of the wave function and the 

location of its zeros. A related property which is of in- 

terest is the electric polarizability in a d.c. field, 

which is directly proportional to the square of the dipole 

, 
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moment. The polarizability of lithium has recently been 

measured (43), so a comparison of theory with this exper- 

iment should be of value. Work is being planned along 

these lines using the wave functions of this paper. 

Other properties whose descriptions need accurate 

wave functions include diamagnetic susceptibility (which, 

for lithium, would be a second -order effect inasmuch as 

Li is paramagnetic); calculation of hyperfine structure; 

and the binding energy of molecules. 

Another avenue of research would be the improvement 

of the configuration interaction method itself. The 

writer is of the opinion that the advent of electronic 

computers has caused the situation to get somewhat out of 

hand at times in the calculation of atomic structures. 

For example, one recent description of helium is said to 

contain over a thousand terms. Perhaps there should be 

more use made of the computed wave functions, as discussed 

above, in order to determine just how accurate wave func- 

tions must be to describe these other properties; quite 

possibly expansion lengths of 10 to 20 terms will suffice 

in many instances. In such a representation one would 

naturally try to obtain the best set of functions from the 

many available possibilities. Weiss made some studies in 

this regard. 

Weiss's investigation also showed that while p -func- 

tions are essential for an accurate description, the 
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convergence is very slow thereafter as one adds d, f, and 

g- functions. In an "economical" but accurate representa- 

tion one should not need functions with -- > 2. 

The present work represents an attempt at obtaining 

reasonable accuracy with what might now be called a 

medium - length expansion. From the experience gained we 

can propose a procedure for calculation of light atoms 

which is suitable for investigators with limited computer 

facilities. One would choose as the "zero -th" approxima- 

tion the simple variational solution for the atom; for 

lithium this would mean radial functions e- 2.687r and 

-O'640r re formed into a configuration A0Ao(1S)Bo(2S). 

This would cause the H11 matrix element to be a good ap- 

proximation to the energy of the state under considera- 

tion, and most of the off -diagonal matrix elements would 

be fairly small; there would be no large "correction" 

terms, such as occurred in the present paper. Two other 

s- functions can be added: a ls- orbital to provide the 

"open- shell" radial correlation, and a 3s radial function; 

both could be chosen so as to maximize the AE of Eq. (63). 

Higher exponents of r are needed if one is to describe ex- 

cited states of the same symmetry; however, more than four 

functions for any one - -value makes the Gram -Schmidt or- 

thogonalizing process rather unwieldy, so any further ra- 

dial functions should have t = 1 or 2. We would advise 
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three p- functions and one d- function --all chosen so as to 

provide the maximum benefit from angular correlation in 

the core, again through use of Eq. (63). From these func- 

tions one may compute a great number of configurations, 

but many could be eliminated by the procedure of p. 101 

in which the energy is computed each time a function is 

added; any configuration whose effect on the lowering of 

total energy was less than some value E would be dis- 

carded. In using this technique, one could arrange the 

functions so that some type of configuration, or some 

given orbital, could be studied at a time; that is, per- 

haps all the configurations with 3S cores could be grouped 

together, or, all the configurations with a certain orbi- 

tal Do. This part of the investigation requires a com- 

puter, but standard matrix routines are available on most 

machines, and only slight modifications would be necessary 

to make the step -by -step study of matrix eigenvalues as 

suggested here. [Actually, the iteration method of Milne 

(p. 97 -'98) should converge fairly well, even on a medium - 

sized computer, if the off -diagonal matrix elements are 

small 

The above procedure should suffice for a fairly ac- 

curate configuration- interaction treatment of many states 

of systems with less than five or six electrons. More 

complicated systems would require some of the involved 
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reduction procedures as developed by Boys. 

The present paper thus represents an investigation of 

the configuration- interaction procedure in the realm of 

intermediate accuracy and expansion lengths. It would be 

more satisfying to report having found a closed analytical 

solution to the quantum mechanical many -body problem; but, 

lacking this, we have found that infinite series expan- 

sions (and approximations thereto) can also offer consid- 

erable insight into the workings of atomic structure and 

the physical world. 

1 
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