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A CALCULATION OF THE SUCTION REQUIREMENTS TO 
PREVENT BOUNDARY LAYER SEPARATION 

ON A CIRCULAR CYLINDER 

I. INTRODUCTION 

Problems in aerodynamics which are concerned with such 

phenomena as flow separation and drag involve the concept of the 

boundary layer for their analysis. In 1904 L. Prandtl presented a 

paper entitled, "Fluid Motion With Very Small Friction ", to the 

Mathematical Congress in Heidelberg in which he sought to explain the 

existence of considerable drag on bodies in the flow of fluids of small 

viscosity. This paper showed that the flow of fluids could be divided 

into two regions, a thin layer near the surface on the body where vis- 

cous stresses are significant and the region outside of this thin layer 

where the fluid can be taken to be inviscid. 

Prandtl observed that the velocity of the fluid passing over a 

solid body approached zero as the surface of the body was neared. 

This boundary condition gave rise to a velocity gradient in which the 

velocity changed from the zero value at the surface to the value given 

by a solution of the problem of an inviscid fluid flowing over the same 

body. He further showed that this velocity gradient was large, since 

the thickness of this region was small with respect to the dimensions 

of the body. This is the region referred to as the boundary layer. 
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The important implication of this concept of the boundary layer 

is that the fluid can be analyzed separately as two distinct regions, 

the boundary layer region in which viscous stresses are significant 

and the region outside of the boundary layer in which the viscous 

stresses can be neglected. This thesis is concerned with the happen- 

ings inside of the boundary layer, hence the effect of the outside flow 

is taken to be known, and this effect appears as a boundary condition 

of pressure and velocity at the outer edge of the boundary layer. 

As a consequence of the presence of the boundary layer we are 

able to focus our attention on the thin layer near the surface of a body 

where the viscous stresses predominate. In general, to deal with the 

dynamics of a viscous fluid, the Navier- Stokes equations must be used 

which are the expression of Newton's second law for a fluid with vis- 

cous shearing stresses present. These Navier -Stokes equations have 

not been solved except for a few special cases. Fortunately their use 

with the concept of the boundary layer allows considerable simplifica- 

tion, and the simplified equations are called the boundary layer equa- 

tions. Here again, a practical complication is encountered in that 

exact solutions are known for only several special cases, and given 

an arbitrary airfoil to study the chance of obtaining a solution is 

slight. Two exact solutions are mentioned in the next section. 

A great variety of problems can be analyzed by using 
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approximate techniques involving the use of the momentum integral 

relation and the energy integral relation. One such technique, that of 

Pohlhausen,will be discussed later. Among the many techniques that 

have evolved from Pob.lha.use.n's original work is that of Head, which is 

the method of this thesis. 
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II, BOUNDARY LAYER EQUATIONS 

The presentation of equations will be begun with the boundary 

layer equations, and a knowledge on the part of the reader of their de- 

rivation from basic principles and the Navier- Stokes equations will be 

presumed. This derivation can be found in any of several references 

(11, p. 132 -138). 

The two basic equations of this thesis are the boundary layer 

equation written for two -dimensional incompressible flow 

au au dU 2 
a u u- - a x a y 

and the equation of continuity 

au 
ax 

a y 
+ = o ay 

(1) 

(2) 

As was mentioned, a solution to yield the functions u = f (x, y) 

and v = g (x, y) which satisfy equations (1) and (2) is not available for 

the flow over some arbitrary body. Two solutions which are available 

and are of interest here are the Elasdus flat plate problem (9, p. 234- 

241) and the Rheinboldt suction distribution problem (14, p. 53-54). 

In the first the boundary layer is developed over a flat plate in which 

the velocity gradient dU /dx is everywhere zero. This solution is of 

interest because it is used by Head in the development of his family 

of boundary layer profiles for use in an ,-,-ci:Loxirnate method of 

} v Ud + v x g Y 
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solution. This approximate method is what is used in this thesis, and 

it will be described in a later section. In the second the development 

of the boundary layer over several shapes in which a certain distribu- 

tion of suction has been specified is obtained. This solution is of in- 

terest because Head's approximate method has been applied to the 

flow for which Rheinboldt obtained an exact solution. In this manner 

the results of Head's method can be compared with the results obtain- 

ed by Rheinboldt to ascertain the accuracy of Head's method for this 

particular flow. 
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III. MOMENTUM INTEGRAL RELATION 

Earlier mention was made of an approximate method involving 

the momentum integral relation. The momentum integral relation is 

a useful application of the momentum theorem of fluid mechanics to a 

control volume whose boundaries extend through the boundary layer. 

This momentum integral relation was first devised by T. von Karman 

and often bears his name (8, p. 1). The flux of mass and momentum 

through the boundaries of the control volume are obtained by integra- 

tion over the velocity profile at the boundaries of the control volume. 

This relation is useful in that we have only to deal with the integrated 

effect of the velocity profile over the boundary layer rather than the 

individual components of velocity within the boundary layer. This con- 

stitutes a cons iderable simplification and leads to an approximate 

technique, such as the .Po:hlha.user. method or, more particularly, the 

method of this thesis. 

The momentum integral relation can be obtained in two ways. 

The momentum theorem of fluid mechanics can be applied to a con- 

trol volume which encompasses a portion of boundary layer and whose 

thickness is greater than that of the boundary layer, as was mentioned, 

or, alternatively, the boundary layer equations can be integrated di- 

rectly over the thickness of the boundary layer. These two 



derivations appear in Appendix A. The momentum integral relation 

for steady, two -dimensional, incompressible flow is as follows: 

µau a (U2ß) U,-A Sm 

o ay ax 

The integrated effect terms are e and 6*. 

e CC 

u 

=Jo U 
(, -u)dy U 

&* =sS 1 _ 
u 
U) 

0 

momentum 
thickness 

displacement 
thickness 

(3) 

(4) 

As was mentioned the momentum integral relation finds application in 

Pohlhausen type solutions. 

Pohlhausen Method 

Pohlhausen's method (12, p. 1) and (11, p. 232 is to gener- 

ate a family of velocity profiles using a fourth order polynomial as 

follows: 

u/U = A (ri) + B (rß)2 + C (TO + D (r))4 

where n= y /6. By specifying the boundary conditions 

at y = 0, u =0 

y = 6 , u = U, 8u = 0 ) a 2u = 0 
ay ay2 

and by evaluating the boundary layer equation at the surface to obtain 

+ 
p 

c-J.;. 

dy 

7 

J 



the relationship 

at y= 0, µ 
ô2 u= dP 

P 
dU 

a y2 dx dx 

8 

(5) 

(Equation (5) will later be referred to as the first compatibility condi- 
tion at the surface) 

the constants A through D can be evaluated in terms of a parameter 

X, called the Pohlhau.senparameter. 

2 
= 

b (dU/dx) 

u/U 
v 

(2+) r- 2 (-2 +2 ) 3 + (1 - -) r14 (6) 

What has resulted is a one -parameter family of velocity pro- 

files, such that given any value of X the function (u /U = f (r9) is deter- 

mined. At flow separation, (that is, (-) = o ), X equals minus 
Y o 

twelve (X = -12). For X less than minus twelve ( X < - 1 2) u/U be- 

comes negative as shown in Figure 1. For X greater than plus twelve 

( X > + 1 2) we find that the maximum value of u/U is greater than one, 

as shown in Figure 1, and we do not choose to consider profiles with 

this characteristic. We can see, then, that all the significant mem- 

bers of the family lie in the range ( -12 < X < + 12). Figure 1 shows 

the approximate shape of the significant members of Pohlhausen's poly- 

nomial profiles. 

- 

= 

U 

1 



u 
U 

Figure 1. Pohihausen's polynomial profiles. 

Now to use this family of velocity profiles in the momentum 

9 

integral relation we evaluate the functions 8 and 5* by using equation 

(6) in equations (4), and we evaluate the term µaÿ from equation 
to 

(6) and insert these values into the momentum integral relation (3). 

After some manipulation an ordinary differential equation with 82v 

as the dependent variable results. The equation involves U and dU /dx, 

so that the solution of a particular problem requires that the potential 

velocity distribution over the surface be known. 

The above procedure has been done, for example, to deter- 

mine the development of the boundary layer over a circular cylinder 

1 
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and the results appear, along with a comparison with the results of an 

exact method, in Schlichting (15, Figure 12. 8). 

The Pohlhausen solution is not what is used in this thesis, but 

the method of generating a family of profiles and then applying an in- 

tegral relation to determine the distribution of profiles along the sur- 

face is used. I. have, therefore, gone into some detail in discussing 

the Pohlhausenmethcd. What is important to notice in this method for 

our later discussion of Head's method is that a one -parameter family 

of velocity profiles is chosen. We make the assumption that each pro- 

file in the boundary layer is satisfactorily represented by a member 

of the family. We, then, satisfy the momentum integral relation to 

determine the value of the one parameter along the surface of the body 

under consideration. The shape of the body enters the equation by our 

choice of the velocity U and the derivative of the velocity dU /dx . 

The only reason that we say that the Pohlhau.sen method is approximate 

is that in a real flow situation it is highly unlikely that the velocity 

profiles are precisely members of the assumed family. If, however, 

we were able to devise a flow situation in which all of the velocity pro- 

files were members of Pohlhausen's family, then Pohlhauser's solution 

( X = f (x)) would be the exact solution. 

The accuracy, and hence the usefulness, of a method of this 

type lies in the flow situation being studied. If the profiles which 
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exist in a certain flow situation are closely approximated by members 

of the assumed family, then the method is very useful since solutions 

can be obtained without much difficulty; if, on the other hand, the pro- 

files in a real flow situation are not closely approximated by members 

of the assumed family, then the method breaks down and the solutions 

are not useful. The reader should notice at this point the possibility 

of improving the Pohlhausenmethod in situations where the real pro- 

files are not reasonably approximated by a polynomial. 

In the method of Head which is to be discussed in the following 

section the flow situations involve the use of suction through the sur- 

face of the body, and solutions are desired to be accurate near the 

point of flow separation. The typical profiles encountered are consi- 

derably different in shape from the profiles in Pohlhau_sen's family. 

Head devises a new family built from the numerical values of three 

profiles obtained from exact solutions of the boundary layer equa- 

tions. The use of this new family greatly improves the usefulness of 

Pohlhauseb'stechnique, since the number of flow situations satisfac- 

torily handled is extended to include suction profiles and the profiles 

near separation. 

To attain this extended family, however, two parameters are 

used to specify a given profile instead of just one in the Poh.lhausen 

family. This requires that an additional equation be satisfied to 
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determine the distribution of the two parameters over the surface of 

the body in the direction of flow. Head uses an additional integral re- 

lation, the energy integral relation, in addition to the momentum in- 

tegral relation and the first compatibility condition at the surface. 

This additional equation will be discussed in the next section. 
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IV. THE METHOD OF HEAD 

As was mentioned Head's method is an extension of the method 

of Pohlhausen. Pohlhausen's one -parameter family of velocity profiles 

generated from a fourth degree polynomial has been replaced by a two - 

parameter family generated from the numerical values of three pro- 

files determined from exact solutions. This family is considerably 

extended in that it includes profiles typical of those for suction and 

near separation. The derivation of Head's equation and the velocity 

profile family appear in Head's original paper (4, p. 1 -E3). What fol- 

lows is a description based on Head's paper. 

Family of Velocity Profiles 

To obtain an extended range of profiles the principle is used to 

adopt a basic profile and modify this by adding varying amounts of two 

other `.. functions so that the velocity profile function is of the form 

u/U = f 
1 

(11) + c f2(r1) + d f 
3(n) 

(7) 

The basic profile is f1 and varying amounts of f2 and f3 are added by 

choosing the appropriate values for c and d, The basic profile f1 is 

the Blasius flat plate profile which was mentioned in a previous sec- 

tion. This profile is sketched in Figure 2. The functions f2 and f3 



are as yet undetermined but may be expected to be similar to the f 

14 

2 

and f3 in Figure 2. As shown f2 and f3 are chosen to be such that 

f21 ' (0) and f3' (0) both equal zero. A characteristic of the Blasius 

profile is that f 1" ' (0) equals zero. 

f2' (0) = f3' (0) = fl' ' (0)=0 

Blasius 
profile 

u/U 
1 

Figure 2. Head's basic and modifying profiles 

The functions f2 and £3 will now be determined in such a way 

that two profiles given by equation (7) can be fitted exactly (when c 

and d are given the appropriate values) to two profiles known from an 

exact solution of the boundary layer equations. We will refer to these 

known profiles as F (i) and G (i) 

f3 

rl 
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F (r,) = f (ri) c f2 (TO d f3 (T) 
1 1 2 1 3 

(8) 
G (1-1) = f1 (n) ± c2 f2 (1) d2 £3 (i) 

We can see immediately an improvement over the Polilhausenfamily in 

that three profiles in this new family are precisely profiles obtained 

from an exact solution, that is, when c = d = 0 in equation (7) we 

have the Blasius fiat plate profile when c = c1, d z. d 
1 

we have the 

profile F (q), and when c = c2, d = d2 
2 

we have the profile given by 

G (ri). 

The following technique is used to obtain f and f3. 
3. 2 

As indi- 

cated in equations (8), c and d must be assigned the values c1 , c2, d1 , 

and d2 to determine the functions f2 and f3. An alternative method to 

determine f2 
2 

and f3 
3 

is to assign some value to a point on a derivative 

of f2 and f3 which will thereby determine the values c1 , c2, d1 , and 

d2. To demonstrate how this is done, assign arbitrary values to f2' 

(0) and £3' (0), then c 
1 

, c2, 2' d 
1 

and d2 can be determined from the 

following equations: 

F' (0) = ' (0) + c1 f2' (0) 

F' ' (0) = dl f3" (0) 

(9) 
G' (0) = f1' (0) + cz f2' (0) 

G' ' (0) = d2 f3' '(0) 

These equations readily follow from equations (8) and the fact that we 

+ + 

+ 
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chose 

f2' (0) = f3" (0) = 0 

and f1' ' (0) = 0 in the Blasius profile. 

Having determined the values of c1 , c2, c , and d2 from equa- 

tions (9) or having assigned these values as in the former alternative 

we can proceed to determine f2 and f3 by choosing some value of rl 

(say n= rll) and writing 

F (rll) = f1 (r11) 

G (r1) = f (rll) 

+ c1 f2 (11 ) + d1 f3 (i1 ) 

+ c2 f2 (r11) + d2 f3 (r11) 

We have two simultaneous linear equations in two unknowns. These 

can be solved for the unknown points f2 (r11) and f3 (r11 ), then by choos- 

ing sufficient values for rl the functions f2 and f3 can be given in nu- 

merical form. 

Head calculated f2 and f3 with two different choices of the 

known profiles F (r1) and G (r1). The functions f2 and f3 were first cal- 

culated using two separation profiles given by Thwaites, and then f2 

and f3 were again calculated using the asymptotic suction profile* and 

a hypothetical profile having the same value of (1 /U) (a u/8 TO but with 

(1 /U)(8 2u/8 112)o = O. These two sets of F(1) and G (rl) gave, essen- 

tially, two families, one for near separation profiles and one for high 

skin friction profiles. 
The asymptotic suction profile is the exact solution of the boundary 

layer equations for the flow over a flat plate with suction. 

* 
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To obtain f 2 
and f3 from the asymptotic suction profile cl and 

d1 were arbitrarily given the value one. Then, because of the rela- 

tionship just mentioned between the asymptotic suction profile and the 

hypothetical profile, c2 equals c1 (c2 = c1 = 1) and d2 equals zero. 

Now, to obtain f2 and f3 from the separation profiles (using the second 

alternative method) cl , c2, dl , and d2 were determined by setting 

f2' (0) separation = f2' (0) asymptotic 
profile suction profile 

f3' ' (0) separation = f3' ' (0) asymptotic 
profile suction profile 

when this is done cl and c2 are calculated to be (-O. 493). Functions 

f 2 
and f3 have, then, been calculated for profiles with high skin fric- 

tion (c = 1) and for profiles with zero skin friction (c 0.'493). 

Functions f2 and f3 can be determined for intermediate profiles by 

using a value of c between 1 and -0. 493. Head determines f2 by inter- 

polation linearly with c between the high friction and the separation 

profile as shown in Figure 3. A similar figure would be drawn to 

interpolate for f3. 

The family of velocity profiles has become more complicated 

than would appear at first glance at equation (7), since the functions 

f2 and f3 are functions not only of it but also of c, where the functional 

relationship of f2 with c is given in Figure 3. Nevertheless., we still 

have a two parameter family, that is, for an arbitrary choice of the 



separation 
profile 

-0. 493 0 c 

Figure 3. Interpolation of f2. 

asymptotic 
suction 
profile 
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constants c and d a single profile is specified. The motivation in set- 

tling upon a more complicated relationship is that the resulting family 

contains members which more closely fit profiles known from an exact 

solution of the boundary layer equations or by experimental measure- 

ment. 

The family of velocity profiles is, finally, built up by giving c 

a series of values; for each of which f2 is determined as in Figure 3 

and f3 by a similar figure. A series of values for d is chosen and the 

profiles follow from equation (7). 

Later in this discussion of Head's method, equations will be 

presented in the form in which they are to be used. We will see that 

the velocity profiles generated above are not required explicitly, but 

the following integrals of the velocity profile are required. 

f2 (ni) 
I 

1 

f2 ) (T11 
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Sm = (1 - u ) dy displacement thickness 

II 
(1- 

iJ) dy momentum thickness 

E _ `S i (1 - 
( Úl 

2 
) dy energy thickness 

1 1 

These are obtained from the resulting profiles by numerically evalut- 

ing the integrals using equation (7). 

We have developed a two -parameter family of velocity profiles 

and called the independent parameters c and d as in equation (7). In 

the equations of Head's method the first and the second derivative of 

the velocity profile at the surface appear. Head introduces convenient 

dimensionless notation and defines two new parameters to represent 

these derivatives, The first is labeled f (.Q = (e /U)(au /8y)o) and the 

second is labeled m (m = (e2 /U)(02 u/8 y2)o). We will see that in 

charting properties of the profile shape, (for example, H = 0/e ), 

that the symbols c and d are no longer used, but I and m have been 

adopted as the independent parameters of the family. 

Head's method requires three relationships to be satisfied. 

They are the momentum integral relation, the energy integral rela- 

tion, and the first compatibility condition at the surface. The momen- 

tum and energy integral equations are as follows, and their derivation 

appear in Appendix A and B. 

S 

..b 

(b 
8 = 

ó 
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Momentum integral equation: 

de v au 
dx U 2 ay 

Energy integral equation: 

d(U3 e-) 

dx 
S 

o 

9 dU vs 
U dx U 

U2 

The momentum integral relation is modified by the introduction of 

convenient dimensionless notation and becomes 

t I 

= { 2 -A (H + 2) - X } (10) 

The energy integral equation is modified so that the rate of change of 

the form parameter HE (HE = e /8) is given explicitly. In final form 

with dimensionless notation it is 

where 

1 

gt* 
[ 2D* - HE{.Q-A(H-1) - _ X I (11) 

t* = ( e, 2 

e 
) 

2 
D* = 

U 0 

Uoc 

layau) 2 

and the primes denote differentiation with respect to x, The first 

compatibility condition at the surface is the boundary layer equation 

evaluated at the surface and in dimensionless notation becomes 

m = - (A +iX) (12) 

( ) o - (H + 2) 

= 2v - v (1-1) vs 

v 

` 

= - 

y 

HE 

c 

dr8/ 
1I 
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Equations (10), (11), and (1 2) form the basis of Head's method. 

The parameters X and A are associated with the value of the 

local suction velocity, and the velocity gradient at the outer edge of 

the boundary layer, which are the prescribed boundary conditions for 

a given problem. They are defined as follows: 

A = t* dU /dX 

X =It* vs* 

The terms HE, H, and 2D* are properties of the profile shape and 

once the family of boundary layer profiles is chosen these properties 

can be determined for any choice of f and m, the two independent 

boundary layer profile parameters. Figures 21, 22, and 23 are 

charts of these properties as functions of f and m. 

(13) 

Step by Step Procedure 

The following is a step -by -step procedure to calculate the de- 

velopment of the boundary layer using Head's method. A particular 

problem, (for example, the flow over a circular cylinder), requires 

that you first obtain the potential flow solution over the object to ob- 

tain the distribution of velocity U and velocity gradient dU /dx out- 

side the boundary layer. Also, we must specify the distribution of 

suction through the surface of the airfoil. With the boundary condi- 

tions set we need to know the boundary layer profile shape at one 
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point on the airfoil. Head's method will yield the profile shape at 

every other point. With 1 and m initially chosen, HE, H, and 2D* 

can be read from Figure 21, 22, and 23 respectively. Now the mo- 

mentum integral equation and the energy integral equation are used to 

determine the rate of change of t* and HE respectively, (see equations 

(10) and (11)). Using the approximation 

t* x +DX = t x + (dt * /d)(A) 

H x + Ox = 
HEX + (dHE /dx)( ) 

for some selected value of ®X we know the value of the parameters 

t* and HE at the point x +Dx. We can now determine the value of I 

and m at the point 37+46,57 as follows: determine X and A from 

t* using equations (1 3), and insert these values into the first compati- 

bility condition at the surface (equation (1 2)). This will plot as a 

straight line on the I -m plane. Plot this line on Figure 21 which is 

the chart of HE versus / and m. We are able to find the intersec- 

tion of this straight line and the constant HE line as determined from 

the energy integral relation (equation (11)). This point of intersection 

determines the value of .Q and m, and with these values H and 2D* 

can be read from Figures 22 and 23 respectively. As before we are 

able to again use the momentum and energy integral equations and 

determine the profile shape at a point 0R further downstream. 

The point of separation occurs when the parameter .Q becomes 
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negative, since the f parameter is a measure of the slope of the pro- 

file at the surface. In general the parameter f will begin at a value 

of about 0.3 or O. 4 at a point on the surface remote from separation 

and will approach zero as the point of separation is approached. This 

can be seen from the results of a calculation which will be presented 

later. If the suction is sufficient to prevent separation the rear stag- 

nation point value will be reached in the calculation without the value 

of f becoming negative. 

The discussion in this section has essentially been based on 

Head's paper. A more thorough discussion of the derivation of the 

family of profiles and the use of the equations can be found in the ori- 

ginal paper (4, p. 1). The object of this thesis is to use this method 

to determine the development of the boundary layer profiles about a 

circular cylinder with suction. The following section will discuss the 

application of this method to the specific problem, as well as, adapt- 

ing the method to the digital computer. 
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V. ADAPTATION OF HEAD'S METHOD 
TO THE DIGITAL COMPUTER 

In the previous section the method of Head was discussed, and 

the use of the equations with Figures 21 , 22 and 23 were described. 

It was initially found that when this method was applied to the flow 

over a circular cylinder the calculation diverged, irrespective of 

where on the cylinder the calculation was begun, that is, the changes 

in the parameter HE from one point in the calculation to another be- 

came excessively large, and soon the values of the parameters HE 

and t* were no longer in the range covered by Figure 21 . I am still 

not fully sure why the calculation initially diverged, but by devising 

a means whereby the charts were read accurately enough so that small 

changes in the parameters HE and t* led to corresponding changes 

in the other parameters read from the charts, and using small incre- 

ments over the surface the method was found to yield satisfactory re- 

sults. 

One difficulty in performing the calculations occurred in the 

region of the stagnation point where the potential velocity was near 

zero. In the momentum and energy integral equations the term U 

appears in the denominator. The numerator contains several terms 

which are made up of chart readings (see equations (10) and (11)). If 
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errors exist in these chart readings or if the starting profile was in 

error the effect on t*' and HE' will be magnified by the division by 

the small velocity. Head discusses this difficulty and suggests that 

the increments along the surface of the airfoil be kept very small. To 

avoid this difficulty the calculation of the solid boundary problem was 

started at an angle of twenty degrees (44) = 20 °) where the angle is 

measured from the most forward point on the cylinder (see Figure 

20), and the starting boundary layer profile (at 4)=20°) was taken from 

the exact solution reported in Schlichting (13, Figure 12. 8). 

The step -by -step procedure of Head's method was described 

in the previous section, and it will be recalled that the calculations 

were repetitive, that is, first the parameters were read from the 

charts, then equations (1 0) and (11) were used to get t *' and HE' 

respectively, then the compatibility condition at the surface was used 

to determine the straight line which intersected with the constant HE 

line which appears in Figure 21 . This allowed the charts to be read 

again and the calculation to proceed at a slightly increased position 

on the surface of the airfoil. When the increments were kept small 

the calculations became quite laborious, and the advantage of using a 

computer became apparent. If the calculations could be programmed 

and the charted information stored in the memory of the machine, the 

determination of the development of the boundary layer profiles over 

4 
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a circular cylinder with various suction distributions would be a com- 

paratively simple matter. 

The greatest difficulty in adapting this method to a machine 

was the problem of handling Figures 21 , 22 and 23. Three courses of 

action were considered. First, three algebraic expressions could be 

devised which when plotted approximate the charts of HE, H, and 

2D *, second, the information on the charts could be put in the form 

of tables and the three tables stored in the memory of the machine. 

The third possibility was to enter, as a table, the three basic profiles 

that Head used in generating his family of profiles, then write a pro- 

gram which would derive the required profile parameters from the 

original profiles. This would be essentially re- deriving the family of 

profiles each time a value from the chart was needed during the calcu- 

lation. 

This third possibility was not thought out in detail primarily 

because the other two seemed to present less difficulty. The other 

two possibilities were both tried, and the method chosen was to store 

the charted information in the memory of the machine in the form of 

three tables. The writing of the algebraic expressions did work with 

partial success, however. What was done was to replace the lines of 

the chart by a series of straight lines. For example, consider the 

sketch of the HE chart which appears in Figure 4. Based on the 
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results of hand calculation it was known, approximately, what 2 -m 

path would be followed through the calculation of the solid boundary 

circular cylinder. The chart was then divided into four zones of .Q 

0. 0 - O. 1, O. 1 - O. 2, 0. 2 - 0. 3, and 0. 3 - 0. 6. In each zone the 

function was taken to be of the form 

HE = a I +bm +c 

where a, b, and c are constants. By reading the derivative of HE in 

the 2 and m directions and by reading the coordinates of a point on 

the chart, the constants a, b, and c could be evaluated. This was 

done independently in each of the four zones, and depending on the 

zone of I being used during the calculation, the appropriate value of 
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the constants a, b, and c would be chosen. This linearization was 

done on each of the three charts. 

This method worked quite satisfactorily on the solid boundary 

problem, but the calculation diverged when this technique was used in 

a flow situation involving suction. It was later found that several 

errors existed in the program, but the technique of using linear equa- 

tions was still dropped because it became evident that the I -m path, 

and hence the profiles encountered, in a solid boundary problem would 

be significantly different from the I -m values encountered in a suc- 

tion problem. Hence, the I -m path followed in future problems 

could be expected to fall outside the region in which the accuracy of 

the linear equations was satisfactory. If the use of the linear equation 

technique was to be continued a "cut and try" procedure would have to 

be adopted, that is, after a problem had been run the values of HE, 

H, and 2D* would have to be compared with those read from the chart 

for the same values of .Q and m. If it was found that the values of 

HE , H, and 2D* were in significant error the constants a, b, and c 

would have to be re- calculated for a region around the f -m values 

actually encountered. 

The method settled upon is to enter three tables into the mem- 

ory of the computer. The first is entered as m as a function of i 

and HE [ m = m (,Q, HE) ] , and the second and third are H and 2D* 

as functions of f and m [ H = H (i , m) and 2D) = 2D* (i, m)] . It will 
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be recalled that in using the charts an intersection must be found on 

the HE chart between a constant HE line, determined by the energy 

integral equation., and a straight line, determined by the first compa- 

tibility condition at the surface. When this intersection is found the 

Q and m values determined are used to read H and 2D*. 

The following is an explanation of how the three tables were 

used by the computer program. Consider first the first table, that of 

m = m (.Q, HE), where the intersection must be determined. Figure 5 

represents a portion of this HE chart where the specific entries in 

the table of 2 and H E are indicated. The dashed curve line represents 

the constant HE line which is prescribed by the energy integral equa- 

tion, In the example of Figure 5 it is drawn between He2 
E 2 and HE3, 

where H E2 is the closest entry in the table below H E and H E.3 is the 

closest entry in the table above HE . The straight line d -d is the re- 

sult of the momentum integral equation and the first compatibility 

condition at the surface. We must find the intersection of line d -d 

and the dashed curved line HE . The technique is to first find the 

value of f at the intersection of HE2 and line d -d (call this value 

la), then find the value of ;p at the intersection of HE3 and line d -d 

(call this value .2 b), finally use linear interpolation to find the value 

of f at the intersection of the HE line and line d -d. This last step 



Figure 5. The HE chart using tabular entries. 

is accomplished by the following expression: 

f _ 
HE -1-1E2 

) -a + HE3 - HE2 

30 

(14) 

To find fa assume that the algebraic value of the slope of the 

line d -d is greater than the algebraic value of the slope of the curved 

line HE2 near the point of intersection. This is the configuration 

shown in Figure 5. Choose a value of .Q in the table and near the de- 

sired point of intersection (say 22), determine the algebraic sign of 

the following expression: 

m (12, HE2) - ( -X 12 -A) (1 5) 

where m(12, HE2) means the entry in the table for the values 

HE = HE2 and i _ .Q2.. If the sign of equation (15) is positive 

m 

(b - 

12 131a1415 1i 1 1b 
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the desired point of intersection lies to the right, as in this example. 

If it is negative the point of intersection lies to the left, and if it is 

zero the point of intersection has been found. In this example we 

would choose a new value of .Q one interval to the right and again take 

the difference as in equation (1 5). To determine if the point of inter- 

section has been crossed take the product of the new difference and 

the previous difference, which in this example would be 

[ m (12' Het) - (- 2 -A)] [m (HE2, .Q3) - (- .Q3 - A)] 

Determine the algebraic sign of this product. If it is negative the 

point of intersection has been crossed, but if it is positive we must 

proceed to another trial value of I. In this example the intersection 

occurs between .Q:3 and 14. Linear interpolation is used to find the 

value of fa between i3 and /4 by solving simultaneously for 1 in 

these two linear equations. 

m= m02 3'HE2)_m(i2,HEz) i+ Im (iZ,HE2)- m(i3,HE2)_m(i2,HE2).Q2 
13 - i2 .Q3 -i2 

m = -X i - A 

where the first equation is that of a straight line drawn between the 

values m(.Q 3, HE 2) and m(14, HE 2) and the second equation is the 

equation of line d -d. This same procedure is repeated at the inter- 

section of the line d -d and HE3 to determine lb. When this has been 

done 1 is determined from equation (14), as was mentioned. To 
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determine the value of m substitute the resulting value of I into 

equation (12). 

With I and m determined we may proceed to obtain H and 

2D* from the second and third table respectively. Linear interpola- 

tion was used in reading these tables. Let 11 and mi be the near- 

est lower values in the table to J and m respectively, then H will 

be given by the following expression: 

' mi) - H(ii' mi) 
H = H(1 i, ml) + ( Q-.Q i) 

ii+1 

- mi+1 
) 

HU., m.) 
+ (m - m.) 

In the same manner 

2D* = 2D ( Qi, m.. )+ 
a 

2Dm(/ 2D*(1 mi) - 2D*(1. m.) 
i+1 i i i 

2D*(1 i' mi+1 - 2D*(1 mi) 

m - m 
i+1 

(I- id 

(m - mi) 

This completes the reading of the tables, which gives the val- 

ues to be used in the momentum and energy integral relations for /, 

m, HE , H, and 2D *. The terms X and A are evaluated from equa- 

tions (13) when the potential velocity distribution and the suction distri- 

bution have been chosen. The potential velocity distribution, as well 

- 1 i 

H(l i' 

mi+1 - m. 

l 
i+1 

i 
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as, the various suction distributions used are presented in the next 

section. The remainder of the work of adapting Head's method to the 

digital computer is straightforward programming. Appendix F con- 

tains a copy of the Fortran program as well as a flow diagram and a 

brief description of the details of the program. 
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VI. FLOW SITUATIONS CALCULATED AND 
PRESENTATION OF RESULTS 

Four different types of suction distribution were used,and they 

will be presented in this section. The potential velocity distribution, 

in all cases, was taken to be that of the potential flow over a circular 

cylinder with the circulation specified. The value of this velocity is 

given by the expression (see Appendix C) 

U = 2(sin c - sin c1s) 

where the angle is measured from the most forward point on the 

cylinder (see Figure 20). The first two suction distributions were 

used because an exact solution of the boundary layer equations was 

available for these flows. These first two distributions serve as a 

check on Head's method, although it should be understood that this 

check is really valid tor these two flow situations only, as the method 

can get into errors as boundary layer profiles not closely approxi- 

mated by Head's family are encountered. The third suction distribu- 

tion was calculated so that the results could be compared with the re- 

sults of another approximate method, that of Ando, which will be dis- 

cussed later in this section. Finally, a mathematical model was de- 

vised for the suction distribution that occurs on a uniform porosity 

cylinder. By varying the angle of the rear stagnation point (4:I) s), the 

uniform porosity of the cylinder material, and the uniform internal 

ck 
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pressure of the cylinder a study could be made of the effect of suction 

on the position of the point of flow separation. These four types of 

suction distribution, with results, will be considered in order. 

Solid Boundary Problem 

This is the flow over a circular cylinder in the absence of suc- 

tion. The point of flow separation has been calculated by exact me- 

thods, and this value, as well as the distribution of several boundary 

layer profile characteristics is given in Schlichting (1 5, Figure 12. 8) 

and Rheinboldt (14, Figure 1 5). A plot of this distribution with the 

corresponding distribution obtained by Head's method is shown in 

Figures 6, 7, 8 and 1 O. The parameters used in these figures are 

those of the corresponding reference, and the numerical results ob- 

tained from the computer are shown in Appendix F, Table 3. The 

point of separation computed by exact methods is 4 = 11 0 degrees as 

reported by Schlichting (1 5, p. 136) and 4 = 109. 0 degrees as re- 

ported by Gortler using a Blasius type series (3, p. 1). Gortler's 

results appear in Curl and Skan (2, p. 262). This same point is re- 

ported by Witting (1 6, p. 396) to be 4 = 1 08. 9 degrees using the 

Bl =asyu - Ulrich method and 4 = 105 degrees using the difference 

method of Gortler. Figure 9 shows the distribution of slopes of the 

profiles at the surface. The circled points are the values calculated, 
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and the precise value of the point of separation is found by extrapola- 

tion as shown. This point of separation, which is the result of Head's 

method, is seen to be = 1 07 degrees. It may be concluded, then, 

that for this flow Head's method predicts a point of separation compar- 

able to Blasius and difference methods. It might be added that the 

point of s eparation shown by the solid line in Figure 10 corresponds 

to the value reported by Witting. 

Rheinboldt Suction Distribution 

Here again, the results of an exact method are available (14, 

Figure 1 5). The suction distribution specified is shown in Figure 13. 

Rheinboldt predicts the point of flow separation to be at a value 

2x /R =5. 1 (or it, = 146.1 degrees), and the distribution of dimension- 

less shearing stress at the wall is shown in Figure 11, (along with 

the distribution obtained with Head's method). Up to 2x /R =4.48 (or 

4 = 128.4 degrees) the agreement is found to be good, but the results 

of Head's method terminate at this point. 

One of the conclusions to be brought out later in this thesis is 

that under conditions of sufficiently high suction and high adverse 

pressure gradient Head's method will break down, that is, no profile 

in his family will simultaneously satisfy the momentum integral equa- 

tion, the energy integral equation, and the first compatibility condition 

4 
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at the surface. It will be recalled from Section V that an intersection 

was to be found between a straight line determined by the momentum 

equation and the first compatibility condition at the surface and a con- 

stant HE line as determined by the energy integral equation. When 

Head's method has broken down there is no intersection. This can be 

seen by noticing the last calculation of the results appearing in Appen- 

dix F, Table 2. Following this step the machine is unable to find an 

intersection. The explanation of the printed words, "IMPROPER 

SLOPES ", is given in Appendix E. Evidence that there is no intersec- 

tion is found by continuing the calculation by hand one more step be- 

yond the last step of Table 2. Then by plotting the constant HE lines 

from Figure 21 which are just above and just below the HE line in 

question, it can be seen that there is no intersection (see Figure 14). 

This in itself is inconclusive since it has been shown that there is no 

intersection between line d -d of Figure 14 and the lower HE line. 

This does not preclude the possibility that the line d -d does intersect 

the HE line in question (not shown of Figure 14). However, by noting 

that HE is decreasing (dHE /d4 < Q), and that the increasing adverse 

pressure gradient tends to shift line d -d up, and that the increasing 

suction tends to decrease the slope of the line d -d as shown by its 

equation 

m = - 7v s* ,Q - t* U' 
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it can be seen that the calculation is very near the point at which there 

is no intersection between the HE line in question and the line d -d. 

It should also be noted in Figure 14 that the point of tangency 

is near the upper ends of the constant HE lines. The ends of these 

lines are the upper boundaries for which data is given in Figure 21. 

If the calculation had not broken down at this point it would soon have 

gone off the region in Figure 21 in which data is given. This difficulty 

will be seen to occur later in this section with the uniform porosity 

cylinder suction distributions. These two difficulties with Head's 

method just mentioned will be referred to as the method breakdown 

and the off chart difficulties respectively. It will be seen on Figures 

12, 13, 1 5, and 1 6 that the calculations in which one of the above 

mentioned difficulties were encountered are accordingly marked, and 

the last boundary profile shape calculated is indicated by giving the 

appropriate values of j and m. 

Ando' s Suction Distribution 

This suction distribution is obtained by another approximate 

method which will not be discussed in detail (1, p. 1). The method 

results in determining the suction distribution necessary to maintain 

the shape factor (H) at a constant value. It is hypothesized in the 

method that if H is not permitted to increase the flow will not 
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separate. Two suction distributions are shown in Figure 1 2, and they 

are the results of Ando's method for a rear stagnation point angle of 

:1)s = 180 degrees and 4s = 270 degrees. The calculated results appear 

in Appendix F, Tables 3 and 4. It will be seen that both calculations 

resulted in a method breakdown. There is good reason to seriously 

doubt the validity of the results of Ando's method, however, since 

H did not retain a constant value and the value of .Q had fallen below 

= O. 2 prior to the method breakdown, which is nearing separation. 

No further discussion will be given of the results of Ando's suction 

distribution; it will only be reported that these suction distributions 

do not appear to be sufficient to maintain attached flow. 

Uniform Porosity Cylinder 

As mentioned earlier in this section a mathematical model 

was devised for the suction distribution which would occur on a cylin- 

der with uniform porosity on the back half, that is, one in which the 

porosity is independent of the angle 4 except for the discontinuity at 

the top and bottom. The suction varies along the surface because of 

the variation of the pressure on the outside of the cylinder and the 

uniform pressure within the cylinder. This function is derived in 

Appendix D and is of the form 

vs* = lIA-B (sin - sin 4s)2 cl) 

P 
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Adjusting the parameters A, B, and cl)s corresponds to adjus ting 

the uniform porosity of the cylinder, the rear stagnation point angle 

and the uniform internal pressure. In all cases the suction velocity 

was set at zero on the front half of the cylinder ( -90° < < 90 °) which 

corresponds to no porosity in this region. 

Two different choices of cs were used: 4)s = 180 degres 

and cl)s = 270 degrees. In the first choice of the angle (Os the con- 

stant A was taken to equal B. This corresponds to the physical 

situation in which the outside pressure at the top of the cylinder 

(4 = 90 degrees) equals the uniform internal pressure. This results 

in a family of cosine curves of varying magnitude. Four of these 

suction distributions were calculated, and they appear in Figure 15. 

with the point to which the calculation proceeded indicated. The .Q 

and m values correspond, as before, to the last profile calculated. 

The results of the second choice of cl)s (4)s = 270 degrees) are shown 

in Figure 16. Here an attempt was made to tailor the suction distri- 

bution, by appropriate choices of A and B, so that the calculation 

would proceed as far as possible into the adverse pressure gradient. 

It was noticed that better results were obtained by choosing a high 

initial suction (.4) = 90 degrees) and keeping the magnitude of the re- 

sultant suction distribution curve at a lower level. This is approach- 

ing a uniform suction situation. The results of each calculation is 

marked on Figure 16. 

4, 
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VII. CONCLUSIONS AND PROPOSED MODIFICATION 
OF HEAD'S METHOD 

The purpose of this thesis was to apply the method of Head to 

calculate the development of the boundary layer over a circular cylin- 

der with suction. It was desired to determine if Head's method gave 

satisfactory results with this pressure distribution, and, if so, the 

method would be applied as a check on the results of Ando's method. 

Head's method was found to yield good results with the situation of 

zero suction velocity, as seen in Figure 6, 7, 8, 9, and 10, and the 

results were good up to a point with the Rheinboldt suction distribu- 

tion, as seen in Figure 11. 

Two difficulties were encountered which prematurely termi- 

nated the calculations. The method broke down, as seen in the 

Rheinboldt and Ando suction distributions. That is, the calculation 

proceeded to a point at which it was no longer possible to find a pro- 

file in Head's family which satisfied the relationship between the first 

and the second derivative of the profile at the surface, as determined 

by the momentum integral equation and the first compatibility condi- 

tion at the surface and, at the same time, satisfied the value of HE, 

as determined by the energy integral equation. The second difficulty 

labeled "OFF CHART" in the preceding data, was that the first or 

second derivative of the profile at the surface exceeded the values for 
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which properties are given in Figures 21 , 22, and 23. This difficulty 

was found with several of the uniform porosity cylinder suction distri- 

butions . 

Based on these observations it will be concluded that Head's 

method yields good results when the adverse pressure gradient and 

the suction are sufficiently low, but the method tends to break down 

or go off chart as these quantities are increased. With regard to 

Ando's method, it will be concluded that there is good reason to seri- 

ously doubt the validity of its results. This conclusion cannot be more 

definite, since Head's method broke down prior to separation being 

indicated using Ando's suction distribution, but the calculation appear- 

ed to be progressing toward separation at the point at which Head's 

method broke down. 

It would be desirable to modify Head's method so that the two 

difficulties mentioned could be overcome. The off chart trouble can 

be corrected by extending the charted information of Figures 21, 22, 

and 23 to include more values of 2 and m. This extension is of lì- 

mited advantage, for if the family of profiles were overextended the 

members of the family would no longer accurately represent profiles 

which appear in real flow situations. The method breakdown trouble 

can only be corrected by modifying the members of the family of pro- 

files so that they more closely represent the profiles encountered in 
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the flow situations of this thesis. In Section IV the family of profiles 

used by Head was presented, and it will be recalled that f2 and f3 were 

chosen such that two profiles known from an exact solution of the 

boundary layer equations were precisely fitted. Unfortunately, how- 

ever, it was found that the functions f2 and f3 as determined by using 

near separation profiles were considerably different from functions 

f2 and f3 as determined by using high friction profiles. Head resolved 

the difficulty by introducing the linear interpolation as shown in Figure 

3, It is at this point that I suggest that the family of profiles be modi- 

fied. This modification would involve using the digital computer. 

The basic technique of deriving the family, using linear inter- 

polation, remains unchanged. The modification is that not just two 

sets of two exact profiles would be used, but several sets which in- 

clude not only the shapes of the profiles considered by Head, but also 

the profiles which appear in the condition of high suction and high ad- 

verse pressure gradient. These additional sets of known profiles 

would be chosen from either exact solutions or from experimental 

measurements. A review of the literature would be required to de- 

termine what known profile shapes are available. These additional 

profile shapes would be used as follows. Instead of using tables in 

the computer for Figures 21, 22, and 23, the machine would calcu- 

late these profiles each time they were needed. The functions f2 and 
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f3, then, would be calculated from two sets of two known profiles 

taken from the several sets stored in the memory of the machine. 

The program would include criteria to decide which two sets of known 

profiles most closely resemble the profiles being encountered in a 

given flow situation. For example, if this modification were being 

used with the Rheinboldt suction distribution problem at the point at 

which the method broke down, the family would be derived using 

known profiles other than the near separation and high friction profiles 

used by Head. 

It is felt that if this modification were used, the accuracy of 

Head's method could be preserved, and the method would be extended 

to apply to the flow situations of this thesis. 
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APPENDIX A 

Derivation of the Momentum Integral Equation 
(quoted from Head (5, p. 802 -805) 

For steady two - dimensional incompressible flow the boundary 

layer equations are 

and 

u 
au 

+ v 
a. 

= - 1 dp + v 
a2u 

(1) ax ay p dx ay2 

au av 
x ay = (2) 

The first of these two equations represents the Navier -Stokes equa- 

tions when the boundary layer approximations are applied; the second 

is of course the continuity equation. 

If we multiply (2) by u and add to (1), then we obtain 

2u 8u 
+ 

a (uv)=UdU + v 
a 

z u 
(3) ax ay dx ay2 

where we have used Bernoulli's equation, applied outside the boundary 

layer, to substitute for - (1 /p)(dp /dx). We can write (3) 

- a (U2 - 
ax 

2 
+ U áX + á y (uy) - v 

ay 

a 

2 

and, if we integrate over y through a distance h from the surface, 

where h is a distance greater than the boundary layer thickness we 

u2 ) 
dx 



obtain 

Now, at 

and at 

h h 
(U2 + - u2)dy U-U dy + [ = v 

8u 
o 
h 
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(4) uv] ax 
o o ay 

y=0 u_0 au 
8y 

= ? 

y=h u=U v=vo+ h av dy and -au =0 ay ay 

Also, 8v %ay = -8u /8x from (2), so that (4) may be written 

T `h __ (U2 -u2) dy, +UJo f h a x (U -u) dy + Uvo = - 
o _s ____ 

Jo p 

Now, if h is constant independent of x we may write (5) as 

or 

(5) 

d h H 2 h -r 
dx U2 Jo [ 1 - ] dy 

+ U US Uvo= ó(6) 

- U2(A+6") + Udx US." + Uvo = -Tob 

Differentiating out and rearranging we find that this becomes 

de 
(H + 2) dU 

U dx dx PU2 

(7) 

Alternative derivation: We can obtain the foregoing momentum inte- 
gral equation somewhat more directly by considering the flux of x- 

momentum through an elementary control volume of height h (greater 
than the boundary layer thickness) and length x (see Figure 17) 

-Jh 
o 

1 o 

0 

- 
.1 

(1 - )dy + 

_ To 8 vs 
U 

(6) 

r - { 

O 

P 
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Edge of 
boundary 
layer 

Figure 1 7. Sketch of the boundary layer 

The nett efflux of x- momentum from the control volume per 

unit time is 
h 

6x d p u2dy + pUvh 6x 
0 

and the nett force on the fluid in the x- direction is 

-To 6x - h dx 6x 

Equating these expressions and substituting, as before, U(dU /dx) 

for -(1 /p )(dp /dx) we obtain 

d h' u2dy + U = To 
dx 

p 

+ hU dU 

Since h is a constant independent of x we may write this 

or 

d ch 
dx u2dy + U 

h 
vo+ f ay 

y 

T h 
U dy 

o 

lxh ri h - h h 
u2dy + Uvo - U 

dx udy + dx, 
U2 dy - U dx ` Udy 

o o p o ,1 o 

f 
cbc 

0 

0 Jo p 

d 

r 
, 

J 
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which gives 

h 2 h T 

d 1 -IU1 dy +U USo(1-Ú)dy+Uvo=- 
P 

This equation is seen to be identical with (6) above and the same re- 

sult follows. 

J 



APPENDIX B 

Derivation of the Energy Integral Equation and the First 
Compatibility Condition at the Surface 

(quoted from Head (4, p. 24 -25)) 

As before 

and 

u au 
v au dU 

v 
a2u - ax ay dx ay2 

au av 
ax + ay = 0 

If we add u/2 (au /ax + av /ay) to the left hand side of (1), 
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(1) 

(2) 

multiply through by u, and integrate from y = 0 to y = h , we have 

h 

o 
3 2 au 
2u axd 

av du 
+ `huv ydy+.h 2 u2 ay dy - U hu dy (3) 

Jo 0 0 

h i.e., d (2 u3 -.uU2)dy+ 
0 

or 

d hl 
dx, 0 2 

a2 u 
a y2 

dy 

UZ ax dy 
+ [ u2v] h 

0 

a u. h vu_, 
ay'o 

- v 
J.. 

u (UZ -u2)dy+2 U2(h ax dy+2 
u2 

O 

v 
h¡ au 2 d 0¡ay y 

au)2 
ay) dy, 

Kandy 

.o a y 

h 
vS 

2 
Jo 

( 

+ = U 
+ 

l 

dy _ vs 
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Hence 2 dx 

or 

{U3fh 
.Jo 

-(u)z]d} 1 2 

h 
(-57 l 

v y 1 

dy 
o 

= 2vJhff 
ayau 

2 ol) 
where E , the energy thickness, 

Chu 
Jo U 12 

dy 

dy - vs U2 

This is the energy equation in its usual form 

Now 

so that 

where 

Also 

d E_ 1 de 
dx I 81 8 dx 

de 
dx 

dE 
dx 

e 
d 

+ HE 
dx 

HE = Ee 

dx (U3E) = 3 U2E dx + U3 dx 

which from (5) becomes 

d 3 2 dU 3 dH 3 de 
dx(U 

E)-3U E+U AE+ U HEdx 
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(4) 

(5) 

u 
U U +2 vs U 

2 
f 

= 

E 

62 

dx dx 

r 
10 I 1 - 

(U3 
) 



Substituting for d /dx (UJ ) in (4) we have 

2 dU 3 dH 3 d9 2 ¡ a u 3U + U 9 + U H + vsU =2v1 
Y 
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2 
dy 

Substituting for d9/dx from (3) and re-arranging, we find 

U92 dHE 29 h au 2 9 au 92 dU vs9 vs9 
U2 
J - dy - H 

a Y 
o-(H-1) v dx v o J1 , 

which may be re- written 

HE -= 1 

ut''` 
where 

D-° - U 2 1 8u I 2 
d 

e 

and the other symbols are as defined above, the prime denoting as 

before differentiation with respect to x (x = x /c). 

Boundary Layer Equation at the Surface 

At the surface, v = -vs, u = 0 and 8u /8x = O. Hence the 

boundary layer equation for two -dimensional incompressible flow be- 

comes 

- vs 
u o 

- U dU v(82-u.) 
ay Y o y o 

where the subscript o refers, as elsewhere, to conditions at the 

surface. Multiplying through by e2 /Uv this becomes 

vse 8 8u 
U ay 

dx 
0 

dx ay v 

[2D* = HE { Q - A (H -1) - X } - X ] 

+ 
dx 

92 

( 

_ 
62 

9 

(8 Zuu 

o 
ay2 ) 

o 



which may be written 

or 

where 

- A 2 = A + m 

m = - (A +.QX) 

m = 
92 a2u - ü ay2 0 

61 

(The boundary layer equation at the surface is referred to as the first 

compatibility at the surface) 
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APPENDIX C 

Derivation of the Potential Flow Distribution 
About a Circular Cylinder With Lift 

The velocity in the 4, direction for circulatory flow about a 

cylinder in a uniform stream is given by the expression 

U = Uo sin (4) (1 + r) + 
2Trr 

(9, p. 66) 

The flow along the surface of a cylinder of radius 

U = Uo sin (1)) 2 + a. 
at 4) = , U = 0, therefore 

0 = Uo 2 sin (4s) + 
r 

21ra 

-2 Uo sin (4)s) = 
2Tr a 

therefore 

U = 2 Uo sin (4) - 2 Uo sin (c ) ) 

or 

JIafI is 

U 
= 2 (sin (4) = sin (4.$)) (1) 

Uo 

For positive lift 4s will be greater than rr, and sin (4)s) will be 

negative. Equation (1) above is an expression for the velocity distri- 

bution (U) along the surface of the cylinder which appears in the mo- 

mentum and energy integral relations. Also required is the velocity 

gradient which is obtained from equation (1). 



d(U/Uo) d (2 (sin (1) - sin (Os) ) 

d(x/c) - d (x c) 

d U 
4 cos dx 
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(2) 

since = 2 (x /c) and d () = 2. Equation (2) is used to evaluate d(x /c) 
the term A which appears in the first compatibility condition as well 

as the momentum and energy integral relations,. 

A t^` dU 
dx 

or 

A = t* 4 cos cp (3) 

4 

4, 

= 
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APPENDIX D 

Derivation of the Suction Distribution for a Uniform 
Porosity Cylinder 

The suction distribution is assumed to be that from a cylinder 

of uniform porosity, where the distribution of suction is the result of 

the potential pressure distribution on the outside of the cylinder, and 

the pressure within the cylinder is uniform. Note that this potential 

pressure distribution is valid only in the absence of separation. 

Assume that the value of vs, the suction velocity, is given by 

the expression 

vs = K "OP -P1) 

where 

(1) 

K is a constant indicating the resistance of the surface to the 
inflow of air. 

P is the pressure on the outside of the boundary layer. 

P1 is the uniform pressure inside the cylinder. 

Bernouli's equation can be applied to relate P to the velocity 

at the outside edge of the boundary layer. 

P = Po + 
2 

p Uo2 - 2 p U2 

where 

Po is the pressure of the free stream. 
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We have already assumed that the velocity at the outside edge 

of the boundary layer is given by the potential flow about a circular 

cylinder (see Appendix C). Using this information we obtain 

P = Po + 
2 

p Uo2 - p ( 2Uo (sin (4) - sin 

subtracting P1 from equation (2) yields 

P P1 = (Po + p Uo2 - P1) - 2 Uo p (sin 

Using equation (1) 

Vs 
s 

(4s) ) 2 

(c) - sin ($_)) 
2 

(2) 

Po +- p Uo - Pl ) - 2p Uo (sin (4)) - sin (4)s) ) 2 (3) 

vs can be found from vs *by the following expression 

vs 
Uo 

Uo c 

v 

Using vs from equation (3) in the above expression yields 

v V(K) (Po +l LTo-P1 )(Uo c) {2 p Uo)(K) (Uò c)(sin (0- sin (.4)s) 
s Uo 2 v Uo v 

This expression can be put in the form 

vs* = VA - B (sin ((I)) - sin (4)s) )2 

where A and B are constants. 

(4) 

- 

= 

vs* = 

p )2 

KV 

- 
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APPENDIX E 

Fortran Programs Used With Explanation 
and Flow Diagram 

Section V discussed adapting Head's method to the digital 

computer. In this appendix the program is shown, along with a flow 

diagram and an explanation of some of the program details. The ma- 

chine used was an IBM 1 620 with 40, 000 units of core storage which 

is under the supervision of the Statistics Department of Oregon State 

University. Fortran I was the compiler language incorporated. 

The program was complicated by the fact that difficulty was 

encountered in getting it and the large table into the memory of the 

machine without an "overlap" condition. It was found necessary to 

break the tables into two parts, and then include only two of the three 

types of suction distribution with each part. This results in four pro- 

grams: two for the upper part of the table and two for the lower part 

of the table. Shown is the program for the upper part of the table with 

the uniform porosity cylinder suction distribution and And& s suction 

distribution (see Section VI). Following this program are the state- 

ments which are necessary to modify the program for the lower half 

of the table. These statements are to be inserted in the locations of 

corresponding hand written numbers. The mark (X) indicates those 

statements in the program which are to be removed in modifying for 
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the lower half of the table. Not included at all are the statements to 

adapt the program to Rheinboldt's suction distribution. The Rhein - 

boldt program is essentially the same, except for the change in suc- 

tion distribution. The suction distribution in the program shown is 

chosen by assigning the value (1) or (2) to the fixed point variable J1 

through an input card (See statement following statement (49), and see 

statement (1 7)) 

Two explanations are of greatest significance in following the 

program. They are the correspondence between the values in the 

tables and Figures 21 , 22, and 23, and the correspondence between 

the variables which appear in the program and the variables which 

are used in the text of this thesis. 

Consider first Figure 21. As mentioned in Section V the table 

for this figure is in the form m = m (1, HE). Since a floating point 

variable is desired for the table the double subscripted variable A 

has been used to represent m. The range of m in Figure 21 covers 

the values HE = 1. 50 to HE = 1. 76 in increments of 0. 01. These 

same increments were chosen for the table so that subscript (1) cor- 

responds to HE = 1. 50 and subscript (27) corresponds to HE = 1. 76. 

As was mentioned, the table had to be divided. The parameter f 

extends from the value .Q = 0. 0 to Q = 0. 6. This was divided into two 

parts: high friction profiles, .Q = 0. 2 to f = 0. 6 and low friction 
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profiles, / = O. 0 to I = 0.4. On the upper part of the table subscript 

(1) corresponds to .Q = O. 2 and subscript (21) corresponds to i = O. 6. 

On the lower part of the table subscript (1) corresponds to I = O. 0 

and subscript (21) corresponds to / = O. 4. 

The tables for Figures 22 and 23 are very similar to one an- 

other. As mentioned earlier they are of the form H(.Q, m) and 2D^ 

( e, m) respectively. The corresponding double subscripted variables 

in the program are H and D. The subscripts which correspond to .Q 

are the same as in the first table. The parameter m extends from 

the value m = -O. 5 to m = +0. 2. The corresponding subscripts are 

(1) for m = -O. 5 and (21) for m = +0. 2. In the program subscripts 

L and M correspond to the parameters i and m. The subscript I 

(not in the "DO" loop) is used to represent HE. 

It will be noticed from Figures 21 , 22, and we that with the 

choice of subscripts just discussed large areas of the table are blank, 

that is, data is not given in Figures 21 , 22, and 23 for all of the loca- 

tions set aside in the memory of the machine for the tables. Some of 

these blank table locations are used as variables in the equations as 

will be explained. All of the other blank locations have been assigned 

the number (9. 000), and it can be seen in the program that before a 

value from the table is ever used it is first checked that it does not 

have the value (9. 000), which can only mean that the calculation has 
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gone off the figure. If a (9. 000) is discovered the words "OFF 

CHART" are printed and the machine stops. 

As just mentioned some of the otherwise unused table values 

have been used as variables which appear in the equations. Figures 

22 and 23 have the region I = O. 0 to .Q = O. 2 and m = -O. 5 to 

m = -0.3 in this blank category. Given in this section is a key to re- 

late the variables which appear in the program with the variables 

which appear in the text of the thesis. 

Other items which might assist one in following the program 

are the value of the fixed point variable J (following statement (34)). 

Using the symbols introduced in Section V J = 1 when the value of 

/a is being found, and J = 2 when the value of .Qb is being found. 

On page 30 of Section V the statement is made, "To find a assume 

that the algebraic value of the slope of the line d -d is greater than 

the algebraic value of the slope of HE2 near the point of intersection ". 

This slope is checked at statement (79). If the slopes are found to be 

equal the machine prints "IMPROPER SLOPES" and stops. If the 

slopes are reversed the machine prints, "IMPROPER SLOPES ", 

reverses the correction for the new choice of .Q , then continues to 

calculate. If, however, Head's method has broken down and the two 

lines do not intersect then the machine gets caught in a loop, that is, 

the corrections for a new choice of .Q will oscillate from left to right 
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on Figure 21 , and the machine will indefinitely "hunt" for an inter- 

section which does not exist. When this occurs the machine, after 

twenty new choices of .2 will print "EXCESSIVE LOOPS" and stop. 

This is done through the fixed point variable N (following statement 

(20)). Statements (23) to (34) are for Lagrange interpolation used 

with Ando's suction distribution. The final item which I will discuss 

concerning the mechanics of the program is the use of the sense 

switches (program switches). All four are used. Switch 1 sets the 

increment along the surface of the cylinder at which calculations are 

made at one degree. Switch 2 sets this increment at one -third of a 

degree. Switch 3 engages the console typewriter for observation of 

results in addition to the punch card output. This is used in deciding 

on the settings of switches 1, 2, and 4. Switch 4 causes the machine 

to stop. If it can be seen that the results are going erratic or it is 

found otherwise desirable to stop the calculation this last switch can 

be used. 

The running time for this program on the 1 620 was about 

seven and one -half loops per minute, where a loop consists of all the 

calculations at one position on the airfoil. This time is increased 

when Sense Switch 3 is "on" because of the relatively slow typewriter 

output. 

, 
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Read in Tables 

Read in Starting Profile 

J1 = 1 

vs*=1A-B(sin cl)Sj2 

ON Zvi). 0.0175 I- 

ON 6 fi = 0.0054 

y J1= 

vs* = Ando's Curve 

cJ 
see Figure 19 

Calculate H & 2D* 

Punch Results 

r 
Evaluate t *' & HE 

+04).. 
t ̀ = t'''+ 
HE= HE+ OHE 

>0 

Pause 
Push Start 

Figure 1 8. Flow diagram for Fortran program. 

i 
4)-sin 

1 

.4 
Qt. 

4 
BO 

4 

Sa 



Figure 19. Flow diagram for Fortran program to find the inter- 
section on the H chart. 

(see Figure 18) 

J=1I 
I=H 1 

L'= ia 
L= la 

=2 
I=H 2 

L'=-eb 
L=lb 

L=L-1 

t* vs* L - t* U' 

m-m(L, I) L=L+1 

Y 

m = - NETIv * L - t* 

(ni -m( L, I ))( m'-m(L', I )) 

>o 

Q 

I=1 .. 
La =L 
L' = L 

J=2 r 
.Fb=L 
L' = L 

IXb=L 

=fa 14-E- HE(.2b-fa) 
H2-H1 

m =Art* vs* ,Q - t* 
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Table 1. Correspondence between variables used in the program and 
variables which appear in the text of the thesis. 

H(1,1) - H interpolated 
H(1,4) - i 
H(1, 5) - mi 
H(2,1) - iai 
H(2, 2) - ibi 
H(2,3) - HE2 
H(2, 4) - HE3 

H(2,5) - Vs''` 
H(3,1) - m at la 
H(3, 2) - matQb 
H(3,3) - = 0.020 
H(3, 4) - Am= 0. 033 
H(3, 5) - Acp. 

H(4,1) - Qa 

H(4, 2) - Qb 

H(4,3) - (dt'4/dR) ( A4) 
H(4,4) - (dH/dx) (At) 
H(4, 5) - t4 
H(5,1) - HE 

H(5, 2) - el) (K-1) 
H(5,3) - (K) 
H(5, 4) - (K+l ) 

H(5, 5) - (K+2) 

D(1,1) - 2D* interpolated 
D(1,2) - W Rheinboldt suction distribution 
D(1,3) - Z 
D(1,4) - Y " " It 

D(1, 5) - A Uniform Porosity Cylinder suction distribution 
D(2,1) - B Ti n It It It 

D(2,2) - ctis 

D(2,3) - sin .4)s 

D(2, 4) - 
D(2, 5) - 
D(3,1) - m 
D(5, 4) - temporary storage (see statement (75)) 
D(5, 5) - temporary storage (see statement (28)) 

OQ 

" It 

f 
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Table 2. Fortran program for the uniform porosity cylinder and the part of the table giving modifica- 

tion for the lower part of the table. 

DIMENSION H (21, 21), D (21, 21), A(21,27),V(19) 
DO 50 I=1,21 
DO 51 J=1,15,7 

READ 1, H (I, J), H(I, J+1), H(I, J+2), H(I, J+3), H(I, J+4), H(I, J+5), H(I, J+6) 
READ 1, D (I, J), D(I, J+1), D(I, J+2), D(I, j+3), D(I, J+4), D(I, J+5), D(I, J+6) 

51 READ 1, A (I, J), A(I, J+1), A(I, J+2), A(I, J+3),A(I, J+4), A(I, J+5), A(I, J+6) 
50 READ 8, A (I, 22), A(I, 23), A(I, 24), A(I, 25), A(I, 26), A(I, 27) 

DO 52 I= 1,8,7 
52 READ 1, V(I), V(I+1), V(I+2), V(I+3), V(I+4), V(I+5), V(I+6) 

READ 9, V(15), V(16), V(17), V(18), V(19) 
49 READ 10, H( 4, 5), H( 5, 1), D( 2, 4), H( 3, 5), D( 2, 2), D( 2, 3),H(2, 1), H( 2, 2) 

READ 86, D(1, 5), D( 2, 1), J1 
42 IF ( SENSE SWITCH 1) 11, 12 

11 H(3, 5) = 0.0174533 
12 IF ( SENSE SWITCH 2) 13, 16 

13 H(3, 5) = 0. 0053599 
16 IF (SENSE SWITCH 4) 48, 17 

17 GO TO (70, 72), J1 
70 IF(D(2,4)-1.570796)40,41,41 
40 H(2,5)=0. 

GO TO 34 
41 H(2,5)=SQRTF(D(1,5)-D(2,1)*(SINF(D(2,4))-D(2,3))**2) 

GO TO 34 
72 IF ( D ( 2, 4) - 1. 570796) 29, 23, 23 
29 H(2,5)=0. 

GO TO 34 

23 K = (D(2, 4) - 1. 570796)* 18. 0/3. 1415927 + 1. 0 

IF ( K - 17) 74, 73, 73 
73 K= 17 
74 IF ( 2 - K) 75, 76, 76 
76 K=2 
75 H(5, 2)=K-2 

H (5, 2) = (H(5, 2)*3. 1415927/18. ) + 1. 5707963 
H(5, 3)=K-1 
H(5, 3) = (H(5, 3)*3. 1415927/18. ) + 1. 5707963 
H(5, 4)=K 
H(5, 4) _ (H(5, 4)*3. 1415927/18.0) + 1.5707963 
H(5, 5)=K+1 
H (5, 5) = (H(5, 5)*3. 1415927/18. 0) + 1. 5707963 
H (2, 5) = (H(5, 3) - D(2, 4))*(H(5, 4) - D (2, 4) )*(H(5, 5) -D (2, 4) )*V(K -1) 
H (2, 5) = H(2, 5)/((H(5, 3) -H (5, 2))*(H(S, 4) -H(5, 2) )*(H(5, 5) -H(5, 2) ) ) 

D (5, 4) = (H(5, 2) - D(2, 4) )*(H(5, 4) - D(2, 4) )*(H(5, 5) -0(2, 4) )*V(K) 
D (5, 4) = D(5, 4)/((H(5, 2) -H(5, 3) )*(H(5, 4) -H(5, 3) )*(H(5, 5) -H(5, 3) ) ) 

H(2, 5)=H(2,5)+D(5,4) 
D (5, 4) = (H(5, 2)-D(2, 4))*(H(5, 3) - D(2, 4))*(H(5, 5) - D(2, 4))* V(K+1) 
D (S, 4) = D(5, 4)/((H(5, 2) - H(5, 4))*(H(5, 3) - H (5, 4))*(H(5, 5) - H (5, 4))) 
H(2, 5) = H(2, 5) + D(5, 4) 

- 



75 
D (5, 4) = (H(5, 2) - D(2, 4))*H(5, 3) - D(2, 4))* (H(5, 4) - D(2, 4))*V(K+2) 

D (5, 4) = D(5, 4)/((H(5, 2) - H(5, 5))*(H(5, 3)-H(5, 5))*(H(5, 4) - H(5, 5))) 
H (2, 5) =H(2, 5) + D(5, 4) 

34 I=(H(5, 1) - 1.5)*100. +1. 
J=1 

31 D(2,5) -II (2,J) 
X L = 50. *(H(2, J) -0.2)+1. 

D(3, 1) = - SQRTF (H(4, 5 ))*H(2, 5 )* D(2, 5) - H( 4, 5 )*4. * COSF (D(2,4 )) 

N=1 
30 IF ( A( L + 1, I ) - 9. ) 78, 61, 78 
78 IF ( A ( L, I ) - 9. ) 79, 61, 79 

79 IF((A(L + 1, I ) -A(L, I ))/H(3, 3) + SQRTF (H(4, 5))*H(2, 5)) 21, 22, 33 

33 H(3, J)=D(3, 1) 

PRINT 6 

PUNCH 6 

IF ( D(3, 1) - A(L, I)) 26, 25, 24 
21 H(3,J)=D(3,1) 

IF (D(3, 1) - A(L, I)) 24, 25, 26 
24 L=L+1 

GO TO 27 
26 L=L-1 
27 D(2,5)=L-1 

.2 X D ( 2, 5)= D(2, 5)/50. + O. 2 

D( 3, 1) = -SQRTF ( H (4, 5))*H (2, 5)* D(2,5) -H (4, 5)* 4. * COSF(D(2, 4)) 
X 

4 X77 
IF(D(2, 5) - 0.6 ) 77, 61, 61 

IF(D(2, 5);- 0.2) 38,20, 20 
X38 PRINT 10, H(4, 5),H(5, 1), D(2, 4), H(3, 5), D(2, 2), D(2, 3),H( 2, 1), H(2, 2) 

X PUNCH 10, H( 4, 5),H(5, 1), D( 2, 4), H( 3, 5), D( 2, 2), D( 2, 3), H( 2, 1), H( 2, 2) 

X PRINT 86, D(1, 5), D(2, 1), J1 

X 

X 

PUNCH D(1, 5), D(2, 
GO TO 48 

1),J1 

S X20 L1=50.*(H(2,J)-0.2)+-1. 
N = N + 1 

IF( 20 - N) 45, 45, 18 

18 IF(A(L, I) - 9. ) 35, 61, 35 
35 IF(( A(L, I) - D(3, 1))*(A(L1, I) -H (3, J))) 28, 25, 80 
80 H(2, J) = D(2,5) 

GO TO 30 
28 H(4, J) = A(L, I)*H(2, J) - A (L1, I)* D(2, 5) 

H(4,J)=H(4,J)+H(4,5)*4,°* COSF(D(2,4))*(H(2,J) - D(2, 5)) 

H(5, 5)= -SQRTF(H(4, 5))*H(2, 5)*(H(2, J) - D(2, 5)) - A(L1, I) + A (L, I) 
H(4, J) ° H(4,J)/H(5,5) 
H(2, J) = D(2, 5) 

25 I = I + 1 

J = J + 1 

IF(J-3)31, 32, 32 
32 H(2,3)=I-3 

H(2, 4) = I - 2 

H(2, 3) =(H(2, 3) +-150. )/100. 
H(2, 4) =(H (2, 4) +-150. )/100. 

D(2, 5) = (H(4, 2)*(H(5, 1)-H(2, 3))+H(4, 1)*(H(2, 4)-H(5, 1)))/(H(2, 4)-H(2, 3)) 

D(3, 1) -SQRTF(H(4,5))*H(2,5)*D(2,5) -H(4,5)*4.* COSF(D(2, 4)) 

I 
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IF(D(3, 1) +0.50) 61, 61, 36 

36 IF (O. 1666666667 - D(3, 1)) 61, 61, 37 

37 M =D(3, 1)* 30. + 16. 

6 X L =50.*(D(2,5)-0.2)+1. 
H (1, 4) = L -1 

7 X H (1, 4) = H(1, 4)/50. +0.2 
H (1,5)=M 
H (H(1, 5) - 160/30. 
IF (H(L, M) - 9. ) 62, 61, 62 

62 IF (H(L + 1, M) - 9. ) 63, 61, 63 

63 IF (H(L,M+1) -9.)64, 61, 64 
64 H (1, 1) = H(L, M) + ( H (L + 1, M) -H(L,M))*(D(2,5) -H(1,4))/H(3,3) 

H (1,1)=H(1, 1)+(H(L,M+ 1) - H(L,M))*(D(3, 1) - H(1, 5))/H(3, 4) 

IF ( D( L, M) - 9. ) 65, 61, 65 
65 IF ( D(L + 1, M)-9. ) 66, 61, 66 
66 IF ( D(L, M + 1) - 9. ) 67, 61, 67 
67 D (1,1)=D(L,M)+(D(L+1,M)-D(L,M))*(D(2,5) - H(1, 4))/H(3, 3) 

H (1, 1) = D(1, 1) + ( D( L, M+1 ) - D(L, M))*(D (3, 1) - H(1, S))/H(3, 4) 

IF (SENSE SWITCH 3) 15, 14 
15 PRINT S, D( 2, 4),H(2, 5), H(4, 5), H( 5, 1), D(3, 1), D(2, 5), D(1, 1), H(1, 1) 

14 PUNCH 5,D(2,4),H(2,5),H(4,5),H(5,1),D(3,1),D(2,S),D(1,1),H(1,1) 
H(4, 3) = D(2, 5)-H(4, 5)*4. *COSF (D(2, 4))*(H(1, 1)+2. ) - SQRTF (H(4, 5))*H(2, 5) 

H(4, 3) = H (3, 5)*H(4, 3)/(SINF(D(2, 4 )) -D(2, 3)) 

H(4, 4) = D(2, 5)-H(4, 5)*4. *COSF(D(2, 4))*(H(1, 1)-1. )-SQRTF(H(4, 5))*H(2, 5) 

H(4, 4) =H(3, 5)* (D(1, 1) -H(5, 1)*H(4, 4) - SQRTF(H(4, 5))*H(2, 5)) 

H(4, 4) =H(4, 4)/ (2. *H(4, 5)*( SINF(D(2, 4)) - D (2, 3 ))) 

D(2, 4) = D(2, 4) +H(3, 5) 

H(4, 5) = H(4, 5) + H(4, 3)/2. 
H(5, 1) = H(5, 1) + H(4, 4)/2. 
IF(D(2, 2) -D(2, 4)) 48, 48, 42 

48 PAUSE 

GO TO 49 

22 PRINT 6 

PUNCH 6 

GO TO 48 

61 PRINT 7 

PUNCH 7 

GO TO 48 

45 PRINT 85 
PUNCH 85 

GO TO 48 

1 FORMAT (7F6. 3) 

5 FORMAT (8F8. 4) 

6 FORMAT (15HIMPROPER SLOPES) 

7 FORMAT (9HOFF CHART) 
8 FORMAT (6F6.3) 
9 FORMAT (5F6.3) 

10 FORMAT (8F7. 4) 
85 FORMAT (1SHEXCESSIVE LOOPS) 

86 FORMAT (2F8.4, I2) 
END 
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L=50. *H(2,J)+1. 
2 D (2, 5) = D (2, 5) / 50. 
3 IF (D(2, 5) - 0.4) 77, 61, 61 

4 77 IF (D(2, 5)) 48, 20, 20 
5 20 L1=(H(2,J))*50. +1. 
6 L = 50.*D(2,5)+1. 
7 H(1, 4) =- H(1, 4)/50. 

I 
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Table 3. Computed results for the solid boundary problem ( 4 = 180 degrees, vs* = 0) 

V S* t* HE 

.3490 .0000 .0217 1.6300 -.0815 .3530 2.2383 

.3491 .0000 .0217 1.6300 -.0815 .3531 2.2382 

.3492 .0000 .0217 1.6300 -.0815 .3531 2.2380 

.3493 .0000 .0217 1.6301 -.0815 .3532 2.2379 

.3494 .0000 .0217 1.6301 -.0815 .3532 2.2377 

.3495 .0000 .0217 1.6301 -.0815 .3533 2.2376 

.3496 .0000 .0217 1.6302 -.0815 .3533 2.2374 

.3497 .0000 .0217 1.6302 -.0815 .3534 2.2373 

.3498 .0000 .0217 1.6302 -.0815 .3534 2.2371 

.3499 .0000 .0217 1.6302 -.0815 .3535 2.2370 

.3500 .0000 .0217 1.6303 -.0815 .3535 2.2369 

.3501 .0000 .0217 1.6303 -.0815 .3536 2.2367 

.3502 .0000 .0217 1.6303 -.0815 .3536 2.2366 

.3503 .0000 .0217 1.6304 -.0815 .3537 2.2364 

.3504 .0000 .0217 1.6304 -.0815 .3537 2.2363 

.3505 .0000 .0217 1.6304 -.0815 .3538 2.2362 

.3506 .0000 .0217 1.6305 -.0815 .3538 2.2360 

.3507 .0000 .0217 1.6305 -.0815 .3539 2.2359 

.3508 .0000 .0217 1.6305 -.0815 .3539 2.2357 

.3509 .0000 .0217 1.6306 -.0815 .3540 2.2356 

.3510 .0000 .0217 1.6306 -.0815 .3540 2.2355 

.3511 .0000 .0217 1.6306 -.0815 .3541 2.2353 

.3512 .0000 .0217 1.6307 -.0815 .3541 2.2352 

.3513 .0000 .0217 1.6307 -.0815 .3541 2.2351 

.3514 .0000 .0217 1.6307 -.0816 .3542 2.2349 

.3515 .0000 .0217 1.6307 -.0816 .3542 2.2348 

.3516 .0000 .0217 1.6308 -.0816 .3543 2.2347 

.3517 .0000 .0217 1.6308 -.0816 .3543 2.2346 

.3518 .0000 .0217 1.6308 -.0816 .3544 2.2344 

.3519 .0000 .0217 1.6309 -.0816 .3544 2.2343 

.3520 .0000 .0217 1.6309 -.0816 .3544 2.2342 

.3521 .0000 .0217 1.6309 -.0816 .3545 2.2341 

.3522 .0000 .0217 1.6309 -.0816 .3545 2.2339 

.3575 .0000 .0218 1.6324 -.0817 .3568 2.2273 

.3629 .0000 .0218 1.6334 -.0818 .3583 2.2229 

.3682 .0000 .0219 1.6341 -.0820 .3594 2.2199 

.3736 .0000 .0220 1.6345 -.0822 .3602 2.2176 

.3789 .0000 .0221 1.6351 -.0824 .3611 2.2147 

.3843 .0000 .0222 1.6355 -.0826 .3618 2.2126 

.3897 .0000 .0223 1.6357 -.0828 .3623 2.2109 

.3950 .0000 .0224 1.6360 -.0829 .3627 2.2096 

.4004 .0000 .0225 1.6362 -.0831 .3631 2.2085 

.4057 .0000 .0226 1.6363 -.0832 .3634 2.2076 

.4111 .0000 .0227 1.6365 -.0834 .3637 2.2068 

.4165 .0000 .0228 1.6366 -.0835 .3639 2.2061 

m Y H 
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Table 3 (Continued) 

(1) °S t* HE m 

.4218 .0000 .0229 1.6367 -.0836 .3641 2.2055 

.4272 .0000 .0230 1.6368 -.0837 .3643 2.2050 

.4325 .0000 .0230 1.6368 -.0838 .3645 2.2046 

.4379 .0000 .0231 1.6369 -.0838 .3646 2.2042 

.4433 .0000 .0232 1.6370 -. 0839 .3647 2.2038 

.4486 .0000 .0233 1.6370 -.0840 .3648 2.2035 

.4540 .0000 .0233 1.6371 -.0840 .3649 2.2033 

.4593 .0000 .0234 1.6371 -.0840 .3650 2.2030 

.4647 .0000 .0235 1.6371 -. 0841 .3650 2.2028 

.4701 .0000 .0235 1.6372 -. 0841 .3651 2.2027 

.4754 .0000 .0236 1.6372 -. 0841 .3651 2.2025 

.4808 .0000 .0237 1.6372 -. 0841 .3652 2.2024 

.4861 .0000 .0237 1.6372 -.0841 .3652 2.2024 

.4915 .0000 .0238 1.6372 -. 0841 .3652 2.2023 

.4969 .0000 .0239 1.6372 -. 0841 .3652 2.2023 

.5022 .0000 .0239 1.6373 -. 0841 .3652 2.2022 

.5076 .0000 .0240 1.6373 -. 0841 .3652 2.2022 

.5250 .0000 .0242 1.6373 -.0840 .3652 2.2023 

.5425 .0000 .0244 1.6372 -.0838 .3650 2.2026 

.5599 .0000 .0246 1.6372 -. 0836 .3649 2.2030 

.5774 .0000 .0249 1.6371 -.0834 .3646 2.2036 

.5949 .0000 .0251 1.6370 -.0832 .3643 2.2043 

.6123 .0000 .0253 1.6369 -. 0829 .3640 2.2051 

.6298 .0000 .0255 1.6367 -. 0827 .3637 2.2059 

.6472 .0000 .0258 1.6366 -. 0823 .3633 2.2069 

.6647 .0000 .0260 1.6364 -. 0820 .3629 2.2080 

.6821 .0000 .0263 1.6363 -.0816 .3624 2.2091 

.6996 .0000 .0265 1.6361 -.0813 .3619 2.2103 

.7170 .0000 .0268 1.6359 -.0809 .3614 2.2116 

.7345 .0000 .0271 1.6357 -.0804 .3609 2.2130 

.7519 .0000 .0273 1.6355 -.0800 .3603 2.2144 

.7694 .0000 .0276 1.6352 -.0795 .3597 2.2158 

.7868 .0000 .0279 1.6347 -.0790 .3587 2.2183 

.8043 .0000 .0283 1.6343 -. 0785 .3578 2.2204 

.8217 .0000 .0286 1.6339 -.0779 .3570 2.2222 

.8392 .0000 .0289 1.6336 -. 0773 .3561 2.2240 

.8567 .0000 .0293 1.6333 -.0767 .3553 2.2258 

.8741 .0000 .0296 1.6329 -.0761 .3544 2.2276 

.8916 .0000 .0300 1.6326 -. 0754 .3535 2.2294 

.9090 .0000 .0304 1.6322 -. 0747 .3526 2.2313 

.9265 .0000 .0308 1.6318 -. 0740 .3517 2.2333 

.9439 .0000 .0312 1.6315 -.0732 .3507 2.2354 

.9614 .0000 .0316 1.6311 -.0725 .3497 2.2375 

.9788 .0000 .0321 1.6306 -.0716 .3486 2.2397 

.9963 .0000 .0325 1.6302 -.0708 .3475 2.2421 

ß H 
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Table 3 ( Continued) 

vS t * HE m Q H 

1.0137 .0000 .0330 1.6298 -.0699 .3463 2.2445 

1.0312 .0000 .0335 1.6293 -.0690 .3451 2.2471 

1.0486 .0000 .0341 1.6288 -.0680 .3438 2.2498 

1.0661 .0000 .0346 1.6283 -.0670 .3424 2.2526 

1.0835 .0000 .0352 1.6278 -.0659 .3410 2.2559 

1.1010 .0000 .0358 1.6272 -.0648 .3395 2.2590 

1.1185 .0000 .0364 1.6266 -.0637 .3380 2.2623 

1.1359 .0000 .0370 1.6260 -.0625 .3363 2.2658 

1.1634 .0000 .0377 1.6253 -.0612 .3346 2.2695 

1.1708 .0000 .0384 1.6247 -.0599 .3327 2.2734 

1.1883 .0000 .0391 1.6239 -.0585 .3308 2.2776 

1.2057 .0000 .0399 1.6232 -.0570 .3287 2.2820 

1.2232 .0000 .0407 1.6224 -.0555 .3265 2.2867 

1.2406 .0000 .0415 1.6216 -.0538 .3242 2.2916 

1.2581 .0000 .0424 1.6207 -.0521 .3218 2.2968 

1.2755 .0000 .0433 1.6198 -.0504 .3193 2.3116 

1.2930 .0000 .0442 1.6186 -.0485 .3167 2.3170 

1,3104 .0000 .0452 1.6176 -.0465 .3142 2.3222 

1.3279 .0000 .0462 1.6165 -.0444 .3116 2.3275 

1.3453 .0000 .0473 1.6155 -.0422 .3089 2.3328 

1.3628 .0000 .0484 1.6144 -.0399 .3062 2.3383 

1.3803 .0000 .0496 1.6133 -.0375 .3032 2.3443 

1.3977 .0000 .0508 1.6122 -.0350 .2999 2.3223 

1.4152 .0000 .0521 1.6110 -.0323 .2962 2.3581 

1.4326 .0000 .0535 1.6098 -.0294 .2924 2.3641 

1.4501 .0000 .0549 1.6085 -.0264 .2883 2.3707 

1.4675 .0000 .0565 1.6072 -.0232 .2841 2.3773 

1.4850 .0000 .0581 1.6057 -.0199 .2798 2.3843 

1.5024 .0000 .0597 1.6043 -.0163 .2755 2.3948 

1.5199 .0000 .0615 1.6028 -.0125 .2711 2.4057 

1.5373 .0000 .0634 1.6011 -.0084 .2665 2.4168 

1.5548 .0000 .0654 1.5993 -.0041 .2615 2.4293 

1.5722 .0000 .0675 1.5972 .0004 .2554 2.4451 

1.5897 .0000 .0698 1.5950 .0052 .2490 2.4604 

1.6071 .0000 .0722 1.5927 .0105 .2420 2.4768 

1.6246 .0000 .0747 1.5901 .0160 .2346 2.4949 

1.6421 .0000 .0774 1.5873 .0220 .2244 2.5299 

1.6595 .0000 .0802 1.5844 .0284 .2133 2.5736 

1.6770 .0000 .0832 1.5814 ..0353 .2011 2.6105 

1.6944 .0000 .0864 1.5784 .0426 .1895 2.6449 

1.7119 .0000 .0898 1.5752 .0505 .1787 2.6652 

1.7293 .0000 .0935 1.5716 .0590 .1670 2.7090 

1.7468 .0000 .0974 1.5678 .0682 .1539 2.7538 

1.7642 .0000 .1017 1.5635 .0782 .1390 2.7944 

1.7817 .0000 .1062 1.5590 .0890 .1214 2.8703 

1.7991 .0000 .1112 1.5539 .1007 .0992 2.9622 

1.8166 .0000 .1165 1.6585 .1134 .0758 3.0680 

1.8340 .0000 .1224 1.5424 .1274 .0449 3.2273 

4, 
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Table 4. Computed results for the Rheinboldt suction distribution problem showing the method 
breakdown. 

(i) 

. vs . 
tm HE m Q H 

1.3977 .0000 .0508 1.6122 -.0349 .2997 2.3228 
1.3995 .0000 .0509 1.6120 -.0347 .2994 2.3238 
1.4013 .0000 .0510 1.6119 -.0344 .2990 2.3249 
1.4031 .0000 .0512 1.6118 -.0341 .2986 2.3260 
1.4049 .0000 .0513 1.6116 -.0339 .2983 2.3270 
1.4067 .0000 .0514 1.6115 -.0336 .2979 2.3281 
1.4085 .0000 .0516 1.6114 -.0333 .2975 2.3292 
1.4103 .0000 .0517 1.6112 -.0330 .2971 2.3567 
1.4121 .0000 .0519 1.6111 -.0328 .2968 2.3573 
1.4295 .0000 .0532 1.6100 -.0299 .2930 2.3632 
1.4470 .0000 .0546 1.6087 -.0270 .2890 2.3697 
1.4644 .0000 .0561 1.6074 -.0238 .2848 2.3763 
1.4819 .0000 .0577 1.6059 -.0205 .2805 2.3831 
1.4993 .0000 .0594 1.6043 -.0169 .2760 2.3939 

1.5168 1.0504 .0612 1.6029 -.0971 .3230 2.3474 
1.5221 1.0665 .0612 1.6041 -.0977 .3253 2.3412 
1.5275 1.0826 .0612 1.6053 -.0983 .3275 2.3353 
1.5328 1.0986 .0612 1.6064 -.0989 .3296 2.3297 
1.5382 1.1147 .0613 1.6074 -.0995 .3317 2.3242 
1.5436 1.1308 .0613 1.6085 -.1001 .3337 2.3186 
1.5489 1.1469 .0614 1.6094 -. 1007 .3355 2.3139 
1.5543 1.1630 .0615 1.6103 -.1013 .3371 2.3097 
1.5596 1.1790 .0616 1.6111 -. 1018 .3385 2.3061 
1.5650 1.1951 .0617 1.6119 -.1023 .3398 2.3027 
1.5704 1.2112 .0618 1.6127 -.1028 .3411 2.2988 
1.5757 1.2273 .0619 1.6135 -.1033 .3425 2.2947 
1.5811 1.2434 .0620 1.6142 -. 1039 .3438 2.2908 
1.5985 1.2957 .0624 1.6166 -.1057 .3480 2.2783 
1.6160 1.3481 .0628 1.6187 -.1075 .3518 2.2672 
1.6334 1.4004 .0634 1.6206 -.1094 .3553 2.2573 
1.6509 1.4528 .0640 1.6222 -.1113 .3585 2.2484 
1.6684 1.5052 .0647 1.6235 -.1131 .3614 2.2480 
1.6858 1.5575 .0654 1.6248 -.1150 .3641 2.2430 
1.7033 1.6099 .0663 1.6259 -. 1169 .3665 2.2386 
1.7207 1.6622 .0671 1.6268 -.1187 .3688 2.2346 
1.7382 1.7146 .0681 1.6276 -.1205 .3708 2.2312 
1.7556 1.7670 .0691 1.6283 -.1223 .3727 2.2282 
1.7731 1.8193 .0702 1.6289 -. 1240 .3743 2. 2256 

1.7905 1.8717 .0714 1.6293 -.1257 .3758 2.2234 
1.8080 1.9240 .0726 1.6297 -.1273 .3771 2.2216 
1.8254 1.9764 .0739 1.6299 -.1287 .3782 2.2202 
1.8429 2.0288 .0753 1.6301 -.1301 .3792 2.2190 
1.8603 2.0811 .0768 1.6301 -.1314 .3799 2.2183 
1.8778 2.1335 .0784 1.6301 -.1325 .3804 2.2173 
1.8952 2.1858 .0801 1.6300 -.1333 .3807 2.2175 
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Table 4. (Continued) 

(I) Vs* t* HE 

1.9127 2.2510 .0819 1,6297 -.1361 .3818 2.2167 
1.9302 2.3208 .0837 1.6294 -.1395 .3832 2.2157 
1.9476 2.3906 .0857 1.6291 -.1429 .3845 2.2148 
1.9651 2.4604 .0877 1.6288 -. 1463 .3857 2.2141 
1.9825 2.5302 .0898 1.6283 -.1496 .3869 2.2137 
2.0000 2.6000 .0920 1.6278 -.1527 .3878 2.2136 
2.0174 2.6698 .0944 1.6273 -.1557 .3887 2.2139 
2.0349 2.7396 .0969 1.6266 -.1584 .3892 2.2146 
2.0523 2.8095 .0995 1.6259 -.1609 .3896 2.2159 
2.0698 2.8793 .1022 1.6251 -.1629 .3895 2.2179 
2.0872 2.9491 .1052 1.6242 -.1643 .3890 2.2207 
2.1047 3.0189 .1083 1.6231 -.1651 .3881 2.2242 
2.1221 3.0887 .1116 1.6220 -.1649 .3865 2.2288 
2.1396 3.1585 .1151 1.6207 -.1638 .3843 2.2344 
2.1570 3.2283 .1189 1.6192 -.1608 .3809 2.2419 
2.1745 3.2982 .1229 1.6177 -.1555 .3759 2.2487 
2.1920 3.3680 .1272 1.6159 -.1475 .3693 2.2586 
2.2094 3.4378 .1318 1.6140 -.1357 .3606 2.2706 
2.2269 3.5076 .1368 1.6119 -.1188 .3489 2.2911 
2.2443 3.5774 .1421 1.6096 -.0891 .3290 2.3197 
IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

EXCESSIVE LOOPS 

m F H 
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Table 5. Computed results for the Ando suction distribution problem for o = 180 degrees. 

(1) Vs* t* HE m H 

1 4675 .0000 .0565 1.6072 -.0233 .2841 2.3773 
1.4693 .0000 .0566 1.6070 -.0229 .2837 2.3780 
1.4711 .0000 .0568 1.6068 -.0226 .2832 2.3788 
1.4729 .0000 .0569 1.6067 -.0222 .2828 2.3795 
1.4747 .0000 .0571 1.6065 -.0219 .2823 2.3802 
1.4765 .0000 .0573 1.6064 -.0215 .2819 2.3809 
1.4783 .0000 .0575 1.6062 -.0212 .2814 2.3816 
1.4801 .0000 .0576 1.6061 -.0208 .2810 2,3823 
1.4819 .0000 .0578 1.6059 -.0205 .2805 2.3831 
1.4837 .0000 .0580 1.6057 -.0201 .2800 2.3838 
1.4855 .0000 .0581 1.6056 -.0198 .2796 2.3849 
1.5029 .0000 .0598 1,6042 -.0162 .2753 2.3953 
1.5204 .0000 .0616 1.6027 -.0124 .2709 2.4062 
1.5378 .0000 .0635 1.6010 -.0083 .2664 2.4173 
1.5553 .0000 .0655 1.5992 -.0040 .2613 2.4299 
1.5727 .1516 .0676 1.5971 -.0097 .2617 2.4354 
1.5902 .2442 .0696 1.5959 -.0113 .2607 2.4408 
1.6076 .3343 .0715 1.5948 -,0127 .2599 2.4327 

1.6251 .4222 .0734 1.5937 -.0136 .2588 2.4394 
1.6425 .5082 .0753 1.5929 -.0143 .2579 2.4447 
1.6600 .5925 .0772 1.5922 -.0148 .2571 2.4491 
1.6774 .6754 .0790 1.5916 -.0150 .2563 2.4529 
1.6949 .7573 .0809 1.5912 -.0149 .2556 2.4563 
1.7123 .8383 .0829 1.5907 -.0147 .2547 2.4595 
1.7298 .9188 .0848 1.5904 -.0141 .2538 2.4627 
1.7472 .9990 ,0868 1.5900 -.0134 .2428 2.4660 
1.7647 1.0793 .0889 1.5896 -.0123 .2514 2.4701 
1.7822 1.1598 .0910 1,5893 -.0110 .2499 2.4747 
1.7996 1.2410 .0931 1.5889 -. 0094 .2481 2.4797 

1.8171 1.3231 . 0954 1.5885 -.0075 .2462 2.4852 
1.8345 1.4063 . 0977 1.5881 -.0053 .2439 2.4914 
1.8520 1.4909 .1000 1.5877 -.0027 .2413 2.4984 
1.8694 1.5773 .1025 1.5872 .0003 .2383 2.5070 
1.8869 1.6657 .1050 1.5867 .0038 .2348 2.5162 
1.9043 1.7564 . 1076 1.5862 .0079 .2309 2.5264 
1.9218 1.8504 .1103 1.5857 .0125 .2265 2.6377 
1.9392 1.9534 .1131 1.5852 .0170 .2221 2.5493 
1.9567 2.0589 .1160 1.5847 .0224 .2170 2.5678 
1.9741 2,1668 .1189 1.5841 .0290 .2110 2.5818 
1.9915 2.2770 .1219 1.5837 .0369 .2040 2.5941 
1.9968 2.3114 .1229 1.5836 .0397 .2017 2.5987 
2.0022 2.3461 .1238 1.5834 .0426 .1992 2.6059 
2.0075 2.3809 .1248 1.5833 .0457 .1966 2.6106 
2.0129 2.4159 .1258 1.5832 .0491 .1939 2.6155 
2.0182 2.4511 .1267 1.5832 .0527 .1910 2.6206 
2.0236 2.4866 .1277 1.5831 .0565 .1879 2.6258 



Table 5. (Continued) 

v * s 

84 

t* HE H 

2.0411 2.6032 .1310 1.5829 .0750 .1724 2.6588 

IMPROPER SLOPES 
IMPROPER SLOPES 
IMPROPER SLOPES 

IMPROPER SLOPES 
IMPROPER SLOPES 
IMPROPER SLOPES 
IMPROPER SLOPES 

IMPROPER SLOPES 
IMPROPER SLOPES 
EXCESSIVE LOOPS 

m .Q 
r13 
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Table 6. Computed results for the Ando suction distribution problem for = 270 degrees 

Vg t* HE 

1..4675 ...0000 .0565 1.6072 -.0233 .2841 2.3773 

1.4693 .0000 .0565 1.6071 -.0229 .2838 2.3778 

1.4711 .0000 .0566 1.6070 -.0225 .2834 2.3783 

1.4729 .0000 .0567 1.6069 -.0221 .2830 2.3788 

1.4747 .0000 .0568 1.6068 -.0218 .2826 2.3793 

1.4765 .0000 .0569 1.6068 -.0214 .2823 2.3798 

1.4783 .0000 .0570 1.6067 -.0210 .2819 2.3802 

1.4801 .0000 .0570 1.6066 -.0206 .2815 2.3807 

1.4819 .0000 .0571 1.6065 -.0203 .2811 2.3812 

1.4837 .0000 .0572 1.6064 -.0199 .2807 2.3817 

1.5011 .0000 .0581 1.6056 -.0161 .2770 2.3895 

1.5186 .0000 .0590 1.6047 -.0123 .2733 2.3979 

1.5360 .0000 .0599 1.6038 -.0083 .2694 2.4067 

1.5535 .0000 .0609 1.6027 -.0042 .2654 2.4156 

1.5709 .1285 .0620 1.6015 -.0085 .2669 2.4154 

1.5884 .1840 .0630 1.6005 -.0078 .2654 2.4198 

1.6058 .2409 .0641 1.5996 -,0071 .2638 2.4248 

1.6233 .2990 .0651 1.5986 -.0063 .2618 2.4306 

1.6407 .3584 .0662 1.5977 -.0054 ,2599 2.4195 

1.6582 .4190 .0673 1.5967 -.0044 .2576 2.4280 

1.6756 .4808 .0684 1.5956 -.0034 .2554 2.4362 

1.6931 .5438 .0695 1.5947 -.0023 .2532 2.4442 

1.7105 .6079 .0707 1.5937 -.0011 .2509 2.4520 

1.7280 .6732 .0718 1.5928 .0001 .2487 2.4691 

1.7454 .7396 .0730 1.5920 .0014 .2466 2.4744 

1.7629 .8071 .0742 1.5912 .0029 .2444 2.4797 

1.7804 .8757 .0754 1.5904 .0045 .2422 2.4851 

1.7978 .9453 .0767 1.5896 .0063 .2397 2.4895 

1.8153 1.0160 .0780 1.5888 .0083 .2366 2.4998 

1.8327 1.0877 .0793 1.5880 .0106 .2334 2.5102 

1.8502 1.1604 .0806 1.5872 .0131 .2300 2.5209 

1.8676 1.2341 .0819 1.5865 ..0159 .2264 2.5319 

1.8851 1.3087 .0833 1.5858 .0189 .2226 2.5434 

1.9025 1.3842 .0847 1.5850 ..0223 .2186 2.5615 

1.9200 1.4606 .0861 1.5843 .0260 .2141 2.5737 

1.9374 1.5378 .0875 1.5835 .0302 .2094 2.5864 

1.9548 1,6158 .0890 1.5828 . 0349 . 2412 2.5973 

1.9722 1.6947 .0905 1,5821 .0401 .1987 2.6127 

1.9896 1.7744 .0921 1.5814 .0461 .1925 2.6265 

2.0070 1.8549 .0936 1,5807 .0528 .1858 2.6412 

2.0244 1.9361 .0952 1.5801 .0604 . 1784 2.6431 

2.0418 2.0181 .0969 1.5795 .0682 .1713 2.6761 

2.0592 2.1008 .0986 1.5788 .0774 .1631 2.6961 

2.0766 2.1841 .1003 1.5782 .0880 .1537 2.7126 

2.0940 2.2680 .1020 1.5776 .1034 .1388 2.7464 

CI) m H 



Table 6 (Continued) 

v s* 
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t* HE m Q H 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

IMPROPER SLOPES 

EXCESSIVE LOOPS 



Table 7. Computed results for a uniform 
difficulty A = 65, B = 16, 

vs* =VA -B (sin - sin 

87 

porosity cylinder suction distribution showing the off chart 
ÿ>s = 270 degrees 

s)2 

(I) vs t* HE m 

1. 4675 .0000 .0565 1.6072 -. 0233 .2841 2.3773 
1.4693 .0000 .0565 1. 6071 -.0229 .2838 2.3778 
1.4711 .0000 .0566 1.6070 -. 0225 .2834 2.3783 
1.4729 .0000 .0567 1.6069 -. 0221 .2830 2.3788 
1.4747 .0000 .0568 1.6068 -. 0218 .2826 2.3793 
1.4765 .0000 .0569 1.6068 -. 0214 .2823 2.3798 
1.4783 .0000 .0570 1.6067 -. 0210 .2819 2.3802 
1.4801 .0000 .0570 1.6066 -. 0206 .2815 2.3807 
1.4819 .0000 .0571 1.6065 -. 0203 .2811 2.3812 
1.4837 .0000 .0572 1.6064 -. 0199 .2807 2.3817 
1.4855 .0000 .0573 1.6063 -, 0195 .2803 2.3822 
1.4873 .0000 .0574 1.6062 -. 0191 .2800 2.3827 
1.5047 .0000 .0582 1.6054 -. 0153 .2762 2.3913 
1.5222 .0000 .0592 1.6045 -. 0115 .2724 2.3998 
1.5396 ..0000 .0601 1.6035 -.0074 .2685 2.4086 
1.5571 .0000 .0611 1.6024 -.0033 .2645 2.4176 

1. 5745 1.0002 .0622 1.6012 -. 0760 .3082 2.3562 
1.5920 1.0071 .0625 1.6026 -. 0724 .3084 2.3474 
1.6094 1.0236 .0629 1.6038 -. 0695 .3088 2.3401 
1. 6269 1.0491 .0633 1.6048 -,0674 .3091 2.3341 

1.6443 1.0830 .0637 1.6057 -.0659 .3096 2.3454 
1.6618 1. 1246 .0643 1.6063 -.0650 .3100 2.3438 
1.6792 1.1729 .0648 1.6068 -.0647 .3106 2.3421 

1.6967 1.2271 .0654 1.6072 -.0648 .3114 2.3403 
1.7141 1.2865 .0660 1.6076 -.0655 .3123 2.3383 

1.7316 1.3503 .0666 1.6079 -. 0665 .3134 2.3362 
1.7490 1.4179 .0673 1.6082 -.0680 .3147 2.3131 
1.7665 1.4887 .0680 1.6086 -. 0700 .3165 2.3099 
1.7840 1.5623 .0687 1. 6089 -. 0722 .3185 2.3070 
1.8014 1.6382 .0694 1.6093 -.0748 .3205 2.3277 
1.8189 1.7160 .0701 1.6094 -. 0776 .3223 2.3257 
1.8363 1.7955 .0708 1.6096 -.0806 .3243 2.3234 
1.8538 1.8764 .0716 1.6098 -. 0839 .3265 2.3209 
1.8712 1.9584 .0723 1.6099 -. 0875 .3288 2.3182 
1.8887 2.0413 .0731 1.6101 -.0914 .3313 2.3155 
1.9061 2. 1251 .0739 1.6103 -.0956 .3340 2. 3126 
1.9236 2.;2095 ,0747 1.6106 -.1002 .3369 2.3090 
1.9410 2.2943 .0755 1.6107 -. 1049 .3398 2.3060 
1.9585 2.3796 .0763 1.6109 -. 1099 .3428 2.3017 
1.9759 2.4652 .0771 1.6112 -. 1152 .3460 2.2970 
1.9934 2.5510 .0779 1.6114 -. 1209 .3493 2.2921 
2.0108 2.6369 .0788 1.6118 -. 1270 .3530 2.2868 
2.0283 2.7228 .0797 1.6121 -. 1334 .3568 2.2892 
2.0458 2.8088 .0805 1.6124 -. 1402 .3608 2.2755 

4 4) 

H 
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Table 7. (Continued) 

si) 

04 

tM HE 

2..0632 2. 8946 .0814 1.6127 -.1475 :3650 2.2715 
2.0807 2. 9 804 . 0824 1. 6130 -. 1550 .3693 2.2679 
2.0981 3.0659 .0833 1.6134 1628 .3735 2.2646 
2.1156 3.1512 .0842 1.6137 -.1711 .3780 2.2518 
2.1330 3.2363 .0852 1.6140 -. 1798 .3826 2.2549 
2.1505 3.3211 .0862 1.6142 -.1888 .3873 2.2514 
2. 1679 3. 4055 . 0872 1. 6144 -. 1981 . 3921 2. 2480 
2. 1854 3. 4895 . 0883 1. 6145 -. 2076 .3966 2.2388 
2.2028 3. 5732 . 0894 1. 6147 -. 2177 . 4015 2. 2410 
2.2203 3.6564 .0905 1.6147 -. 2274 .4057 2.2372 
2.2377 3. 7 391 . 0916 .1. 6147 -. 2371 .4098 2.2297 
2.2552 3.8214 .0928 1.6147 -. 2475 .4142 2.2270 
2.2726 3.9031 .0939 1.6147 -. 2576 .4181 2.2254 
2.2901 3.9843 .0952 1.6146 -. 2678 . 4219 2. 2248 
2.3076 4.0649 .0964 1.6144 -. 2771 .4249 2.2245 
2.3250 4.1450 .0977 1.6142 -. 2867 .4278 2.2243 
2, 3425 4. 2244 . 0990 1. 6140 -. 2966 .4309 2.2241 
2.3599 4.3032 .1004 1.6137 -. 3058 .4333 2.2266 
2.3774 4.3814 .1018 1.6134 -. 3147 .4354 2.2312 
2.3948 4. 4589 . 1033 1. 6130 -. 3233 .4372 2.2361 
2.4123 4. 5358 . 1048 1. 6125 -. 3318 . 4388 2. 2416 
2.4297 4. 6119 . 1063 1. 6118 -. 3400 .4402 2.2432 
2.4472 4. 6874 . 1079 1. 6112 -. 3481 . 4415 2. 2449 
2. 4646 4. 7621 . 1096 1. 6105 -. 3562 .4427 2.2468 
2.4821 4. 8361 . 1113 1. 6097 -. 3639 .4436 2.2492 
2.4995 4. 9093 . 1130 1. 6089 -. 3714 .4444 2.2520 
2.5170 4. 9 817 .1149 1. 6080 -. 3788 . 4451 2. 2589 
2.5344 5.0534 .1168 1.6070 -.3853 .4453 2.2663 
2.5519 5.1243 .1187 1.6059 -. 3908 .4449 2.2741 
2.5694 5. 1943 .1208 1. 6046 -. 3938 .4431 2.2830 
OFF CHART 

m Q H 



APPENDIX G 

Additional Figures 



Figure 20. Geometry of the circular cylinder with the coordinates used. 
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FiG. I. Variation of H, with l and m. 

Figure 21. Reproduction of Figure 1 of 
Head's paper (4, p. 26) 
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FIG. 2. Variation of H with t and m. 

Figure 22, Reproduction of Figure 2 of 
Head's paper (4, p. 26) 
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Fio. 3. Variation of 2D with i and m. 

Figure 23. Reproduction of Figure 3 of 
Head's paper (4, p. 26) 
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Figure 24. Four typical profiles for different combinations of and m. 
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