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This research considers a combinatorial optimization scheduling problem in the 

assembly of printed circuit boards (PCBs) in electronic manufacturing. For the first time 

in this research, the preparation process, which is typically called kitting operation, is 

paid attention to and is performed along with the assembly operation, described in this 

research as “integrating internal (assembly) and external (kitting) operations”. In doing so 

and as a proposition, the role of kitting staff is completely eliminated and kitting is 

assigned to be performed by the machine operator when he is idle. In other words, the 

kitting operation required by the next group is performed by the machine operator during 

the assembly time of the current group. Unlike all of the traditional research, which 

assume boards to have static arrival times, a dynamic PCB assembly system is 

investigated in this research which shares some of the characteristics of just-in-time 

manufacturing systems. The scheduling objectives comply with the producer and 

customers’ expectations simultaneously by minimizing the weighted flow times and 

weighted tardiness of boards. Both objectives are highly affected by the arrangements of 

boards within the groups and the groups themselves. To assemble a group on a machine, 

a setup operation is required, implying its existence between any two consecutive groups. 

In contrast to the previous research on PCB manufacturing, the setup dependency is not 



 
 

only on the immediately preceding scheduled group, but also is carried over all 

throughout the previously scheduled groups, starting with the first group in the sequence. 

In this setup, namely the carryover sequence-dependent setup, the type and different 

arrangements of the previously scheduled groups determine different setup times for 

transferring to the next group.  

Given the possibility of considering either a single machine or a multi-machine 

problem, two different research problems are investigated, respectively, in Phases 1 and 2 

of this research. For the problem in Phase 1, a Branch-and-Bound (B&B) algorithm along 

with a lower bound and an approach to identify repeated solutions are developed. In 

Phase 2, three mixed-integer linear mathematical programming models, referred to as 

MILP1, MILP2 and MILP3, that can optimally solve the problem are developed. The 

research problem being -hard in the strong sense, the mathematical models are 

incapable of optimally solving even medium-size problems. Thus, two very fast and 

effective heuristics, named CFIM1 and CFIM2 (Cycle Forward Improving Moves), are 

developed and compared against a version of Tabu Search (TS) algorithm, also 

developed in this research. Algorithmically evaluating the objective function in the 

heuristics is an essential part of this research. For this purpose, a very effective decision 

tree-based algorithm, called OFDT (Objective Function Decision-Tree) that can be 

integrated with the heuristics is developed.  

As evaluating the effectiveness of the heuristics by finding optimal solutions is nearly 

impossible, a lower bounding mechanism based on the concepts of Column Generation 

and Branch-and-Price (B&P) is developed. The sub problems of the column generation 

problem are still complex that cannot be optimally solved in large-size problems. Thus, 

several optimal properties are developed to simplify solving the sub problems. For the 

algorithms and approaches developed in each phase, a comprehensive statistical analysis 

is carried out by solving several problem instances and the results are reported. 
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Group Scheduling in Electronics Manufacturing with Integration 

of Internal and External Setup Times 

 

1. INTRODUCTION 

 

Electronics manufacturing is known to be one of the most critical industries in 

existence when it comes to manufacturing the products that affect the quality of life. With 

the help of advances in technology, electronic components are mounted onto the surface 

of printed circuit boards, or PCBs. This eventually enables manufacturers to rapidly 

assemble electronic items, making them widely available for the general public. A printed 

circuit board provides most of the electronic connections required by a device while 

allowing for smaller devices, miniature components, and much smaller space 

requirements. Different customers for PCBs from medical and aerospace to telecom and 

networking equipment are subject to rapid technological changes and product 

obsolescence. The increase in production capacity or technological improvements by the 

competitors in the PCB industry may result in intensified price competition and reduced 

margins. Accordingly, the PCB manufacturers should always investigate for possible 

problems or the improvement opportunities in the manufacturing systems to not only 

address the incoming demands for PCBs, but also attract new customers by offering 

better terms and prices. In doing so, they are required to decrease their product cycle 

times and marginal profits while at the same time try to move away from the traditional 

technologies that may be used by other competitors.  

A PCB is a laminated board on which thousands of electronic components of 

different kinds, sizes, shapes and functions are assembled. Having one or more layers of 

metal conductors and insulating materials, it is used to mount the components and 

provides the means of electrical connection between the components. The board with 

only one layer is the simplest form of a PCB which contains metal conductor on only one 



2 
 

side of the board. On the other hand, multi-layer and double-sided PCBs are more 

complex forms in which the components are assembled on both sides of them (Johnson 

and Smed (2001)). Typically larger components require extra supporting strength to be 

mounted on the surface of boards. Thus, they are inserted through holes in copper tracks 

on boards and soldered in their position. Apart from these components, there are other 

types of components, smaller in size that can be placed on the surface of boards without 

the need for support. With respect to the size of the components and also the requirement 

of having single-layer or multi-layer boards, two different PCB assembly technologies 

have emerged. The conventional method which is still popular to assemble large 

components (mostly manually) is known as through hole plated assembly. The other 

method named surface mount technology (SMT) utilizes automated assembly process to 

place smaller flat components. The surface mount components are used in the assembly 

of small consumer products such as cellular phones while the through hole components 

are used in larger products like televisions and computer monitors.  

In this dissertation the whole PCB assembly system is not discussed, but the process 

which is necessary to better understand the problems we attempt to address is described. 

Before discussing the fundamental concepts of the production of PCBs, the generic steps 

involved in the assembly of PCBs are explained. 

The placement machines used to place components on boards are of various types. On 

the other hand, the types of the machines highly influence the characteristics of the 

problems, the type of the assembly system, planning and controlling problems and, as a 

result, the methods and approaches used to solve the problem. The generic form of an 

automated placement machine assumed in this dissertation is described as below: 

The turret type placement machine as illustrated in Figure 1.1 has a PCB table, a 

feeder carrier (feeder rack) and a pick-and-place device. First the bare boards are placed 

on the PCB table and will be held in their positions during the component placement 

process. The PCB table can be stationary or mobile in the X-Y plane depending on the 

type of machine. The components are placed on the slots of the feeders before the 
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assembly operation starts. The feeder carrier moves along the X axis and feeds the pick-

and-place device with appropriate components that will be placed within the next 

placements. The pick-and-place device is equipped with a gripper, a placer and a turret 

and may have several different designs. In one type, it moves in the Y-Z plane and its 

gripper retrieves the components from the feeders usually by vacuum and realigns them 

corresponding to their appropriate locations on board. Then, the components are placed 

on board by placer. The feeder rack (the PCB table) is positioned beneath the gripper 

(placer), each time a component is gripped (placed). The picking and placement of 

components start and finish at the same time. This implies, as soon as the grip and place 

activities have been performed, three devices move at the same time to enable the pick-

and-place device to pick and place another component. So, for the placement machine 

shown in Figure 1.1 with 12 placement heads, the PCB table coordinates to place the next 

location beneath the picker, the feeder rack moves to bring the next feeder beneath the 

gripper and the turret rotates 30°. The number of placement heads on the turret may vary 

according to the flexibility of the machine to handle a wide range of board sizes as well 

as a wide range of different components. The reader is referred to Crama et al. (2002), 

Francis et al. (1994), McGinnis et al. (1992) and Ayob and Kendall (2008) for more 

information on automated placement machines and their corresponding technologies. In 

some industries, machines are arranged in flow shop fashion, each one in a distinct 

assembly line. In a flow shop system, jobs have to be sequentially processed on a set of 

machines where the processing sequence of a job is in compliance with the processing 

order of the machines. A special type of flow shop is permutation in which the processing 

orders of the jobs are the same on all the machines.  

Typically, in a SMT manufacturing line there are two types of flow shop placement 

machines, high-speed placement machine (HSPM) and multi-function placement 

machine (MFPM) in which boards (jobs) are transferred in batches of boards between the 

machines using a conveyor (Figure 1.2). The kitting, setup and assembly operations in 

Figure 1.2 will be further demonstrated in Chapters 2 and 3. The HSPM machine usually 
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consists of 20 feeders accepting smaller size components while the MFPM machine has 

10 feeders for larger sizes. Most of the components processed by MFPM machine cannot 

be placed by HSPM machine because of their sizes, forms and accuracy requirements. 

 

 

 

 

 

 

 

 

 

 

 
 

Thus, the components are distributed between the HSPM and MFPM machines. In 

this research a multi-machine flow shop PCB assembly problem is addressed. This 

problem is motivated by a real industry application encountered at a major electronics 

manufacturing company. Typically, two or three (HSPM-MFPM or HSPM-2×MFPMs) 

sequentially arranged machines are utilized in this assembly. Each time the components 

required by a board are completely placed by the HSPM, and then the board is passed to 

the MFPM to place the other components that cannot be placed by HSPM.  

With respect to the customers’ expectations, there have been ongoing desires for the 

products with better functions and features while being more reliable and flexible. The 

competitive production of more advanced, cheaper and smaller PCBs postulates the 

dramatical and steady changes at the design and manufacturing levels. This essentially 

implies the requirement for the manufacturers to modify their assembly systems with 

new/modified technologies, processes and machines to assemble a variety of PCBs with 
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Figure 1.1. The Turret Type Placement Machine Representation 
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Production is planned in three terms with different lengths according to 

managerial/strategic or operational issues. For a PCB assembly, long and medium terms 

corresponding to managerial and strategic issues may include decision about type of 

equipment and machines, materials to be used or components and boards to be 

assembled. Decisions about arranging, sequencing or laying out the equipment on the 

shop floor, assigning boards to groups may be other long or medium planning terms. 

Examples of short term planning include determining the groups that should be 

assembled in a particular planning horizon and sequencing the groups to be assembled on 

the flow shop machines.         

Typically, in every manufacturing problem there are several types of customers and a 

producer (manufacturer). Consequently, the manufacturer should be able to keep the 

customers satisfied if the interest is to make profits out of the production. Customers 

always seek out products and the producer should be able to satisfy their requirements 

before their due dates are realized. In terms of the scheduling optimization problem, 

several parts used in the final products, partially-completed products or the parts which 

are used in the assembly of other products can be sequenced in operations. This would 

minimize the assembly times of the final products so the product deliveries to customers 

are made with minimum tardiness.  

On the other hand, the manufacturer has definitive expectations regarding the 

manufacturing system. The manufacturer should be able to continuously produce while 

ensuring that the demands are efficiently and profitably satisfied by their due dates. It is 

important for the manufacturer to have an efficient manufacturing system in which the 

raw materials and inputs are converted into the final products through a single or several 

stages, shops or machines within the minimum time, waste and costs.  

Typically, in scheduling problems, the interest is to optimize the time-based objective 

functions. So in order to pay attention to the customers’ expectations, the objectives 

functions can be minimization of the due date-based objectives such as maximum 

lateness, maximum tardiness or total tardiness. On the other hand, in the objective 
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function corresponding to the manufacturer’s expectations there are processing times or 

run times. Thus, the corresponding objective functions can be regarded as minimizing the 

maximum completion time (makespan), total completion time, total flow time or total 

completion time.  

In the following, some of the objective functions mostly used in the scheduling 

literature are provided along with the intentions behind considering them in a 

manufacturing system. Before providing the explanation for the objective functions, 

suppose there are  jobs , , … ,  with processing times , , … , , due dates 

, , … , , weights , , … ,  and release times (ready times) , , … , . Also, 

	, ,  and  respectively denote the end of processing (the completion time in short), 

flow time, tardiness and earliness of .  is a 0 or 1 variable implying whether or not  

is tardy.  

 Maximum completion time or makespan ( ) = The completion time of the last job 

in the sequence or  

 Maximum lateness 	 	max 			̶		 , ∈ 1, . . , 	 

 Maximum tardiness 	 	max	 0,  

 Total tardiness = ∑ max , 0  or ∑  

 Total earliness = ∑ max , 0  or ∑  

 Number of tardy jobs = ∑  

 Total completion time = ∑ 	 

 Total flow time = ∑  or ∑  

 Total weighted flow time = ∑  or ∑  

 Total weighted tardiness = ∑ max , 0  or ∑  

 Total weighted earliness = ∑ max , 0  or ∑  

 Total weighted number of tardy jobs = ∑  
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Although for each of the two categories (the customers or the producer) there are 

several different objective functions, they are selected based on the actual intends for 

designing a scheduling problem or the complexity associated with the problem (some of 

the objective functions introduce extra complexity to the problem). Several types of 

objective functions and other characteristics of a typical scheduling problem are 

discussed in Allahverdi et al. (2008), Tasgetiren et al. (2010), Laha and Sarin (2009), and 

Nagar et al. (1995).  

In the problem investigated in this research the interest is to minimize the tardiness of 

each of the jobs (boards). So we consider the total tardiness which minimizes the total 

tardiness of all boards. Why total tardiness is selected and not the maximum tardiness is 

an appropriate question. To answer this question, suppose there are 5 jobs , , ,  and 

. According to the maximum tardiness objective function, we may get the tardiness of 

the jobs as respectively 4, 5, 6, 6 and 5, so the  is 6. However, by considering the 

objective function as minimizing the total tardiness we may get the tardiness for the same 

jobs as 2, 3, 5, 6, 2. Although in both the approaches, the maximum tardiness is 6, the 

second one is preferred because the jobs are less tardy. Also, it should be noted here that 

the total weighted tardiness and total tardiness are minimized in the same way and the 

only difference is that if some of the jobs are more prioritized, their importance is 

reflected in the objective function by considering their different weights.  will 

probably add more slack times to the schedule. The reason is that when 0, the 

minimization process will continue to decrease the maximum lateness as much as 

possible resulting in introducing extra slack times to the schedule. As soon as 	 	0, 

the minimization process will stop without introducing more slack times to the sequence. 

Since in our research the interest is to find a schedule in which jobs with different 

weights are not tardy or have the minimum tardiness, the total weighted tardiness 

objective is chosen.  

 and ∑ 	are not good objective functions to be considered in this research. 

The reason is in the assembly investigated, it is important to minimize the overall time a 
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board remains in the system which eventually results in minimization of the amount of 

work-in-process and finished inventories. This interest results from the fact that in PCB 

assemblies, there is a limited space for storing finished boards as well as the partially-

completed boards and, as a result, it is beneficial to minimize the amount of work-in-

process inventories that remain on the shop floor. However, the completion time of a job 

is a time at which the job leaves the system regardless of when it entered. Accordingly, 

the completion time does not evaluate the time during which a board remains in the 

system. Thus, flow time implying the time a board remains in the system or the 

difference between its leaving (finish assembly time or equivalently completion time) and 

arrival times (finish kitting time) would be a better metric. Since the interest is to 

minimize the flow times of all of boards, the other objective function is chosen as 

minimizing the total weighted flow times. 

Group technology (GT) (Askin and Standridge (1993)) has been recognized to be 

very efficient in areas with large dissimilarities between manufacturing parts. To take 

advantage of the similarities in design and production among jobs (parts), the most 

similar jobs are grouped together based on similar processes and tools. Group technology 

benefits manufacturing in many different ways. The most significant saving from GT can 

be realized as the reduction in manufacturing setup times. The setup reduction is brought 

by processing similar jobs that require similar setup operation in a group. Accordingly, a 

single setup operation is performed for all of the jobs within a group which results in 

elimination of unnecessary and frequent setup operations when transferring from one job 

to another. More information on setup changeovers throughout the schedule will be 

provided in Chapter 3.  Reduction from GT can be expected as throughput time, work-in-

process inventories, defective products and machining expenditures. Other benefits are 

simplification of production scheduling, transportation reduction, learning effect and ease 

of supervision (Ham et al. (1985)). 
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1.1. Research Contributions 

Although traditionally several machines can be utilized to place components of 

different sizes on boards, with regard to the recent advances in technology it is quite 

possible to place all of the components only using a single machine. Actually, keeping 

operating several machines is the price that PCB manufacturers pay to make sure they are 

capable of handling orders of any size. On the other hand, there are examples of utilizing 

a single placement machine in industry which motivated us to further investigate using 

only one machine in placement of the components. When a single machine is used, the 

operational setups and costs of having more than one machine are eliminated. It also 

diminishes the computational complexities of having to investigate a multi-machine flow 

shop problem. With regard to the possibility of adapting a single machine problem, the 

Phase 1 of this dissertation research in which the interest is to minimize the makespan on 

a single machine is undertaken. For this problem, a branch-and-bound (B&B) algorithm 

along with a lower bound is developed. The enumeration structure assumed in the B&B 

algorithm has the possibility of duplicating a solution. Accordingly, the algorithm is 

equipped with an approach named the Repeated Solutions Identifier (RSI) to ensure that 

the search does not explore the repeated solutions in the solution space. 

Although the possibility of adapting a single machine is investigated, the actual PCB 

assembly industries are still utilizing several placement machines. Accordingly, to 

develop methodologies applicable to all industrial problems, a PCB scheduling problem 

motivated by a real assembly in multiple-machines is also investigated as the Phase 2 of 

this dissertation research. The interest in this phase is to minimize a bi-criteria objective 

function, represented as the weighted sum of total flow time and total tardiness on two or 

three flow shop machines. Three novel mixed-integer linear programming models 

(MILP1, MILP2 and MILP3) are proposed. The ideas provided in these models can be 

used to formulate other types of scheduling problems with group concept, job release 

times, flow shop machines and flow time/tardiness objective functions. The complexity 

of solving a mixed-integer model significantly varies with the number of integer 
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variables. Starting from the development of the first model, the interest turns into finding 

more advanced models in which the number of integer variables does not have factorial 

(or even exponential) growth, irrespective of the size of the problem. Accordingly, the 

ideas given in the development of these models with the most difficult form of setup time 

dependency in scheduling can be helpful in addressing other mixed-integer programming 

problems or problems with setup dependencies.    

The problems investigated in both the phases are -hard in the strong sense, 

meaning that they cannot be optimally solved with the help of polynomial time 

algorithms, or even pseudo-polynomial time algorithms such as dynamic programming 

algorithms. Although a B&B algorithm is developed for the problem in Phase 1, which is 

also a strongly -hard problem, optimal solution finding mechanisms such as B&B and 

mathematical programming would fail to provide optimal solutions for the problem in 

Phase 2 (at least for large sizes of the problem). The reason is due to the enormous 

computational time requirements as a result of extra complexity introduced by the bi-

criteria objective function and flow shop machines. Practitioners in industry situations 

always have to make sensitive and quick decisions pertaining to their manufacturing 

environments. They also would like to ensure that the decision making policies cope with 

frequent major and minor changes in their manufacturing system, implying the need for 

flexible and easily-modifiable approaches. Accordingly, they seek for approaches to 

instantly provide good solutions applicable to their continuously changing manufacturing 

environment. This implies the requirement of developing heuristic/metaheuristic 

approaches that can effectively solve a complex problem in a short period of time. Of the 

most successful metaheuristics known to efficiently solve combinatorial optimization 

problems such as those of scheduling is Tabu Search (TS) algorithm, a version of it is 

developed in this research. Apart from the TS algorithm, which typically requires a 

considerable computation time and effort, two very efficient and effective heuristics 

called CFIM1 and CFIM2 (Cycle Forward Improving Moves) that are capable of 

instantly finding the optimal solution or a solution very close to the optimal solution, are 
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also developed. The heuristics are also designed to find the best sequence among a 

number of possible combinations and so they are applied both in board level and group 

level of the search. For the problem investigated in Phase 2, boards have dynamic 

start/finish or arrival and completion times on flow shop machines. Thus, optimally 

evaluating the objective function in an algorithmic fashion (needed in TS and CFIM 

algorithms) would become practically challenging. To overcome this issue, a decision 

tree-based algorithm named OFDT (Objective Function-Decision Tree) is developed to 

be integrated with TS and CFIM algorithms and evaluate the objective function. The 

algorithms and methodologies developed in this phase are employed in solving the 

problems with two and three machines. However, they can be applied to the problems 

with any number of machines. 

Although, the heuristics are successful in investigating the solution space, their 

effectiveness remains questionable in the absence of optimal solutions. To address this 

issue, a benchmark as a high quality lower bound to be compared against the heuristic 

values should be developed with less computation time and effort required in finding the 

optimal values. Branch-and-Price (B&P) is one of the most successful methodologies 

used for identifying tight lower bounds. Utilizing MILP3, a novel B&P algorithm is 

developed for the problem investigated in this research. The problem is reconstructed 

using Dantzig-Wolfe reformulation and a Column Generation (CG) algorithm is proposed 

to solve the relaxed linear form of the Dantzig-Wolfe master problem. Separate sub 

problems, each of them resembling a single-machine problem, are formulated which 

identify new columns that can be added to the master problem. Identification of new 

columns from the sub problems may still be time consuming. A combination of CFIM1 

algorithm and MILP3, as an approach, is dedicated to solving the sub problems to as 

many iterations as possible, resulting in the algorithm to be more efficient. However, the 

lower bound obtained may not be necessarily valid and rules to establish valid lower 

bounds to the problem are provided. Branching dichotomies on the fractional variables at 

each node in order to partition the solution space are described. Other implementation 
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details such as providing an initial solution, node identification for branching, search 

mechanism, sub problems simplifications and stopping criteria are also addressed. A 

graphical representation of the research contribution in Phases 1 and 2 of this dissertation 

is provided in Figure 1.3.  

 

 

Figure 1.3. Research Contribution for the Problems Investigated in Phases 1 and 2 
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1.2. Dissertation Outline 

The literature review on group scheduling and production planning with the main 

focus on electronics manufacturing and assembly of PCBs is provided in Chapter 2. The 

impact of group scheduling on evaluation of the exact value of setup time in this 

assembly is also discussed in this chapter.  

In Chapter 3, the kitting operation and the need for introducing the phrase 

“integrating internal and external setups” are discussed. An example problem 

representative of the real industry is provided which also demonstrates the application of 

carryover sequence-dependent setup times. Also the -hardness of the problems with 

respectively the objectives maximum completion time or the weighted sum of total flow 

time and total tardiness are proven.  

The Phase 1 of the research on the single machine problem is investigated in Chapter 

4. In this chapter, first the possibility of adapting a single-machine problem is discussed. 

Then, a B&B algorithm supported by a lower bound along with an approach to identify 

repeated solutions during the search is developed.  

The Phase 2 of the research starts from Chapter 5 and continues in the following 

chapters. Three mathematical programming models formulating the flow shop machine 

problem are provided in Chapter 5. These models are differentiated in terms of number of 

variables and their ability to solve problems of any size.  

One algorithm based on the idea of TS algorithm along with the algorithms CFIM1 

and CFIM2 are developed in Chapter 6. In this chapter, the structure, application, flow 

chart and pseudo code of these algorithms are provided. To enable the TS and CFIM 

algorithms evaluate the objective function, the OFDT algorithm is developed and 

integrated with TS and CFIM. 

A B&P algorithm is developed in Chapter 7. This chapter includes a brief background 

of this methodology, formulating master and sub problems and also establishing valid 

lower bounds to the entire problem. It further includes the heuristic approach to solve the 

sub problems plus establishment of a branching rule on fractional variables at each node. 
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Some properties on finding the optimal sequence of boards in each group in each of the 

sub problems are also developed in this chapter. Other implementation issues such as 

initial solution selection, searching strategy, node selection for branching and stopping 

criteria are discussed in this chapter. 

A comprehensive experimental study is provided in Chapter 8 to compare the 

performance of CFIM1, CFIM2 and TS algorithms with each other, optimal or lower 

bound values. This chapter also includes computational experiments to study the 

performance of the OFDT algorithm.   

Conclusions and future research are provided in Chapter 9.  
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2. LITERATURE REVIEW 

 

The Carryover Sequence-Dependent (CSD) setup strategy in this research assumes 

that the setup dependency to process the next group is on all of the previously scheduled 

groups and the order in which they were processed. Traditionally in job scheduling, the 

most complex form of setup time assumed is of the form of sequence-dependent setup 

time. That means the setup time to process a new job is at most dependent on the 

immediately preceding job. Typically, the most important factor which determines the 

level of the complexity in a scheduling problem is setup time. Thus in this chapter, first 

the papers with group technology assumption (will be described in Section 2.1) and 

sequence-dependent or independent form of setup are reviewed. A comprehensive review 

of scheduling research considering sequence-independent and sequence-dependent setups 

can be found in Allahverdi et al. (1999 and 2008).  

Decisions regarding to the assembly of PCBs are typically referred as setup 

management or process optimization (Ellis et al. (2001)). Traditionally, there have been a 

large number of research efforts in the assembly of PCBs addressing these two issues. 

Therefore in the second part of this chapter, we discuss in detail about the main 

categories classifying the PCB research and for each category we outline some related 

papers to provide a detailed review of the problems associated with the assembly of 

PCBs. 

 

2.1. Setup Management Review 

There is a class of scheduling research in which a family of jobs is formed and jobs 

within each family are processed all together or split into several sets. However if setups 

are required on a machine, there must be a setup performed when a job from a family is 

processed after a job from another family. In a group scheduling problem, all jobs in a 

family are grouped based on similar components and operations on all of them are 

contiguously processed. Therefore, a setup operation exists between any two consecutive 
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groups and there is no setup between jobs in a group. Accordingly, whether or not jobs in 

a family are contiguously processed, the problem is considered to be a scheduling 

problem with or without group technology assumption. Scheduling categorized under 

group technology assumption is referred to as group scheduling and has two sequencing 

levels. In the first level, jobs in a group are sequenced to optimize the considered 

scheduling objective (s). In the second level, the sequence of the groups is optimized.  

There have been many efforts in the area of group scheduling. Since the most 

important factor determining the complexity of the problem is setup time, we outline the 

papers based on the assumption about the setup time. Below we classify the research in 

group scheduling with setup time consideration as being sequence-independent or 

sequence-dependent and again in each category we classify them based on the objective 

function considered.   

 

2.1.1. Sequence-Independent Group Scheduling 

 

 Cmax and ∑Ci 

Baker (1990) developed an approach to order a number of jobs within each group and 

to sequence the groups to minimize makespan on two flow shop machines with sequence-

independent setups.  Hitomi and Ham (1976) presented a B&B algorithm to minimize 

makespan for an m-machine flow shop problem. Logendran and Sriskandarajah (1993) 

considered a two-machine flow shop problem to minimize makespan when there is 

blocking and zero-buffer in between the machines. They showed that the problem is -

hard and presented two heuristics and showed the performance of them under two cases. 

In the first case the sum of run times on the first machine is smaller than the sum of run 

times on the second machine and in the second case the opposite is true. Vakharia and 

Chang (1990) addressed minimizing makespan on flow shop machines. They proposed a 

simulated annealing algorithm and compared it with a B&B algorithm and two other 

heuristics. Skorin and Vakharia (1993) developed a TS algorithm to minimize makespan 
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on flow shop machines. They also compared their algorithm versus the simulated 

annealing algorithm by Vakharia and Chang (1990) and showed that their algorithm 

performs better. Yang and Chand (2008) considered minimization of total makespan on a 

single machine. The setup time for a group is sequence-independent but characterized by 

a learning factor which changes according to the position of the group in the sequence. 

They also developed two lower bounds and implemented them in a B&B algorithm. 

Janiak, et al. (2005) and Ng et al. (2005) studied problems in which setup times and 

processing times are resource-dependent. It is assumed that all the setups are assigned 

with the same amount of one resource and all jobs are assigned with the same amount of 

the other resource. Polynomial time algorithms to minimize the total weighted resource 

consumption on a single machine while satisfying the deadlines of all jobs are developed 

in Janiak, et al. (2005). Ng et al. (2005) developed polynomial time algorithms to 

minimize total weighted completion times where there exists an upper bound on the total 

weighted resource consumption. A two-stage flexible flow shop problem to minimize 

makespam is considered in Huang and Li (1998) where there is one machine in the first 

stage and multiple uniform machines in the second stage. They proposed several 

sequencing rules, two lower bounds and two heuristics, and conducted computational 

experiments to examine the effect of the rule, lower bounds and the heuristics. The 

problem of minimizing makespan on two flow shop machines where each job visits a 

machine for the second time and each group consists of identical jobs is shown to be -

hard in Yang et al. (2008). They proposed a B&B algorithm and established some 

theoretical findings to fathom nodes in their branching tree. Logendran et al. (2005) 

considered the problem of minimizing makespan on a multi-stage flexible flow shop. 

They developed three heuristic algorithms with two sequencing levels. A sequence of 

jobs in each group is determined in the first level. While maintaining these sequences, 

groups are arranged in the second level. They also conducted an experimental design to 

compare the effect of different factors on the performance of the algorithms. Liaee and 

Emmons (1997) considered minimizing total completion times on parallel machines and 
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proved the ordinary -hardness of the problem when each of groups have the same 

number of jobs. Blazewicz and Kovalyov (2002) proved that the problem of minimizing 

total completion time on parallel-machines is strongly -hard even if group setup times 

are zero. A dynamic programing algorithm is presented to solve this problem in 

polynomial time when the number of machines is fixed.  

 

 ∑fi and ∑wi fi 

A polynomial time algorithm is developed in Ham et al. (1985) capable of finding the 

optimal mean flow time on a single-machine problem with group sequence-independent 

setups. Sridhar and Rajendran (1994) proposed a Genetic Algorithm (GA) to minimize 

makespan, total flow time or both as a bi-objective problem on flow shop machines. 

Dunstall et al. (2000) considered minimization of total weighted flow time on a single 

machine when all jobs have static availability times and proposed lower bounds and used 

them in a B&B algorithm. Gupta and Schaller (2006) proposed a B&B algorithm to 

minimize total flow time on  flow shop machines. They reported that their algorithm 

fails to solve large-size problems and therefore developed some heuristic algorithms. 

Their computational results showed that the heuristics had better performances than the 

GA proposed by Sridhar and Rajendran (1994).  

 

 Lmax 

Minimization of maximum lateness on a single-machine is addressed in Baker and 

Magazine (2000). They proposed a B&B algorithm and implied that the effectiveness of 

their algorithm to solve the considered -hard problem is dependent on many factors 

such as number of groups, number of jobs per group, setup and range of due dates. 

Several dominance properties used to establish lower bounds for a B&B algorithm are 

developed in Pan and Su (1997). The same problem is considered in Shufeng and Zou 

(2002) modeling a real pipe plant. They proposed an integer programming model and a 

TS algorithm. They implied using simulation data that their algorithm is efficient in 
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solving small-size problems. Van Oyen at al. (1999) addressed the problems of 

minimizing maximum lateness, weighted flow time and weighted tardiness with and 

without group technology assumptions on a single machine. They assumed that the 

processing times and due dates are random variables and the expected value of the 

objective function is minimized.  

 

 ∑Ui  

Cheng et al. (2001) showed that the problem of minimizing number of tardy jobs on a 

single machine is strongly -hard even if all setup times and processing times are one 

unit. Liu and Yu (1999) addressed the same problem and proved that it is strongly -

hard when jobs have unit processing times and zero setup times. They developed a 

polynomial time algorithm for the problem in which jobs of each group have the same 

due date. The same problem was also proven to be -hard in Liaee and Emmons 

(1997). They also showed that minimization of total makespan on parallel-machines with 

sequence-independent setups is strongly -hard unless all groups have the same 

number of jobs.  

 

 ∑Ti and ∑Ei  

A B&B algorithm to minimize total tardiness on a single machine with and without 

group technology assumption is developed in Schaller (2007). He also proposed a 

heuristic algorithm with group technology assumption removed and used it for larger-size 

problems. His results showed that the heuristic is a good approximation of the optimal 

solution for the problem without group technology. The same procedure is followed in 

Schaller and Gupta (2008) with the objective of simultaneously minimizing total 

tardiness and total earliness on a single machine.  
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2.1.2. Sequence-Dependent Group Scheduling 

 

 Cmax  

Several lower bounds for the problem of minimizing makespan on flow shop 

machines are developed in Schaller et al. (2000). They compared the lower bounds and 

the heuristics empirically through several computational efforts. The same problem is 

addressed in Franca et al. (2005) by developing a GA and a memtic algorithm and a 

multi-start strategy.  They implied that the performances of their heuristics are similar but 

superior to the best heuristic proposed in Schaller et al. (2000). Also they compared the 

heuristics against the lower bounds developed in Schaller et al. (2000) and reported a 

maximum deviation of 3%. Based on this finding, they noted that the lower bounds to 

have good qualities and their heuristics are very efficient. Logendran et al. (2006b) 

developed three heuristic algorithms based on the idea of TS when there are two flow 

shop machines. The original group scheduling problem in which there are a number of 

jobs in each group is reduced to a sequence-dependent job scheduling problem and the 

lower bound found by the mathematical programming model of the corresponding 

reduced problem is observed to be a good quality lower bound on the original problem. 

An -flexible flow shop machine problem with the objective of minimizing makespan is 

addressed in Logendran et al. (2006a). Three heuristics based on TS algorithms are 

proposed and are equipped with three initial solution-finding mechanisms. However, their 

computational experiments implied that the initial solution-finding mechanisms are 

statistically insignificant. 

 

 ∑fi  

Salmasi et al. (2010) developed a mathematical programming model to minimize the 

total flow time in a flow shop with multiple-machines. They heuristically solved the 

problem using TS and hybrid ant colony algorithms. They evaluated the quality of the 

algorithms against the lower bound developed by branch-and-price methodology.  
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 ∑Ti 

 Cho and Ahn (2003) tackled the problem of minimizing total tardiness on flow shop 

machines. They proposed a GA to arrange the groups, while a heuristic was determined 

to order the jobs in each group.  

   

2.2. Setup Management and Process Optimization 

Crama et al. (2002) addressed the following problems in the assembly of PCBs.  

 

1- Assignment of PCBs to product families and to machine groups.  

2- Allocation of feeders to machines.  

3- For each PCB, the set of components placed by each machine.  

4- For each machine and group, a sequence of PCBs implying the order that boards are 

processed by the machines.   

5- For each machine, the location of feeders on the carrier.  

6- For each machine and a PCB type, a component placement sequence or a sequence of 

the placement operations required by the machine to process the board.  

7- For each pair of a machine and a PCB type, a component retrieval plan which is a rule 

implying from which feeder each of the components of the board must be retrieved.  

8- For each pair of a machine and a PCB type, a motion control specification determines 

where the component the pick-and-place device must be loaded, when must picks or 

when places the component.  

 

Since there is a considerable amount of research in PCB assembly, Johnson and Smed 

(2001) proposed a classification scheme based on the number of board types and 

machines assumed in a research problem. They proposed the four problem classes as: 

 

1- One PCB type and one machine class includes single machine optimization problems 

with the objective of minimizing total component placement time.  
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2- Multiple PCB types and one machine class includes setup strategies for multiple 

PCBs and a single machine to minimize the total setup time on the machine.  

 

3- One PCB type and multiple machines class considering allocating components to 

sequential machines to balance the workload of the machines (usually it is done by 

eliminating bottlenecks).  

 

4- Multiple PCB types and multiple machines class which typically concentrates on the 

allocation of boards to lines including routing, lot sizing, workload balancing between 

lines, and line sequencing.  

 

In the continuation of this section, these classes of problems are discussed and some 

of the existing papers in each class are outlined.  

 

2.2.1. One PCB Type and One Machine 

This class would include the following problems: 

 Feeder arrangement concerning the assignments of components to the feeder slots.  

 Placement sequencing concerning the determination of the sequence in which the 

components are located on the boards.  

 Component retrieval concerning the determination of which feeder a component can 

be retrieved if this component has been assigned to more than one feeder.  

 

Component placement would probably be the most time-consuming process in the 

assembly of PCBs (Ong and Khoo (1999) and Ong and Tan (2002)). Also it may very 

likely be a bottleneck in the assembly line (Csaszar et al. (2000) and Ong and Tan 

(2002)). With respect to a large number of components that must be assembled on boards, 

a minor reduction in the placement cycle time of a component would significantly reduce 

the total time required to place all the components. De Souza and Lijun (1994) developed 
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a knowledge-based placement system and incorporate it with Travelling Salesman 

Problem (TSP) to minimize the distance traveled on the X-Y table by the pick-and-place 

device and it eventually contributes in minimization of the total time required in 

placement of the components. Moyer and Gupta (1997) argued that the placement 

sequencing problem could be formulated as TSP under the condition that the locations of 

components on boards have been determined in advance. They also developed a local 

search heuristic to get a better solution from the current solution by swapping a pair of 

the components. The feeder arrangement problem provided with the assumption that the 

sequence of the component placements has been predetermined is formulated as 

Quadratic Assignment Problem (QAP) in Moyer and Gupta (1996a). The same problem 

is addressed in Dikos et al. (1997) by employing a GA. Using an iterative process, Bard 

et al. (1994) initially determined a placement sequence with the weighted nearest 

neighborhood heuristic. Then the feeder arrangement and the retrieval plan are modeled 

as an integer quadratic programming model and solved using a Lagrangian Relaxation 

scheme. Again, the obtained feeder arrangement plan is used to update the placement 

sequence and the process is repeated. Moyer and Gupta (1996b) applied the nearest 

neighborhood search to generate an initial placement sequence. The initial sequence is 

improved by performing pairwise exchanges. Then, a feeder arrangement is randomly 

generated and is similarly improved by performing pairwise exchanges. Crama et al. 

(1997) tackled the component sequencing, the feeder arrangement, and the component 

retrieval problems. They stated that the individual problems are computationally very 

complex, and so they were considered individually and solved heuristically. First they 

heuristically determined the feeder arrangement and then the other two problems were 

solved using constructive heuristics and local search methods. A rule-based system to 

generate the feeder arrangement is developed in Yeo et al. (1996). Then they determined 

the component placement sequence. Their proposed approach is based on the one-pitch 

incremental heuristic and the nearest neighborhood heuristic. Ellis et al. (2001) employed 

the nearest neighborhood search to obtain the initial solution for the placement 
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sequencing problem and they used the QAP greedy heuristic to generate the initial feeder 

arrangement. They adopted a 2-opt local search heuristic to improve both types of the 

initial solutions. Ong and Tan (2002) examined the performance of a GA equipped with 

different types of crossover and mutation operators to simultaneously determine the 

sequence of component placements and feeder arrangements. Wilhelm and Tarmy (2003) 

first assigned each component type to a feeder using a set of heuristics. Then they 

determined the sequence of the component placements by solving an asymmetric TSP.  

 

2.2.2. Multiple PCBs Type and One Machine  

When there are multiple boards and a single machine, two approaches exist to reduce 

setup times. The first approach considers reducing the setup time of a feeder. The second 

approach involves reducing the number of feeders to be setup. When the interest is on the 

latter case, the setup strategies can be classified as: 

 

 Unique setup strategy that considers one board at a time and the placement time is 

minimized by specifying the component-feeder assignment and the placement 

sequence. Traditionally this strategy is chosen when there are a single product and a 

single machine with high volume production rate.  

 Minimum setup strategy that suggests minimizing the total component setup time by 

sequencing boards and determining the feeder assignments. This is performed by only 

changing the feeders required in the assembly of the next board. Technically it is 

achieved by producing similar board types in the sequence so that little changeover 

time incurs.    

 Group setup strategy forms families of similar parts and the setups exist only between 

the families. The result would be consecutively assembling boards in a group without 

changing the required components on the feeders. This would probably increase the 

placement time for an individual board to be larger than the unique setup strategy. 

However, this would be compensated by performing less frequent setup operations 
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which eventually will result in a large time reduction especially in high-mix and low 

volume production.  

 Partial setup strategy sequences boards and determines a subset of the feeders on a 

machine that change when switching from one board to another. Since the objective is 

minimizing the completion time required in the assembly of boards, the partial setup 

strategy resides between the unique setup strategy (where only the placement time for 

each individual PCB is minimized) and the minimum setup strategy (where only the 

changeover time of each PCB is minimized).   

 

Group setup strategy contains all of the feeder assignments for a group or for a family 

of similar PCBs. Using this type of setup, boards in a group are consecutively processed 

without changing the component setup but there is only one setup required when 

changing the assembly from one group to another. Variations of group setup strategy 

exist where a particular set of common or standard components are left on a machine and 

the rest of the components are placed or removed from the feeders for a certain group 

Smed et al. (1999). A method named group set-up (GSU) was proposed by Carmon et al. 

(1989) for a high-mix low-volume environment. Using GSU, the PCBs are divided into 

groups and each of them is produced in two stages. In the first stage, the common 

components are set up and inserted to the whole group. In the second stage, the residual 

components are set up and inserted individually on each PCB. A mixed-integer 

formulation as well as a heuristic grouping a set of PCBs to minimize the total setup time 

is proposed by Maimon and Shtub (1991). A parameter defined by user is introduced to 

allow whether or not multiple PCBs and boards can be loaded. Shtub and Maimon (1992) 

noticed that grouping PCBs is an extension of the set-covering problem and proposed a 

heuristic based on cluster analysis and similarity measures. Since the insertion times are 

assumed to be constant, the objective of minimizing the total production time reduces to 

the total setup time of the groups. For the objective of minimizing the number of setups 

on a single machine, Hashiba and Chang (1992) decomposed the setup problem into three 
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sub problems: grouping PCB types, sequencing the groups and assigning components to 

boards and they applied heuristic algorithms to solve each of the individual problems. 

They also experimented with a simulated annealing approach and noticed that the 

solutions it offered were better than the solutions found by the decomposition approach. 

The problem of grouping PCBs is modeled as a graph theory problem in Bhaskar and 

Narendran (1996). The nodes of a graph represent boards and the arcs represent their 

similarities. Then they employed a maximum spanning tree for identifying the PCB 

groups.  

In minimum setup strategy a sequence of PCBs and feeder assignments to minimize 

the total component setup time are identified. In this strategy, only the feeders required to 

assemble the next board are changed without any additional feeder changes to minimize 

the placement time. Tang and Denardo (1988) suggested KTNS (Keep Tool Needed the 

Soonest) rule which only considers exchanging the required tools and the effect of the 

positions (to which these tools must be assigned) on evaluating the setup time is 

neglected. Barnea and Sipper (1993) consider a single machine and two sub problems: 

sequence and mix. They formulated the mathematical models of the sub problems and 

used the KTNS method. A four-stage method for optimizing the setup is proposed by Jain 

et al. (1996). First, an initial sequence is determined using a greedy heuristic maximizing 

the component similarity of boards. Second, the components are assigned to feeders 

according to KTNS rule. Third, the KTNS rule and a 2-opt heuristic are applied to 

rearrange boards. Finally at the end of the sequence, the frequently used components are 

preserved for the next production period. In the minimum setup strategy approach 

proposed by Gunther et al. (1998) for a typical surface mount technology production line, 

PCBs are sequenced such that any two consecutive boards share the maximum number of 

components in common. Three sub problems, job sequencing, component setup and 

feeder assignment are distinguished and solved with heuristic algorithms. The same 

problem is addressed in Dillon et al. (1998) by proposing four variants of greedy search 

heuristics to iteratively maximize the commonality whenever a new PCB is assigned. The 
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maximum component commonality is identified using a component commonality matrix 

from which board pairs with a high number of common components can be identified. 

Rajkumar and Narendran (1998) proposed a forward looking approach to minimize the 

setup changes. Starting from an initial sequence, this approach sequences the PCBs by 

looking for the similarities between the current setup and the remaining non-sequenced 

PCBs.  

Partial setup strategy sequences boards and determines a subset of the feeders on a 

machine that change when switching from one board to another. There are three major 

decisions involved in the partial setup strategy: determining the sequence of PCBs to be 

produced, determining the feeder-component assignment for each board, and determining 

the placement sequence for each board. This strategy explicitly attempts to minimize the 

makespan by specifying only a subset of the feeders on a machine that exchange when 

switching from one board to another. Accordingly as a more general strategy, it 

incorporates the unique and minimum setup strategies. The essential issues in using this 

kind of setup strategy are determination of the sequence of boards, the feeders to be 

changed, the component-feeder assignment, and the component-placement sequence.  

The partial setup strategy has not been received much attention in the literature. The 

efficiency trade-off between group setups and partial setups can be found in Ammons et 

al. (1997), Gunther et al. (1998), Jain et al. (1996), Leon and Peters (1996), Maimon et al. 

(1993). Balakrishnan and Vanderbeck (1999) partitioned the component types into two 

classes, temporary and permanent. Temporary feeders are loaded on or unloaded from the 

machines (if needed) when a group of PCBs is completed. They described a mathematical 

model to identify temporary and permanent feeders and solve it using column generation 

technique. Leon and Peters (1996) observed that the components that remain on feeders 

at a given time depend on the immediate predecessor board as well as all of the preceding 

boards because of the residual components left on the machine after a board is produced. 

They developed a heuristic which evaluates the sequence-dependent setups for a number 

of sequences of boards that are randomly generated. They compared the results of their 
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heuristic with partial setup strategy when unique, minimum, and group setups are 

employed.  

 

2.2.3. One PCB Type and Multiple Machines 

Crama et al. (1990) proposed a heuristic hierarchical approach to optimize the 

throughput rate of a line of several machines to assemble a single type of PCB by 

optimizing the component sequencing, the feeder arrangement, and the component 

retrievals. For this problem they formulated several sub problems where the solution of a 

sub problem is used to initiate the other one. Brandeau and Billington (1991) formulated 

a mixed-integer programming problem for component allocation over a long term 

planning horizon to minimize the total sum of all setups and processing costs and 

presented two heuristics for a single machine problem. The first heuristic called Stingy 

Component begins with all components assigned to the machine and then they are 

removed one by one until the machine capacity is reached. The other heuristic called 

Greedy Board assigns boards to the machine in a greedy fashion until the machine 

capacity is reached. They presented the versions of these two heuristics for the problem 

with more than one machine. The same problem is attempted in Hillier and Brandeau 

(1998) by presenting a binary integer mathematical programming model. They developed 

optimal results to reduce the size of their model. They also presented a heuristic based on 

branch-and-price to solve small and medium-sized problems within a reasonable time.  

 

2.2.4. Multiple PCB Types and Multiple Machines 

Johri (1990) considered the problem of sequencing active batches of PCBs and 

adding new boards to the sequence. They proposed a heuristic to minimize the workload 

imbalance on the machines while making sure that the due dates of boards are satisfied 

and the number of setups is minimized if possible. A heuristic is employed to assign a 

production rate for each of the work stations. Then new boards that must be inserted into 

the current sequence are grouped based on their due dates. The slack time of the group is 
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then evaluated and a penalty is assigned to each of boards in that group. The board with 

the minimum penalty is identified and it is inserted into the sequence and the same 

process is repeated until all boards are inserted into the sequence. Smed et al. (2000) 

considered an interactive system in the assembly of PCBs. They developed several 

heuristics to group PCBs, arrange feeders and sequence the component placement to 

minimize the setup times.  Four heuristics are developed in Hayrinen et al. (2000) for a 

PCB assembly problem with flexible flow shop machines. Using the first and the second 

heuristics, first families of boards are assigned to the machines and then the assignments 

are improved. With the assignments on the machines, the third and fourth heuristics are 

employed to arrange the families and boards in each family and then each of the 

sequences obtained is improved. Dessouky et al. (1995) considered a flow line scheduling 

problem to maximize the throughput while keeping the work-in-process inventory at a 

minimum level without increasing the resources of the assembly process. In the problem 

they assumed, each machine processes a product at most one time and the setup times 

depend only on the machine type and are small in comparison to batch processing time. 

The approach presented by the authors is comprised of two phases. In the first phase, 

machines are grouped into work stations and are visited by each of the products in the 

same sequence. In the second phase, the products are sequenced to visit the first work 

station (the sequence of the products remain the same on the subsequent workstations). 

Khoshnevis et al. (1994) presented a system integrating an assembly planning problem 

and a scheduling problem. In the assembly planning problem, they prepared a detailed 

sequence of the operations to transform a set of disjoint components into final products. 

In the scheduling problem, the manufacturing resources are assigned to the operations 

indicated in the assembly plan to satisfy some criteria. In doing so, unfinished boards 

requiring operations are assigned to the machines if they are available. Ahmadi and 

Wurgaft (1994) considered a mid-volume mid-variety environment to maximize the 

throughput rate. The authors implied that every time there is a change in the product mix 

and demand, three problems must be addressed: (1) How many stations should be 
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created? (2) How many machines each station should include? and (3) Which station 

performs which of the operations? The total workload is balanced by minimizing the 

maximum workload of a station. The mathematical formulation of the problem is 

presented as a quadratic integer program.  

The last thing that should be noted in this section is about the type of setup strategy 

employed in this dissertation. In the CSD setup strategy assumed in our research, only the 

components required by the next board group that are not present on the associated 

feeders are placed on the machine and the rest of the components remain untouched. 

However, in the group setup strategy all of the components that remain on the feeders are 

removed and replaced with the components required by the next board group. On the 

other hand, in the minimum setup strategy only the components required by the next 

board are replaced if they are not readily available on the associated feeders. 

Accordingly, the CSD setup may share similarity with the group setup strategy since in 

both the setups the replacements are performed for the next group of boards.  Also it may 

share similarity with the minimum setup strategy since in both the setups only the 

components required in the next assembly are replaced with the components not required 

on the associated feeders. This implies that the CSD setup can be a combination of the 

group setup strategy and the minimum setup strategy or a combination of group setup 

strategy and the partial setup strategy (because the partial setup strategy is a general from 

of the minimum setup strategy). In CSD setup some of the components needed in the 

previously assembled group may still remain on the feeders. Thus the type of components 

that remain on the feeders at a time depends on all of the boards of the previously 

assembled groups and the order in which they were assembled. This property has never 

been reported in any of the traditional PCB manufacturing research but is recognized by 

Leon and Peters (1996) and later by Rossetti and Stanford (2003). However, none of 

these papers proposed an approach to correctly or at least effectively capture the change 

in the setup time carried over by all the groups. The only research addressed the CSD 

setup is Gelogullari and Logendran (2010). They considered minimization of total flow 
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time when all PCBs are assumed to be static or be available at the beginning of the 

planning horizon. Thus the work of Gelogullari and Logendran (2010) falls under the 

category of static PCBs. In Chapter 3 of this dissertation we discuss the idea of 

integrating both internal (machine) and external (kitting) setups and introduce the 

existence of dynamic scheduling which has never been investigated in the classical 

studies of PCB assembly. Considering the dynamic arrival of PCBs is one of the main 

differences between our work and the work of Gelogullari and Logendran (2010). 

Correspondingly there are three significant differences between our work and that of 

Gelogullari and Logendran (2010) that can be referred to as: (1) integrating internal and 

external setups, (2) dynamic arrival of boards, and (3) existence of a bicriteria objective 

function. Figure 2.1 demonstrates and compares the types of all scheduling problems with 

the types of problems assumed in this research. 



33 
 

Sequence-Dependent 
Setup Time  

Dynamic 
Scheduling 

Static  
Scheduling 

Single Machine 

Parallel 
Machine  

Multi-Machine  

Shop 
Scheduling  

Scheduling 
Problems 

Job Shop  

Job Scheduling  

Flow Shop  

Group Scheduling 

Sequence-Independent 
Setup Time  

Sequence-Dependent 
Setup Time  

Job Scheduling  Group Scheduling 

Sequence-Independent 
Setup Time  

Carryover Sequence-
Dependent Setup Time  

Carryover Sequence-
Dependent Setup Time  

Figure 2.1. Display of Scheduling Problems 



34 
 

3. PROBLEM DESCRIPTION 

 

A detailed description of integrating kitting and assembly operations or equivalently 

integrating external (kitting) and internal (machine) setup operations is provided in this 

chapter. This chapter also includes description for evaluation of CSD setups supported by 

providing a representative example of problems found in the industry. Further down in 

this chapter, the complexity of both the problems investigated in the Phases 1 and 2 are 

shown to be -hard in the strong sense.   

According to the description given for the placement machines in Chapter 1, the 

HSPM and MFPM machines have respectively 20 and 10 feeders. The components 

required of various boards are placed on the feeders and the pick-and-place device picks 

the components from the feeders and places them on determined locations on boards. 

Therefore, components of a required board should be loaded on the feeders before the 

assembly of the board is initiated. A board may require a component that should be 

obtained from a particular feeder. However, if a different component remains on this 

feeder from a previously assembled group, it should be removed from this feeder and 

replaced with the new required component. The setup operation to replace the new 

components with those of the previously assembled groups on the feeders requires a 

substantial amount of time. This setup time is a cumulative time to perform the following 

four tasks: 

 

1. First, the machine should be completely stopped after it finishes placement of the 

components of a group.  

2. The components required in the assembly of the previous groups are removed from the 

feeders and stacked up on the feeder rack if boards of the next group which is 

assembled next require different components on the corresponding feeders.  

3. The components required by the next set of boards should be taken from the rack and 

loaded on appropriate feeders if they are not already on these feeders.  
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4. Finally, all feeders are checked to make sure that they are loaded with appropriate 

components and then the necessary programs are loaded to begin the assembly on the 

machine.  

 

As it is mentioned above, prior to starting the assembly operation of a board(s), a 

setup operation must be performed and it is impractical to keep performing the setup 

operations on a frequent basis. The reason is that the gaps between the assembly 

operations (as a result of performing the setup operations) increase the overall time to 

assemble all boards and consequently decrease the efficiency of the manufacturing 

system. To resolve this issue, boards with the most similarities are all grouped as one 

board group. Thus, the setup operation to load the entire components required by boards 

within a board group is performed only once whenever the assembly operation is changed 

from one board group to another. Since boards in a board group are similar, no setup is 

required to transfer from one board to another in the same group. A dependency is 

implied as the need to perform a feeder exchange including the removal of a component 

on that feeder used in the assembly of a previous group(s). The dependency traditionally 

assumed in this assembly is the dependency transferred from the immediately preceding 

scheduled group implying the existence of the conventional sequence-dependent setup 

strategy which is the comprehensive form of dependency, currently in scheduling 

literature. However, a component may remain on a feeder from a previously assembled 

group which may not have been used by the immediately preceding group but a group 

assembled much before. Reference group is the set of components that remain on the 

feeders because of the last group assembled in the previous planning horizon and is 

indicated by . Accordingly, the dependency is initially transferred from the reference 

group to the first group in the sequence, then this first group to the second group, and so 

on to accumulate this dependency throughout all of the assembled groups up to the 

current group. Thus it refers to a dependency which is carried over initially from the 

reference group then transferred all throughout the groups up to the current group. On the 
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other hand, a group in a position may result in a number of components that appear on 

feeders while these components could have been different if this group was assigned to 

different positions. This clearly implies the change in dependency by considering a 

different combination of previously assembled groups. As a result, the CSD setup time 

assumed in this paper evaluates a dependency which is transferred throughout the entire 

sequence of the previous groups and is modified by their different types and 

combinations. In other words, if there are  board groups arranged in order 1, 2, … , , 

the setup time needed by the th board group is not only dependent on the immediately 

preceding group (i.e. ( -1)th group) capturing the conventional sequence-dependent setup 

strategy, but on all of the previously scheduled groups and the different orders they are 

arranged.  

 

3.1. A Representative Example 

A representative example from industry is presented in this section to demonstrate the 

application of the CSD setup. The problem considered is a two-machine flow shop 

problem, although the same concept to evaluate the setup time exists for the single-

machine flow shop problem in Phase 1 and the three-machine flow shop problem in 

Phase 2 of this research. In this example there are several board types, , , , , 

 and  that belong to the groups , ,  and . Table 3.1 displays groups, 

boards in each group, run times and kitting times of boards on each of the HSPM and 

MFPM machines, weights of boards in the objective function and due dates of boards.  

The average times to perform a single setup operation per feeder on each of the machines 

are given in Table 3.2. There are respectively 20 and 10 feeders on HSPM and MFPM. 

Feeder-component configuration required of each of the boards on HSPM and MFPM are 

provided in Tables 3.3 and 3.4. The initial reference group of the current production 

period denoted by  refers to the set of components that remain on the feeders from the 

previous planning horizon. To comply with the essentials of GT, all boards within a 

group should have similar component requirements. Therefore with regard to Table 3.3, 
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both board types in  require component C-65 on feeder 5, however only one of them 

may require a component on a feeder as the requirement of C-15 by  on feeder 4.  

 
Table 3.1. Run Times, Kitting Times, Weights and Due Dates of the Boards 

Groups Boards 
Run Time (sec.) Kitting Time (sec.) 

Weights Due Date 
HSPM MFPM  HSPM  MFPM  

 
 296 244 79 65 2 1484 

 503 582 134 155 3 1295 

  692 527 185 141 1 1315 

  574 67 153 18 1 1382 

 
 79 18 21 5 3 1425 

 498 41 133 11 2 1311 

 

Table 3.2. Average Setup Time per Feeder on HSPM and MFPM 

Machine HSPM MFPM 

Average Setup Time per Feeder (sec.) 180 220 

 
To demonstrate the application of CSD setup time, consider two different sequences 

of board groups 	 	 , , , ,  and 2	 	 , , , , . Suppose there is 

a list with rows showing the components currently assigned to the feeders. This list is 

initially filled with the components of . To transfer to the next group, only those 

components required by the next group and are not shared by the current group on the 

corresponding feeders are exchanged and the rest of the components on the feeders are 

never touched. Accordingly, the list is updated by exchanging the components not shared 

by  (current group) and the first group assigned after . Then the current group is 

updated to the group assigned after  and again the list is updated by exchanging the 

components not shared by the current group and the next group after the first group. 
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Table 3.3. Feeder-Component Configuration Required of each of the Boards on HSPM 

 

Therefore, the list is continually updated whenever a new board group is assigned 

until the last board group is considered for assignment. CSD setup times in the schedule 

 are evaluated by finding the sum of required setup changes for transferring from  to 

. Then the result will be added to those required number of setups for transferring from 

Feeder 
Reference 

Configuration 

Feeder Configuration 
Required for Each Group 

Feeder Configuration Required 
for Each Board Type 

          

1  C-41   C-70 C-41 C-41   C-70 C-70

2   C-04 C-26 C-46   C-04 C-26  C-46

3  C-55 C-72  C-72 C-55  C-72  C-72 C-72

4  C-15     C-15     

5 C-10 C-65    C-65 C-65     

6     C-37     C-37 C-37

7 C-65   C-48 C-14    C-48 C-14  

8  C-47   C-08 C-47     C-08

9  C-61 C-28 C-46  C-61  C-28 C-46   

10 C-32  C-51 C-32 C-32   C-51 C-32 C-32  

11  C-02  C-66 C-39 C-02 C-02  C-66 C-39  

12 C-48 C-48 C-36  C-14 C-48  C-36  C-14  

13  C-43 C-46 C-17 C-17  C-43 C-46 C-17 C-17 C-17

14    C-54     C-54   

15     C-41     C-41 C-41

16 C-14 C-29 C-29   C-29 C-29 C-29    

17 C-58 C-58   C-62  C-58   C-62  

18    C-16     C-16   

19 C-40 C-40   C-42 C-40 C-40    C-42

20    C-34 C-34    C-34 C-34 C-34
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	to  and following that to  and then  at the end. On HSPM machine, there is no 

setup required on feeder 10 for transferring from  to  in  since the same component 

or component C-32 is needed on this feeder in both  and . On the other hand, a setup 

should be performed on feeder 7 to exchange component C-65 in  with C-48 in . By 

doing so, the total number of setup changes from  to  is evaluated as 8 (1 + 1 + 1 + 0 

+ 1 + 1 + 1 + 1 + 1).  

 

Table 3.4. Feeder-Component Configuration Required of each of the Boards on MFPM 

 

To transfer from 	–	  to , only those feeders required by can be loaded with 

different components if the needed components by  are not already on these feeders 

and the rest of the components on the feeders not required remain unchanged. For 

example, component C-61 is required by on feeder 9 where it was assigned with C-46 

Feeder 
Reference 

Configuration 

Feeder Configuration 
Required for Each Group 

Feeder Configuration Required 
for Each Board Type 

          

1  C-92   C-30  C-92   C-30 C-30

2            

3   C-22 C-22 C-19   C-22 C-22 C-19  

4   C-13     C-13    

5  C-76    C-76 C-76     

6   C-36     C-36    

7  C-17  C-38  C-17   C-38   

8 C-89 C-89    C-89      

9  C-39 C-19   C-39 C-39 C-19    

10  C-08     C-08     
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as the requirement by . So a setup operation is needed when shifting from 	–	  to 

. On the other hand, component C-40 remains on feeder 19 from  and since  did 

not require C-40, there is no setup needed on this feeder to transfer to . Accordingly, 

the number of setup changes from 	–	  to  can be evaluated as 9 (1 + 1 + 1 + 1 + 1 

+ 1 + 1 + 0 + 1 + 1 + 0 + 0). 

The number of setups from 	–	 –	  to  is determined to be 6 and finally 12 

from 	–	 –	 	–	  to . Similarly the same concept is applied to evaluate the setup 

time on MFPM machine. By considering the average setup time of 180 and 220 seconds 

on HSPM and MFPM respectively, the setup time required to change from  to 	is 

1440 on HSPM and 440 on MFPM. To demonstrate the difference between the setup 

with carryover sequence-dependency and the setup with the dependency on only the 

immediately preceding board group on HSPM, consider  which is inserted after  in 

both  and . Although in both the sequences  is after , the number of setup 

changes in  from  to  is determined to be 12 while it was evaluated as 9 in . This 

clearly explains the difference between the conventional sequence-dependent and CSD 

setup strategies.  

 

3.2. Integrating Internal and External Setup Times 

A board requires different components that should be collected from an area 

dedicated on the shop floor and prepared for the assembly operation, during a process 

called kitting operation. Accordingly, the kitting operation is a process during which 

boards are prepared for the assembly operation by kitting staff. The study of kitting 

operation has always been neglected in all of the previous PCB scheduling research 

because of the extra complexity that it can introduce to the problem which is already a 

difficult problem even if only the setup and the assembly operations are considered. To 

the best of our knowledge, there is no research in PCB scheduling that simultaneously 

studies the kitting and assembly operations. Thus, it has always been assumed that all 
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boards have been completely kitted in an area outside the production line by kitting staff 

implying that all of them have static arrival times determined as the start of the assembly. 

Engaging the kitting staff may increase the costs and introduce limitations to the 

manufacturing system. Therefore eliminating them and assigning their task to the unused 

capacity of other staff might be a good idea to improve the efficiency of the assembly. 

Traditionally the machine operator only performs the setup operation required by board 

groups and he is idle during the time the machine is automatically assembling boards or 

during the times that he is not technically allowed to start a new setup. As a result, 

tasking him with the kitting operation required by the next group during when he is idle 

(i.e., during the assembly time of the current group in which the machine is kept busy 

automatically assembling the components on PCBs or the other technical idle times) can 

feasibly result in performing both the assembly and kitting operations at the same time. 

As a novel idea in this research, the kitting is integrated with the assembly operation by 

letting the kitting operation of the next board group be completely performed by the 

machine operator during his idle times. The idea introduced as “integration of internal 

(machine) and external (kitting) setup operations” assumes that the kitting operation to 

be solely performed by the machine operator during his idle time and it in fact completely 

eliminates the role of kitting staff. The result of this assumption would be that boards are 

continuously introduced into the assembly implying the existence of a dynamic PCB 

assembly, a feature that has been incorporated for the first time in PCB assembly research 

which also benefits from some of the characteristics of just-in-time manufacturing. 

In job scheduling research, there is always a set of jobs requiring different types of 

operations while these jobs may not be readily available to start the operations. It is 

commonly assumed in the classical scheduling studies that all of the jobs are available at 

the beginning of the current planning horizon and can be introduced to the manufacturing 

system at any time a machine is available. There are also studies with dynamic job 

release times that assume that jobs are continuously introduced while assembly is being 

performed.   
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Although the kitting operation as a preparation process is an essential part of the 

manufacturing system and a key factor in determining the efficiency of the assembly, in 

previous research, it has been disregarded in the evaluation of the overall time required of 

the assembly. The assumption that all boards are kitted and readily available before the 

assembly operation starts, increases the flow time of the boards that remain in the system. 

As it was mentioned in Chapter 1 about the objective function selection, the flow time of 

a board is evaluated as the time difference between when the board is finished with its 

assembly operation and when it is finished with its kitting operation. Consequently, by 

assuming that all of boards have been completely kitted before the start of the first 

assembly operation, the overall time that boards remain in the system increases and it 

reduces the efficiency of the manufacturing system. The efficiency decreases because of 

the existence of too many partially completed parts on the shop floor which results in the 

manufacturing system to become increasingly complex with larger number of similar and 

dissimilar boards that must be assembled in the future. The complexity associated with 

this assembly environment may result in extending the cycle times and increasing the 

reject rates. However, when boards are continuously or dynamically introduced into the 

manufacturing system, meaning that the kitting and the assembly operations are 

performed at the same time, a smaller number of kitted boards remain on the shop floor 

and it makes the assembly operations more efficient.  

Just-in-time (JIT) manufacturing is a production strategy that strives to eliminate 

wastes of all operational functions and thereby improves material throughput. Use of JIT 

enables the manufacturing system to minimize overheads, speed up productivity and cut 

down on unnecessary expenses. In JIT manufacturing, the right amounts of products 

needed are produced at the right times while using a minimum of facilities, equipment, 

materials, and human resources. Because of this characteristic, JIT is also called as “zero” 

inventory philosophy.  

Some of the characteristics of JIT are regarded as: 
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 Reduction in storage space resulting in lower stock holding and insurance costs.  

 Because of producing the needed products at the right time, less working capital is 

tied up in stock. 

 Avoids the build-up of unsold finished products that are kept in stock.  

 Workers are capable of performing several types of tasks implying the existence 

of multi-functional workers. 

 Less time is spent on inspecting and re-working the products, as the emphasis is 

on getting the processes completed without any flaws the first time.  

 

Since boards are continuously kitted, there is no need to stock the kitted boards to be 

used in the future. As a result, there is a reduction in storage space and holding costs. 

Also, because there is a smaller number of kitted boards (partially completed products), 

the amount of work-in-process inventories is accordingly decreased. On the other hand, 

the machine operator should be able to perform both the setup operation and the kitting 

operation implying the existence of multi-functional staff. Consequently, the problem 

investigated in this research takes into account of some of the characteristics of JIT 

manufacturing that have been shown to be beneficial industry practice. 

In Figure 3.1 the traditional PCB assembly is demonstrated in which all boards are 

completely kitted prior to the assembly. Three board groups ,  and  with 

respectively 3, 3 and 2 boards are sequentially assembled (first , then  and finally 

) using an operator and a placement machine. In order to provide an easily 

understandable graphical display of the assembly, the process is only demonstrated on the 

first machine. The assembly will have the same process on the rest of the machines with 

regard to boards’ arrival times from the previous machines and it will be discussed in 

detail in objective function evaluation section of Chapter 6. Traditionally, all of boards 

are kitted before the assembly operation starts. Thus in this figure, all of the board groups 

are completely kitted first. Then, the first group in the sequence or  will be assembled 
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on the machine but before that a setup operation should be performed to make the 

machine ready to assemble . In doing so, the machine is turned off and the operator 

performs the setup operation by removing some of the components from the 

corresponding feeders and placing the required components on them. Immediately after 

performing the setup operation the machine is commenced to assemble . So during the 

assembly of , the machine is busy and the machine operator remains idle. When the 

finish assembly of  is attained, the setup operation to transfer to the next group in the 

sequence or  is performed. The process continues with the assembly of  and finishes 

when  is finally assembled.  

Integrating internal and external setups requires that the kitting operation of the next 

group is started during the time the machine operator is not performing the setup 

operation. It will be discussed in Chapter 6 that there may be some time during which 

both machine (other than the first machine) and the machine operator are idle due to 

some technical limitations. The kitting operation is a preparation process that has to be 

performed before the assembly and thus the assembly of a board group never initiates 

unless all of the boards of that group have been kitted. Thus, the assembly of the next 

group should always be after both the setup and kitting operations. Therefore, if the setup 

operation takes longer than the kitting operation, the assembly operation initiates after the 

setup; otherwise it initiates after the kitting operation. Boards in a group are assembled 

once, one after the other, and a group is allowed to be assembled only when all of the 

boards in the group have been completely kitted once, one after the other. Boards in a 

group are assembled in the same sequence as they are kitted.      

In Figure 3.2, the idea of integrating the internal (machine) and external (kitting) 

setup operations using the machine operator is demonstrated. First three boards of  (the 

first group in the sequence) or ,  and  are kitted with the same sequence they 

are assembled where the machine and machine operator are respectively idle and busy. 

Following the kitting operation, there is the setup required by  and then the assembly 
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of following the setup. As it can be observed in Figure 3.2, during the assembly of , 

the next group or  is simultaneously kitted by the machine operator. Since the finish 

assembly time of  and the finish kitting time of  are the same, the setup to transfer to 

 starts immediately after the assembly of (kitting of ). However, because the 

kitting of  takes longer than the assembly of , the setup to transfer to  starts right 

after the kitting of .  

 

 

Figure 3.1. Traditional PCB Assembly 
 

3.3. Complexity of Research Problems 

As it was mentioned in Chapter 1 about the problems investigated, Phases 1 and 2 of 

this research respectively consider a single machine problem with  minimization and 

a multi-machine flow shop problem with minimization of weighted sum of total flow 

time and total tardiness or  ∑ ∑  where 1.  

There are different approaches to prove the complexity of a problem. In Garey and 

Johnson (1979) three approaches restriction, local replacement and component design are 

given to prove the complexity of a problem yet the first one is the most applicable and 

simplest than the other two. The restriction proof simply is based on showing that a given 

problem ∈  contains a known -hard problem  and therefore it is -hard too. 
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In this proof additional restrictions are placed on  in such a way that the restricted 

problem is identical to . Accordingly, as long as there is a one-to-one correspondence 

between the restricted problem and , it can be concluded that the restricted problem is 

-hard and thus the original problem which is a harder case of the restricted problem 

remains -hard.  

 

 

Figure 3.2. Integrating the Internal (Machine) and External (Kitting) Setup Operations 
 

In the Sections 3.3.1 and 3.3.2 below, it is respectively shown that the problems 

investigated in Phases 1 and 2 of this research are -hard in the strong sense. Before 

presenting the proof, it is necessary to show that the conventional sequence-dependent 

setup time problem is a relaxed or an easier form of the CSD setup time problem. In CSD 
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sequence (combination) of the previously scheduled groups and the position of  (or ) 

in the sequence. Therefore, the easier form would be established by assuming the same 

amount of setup to transfer from  to  in all of the positions regardless of the 

combination of the previous groups and this is equivalent to the conventional sequence-

dependent setup form.  

 

3.3.1. Complexity of the Problem in Phase 1 

It is shown in Theorem 3.1 below that the single machine problem with  

objective investigated in Phase 1 of this research is -hard in the strong sense.  

 

Theorem 3.1. The single machine problem with the objective of minimizing makespan 

investigated in Phase 1 is -hard in the strong sense.  

 

Proof: Let problem  be the original problem investigated in Phase 1 or a single machine 

problem with CSD setups with the objective of minimizing makespan where kitting and 

assembly operations are integrated. Construct the restricted problem or equivalently as 

minimization of makespan on a single machine with sequence-dependent setups where 

each group contains a single job and all kitting times are zero. Minimization of makespan 

on a single machine with sequence-dependent setups has been shown to be strongly -

hard in Pinedo (2008). Accordingly, problem  investigated in Phase 1 with CSD setups 

and integration of kitting and assembly operations is also -hard in the strong sense. □ 

 

3.3.2. Complexity of the Problem in Phase 2 

The complexity of the problem in Phase 2 is proven in this section. In doing so, this 

bi-criteria objective function problem is decomposed into two single objective problems 

where each of them is shown to be strongly -hard. First, Theorems 3.2 and 3.3 are 

provided to show that both the multi-machine flow shop problems with CSD setups and 
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respectively the total flow time and total tardiness objectives are strongly -hard. Then, 

it will be shown in Theorem 3.4 that the problem integrating both the objectives as a bi-

criteria objective function remains -hard in the strong sense. 

 

Theorem 3.2. The multi-machine flow shop problem with the objective of minimizing 

total flow time, with CSD setups where kitting and assembly operations are integrated is 

-hard in the strong sense.  

 

Proof: Consider problem  as minimizing the total flow time in a multi-machine flow 

shop with CSD setups where kitting and assembly operations are integrated. Construct 

problem  as a two-machine flow shop scheduling problem to minimize the total flow 

time where each group contains a single job and all kitting times and setups times are 

zero. The two-machine flow shop scheduling problem with the objective of minimizing 

the total flow time has been shown to be -hard in the strong sense in Garey et al. 

(1976). Thus problem  is also -hard in the strong sense. □ 

 

Theorem 3.3. The multi-machine flow shop problem with the objective of minimizing 

total tardiness, with CSD setups where kitting and assembly operations are integrated is 

-hard in the strong sense.  

 

Proof. Let problem  be minimization of the total tardiness in a multi-machine flow shop 

with CSD setups where kitting and assembly operations are integrated. Construct 

problem  as a single-machine scheduling problem to minimize the total tardiness where 

each group contains a single job and all kitting times and setups times are zero. The 

single-machine scheduling problem with the objective of total tardiness has been shown 

to be -hard in the strong sense in Du and Leung (1990) which implies that problem  

is also strongly -hard.□ 
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The ultimate interest is to show the multi-machine problem with the objective of  

∑ ∑ , 1 with CSD setups where the kitting and 

assembly operations are integrated is strongly -hard.  

 

Theorem 3.4. The multi-machine problem with the objective of ∑

∑ , 1 with CSD setups where the kitting and assembly operations 

are integrated is strongly -hard. 

 

Proof: Let problem  be minimization of ∑ ∑ , 1 with 

CSD setups where the kitting and assembly operations are integrated and 1,

1	; 	and	  are not necessarily zero or one. If problem  is constructed by 

assuming  1	and	 0, then  it is strongly -hard according to Theorem 

3.2 and correspondingly  would be -hard in the strong sense. If problem  is 

constructed by assuming 1	and	 0, then  it is strongly -hard according 

to Theorem 3.3 which similarly implies  would be -hard in the strong sense. □ 
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4. SINGLE MACHINE PROBLEM-PHASE 1 

 

Typically in PCB manufacturing, placement machines are utilized in pairs without 

paying attention to the nature of components. The combined 8mm feeder capacity of two 

machines is typically 160-200 components implying a large capacity on a pair of 

machines to assemble any kind of PCBs. According to the recent advancements in 

technology, it is quite possible to place all of the components by using a single placement 

machine in most of the cases. In other words, the PCB manufacturers keep operating 

several machines to make sure they are capable of handling orders of any size. There are 

numerous examples of using a single machine in industries (see Yilmaz and Gunther  

(2005), Leon and Jeong (2005), Neammanee and Reodecha (2009), and Salonen et al. 

(2006)) and also so many PCBs can be found whose components can be assembled on 

one machine. When a single machine is used, taking advantage of the unused feeder 

capacity may be economically justifiable since the operational setups and costs of having 

more than one machine are eliminated. Also, it decreases the computational challenges of 

finding the optimal or near optimal solutions. Accordingly, the possibility of adopting a 

single machine should be investigated before operating the assembly using sequential 

flow shop machines. With regard to the possibility of using a single machine, we 

undertook a research investigation in which the interest was to minimize the makespan 

( ) on a single machine. 

Thus in Phase 1, a single-machine group scheduling problem with CSD setup times to 

minimize makespan is focused. For this problem, a B&B algorithm together with a lower 

bound is developed. The algorithm searches for the optimal solution by identifying 

appropriate solutions and comparing them with the best-found solution. Also, a lower-

bounding mechanism is developed and supports the B&B algorithm to avoid searching in 

the non-promising areas of the solution space that have no potential of identifying 

solutions with a better objective function value. The lower bound guaranties a branching 

direction which may provide a better solution with a lower makespan. The enumeration 
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structure assumed may duplicate a particular solution that has been generated before. 

Thus, to enable the algorithm to search in unexplored areas of the solution space, an 

approach called the Repeated Solutions Identifier (RSI) is also developed and integrated 

with the algorithm.  

 

4.1. Problem Definitions and Objective Function 

For the problem investigated in this phase, it is technically assumed that during the 

run time (assembly time) of the current group, only one group is completely kitted. This 

implies if the kitting operation of the next group has been completed before the current 

group’s finish assembly time (completion time), the machine operator should stay idle 

without performing any extra kitting operation required by the groups scheduled after the 

next group and he remains idle until the next time he is assigned to perform the setup 

operation. On the other hand, if the kitting operation of the next group gets completed 

after the assembly time of the current group, the machine remains idle until the machine 

operator performs both the kitting and setup operations required by the next group. Thus 

in this case, the machine operator immediately starts performing the setup operation 

required by the next group when he finishes performing the kitting operation. If this case 

exists, there is a delay in starting the next setup operation which itself delays starting the 

next assembly operation, and so the same delay is added to the start assembly of other 

groups and as a result to the overall makespan. This delay is equal to the difference 

between the finish kitting time of the next board group and the finish assembly time of 

the current board group and is called the delay in kitting time. Thus, for each board 

group, the CSD setup time for transferring to the next board group, the delay in kitting 

time (if it exists), and the run time can all contribute in evaluating the value of makespan. 

So by having  board groups, the objective will be sequencing all the groups such that 

the overall sum of the CSD setup times for assigning  board groups, the delays in 

kitting times, and the run times are minimized. Since there is no setup operation among 

the individual boards in a group, different sequences of boards do not contribute in the 
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evaluation of a different . Therefore, only different combinations of groups or 

different sequences resulting in the evaluation of different CSD setups are examined. The 

enumeration mechanism of a B&B approach, capable of generating different sequences 

of the groups, is demonstrated below.  

 

4.2. Branch-and-Bound Algorithm 

In this section a branch-and-bound (B&B) algorithm, a lower bound and the RSI 

method are developed and the application of the lower bound and the RSI method are 

demonstrated using two examples. Different sequences of board groups resulting in 

having different solutions are generated by the enumeration mechanism of the B&B. The 

lower bound ensures that the branching tree is expanded toward promising solutions with 

lower . Continuing with branches from the current node, the lower bound 

investigates into the possibility of finding a solution whose  is lower than the best-

found  so far. Because of the type of the enumeration structure, the current node 

may have resulted from two different nodes, one of which is its current parent node and 

the other is another node in a different section of the branching tree. The RSI approach 

investigates into finding such a case, and if so, the current node is terminated and the tree 

expands from the other parent identified.   

 

4.2.1 Enumeration Scheme and Branching Procedure 

Having  groups, a classical but successful branching mechanism to solve many of 

the optimization problems is assigning the first position in the sequence to a particular 

group resulting in  different sub problems (each sub problem has only one assigned 

group so far). To get the next level of the tree, the branching is applied by fixing the 

board group assigned to the first position and then partitioning ( 1) sub problems by 

assigning the rest of the ( 1) board groups to the second position and so on.  This 

branching structure has been known to be effective in developing tight lower bounds and 

dominance properties (Pinedo (2008) and Baker and Trietsch (2009)), but it cannot be 
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exploited for the problem in this phase. The reason is that it fails to provide a complete 

sequence of board groups at each node and makes it impossible to evaluate the total CSD 

setup time. Consider there are  groups as , , … . , . By arranging the groups based 

on ascending order of their indices, the initial solution of the B&B algorithm can be 

constructed as , , … . ,  (see Figure 4.1). A feasible branch is defined as 

exchanging the position of two board groups in the sequence ensuring the board group 

with the lower position has the greater index. For clarification, suppose the current node 

considered for branching contains the solution , , …,	 , … , , … , . Then, 

a feasible branch can be obtained by exchanging	 	and  in  where 	 	  resulting 

in the new sequence in the child node of the form , , … , , … , , … , . It can be 

shown that this enumeration structure generates all of the ! different permutations 

(combinations) of the  board groups and it stops at every final node with the solution 

, , … . ,  in which all of board groups are arranged based on descending order of 

their indices.    

  

 

Figure 4.1. The Branch-and-Bound Enumeration Structure 
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The node having the sequence , , … . ,  is the final node of the tree in the 

lowest level since no more solution can be obtained from this node by performing further 

feasible exchanges. The reason is all of the groups in the right of a particular group have 

smaller indices and cannot be exchanged with this group implying no exchange for any 

group. A theorem below is provided to show that the current enumeration mechanism can 

generate all of the possible ! different solutions. A graphical display of the branching 

structure is also provided in Figure 4.1. 

 

Theorem 4.1. Every possible solution to this problem will be enumerated by performing 

a finite number of feasible branches.  

 

Proof: Since the search initiates from the sequence , , … . , , to show that the 

presented enumeration structure enumerates all of the possible permutations of board 

groups, it is sufficient to show that every possible solution is attainable from the sequence 

	by performing a finite number of feasible exchanges or branches. Equivalently, by 

starting from an arbitrary solution and moving back toward the beginning, we will reach 

 by performing a set of infeasible exchanges. Consider an arbitrary sequence like 

, , … , ,  where  is assigned to the last position. Here we assume two cases, 

either  or 	 	 . Since we just apply infeasible exchanges to reach  from , in 

the case ,  will be fixed in its current position or the th position and will not be 

infeasibly exchanged. If 	 	 , so the current group which is already assigned to the th 

slot (position) or  has a smaller index than  (because  has the largest index) and 

also  is in a slot between the first and ( 1)th slot. Consequently by performing an 

infeasible exchange,  will be assigned to the th slot. Now in the resulting sequence, 

consider the group which is already in the ( 1)th slot. If this group is equal to , 

nothing is to be proved, otherwise  which is already in one of the 1st to the ( 2)th 

slots will be infeasibly exchanged with the group in the ( 1)th slot and the result is the 
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sequence in which  and  are respectively assigned to the ( 1)th and th slots. 

By doing so, , , … will be assigned to the ( 2)th, ( 3)th, … slots until we 

perform the last exchange which results in assigning  to the first slot. The sequence 

which is eventually obtained after performing the last exchange is . Also, it is observed 

here that the total number of infeasible exchanges needed in this process is at most 

( 1) exchanges (because by performing the last exchange (if needed), both the  and 

 are exchanged) and it is a finite value. □  

 

There is the possibility for the considered branching mechanism to duplicate a 

particular node and it lessens the efficiency of the algorithm as a result of branching from 

the repeated nodes. However, duplicating solutions for a B&B algorithm is typical among 

the research focusing on B&B algorithm development (see Jozefowska (2007), Zhang 

(1999), Zhou and Hansen (2006), Patil and Banerjee (1990) and Narzisi and Mishra 

(2011)). To show this possibility, consider the initial sequence , , ,  in 

Figure 4.1. Two possible sub problems that can be immediately generated from S1 are the 

sequences , , ,  by exchanging  and  and , , ,  by 

exchanging  and . Continuing branching from , we can obtain , , ,  

by exchanging  and  in  and then , , ,  by exchanging  and  in 

. Notice that  and  are identical sequences, although they are obtained by different 

branches. 

Typically, in research proposing B&B approaches, a lower-bounding method is 

developed to terminate the nodes whose lower bound values are greater than the best-

found objective function value so far. These nodes are fathomed since further branching 

from them will not yield a solution with better objective function value than the best one 

identified so far. However, according to the best of our findings, among the B&B 

research proposing an enumeration structure with node duplication, it is for the first time 

that an approach capable of identifying repetitive solutions is proposed. In other words, 



56 
 

the lower bound developed together with the RSI method not only cuts off the nodes with 

non-promising objective function, but it can also identify and eliminate the nodes in the 

solution space that can potentially be duplicated.  

The B&B algorithm reported in this paper has the depth-first searching structure. It 

continually branches until it stops at a final node then it turns back to the higher non-

enumerated nodes in the undiscovered parts of the branching tree. Therefore, duplication 

for a solution can be observed when there has been another parent for it identified in the 

top levels of the branching tree; otherwise it would not be recognized as duplicated.  

 

4.2.2. Lower Bound 

The lower bound developed in this section enables the B&B algorithm to disregard 

the unnecessary explorations as a result of performing extra branches which may not 

result in a solution with the  better than best one found so far. Thus, the lower bound 

examines if it is worth to continue extra branching from the current node or not. Consider 

solution  of the following form which will be investigated by the lower bound to be 

further branched or fathomed.  

	 	 , , … . , , , … , , , … , , 	

 

 

 

Two parts in the sequence  are considered with regard to the fact that some of the 

groups cannot be further exchanged in all the children that result from . Let Fixed Part 

	 , , … . , 	∪ 	 , … , ,  be an aggregate of those board groups which are 

fixed and will not be moved to other positions by further exchanges. Also, Moving Part 

	 , … ,  is defined to include those board groups which can be swapped between 

different positions by future exchanges. Thus, the Fixed Part includes those groups 

arranged in descending order of their indices and located at the end or at the beginning of 

 board  groups 
arranged in 
descending order 

non arranged  

( – –  
board groups 

 board groups 
arranged in 
descending order 
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the schedule. The Moving Part contains the groups in the middle of the sequence without 

any specific arrangement. Since the groups in the Fixed Part are in descending order and 

no group can be feasibly exchanged with another group in this part, the groups of this 

part will be fixed in their positions in all the children sequences resulting from . 

However since there is no specific order for the groups in the Moving Part, they can be 

feasibly exchanged in the children that further result from . The lower bound developed 

in this research is essentially based on identifying the qualified board groups (competitor 

candidates) among the groups in the Moving Part that can be potentially assigned to a 

particular slot in the Moving Part and then selecting the most eligible one for that slot. 

After finding the candidates for each slot in the Moving Part, the most eligible one for 

each slot is selected based on evaluating the sum of the minimum CSD setup time for 

transferring to the next board group, the delay in kitting time and the run time. Since 

different slots may have similar candidates, a candidate may become eligible for inserting 

it into different slots. Therefore, in the sequence generated, there may be the same group 

in more than one slot in the Moving Part which makes the sequence infeasible. However, 

the  obtained would be the minimum among all of the children that result from  

and can be regarded as a lower bound on the children of . The Fixed Part in the 

sequence  contains the first  and the last  board groups and the Moving Part contains 

the rest of the  board groups of . Another sequence like  is constructed by 

transferring the groups in the Fixed Part of  to the same positions (slots) of . The 

middle part of  is made by selecting the most eligible groups for each of the slots from 

the groups in the Moving Part of . Consider  in the Moving Part of the sequence  and 

in the position . The interest here is to find the candidates that have the possibility 

of being assigned to  when additional exchanges take place in the future. To do so, 

suppose  be the group with the minimum index among the groups in the Moving Part 

of  located before  with indices less than . When further exchanges take place, 

those board groups whose indices are between  and  and those board groups with 
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indices greater than  and located after  have the chance of being inserted in  

by future exchanges. If there is a board group  before  where , then this 

group can be inserted in  whenever there is another group after  with index 

greater than . In the case there is no board group before  in the Moving Part with 

the index smaller than , those board groups whose indices are greater than  and located 

after  can be inserted in . After identifying the candidates of a particular slot in 

the Moving Part, the CSD setup time as well as the respective delay in kitting time for 

each candidate board group, if it were to be inserted in that slot, is calculated. Among the 

candidates identified, the most eligible group that can be successfully assigned to that slot 

is the group with the minimum sum of CSD setup time for inserting into that slot plus the 

respective delay in kitting time plus run time. The rest of the slots in the Moving Part of 

 are accordingly filled. The makespan of  is the lower bound for the makespan of all 

of the respective children from . Should this lower bound fathom a large number of 

nodes (solutions), there ought to be a large number of groups in the Moving Part, 

enabling the lower bound to evaluate so many possibilities which also makes it a tight 

lower bound.   

 

4.2.2.1. Lower Bound Complexity 

In the worst case, the Moving Part of  has  groups implying that none of the 

groups are arranged in descending order of their indices (the Fixed Part is empty). Since 

groups in this part are non-arranged, each of them can be a potential candidate for each of 

the slots. Considering that the lower bound is iteratively constructed by adding board 

groups one by one, the total number of comparisons to select the most eligible group to 

each of the slots is at most ⋯  which implies the complexity of the 

lower bound evaluation in each of the nodes is of the order . However, the actual  

implementation of the lower bound reveals the time requirement of 0.0001 second in each 

node which is almost negligible.    
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4.2.3 RSI Approach 

In this section an approach is provided to identify nodes that can be potentially 

duplicated from different parents. It checks the possibility for a node to have different 

parents (at least one other than its current parent) among those solutions already 

enumerated without any connection with this node. If such a solution is found, the search 

is stopped at this child node and the branching tree is allowed to be expanded from 

another potential parent. The position degree of  shown by  is referred to the number 

of board groups in the sequence assigned before  and their indices are less than . A 

value named child degree and defined as ∑  is assigned to each solution obtained at 

each node enabling to decide whether or not a node can have a different parent.  

Therefore, the position degree of , , ,  and  in the sequence , , ,  

are respectively 0, 0, 0, 2 and 0. Then, the child degree of  is evaluated as 2. We imply 

Child as the current node and SParent is another node that can be a potential parent of 

Child. Two conditions for SParent to be another parent of Child are proposed and proved 

in the following theorem.  

 

Theorem 4.2. SParent is another parent of Child if and only if  

First Condition: child degree of SParent ≥ child degree of Child 

Second Condition: For every board group , if (SParent)  (Child) then there must 

be a board group in SParent, whose index is larger than  and located in a position 

greater than or equal to (Child). In the case when (SParent)  (Child), then there 

must be a board group in SParent, whose index is smaller than  and located in a 

position less than or equal to  (Child).   

 

Proof:  In the proof below we show that if SParent is a parent of Child, then both 

conditions are held. Conversely, if both the conditions are held then SParent is a parent 

of Child.  
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Assume SParent , , … . , , … , , … , , and Child1 , , … ., 

, … , , … ,  where  and Child1 is obtained by interchanging  and  in 

SParent. Assume that there are  board groups between  and  in SParent whose 

indices are less than  and  board groups between  and  in Child1 whose indices are 

less than . Because , the number of groups between  and 	in Child1 whose 

indices are less than  is smaller or at most equal to  which implies . Let  and 

, and ′  and ′  be respectively the position degrees of  and  in SParent and 

Child1, thus ′ 1	and ′ 	 . This implies ′ ′

1 . Since , we have ′ ′ . Thus the child degree of Child1 

is less than the child degree of SParent. Accordingly, Child2 which will be the child of 

Child1 will have a smaller child degree. Since SParent is a parent of Child, a finite 

number of interchanges (suppose  times) would require to reach Child from SParent 

which implies that the child degree of SParent ≥ the child degree of Child1 ≥ the child 

degree of Child2 ≥ … ≥ the child degree of Childh = Child.  

Consider the case when 	(SParent)	 	 	(Child), and there is no such board group 

in SParent, which is located in a position greater than or equal to  (Child) and its index 

is larger than . This implies the board groups which are located after  (Child) position 

in the schedule SParent have smaller indices than . Thus in order to locate  in 

	(Child) or one of the positions after 	(Child) position in the schedule SParent, we 

must exchange  with those board groups whose indices are smaller than . 

Consequently, this yields an infeasible exchange which violates the feasibility condition. 

Similarly, we have the same reasoning when 	(SParent)	 	(Child).    

The converse relation can be proven by assuming that if both the conditions are held, 

then SParent is a parent of Child. Suppose SParent is not a parent of Child, then there is 

no way to obtain Child from SParent by feasible exchanges. In other words, we have to 

perform at least one infeasible exchange in order to get Child from SParent. Assume this 

exchange as moving  to the right of the sequence in one of the nodes between SParent 
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and Child, where  (SParent)  	(Child). Since this exchange is an infeasible 

exchange, there is no board group in SParent whose index is larger than  and located 

after 	(Child), and it violates the main supposed conditions. A similar reasoning can be 

given when  (SParent) ≥  (Child). □  

 

4.2.3.1. RSI Approach Complexity 

By considering that in the worst case all groups are arranged in the ascending order of 

their indices, the total number of comparisons that would be needed to calculate the child 

degree of this sequence would be 1 2 ⋯ 1 1 /2. On the 

other hand, 1 number of comparisons would be required to check the first case 

of the second condition of the Theorem 4.2. Also, the second case of the second condition 

in this theorem would require  number of comparisons. Consequently, the most number 

of comparisons for a group to check both the cases in this condition would be 

1 1 and so the most number of comparisons for all the groups would be 

1 . Accordingly, the complexity of the RSI approach to check the 

child-parent relationship (checking both the conditions in the Theorem 4.2) between any 

two nodes is of order of . However, the actual implementation of the RSI approach 

reveals the time requirement of only 0.0001 second to perform this approach to compare 

any two nodes.   

 

4.2.4. Representative Example 

In this section two representative examples are provided to demonstrate the 

application of the lower bound and the RSI approach.  

 

4.2.4.1 Example on the Application of the Lower Bound  

The example in this section considers a single machine problem with 10 feeders on 

the machine and 10 board groups. Table 4.1 provides the run times and kitting times 

required by each board group on the machine. The run time of a board group is supposed 
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to be the cumulative time to process all components on all boards in the board group. The 

average setup time per feeder to change a component with a new one on a feeder is 

assumed to be 2 seconds in this example. It is mentioned again that because of the type of 

objective function or minimizing makespan and also since there is no setup operation 

between any two boards in a group, the focus is on arranging groups and not boards. 

Therefore, the components required by all boards in a group are demonstrated as the 

components required by their representative or the board group. The components required 

by each group along with the use of machine feeders are given in Table 4.2.  

 

Table 4.1. Run Times and Kitting Times of the Board Groups 

Groups           

Run Time (sec.) 37 45 9 11 18 23 4 10 27 19 

Kitting Time (sec.) 12 5 12 7 11 12 5 12 6 22 

Average Setup Time 
per Feeder (sec.) 

2 

  

Consider sequence , , , , , , , , ,  which will be used to 

demonstrate the fathoming operation performed by the lower bound. As it can be 

observed in this sequence, initially the board groups with the three largest indices are 

assigned to the first three slots and the two groups with the two smallest indices are 

assigned to the last two slots in descending order. The Fixed Part of  is , , ∪

,  and its Moving Part is , , , , . Table 4.3 displays a constructive 

effort to find a lower bound on the  of all nodes resulting from  (all times are in 

seconds). The lower bound sequence continuously gets completed in each row of this 

table as a result of assigning the most eligible board group to a slot by starting initially 

from the first slot. The partial sequence of board groups is updated continuously in the 

first column of this table by assigning the most eligible group to the current slot. The 

CSD setup is initially evaluated as the number of feeder exchanges required to transfer 
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from the reference group to the first group assigned to the first slot. The second column 

shows the current slot or position which will take the most eligible groups among all of 

its potential candidates.  

 

Table 4.2. Configuration Required per Board Group and Average Setup Time per Feeder 

Ref 
Config 

Feeder 
Component Configuration Required per Board Group 

          

C-07 1 C-14 C-12 C-12   C-17  C-11 C-11 C-11 

 2   C-24 C-03 C-33  C-02 C-21   

C-05 3 C-05  C-22  C-02  C-24  C-01 C-40 

 4 C-12 C-12 C-38 C-38  C-06 C-06 C-26  C-39 

 5 C-24   C-04 C-04 C-04 C-39  C-20 C-40 

C-31 6 C-31 C-03 C-32  C-03   C-02  C-39 

C-25 7 C-04 C-04  C-36 C-28 C-28 C-28 C-17   

 8        C-09 C-09 C-23 

 9  C-09 C-09 C-21 C-21  C-31  C-28  

C-07 10 C-07     C-15 C-15 C-15 C-15 C-35 

 

The possible candidates of the current slot are provided in the third column. CSD 

setup time, run time and the delay in kitting time obtained by assigning the respective 

candidate board group to the current slot are displayed in the fourth to sixth columns. The 

summation of the CSD setup time plus run time plus the delay in kitting time is shown in 

the CRD column with regard to the assignment of the associated board group. The last 

column shows the reference configuration, which is updated by assigning the eligible 

board group to the current slot. The dash lines in the reference configuration mean no 

component has been assigned to the associated feeder so far. 
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Table 4.3. Display of the Procedure Used in the Lower Bound 

Sub Sequence of Board Groups Pos No
Candidate 

Groups 
CSD 

Run 
Time 

Delay in 
Kitting 
Time 

CRD 
Eligible 
Group

Updated Reference Configuration 

- 1  14 19 22 55  11 – 40 39 40 39 25 23 – 35
 

 2  10 27 - 37  11 – 01 39 20 39 25 09 28 15
 

 3  8 10 - 18  11 21 01 26 20 02 17 09 28 15
 

 4 

 12 9 2 23 

 11 02 24 06 39 02 28 09 31 15

 

 10 11 - 21 

 12 18 1 31 

 8 23 2 33 

 12 4 - 16 

 5 

 12 9 8 29 

 11 02 24 06 39 02 28 09 31 15
 

 10 11 3 24 

 10 18 7 35 

 4 23 8 35 

 - 4 - 4 

	 6 

 12 9 8 29 

 11 03 24 38 04 02 36 09 21 15
  10 11 3 24 

 10 18 7 35 

 4 23 8 35 

	 7 

 10 9 1 20 

 11 03 24 38 04 02 36 09 21 15
  - 11 - 11 

 8 18 - 26 

 6 23 1 30 

8 
 10 9 1 20 

 11 03 24 38 04 02 36 09 21 15
 

 - 11 - 11 

9  10 45 - 55  12 03 24 12 04 03 04 09 09 15
 

10  10 37 - 47  14 03 05 12 24 31 04 09 09 07
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4.2.5 Branch-and-Bound Algorithm in its Entirety 

Previous sections provided analytical information on the B&B development and the 

algorithm structure and the mechanisms based on the lower bound and the RSI approach 

work. Although the details provided may be adequate enough to have a good 

understanding of the logic of the algorithm, it may still be unclear for the readers how the 

branching tree expands or when new nodes are enumerated, when the lower bound and 

RSI approach are applied and how the optimal makespan is calculated.  The objective in 

this section is to graphically demonstrate the entire structure of the search and its 

functionality to visualize the collaboration between the lower bound, RSI approach and 

other parts of the algorithm. Figure 4.2 presents a flowchart showing the steps of the 

algorithm. Each step is labeled by a number next to it accompanied by the respective 

explanation. 
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Figure 4.2. The Representation of 

the B&B Algorithm in a Flowchart 

Yes

Have board 
groups been 
arranged in 

LTS? 

Start 

Perform a new feasible 
interchange and call the 

sequence S
new

 

Terminate the algorithm 

Go to the next child 
which can generate new 
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Have nodes of 
the tree been 
all fathomed?

Perform the RSI 
approach 

Does an 
unfathomed 
parent exist? 

Fathom  Snew 

Apply the lower bound 
Can Snew be 
fathomed? 

Cmax(Snew) 
< Cmax(Sopt) ?

 
Cmax(Sopt) = Cmax(Snew) 
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1- The algorithm starts. 

2- All board groups are arranged in the 
shortest to longest subscripts (STL) 
order. 

3- A feasible interchange is performed 
and the resulted sequence is called 
S

new. 

4- It is checked if all board groups are 
arranged in the longest to smallest 
subscripts (LTS) order.  

5- It is checked whether all nodes of the 
tree are fathomed and no more 
branching is required. 

6- Branching continues from the 
nearest child which has the 
possibility for performing new 
branches. 

7- The RSI approach is performed to 
the current solution.  

8- It is checked whether another 
unfathomed parent exists for the 
current node. 

9- The current node is fathomed.  

10- If the current node is not fathomed 
by the RSI approach, the lower 
bound is performed on it.  

11- It is checked whether the current 
node can be fathomed by the lower 
bound.  

12- The makespan of the current solution 
and the best-found solution so far are 
compared. 

13- The makespan of the best-found 
solution so far is updated to the 
makespan of the current node. 

14- The algorithm is terminated. 

A



67 
 

5. MATHEATICAL PROGRAMMING MODELS 

 

In this chapter three mixed-integer linear programing (MILP) mathematical models 

are developed to formulate the multi-machine flow shop group scheduling problem 

considered in Phase 2 of this research. The models are classified into two frameworks 

differentiated based on the formulation to evaluate the CSD setup times. With respect to 

the first framework, the whole possible sequences of board groups (the ! possibilities of 

arranging the  groups) are introduced into the model by means of using ! binary 

variables and the decision of selecting a particular sequence is represented by letting its 

associated variable to be 1. Accordingly, by knowing that which of the sequences is 

selected, the CSD setup time for each of the groups in the selected sequence can be 

individually introduced to the model. The idea of considering the ! binary variables in 

the model may not be of much benefit or even practically possible when large problems 

with a large number of binary variables are to be solved. Therefore, this model is 

modified to develop another model yet under the framework in which there are ! 

variables but not binary this time. Although the ! variables are no longer binary in this 

modified model, the model is still complex to be solved with a large number of variables 

even with real values, and makes it impossible to tackle problems of large sizes. Thus, 

another framework is investigated in which the setup time for each of the groups is 

evaluated based on their precedence relations in the sequence. In other words, a variable 

is introduced to act as the list (see the representative example given in Section 3.1 to get 

insight of the list idea) incorporating the types of components assigned to the feeders. By 

doing so, the component requirements on the feeder are continuously transferred 

throughout the sequence and are updated whenever a new group is assigned to a slot. One 

important property of this model is that it does not need to show the appearance or the 

lack of a component on a feeder as a binary variable as it is proposed in Gelogullari and 

Logendran (2010) and it is the type of component assigned to a feeder as a real variable. 

So a huge reduction in the number of binary variables and constraints can be expected.  
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5.1. MILP1 

In this section, the first model or MILP1 is presented in which all of the possible 

sequences of the groups are considered and the decision regarding to them selected or not 

is reflected using a binary variable. For a given sequence, the setup time required of each 

of the groups is independently calculated and is provided in the model. Therefore should 

a sequence be selected, the exact setup times required of the groups in the sequence can 

be captured by the model. The model also ensures that boards inside a group are all kitted 

and processed one after the other. With respect to the MILP1 formulation, it is not clear 

which group is assigned to which slot a priori in the optimal sequence. Therefore, the 

number of boards in a group assigned to a slot cannot be determined since the groups 

may have different number of boards. To tackle this issue, dummy boards are introduced 

to the groups with smaller number of boards to equalize the number of boards in each 

group equal to the largest number of boards in a group among all the groups. Since 

dummy boards are virtually introduced into the model, their run times and kitting times 

are assumed to be a large negative value.   

 

Indices and parameters:  

Number of groups 

Number of boards in group  

Number of machines 

Maximum number of boards in a group, 	max	 	 ,…,  

1,…,	  board groups 

1,…,	  machines 

1,…,	  boards 

1,…,	  slots where  

A very large positive number 

 

 = 

 = 

 = 

 = 

 = 

 = 

 = 

 = 

 = 



69 
 

We take advantage of the following parameters given in Gelogullari (2005): 

Set of all possible partial group sequences including exactly j groups 

excluding the reference group, , which is denoted by group 0. Each partial 

group sequence begins with the reference group. 

A partial group sequence with exactly  groups, excluding group 0.  

The partial group sequence constructed by attaching group  to the end of 

partial sequence . 

The partial sequence composed of first  groups of the partial group sequence 

, in the same order. 

 group of partial sequence . 

The set of groups in the partial sequence . 

 

Also there are the following parameters which we propose to develop our model: 

Run time of board  of board group  on machine	 , ∀ ; 	 ; .	 , ,  is  

for dummy boards. 

Kitting time of board  of board group  on machine	 , ∀ ; ; . , ,  is 

 for dummy boards. 

∑ , , 		 , total run time of board group  on machine , ∀ ; . 

∑ , , 		 , total kitting time of board group  on machine , ∀ ; . 

Due date of board  in group , ∀ ; . 

Setup time required to transfer to board group  after the partial sequence  

on machine  is completed, ∈ Π , 1, … , 1, ∀ ; . 

The weight assigned to objective	 , where ∑ 1 , ∀ 	1, 2.  

 if board  of group  is a real board; 0 otherwise, ∀ ; . 

The weight of board  in group , ∀ ; . 

 

Π  = 

 = 

⊕  = 

/  =

 =

 = 

, ,  = 

, ,  = 

,  = 

,  = 

,  = 

, ,  = 

 = 

,  = 

,  = 
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Decision Variables:  

1 if board group  is assigned to slot ; 0 otherwise ∀ ; . 

1 if board  follows board  in a group which is assigned to slot ;  

0 otherwise, ∀ ; ; ; 	 . 

Completion time of the board group assigned to slot  on machine ,	∀ ; . 

Completion time of board  of the group assigned to slot  on 

machine	 ,∀ ; ; . 

Finish kitting time of board  of the group assigned to slot  on machine , 

∀ ; ; . 

Carryover sequence dependent setup time which is required to assign a board 

group to slot  on machine , ∀ ; . 

Start kitting time of the group which is assigned to slot  on machine , ∀ ; . 

Finish kitting time of the group assigned to slot  on machine , ∀ ; . 

Tardiness of board  of the group assigned to slot  on machine , ∀ ; . 

The weighted flow time of board  of group  when it is assigned to slot  

on machine ; 0 otherwise, ∀ ; ; ; . 

The weighted tardiness of board  of group  when it is assigned to slot ;  

0 otherwise,	∀ ; ; . 

1 if group sequence is identified to be ∈ ; 0 otherwise.   

 

MILP1 Model: 

∗ Min	 	 , , , , ,  (5.1.1)

subject to 

∈

1  (5.1.2)

,  = 

, ,  = 

,  = 

, ,  = 

, ,  = 

,  = 

,  = 

,  =

,  =

, , , = 

, ,  = 

 = 
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,

∈

 
∀ ;  (5.1.3)

, max	 , , , , , , ,  ∀ ; ; , 0 (5.1.4)

, , max	 , , , , , , ,  
∀ ; ; ; , 0 
 

(5.1.5)

, , , , , , ,  ∀ ; ;  (5.1.6)

, 		 , ,,…,
max  ∀ ;  (5.1.7)

, , , , , , , , ,  ∀ ; ; ; ;  (5.1.8)

, , , , , , , , , 1  ∀ ; ; ; ;  (5.1.9)

, , ,

∈
\ ⊕∉

∈

 
∀ ;  (5.1.10)

, , 	 , ,  
∀ ; ; , 	0 

, 0 
(5.1.11)

, , , ,  ∀ ;  (5.1.12)

, , , , , , , , ,  ∀ ; ; ; ; 	 (5.1.13)

, , , , , , , , , 1  ∀ ; ; ; ;  (5.1.14)

, , 	 , , , ,  ∀ ; ;  (5.1.15)

, , ,   ∀ ; ;  (5.1.16)
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, , , , 	 ∀ ; ;  (5.1.17)

, 0 ∀ ;  (5.1.18)

, , , , , 		 ∀ ;  (5.1.19)

, , , , , , , , , 1  ∀ ; ; ; 		 (5.1.20)

, , , , 1 , , , , ,  ∀ ; ; ;  (5.1.21)

, , , , , 1  ∀ ; ;  (5.1.22)

, , , 1 , ,  ∀ ; ;  (5.1.23)

, ∈ 0	, 1 	 ∀ ;  (5.1.24)

, , ∈ 0	, 1  ∀ ; ; ;  (5.1.25)

∈ 0,1  ∈ Π  (5.1.26)

 

The weighted objective function is shown in (5.1.1). A complete group sequence is 

identified in constraint (5.1.2). Constraint set (5.1.3) ensures that each board group is 

assigned to exactly one slot and this assignment is consistent with the sequence selected. 

Constraint (5.1.4) sequences board groups on each machine by ensuring that the 

completion time of the current board group is at least equal to the maximum of the 

completion time of the preceding group and the finish kitting time of the current group on 

the same machine plus the setup time required of the current board group and the entire 

run time of the current board group. The completion time of an individual board is at 

least the maximum of the completion time of the preceding group and the finish kitting 

time of the current group on the same machine plus the setup time required of the current 

group and the run time of the individual board and is ensured by constraint set (5.1.5). A 

board starts its processing on a machine only after it is completed on the previous 

machine and it is ensured by constraint set (5.1.6). Using constraint (5.1.7), the 
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completion time of a board group is set to the completion time of the board that is 

processed last in that group, equivalently this constraint finds the maximum completion 

time of all boards within a group. Constraints (5.1.8) and (5.1.9) arrange boards within a 

group by ensuring that the difference between the completion times of two consecutive 

boards is at least equal to the run time (assembly time) of the board scheduled later. 

Constraint (5.1.10) evaluates the appropriate CSD setup times, depending on the 

complete group sequence identified. It states that the setup time required before each slot 

on each machine should be the one corresponding to the optimal group sequence. The 

start kitting time of the next board group should be at a time after the start assembly time 

of the current group and is ensured by constraint (5.1.11). Constraint (5.1.12) enforces 

that the difference between start and finish kitting time of a group is equal to the needed 

kitting time of that group. Constraint sets (5.1.13) and (5.1.14) ensure that the difference 

between the finish kitting times of two boards is at least the kitting time of the board 

scheduled to be kitted later. Constraint set (5.1.15) ensures that the finish kitting time of 

an individual board type is at least the start kitting time of its board group on the same 

machine plus the kitting time required of the individual board type. Constraint (5.1.16) 

assumes that the finish kitting time of a board group is larger than the finish kitting of the 

boards it contains. The run time of a dummy board is defined to a large negative value. 

Since the flow time of a board in the objective function is defined to be the difference 

between its completion time and finish kitting time, a large negative run time can make 

the completion time a large negative value and therefore since the objective function is 

minimization, it decreases infinitely. However, constraints (5.1.5), (5.1.6), (5.1.8) and 

(5.1.9) ensure the completion time of a dummy board be evaluated as 0 or equivalently a 

dummy board is eliminated from the objective function. In other words, existence of a 

very large negative value in these constraints makes them non-binding and since the 

objective function is minimization, the completion time of dummy boards automatically 

gets a 0. On the other hand, there seems to be a similar scenario for the finish kitting 

times of the dummy boards. We need to be mindful of the fact that the sign of finish 
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kitting times in the objective function is negative. Thus, even when the constraints 

(5.1.13), (5.1.14) and (5.1.15) become non-binding for dummy boards, the negative sign 

of the finish kitting times in the objective function and the interest on minimizing would 

let the finish kitting times of dummy boards increase infinitely. Accordingly, constraint 

(5.1.17) is added to limit the finish kitting times of dummy boards to 0 and, as a result 

eliminating them from the objective function. Constraints (5.1.18) and (5.1.19) evaluate 

the tardiness of board  of group  which is assigned to slot  on machine  as the 

maximum of ( , , , ) and 0. It is not clear to which slot a particular board group is 

going to be assigned until after the model is solved and it implies that the weight 

associated with a board must be paired with the slot to which the group containing that 

board type is assigned. Essentially it implies that the flow time and tardiness values of 

boards should be matched with the associated weights. Accordingly, Constraints (5.1.20) 

and (5.1.21) are added to jointly ensure that the evaluation of weighted flow times for 

board types of groups is correctly considered. Similarly, constraints (5.1.22) and (5.1.23) 

evaluate the weighted tardiness of all boards of groups. The integrality of the decision 

variables are defined by the rest of the constraints.  

 

5.2. MILP2 

The mechanism of the MILP1 is based on generation of all possible sequences for 

arranging the groups and incorporating in the model the associated setup time for each of 

the groups with regard to the group-sequence identified. However, selection of the 

sequences is determined by binary variables implying the existence of a large number 

( !) of binary variables in the model when there are a large number of groups and it 

makes solving the model impossible. On the other hand, the uncertainty in not knowing a 

group is assigned to which slot resulted in the use of dummy boards which necessitates 

constraints 5.1.17 and 5.1.20 to 5.1.23 to be included in the model. Accordingly, MILP1 

was reformulated as another model, MILP2, in which the  binary variables representing 

the selection of different sequences are no longer binary. On the other hand, the 



75 
 

information obtained from ,  variable in MILP1, implying the position to which a 

group is assigned, can be used to eliminate the dummy boards and, as a result, (eliminate) 

constraints 5.1.17 and 5.1.20 to 5.1.23. Therefore, MILP2 as a much smaller model will 

have less number of binary variables and will be more efficient. 

 

Indices and parameters:  

Number of groups 

Number of boards in group  

Number of machines 

1,…,	  board groups 

The  board group 

1,…,	  machines 

1,…,	  slots where  

A very large positive number 

  

We make use of the following parameters, previously used in Gelogullari (2005): 

Set of all possible partial group sequences including exactly j groups 

excluding the reference group, , which is denoted by group 0. Each partial 

group sequence begins with the reference group. 

A partial group sequence with exactly  groups, excluding group 0.  

The partial group sequence constructed by attaching group  to the end of 

partial sequence . 

The partial sequence composed of first  groups of the partial group 

sequence , in the same order. 

 group of partial sequence . 

The set of groups in the partial sequence . 

  

 = 

 = 

 = 

 = 

 = 

 = 

 = 

 = 

Π  = 

 = 

⊕  = 

/  = 

 = 

 = 
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Also there are the following parameters which we propose to develop our model:  

Run time of board  of board group  on machine	 , ∀ , , . 

Kitting time of board  of board group  on machine	 , ∀ , ,  

∑ , , 		 , total run time of board group  on machine , ∀ ; . 

Due date of board  in group , ∀ ; . 

Setup time required to transfer to board group  after the partial sequence  

on machine  is completed, ∈ Π , 1, … , 1, ∀ , . 

The weight assigned to objective	 , where ∑ 1 , ∀  = 1, 2. 

The weight of board  in group , ∀ ; . 

 

Decision Variables:  

1 if board group  is assigned to slot ; 0 otherwise ∀ ; . 

1 if board  follows board  in group ; 0 otherwise, ∀ ; ; ; 	 . 

Completion time of the board group assigned to slot  on machine ,	∀ ; . 

Completion time of board  of group	  on machine	 , ∀ ; ; . 

Finish kitting time of board  of group  on machine , ∀ ; ; . 

Carryover sequence dependent setup time which is required to assign a board 

group to slot  on machine , ∀ ; . 

Finish kitting time of the group assigned to slot  on machine , ∀ ; . 

Tardiness of board  of group  on machine , ∀ ; . 

1 if group sequence is identified to be ∈ . 

 

 

MILP2 Model: 

∗ Min	 	 , , , , , , ,  (5.2.1)

subject to   

, ,  = 

, ,  = 

,  = 

,  = 

, ,  = 

 = 

,  = 

,  = 

, ,  = 

,  = 

, ,  = 

, ,  = 

,  = 

,  =

,  =

 =
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∈

1  (5.2.2)

, 1	 ∀ ; , 0 (5.2.3)

, 1 ∀  (5.2.4)

,

∈

 
∀ ;  (5.2.5)

, max	 , , , , , ,  ∀ ; ; , 0 (5.2.6)

, , max , , , , , , , 1  
∀ ; ; ;  

, 0 
(5.2.7)

, , , , , ,  ∀ ; ;  (5.2.8)

, 	 , , , 1  ∀ ; ; ;  (5.2.9)

, , , , , , , ,  ∀ ; ; ; ;  (5.2.10)

, , , , , , , , 1  ∀ ; ; ; ;   (5.2.11)

, , ,

∈
\ ⊕∉

∈

 ∀ ;  (5.2.12)

, , , , , , , , 1  
∀ ; ; ;  

, 0;  
(5.2.13)

, , , , , , 	 , ,  ∀ ; ; ; ;  (5.2.14)

, , , , , , , , 1  ∀ ; ; ; ;  (5.2.15)

, , , , 1  ∀ ; ; ;  (5.2.16)

, 0	 ∀ ;  (5.2.17)

, , , ,  ∀ ;  (5.2.18)
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, ∈ 0	, 1 	 ∀ ;  (5.2.19)

, , ∈ 0	, 1  ∀ ; ; ;  (5.2.20)

 
The weighted objective function is shown in (5.2.1). A complete group sequence is 

identified in constraint (5.2.2). Constraints (5.2.3) and (5.2.4) respectively ensure each 

slot has only one group and each group is assigned to only one slot. By constraint (5.2.5) 

groups are assigned to slots according to the selected sequence of groups. The completion 

time of the current board group must be at least equal to the maximum of the completion 

time of the preceding group and the finish kitting time of the current group on the same 

machine plus the setup time required of the current group and the entire run time of the 

current group and that is ensured by constraint (5.2.6). Constraint set (5.2.7) ensures that 

the completion time of an individual board is at least the maximum of the completion 

time of the preceding group and the finish kitting time of the current group on the same 

machine plus the setup time required of the current group and the run time of the 

individual board. A board starts its processing on a machine only after it is completed on 

the previous machine and it is ensured by constraint set (5.2.8). Completion time of a 

group must be the completion time of the board processed last which is the maximum 

completion time of all boards within that group and it is found by constraint (5.2.9). 

Constraints (5.2.10) and (5.2.11) arrange boards inside a group by ensuring that the 

difference between the completion times of two consecutive boards is at least equal to the 

run time (assembly time) of the board scheduled later. The appropriate CSD setup times 

is evaluated by constraint (5.2.12), depending on the complete group sequence identified. 

Constraint set (5.2.13) ensures that the finish kitting time of an individual board is at least 

after the time the preceding group starts its assembly plus the kitting time of the 

individual board. Constraint sets (5.2.14) and (5.2.15) ensure that the difference between 

the finish kitting times of two boards is at least the kitting time of the board scheduled to 

be kitted later. Constraint (5.2.16) assumes that the finish kitting time of a board group is 
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larger than the finish kitting of the boards it contains. Constraints (5.2.17) and (5.2.18) 

evaluate the tardiness of the boards on the last machine. The rest of the constraints define 

the integer variables in the model.   

Comparing MILP1 and MILP2 reveals that , , , , ,  and ,  are now replaced 

with , , , , ,  and ,  and now it is clear that which group is assigned to which 

position and it satisfies the need for dummy boards.  On the other hand, the weight 

associated with each board can be easily assigned to , , , , ,  and ,  indicating that 

there is no more need for the constraints 5.1.20 to 5.1.23 and the variables DX and DT. 

There are also more improvements in the model as a result of the new formulation by 

removing the SKT variable and removing constraints 5.1.11, 5.1.12 and 5.1.15.  

 

5.3. MILP3  

Both the models MILP1 and MILP2 have !  variables associated with different 

group combinations. However, solving and even developing the codes of these models 

with this many variables is impossible or practically very challenging when problem size 

gets larger. On the other hand, formulating the idea of CSD setup time is very complex 

since the setup time evaluation for each slot necessitates having the information of the 

type of previously scheduled groups and their different combinations. An idea to 

formulate this setup time if not using all the group sequences (  variables) would be 

using the information of the components that remain on the feeders after assigning a new 

group to a slot. In other words, the information about the components on the feeders 

would uncover the number of setup changes that must be performed when transferring to 

a new group. A model in Gelogullari and Logendran (2010) is provided in which the 

CSD setup time using the component-feeder information is formulated. However in this 

model, the appearance or the lack of a component on a feeder is represented using a 

binary variable in the model. With respect to the large number of components and 

feeders, a huge number of binary variables exist as a result of different possibilities for 



80 
 

assigning a component on the feeders. On the other hand, using this number of 

possibilities in the formulation of different constraints would exceedingly increase the 

number of constraints.   

Unlike the work of Gelogullari and Logendran (2010), in MILP3 the variability of the 

types of components assigned to the feeders is assumed as being variable themselves 

which are real and not binary or integer. Accordingly, a variable value (type of 

component) would be taken from the indices of the variables and from the constraints and 

it is regarded as a huge reduction in the number of variables and constraints because of 

the existence of a large number of component types. Motivated by the interest to 

incorporate the minimum number of binary variables in MILP3, an idea that resulted 

from the minimization type of the objective function helped to technically reduce the 

number of binary variables introduced in the model as much as possible.  

The new form of CSD setup time evaluation represented in MILP3 is much more 

efficient and completely different from the old version. The number of constraints and 

variables required to evaluate the setup time is not only very much smaller than the 

concept given in Gelogullari and Logendran (2010), but it also increases only slightly 

with the increase in the size of the problem.  

 

Indices and parameters:  

Number of groups 

Number of boards in group  

Number of machines 

1,…,	  board groups 

The  board group 

1,…,	  machines 

1,…,	  slots where  

A very large positive number 

 = 

 = 

 = 

 = 

 = 

 = 

 = 

 = 
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Run time of board  of board group  on machine	 , ∀ , , . 

Kitting time of board  of board group  on machine	 , ∀ , ,  

∑ , , 		 , total run time of board group  on machine , ∀ ; . 

Due date of board  in group , ∀ ; . 

Set of indices of all required feeders on machine k, ∀ . 

Type of component required by group  on feeder  on machine , 

∀ ; ; ∈ 	.  

1 if no component is required by group  on feeder  on machine ; 0 

otherwise, ∀ ; ; ∈ 	. 

Average setup time per feeder (in seconds) on machine , ∀ . 

The weight assigned to objective	 , where ∑ 1 , ∀  = 1, 2. 

The weight of board  in group , ∀ ; . 

 

Decision Variables:  

1 if board group  is assigned to slot ; 0 otherwise ∀ ; . 

1 if board  follows board  in group ; 0 otherwise, ∀ ; ; ; 	 . 

Completion time of the board group assigned to slot  on machine ,	∀ ; . 

Completion time of board  of group	  on machine	 , ∀ ; ; . 

Finish kitting time of board  of group  on machine , ∀ ; ; . 

Carryover sequence dependent setup time which is required to assign a board 

group to slot  on machine , ∀ ; . 

Finish kitting time of the group which is assigned to slot  on machine , 

∀ ; . 

Tardiness of board  of group  on machine , ∀ ; . 

Component required by the group assigned to slot  on feeder  on machine 

, ∀ ; ; ∈ 	. Initially, only the components from the reference group 

are on the feeders, i.e., , , , ∀ ; ∈ 	. 

, ,  = 

, ,  = 

,  = 

,  = 

 = 

,  = 

,  = 

 = 

 = 

,  = 

,  = 

, ,  = 

,  = 

, ,  = 

, ,  = 

,  = 

,  =

,  =

,  =
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1 if component requirements on feeder  on machine  for the groups 

assigned to slots  and  – 1 are the same; 0 otherwise, ∀ ; ; ∈ 	.  

1 if a setup is needed on feeder  at slot  on machine ; 0 otherwise, 

∀ ; ; ∈ 	. 

 

MILP3 Model: 

∗ Min	 	 , , , , , , ,  
(5.3.1)

subject to 
 

  

, 1	 ∀ ; , 0 (5.3.2)

, 1 ∀  (5.3.3)

, max	 , , , , , ,  ∀ ; ; , 0 (5.3.4)

, , max , , , , , , , 1  
∀ ; ; ;  

, 0 
(5.3.5)

, , , , , ,  ∀ ; ;  (5.3.6)

, 	 , , , 1  ∀ ; ; ;  (5.3.7)

, , , , , , , ,  ∀ ; ; ; ;  (5.3.8)

, , , , , , , , 1  ∀ ; ; ; ;  (5.3.9)

, , , , , , , , 1  
∀ ; ; ;  

, 0;  
(5.3.10)

, , , , , , 	 , ,  ∀ ; ; ; ;  (5.3.11)

, , , , , , , , 1  ∀ ; ; ; ;  (5.3.12)

, ,   =

,   =
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, , , , 1  ∀ ; ; ;  (5.3.13)

, , , 1 ,  
∀ ; ; ∈  

, ,  
(5.3.14)

, , 1 , ,  
∀ ; ; ∈  

, ,  
(5.3.15)

, , , ,  ∀ ; ; ∈  (5.3.16)

, , , ,  ∀ ; ; ∈  (5.3.17)

, , , , , 1 ∀ ; ; ∈  (5.3.18)

, max , , , , , 1  ∀ ; ; ∈  (5.3.19)

, max , , , , , 1  ∀ ; ; ∈  (5.3.20)

, ,
∈

 ∀ ;  (5.3.21)

, 0	 ∀ ;  (5.3.22)

, , , ,  ∀ ;  (5.3.23)

, ∈ 0	, 1 	 ∀ ;  (5.3.24)

, , ∈ 0	, 1  ∀ ; ; ;  (5.3.25)

, , ∈ 0	, 1  ∀ ; ; ∈  (5.3.26)

 

The weighted objective function is shown in (5.3.1). Constraints (5.3.2) and (5.3.3) 

respectively ensure that each slot has only one group and each group is assigned to only 

one slot. The completion time of the current board group must be at least equal to the 

maximum of the completion time of the preceding group and the finish kitting time of the 

current group on the same machine plus the setup time required of the current group and 
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the entire run time of the current group, and that is ensured by constraint (5.3.4). 

Constraint set (5.3.5) ensures that the completion time of an individual board is at least 

the maximum of the completion time of the preceding group and the finish kitting time of 

the current group on the same machine plus the setup time required of the current group 

and the run time of the individual board. A board starts its processing on a machine only 

after it is completed on the previous machine and it is ensured by constraint set (5.3.6). 

Completion time of a group must be the completion time of the board processed last 

which is the maximum completion time of all boards within that group ensured by 

constraint (5.3.7). Constraints (5.3.8) and (5.3.9) arrange boards within a group by 

ensuring that the difference between the completion times of two consecutive boards is at 

least equal to the run time (assembly time) of the board scheduled later. Constraint set 

(5.3.10) ensures that the finish kitting time of an individual board is at least after the time 

the preceding group starts its assembly plus the kitting time of the individual board. 

Constraint sets (5.3.11) and (5.3.12) ensure that the difference between the finish kitting 

times of two boards is at least the kitting time of the board scheduled to be kitted later. 

Constraint (5.3.13) assumes that the finish kitting time of a board group is larger than the 

finish kitting of the boards it contains. Constraints (5.3.14) to (5.3.17) update the 

component information on the feeders using the information of the previous slot. The list 

showing the types of components on the feeders at each slot is represented by the variable 

,  which is continuously updated whenever a new group is assigned. When constraints 

(5.3.14) and (5.3.15) are binding (equivalently (5.3.16) and (5.3.17) are nonbinding), the 

same component on the same feeder at the previous slot exists on the same feeder at the 

current slot. On the contrary when constraints (5.3.16) and (5.3.17) are binding, the 

component on the same feeder at the previous slot should be exchanged with a new 

component required on the same feeder at the current slot. Constraint (5.3.18) restricts the 

, variable to be 0 or 1. Accordingly, if no component is required on feeder  or the 

same component exists on this feeder at two consecutive slots, ,  would get 0 implying 
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that there is no setup change on this feeder. Constraints (5.3.19) and (5.3.20) decide on 

the value of , , . The setup time for each slot on each machine is captured by 

constraint (5.3.21). The setup time is evaluated in this constraint by multiplying the 

number of required feeder exchanges for each slot by the average setup time per feeder 

required on the machine. If different components are required by the groups assigned to 

the current slot and the previous slot, then the left hand side of one of the constraints 

(5.3.19) and (5.3.20) would be negative denoting that , ,  cannot get 1. However, if 

the same component is assigned to the same feeder at the two slots, the left hand side of 

these constraints would be 0 which implies , ,  be 1 or 0. If , ,  gets 0, ,  in 

(5.3.18) would get 1 which eventually increases the setup time by  units. However, 

because the focus of the objective function is minimization, the setup time is always 

decreased to the minimum value which implies ,  be 0 or constraint (5.3.18) becomes 

nonbinding or , ,  be 1. Constraints (5.3.22) and (5.3.23) evaluate the tardiness of 

boards on the last machine. The rest of the constraints define the integrality of the 

variables in the model. 
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6. MULTI-MACHINE FLOW SHOP PROBLEM-PHASE 2 

 

The problem investigated in Phase 2 of this research is strongly -hard. It means 

that identifying the optimal solution using the optimal solution finding mechanisms is 

practically very challenging or even impossible. This really happens when solving large 

problems with a very large solution space that includes an infinite number of possible 

solutions. Solving a large industry problem necessitates finding good quality solutions 

that can be instantly used to schedule the manufacture of PCBs while paying attention to 

the frequent changes that could occur in the manufacturing environment. It is therefore 

very unlikely for a manufacturer to wait for several days or even weeks to get an optimal 

solution to implement it on the shop floor.  Instead, the manufacturer may be interested 

only in implementing a computationally efficient good quality solution. This solution 

may in fact be a significant improvement over an ad-hoc solution that the manufacturer is 

currently capable of identifying, based on past experiences. Heuristics and metaheuristics 

effectively search the solution space to uncover most of the local optima and 

continuously improve the intended objective function value until they satisfy a stopping 

criterion or reach a maximum allowed time. Therefore, for most of the challenging 

optimization problems, a heuristic approach is employed to investigate the solution space 

and identify a number of local optima in a time much shorter than the time needed to find 

the global optimum. For this research, a novel and very effective yet efficient heuristic 

algorithm named CFIM (Cycle Forward Improving Moves) is developed and two 

versions of it named CFIM1 and CFIM2 are implemented. Of the most successful 

metaheuristic algorithms in solving combinatorial optimization problems, specifically the 

job-scheduling problems, is Tabu Search (TS) algorithm. One algorithm based on the 

idea of TS is also developed in this chapter which will be compared against CFIM1 and 

CFIM2 by solving two and three-machine flow shop problems.    

Most of the heuristic mechanisms are based on examining several different solutions 

in a considerably short time covering a good portion of the solution space. In doing so, 
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several different solutions (combinations of groups and boards within groups in this 

research) are examined according to a given objective function and the best one which 

minimizes (maximizes) the objective function after the heuristic terminates is selected as 

the best-found solution by the algorithm. In many scheduling problems, having a 

sequence of jobs would determine the start and finish times of each operation required of 

all jobs. Essentially when jobs have static arrival times, the finish time of an operation of 

a job in the sequence determines the start of the operation of the next job, on the same 

machine. This would enable algorithmic evaluation of a scheduling objective function for 

these problems. For the problem investigated in this research, it is required that the kitting 

operation of boards be performed at some time in advance before they are assembled on 

flow shop machines to minimize two conflicting objectives. This implies that, boards 

have dynamic start/finish times on flow shop machines. Thus, to find the optimal 

objective function value, finding the best sequence of the jobs is not the ultimate task. In 

other words, the sequence should be appropriately scheduled in time while maintaining 

feasibility and attaining the minimum value of the objective function and it can be fully 

accomplished by any mathematical programing model formulated for the problem. 

Correspondingly, the problem investigated in Phase 2 of this research consists of two sub 

problems: Sequencing and Scheduling. Since the problem investigated in Phase 2 is -

hard, solving large sizes of the problem, which is the ultimate interest of this research, 

using mathematical programing model is impossible due to incumbent practical 

difficulties. Thus, an algorithmic approach that can generate good sequences of the jobs 

and simultaneously schedule the sequences generated (also in an algorithmic fashion) is 

of primary importance. For this purpose, a decision tree-based algorithm to evaluate the 

objective function for a given sequence is developed and integrated with the CFIM and 

TS algorithms. Several properties on the application of the decision tree-based algorithm 

are provided and employed to develop a lower bound, thus enabling the approach to be 

faster and more efficient. In this chapter, first the general idea of the objective function 

evaluation is discussed along with the development of the decision tree-based algorithm 
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to evaluate the objective function of a given sequence. The explanation of the CFIM 

algorithm supported with its pseudo code is also provided. With respect to the 

development of the metaheuristics, a background on TS together with its mechanism’s 

explanations and flow charts are further given.  

 

6.1. Problem Definitions and Objective Function 

Consider that there are  groups and	 -machines in a flow shop. For the natural 

ordering of the groups, , … , , let  be the th ordered group having  

boards,	 1, . . . , . Similarly, for the natural ordering of boards, , ,…, ,  in 

, let ,  be the th ordered board. Each board requires a kitting operation and an 

assembly operation on each of the machines. , ,  and	 , ,  are, respectively, the 

assembly time (run time) and kitting time of ,  on the th machine 1,… , . To 

represent the interests of both the manufacturer and customers, ,  has a weight and 

due date, respectively, denoted by ,  and , .	 , , , , , , , ,  and 

, , , respectively, denote the start kitting, finish kitting, start assembly and finish 

assembly (completion) times of ,  on the th machine. ,  and ,  

respectively denote the total kitting time and total assembly time required by  on 

machine . , , ,  and ,  are, respectively, the finish kitting time, start and 

completion times of assembly of  on the th machine. , ,  is the CSD setup 

time to transfer from  to  on the th machine. Flow time of ,  on the th 

machine is the difference between , ,  and , ,  and is denoted by , , . 

Tardiness of ,  is also defined as the maximum between zero and , , , , 

and is denoted by , . The objective is to find the best sequence of groups and boards 

in each group and also the start/finish times of assembly/kitting operations on the 

machines to minimize the weighted sum of total flow time and total tardiness. The 

mathematical representation of the objective function is: 
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, , , , ,  

, max	 , , , , 0              (6.1.1) 

 
 is the weight assigned to objective , where ∑ 1 , 1, 2. The progression of 

the assembly and kitting operations of ,  and  are shown in Figure 6.1. 

The kitting operation of  is allowed at any time between , ,  and , , . 

If this kitting operation takes so long that it cannot be completely performed within the 

total time of ∑ , , , it would delay the start of , , . Machine , 1 

is denoted by machine  and always receives a board from the previous machine. As a 

result the assembly operation for a machine  is dependent upon the previous machine 

which denotes that , , , 1 is allowed only after , , . Accordingly, the th 

machine may remain idle between , ,  and , ,  (see Figure 6.2). 

 

 

Figure 6.1. Performing Kitting of  and , Respectively, During the Assemblies 

of  and  

 

By a similar reasoning, there might be an idle time between , ,  and 

, , . These idle times between the assemblies of any two consecutive boards, 

either in the same or different groups, extend the idle time of the machine operator during 

which he can perform the kitting operation of the next group (see Figure 6.2). The reason 

, ,, ,

Assembly time 
of ,  to 

,  

, , 	
Assembly time 
of ,  to 

,

 

, ,, ,  , , , ,  MC1 

Completion time 
of  

Completion time 
of  

Completion time 
of  

Kitting operation of  can start 
at any point within this time

Kitting operation of  can 
start at any point within this time 
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is the machine operator remains idle after performing the current group setup operation 

( , , ) until the next time when he must perform the setup operation of the next 

group ( , , ). Thus existing idle times between these two setup operations extends 

the idle time of the machine operator. We show in Property 6.1 that to minimize the bi-

criteria objective function, there should not be any unnecessary idle times between 

operations.  

 

Property 6.1. To minimize the bi-criteria objective function on machine , 1, the 

unnecessary idle times between consecutive operations should be reduced to zero.  

 

Proof: Since , ,  cannot be sooner than , ,  (when 2), the idle time 

between , ,  and , ,  is inevitable. Suppose there is an unnecessary (extra) 

0 units of idle time between , ,  and , , . Then, , ,  and 

, , ,	 1 will increase by  units and ,  will not decrease. On the other 

hand, if unnecessary (extra) 0 units of idle time exists between , ,  and 

, , , then , , , 1  and , , , 1 will increase by  units. 

Thus, , , ,  increases by  units and , , 1  will not decrease. □ 

 

Since the objective function is included with minimizing the total flow time, the idle 

times between the operations have to be minimized. Because , ,  cannot be sooner 

than , , , the idle times are minimized, if the assemblies of boards in  are 

moved toward , , . It would eliminate the gap between the start and finish 

assembly times on machine . Accordingly, the inevitable idle times, only when the 

total flow time criteria is considered, can be eliminated.  This essentially implies that to 

minimize the flow times, not only the assemblies but also the kitting operations should be 

moved toward , , . 
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Figure 6.2. Machine and Operator Idle Times 

 

The feasibility of the schedule made by this assumption is kept because the assembly 

of a board is scheduled after its completion on the previous machine. Should the interest 

be merely on minimizing the flow times, the tardiness values would increase because of 

the delay in finishing boards. To minimize the sum of tardiness, , ,  should be at 

the earliest time immediately after , , . Thus, the bi-criteria objective function is 

minimized when boards start their assembly at the earliest time after their finish assembly 

time on the previous machine and these assemblies should be moved toward the last 

board in order to balance both the objectives and there is no unnecessary idle time. A 

time in advance to start and finish the kitting should be considered while remaining at the 

minimum objective function value. Consequently, the scheduling problem to evaluate the 

objective function for a given sequence of boards and groups is equivalent to find the best 

start/finish times of kitting/assembly of boards to minimize the weighted sum of total 

flow time and total tardiness, which is denoted in this research by “time-scheduling”. The 

time variables in this research are defined to be all integers. Thus, an operation (kitting or 

assembly) may start at any integer time between the integer times  and  while 

 can possibly be large. Thus, an operation can start at a large number of discrete 

points in time between  and . To optimally solve this scheduling problem 

algorithmically, all of the discrete start/finish times for a given sequence of boards/groups 

… 
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have to be tried. Since examination of all of the time values is practically challenging, a 

finite number of time values, eventually resulting in a good value of the objective 

function is examined when time-scheduling using the approach developed in this 

research.  

, ,  on the first machine is immediately right after the , ,  on this 

machine and so the assembly on the first machine is independent from the rest of the 

machines. Thus, there is no inevitable idle time on the first machine and also there is no 

unnecessary idle time on this machine with regard to Property 6.1. Also, using Properties 

6.2 and 6.3 in Section 6.1.1, it can be shown that for a given sequence (generated by an 

algorithm or a heuristic), the optimal time-schedule on the first machine can be 

algorithmically evaluated independently from the rest of the machines. However, because 

machine(s)  is dependent on the previous machine, determination of the optimal time-

schedule on machine(s)  is not optimally possible. Thus, a decision tree algorithm 

which evaluates the objective function heuristically on machine(s)  is developed. This 

algorithm is elaborately developed for a general -machine problem and is practically 

tested for the problems with two and three machines in this research. It is important to 

point out that in a two-machine system, boards on the second machine follow a fixed 

time-schedule on the first machine that can be optimally and algorithmically evaluated. 

This fact is denoted by a unique discrete time-schedule in this research. However, as it 

was mentioned above, there are a large number of time values on the machine(s)  at 

which the assembly and kitting operations of boards can start which is denoted by the 

existence of multiple discrete time-schedules. Thus, the three-machine flow shop problem 

is more challenging since multiple discrete time-schedules on the third machine follow 

the second machine which also has multiple discrete time-schedules and it makes the 

evaluation on the third as well as the second machine exceedingly difficult and very 

different from a two-machine case. 
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6.1.1. First Machine 

In the Properties 6.2 and 6.3 it is shown that for a given sequence on the first machine 

the optimal time-schedule can be algorithmically evaluated. 

 

Property 6.2. If  ,  is less than , 	– 	 , , then the sequence of the boards in 

 with the time-schedule in which , ,  is exactly at ,  dominates the 

same sequence of the boards with the time-schedule in which , ,  is earlier 

than , .       

 

Proof: Consider  and  as two similar sequences of boards within  where 

, ,  is, respectively, at ,  and before , . The contribution of ,  in 

 in the objective function is:  

, , , , ,  

	 , max , , , , 0 											(6.1.1.1) 

 
Consequently the objective function for  under  is calculated as: 

, , , , ,  

																																																								 , max , , , , 0 														(6.1.1.2) 

 
On the other hand, according to the definition given for , there should be a positive 

value (say)  as the difference between , , and ,  (See Figure 6.3). Since the 

assembly operation of every board group starts after the setup operation and, in this case, 

the setup operation starts after the completion time of the previous board group, the  unit 
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decrease in , ,  can affect the flow time on the first machine as , ,

, ,  (See Figure 6.4).  

 

 

Figure 6.3. The Kitting, Setup and Assembly Process for  in Property 6.2 
 

 

 

Figure 6.4. The Kitting, Setup and Assembly Process for  in Property 6.2 
 

 

Thus, the contribution of  in the objective function under  is:  

 
, , , , ,  

, , , , ,  

	 , max , , , , 0 																															(6.1.1.3) 
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or we have: 

 

, , , , , 	 

 	 , max , , , , 0 , 0												(6.1.1.4)  

 
and it is greater than the contribution of  to the objective function under , in other 

words,  dominates . □  

 

Property 6.3. If ,  is larger than , 	– , ,	then the sequence of the boards 

in  with the time-schedule in which , ,  is exactly at , 	dominates the 

same sequence of the boards with the time-schedule in which , ,  is after , .   

 

Proof: Consider  and  as two similar sequences of boards within  where 

, ,  is, respectively, at ,  and after , . The contribution of  in the 

objective function under  is calculated as: 

 

, , , , ,  

	 , max , , , , 0 																					(6.1.1.5) 

 
According to the definition given for , there should be a positive value (say)  as 

the difference between , ,  and , . On the other hand, since the assembly 

operation of every board group starts after the setup operation and the setup operation 

starts after , , , the  unit increase in , ,  does not have any effect on 

the flow time but because it increases , ,  and as a result , , , 2, … , . 

This implies that the tardiness on the last machine would be at least , ,



96 
 

,  (compare Figures 6.5 and 6.6). Thus, the contribution of  to the objective 

function under  is:   

 

, , , , ,  

		 , max , , , , 0 														(6.1.1.6)	
 

or we have: 

 

, , , , , 	 

			 , max , , , , 0 , 	 	0																(6.1.1.7) 

 
and  dominates . □   

 

6.1.2. Machine  

Flow times are minimized if the time difference between the kitting and the assembly 

operations or equivalently the idle times are minimized to the minimum value. Since 

, ,  cannot be sooner than , , , the idle times can be minimized by moving 

the kitting operations toward the assembly operations as much as possible. Consequently, 

, ,  should be immediately before the setup operation (the setup operation is 

itself followed by , , ) and , ,  is preceded by , ,  and 

similarly all the kitting operations follow each other (see Figure 6.2). This complies with 

the idea of performing the kitting operation by the machine operator because he remains 

idle after performing a setup operation until the next setup operation. The idle times and 

as a result the flow times can be decreased more by moving the assemblies and kitting of 

boards toward the assembly of the last board in a group like the discussion provided in 

Section 6.1. However, the focus should be on a balance between the two criteria ensuring 
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that their summation is minimized.  Later in this section, a lower bound will be developed 

to help the decision tree algorithm disregard the unnecessary exploration making the 

algorithm be faster. To develop this lower bound, having the lowest value of flow times 

for a given sequence of boards in a group, for instance,  on machine  is necessary.  

 

 

Figure 6.5. The Kitting, Setup and Assembly Process for  in Property 6.3 
 

 

Figure 6.6. The Kitting, Setup and Assembly Process for  in Property 6.3 
 

To get this value, the relationship between consecutive machines is disregarded and it 

is assumed that all of the boards in  are readily available on machine . However, it 

is not a feasible assumption about flow times but will be used in the development of the 

lower bound. It is shown in Property 6.4 that the lowest value of sum of flow times for 

 on machine  can be obtained when all of the assemblies and kitting are attached 

to each other and there is no idle time between any of them (see Figure 6.7). 
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Figure 6.7. Kitting, Setup and Assembly Operations are Performed Without any Idle 

Time in Between 

 

Property 6.4. The lowest value of ∑ , ,  for the boards of  on machine  is when 

all of the boards on this machine are assembled one after the other without any idle time 

in between preceded by setup operation, which itself is preceded by the kitting operations 

of the boards immediately before the setup and without any idle time in between (Figure 

6.7).  

 

Proof: If there is no idle time between any two consecutive assembly (kitting) operations, 

then , ,  is evaluated as ∑ , , , , ∑ , , , , . 

By inserting -units of idle time between the assemblies or kitting of ,  and , , 

a similar proof as the one given in Property 6.1 can be provided to show that the flow 

time of all or a number of boards in  will increase. □ 

 

6.1.2.1. Objective Function-Decision Tree (OFDT) Algorithm 

An algorithmic approach called OFDT (Objective Function-Decision Tree) is 

developed in this section to evaluate the objective function for a given sequence of boards 

and groups. This algorithm can be integrated with any sequence generating heuristic to 

solve the problem investigated in this research. The parameters/variables for development 

of the OFDT algorithm are given in below: 

 

 

, , , ,, , 	 , , , ,, , 	 , ,… … 

 boards are kitted 
without idle time 

 boards are assembled 
without idle time 
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Indices and parameters:  

Suppose there are 1,… ,7 cases, 1,… ,  next boards and 1,… , , 

 current boards (application of case, next board and current board will be 

provided later in this section). 

 

Variables: 

, , ,  refers to a time-schedule on machine  with , ,  and ,  as, 

respectively, the type of case, current board and next board. The total weighted flow time 

of , , ,  is denoted by , , , , and the total weighted tardiness of , , ,  

is denoted by , , . , , ,  is any other time-schedule that will be 

investigated later after , , ,  on the th machine. 	is the parent of 

, , ,  on the 1 th machine and 	  is another time-schedule on the 

1 th machine that will be investigated after . A child-parent relationship 

time-schedule is a number of time-schedules (at least two) on several machines such that 

one is the parent of the other. , , , , , , , 	  denotes a child-parent 

relationship time-schedule on machines  and 1 where , , , 	 is the parent 

of , , , . In the interest of evaluating the objective function for , 

, … ,  are defined to be the weighted sum of flow times of boards on machines 2 to 

 and  is the weighted sum of tardiness of boards on machine  associated with the 

best child-parent relationship time-schedule identified so far on machines 2 to m, where 

⋯ 	is the minimum value so far. For short, let 	and  be the total 

flow time on the th machine and the total tardiness on the last machine associated with 

the best child-parent relationship time-schedule identified so far and they are multiplied 

by the weight terms. , … ,  are the lowest values of weighted sum of flow 

times of boards on machines 2 to m obtained by Property 6.4.  denotes that in 

the associated time-schedule, next board on the previous machine and the current board 
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on the current machine have the same position in the sequence. We represent the time-

schedule , , ,  in which we have  by , , . , ,  and 

, , respectively, denote the total weighted flow time and the total weighted 

tardiness of the current time-schedules , ,  and , ,  under 

investigation. 

 Since only one time-schedule can be determined using Properties 6.2 and 6.3, the 

OFDT algorithm develops and evaluates different time-schedules for each group on the 

machine s . This algorithm examines positioning the assembly of a particular board 

called current board , , 1 , in different positions on the th machine 

according to another board called next board , , , on the ( 1)th machine. 

Then, the assemblies of all of the boards before ,  on the current machine are 

immediately attached to , ,  without any space in between preceded by setup 

operation which itself is immediately preceded by the kitting operations of all of the 

boards without any space. , , ,	 , of the boards that will be assembled after 

,  is evaluated by the maximum of , ,  and , ,  and placing , ,  

immediately after this time (See Figure 6.8). Since , ,  is set to the soonest possible 

time, , ,  and as a result , ,  and ,  will not get larger because of unnecessary 

idle times before , , .  

Because of existing multiple discrete time-schedules, there are a lot of discrete times 

that can be considered for the start (finish) assembly time of ,  on machine  

( , , ). Since considering all of these times is not possible, we assume that 

, ,  or , ,  can be at , ,  or , ,  (the total of four cases can 

be considered). In doing so, since ,  can be assumed in different places in the 

sequence when	 1, … , , , , ( , , ) can be investigated at different 

discrete time values as a consequence. However, only one case exists when  

and we have , , , , , , . 
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Figure 6.8. Time-Scheduling on the th Machine 
 

It is assumed that , ,  can be at , ,  or , , . Because of the 

existence of multiple discrete times, any time between , ,  and , ,  can 

be a candidate when optimally scheduling but considering all of these times in between is 

practically impossible. Thus, a representative of these times as half the duration of 

, ,  to , ,  is considered, which results in a total of seven cases below 

for schedule of , , . 

 

Case	1: , , 	is immediately after , , 	and . If  and 

, , , , , then , ,  is immediately after , , .  

Case 2: , ,  is at , , . 

Case 3: , ,  is at , , . 

Case 4: , ,  is exactly at half the duration of time , , , , . 

Case 5: , ,  is immediately after half the duration of , , , , . 

Case 6: , ,  is at , , . 

Case	7: , ,  is at , , . 

 

All the different time-schedules resulted from different cases (1 to 7), when 2 

and 	2, 3 for an example problem of  with three boards are displayed in Figure 

, ,	 	

 , ,, , …

The assemblies of ,   are attached to , ,  
preceded by setup operation which is preceded by all kitting 
operations of the boards in  and no idle time is allowed 

, ,, , 	… , ,  

, , 	

, ,

…

… , , 	

, , 	

, ,

Previously scheduled boards 

max , , , , ,

max , , , , ,

Idle time 
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6.9. The bold line between the assemblies denotes the start or finish assembly time of 

current board with respect to the case assumed.  

The OFDT algorithm is a branching decision tree algorithm with depth-first structure. 

In each node of this tree a different time-schedule , , ,  is considered by letting a 

different case, current board or next board on the th machine. If the considered time-

schedule is feasible (all of boards on the current machine start their assemblies after they 

have been completed on the previous machine), then this time-schedule is selected as the 

new parent node and can result in different time-schedules on the next machine. 

Accordingly, the search is continued on the next machine by updating it as the current 

machine and setting 1. Similarly on this machine, different nodes associated 

with different new , , ,  are generated while each of them being the parent of other 

nodes on the next machine. For any two given current and next boards, all of the seven 

cases as a result of positioning the current board with respect to the next board are 

examined one by one. While by keeping the next board ,   as what it was before, 

the current board or ,  is updated by letting 1  and again the seven cases 

are examined. If there is no ,  remaining for this , , then ,  is updated 

by	 1. Thus, the OFDT algorithm is an investigative process in three loops, 

each of them inside the outer one. The most inner loop counts the cases (from 1 to 7) and 

is inside the loop that counts the current boards and this loop itself is inside the most 

outer loop counting the next boards. Any node or time-schedule on the th machine 

( , , , ) is said to have a contribution to the objective function as a result of adding 

flow time values to the objective function. Nevertheless, the tardiness comes into play 

only on the last ( th) machine (this demonstration is for an -machine problem) and so 

any node would contribute to the objective function because of adding flow time as well 

as tardiness values. Therefore to evaluate the objective function, the time-schedules on 

machines 2,… ,  that have child-parent relationships are identified and their 

contributions to the objective function are added up and the result is also added to the 
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optimal contribution (sum of weighted flow times) obtained on the first machine. With 

regard to the mechanism explained, the OFDT algorithm finds the best nodes with child-

parent relationship on the last – 1 machines whose total contribution attains the 

minimum value. The process explained is performed for only one group named group 

under investigation. The best time-schedule relationship on all the machines for this 

group is reserved and the search continues to identify the best time-schedules for the next 

group on each of the machines. 

Although, the OFDT algorithm can generate and evaluate all possible time-schedules 

to get the best combination of them on the machines minimizing the objective function, 

there may be some time-schedules that will never result in a contribution better than the 

best one identified so far. To identify and disregard the nodes that guarantee not to result 

in better contributions, a lower bound will be developed and integrated with the OFDT 

algorithm enabling this algorithm to disregard the unnecessary nodes in exploration on 

each machine. In the description below two properties and some notations used in 

developing the lower bound are presented.  

 

Property 6.5. If  is the parent of the time-schedules , ,  and 

, , , , then ,  is smaller than the total tardiness of , , ,  or 

, ,  (see Figure 6.10).  

 

Proof: If , , , , then there should be at least one board , , 

1 , whose tardiness evaluated with schedule , , ,  is smaller than its 

tardiness evaluated with , , . Since , , ,  and , ,  have the 

same parent and , , ,  is investigated after , , , we have  and 

. However,  is in , ,  which means , ,  in 

, ,  is immediately after , ,  (case 1 of the seven cases above). Thus, 
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, ,  in , ,  is equal or sooner than , ,  in , , , . Recall 

that it was assumed the assemblies of the boards before ,  are attached to it without 

idle times. As a result, , ,  and , , , 	1 , evaluated with , ,  

must be equal or sooner than , ,  and , ,  evaluated with , , , . On 

the other hand, as it was mentioned before, , , , , is at 

max , , , , , , thus	 , , , , is always scheduled as soon as 

possible. This coupled with that , ,  in , ,  is immediately after 

, , , would let the board , , , to have the soonest start assembly time 

too. Thus , , , , in , ,  is equal or sooner compared to , , , 

, in , , , . Consequently, , , , 1 , in , ,  is equal 

or sooner compared to , , , 1 , in , , , , which denotes , ,  

to be sooner or equivalently ,  be smaller. □ 

It should be noted that a time-schedule on the last machine from a parent different 

from the parent of , , , may have a smaller total tardiness than ,  and 

Property 6.5 holds true only for the time-schedules with a similar parent.  

 

Property 6.6. Consider two time-schedules with child-parent relationship, one is 

, ,  with total tardiness of ,  and the other is , , . If 

, ,  is generated from , then , ,  have the least total 

tardiness among all of , , , , , , , 	   that will be generated later 

from the same parent (see Figure 6.10).   

 

Proof: Assume that , ,  and , ,  in , ,  and 

, , ,  are, respectively, shown by , , , , , , and , , , 

, , . According to Property 6.5, , ,  ( , , ), 1 , is 
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Figure 6.9. Display of Different Time-Schedules Obtained by Different Cases, Current and Next Boards 
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smaller or equal than , ,  ( , , ) in other , , ,  investigated 

later from . On the other hand, since we have , ,  on the last machine, 

case 1 (of the seven cases described above) enables the start assembly of the first board in 

the sequence ( , , ) among all of the  boards be the soonest time, which is 

immediately after , , . Thus, , , , , , , , 1 , 

in , , . Among the time-schedules generated from , , , , consider 

the time-schedule with the soonest start assembly time for ,  which is 

, , . Let , ,  and , , , 1 , in , ,  be 

shown by , ,  and , , . Then we have	 , , , , , , . 

Thus, since , , , , , we have , , , , . The start 

assembly of the rest of the boards in , ,  or , , , 2  is 

scheduled at max , , , , , . Similarly, , , , 2 , is 

scheduled at max , , , , , . Thus, since , , , ,  and 

, , , , , 1 , for the rest of the boards we also have 

, , , , , 2 . It means, any other time-schedule , , , 	 

generated later from , , ,  will have equal or greater start assembly times (or 

equivalently completion times) than the start assembly times in , , , thus 

resulting in a greater total tardiness value than , . □  

 

Corollary 6.1. By a similar reasoning it can be shown that if , , ,	 

, , 		 , …	, , , , , 2 , have child-parent 

relationships, then their associated total tardiness on the last machine ,  is 

smaller than the total tardiness of any other child-parent relationship time-schedule on the 

last 1 machines obtained later from .  
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Figure 6.10. Application of Properties 6.5 and 6.6 in a Decision Tree Display 
 

6.1.2.2. Lower Bound for Time-Schedules 

The OFDT algorithm examines all of the child-parent relationships on all of the 

machines that may result in a considerable number of comparisons when there are a large 

number of machines. However, there may be some time-schedules that will never 

generate a dominant time-schedule on the next machine. Accordingly, to diminish the 

unnecessary exploration to identify dominant time-schedules on each machine a lower 

bound based on Properties 6.4, 6.5 and 6.6 is developed in this section and will be 

integrated with the OFDT algorithm. To develop the lower bound, we need to have 

 and , 2, … , ,  and a time-schedule , , . 	and  are 

updated whenever a new minimum value for ⋯  is identified. The 

lower bound investigates if continuation of the search from , ,  would result in 

a time-schedule, namely , , ,  such that ⋯  attains a lower 

value. Let the total weighted flow times of the previous parents of , ,  and 

, , ,  on machines 2,… , 1 be, respectively, shown by  and 

. Since  is the lowest value of total flow time on machine , we have 

Time-schedules that will be 
evaluated after  , ,

Time-schedules that will 
be evaluated after 

Pm,1,[cb]=[nb]=1 

Pm,1,[cb]=[nb]=1 

, ,  

, , ,  

, ,   Pm,1,[cb]=[nb]

 

These time-schedules have greater total tardiness than the 
total tardiness of Pm,1,[cb]=[nb] according to Property 6.5 is the parent of these time-schedule and 

	  is not the parent of them 

These time-schedules have greater total tardiness than the total tardiness 
of Pm,1,[cb]=[nb]=1 according to Properties 6.5  and 6.6  
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⋯ ∑ , , . Similarly we have 

⋯ ∑ , , , . On the other hand, based on Property 

6.5, , , , . Accordingly, ⋯ ,   

∑ , , , , , . Thus, if the constraint 2 ⋯

⋯ ,  is satisfied, there is no need to evaluate the 

time-schedule , , ,  from the same parent after evaluating , ,  since 

doing so will not improve ⋯ . In other words, if this condition holds 

true, the best child-parent relationship time-schedule identified so far would remain the 

best. A similar condition can be developed to cut down on the number of unnecessary 

time-schedules on the 2 	machines . Consider , ,  with the total 

tardiness of ,  on the last machine. Also let , , ,	

1, … , 			̶	1, , ,  and  be all the previous parents of , ,  on 

machines 1 to 			̶	1. Based on corollary 6.1, ,  is the minimum 

among the total tardiness of all of the child-parent relationship time-schedules identified 

later from  on the last 1 machines. Accordingly, if the constraint ⋯

⋯ ,  is satisfied, then any other time-

schedule identified later from  on the last 1 machines will be dominated by 

the best child-parent relationship time-schedule identified so far. 

The pseudo code of the OFDT algorithm is provided in Appendix A.1. 

 

6.1.2.3. Worst Number of Time-Schedules   

Assume the maximum number of boards in a group among all the  groups be 

represented by . There is only one time-schedule on the first machine that can be 

optimally evaluated. However on the second machine, there is one time-schedule when 

1 and there are 6 other time-schedules associated with the rest of the 6 cases 

for each of the 1 . Thus when 1, there is one time-schedule for 
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1 and 6 time-schedules for each of 2, 3, … ,  which implies the total of 

1 6 1  time-schedules. Similarly, there are 1 6 2  time-schedules 

when 2 and so on. Accordingly, the total number of time-schedules on the second 

machine can be evaluated as 1 6 1 	1 6 2 ⋯ 	1

6 1 1 6 1 6 1 2 ⋯

1  1 3 1 . For each of the time-schedules on the second machine, 

there are the same number of time-schedules on the third machine and it eventually 

results in the number of time-schedules of 1 3 1  on the th 

machine. These evaluations are only for one group and since evaluations are 

independently performed for each group, there are 1 3 1  

time-schedules that can be evaluated for N groups in the worst case when lower bound is 

disregarded from the search.  

 

6.2. CFIM and Tabu Search Algorithms 

A general heuristic (metaheuristic) algorithm like those developed in this research, 

optimizes a given measure of quality (objective function) over a discrete solution space 

as a matter of iteratively improving a candidate solution(s). As heuristics (meta- 

heuristics), they are often able to offer a better trade-off between solution quality and 

computing time. They find a good quality solution in a very short time. As a result, the 

inherent complexity in solving an -hard problem as an exponential function of the 

problem size does not have any effect on the computation time of a heuristic/ 

metaheuristic. They have been recognized to be a superior alternative to traditional 

optimal approaches such as mathematical programing, dynamic programing and B&B 

algorithm. Specialized for solving large-size problems, they usually offer a better trade-

off between the solution quality and computation time. The other characteristic that 

makes them applicable to most of the optimization problems is that they have a few or no 
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assumption at all about the problem being optimized. However, they do not guarantee the 

optimal solution if it is found. A general optimization problem optimized over a discrete 

set of solutions ( ) using a local search is of the form of below: 

 

Minimize (Maximize)         

Subject to                           ∈  

 

Starting from a set of solutions like ∈  (this set may include only one solution), 

another set of the solutions ( ∈ ) in the neighborhood of  is generated using a 

perturbation mechanism that transforms  to . A perturbation mechanism is an 

operator or move that combines solutions or modify a solution to get new one(s). 

Accordingly, using the information obtained in the previous iteration of the search 

reflected in the solutions, the search continues until no more new solution can be 

identified or some termination criteria are satisfied.  

In the continuation of this section, three heuristic and metaheuristic algorithms, 

CFIM1, CFIM2 and TS algorithms, are developed along with an explanation of their 

mechanism, pseudo code and flow chart.  

 

6.2.1. Cycle Forward Improving Moves Algorithm (CFIM) 

The CFIM algorithm developed, in two versions CFIM1 and CFIM2 in this section, is 

a very successful heuristic which effectively investigates the solution space in a very 

negligible time. It generates a new solution in the neighborhood of the best-found 

solution by performing a set of two types of moves, i.e., Insert and Exchange. A 

surprising characteristic about this algorithm is that unlike most of the local search 

metaheuristic algorithms such as TS and evolutionary algorithms such as Genetic 

Algorithm (GA) which eventually enumerate a large number of solutions, the CFIM 

algorithm instantly targets a very good solution within a few enumerated number of 

solutions. For small problems when the optimal solution is available (it can be found 
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using the mathematical programing models), it is observed that the solution found by 

CFIM is optimal or near optimal. Nevertheless for larger problems when the optimal 

solutions are not known, it has a very small deviation from the solution found by TS or 

the lower bound values. In some cases, the arrangement of groups and boards given in the 

optimal sequence exactly matches with the arrangement found by CFIM but it has a very 

small deviation observed in the objective function value and it results from the fact that 

the objective function in CFIM is heuristically evaluated by the OFDT algorithm. 

Therefore, there is a possibility of getting a marginal deviation from the optimal objective 

function, yet the CFIM algorithm can find the optimal arrangement of boards in groups 

and groups themselves. On the other hand, as it will be observed later in Chapter 8 

presenting computational experiments, CFIM1, CFIM2 and even TS find the objective 

function value with very small deviation from the lower bound and it implies that not 

only these heuristics can find the optimal or near optimal solution, but the OFDT 

algorithm can also efficiently evaluate the objective function. In other words, the 

integration of the OFDT and one of the heuristics is a perfect match that can identify the 

good quality solutions as well as the objective function value although they are both 

heuristics. The CFIM (TS) algorithm integrated with OFDT generates different 

combinations of groups and boards (different solutions) in a promising fashion while 

capturing the multiple discrete time-schedules on the second and third machines as well 

as the unique discrete time-schedule on the first machine for a given sequence of groups 

and boards. Therefore, the CFIM (TS) algorithm integrated with OFDT has two parts. In 

the first part, called Sequencing, different sequences of groups and boards are generated 

and fed to the second part or Scheduling in which the OFDT algorithm is applied to find 

the best time-schedules on the machines for the given sequence received from the 

Sequencing part.  

The CFIM algorithm has two sequencing levels, sequencing groups and sequencing 

boards within each group. The first search-level is applied to find a better sequence of 

groups and this level is called outside level. Then given a sequence of groups, a better 
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sequence for boards in each group is identified in the second search-level or inside level. 

In the outside level, a group-sequence (current solution) is modified to get another group-

sequence or a new solution in the neighborhood of the current solution. Similarly in the 

inside level, a board-sequence (current solution) is altered to another board-sequence 

which will be in the neighborhood of the current solution. To generate sequences of 

boards in the inside level using CFIM1 algorithm, first the best sequences of boards 

within each group are found and then the search continues by finding the best sequence 

of groups while keeping the board sequences fixed. In doing so, each group is 

immediately assigned after the reference group and the best sequence of boards 

minimizing the objective function for only transferring from the reference group to this 

group is considered (i.e., a total of only two groups is considered).  

CFIM1 and CFIM2 algorithms are differentiated in the inside level. For a current 

sequence of groups generated in the outside level using CFIM2 algorithm, the search 

switches to the inside level to find the best sequences of boards in each group. Using the 

sequences of boards identified, the search switches back to the current sequence of the 

groups generated in the outside level (which has been waiting for boards’ sequences) and 

evaluates this sequence. Therefore, for the current sequence of groups identified in the 

outside level of CFIM2 algorithm, the best sequence of boards in the inside level is 

identified and is transferred to the outside level. By starting from the first group in the 

sequence, this group is assigned immediately after the reference group and the best 

sequence of boards in this group is identified. Then, a group is assigned after the previous 

group in the sequence and the best sequences of boards in each group are identified, one 

group after the other. The flow charts of the CFIM1 and CFIM2 algorithms are provided 

in Figures 6.11 and 6.12.  

Different solutions in the Sequencing part are generated by employing a set of 

exchange and insert moves. An Insert move is referred to as removing a group/board 

from its current position and inserting it in between two other groups/boards in the 

sequence. An Exchange move is implied by exchanging two groups/boards assigned to 
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different positions. Accordingly, an improving move is denoted by performing an 

insert/exchange move resulting in an improved objective function with a lower value than 

the best value identified so far. A solution obtained by an improving move is referred to 

as improved solution. In CFIM algorithm, only an improved solution is selected as a seed 

for generating other solutions in the hope of generating a better (the next improved) 

solution. Accordingly, only an improved solution obtained by an improving move is 

selected and employed to generate the next seed. Utilizing only the solutions that 

contribute in minimizing the objective function would enormously decrease the number 

of enumerated solutions and also results in the identification of a good number of local 

optima one by one in a very short time.    

The sequencing mechanism (when arranging groups or boards) of the CFIM 

algorithm performs in a cyclical fashion with two levels, Level 1 and Level 2. In Level 1, 

a number of insert moves are employed with regard to the enumeration logic assumed in 

 this level (will be explained later in this chapter) until no more insert moves can be 

implemented. Initiating from the best solution identified in Level 1, the search continues 

in Level 2 by performing a number of exchange moves until no more improved solution 

can be identified when the CFIM algorithm terminates. At this time, the search again 

switches back to Level 1 with the best solution identified in Level 2 and the same process 

is repeated again. Thus, there exists a cyclical process where in each cycle, Level 2 is 

performed following Level 1. This cyclical process is terminated at the end of Level 2 

when no improved solution can be identified; otherwise it switches back to Level 1 again.  

With regard to the technical limitation of this type of assembly, only a few number of 

boards can be included in a group (at most 5). As a result, there are a small number of 

combinations for boards in a group. This implies that using the two level-searching 

mechanism of the CFIM algorithm would identify most or even all of the local optima 

when arranging boards in a group. Also, for a problem with a large number of groups, the 

Sequencing level may converge to a solution after examining a few combinations of the 

groups (different group sequences) compared to the large number of combinations that  
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can be possibly considered for the groups. Therefore, generation of more solutions 

would require exploring different moves which can be obtained in the light of more 

possibilities that exist for exchanging/inserting groups. As a result of identifying more 

possibilities, more number of improving moves can be identified which can uncover 

more number of improved solutions. This essentially implies the requirement for a larger 

solution space of the Sequencing level of the CFIM algorithm and it can be obtained by 

initiating the Sequencing level from a very poor solution. The reason is that most of the 

solutions surrounding a local optimum are structurally very similar to the local optimum 

and are probably very close to it in terms of the objective function value. Thus, starting 

the investigation from a very good solution may end up getting the next local optima to 

be all structurally similar to each other as well as to the initial solution. However, there 

may be a large number of solutions with entirely different structures between a very bad 

solution and the optimum and this is equivalent to the existence of a large number of 

possibilities for performing different moves. Therefore the search has a greater potential 

of being lead to the optimum after identification of a larger number of local optima. 

There may still be a question here as to why a good solution is used to initiate some of 

the heuristics and not the CFIM. The answer lies in the structure of the CFIM which only 

selects the improved solutions as the seeds for the continuation and its requirement of 

performing only a few number of moves. As it was mentioned above, there may be a 

small number of solutions between a good initial solution and the optimum that can be 

identified using the mechanism of CFIM. In other words, using a good initial solution, 

the CFIM stops after identifying a small number of solutions and reports a solution as the 

best-found. However, this solution may be inferior compared to the solution that can be 

found with a bad initiation. Because in this case, CFIM will have more options to cover 

different areas of the solution space which may result in a better solution than the 

solution eventually found by a good initiation. 

An inferior solution for initiating the Sequencing level when arranging the groups is 

made by possibly increasing the overall CSD setup times. A large setup time is expected 
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with a large number of component exchanges on the feeders. As far as the groups have 

different component requirements, a group which has a large number of components may 

require a large number of dissimilar components that are not shared with the next group 

and correspondingly with the groups after the next group. Therefore, a larger number of 

dissimilar components between any two consecutive groups may necessitate a larger 

number of setup changes. Accordingly to increase the overall setup time, the groups 

containing larger number of components should be assigned to the beginning of the 

sequence. By doing so it seems that the need for a large number of component exchanges 

is initially started from the beginning of the sequence and is carried over throughout the 

entire sequence. To find an arrangement for the initial sequence, the group with the 

largest number of components is assigned to the first slot. Then, among the rest of the 

groups, the group with the second largest number of components is assigned to the 

second slot and so on. If there are two groups with the same number of components, the 

group that has the smallest index or identification number is selected for the 

corresponding slot.  

In the following, the mechanism of the algorithm both in Level 1 and Level 2 of the 

cyclical process are demonstrated. The mechanisms of Level 1 and Level 2 are the same 

for arranging boards and the groups. Thus, the demonstration for the Sequencing part is 

only provided for arranging the groups.   

 

6.2.1.1. Level 1 

Suppose the initial sequence for this level is the sequence  with  groups. At this 

level all groups in  are relabeled according to their position in ascending order. So let 

	 imply the group assigned to the th position in  after relabeling. The perturbation 

at this level is performed by inserting a group between any two other groups if it results 

in a non-repetitive sequence. Therefore, a particular group can be assigned to at most 

	– 1 positions in . The search at this level starts by assigning 	 to all of the 	– 1 
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positions in . Among the 	– 1 obtained sequences, the improved ones made by an 

improving insertion are selected and the best one among them with the minimum 

objective function value is chosen (suppose it is ), and the best-found objective 

function value so far is updated. The search continues by constructing all of the possible 

solutions by inserting 	to the different positions in  and the best improved one is 

selected. When no improving solution can be identified or equivalently there is no 

improving insertion for , then the search continues by inserting  to the different 

positions in . This level terminates when all of the positions in the best improved 

sequence identified so far for inserting  have been examined. The best sequence 

identified at this level named  is transferred to Level 2.  

           

6.2.1.2. Level 2 

Initialed with , the perturbation at Level 2 is performed by exchanging two groups 

in two different positions and by updating the most recent improved solution. In this 

level, a particular group exchanges with other groups as many times as possible, resulting 

in the generation of different combinations of groups. To provide an easy understanding 

of the search in this level, suppose a group with a large subscript is located in one of the 

initial positions. Thus for this group to be exchanged with other groups as many times as 

possible resulting in the generation of more group-combinations, this group should be 

moved toward the end of the sequence or the ending positions as much as possible. Thus 

to develop an algorithmic mechanism at this level, first all groups are relabeled according 

to their positions in 2 this time in descending order. Thus, , , , 

… , . In this level , 0, . . . , 1, has to be moved toward the right of the 

sequence as much as possible and the most recent improved solution is updated whenever 

an improved solution is discovered and it is used to continue the search. Suppose the 

most recent solution is of the form of , … , , , , …,	 . Then, the 
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most recent improved solution is updated if exchanging  and  is improving; 

otherwise we check exchanging  and . Now suppose  cannot be further 

moved in the most recent improved solution. Then the same process is repeated for 

 by continuing from the most recent improved solution and updating it whenever 

a new improved solution is discovered. One important property of this search is it never 

ceases to move a specific group which has previously failed to be exchanged. When at 

least one improving exchange for  is identified, then the most recent improved 

solution is updated. Since the most recent improved solution now has a different 

combination, it may provide a chance for  to be further exchanged where it was not 

possible before. Thus, when no more improving exchanges for  can be identified 

but at least one has been identified, the search switches back to check the possible 

exchanges respectively for , , … ,  up to  again. However, when 

no improving exchange has been identified for , the search continues by 

examining the possible exchanges for . The search in this level stops when no 

more improving exchanges for any of the groups can be identified. At the end of Level 2, 

if at least one improved solution is identified, the search switches back to Level 1 with 

the most recent improved solution identified in Level 2; otherwise, the cyclical process 

terminates.  

The pseudo code of the Sequencing part of the CFIM algorithm is provided in 

Appendix A.2. 

  

6.2.1.3. CFIM Algorithm Complexity 

Recognizing that the total number of inserts in Level 1 is 1 ⋯ 1

1 , it can be concluded that the computational complexity of the algorithm in 

Level 1 is of order O( ). 



120 
 

Initially the worst number of exchanges for  in Level 2 is 1 . Continuing 

the search from the most recent improved solution, the worst number of exchanges for 

 is 1 . If there is at least one improving exchange, the search switches back 

to  and then to  and examines the worst number exchanges of 1

1  which results in the total of 1 3 1  before going to . Similarly, 

after checking the worst number of exchanges of 1  for  and having at least 

one improving exchange, the search will check up to 1 1 , 0, exchanges in 

the worst case. Accordingly, the overall number of exchanges in this level can be 

1 3 1 ⋯ 1 1 1 2  and it implies 

that the complexity of the algorithm in this Level 2 is of order .  

With regard to the complexity of the algorithm in Levels 1 and 2, the complexity of 

the algorithm when arranging groups in each cycle is of order . If the maximum 

number of cycles allowed is assumed to be ≪ , then the complexity would be 

 or .  

 

6.2.1.3.1. CFIM1 Algorithm Complexity         

Since boards in each group are initially arranged, the complexity of the CFIM1 

algorithm in Inside level is . Because arranging boards is initially performed 

and is independent from groups’ arrangement, the complexity of the CFIM1 would be 

. It is  when ≅ ; otherwise  if  ≪ . 

 

6.2.1.3.2. CFIM2 Algorithm Complexity         

Since for each sequence of groups, a sequence of boards is identified, the complexity 

of the CFIM2 algorithm would be  or . 
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6.2.2. Tabu Search Algorithm (TS) 

The origin of Tabu Search (TS) dates back to the mid-1980s by Glover (1986), 

although this technique has roots that date back to the late 1960s and early 1970s (Glover, 

et al. (1993) and Glover and Laguna (1997)). The development of it as a formalized 

methodology is credited to Glover et al. (1993), yet the basic ideas (which is nowadays a 

well-established optimization technique) were also sketched by Hansen in the mid-1980s 

(Hansen (1986)). More information about the TS can be found in Glover (1989, 1990a 

and 1990b). TS has been successfully applied in solving many of the combinatorial 

optimization problems. A review of TS applied to many scheduling problems can be 

found in Barnes et al. (1995). TS is applied to solve machine scheduling problems in 

flexible manufacturing in the work of Logendran and Sonthinen (1997), and Logendran 

and Subur (2004). Lei and Wu (2006), Waligora (2009), Hamed Hendizadeh et al. 

(2008), Arkat et al. (2006) and Wu et al. (2008) reported the superiority of TS over other 

techniques such as simulated annealing (SA) algorithm or GA in solving several cellular 

manufacturing problems. The optimum using TS is iteratively approached. At each 

iteration a move is applied to the current solution, several neighbors are generated and the 

best neighbor according to the objective function is selected. As a local search, TS allows 

movements to positions that may not be favorable as seen from the current state. A short-

term memory function keeps records of the moves admissible at each iteration or, 

alternatively, determines for how long a tabu restriction is enforced. A tabu status or a 

movement forbidden can be overridden if it results in a better objective function value. 

Therefore due to the memory-based property of TS, it is able to escape local optima 

unlike conventional local search procedures. 

 

6.2.2.1. Memory Strategies 

In general, TS has the following three components (Glover and Laguna (1999)): 

 A short-term memory stores the recently visited moves and considers them as tabu (or 

forbidden) to avoid them from being revisited and it prevents from recycling.  
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 An intermediate-term memory that stores local optima which will be used as seeds to 

intensify the search.  

 A long-term memory recording the information of the regions of the solution space 

explored before and they will be used again to diversify the search toward the regions 

which are supposed to be under-explored.  

 
The learning process or taking advantage of memory to identify neighborhoods is 

basically explicit and attributive. The explicit memory keeps the records of complete 

solutions which are typically elite solutions observed during the search or they are 

attractive to be explored but are still in the unexplored neighbors of elite solutions. 

Contrastingly, attribute memory keeps records of information about the attributes given 

in the solutions that change from one solution to another. For example in job scheduling, 

the type of a job assigned to a particular position is reflected in its index and can be 

regarded as its attribute. The general idea of the TS is demonstrated below.  

 

 Initial Solution: The search is initiated with a solution which can be generated 

randomly or using an approach identifying a good quality solution.  

 

 Seed Selection: The best solution in the neighborhood of the current solution is 

selected as the next seed to generate new solutions if the move resulting in this 

solution is not labeled as tabu (this condition can be overridden and will be 

demonstrated as the aspiration criterion).  

 

 Neighborhood Generation: New solutions are generated in the neighborhood of a 

given solution using a function that transforms one solution to another. A careful 

study about the transformer function should be carried out in order for the search to 

be able to effectively investigate in the solution space. In other words, the transformer 

function should not emphasize the coverage of a particular area of the solution space.  
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 Objective Function Evaluation: The purpose of the search is to evaluate a number 

of solutions according to a given objective function and the best one optimizing 

(minimizing/maximizing) the objective function is selected. Therefore when a new 

solution is generated, the objective function must be evaluated and observed as the 

value of the solution.  

 

 Tabu List: Tabu is the move that recently resulted in the best solution in the 

neighborhood of the current solution. Suppose that an inferior solution compared to 

its parent in the previous iteration is generated. Since always the best solution in the 

neighborhood of the current solution is selected as the next seed and the parent of this 

inferior solution is still in its neighborhood, this parent may be selected again as the 

best solution to proceed with, as the next seed. Accordingly, the search will cycle 

back and forth between these two solutions. Therefore, this move is disregarded from 

generating new solutions and is stored in a list named tabu list for a certain number of 

iterations called tabu tenure which is initially equal to the size of tabu list. A tabu can 

be removed from the tabu list if the tabu tenure reaches. In other words, every time a 

new move becomes tabu, it is inserted at the top of the tabu list and the lowest move 

at the bottom leaves the list and it implies that the tabu tenure for each of the moves 

in the list is updated after a new insertion and decreased by one unit. As it can be 

seen, tabu list is the short memory which is continuously updated by an insertion and 

its size may be fixed or variable during the search depending on the design of the TS.  

 

 Aspiration Criterion: A tabu move recognized as being inferior may become 

superior if it is applied to a different solution. In other words, it is the structure of a 

solution that defines a move to be tabu. However, the solutions generated after a 

number of iterations may not be in the neighborhood of this solution and they may be 

structurally different. Thus, the move previously recognized as being tabu may 

generate this time a better quality solution. Accordingly, it is possible for the search 
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to disregard some of the moves that would generate a good solution as a matter of 

storing them in the tabu list. One remedy to this issue is to override the tabu status of 

a move if it results in a better solution than the best-found solution so far.  

 
 Candidate list: At each iteration of TS, the best non-tabu move generating the 

neighbors around the current solution is selected. If this move is an improving move 

resulting in a new solution with a better objective function value, then this new 

solution can be a potential local optimum (it is potential local optimum because it 

may or may not be better than the next best solution identified in the next iteration). 

This solution is recorded in a list called Candidate List.  

 

 Index List: A potential local optimum solution which is better than the best solution 

identified in the next iteration is a local optimum (i.e., it is better than its parent and 

its child solutions) and is recorded in a list called Index List.  

 

Candidate and index lists are explicit memory structures used to keep record of the 

complete elite solutions and the patterns common in the elite solutions that identify the 

areas of the solution space attractive to be explored. 

 

 Stopping Criteria: TS will stop when it satisfies either (or both) of the two 

conditions below: 

-    A certain number of local optima has been identified.  

- The number of iterations without improvement reaches to an allowed 

(predetermined) value.  

 

6.2.2.2. Fundamentals of the Proposed Tabu Search Algorithm 

Similar to the CFIM algorithm, the TS developed in this research has two sequencing 

levels, sequencing the groups (outside level) and sequencing boards within each group 
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(inside level). In an iteration, if the best sequence of the groups is identified in the outside 

level, the search switches back to the inside level to find the best sequence of boards in 

each group. Therefore, iteratively the search switches back and forth between the inside 

and outside levels, and each time the best sequence(s) is identified in a level, it is 

transferred to another level. The best sequence of groups and boards in each group 

identified at the end (when the algorithm terminates) has the minimum objective function 

value among all of the sequences identified so far.  

 

 Initial Solution: The sequence of groups and boards in each group initiating the 

search is randomly generated.  

 

 Generation of Neighbors: Consider sequence  with  groups and  boards in each 

group. The generation of neighbors at each of the inside and outside levels is defined 

below: 

 

Outside level: For the given sequence , the neighbors are generated by exchanging a 

group in the th 1,… ,  position with all of the groups in th position . 

Therefore, a group in the th position must be exchanged with all of the  groups 

later in the sequence. Consequently for the sequence  with  groups, there are 

1 2 ⋯ 1  neighbors in the outside level. Also, the sequence 

of boards in each group remains the same for each of the groups in each of the 

neighbors generated. As a demonstration, consider the example presented in Section 

3.1 of Chapter 3. Let sequence  be 	 	

. We imply  as the neighbors generated from the 

seed . There are 6 neighbors of  as: 

 
{ 	 	  
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	 	 } 

 
Inside level: Similarly boards of groups are exchanged by keeping the same group-

sequence as given in the seed solution. Thus, for a group with 	boards,  number 

of neighbors is generated implying the total of ∑  neighbors when all of the  

groups are considered. As an example, consider the sequence  above.  

implies the neighbors of  in the inside level as given below: 

 
{ 	 	  

	 	 } 

 
 Tabu Move: Since a move is defined as exchanging two groups or boards, a tabu 

move saved in the tabu list is a pair of two groups (boards) where the group (board) in 

the first position of the pair denotes the group in the smaller position and the group 

(board) in the second position denotes the group in the larger position that should be 

exchanged. Whenever a move becomes tabu, it is inserted in the top of the tabu list 

and all of the moves already inserted in the list are shifted by one position toward the 

bottom of the list. If the number of moves already inserted in the list is larger than the 

size of the (tabu) list, the move in the bottom of the list is removed from the list, the 

rest of the moves are shifted toward the bottom and the new move is inserted on the 

top of the list.  

 

 Solution Evaluation: Like the CFIM algorithm, the TS algorithm must be integrated 

with the OFDT algorithm to evaluate each of the solutions generated by the search. In 
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doing so, a generated solution is transferred to the OFDT algorithm and the objective 

function evaluated is returned to the search.  

 

6.2.2.2.1. Outside Search 

The explanations below further support the development of the proposed TS in the 

outside level search. For convenience, the tabu list, candidate list and index list in the 

outside level are respectively shown by OTL, OCL and OIL. The size of the index list, 

number of iterations without improvement and the predetermined maximum number of 

iterations without improvement in the outside level are represented by OIL, OIT and OIT. 

The objective function value of the best solution identified so far in the outside level is 

OAL. The flowchart demonstrating the application of the proposed TS in the outside 

level is given in Figure 6.13.  

 

 Best Move Selection: The move generating the best solution in the neighborhood of 

the current solution is selected. If this move is not in the OTL, i.e., it is not tabu, then 

the solution made by this move is selected as the next seed. If this move is in OTL, 

then it is checked to see if it satisfies the aspiration criterion. If the solution made by 

this move is better than the best-found solution so far, then the tabu status of this 

move is overridden. Otherwise, if the move does not satisfy the aspiration criterion, 

the next best neighbor solution is checked and the search continues until a solution as 

the next seed is selected.  

 

 Updating OTL, OCL, OIL and OIT: The best move identified in an iteration is 

admitted to OTL if it is not already in this list. Also if the solution made by this move 

is better than its parent, it has the potential of becoming the next local optimum so is 

added to OCL. Nevertheless if it is better than all of its children, it is a local optimum 

and is added to OIL. If the objective function of this solution is better than OAL, then 
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the best solution identified so far and OAL are updated and OIT is reset to 0, 

otherwise OIT is increased by 1.  

  

 Stopping Criteria: The search at the outside level stops if either (or both) of the 

following conditions is satisfied: 

- The best solution identified has not been updated for the last OIT iterations.  

- The number of local optima in OIL is equal to OIL.  

 

6.2.2.2.2. Inside Search 

Similar explanation like what was given in the outside search is provided in this 

section for the inside search. Similarly, the tabu list, candidate list and index list in the 

inside level are respectively shown by ITL, ICL and IIL. The size of index list, number of 

iterations without improvement and the predetermined maximum number of iterations 

without improvement in the inside level are represented by IIL, IIT and IIT. The 

objective function value of the best solution identified so far in the inside level is IAL. 

The application of the proposed TS in the inside level is presented in Figure 6.14. 

 

Best Move Selection: The move generating the best solution in the neighborhood of 

the current solution is selected. If this move is not in the ITL, i.e., it is not tabu, then 

the solution made by this move is selected as the next seed. In the case this move is in 

ITL, it must be checked to see if it satisfies the aspiration criterion. If the solution 

made by this move is better than the best-found solution so far, then the tabu status of 

this move is overridden. Otherwise, the next best solution in the neighborhood of the 

current solution is checked and the search continues until the next seed is selected. 

 

 Updating ITL, ICL, IIL and IIT: The best move identified in an iteration is 

admitted to ITL if it is not already in this list. If the associated solution is better than 

its parent, it has the potential of becoming the next local optimum so it is added to  
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Figure 6.13. The Outside Tabu Search Algorithm 
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Figure 6.14. The Inside Tabu Search Algorithm 
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ICL. This solution is a local optimum if it is better than all of its children and so it 

must be added to IIL. If the objective function of this solution is better than IAL, then 

the best solution identified so far and IAL are updated and IIT is reset to 0, otherwise 

IIT increments by 1.  

  

 Stopping Criteria: The search at the inside level stops if at least one of the following 

conditions is satisfied: 

- The best solution identified has not been updated for the last IIT iterations.  

- The number of local optima in IIL is equal to IIL.  

 

6.2.2.2.3. Tuning Tabu Search 

Last thing that should be demonstrated about the TS algorithm developed in this 

research is the tuning. The performance of TS is sensitive to the values determined as 

tabu list size (TL), index list size (IL) and predetermined maximum number of iterations 

without improvement (IT). Determination of these parameters is basically through trial 

and error and technically it is performed using a tuning process. The tuning process used 

in this research is originally developed in Mehravaran and Logendran (2012). This 

process starts by varying TL from 1 to a very large number with IL and IT are both set to 

a large number in a problem with given number of groups and average number of boards. 

For each TL examined, the maximum number of entries into IL and IT are recorded. 

Then among all of the triples (IT, TL, IL) examined for the same problem, the set 

offering the minimum objective function value is selected and recorded in a list. At the 

end this list is used to fit three regression lines by selecting TL, IL and IT as response 

variables and number of groups and average number of boards as explanatory variables. 
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7. APPLICATION OF COLUMN GENERATION AND BRANCH & PRICE 

ALGORITHMS  

 

Solving many of the combinatorial optimization problems is practically very 

challenging or even impossible. Because of the inherent complexity of these problems, 

they typically have a very large solution space demanding for an enormous number of 

constraints and variables that makes finding the optimal solution of the problems very 

difficult. The need for solving the problem in the hope of finding at least a solution for 

large industry-size problems has encouraged development of heuristics and 

metaheuristics. Yet the quality of the solutions obtained from the heuristic is questionable 

when the optimal solutions are unknown. In other words, there is not any value to be 

compared against the heuristics to evaluate them. The best and perhaps the only approach 

to be used as a benchmark is the development of lower bounding mechanisms to establish 

lower bounds. A lower bound for a problem is a solution equal to the optimal solution or 

close to it. A lower bound value can be found much faster than optimally solving the 

problem using optimal approaches such as solving the mathematical programming model 

in its entirety. Therefore, the optimal solution of the problem is always between the 

solution found by the heuristic (regarded as the upper bound) and the lower bound. This 

implies that the deviation of the heuristic from the optimal solution which is impossible 

to be determined can be evaluated in the worst case by finding the deviation of the 

heuristic from the known lower bound. Correspondingly, as long as the deviation of the 

heuristic from the lower bound is small, the deviation of the heuristic from the optimal 

solution will be smaller as a consequence. Typically, the known deviation may be very 

large implying the existence of an inferior lower bound. Thus, many efforts are focused 

on getting a better quality lower bound which can be essentially very challenging but 

practically possible. In this chapter, a lower bounding mechanism based on the concepts 

of Column Generation and Branch-and-Price for the problem investigated in Phase 2 of 

this research is developed.   
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Column Generation (CG) is an iterative approach designed to handle large-size linear 

programming problems. Initially starting from a model to cover a manageable part of the 

solution space, it discovers a feasible solution satisfying the problem and adds it to the 

latest partial model updated so far. Gradually, the model gets larger in size until it 

achieves a satisfactory solution to the entire problem. With regard to the constraints and 

variables that exist in a problem, a mathematical model can be formulated where each of 

its columns is associated with the constraints and the variables satisfying the constraints. 

Accordingly, the columns are the solutions that are iteratively identified and added to the 

partial model. Typically, there are a large number of columns for the large-size LP 

problems. Initially working with all of these columns is practically impossible and it is 

equivalent to solving the associated mathematical programing model formulated for the 

problem in its entirety. Accordingly many of the columns are initially left out, yet many 

of them may not make a contribution in identifying the optimal solution. In the following 

the basis of the column generation technique is demonstrated.  

 

7.1. Column Generation 

Consider the following linear programming problem called the master problem (MP) 

with | |  variables and  constraints. 

 

∗ min 		
∈

 

subject to							
∈

		                                        (7.1.1) 

0,					 ∈  

In many problems there are a large number of  as a result of having exponential 

number of  in . Instead of solving MP with a large , the restricted master problem 

(RMP) with a subset ⊆  is solved. The RMP is formulated as: 
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∗ min 		
∈

 

subject to									
∈

,			  0,					 ∈ ⊆ 																					(7.1.2) 

 
Clearly, the optimal solution of RMP, denoted by ∗, is not necessarily the optimal 

solution of MP. The basic idea in the simplex method is to continually enter the non-basic 

solution into the basis and evaluate the newly created basis. Thus, each of the solutions 

that prices out favorably can enter the basis but the one with the most negative reduced 

cost would be the best candidate selected to enter the basis. Any variable  associated 

with a solution or column is priced out using the pricing problem or sub problem of the 

following form: 
∗ min 		 ∗ 			|			 ∈                               (7.1.3) 

 
where ∗ is the optimal dual solution of RMP and the pair ,  is the coefficient 

column associated with  .  When 0, the variable  and its associated ,  

corresponding to a  minimizing the problem given in (7.1.3) are added to RMP. The 

extended RMP with the new column added to it is solved to optimality and again the 

obtained ∗ is transferred to the sub problem. This process continues until no more 

columns with a negative cost can be identified. In this case, ∗ will also be the optimal 

solution of MP. It should be noted that there is a one-to-one correspondence between  

and the feasible solution space  of any optimization problem (which also is the solution 

space of the sub problem).  In other words we have: 

 
min 		 		 ∗  ,	 ∈         															 							            (7.1.4) 

 

where ,  and ∈ . Correspondingly, for the problem with large 

| |, instead of explicitly evaluating all the variables in the master problem, we implicitly 

work with only a sub set of variables with negative reduced cost.     
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7.2. Cutting Stock Problem  

One-dimensional cutting stock problem is the classical example in column generation 

given in Gilmore and Gomory (1961). There are  demands, 1,… , 	with width  

for paper roles with width of W. The objective is to minimize the number of roles cut into 

orders to satisfy the demands. This problem is formulated as: 

 

min 		 		 1 		|			 ,			 ∈ | |		                              (7.2.1) 

 
where A implies the set of | | possible cutting patterns, i.e., ∈  denotes the number 

of times order  can be obtained when cutting a role according to ∈ ,  determines the 

number of times that pattern  is used. With regard to the width of demands, pattern  is 

defined to be feasible if it satisfies ∑ . Then to obtain new pattern columns, 

a knapsack problem should be solved.  

 
max 		 		 ∗ 		|			 ,			 ∈                      (7.2.2) 

 
If the optimal value of (7.2.2) is less than 0, then the optimal solution is a new column 

identified and will be added to the cutting problem. Otherwise, the problem is optimally 

solved and all of the feasible columns (patterns) have been identified.  

 

7.2.1. Upper and Lower Bounds  

The solution space of RMP is a sub set of the solution space of MP. Thus, any 

solution that is identified in RMP is also in MP but the converse does not necessarily hold 

true. This implies that MP has the potential of identifying a solution better than the best 

solution identified in RMP if the optimality has not been reached. Accordingly, ∗  will 

be an upper bound on ∗ . If ∑ ∈  in the optimal solution of MP, then ∗  

cannot be improved more than 	times ∗ . The reason is if the variable associated with 

the minimum reduced cost is increased by one unit from zero and allowed to enter the 

basis of the RMP, the objective function value of the RMP is expected to decrease by ∗  
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units. By knowing that 0 can be increased up to  units, ∗  can be decreased no 

more than ∗  units, hence: 

  
∗ + ∗ ∗ ≤ ∗                                  (7.2.1.1) 

 
When 1, this implies the existence of a convexity constraint which will be 

discussed in the next section. When ∗ 0, no more columns can be identified and the 

column generation terminates. When the SP is solved heuristically (it will be discussed 

later in this chapter), ∗  is not available and thus the lower bound cannot be established 

using (7.2.1.1). In other words, there is no valid lower bound for MP when solving SP 

heuristically.  

 
7.3. Dantzig-Wolfe Decomposition 

Ford and Fulkerson (1958) addressed a multi-commodity flow problem by implicitly 

introducing the variables. This idea was elaborated in Dantzig and Wolfe (1960) as a 

general strategy to solve linear programming problems. Consider a linear program called 

original formulation as below: 

 
min 							 cx                                                                            

subject to								 		 		  

		 		 , 			 		 																																			(7.3.1) 

Let ∈ ℚ 			|		 	 	 . Any ∈  can be written as a finite convex 

combination of extreme points 
∈

 plus a finite non-negative combination of extreme 

rays ∈  of , i.e.,  

 

,							 1
∈∈∈

,									 ∈ ℚ| | | |																							(7.3.2) 
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By substituting  in (7.3.1) and eliminating constraints 	 , and letting  

and , ∈ ∪ , another formulation called extended formulation is obtained as: 

 

min 			 							
∈∈

            

subject to				 		 		 																																								(7.3.3)	
∈∈

 

1
∈

,					 		 		  

and can be solved using column generation. Suppose ∗, ∗ is an optimal dual solution to 

the RMP obtained in (7.3.3), where ∗ is associated with the convexity constraint 

∑ 1∈ . By substituting ∗, ∗ in (7.1.3), this problem can be reformulated as: 

  
min ∗ ∗ 		∈ ∪ 		0																																			(7.3.4) 

 
Using the previous linear transformation, this problem is reformulated as: 

 
min 		 		 ∗ ∗			|			 ,			 0                        (7.3.5) 

 
When the optimal value of (7.3.5) is negative and finite, the optimal solution is an 

extreme point ∈ , and a variable with the coefficient column , , 1  is added 

to the RMP. When the optimal value of (7.3.5) is minus infinity this implies that the 

problem is optimized along with an extreme ray ∈ . Thus a variable with the 

coefficient column , , 0  is added to the RMP. A lower bound on the MP can be 

constructed using 7.2.1.1 and the convexity constraint as: 

 
∗ + ∗ ∗ ≤ ∗                                            (7.3.6) 

According to the Dantzing-Wolfe decomposition, matrix  has block diagonal 

structure, i.e.,  
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⋱
            	

⋮
	                                       (7.3.7) 

 
Matrix  implies the existence of  independent sub systems that are represented by 

, , 1, … , . By observing  in (7.3.2) and with respect to 

(7.3.3), the MP associated with the th sub system is represented as: 

 

min 			 							
∈∈

            

subject to				 		 		 																																				(7.3.8)	
∈∈

 

1
∈

,				 		 		 , ∀	 ∈  

 
Receiving the dual variable associated with the th convexity constraint, we have  

sub problems formulated as: 

 
∗ min 		 ∗ ∗ 		|			 , ∈ ,			 1, … ,            (7.3.9) 

 
And from linear programming duality we have: 

 
∗ ∗ ∗ 																																																				(7.3.10)

∈

 

 
where  and  corresponds to  and ∗  is the dual variable associated with the th 

convexity constraint. The solution to RMP is optimal when all of ∗ are nonnegative. 

Otherwise, any column with negative ∗ can be added to RMP in terms of adding  

identified to the associated convexity constraint in RMP and updating  and  with 

respect to the new column identified.  
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7.4. Lagrangian Relaxation 

The lower bound represented in (7.3.6) is provided here using the Lagrangian 

Relaxation (Geoffrion (1974)). Let the problem below optimized over discrete set : 

 
∗ min 						 cx                                                                            

subject to							 	 	 																																																								(7.4.1) 

	 	 ∈ 	  

  
A lower bound to (7.4.1) is obtained by relaxing the constraints in 	 	  and 

penalizing their violation in the objective function using 	 	  resulting in the 

following problem: 

min	 		 			|				 ∈                            (7.4.2) 

 
Clearly,  is a lower bound on ∗ because 		|	 	 	 ,

∈ ∗. The best lower bound can be obtained by maximizing  over all  or  

 
max 				    |   u ≥ 0}                                       (7.4.3) 

 
It should be noted that in the optimality of  for (7.4.3) we have  

but due to feasibility constraints we must always have 	 	 . In other words if 

	 	  is not satisfied, the pair ,  is not optimal. To obtain a lower bound for the 

problem in (7.3.3),  in (7.4.1) can be stated in terms of extreme points and extreme rays 

of conv  and it does not change ∗. Thus, ∗  can be written as: 

 
∗ min	 		 ∗ 			|				 ∈  

min 			 ∗ ∗ 			|				 ∈ 																										(7.4.4) 

 
By adding and subtracting ∗ in (7.4.4) we get: 

 
∗ ∗ ∗ ∗ ∗			|				 ∈ 																						(7.4.5) 
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Since ∗ ∗ ∗ and ∗ ∗ ∗ we have: 

 
∗ ∗ ∗ 																																																										(7.4.6)  

 
If there are  sub systems where ∈ , 1, … , , then (7.4.6) can be written as: 

 
∗ ∗ ∗

∈

																																																		(7.4.7) 

 
and we have from (7.3.10): 

∗ ∗ ∗

∈

∗

∈

																																	(7.4.8) 

 
7.5. The Proposed Column Generation  

The idea behind the development of the column generation is to decompose the 

complex mathematical model of the original problem into smaller problems that are 

easier to be solved. The decomposition as described before should be done in a way that 

the most complicating dependent constraints are assigned to the master problem, while 

the relatively easier constraints with a block diagonal structure form the independent sub 

problems. Distinguishing the type of constraints forming block diagonal structure that are 

relatively easier to solve while finding the other set of complicating constraints that have 

inter-dependent relationships is a major task in solving a problem using column 

generation technique.  

Originally the column generation approach is designed to solve a linear problem. 

However, if the problem being investigated is integer, a lower bound on the integer 

problem can be constructed by relaxing the integrality constraints. In doing so, the LP-

relaxation of the integer problem is solved using column generation and the optimal or 

any of the lower bound on the linear problem would also be a lower bound on the integer 

problem. To distinguish between the objective function value of the linear and integer 

master problems, suppose the objective function of the linear MP and RMP problems in 
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(7.1.1) and (7.1.2) are now represented by ∗  and ∗  and the objective function of 

the integer master problem is represented by ∗ . Because the objective function of a 

minimization integer problem is always greater than its linear form we have: 

 
∗ ∗ 																																																										(7.5.1) 

 
therefore, we have from (7.4.7) and (7.5.1): 

 
∗ ∗

∈

∗ ∗ 																																			(7.5.2) 

 
If the integer problem is relaxed, the linear problem reflects an approximation of the 

integer problem which can be very poor depending upon the level of the relaxation. In 

other words, as much as the problem becomes more relaxed, it deviates from the original 

problem implying the existence of inferior quality lower bounds. Therefore, the 

relaxation as well as the level of relaxation are other important factors determining the 

efficiency of the column generation approach.   

Recalling the models MILP2 and MILP3 from Chapter 5, the main difference 

between these two models is the way the CSD setup time is formulated in them. 

Regardless of which of the models is selected to solve the original problem, constraint set 

(5.2.8) in MILP2 (or (5.3.6) in MILP3) is the only linking constraint set associated with 

more than one constraint. This constraint set ensures that a board starts its assembly on a 

machine only after it has been completely assembled on the previous machine. This 

essentially implies that two machines are linked using this constraint set or the associated 

obtained constraints made by this set are dependent. Regardless of the constraint set 

(5.2.8), the rest of the constraints in these two models are independent and consider a 

single machine. Thus by decomposing the original problem and assigning the constraint 

set (5.2.8) to the master problem, several single-machine sub problems can be 

subsequently constructed.      
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According to the constraint set (5.2.8), any column transferred from a sub problem 

must represent a schedule including the values for completion time, finish kitting time 

and tardiness of boards as well as the sequence of the groups on the corresponding 

machine. If it is assumed that the time variables have real values, there are an infinite 

number of schedules with an exponential growth with the increase in the size of problem. 

However, by assuming that the timing parameters and variables are discrete, there exist a 

finite but exponential number of schedules on each machine. Recalling the notation used 

to formulate MILP2 (MILP3), we formulated the mathematical programing models in 

this chapter. Additionally the following notations are introduced: 

 
Set of all feasible schedules on machine , 1, … , . 

1, if schedule  is selected on machine , 1, … , , 1, … , . This is a 

binary variable in the master problem representing the selection of the 

corresponding column in the basis.  

1, if group  is assigned to slot  on machine  in schedule , 1,… , , 

1,… , , 1,… , , 1, … , .  

Completion time of board  of group  on machine  in schedule , 

1,… , ,	 1, … ,  , 1,… , , 1,… , .  

Finish kitting time of board  of group  on machine  in schedule , 

1,… , , 1,… , , 1,… , , 1,… , .  

Tardiness of board  of group  on machine  in schedule , 

1,… , ,	 1, … , ,  1,… , .  

 
IMP: 

∗ Min , , , , ,  

, ,  

(7.5.3)

 = 

 = 

,
,  = 

, ,  = 

, ,  = 

,  = 
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subject to  

, , , , , , 0  ∀ ; ; ; 2, … ,  (7.5.4)

1 ∀ ; 1, … ,  (7.5.5)

∈ 0, 1  
∀ ; ; 1, … ,  

1, . . ,  
(7.5.6)

 

The objective function composed of weighted sum of weighted flow times and 

weighted tardiness is minimized in (7.5.3). Constraint set (7.5.4.), corresponding to 

(5.2.8) (or (5.3.6)), ensures that the assembly of a board on a machine > 1 starts only after 

it has been completed on the previous machine. The convexity constraint set (7.5.5) 

makes sure that only one schedule on each machine is selected. The integrality constraint 

on the binary variables  is ensured by (7.5.6).  

As noted before, there are an exponential number of schedules on each machine 

denoting the existence of a large number of binary variables in the master problem which 

makes solving the master problem difficult. Therefore, the master problem is relaxed on 

the binary variables by replacing ∈ 0, 1  with 0 and it gives rise to LMP the 

linear master problem presented as below. The variables in parenthesis in (7.5.8) and 

(7.5.9) are the associated dual variables to these constraints.  

 

LMP: 

∗ Min , , , , ,  

, ,  

(7.5.7)

subject to  
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, , 			 , , , ,  

, , 0  

∀ ; ; ; 	 2, … ,  (7.5.8)

										 1 ∀ ; 1, … ,  (7.5.9)

                 0 
∀ ; ; 1, … ,  

1, . . ,  
(7.5.10)

 

As it was mentioned in Section 7.1, the optimal dual solution of the master problem is 

needed to formulate the sub problems and so to identify the columns with the most 

negative reduced cost transferable to the master problem associated with each sub 

problem. DLMP is the dual of the LMP presented below: 

 
DLMP: 

∗ Max
1

 (7.5.11)

subject to  

, , , , , , , , ,  1, . . ,  (7.5.12)

, , , , , ,  

, , , ,  

, , , , ,  

∀ 2, . . , 1 
∀ 1, . . ,  

(7.5.13)
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, , , , , ,  

, , , , , , ,  

∀ 1, . . ,  (7.5.14)

, , 0 ∀ ; ; ; 2, . . ,  (7.5.15)

  Unrestricted ∀ ; 1, . . ,  (7.5.16)

 

According to the duality, the reduced cost of a primal variable corresponds to the 

infeasibility in the associated dual constraint. The only constraint of DLMP which is 

associated with the first machine is constraint (7.5.12) and is used to calculate the 

reduced cost on the first machine. To find out which of the schedules on the first machine 

has the smallest reduced cost, the following problem should be formulated and solved at 

each iteration of the column generation. With respect to selecting MILP2 or MILP3 to 

formulate the original problem, two separate formulations for the sub problems are given.  

 

Sub Problem 1-SP(1)-MILP2: 
 

∗ Min , , , , , , , , ,  
(7.5.17)

subject to 

(5.2.2) – (5.2.5) 

(5.2.6), (5.2.7), (5.2.9) – (5.2.16), (5.2.19) – (5.2.20) only for machine 1 
 

Sub Problem 1-SP(1)-MILP3: 
 

∗ Min , , , , , , , , ,  (7.5.18)
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subject to 

(5.3.2), (5.3.3) 

(5.3.4), (5.3.5), (5.3.7) – (5.3.21), (5.3.24) – (5.3.26) only for machine 1 
 
Similarly the th sub problem, 2,… , 1 with regard to MILP2 and MILP3 is 

formulated as: 

 

Sub Problem k-SP( )-MILP2: 
 

∗ Min , 	 , , , , , , , , ,

, , , ,  

(7.5.19)

subject to 

, ,  (7.5.20)

(5.2.2) – (5.2.5) 

(5.2.6), (5.2.7), (5.2.9) – (5.2.16), (5.2.19), (5.2.20) only for machine k 

 
 
Sub Problem k-SP( )-MILP3: 
 

∗ Min , , , , , , , , , ,

, , , ,  

(7.5.21)

subject to 

, ,  (7.5.22)

(5.3.2),(5.3.3),  

(5.3.4), (5.3.5), (5.3.7) – (5.3.21), (5.3.24) – (5.3.26) only for machine k 
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Finally the th sub problem, with regard to MILP2 and MILP3 is formulated as: 

 

Sub Problem m-SP( )-MILP2: 
 

∗ Min , , , , , , , ,  

, , , , , ,  

(7.5.23)

subject to 

, ,  (7.5.24)

(5.2.2) – (5.2.5) and (5.2.6), (5.2.7), (5.2.9) – (5.2.20) only for machine m  

 

Sub Problem m-SP( )-MILP3: 
 

∗ Min , , , , , , , ,  

, , , , , ,  

(7.5.25)

subject to 

, ,  (7.5.26)

(5.3.2), (5.3.3) 

(5.3.4), (5.3.5), (5.3.7) – (5.3.26) only for machine m 
 

 

Each of the sub problems contains only the constraints from the original problem 

associated with the corresponding machine. In other words to evaluate the objective 

function given in each sub problem, all of the constraints in MILP2 (or MILP3) except 

(5.2.8) ((5.3.6)) are selected and the constraints associated with each of the machines are 

added to the corresponding sub problem. Formulating the mathematical model of a sub 
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problem would enable evaluating the optimal sequence of the groups/boards and the time 

values of the assembly/kitting operations minimizing the given objective function on the 

machine corresponding to that sub problem.  

It must be noted that the boards’ completion time and finish kitting time variables 

( , ,  and , , ) and , ,  variables transferred from DLMP are positive. Also because 

 and ,  are weights and are positive, all of the individual completion time coefficient 

variables in the objective function of SP( ) are positive. However, the coefficient 

, 	 , , , ,  of , ,  may become negative for some values of ,  and 

. In such a case since the interest of the objective function is minimization, , ,  would 

infinitely increase to result in decreasing the objective function value to minus infinity. 

Thus to prevent from unbounded solutions, the boards’ total completion times is bounded 

from above. As the upper bound on the total completion times, any solution to the 

original problem would provide an upper bound as . It is the reason that constraints 

(7.5.20) and (7.5.22) are added to SP( ). Similarly, there is the same issue for SP( ) and 

constraints (7.5.24) and (7.5.26) are added to SP( ).  

To provide an over view of the algorithm developed in this research, first it is 

initiated with the solution found by a heuristic designed to solve the original problem 

(CFIM or TS). For this purpose we selected the CFIM1 algorithm which instantly 

generates a very good solution. Then in this solution, the corresponding values on the 

machines are used to develop the initial columns starting RLMP. After solving RLMP, 

the dual values are transferred to form the objective function of the sub problems and the 

sub problems are solved to identify new columns with negative reduced cost. If new 

columns with negative reduced cost are identified, then they are transferred to RLMP. 

With the increase in the number of columns in RLMP, this extended problem is solved 

again and this process continues until no more columns with negative reduced cost can be 

identified in any of the sub problems. The flow chart of the basic column generation 

algorithm is demonstrated in Figure 7.1.   
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Figure 7.1. The Mechanism of the Column Generation Algorithm 
 

7.6. Heuristically Solving Sub Problems 

To identify the columns that can be transferred to LMP, the sub problems are solved 

and the columns that have the negative reduced cost are candidates to be transferred. 

Since the column generation is ideally an optimal approach, if a column with negative 

reduced cost exists, the column generation will identify it. This process is continued until 

no more columns with negative reduced cost can be identified when the optimality is 

guaranteed. To continue the column generation process, any column with a negative 

reduced cost can be a candidate to be transferred to RLMP and it is not necessary that it 

be the column with the most negative reduced cost. It should be noted here that to 

identify the column with the most negative reduced cost on a machine, the associated sub 

problem must be solved to optimality, while the sub problem can be solved 
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approximately when identifying a column only with a negative reduced cost. The total 

number of iterations required to find the optimal solution to the original problem using 

column generation when optimally solving sub problems is smaller than when they are 

solved approximately. However due to the structure of the sub problems, optimally 

solving the sub problems may be computationally expensive. In other words, although the 

original problem is decomposed into a master problem and several sub problems, the 

mathematical formulation of the sub problems may still be too complex to be optimally 

solved. 

The sub problems in this research represent a single-machine problem with different 

objectives. The single-machine problem with the objective of minimizing the total flow 

time and sequence-dependent setups 1| , | ∑  is shown to be strongly -hard in 

Rinnooy Kan (1976). Regardless of , which is a constant in the objective function of 

SP(1), if  , ,  and , ,  are assumed to be 0, then the result would be a single-machine 

problem with CSD setups which is a generalization of 1| , | ∑  and it is strongly -

hard. Similarly if , , , , , , 0  in the objective function of SP( ), 

2,… , 1, then SP( ) would be a generalization of 1| , | ∑  and thus -

hard.  The single-machine problem with the objective of total tardiness 1|| ∑  has been 

shown to be -hard in the strong sense in Du and Leung (1990). Thus if , ,

, , 0 in the objective function of SP( ), then SP( ) will have the objective of 

∑  with CSD setups which is also -hard in the strong sense. Consequently, the 

sub problems in this research are strongly -hard.  

The approximation to solve the sub problems is to use a heuristic. In doing so, a 

heuristic is employed at each iteration of the column generation to solve the sub problems 

while it may not guarantee the optimal column with the most negative reduced cost.  

Considering a large number of iterations typically required in column generation, 

heuristically solving the sub problems in all of the iterations may require a large amount 

of time even if a short time is spent on solving an individual sub problem. Accordingly, a 
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heuristic should be very fast to instantly solve a sub problem. Also, an approach should 

be chosen to stop the heuristic after identifying a number of columns or when a certain 

amount of time elapses. The heuristic selected for this purpose is CFIM1 which can 

instantly solve the original problem very effectively. The CFIM1 algorithm is employed 

at every iteration of the column generation until no more columns with negative reduced 

cost can be identified or two consecutive iterations solved with this heuristic result in the 

same lower bound values. At this time, the search switches back to optimally solving. 

The search is terminated in a node (will be explained in branch-and-price section) when 

two consecutive iterations of optimally solving results in the same lower bound values. 

The total number of iterations using this approach may increase compared to when the 

sub problems are solved optimally. However, it makes the identification of columns with 

negative cost possible, while it may not be possible when optimally solving large-size sub 

problems.   

It should be noted that although a bound can be identified when heuristically solving 

the sub problems, this bound may not necessarily be a valid lower bound to the original 

problem. In other words, a lower bound to the original problem obtained at an iteration is 

valid if all of the sub problems are optimally solved. However, since the problems are 

-hard, optimally solving them may not be computationally possible. Thus, any lower 

bound on a sub problem instead of the optimal objective value can be considered.  

Nevertheless, using the simplifying approaches that are developed in Section 7.7.2, the 

sub problems can be solved to optimality for all of the problem instances that were used 

to test the lower bound in this research. For any larger size problems, solving the sub 

problems is still extremely complex meaning that even identifying a good quality lower 

bound on the sub problems is not computationally possible with the current technology at 

the time of writing this dissertation.  

Either of the approaches, a mathematical programming model or a heuristic 

algorithm, designed to solve a scheduling problem performs both sequencing and 

scheduling (Chapter 6). A mathematical model simultaneously finds the sequence of jobs 
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by finding the sequencing variables ( , 	and , , ) and evaluates the timing variables 

( , , , , , , , , ,  and , ) to minimize the given objective function. However a 

heuristic designed to solve such a problem, evaluates the timing variables for a given 

sequence and selects the sequence that mostly minimizes the objective function. After 

receiving a sequence of groups/boards from a heuristic, this sequence is inserted in the 

time-associated constraints to evaluate the timing variables. Since the sequence of the 

groups/boards is already given, only the timing variables, observed in the objective 

function, would need to be evaluated. This makes the evaluation of the objective function 

possible. For a given sequence, the CSD setup can be algorithmically evaluated apart 

from the formulation given in the mathematical model and it makes the evaluation of the 

given sequence much faster. Let , ,  be the setup time needed for the group assigned to 

slot  on machine  in a given sequence  and can be algorithmically evaluated. Suppose 

in the sequence , , 1, , 1 and , , 1 which implies that group  and 

 are already assigned to positions  and 1 respectively and board  follows board  

in group . By inserting these known variables in the constraints as well as the objective 

function of a sub problem (let it be SP( )), a mathematical programming time-schedule 

MPTS( ) can be formulated for SP( ), 2, … , 1;	∀ ; ; . Similarly, MPTS(1) 

and MPTS( ) can be developed for SP(1) and SP( ).  

 
MPTS(k): 
 

∗ Min , , , , , , , , , ,

, , , ,  

(7.6.1)

subject to 

, ,  (7.6.2)
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, max	 , , , , , ,  
, 0 (7.6.3)

, , max , , , , , , ,   
, 0 (7.6.4)

, 	 , ,   (7.6.5)

, , , , , ,   (7.6.6)

, , , , , ,  
, 0;  (7.6.7)

, , , , , ,   (7.6.8)

, , ,   (7.6.9)

 

7.6.1. Integration of Mathematical Programming Model and CFIM1 Algorithm 

To determine a sequence of boards in a group using CFIM1 algorithm, the group is 

assigned immediately after the reference group and the best sequence of boards to 

transfer from the reference group is considered. This sequence remains fixed regardless 

of the position of the group in the sequence (Chapter 6). Keeping boards’ sequences fixed 

may not be a good idea when solving SP( ) according to the lower bound values 

obtained in several experiments performed. It is observed that solving SP( ) with 

CFIM1 algorithm followed by a number of optimally solving iterations (at least one time) 

will not eventually result in good quality lower bounds. A replacement would be to use 

CFIM2 or even TS algorithm but it requires considerably larger computation efforts and 

will not speed up heuristically solving SP( ). As another approach, CFIM1 is only 

assigned to find sequences of groups. Then, sequencing boards in groups and scheduling 

evaluations are performed using the associated constraints of the mathematical 

programming model of SP( ). For this purpose, a similar model to MPTS( ) can be 

developed. This approach resulted in much better quality lower bounds based on several 

experiments of solving different type and size problems.  
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7.7. Branch-and-Price 

As it was noted, the master problem containing integer variables was relaxed to a 

linear problem. However, the solution to LMP problem may not be integral and it 

necessitates the application of integer programing approaches.  Branch-and-Price (B&P) 

as a generalization of B&B, employs column generation in every node of B&B tree. B&P 

should not be simply referred as the integration of the conventional B&B and column 

generation methodologies (Appelgren (1969)). Column generation designed for linear 

programing can introduce fundamental difficulties when applied to integer programing 

problems (Johnson (1989)). These difficulties include: 

 

 Conventional branching on variables may be ineffective because fixing variables 

may destroy the structure of the pricing problem.  

 Solving the linear master problem and sub problems to optimality may not be 

very efficient and can be too slow demanding for different rules to manage the 

B&P tree.  

 

To demonstrate the first issue, the standard branching rule is applied on the most 

fractional variable  by letting it be zero. This implies that the associated solution to the 

SP( ) or ,
,  is excluded. However it is very likely that the next time SP( ) is solved, the 

solution it finds be the one represented by ,
, . If this happens, the second best solution 

of the sub problem should be found or a constraint should be added to forbid the first. At 

depth  of the B&B tree, it may be necessary to find the th best solution of the sub 

problem or 1  constraints are added to the sub problem to forbid the 1  

previous bests. Accordingly the standard branching rule may not be efficient because of 

introducing extra complexity to the sub problems and ruining their simple knapsack 

structure. On the other hand, a solution may price out favorably but this solution cannot 

be accepted in LMP because of the branching decisions.  
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7.7.1. Branching Mechanism 

The problem mentioned above can be addressed by branching on the original 

variables , 		instead of branching on . To do this when the column generation stops at 

the end of a node, the original variables are computed using the columns identified so far: 

 

, ,
, 																			∀ , ∀ , ∀ 																																					(7.7.1) 

 
The most fractional variable ,  on machine  is determined as the variable having 

the minimum absolute value , 0.5  among all of , . When , 1, all existing 

columns in the master problem in which group  is not assigned to position  are 

permanently excluded from the th sub problem of the current node and all of the nodes 

following the current node in the branching tree. When , 0, all existing columns in 

the master problem in which group  is assigned to position  are permanently excluded 

from the th sub problem of the current node and all of the nodes following the current 

node in the branching tree. To represent the branching decision corresponding to ,

1, all of the columns in which , 1 transferred from the th sub problem along with 

all columns of the other sub problems are kept in the associated master problem of the 

generated node. To represent the other branch for , 0, all of the columns in which 

, 0 transferred from the th sub problem along with all columns of the other sub 

problems are kept in the associated master problem of the generated node. To select the 

master variables  for which ,
, 1 or ,

, 0 we define the following sets: 

 
	 ,

, 1, ∀ ∈ 	   

	 ,
, 0, ∀ ∈ 	  
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In doing so, the master variables for which ,
, 1 are selected by adding the 

following constraint to the master problem: 

 

1
∈

 

Similarly, the master variables for which ,
, 0 are selected by adding the 

following constraint to the master problem: 

 

1
∈

 

To represent the branching decision , 1  in SP( ), we simply set , 1 in 

SP( ) of the current node and all of the nodes resulting from the current node.  

Correspondingly, SP( ) will generate only those columns in which ,
, 1. For another 

branch we set , 0 in SP( ) of the current node and all of the nodes resulting from 

the current node.  Therefore, SP( ) will generate only those columns in which ,
, 0. 

 

7.7.2. Sub Problems Simplification 

As it was shown in Section 7.6, the sub problems in this research are all -hard. 

This implies that solving sub problems at each iteration of the column generation is 

roughly equivalent to solving the general problem. However to generate a valid lower 

bound using column generation approach, each of the sub problems should be solved at 

least one time optimally or a lower bound on each of the sub problems instead of the 

optimal objective function value of the sub problems may be considered. The constraints 

in the mathematical model of the sub problems as well as the model of the original 

problem capture two main purposes. For the first purpose, the constraints evaluate the 

timing and sequencing of different operations of the groups and boards. For the second 

purpose, the constraints evaluate the overall carryover sequence-dependent setup time. 
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The number of constraints for the first purpose in the model of the sub problems can be 

decreased to the minimum value if the optimal arrangements of boards within each group 

on machine  are known a priori. The optimal sequence of boards for the general 

problem cannot be identified without the use of the mathematical model. The reason is 

that if there exists a sequence of boards in a group on a machine that minimizes the 

associated contribution of that group on that machine in the objective function, this 

sequence may not necessarily be the optimal sequence for the same group on the other 

machines. This may be true because of the machines being flow shop and there can be 

different values of setup times, run times and kitting times for boards/groups on each of 

the machines. On the other hand, when each of the sub problems is individually solved as 

a single-machine problem, boards in each group are sequenced on the single machine 

without considering the rest of the machines. This makes determination of the sequences 

of boards possible when each of the sub problems is considered as an individual single-

machine problem.  

The weights in the objective function of the SP(1) are all positive. This implies if an 

idle time is inserted between the assemblies or kitting of any two consecutive boards, this 

would translate into increasing the objective function value. Thus, since the objective 

function is minimization type, the idle times between boards are decremented to zero.  

The weight , ,  in the objective function of SP( ) is positive but has a negative 

sign. This means that when , 	 , , , , 0, the objective function can be 

infinitely minimized by increasing , ,  and it is the reason that this variable is bounded 

from above in the mathematical model of SP( ). It should be noted that, of the two 

variables , ,  and , ,  with , 	 , , , , 0 and ,

	 , , , , 0, only one of them which decreases the objective function value 

the most will be increased to a large value. The reason is suppose that the increase in 

, ,  would decrease the objective function more than the increase in , , . Since the 

summation of the boards’ completion times is limited from above in the mathematical 
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model of SP( ), one unit of the time available to increase , ,  would improve the 

objective function more compared to when this unit was taken by increasing , , . 

Throughout the rest of this chapter we refer to the variable , ,  that decreases the 

objective function value the most as the “most decreasing , , ”. Similarly, the board 

associated with the most decreasing , ,  is referred to as the “most decreasing board”. 

If the group containing the most decreasing board is not the last group at the end of the 

sequence, an increase in the completion time of the most decreasing board would increase 

the completion times of other boards and thus would worsen the objective function value. 

Therefore, the group including the most decreasing board will be placed at the end of the 

sequence ( th position) after all the groups. The most decreasing board will be placed 

after all boards in this group, and therefore the completion time of this board can increase 

to a large value without unnecessarily increasing the completion times of the other boards 

in this group. Correspondingly, boards in the rest of the groups as well as boards in the 

last group, except the most decreasing board, will be sequentially kitted and assembled 

without any idle time in between like the situation in SP(1). It may seem that the , ,  

variable with the most negative weight (the absolute value of the weight is the largest) 

can be the most decreasing , , . Yet it is the model that decides what the amount of 

increase in a variable should be, and therefore a variable with a small negative weight 

may be identified as the one that results in the largest decrease in the objective function 

value. Decision about how much a variable in the last group can increase is dependent on 

the completion time of the group before the last group ( 1 th). Accordingly, 

since the summation of the completion times of all boards is bounded from above, when 

the completion time of the group before the last group is large, a smaller amount of 

increase in the completion time of boards in the last group would be left. 

Correspondingly, to distinguish group  as the group containing the most decreasing 

board (suppose board ) two factors  should be considered, the negative of the weight 

( , 	 , , , , ) and the amount that , ,  is allowed to increase where the 
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product of these two would be the largest among all of the other  with a , ,  having 

a negative weight. 

The weight of , ,  in the objective function of SP( ) is , , ,  if board  

of group  is not tardy; otherwise the weight is , , , , . In either of the 

cases, there is the possibility that these weights become negative because of the existence 

of , , . Similar to the reasoning given for SP( ), the group containing the most 

decreasing board will be placed at the end after all groups ( th) and the most 

decreasing board will also be placed after all boards in this group.  

Since decision on finding the most decreasing board is left for the mathematical 

programming model of SP( ), the sequence of boards in the group containing the most 

decreasing board cannot be determined in advance. Thus, the model should also arrange 

boards of the group containing the most decreasing board and it requires the constraints 

from the model of the original problem. This essentially implies that since the group 

containing the most decreasing board is not known in advance, two sets of constraints for 

sequencing/scheduling the boards of a group namely  having an , ,  with a negative 

weight are needed. The first constraint set is associated with scheduling the given 

sequence of the boards in  (can be determined using the approaches given in Section 

7.7.2.2) when this group is assigned to th position. The other set, selected from the 

mathematical model of the original problem, is for sequencing and also scheduling the 

boards in  when this group is assigned to the th position. To clarify this, consider 

group  with boards ,  and . Suppose the optimal arrangements of the boards in  

has been determined as - - , if  is assigned to th position. As one of the 

constraints of the model of the original problem (let it be MILP3), consider constraint set 

(5.3.8). Since the arrangement of the boards in  is known, we only need to add the 

constraints (a): , , , , , , ,  and (b): , , , , ,

, ,  to the model of SP( ) only to schedule the assembly of the boards in . Also to 

capture the possibility of assigning  to the last position, we add constraint sets (5.3.8) 
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and (5.3.9) or (c): , , , , , , , , , 1  and (d): , ,

, , , , 	 , , 1 , 1 ,  and ∈ , , , ′  to the 

model of SP( ). This would allow for both sequencing and scheduling the boards in . 

Thus, if the model decides to place  in a position not the last one ( , 0), then 

constraints (a) and (b) become binding and the other two non-binding. The converse 

holds true when  is assigned to the th position. Correspondingly, in either of the cases 

when  is not assigned or is assigned to the end of the sequence, the constraint set not 

associated with the active case would automatically become non-binding.  

Finding the sequence of boards in each group in SP( ) is a complex problem because 

of the existence of tardiness values. However, under some assumptions, the optimal 

sequence of boards can be determined using the approach developed in Section 7.7.2.3. 

 

7.7.2.1. SP(1) Simplification 

 In the following, a theorem is proven which implies that the optimal sequence of 

boards in each group in SP(1) is independent from the sequence of groups.  

 

Theorem 7.1. The optimal sequence of boards in a group remains optimal independent 

of the sequence of groups in SP(1).  

 

Proof: Consider group  with  boards and two different sequences of boards  and 

. Consider two positions to which  can be assigned where the start kitting time of 

 in the first position is  and in the second position is ,  . Let 

, ,
,

 and , ,
,

 respectively denote the completion time and finish kitting time of 

,  in sequence  if  starts its kitting operation at , 1,2	and 1,2. 

Suppose  be the optimal sequence of the boards in , if it starts its kitting operation 

at . The contribution of  in the objective function of SP(1) under  and  is: 
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, , , , , ,
,

, , ,
,

																												(7.7.2.1.1) 

 
Since  is the optimal sequence when starting from , , , . On the 

other hand, we have , and because boards are consecutively assembled and 

kitted and no idle time exists we have: 

 
, , ,

,
, ,
,  and , ,

,
, ,
,   

 
where 0. Therefore ,  can be written as: 

, , , , , ,
,

, , ,
,  

, , , , , , , ,
,

, , 																						(7.7.2.1.2) 

 
(7.7.2.1.2) implies that , , , , . Since  and , , 0, we 

have , , ,  and the optimality of  when  is assigned to 

different positions is proven. □ 

 

Below two approaches for sequencing boards in a group are proposed. In the first 

approach, an optimal rule on the relationship between any two consecutive boards in the 

optimal sequence is provided, which will be used to develop an implicit enumeration 

approach. In the second approach, an assignment problem considering different 

possibilities of assigning a board to a position with regard to the assignment of the 

previous positions is formulated and used to establish a lower bound on the value of the 

contribution of a group in the objective function.  
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7.7.2.1.1. Implicit Enumeration 

Finding the optimal sequence of the boards in group  on the first machine can be 

determined using explicitly enumerating the ! combinations of the  boards. 

However, we develop a property below which demonstrates the existence of a 

relationship between any two consecutive boards arranged in the optimal sequence and 

use it to implicitly enumerate the combinations of boards.  

 

Property 7.1. If ,  and ,  are two consecutive boards in  on the first 

machine arranged in the optimal sequence, they must follow the rule: 

 

, , , , , , , ,  

, , , , , , , , 																									 

 

Proof: Regardless of  which is a fixed parameter, the contribution of group  with 

 boards in the objective function of the first sub problem is minimized by finding the 

minimum of ∑ , , , , , , , , . We know that there 

is no idle time between the assemblies and kitting of boards in SP(1). Thus, the assembly 

of the first board in the sequence in group  on the first machine starts at , , , the 

second board in the sequence starts its assembly at , , , , , the third board at 

, , , , , ,  and so on. Similarly by assuming that , ,  is the 

start kitting of the first board in the sequence in group  on the first machine, the 

second board in the sequence starts its kitting at , , , , , the third board at 

, , , , , ,  and so on. By disregarding , ,  and , , , 

which have no effect on the arrangements of the boards in  according to the Theorem 

7.1, the finish kitting and assembly times of the th, 1, . . ,  board in the sequence in 

 can be respectively represented as ∑ , ,  and ∑ , , . Thus, the 
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changing part (the part that changes with different sequences of boards) of the finish 

kitting and assembly of the th board in the sequence in  are respectively 

∑ , ,  and  ∑ , , . With regard to the objective function, the changing part 

of the contribution of the th, 1, . . ,  board in the objective function is: 

 

, , , , , , , , 																					(7.7.2.1.3) 

 
Suppose  and , respectively, be the summation of the run times and kitting 

times of the boards before the th position in the optimal sequence. In the optimal 

sequence, if board ,  is assigned after ,  then we must have: 

 

, , , 	 , , , 	 , ,  

, , , 	 , , 	 , ,  

, 	 , , 	 , ,  

, , , 	 , , , 	 , ,  

, , , 	 , , 	 , ,  

, 	 , , 	 , ,  

 
which implies that: 

 

, , , , , , , ,  

, , , , , , , , 																							(7.7.2.1.4) 

 
and the property is proven. □ 

Using the rule obtained in Property 7.1, one first examines assigning the  boards 

to the first position. Of the 1 remaining boards that can be assigned to the second 
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position, only those satisfying the rule in Property 7.1 are assigned. Then for each of the 

remaining partial sequences, only the boards of 2 satisfying the rule are assigned 

to the third position and so on.  

 

7.7.2.1.2. Lower Bound Contribution 

Although the rule established in Property 7.1 would be used to implicitly enumerate 

the possible combinations of boards, it may still require a considerable time when solving 

problems with very large number of boards in each group. In the following, we develop a 

lower bound on the value of the contribution of  in the objective function, which is 

obtained by developing and solving an assignment problem. The assignment problem is a 

special case of the transportation problem which in itself is a special case of the minimum 

cost flow problem, which is a linear programming problem and therefore can be solved in 

polynomial time.  

To get the contribution values used to develop the assignment problem, suppose that 

there are  possibilities for assigning a board to the th, 1, . . ,   position. By 

assigning a board to the th position, there are 1 positions before the th position that 

1 boards can be assigned to. Thus, the contribution of the board assigned to the th 

position can be obtained using equation (7.7.2.1.3) by finding ∑ , ,  and 

∑ , , . Clearly, by knowing the types of boards assigned to the first  positions, 

1, . . , , the two summation values can be evaluated without the need to know the 

sequence of the previous 1  boards. The total number of ways to select  boards for 

the first  positions is   which means there are  different 

contribution values for the th position. Therefore, there are a total of 

⋯ 2  values for the  positions. This implies 
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that the contribution matrix for the assignment problem has  rows and  

columns, where the first row and the columns 1, . . ,  point to the values for the 

assignments to the first position, the second row and the columns 1,… ,  point 

to the values for the assignments to the second position and so on. The display of the 

contribution matrix is provided in Figure 7.2. 

 

Figure 7.2. Display of the Contribution Matrix 
 

The Hungarian method, originally developed to solve the assignment problem, can be 

used to solve the assignment problem developed here by following the two steps below. 

Let , ,  and , , respectively, denote the lower bound on the contribution of 

, the contribution value in the th row and th column of the matrix and the board 

assigned to the th position with regard to , . Initially  is set to zero.  
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Step1: Find the minimum value among the values available in the assignment matrix and 

suppose it is in the th row and th column. Set 	 , . Go to 

step 2.  

Step2: Disregard ,  and all the other values in the th row. Also disregard ,  in 

row  if it necessitates ,  to be assigned to the th position. If  values for all 

the  positions are selected, terminate the search and report ; otherwise 

go to step 1.  

 

In an iteration of this algorithm, we may assign ,  to the th position and thus the 

types of boards assigned to the previous 1  positions can be determined as a 

consequence. However, the types of boards assigned to these positions may be 

determined to be different when ,  is assigned to the th position in another iteration 

of the algorithm. Accordingly, the decision about the types of boards prior to the th 

position made by assigning ,  to the th position may not be feasible due to the 

assumption about the types of these boards when assigning ,  to the th position. 

However, using this approach, the minimum values (not necessarily feasible) for 

assigning the boards to each of the  positions, 1, . . ,  can be determined and it is 

the reason that the value found by this approach is the lower bound on the contribution of 

 in the objective function.  

 

7.7.2.2. SP( ) Simplification 

As noted before, since , 	 , , , ,  in the objective function of SP( ) 

can be negative, the group containing the most decreasing board is placed at the end of 

the sequence after all the groups and the most decreasing board is also placed after all 

boards in this group. Below a theorem is given implying that if a group does not contain 

the most decreasing board in SP( ), then the optimal sequence of boards in this group is 

independent from the sequence of groups.  
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Theorem 7.2. The optimal sequence of boards in a group not containing the most 

decreasing board remains optimal independent of the sequence of groups in SP( ).  

 

Proof: Suppose  does not contain the most decreasing board and it must be placed in 

th position. This implies that inserting any idle time between the assemblies and 

kitting operations would increase the contribution of this group and the groups following 

this group in the objective function. Therefore, boards in this group are consecutively 

kitted and assembled without any idle time in between. The term , , , ,  in the 

objective function of SP( ) is constant and will not change with different sequence of 

boards. Thus, the changing part of the contribution of  in the objective function of 

SP( ) is represented by: 

 

, 	 , , , , , , , , , 											(7.7.2.2.1) 

 
If all of the , ,  have positive weights, then the optimal sequence of the boards in 

 will not change with different sequences of the groups by developing a similar proof 

given in Theorem 7.1. Suppose , ,  has a negative weight and ,  and  ,  

are, respectively, the start assembly and start kitting time of  when it is assigned to 

the th, , position.  denotes the optimal sequence of the boards in  in the th 

position. Correspondingly, the contribution of  given in (7.7.2.2.1) when this group is 

assigned to the th position can be evaluated as:  

, 	 , , , , , 	 , ,  

, , , , 																																															(7.7.2.2.2) 
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where , , , , , , , , , ,  and , ,  are the associated values of 

, , , , , , , , , ,  and , ,  in the sequence . Clearly since 

 is the optimal sequence of the boards in  when this group is assigned to the th 

position, the changing part of the contribution of  in the objective function under the 

sequence  or 

, 	 , , , , , , , , ,  

 
would be the minimum value among all of the other values obtained for different 

sequences of the  boards. If  is assigned to another position  and , and 

, then the values of  and  would be different but still  would be the 

minimum value among all of the other values obtained for different combinations of the 

 boards. □ 

 

7.7.2.2.1. SP( ) Implicit Enumeration and Lower Bound Contribution  

If  does not contain the most decreasing board, the optimal sequence of its boards 

can be determined using implicit enumeration with respect to the rule established in 

Property 7.2. The contribution matrix of  to use the Hungarian method can be 

developed in the same way as for SP(1).   

 

Property 7.2. Suppose  be a group not containing the most decreasing board on the 

kth machine. If ,  and ,  are two consecutive boards in  arranged in the 

optimal sequence, they must follow the rule: 

 

, 	 , , , , , , , , ,  

, 	 , , , , , , , , , 																									 
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Proof: Proof is provided in Appendix B.1. 

 

7.7.2.3. SP( ) Simplification 

The problem 1|| ∑  has been shown to be -hard in the strong sense in Du and 

Leung (1990). Since the sum of tardiness term exists in the objective function of SP( ), 

there is no way to arrange boards in each group to identify an optimal solution in 

polynomial time. We know for sure that the group containing the most decreasing board 

will be placed after all the other groups. Because of the uncertainty introduced by the 

tardiness terms, the sequence of boards in each group is dependent on the sequence of 

groups. However, there is still a chance to get rid of the uncertainty introduced by the 

tardiness terms. Clearly if there is no tardy board in , then the tardiness term would be 

eliminated and the weight of , ,  would be , , , . In the case  

does not contain the most decreasing board, similar optimal rule as it was obtained for 

SP(1) and SP( ) can be constructed to implicitly arrange the boards in  or we develop 

an assignment problem to get a lower bound on the contribution of . Similarly, when 

all of the boards in  are tardy, the weight of , ,  would be  ,

, , , , , ,  and again if  does not include the most 

decreasing board, we can find an optimal rule to implicitly arrange the boards or develop 

an assignment problem. It is shown in Theorem 7.3 that when a group does not contain a 

tardy board and the most decreasing board, then the optimal sequence of boards in this 

group remains the same by assigning this group to one of the previous (earlier) positions 

that precede its current position.  

 

Theorem 7.3. The optimal sequence of boards in a group not containing a tardy board 

and the most decreasing board remains optimal if this board is assigned to one of the 

previous positions that precede its current position on the mth machine.   
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Proof: Let  be a group not containing the most decreasing board and any tardy board. 

Therefore,  will be placed in th position and there will be no idle time between 

the assemblies and kitting of the boards in this group and the boards it contains are 

consecutively kitted and assembled one after the other. , , , ,  in the objective 

function is constant and can be removed. Thus, the changing part of the  contribution 

in the objective function of SP( ) is: 

 

, , , , , , , , 																											(7.7.2.3.1) 

 
Since none of the boards in  is tardy, assigning  to one of the positions that 

precede its current position will not make the boards tardy. Thus the weights of the 

, ,  will be again evaluated as , , , . If all of , ,  have positive 

weights, a similar proof for Theorem 7.1 can be developed to show that the optimal 

sequence of the boards in  will not change by assigning this group to one of the 

positions preceding its current position. If , ,  has a negative weight and since  

does not include the most decreasing board, a similar reasoning given in Theorem 7.2 can 

be stated to imply that the arrangement of the boards in  will not be affected by the 

positions of groups. Therefore, since placing  in one of the previous positions, 

preceding its current position, will not make any of the boards be tardy, the similar 

optimal sequence of the boards in  is expected if this group is assigned to one of the 

preceding positions. □ 

 

It is shown in Theorem 7.4 that the optimal sequence of boards in a group with all 

tardy boards and not containing the most decreasing board remains the same if this group 

is assigned to one of the next (later) positions that follow its current position.  
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Theorem 7.4. The optimal sequence of boards in a group not containing the most 

decreasing board with all tardy boards remains optimal if this group is assigned to one 

of the later positions (not the last position) that follow its current position on the mth 

machine.   

 

Proof: Proof is similar to Theorem 7.3 and provided in Appendix B.2. 

 

7.7.2.3.1. SP( ) Implicit Enumeration and Lower Bound Contribution  

If  does not contain the most decreasing board, the optimal sequence of its boards 

can be determined using implicit enumeration with regard to the rule established in 

Properties 7.3 and 7.4, respectively, when none of its boards is tardy or all of them are 

tardy. In either of these cases, the contribution matrix of  for the Hungarian method 

can be constructed in the same way as it was performed in SP(1).  

 

Property 7.3. Suppose that  does not contain the most decreasing board on the mth 

machine and none of the boards in this group is tardy. If ,  and ,  are two 

consecutive boards in  arranged in the optimal sequence, they must follow the rule: 

 

, , , , , , , ,  

, , , , , , , , 																									 

 

Proof: Proof is provided in Appendix B.3. 

 

Property 7.4. Suppose that  does not contain the most decreasing board on the mth 

machine and all of the boards in this group are tardy. If ,  and ,  are two 

consecutive boards in  arranged in the optimal sequence, they must follow the rule: 
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, , , , , , , ,  

, , , , , , , , 																									 

 
Proof: Proof is provided in Appendix B.4. 

 

7.7.2.3.2. Identifying Groups with Tardy or Non-Tardy Boards 

The optimal sequence of boards in a group with any or all tardy boards can be 

determined by implicitly enumerating and using Properties 7.3 and 7.4. Yet finding out 

whether or not all boards in a group are tardy is still a question that has to be answered. 

Essentially, the completion times of boards in a group determine their tardiness and they 

are dependent on the position of the group in the sequence. Accordingly, when a group is 

assigned to one of the beginning positions in the sequence, very likely none of its boards 

is tardy. On the other hand, by assigning this group to one of the ending positions, 

potentially all of the boards become tardy. The optimal sequence of boards when they are 

all tardy can be different from the optimal sequence when none of the boards is tardy. 

Thus, two sets of constraints for scheduling all tardy or non-tardy boards in a group are 

needed. However, when this group is in one of the positions in between, it will have a 

number of tardy or non-tardy boards. Thus, finding the optimal sequence of the boards in 

this group when it contains the most decreasing board and assigned to th position or 

when it is in one of the positions in between cannot be determined without the help of the 

mathematical programming model. Accordingly, another set of constraints selected from 

the mathematical programming model of the original problem for sequencing and 

scheduling the boards of this group is needed. This implies that among the three sets of 

constraints for boards in a group, the model of SP( ) should select only one of them with 

regard to the position in the sequence to which the group is assigned (see Section 7.7.2).  

Adding three sets of constraints to sequence and schedule boards of each group in 

each position would increase the size of the mathematical model of SP( ). As it was 

stated above, boards in a group assigned to one of the beginning positions in the sequence 
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may all be non-tardy. While, they can be all tardy if this group is assigned to one of the 

ending positions. Accordingly, for any group, there is a position in the sequence so that 

boards of a group will remain non-tardy if this group is assigned to one of the earlier 

positions. Similarly, there is another position for this group so that the boards of the 

group will remain tardy if this group is assigned to one of the later positions. By knowing 

these two positions in advance, the unrelated constraint set that remains non-binding can 

be eliminated from the model of SP( ). In other words, if the position of a group at 

which the boards of the group remain non-tardy is known in advance (can be determined 

without the help of the mathematical model), the constraint set concerning the tardy 

boards and the set selected from the mathematical model of the general problem can be 

disregarded from the model of SP( ) for this group at this position. Similarly, if the 

position of a group at which the boards of the group remain tardy can be determined in 

advance, the constraint set concerning the non-tardy boards and the set selected from the 

mathematical model of the general problem can be disregarded from the model of SP( ) 

for this group at this position. The remainder of this chapter will provide explanation on 

how to identify the positions in the sequence for a group where the boards of the group 

remain non-tardy or tardy independently from the help of the model of SP( ).  

 

7.7.2.3.2.1. Eliminating Non-Binding Constraints  

Tardiness of a board in a group is determined by its completion time, which is also 

determined by knowing the start assembly time of the group. Accordingly, by starting 

from the beginning of the sequence at which the group can be assigned to, the boards of 

the group may not be tardy until inserting the group in a position at which at least one of 

the boards becomes tardy in the optimal sequence. Similarly, by starting from the end of 

the sequence and moving toward the beginning, the boards in the group may all be tardy 

until inserting the group in a position at which at least one of the boards is not tardy in the 

optimal sequence. In this section, the worst-case scenario for assigning a group with any 
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tardy board or the best-case scenario for assigning a group with all tardy boards are 

investigated.  

 

Positions for a Group with Non-Tardy Boards  

To find the positions to which a group can be assigned and all of the boards of the 

group remain non-tardy, the worst-case scenario for the largest start assembly time of the 

group at each position is considered. This time can be the largest value if groups with the 

largest assembly times are assigned to the previous positions. However, to extend this 

time more, the largest values of setup times to transfer from an individual group to 

another one should be considered for each of the previous positions. In doing so, the 

worst-case scenario for the start assembly time of a group assigned to the th position is 

evaluated by finding the first 1 largest values of group assembly times for the first 

1 positions. Also, the largest setup time to transfer from  to one of the  groups is 

considered for the first position. Among all the setup times between individual groups 

without carryover sequence-dependent assumption, the first 1 largest values are 

considered for the rest of 1 positions.   

To obtain the largest setup times, the maximum possible number of setup changes 

from a group to another one has to be obtained. The maximum number of setup changes 

only to transfer from  to ,	 , 1, … ,  and  is evaluated by letting 

only the components required of  be on the feeders and then perform a setup change if 

a component required by  is not shared by  on the same feeder. In doing so, a setup 

operation on a feeder is performed when  requires a component on the feeder but 

currently there is no component assigned to this feeder or there is a different component 

because of the requirements of . Doing this would obtain the largest value of setup 

time to transfer between individual groups or  to  and this value may decrease if 

the effect of the previously scheduled groups is considered. Let , ,  denote the 

setup time evaluated using this approach to transfer from  to  on machine . To 
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find the first  largest setup times for the  positions, an algorithm with the two steps 

below is designed and followed. Let  be an array accepting the largest setup times 

selected for the 1,… ,  positions where  denotes the th element of the array and	  is 

initially assumed to be zero. Also, let  be the set of groups assigned to the 1,… ,  

positions with regard to the largest value of setup times selected for the associated 

positions.   

 

Step1: Among the  values of , ,  to transfer from  to , 1,… , , select the 

largest value. Set 1 and  to the value selected and go to step 2.  

Step2: Among the 1 1  values of , ,  to transfer from  

to , , 1, … ,  ,  and ∉ , select the largest value. Set 

1,  to the value selected and ∪ . If , go to step 3; 

otherwise repeat step 2.  

Step3: Return  and terminate the algorithm.  

 

Since a delay in finishing the kitting operation of a group may delay its start 

assembly, the difference between the large kitting times and the small assembly times of 

the groups are considered for the previous positions. Correspondingly, suppose , , 

1,… ,  are arranged in descending and , , 1,… ,  are arranged in 

ascending orders and the values arranged are shown by ,  and , , 1,… , . 

Since the total kitting time of the first group in the sequence is completely included in the 

evaluation of its completion time, ,  is completely included in the completion time 

for the first position in the sequence. For the rest of the positions, max ,

, , 0  is included in the completion time for the second position, max ,

, , 0  for the third position and so on.  
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With regard to the explanation provided above, the algorithm below is developed to 

find the largest position to which the group  can be assigned and all of its boards 

remain non-tardy.  is the minimum board’s due date in .  is a 

variable showing the completion time of .  denotes the maximum of zero and 

delay in finish kitting time.  is initially zero.  

 

Step1: Set , . Go to step 2.  

Step2: While , 0  and   

Set max , , , 0 .  

Set , . 

Set 1. 

End While 

Step3: Boards of  remain non-tardy if  is assigned to the 1st, …, th positions. Return 

 and terminate the algorithm.  

  

Positions for a Group with All Tardy Boards  

The positions for a group with all boards being tardy can be found by considering the 

best case scenario for the smallest start assembly time of the group at each position. This 

time would be the smallest value if groups with the smallest assembly times are assigned 

to the previous positions. However, the lowest values of setup times between two 

individual groups without carryover sequence-dependency should be considered for each 

of the previous positions. Thus, the best case scenario for the start assembly time of a 

group assigned to the th position is evaluated by finding the first 1 smallest values of 

group assembly times for the first 1 positions. Also, the smallest setup time to 

transfer from  to one of the  groups is considered for the first position. Among all the 

setup times between individual groups without carryover sequence-dependency, the first 

1 smallest values are considered for the rest of 1  positions. To get the minimum 
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value of setup time to transfer from  to , the minsetup approach originally 

introduced in Logendran et al. (2003) is used. Consider the components required of  

on the feeders. If no other group requires a particular component needed by  on a 

feeder, it means that the component is unique among all the groups on that feeder. Thus, 

regardless of the position of  in the sequence when the assembly switches to it, there 

is always a setup operation required to place the unique component on the associated 

feeder. Suppose there is another group  assigned to one of the positions before 

which shares a similar component with  on feeder	  or . Let  does not 

require  on feeder . Accordingly, due to carryover sequence dependency, there is the 

possibility that  still exists on feeder  when the assembly switches to  and as a 

result to . Thus, to evaluate the minimum value of setup time to transfer from  to 

, a setup operation is performed only when  requires a unique component on a 

feeder or different components are required by  and  on the same feeder. In other 

words, to disregard the effect of carryover dependency, we disregard the setup time for 

placing a common (not unique) component required by  on a feeder not used by . 

Doing so would give the lowest number of component exchanges to transfer from  to 

. Accordingly, the lowest value of setup time to transfer between individual groups or 

 to ,	 , 1, … ,  and  can be obtained. Table 7.1 demonstrates the 

evaluation of the minimum setup times.    

Let , ,  denote the setup time evaluated using this approach to transfer from 

 to  on machine . The first  lowest setup times for the  positions are evaluated 

using the algorithm below. Let  be an array accepting the lowest setup times for the 

1,… ,  positions where  denotes the th element of the array and	  is initially assumed 

to be zero.  is the set of groups assigned to the 1,… ,  positions with regard to the 

lowest value of setup times selected for the associated positions.  
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Step1: Among the  values of , ,  to transfer from  to , 1, … , , select the 

lowest value. Set 1 and  to the value selected and go to step 2.  

Step2: Among the 1 1  values of , ,  to transfer from  

to , , 1, … ,  ,  and ∉ , select the lowest value. Set 

1,  to the value selected and ∪ . If , go to step 3; 

otherwise repeat step 2.  

Step3: Return  and terminate the algorithm.  

 

Table 7.1. Example Problem on Minsetup Evaluation 

Feeder 
Feeder Configuration 

Required for Each Group 
Setup Operation Requirement 

     to   to   to  

1 C-41  C-26 C-70 - 1 1 
2  C-04  C-26 1 - 1 
3 C-72 C-72  C-55 - - 1 
4 C-15  C-48  - 1 - 
5 C-65    - - - 
6   C-46 C-37 - 1 1 
7  C-14  C-14 - - - 
8 C-47   C-08 - - 1 
9 C-61 C-28   1 - - 
10   C-32 C-32 - - - 

Total Number of Setup Operations 2 3 5 

 

To consider the minimum delay in finish kitting time values, the difference between 

the smallest kitting time and the largest assembly time among all the groups is considered 

for each of the previous positions. Suppose , , 1,… ,  are arranged in ascending 

order and , , 1,… ,  are arranged in descending order and the values arranged 

are shown by ,  and , , 1,… , . Since the total kitting time of the first 

group in the sequence is completely included in the evaluation of its completion time, 
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,  is completely included in the completion time for the first position in the 

sequence. For the rest of the positions, max , , , 0  is included in the 

completion time for the second position, max , , , 0  for the third position 

and so on.  

The smallest position to which group  can be assigned and all of its boards remain 

tardy can be determined using the algorithm below.  and  are, 

respectively, the minimum board’s assembly time and maximum board’s due date in . 

 is initially zero.  

 
Step1: Set , . Go to step 2.  

Step2: While 0  and   

Set max , , , 0 .  

Set 1. 

Set , . 

End While 

Step3: Boards of  are all tardy if  is assigned to the th, …, 1 th positions. 

Return  and terminate the algorithm.  

 

7.7.2.4. Assignment to the Last Position 

To further simplify solving the mathematical models of SP( ) and SP( ), the size of 

the models can be decreased by assigning the groups to the last position that are the only 

candidates for this position in the optimal sequence. When solving SP( ), we know that 

any group ( ) containing a board ( ) with negative weight , 	 , , , ,  

can be potentially the group containing the most decreasing board. On the other hand, 

only the group containing the most decreasing board will be assigned to the last position 

in the optimal sequence. Thus, the only candidates for the last position are the groups 

containing at least one board with negative weight , 	 , , , , . 
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Correspondingly, all of the constraints for sequencing and scheduling boards of a group 

( ) with no board with negative weight , 	 , , , ,  concerned with the 

assignment of this group to the last position can be removed from the mathematical 

model of SP( ). On the other hand, when group  is a candidate for the last position ( th 

position), it is sufficient to add the constraint , 1 to the mathematical model of 

SP( ). This would eliminate all of the constraints concerning the assignment of  to 
th position and also the constraints concerning the assignment of  to the th 

position. Suppose that there are , , … ,  candidate groups for the last position. Then, 

 problems where , 1 for the th problem, 1,… ,  are individually solved. 

Accordingly, the lower bound value for the SP( ) problem would be the minimum value 

among the lower bounds of the  individual problems. A similar approach is also used 

when solving SP( ). Traditionally, assignment of all of the groups to the last position 

was possible. However, using this strategy, a fewer number of groups can be assigned to 

the last position which would decrease the complexity associated with solving the 

mathematical model of SP( ) or SP( ).  

 

7.7.3. Implementation Issues 

This section discusses the implementation issues of solving very large-size problems 

with incumbent complexities. The largest size problem which is computationally possible 

to be solved in this research has 11 groups. The problems of this size are very complex, 

so solving an individual sub problem using the optimal approach in only one iteration 

may take up to several hours. Accordingly, some issues in solving very large-size 

problems and their solutions in order to provide good quality lower bounds are provided.  

  

7.7.3.1. Change from CFIM1 to Optimal Approach 

As it was mentioned in Section 7.6, the search switches to optimally solving 

whenever two consecutive iterations of the column generation solved with CFIM1 
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algorithm result in the same lower bound values. However, when solving very large-size 

problems, a different value of lower bound may be identified in every iteration using 

CFIM1 algorithm. Accordingly, the search can be trapped in applying the CFIM1 

algorithm for a large number of iterations while identifying different lower bound values 

very close to each other. In doing so, the search using CFIM1 algorithm is stopped and 

switched to the optimal approach whenever the absolute value of the negative reduced 

cost as well as the deviation in lower bounds of two consecutive iterations are small.  

 

7.7.3.2. Non-Carryover Sequence-Dependent Setup Times 

Evaluation of the CSD setup times in the mathematical models of the original 

problem as well as the sub problems requires a considerable number of constraints and 

variables in a problem of very large-size. This makes solving the mathematical models 

complex so that even optimally solving or at least obtaining a good quality lower bound 

on a sub problem with 11 groups is almost impossible. To overcome this complexity, the 

carryover characteristic of setup time is relaxed to non-carryover or in a more common 

terminology sequence-dependent, or to make the distinction between the two more 

clearer, non-carryover sequence-dependent (NCSD).  The lower bound to the original 

problem obtained by NCSD setup time would be lower than the value obtained by 

considering the CSD setup time but it can be obtained with less time and computation 

efforts. The primitive approach in this research to evaluate NCSD between  to  

is as following: 

Consider only the components required of  exist on feeders. Then, a setup 

operation is performed only when different components are required by  and  

on the same feeder. In other words, no setup operation is performed on feeder  when 

 requires a component on this feeder but  does not require any component to be 

assigned on this feeder. Doing this would give the lowest number of component 

exchanges to transfer from  to . The reason is because of ignoring the 
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components required by  and not shared by  and, as a result, the effect of 

carryover dependency is disregarded. Evaluation of NCSD setup time using this approach 

has a major problem and that is the setup times evaluated using this approach may be 

very small. The reason is illustrated in Table 7.2 by the example below: 

 

Table 7.2. Example Problem on the Primitive NCSD Setup Time Evaluation 

Feeder 
Feeder Configuration 

Required for Each Group 
Setup Operation Requirement 

     to   to   to  

1 C-41  C-26 C-70 - - 1 
2  C-04  C-26 - - - 
3 C-72 C-72  C-55 - - - 
4 C-15  C-48  - - - 
5 C-65    - - - 
6   C-46 C-37 - - 1 
7  C-14  C-14 - - - 
8 C-47   C-08 - - - 
9 C-61 C-28   1 - - 
10   C-32 C-32 - - - 

Total Number of Setup Operations 1 0 2 

 

To evaluate NCSD setup time between  to  using the primitive approach 

explained above, only one setup operation is performed to exchange component C-61 

with C-28 on feeder 9. Since no component is required by  on feeders 1, 4, 5, 6, 8 and 

10, the carryover dependency will be reflected on these feeders when evaluating CSD 

setup time to transfer from  to . However, evaluation of NCSD setup time using the 

primitive approach will disregard these feeders. Thus, there is no setup operation between 

 and  and 2 operations between  and . As it can be seen, there is a possibility of 

evaluating a very small setup time using this approach. Small setup times can decrease 

, ,  significantly. However,  is obtained by solving a general -machine problem 



183 
 

with CSD consideration and can be potentially large. Thus, ∑ ∑ , ,  will be 

restricted to a large value while the summation of , ,  without any idle time would be 

very small. This implies that a , ,  with a negative sign in the objective function of 

SP( ) can increase a lot and it would decrease the objective function value of SP( ) to a 

large negative value as a consequence. Accordingly, obtaining good quality lower bounds 

on SP( ) will not be possible even after letting for a large number of column generation 

iterations. To overcome this issue, unique components on feeders are also considered in 

setup time evaluation as another approach (minsetup) to evaluate NCSD setups discussed 

in Section 7.7.2.3.1. The associated constraints in the mathematical model of SP( ) or 

SP( ) for capturing the NCSD setup time are : 

 

, 1 , ,  ∀ ; 1 (7.7.3.2.1)

, , 1 ,  ∀ ; 1 (7.7.3.2.2)

, 1 , , ,  ∀ ; ; ; 1 (7.7.3.2.3)

, , 1 , ,  ∀ ; ; ; 1 (7.7.3.2.4)

 

,  is the absolute value of setup time needed to transfer from  to group  when it 

is assigned to the first position. ,  is the NCSD setup time to transfer from group  to 

 and can be evaluated using the minsetup approach discussed in Section 7.7.2.3.1.  

Logendran et al. (2003) considered a two-machine group-scheduling problem to 

minimize the mean flow time with CSD setup time and developed a lower bound. Their 

approach to develop a lower bound is essentially relaxing the two-machine problem to 

two individual single-machine problems, CSD to NCSD setups and also introducing the 

minsetup idea. However, based on the experiments they provided, this approach does not 

provide good quality lower bounds even for small-size problems. Nevertheless according 
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to the experiments performed in Chapter 8, when the -machine problem is solved in its 

entirety using the B&P mechanism,  not only solving large-size of the problem is 

facilitated, but also the quality of the lower bound values obtained for these problems are 

noticeably very good.  
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8. COMPUTATIONAL EXPERIMENTS 

 

This chapter provides computational experiments on the performance of the 

algorithms and approaches developed in Phases 1 and 2 of this dissertation. Each of the 

problems investigated in these phases, as discussed previously, are -hard in the strong 

sense. It implies that the exact optimal approaches like mathematical programming 

models or B&B algorithms would fail to identify the optimal solution of medium or 

large-size problems because of the extensive requirements of time and computational 

efforts. Although the B&B algorithm or the mathematical programming models can 

optimally solve small sizes of the problems investigated in Phase 1 and Phase 2, doing so 

is practically impossible for large-size of the problems. The performances of the B&B 

algorithm in Phase 1 is quantified by comparing against the lower bound obtained in the 

B&B algorithm ( & ) as equation (8.1). Similarly, the Tabu Search and CFIM 

algorithms in Phase 2 are quantified by comparing them against the best lower bound 

identified using the B&P mechanism ( & ) as given in equation (8.2). 

 
& &

&
 For the problem in Phase 1      (8.1)

and 

or	 &

&
 For the problem in Phase 2      (8.2)

 
All of the algorithm runs except the B&P algorithm in Phase 2 were performed on 

Intel(R) Core (TM)2 Quad CPU Q6600 @ 2.40 GHz with 8.00 GB RAM. The 

mathematical programming models as well as the B&P algorithm in Phase 2 were 

performed on Intel(R) Xeon(R) CPU X5650 @ 3.07 GHz processors (2 processors) and 

32.00 GB of RAM. The interest of this chapter is to:  

1. Quantify the performance of the B&B algorithm developed in Phase 1 with respect to 

RSI method and lower bound values.   
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2. Quantify the performance of the CFIM1, CFIM2 and TS algorithms developed in 

Phase 2.  

3. Quantify the performance of the B&P algorithm developed in Phase 2 and compare 

the lower bound values against CFIM1, CFIM2 and TS algorithms.  

4. Investigate to see if the CFIM1, CFIM2 and TS algorithms are statistically different 

and select the most efficient and effective algorithm.   

5. Quantify the performance of the OFDT algorithm against the optimal values. This 

algorithm is also integrated with CFIM1, CFIM2 and TS algorithms and tested on 

several problem instances.  

  

8.1. Data Generation 

 Gelogullari (2005) provided the description to generate the number of boards within 

each group, number of units of each board to produce, component-feeder assignments 

and run times of boards in a random problem instance complying with the real 

application and those guidelines are used in this dissertation. In this section, the 

approaches to generate problem instances used in Phases 1 and 2 are provided. Since the 

problem discussed in Phase 2 considers a real PCB assembly problem, the data 

generation explanation to generate a Phase 2 problem instance is provided and the 

differences with Phase 1 are mentioned whenever appropriate.  

To adhere to the concepts of group scheduling in the assembly of PCBs, it is assumed 

that either a board requires the same component on a feeder as the other boards in that 

group require, or this board does not need any component to be assigned on this feeder. 

By assuming a large number of boards allowed in one group, a large number of 

components have to be assembled on the boards as a consequence. Since the number of 

components is large, there is a very small chance that the boards in the group have similar 

component requirements on the feeders. To overcome this issue, type 1 PCB 

manufacturers, produce similar boards in high volume and allow 3, 4 or 5 boards in a 

group. On the other hand, type 2 manufacturers focus on dissimilar boards in low volume 
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and allow 1 or 2 boards in a group. The number of boards in each group for type 1 and 

type 2 boards is determined using a random number, p, chosen from U[0, 1]. The number 

of type 1 boards in each group is assumed to be 3, 4 and 5 with regard to the cases p ≤ 

1/3, 1/3 < p ≤ 2/3 and p > 2/3, respectively. For type 2 boards, this number is 1 or 2, 

when p ≤ 1/2 or 1/2 < p, respectively. For the problem in Phase 1, only the harder case or 

type 1 boards is considered. The number of groups is assumed to be 5, 6, 7, 10 and 15 in 

Phase 1 and this number is 3 to 15 in Phase 2. The most number of board groups that can 

have the same number of boards is assumed to be . The number of units of each board 

type is randomly generated from U[3,15]. The number of components in each board is 

randomly generated from U[5, 12] for HSPM and from U[1, 5] for MFPM.  

The number of machines for the problem in Phase 2 is assumed to be 2 and 3. The 

first machine or HSPM places 75 different types of components on the boards with feeder 

capacities of 20. The second and the third machines are both MFPM type that are similar 

and can place 50 different types of components on the boards with feeder capacities of 

10. Thus, the total number of types of components that can be placed by the three 

machines is 125.  

For the problem in Phase 1, a single machine capable of handling both types of 

operations performed by HSPM and MFPM is considered. Thus, it is desirable to 

consider the feeder capacity on this machine as 30.  

The run time of a single component is a number randomly generated from the interval 

U[5, 20]. To obtain an interval to generate kitting times, the research by Joshi et al. 

(2002) is used which provides an approach to analyze the kitting operation in an 

Electronic Manufacturing Service (EMS) environment using six-sigma and simulation. 

The data required for the simulation model was collected by observing a factory with a 

total of 5040 production hours, 208.25 machine downtime hours, the stipulated time 

frame for kitting as 12 hours, and a total completely kitted number of 107. Using the 

information in their paper, the average run time for a kit is evaluated as 
5040	‐	208

107
 = 45 
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hours resulting in the ratio of run time to kitting time to be  
45

12
 = 3.75 and it is used to 

generate the kitting times.  

In the bi-criteria objective function of the problem in Phase 2, each of the objective 

functions is assigned with a weight factor. Since most of the PCB producers are customer 

oriented, the weights of  and  assigned to the flow times and tardiness objectives, 

respectively, reflecting the producer and customer importance, are assumed to be 0.4 and 

0.6. The weight of a board in the objective function is a random integer number selected 

from the interval 1, 3 . Since there are dependencies among all of the previously 

scheduled groups, we may get inappropriate due dates using a fixed distribution 

regardless of the total time the boards remain in the system. Thus, this research is driven 

by a carefully performed study to generate appropriate due dates. In Pandya and 

Logendran (2010), two intervals ̅ 	– ̅, ̅  and ̅ , ̅ – 	 ̅  to generate due 

dates are given and each of them is selected by randomly picking a value from 0, 1  

where 	∈	 [0, 1], ̅ and  are called range factor, average due dates and estimated 

maximum completion time on the third machine. To select the intervals, a random 

number  ∈ [0, 1] as the tardiness factor is selected. If this number falls in [0, ], the first 

interval would be selected; otherwise the second interval is chosen. To get tight or loose 

due dates,  is, respectively, assumed to be large or small. To get narrow or loose range 

of due dates,  is assumed to be small or large. Since a difficult problem instance would 

have tight and narrow range of due dates,  and  are deliberately set to 0.8 and 0.2 

respectively. The dynamic programming algorithm below is proposed to obtain an 

estimate of  needed to generate due dates: 

 

, , , 	 , ,

, , , , , ,  
∀ ; 1,2,3; 1 

(8.1.1) 

, , , , , , , , ,  ∀ ; 1,2,3; 1 (8.1.2) 
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,

∑ ∑ , ,∈
, where  is a set of 	 	0 random group 

sequences in which  is assigned to the th slot, , , 0, , , 0	and 

, , 0. , ,  is the setup time required to process  after the partial 

sequence  on machine . ,  can be calculated with respect to its linear relationship 

with , 	  ,

,
 where ,  and ,  are, respectively, the standard deviation 

and average values of the CSD setup times for assigning  on machine  in different 

positions in the set of  random group sequences. ,  0.01	corresponds to ,  

0.9, and , 1.0 corresponds to ,  0.1. Also, the relationship, , 

between , ̅ and , enables calculation of ̅.  

 

8.2. Phase 1 Computational Results 

In this section, first the possibility of adopting a single machine problem is 

investigated. Then, the performance of the B&B algorithm and the accuracy of the lower 

bound and the RSI approach is evaluated by reporting the results obtained from solving 

several problem instances randomly generated with different sizes.  

 

8.2.1. Single Machine Possibility  

Since the number of components in a board is determined using U[5, 12] and the 

number of boards in a board group is 3, 4 or 5, the average number of components in a 

board and the average number of boards in a board group are, respectively, equal to 

(5	 	12)

2
 = 8.5 and 

(5	 	3)

2
 = 4. This implies that the average number of components in a board 

group is equal to 8.5	 	4 = 34 or there should be at most 34 feeders. On the other hand, if 

every component was different in a board type within a board group, the largest number 

of components would be 12  5 = 60 and the smallest number of components would be 

3	 	5 = 15, implying that the average number of components would be 
(60	 15)

2
 ≅ 37. Also 
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we have from the work of Gelogullari and Logendran (2010) that, about 60% of the time, 

two board types share similar components. Therefore, by assuming that the total number 

of components be at most 12, approximately about 7 out of 12 components are the same 

or there are 5 different components for each of the two board types.  If the number of 

boards in a board group is at most assumed to be 5, then the total number of different 

components is 5	 	5  25 and therefore the total number of components for 5 board types 

is 25	 	7  32. We obtained the average of the total number of components for a group 

in three different ways which is 34, 37 and 32 and the average of these three values is 34. 

This number denotes that considering 30 to be the size of required feeder capacity on a 

machine should be adequate to perform both operations on a single machine without 

being short on the number of required feeders.   

 

8.2.2. Branch-and-Bound Algorithm Results  

The computational results of performing the B&B algorithm developed in Phase 1 on 

a set of 10 random problem instances with 5 and 10 groups are provided in Tables 8.1 

and 8.2. The results of the problems with number of groups of 6 and 7 are provided in 

Appendix C. The first column in these tables shows the type of problems. The optimal 

 found by the algorithm is provided in the second column shown by OV (optimal 

value). Column 3 implies the total number of nodes, which are enumerated by the 

algorithm and shown by TC (total counted). The CLB (counted by the lower bound) in the 

fourth column implies the number of nodes out of TC fathomed by the lower bound. 

Similarly, CRA (counted by the RSI approach) in the fifth column implies the number of 

nodes out of TC fathomed by the RSI approach. The Eff1 and Eff2 in the sixth and seventh 

columns, respectively, show the ratios of 
CLB
TC

 and 
CRA
TC

. The Computation Time column 

reports the time based on seconds in which the algorithm successfully finds the optimal 

solution. It can be observed that the algorithm has identified the optimal solution within a 

reasonable time. The efficiency of the lower bound shows that larger number of nodes for 
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the problems with 10 group were fathomed. However, the RSI approach performs very 

well in terms of fathoming those extra nodes, which may have unnecessarily expanded 

the exploration. 

 

Table 8.1. Results of the Branch-and-Bound Algorithm on 5 Groups Problems 

Problem OV TC CLB CRA 
Eff1 

(%) 
Eff2 

(%) 
Computation 
Time (sec.) 

1 22170 2056 3 1896 0.15 92.22 0.11 

2 19352 479 3 425 0.63 88.73 0.07 

3 18728 1023 3 758 0.29 74.10 0.09 

4 17238 746 1 674 0.13 90.35 0.08 

5 19239 328 2 303 0.61 92.38 0.06 

6 20785 864 3 760 0.35 87.96 0.09 

7 17374 1263 2 968 0.16 76.64 0.07 

8 19786 352 4 323 1.14 91.76 0.08 

9 19100 1348 2 1178 0.15 87.39 0.09 

10 17322 549 3 412 0.55 75.05 0.08 

 

The average Eff2 in the problems with 5, 6, 7 and 10 groups is 86%, 86%, 87% and 

87%, respectively, which shows a good performance in limiting the size of the branching 

tree. In other words, for problems with 5, 6, 7 and 10 groups, there are 5!, 6!, 7! and 10! 

different solutions.  However, the possible number of solutions that can be enumerated in 

total are 55, 66, 77 and 1010. As a result, due to the type of this problem and the structure 

of the enumeration scheme, the solution space is really large where most of the solutions 

are mainly repeated and it necessitates the need for RSI approach. To the best of our 

computational efforts, the optimal solution for the problem with 15 board groups was not 

obtained using the B&B algorithm due to computational complexities. Clearly, large 

industry-size problems cannot be optimally solved using this procedure. However to 

obtain the efficiency of the algorithm in the worst case, we report the deviation of the 
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algorithm from the developed lower bound. In doing so, a maximum allowed time is 

considered for the B&B algorithm to search for the optimal solution. If there is no node 

left to be investigated within this time, then the best-found solution is reported as the 

optimal solution. Otherwise the best-found solution within this time is reported as a near 

optimal solution. This time is determined to be 7 minutes which is roughly equal to (the 

average computation time for 10 board-group problems) × (15-10)/60. Yet no 

considerable improvement was observed after letting the algorithm run within larger 

times of up to 20 minutes. Similar to the other problem sizes, we randomly generated 10 

problem instances for the problem with number of groups of 15. The results are reported 

in Table 8.3.  

 

Table 8.2. Results of the Branch-and-Bound Algorithm on 10 Groups Problems 

Problem OV TC CLB CRA 
Eff1 
(%) 

Eff2 
(%) 

Computation 
Time (sec.) 

1 39455 1.93×105 0.86×104 1.63×105 4.46 84.62 89 

2 38432 2.63×105 1.46×104 2.25×105 5.56 85.66 94 

3 42139 3.84×105 1.26×104 3.39×105 3.30 88.51 105 

4 38976 1.84×105 0.77×104 1.64×105 4.20 88.71 87 

5 39146 2.76×105 1.28×104 2.35×105 4.64 85.44 94 

6 39605 2.89×105 1.59×104 2.61×105 5.51 90.36 98 

7 39404 2.83×105 1.61×104 2.46×105 5.70 87.23 101 

8 37840 3.45×105 1.63×104 3.11×105 4.75 90.42 106 

9 38212 4.26×105 1.52×104 3.79×105 3.57 88.99 107 

10 39914 3.15×105 1.89×104 2.63×105 6.03 83.65 102 

 

In this table, the columns are the same as those in Tables 8.1 and 8.2 but a few other 

columns, corresponding to the comparison of the best-found solution by the algorithm 

and the lower bound value, are now added. The second column of this table, lower bound 

(LB , implies the minimum value of the lower bound identified among all of the 
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unfathomed nodes. The third column shows the best-found objective value (BV) during 

the maximum allowed time. The fourth column represents the difference between the 

best-found objective value and the lower bound. Eff1 and Eff2 have the same definition as 

Eff1 and Eff2 in Tables 8.1 and 8.2. Eff3 is the ratio of the difference between the best-

found objective value and the lower bound over the lower bound value (
BV‐LB
LB

). The 

average efficiency of the RSI approach and number of nodes fathomed by the lower 

bound for the problems with 15 groups are respectively 87% and 4% which is very good.  

The average of Eff3 is 7% and it denotes a very small average percentage deviation 

from the lower bound. Overall the B&B algorithm provided in Phase 1 can optimally 

solve all of the test problems with 5, 6, 7 and 10 groups. Also with regard to the 

computational results of solving 15-group problems, the lower bound and the RSI 

approach perform very well in terms of identifying poor solutions and repetitive 

solutions. The findings for the single-machine problem studied in Phase 1 of this research 

is published in Yazdani Sabouni and Logendran (2013a). 

 

8.3. Phase 2 Computational Results 

The computational results of the Phase 2 problem are provided in this section. First 

we develop a statistical analysis by solving small to very large-size problems to see if the 

algorithms are statistically different. Then we decide on the best algorithm in terms of 

solution quality, computation time and number of solutions enumerated. Also, the lower 

bound values, in the absence of optimal solutions, are provided and used to quantify the 

performance of the algorithms. The performance of the OFDT algorithm is evaluated by 

feeding the optimal sequences of boards and groups to this algorithm and comparing the 

objective function it identifies against the optimal objective function values. Also, 

CFIM1, CFIM2 and TS algorithms integrated with OFDT without feeding the optimal 

sequences, are compared against the optimal objective function values and tested on 

several problem instances. 
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Table 8.3. Results of the Branch-and-Bound Algorithm on 15 Groups Problems 

Problem LB BV Diff TC CLB CRA 
Eff1 
(%) 

Eff2 
(%) 

Eff3 
(%) 

Computation 
Time (sec.) 

1 55842 59329 3487 2.34×106 0.85×105 2.12×106 3.63 90.60 6.24 420 

2 55351 59377 4026 2.27×106 0.87×105 1.97×106 3.83 86.78 7.27 420 

3 52387 55669 3282 1.42×106 0.35×105 1.27×106 2.46 89.44 6.26 420 

4 50414 52846 2432 1.53×106 0.41×105 1.32×106 2.68 86.27 4.82 420 

5 54127 59084 4957 1.54×106 0.38×105 1.38×106 2.47 89.61 9.16 420 

6 55253 59301 4044 2.48×106 1.48×105 2.14×106 5.97 86.29 7.32 420 

7 54128 58125 3997 1.87×106 0.95×105 1.57×106 5.08 83.96 7.38 420 

8 55030 60108 5078 2.63×106 1.25×105 2.18×106 4.75 82.89 9.23 420 

9 54715 57752 2637 1.28×106 0.55×105 1.11×106 4.30 86.72 4.78 420 

10 54212 57668 3456 1.92×106 0.64×105 1.75×106 3.33 91.15 6.37 420 
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8.3.1. Experimental Analysis 

Problem instances are differentiated in number of machines (2 or 3), problem size 

(small/medium and large), type of boards (1 or 2) and setup time per feeder on the HSPM 

machine (30 or 180 seconds). Thus, the total number of different scenarios to generate 

problem instances are 2 (machines)  2 (problems sizes)  2 (board types)  2 (setup 

times per feeder) = 16. For each of the scenarios, 6 replicate problems were randomly 

generated and individually solved using CFIM1, CFIM2 and TS algorithms resulting in a 

total of 16  6  3 = 288 computer runs.  The results after solving these problems using  

CFIM1, CFIM2 and TS algorithms along with their number of solutions enumerated and 

computation time (based on seconds) are provided in Tables 8.4 to 8.7. In these tables, 

the best objective function values found by the algorithms are compared to each other. 

The statistical design used to compare the algorithms under different factors is selected to 

be split-plot design. The mathematical formulation for this design is illustrated below: 
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Table 8.4. Results of the CFIM1, CFIM2 and TS Algorithms for Problems with Two Machines and AST of 180 

AST PS PT 
Number 

of 
Groups 

Objective Function Value Solutions Enumerated Computation Time (sec.) 

CFIM1 CFIM2 TS CFIM1 CFIM2 TS CFIM1 CFIM2 TS 

180 

S 

1 

3 248243 248243 247925 388 923 1422 0.03 0.06 0.51 
6 410344 410344 410344 367 4435 1.69×104 0.02 0.52 5.77 
6 404971 404971 404971 389 4794 1.57×104 0.02 0.58 4.88 
7 657837 657372 657372 606 1.08×104 4.40×104 0.03 1.16 10.60 
8 473744 472136 472136 545 1.26×104 8.70×104 0.03 1.53 22.87 
8 845067 843459 842924 737 1.80×104 4.38×104 0.04 1.90 9.56 

2 

3 44226 44226 44226 20 38 48 0.01 0.02 0.92 
5 43795 43795 43795 49 214 492 0.00 0.16 4.98 
5 60695 60695 60695 44 164 200 0.00 0.12 3.53 
6 39471 39471 39433 56 218 105 0.01 0.18 0.18 
6 92961 92961 92961 66 366 739 0.01 0.27 7.38 
8 42208 42208 42208 99 523 252 0.01 0.53 0.23 

L 

1 

9 660825 659746 656531 682 2.06×104 3.98×105 0.04 2.32 89.25 
9 734157 733396 733036 625 1.85×104 1.08×105 0.03 2.12 25.64 

13 1400906 1398537 1397049 1172 7.06×104 7.37×105 0.08 15.16 336.46 
14 1788268 1784969 1776222 1453 1.04×105 1.79×106 0.12 22.05 1620.24 
15 1786133 1784968 1801074 1481 1.23×105 2.05×106 0.13 27.60 2390.92 
15 1699990 1699756 1699269 1109 8.33×104 1.09×106 0.10 22.21 953.85 

2 

9 86706 86706 86647 130 946 1169 0.01 0.84 20.24 
11 181992 181992 180974 209 2647 8588 0.02 2.28 45.85 
13 210133 210117 208157 298 5010 1.95×104 0.04 6.60 74.34 
13 171315 171315 172542 280 3668 1.17×104 0.03 5.49 82.91 
14 276540 276540 276432 326 4902 7.72×104 0.04 7.23 440.67 
15 260776 260776 256612 356 4661 1.85×104 0.05 7.40 195.06 
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Table 8.5. Results of the CFIM1, CFIM2 and TS Algorithms for Problems with Two Machines and AST of 30 

AST PS PT 
Number 

of 
Groups 

Objective Function Value Solutions Enumerated Computation Time (sec.) 

CFIM1 CFIM2 TS CFIM1 CFIM2 TS CFIM1 CFIM2 TS 

30 

S 

1 

3 102062 102062 101723 223 547 7279 0.01 0.05 9.05 

3 102215 103083 102215 321 721 7942 0.01 0.06 7.31 

4 131368 129626 129626 346 1777 1.21×104 0.01 0.21 10.18 

6 187079 185849 184707 381 4859 2.54×104 0.02 0.64 19.93 

7 310355 307909 307499 466 8314 3.78×104 0.02 1.02 25.25 

8 464174 462177 460179 699 1.66×104 3.39×105 0.03 1.86 177.20 

2 

4 10065 10065 10065 24 56 24 0.00 0.06 0.11 

5 23650 23650 23650 45 181 201 0.00 0.16 3.75 

5 30275 30656 30275 54 252 446 0.01 0.20 4.78 

6 25228 25228 25228 56 218 120 0.01 0.20 0.22 

6 34600 34394 34394 71 407 1079 0.01 0.28 11.53 

8 28125 28125 28125 105 688 897 0.01 0.65 16.30 

L 

1 

9 557140 557240 556433 894 2.64×104 1.14×105 0.04 3.00 52.17 

12 754346 754306 753647 1004 5.38×104 1.18×106 0.07 5.94 247.77 

13 838290 833073 825110 1259 7.87×104 1.62×106 0.10 8.42 312.35 

14 1100626 1092614 1091983 1315 9.54×104 2.14×106 0.11 10.67 420.35 

14 986038 983184 977142 1317 9.12×104 5.17×106 0.11 9.99 1033.97 

15 986986 984980 983668 1290 9.81×104 5.11×106 0.12 11.66 1036.58 

2 

9 48328 48328 48269 134 962 9861 0.01 0.87 205.77 

9 64509 64509 64423 141 1347 8.69×104 0.01 1.08 672.51 

12 83216 83216 82269 238 2524 6.76×104 0.04 2.10 290.92 

13 69658 69658 68758 269 3081 2.23×104 0.03 2.68 92.79 

14 80369 80369 79988 312 3892 1.02×104 0.04 4.05 38.88 

15 158911 158911 158949 389 7220 2.66×104 0.05 5.22 40.42 
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Table 8.6. Results of the CFIM1, CFIM2 and TS Algorithms for Problems with Three Machines and AST of 180 

AST PS PT 
Number 

of 
Groups 

Objective Function Value Solutions Enumerated Computation Time (sec.) 

CFIM1 CFIM2 TS CFIM1 CFIM2 TS CFIM1 CFIM2 TS 

180 

S 

1 

3 197820 197820 197820 202 287 915 0.23 0.51 3.02 

3 233961 233961 234114 271 386 955 0.46 1.08 4.46 

5 427000 427000 427189 410 1979 5720 0.81 4.97 33.28 

6 469049 467571 467571 464 3173 1.40×104 1.08 8.22 77.17 

6 563480 563480 563105 471 3195 1.26×104 1.12 8.11 76.56 

8 931262 931178 929037 731 8693 1.39×105 1.94 21.58 1101.08 

2 

3 42769 42769 42769 20 44 108 0.03 0.14 2.13 

4 30530 30530 30530 32 113 457 0.06 0.38 8.39 

7 116209 116209 116209 101 767 2838 0.09 2.11 15.99 

7 108499 108499 108499 92 670 5046 0.04 1.84 36.27 

8 85936 85936 85936 104 829 3249 0.09 1.25 56.66 

8 156520 156520 157555 124 1104 1.40×104 0.10 3.57 79.43 

L 

1 

9 826587 826580 826580 722 1.09×104 7.28×104 1.97 26.36 430.18 

10 1132579 1129387 1129404 731 1.35×104 1.13×105 2.66 36.62 867.24 

12 1367302 1366142 1366142 819 2.07×104 4.62×105 3.56 43.90 1132.76 

13 1570513 1566738 1563032 1183 3.78×104 8.82×106 7.85 108.86 39784.09

14 1587426 1584767 1584912 1004 3.49×104 8.14×105 6.01 77.69 2760.06 

15 2472725 2467145 2461192 1360 5.56×104 5.69×106 9.10 153.61 29613.59

2 

9 231319 231159 230859 166 1818 3.75×104 0.21 5.36 133.18 

9 138467 138467 138467 145 1429 1.48×104 0.12 4.73 105.62 

11 135896 135897 135897 195 2183 1.03×104 0.11 4.28 179.58 

13 251906 250451 250286 296 4699 6.11×104 0.19 11.12 100.39 

15 385035 384817 389228 395 7631 1.80×105 0.30 20.83 238.85 

15 372536 372536 372584 361 5965 4.62×104 0.21 14.80 134.96 
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Table 8.7. Results of the CFIM1, CFIM2 and TS Algorithms for Problems with Three Machines and AST of 30 

AST PS PT 
Number 

of 
Groups 

Objective Function Value Solutions Enumerated Computation Time (sec.) 

CFIM1 CFIM2 TS CFIM1 CFIM2 TS CFIM1 CFIM2 TS 

30 

S 

1 

3 92962 92541 91696 157 242 3645 0.10 0.23 6.90 
4 114253 113703 113437 157 475 3537 0.14 0.82 8.65 
6 348307 346675 345610 533 3490 2.94×104 0.95 6.93 107.73 
6 256542 255687 255689 400 2544 1.88×104 0.38 2.84 27.77 
7 417617 415869 410612 604 5354 5.64×104 0.69 6.36 103.03 
7 324708 322947 321285 388 3773 5.73×104 0.32 4.57 75.23 

2 

3 21462 21462 21462 20 44 648 0.03 0.12 14.21 
4 21047 21047 21047 24 84 102 0.03 0.11 0.45 
5 55938 55709 55709 58 278 851 0.07 0.98 6.17 
7 68831 68758 68758 102 779 5478 0.08 2.02 30.34 
8 74935 74322 74322 115 983 8628 0.04 3.02 61.69 
8 56241 56241 57699 107 859 1.31×104 0.09 1.12 282.51 

L 

1 

9 536855 532295 528641 678 1.10×104 4.88×105 0.93 14.00 1056.93 
13 785263 782189 783398 1037 3.27×104 5.46×105 1.16 38.02 372.85 
13 1282867 1277648 1279063 1274 3.97×104 3.07×106 4.96 99.22 46903.92
14 902489 899850 887142 1157 4.07×104 1.92×106 1.89 50.05 7391.13 
15 1028637 1024371 1021083 1280 5.20×104 3.07×106 3.91 99.05 25100.82
15 1172897 1152435 1152185 1233 4.84×104 2.77×106 3.42 88.73 13519.21

2 

10 53590 52238 52072 171 1923 8.44×104 0.10 4.34 947.31 
10 51488 50918 51116 162 1619 3.16×104 0.10 3.81 679.76 
12 94966 93487 93600 259 3416 4.97×104 0.27 8.09 272.40 
13 169391 166410 165379 305 5018 1.12×105 0.08 12.44 373.97 
15 101417 96616 101109 364 6041 4.77×104 0.10 12.48 337.00 
15 116091 116516 115965 373 5795 3.98×104 0.14 13.82 399.08 
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The mean objective function value 

The replicate effect, 	 	1, … , 6 

The effect of number of machines, 	 	1, 2 

The effect of average setup time per feeder, 	 	1, 2 

The effect of problem size 	 	1, 2 

The effect of type of boards 	 	1, 2 

The effect of the CFIM1, CFIM2 and TS algorithms 	 	1, 2, 3 

The whole-plot error 

The sub-plot error 

 

The rest of the terms in the model are interaction terms. This experiment was 

performed using R 2.11.1 (2010). The ANOVA table for this experiment is provided in 

Appendix D. This table demonstrates which of the experimental factors and their 

interactions are statistically significant. As it can be observed from the -values, the AST, 

PS and PT in the whole-plot section are significant. After accounting for these factors, a 

convincing evidence of a difference between levels of the algorithms in the sub-plot level 

is observed.  

To identify which of the algorithms is the best one, we perform Tukey test on the 

levels of the algorithm factor. The result of the test is provided in Table 8.8. As it can be 

noticed from the table, CFIM2 and TS algorithms performed the same in terms of 

objective function value, but both have better performance than CFIM1 algorithm.  

 

Table 8.8. Tukey Test Results for CFIM1, CFIM2 and TS Algorithms 

Comparison Tukey Confidence Interval Difference 

CFIM1 vs. CFIM2 (506.93, 1902.07) Yes 

CFIM1 vs. TS (1116.81, 2511.94) Yes 

CFIM2 vs. TS (-87.69, 1307.44) No 

 = 

 = 

 = 

 = 

 = 

 = 

 = 

 = 

= 
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So far, only the solution qualities (objective function value) of the algorithms were 

compared. However, it is clear from Tables 8.4 to 8.7 that TS algorithm enumerates a 

much larger number of solutions demanding a large computation time which makes this 

algorithm so inferior to the other two algorithms. Nevertheless, with regard to the result 

of Tukey test, TS and CFIM2 algorithms statistically perform the same. This implies that 

if other factors, i.e., computation time and number of solutions enumerated, are also 

employed to decide between the algorithms, CFIM2 algorithm would be selected as the 

best performing one. In Yazdani Sabouni and Logendran (2013b) an experiment is 

performed to compare TS and GA algorithms in solving a two-machine flow shop 

problem. Also an algorithm similar to CFIM1 named FIEI (Forward Imploring 

Exchanges/Inserts) is developed in this paper and compared against TS and GA 

algorithms. Interestingly, the FIEI algorithm provided promising results and is shown to 

be superior to the other two algorithms. 

 

8.3.2. Algorithms versus Optimal Values 

The effectiveness of the CFIM, CFIM2 and TS algorithms are evaluated by 

comparing the values found by these algorithms against the optimal values. To test the 

algorithms integrated with the OFDT algorithm, they are tested on the hardest type of 

problem or a three-machine problem with type 1 and type 2 boards. The optimal solution 

obtainable by the mathematical programming models for this type of problem is available 

only for the problems of up to 6 groups. For each category of problems (made by 

different AST, PT and number of groups), 4 replicates were randomly generated which 

resulted in 2 (AST)  2 (PT)  4 (3 to 6 groups)  3(ALG)  4 (replicate) = 192 

computer runs. The mathematical programming models of the problems were formulated 

using MILP3 and solved using ILOG CPLEX 12.5 (2013). As the first metric to test the 

effectiveness of the OFDT algorithm, the optimal sequences (sequences of groups and 

boards) found by CPLEX are fed to the OFDT algorithm and the objective function value 

found by this algorithm is compared against the optimal value. As the second metric to 
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evaluate the effectiveness of the CFIM1, CFIM2 and TS algorithms, the optimal 

sequences of boards and groups are not given to the OFDT algorithm and then the 

objective function values found by CFIM1, CFIM2 and TS algorithms are compared 

against the optimal value. The results are provided in Tables 8.9 and 8.10. Optimal 

objective function values are provided in the CPLEX column. OBVOFDT+F denotes the 

best contribution found by OFDT algorithm on the second and the third machines plus 

the contribution of the first machine when the OFDT is given with the optimal 

sequence of the groups and boards. The next four columns report the deviations of the 

OBVOFDT+F, CFIM1, CFIM2 and TS from the optimal values calculated as 

, 	 	 	

	
. Number of solutions enumerated along with 

computation times (based on seconds) are provided in the rest of the columns. As it can 

be seen from the table, the OFDT algorithm perfectly matches with the optimal objective 

function values. It implies that when the optimal board and group sequences are given to 

the OFDT algorithm, it evaluates the same or a value very close to the optimal objective 

function value. In the worst case, its deviation from the optimal value is only 0.63% for a 

problem with type 2 boards and AST of 30. By considering the average deviation of 

0.05% and 0.06% respectively when AST = 180 and 30, this algorithm identified the 

optimal objective function value in almost all of the problems. There are problems with 5 

or 6 groups that CPLEX could not optimally solve even after letting it run up to one day. 

However, since the lower bound provided by CPLEX was very inferior, only the best 

solution found after one day is reported. According to the results, all of the algorithms 

showed very good performance. In the absence of the optimal sequence as the input 

solution, CFIM1, CFIM2 and TS algorithms identified solutions with really small 

deviations from the optimal values with a maximum of, respectively, 1.8%, 1.50% and 

2.18% in the worst case. The algorithms absolutely match or have very small deviations 

(less than 0.1%) in 36, 39 and 45 out of 58 cases where the optimal solutions were 

available. These very small deviations clearly demonstrate the effectiveness of the
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Table 8.9. OFDT, CFIM1, CFIM2 and TS Results for Problems with Three Machines and AST 0f 180 

AST PT 
Number 

of 
Groups 

Objective Function Value Solutions Enumerated Computation Time (sec.) 

CPLEX OBVOFDT+F CFIM1 CFIM2 TS 

OFDT 
vs. 

CPLEX 
(%) 

CFIM1 
vs. 

CPLEX 
(%) 

CFIM2 
vs. 

CPLEX 
(%) 

TS 
vs. 

CPLEX 
(%) 

CFIM1 CFIM2 TS CFIM1 CFIM2 TS 

180 

1 

3 

140173 140432 140432 140432 140432 0.18 0.18 0.18 0.18 90 143 363 0.29 0.22 1.24 
191123 191123 191782 191782 191123 0.00 0.34 0.34 0.00 56 386 955 0.40 0.84 3.00 
294289 294289 294289 294289 294289 0.00 0.00 0.00 0.00 375 476 1332 0.72 1.47 6.15 
264822 264822 265012 265012 264822 0.00 0.07 0.07 0.00 262 359 1093 0.38 0.78 3.95 

4 

245274 245290 245290 245290 245290 0.01 0.01 0.01 0.01 362 934 2843 0.71 2.67 12.94 
317354 317491 317447 317447 317447 0.04 0.03 0.03 0.03 421 1106 4458 0.86 3.10 20.62 
290415 290790 290790 290790 290790 0.13 0.13 0.13 0.13 285 781 2505 0.46 1.79 9.42 
209080 209095 209108 209108 209108 0.01 0.01 0.01 0.01 243 702 2634 0.28 1.24 7.88 

5 

302661 302661 302874 302874 302661 0.00 0.07 0.07 0.00 360 1399 3568 0.49 2.75 11.95 
405313 406406 405496 405496 405496 0.27 0.05 0.05 0.05 349 1507 4474 0.47 2.80 15.34 

- - 219861 219861 219858 - - - - 580 2377 1.03×104 1.27 7.17 59.47 
485809 485826 485826 485826 485826 0.00 0.00 0.00 0.00 556 2232 1.07×104 0.96 5.34 50.10 

6 

- - 658918 658919 658919 - - - - 576 3475 1.51×104 1.40 10.00 89.82 
460955 461217 461217 461217 461124 0.06 0.06 0.06 0.04 512 3052 1.26×104 0.92 7.16 47.45 
493222 493748 493871 493748 493545 0.11 0.13 0.11 0.07 451 2773 8.98×104 0.83 6.49 38.71 
523913 523958 523958 523958 523958 0.01 0.01 0.01 0.01 452 2477 1.16×104 0.74 5.20 49.20 

2 

3 

44604 44604 44604 44604 44604 0.00 0.00 0.00 0.00 26 49 60 0.02 0.16 1.51 
20033 20089 20089 20089 20089 0.28 0.28 0.28 0.28 25 44 48 0.01 0.14 1.17 
44580 44580 44580 44580 44580 0.00 0.00 0.00 0.00 25 44 48 0.02 0.10 1.17 
57249 57360 57360 57360 57360 0.19 0.19 0.19 0.19 31 53 107 0.01 0.14 1.50 

4 

38930 38930 38930 38930 38930 0.00 0.00 0.00 0.00 45 107 72 0.02 0.42 1.49 
31096 31096 31096 31096 31096 0.00 0.00 0.00 0.00 39 89 36 0.01 0.11 0.52 
44693 44693 44693 44693 44693 0.00 0.00 0.00 0.00 44 101 145 0.02 0.33 3.01 
40929 40929 40929 40929 40929 0.00 0.00 0.00 0.00 44 101 120 0.02 0.35 2.49 

5 

54765 54765 54765 54765 54765 0.00 0.00 0.00 0.00 80 231 492 0.04 0.56 5.51 
97794 97874 98496 98496 97860 0.08 0.72 0.72 0.07 98 318 810 0.04 0.83 4.12 
66686 66686 66686 66686 66686 0.00 0.00 0.00 0.00 81 239 422 0.02 0.63 4.72 
41224 41224 41224 41224 41224 0.00 0.00 0.00 0.00 76 216 241 0.02 0.53 4.69 

6 

68238 68238 68238 68238 68238 0.00 0.00 0.00 0.00 116 351 421 0.02 0.84 7.85 
82835 82835 82835 82835 82835 0.00 0.00 0.00 0.00 123 404 795 0.02 1.05 8.59 
88050 88050 88050 88050 88050 0.00 0.00 0.00 0.00 121 386 527 0.02 0.93 5.69 
39312 39312 39312 39312 39312 0.00 0.00 0.00 0.00 110 307 135 0.02 0.67 0.80 

Average  0.05 0.23 0.17 0.12  
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Table 8.10. OFDT, CFIM1, CFIM2 and TS Results for Problems with Three Machines and AST 0f 30 

AST PT 
Number 

of Groups 

Objective Function Value Solutions Enumerated Computation Time (sec.) 

CPLEX OBVOFDT+F CFIM1 CFIM2 TS 

OFDT 
vs. 

CPLEX 
(%) 

CFIM1 
vs. 

CPLEX 
(%) 

CFIM2 
vs. 

CPLEX 
(%) 

TS 
vs. 

CPLEX 
(%) 

CFIM1 CFIM2 TS CFIM1 CFIM2 TS 

30 

1 

3 

205875 205875 209085 206207 205993 0.00 1.56 0.16 0.06 369 477 1752 0.92 1.15 7.42 
98461 98461 100307 99398 98461 0.00 1.87 0.95 0.00 163 237 1818 0.12 0.25 4.13 
87462 87462 87462 87464 87464 0.00 0.00 0.00 0.00 123 188 690 0.10 0.24 2.14 

161945 161945 161945 161945 161945 0.00 0.00 0.00 0.00 315 461 1208 0.45 0.82 3.87 

4 

239535 239535 239567 239567 239567 0.00 0.01 0.01 0.01 394 1006 4286 0.82 2.56 19.50 
182727 182738 183838 182903 183027 0.01 0.61 0.10 0.16 362 964 5047 0.38 1.05 9.57 
151297 151354 151846 152303 151390 0.04 0.36 0.66 0.06 205 589 2754 0.18 0.73 5.31 
162831 162831 163525 165272 162976 0.00 0.43 1.50 0.09 343 920 4554 0.42 1.09 7.10 

5 

230136 230136 232522 232676 232151 0.00 1.04 1.10 0.88 351 1373 7694 0.27 1.46 9.10 
143785 143890 143890 143835 143908 0.07 0.07 0.03 0.09 230 939 6730 0.15 1.28 11.14 
271588 272035 275553 273293 272035 0.16 1.46 0.63 0.16 481 1835 9878 0.57 2.79 17.16 
249683 249947 250260 249813 249764 0.11 0.23 0.05 0.03 516 2086 1.27×104 0.90 4.23 46.84 

6 

- - 343766 342866 340934 - - - - 560 3269 2.19×104 0.85 5.76 66.15 
- - 292488 292403 290645 - - - - 653 3804 2.80×104 0.88 5.25 74.93 
- - 349447 348761 348937 - - - - 619 3480 2.82×104 0.98 6.67 81.66 
- - 318966 319470 317322 - - - - 516 3203 3.15×104 0.67 5.72 91.14 

2 

3 

11088 11088 11088 11088 11088 0.00 0.00 0.00 0.00 20 39 21 0.02 0.10 0.27 
16034 16034 16034 16034 16034 0.00 0.00 0.00 0.00 25 44 72 0.01 0.07 1.51 
11615 11615 11615 11615 11615 0.00 0.00 0.00 0.00 19 35 12 0.02 0.08 0.15 
10341 10341 10341 10341 10341 0.00 0.00 0.00 0.00 25 44 48 0.01 0.10 1.00 

4 

43037 43037 43037 43037 43183 0.00 0.00 0.00 0.34 50 118 226 0.02 0.33 2.50 
19054 19054 19054 19178 19054 0.00 0.00 0.65 0.00 44 101 105 0.01 0.35 2.05 
34756 34756 34966 34756 34756 0.00 0.60 0.00 0.00 55 125 186 0.02 0.36 2.07 
25100 25186 25186 25186 25290 0.34 0.34 0.34 0.76 50 118 168 0.02 0.34 1.85 

5 

40287 40315 40315 40315 40315 0.07 0.07 0.07 0.07 79 223 452 0.02 0.5 4.82 
42119 42386 42386 42386 42397 0.63 0.63 0.63 0.66 85 251 796 0.02 0.86 6.02 
23266 23266 23391 23391 23266 0.00 0.54 0.54 0.00 67 167 60 0.02 0.42 0.22 
29456 29456 29456 29456 29456 0.00 0.00 0.00 0.00 74 202 260 0.02 0.42 4.90 

6 

49787 49892 49892 49787 49787 0.21 0.21 0.00 0.00 129 449 672 0.02 1.03 4.96 
56543 56543 56626 56626 56726 0.00 0.15 0.15 0.32 123 404 737 0.02 1.04 7.73 
43506 43518 43518 43518 44455 0.03 0.03 0.03 2.18 116 351 261 0.02 0.76 4.86 
53051 53051 53418 53051 53142 0.00 0.69 0.00 0.17 137 431 1285 0.02 1.06 13.60 

Average  0.06 0.39 0.27 0.22  
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CFIM1, CFIM2 and TS algorithms in terms of finding the best arrangements of groups 

and boards. They also demonstrate the effectiveness of the OFDT in evaluating the 

objective function. It is worth mentioning that although the CFIM1, CFIM2 and TS 

algorithms are heuristics, their integration with OFDT which is also a heuristic remains 

so effective.  The computation time and number of solution enumerated by TS algorithm 

are considerably larger than the other algorithms as it was observed before. Nevertheless, 

the average deviations of TS from the optimal values (0.12% and 0.22% when AST	= 180 

and 30) are very close to the similar values of CFIM2 (0.17% and 0.27%) and it again 

shows the superiority of CFIM2 over TS when all the factors, solution quality, number of 

solutions enumerated and computation time, are of the interest.  

So far the performances of the algorithms were compared against each other and the 

optimal values. However, optimally solving a problem may not be computationally 

feasible for all sizes of the problem as some of the problems with 5 and 6 groups were not 

solved optimally. In the next section, lower bound values for different types and sizes of 

the problems are provided and used to evaluate the performance of the algorithms.   

 

8.3.3. Lower Bound Evaluation 

Optimally solving the problems using the mathematical programming models is not 

computationally possible as even the small sizes of the problem cannot be optimally 

solved after spending very large times. Also the lower bound values provided by CPLEX 

are so inferior and even in some cases not available, meaning that they cannot be used to 

efficiently evaluate the algorithms. The preliminary experiments revealed that the B&P 

mechanism not equipped with the simplifying approaches can solve small/medium 

problem sizes up to 8 groups. For larger sizes of the problem, the sub problems made by 

the decomposition approach are so complex that cannot be solved even after spending 

one day. This implies that providing even a single valid lower bound using this approach 

for these problems is impossible. Thus, the B&P algorithm equipped with the simplifying 

approaches is selected for this experiment. The largest size of the problem for which a 
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valid lower bound could be provided has 11 groups. However, the sub problems of this 

size remain complex so that they cannot be solved when CSD setups are considered. In 

order to provide a lower bound for the problem of this size, the CSD setups are relaxed to 

NCSD setups (Chapter 7). To obtain high quality lower bound and keep experiments 

computationally manageable, the B&P algorithm is restricted to a certain time limit. We 

let this time be 8 hours for the problem sizes of up to 9 groups since the B&P can identify 

good quality lower bound within the time allocated. However, based on the experiments, 

there are problems with 10 and 11 groups for which identifying a single valid lower 

bound may take up to 16 hours. So, the maximum time-limit for problems with 10 or 11 

groups is decided to be 16 hours.  

Table 8.11 shows the column generation iterations of a small-size problem with 5 

groups, AST of 180 and two machines in the first node of the B&P tree. The process is 

initiated using the best solution found by CFIM1 algorithm. The optimal objective 

function value of this problem is 428669 obtained in 4525 seconds. Yet CFIM1 algorithm 

reports the value of 428685 less than a second which is almost the optimal value. IT and 

APP respectively show the iteration number and type of approach (CFIM1 algorithm or 

the optimal) selected to solve the sub problems of the associated iteration. MPOV, MNG, 

LB and CPU Time respectively denote master problem objective function value, most 

negative reduced cost, lower bound found and computation time (based on seconds) in 

each iteration. When no more solutions can be identified by the CFIM1 algorithm, the 

search is switched to the optimal approach only for one iteration and again the search 

switches back to CFIM1. Since there are iterations with very close values of lower 

bounds, to prevent the search from stabilizing in similar lower bound values, the search is 

switched to the optimal approach when two consecutive iterations solved by CFIM1 have 

very close lower bound values. At the end the search is terminated when it fails to 

identify new (optimal) columns or two consecutive optimal iterations have very close 

lower bound values. The search starts and continues by employing the CFIM1 algorithm 
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for a total of 52 iterations as they are shown in Table 8.11. Since the sub problems are 

solved using the CFIM1 algorithm, there exists no valid lower bound up to this iteration.  

 

Table 8.11. Column Generation Illustration for a Small-Size Problem 

IT APP MPOV MNG LB 
Time
(sec.)

 IT APP MPOV MNG LB 
Time 
(sec.)

1 CFIM1 428685 -2.36×105 1.92×105 13  31 CFIM1 427478 -17119 410360 13 

2 CFIM1 428685 -6.02×106 -5.59×106 12  32 CFIM1 427317 -11679 415638 11 

3 CFIM1 428685 -3.53×106 -3.10×106 11  33 CFIM1 427291 -12363 414928 11 

4 CFIM1 428685 -1.85×106 -1.42×106 13  34 CFIM1 427279 -13115 414164 12 

5 CFIM1 428685 -2.74×106 -2.31×106 13  35 CFIM1 427245 -11058 416187 12 

6 CFIM1 428685 -1.36×106 -9.27×105 13  36 CFIM1 427121 -6748 420373 12 

7 CFIM1 428685 -2.31×106 -1.88×106 13  37 CFIM1 427084 -217824 209259 11 

8 CFIM1 428685 -1.16×106 -7.32×105 12  38 CFIM1 426993 -9520 417473 13 

9 CFIM1 428685 -4.02×106 -3.59×106 12  39 CFIM1 426846 -7282 419564 12 

10 CFIM1 428685 -2.14×106 -1.71×106 11  40 CFIM1 426832 -6775 420057 13 

11 CFIM1 428685 -1.08×106 -6.47×105 13  41 CFIM1 426809 -5291 421518 13 

12 CFIM1 428685 -5.99×105 -1.70×105 13  42 CFIM1 426755 -4746 422009 12 

13 CFIM1 428685 -3.72×105 5.67×104 12  43 CFIM1 426688 -4943 421745 12 

14 CFIM1 428685 -1.82×105 2.46×105 12  44 CFIM1 426672 -4912 421760 11 

15 CFIM1 428669 -7.01×105 -2.72×105 11  45 CFIM1 426667 -4577 422089 13 

16 CFIM1 428619 -2.58×105 1.71×105 13  46 CFIM1 426656 -3564 423092 12 

17 CFIM1 428590 -5.72×105 -1.44×105 11  47 CFIM1 426650 -3122 423528 11 

18 CFIM1 428531 -41439 387092 11  48 CFIM1 425636 -3016 422619 12 

19 CFIM1 428478 -38855 389623 12  49 CFIM1 425604 -76358 349246 12 

20 CFIM1 428012 -25472 402540 12  50 CFIM1 425354 -3202 422153 11 

21 CFIM1 428000 -20948 407052 11  51 CFIM1 425325 -2871 422455 14 

22 CFIM1 427974 -23529 404445 12  52 CFIM1 425314 -2827 422487 12 

23 CFIM1 427950 -17577 410373 12  53 OPT 425291 -1354 423937 7 

24 CFIM1 427927 -20943 406984 12  54 CFIM1 425287 -793 424494 12 

25 CFIM1 427900 -18368 409532 12  55 OPT 425259 -1415 423845 8 

26 CFIM1 427794 -16945 410849 13  56 CFIM1 425251 -1447 423803 8 

27 CFIM1 427648 -16367 411281 12  57 OPT 425207 -865 424341 7 

28 CFIM1 427602 -16867 410735 13  58 CFIM1 425176 -1039 424137 21 

29 CFIM1 427599 -11909 415689 12  59 OPT 425161 -879 424282 8 

30 CFIM1 427508 -10868 416641 13   
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As the computation times show, the total time spent by CFIM1 algorithm for an 

iteration is 11 to 14 seconds which is considerably small. Since iterations 51 and 52 have 

very close lower bound values, the search switches to the optimal approach in iteration 

53. The only iterations in which a valid lower bound is provided are 53, 55, 57 and 59. 

The search stops in iteration 59 because its lower bound is very close to the lower bound 

of iteration 57. The best valid lower bound obtained is 424341 after 672 seconds from the 

beginning. The percentage deviation of the lower bound from the CFIM1 algorithm is 1% 

evaluated as 100. This implies not only the good performance of the 

CFIM1 algorithm in finding a solution almost optimal, but also the quality of the lower 

bounding approach in being able to find a value with very small deviation in a very short 

time. The column generation process is also illustrated in Figure 8.1. As it can be seen, 

the very large negative values for the reduced cost obtained in the initial iterations result 

in very poor lower bounds. As column generation progresses through several iterations, 

the negative reduced cost gets smaller and, as a result, the lower bound improves.  

 

 

Figure 8.1. Display of Lower Bound Values by Optimally Solving or Using CFIM1 for a 

Small-Size problem 
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Column generation iterations of a large-size problem with 10 groups, AST of 30 and 3 

machines in the first node are displayed in Appendix D. The best value reported by 

CFIM1 algorithm for this problem is 674678. The CFIM1 algorithm is employed for a 

total of 131 iterations followed by only one iteration of optimally solving. The average 

computation time of CFIM1 algorithm for an iteration is 102 seconds where the total time 

spent for the one optimal iteration is 17539 seconds. The percentage deviation of the 

lower bound (622589) from CFIM1 algorithm is 100 8% and it again 

implies the good performance of the CFIM1 algorithm as well as good quality of the 

lower bound.   

 

 8.3.3.1. Lower Bound versus Algorithms 

An experiment is performed to test the performance of the algorithms as well as the 

quality of the lower bound. We randomly generate one problem for each level made by 

different MC, AST, PT; 2 (MC)   2 (AST)  2 (PT)  9 (3 to 11 groups)  1 (replicate), 

for a total of 72 problems. The results for 2 and 3 machines problems are, respectively, 

provided in Tables 8.12 and 8.13. As it can be seen, the CFIM1, CFIM2 and TS 

algorithms have very small lower bound deviation with respect to each other. For all 

problems, the average deviation of the algorithms from the lower bound is less than 7%, 

yet in most of the cases it is about 2% or even smaller. It seems that the problems with 

AST of 30 have larger deviations in lower bounds than the problems with AST of 180 and 

the same MC, PT and PS. A possible reason for this could be disregarding the 

connections between the machines when decomposing in the column generation problem. 

In a problem with AST of 180, large idle times are expected on the second and third 

machines. However, when solving the column generation problem, these idle times are 

decremented to zero (Section 7.7.2). This causes the new combinations of columns 

transferred to the master problem generate feasible solutions in a larger number of 

iterations. Thus, the first feasible solution received from the heuristic approach used to
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Table 8.12. CFIM1, CFIM2 and TS Algorithms versus Lower Bound with Two Machines 

MC AST PT PS 
Number 

of 
Groups 

LB CFIM1 CFIM2 TS 
CFIM1 
vs. LB 

(%) 

CFIM2 
vs. LB 

(%) 

TS 
vs. LB 

(%) 

2 

180 

1 

S 

3 121976 124422 124422 124422 2.01 2.01 2.01 
4 277008 277787 277787 277694 0.28 0.28 0.25 
5 346251 348039 348039 348039 0.52 0.52 0.52 
6 424210 425515 426107 425515 0.31 0.45 0.31 
7 664823 672874 672437 672437 1.21 1.15 1.15 
8 732898 736557 736557 736557 0.50 0.50 0.50 

Average 0.81 0.82 0.80 

L 

9 932882 956282 953530 951460 2.51 2.21 1.99 
10 1042655 1066605 1065529 1065529 2.30 2.19 2.19 
11 1413203 1515178 1516399 1513672 7.22 7.30 7.11 

Average 4.01 3.90 3.76 

2 

S 

3 26691 26715 26715 26715 0.09 0.09 0.09 
4 15271 15302 15302 15302 0.20 0.20 0.20 
5 68969 69683 69683 69683 1.04 1.04 1.04 
6 77407 79070 79070 79070 2.15 2.15 2.15 
7 101289 104645 104645 104645 3.31 3.31 3.31 
8 131341 133577 133577 133362 1.70 1.70 1.54 

Average 1.42 1.42 1.39 

L 

9 177669 179195 179195 179195 0.86 0.86 0.86 
10 169794 173935 173935 173740 2.44 2.44 2.32 
11 120541 137826 137826 138674 14.34 14.34 15.04 

Average 5.88 5.88 6.07 

30 

1 

S 

3 98088 102215 103083 102215 4.21 5.09 4.21 
4 168675 176585 176371 176293 4.69 4.56 4.52 
5 140127 145564 144958 144952 3.88 3.45 3.44 
6 282398 296046 295034 294748 4.83 4.47 4.37 
7 312648 325381 322666 322446 4.07 3.20 3.13 
8 336616 350480 350793 348668 4.12 4.21 3.58 

Average 4.30 4.16 3.88 

L 

9 494372 518244 517293 516241 4.83 4.64 4.42 
10 708356 749589 748949 747679 5.82 5.73 5.55 
11 518861 571480 574479 569810 10.14 10.72 9.82 

Average 6.93 7.03 6.60 

2 

S 

3 7449 7452 7452 7452 0.04 0.04 0.04 
4 15475 15830 15588 15588 2.29 0.73 0.73 
5 18602 19186 19186 19186 3.14 3.14 3.14 
6 16675 17653 17653 17653 5.87 5.87 5.87 
7 54031 57065 57127 56962 5.62 5.73 5.42 
8 48097 48426 48121 48121 0.68 0.05 0.05 

Average 2.94 2.59 2.54 

L 

9 80342 82004 82004 82004 2.07 2.07 2.07 
10 46126 49322 49322 49440 6.93 6.93 7.18 
11 66325 74397 74397 73833 12.17 12.17 11.32 

Average 7.06 7.06 6.86 
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Table 8.13. CFIM1, CFIM2 and TS Algorithms versus Lower Bound with Three Machines 

MC AST PT PS 
Number 

of 
Groups 

LB CFIM1 CFIM2 TS 
CFIM1 
vs. LB 

(%) 

CFIM2 
vs. LB 

(%) 

TS 
vs. LB 

(%) 

3 

180 

1 

S 

3 152892 155003 155003 155003 1.38 1.38 1.38 
4 315447 319440 319440 319393 1.27 1.27 1.25 
5 426455 434364 434364 434364 1.85 1.85 1.85 
6 616326 626075 626075 630701 1.58 1.58 2.33 
7 708679 723192 723192 723192 2.05 2.05 2.05 
8 785555 802521 802521 802521 2.16 2.16 2.16 

Average 1.72 1.72 1.84 

L 

9 770516 792366 792073 793157 2.84 2.80 2.94 
10 865456 919593 919294 920011 6.26 6.22 6.30 
11 1150134 1204051 1199808 1184291 4.69 4.32 2.97 

Average 4.60 4.45 4.07 

2 

S 

3 8645 8664 8664 8664 0.22 0.22 0.22 
4 23539 23654 23654 23654 0.49 0.49 0.49 
5 72634 73176 73176 73176 0.75 0.75 0.75 
6 64197 64437 64437 64437 0.37 0.37 0.37 
7 64373 65041 65041 65041 1.04 1.04 1.04 
8 142424 145407 145407 144944 2.09 2.09 1.77 

Average 0.83 0.83 0.77 

L 

9 145815 147297 147297 147297 1.02 1.02 1.02 
10 118270 125056 125056 125408 5.74 5.74 6.04 
11 103198 111567 111567 111165 8.11 8.11 7.72 

Average 4.96 4.96 4.93 

30 

1 

S 

3 143018 149106 149106 149002 4.26 4.26 4.18 
4 215541 225554 223849 222423 4.65 3.85 3.19 
5 205249 218204 217188 215893 6.31 5.82 5.19 
6 312586 330070 329070 329493 5.59 5.27 5.41 
7 380285 399668 399449 399498 5.10 5.04 5.05 
8 363086 386686 380539 380892 6.50 4.81 4.90 

Average 5.40 4.84 4.65 

L 

9 515268 543400 539432 538387 5.46 4.69 4.49 
10 622589 674678 671834 671177 8.37 7.91 7.80 
11 646726 694961 694810 692891 7.46 7.43 7.14 

Average 7.10 6.68 6.48 

2 

S 

3 10947 11758 11758 11758 7.41 7.41 7.41 
4 38049 39068 39068 39068 2.68 2.68 2.68 
5 24343 24667 24667 24667 1.33 1.33 1.33 
6 40360 44264 41769 42196 9.67 3.49 4.55 
7 37523 40242 40162 40162 7.25 7.03 7.03 
8 74768 79603 79442 78661 6.47 6.25 5.21 

Average 5.80 4.70 4.70 

L 

9 39477 41727 40449 40449 5.70 2.46 2.46 
10 117881 122059 121678 121582 3.54 3.22 3.14 
11 88204 92395 88979 88979 4.75 0.88 0.88 

Average 4.66 2.19 2.16 
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initiate the column generation process will remain the only feasible solution for a large 

number of iterations. This fact can be observed in Table 8.11 where all of the 14 

iterations of a small-size problem resulted in the same master problem’s objective 

function value. However, even after identifying new feasible solutions, they are all 

structurally similar as the change in the master problem’s objective function value has a 

slow decreasing rate. This coupled with the decrease in the absolute value of the most 

negative reduced cost, eventually results in the good quality lower bounds. In a problem 

with AST of 30, less amount of idle times exists which results in boards to be almost 

consecutively assembled on the second and third machines. Thus, different feasible 

solutions in the master problem are identified after a fewer number of iterations. This 

claim is also supported by the fewer number of iterations with the same master problem’s 

objective function value in Table D.2 of Appendix D.  

The complexity of the problem increases significantly where identifying optimal 

solutions and good quality lower bounds for medium and large-size problems is not 

possible. In other words, the quality of the lower bound reported by CPLEX is so inferior 

or in some cases not available for problems with number of groups of 8 or more. 

However, the B&P algorithm reported very good quality lower bounds so that the largest 

size problems with carryover sequence-dependency with 10 groups have almost 8% 

deviation which is considerably very small. For the problems with 11 groups, the CSD 

setup is relaxed to NCSD setup. Although this relaxation decreases the value of the lower 

bound, B&P remains very efficient by evaluating a deviation for problems with 11 groups 

of only 14% in the worst case. 
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9. CONCLUSIONS AND FUTURE RESEARCH 

 

In this dissertation a multi-machine group scheduling problem in the assembly of 

PCBs is investigated. To assemble different types of PCBs, boards requiring similar 

components are grouped together to reduce the number of setup changes and increase 

efficiency of manufacturing. Doing this would minimize the number of unnecessary setup 

changes by performing only one setup operation between two groups of boards. The type 

of setup time in this assembly is quite different from the traditional machine scheduling 

problems. The Carryover Sequence-Dependent (CSD) setup time investigated in this 

research is the only form of setup that can exactly evaluate the amount of setup time 

needed to perform a new assembly operation required of boards in a group. In this type of 

setup, the dependency is not only on the immediately preceding board group, but also on 

all of the previously assembled groups and the order in which they are processed.  

As a technical constraint to assemble PCBs, all of the boards must be prepared for the 

assembly operation during a process called kitting operation which is performed by 

kitting staff. Since engaging the kitting staff may increase the costs and introduce 

limitations to the manufacturing system, eliminating them and assigning their task to the 

unused capacity of other staff might be a good idea to improve the efficiency of the 

assembly system. Since the machine operator only performs the setup operations, tasking 

him with the kitting operation required by the next group during when he is idle (i.e., 

during the assembly time of the current group in which the machine is kept busy 

automatically assembling the components on PCBs) can feasibly result in performing 

both the assembly and kitting operations at the same time. Investigating the kitting 

operation during the assembly operation embraces dynamic arrival times of the boards. 

We refer to this concept as “integrating internal and external setups” which introduces the 

idea of just-in-time manufacturing for the first time in the assembly of PCBs. 

Typically, in PCB manufacturing, several machines are utilized to place different 

sizes of components on the boards. Indeed, the PCB manufacturers keep operating 
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several machines to make sure they are capable of handling orders of any size. According 

to the recent advancements in technology, in most of the cases, it is quite possible to 

place all of the components by using a single placement machine. When a single machine 

is used, the operational setups and costs of having multiple-machines are eliminated. 

With regard to the possibility of using a single machine, we undertook a research 

investigation in which the interest was to minimize the makespan on a single machine in 

Phase 1 of this dissertation. To solve the problem considered, we have developed a 

Branch-and-Bound (B&B) algorithm along with a lower bound. This algorithm searches 

for the solutions which are better than the best-found solution so far. Also the lower 

bound is used to make sure the search is directed through promising parts of the solution 

space. Because of the type of enumeration structure assumed in this algorithm, there 

exists the possibility of solution duplication. As a result, an approach called the Repeated 

Solutions Identifier (RSI) is developed to ensure that the search does not explore the 

repeated solutions in the solution space.  

Traditionally, a PCB manufacturing system requires the work of several sequential 

machines, each of them performing a type of assembly operation. Thus, a PCB 

scheduling problem motivated by a real assembly on multiple machines is also 

investigated as Phase 2 of this dissertation research and methodologies applicable to this 

problem are developed. In this phase, a bi-criteria objective function to minimize 

weighted sum of total flow time and total tardiness on a multi-machine flow shop 

problem is considered. Then, three novel mixed-integer linear programming models 

(MILP1, MILP2 and MILP3) are proposed. The interest in developing MILP2 and 

MILP3 after the development of MILP1 was to have the minimum number of integer 

variables and constraints in the model regardless of the size of problem.   

The problems in both phases are strongly NP-hard and this implies the inapplicability 

of the mathematical programming models or B&B algorithms for large-sizes of the 

problem. Although a B&B algorithm is developed for the problem in Phase 1, fast 

heuristic algorithms are of interest with industrial applications for the problem in Phase 2. 
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For this purpose, CFIM1 and CFIM2 algorithms (Cycle Forward Improving Moves) are 

developed which are very efficient and effective. Also, the algorithms are compared 

against one of the most successful metaheuristics in solving combinatorial optimization 

problems, namely Tabu Search (TS) algorithm.  

The way the objective function is evaluated for the problem in Phase 2 is far from the 

typical scheduling problems because of the existence of dynamic start/finish, or arrival 

and completion times on flow shop machines. This would make the evaluation of the 

objective function in an algorithmic fashion very challenging which is needed in the 

heuristic algorithms. To make this challenge manageable, an approach is proposed to 

optimally evaluate the objective function on the first machine. Also, an algorithm is 

developed to heuristically evaluate the objective function on the second machine. This is 

elaborated in the form of a decision tree-based algorithm, named OFDT (Objective 

Function-Decision Tree), which can be integrated with TS and CFIM algorithms. The 

efficiency of the OFDT algorithm is tested by solving several problem instances whose 

optimal solutions are available. The experimental results show that the objective function 

value evaluated using the OFDT algorithm has very negligible deviation from the optimal 

value yet it is optimal in most of the cases. The results also show that the OFDT 

algorithm integrated with CFIM or TS algorithms remains very efficient and has a very 

small deviation from the optimal values.  

CFIM1, CFIM2 and TS algorithms are compared with regard to three factors i.e., 

solution quality, computation time and number of solutions enumerated. The algorithms 

are tested on several problem instances with different types and sizes. According to the 

computational results, CFIM2 and TS algorithms are not significantly different, yet they 

are both different from CFIM1 with regard to solution quality. The computation time and 

number of solutions enumerated by the TS algorithm are considerably very larger than 

the other two algorithms. This would make the algorithm inefficient, especially in solving 

large sizes of the problem. Accordingly, the best algorithm is selected to be CFIM2 as it  

remains efficient for any size of the problem when all the three factors are considered.   
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Evaluation of the algorithms reveals some information about their performance, yet 

they need to be compared against the optimal values to make sure that they are capable of 

providing good quality solutions. However, optimal solution to the problem may not be 

available depending upon the size of the problem. The replacement to the optimal 

solution is the lower bound values. Different methodologies exist for identifying lower 

bounds. Of the most successful approaches to develop tight lower bounds for mixed-

integer programming problems is the Branch-and-Price (B&P) algorithm. Essentially this 

algorithm is Column Generation integrated with a B&B algorithm. In column generation, 

the mathematical programming model of the original problem is decomposed into two 

parts of master and sub problems using Dantzig-Wolfe decomposition approach. Each of 

the sub problems in this research is a single-machine problem and is individually solved 

to identify columns transferable to the master problem.  

Although the original problem is decomposed into smaller sub problems, still 

individual sub problems are complex. In doing so, the CFIM1 algorithm is employed to 

solve the sub problems and identify new columns in a short time. Nevertheless, because 

of the structure of this algorithm, it cannot provide good quality solutions for the th sub 

problem. Therefore, this algorithm is integrated with the mathematical programming 

model of SP( ) to solve the th sub problem.  

Heuristic algorithms may be employed to solve the sub problems, but this will not 

guarantee the identification of valid lower bounds. Accordingly, to facilitate finding valid 

lower bounds in short times, optimal simplification approaches for the sub problems are 

developed. Simplifying the sub problems would drastically decrease the number of 

variables and constraints of the mathematical programming models of the sub problems. 

Doing so would make optimally solving large-sizes of the sub problems feasible in a 

reasonable time which is necessary when providing valid lower bounds.  

Medium and large sizes of the problem cannot be optimally solved using CPLEX. 

Even any good quality lower bound is not reported after letting CPLEX run for large 

times. For the problem with this level of complexity, the B&P mechanism as well as the 
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algorithms uncovered astonishing results. In general, the average deviation of the CFIM1, 

CFIM2 and TS algorithms is 7% in the worst case. However, this deviation is 2% or even 

smaller in many of the problems considered. The largest size of the problem solvable 

with CSD setup times has 10 groups. For this problem the largest lower bound deviation 

is 8% which is surprisingly very small. To provide a lower bound for larger sizes of the 

problem, the CSD setup times are relaxed to Non-Carryover Sequence Dependent 

(NCSD) setups. However, this relaxation does not have a considerable effect on the 

quality of the lower bound since the problem with 11 groups has 14% lower bound 

deviation in the worst case.   

Future research can focus on several opportunities. As one of the opportunities, the 

development of another lower-bounding methodology can be investigated. Although 

B&P resulted in tight lower bounds for large-size problems, there are still possibilities to 

improve the quality of the lower bound.  One approach to improve the quality of lower 

bound would be introducing cutting planes to the master problem. Adding cutting planes 

in the form of valid inequalities to the master problem would strengthen the LP relaxation 

implying what is known as Branch-Price-and-Cut algorithm. Such planes can be 

developed by valid inequalities on the original variables ( , ) and adding their Dantzig-

Wolfe reformulation to the master problem.  

Although relaxation from CSD to NCSD setups resulted in good quality lower bounds 

for problems with number of groups of 11, it is worth pushing for additional insights to 

investigate CSD and NCSD setups, both in a sequence of groups. In other words, a 

complete relaxation from CSD to NCSD setups may significantly underestimate the 

overall setup times in a sequence and decrease the lower bound. Thus, to get a better 

quality lower bound while having a relaxed formulation, a sequence of groups with semi-

carryover and non-carryover setup times will be the interest of this investigation. In this 

way, the carryover effect of setups may start and finish between two predetermined 

positions in the sequence while the rest of groups in other positions have NCSD setups. 

As an example, the carryover dependency may start from the reference group and end at a 
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position in the middle of the sequence while the groups in the rest of the positions have 

NCSD setups.  

Since groups have different component requirements on the feeders, it is very 

unlikely that for a large-size problem with a large number of groups, a component needed 

by a group in the beginning of the sequence of groups will remain on the same feeder 

until the end of sequence. This is also observed in several experiments performed in this 

research. Thus, for a group in a position in the sequence, it may be satisfying enough to 

get good quality lower bounds if the type and order of only a few of the previously 

scheduled groups are considered. Accordingly, if only  groups before group  are 

considered for carryover dependency, there exists a total of ! setup times to 

consider in transferring to group . Evaluation of setup times using this idea would be 

another approach to relax the complete carryover sequence dependency among all groups 

into several small sub sets of groups with carryover sequence dependency.   
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APPENDIX A. Pseudo Code of OFDT and CFIM Algorithms 
 

A.1. OFDT Algorithm in Pseudo Code  

The pseudo code of the OFDT algorithm to find the best time-schedule for group  

with  boards on 2,… ,  machines is presented. Let  be the total weighted 

flow time of the time-schedule under investigation on the th machine. OBVOFDT is the 

contribution in the objective function found by OFDT on machines 2,… , . Initially 

 is assumed to be 2.  

For 1	to	  
1.1.     For 1	to	  

For 1	to	  
1.2.            Select Case 

If  Then  
*Case 1* Place , , 	immediately after , , . Place , , 	immediately after 

, ,  if , , , , . 

Else 
 *Case 2* Place , , 	 to finish it exactly at the start of , , . 

 *Case 3* Place , , 	 immediately after the start of , , . 

 *Case 4* Place , , 	to finish it exactly at the half of , , . 

 *Case 5* Place , , 	 immediately after the half of , , . 

 *Case 6* Place , , 	 to finish it exactly at , , . 

 *Case 7* Place , , 	immediately after , , . 

End If  
End Select 

2.1.            Set . 
For 1	to	1 

Place , ,  before , , . 

Set . 
Next  

2.2.            For 1	to  

Place , ,  immediately after the maximum of , ,  and , , .  

Next  
2.3.            Place setup time immediately before , , . 

2.4.            Place , ,  immediately before setup time. Set .    

For  		̶		1 to 1 

Place , ,  immediately before , , . 
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Set . 
Next  

3.1.            If this is a feasible time-schedule Then  

3.1.1.            Set ∑ , , , .  

3.1.2.            If  Then  

Set , , ∑ 	 , , , , 0 , . 

If ∑ , , ∑  Then  

Set , , , , 2,… , . 

End If 
If  Then 

Set , , , . 

If ∑ ∑ 	 ,  Then 

Stop time-schedule evaluation from the same parent on the th machine.  
Set  and  on this machine to 	 	 .      

End If 
End If 

If there is 	 0 such that 1  in , , , 	– 1, … ,  

and  in 	–	 , ,  Then 

Set , , , . 

If ∑ ∑ ,  Then 

Stop time-schedule evaluation on machines 	– 	 , … , . Set  and  on 

these machines to 	 	 . Set 	–  and go to step 5. 

End If 
End If 

Else If 2  Then  
Start evaluation on the next machine by setting 1, go to step 1.1. 

End If  
End If 

4.               If there is still a case that has not been evaluated for the current  and  on machine  Then  
Go to step 1.2. 

End If   
Next  

Next  
5.        If 2  Then  

There is no time-schedule remained on machine  from the current parent, set 	– 1and 
continue the investigation from the most recent case,  and  on the th machine. 

Else If  2 Then  
Set ∑ . 

End If 
Next  

6.    Terminate the algorithm. 
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A.2. CFIM Algorithm Sequencing Part in Pseudo Code  

This section provides the pseudo code of the Sequencing part of the CFIM algorithm. 

 is the best improved solution identified so far in Level 1 and is continuously 

updated by performing insert moves.  is the most recent improved solution 

identified so far in Level 2 and is continuously updated by performing exchange moves. 

 is a binary variable implying whether or not an improving exchange/insert 

moves has been identified.  indicates the th ordered group of the sequence 

. , ,  and  are positive integer variables. 

*Finding initial solution if arranging groups applies* 
 
1.      Arrange all board groups in descending order of their number of components. If there are two groups 

with the same number of components, the group with smaller index is assigned to the smaller slot. 
Name the resulting sequence . 

*Level 1* 

2.      Label the groups in  in ascending order of their current positions. Set 	 	  and 
	  False. 

For 	 	1	to	    
3.1.      For	 	 	1	to	    

Suppose  is assigned to the th slot in .  

If  Then  
Make a temporary sequence by moving the groups of  from the th position to the 

	– 1 th position, one slot toward the end of the sequence and insert  in the th position. 

Else 
Move the board groups from the 1 th position to the th position, one slot toward the 

beginning of the sequence and insert  in the th position. 

End If 
Call OFDT algorithm to calculate the objective function of the temporary sequence.  
If this insertion is improving Then  

Set 	  True. 
End If 

Next   
3.2.       If 	  True Then  

Among the improved sequences obtained in step 3.1, select the one whose objective function 
value is the minimum and update 	to this sequence. Set 	  False. 

End If 
Next  
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Set ,  and go to step 4.  

*Level 2* 

4.    Label board groups in  in descending order of their current positions. Set  and 
	  False.    

5.     For 	 	1	to	  

If  is positioned earlier than  in  Then 

Make a temporary sequence by interchanging  and .   

Call OFDT algorithm to calculate the objective function of the temporary sequence. 
If this is an improving exchange Then 

Set 	 	True, update  to this temporary sequence.  
End If 

End If 
Next   

6.     If 	  True and  Then  
For 	 	 	to	    

Repeat step 5. 
Next   

End If 
7.    If 1 Then 

Set 	– 	1, 	  False and 	 	 . Go to step 5. 
End If 

8.    If 	 	1 and 	  True Then  
Set  	  and go to step 2. 

End If 
If 	 	1 and 	  False Then  

Go to step 9. 
End If  

9.    There is no more improving move, terminate the algorithm. Report  as the best sequence.    
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APPENDIX B. Proofs of Properties 7.2, 7.3 and 7.4 and Theorem 7.4 

 

B.1. Proof of Property 7.2 

With respect to the similar reasoning given in the proof for Property 7.1 and since 

boards of  are assembled and kitted without any idle time, the changing part of the 

contribution of the th, 1, . . ,  board in the sequence can be evaluated as: 

 

, 	 , , , , , , , , , 															(B.1.1) 

 
Let  and , respectively, be the summation of the run times and kitting times of 

the boards before the th position in the optimal sequence. If in the optimal sequence 

board ,  is placed after , , then we must have: 

 

, 	 , , , , 	 , , , 	 , ,  

, 	 , , , , 	 , , 	 , ,  

, 	 , , 	 , ,  

, 	 , , , , 	 , ,  

, 	 , ,  

, 	 , , , , 	 , , 	 , ,  

, 	 , , 	 , ,  

 
or we have: 
 

, 	 , , , , , , , , ,  

, 	 , , , , , , , , , 																						(B.1.2) 
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B.2. Proof of Theorem 7.4 

Let  be a group that does not contain the most decreasing board and all of its 

boards are tardy. Since  does not contain the most decreasing board, it will be placed 

in th position and the boards in this group are sequentially assembled and kitted 

without any idle time in between. The contribution of  in the objective function of 

SP( ) when all of the  boards are tardy is: 

 

, , , , , , , , , , , ,  

, , , , 																																																							(B.2.1) 
 
or it can be written as: 
 

, , , , , , , ,  

, , , , , , 																																											(B.2.2) 
 

 
The term , , , , , ,  in the objective function is constant and 

will not change with different sequences of the boards. Thus, the changing part of the 

contribution of  in the objective function of SP( ) can be represented by: 

 

, , , , , , , , 																															(B.2.3) 

By assigning  to one of the positions that follow its current position, the boards 

will remain tardy and again the weight of , ,  is evaluated as , , , . If 

all of , ,  have positive weights, the weights remain positive by assigning  to 

one of the later positions that follow its current position. Thus, by providing a similar 

proof given in Theorem 7.1 it can be shown that the optimal sequence of the boards in 
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 will not change if this group is assigned to one of the positions that follow its current 

position. If the weight of , ,  is negative, it will remain the same weight by 

assigning  to one of the positions that follow its current position. Thus, with regard to 

a similar reasoning given for Theorem 7.2, the placement of the boards in  will not be 

affected by the positions of groups. Therefore, a similar optimal sequence of the boards 

will be obtained if this group is assigned to one of the later positions that follow its 

current position. □ 

 

B.3. Proof of Property 7.3 

According to the proof given for the Property 7.1, the changing part of the 

contribution of the th, 1, . . ,  board in the sequence after removing the fixed terms 

is represented by: 

, , , , , , , , 																						(B.3.1) 

Let  and , respectively, be the summation of the run times and kitting times of 

the boards before the th position in the optimal sequence and board ,  be placed 

after ,  in the optimal sequence. Then we have: 

 

, , , 	 , , , 	 , ,  

, , , 	 , , 	 , ,  

, 	 , , 	 , ,  

, , , 	 , , , 	 , ,  

, , , 	 , , 	 , ,  

, 	 , , 	 , ,  

 
which reduces to: 
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, , , , , , , ,  

, , , , , , , , 																							(B.3.2) 

 
B.4. Proof of Property 7.4 

As it was described in the proof of Property 7.1 about the fixed terms in the 

contribution of the th, 1, . . ,  board in the sequence, the changing part of the 

contribution of the th board in the sequence after removing the fixed terms is represented 

by: 

, , , , , , , , 																					(B.4.1) 

 
If  and , respectively, are the summation of the run times and kitting times of 

the boards before the th position in the optimal sequence and board ,  is placed 

after ,  in the optimal sequence then we have: 

 

, , , 	 , , , 	 , ,  

, , , 	 , , 	 , ,  

, 	 , , 	 , ,  

, , , 	 , , , 	 , ,  

, , , 	 , , 	 , ,  

, 	 , , 	 , ,  

 
or , , , , , , , ,  

, , , , , , , , 																																				(B.4.2) 
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APPENDIX C. Computational Results in Phase 1  

 

Table C.1. Results of the Branch-and-Bound Algorithm on 6 Groups Problems 

Problem OV TC CLB CRA 
Eff1 

(%) 
Eff2 

(%) 
Computation 
Time (sec.) 

1 21345 3869 19 3473 0.49 89.76 0.65 

2 24141 3733 12 3387 0.32 90.73 0.64 

3 23703 4205 23 3418 0.55 81.28 0.64 

4 23225 2631 16 2261 0.61 85.94 0.65 

5 23765 4495 27 3676 0.60 81.78 0.65 

6 26608 2429 9 2247 0.37 92.51 0.64 

7 22983 2527 21 2142 0.83 84.76 0.64 

8 23535 3381 24 2923 0.71 86.45 0.64 

9 23455 4215 14 3654 0.33 86.69 0.64 

10 23550 3008 18 2456 0.60 81.65 1.45 

 

Table C.2. Results of the Branch-and-Bound Algorithm on 7 Groups Problems 

Problem OV TC CLB CRA 
Eff1 
(%) 

Eff2 
(%) 

Computation 
Time (sec.) 

1 24634 7517 112 6441 1.49 85.69 1.67 

2 29400 6803 98 6132 1.44 90.14 1.95 

3 27891 6447 88 5418 1.36 84.04 1.78 

4 27432 7681 95 6295 1.24 81.96 1.92 

5 27190 7739 194 6623 2.51 85.58 2.04 

6 26800 7822 159 6982 2.03 89.26 2.92 

7 27630 7751 134 7019 1.73 90.56 2.12 

8 27745 7819 93 6673 1.19 85.34 2.09 

9 25663 8331 146 7215 1.75 86.60 2.14 

10 32487 8710 73 7651 0.84 87.84 3.43 
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APPENDIX D. Computational Results in Phase 2 

 

Table D.1. ANOVA Table for CFIM1, CFIM2 and TS Algorithms 

  Coefficient D.F Sum Sq Mean Sq F-value -value 

MC 1 1.46  1011 1.46  1011 1.36 0.2465 

AST 1 3.90  1012 3.90  1012 36.59 < 0.0001 

PS 1 1.47  1013 1.47  1013 137.50 < 0.0001 

PT 1 3.10  1013 3.10  1013 290.42 < 0.0001 

MC AST 1 2.11  109 2.11  109 0.02 0.8887 

MC PS 1 5.72  1010 5.72  1010 0.54 0.4663 

AST PS 1 5.80  1011 5.80  1011 5.44 0.0224 

MC PT 1 1.19  1010 1.19  1010 0.11 0.7392 

AST PT 1 1.58  1012 1.58  1012 14.84 0.0002 

PS PT 1 8.74  1012 8.74  1012 81.92 < 0.0001 

MC AST PS 1 3.52  1010 3.52  1010 0.33 0.5673 

MC AST PT 1 4.73  109 4.73  109 0.04 0.8338 

MC PS PT 1 5.02  1010 5.02  1010 0.47 0.4948 

AST PS PT 1 1.13  1011 1.13  1011 1.06 0.3061 

MC AST PS PT 1 1.52  1010 1.52  1010 0.14 0.7070 

Whole -plot error 75 8.00  1012 1.07  1011 

ALG 2 1.64  108 8.18  107 19.87 < 0.0001 

MC ALG 2 1.16  107 5.80  106 1.41 0.2476 

PS ALG 2 6.20  107 3.10  107 7.53 0.0008 

PT ALG 2 1.17  108 5.85  107 14.20 < 0.0001 

AST ALG 2 3.88  107 1.94  107 4.71 0.0103 

MC PS ALG 2 1.10  107 5.50  106 1.33 0.2661 

MC PT ALG 2 1.35  107 6.76  106 1.64 0.1969 

PS PT ALG 2 3.09  107 1.55  107 3.75 0.0255 

MC AST ALG 2 4.46  106 2.23  106 0.54 0.5829 

AST PS ALG 2 1.18  107 5.91  106 1.44 0.2409 

AST PT ALG 2 2.74  107 1.37  107 3.32 0.0385 

MC PS PT ALG 2 7.50  106 3.75  106 0.91 0.4043 

MC AST PS ALG 2 2.10  106 1.05  106 0.25 0.7754 

MC AST PT ALG 2 8.02  105 4.01  105 0.10 0.9073 

AST PS PT ALG 2 6.55  106 3.28  106 0.80 0.4532 

MC AST PS PT ALG 2 2.28  106 1.14  106 0.28 0.7582 

Sub-plot error 160 6.59  108 4.12  106 
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Table D.2. Column Generation Illustration for a Large-Size Problem 

IT APP MPOV MNG LB 
CPU Time 

(sec.) 
 IT APP MPOV MNG LB 

CPU Time 
(sec.) 

1 CFIM1 674678 -151453 523225 133  67 CFIM1 657091 -127009 530082 104 
2 CFIM1 674678 -2162873 -1488194 97  68 CFIM1 656763 -45771 610992 104 
3 CFIM1 674678 -1919121 -1244443 95  69 CFIM1 656647 -95324 561323 103 
4 CFIM1 674678 -2274346 -1599668 95  70 CFIM1 656619 -96737 559883 96 
5 CFIM1 674678 -2355914 -1681236 92  71 CFIM1 656458 -57695 598763 97 
6 CFIM1 674678 -4637980 -3963302 100  72 CFIM1 656310 -46731 609579 97 
7 CFIM1 674678 -8805117 -8130438 99  73 CFIM1 656191 -35953 620238 102 
8 CFIM1 673875 -4996163 -4322287 99  74 CFIM1 656012 -50945 605067 96 
9 CFIM1 673829 -827915 -154086 104  75 CFIM1 655987 -182703 473284 100 
10 CFIM1 673721 -732326 -58605 103  76 CFIM1 655790 -43384 612405 101 
11 CFIM1 673214 -650996 22218 101  77 CFIM1 655622 -47227 608396 102 
12 CFIM1 673071 -772108 -99038 102  78 CFIM1 655230 -34036 621194 98 
13 CFIM1 672614 -726057 -53442 102  79 CFIM1 655030 -44430 610600 96 
14 CFIM1 672347 -678587 -6241 94  80 CFIM1 654945 -106272 548673 103 
15 CFIM1 671847 -521261 150586 107  81 CFIM1 654915 -31364 623551 101 
16 CFIM1 671626 -658759 12867 96  82 CFIM1 654842 -26757 628085 99 
17 CFIM1 671226 -277200 394026 103  83 CFIM1 654425 -31230 623195 101 
18 CFIM1 669929 -250975 418954 97  84 CFIM1 654044 -37848 616197 100 
19 CFIM1 669706 -931710 -262004 101  85 CFIM1 653791 -50465 603326 104 
20 CFIM1 669010 -624315 44695 101  86 CFIM1 653622 -27232 626391 107 
21 CFIM1 668516 -775986 -107470 108  87 CFIM1 653566 -31649 621917 103 
22 CFIM1 667823 -596355 71468 114  88 CFIM1 653479 -19317 634162 104 
23 CFIM1 667531 -189990 477541 114  89 CFIM1 652299 -26725 625574 104 
24 CFIM1 667344 -495658 171687 99  90 CFIM1 652243 -143399 508844 106 
25 CFIM1 666963 -245006 421957 103  91 CFIM1 651787 -41991 609796 102 
26 CFIM1 666795 -222011 444785 96  92 CFIM1 651559 -27927 623632 105 
27 CFIM1 666588 -305698 360890 99  93 CFIM1 651298 -61559 589740 101 
28 CFIM1 666513 -112347 554166 99  94 CFIM1 651054 -27369 623685 106 
29 CFIM1 666018 -197083 468935 103  95 CFIM1 650975 -39372 611603 105 
30 CFIM1 665853 -202672 463181 102  96 CFIM1 650949 -23504 627445 104 
31 CFIM1 665596 -148029 517568 100  97 CFIM1 650916 -19283 631633 103 
32 CFIM1 665557 -99916 565641 98  98 CFIM1 650855 -15690 635165 109 
33 CFIM1 665524 -134430 531094 100  99 CFIM1 650788 -21757 629030 102 
34 CFIM1 665475 -100522 564953 99  100 CFIM1 650765 -23225 627541 105 
35 CFIM1 665332 -144859 520474 96  101 CFIM1 650751 -21726 629025 109 
36 CFIM1 665219 -131141 534078 97  102 CFIM1 650733 -17667 633066 102 
37 CFIM1 664371 -130238 534133 98  103 CFIM1 650668 -18983 631685 101 
38 CFIM1 664300 -72596 591704 99  104 CFIM1 650655 -14453 636202 104 
39 CFIM1 663791 -65407 598384 99  105 CFIM1 650646 -11991 638656 104 
40 CFIM1 663501 -246854 416646 105  106 CFIM1 650510 -20829 629681 105 
41 CFIM1 663401 -58930 604471 100  107 CFIM1 650281 -50400 599881 102 
42 CFIM1 663265 -55996 607268 104  108 CFIM1 650150 -29179 620971 100 
43 CFIM1 663139 -143476 519663 97  109 CFIM1 649955 -34687 615268 103 
44 CFIM1 662853 -56897 605956 101  110 CFIM1 649744 -21333 628411 103 
45 CFIM1 661176 -65259 595917 102  111 CFIM1 649640 -33988 615652 108 
46 CFIM1 660438 -145217 515221 103  112 CFIM1 649581 -24077 625504 104 
47 CFIM1 660179 -603406 56774 104  113 CFIM1 649510 -20366 629144 103 
48 CFIM1 660102 -110291 549811 105  114 CFIM1 649447 -19845 629602 110 
49 CFIM1 660022 -56758 603265 106  115 CFIM1 649407 -11705 637702 102 
50 CFIM1 659674 -64703 594971 105  116 CFIM1 649383 -11750 637633 101 
51 CFIM1 659344 -74154 585190 105  117 CFIM1 649371 -15617 633754 103 
52 CFIM1 659088 -76624 582464 108  118 CFIM1 649351 -7568 641783 101 
53 CFIM1 659028 -60709 598319 105  119 CFIM1 649321 -19538 629784 103 
54 CFIM1 658730 -57267 601463 104  120 CFIM1 649314 -11891 637424 104 
55 CFIM1 658606 -84035 574571 103  121 CFIM1 649309 -18264 631044 106 
56 CFIM1 658480 -156251 502229 105  122 CFIM1 649295 -10878 638418 104 
57 CFIM1 658378 -126570 531808 103  123 CFIM1 649254 -9501 639753 104 
58 CFIM1 658354 -68301 590054 103  124 CFIM1 649203 -10476 638728 103 
59 CFIM1 658286 -54826 603460 101  125 CFIM1 649165 -9439 639726 102 
60 CFIM1 658218 -60634 597585 102  126 CFIM1 649132 -9795 639338 104 
61 CFIM1 657747 -44614 613134 103  127 CFIM1 648989 -10235 638754 101 
62 CFIM1 657635 -52968 604667 105  128 CFIM1 648954 -14323 634631 103 
63 CFIM1 657548 -42924 614625 102  129 CFIM1 648940 -7769 641171 104 
64 CFIM1 657508 -85675 571834 100  130 CFIM1 648916 -7610 641306 104 
65 CFIM1 657328 -47336 609992 105  131 CFIM1 648878 -6671 642206 103 
66 CFIM1 657216 -174412 482805 99  132 OPT 648841 -26252 622589 17539 

 


