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INTEGRATED INTENSITIES OF METHYL IODIDE 
IN CARBON TETRACHLORIDE SOLUTION 
AND CORRECTION OF SLIT ERROR 

INTRODUCTION 

Since the development of the Wilson and Wells 

method (31) for the determination of the absolute inte- 

grated intensities of gaseous phase in 1946, many papers 

have appeared in the literature reporting absolute inte- 

grated intensities of a variety of systems in an attempt 

to arrive at the molecular properties of the systems. 

An important paper by D. A. Ramsay (24) which 

appeared in 1952, summarized the various methods of cal- 

culating absolute intensities in the liquid phase and 

tabulated numerical corrections to apparent intensities 

in order to obtain absolute intensities, on the assump- 

tion that the true shape of the infrared absorption bands 

of liquids is Lorentzian. 

Another important paper by Polo and Wilson (23) 

which appeared in 1955 dealt with the aspect of relating 

the change in absolute intensities, in going from gaseous 

to condensed state, to the dielectric properties of the 

system. Many of the expressions advanced since then and 

including that in the paper of Polo and Wilson do not 

appear to be adequate. Much of the uncertainty may be 

attributed to difficulties in measurement of absolute 
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integrated intensities. There is as yet no adequate 

dielectric theory of condensed phases. 

In the hope of shedding some light on the problem, 

the present work has been undertaken. The system chosen 

was CH31 in CC14 (methyl iodide in carbon tetrachloride). 

Five of the six fundamental bands were analyzed and the 

absolute integrated intensities measured using the extra- 

polation method as outlined in Ramsay's paper. The re- 

sults obtained were surprising in that the plots of ap- 

parent intensities versus concentrations were too steep 

to be accounted for by Ramsay's calculations. In order 

to solve this riddle a new method has been developed for 

the measurement of absolute intensities. It differs from 

the previous methods in that an inverse transform via an 

iterative procedure is used to go from observed to true 

absolute intensities. There is no need to assume a 

Lorentzian shaped model of the condensed phase infrared 

absorption band. The method works quite well provided 

that apparent intensities could be measured to a third 

place accuracy. The accuracy of the method and the re- 

sults obtained will be dealt with adequately under the 

heading "Results and Discussion ". 
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THEORY 

Absorption Phenomenon 

The absorption of monochromatic light is governed 

by Beer's law, namely, 

Iv = Io exp(-ccU cl) (1) 

where I is the transmitted light intensity by the 

sample whose concentration is c contained in a cell of 

length 1, Io is the incident light intensity, U is 

the light frequency. 

The absolute integrated intensity, is defined 

as 

From (1) 
Ü=0.0 

A 
I 
-i-)L4- 

I U 
dU (3) = cl I 

ln 
V= -00 

Ideally the limits would be taken from - ca to 

+ oo , but in practice the limits cover the absorption 

band only. 

Instead of Iv one observed a transformed value 

of Iv called the apparent intensity T vl. This is 

brought about by the finiteness of the spectrometer slit 

A, 

A= (2) 

jJ=°° 

aU dU 

U=- 
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and the optics of the instrument. So one defines another 

quantity called the apparent integrated intensity B where 

B 
= 

el 

band 

It can be shown that 

since 

lim B = A 

C1-'0 

1 

B + cl 

ln 

ln 

ToU 

TU 

T 
Tov 

TU 

dv (4) 

di) 

(5) 

Expanding the natural logarithm into a series, namely 

Tov 
ln T, 

Since 

( To / T ) -1 
T /T 

V 

oU 

To11 
/TO )- 

Tou /TU 

(To0 /T2) )-1 
Tov 

/Tv 

+ 1 

v3 
1 - T 

ov. 

Tv = Tov e-av'cl 

Tou 

2 

2 

+ 1/3 

+ 1/3 

I 

band 

= + 

TU 

( 

T 
= 1 - 

I 

1 

I I 

1 

yz 
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therefore 

ln 
To?) a, ' c1 _ (1-e - U 

' cl)2 (1-e-a + 
TU 

3 3 
= á U' cl °` 

, 
1> 

33c 
1 + ... 

... 

The last expression was obtained through the use 

of the exponential function series expansion. Dividing 

through by cl 

therefore 

cl ln 
To?) 

T 
U 

= a' a' U, 3c212 + . . . U 3: 

lim 
cl 

ln 
U 

= a 

Assuming a 
U 

does not vary over the band, i.e. 

(6) 

a'v? 
1/! 

= a (7) 

Substituting for a'v/ in (6) 

lim 1 in 
cl-40 

Integrating both sides 

lim 
c1-40 

To U 
T = aU 

dU 

_ 
+ 34 

" 

T 

el-00 

T 
-,11- 1 
c 

T lj ?l 
band band 

' 

I 

3: 

I 

l 

( ) 

v 
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Changing the order of the limits of the left hand side 

because the integral is convergent and noting the right 

hand side to be just 

or 

lim 
c1-i0 

c1 

lim B = A 

ln d v =A (8) 

Q.E.D. 

therefore a plot of B versus cl should give an inter- 

cept = A. 

Relating the Absorption Coefficient to the Dipole Deri- 

vatives with Respect to Normal Coordinates 

Beer's Law can be written in the following form 

-dI = KIdl (9) 

where -dI is the decrease in the incident monochromatic 

intensity I after passing through a length of dl of 

the absorbing material whose absorption coefficient is 

K. 

-dI can be related to the Einstein coefficient 

of the induced emission B1,, where n' designates the 

lower level and n the upper level of the energy states 

of the system. 

A 

T 

- v 
band 

c1-40 

( 
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-dI = h Unn, Bnn, p( U nn,)(Nn, - Nn)dl (10) 

h van, being the energy difference between the two 

levels n and n'; p ( Unn,) is nothing more than 

the probability of transition from state n' to n per 

unit time per radiation density p (Vnn,); Nn, and Nn 

are the number of molecules in states n' and n, 

respectively. 

But 

n 

n 

N 
n 

I = 
c p(Unn') (11) 

C is the velocity of light; therefore, substituting 

(10) in (11) one obtains 

h Un, 
-dI = Bnn, (Nn, - Nn) I dl (12) 

using (10) in (12) gives 

hU , 

K = C Bun' 
(Na, - Nn) (13) 

The coefficient of induced emission, Bnn can be shown 

to be given by the following expression 

Bn'n 
- Nn, 

Bnn' 



87r3 
Bnn, - 3h2 

2 
1 

(y)nnI 2 I 2 

(14) 

8 

The (g x)nn, , y)nn, , (,,L 
z)nn' 
)nn' being the dipole matrix 

elements of the space fixed axes x, y, z defined as 

(4x)nn' = 
Hj n* 

g 
x 
yn, dT (15) 

Similarly for (/..y)nn, and (;L,C z)nn, where lJn* is 

the complex conjugate of the complete wave function for 

the state n, dT is the volume element in space, and,(,(, 

is the dipole moment component in the space -fixed x -axis. 

K 83 
vnnr (Hn - T1n) 

3ch 
+ ... x)nn 2 (16) 

This result would be true if the spectral line of 

transition were perfectly sharp. However, it is a common 

knowledge that such is not the case in that the spectral 

line is of finite width. Hence it would be more real- 

istic if in place of K one writes 
J 

K(v )d U assuming 

that Bnn;, is reasonably constant over the region of the 

line. 

W' 

x 

+ + 

J 

J 



K( 
v 

)d v 3c 5 
vnn' 

(N -N n) 

line nm' 

(ll.0 x)nn' 
2 

(17) 

9 

In practice ordinary infrared bands contain be- 

sides the vibrational line, a whole host of rotational 

lines. Hence, if one wishes to obtain a real meaning 

for equation (17) one must sum over the whole infrared 

band including the vibrational as well as the rotational 

lines. 

In order to make progress in summing the R.H.S. 

of equation (17) one is forced to make use of certain 

reasonable approximations, the first of which is the 

separation of rotational and vibrational energies. This 

approximation implies the following: 

and 

?Jnn, 14W, + xR 

(114)nn' 

2 
(q) Fg)RR ( g)y.v 

. 

(18) 

2 
(19) 

where the 
( °Fg)RR' 

are the direction cosine matrix 

elements between the space fixed (f) and the molecule 

fixed (g) axes, or 

+ ... 

' 

. 

. 

= 

g 

, 

v 

f 

F 
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2 

(1)Fg)RR' (4Fg' )RR, (LC g)vv, (44 g, )vv, 

FFR ' 
(20) 

where 

* 

(,i,( g)vv, _ /v ,(,( Wv' dT (21) 

g = x, y, z 

In order to carry out the summation of equation 

(17) for the transition v'-v summing over all rota- 

tional quantum numbers. As a first approximation, the 

rotational quantization is neglected. This implies 

= 0 and replacing the cosine matrix elements by 

their classical average, 

Fg 0 Fg' bgg, (22) 

bgg, is the Kronecker delta. This reduces equation (20) 

to the following: 

2 

Therefore (17) becomes 

(,U.g)vv, 
2 

(23) 

_ 3c 3 (Ny' - îvv) v vv, (1.1. w ) > ( 
I g 

, 

2 

(24) 

yR, 

1 = 
3 

(J( ) 

g 

dv 

(X ) 

f g 

=\ 

f (V 
band vv' 
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Exact summation over rotational levels was carried 

out by Crawford and Dinsmore (6) and obtained (24) multi- 

plied by a factor 

hIl_ 

1 + 2BC 
1 + exp(- -Tie) 

h 
vo 1 - exp(- ° ) (25) 

where B is the rotational constant and ]J is the pure 

vibrational frequency. The error introduced by neg- 

lecting the factor (25) would not exceed 10.,0 according 

to the most conservative estimates. 

To develop equation (24) further, one has to sum 

over v' which would still be the case even if the 

vibrations are assumed to be not simple harmonic (1Jvv' 

is not the same for all v'), i.e. approximate coinci- 

dence. For a fundamental transition of the type 

vk = vk'+1' vl = 
v1, 

vW, vk 

1 k 
(qk 

is 

non -degenerate) 

and Nv, and Nv, would be given by a Boltzmann's distri- 

bution law, namely 

N 
N e-(h vk/kT)vk vk -n (26) 

- 

= 

, 

o 
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N e-(h 
v k/kT)(vk+i) 

(27) 
vk+1 ^ 

N and N being the number of molecules in the v 
vk vk +l k 

and vk +l levels respectively; N is the total number of 

molecules per unit volume and e is the partition function 

which is given by the expression 

e= (1 - e 
-h n -1 (28) 

vk 
is the transition frequency which is assumed to be 

the same for all v' and v. Therefore (24) becomes 

3 

fK(v)dV ! 
3a vk 

band vv' 

00 

(g ) 

+1'vk 

2 

-(h vk/kT)vk 
-(h 

vk/kT)(vk+l) 
e e 

vk = 

(29) 

Now turning to the dipole matrix elements, one 

expands them in a Taylor series, namely: 

ach 

g 

0 

e 
N 



N-6 

k=1 

N-6 

y 
+ 

k=1 

3N-6 

fck) 

(k) 
Qk + .... etc. 

Y 

(k) 
Qk 

+ .... etc. 

(k,1) 
411 

+ higher terms 

(30) 

N-6 3N-6 

Qk 
u 

x+ x k 

z 
k=1 

, 

k=1 1=1 

, 

+ z 
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is the x component of the electric moment possessed 

by the molecule in its equilibrium position, and 

x 
,((k) _ is the coefficient of normal coordin- x no 

ates Qk in the Taylor series expansion, 

Therefore 

Cf 2x 
(ÌQk C( Ql 

o 

( lu X)vv' = Yv Wv dry 

_ ,Ú Wv y1.7, dry+ 

Qk yi Jt 37 

3N-6 

) 

k)x 

k=1 

Qk Ql Yip d + ... etc. 

(31) 

The first term in (31) vanishes unless v = v'. 
0 

Therefore, the permanent electric moment jj has no in- 

fluence on the intensity of vibrational transitions; it 

does, however, determine the intensity of pure rotational 

spectrum. 

¡.(X 

,µ 

_ (k,1) 
µx 

X f 

* 

- í'x 

--__ -- 

k=1 1=1 

o 

* 

;-6 3N-6 

+ 

Y v 

I 

u(k,l)J 
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The integral in the second term can be factored 

into the following: 

v Qk vl d TV 
l(Q1) NIvi(Ql) dQ1 

.... 

k vk' (Qk) 
dQk .... (32) 

Equation (32) vanishes unless vl = vi, v2 = v2, 

etc., except for vk for which vk = vk +1 or vk_l. 
There- 

fore, the second term of equation (31) has the value 

(k) 
g 

h 

8Tr2 k 
vk+1) (33) 

The third term in equation (31) can be similarly 

treated which gives rise to the following expression: 

fYy Qk Ql Y v° \V W, 

) dQk ... 

Equation (34) gives rise to the overtone (k = 1) 

(34) 

_ 

k(Qk) 

r- 

L 

d1'_ 
l(Q1) dQ1 

... 

k(Qk) Qk 

Yvl(Q1) Ql \ifvi(Q1) 
... 

* 

* 

?% 
_ 

* ... 

J 

14 

...ir 

dQl 
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selection rules and combination bands (k 1) selection 

rules, e.g. 

and 

) - (vk+/)h 

4T( 2 Uk 

( 2) h g = 
87-f Uk (vk +l)(vk +2) 

fz 

(35) 

(36) 

etc. However, for a first order approximation, the 

second term of equation (31) would be taken into con- 

sideration. Hence substituting (33) in equation (29) 

one obtains 

dU K 
NTr 

- v 
1)C)2 + (,u13Cr.)2 

+ (,u1;)2 

[e 

-(h Uk/kT)vk 

(vk +l) 

-(h U k/kT)(vk+l)] 
(37) e 

If the summation over vk is carried out for vk = 0 to 

vk =c,0 one obtains 

_ 

3co 
(,u C 

- 

vv 

, 

\ 
I 



e-(h 
U 
k/kI)vk - e-(h vk/kT)(vk+l)^ (v k )= +l 

-(h vk/kT)_ 
1 - e 

Therefore (37) becomes 

-1 
© (38) 

(,t.i. ) 2 + (,u. s ) 
2 

+ ,uz) 

2 

17 

(39) 

Equation (39) is the one that is sought, for it 

connects the observable quantity on the left to the di- 

pole elements on the right. If the molecule under con- 

sideration possesses enough symmetry only one of the 

""x' ,(,( y, 
,(,(z will be different from zero, hence can be 

found. Equation (39) applies to non -degenerate case. 

However the extension to the degenerate case is not 

difficult. 

x d v = 30 V 

J 

L 
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REVIEW OF LITERATURE 

1. Review of Absolute Intensity Work 

The first attempt at obtaining absolute intensity 

values in infrared was done by Bourgin (3) in 1927. He 

studied the line intensity of the hydrogen chloride fun- 

damental band at 3.5 . Bourgin extrapolated the plot 

of integrated area versus path length to zero path 

length. The intercept was taken to be the absolute in- 

tegrated intensity. 

The Wilson and Wells extrapolation method (31) 

for the determination of absolute intensities for gases 

to which reference has already been made, appeared in 

1946 and seems to have triggered a fresh interest in the 

subject. For there are by now a number of papers which 

give absolute integrated intensity values of various 

systems. Only the relevant ones will be mentioned here. 

Thorndike, Wells and Wilson (28) reported the 

absolute integrated intensities of absorption bands of 

ethylene and nitrous oxide. They obtained values for 

the dipole derivatives with respect to internal co- 

ordinates using their experimental values of absolute 

intensities. Similar work was done on CO2, methane and 

ethane by Thorndike (29). In 1952 Barrow and McKean (1) 

published a paper on the absolute integrated intensities 
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of absorption bands of the methyl halides in the gaseous 

phase. The intensities were interpreted in terms of 

bond moments (g) and bond moments derivatives (Cf /,j /dr) 

with respect to internal coordinates. Hyde and Hornig 

(14) did similar work on HCN and DCi1. The paper by 

Ramsay (24) to which reference has already been made 

appeared in which three methods for the determination of 

absolute intensities of infrared absorption bands in the 

liquid phase were outlined. Dickson, Mills and Crawford 

(10) repeated the absolute intensity measurements on 

methyl halides in the gaseous phase. They claimed that 

their results were superior to those of Barrow and McKean 

which were mentioned above. King, Mills and Crawford 

(16) carried out a normal coordinates treatment of the 

methyl halides. 6chatz and Levin (25) measured the ab- 

solute integrated intensities of NF3. Their results were 

also interpreted in terms of the bond moments (/i) and 

their derivatives with respect to internal coordinates 

and the unshared -pair dipole moment on the nitrogen atom. 

A paper by Crawford (7) discussed the advantages of in- 

tegrating absorption intensities versus the logarithm of 

the frequency rather than the frequency itself. Lorcillo, 

Herranz and Fernandez Biarge (19), besides measuring the 

absolute intensities of CHF3 and CHC13 and obtaining bond 

moments, also considered and revised the fundamental 
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grounds of the experimental method for measuring inte- 

grated intensities. They considered as unreasonable the 

assumption made by Wilson and Wells of constant absorp- 

tion coefficient over the slit width. Likewise, the 

alternative assumption of Wilson and Wells of constant 

resolving power over the band was regarded to be unreal. 

They assert that in the Wilson and Wells extrapolation 

procedure one must obtain intensity values at low con- 

centrations, otherwise one would underestimate the value 

of the absolute intensity. The latter point was illus- 

trated by a plot of apparent integrated intensities 

versus pressure times path length where the slope in- 

creased in value as pressure times path length decreased. 

Hisatsune and Jayadevappa (13) measured intensities of 

the benzene infrared bands at 670 and 1035 cm 
-1 using the 

extrapolation method and Ramsay's corrections at the 

"wings" of the bands. The values obtained were 10511 and 

1172 darks, respectively. They then used Ramsay's first 

method of direct integration which makes use of the ob- 

served peak optical density and the half width of each 

experimental spectrum. They obtained values of 10581 and 

1189 darks, respectively. They concluded that the agree- 

ment indicated that the assumption of a Lorentz curve for 

the band shape and triangular slit function is reasonable. 
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2. Review of Work on Dielectric Theory 

The aspect of comparing absolute intensities be- 

tween liquid and gaseous phases will now be reviewed. 

,Polo and Wilson (23) showed that both Debye's and 

Onsager's theories of dielectric polarization lead to the 

same expression for the relation between the intensities 

of an infrared absorption band in the liquid and in the 

gaseous phase. The expression arrived at was 

x1 1 n2 + 2 
A - ñ 3 
g 

(40) 

Al and A are the integrated intensities in the 

liquid and in the gaseous state respectively, n the re- 

fractive index of the dielectric medium. At the time 

the above expression was advanced, there were no suf- 

ficient data to either prove or disprove the findings of 

the dielectric theorems of Debye's and Onsager's which 

both lead to the same expression as above. It is inter- 

esting to note that the above expression is applicable to 

both polar and non -polar molecules which is clearly an 

oversimplification. The few rough measurements of inte- 

grated intensities which were available at the time only 

indicated that the integrated intensities in solution and 

liquid phase were greater in value that the integrated 

2 

. 
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intensities in the gaseous phase of the same absorption 

species. 

To mention Whiffen's (30) paper on the effect of 

solvent on an infrared absorption band of chloroform. 

Jaffe and Kimmel took the ratios of relative integrated 

absorption intensities of the 3- /,. band of n- hexane in 

various solvents and found reasonable agreement between 

theory and experiment. The ratio taken was 

2 

l 
ni + 2 

l 
n2 + 2 2 

nl 3 n2 
... etc. 

where nl, n2 ... etc. refer to the dielectric constants 

of the different solvents. 

W. B. Person (22) extended the treatment of Polo 

and Wilson to solutions. He gave the expression 

A 
Asolution 1 r n2 + 2 

no (nJno)2 + 2 

2 

where 'solution is the integrated intensities of the ab- 

sorbing molecules in the solution system, Ag is the in- 

tegrated intensity of the same absorbing molecules in the 

gaseous phase, n is the refractive index of the solute 

and no is the refractive index of the solvent. 

Person's expression gives only qualitative agree- 

ment with experiment. 

, 

- 

j 

Ag - 
(41) 

L 
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Hisatsuni and Jayadevappa (13) applied the Polo 

and Wilson expression to their data on benzene and found 

the agreement between calculated and observed intensity 

ratio to be unsatisfactory. 

Schatz (26) measured the ratio A 
1 
/A 

g 
for the 

1523 cm-1 band of CS2 
2 

and obtained the value of 2.06 as 

compared to 1.44 predicted by lolo and Wilson's expres- 

sion. This is typical of the agreement between experi- 

mental and theoretical results. Lindsay, Maeda and 

Schatz (17) compared the ratio of A 
1 
/A 

g 
for 0014, CHC13 

9 

and CHBr3, 
3' 

The agreement between experiment and pre- 

dicted values in the case of the 13-/.L band in CC14 and 

the 8.24 -g, band in CHC13 was good but not so for the 

13.25-a band in CHC13. 

Lastly but not the least, mention must be made of 

Buckingham's work on the theory of dielectrics (4, 5). 

He uses a quantum mechanical perturbation theory approach 

to the problem. The expression he obtains is as follows: 

2n2 2 + 1 

3n n 

Of? 
Al 
solution 

g 
A 

e 

a3 

= 1 + 0.6 n2 - 1 

2n 
2 
+ 1 

+ (42) 

is the dielectric constant of the medium; n is the 

2,I,( 
a, 

E -_ 1 

2E 4-1 

+ 
( 

( ) 



refractive index of the medium; 
/"e 
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is the equilibrium 

dipole moment; /(' is the dipole moment derivative with 

respect to a parameter that is proportional to the dis- 

placement from equilibrium; a' is the polarizability de- 

rivative with respect to the same parameter; and a is the 

radius of the Onsager cavity. 

There is as yet no experimental evidence in sup- 

port or against the above expression. The reason may be 

due to the difficulty in obtaining various molecular pro- 

perties involved in the expression. 

Kalman and Deciusl have extended the Polo -Wilson, 

Person and Buckingham expressions to non-isotropic- 

sphere-type of molecule. They considered the molecule 

as having three principal components of polarizability, 

ax, ay, az. As As a consequency of that, if ax ay az 

then the intensity ratio for the vibrational mode in the 

direction of the ax will be different from the intensity 

ratio of the vibrational mode in the a direction or 
Y 

direction. The ratio for the ax direction would be 

solution 1 
IL - n 
gas 

in which 

1 
1Private communication. 

2 

1 

gax 

2 

(43) 

X X 

az 

2 

2n + 1 
1 _ 

I 
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g = 
2 E 

1) + 
lx 

E r 

is the dielectric constant of the medium and r is 

cavity radius. 

Expression (43) reduces to Buckingham's expression 

for non -polar molecules where 

1 

tisolution n3 1 

:.gas 2 (2n + 1) 1 - ga 

2 

a is the polarizability of the molecule for isotropic 

spherical molecules. 

(44) 

l 

1 
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EXPERIMENTAL 

The methyl iodide used was Matheson, Coleman and 

Bell Division product #313196. It was found to be 

spectroscopically pure (at least in the region of inter- 

est between 3500 cm -1 to 450 cm -1). The carbon tetra- 

chloride used was an Eastman Kodak product of spectro- 

scopic purity. 

Mixtures of methyl iodide in carbon tetrachloride 

of various concentrations were used. The sample con- 

tainers that were used were two constant thickness liquid 

cells and a variable thickness cell of potassium bromide 

windows. 

All spectra were recorded on a Perkin- :Earner spec- 

trophotometer Model 21. The 1432, 1252 and 888 cm -1 

bands were studied using sodium chloride prism optics. 

The 2975 cm -1 band was studied using lithium fluoride 

prism optics. The 529 cm -1 band was studied using KBr 

(potassium bromide) prism. All scans were run with a 

constant slit width whose value corresponds to the auto- 

matic slit setting at the absorption peak maximum of 984 

resolution. The conditions and instrumental adjustment 

were done in compliance with the manufacturer's recom- 

mendations. 

Each band was studied by obtaining spectra for 
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various sample concentrations and for different cell 

thicknesses, i.e. different path lengths. 

The 100% transmission background was determined 

by running a carbon tetrachloride blank at that particu- 

lar cell thickness. This assumption is reasonable 

especially for dilute solutions which is the case here. 

The 880 cm -1 mode was recorded using compensation tech- 

nique, i.e. through the use of a variable thickness cell 

containing carbon tetrachloride in the reference beam. 

The thickness of the variable cell is adjusted so that 

an adjacent carbon tetrachloride absorption mode is 

masked out. This procedure was found necessary in the 

study of the 880 cm -1 band due to the heavy overlap due 

to carbon tetrachloride absorption in that region. 

The path length of cell thickness was determined 

using the interference technique. The empty cell was 

placed in the sample beam of the infrared spectrometer. 

Interference pattern of sinusoidal shape was obtained 

while scanning in the region of 1500 cm -1. Repeating the 

scanning a few times and averaging over as many waves as 

possible (the extent of the pattern was limited to a 

range of approximately 200 cm -1), the cell thickness was 

determined through the use of the following formula: 

1 - 2( Ul - v2) 
n 

. 

. 
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where 1 is the path length in centimeter, n is the number 

of fringes and ?fil and V2 are the frequencies in cm -1 

between which fringes are counted. The variable thick- 

ness cell was calibrated using the same technique. 

The sample concentration was analyzed using a 

Pulfrich Refractometer ;59967. The instrument was cali- 

brated and its zero error reading was determined using 

the recommended procedure by the manufacturers. A cali- 

bration curve was first obtained using mixtures of known 

concentrations. readings were reduced to 20 °C tem- 

peratures. The unknown concentrations could then be 

easily determined by reading off the calibration curve. 

The refractive index method was checked against 

another analytical procedure. The latter was a chroma- 

tographic method using a vapor refractometer, Perkin 

Elmer Model 154B. The results obtained agree within 

experimental error. 

The measurement of the intensities was as follows: 

A particular absorption band was analyzed by taking 

points equally spaced along the frequency scale and 

reading and recording the corresponding values of the 

transmittance. These points correspond to (T 
V 
/T 

o Ü 
). 

The natural logarithm of this quantity was plotted versus 

the natural logarithm of the frequency. The area under 

the curve was measured using a planimeter accurate to the 

All 
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fourth place. The limits of integration on frequency 

scale was noted in order to get at the wing corrections. 

After correcting the areas due to the wing corrections 

using Ramsay's Tables, the area /cl was then plotted 

versus cl and In (To /T) maximum for that particular mode. 

The intercept was taken to be the true absolute inte- 

grated intensity. 
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ACCURACY OF MEASUREMENTS OF VARIOUS PARAMETERS 

1. Cell Length Measurements 

In the calibration of the cell length, an average 

of three scans were made for each cell. The frequency 

scale could be read to within 1 cm -1 over a range of 

100 -200 cm -1. So the accuracy of cell length measurement 

is within 1. 

2. Concentration Measurements 

Both the vapor fractometer method and the re- 

fractive index method were used in measuring sample con- 

centrations. When checked against each other, the two 

methods agreed to within 8% of each other. The re- 

fractive index method always gave higher concentration 

values for methyl iodide. However, the refractive index 

method is found to be the more reliable and reproducible 

of the two and was therefore used for most of the later 

measurements. The Pulfrich refractometer could be read 

to the minute and the refractive index is obtained accu- 

rate to the fifth decimal place. The difference between 

refractive indices of CH31 and CC14 is 0.0702. There- 

fore, the accuracy of refractive index measurements is 

well within 16. The concentration of the samples was 

found by reading off from a calibration curve shown in 
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Figure //. Concentrations could be read off accurate to 

within and less than 1%. 

3. Area Measurements 

The integration was carried over a frequency range 

from 50 -120 cm -1 -1 
on either side of the absorption maxi- 

mum. A correction due to wings that amounted to about 

10d was added on to the areas. The areas were measured 

using a planimeter which could be read to the fourth 

significant place. Each measurement was repeated three 

times. 
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DISCUSSION AND RESULTS 

The plots of integrated intensities versus cl 

fall under two categories (Figures 6 -10). 

(1) The 888 cm -1, -1 1432 and the 2975 cm -1 -1 

modes when plotted gave straight lines that were near 

horizontal in accordance with Ramsay's prediction. 

(2) The parallel modes of 529 cm -1 -1 
and 

1252 cm-1 gave straight lines of too steep a slope to 

be accounted for by Ramsay's paper. 

In order to solve the problem of steepness of the 

slopes in case (2), or in other words to try and separate 

the slit error effect from the concentration effect, the 

following method was developed. 

Before discussing the method, it is perhaps appro- 

priate at this stage to mention the work of Hardy and 

Young (11) on the correction of slit -width errors. They 

treated the problem through the use of Fourier transform 

method and convolution theorem and arrived at an expres- 

sion 

t(y) = T(y) 

00 

7)=1' 

where t(y) is the absolute intensity, T(y) is the ob- 

served intensity and an is a constant coefficient which 

a 
an 

n ) d T(y 

L dyn 
- 
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depends on the slit function. 

The above expression has so far not been in use 

and one rather suspects that it would suffer from the 

same pitfalls as our exact solution. That is just a 

speculation and so much for that. 

Let us now consider at a glance the main proce- 

dures that are in wide use. Namely, the extrapolation 

procedure due to Wilson and Wells and the tabulated 

corrections to the observed data due to D. A. Ramsay. 

The latter procedure suffers from the disadvan- 

tage that it is premissed on the two assumptions (i) that 

the true shape of the band is Lorentzian and (ii) that 

the spectrometer transmission (or slit) function is tri- 

angular, while the former procedure makes it difficult 

to detect concentration effects on the integrated in- 

tensity arising from solute solvent interactions. It 

is, therefore, of interest to consider whether more 

flexible methods can be devised to make such corrections. 

The mathematical technique to be described below ful- 

fills the aim of flexibility and the tedium of the com- 

putation required can be mitigated by the application of 

an automatic digital computer. There are nevertheless 

some difficulties involved, even when automatic computers 

are applied to the problem. Although an exact formal 

solution can be found for a wide class of spectrometer 

. 
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transforms, this solution proves to be without direct 

value, since it is excessively sensitive to error in the 

experimental data. The exact solution is nevertheless 

of value in suggesting convergent iterative methods and 

the conditions under which they may be usefully applied. 

The relation of these methods to be basic problem of 

resolution is discussed, and some plausible examples are 

worked out automatically. The discussion is restricted 

to the case of bands which are practically isolated in 

the spectrum. 

Matrix Approximation 

The influence of the spectrometer on the true in- 

cident energy spectrom i(2)) is expressed in the form of 

a transmitted energy spectrum t( v') as a function of the 

nominal spectrometer frequency v' where 

S(2)12)) i(?)) d (45) 

in which the spectrometer transformation is expressed by 

S( V',i)). A formal solution of our problem is obtained 

if an inverse transformation function 8 ", v') can 

be found which satisfies 

-J'(v' , 1 J ) , 3 ( 2 1 ' 1 2 ) d' = ", v ) (46) 

t( It) = 

) b( 

v 

J 



in which 6(V", v') is a Dirac function, since then 

i( ") = 

35 

-,-1 (47) 

In practice, of course, t( v') is not given an- 

alytically, but is known graphically and can be tabulated 

from the observed data for some convenient set of discrete 

values of v'. This suggests that (45), (46) and (47) 

should be replaced by the system of matrix -vector 

equation 

t = S i 

-1 
S-1 S = 

(45') 

(46') 

(47') 

in which the components of the vectors i and t are simply 

the values of the incident and transmitted spectra at a 

set of discrete frequencies 

in = i( n) 
tm = t( v'm) (48) 

In such a representation, a spectrometer of un- 

limited resolving power would have a matrix S which would 

be a unit matrix. A spectrometer of limited resolving 

power would be represented by a matrix with off -diagonal 

terms. 

v3-10).", ) t( l») d U' 

E 

V", 
J 

s-1 
t i = 
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Cyclic Form of the Spectrometer Matrix S 

It is convenient in several respects to make the 

assumption that S is cyclic in the sense that each row 

is a cyclic permutation of the first row, i.e. that S 

has the form 

_ 

a b c d d c b 

b a b c d d c 

c b a b c d d 

d c b a b c d 
. . . . . . 

. . . . . . . . 

b c d ' d c b a 

(49) 

For one thing, such a form for S ensures that if 

in is constant, so is tm. Normalization of S is achieved 

by the requirement 

N 

S 
mn 

_ 1 

71-1 

(50) 

If we suppose in particular that there are four 

non -vanishing elements a, b, c, d in the notation of 

(49) with N, say of the order of 20 to 50, we must 

justify d, c, b in the upper right hand corner of S. 

The first row of S will ordinarily be applied to calcu- 

late the intensity transmitted by the spectrometer at a 

frequency Vi, i.e. at the low frequency edge of the 

S 

6.... 
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band. The elements in the upper right hand corner of S 

represent a fictitious transmission of energy arising 

from incident frequency components iN_2, iN at the 

high frequency edge of the band. But provided the in- 

terval of frequency and N are chosen properly, the energy 

in the region of iN_2, iN will just compensate for 
iN-1' 

the energy which is lost in consequency of the finite 

frequency range. In other words, at spectrometer setting 

l' 
the contribution to the transmitted intensity by 

, 1 

real frequencies less that 2)1 = Ul is compensated, pro- 

vided i( v) i( UN); i( V-2) 
= 
i(VN..1), etc, This 

condition will be satisfactorily fulfilled provided the 

incident spectral intensity does not change rapidly over 

the width of the absorption band. Later we shall intro- 

duce an iterative method for solution which does not re- 

quire that § be cyclic, but it has been found convenient 

to retain the cyclic form both to demonstrate the con- 

vergence of the iterative method and to conserve memory 

space in calculations performed with an automatic digital 

computer. 

Inversion of the Spectrometer Matrix 

The fundamental problem is the calculation of the 

inverse of the S matrix. This will be done by appealing 

to the diagonal form of S. Any cyclic matrix of the 

iN_l» 

= 
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assumed form may be diagonalized by a similarity trans- 

formation with a unitary matrix U, 

D = USU = USUt (51) 

where the dagger indicates transpose conjugate. In 

particular, the elements of U are given by 

Ukm = 1 exp 
itm 

V N 

27rikm 
N (52) 

in which N is the number of rows and columns in S, and 

k and m will be assigned the range of values from 0 to 

N -1 and from 1 to N respectively. The delements of D 

are 

b 
bkk' 

D(k) (53) 

= a + 

cos 

2b cos 

27-2k 

271k 
+ 2c 

cos 
277-3k 

+ 

N 

+ 2d N 

(54) 
since 

(D-1 
)kk' = b /D(k) 

kk' = 
bkk¡ 
kk' 

D-1(k) (55) 

and 

-1 S-1 -1 
= (56) 

l 

Dkk' = 

A 
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The elements of S -1 are easily calculated and 

have the form 

,-1 1 op 
g 

r 7 

NJ-1/2 

1 + 2 D -1(k) cos 2Trk(p - q)/N (57) 

when N is odd, or 

S-1 
p g iV 

N -2/2 

1 + 2 D -1(k) cos 2T1"k(p - q) /N (58) 

when N is even. 

For large values of N the calculation required in 

(57) and (58) may be carried out on a digital computer. 

Resolving Power and Singularity of the S- Matrix 

One may raise the question whether the general 

solution of the transform problem is capable of regaining 

the information presumed lost due to the finite resolving 

power of the spectrometer. In other words, if the inver- 

sion of S expressed by (57) and (58) remains valid as 

N -.00, which is to say that A U = Vn - Un - 0 
then in principle the true energy incident upon the 

spectrometer, 10)), could be calculated from the energy 

transmitted by the spectrometer, t( W), with unlimited 

. 

. 

= 

[ 

, 

I 

k=1 

. 

k=; 

, 
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resolution, provided that one knows the spectrometer 

transform function S( ). 

But suppose that S is singular, i.e. for some 

0 = (2Trk)/N, D(0) = D(k) = a + 2b cos 0 + 2c cos 20 

+ = O. Then S-1 will be infinite and the method 

fails. It is easy to see how this will in fact occur 

for some reasonable spectrometer functions. 

Consider, for example, the triangular slit 

function. Designate by s the half width of the slit in 

units of L, U and for simplicity take s as an integer. 

The constants a, b, c, d, etc. are then given by 

a = 1/s = s/s2 

b = (s 1)/s2 

(s 2)/s2 (59) 

d . (s - 3)/s2 

etc. 

Then S will be singular if 

s2D(0) 2 
= s + 2(s - 1) cos 0 + 2(s - 2) cos 20 + 

(60) 

This will be the case if 

k = N/s (61) 

, U 

... 

- 

c = - 

, .. = 0 
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i.e. if N is divisible by s. This will surely occur in 

the limit as N -o cob . 

Even in the case of a finite approximation where 

N and s are chosen so that N is not divisible by s, one 

may expect to encounter near singularities when both N 

and s are reasonably large, and therefore great caution 

must be exercised in performing the calculation of (57) 

and (58) to avoid undue loss of arithmetic significance. 

As an example, 
-1 

is calculated for a triangular 

slit with N : 41 and s = 3. The Eigenvalues of S do not 

exceed unity, but for k = 14, D(k) = 0.00084365 so that 

D -1(k) is known to only about four significant places 

even though the calculation is done originally with 7 or 

8 places. 

This, however, is not the most serious difficulty. 

In practice the exact solution (the exact inversion of 

the assumed S matrix, which is of course itself only an 

approximation of finite resolving power to (45) and (47)) 

turns out to be essentially useless for the following 

reasons. The elements of S-1 are large compared with 

unity, at least for practical values of N 20. Under 

these conditions, the errors in the calculated values 

of i( V) become large compared with the errors in the 

observed values of t( v') specifically if the errors in 

t( V ') are approximately 0.1% the errors in the 



calculated values of i( 1)) will be approximately 10 to 

15%. In other words, the calculated values of the i( V) 

are linear combinations of all the t(1)1), of the form 

which involves the approximate cancellation of many 

large numbers of opposite sign. 

A different approach which utilizes our knowledge 

of the diagonalization of S is considered. 

t (E S)i (62) 

Assuming the difference to be small, suppose that, 

starting with the initial approximation io = t on the 

right hand side of (62), the iterative process defined 

by 

in - t s)in-1 (63) 

will converge. In fact the difference between the nth 

and (n °1)% approximation is 

in 

So that if t is expanded in the eigenvectors Uk of (E -S) 

which are identical with those of S and whose components 

are defined by (52) one finds 
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i - = 

= (E - 

(E )n 
n n7-1 

E- S)n t 

- 

- = 



n in-1 
n-1 

(E - S)n tkUk t k 
n 

Uk k (64) 
k 

1 

k k 

where X is an eigenvalue of (E =S) and is therefore k 

given by 

. 1 - D(k) (65) 
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See equation (53). 

Thus provided D(k) 0 the difference between 

successive approximations to i approaches zero as n goes 

to infinity. Clearly the difficulty in this process is 

the slowness of convergence associated with very small 

values of D(k). Moreover, if it proves necessary to 

carry the iteration in (63) to a large value of n, it 

can be easily shown that the result will be equivalent 

to the use of S -1 -1 which has already been shown to be 

impractical. However, if tk in (64) is negligible for 

values of k such that Ak is very close to unity, then 

the iteration may converge with practical accuracy for 

sufficiently small values of n, thereby yielding a useful 

result. This has been found to be true for several 

reasonable examples. These examples have two character- 

istics: (1) the band is reasonably smooth, (2) the slit 

is not more than a few times the true band width. 

- = _ 

d 
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Despite the success of this method, one can anticipate 

difficulties if one pushes the procedure too far, for 

instance in attempting to resolve extensive fine 

structures, since in such cases the tk for higher fre- 

quency Fourier components would be large. 

In Table I the eigenvalues and the elements of 

S -1 have been listed. Some typical examples have been 

worked out in order to assess the practicability of the 

method. 

The first example transforms a Lorentzian band 

through a forward transform into an observable band (t) 

using a mesh of 32 points. Then the resultant band is 

back transformed into the original band using the iter- 

ative method. The following parameters were used in 

calculating the points along the band. 

loge 
(Io/I) 

a 
a 

2 b2 U (y_ 
Uo) + b 

a= 4 b= 2 s= 3 

The results are quoted in Table 2 and show that 

the agreement between calculated i and original i after 

26 iterations is quite good and the error is only 1/ 

at most. The difference between i and t and i26 and i 

is plotted and shown in Figure 12. 

Another example was worked out using a larger slit 

. e 

' 
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namely s a 6. The results are tabulated in Table 3 and 

a plot of the differences i - t and i - 
i100 

is shown in 

Figure 13. After 100 iterations, the error is reduced 

to 2.50 at most. One notices that the wider slit takes 

many more iterations to solve than the narrower slit 

which is quite reasonable. 

One might say, quite correctly, that the above 

examples are not fair representations of actual instru- 

ment transform, since the infrared spectrometer trans- 

forms a continuous band rather than discrete steps. So 

in order to represent the instrument transform at best 

a mesh which is ten times finer than in the previous two 

examples was used for the forward transform (fable 4). 

A mesh of 32 was used in the iterative method to back 

transform the fine mesh (t). The results are shown in 

Table 5 together with the plot of the differences i - t 

and i - i49 in Figure 14. Note, after 49 iterations the 

error amounted to 4. at most. 

Needless to say that the error in the integrated 

intensities will be much less than the individual errors 

in the value of the intensity. This is demonstrated in 

the actual examples in the base of methyl iodide ab- 

sorption bands. 

. i 
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Strong Band Case 

In order to assess the extent of applicability of 

the method especially in the case of a strong absorption 

band, the following example was worked. 

A. Lorentz band 10% transmission 

a = 9.212 

b = 2 

frequency interval 4)) = 

s =3 and s =6 

The results are shown in Table 6 and Figures 15 

and 16. 

As expected, the wider slit case takes longer to 

solve than the narrower slit case. The error in each 

case amounts to 2% at most. 

Gaussian slit; Lorentzian band 

Slit function according to Dennison (9) 

e 

for s = 3 

Components are 

0.3130 

0.2301 

-( 2/-9 )2 2.77 
s2 

1 

s 1f 
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0.0914 

0.0196 

0.0023 

0.0002 

The results are given in Table 7 and the differ- 

ences i - t and i - i 
200 

are plotted as in Figure 17. 

The error after 200 iterations amounts to 1% at most. 

On applying the transform method to the methyl 

-1 iodide absorption bands 533 cm -1 1, 1252 cm and 2970 cm -1, -1 

the integrated intensities increased in value. For the 

case of 533 cm 
-1 and 1252 cm band, a mesh of 64 points 

was used. For the 2970 cm -1 band, a mesh of 96 points was 

used. This was necessary due to the smallness of the 

ratio of s/AV .1, in order to accommodate the whole band 

using s = 3. The interval is chosen such that it was 

1/3 of the spectral slit width. An average of 20 iter- 

ations was required to reach a region of convergence. 

The criterion for convergence which was used was the in- 

tegrated intensity itself. When the integrated inten- 

sities of two successive iterations were within 0.02% of 

each other, the problem was solved. The program for 

Alwac IIIE used for computation is explained more fully 

in Appendix I. 

In the case of the 2970 cm -1 mode, there was 

little change in integrated intensity on iteration. This 

- 
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is quite understandable due to the fact that the spectral 

slit width was small compared to the apparent half width 

of the band. On the other hand, when the spectral slit 

width was appreciable compared with the apparent half 

width of the band as in the case of the 533 cm and 

1252 cm 
-1 

modes, the change in integrated intensity after 

iterating amounted to about 2%. The effect of iteration 

was, as expected, to decrease the amount of slope in the 

plots of integrated intensities versus cl and ln(To 
o 
/T). 

The iterated results are tabulated and plotted for the 

appropriate cases. 

Tables of integrated intensities and the relevant 

data are given in Tables 8, 9, 10, 11 and 12 for all the 

five modes. The plots of integrated intensities versus 

cl and ln(To 
o 
/T) are shown in Figures 6-10. 

It is seen from the plots that there still remains a 

residual slope in case of the 533 cm and 1252 cm 
-1 

modes which is believed to be due to concentration effects 

on absolute intensities. 

The values of the true absolute integrated inten- 

sities of the five modes have been tabulated together 

with the least square error which was obtained using a 

statistical treatment. The computations of the least 

square error were carried out on the Alwac IIIE using a 

program written by Dr. Machio Iwasaki. 

1 

' 

-1 
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COMPARISON WITH THEORY 

The Asolution 
:Agas 

ratios were computed for methyl 

iodide solution in carbon tetrachloride using the values 

obtained for the Asolution. The Agas values were those 

due to Crawford et al. (JO). The results are reported 

in Table 18. 

The theoretical ratios Asolution "Agas predicted 

by expressions (40), (41) and (43) are also reported in 

Table 18. 

The polarizability values used were calculated 

using the bond polarizabilities due to Denbigh (8). 

ax = ay = 56.4 x 10 -5 cm3, az = 84.1 x 10 -25 cm3 and 

a = 1/3 (ax + ay + az) = 65.6 x 10 -25 cm3. The cavity 

radius, r, for CH31 was calculated from the Clausius- 

2 
Mossotti equation, 

a_ _ n - 1, using n 1.529. The 
r3 n2 + 2 

value of r arrived at was 2.78 A° (compare Van der Waal's 

radius of 2.50 A °). 

Referring to Table 18, one notes that the hydrogen 

modes, namely 1440 cm -1 and 2970 cm are both low. It 

is also observed that none of the theoretical expressions 

(40), (41) and (43) fit all the experimental data. The 

Polo -Wilson and Person expressions predict a constant 

ratio for all modes. On the other hand, the experimental 

= , = 
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ratios are not constant within a symmetry class as pre- 

dicted by the Kalman- Decius expression, which is intended 

for non -polar solutes. Buckingham's expression (42) for 

diatomic polar molecules was extended to methyl- halide- 

type molecules, see Appendix II. 

The ratios arrived at through a perturbation 

treatment are the expressions (7) and (8) in Appendix II, 

namely 

Asolution 1 

Agas 

k ° 
a gaz z 

1- a° 1- o ) 
g ( z ) 

for the symmetric Al type mode, and 

Asolution 1 

Agas 

a 
1 o 

1 + gaxz z 

- a° 1 I ( 1 g z) -x 

2 

2 

for the degenerate E type mode. 

These two expressions give the various molecular 

parameters that must be included in arriving at a cor- 

rect comparison with experimental data. The difficulty 

in trying to compute these expressions is due to the 

fact that there are no absolute values available in the 

literature for the polarizability invariants as well as 

the sign ambiguities inherent in the experimental deter- 

mination of polarizability invariants, dipole moments 

and dipole derivatives. Despite all these difficulties, 

= n k 
z z 

¡ 

gax 1 

- 

1 + 

r 

n L 1 -- 

- 
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a rough order of magnitude estimate of the 

ak o 
g z z term has been found to be in the range of 

(1 - gaZ) g 

0.04 to 0.4 which shows that this term is definitely 

significant compared to unity. In making this calcu- 

lation, reliable values were available for all quantities 

except az; an order of magnitude estimate of aZ was 

therefore made using Yoshino and Bernstein's (33) result 

that (d a/d r) values for many hydrocarbons are approxi- 

mately equal to 10 -16 cm2. It is interesting to note 

that if the signs combination of aZ, 
z 

and /,L 
z 

is 

negative, this would give a low value for the ratio 

A 
solution'Agas, 

and vice versa. This may well explain 

the different values of the intensity ratios within a 

symmetry class. In this connection, it is interesting 

to recall that Crawford et al. (ID) found the most satis- 

factory agreement between gas phase intensities for CH31 

and CD31 by assuming that pc 
Z 

was parallel to / z for the 
533 and 1252 modes, but antiparallel to J1 

Z 
for the 

2970 cm -1 hydrogen stretching mode, as noted in the final 

column of Table 18. Note further that if ,ü. has a low 

value, or in other words, for bands of low infrared in- 

tensity, the term shown at the top of this page becomes 

even more significant. 

z 



52 

TABLES AND FIGURES 

Units and Definitions 

B = integrated intensity 

B' = integrated intensity with wing correction 

A = transformed integrated intensity 

Crawford = unit of integrated intensity in 

cm2 millimole -1 

s = spectral slit width 

v = half width of true intensity band, 

Lorentzian type 

A Lorentz band is given by the equation 

a 

(I) xp n Ì V= e 2 +b2 

a and b are constants. Note A V i= 2b. 

V = frequency at maximum absorption 

hA v = half width of apparent or observed intensity 

band 

= 
true absolute integrated intensity of Asolution 

solute 

Agas = true absolute integrated intensity in gaseous 

phase 

A 

( v- vo) 

o 
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Table 1 

-1 Eigenvalues of S and Elements of S for 
Triangular Slit with N = 41 and s = 3 

k 

Eigenvalues 

D(k) = D(-k) 

Inverse Matrix, S-1 

0 
,-1 
Pq 

0 1.00000000 0 83* 
1 0.98443472 1 -43 
2 0.93882698 2 -34 
3 0.86634570 3 74 
4 0.77197224 4 -43 
5 0.66207677 5 -25 
6 0.54388195 6 65 
7 0.42486048 7 -43 
8 0.31212103 8 -16 
9 0.21183997 9 56 

10 0.12878662 10 -43 
11 0.06598623 11 - 7 
12 0.02454835 12 47 
13 0.00367495 13 -43 
14 0.00084365 14 2 
15 0.01214789 15 38 
16 0.03275841 16 -43 
17 0.05746238 17 11 
18 0.08122593 18 29 
19 0.09972774 19 -43 
20 0.10981087 20 20 

*Candor compels us to admit that Spq were calcu- 
Pq -1 lated numerically using (12); the fact that Spq 

Pq 
are 

integers was noted empirically and verified by checking 

that S'S is indeed the unit matrix. 

p"q 

values 
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Table 2 

Lorentzian Band; Transform Table 
a = 4, b = 2, AU= 1, s = 3 

i t i- t 26 i - i26 

.9827 .9819 +.0008 .9828 -.0001 

.9802 .9797 +.0005 .9803 +.0001 

.9771 .9Y65 +.0006 .9770 -.0001 

.9733 .9725 +.0008 .9733 .0000 

.9685 .9674 +.0011 .9683 -.0002 

.9623 .9608 +.0015 .9626 -.0003 

.9540 .9519 +.0021 .9542 -.0002 

.9428 .9397 +.0031 .9418 +.0010 

.9273 .9224 +.0049 .9278 -.0005 

.9048 .8969 +.0079 .9061 -.0013 

.8712 .8580 +.0132 .8690 +.0022 

.8187 .7977 +.0210 .8185 +.0002 

.7351 .7084 +.0267 .7383 -.0032 

.6065 .5972 +.0093 .6039 +.0026 

.4493 .4978 -.0485 .4476 +.0017 

.3679 .4570 -.0891 .3722 -.0043 

.4493 .4978 -.0485 .4476 +.0017 

.6065 .5972 +.0093 .6039 +.0026 

.?351 .7084 +.0267 .7383 -.0032 

.8187 .?977 +.0210 .8185 +.0002 

.8712 .8580 +.0132 .8690 +.0022 

.9048 .8969 +.0079 .9061 -.0013 

.9273 .9224 +.0049 .9278 -.0005 

.9428 .9397 +.0031 .9418 +.0010 

.9540 .9519 +.0021 .9542 -.0002 

.9623 .9608 +.0015 .9626 -.0003 

.9685 .9674 +.0011 .9683 -.0002 

.9733 .9725 +.0008 .9733 .0000 

.9771 .9765 +.0006 .9770 -.0001 

.9802 .9797 +.0005 .9803 +.0001 

.9827 .9819 +.0008 .9828 -.0001 

.9847 .9827 +.0020 .9845 +.0002 

. 
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Table 3 

Lorentzian Band; 
a 4, b 2, 

Transform Table 
A v= 1, s= 6 

t i 
- i100 

.9827 .9790 +.0037 .9780 +.0047 

.9802 .9772 +.0030 .9838 -.0036 

.9771 .9741 +.0030 .9858 -.0087 

.9733 .9697 +.0036 .9800 -.0067 

.9685 .9636 +.0049 .9654 +.0031 

.9623 .9551 +.0072 .9532 +.0091 

.9540 .9433 +.0107 .9487 +.0053 

.9428 .9262 +.0166 .9436 -.0008 

.9273 .9008 +.0265 .9340 -.0067 

.9048 .9635 +.0413 .9128 -.0080 

.8712 .8132 +.0580 .8709 +.0003 

.8187 .7539 +.0648 .8120 +.0067 

.9351 .6927 +.0424 .7296 +.0055 

.6065 .6375 -.0310 +.0021 .6044 
.4527 .4493 .5976 -.1483 -.0034 

.3679 .5827 -.2148 .3751 -.0072 

.4493 .5976 -.1483 .4527 -.0034 

.6065 .6375 -.0310 .6044 +.0021 

.7351 .6927 +.0424 .7296 +.0055 

.8187 .7539 +.0648 .8120 +.0067 

.8712 .8132 +.0580 .8709 +.0003 

.9048 .8635 +.0413 .9128 -.0080 

.9273 .9008 +.0265 .9340 -.0067 

.9428 .9262 +.0166 .9436 -.0008 

.9540 .9433 +.0107 .9487 +.0053 

.9623 .9551 +.0072 .9532 +.0091 

.9685 .9636 +.0049 .9654 +.0031 

.9733 .9697 +.0036 .9800 -.0067 

.9771 .9741 +.0030 .9858 -.0087 

.9802 .9772 +.0030 .9838 -.0036 

.9827 .9790 +.0037 .9780 +.0047 

.9847 .9796 +.0051 .9752 +.0095 

i t i- 
. 

., 

. 

. 

. 

i100 

. 



Table 4 

Transform Table 
Fine Mesh Lorentzian Band 

a = 4, b = 2, = 0.1, s = 30 

56 

i t i t i t 

.9891 .9833 .9830 .9715 .9706 

.9890 .9831 .9827 .9711 .9701 

.9889 .9829 .9825 .9706 .9696 

.9888 .9827 .9823 .9701 .9690 

.9886 .9825 .9820 .9696 .9685 

.9885 .9822 .9818 .9690 .9679 

.9884 .9820 .9816 .9685 .9674 

.9883 .9817 .9813 .9680 .9668 

.9881 .9815 .9810 .9674 .9662 

.9880 .9813 .9808 .9668 .9655 

.9879 .9810 .9805 .9662 .9649 

.9877 .9807 .9802 .9656 .9642 

.9876 .9805 .9800 .9650 .9636 

.9875 .9802 .9797 .9643 .9629 

.9873 .9799 .9794 .9637 .9621 

.9872 .9796 .9791 .9630 .9614 

.9870 .9793 .9788 .9623 .9606 

.9869 .9791 .9785 .9615 .9599 

.9867 .9788 .9782 .9608 .9591 

.9866 .9784 .9778 .9600 .9582 

.9864 .9781 .9775 .9593 .9574 

.9863 .9778 .9772 .9584 .9565 
9S61 .9775 .9768 .9576 .9556 
.9860 .9771 .9765 .9568 .9547 
.9858 .9768 .9761 .9559 .9537 
.9856 .9764 .9758 .9550 .9527 
.9854 .9761 .9754 .9540 .9517 
.9853 .9757 .9750 .9530 .9506 
.985o .9753 .9746 .9520 .9495 
.9849 .9846 .9750 .9742 .9510 .9484 
.9848 .9844 .9746 .9738 .9500 .9472 
.9845 .9842 .9742 .9434 .9489 .9460 

.9840 .9738 .9729 .9478 .9448 
.9842 .9838 .9733 .9725 .9466 .9435 
.9840 .9836 .9729 .9720 .9454 .9422 
.9838 .9834 .9725 .9716 .9442 .9408 
.9836 .9832 .9720 .9711 .9429 .9393 

. 

- 

.9844 



57 

Table 4- Cont. 

i t i t i t 

.9419 .9378 .8312 .8096 3902 .4741 

.9402 .9363 .8251 .8026 .3823 .4705 

.9388 .9347 .8187 .7953 .3761 .4677 

.9373 .9331 .8120 .7877 .3715 .4656 

.9358 9314 .8050 .7798 .3688 .4644 

.9340 .9296 .7976 .7716 .3670 .4640 

.9326 .9277 .7899 .7631 

.9309 . 92 58 .7818 .7544 

.9291 .9238 .7733 .7453 

.9273 .9218 .7644 .7360 

.9254 .9196 .7551 .7264 
.9235 .9174 .7453 .7166 
.9214 .9151 .7351 .7065 
.9193 .9126 .7245 .6962 
.9171 .9101 .7133 .6857 
.9149 .9075 .7017 .6750 
.9125 .9048 .6895 .6642 
.9100 .9019 .6769 .6533 
.9075 .8989 .6638 .6422 
.9048 .8958 .6501 .6312 
.9021 .8926 .6360 .6201 
.8992 .8892 .6215 .6091 
.8962 .8857 .6065 .5981 
.8930 .8820 .5912 .5873 
.8897 .8782 .5755 .5766 
.8864 .8742 .5596 .5661 
.8828 .8700 .5435 .5591 
.8791 .8656 .5273 .5460 

.8752 .8611 .5111 .5365 

.8711 .8563 .4951 .5273 

.8669 .8513 .4794 .5186 
.8625 .8461 .4641 .5104 
.8579 .8406 .111193 .5028 
.8530 .8349 .4353 .4957 
.8479 .8290 .4223 .4893 
.8426 .8228 .4103 .4835 
.8371 .8163 .3995 .4784 

° 
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Table 5 

Transform Table 
Fine Mesh Lorentzian Band 

a = 4, b = 2, tO) = 1, s = 3 

i t i - t i49 i 
149 

.9827 .9823 +.0004 .9763 +.0064 

.9802 .9800 +.0002 .9780 +.0022 

.9771 .9765 +.0006 .9823 -.0052 

.9733 .9725 +.0008 .9708 +.0025 

.9685 .9674 +.0011 .9675 +.0010 

.9623 .9606 +.0017 .9638 -.0015 

.9540 .9517 +.0023 .9538 +.0002 

.9428 .9393 +.0035 .9410 +.0018 

.9273 .9218 +.0055 .9280 -.0007 

.9048 .8958 +.0090 .9043 +.0005 

.8712 .8563 +.0149 .8685 +.0027 

.8187 .7953 +.0234 .8163 +.0024 

.?351 .7065 +.0286 .7327 +.0024 

.6065 .5981 +.0084 .6026 +.0039 

.4493 .5028 -.0535 .4550 -.0057 

.3679 .4640 -.0961 .3839 -.0160 

.4493 .5028 -.0535 .4550 -.0057 

.6065 .5981 +.0084 .6026 +.0039 

.7351 .7065 +.0286 .7327 +.0024 

.8187 .7953 +.0234 .8163 +.0024 

.8712 .8563 +.0149 .8685 +.0027 

.9048 .8958 +.0090 .9043 +.0005 

.9273 .9218 +.0055 .9280 -.0007 

.9428 .9393 +.0035 .9410 +.0018 

.9540 9517 +.0023 .9538 +.0002 

.9623 .9606 +.0017 .9638 -.0015 

.9685 .9674 +.0011 .9675 +.0010 

.9733 .9725 +.0008 .9708 +.0025 

.9771 .9765 +.0006 .9823 -.0052 

.9802 .9800 +.0002 .9780 +.0022 

.9827 .9823 +.0004 .9763 +.0064 

.9847 .9844 +.0003 .9932 -.0085 

. 

- 
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Table 6 

Transform Table; 
a . 9.212, b = 2, 

Strong Band 
4) = i 

i 

s = 3 

t 
s _ 6 

t 
s . 3 

il7 
s = 6 

137 

.9634 .9602 .9536 .9637 .9526 

.9606 .9585 .9523 .9606 .9528 

.9551 .9538 .9483 .9549 .9550 

.9479 .9470 .9416 .9481 .9551 

.9398 .9381 .9320 .9398 .9496 

.9294 .9268 .9187 .9293 .9340 

.9149 .9122 .9007 .9150 .9088 

.8969 .8929 .8761 .8966 .8837 

.8734 .8670 .8421 .8736 .8674 

.8403 .8311 .7949 .8408 .8472 

.7943 .7803 .7317 .7934 .8029 

.7278 .7074 .6533 .7280 .7434 

.6309 .6047 .5647 .6319 .6263 

.4927 .4732 .4752 .4914 .4730 

.3163 .3313 .3969 .3167 .3053 

.1585 .2177 .3429 .1595 .1676 

.1000 .1740 .3236 .0982 .1020 

.1585 .2177 .3428 .1596 .1886 

.3163 .3313 .3969 .3168 .3103 

.4927 .4732 .4752 .4910 .4710 

.6309 .6047 .5647 .6317 .6182 

.7278 .7074 .6533 .7281 .7305 

.7943 .7803 .7317 .7936 .8032 

.8403 .8311 .7949 .8409 .8607 

.8734 .8670 .8421 .8734 .8752 

.8969 .8929 .8761 .8966 .8831 

.9149 .9122 .9007 .9152 .9019 

.9294 .9268 .9187 .9293 .9255 

.9398 .9381 .9320 .9396 .9469 

.9479 .9470 .9416 .9481 .9597 

.9551 .9538 .9483 .9551 .9618 

.9606 .9585 .9523 .9603 .9576 

.. 
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Table 6 - Cont. 

s . 3 

i - t 
s = 3 

i i 
17 

s = 6 

i - t 
s = 6 

i i 
37 

+.0032 -.0003 +.0099 +.0108 
+.0021 .0000 +.0081 +.0078 
+.0013 +.0002 +.0068 +.0001 
+.0009 -.0002 +.0063 -.0072 
+.0017 .0000 +.0078 -.0098 

+.0026 +.0001 +.0107 -.0046 
+.0027 -.0001 +.0142 +.0061 
+.0040 +.0003 +.0208 +.0132 
+.0064 -.0002 +.0313 +.0060 
+.0092 -.0005 +.0454 -.0069 

+.0140 +.0009 +.0626 -.0086 
+.0204 -.0002 +.0745 -.0156 
+.0262 -.0010 +.0662 +.0046 
+.0195 +,0013 +.0175 +.0197 
-.0150 -.0004 -.0806 +.0110 

-.0592 -.0010 -.1844 -.0091 
-.0740 +.0018 -.2236 -.0020 
-.0592 -.0010 -.1843 -.0301 
-.0150 -.0005 -.0806 +.0060 
+.0195 +.0017 +.0175 +.0217 

+.0262 -.0008 +.0662 +.0127 
+.0204 -.0003 +.0745 -.0027 
+.0140 +.0007 +.0626 -.0089 
+.0092 -.0004 +.0454 -.0204 
+.0064 .0000 +.0313 -.0018 

+.0040 +.0003 +.0208 +.0138 
+.0027 -.0003 +.0142 +.0130 
+.0026 +.0001 +.0107 +.0039 
+.0017 +.0002 +.0078 -.0071 
+.0009 -.0002 +.0063 -.0118 

+.0013 .0000 +.0068 -.0067 
+.0021 +.0003 +.0081 +.0030 
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Table 7 

Transform Table; Gaussian Slit 

i t i200 i - t i t200 

.9826 .9818 .9835 +.0008 -.0009 

.9802 .9796 .9793 +.0008 +.0009 

.9772 .9765 .9779 +.0007 -.0007 

.9734 .9725 .9736 +.0007 -.0002 

.9685 .9673 .9671 +.0012 +.0014 

.9622 .9605 .9646 +.0017 -.0024 

.9540 .9514 .9516 +.0026 +.0024 

.9428 .9389 .9440 +.0039 -.0012 

.9272 .9211 .9275 +.0061 -.0003 

.9048 .8948 .9037 +.0100 +.0011 

.8712 .8543 .8715 +.0169 -.0003 

.8187 .7914 .8204 +.0273 +.0017 

.7351 .7002 .7317 +.0349 +.0034 

.5769 .5910 .5806 -.0141 -.0037 

.41+93 .4975 .4469 -.0482 +.0024 

.3679 .4602 .3687 -.0923 -.0008 

.4493 .4975 .4491 -.0482 +.0002 

.5769 .5910 .5781 -.0141 -.0012 

.7351 .7002 .7323 +.0349 +.0028 

.8187 .7914 .8223 +.0273 -.0036 

.8712 .8543 .8683 +.0169 +.0029 

.9048 .8948 .9060 +.0100 -.0012 

.9272 .9211 .9277 +.0061 -.0005 

.9428 .9389 .9413 +.0039 +.0010 

.9540 .9514 .9541 +.0026 -.0001 

.9622 .9605 .9634 +.0017 -.0012 

.9685 .9673 .9664 +.0012 +.0021 

.9734 .9725 .9753 +.0007 -.0019 

.9772 .9765 .9761 +.0007 +.0011 

.9802 .9796 .9803 +.0008 -.0001 

.9826 .9818 .9831 +.0008 -.0005 

.9847 .9826 .9839 +.0021 +.0008 

- 

- 

' 

- 



Table 8 

Table of Absolute Intensities; 533 cm -1 C -I Stretch 111 Mode 

Refractive 
Index 

Concentration 

moles /liter 

Cell Thickness 

cm 

cl 

millimoles cm -2 -2 
ln(To /T)max BCrawf. 

1.46998 2.50 .0473 .1183 1.513 .465 
1.46710 1.84 .0473 .0870 1.170 .477 
1.46543 1.47 .0473 .0695 0.952 .470 
1.46396 1.13 .0473 .0535 .0736 .479 
Vapor 

fractometer 
1.02 .0400 .0410 0.656 .488 

1.02 .0300 .0308 0.499 .471 
1.02 .0200 .0205 0.350 .515 

y - yo b y - yo/b w. c. B 

60 4.72 12.7 .025 .480 .489 
55 4.88 11.2 .032 .509 .529 
50 4.94 10.1 .032 .502 .519 
50 5.02 10.0 .033 .512 .513 
35 5.17 6.8 .050 .538 
35 5.17 6.8 .049 .520 
35 5.17 6.8 .053 .568 

Asolution Agas 
cl .561 + .012 .362 
ln(To /T) .568 7 .014 

, 

. . 

A 



Table 9 

Table of Intensities; 880 cm -1 C -I Bending Node* 

Refractive 
Index 

Concentration 

moles /liter 

Cell Thickness 

cm 

cl 
millimoles cm 

ln(To BCrawf. 

1.46475 1.311 .0473 .0620 1.574 1.425 
1.46328 0.986 .0473 .0466 1.220 1.440 
1.46231 0.766 .0473 .0362 0.881 1.402 
1.47155 2.857 .0112 .0320 0.814 1.412 
1.47405 3.468 .0112 .0388 0.989 1.423 
1.47931 4.707 .0112 .0527 1.357 1.342 
1.47186 2.932 .0112 .0328 0.844 1.420 

Asolution 
cl 1.431 + .055 

ln(To /T)m 1.430 + .054 

A gas 

1.012 

*Non- Lorentzianr no wing corrections 

rn 



Table 10 

Table of Absolute Intensities; 1252 cm -1 111 Mode 

Refractive 
Index 

Concentration 

moles /liter 

Cell Thickness 

cm 
cl _2 

millimoles cm 

ln(To 
BCrawf. 

1.46605 1.608 .0112 .0180 1.674 1.755 
1.46380 1.097 .0112 .0123 1.382 2.041 
1.46472 1.311 .0112 .0147 1.546 1.796 
1.46623 1.643 .0112 .0184 1.687 1.706 
1.46222 0.733 .0112 .0082 1.001 2.220 
1.46137 0.539 .0112 .0060 0.784 2.500 
1.46095 0.442 .0473 .0209 1.814 1.656 
1.46040 0.336 .0473 .0158 1.790 1.930 

v - vo b V- v o/b w.c. B' A 

80 5.65 14.1 .082 1.837 1.987 
80 5.66 14.1 .096 2.137 2.227 
80 5.66 14.1 .084 1.880 1.970 
80 3.40 23.5 .020 1.726 1.836 
80 4.08 19.6 .049 2.269 2.349 
80 3.40 23.5 .030 2.530 2.592 
80 4.97 16.1 .066 1.722 1.802 
80 4.75 16.8 .079 2.009 2.210 

Asolution Agas 
cl 2.772 + .088 
ln(To/T) 3.016 + .179 

1651 
rn 



Table 11 

Table of Absolute Intensities; 1440 cm -1 Ir Mode* 

Refractive 
Index 

Concentration 

moles /liter 

Cell Thickness 

cm 

1.46127 0.517 .0473 
1.46519 1.413 .0473 
1.4F>612 1.620 .0473 
1.46471 1.311 .0112 
1.46623 1.643 .0112 
1.47077 2.671 0.112 
Vapor 

fractometer 0.779 .0500 
0.844 .0400 

cl ln(To/T) max BCrawf. 
millimoles cm-2 

.0245 

.0668 

.0766 

.0147 

.0184 

.0299 

.0390 

.0338 

Asolution 

cl .806 + .019 

ln(To/T) .811 + .019 

A 
gas 

.736 

*Non -Lorentzian: no win,- correction 

0.571 
1.367 
1.571 
0.301 
0.414 
0.662 

.0835 

.0657 

.751 

.713 

.727 

.310 

.799 n .726 

.774 

.785 

O 

. 

. 

a 



Table 12 

Table of Absolute Intensities; 2970 cm -1 C -H Stretch 111 Mode 

Refractive Concentration Cell Thickness cl ln(To/T)max BCrawf. Index 
moles /liter cm millimoles cm -2 

1.46275 0.865 .0473 .0409 1.772 .341 
1.46425 1.198 .0473 .0567 2.797 .349 
1.46172 0.625 .0473 .0296 1.197 .333 
1.46418 1.176 .0473 .0556 2.040 .317 
1.47139 2.819 .0112 .0316 1.363 .342 
1.46534 1.447 .0112 .0162 0.652 .307 

Vo V- ?Jo/b w.c. B' A 

50 6 8.3 .028 .369 .369 
50 4.5 11.1 .021 .370 .378 
50 6 8.3 .028 .361 .364 
50 6 8.3 .026 .343 .349 
50 5.5 9.1 .023 .365 .371 
40 6 6.7 .033 .340 .341 

Asolution Agas 

cl .351 ± .016 .371 

ln(To/T) .346 + .014 

v- b 
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Table 13 

Table of Intensities; 533 cm -1 
-1 

C -I Stretch 

Li ln(,J To/T ln(To/T) Io/I ln(Io/I) 

584.0 6.370 .992 ;009 .993 .007 
578.5 6.361 .989 .011 .992 .008 
573.0 6.352 .983 .017 .988 .012 
567.5 6.343 .974 .026 .979 .022 
562.0 6.333 .962 .039 .964 .037 

556.5 6.323 .944 .058 .941 .060 
551.0 6.313 .918 .086 .912 .092 
545.5 6.303 .877 .131 .884 .123 
540.0 6.293 .802 .221 .805 .217 
538.1 6.289 .757 .278 .789 .236 

536.3 6.286 .682 .383 .726 .320 
534.5 6.282 .565 .571 .565 .572 
532.6 6.279 .441 .819 .448 .802 
530.8 6.275 .342 1.073 .262 1.340 
529 6.272 .313 1.162 .236 1.442 

527.2 6.269 .348 1.056 .359 1.024 
525.4 6.265 .408 .897 .423 .859 
523.5 6.262 .472 .751 .468 .758 
521.7 6.258 .540 .616 .512 .669 
519.9 6.255 .620 .478 .612 .491 

518.0 6.251 .698 .360 .737 .304 
512.5 6.240 .820 .248 .825 .193 
507.0 6.230 .883 .124 .883 .124 
501.5 6.219 .926 .077 .938 .064 
496.0 6.208 .952 .049 .957 .044 

490.5 6.196 .972 .028 .973 .028 
485.0 6.185 .983 .017 .982 .018 
479.5 6.174 .991 .009 .987 .010 
474.0 6.162 .996 .004 .996 .004 

' 

-. 



Table 14 

Table of Intensities; 880 cm-1 Mode 

(.J ln (,J To/T ln ( To/T ) 

1020 6.929 1.000 0.000 
1000 6.909 1.012 0.012 
980 6.889 1.053 0.052 
960 6.868 1.187 0.171 
940 6.847 1.254 0.226 

930 6.837 1.303 0.265 
920 6.826 1.388 0.328 
915 6.820 1.452 0.373 
910 6.815 1.559 0.444 
905 6.809 1.699 0.530 

900 6.804 2.052 0.719 
896 6.799 2.486 0.911 
888 6.790 3.486 1.220 
880 6.781 2.522 0.925 
875 6.775 1.944 0.665 

870 6.770 1.654 0.503 
865 6.764 1.470 0.385 
860 6.758 1.345 0.296 
850 6.751 1.271 0.240 
840 6.735 1.157 0.146 

820 6.710 1.085 0.081 
800 6.686 1.044 0.044 
780 6.660 1.018 0.017 
760 6.634 1.000 0.000 

68 
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Table 15 

Table of Intensities; 1252 om -1 Mode 

Li ln(,J To/T ln(To/T) Io/I ln(Io/I) 

1333.6 7.197 .994 .006 .994 .006 
1326.8 7.192 .991 .009 .991 .009 
1320.0 7.187 .986 .014 .986 .014 
1313.2 7.182 .980 .020 .979 .021 
1306.4 7.177 .973 .027 .970 .030 

1299.6 7.172 .962 .039 .958 .043 
1292.8 7.166 .947 .054 .941 .060 
1286.0 7.160 .929 .074 .930 .072 
1279.2 7.154 .904 .101 .909 .095 
1272.4 7.149 .865 .145 .875 .134 

1265.6 7.144 .786 .241 .813 .207 
1263.3 7.142 .725 .322 .753 .284 
1261.0 7.140 .625 .470 .641 .445 
1258.8 7.138 .498 .697 .544 .609 
1256.5 7.136 .355 1.036 .300 1.206 

1254.2 7.134 .255 1.366 .209 1.566 
1252.0 7.132 .213 1.546 .157 1.853 
1249.7 7.130 .255 1.366 .209 1.566 
1247.4 7.128 .355 1.036 .300 1.206 
1245.2 7.126 .498 .697 .544 .609 

1242.9 7.124 .625 .470 .641 .445 
1240.6 7.122 .725 .322 .753 .284 
1238.4 7.120 .786 .241 .813 .207 
1231.6 7.117 .865 .145 .875 .134 
1224.8 7.111 .904 .101 .909 .095 

1218.0 7.106 .929 .074 .930 .072 
1211.2 7.100 .947 .054 .941 .060 
1204.4 7.094 .962 .039 .958 .043 
1197.6 7.088 .973 .027 .970 .030 
1190.8 7.083 .980 .020 .979 .021 

1184.0 7.078 .986 .014 .986 .014 
1177.2 7.073 .991 .009 .991 .009 
1170.4 7.068 .994 .006 .994 .006 

. 



Table 16 

Table of Intensities; 1440 cm -1 Mode 

Li ln Lj To/T ln(To/T) 

1507 7.319 1.075 .072 
1497 7.313 1.100 .096 
1487 7.306 1.083 .080 
1477 7.300 1.115 .109 
1467 7.292 1.161 .149 

1457 7.285 1.300 .262 
1447 7.279 1.480 .392 
1437 7.272 1.834 .607 
1432 7.268 1.929 .657 
1427 7.265 1.850 .615 

1417 7.258 1.535 .429 
1407 7.250 1.450 .372 
1397 7.243 1.331 .286 
1387 7.236 1.196 .179 
1377 7.229 1.112 .107 

1367 7.222 1.057 .055 
1357 7.214 1.026 .026 
1347 7.207 1.010 .010 
1337 7.200 1.007 .007 
1327 7.192 1.006 .006 

1317 7.184 1.007 .007 

70 
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Table 17 

Table of Intensities; 2970 cm-1 C -H Stretch 

L) 1nU.J To/T ln(To/T) Io/I ln(Io/I) 

3026 8.016 .996 .004 .996 .004 
3023 8.015 .992 .008 .992 .008 
3020 8.014 .987 .013 .987 .013 
3017 8.013 .981 .019 .980 .020 
3014 8.012 .973 .027 .971 .029 

3011 8.011 .960 .039 .960 .041 
3008 010 .949 .052 .948 .053 
3005 8.009 .934 .068 .937 .065 
3002 8.008 .916 .088 .917 .086 
2999 8.007 .896 .110 .898 .108 

2996 8.006 .870 .139 .869 .141 

2993 8.005 .839 .176 .839 .176 
2990 8.004 .803 .219 .810 .211 
2987 8.003 .743 .297 .746 .293 
2984 8.002 .636 .452 .626 .468 

2981 8.001 .435 .832 .395 .929 
2978 8.000 .241 1.423 .217 1.526 
2975 7.999 .170 1.772 .158 1.848 
2972 7.998 .253 1.374 .267 1.319 
2969 7.997 .400 .916 .405 .903 

2966 7.996 .547 .603 .556 .587 
2963 7.995 .676 .392 .701 .355 
2960 7.994 .758 .277 .762 .272 
2957 7.993 .802 .221 .800 .223 
2954 7.992 .838 .177 .838 .176 

2951 7.991 .867 .143 .866 .143 
2948 7.990 .893 .113 .895 .111 
2945 7.989 .912 .092 .915 .089 
2942 7.988 .927 .076 .928 .075 
2939 7.987 .942 .060 .943 .059 

2936 7.986 .957 .044 .959 .042 
2933 7.985 .968 .032 .969 .031 
2930 7.984 .977 .023 .978 .022 
2927 7.983 .985 .015 .985 .015 
2924 7.982 .990 .010 .990 .010 

, 

! 

. 

, 



Table 18 

Solution to Gas Ratios 

Mode cm -1 Experimental Polo -Wilson Person Kalman- Decius k 
PLH 

533 cl 1.55 1.30 1.39 1.50 +16.59 
ln(To/T) 1.57 

880 cl 1.41 1.30 1.39 1.30 25.56 
ln(To/T) 1.41 

1252 cl 1.68 1.30 1.39 1.50 +55.05 
ln(To/T) 1.83 

1440 cl 1.09 1.30 1.39 1.30 28.08 
ln(To/T) 1.10 

2970 cl 0.95 1.30 1.39 1.50 -43.07 
ln(To/T) 0.98 

Polarizability values used: ax = ay 
= 

56.4 
x y 

z 
= 84.1 

= 65.6 

Radius of CH31 
3 

cavity = 2.78A° 

Refractive index of CH31 = 1.529 

Refractive index of CC14 = 1.459 
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z 

a 

a 



1.5 

1.3 

F- 0.9 

F-° 

5 0.7 
o z a 

0.5 

H 
C 

-a 0.3 

o OBSERVED INTENSITY 
TRUE INTENSITY 

al 

S = 0.56 pi, 1t2 

` 

z 0.1 -- / F- 
o i I L I I 1 I I I I I I 

6.37 635 6.33 6.31 6.29 6.27 6.25 6.23 6.21 6.19 6.17 6.15 

Ln Ln w 

FIGURE I 533 CM 1 -I STRETCH 

I1 

1 I 



I I I I I I I I I I I 

6.89 6.85 6.81 

Ln w 

FIGURE 2 880 CM 1 PERPENDICULAR MODE 

74 

1.4 

1.2 

I.0 

0.8 

0.4 

0.2 

o 
6.93 6.77 6.73 6.69 6.65 

- 

= 0.14 

V-02 

H 

1 1 1 I I I I 1 I I ' 



1.8 

1.6 

1.4 

1.2 

1- 1.0 

Fó 

0.8 

z 
a 0.6 

0 H 
c 0.4 

0.2 

0 

MEMO 

I I I 

o OBSERVED 
INTENSITY 

TRUE 
INTENSITY 

= 0,60 
v¡,2 

r I 

7.20 7.18 7.16 7.14 7.12 

Ln w 

FIGURE 3 1252 CM PARALLEL MODE 

7.10 

OMMII 

OMEN 

MINN 

7.08 7.06 

75 

o 

Imow 

Imow 

1 

_) 

WIMP 

1 

S 

6 

MEW 

OMNI 

IIIMMI 



.70 

.60 

.50 

.40 

.20 

.10 
o 

o 

S 
d = 0.11 

A 2/1/2 

0_o 1 1 I I I I 1 I I I I i 0-o1 
7.33 7.31 7.29 7.27 7.25 7.23 

mn w 

FIGURE 4 1440 CM1 PERPENDICULAR MODE 

7.21 7.19 

t- 
10 

.30 

76 

r I I 1 



1.8 

1.6 

1.4 

1.2 

I- 
-... 

~ 1.0 c 
...) 

0 
á0.8 

r-+ 
-.. o 
"0.6 
c -I 

0.4 

0.2 

o OBSERVED INTENSITY 
TRUE INTENSITY 

S = 0.25 A t 
1/2 

0 
8.016 8.010 

FIGURE 5 

8.004 7.998 

Ln w 

7.992 

2970 
CM-1 C STRETCH 

7.986 

77 



B
 
c
r
o
w
f
o
r
d
 

.6 

.5 

.4 

.3 

.2 

0 

533 cm -I C -I III mode 

A PLOT OF INTEGRATED INTENSITIES vs C I 

transformed 
o observed 

s= 5.5 cm 

n4s=9.5cm 

--L = 0.58 t %s 

1 1 , 1 I t 

0 .02 .04 .06 .08 .10 .12 

CI 

Figure 6 

78 



1.6 

1.4 

1.2 

.6 

.4 

.2 

O 

880 cm-I 1 mode 

A PLOT OF INTEGRATED INTENSITIES vs C I 

o o o o 

79 

0 

o 

o 

s = 4.6 cm'I 
= 32 cm-1 

s =0.14 Q 4 
vvs 

I I I I I I I 

0.01 .02 .03 .04 .05 .06 .07 

CI 

Figure 7 

I.0 
w 
3 
0 
ú 
m 

.8 



2.8 

2.4 

80 

1252 cm-I IIR mode 

A PLOT OF INTEGRATED INTENSITIES vs CI 

transformed 
o observed 

1.6 

1.2 

.8 _ 

.4 

s=6.8 cm-i 
nÙs =1Ocm-1 

s -0.68 
ncJÿt 

I I I I I I I t f 

.002 .004 .006 .008 .010 .012 .014 .016 .018 

CI 

Figure 8 

- - - 
0 

m 



B
 
c
r
o
w
f
o
r
d
 

1440 cm-1 1 mode 

A PLOT OF INTEGRATED INTENSITIES vs CI 

o 
o 

o 

81 

.01 .02 . 03 .04 .05 . 06 .07 
CI 

Figure 9 

.7 

.6 

.3 

.2 

0 

o 

s = 7.6 cm-1 
a 

°y.ic = 68 cm-1 
s -OM 

°v;2. 

. ¡ 

0 

.5_ 

4_ 



.4 

.3 

.2 v 

0 

82 

2970 cm-I C -H IIQ mode 

A PLOT OF INTEGRATED INTENSITIES vs CI 

° b o 

s =3.0 cm-I 
9 cm-i 

s - 0.33 
2)z 

0 I .2 .3 .4 .5 .6 .7 

CI 

Figure 10 

b 

e 



x 
w 
Z 1.49 

w 

1.4 

1.450 
IO 20 30 40 50 60 70 

MOLE PERCENT OF METHYL IODIDE 

FIGURE II CALIBRATION CURVE 
REFRACTIVE INDEX VS. CONCENTRATION 

80 90 100 

83 

tctl 1.47 

O 



0.06 

0.04 

0.02 

-0.02 

-0.04 

-0.06 

-0.08 

84 

Slit Error 

-15 

LORENTZ BAND 

A SLIT óy= 0,75 

i wet 0.3679 

APPROX. t 

I I I l I 

-IO -5 0 5 IO 15 

-rJ - TJ, 

Figure 12 

i-t 

_ 

i - tze 

5 

J 



85 

Slit Error 

s 

A SLIT ; liv, = 1.5 

Intro = 0.3679 

-15 -IO -5 0 
-J- --E4 

Figure 13 

5 IO 15 

.10 

.05 

00 

-.05 

-.10 

-.15_ 

-.20 
v 



86 

Slit Error 

Figure 14 

.04 

.02 

-.02 

-.04 

-..06 

-.08 

-15 -IO -5 

1 
i- t49 

0 SLIT , Ayyh= 0.75 

iNNIP1 = 0.3679 

EXACT t 

5 IO 15 

_ 
s f 

0 



0750 

.0500 

.0250 

-.0250 

-.0500 

- .0750 

87 

Slit Error 

-15 -IO -5 0 5 
=J - rJ, 

Figure 15 

IO 15 

i i i _i 

A SLIT ; iyyi = 0.75 

i . = 0.1000 

s 



Slit Error 

s 

i-t 

88 

I . I I I 

-15 -IO -5 0 
) T/-TJe 

Figure 16 

A SLIT ; ;1717,4 = 1.5 

Mih 
= 0.1000 

I I I 

5 IO 15 

.2000 

.1500 

.1000 



Slit Error 

s 

89 

GAUSSIAN SLIT ; 
Tova 

= 0.75 

ce. = 0.3679 

Figure 17 

15 

.1000 

.0750 

.0500 

.0300 

.0100 

0 

-.0100 

- .0300 

-.0500 

-.0750 

--. 
i-t 

-.1000 
-15 -10 -5 0 5 10 

I-t200 

-r)- zJo 



cr 

BIBLIOGRAPHY 

1. Barrow, G. M. and D. C. McKean. The intensities of 
absorption bands in the methyl halides. Proceedings 
of the Royal Society of London 213A:27 -41. 1952. 

2. Benson, A. M., Jr. and H. G. Drickamer. Stretching 
vibrations in condensed systems especially bonds 
containing hydrogen. Journal of Chemical Physics 
27:1164 -1174. 1957. 

3. Bourgin, D. G. Line intensities in the hydrogen 
chloride fundamental band. Physical Review 29: 
794-816. 1927. 

4. Buckingham, A. D. Solvent effects in infrared 
spectroscopy. Proceedings of the Royal Society of 
London 248A:169-182. 1958. 

5. . A theory of frequency, intensity, 
and band width changes due to solvents in infrared 
spectroscopy. Proceedings of the Royal Society of 
London 255A:32-39. 1960. 

6. Crawford, Bryce and H. L. Dinsmore. Vibrational 
intensities. Theory of diatomic infrared bands. 
Journal of Chemical Physics 18:1682 -1683. 1950. 

7. Crawford, Bryce, Jr. Vibrational intensities. X. 
Integration theorems. Journal of Chemical Physics 
29:1042 -1045. 1958. 

8. Denbigh, K. G. The polarisabilities of bonds. 
Transactions of the Faraday Society 36:936 -948. 
1940. 

9. Dennison, D. M. The shape and intensities of in- 
frared absorption linds. Physical Review 31:503- 
519. 1928. 

10. Dickson, A. D., L. M. Mills and Bryce Crawford, Jr. 
Vibrational intensities. VIII. CH3 

3 
and CD3 

3 
chloride, bromide and iodide. Journal of Chemical 
Physics 27:445 -457. 1957. 

11. Hardy, A. C. and F. N. Young. The correction of 
slit width errors. Journal of the Optical Society 
of America 39:265 1949. 



91 

12. Herzberg, Gerhard. Infrared and Raman spectra. 
New York, Van Nostrand. 1954. 632 p. 

13. Hisatsune, I. C. and E. S. Jayadevappa. Vibrational 
intensities of benzene in the liquid phase. Journal 
of Chemical Physics 31:565 -572. 1960. 

14. Byde, G. D. and D. F. Hornig. The measurement of 
bond moments and derivatives in HCN and DCN from 
infrared intensities. Journal of Chemical Physics 
20:647 -652. 1952. 

15. Jaffe, Joseph and S. Kimel. Infrared intensities 
in liquids. Journal of Chemical Physics 25:374- 
375. 1956. 

16. King, W. T., L. M. Mills and Bryce Crawford, Jr. 
Normal coordinates in the methyl halides. Journal 
of Chemical Physics 27:453-457. 1957. 

17. Lindsay, L. P., O. Maeda and P. N. Schatz. Com- 
parison of liquid and gaseous state absolute infra- 
red intensities for CC1 

4' 
CHC13 

3 
and CHBr3. 

3 
Bulletin 

of the American Physics Society, ser. 2, 5:156. 
1960. 

18. Moeller, Therald. Inorganic chemistry. New York, 
John Wiley, 1959. 966 p. 

19. Morcillo, J., J. Ferranze and J. Fernandez Biarge. 
The experimental determination of infrared inten- 
sities. Bond polar properties in CHF3 

3 
and CHC13. 

3 
Spectrochimica Acta 1959(2) :110 -121. 

20. Onsager, Lars. Electric moments of molecules in 
liquids. Journal of the American Chemical Society 
58:1486 -1493. 1936. 

21. Perkin -Elmer Corporation. Instruction manual. 
Glenbrook, Connecticut. 1950. 45 numb. leaves. 

22. Person, W. B. Liquid -gas infrared intensities, 
pressure induced absorption and the temperature 
dependence of infrared intensities in liquids. 
Journal of Chemical Physics 28:319-322, 1958. 

. 



92 

23. Polo, S. R. and M. K. Wilson. Infrared intensities 
in liquid and gas phase. Journal of Chemical 
Physics 23:2376 -2377. 1955. 

24. Ramsay, D. A. Intensities and shapes of infrared 
absorption bands of substances in liquid phase. 
Journal of the American Chemical Society 74 :72 -80. 
1952. 

25. Schatz, P. N. and I. W. Levin. Absolute infrared 
intensities of the fundamental vibrations of NF3. 

Journal of Chemical Physics 29:475 -480. 1958. 

26. Schatz, P. N. Absolute intensities in gaseous and 
liquid CS2. Journal of Chemical Physics 29:959- 

960. 1958. 

27. Syrkin, Y. K. and M. E. D. Yatkina. Structure of 
molecules. London, Butterworths Scientific Pub- 
lications, 1950. 509 p. 

28. Thorndike, A. M., A. J. Wells and E. B. Wilson, Jr. 
The experimental determination of the intensities 
of absorption bands. II. Measurement on ethylene 
and nitrous oxide. Journal of Chemical Physics 
15:157 -165. 1947. 

29. Thorndike, A. M. The experimental determination of 
the intensities of the infrared absorption bands. 
III. CO2, methane and ethane. Journal of Chemical 

Physics 15:868 -874. 1947. 

30. Whiffen, H. D. The effect of solvent on an infra- 
red absorption band of chloroform. Transactions of 
the Faraday Society 49:878 -880. 1953. 

31. Wilson, E. B., Jr. and A. J. Wells. The experi- 
mental determination of the intensities of the in- 
frared absorption bands. Journal of Chemical 
Physics 14:578 -580. 1946. 

32. Wilson, E. B., J. C. Decius and P. C. Cross. 
Molecular vibrations. New York, MdGraw -Hill, 1955. 
388 p. 

33. Yoshino, T. and H. J. Bernstein. Intensity in the 
Raman effect: the mean polarizability derivatives 
of hydrocarbon molecules. Spectrochimica Acta 
1959(14):126. 

- 





94 

APPENDIX 

Program Instructions 

Alwac 111E, N = 64 

Read data through Flexowriter after calling 

5000 (cr). First read the slit vector in the following 

form: e.g. for s = 3 

.11llsp .2222sp .3333sp .2222sp .11llsp Osp Osp 

... 32 words 

.11llsp .2222sp .3333sp .2222sp .11llsp Osp Osp 

... 32 words 

Then read the T /To 
o 
values, 60 of them because one has 

to reread the 29th, 30th, 31st and 32nd as the 33rd, 341, 

3511h and 36th word. 

Then to start computations call 5100 (cr). 

To ask for a type out of the T /To before compu- 

tation then call 5200(cr) first. If ln(To /T) is wanted 

then leave jump switches in the positions jump switch 1 

do, n, jump switch 2 up. If ln(To /T) is not wanted, but 

the integrated intensity is required then put jump switch 

1 up and jump switch 2 up. 

After iterating, if a type out of T /To is wanted 

then put jump switch 1 up and jump switch 2 up. After 

the number of iterations is typed out, then if jump 

switch 1 is ALkp ln(To 
o 
/T) and integrated intensity 

I 

. ., 

... 

114-t tc1WN 
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will be typed out; however, if jump switch 1 is put 

down, i.e. in the normal position, machine will skip 

typing out ln(To /T). 

Note: After machine types out the number of 

iterations it will stop. If T /To is required flip the 

P -N -S switch to start. If T /To is not required flip 

the P -N -S switch to proceed. 

The number of iterations is stored in channel 53 

half word 96. 

When through and one wishes to run another 

problem, change word lb by calling 5304(cr) with jump 

switch 2 up. It sp 11880000. 

l (P, 

. 



96 

N = 64 

0320 44 

Program Alwac IIIE 

85628763 290e7860 78609d60 04100400 
5509290e a1149d60 dfcd170a 001c0000 
791e0000 0040a310 c10b2934 00400000 
5a80e900 48601711 19998145 871e550b 
c4801784 c1092934 9d60491e 5b079d60 
8d708f71 191c138e 11000000 48601713 
83708571 0000871f 00000000 8b628d63 
870c5509 5b03550b 00010000 11000000 
feed4699 

0320 45 
5505290e 00000000 00000000 00000000 
60606060 00400000 00000000 00000000 
17046720 04100400 00000000 00000000 
675f550d 00040000 00000000 00000000 
66446644 00000000 11000000 00000000 
1710871f 00000000 00000000 00000000 
5b099d60 00000000 00000000 00000000 
dfcd1b00 00000000 00000000 00000000 
0148 e f 61 

0320 50 
871e5501 00401b00 8b628d63 00000000 
5b059d60 001c0000 00000000 00000000 
48601704 00000000 00000000 00000000 
8b608d61 00000000 00000000 00000000 
4102c50c 00000000 00000000 00000000 
55151718 00030000 00000000 00000000 
c1151700 00000000 00000000 00000000 
8b648d65 00000000 00000000 00000000 
2437bfb6 

0320 51 
87648562 645e485e a3042200 171e8f63 
83605505 00202800 611f491f 11910000 
7840191d 491f170d 1708118c 00000000 
17085505 c1196d19 00000000 00000000 
1790783f 11128d62 19845516 00000000 
68401714 81538765 001cc119 00000000 
49205519 001c0000 8763551b 00020000 
787e651f 3000e660 785e4862 00000000 
69f64180 
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0320 52 
0000871f 78609d60 00000000 00000000 
5b068562 dfcd1789 001c0900 00000000 
55097860 0020clld 00000000 1b0f1111 
9d60dfcd 29341918 00000000 11800000 
1790c109 159b1b15 00000000 00000000 
29341980 81511100 00000000 00000000 
871f8563 00000000 00000000 00008144 
5b06551d 00200000 00000000 00000000 
b5967043 

0320 53 
83605501 00202800 2600491b 8d631387 
7840190b 491f1709 a718f 582 11158152 
17045501 c1176d17 df808953 3000e660 
178c783f 1980551d 8762550f 0002a304 
68401710 c117119d 78444880 611f491f 
49205517 81511100 1712550f 001c1704 
787e651f 85631100 787e4842 11880000 
645e785e 001c791b 171a8f62 00000000 
38581381 

3a00 
44 feed4699 
45 0148ef61 
50 2437bfb6 
51 69f64180 
52 b5967043 
53 38581381 

. , 

' 

' 
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APPENDIX II 

Dielectric Theory for the Jolution to Gas Intensities of 

Methyl- Halide Type Molecule 

Using the Onsager Field Theory 

F = a E + g m (1) 

2 

where a =n and g 
2(n 2 2 

-1) 
; m is the total 

2n + 1 (2n + 1)r 

moment and is given by 

m = + a F (2) 

where 1A. is the permanent moment and a is the polariz- 

ability. The point to be made here is that a is a matrix 

and will be treated as such; ,(,( is a vector. 

The perturbation term used here is . FE where 

FE merely implies that only the E term in the following 

expression for F contributes to the perturbation. 

Namely, solving for F using (1) and (2) 

[E 
- 

gal -1 

[a 
E +pg] (3) 

The ,u term in (3) does not contribute to the perturba- 

tion of transition states which are relevant. Therefore 

M, C gai ".l E (4) 

= 

_ - 

F a 
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FE is equivalent to K (,( E where 

K = a [E - gal 
1 

The contribution to the perturbation from K 

when it is expanded into a Taylor series in normal co- 

ordinates comes only from the term which is first power 

in normal coordinates for a first order perturbation, 

namely 

K 
a= 

K°g° + 
[KkMO 

K°k] e k + (5) 

o refers to static conditions; e refers to equilibrium 

conditions; superscript k means the derivative of that 

particular quantity with respect to kth normal coordin- 

ate. 

The next step is in calculating the term in square 

brackets in equation (5) which is of interest. 

To do that, let 

K= aM-1 

where M = [E - ga] 

Since M1N =E 

Differentiating both sides with respect to the kth normal 

coordinate, we obtain 

I,( 

+ 
e 



(1(1)kM+m-1Mk=0 

Since we are interested in these quantities at 

equilibrium, the above equation can be written as 

(M-1) M + M-1 Ié = 0 
e e e e 

or (M-1) 
e e 

-M-1 Mek M 
m-1 e1 

However i`1ek = [ E - 
J 

k 

Mk = -gak 

g is a constant 

thus ( M e= 
I-e1 k -e1 

Substituting for K in the above equation 

Kk E ak 
e a e e 

Ke is a diagonal matrix, namely 

0 

o o 

a 

1-gax 

o o 

Note ao = ao x y 

0 

a 

1-gao 
z 

(6) 

100 

= 
e e e 

e 

e 

g 
e 

= $e 

.___...... 

4 

a 
1-gax 1-gax 

_ 
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For a totally symmetric mode, namely Al mode, the 

polarizability derivative matrix with respect to the kt 

normal mode is diagonal, i.e. 

ak a 
k 

k 

z 

But for an E mode (degenerate) the matrix of the polar- 

izability derivative with respect to the lt normal mode 

is as follows: 

a 
1 1 

a 
1 

0 axz 

0 

aXZ 1 
xz 

Refer to C 
3v 

Character Table of Wilson, Decius 

and Cross (32). 

gack k X K k 

(1 -ga)2 

o 

o 

gasp( 

(1-gu)2 gack 

0 
(1-ga)2 

.0 

0 x 0 

0 0 aZ 

= 

0 0 

0 0 

-aX 0 

= o 

= 
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Therefore 

k o 
(Kku gaaz (,( z 

e °)2 

since X20 is only different from zero in the z direction. 

(Ko,k) 
a z 

e - 
l -go 

since ak is only different from zero in the z direction 

also. Hence for the Al mode 

or 

Asolution 1 F 

Agas n ,u k E 

2 

k o 
Asolution 1 a 

l 
1- 

u gzo z 
A 
gas 

n 
1-gaz g L ( 

g z)4 z ,- 

2 

(7) 

In a similar manner the ratio for the mode is 

found to be 

1 
;solution 1 

Agas 

in which case 

1 o 2 
gax z z 

1 +I 
(1-gao)- 1 1 

z x 

(8) 

o 
- 

ti 

z 

E 

a 
- 

n [i-gax 

- 

f 

I 



gaaX 
g a axz 

0 
(1-gocx) 2 1-gax°)(1-gocz) 

-gaaX 
0 

1 gaax, 
o 0 

(1-gax)(1-gaZ) 
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gl 

(1_gaX)2 
o 

= 


