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Abstract A new model of long-period tidal variations in length of day is developed. The model
comprises 80 spectral lines with periods between 18.6 years and 4.7 days, and it consistently includes effects
of mantle anelasticity and dynamic ocean tides for all lines. The anelastic properties follow Wahr and Bergen;
experimental confirmation for their results now exists at the fortnightly period, but there remains
uncertainty when extrapolating to the longest periods. The ocean modeling builds on recent work with the
fortnightly constituent, which suggests that oceanic tidal angular momentum can be reliably predicted at
these periods without data assimilation. This is a critical property when modeling most long-period tides,
for which little observational data exist. Dynamic ocean effects are quite pronounced at shortest periods
as out-of-phase rotation components become nearly as large as in-phase components. The model is tested
against a 20 year time series of space geodetic measurements of length of day. The current international
standard model is shown to leave significant residual tidal energy, and the new model is found to mostly
eliminate that energy, with especially large variance reduction for constituents Sa, Ssa, Mf, and Mt.

1. Introduction

The Earth’s rotation rate, and thus the length of day (LOD), varies on all time scales from a multitude of
causes. One of the largest variations is induced by the long-period zonal body tides, which in essence act
to modulate the Earth’s flattening and thereby its moment of inertia. These tides range in period from 18.6
years to 5 days; at periods between a week and a month, and especially near one fortnight, they dominate
all other effects in LOD [Lambeck, 1980].

Accurate models of these long-period tidal variations are needed for many purposes. For more than 30 years
the geodetic community has relied heavily on a fundamental paper by Yoder et al. [1981], who presented a
model based on an elastic mantle decoupled from the core and an ocean tide in equilibrium with the astro-
nomical potential. Their work has undergone various adaptations from time to time to adjust constants or
to improve secondary effects such as dynamic ocean contributions. The current standard model, adopted
as part of the 2010 Conventions of the International Earth Rotation and Reference Systems Service (IERS),
continues to rely on the Yoder et al. work, but modified as follows: of the 62 spectral lines in the original
table, four constituents (comprising five lines) were adjusted for effects of mantle anelasticity and two con-
stituents were adjusted for effects of dynamic ocean tides [Petit and Luzum, 2010, Chapter 8]. Gross [2009]
discusses the model in some detail and compares the oceanic terms with those of several other published
tide models.

Our goal here is twofold: (1) to develop a new model, one more complete and consistent in the sense
that anelastic and dynamic oceanic effects are included in all spectral lines of the long-period band and
(2) to improve the accuracy of the model. The immediate impetus is to build on recent work with the
near-fortnightly Mf constituent [Ray and Egbert, 2012]. That work presented experimental confirmation
of a 30 year old theoretical model of mantle anelasticity by Wahr and Bergen [1986], and it therefore sug-
gests the Wahr-Bergen model is an appropriate candidate for incorporating anelastic effects throughout the
long-period band. A second result of our Mf work was the finding that purely numerical ocean models of
the Mf tide can be developed which are, at least for LOD predictions, very nearly as accurate as models that
assimilate data (e.g., tide gauge or satellite altimetry). This is extremely relevant for any work that aims to
develop models for other long-period constituents, since only Mf (and perhaps Mm and Mt) is large enough
to be measured with much fidelity in ocean data. For all other constituents we must rely on numerical ocean
models that do not assimilate data and hope that our experience with Mf holds when extended to these
other frequencies. LOD measurements themselves may well provide the best test of this approach.
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In section 2 we revisit the tidal frequencies to be included in the model. Section 3 is then devoted to the
development of the body tide LOD model, and section 4 to the ocean tide model. Section 5 tests the model
against space-geodetic measurements of LOD.

Tidal perturbations in rotation rate may be variously described in terms of excess length of day ΔΛ, vari-
ations in Universal Time ΔUT1 relative to international atomic time TAI, or as a generalized response
coefficient 𝜅 [Agnew and Farrell, 1978]. The first two are related by

ΔUT = −Λ−1
0 ∫ ΔΛdt

where Λ0 is the nominal length of day (86,400 s). Taking now a general tidal variation of frequency 𝜔 and
converting to complex notation, we have the following relationships between the three LOD variables:

ΔUT = i(𝜔Λ0)−1ΔΛ

and

ΔΛ = 𝜅∗Λ0
R3

3GC

(5
π

)1∕2
V0

where R is the mean Earth radius, G the Newtonian constant, C the polar moment of inertia, and V0 is the
potential amplitude with normalization (following Agnew and Farrell) as in Munk and Cartwright [1966] and
Cartwright and Tayler [1971]. More specifically, the long-period potential at the Earth’s surface is written

Φ(𝜃, t) =
√
(5∕16π) (1 − 3 cos2 𝜃) V0 cos(𝜔t) (1)

where 𝜃 is colatitude. For example, for the Mf constituent V0 is 0.65258 m2 s−2.

Beginning in section 3 the various geophysical components of the LOD model are constructed. It will
be helpful to express the admittance 𝜅 as composed of three parts: an elastic body tide, a much smaller
anelastic body tide perturbation, and an ocean tide:

𝜅 = 𝜅e + 𝜅a + 𝜅o.

The ocean admittance includes a small part arising from effects of the load tide.

2. Tidal Catalog

It is worth revisiting the tidal potential expansion adopted by Yoder et al. [1981], since it appears that some
neglected small terms are probably now detectable, or nearly so. For their tidal expansion Yoder et al. used
a selection of the terms developed in the nutation theory of Kinoshita [1977], much as Woolard [1959] had
previously used his own earlier nutation theory [Woolard, 1953]. Woolard acknowledged he could have used
the existing (and more complete) expansion of the tidal potential by Doodson [1921]. In fact, that is the
approach we prefer, although obviously with a more modern, expanded development. We here begin with
the tidal catalog of Hartmann and Wenzel [1995], which comprises 12,935 spectral lines, including 1483 from
direct attraction by planets Mercury through Saturn.

The 62 long-period terms adopted by Yoder et al. [1981] included all lines whose effect on ΔUT exceeds
2 μs. UT1, being an integration of the tidal perturbations over time, tends to emphasize longer-period tides.
There are, however, a number of shorter period lines in ΔΛ that Yoder et al. neglected but which modern
space-geodetic measurements are probably capable of detecting. Therefore, in addition to the Yoder thresh-
old of 2 μs in UT, we also include lines that exceed 0.4 μs in LOD. This brings in an additional 17 lines, one
with period 15.906 days and all the others at periods 12.787 days or shorter. The shortest period term is now
at 4.684 days, whereas for Yoder et al. it was 5.638 days. None of the planetary lines in the Hartmann-Wenzel
table is large enough to pass either thresholds, so all lines here are either lunar and/or solar, as usual.

One additional small line, for a total of 80, occurs at the very lowest frequency in our table, differing from the
argument of the 18.6 year node tide by −2ps where ps is the mean longitude of solar perihelion. Couplets
of lines differing by ±2ps can be seen throughout the Hartmann-Wenzel tables, even for the semidiurnal M2

constituent, and it is evidently not uncommon in potential expansions based on numerical harmonic analy-
sis (as opposed to algebraic analysis, although a couplet in Sa occurs in all catalogs, even Doodson’s); see in

RAY AND EROFEEVA ©2014. American Geophysical Union. All Rights Reserved. 1499

http://dx.doi.org/10.1002/2013JB010830


Journal of Geophysical Research: Solid Earth 10.1002/2013JB010830

particular discussions on this matter by Roosbeek [1996] and Kudryavtsev [2004]. The latter author routinely
combines such couplets, but at the expense of nonzero out-of-phase components, which Hartmann and
Wenzel avoid. The new line here is practically negligible in comparison with the main nodal line, but it does
rise above the 2 μs cutoff, so we shall retain it.

One final point about the tidal potential concerns possible secular trends. In an earlier computation of the
tide-generating potential at three epochs separated by about 50 years, Cartwright and Tayler [1971] noticed
that several lines are undergoing discernible secular trends. Hartmann and Wenzel [1995] explicitly account
for this by computing linear rates for all spectral lines in their potential. Kudryavtsev [2004] also includes
quadratic terms. In the long-period band of interest here, the most significant trends are in Ssa and Mf, both
of which are declinational tides and so are presumably responding to the present-day decrease in obliq-
uity of about 47′′ per century. The trend in Mf is approximately −0.1% per century, which in light of our
other thresholds we can here ignore. So our model corresponds to the epoch of the constant terms in the
Hartmann-Wenzel tables, which is J2000. As the space-geodetic time series continues to lengthen, this time
dependence must eventually be revisited.

3. Body Tides

For the elastic body tide contribution we adopt a frequency-independent admittance computed by
Benjamin et al. [2006]. Their computation follows exactly the earlier work of Wahr et al. [1981] but employs
the preliminary reference Earth model (PREM) rather than the older 1066A model used by Wahr et al. The
LOD admittance 𝜅e is found to be 0.2639. For the fortnightly Mf potential, this PREM-based admittance cor-
responds to a ΔUT amplitude of 656 μs. Wahr et al. [1981] gave 663 μs for 1066A; Defraigne and Smits [1999]
computed 654 μs for PREM, close to the Benjamin et al. value.

As noted in section 1, for the anelastic part of the body tide we adopt the frequency-dependent model
of Wahr and Bergen [1986]. In that work results were presented for two different anelastic models. The
Wahr-Bergen “Model B” is marginally closer to our empirical estimate for the fortnightly constituent [Ray and
Egbert, 2012], so we here adopt that model. Ultimately, based on earlier work by Sipkin and Jordan [1980]
and Smith and Dahlen [1981], Model B provides a very simple two-shell description of shear dissipation in
the mantle, with an upper mantle Q of 108 and a lower mantle Q of 225, both representing gross averages
over a seismic frequency band of 6–60 mHz. Smith and Dahlen [1981] extrapolated these Q values to lower
frequencies by exploiting the probable linearity in strain [Agnew, 1981] and assuming a single absorption
band with frequency dependence

Q(𝜔) = (𝜔∕𝜔m)𝛼 Q(𝜔m) (2)

for some reference frequency 𝜔m in the seismic band and −1 ≤ 𝛼 ≤ 1. From an analysis of the Chandler
wobble, Smith and Dahlen determined 𝛼 = 0.09 for Model B with 𝜔m = 2π/(30 s).

Probably the greatest uncertainty in our LOD model and the potential source of the largest error involves
extrapolation of these anelastic effects to the very long periods of the lunar node tide at 18.6 years. The
value 𝛼 = 0.09 [Smith and Dahlen, 1981] is somewhat smaller than is generally nowadays employed [e.g.,
Mathews et al., 1997]. The exact value is not especially critical at lower frequencies around Mf, but after
extrapolation to 18.6 y it would be. Unfortunately, there are no truly reliable observational constraints at
those long periods. Some of the most valuable data come from laser tracking of the LAGEOS satellites [e.g.
Lambeck and Nakiboglu, 1983], which has now reached a time span of two nodal cycles, yet the interpreta-
tion of those data is becoming more and more problematic, quite possibly because of recently increasing
polar ice melt [e.g., Cheng et al., 2013]. LAGEOS tracking analyses were used by Benjamin et al. [2006]; their
results are consistent with a range of 𝛼 values and do not rule out 0.09; see their Figure 7, which was com-
puted for a reference period of 200 s (a reference period of 30 s, as we are using, moderately improves the
consistency with a low value for 𝛼). In summary, while our extrapolation to 18.6 years is a likely source of
error, the lack of useful constraints suggests that adopting the Wahr-Bergen model consistently throughout
the entire long-period tidal band is the simplest, most straightforward approach and cannot be ruled out on
the basis of current evidence.
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Figure 1. (top) LOD admittance 𝜅e for the elastic part of the body tide, which does not vary with frequency. The value is
0.26386. (bottom) Admittance 𝜅a for the anelastic part, based on Model B of Wahr and Bergen [1986] (solid line). Dashed
curve is the phase lag for the total body tide effect in LOD, i.e., − arg(𝜅e + 𝜅a), roughly 0.5◦, but slowly increasing with
tidal period.

Combining equations of Wahr and Bergen [1986, equations (5.16) and (6.2)], we find the contribution of the
anelastic mantle to the LOD admittance can be expressed as

𝜅a(𝜔) =
{
−0.0344 R(𝜔,Qa) − 0.569 R(𝜔,Qb)

}
𝜅e (3)

where Qa,Qb apply to the upper and lower mantle, respectively, and

R(𝜔,Q) =
[

cot
(
𝛼π
2

) {
1 −

(𝜔m

𝜔

)𝛼}
+ i

(𝜔m

𝜔

)𝛼 ] 1
Q(𝜔m)

.

Figure 1 displays 𝜅a(𝜔), as well as the elastic 𝜅e, across the entire long-period tidal band, and Table 1 lists
values for a few of the largest constituents. The anelastic effect is seen to amount to a few percent of the
elastic body tide admittance at high frequencies (i.e., at periods around 1 week), climbing to about 7% at
18.6 years. Figure 1 (dashed line) shows the phase lag of the full body tide effect, i.e., − arg(𝜅e + 𝜅a). It varies
from 0.4◦ to 0.7◦, increasing with the tidal period.

4. Ocean Tides

A completely new suite of global solutions for the long-period, zonal tides has been computed for this work.
As noted above, these efforts build on previous work with the fortnightly Mf constituent [Ray and Egbert,

Table 1. Body Tide Contributions to Δ LOD (Major Constituents Only)

Elastic Anelastic

Tide 𝜔 (◦/h) ΔΛ (μs) 𝜅e ΔΛcos (μs) ΔΛsin (μs) 𝜅a

Node 0.0022 126.52 0.2639 8.94 1.63 0.0186 −0.0034 i
Sa 0.0411 22.30 0.2639 1.11 0.22 0.0131 −0.0026 i
Ssa 0.0821 140.38 0.2639 6.38 1.31 0.0120 −0.0025 i
Sta 0.1232 8.20 0.2639 0.35 0.07 0.0114 −0.0024 i
MSm 0.4715 30.48 0.2639 1.10 0.24 0.0095 −0.0021 i
Mm 0.5444 159.39 0.2639 5.61 1.25 0.0093 −0.0021 i
MSf 1.0159 26.44 0.2639 0.85 0.20 0.0085 −0.0020 i
Mf 1.0980 301.74 0.2639 9.61 2.23 0.0084 −0.0020 i
MSt 1.5695 10.97 0.2639 0.33 0.08 0.0080 −0.0019 i
Mt 1.6424 57.77 0.2639 1.73 0.41 0.0079 −0.0019 i
MSq 2.1139 9.23 0.2639 0.27 0.06 0.0076 −0.0018 i
Mq 2.1868 7.64 0.2639 0.22 0.05 0.0076 −0.0018 i
MSp 2.6583 2.23 0.2639 0.06 0.02 0.0074 −0.0018 i
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2012], which showed that our purely numerical tidal solutions can be competitive with data assimilative
solutions, at least for LOD predictions in the long-period band. For the work at hand, this is of considerable
importance, since very nearly all of our 80 spectral lines in the long-period tidal band are too small to be reli-
ably observed in standard ocean measurements, and therefore little reliable data exist—aside from Mf—to
constrain model inversions. Yet these small lines still have significant contributions to LOD.

We have computed new solutions for nine long-period constituents. These are the major constituents and
they are spread across the entire band. The oceanic LOD contributions from all the other 71 spectral lines
in our model were then inferred from the admittances of these nine constituents. For eight of these nine
constituents, the tides were computed by solving the Laplace tidal equations over the global ocean. The
18.6 years node tide was handled as a special case, as described below.

4.1. Dynamical Ocean Model
Similar to our earlier work, the ocean tides were computed by solving the hydrodynamic equations of
motion for a barotropic fluid on a finite-difference grid. In the present case the grid resolution is 1/6◦. The
Arctic Ocean was included in the finite-difference grid by rotating the grid so that the North Pole was over
Greenland; this is a critical step, since the Arctic is where the long-period astronomical potential is maximum
and where generally the largest tidal amplitudes are expected.

Consider the depth-averaged, linearized equations of motion with current velocity 𝐮, tidal elevation 𝜁 ,
acceleration of gravity g, and ocean depth D:

𝜕𝐮∕𝜕t + 𝐟 × 𝐮 = g∇h(𝜁 − 𝜁E − 𝜁S) − r𝐮∕D (4)

𝜕𝜁∕𝜕t = −∇h ⋅ D𝐮. (5)

The Coriolis parameter 𝐟 is taken oriented to the local vertical. The tidal forcing terms in (4) are (i) 𝜁E , an
“equilibrium tide” proportional to the astronomical potential Φ,

𝜁E = 𝛾2Φ∕g,

the constant 𝛾2 being a combination of Love numbers accounting for body tide effects, and (ii) 𝜁S, a term
accounting for the self attraction and Earth loading of the ocean tide, determined by a global integration
of the ocean tide 𝜁 with an appropriate kernel function [Hendershott, 1972], or equivalently in terms of
spherical harmonics Ym

n by

𝜁S(𝜃, 𝜙) =
∑
n,m

𝛾 ′n𝛼nznmYm
n (𝜃, 𝜙) (6)

where znm and 𝛼n are defined by

𝜁 =
∑

znmYm
n and 𝛼n =

3(𝜌w∕𝜌e)
2n + 1

,

with 𝜌w, 𝜌e the mean densities of the ocean and solid Earth, respectively, and 𝛾 ′n a combination of load Love
numbers [e.g., Ray, 1998].

In keeping with our recent work on the fortnightly constituent, we used a linearized frictional drag with
coefficient r = cDfv with cD set to the canonical value 0.0025. The factor fv is interpreted as a “frictional veloc-
ity” representing background currents about which the linearization is taken. After some experimentation
we set fv to a fixed 3 cm s−1 for all constituents.

The linearization of dissipation allows equations (4)–(5) to be solved by direct frequency-domain matrix fac-
torization [Egbert and Erofeeva, 2002]. For Mf such an approach was found to be nearly as accurate (in terms
of LOD effects) as a time-stepping solution of these equations, including those with nonlinear interaction
terms involving short period constituents O1 and K1 [Ray and Egbert, 2012]. Iteration is necessary to account
for the self-attraction/loading interaction since 𝜁 must be known to compute 𝜁S; five iterations were used in
all cases.

A final point on solving equations (4) and (5) concerns the 1/6◦ bathymetry, which was built primarily from
the General Bathymetric Chart of the Oceans 1′ grid, version 2003, with some additional refinements around
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Figure 2. Cotidal charts of selected long-period zonal ocean tides (top to bottom) Ssa, Mm, Mf, and MSq, with approxi-
mate periods of semi-annual, monthly, fortnightly, and weekly. (left column) Amplitudes are in terms of tidal admittances
in percentage units; to convert to elevations these should be scaled by equilibrium amplitudes V0∕g (for example, for Mf,
scale by 0.0666 cm). (right column) Greenwich phase lags in degrees. As the tidal periods decrease, the ocean response
becomes more dynamic and departs from a pure zonal structure.

the Antarctic continent. In regions of rough topography the bathymetry grid was slightly smoothed for the
longer-period constituents Sa, Ssa, and Sta.

Figure 2 shows four of these dynamical tidal solutions, with periods of 1/2 year, 1 month, 1 fortnight, and
1 week. The amplitudes (left panels) are shown in terms of elevation admittances (relative to a constant
V0∕g, not relative to Y0

2 ), which allows for easy comparison of dynamical effects among the constituents.
To convert these admittances to real elevations, simply scale by V0∕g. For example, along the equator the
amplitudes are roughly: 8, 8, 15, and 0.5 mm for these four constituents. The extremely small amplitude of
the 1 week MSq tide emphasizes why it is hopeless to attempt standard data assimilation of ocean measure-
ments for most of these constituents; only globally integrated quantities like angular momentum are likely
to be sensitive to these waves.

The maps of Figure 2 show the well-known zonal properties of the long-period tides, with the longest period
displaying a near-perfect zonal structure. As the tidal period grows shorter the ocean response becomes
more clearly dynamic and the zonal symmetry is broken. Differences between ocean basins in low latitudes
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Table 2. Ocean Tide Contributions to Δ LOD (Major Constituents Only)

Tidal Heights Tidal Currents Total

Tide 𝜔 (◦/h) Amp. (μs) Phase Amp. (μs) Phase Amp. (μs) Phase 𝜅o

Node 0.0022 24.39 0.0◦ 0.00 0.0◦ 24.39 0.0◦ 0.0509 −0.0000 i
Sa 0.0411 4.25 1.8◦ 0.01 2.9◦ 4.27 1.8◦ 0.0505 −0.0016 i
Ssa 0.0821 26.63 2.4◦ 0.12 29.6◦ 26.73 2.5◦ 0.0502 −0.0022 i
Sta 0.1232 1.55 3.2◦ 0.01 40.9◦ 1.56 3.4◦ 0.0500 −0.0029 i
Mm 0.5444 28.71 11.0◦ 1.13 63.4◦ 29.41 12.7◦ 0.0475 −0.0107 i
Mf 1.0980 49.15 17.3◦ 5.88 85.9◦ 51.58 23.4◦ 0.0414 −0.0179 i
Mt 1.6424 8.49 20.4◦ 1.75 105.1◦ 8.83 31.8◦ 0.0343 −0.0213 i
Mq 2.1868 1.04 22.4◦ 0.28 119.4◦ 1.04 37.7◦ 0.0284 −0.0219 i
MSp 2.6583 0.29 23.0◦ 0.09 127.2◦ 0.28 40.6◦ 0.0249 −0.0213 i

are most noticeable. For Mf the low-latitude Pacific amplitudes become considerably weaker than Atlantic
amplitudes and lag them by roughly 30◦. These features in Mf are very robust and have been detected in
satellite altimetry and even in very schematic, flat-bottom ocean models [Egbert and Ray, 2003]. The reduced
Mf amplitudes relative to equilibrium are also very evident in Pacific Ocean tide gauges [Luther, 1980].

The dynamic response in the Arctic is also remarkable. The near-maximum amplitudes seen in Ssa and Mm
are seen to decay rapidly in Mf and become very small in MSq. This sharp nonequilibrium response in the
high-latitude Mf was suggested even in older Geosat altimetry results [Ray and Cartwright, 1994], and it is
clearly seen in Russian Arctic tide gauges, where phase lags increase west to east and amplitudes are well
below equilibrium everywhere [Voinov, 2007].

4.2. Node Tide
The very long period of the node tide merits special handling. There is every reason to expect the oceanic
node tide to be in near-perfect equilibrium with the tidal forcing [e.g., Proudman, 1960], and we have there-
fore computed a self-consistent—in the sense of Agnew and Farrell [1978]—equilibrium solution, using
the same 1/6◦ global ocean grid used for the other constituents. Our approach uses an explicitly iterative
computation, similar to that of Agnew and Farrell, but formulated in terms of spherical harmonic functions,
following Dahlen [1976] although with a much higher degree expansion (maximum degree and order 1080).
If the desired elevation admittance Ξ(𝜃, 𝜆) is expressed

Ξ(𝜃, 𝜆) =
∑
n,m

𝜉nmYm
n (𝜃, 𝜆),

then Ξ can be found by solving the following equation [Dahlen, 1976]:

Ξ(𝜃, 𝜆) = (𝜃, 𝜆)
{

𝛾2Y0
2 (𝜃, 𝜆) +

∑
l,m

𝛼l𝛾
′
l 𝜉lmYm

l (𝜃, 𝜆) + c

}
(7)

Figure 3. Magnitude (solid line) and phase lag (dashed line) of the
ocean tide LOD admittance 𝜅o . The solid circles mark the admittances
as computed from our numerical hydrodynamic tide model; a spline
under tension is used to interpolate these results across all frequencies.
The open circle with error bar is from a recent Mf inverse model [Ray
and Egbert, 2012].

where (𝜃, 𝜆) is the Munk-MacDonald
ocean function and c is a constant intro-
duced to ensure mass conservation, i.e.,
to ensure that the mean of Ξ over the
global ocean is zero. The iterative solu-
tion of (7) converges rapidly; we used
seven iterations, but three or four would
appear to suffice. For the node tide we
set the phase of Ξ, as well as the asso-
ciated currents, to be identically zero.

4.3. Ocean LOD Effects
The calculation of tidal angular momenta
from the tidal elevations and current
velocities follow from standard integral
formulas [e.g., Chao and Ray, 1997], and
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Table 3. Long-Period Tidal Earth Rotation Rate Coefficients

Doodson Argument Period V0∕g UT(cos) UT(sin) ΔΛ(cos) ΔΛ(sin)

𝜏 s h p N′ ps π∕2 (d) (cm) (μs) (μs) (μs) (μs) Re 𝜅 Im 𝜅

0 0 0 0 1 −2 0 6810.443 0.00011 0.07 −7.03 0.006 0.000 0.3334 −0.0034
0 0 0 0 1 0 2 6798.405 2.79288 1764.00 −172958.94 159.851 1.630 0.3334 −0.0034
0 0 0 0 2 0 0 3399.202 0.02726 8.46 −840.24 1.553 0.016 0.3319 −0.0033
0 0 0 1 0 −1 0 3232.828 0.00014 0.04 −4.22 0.008 0.000 0.3318 −0.0033
0 0 0 2 1 0 2 1305.483 0.00379 0.47 −44.55 0.214 0.002 0.3300 −0.0035
0 0 0 2 2 0 2 1095.178 0.00145 0.15 −14.35 0.082 0.001 0.3296 −0.0035
0 0 1 −1 0 0 2 411.785 0.00098 0.05 −3.62 0.055 0.001 0.3277 −0.0041
0 0 1 0 −1 −1 0 385.998 0.00420 0.19 −14.53 0.236 0.003 0.3275 −0.0042

Sa 0 0 1 0 0 −1 0 365.259 0.49215 20.78 −1608.33 27.666 0.358 0.3274 −0.0042
0 0 1 0 0 1 2 365.225 0.02583 1.09 −84.40 1.452 0.019 0.3274 −0.0042
0 0 1 0 1 −1 2 346.636 0.00311 0.13 −9.64 0.175 0.002 0.3273 −0.0043
0 0 1 0 1 1 0 346.604 0.00153 0.06 −4.74 0.086 0.001 0.3273 −0.0043
0 0 2 −2 −1 0 2 212.323 0.00205 0.05 −3.88 0.115 0.002 0.3263 −0.0045
0 0 2 −2 0 0 0 205.892 0.03121 0.80 −57.28 1.748 0.024 0.3263 −0.0046
0 0 2 −2 1 0 2 199.840 0.00289 0.07 −5.15 0.162 0.002 0.3262 −0.0046
0 0 2 0 0 −2 0 182.630 0.01202 0.28 −19.55 0.673 0.010 0.3261 −0.0047

Ssa 0 0 2 0 0 0 0 182.621 3.09884 71.94 −5042.06 173.475 2.475 0.3261 −0.0047
0 0 2 0 1 0 2 177.844 0.07719 1.76 −122.29 4.321 0.062 0.3260 −0.0047
0 0 2 0 2 0 2 173.310 0.01702 0.38 −26.27 0.952 0.014 0.3260 −0.0047

Sta 0 0 3 0 0 −1 0 121.749 0.18092 3.20 −195.78 10.104 0.165 0.3253 −0.0053
0 0 3 0 1 −1 2 119.607 0.00318 0.06 −3.38 0.178 0.003 0.3252 −0.0054
0 0 4 0 0 −2 0 91.313 0.00734 0.11 −5.95 0.409 0.008 0.3247 −0.0060
0 1 −3 1 0 1 0 34.847 0.02877 0.30 −8.82 1.590 0.054 0.3218 −0.0109
0 1 −2 −1 −1 0 2 32.606 0.00654 0.07 −1.87 0.361 0.013 0.3216 −0.0114
0 1 −2 1 −1 0 2 31.962 0.04832 0.49 −13.56 2.667 0.096 0.3215 −0.0116

MSm 0 1 −2 1 0 0 0 31.812 0.67279 6.78 −187.98 37.128 1.339 0.3214 −0.0116
0 1 −2 1 1 0 2 31.664 0.04368 0.44 −12.15 2.410 0.087 0.3214 −0.0116
0 1 −1 −1 0 1 0 29.803 0.02162 0.21 −5.65 1.192 0.045 0.3211 −0.0121
0 1 −1 0 0 0 2 29.531 0.01860 0.18 −4.82 1.025 0.039 0.3210 −0.0122
0 1 0 −1 −1 0 2 27.667 0.23096 2.23 −55.99 12.716 0.506 0.3207 −0.0128

Mm 0 1 0 −1 0 0 0 27.555 3.51840 33.91 −849.42 193.690 7.731 0.3206 −0.0128
0 1 0 −1 1 0 2 27.443 0.22833 2.20 −54.90 12.569 0.503 0.3206 −0.0128
0 1 0 1 0 0 2 27.093 0.18829 1.80 −44.68 10.362 0.419 0.3205 −0.0129
0 1 0 1 1 0 2 26.985 0.07660 0.73 −18.10 4.215 0.171 0.3205 −0.0130
0 1 0 1 2 0 2 26.878 0.02057 0.20 −4.84 1.132 0.046 0.3205 −0.0130
0 1 1 −1 0 −1 2 25.622 0.01803 0.17 −4.04 0.991 0.042 0.3202 −0.0134
0 1 2 −1 0 0 2 23.942 0.04912 0.45 −10.27 2.696 0.119 0.3197 −0.0141
0 1 2 −1 1 0 2 23.858 0.02445 0.22 −5.10 1.342 0.059 0.3197 −0.0141
0 2 −4 2 0 0 0 15.906 0.01097 0.09 −1.51 0.595 0.034 0.3158 −0.0183
0 2 −3 0 0 1 0 15.387 0.03842 0.30 −5.09 2.080 0.123 0.3154 −0.0186
0 2 −2 0 −1 0 0 14.797 0.04163 0.32 −5.30 2.250 0.136 0.3148 −0.0190

MSf 0 2 −2 0 0 0 0 14.765 0.58366 4.48 −74.13 31.545 1.908 0.3148 −0.0190
0 2 −2 0 1 0 2 14.733 0.03740 0.29 −4.74 2.021 0.122 0.3148 −0.0191
0 2 −1 0 0 1 0 14.192 0.02016 0.15 −2.46 1.088 0.067 0.3142 −0.0195
0 2 0 −2 −1 0 2 13.805 0.01535 0.11 −1.82 0.827 0.052 0.3138 −0.0197
0 2 0 −2 0 0 0 13.777 0.28836 2.15 −34.07 15.536 0.978 0.3138 −0.0198
0 2 0 −2 1 0 2 13.749 0.01871 0.14 −2.21 1.008 0.064 0.3138 −0.0198

Mf 0 2 0 0 0 0 0 13.661 6.66068 49.36 −779.88 358.699 22.702 0.3137 −0.0199
0 2 0 0 1 0 0 13.633 2.76162 20.45 −322.67 148.708 9.423 0.3136 −0.0199
0 2 0 0 2 0 0 13.606 0.25828 1.91 −30.11 13.907 0.882 0.3136 −0.0199
0 2 1 0 0 −1 2 13.168 0.02290 0.17 −2.58 1.231 0.079 0.3131 −0.0202
0 2 2 −2 0 0 2 12.811 0.02001 0.14 −2.19 1.074 0.070 0.3126 −0.0205
0 2 2 −2 1 0 2 12.787 0.00770 0.06 −0.84 0.414 0.027 0.3126 −0.0205
0 3 −4 1 0 0 0 10.085 0.01794 0.111 −1.524 0.949 0.069 0.3082 −0.0225
0 3 −3 1 0 1 0 9.814 0.01118 0.068 −0.922 0.590 0.044 0.3076 −0.0227
0 3 −2 −1 −1 0 0 9.627 0.00947 0.057 −0.765 0.500 0.037 0.3072 −0.0228
0 3 −2 −1 0 0 0 9.614 0.09251 0.555 −7.464 4.879 0.363 0.3072 −0.0228

MSt 0 3 −2 1 0 0 0 9.557 0.24217 1.447 −19.417 12.766 0.952 0.3070 −0.0229
0 3 −2 1 1 0 0 9.543 0.10038 0.599 −8.036 5.291 0.395 0.3070 −0.0229
0 3 −2 1 2 0 0 9.530 0.00907 0.054 −0.725 0.478 0.036 0.3070 −0.0229
0 3 −1 −1 0 1 0 9.367 0.01190 0.070 −0.934 0.626 0.047 0.3066 −0.0230
0 3 0 −3 0 0 0 9.185 0.02316 0.134 −1.780 1.218 0.092 0.3062 −0.0231

Mt 0 3 0 −1 0 0 0 9.133 1.27531 7.367 −97.403 67.010 5.068 0.3060 −0.0231
0 3 0 −1 1 0 0 9.121 0.52856 3.050 −40.311 27.770 2.101 0.3060 −0.0232
0 3 0 −1 2 0 0 9.108 0.04951 0.285 −3.771 2.601 0.197 0.3060 −0.0232
0 3 1 −1 0 −1 2 8.910 0.01073 0.061 −0.798 0.563 0.043 0.3055 −0.0233
0 4 −4 0 0 0 0 7.383 0.00897 0.043 −0.546 0.464 0.037 0.3014 −0.0238
0 4 −3 0 0 1 0 7.236 0.01374 0.065 −0.818 0.710 0.056 0.3009 −0.0238
0 4 −2 −2 0 0 0 7.127 0.01095 0.051 −0.641 0.565 0.045 0.3006 −0.0238
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Table 3. (continued)

Doodson Argument Period V0∕g UT(cos) UT(sin) ΔΛ(cos) ΔΛ(sin)

𝜏 s h p N′ ps π∕2 (d) (cm) (μs) (μs) (μs) (μs) Re 𝜅 Im 𝜅

MSq 0 4 −2 0 0 0 0 7.096 0.20369 0.940 −11.869 10.509 0.832 0.3005 −0.0238
0 4 −2 0 1 0 0 7.088 0.08441 0.389 −4.913 4.355 0.345 0.3005 −0.0238
0 4 −2 0 2 0 0 7.081 0.00787 0.036 −0.458 0.406 0.032 0.3005 −0.0238

Mq 0 4 0 −2 0 0 0 6.859 0.16872 0.751 −9.480 8.684 0.688 0.2998 −0.0238
0 4 0 −2 1 0 0 6.852 0.06995 0.311 −3.926 3.600 0.285 0.2998 −0.0238
0 5 −4 1 0 0 0 5.802 0.00950 0.035 −0.44 0.484 0.038 0.2966 −0.0233

MSp 0 5 −2 −1 0 0 0 5.643 0.04921 0.176 −2.247 2.502 0.195 0.2961 −0.0231
0 5 −2 −1 1 0 0 5.638 0.02039 0.073 −0.930 1.037 0.081 0.2961 −0.0231
0 5 0 −3 0 0 0 5.492 0.01898 0.066 −0.843 0.964 0.075 0.2957 −0.0230
0 5 0 −3 1 0 0 5.488 0.00787 0.027 −0.349 0.400 0.031 0.2957 −0.0230
0 6 −2 −2 0 0 0 4.684 0.00814 0.023 −0.307 0.412 0.031 0.2946 −0.0222

the conversion to LOD perturbations follows from Gross [2007, equation (46)]. Results for our nine major
constituents are tabulated in Table 2. The contribution of tidal heights, which add directly to the Earth’s flat-
tening, dominates the contributions of tidal currents to the LOD, and this is magnified at longer periods as
the currents become ever weaker. At shorter periods the LOD height terms lag the tidal forcing by 15◦–25◦,
a fairly large amount, which is likely related to the clear phase lags seen in the tidal elevations in tropical
oceans—see Figure 2. The LOD current terms lag by a greater amount, and are roughly in quadrature at
short period.

The ocean tide’s LOD admittance 𝜅o is shown across the entire long-period band in Figure 3. The interpo-
lation between major constituents was done with a cubic spline under tension. The real part of the admit-
tance is quite flat at around 0.05 across a wide-frequency band, but it starts to drop significantly around the
fortnightly period and at period 1 week it is only about 0.025, or half the value at longer periods. The drop
at shorter periods is a manifestation of the ocean’s response becoming more dynamic and its energy scat-
tered into modes other than the near-equilibrium Y0

2 spherical harmonic. Correspondingly the imaginary
part of 𝜅o also grows at shorter periods as the elevation lags grow longer and the tidal currents come more
into play.

Note that the LOD effects for Mf in Table 2 do not agree exactly with the Mf inverse model used in our earlier
work [Ray and Egbert, 2012]. The inverse model had an LOD amplitude of 49.9 μs and phase lag of 21.65◦,
which differs from the Table -2 values by about 3%, or roughly by the quoted standard error of the inverse
solution. The inverse solution is likely more accurate, but since the two solutions differ within the standard
error—see also Figure 3—we here kept the purely numerical solution to maintain consistency across all
ocean tide constituents.

Comparison of Tables 1 and 2 shows that the ocean tide effect in LOD amounts to between 10% and 20%
of the elastic body tide effect, a significant contribution. The anelastic part of the body tide is much smaller,
several times smaller than the ocean tide, which is why efforts to determine anelasticity from observations
of LOD have often been thwarted by inadequate knowledge of the ocean tide. At longer periods, how-
ever, the anelastic part dominates the phase lag in LOD, but our phase is not reliable since it is based on
extrapolations from higher frequency estimates—see discussion in section 3.

5. A New LOD Model and Its Assessment

Adding the elastic body, anelastic body, and ocean tidal admittances produces the full rotation model,
which is given in Table 3 for all 80 selected frequencies of the long-period tidal band.

Like Yoder et al. [1981], most writers on the subject of tidal LOD as well as on the subject of nutation [e.g.,
Kinoshita, 1977], express the arguments 𝜔t in (1) as linear combinations of the fundamental variables E. W.
Brown employed in his lunar theory. The tidal arguments adopted by Woolard [1959] are closely related.
We prefer Doodson’s convention instead. As is well known, Doodson, who also used Brown’s lunar theory,
reexpressed his final series in terms of six fundamental variables: (𝜏, s, h, p,N′, ps), being, respectively, mean
lunar time (superfluous for long-period tides) and mean longitudes of the Moon, the Sun, the lunar perigee,
the lunar node (negative), and the solar perigee. The advantage of Doodson’s system stems from the very
different temporal rates of the six variables, so that when tidal lines are tabulated by frequency, the integer
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Figure 4. (top) Residual spectrum of LOD after removing all geophysi-
cal models, including tides. Blue line is based on using the long-period
LOD tidal model in the 2010 IERS Conventions [Petit and Luzum, 2010];
red line is based on using the model presented here (curve is displaced
downward for presentation purposes). LOD time series is from SPACE2008
for the period July 1989 to July 2009. Dotted lines mark frequencies of
major constituents (specifically those constituents having labels in Table 3).
Error bar is 95% confidence interval for both spectra. (bottom) The differ-
ence between the top two curves. Positive difference denotes that energy
has been removed from the residual spectrum with our new LOD model.
Largest improvements occur for tidal constituents Sa, Ssa, Mf, and Mt.

expansion coefficients fall into a sim-
ple, orderly pattern. Or as Doodson
himself wrote, “it is a curious fact
that if we classify in terms of 𝜏 , with
a sub-classification with regard to s,
and a further sub-classification with
regard to h, the constituents are com-
pletely separated into groups with
no over-lapping of speeds [frequen-
cies]. It is still more curious that to
the order required the same process
can be continued for all the vari-
ables. Owing to this, a rather elegant
and very useful form of presentation
of the results is possible” [Doodson,
1921]. In fact, there are cases where
the frequencies actually do overlap in
the Hartmann-Wenzel development
owing to the extremely high order of
its expansion, but certainly no over-
laps occur in the long-period band of
our Table 3.

To the standard Doodson argument
we add a seventh index, a simple
multiple of 90◦, which permits the
cosine function to be used consis-
tently with all arguments and ensures
all amplitudes are positive. (The orig-
inal expansions of Doodson and

Cartwright-Tayler, and likewise Yoder et al., required both positive and negative amplitudes).

In addition to coefficients for ΔUT and ΔΛ, Table 3 also lists the total complex admittances 𝜅. As seen above,
the imaginary part Im 𝜅 arises at the longest periods mostly from mantle anelasticity and at the shortest
periods mostly from the ocean’s dynamic response.

The only realistic test of this new tidal LOD model is to examine how well it removes tidal energy from real
LOD measurements. To test that we use the SPACE2008 time series of Earth rotation variations produced
by Ratcliff and Gross [2010] from various types of space-geodetic measurements. Their method employs a
specially designed Kalman filter to combine disparate types of measurements and to produce a time series
with daily sampling interval; see also Gross et al. [1998]. After computing and subtracting the new LOD tidal
model from the SPACE2008 data, we examine the residual spectrum for the possible presence of peaks at
known tidal frequencies.

Gross [2009] performed such tests on the current IERS tide model and also a previously adopted IERS model,
as well as some others. He found the current IERS model to be mostly satisfactory although it left a clear
residual peak at the period of Mt and possibly MSq. In order to highlight these small residual peaks it is
necessary to remove as much nontidal energy from the LOD spectrum as possible. Gross used models of
atmospheric and nontidal oceanic angular momentum based on then-standard models available from the
IERS. Since then a new comprehensive and consistent model of atmospheric, oceanic, and hydrologic angu-
lar momentum has been developed by workers at the GeoForschungsZentrum (GFZ) in Potsdam [Dobslaw
et al., 2010]. The GFZ model is considerably better than the standard IERS model at removing nontidal vari-
ability from observed LOD in the long-period band [Ray and Egbert, 2012, Table 1], and it is therefore capable
of better revealing residual tidal energy in the spectrum.

Figure 4 shows the LOD spectrum after correcting the SPACE2008 time series for nontidal variability
with the GFZ model, and after correcting for tidal variability with (blue line) the IERS model and (red,
offset curve) our new model of Table 3. Compared with the residual spectrum shown by Gross [2009], the
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Figure 5. Excess length of day ΔΛ (ms) over the period January 1962 to
July 2009 (modified Julian dates 37,680–55,020). Gray line is daily data
extracted from the COMB2008 time series of Ratcliff and Gross [2010],
after correction for nontidal atmospheric and oceanic angular momen-
tum [Dobslaw et al., 2010]. Black line is same data after applying yearly
running mean to highlight long-period variability. Red line is the contri-
bution to LOD from all tidal lines longer than 1 year, which is primarily the
line at 18.6 years. According to Table 3, its amplitude is 0.160 ms. In the
observed LOD series, the 18.6 year line is obscured by decadal variability
from nontidal processes [cf. Chao et al., 2014].

spectrum here, owing to the GFZ
model, has much lower background
energy, and it more clearly high-
lights residual tide problems. In
the blue curve, residual peaks are
now clearly evident at Mf and MSq
frequencies and especially at the
Mt frequency. In the red curve,
these residuals are mostly removed.
There may, however, be a very small
residual at MSq, although it is dif-
ficult to distinguish with certainty
from background.

To focus more clearly on the two
spectra, Figure 4 (bottom) shows the
difference, which is flat, of course,
except at tidal frequencies. A posi-
tive difference implies the new LOD
model is better at removing tidal
energy. From that panel it is clear
that considerable improvements are

obtained not only at the Mf and Mt peaks, but at many others, including the solar constituents Sa and Ssa
which are mostly driven by nontidal meteorological processes but which also clearly have significant tidal
components which are now better modeled. It is also worth noting small positive peaks at frequencies
above 50 and 60 cpy. Even though hardly above background, these peaks are all positive and therefore
represent small, but real, improvements in modeling.

At the longest periods of Table 3, and most notably at 18.6 years, there appears little that observed LOD
data can reveal about the reliability of our model. The amplitude of ΔΛ at 18.6 years is 160 μs, with a small
out-of-phase component of 1.6 μs. The amplitude in the 2010 IERS model [Petit and Luzum, 2010, Table 8.1]
is 149.5 μs. As Figure 5 makes clear, the 18.6 year tidal signal, and certainly the 10 μs difference between the
two models, is buried in the observed LOD data by decadal, nontidal variability, presumably from processes
in the Earth’s core. As emphasized in section 3 our model at 18.6 years is based on extrapolation from much
higher frequencies and is surely in some error. Unfortunately, observations of LOD are unlikely to reveal the
magnitude of that error until the time series is considerably longer.

6. Summary

The new model presented here of LOD variations from long-period zonal tides offers two benefits over
the model now adopted in the 2010 IERS Conventions. (1) It treats all spectral lines in the long-period
band consistently—effects of mantle anelasticity and dynamic oceans are included at all frequencies. (2)
It improves on the current model by successfully removing tidal variance from observed LOD time series.
Considerable improvement is evident for constituents Sa, Ssa, MSm, MSf, Mf, and Mt. For most long-period
constituents there are no high-quality oceanographic measurements available to test models; observed
LOD data may be the only way to observe the smallest constituents, even if as global integrals, so it is sat-
isfying to see reduced residual tidal variances. It is possible (see Figure 4) that a tiny residual peak at the
frequency of MSq (period 7.1 days) leaves room for future model improvements, but the peak is hardly
above background and likely requires improved models of nontidal variability to better isolate and test it.
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