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GAMMA-GAMNA DIRECTIONAL 
CORRELATION IN MAGNESIUN-24 

INTRODUCTION 

One of th3 znairi probleraa of low-energy nuclear physics 

is the determination of the parameters describing nuclear 

energy st3t3s. These parameters c1uie tae energy, life- 

time, magnetic nioment, electric quadrupole moment, spin and 

parity. The energy and lifetime may be measured using 

well-known techniques of nuclear spectroscopy. The electric 

and magnetic moments of the ground states of most nuclei 

have been measured with a high degree of accuracy. The 

determination of the moments associsted with excited states 

is more difficult. Howevor, knowledge of the spins and 

parIties of these states is necessary for a development of 

the theory of moments and structure of the states. In order 

to make the assignments oí' spin and parity unique it Is wise 

to use as many different methods of approach as possible. 

It is generally assumed that the ground states of all 

even-even nuclei have zero spin and even parity. The 

assumption of even parity Is the simplest and most definite 

consequence of the shell model since an even number of 

nucleons In eny state gives a configuration of even parIty. 

Spins different from zero manifest themselves through mag- 

netic moments, and deviations from spherical symmetry show 

up as electric quadrupole moments. The absence of measurable 

moments in the ground states of 66 even-even nuclei has been 
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Interpreted s characteristic of zero nuclear spin (2Lt, 

p. 6t.) and spherical symmetry. 

There are five common methods by which the spins and 

parities of excited states niay be determined. 

1. A nucleus may de-excite itself by internal 
conversion or by Internal pair production. 
The magnitudes of the conversion and pro- 
duction coefficients depend on the changea 
of spiri (LJ) and parity (Air) in the tran- sition. Since the ground states of all 
even-even nuclei have spin zero and even 
parity, a study of nuclear de-excitation 
which results in a measurement of these 
coefficients allows an unambiguous 
assignment of spins and parities to the 
excited states in such nuclei. 

2. Spins and parities may also be Inferred 
from beta decay studies. The shape of a 
beta spectrum and Its ft value also depend 
on the change of spin and parity in the 
decay. If the spin arid parity of an odd- 
odd parent nucleus is known, selection 
rules may be invoked to fix the spin and 
parity of the excited state of the daughter 
nucleus produced by the transition. 

:3. Deuteron stripping reactions provide 
another technique for deducing spins and parities. 

14. If two or more gamma rays are emitted in 
cascade, a measurement of the directional 
correlation between them determines the 
rnultlpo].e order of the gamma rays and 
placas limitations on possible values for 
the spins and parities of the nuclear 
states involved. 

s. Correlation of the polarization of the 
electric vector of the gamma rays may be 
used to fix the parity of the gamma rays 
from which one can infer the parity of the 
levels involved. 
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Since 1nterrì1 conversion increases strongly with 

atomic number and angular momentum but decreases with 

incresin transition energy, it is an important effect 

only for nuclei of high atomic number in low-energy tren- 

sitions of high inultipole order. For transition energies 

greater than 2 rn0c2 internal pair production not oniy 

competes with internal conversion but rapidly becomes 

more probable. This process supplements internal con- 

version in that it is most probable when internal conver- 

sion le le'st probable, namely in the reion of low 

angular momentum, low atomic number and high transition 

energy. For the even-even nucleus Mg (FIgura 1), which 

decays with the emission of two high-energy gamma rays, 

the conversion coefflcent is of the order of 10 while 

the pair production coefficient is of the order of lO. 
These numbers are difficult to measure with high accuracy. 

I3loom (6, p. 236), and Slatis and Siegbahn (3S, 

p. Li8S) have measured the pair production coefficient 

associated with the 1.368 Mev garra ray of Mg2. The 

experiments were accurate enough to fix the radiation as 

electric auac1rupole (E2) and deduce the assignment spin 

J = 2 and parity even, hereafter designated by (2+), for 

the 1.368 Mev state. Figure 2 shows the experimental 

points superimposed on the theoretical curve of Jaeger and 

Hulme (19, p. 706). I4therland and Gove (22, p. 200) 

tudled the directional polarization correlation of the 
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1.368 Mev gamina ray associated with the reaction Mg2(pp') 

Mg. They also fixed the radiation as E2 and assigned 

(2+) Cor the spin and parity of the 1.368 Mev level. On 

the basis of the preceodin evidence we will assume an 

unambiguous assignment of spin and parity for this state. 

Rae (2a, p. 115) measured the pair production 

coefficient associated with the 2.7S Mev gamma ray of 

Mg2t and concluded from a comparison of theory and expon- 

merit that the multipole order of the gamma ray was electric 

dipole El (Figure 2). Mima, Halban and Wilson (2S, p. 1027), 

and Slatis and Siegbahn (3g, p. 14.85) measured the same 

coefficient. Their results (Figure 2) lead to a possibility 

of either El or E2 for the multipolarity of the gamma ray 

and as such prevent a unique assignment of spin and parity 

to the L1.12 Mev state. Bloom (6, p. 236) determIned this 

coefficient and fixed the rriultipolarity of the gamma ray to 

be E2 (Figure 2). This is not in disagreement with the 

assignment (Li.+) to the L.12 Mev state. Siegbahn and DuToit 

(33, p. 211) have reported measunin the internal conversion 

coefficient of the 2.7 Mev gamma ray to be 3 x io6. 

Their value of the coefficient was given without estimating 

the accuracy of the measurement. According to the calcu- 

lations of Rose et al. (29, p. 79), such a low value 

corresponds to octupole or 16-pole radiation, which 18 

highly improbable. 
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Additional information ori the I12 Mev state has been 

obtained from the bete decay of Na2. Bellamy (3, p. 33), 

using the atomic-beam magnetic resonance technique, fixed 

the ground stete spin of Na2 to be J L., Vogelsang and 

McGruer (38, p. 1663), Eretacher et al. (b, p. 103) and 

Shapiro (32, p. 290) measured the angular distribution of 

2 
protons from the reaction Na (d,p)Na . The proton groups 

corresponding to the ground state and 1.3)4 Mev state were 

clearly resolved. The re8ults were fitted with a Butler 

curve; the angular momentum of the accepted neutron was 

determined to be i = 2. Since the ground state parity of 

Na23 is even, l = 2 implies even parity for the ground 

state of Na2. In summary, the ground state of Na2 le 

very probably U+). Daniel (II, p. 191) investigated the 

beta decay of Na and concluded from the shape of the 

spectrum that there is the possibility of a email deviation 

from the allowed shape. Porter, Wagner and Freedntan (26, 

p. 135) investigated the beta decay of Na2 and reported 

the Fermi-Kurie plot to be linear, the experimental shape 

factor to have the allowed shape within O.5 per cent and 

log ft 6.1. Even though the Fermi-Kurie plot is linear 

it does not follow that the transition is allowed, since 

many first forbidden spectra show a similar linearity. 

However, since the ft value is in the upper range of allowed 

transitions, the selection rules on beta decay predict zero 

change In parity in the decay of Na21, and consequently the 
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4.12 Mev stato of 12L1. probably has even parity. This is 

in agreement with the work of Bloom and with the pre- 

dictions of the shell model. The selection rules for an 

allowed transition involving a Fermi interaction are MT- O 

and JJj O. Since the ground state of Na24 is a (4+) 

state, the 11.12 Mev state of Mg24 may also be (4+). In 

contrast, the selection rules for an allowed transition 

involving a Gamow-Teller interaction are 7T = O, and 

IJI = o, i. with J O )J O forbidden. Under this 

interaction the 4.12 Mev state could be (3+), (4+), or 

(5+). The assignment (+) is improbable since the decay 

to the 1.366 Mev state would involve octupole or higher 

order radiation, which is highly improbable when other 

possibilities exi8t. The assignment of (3+) would contra- 

dict the work of Bloom, while (4+) would be In agreement. 

Calvert et al. (9, p. 1008) measured the angular 

distribution of neutrons from the reaction Na23 (d,n)Mg. 

They were unable to resolve the neutron groupa, but 

nevertheless the experimental results were fitted by adding 

together Butler curves of i O and in 2 in suitable 

proportions. The weak conclusion was that a neutron of 

angular momentum 2 was added to i23 to give the 11.12 Mev 

level of Mg4. No unique assignment of spin Is possible 

from this experiment. Brady and Deutsch (7, p. 8) 

measured the directional correlation of the cascade gamma 



rays of 142)4 at five ari1es with photomultiplier tubes 

coupled to naphthalerie crystals. No differential energy 

selection was used in the system. The statistical error on 

each experimental point was greater than per cent (Figure 

3). Three of the points deviated one standard error or 

more from the theoretical curve. The high point at 180 

degrees could have been caused by the annihilation 

radiation associated witn internal pair conversion. The 

correlation coefficients and the asymmetry were not calcu- 

lated in this experiment. A weak assignment of spins 

J = 0, 2 and L. was made for the first three states of 

in ascending order. Estulin, Popov arid Chukreev (12, p. 

866) measured the polarization-directional correlation of 

the 2.75 and 1.368 Mev gamma rays of Ng. On the strength 

of the spiri sequence set by krady and Deutsch, these authors 

fixed both transitions to be E2. Analysis of their data does 

not clearly exclude the possibility of a M2 transition for 

the 2.75 Nev gamma ray. 

In summary, the evidence from the various sources for 

the spins and parities of the ground state and the 1.368 

Mev state of Mg is sufficiently good so that the assign- 

monts (0+) and (2+), respectively, can be considered 

unique. However, there are uncertainties associated with 

the assignment of the spiri and parity of the L.l2 Mev state 

which make it worthwhile to remeasure the directional 
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correlation function W(8) with the refined techniques 

associated with a scintillation spectrometer. In addition 

to strenthariing the assignment, a sufficiently accurate 

determination of w(e) would be useful in the investigation 

of mixed multipole orders in the upper transition. A 

determination of the multipole mixing ratio can be used to 

test the nuclear models. 
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THEORY OF DIRLiCTIONAL GORRiLATION 

The probability of emission of a nuclear particle by 

a radioactive nucleus depends on the angle between the 

nuclear spin axis and the propagation vector of the 

radiation. In general, the radiation pattern from a 

radioactive source is isotropic because the ensemble of 

nuclei have random orientations in space. The experi- 

menter may reduce the random orientation of nuclei with 

finite moments by cooling the source to a very low 

temperature in a strong magnetic field or electric field 

gradient. The interaction between the nuclear magnetic 

moment and the magnetic field or that between the nuclear 

electric quadrupole moment and the electric field gradient 

produces a preferred orientation or alignment of the 

nuclear spin axes. This results in an anisotropic radia- 

tion pattern. 

An alternative procedure consists of choosing only 

those nuclei whose spins lie in a preferred direction. 

This is possible if the nucleus decays by a cascade process 

with a sufficiently short-lived intermediate state. The 

first radiation is observed in a fixed direction, thereby 

selecting an ensemble of nuclei which have a nonisotropic 

distribution of spin orientations. The succeeding second 

radiation will then exhibit a certain angular correlation 

with respect to the first. Figure L shows the typical 
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aspects of a directional correlation nieasurement. The 

correlation function W(Ø) is the probability that radiation 

2 is emitted in the direction2 relativo to the direction 

Çof radIation 1. ExperIenta11y, one measures the number 

of true coincidences Ii botween the two radiations as a 

function of the angle between the axes of the detectors. 

Because of the finite size of the detectors, N(e) i pru- 

portional to an average of the true correlation w(Ø) over 

a range of angles A distributed around 9. Therefore N(9) 

must be normalized and corrected to yield W(ø)exp The 

comparison of W(Ø)exp with theory provides the desired 

information about the nuclear spins and multipole order of 

the radiation involved in the cascade. 

It is essential to understand why a correlation exists; 

that is, why the coincidence counting rate depends on the 

angle between the propagation vectors of the two radiations. 

Consider a quantum mechanical transition in which a radia- 

tion is emitted from a state characterized by the quantum 

numbers j1, n1, 1eadin to a state j, n. The radiation 

will have angular momentum L and projection quantum numbers 

M m1 - in. In actual practice one observes the summation 

of transitions from all substates m1 to all substates in. 

The angular distribution of the radiation is, for each M, 

dependent on 0; however, it turns out the summation over 

M, which is a summation over all substates, Is independent 
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of 0. Hence the observed radiation pattern In a single 

transition from a nonoriented source is isotropic. 

the situation i8 different for the observation of 

coincidence radiationa. If one considers a singlo fixed 

value of N, then the pattern is not isotropic because a 

particular direction in space is being considered. This 

direction is the axis of quaritization with reference to 

whlcn M, m1 and m are measured. If, of all the radiations 

emitted in all directions, one observes only that which 

proceeds in a certain direction, then this is equivalent 

to selecting s certain set of values of N. If one chooses 

the axis of quantization to 11e along the direction of 

emission of the first radiation, Fi will equal i with 

M O omitted. This follows from the fact that a plane 

wave can nave only intrinsic spin along the direction of 

propagation. One does not sum over ali, values of M and 

hence not all aublevels of in will be equally populated. 

If this finsi, state for the f1rstansition is the initial 

state for the second transition, the emitted radiation 

pattern for the second transition is anisotropic. 

The general theory of angular correlation has been 

successively developed by various authors starting with 

Hamilton (18, p. 72). The progress in the theory after 

Hamilton's pioneering work was chiefly due to Lloyd (23, 

p. 906), Alder (2, p. 23g), Racah (27, p. 910), Falkoff 
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(13, p. 98) and Goertzel (17, p. 897). An excellent review 

article has been given by Biedenharn and Rose (L1., p. 729). 

The theory may be summarized in the following manner: 

The initial, intermediate and final quantum states may be 

characterized by/.)j,l4)j andÇU2 respectively. Let H1 be 

the interaction term in the HRmiltonian causing the emission 

of the first quantum and H2 be that responsible for the 

emission of the second quantum. One assumes negligible 

perturbation of the intermediate state by the extra nuclear 

fields. This holds true if the lifetime of the state is 

very small compared to the Larmor period. An application 

of second-order perturbation theory (31, p. 168) leads to 

the probability that a nucleus, decaying through the cas- 

cada i *-i -2, emits two radiations in the directions 

specified by the propagation vectors T and i, raspeo- 

tively. This probability Is the correlation function 

w(K1,K2) = s >, t(j2m2IH2Jjm)(juiHlIjlml)I2 (1) 

- - 

m1m2m 

where j is the angular momentum of the 
1th state, m1 is 

the projection of j on the axis of quantization, j is the 

angular momentum of the intermedirite stata, and S denotes 

a summation over non-observed quantities such as the 

polarization quantum numbers if the experiment does not 

involve polarization measurements. Equation (1) can be 



brought. into useful form by splitting the rntrix elements 

inìto niultipole components according to the angular inomen- 

turn L, rr, and parity of the radiation. Then a trans- 

formation is performed, carry1n; the coordinate system of 

quaritization over into the coordinate system of the 

radiation, The matrix elements of distinct multipole order 

are then split into geometrical factors and reduced matrix 

elements using the Wigner-Eckart theorem. Finally, the 

total expression is reduced using the properties of the 

Clebsch-Gordon coefficients (31, p. 38) and Racah algebra 

(31, p. 107). For pure radiation the correlation function 

may be wr1tten 

w(Ø) = ___ aP(cos 0) (2) 

where a = F(L1j1j) Fv(L2j2j) 
jj-j-1 i F(Ljjj) (l) (2J + i)(2L+l) C(LjLjv; 1, - 1) 

x W(jjLjL; vj1) 

P(cos 0) is the Legendre polynomial of order y; Lj, jj arid 

j are the angular momentum of the 1th quantum, th quantum 

state, aid the intermediate state of the cascade, respec- 

tively, C(LLv; 1, - 1) is the Clebsch-Gordon coefficient 

with i = + tj, and W(JjL1L1; vjj) is the Racah coef- 

ficient with the smallest value of 2j, 2L1, 2L2. The 



coefficients F have been tabulated by Biedenharn and Rose 

(14, p. 7146). 

For a cascade where one component is mixed 

(ji (L1L'1) j(L2) j2) there results (14, p. 7147) 

w(Ø) = W1(Ø) +&2 w11(Ø) + 2.SW111(Ø) (3) 
mix 

where & is the mixing ratio and&2 Is the ratio of the 

total angle integrated Intensity of the Lt_pole to that of 

the L-pole radiation. The magnItude 6 Is the ratio of the 

reduced matrix elements: 

= (j IIi,1II jl)/(j j1) 

W1(Ø) and w11(Ø) are found from Equation (2). They are 

and 

___ F(Lj) F(L2j2j) P(cos 0) 

w11(Ø) =5' F(Ljij) F(L2j2j) P(cos 0) 

17 

w111(Ø) Is the contribution due to the interference between 

L1 and L1 and is given by 

's-' 
w111(Ø) /__, P(cos 0) 

vO 
even 
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= F 
V (LiL1ili) F(L2j2j) 

and 

j-j -1 1 

F(L1Lj1j)(..1) 1 

x w(iiLiL ; vj) 

The futiona C(L1LIv; 1, - 1) W(jjL1Lp vj1) have been 

tabulated for the case L' = L + i (Ii., p. 71i8). Tables of 

Fv(Liiaj iii) havc also been tabulated (iS, p. 1). Another 

parameter frequently used in angular correlation work 18 

the anisotropy A, defined by 

i + a2 + a1 - 
i - a + 3aL 
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EXPERI?ENTAL APPARATUS 

The electronic equipment followed the conventional 

delayed fast-slow coincidence scheme in which the timing and 

energy selection functions were separated and eventually re- 

combined in a triple coincidence circuit. 

Nuclear gamma rcs were detected by a pair of acintil- 

lation counters. Those counters generated voltage pulses 

which were proportional to the energy of tLie detected gamma 

rays. Tria resulting pulsos, after pre-amplification, were 

1ed to linear amplifiers. At thuis stage tne signals were 

each split into separate timing and energy channels. Pulses 

from each amplifier, triggered by selected amplified count- 

er pulses, were fed to a fast coincidence circuit, while 

unselected, amplified counter pulses were fed to the pulse- 

height analyzers. The differential pulse-height analyzers 

selected those pulses whose amplitudes fell between V and 

V + dV. The output pulsas of the analyzers were fed into 

the slow coincidence stage. The output of the fast 

coincidence circuit was delayed, in order to match the 

delay introduced by the pulse-heiht analyzers, before 

being fed to the triple coincidence stage. In this manner, 

only those triple coincidences were formed corresponding to 

signals fronì detectors i and 2 whose amplitudes fell within 

the respective windows of the analyzers. Figure ho'ws a 

block diagram of the scintillation spectrometer. 
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The gamma-ray detectors were NaI(T1) crystals l.]. 

inchea in diameter by 1.0 inch thick optically coupled to 

Dumont K-1719 photomultiplier tubes. The crystal- 

photomultiplier combination was co-axially positioned in a 

steel cylinder which acted as a mechanical mount and a 

partial electromagnetic shield. 

The preamplifiers were stacked cathode followers 

which provided a fast-rising, negative output pulse. 

The amplifiers were R-C coupled non-overloading types 

designed for a rise time of 0.2 microsecond. The pulse 

used for the fast coincidence was a 60-volt negative pulse 

of 0.7 microsecond duration. Each differential pulse- 

height analyzer was fed by a positive pulse of 1.3 micro- 

seconds duration followed by a negative undershoot of 

exponential decay. 

The pulse height analyzers were of a conventional 

type. Each instrument generated a negative output pulse 

if and only if a positive input signal had an amplitude 

falling within two preset voltage levels. The device de- 

terrnined first, whether the input pulse had crossed the 

lower level of the channel, and second, whether or not the 

pulse had crossed the upper level. The lower level cross- 

ing generated an output pulse which was vetoed by an anti- 

coincidence pulse when the upper level was crossed. 

The coincidence circuitry consisted of two fast and 
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two slow channels. The fast pulses from the amplifiers were 

fed Immediately to the fast coincidence circuit. If a 

coincidence occurred, a large pulse was formed at a common 

plate junction. This pulse, after shaping, was fed to the 

triple coincidence bue, having been delayed sorne five 

microseconda after the initial event to compensate for the 

delay encountered in the slow channel pulse-height ana- 

lyzer8. Slow pulses from the analyzers were fed to the 

two channels of the slow coincidence circuit. The outputs 

of the two fast and two slow channels, all positive pulses, 

were fed to the junction of four diodes and a load re- 

sistor. The bias across each diode was arranged 80 that 

any one of the diodes could hold the voltage down on the 

load resistor, even though one or more of the other diodes 

was cut off. This condition could be attained by applying 

a positive pulse to the cathode of a diode, or by opening 

the circuit through the diode by a manual switch. When a 

triple coincidence occurred, a positive pulse was gener- 

ated on the triple coincidence bus. This pulse was fed to 

the output circuitry which in turn fed a scaler of con- 

ventional design. 

The high-voltage power supplies were designed to 

provide a highly stable (0.02 per cent per day) d-c 

voltage source for precision scintillation counting. The 

output voltage changed less than 0.3 per cent for a current 
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increase from zero to maximum load end less than 0.0003S 

per cent per volt change of line from 100-130 volts. The 

ripple was less than 0.01 per cent of the output voltage. 

Each supply consisted of an input regulating transformer 

followed by a high-voltage transformer, a rectifier and an 

R-C filter network. The filtered d-c voltage was applied 

to e bank of 17 cold-cathode tubes from which the 

stabilized output voltage was obtained. 

The spectrometer table was constructed from a radar 

antenna mount. The distance of each detector from a 

central axis was adjustable. One detector was fixed, 

while the other could be rotated about the central axis, 

the angular position being known to within 0.25 degree. 
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CALIBRATION OF THE GAMMA-RAY SPECTROMETER 

The detector-atnplifler comi'ination$ were Investigated 

In order to determine their optiniuiu operating character 
istics. The time jitter in the fast pulses from each 

Individual amplifier was observed in the following nanner: 

The pulses from a :4ven preamplifier vere fed to the 

horizontal sweep trIgßer of a Tektronix I41 oscilloscope 

and simultaneously to the spectroaeter channel amplifier. 
The amount of the time jitter in the discriminated output 

pulse for various discriminator levels was determined 

from the oscilloscope trace to be of the order of five 
nanoseconds per volt. Tkuis study showed that the time 

jitter in these Hfasttt pulses fed to the fast coincidence 

circuit could be minimized by operating the discriminators 

of the two amplifiers at the same level. 
The time jitter in the 8alow" pulses from the pulse- 

height analyzers was determined in the same manner as for 
the "fast" pulses from the amplifiers. The slow jitter 
was of the order of 20 nanoseconds per volt. The jitter 
decreased as the window width of the anolyzers approached 

zero. The calibration of the base-line arid window width 

was carried out using a pulser and oscilloscope. The 

analyzers passed over Into the Integral mode of operation 

at approximately eigtit volts window width. 

The fast coincidence circuit was fed by two 60-volt 
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negative pu1se having rise times of 0.2 mIcrosecond. The 

horizontal Eweep of the oscilloscope as triggered with the 

input to one of the amplIfiers. A Tektronix PL1O probe 

was u8ed to observe the fast wave forfis at the common plate 

Junction in the fest coincidence circuit. Identical empli- 

fier discriminator levels produced an optimum coincidence 

overlay of double the amplitude of a fast singles pulse. 

The fast coincidence was destroyed by removing either one 

of the fast inputs or by a slight variaticn of either 

discriminator level. The discrimination of the coinclience 

circuit prevented feed-through of singles. The oscillo- 

scope and probe were also used to observe the delay 

encountered in the energy selection channels. A suitable 

deiay line was Inserted between the fast coincidence 

circuit and the triple coincidence circuit In order to 

obtain triple coincidences between the fast and slow 

pulses. 

A ten-per cent variation was observed in the slow 

singles counting rate of the movable detector when it was 

moved through 90 degrees. This was due to the magnetic 

field of the earth disturbing the electron trajectories In 

the photomultiolier tube, especially in the critical 

photocathode-first dynode region. The addition of niu-metl 

shields to the photomultiplier mount eliminated this dia- 

turbing effect. The variation in the slow singles rato of 
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the movable detector was negligible over the entire range 

or angles. 

Initially, identical drifts of the order of ten per 

cent per several hours were observed in the fast singles 

ana slow singles rates. This was due to electronic 

effects in the power supplies, the preamplifiers and the 

amplifiers. In order to m1nimie this drift, the pre- 

amplifiers were tnermally insulated with glass wool, the 

electronic gear was rack-mounted, and the entire apee- 

trorneter was placed in a sealed room where the temperature 

variation was of tue order of one to two degrees per day. 

Additional electronic stability was acquired by leaving 

the equipment on at all times, and by operating only at 

night when line voltage fluctuations were at a mialmum. 

The resultant over-all drift of the singles counting rate 

then dropped to an acceptable level of a few per cent over 

eight hours. 

Additional consistency experirents were performed on 

the spectrometer using a Co°° source, which also decays 

with the emission of two cascade gamma rays, but with a 

five-year hail' life. The sains of the amplifiera were 

adjusbed so that the valley between the upper and lower 

gamma-ray peaks coincided in both channels. The base 

linea (AV o) of the pulse-neight analyzers and th.e 

discriminator levels of the amplifiers were set at the 
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same point in the valley between the two peaks. The count- 

ing rates from the fast end slow channels of each detector 

were equal. Since the pulses produced in the detectors by 

the upper peaks were unrelated, the only coincidences 

observed were those due to chance. Furthermore, the triple, 

fast, fast plus slow one, and fast plus slow two coinci- 

dence rates were all equal for this mode of operation. 

The gains of the amplifiers in each channel were then 

adjusted so that the upper gamma-ray peak in channel two 

produced pulses of the same height as those from the lower 

gamma-ray peak in channel one. The amplifier and analyzer 

discriminators of both channels were set at point "L" 

(Figure 6). The windows of the analyzers were placed on 

the peaks. 

The triple coincidence rate as a function of either 

amplifier discriminator level produced a sharp gaussian- 

shaped curve. This indicated a maximum coincidence rate 

when both amplifier discriminator levels were equal. By 

operating the system at the narrow flat portion of the 

maximum of the curve one could obtain reasonable stability 

in the coincidence rate. 

The effectiveness of the spectrometer against dis- 

turbing radiations was tested by placing two strong 

radioactive sources, Cs137 and radium, in juxtaposition 

with the Co60 source. No variation was observed In the 
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G&)O spectrum, in the slow singles rate, or in the triple 
coincidence rate; hence the energy selection process 

appeared to be quite effective against disturbing radia- 
tions. 

The first angular correlation test of the spectrom- 

eter was performed on the two-quanta coincidence annihila- 
tion radiation associated with the decay of 12.8-hour 

Cu614, The isotope was fornied by deuteron bombardment of 

c6 in the internal beam of the Oregon State University 

37-inch cyclotron. The base lines of the analyzers and the 

discriminator levels of the amplifiers were each set just 
above the Compton edge. The windows of the analyzers were 

set so as to straddle the annihilation peak. A triple 
coincidence was required between the fast and slow channels. 

The result was a gaussian-shaped peak centered on 180 

degrees whose width at half-maximum, two degrees, agreed 

with the value expected from the finite solid angle sub- 

tended by the detectors. 
The final test of the spectroraeter involved the 

directional correlation of the cascade gamma rays of the 

state of Ni6° which is populated by the beta decay of 
Co60. The Co6° source was prepared from an aqueous 

solution of radioactive CoC12 provided by Oak Ridge 

National Laboratory. The correlation results agreed with 

the predictions of the theory. This test is described in 
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detall in the section on experimental measurements. 
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SOURCE PREPARATION 

In order to keep the chance coincidence rate small, 

compared to the true coincidence rete, and still obtain a 

sufficient number of coincidences in a reasonable time, one 

must position the c'unters so as to subtend a large solid 

angle and then use a source of appropriate activity. Con- 

aider a source of strength N0 dislntegrations per second 

which emits two gamma rays in cascade. The number of 

siri,gles counts registered in each channel per second may 

be written as = N0W1Ej where Wj is the solid angle 

subtended by counter "i," E1 is the efficiency of channel 

"1" for quantum "i." The chance coincidence rate is given 

by 

2TN1N2 = 2TNw1w2E1E2 

where 2T is the resolving time of the coincidence circuit. 

The true coincidence rate is just 

N 
true 

N0w1w2W(Ø)E1E2 

where w(Ø) is the correlation function. The ratio of true 

coincidences to chance coincidences Is then 

'true 
w(Ø) 

2TN0 
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Thus for a given 2T, N0 must be kept as small as possible 

in order to make the true-to-chance ratio as large as 

possible. 

If a quantum is scattered in the source or its con- 

tainier, it may lose its original direction. This effect is 

obviously reduced by decreasin: the thickness of the source 

and the walls of the container. Ab8orption in the source 

can be angularly dependent if the source does not have 

cylindrical symmetry around the axis for the motion of the 

counters. For a thin linear source surrounded by scat- 

terirzg material of cylindrical symmetry, Aeppli et al. (1, 

p. 339) calculated a critical thickness of 1/8 inch walls 

for a lucite container. The walls of the lucite containers 

used in this experiment were l/6Lt inch thick. The critical 

source thickness was of the order of 1/16 Inch. The source 

in this experiment was 3/61i, inch thick. Scattering in 

sources of less than critical thickness reduces the aniso- 

tropy by less than a factor of 0.98. 

The iS-hour NS2L. used in this experiment was made by 

bombarding reagent-grade sodium carbonate (Na23(d,p) Na2) 

on a water-cooled probe In the internal beam of the 37-inch 

cyclotron at Oregon State University. The radioactive 

sodium carbonate was pulse-height analyzed to check for any 

interfering activities due to trace impurities. No Inter- 

fering activities were observed. Figure 7 shows the 
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pulse-height distribution of the cyclotron-produced Na2. 

A niessurernent of the half-life gave 15.0 0.L. hours. 

The spectrum and half-life agreed favorably with data 

given in Table of Isotopes (37, p. 565). 
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1XP1RIi4ENTAL MEA SUR ME NTS 

Direct1on1 Correlation of N16° 

N16° was chosen as the first isotope for an angular 

correlation investigation since Its decay scheme and 

correlation function is well known (3L., p. 3) arid hence 

provides a stringent test of technique 2nd equipment. The 

cascade of high-energy gamma reys is free of disturbing 

radiations and the lifetime of the intermediate state is 

small ( x io-3 seconds) compared to the Larmor period of 

this state ( lO 8econds). For such a short lifetime, 

there should be a negligible perturbation of the spin 

orientation of the intermediate state. SInce the ground 

states of all even-even nuclei, such as 1i6° and Mg4, 

have zero spin and even parity, the second transition 

j(L2)O must be pure. Only the first gamma ray may be 

mixed, which reduces considerably the number of possible 

interpretations of a measured correlation. 

In essence, the section on testing the gamma-ray 

spectrometer served as the guide for performing the corre- 

lation experiment. The ¿ains of the amplifiers in each 

channel were adjusted so that the upper gamma-ray peak in 

channel two produced pulses of the same height as those 

from the lower gamma-ray pesk in channel one. The ampli- 

fier and analyzer discriminators of each channel were again 
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set at point "L" (Figure 6). The windows of the analyzers 

were placed so as to straddle the peaks. The background 

radiation with no source in place was found to be negli- 

gible at all angles. The dead time of the electronic 

equipment was determined to be of the order of a micro- 

second, and since the counting rates in each channel were 

kept to about per second, the counting losses were 

negligible. 

The effective resolving time of the fast-slow 

coincidence circuit was measured by the incoherent source 

method: The settings of the electronic controls of the 

spectrometer were identical to those in a run. The source 

under measurement was left in the lucite holder where it 

was viewed by the fixed detector. The movable detector was 

removed from the table and introduced into a thick-walled 

lead cave. The same type of source as the one under 

investigation was placed in the cave and its position 

varied until the slow singles rato of the movable detector 

was identical to its rate during a correlation run. The 

two detectors and their appropriate sources were completely 

shielded from one another, hence any coincidences that 

occurred were due only to chance. The measured resolving 

time was given by 

Noh aux 

1 2 aux 
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where and Nch are the analyzed singles and 

chance rates of this auxiliary experiment, respectively. 

The resolving time was measured before and after a run. 

It never varied more than i per cent during a particular 

run, rìd was of the order of 6 x 10_8 seconds. The re- 

solving time was found to be Independent of the singles 

counting rate from 900 to ¿4000 counts per second. 

The triple coincidence and slow singles rates were 

determined with the movable detector set at each of five 

angles--90, li2, 13S, l57 and 180 degrees. The data 

were accumulated in 12 one-half hour runs at each angle, 

About 18,000 coincidences were accumulated at each angle, 

of which about 12,000 were true coincidences. The alec- 

tronic drift was less than i per cent over eight hours. 

Figure 8 shows the experimental points for the N16° 

cascade. The curve is the theoretical directional corre- 

lation function for the cascade ¿4(2)2(2)0 modified for the 

finite solid angles subtended by the two detectors. 

Calculation of the least-squares coefficients and aniso- 

tropies from the measurements for the N160 cascade (Table 

1) agreed with the published results (3L., p. 3) and the 

predictions of the theory. 'rhe uncertainties indicated for 

the coefficients are due to statistical effects only. In 

view of the agreement it Is felt that the experimental 

technique and method of analysis are reliable enough for 

a measurement of the directional correlation of Mg214. 
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Table 1. Directional Corre1aton Coefficients 
arid Anisotropy f 

a0 a2 a A 

60 Ni + + + least- i 0.10)4 - .009 0.010 - .012 0.171 .017 
squares 

theory 1 0.1020 0.0091 0.1667 

Directional Correlation of Mg2)4 

The techniques used in the angular correlation of N160, 

with sorne variations, served as the guide in performing the 
r4g24 experiment. The sources were prepared according to 
the procedures of the section on source preparation. The 

sources were introduced into the source holder on the table 
sorne five hours before the start of a run in order to 
eliminate fati:ue effects associated with the photomulti- 
plier tubes since it was found tkiat the pulse height 
increased by approximately 5 to 10 per cent within a few 

minutes after the introduction of the source. The pulse 
height returned to its original value some two to three 
hours later. P. R. Bell (3)4, p. 1)47) has also noticed this 
fatigue effect with silver magnesium dyriode tubes such as 

the Dumont 6292. 

The gains of the amplifiers in each channel were 

adjusted so that the 2.7S Mev gamma-ray peak in channel two 
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produced pulses of the same amplitude as those troni the 

1.368 Mev ¿amma-ray peak in channel one. The amplifier an 

analyzer discriminators of both channels were set at point 

"L (Figure 9). The windows of the analyzers were placed 

so as to straddle the peaks. The background radiation and 

counting losses were found to be negligible at all angles. 

The effective resolving time was measured before and after 

each run, with no more than 1 per cent variation. The 

resolving time was determined to be of the order of 

6 x lO seconds. The triple coincidence and slow singles 

rates were determined at ten angles between 90 and 180 

degrees in ten-degree increments. The data were accumulated 

in 30 half-hour runs at each angle, alternating with half- 

hour runs at 90 degrees (or 270 degrees) for purposes of 

normalization. Approximately L0,O00 true coincidences were 

accumulated at each angle, with the exception of 90 degrees 

(or 270 degrees) where approximately 360,000 were accuxnu- 

lated. Electronic drift was of the order of i per cent 

over eicht hours. The equipment was reset when the drift 

exceeded this amount. The data were reduced according to 

the methods of Appendix II. The results are given in 

Figure 10 and Table 2. 
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Table 2. Directional Correlatpn Coefficients 
and Anisotropy of Mg q 

a0 
2 

a A 

Mg 2)4. 

least- 1 0.102 .003 0.009 .00S 0.166 .007 
squares 

Gamma-Ray Attenuation Factors 

The correction of a measured directional correlation 

function for the finite angular resolution of scintillation 

counters has been investigated both theoretically (4., 10, 

lii-, 16, 36 and 39) and experimentally (20 and 21). The 

work of Rose (30, p. 610) has been extended recently by 

Stanford and Rivers (36, p. 36) to include a larger rance 

of source distances, gamma-ray energies and Nal crystal 

sizes. The present work was undertaken to determine the 

validity of applyln,g the corrections calculated by Stanford 

and Rivers to the geometry of the scintillation spectrom- 

eter. The calculated correction factors depend on the 

shape of the angular resolution curve of the cylindrical 

scintillation crystal, as well as ori the assumption of 

azimuthal symmetry in the detector. In order to determine 

the curve and test the assumption, the diameter of both 

cylindrical MaI crystals was scanned and the responses 

noted, usine gamma-ray sources placed at vary1n distances 



from the crystal face. The output of the detectors drove 

the analyzers with the window set to include only the full 

energy peek of the detected gamma spectrum so that the 

effects of perturbing radiations were minimized. The carnrna 

rays were suitably collimated with lead (Figure 11) to 

give a parallel beam approximately one millimeter in diam- 

eter. In view of these characteristics, no correction for 

beam shape was made, The canter line and exit pupil of 

the collimator coincided with the line connecting the two 

crystal axes and the position in space normally occupied by 

the source, respectively, in a correlation experiment. 

The collimator was rotated about a vertical axis passing 

through the position normally occupied by the correlation 

source. This allowed the beam pencil to traverse the 

horizontal diameter of the crystal face at a fixed exit 

pupil-detector separation. Measurements were made at exit 

pupil-detector separations of , 7, 10 and 20 centImeters. 

Background runs were made with the collimator closed. The 

angular resolution curves determined in this way showed 

azimuthal symmetry. The sources were the O.S Mev annihila- 

tion quanta resulting from the decay of Cu6, the 1.2 arid 

1.3 Mev quanta from Ni60, and the l.1 and 2.8 Mev quanta 

following the decay of Na21. Using the experimentally 

determined E(ß1), which was the response of the detector as 

a function of Ñ , the integrals of Appendix I were 



/ 
/ 

/ 

/ 
I 

\ 

\ 
\ 

- - foce 
crystal 

h 

Figure II. Experimental geometry of the gamma-roy collimator 

-r 



evaluated by Integrating gr8prulcally. Figure 12 comparos 

the calculated curves of Stanford and Rivers with values 

of the ratio 4/J0 determined from the graphical integra- 

tion at the different gamma-ray energies. Similar results 

were obtained for the ratio J2/J0. The errors shown 

includo statistical fluctuations in the determination of 

E(P) as well as small errors introduced br the graphical 

integration. The agreement validated the use of the 

calculated corrections for this spectrometer. 
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CONCLUSI O NS 

The directional correlation coefficients and aniso- 

tropy of the gamma-ray cascade in rvg214 are summarized in 

Table 2 and Figure 10. 

Ari analysis of the results for the two gamma-ray 

cascade of Mg4 indicated that an unambiguous assignment of 

the spin of the L.12 Mev state and a classification of the 

2.7 Mev gamma ray was possible. All spin sequences 

commensurate with the selection rule i1 - i L 1 j 

were considered, and for completeness they are enumerated 

in Table 3. Column one shows the cascade j1(L1)j(L2)j2, 

columns two and four the theoretical directional correla- 

tion coefficients for the appropriate cascade, and columns 

three and five the deviation of the theoretical coefficients 

from the solid angle corrected least-squares coefficients. 

All transitions with j1 = 0, 1, or 2 were excluded from the 

least-squares values. These transitions could also be 

eliminated by considering the results of the beta decay of 

Na2t to Mg24. Since the ground state of Na2 is (ti.+), a 

beta decay to an excited state of Mg214 having 
J = 0, 1, 

or 2 would involve I j L, 3, or 2. This corresponds 

to a third, second, or first forbidden transition, 

respectively, in contradiction to the experimental results 

of Porter, Wagner and Freedman (26, p. 13S) which estab- 

lished the transition as allowed. The only possible values 
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Table 3. Possible Spin Sequences 

Cascade a., a2 - a2 ai - ai 'theo. theo. l.s. 1+theo. theo. 'l.s. 
0(2)2(2)0 + O.37l 85 + l.]428 227 
rm-c;o - 0.2500 117 
1(2)2(2)0 + 0.1786 26 - 0.7619 
1(3)2(2)0 + O.L.235 109 - 0.0952 21 
(r-(5o 1.9 

2(2)2(2)0 - O.076S 60 O.326S 61j. 

2(3)2(2)0 + 0.1071 2 + O.1L.28 27 
2(Li.)2(2)O + 0.4337 111 - O.1E37 39 
T(r)(io - 0.07)4 
3(2)2(2)0 - 0.2014 102 - 0.0817 18 
3(3)2(2)0 - 0.1961. 99 - 0.0952 21 
3(L1.)2(2)O + 0.0L13L1. 20 + 0.3673 72 
3(5)2(2)0 

+ 0.1020 0 + 0.0091 0 

Lt(3)2(2)0 - 0.2678 123 + 0.0317 5 
L.(L.)2(2)O - 0.2563 119 - 0.3005 62 

transition probability -+0 

5(L)2(2)0 
5(5)2(2)0 
5(6)2(2)0 
5(7)2(2)0 
Expe ri- 
mental 
least sq. 

transition probability -.0 

0.102 
.003 

+ 
+ 0.009 - 

.005 

for the spins of the 14.12 Mev state of Ng214 are j1 = 3, 14, 

or 5. Any excited state of Mg having j1 = 5 would de- 

excite by octupole or higher order radiations, which is 

highly improbable when other possibilities exist. 

Observation of Table 3 shows that j1 14 is favored over 

il = 3, since the only cascade involving pure transitions 

that agrees with the least-squares coefficients is 
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L1.(2)2(2)0. The experimental points are compared with the 

theoretical directional correlation function for a 

L1.(2)2(2)0 type of cascade modified for the finite solid 

angles subtended by the two detectors (Figure 10), and 

within the statistical limits the comparison shows agree- 

ment. 

The possibility still exists that suitable admixtures 

of radiations in the first transition would produce a 

mixed directional correlation function with coefficients 

that would acreo with the least-squares values. For cas- 

cades in which such a mixture exists, the correlation 

function may be expressed (L1., p. 7L1.7) 

= w1(Ø) + 
2 w11(Ø) + 2.w111(Ø) (3) 

aP(cos 0) 

where W1 and W11 are the directional correlation functions 

L, L+l 
for the pure 2 -pole and pure 2 -pole radiation in 

the otherwise mixed transition; W111 la an interference 

function; and is the ratio of the reduced matrix elements 

of the appropriate multipole operators. The coefficients 

and anisotropy are quadratic functions of . Since 
2 

the best known of the lea8t-squares quantities, W(Ø)mjx 

was calculated for variou8 mixed transitions and the 

mixed a2 coefficients were equated to the solid angle 



corrected 1east-sguares. When solutions existed, two 

values of were obtained and the corìespond1ng mixed 

coefficients were colculated nd compared with the solid 

angle corrected least-squares values. Table 14. lIsts the 

results of tiuis internal consistency calculation. The 

cascades 3(Li ' S)2(2)O, L.(L1 14., 5, 6)2(2)0 and 

= 3, L, 5, 6, 7)2(2)0 were not considered in the 

analysis due to their vanishirigly small transition 

probabilities for the case at hand. The experimental a 

completely excludes so large a value of for the 

various mixing ratios with the exception of = O for the 

mixing of Lt(2)2(2)O and ti.(3)2(2)O. The mixing ratios of 

Table Lj were used to calculate W(Ø)mjxs Figure 13 shows 

the various mixed directional correlation functions modi- 

fled for the solid angle subtended by the detectors. The 

curves through the experimental points in the 3(1)2(2)0- 

3(2)2(2)0, and 1.(2)2(2)0-L.(3)2(2)0 mixtures of Figure 13 

are the least-squares fit to the data. In the 1.C2)2(2)0- 

L1.(3)2(2)0 mixture the least-squares fit coincides with 

the mixed correlation function if = O. The normali- 

zation is such that W(90) 1. The evidence from Table Li. 

and Figure 13 indicates that no admixtures of dipole or 

quadrupole radiation starting from j1 3, or any ad- 

mixture of quadrupole or octupole radiation starting from 

j1 = Lj. leads to a mixed directional correlation function 



Table )4 Mixed Transition Correlation Parameters 
for 82 = 0.102 .003 

l.a. 

Mixed cascades Ç a d = ai - ai O '4-mix "mix 

3(1)2(2)0 arid - 2.]J439 - 0.069 16 
3(2)2(2)0 - 0.1707 - 0.01 

3(2)2(2)0 and imaginary 
3(3)2(2)0 solutions 

L(2)2(2)0 and 0 0.009 0 
I(3)2(2)0 - 1.632 - 0.03L1. 9 

- 1.5L0 - 0.036 9 

that agrees with the experiment with the exception of a 

L.(2)2(2)0-L(3)2(2)0 admixture with a nominal mixing ratio of 

= 0. The experimental uncertainties associated with the 

determination of this value of S lead to the result that 

there can be at most .003 per cent M3 mixed with the almost 

pure E2 transition. It must be pointed out that mixing 

ratios can also be determined from a comparison of the 

experimental anisotropy and the anisotropy calculated from 

the coefficients of the mixed correlation function 

by writing 

i + a + 

Aexp=Amix=i_a2+38 .1 

For the I(2)2(2)0-14.(3)2(2)0 mixture the mixing ratio 

- l.51i0 was determined from a comparison of the experi- 

mental anisotropy, and and led to W(Ø), which 
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Figure I 3. Mixed directional correlation functions 



is shown as curve "S" in Figura 13. A1thouh the end points 

of this curve fit the data, the disagreement over the mejor 

portion of the angular region clearly rules out this possi- 

bility. The ambiguity between O .003 arid 

+ .003, which is introduced by considering only the end 

points of the directional correlation curve, shows that the 

USO of the entire curve is a more powerful tool In the 

determination of the mixing ratio The same argument 

applies to the mixture 3(1)2(2)0-3(2)2(2)0, where = 

- 2.lL1t W9S determined by comparison of A's. 

The pure 2 transition for the 2.75 Mev gamma ray 

requires ari assignment of j1 = L and even parity for the 

L.12 ev state of Mg24. This assignment of (L+) to this 

state is in agreement with the predictions of the shell 

model of nuclei and of the unified model of Bohr and 

Mottelson p. t.73), which predicts that the nuclear 

states form a rotational band having the quantum number 

K O, spin j 0, 2, Li., and even parity for an even- 

even nucleus like 

In conclusion, it is felt that the spin and parity 

assignment of the Lj.l2 Nov state of Ng21 has been 

strengthened by this experiment. An analysis of the 

directional correlation can be a powerful tool In deter- 

mining mixing ratlos of gamma-ray transitions. 
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APPENDIX I 

Geometrical Corrections to w(ØJ 

The results of on angular correlation experiment may 

be expressed in terms of a Legendre Polynomial expansion; 

that is, the corrected true coincidence rate per unit 

solid angle is proportional to 

W(9)exp 9) (1) 

where takes on the values 0, 2, and , and a is de 

termlned by a least-squares fit to the data. W(8)exp 

related to the theoretical correlation function. However, 

due to the fact that the crystals subtend finito solid 

angles at the source, one must modify the theoretical 

correlation function w(Ø) and compare this smeared (or 

averaged) correlation function w(Ø) with W(9)exp deter- 

mined from the measurements (30, p. 610). We now need to 

develop an expression for w(Ø). The geometry is shown in 

Figure lL, where 

x(ßj) aro the interaction paths for the gaminas 
in the crystals 

dqj are the azimuth angles of the radiations 
mea8ured with respect to the crystal axes 

e is the angle between the crystal axes 

0 is the ale beeen the propagation 
vectors K1 and K2 of the cascade gamma rays 
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is the angle between the axis of crystal 
i and the propagation vector of radiation 
2 

h Is the separation of 8ource and either 
crystal face 

t is the thickness of each crystal 

r Is the radius of each crystal 

The crystals are Identical right circular cylinders 

with the base orientated toward the source, which is 

situated at the origin of the experimental coordinate 

system. If x() Is the Interaction path of gamma "I" 

incident on the crystals at cngießj, then the absorption 

is proportional to (i 
-e1i'), 

where /41(E1) is 

the energy-dependent absorption coefficient. The measured 

or smeared-out correlation function is given by 

J w(Ø)( 
ìil))(1 -ß''22))dWldW2 

(2) 
l-e 

w(Ø) 
_rnx($i) -,JA2x(2) 
e )(l - e )dw1dv2 

For the theoretical correlation function, we substi- 

tute 

w(Ø) ___ aPv(coa 0) 
V 

with y = 0, 2, Li.. It is apparent that the integrals to be 

evaluated are of the form 



T 
t 

1 

:) i 

Figure 14. Geometry of the crystals for the 

finite detector size correction 
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)(l 
-e'22) 

I = JP (cos 0) (1 -e_X1) V 

(3) 

x siriß1dß1dcp1 sin2d2d2 

-1 r 
with = t secß1 for O = tan 

and = r csc - h sec1 for fi' - tan () 
= r 

Equation (3) may be evaluated by using the spherical 

harmonic addition theorem: 

LVTT 

> Y(Pl1) Y(o P(coe 0) - 2v + I 

m 

A double application of this theorem, realizing that x(t91) 

and are independent of'1 arid cf2, leads to 

P(cos 0) P(cos 8) P(cosoc) 

and P(coecx) P(cosß2) P(cos e) 

Subatitution of these relaticns into (3) and consideration 

of (2) leads to 
(14) 

J(l) JV(2) 
w(Ø) = aP(cos 

J (1) J (2) 
V o o 
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where 

-Ax(ß1) 
J(1) = ( 

P(cos1)(1 - e ) sin ßdß1 
Jo 

and y = 0, 2, Li.. One may observe from comparison of (1) 

and (Li.) that 

J(1) J(2) 
a, = a,. 

J0(1) J0(2) 

The J interals have been evnluated for crystals of 1. 

Inches in diameter; thickness of 1.0, l.2S and l. inches; 

source distances of , 7, 10, 20 and SO centimeters; and 

for absorption coefficients of Nal corresponding to 

energies from 0.OS Mev to .0 Mev (36, 719). 

The J(i) integrals can be approximated by 

(1) =fP (cosß1) E(81) sinI?jdj (S) 

where E(1) Is the experimentally determined angular reso- 

lution. After determining E(1), 2 and Jj were 

evaluated by integrating (5) graphically. The ratio 

is shown in Figure 12. 



APPENDIX II 

Treetirient of the Data 

The dependence of the coincidence counting rate on 

the angular position of the movable detector corresponds 

to the theoretical correlation function only under the 

assumption of point detectors, centered point sources and 

no scattered or d1sturbir radiations. In order to corn- 

pare experimental and theoretic1 results, one must 

correct the experimental data for the various deviations 

from such an ideal arrangement. The source and Its con- 

tamer were chosen small so that rio corrections for 

source size or scattering in the source and container 

were necessary. .îkie experiments were carried out using 

a reasonably accurate scintillation Bpectrometer with its 

refined protection against scattered and disturbing 

radiations. 

The true coincidence rate Nti(8) of the th run at 

the angle Q was determined by subtracting the chance 

coincidence rate 2TN11(e)N2(0) from the triple coinci- 

dence rate Ntrjpie(e)j where N11(e) and N21(9) are the 

single rates of channels one and two, and 2T is the 

resolving time. 

The true coincidence rate was then divided by the 

slow single rate of channel one in order to correct for 



65 

the decay of the source. This division gave the true 

coincidence ratio 

Ntpjpie(6)j - 2TN11(e)N21(e) 

N1(8) 
= N11(9) N11(e) 

The standard error in a function F(xj) due to errors in 

the variables is given by 

2 

[ 

àF 
2 2 ' 

j 
(i ] 

(5, p. 298). Consequently the standard error associated 

with Nj(9) is just 
i 

= N11(e) 
[Ntripie(9)i 

(N11( N21(9))2 
Nj ch aux] O; (N11N '2 

2i' aux 

where (N11N2j)aux and N1 ch aux are the single and chance 

rates of the auxiliary incoherent source experiment. 

The true coincidence ratio at 8 was divided by the 

true coincidence ratio at 90 degrees to )1ve a normalized 

ratio N1(8)/Nj(90) Independent of instrumental drift. The 

error associated with this normalized ratio can be written 
i 

as 
2 (Nj(e))2 

2 

orm = Nj(90) (e) i(90)] 

ratio 



The average weighted normalized ratio may be written 

w1 N1(e)/N1(9o) 

N1(e)/N1(90) = ____________________ 

where the weight w a8sociated with the th 
run is the 

ratio of a normalizing factor "b," chosen for convenience, 

and the square of the standard error associated with the 

1th normalized ratio. The standard error of the average 

weighted normalized ratio by internal and external con- 

sistency is given by 

i 
2 

L 

b* 

____ 

t I 

and 

___ 

i 

Iwi 
I (m_l)L Wj 

j L1 J 
i 

respectively, where m is the number of bits of data and 

is the deviation of the jth bit of data from the average 

weighted normalized ratio. 

The larger of the two deviations was used as the 

standard error of the average weighted normalized ratio. 

The weight to be associated with N1(9)/N1(90) in the least- 

squares analysis may be written as the ratio of a new 

normalizing factor "b1" and the square of the standard 

error associated with N1(e)/N1(90). Table A-1 shows a 
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sample calculation of w1(N1(9)/N1(90)), d1, d and w1d. 

Por example, at e - 3.70 degrees, 63 experimental deter 

minstions were made of Nj(170)/N1(90) which had a weighted 

meen value of' l.l3Li 0.009. 

Table A-l. 

w1 (N1 (O 

N1(170) + 2 

N1(90) 
1.crj r1 

1.137 .067 .0041.69 

Sample Calculation of 

(90)) d1, d and w1d 

b .00Li900 
N1 (170) 

'Wj 2 2 'W1 

1.091 1.21i.0 

N1(9) 
a 

N1(90) - Nj(90) d w14 

.003 .000009 .000010 

The total reduction of the 63 bits of data yielded: 

1. The mean weighted normalized ratio 

sc__I' 
N1(170) 

{(9p) 

i 70.6614. a 
62.296 1.1314 0.009 

>:wi 
i 



2. The standard error by Internal and external 
consistency 

b2 0.070 

r * (62.296) 
0.009 

L1 J 

i 

>wjd I .18967 

] = 

cr8 162 x 62.296 
0.007 

(m_1)> WI L 

I - 

3. The least-squares Weight of Nj(170)/Nj(90) 

2 .00008L6 
j l.s. = b1/j 

= .0000767 
= l.07S 

This same procedure was carried out at each angle. 

Least Squares Analysis of the Data 

The determination of the coefficients describing 

exp was carried out u81fl,g a least-squares analysis. A 

series of Legendre polynomials were used to represent 

N1()/Nj(90) as closely as possible (30, p. 613): 



w(e)exp = Nj(6)/Nj(90) >_, 
ajPj(co ej) 

= 
ajAjj 

j j 

The coefficients a, which were the most probable values 

for the given data, were determined by minimizing the 

following function: 

> w(N1e/N90 ->ajAjj)2 

This yielded the normal equations 

> 
wi(N1(9)/N190) 

- >, 
ajAj.j) Aik = O 

One now defines a symmetric raatrix 

with elements 

C WA 

= 
>, WIAijAik = Ckj 

where W is a diagonal matrix wit'n elements wj, A la a 

matrix of Legeridre polynomials and Î is its transposed 

matrix, Now let 

B ÄWN 

where N is the vector with components Nj(9)/j(9O). Then 

lt follows that Ca B, and by matrix multiplication 
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a = C 1B, or in detall 

ai = 
Ck'Bk 

Since the coefficients are a function of 

any v3riation in tiil quantity will cause a corresponding 

var.Ltion In the coefficients. Froni the fornì of a one 

observes that 

a4 
>_, C1'AjkWj N1(9)/N1(90) 

a rid 

0.. 
= 

1A1 
k'i 

where Oj Is the error in N1(e)/N1(90). Likewise, 

= 

iki 

= Ci1Ci1AIkAIlWI 
2 

Iki 

= b1 
> 

111' 
> 

w1AA1 

k). i 
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= b1 C;11CÌ1C1k 

Now set k = j and sum over 1 and k to obtain 

2 -1 
Jlj = b1C1 

The standard error in the coefficienbs was given by the 

diagonal e1enents of C 
1 multiplied by "b1." After the 

coefficients and their standard errors were determined, 

they were corrected for the finite size of the detectors 

using the J0, J2 and J of Appendix I. The errors associ- 

ated with the J's were very small (<.1 per cent) and hence 

neglected. Table A-2 shows the calculation of the 

their errors and w(e) 
exp' 



Table A-2. Calculation Sheet for the Lesst-Squsre Analysis 
of the Experimental Coefficients of Ng' 

Ñ1(9) 
2 

__e__ N(9O) WI Al2 w1Al2 A2 wA22 

90 1.0000 11.589 -O.00O - .79O + 0.2500 + 2.6970 + O.37O 

loo 1.0039 1.5I5 - O.L5I7 - 0.7025 + 0.2067 + 0.3193 + O.26 

110 1.0120 1.363 - O.32L -O.L23 + 0.1053 + O.lt3 - 0.0037 

120 1.0290 l.3S6 - 0.ld45 - o.i688 + 0.0l + 0.0210 - 0.2690 

130 l.0,30 1.3S6 + 0.1197 + 0.1623 + 0.01t3 + 0.01914. - 0.L26Ii. 

114.0 1.0790 l.36 + 0.3602 + 0.l&5 + 0.114.145 + 0.1959 - 0.3187 

150 1.0993 1.199 + 0.6250 + 0.74914. + 0.3906 + 0.4683 + 0.0231 

160 1.1180 1.000 + 0.6245 + 0.8245 + 0.6798 + 0.6798 + 0.4736 

170 1.1340 1.075 + 0.9547 + 1.0263 + 0.9115 + 0.9799 + 0.8517 

180 1.1430 1.471 + 1.0000 + 1.4710 + 1.0000 + 1.4710 + 1.0000 

-3 



Table A-2 coat. 

2 2 N(e) N(9) a(e) 
w1Ajj A1 w1A1 w1a,2A, w1Al2 

N1(90) N1(90) 
w1A, 

'1(ÇO) 

+ 4.3!t6O + o.lIo63 + 1.6300 - 2.1730 - 5.79O 11.589 + I.3I6O 

+ O.tlO2 + O,070S9 + O.lO9 - c.i86 - 0.7052 1.551 + o.Ll18 

- o.coso + O.OQOOlti + 0.00002 + 0.0016 - O.1476 1.379 -O.00l 
- 0.3919 + O.O3S2 + 0.1133 + O.O18 - 0.1737 + 1.39 - O.!O33 

- 0..,782 + o.1c182 + 0.2L65 - .O6'2 + 0.1709 + l.1i28 - 0.6088 
- O.1j321 + O.101S7 + O.1j77 - 0.l6i3 + O.62 + l.Li63 - 0.I..662 

+ 0.0277 + 0.00O3 4- 0.0006 + 0.0173 + 0.8236 + 1.318 + 0.030S 

+ O.1.736 + C.22'430 i 0.22143 + 0.390g + 0.9218 + 1.118 O.S29S 

+ o.1S6 + c.7239 + 0.779e + c.67h.l + 1.1636 + 1.219 + 1.03C3 

+ 1.14710 + 1.00000 + 1.14.710 + 1.14710 + i.6elo + 1.661 + 1.6L10 

-J 



Table A-2 cont. 

= + 23.3100 '' wA1A = + 0.2103 

= - 2.3606 >,wi N(0)/N1(9o) = + 21i.1t11O 

w1A = + 7.191 'IwjAj2 N1(8)/N1(90) - 

>, 
w1A1 = + 6.2373 

wjAjIi 
N1(e)/N1(9o) = + 6.S37 

i i 

>-w A 
2 + li.7121 

i 

i 



Table Â-2 cort. 

wA 

Ic >, 
w1A1 

___ ___ 
WjAA 

= L176.93L 

a 
o 

a2 

0.0710 0.0261 

0.0261 o.1t87 

-0.0951 - 0.OL.l1 

0 = 
1.0133 

82 0.0913 

a1 0.0058 

irror 1.n the 
av 

>: 

ii: 

wjAl2A14 

i: 
wA1j2 

- 0.0951 2L1.i410 

- 0.01411 1.0)40 

- 0.314.00 + 6.5537 

'sv normalized to 1 

BO = 1.0000 

a2 0.0875 

a = 0.0055 

j_2 = b1Gj .00008Ls.6 x 0.07099 

ç= .0025 

75 



Table A-2 coat. 

.003L. 

= .00sLi. 

Error In the normalized and compounded, 

= .003 

Cia2 
= .003 

(T = .005 
u alt 

Solid angle correction of the a., 

J (l)J (2) 

a 
2 2 

= 1.071 x 1.085 x 0.0675 = 0.102 2 J0(l)J0(2) 

I-t j (l)J (2) 
= 1.290 x 1.282 x .0055 = 0.009 

o o 
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w(e) = i + (0.102 0.003) P2(cos 9) + (0.009 0.005) Plt(co$ e) exp 

w(].80) - W(90) + 
A = _____________ = 0.166 - 0.007 exp W(90) 


