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AN INVESTIGATION OF STRESS DISTRIBUTION 
TNA 

TIMBER HYPERBOLIC-PARABOII)ID SHELL 

PART I 

INTRODUCTION 

One of the most significant advances in structural engineering 

in this century has been the development of types of construction that 

make efficient use of materials by utilizing the form or the shape of 

the structure for strength rather than the mass of the material. A 

large number of irportant buildings have been built utilizing this con- 

cept of thin shell construction. Pier Luigi Nervi in Italy, Eduardo 

Torroja in Spain, arid Felix Candella in Mexico were among the early de- 

signers who pioneered in the development of these new forms, and who 

created structures of extraordinary beauty and economy. Architects and 

engineers throughout the world, inspired by their example, and recogniz- 

ing the advantages of thin shell construction, have designed more and 

more structures utilizing this type of construction. Although a number 

of important buildings of this type have been constructed in the United 

States, the widespread application of thin shell construction has been 

hampered by two important factors; first of all, the exceedingly high 

labor costs required to build the elaborate f ormwork and its supporting 

falsework, and secondly, the intracacies of the mathematics that are 

involved in the design and analysis of these complex shapes. 

The hyperbolic-paraboloid roof is a structure whose name comes 

from the mathematical formula describing its surface. (See Fig. i) 



Fig. i 
ifYPERBOLIC -PARABOLOID SHELL 
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The shape of this curve is a convex parabola when viewed parallel to 

one axis through opposite corners, and a concave parabola when viewed 

from an axis 9Q0 from the firste Curves formed by the intersection of 

the surface of the shell with a horizontal plane are hyperbolas. The 

hyperbolic-paraboloid form has one virtue that makes it extremely adapt- 

able to use in structures0 This doubly curved surface is formed by a 

series of straight lines, which makes the building of f ormwork and the 

falsework relatively simple0 

The use of timber in permanent buildings is prompted not only 

for reasons of economy, but also by the fact that lumber, properly de- 

signed and fabricated has many pleasing qualities. Considerable savings 

in the construction of hyperbolic-paraboloid shells can be effected if 

they are òonstru.cted of timber. In effect, the materials and the labor 

necessary for f ormwork in a concrete shell, if properly designed and 

fabricated, can become the completed structure of a lumber shell. 

The mathematics involved in the solution of hyperbol ic-parabo- 

bid shells is complex. Candella (i, 2, 3) and others have written a 

number of papers on this subject, giving a rigorous analysis of these 

forms. A number of building material groups, in order to encourage the 

use of their products, have investigated the problem of simplifying the 

mathematics, and have published approximate solutions (Li, 8, 11) which 

can be used by architects and engineers who lack the training, or the 

inclination, to make use of the more rigorous mathematical analyses. 

The West Coast Lumberments Association has published a pamphlet (U) 

of this type to do just this. It suggests a method of analysis based 



on simple statics and involvlrg no mathematicsbeyond siiîiple algebra0 

They suggest two types hyperbol&c paraboloid shells that can be 

built of iunber., The first (See Fig0 2a) uses two layers of sheathing, 

each of which is parallel to a principal axis and at an angle to the 

perieter members (if the horizontal projection of the hell is square, 

the angle is ¿O) The second type (See Fig0 2b) has the layers of 

sheathing boards running parallel to the perimeter members and at an 

angle to the principal axis (if the plar of the shell is square, the 

angle is 
)5O) 

The first type has a number of advantages0 The joints 

between the sheathing boards are tight, which presents a more pleasing 

appearance from the under side, and the mathematical analysis of the 

sheathing stresses and their transfer to the perimeter members seems to 

be logical. The second type, however, presents son-te difficulties. It 

is not clear just how these stresses in the sheathing and their transfer 

to the perimeter members take place0 

The intent of this paper is to investigate the distribution of 

stresses in the perimeter members of timber hyperbolic-paraboloid shells 

where the sheathing boards are placed parallel to the perimeter members. 

The procedure was to design a shell using the recommendations of the 

West Coast Lurbermen's Association (11), build a scale model of the 

shell, test the model to analyze its behavior under load, and either to 

verify the design procedure indicated or to suggest modifications. 
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PART II 

THE DESIGN OF A PROTOTYPE STRUCTURE 

A. THE PROTOTYPE STRUCTURE 

In order that this investigation have as practical an applica- 

tion as is possible, a prototype was selected that seemed to lend 

itself to a nunber of uses: residences, small showrooms, exhibition 

display structures, or if used in groups, factories, warehouses, 

offices, etc. The prototype structure is indicated in Fig. and is 

forty feet square with a vertical rise from the point of support to 

the highest point of the shell of twenty feet This would be a struc. 

ture of sixteen hundred square feet, with only two supporting columns 

at two opposite corners The height of this structure would be fifteen 

feet at the columns, twenty-five feet at the center9 and thirty-five 

feet at the highest point0 

B. DESIGN OF THE PROTOTYPE 

The prototype was designed in conformance with the recommend- 

ations of the West Coast Lumberments Association (11)9 which are as 

follows: 

The principal forces to be considered in the design of 

this shell are the reactions, the compression forces 

in the perimeter members, the shear forces at the junc- 
tion of the sheathing and the perimeter members, and 
the direct stresses in the sheathing. 

For balanced live and dead loads the vertical reactions 
are one-half the sum of the vertical loads. The hori- 
zontal thrust, H, at the reactions is derived by simple 
proportion, and for this condition (See Fig. 3b), the 
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thrust is determined as follows: 

(i) = solving for H; H 
h L/2 2h 

The force, F, which is in the direction of the line, k, 
in Fig. 3a, is the resultant of the horizontal thrust, H, 
and the vertical reaction, R, 

(2) = solving for F; F = 
k h h 

Dividing the force, F, into components parallel to 
the perimeter members, the compression force, C, in 
the perimeter members is: 

= solving for C; 
a F/2 

k a k 

substituting the value for F in equation (2), 

Rk ah 
2k 2h 

There is a shearing force along the length of the peri- 
meter members at the junction of the sheathing and the 
perimeter members0 This boundary shear, y, in pounds 
per lineal foot, is found by dividing the compressive 
force C, in the perimeter member by the length of the 
perimeter member. 

Since the stresses in the sheathing result in boundary 
shears along the perimeters, the boundary shears can, 
conversely, be resolved to determine the stresses in 
the sheathing, The principal forces in the shell are 
tensile forces, t, parallel to the direction of the 
concave parabolas; and compressive forces, e, parallel 
to the direction of the convex parabolas. (See Fig. 3c) 

When the horizontal projection of a hyperbolic-paraboloid 



is square in shape, the principal tension and com- 
pression forces per foot of width are equal in mag- 
nitude to the boundary shear forces per foot of 
length of perimeter members0 

The unit tensile stress in the sheathing lumber is 
equal to the principal tension force, t, per inch of 
width divided by the thickness of the sheathing in 
inches that paraflels the longitudinal axis, The 

unit compressive stress in the sheathitng which aci.s 
at 90 degrees to the tensile stress is equal to the 
principal compressive force, c, per inch of width 
divided by the thickness of the sheathing 'in inches 
paralleling the transverse axis0 

The component of the compressive stress normal to 
the perimeter member exerts an outward thrust on 
the perimeter member and the component of the ten- 
sile stress normal to the perimeter member exerts 
an inward pull on the perimeter members0 These com- 
ponents, being equal and opposite in direction, as 
can be seen from Fig, 3c, will cancel. each other, 
with the result that the perimeter members are sub- 
jected only to axial compression forces0 

o o e 

When the sheathing layers are placed with the boards 
parallel to the sides of the structure, each layer 
of boards is at an angle to the direction of the 
principal tension and compression forces with each 
layer resisting a portion of the principal tension 
force and a portion of the principal compression 
force, As the joints between adjacent boards in a 
layer represent a discontinuity, these forces have 
to be transferred across the joints through the ad- 
jacent layer by means of the fastenings connecting 
the layers. This results 'in a shear between the two 
sheathing layers which must be resisted by the fast- 
enins0 The shear force is equal in magnitude to 
the boundary shear stress per unit of length which can 
be converted to a shear stress per unit of surface area. 

* . o 

The perimeter members transfer all loads to the bear- 
ing point and must have sufficient cross section to 
resist the cumulative axial compressive forces0 As 
the boundary shear forces are distributed uniformly 
along the length o1 the perimeter members, the 
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compression force in the perinieter members varies as 
a cwnulative sum of the boundary shear from zero at 
the high point to naxinrnm at the supports. The peri- 
rieter members can be tapeed if desired. The sheath- 
ing provides lateral restraint tc? the perimeter meni- 
bers in the directin parallel to the plane of the 
sheathing. In the direction perpendicular to the 
plane of the sheathing, the perimeter members receive 
no lateral support, and the slenderness ratio related 
to this plane must be considered0 As the compressive 
force varies uniformlyfrom zero at the peak to a 
inaxt-nuiii at the support9 the perinieter members are 
considered as a series of columns varyl.ng from a long 
column with no load to a short column with maximum 
load. At any point along the length, the induced 
compression parallel to grain stress due to the accmnu- 
lated load must not exceed the allowable unit stress 
as determined by the standard column formula for a 
column length equal to the distance from the support 
to the point being considered0 (See Fig. I) If 
the sheathing is placed on the top or the bottom of 
the perimeter members, the boundary shear forces 
cause bending stresses in the perimeter members due 
to eccentricity. Hence, the perimeter members are 
subjected to combined bending and axial compression 
stresses and must be designed accordingly0 If the 
sheathing is sandwiched into the perimeter members 
with half of the perimeter members above and half 
below, there is no ccentricity and the perimeter 
members are subjected to axial coinprssion stresses 
only. The latter method permits a so}nefriat smaller 
periq1eter member to be used, but increases the num- 
ber àf pieces to be framed and. handled in erection. 

The prototype was designed for a dead load of 10 pounds and a 

live load of 20 pounds for each square foot of horizontal projection. 

In order to obviate the necessity of heavy buttresses and moment con- 

nection at the supports, the loads were assumed balanced and sylTunetri- 

cal, and a horizontal tie rod was designed to absorb the thrust at 

the supports. 

The total load on the structure is: T = 30 x )40 x ho = b8,000 lbs. 

The reaction, R, at each support is R = b8,000/2 = 2b,000 lbs. 
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The horizontal thrust, H, at the supports is: 

R L 2t,000 x S6.6 - 3L,000 lbs, H=-= - 2h 2 x 20 

The compression force, C, in the perimeter member is: 

R a 2),000 x 
= 26,800 lbs. 0=- = 

2h 2 x 20 

The boundary shear, w, per linear foot of perimeter member is: 
C 26,800 

y - = ______ = 600 lbs per lin ft. 
a 

C. DESIGN 0F PERIMETER MEMBERS 

The perimeter member is designed as a column with the axial load 

applied cumulatively from O at the high end to the full compressive 

force of 26,800#at the support. (See Fig. L) In order to avoid bend- 

ing due to the eccentricity of the sheathing connection, the member is 

designed with an Iteilt? shaped cross section so that the sheathing is 

applied at the center of gravity of the section. (See Fig. ) 

P 0.3E 0.3Ed2 
- (L/d)2 - L2 

P = O.3E[bd3j = 

L2 

E = 2.0 x 106 

b d3 [ 
600,000 

X 

@ L = )0 ft; P = L.7 (600) = 2,820 lbs; if b = S.s», d = 6.l8tt 

@ L = 30 Lt; P lL,7 (600) 8,820 lbs; if b = d = 7.OStt 

@ L = 20 Lt; P 2L.7 (600) lL,82O lbs; if b S.s», d = 6.38" 

@ L = 10 ft; P 3t.7 (600) 20,800 lbs; if b S.s», d 397tt 



N 

Unloaded 
end 

X 

Bearing end 

ilative compression force 
Les uniformly from zero at 
unloaded end to maximum 
ie bearing end. 

ilative compression 
e at length L from 
ring end0 

ioal cumulative compression 
force at bearing end. 

Fig. 14 

LOADING CONDITION OF PERINETER MBER 

12 



13 

Check glu-lam beam shown: 

L J 

Area, A = 1I5.S sq. ins. 

0.3 E A d2 3.01x109 
Allowable Load, P 

L2 - L2 

© L = LO', Allow. P = 13,200 lbs.; Actual P = 2,820 lbs. 

@ L 30', Allow. P = 23,200 lbs.; Actual P = 8,820 lbs. 

© L = 20', Allow. P 2,2OO lbs.; Actual P. =.1L,820 lbs. 

© L = 10', Allow. P =209,200 lbs.; Actual P = 20,820 lbs. 

Maximum compressive stress at the bearing end = 26,800 
= 

A LI5. 

The section indicated above is more than adequate, and since 

the shape lends itself to easy fabrication, this section was used to 

determine the model sizes. 



D. DESIGN OF SHEATHING 

One inch nominal size lumber would be used for the sheathing 

members since the stresses are low, and this is the most economical 

material available, 

The principal tensile and compression force per foot of width 

are equal to the boundary shear forces per foot of width which is 600 

lbs/ft. The unit tensile and compression stress in the sheathing 

would then be equal to 600/12 divided by the thickness of the sheath-. 

ing. 

st = 8c 
this unit stress 

2 x 13/16 

being at an angle of L° to the direction of the grain. 

The shear stress between the two layers of sheathing would be 

the boundary shear stress per unit of length converted to a shear 

stress per unit of surface area,1 

i = 22 = !.i6 lbs/sq ft 

]J4 

The shearing force at the crossing of each layer of ix8 boards is: 

s2 = L.l6 [ jJ4/7,52 j . 10.7 lbs 

In order to insure adequate positioning of the boards, a minimum of 

four nails per joint should be used which is more than enough to take 

care of the small shear involved. 

The shell is designed to be constructed without any glue in the 

sheathing members because of the high cost and the general lack of 

reliability of field gluing operations. 
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E. DESIGN OF THE TIE ROD 

The prototype structure would probably be designed with a heavy 

buttress at each support to take care of the horizontal thrust and any 

unbalanced loads. It is much simpler, however, to build the model with 

a tie rod, so the structure was designed accordingly. 

The horizontal thrust is 314,000 lbs and a 1 1/2 in round steel 

tie rod would have a unit stress of l9,2O psi. In order to minindze 

the deformation of the rod, and therefore the distortion of the shell, 

a 2 1/2 in. round steel rod would be used. The unit stress of this 

member would be 6,800 psi at full design load. 
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PART III 

CONSTRUCTION OF THE MODEL 

A0 SCALE OF THE MODEL 

The model was built to a scale of i : so that the LO.foot 

square prototype became 8 foot square in the modele All members and 

connection devices were constructed to exact scale except for the 

nails in the sheathing e Snce it was felt that the shearing stresses 

were very low, lt was found convenient to use staples in l-leu of 

nails0 The model was constructed to the dimensions indicated in 

Fig. and similitude ratios are lineare No attempt was made to 

evaluate ratio of stress in the model to stress -in the prototype0 

B CONSTRUCTION OF THE PERIMETER MEMBERS 

The perimeter members were constructed of 13 layers of scaled 

n8n boards of straight grain Douglas Fir which had been kept at a 

moisture content of 6 for several years0 In order to build in 

the required twist, a special jig was constructed (See Fig0 6a)0 

The members were glued in the jigs then removed, planed and trimmed 

to length. 

C . FABRICATION OF THE MODEL 

Falsework of 2xL construction was erected and the perimeter 

members were positioned along with the supporting columns0 The 1/2" 

round steel tie rod and the hardware were installed (See Figs. 6b, 

7a, 7b)0 The first layer of scaled "ix8" boards were placed in posi- 

tion and nailed to the perimeter members with S - 1" #18 steel nails 
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Fig. 7 

CORNER CONNECTIONS 
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in each board. The joints between boards were tapered from zero 

at the center line of the shell to approximately 3/16" at the peri- 

meter members. The second layer of sheathing was placed in position 

and also nailed to the perimeter members with the same nails as in 

the first layer. The two layers were fastened together with two 

staples at each intersection of the boards of the upper layer with 

those of the lower layer. The staples were of steel, 3/8" long, 

#18 gage, and just penetrated through the lower layer. In order to 

insure maxirnwn contact between the layers of sheathing, back-up 

blocks were held to the under side as the staples were driven from 

the top of the shell. 

Since the stability of the supporting columns was beyond the 

scope of this project, wire ties were ii 

and an over-sized tie rod was installed 

deformation of the shell along the axis 

The falsework was then removed, and the 

tion of test apparatus. 

The completed model is indicated 

stal1ed to brace the shell, 

to minirriize the lateral 

of the supporting columns. 

shell was ready for installa- 

in Fig. 7. 



Fig. 8 

COMPLETED MODEL 
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PART IV 

TESTING THE MODEL 

A. TEST APPARATUS FOR DEFLECTION NEASUREENTS 

A rigid member was placed under the model along the axis of the 

concave parabola; targets were hung at each end, the center of the model, 

and the quarter points, so that vertical and horizontal measurements 

could be taken of the deflections at those points0 Two of the peri- 

meter members were prepared for deflection measurements. Onewas called 

the Right Hand Perimeter Member, and the top layer of sheathing was 

perpendicular to and was nailed to this member. The other was called 

the Left Hand Perimeter Member, with the lower layer of sheathing be- 

ing perpendicular and nailed to this member. A wire was stretched 

tautly along the center of the vertical face so that both horizontal 

and vertical deflection could be measured at points along the length 

of the members. (See Fig. 9) 

B. TEST APPARATUS FOR STRAIN MEASUREMENTS 

SR-LI Strain Gages were placed on the top and bottom surfaces 

of one perimeter member at several points along the length (See Fig. 9) 

and at a number of points on the sheathing boards. Two gages were 

also placed on the tie rod. Strain gages number i through 12 were 

connected through a Baidwin-Lirna Hamilton 20-point Switching Unit 

(serial #23) to a Baldwin-Lima Hamilton SR-LI Strain Indicator, Type 

N (serial #62898). Strain gages number 21 through LO were connected 

through a Baldwin-Southwork 20-point Switching Unit (serial #003-62) 
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to a Baldwin Southwork SR-LE Strain Indicator, Type X (serial #D 9S295). 

C, METHOD OF LOADING 

The top surface of the shell was marked off into areas corres- 

ponding to one square fooiof horizontal projection0 Sand bags were 

then placed in the center of each area, approximating a uniform load 

on the horizontal projection of the surface0 Extreme care was exer- 

cised in the placing and the removal of the bags so that no damage 

was done to the strain gages. Care was also taken to apply and re- 

move the bags in such a manner that the load was always balanced and 

symmetrical. 

D. SEQUENCE OF TESTING 

The initial test was made using a load of 2 pounds per square 

foot of horizontal projection. Deflection and strain measurements 

were taken when the load was applied, after 2I hours of load, and 

again after the load was removed. It became apparent that the strain 

measurements were erratic, and the test was repeated a number of 

times. This series of tests is referred to in the data as Model ttßlt 

Permanent deformations had taken place, and the model had been dis- 

torted to such an extent that the next series of tests were considered 

as tests on a different model, and will be referred to in the data as 

Model ItC?. Fig. 10 shows Model "C" during test. 

The second test was made using a load of 2S pounds per square 

foot of horizontal projection. Deflection and strain measurements 

were taken at the time of the application of load and again 21 hours 
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after load application. The load was then increased to 37.S pounds 

per square foot of horizontal projection, and measurements were taken 

at the ttnie of application of load. The following morning, the shell 

had settled to a position bear ing against the horizontal measuring 

bar. The deflections were so great that the shell was considered to 

have failed. 

E. RECONSTRUCTION OF TRE SHELL 

All of the staples which held the two layers of sheathing 

together were removed; the shell was forced back into its original 

position; falsework was erected to maintain this position; and new 

staples were driven. This time, however, since it had become obvious 

that the failure was due in great part to relative movement in the 

joints of the sheathing boards (See Fig. 11), ¿4. staples were in- 

stalled in each intersection of two sheathing "ix8" boards in lieu 

of the original 2 staples. It was felt that any greater number would 

be impractical in the prototype, as well as in the model. The false- 

work was removed and testing was resumed, The reconstructed model 

is referred to in the data as Model ttAt 

F. TESTING OF THE RECONSTRUCTED MODEL 

An initial load of psf of horizontal projection was applied. 

Deflection and strain measurements were recorded at the time of the 

application of load and 2L hours later. The load was then removed; 

measurements were recorded with no load on the shell; and the cycle was 

then repeated using load increments of S psf until the final load of 25 

psf had been applied and removed. 
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PART V 

ANALYSIS OF THE DATA 

Observation of the behavior of the model and a careful perusal 

of the data revealed a nmnber of interesting phenoniena0 First of all, 

the deflections of the shell were excessive when only two staples per 

joint were used on the sheathing boards (Models B and C). Fig. 11 

indicates that the defoniation was so great that the shell could be 

considered to have failed This photograph shows the top surface of 

the shell after the load of 375 psf was removed. The movement be- 

tween two adjacent boards can be seen to be approximately 0,1 inch, 

which is about ) times the thickness of the leg of the staple, indicat- 

ing severe fibre crushing in the sheathing at the staples0 A careful 

examina+ion of the same surface of the shell with )4 staples per joint, 

after the load of 2 psf had been removed, indicated no measurable 

movement between sheathing boards0 

The deflections in Model A (See Figs0 12 and 13) were approxi- 

mately 1/3 those in Models B and C0 The maximum deflection of Model A 

(See Fig. 13) ìs O5 inch which is 1/272 of the length of the diagonal 

axis or 1/196 of the least width of the shell, This falls within the 

limits of acceptable practice0 However, the deflections of Model B 

amount to 1/108 of the length of the diagonal axis and 1/77 of the 

least width of the shell, which is far in excess of the 1/180 span con- 

sidered the maximum allowable, 

The second observation, and this is an important phenomenon, is 

that the perimeter members bend, Fig. 111 is a photograph of the loaded 
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PORTION OF MEMBRANE OF MODEL C AFTER FAILURE 
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Fig. 12 

DEFLECTIONS IN PERfl'ETER MFBERS 

Member 

/0 /0 /0 /e /0 /0 

R.B. Member 

a*51e44xo 

\\ 
/.0 J/ 

Y X W V U T S R Q P N M L K 

.)O2O .00OO .00667 .00917 .00917 .00833 .00250 A Vert. .00!17 .01000 .01083 .O12O .00833 .0017 .002O 

.00083 .00333 .00333 .00333 .00250 .00250 .00000 A horiz. .00083 .002E0 .00333 .002O .002O .002O .00033 

.00Lji7 .00833 .0120 .01667 .02083 .01250 .00Lii7 Vert . .Q0).17 .01667 .02500 .O2f00 .02083 .0120 .00L17 

.0063 .01000 .01167 .01000 .01000 .00917 .00250 B Horiz. .0017 .0070 .00833 .00833 .00833 .00917 .0020 

.00L17 .012S0 .01667 .02083 .02053 .01667 .0O333 C Vert. .0OL17 .01250 .02063 .02O83 .017 .012O .00I17 

.00050 .01083 .01167 .01167 .01000 .0070 .00250 C Horiz. .00167 .00750 .00917 .01000 .01167 .01000 .0000 

Deflections are in feet. 
r'.) 
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TABLE OF 

DEFLECTIONS ThRU AXIS OF CONCAVE PARABOlA 

A B C D E 

A 25 psf. 0.21 0.31 0.50 0.31 0.21 

B 25 psf. 0.65 1.05 1.25 1.05 0.65 

C 25 psi. 0.65 1.05 i.L5 1.05 0.65 

C 37.5 psf. 2.72 3.17 3.L0 3.17 2.72 

C 37.5 p8f* L.8O L.iS 3.95* L.i5 t.8o 

C No Load iJ4S 1.32 1.2 1.32 1J45 

* Model continued to deflect until shell rested on 
measuring bar at point C. 

Deflections are in inches. 

Fig. 13 
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shell showing horizontal bending. The deflection data is indicated -in 

Fig. 12. The de±'lections of the perimeter nembers of Model A were 1/2 

to 1/3 as great as those of Models B and C. It was of interest to note 

that the vertical deflect-ions in the right hand perieter member (which 

:i.s parallel to the direction of the sheathing boards on the top surface 

of the shell) are greater than the vertical deflect-ions of the left 

hand perimeter member (which is parallel to the direction of the sheath- 

-ing boards of the bottom surface of the shell), but that the opposite 

is true of the horizontal deflections It would appear then, that the 

behavior of the perimeter members is influenced by the construction of 

the membrane of the shell, and that the more rigid the sheathing, the 

less the distortion of the perimeter members. Since the perimeter mem- 

bers are subject to bending, this should be considered in the design of 

the members. 

A. ANALYSIS OF THE DEFLECTIONS OF THE PERflIETER M»BERS 

The deflections, both horizontal and vertical, were plotted for 

both righthand and left hand perimeter members, for Models A, B, and C. 

(See Figs. l, 16, 17, 18) These deflections were all under identical 

loading conditions (2 psf of horizontal projection). Careful observa- 

t.ion of the deflection data indicates that the curves are not sym- 

metrical. An attempt was made to find a mathematical expression to f-it 

the data. 

The normal parabolic curve associated with deflections of uni-. 

f ormly loaded beams was not useful since this curve is syimnetrical and 

could not be fitted to the measured deflections. Since this member is 



33 

considered to be axially loaded column, and the characteristic de- 

flection shapes of the modes of buckling (See Fig. 19) are expressed 

by the equation y = Ck sin k T! X the following Fourier series type 
L 

expression was selected: 

(11) y = A sin kc + B sin 21cc + C sin 31cc + D sin 1}cc 

where k =/L. This expression automatically satisfied the boundary 

conditions of zero deflection at x = O, and at x = L and zero moment 

at X = Q and x L. The coefficients A, B, C, and D were computed on 

the ALWAC III digital computer by the method of least squares (, p. 230) 

and are indicated in Fig. 20. Ordinates for the final expressions for 

each perimeter member of each of the models were computed and the curves 

plotted. (See Figs. l, 16, 17, 18) Observation of the deflections of 

the members and the close fit of the deflection data to the partial 

Fourier series suggest that the members are actually buckling. It is 

recognized that the 2nd, 3rd and Lth modes of buckling are possible only 

when the coluin has restraint in addition to that at the two ends, but 

this is actually the case in the perimeter member. When Model C was 

loaded to 37. psf, the right hand perimeter member reversed the di,- 

rection of deflection. This corresponded to the failure of the model 

and to further buckling of the perimeter member. The buckling of the 

members under lesser loads was restrained by the sheathing; and when 

the sheathing restraint failed, the buckling of the perinieter member in- 

creased. Since the loading and the physical properties of the perimeter 

members were the same for all three models, the difference in the 
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FIg. 19 

MODES OF BUCKLING OF AN AXIALLY LOADED BEAÌ'I 
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TABLE OF 

COEFFICIENTS FOR THE E)RESSION 

y A sin lcjc + B sin 2kx + C sin 3kx i D sin Lkx, where k - n/L 

A B C D 

Right Vert. .011L189 .002389L3 .00OOI626 .00039939 
. Hand Horiz. .00321128 - .000131 .0OO19787 -.00023120 
,- ___---- 

Left 

_____ _______ --------- 

T 
Rand 

lioriz. .003SL3S1 -.O0O190 .0003263 .O0O0710 

Right______ Vert. .02L666L .00209222 -.00106277 -.0006hi99 
__________ 

Horiz. 

________ 

.00990332 -.00068O7 .00159I83 -.000392b3 Hand 

r-4 

, 

_______ - - 
Left 

-___ 
Vert. 

- --- 
.oi783SL .003O2232-.00003L1 .00180339 

>:: Hand 
Horiz. .01237997 -.0010170 .00218377 .0003817 

Right______ Vert. .01996L91 .O0190L19 .-.00131S37 
________ 

.00072b89 
_____ 

Horiz. .01176328 -.0016676b .001109t 
_______ 

.00037b0 
______- 

(-D Hand 

r-' 

a) 

gLeft 
-____ 
Vert. 

______- 
.0215972 

----- 
.002606Q .oOi1OOi0 .000287b3 

z Hand -.0O16l0 

_____ 
Horiz. .O1267O .0013L2b ..00006o8 

Ftg. 2fl 
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deflections can be attributed only to the stiffness of the membrane. If 

the membrane were perfectly rigid, the simple analysis indicated in 

Part II would appear to be valid since the stresses in the membrane per- 

pendicular to the perimeter members would indeed cancel each other out. 

If, however, the membrane had no rigidity at all, that is, the individ- 

ual boards had no connection to one another, each board would deflect 

under load and exert a horizontal and a vertical force away from the 

perimeter member. The member would then be subjected to bending on 

both vertical and horizontal axes and at the same time would have an 

axial load that is equal to the total reaction of the adjacent peri- 

meter member. A condition of partial rigidity falls somewhere between 

these two extremes, and the difference in behavior between Model A and 

Models B and C tends to confirm this hypothesis. 

B. ANALYSIS 0F THE STRAIN DATA IN THE PERIMETER MEMBERS 

The data recorded from the strain gages is less reliable than 

the deflection data for a number of reasons. The data from SR-11 

strain gages used on wood is less reliable than when used on metals. 

The readings were difficult to take accurately since the resistance 

seemed to be a function of time. The readings tidrifted?! for varied 

periods before settling down to a point at which a value could be re- 

corded. Even though it was recognized that some gages drifted more 

than others, in order to expedite the test, readings were taken at 30 

seconds after connecting an individual gage through the switching unit. 

It is also known that the readings are affected by temperature and 
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humidity The gages are so sensitive that the opening of a door to 

the laboratory or a person passing by effected the readings. During 

the reconstruction of the shell, some damage was evidently done to 

some of the gages and/or the wiring, and it was difficult to repeat a 

set of readings with any degree of accuracy. 

Another important factor is that the gages are uni-directional 

and in instances where the principal stresses are at some direction 

other than the axis of the gage, the strain readings were not always 

indicative of the chxiges in stresses. This was particularly the case 

in the sheathing members. The twisting of the individual boards in the 

original installation induced a torsional moment that varied with each 

board, depending on its location. The change in strain at a given 

point is not a simple straight line relationship with the load, but is 

involved with Poisson's ratio, varying E values in torsional shear as 

against longitudinal tension or compression, etc. Another factor is 

that as the shell distorts to adjust to the load, and as local crushing 

of fibres against the legs of the staples takes place, the readings no 

longer represent a change from zero reading but are related to the new 

geometric shape of the shell. 

The strain readings of the perimeter members, however, do con- 

firm the observations of the deflection data. Top fibre strains are 

high and show compression0 Bottom fibre readings show either less 

compressive stresses than the corresponding top fibre at the same loca- 

tion or show tensile stresses. The maximum difference between top and 

bottom readings occurs at the center of' the span. For detailed strain 

gage data refer.to Appendix. 
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PART Vt 

CONCLUSIONS 

The tests show conclusively that in a hyperbolic-paraboloid 

shell cl' timber where the sheathing members are parallel to the peri- 

meter members: (1) the perimeter members are subject to bending and, 

(2) the deflections of the structure as well as the bending of the 

perimeter members is related to the degree of rigidity of the membrane, 

that is, the amount of shear development capacity between each intersec- 

tion of a boaTd in the top layer with another board in the bottom layer. 

A nwnber of modifications in the design procedure suggested by 

the West Coast Lumbermen's Association (li) are necessary for hyper- 

bolic-paraboloid timber shells of this type. The following are sug- 

gestions for approaches to these modifications: 

1. Observation of the plan view of a shell (See Fig. 9) 

indicates that the amount of a load that can be attributed to each 

perimeter member is one-fourth of the total load. The transfer of 

this load to the perimeter member, however, would appear to be the 

algebraic sum of the portions of the triangular area adjacent to each 

unit length of the member (See Fig. 21) rather than a uniform shear 

per unit length as is suggested by the West Coast Lumbermen's Associa- 

tion (11). (See Fig. 14) 

2. The hypothesis that the compression force in the perimeter 

member varies as a cumulative sum of the boundary shear from zero at 

the high point to maximum at the supports is analogous to a column that 

is buckling under its own weight. Karman and Biot (6, p. 299) show 
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that the critical length of such a column is:: 

(S) Lr = 1.98 VIA' 

where is equal to the specific weight of the material and A is the 

area of the lumn. Following this analogy, and substituting the bound- 

ary shear per foot of length, y, for A, we have: 

or 

and 

(6) Lcr = 1.98 V-r 

L 3 = 7.76 er 
V 

y L3 
(7) I = _____ 

7.76 E 

and for a member with a rectangular cross section, b x h, 

(8) bh3 l2vL3 1.SLvL3 
7.76E E 

If equation (6) is applied to the design of the perimeter member of 

the prototype structure, where I = LO9, y = 600, E = i.8Li x 106 

Lcr _ 1.98 \1i.8L. x io6 x LjD9/600 = 2l1 or 17.83'. 

This value is considerably less than the length of the perimeter 

member, and the member is underdesigned. 



Applying equation (7) to the prototype, 

600 x 4i.7 x l2) 

7.76 X 1.8k X 106 
6,So in 

This moment of inertia would require a beam whose dimensions are ap- 

proximately twice the size of the member selected. If a rectangular 

beam were used, a member 9. x 20 inches would satisfy this equation. 

This analysis, however, does riot consider the rigidity of the 

sheathing, and it has been demonstrated that this is an important 

parameter. If the approach suggested above is taken, an attempt 

should be made to modify equations (7) and (8) to include a factor 

for rigidity of the membrane. 

3. It was shown that the deflection of the perimeter members 

can be expressed as follows: 

(Lt) y = A sin lcx + B sin 2kx + C sin 3kx + D sin ).ikx, where Ic =ir/L 

M d2y 
and since, - - 

EI 

M = EI [Ak2 sin lcx + BL.k2 sin 21cc + 09k2 sin 31cc + Dl6k2 sin ¿1cc] 

but the extreme fibre stress in bending is 5b = Mc/I, therefore, 

5b Ec [Ak2 sin lac + BLk2 sin 21cc + C9k2 sin 31cc + Dl6k2 sin Ijiac] 

and the total stress in the perimeter member at any point, x, is, 

(9) 5t = + Sb, arid, 

A 
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st = ± Ec [Ak2 sin c + Bk2 xin 2loc + 09k2 xin 31cc + D16k2 xin 1cc] 

where = cumulative total of boundary shear at x 

A = area of perimeter member 

E = modulus of elasticity 

c = distance from neutral axis to extreme fibre 

A, B, C, D, = coefficients in deflection equation (Li) 

which include the parameter of membrane 
rigidity 

It is hoped that additional tests can be performed (perhaps 

even full-sized tests) to investigate the behavior of the sheathing, 

and particularly to determine an expression for the rigidity of the 

membrane, that is, the amount of shear connection between each inter- 

section of a board in the top layer with another board in the bottom 

layer, so that this important parameter can be related to the coef- 

ficients determined in this paper. 
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APPENDIX 
STRAIN GAGE DATA 
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STRAIN GAGE READINGS - MODEL B 

Ln ircro-1n1ies per inch 

Zero Loas 2 Net G ae Location Strain 114 Sept. 1 Sept. 1 Sept. 
s3OP.M. 8:00A.M. 9:00P.M. (L-) 

i 

_______________ 
2 _L 

1; 6 

i Bott. para. 

______3 

12 315 12 3tO 12 0070 - 270 
2 Top perp. 10 193g 10 1980 10 1Li0 -tO 
3 Bott. 1er. 8 122g 8 139g 8 1220 - 17 

Top para. 10 Th8 io Th90 1O17 + 

) Bott. perp. 8 70 8 880 8 800 80 
: Top para. 10 1130 10 1150 10 l0L0 - 110 
7 Bot'. para. lo 88 10 930 10 1160 + 230 
, Top perp. 8 l9tiO 8 2000 8 1860 - iho 

) Bott . para . 8 1800 8 1980 8 196 - 

10 Top para. 10 70 10 8o 10 63 + il Bott. perp. 8 9O 8 790 8 930 + i10 
12 Top perp. 10 ll2 10 l]J.0 10 1190 + 

21 Bott. perp. B7 970 B7 ll2 B? 1210 + 
22 Top perp. 3 1810 3 1910 3 192g + l 
2' Bott. para. B8 30 B8 350 B8 h90 + lÌ0 
RL Top para. 1370 5 1370 1330 - L0 

2 Bott. para. 980 5 980 8 - l2 
2' Top perp. 3 172g 3 1830 3 19b0 + 110 
77 Bot.t. perp. 3 1210 3 1360 3 139S + 3 
2P Top para. 7 900 7 880 7 710 - 170 

29 i3ott. para. 7 3O 7 320 7 3h0 + 20 
30 Top perp. 10 30 90 + 60 
31 Bott. perp. 3 910 3 1020 3 1070 + 
32 Top para. 1280 1270 l01 - 2 

33 Bott. B9 b90 B9 L8 B9 LiI - 
3)L Top 

1_ 1130 L 112g t 930 - 19 
3. t3Ot.t.. B9 220 B9 220 B9 360 + 
3.' Top B8 iLo B8 Tho B7 610 - 30 
37 Soft. 3 170 3 l 2 87 - 280 
36 Top. B9 23 B9 230 B8 9O - 6Lo 

39 Rod 710 5 710 800 + 90 
/40 Rod 6 380 6 370 6 6o + 280 
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STRAIN GAGE READIflGS - MODEL B 

in r.cro-Thches per inch 

Load 2 psf 2 psf Net r' uage 

No. 
Location C- /_cu;? 19 Sept. i9 Se1t. 23 Sept. 

8:30 AJ. 3:30 9:30 AY. (3-5/ ____ 
i 

________________ 
2 3 L 5 6 

:L Bott. para. 12 )6o 12 1O 12 1O _ 310 
2 Top perp. 10 12O 10 910 10 6LO - 610 
3 I3ott. perp. 8 810 8 8o 8 i0 - 300 
11 Top para. 10 1600 10 16 10 1700 + 100 

]3ott. perp. 8 35 8 8 360 - 17 
6 To para. 10 1170 10 1110 10 1110 - 60 
7 Bott. para. 10 910 10 1195 10 1190 + 280 
.j Top perp. 8 1t3 8 lhflO 8 117g - 260 

9 Bott. para. 8 i66 8 1600 8 136 - 300 
10 Top para. 10 S80 10 720 10 72 + 
11 Bott. perp. 8 300 8 5S0 8 30 4 
12 Top perp. io 118S io 1280 10 1280 + 9 

21 Bott. perp. B7 60 B7 830 B7 630 + 3 
22 Top pert.. B8 h2 B8 ).h0 fl8 + 30 
23 Bott. para. 3 1620 3 190 3 Th00 - 220 
2h Top para. 1h90 12S 1230 - 260 

25 Bott. para. 1100 1010 102 - 
26 Top perp. 3 1L00 3 1S20 3 1190 - 210 
27 Bott. perp. 3 910 3 1020 3 820 _ 90 
28 Top para. 7 870 7 700 7 680 - 190 

29 Bott. para. 7 320 7 28 7 260 - 60 
30 Top pei. 33 350 230 - 1O 
31 Bott. perp. 3 10 3 6L0 3 L6o - 
32 Top para. 1220 9).0 910 - 310 

33 Bott. B9 S20 B9 Liì0 B9 L3 - 7 
3)-t Top s 090 !4 92 h 900 - 190 
35 Bütt. B9 300 B9 320 B9 320 + 20 
36 Top B7 1060 B7 73 B7 720 - 3L0 
37 Bott. (?) 7 00 3 200 3 300 - Li200 
38 Top. B9 130 B8 730 B8 73 - 39 

39 Rod s 700 860 900 + 200 
140 Rod 6 t6o 6 670 6 720 4 260 



STRATh GE READINGS - MODEL C 

Th r.cro-nLes per 2Lr1Th 

o Load 2 1sf Ç /t''/ 
Gage Locatto 27 Sept. 27 Sept. 27 Sept. 

I . 
8:00 AY. 11:00 A.M. OO P.M. ____ 

i 2 3 

i Bo±t. para. 12 L6O 12 150 10 1970 - 310 
2 Top perp. 10 13t0 10 1020 10 6h - 320 
3 ott. perk. 8 1100 8 905 8 800 - 19 

L Top para. 10 i6o 10 1715 12 0010 + 6 

Pctt. perp. 8 780 8 6L0 8 620 - 
: Trp para. 10 1170 10 l09 10 990 - 
7 j3ott . para. 10 970 10 1180 10 l31 + 210 
3 Toi perp. 8 ioo 8 1!9O 8 1060 - io 

'? Bot.t. para. 8 1900 8 1770 8 175 - 130 
1) Top para. 10 S60 10 620 10 720 + 60 
1_l Bott. perp. 8 660 8 630 6 670 _ 30 
12 Top perp. 10 1230 10 1290 10 1LO + 60 

21 Bott. pe1. B7 1iLi B7 97 B7 1080 170 
22 Top perp. B8 630 B8 B8 7li0 - 
23 Bott. para. 3 i80 3 186 3 1900 

Tcp para. 1h0 1300 1090 - 150 

2 Bott. para. 13!iO ]l0 760 + 170 
25 Top perp. 3 1770 3 1880 L 1090 + 110 
27 Bo't. perp. 3 120 3 1150 3 1200 _ 100 
28 Top para. 7 83 7 730 7 0 - 155 

29 Bott. para. 7 3)40 7 380 7 170 4- 

30 Top perp. S 760 700 5 1250 - 60 
31 !3ott. perp. 3 800 3 760 3 800 _ Lo 
32 Top para. S 1270 5 960 5 705 - 310 

33 l3ott. B9 510 B9 10O B9 20 - 110 
3)4 Top S 110 ¿ 970 14 930 - i!0 
3 3ot.t. .. B9 320 B9 375 B9 3L0 + 55 
3' Top B7 1170 B? 670 B7 310 - 500 
37 Bott. 2 8)0 2 1110 2 15L0 + 270 
38 Top. B9 120 B8 730 B8 ThO - 390 

39 Rod S 685 885 5 1030 + 200 
Rod 6 L55 6 700 6 820 + 2L$ 



STRAIi GAGE READINGS - NODEL A 

in rnicro-Thche5 per inch 

o load PS2 O load T 10 psí' O load 1 psi' O load 20 psf O load 2 pf C load Gage 
uo. Location 

2 Feb. 2 Feb. 26 Feb. 26 Feb. 26 Feb. 27 Feb. 27 Feb. 27 Feb. 28 Feb. 28 Feb. 28 Feb. 1 Mar. 1 Mar. i Mar. 2 Mar. 2 Mar. 
10A.M. 12 ioon 12 i00fl i P.M. 2 P.M. 9 A.M. i F.M. 2 F.M. 8A.M. 9 A.M. 11 A.M. i P.M. 3 k.M. 10 A.M. 11A.M. 

i --- 3 - I. 6 7 8 10 11 12 13 it iS 16 17 18 

12 8o 12 hO 12 lO 12 hO 12 LO 12 520 12 6O 12 OO 12 OO 1 Bott. para. 12 S1O 12 2O 12 S30 12 2O 12 7O 12 630 12 5tiO 
2 Top perp. 10 210 10 230 10 180 10 180 10 190 10 36 io 360 10 380 10 2tO 10 235 10 830 10 OO lo b8 10 t3O lo 300 10 280 
3 }ott. erp. 6 1860 6 l80 6 i0 6 12F 6 lfO 6 1730 6 l7O 6 177g 6 167 6 1600 6 1660 6 1920 6 1890 6 l9L 6 1830 6 167g 
4 Top perp. 10 1800 10 1800 10 1800 10 1790 10 1800 10 1860 io ieio io 1810 10 1730 10 1780 10 177 io 176 io 1800 10 l7O 10 1700 10 176g 

Bott. perp. 6 1760 6 1750 6 1700 6 1710 6 1710 6 1830 6 i8L 6 1810 6 1700 6 17IO 6 172 6 1900 6 190 6 1870 6 17b0 1800 
6 Top para. 10 1270 10 1280 10 1270 10 1270 10 1270 lO 1330 10 1280 10 l27 10 l2L 10 l2L5 10 1200 10 1200 10 l2O 10 122 10 1180 10 1220 
7 Bott. para. 10 600 10 610 10 600 10 600 10 630 10 710 10 6o lo 660 10 610 10 600 10 620 10 6I lo 630 10 6i lo o io S8! 
8 Top perp. 6 1810 6 1810 6 1780 6 1780 6 1770 6 193 6 1930 6 1900 6 1770 6 i85 6 l79 6 199e 8 OliO 6 l9O 6 1830 6 l87 

9 Bett. para. 10 180 10 190 10 180 lO 180 10 230 10 29 io 20 lo 2LO 10 200 10 22 10 210 10 2O 10 2IiX) 10 23 10 180 10 210 
lo Top para. lo 111O 10 1lU 10 ii10 10 1130 10 1130 10 1l9 lo lTh0 10 11O 10 111 10 1100 10 1110 10 1110 10 1090 10 1100 10 10O 10 1OL0 li Bott. perp. 6 1ILOO 6 l39 6 1320 6 132 6 1310 6 1Li0 6 l3 6 1b80 6 1310 6 1390 6 18O 6 1630 6 l72 6 l9O 6 1390 6 Th90 
12 Top perp. 8 h60 8 L6O 8 f00 8 Ll0 8 L2O 8 580 3 B 56 8 )400 8 li20 8 oo 8 800 7O 8 600 8 L1L 8 I90 

21 Bott. perp. 2 710 2 720 2 620 2 660 2 860 2 960 2 900 2 1730 2 1590 2 l00 2 820 2 lO9 2 lOhn 1. oO 2 1920 2 l87 
22 Top perp. 8 790 8 790 8 760 8 77 8 9h5 8 il0 8 l06 8 1780 8 161i0 8 8o 8 890 8 1090 8 1030 10 itO 8 1860 8 i8O 
23 !3ott. para. L 980 ) 960 L 900 Li 960 ) 1100 ) lO7 ) lOSO li 1810 b l78 L l26 li 915 ) lO0 t 1020 6 O0 t 1960 6 020 
2L Top para. 10 l8O 10 1860 10 1810 10 1820 12 00 12 070 10 l98 12 710 12 1710 10 1920 12 3O 10 1860 10 1870 12 1090 12 88 12 8h0 

25 Bütt. para. 12 1L30 12 010 12 biO 12 930 10 ih6o 10 1L7O 10 11450 12 lO 12 090 10 l36 lo l2O lo 150o lo 1330 12 990 12 860 12 133 
26 Top perp. 6 1960 6 Th70 6 ]J20 6 l!j30 6 1615 6 i81.o 6 l79 8 )8 8 350 6 15'O 6 lO 6 1820 6 l8L0 8 910 8 90 8 0 
27 Bot.t. perp. 8 7U0 8 760 8 670 8 660 8 87! 8 l0IO 8 1010 8 17L 8 1580 8 760 8 8o 8 1090 8 lO0 10 12 8 1820 8 177g 
28 Top para. 12 1210 12 1230 12 1200 12 1200 12 1i.30 12 1)4L 12 1360 ib 080 1L 060 12 l2Li.0 12 1280 12 l2)i0 12 1230 lii )O0 11 210 1I 19 

29 Bott. para. 10 1670 10 l60 10 1650 10 1710 10 16LiC 10 1670 10 1700 10 l8 10 10 10 1660 10 i80 10 17 10 1700 lO l6L0 10 l9 10 1685 
30 Top perp. 8 690 8 690 8 63e 8 6)iO 8 6h0 8 830 8 860 8 820 8 66 8 700 8 660 8 930 8 980 8 880 8 720 8 800 
31 Bott. perp. 6 720 6 70 6 680 6 620 6 60 6 820 6 820 6 8o 6 690 6 67 6 680 6 970 6 930 6 930 6 7!jO 6 690 
32 Top para. 10 61G 10 6o 10 660 10 650 10 690 lO 7h0 lo 680 10 700 lO 7O 10 6Lo lo 690 10 690 10 66 10 700 lO 660 10 630 

33 Bottom 6 6 050 6 080 6 120 6 290 6 280 6 20C' 6 90 6 1000 6 Lio 6 120 6 l0 6 l9 6 17h0 6 1130 6 u8o 
3L Top 10 1060 10 lOI0 lo 970 10 1020 10 1180 10 1180 io noo 10 l87 10 l83 io 1290 10 980 10 980 10 lO1 12 000 10 1975 12 020 
3 l3ottorn L 1800 1800 1 1770 L 1820 L 1970 L 1960 

¿ 1910 6 620 6 S90 6 120 L 1810 L 1820 I i86o 6 870 6 8o 6 86 
36 Top 14 70 L O h h90 L L0 1 700 Li 710 

¿ 620 b 1360 L 1330 L 8l Loo 1 395 b 5 h 1380 ¿ l3O 13O 
3? Bottom 8 360 8 30 8 310 8 360 8 20 8 2O 6o 8 1195 8 ll5 8 6o 8 380 8 38 8 Jo 8 Uao 8 1390 8 i110 
38 Top )4 12O L 19O L lt0 ). 1OO t 1E90 I 190 

) l7 6 200 6 170 L 1760 i 1210 L 1210 t )J.90 6 180 6 iJo 6 L6 

39 Rod lo l7l 10 1790 10 17LO io 1720 12 03 12 020 10 l83 12 7 12 710 12 020 lO 1960 10 1960 10 1800 12 1010 12 97 12 760 
)40 Rod 12 39S 12 L1O 12 380 12 38 12 60f 12 12 L3O 12 1310 12 1280 12 600 12 L9O 12 0O 12 36 12 1570 12 10 12 1330 


