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THE EFFECTS OF GRAVITY ON flI 

OBLIQUE HYDRAULIC JUMi. 

INTRODUCTION 

The oblioue hydraulic jur!Jp rûay occur in a channel in 

which the velocity of the water is greater than the críti- 

cal velocity. It is caused by an obstruction in the 

channel or by a change in direction of one of the channel 

walls. Two types ot oblique hyuraulic jumps occur, these 

are the roller type an the undulating wave type. The 

undulating wave type of oblique hydraulic jump will be 

discussed in this pa-er. 

The Froude number is the dimensionless parameter 

that is used to show the effects of gravity on fluic 

flow; therefore, the Froue number will Le used in this 

paper to describe the effects of gravity. some o the 

gravity effects that will be discussed are (i) the limit- 
ing values of the Froude number rtorrral to the jump within 

which the undulating type of hydraulic jump occurs; (2) 

the ratio of the maximum height of the first wave to the 

initial height of tiLe water upstrean; (3) the possibility 

of using the equation from (2) as a flow measuring 

equation for this type of flow; () the wave angle 

measured from the original stream lines. The notation 



2 

will be the same as that used by Ippen (2, p. ¿578-685). 

A numerical integration type of solution for the undulat- 

ing wave equation is presented in the appendix. 

THEORETI CL DEVELOPMENT 

The undular tye ut oblique hydraulic jump is a 

series of smooth waves as can be seen in Figure 1, (2, 

p. 679 and 681). In the figure, the wave front is at an 

angle from the direction of the initial streamlines 

cause4 by the change in direction of the channel wall by 

an angle 9. The water loses momentuxri as it passes 

through the jump normal to the wave front; this causes 

an increase in detth from h1 to h2 downstream. No change 

of momentum takes place parallel to the wave front; there-. 

f ore, V1 = V2. From Figure 1, 

Vl1 V1 sine Ec'. i 

If Eq. 1 is divided by the velocity of orpagation of 

an infinitesimal wave, a relationship between the Froude 

numbers is found. 

V1sín 1g 

(gh1) (gh1) 
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F1 F1 sing iq. 2 

'Che equation for the velocity of propagation of a 

constant discharge translation wave of appreciable height 

ante curvature moving in still, shallow water as derived 

by i3oussinesq (3, p. 74) is 

/ 22 
.- / -'y h1 Y 

G = (gh1)2 
1 

1±- 
2 

\ 4h1 6y : iq. 3 

In the derivation of ¿q. 3 (3, p. 63), the velocity 

potert -tat is expressed as a convergent ower series. To 

eterrl) the vertical comoonent of velocity, this series 

was differentiated once with respect to the depth measured 

from the channel bottom. All hut the first two terms of 

these infinite series are ncglected; therefore, iq. 3 

is approximate. 

Since the wave in the channel is stationary with re- 

spect to a fixed point, the velocit of propagation of the 

wave must be equal to the channel velocity normal to the 

wave front. If V is substituted for G arid both sides 
nl 

of the equation are divided by (gh1Y, 

3y h2 ;2y 
F =l++ i 

nl 4h tz; ,2 

I 
tq.4 

If the coordinate axis moves with the velocity of prop- 

agation of the wave, then the partial derivative can be 
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changed to an ordinary derivative and Eq. 4 becomes 

Solving for 

F1 = + + 
h12dy 

4h1 6ydx2 

x =x_ (F1 -1- 
dx2 h12 4h1 ) 

6(F1-l)y lEy2 

h12 
3 

4h 
Eq. 5 

can be expressed as y" and Eq. .5 can be expressed 

d 

in the form, 

where 

and 

y" = ay - by2 Eq. 6 

6(F1 -1) 
a 

h12 Eq. 7 

18 
b 

4h13 Eq. 8 

when y"=O, Eq. 6 becomes 

ay - by2 = O 

yCa - by) = O Eq. 9 



Therefore, at y = O the second derivative is zero which 

indicates that the rate of change of slope of the water 

surface uDstream from the jume where the deDth is h 

is zero. The term within the parenthesis o. q. 9 

can be solvec to yie1 the seccnd root, 

= 
b 10 

The second root is the point of inflection on the wave, 

and it is the height y2 (3, p. 97) which is the height 

of the downstream water surface above h1 SuLntitution 

o the values for a and b from Eq. 7 and Eq. yields 

y., = 

6(Fi 1) 

2 

18 

4h13 

4 

Tni 1)h1 Eq. 11 

Ippen (2, 0. 664), has shown that the crest of the first 
h 

wave becomes unstable when -f 2; therefore, insta- 
h1 

bility occurs at h2 2h1. From Figure 1, 

h2 
'2 

h1 

substituting 2h1 for h2 and subtracting h1 from the 

right side of the equation yields y2 = h1 the maximum 



value for y2. Substituting h1 for y2 in Lq. il yields 

h1 = (F -1)h, 
nl i 

3 
nl -1 = -; 

t? - i 

nl. 
- L . I - iq. 12 

Therefore, the condition for maximum y2 for a stable 

wave depends upon the normal Froue number alone and 

occurs at = 1.75. InvestigatIon of Eq. li shows that 

the minimum y2 occurs at a normal Froude number of 1.00 

which is the critical Froude number. These two values 

of normal Froude number establish the limits within 

which a stable undulating type of hydraulic junp can take 

place. 

Keulegar and Patterson have shown that the height o 

the first crest above the initial height, a' 
is 3/2 y2 

(3, 2. 96), If y 
set equal to 3/2 y2 in Eq. 11, the 

result is 

a (-4) (F1 -l)hi 

"a 2(Fni -l)h1 q. 13 

From Figure i, 

y = h -h 
a a 

ubstitution of (h 
''i 

into Eq. 13 anc division by h1 
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h -h1 a =2F _ 
nl 

i 

h 
2F 

= 
+ i 

F1 ± i) 
Eq. 14 

The calculation of sorne of the phenomena in the 

oblique hydraulic 

nun be r be known. 

the normal Froude 

height of the cre 

he ight be known. 

in the laboratory 

sccurate values. 

jump requires that the normal Froude 

Equation 14 can be used to calculate 

number, and it requires only that the 

st of the first wave and the initial 

Both of these measurements cart be made 

with the point gage which gives highly 

Equation 14 can be used to calculate the velocity of 

the water normal to the wave front since 

V1 = F (gh1)} 

substitution of Eq. 1 yields 

vi 
- sIflfl Eq. 15 

Since the discharge in the channel, Ç, is equal to 

the product of the average velocity, V1, and the cross- 

sectional area, i, of the channel, Eq. 14 and Eq. 15 



yield 
F1 (gh1 

= sine 

A(gh1) 

Q 

2sin Liq.16 

Equation 16 can be used to calculate the discharge 

in the channel. The measurenients that are needed are the 

channel width, the initial height, the height of the 

crest of the first wave and the wave angle. Uf these 

measurements the wave angle is the most difficult to 

make accurately; therefore, the discharge should be 

measured by other more accurate means if they are 

available. 

Ippen and Harleman (2, p. 679-6l) have derived an 

equation that relates the initial Fraude number, the 

angle of a deflecting wall anL the wave angle. 'This 

relationshi it 

tan(/1+F12 sín2 -3) 
tan = _________________ 

2 y 2 2 
2tan lbF'1 sing -1 

Lq. 17 

They recommend that a lot oi this equation be 

made; then, indivitival problems can be solved with the 
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graph. This equation shows that the wave angle is a 

function of Frouce number and . 

XPERIMEN TAL PROCEDURE AI'L DATA 

A schematic diagram of the channel appears in Fig- 

ure 2, and the inset in Figure 2 chows the measurement 

proceoures. The channel was constructed of smooth 

plastic sheets. The water was pumped through a water 

raain equipped with a calibrated venturi meter; then, 

it flowed into the bottom of a stilling basin where it 

rose and flowed into the channel. The flow was regulated 

with a valve in the train. 

i niane deflecting vane ws placed in the channel to 

create the oblique hydraulic jump. The heights across 

the resulting unular wave were raeasurcc with a point 

gage, and the series of measurements were taken on a 

straight line normal to the wa;e front. The point gage 

was mounted on a )lastic frame that rode on top of the 

channel ails. The edge of the channel base and another 

straight piece of plastic were placed across the channel 

perpendicuLar to the longitudinal direction of the chan- 

riel. The plastic straightedge was clamped into position; 

then, the straightedge and the r e base plate were 
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inscribed at a(jacent ooints. To keep the rneasurerrtertts 

in a straight line and at the correct angle, a triangle 
cras placed with the hyDoteriuse set at the angle 

measured from the plastic straîghtede. t' line as drawn 

along the adjacent edge f the triangle on the plastic 

straightedge so that the triangle could be removed and 

replaced as the measurements were taken without changing 

the triangle's orientation. The triangle was placed with 

its hypotenuse over the point inscribed on the plastic 

straightedge; then, the point gage assetbly was moved to 

a position such that the inscribed point on the point 

gage base plate was positioned beneath the hypotenuse of 

the triangle. The ooint gage base plate was oriented 

perpendicular to the channel walls and the angle was 

rechecked, then the measurements were made. 

The measurements were mare at randon intervals with 

particular attention raid to finding the crest of the 

first wave. The distance between the two inscribed 

marks was measured along the edge of the straightedge 

for each reading as the entire 'oint gage assembly ìas 

moved across the channel. The veitex of the right angle 

of a triangle was placed at the inscribed mark on the 

point gage base plate with an edge of the triangle flush 

with the edge of the base plate. The other edge of the 
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triangle laid across the 1astic straightedge thereby 

locating ; point on the straightege perpendicularly 

across from the mark on the point tage base 
1ate. The 

distance between the triangle anti the inscribed mark on 

the straightedge was measurec and recorde; then, it 

was divided by the cosine of the wave angle to give the 

distance normal to the wave front. The recorded data 

is in table 1. 

The wave angle was measured by placing a straight- 

edge on top of the channel walls with the 
edge along the 

wave front. The angle between the straightedge and the 

channel wall was measured with a protractor and recorded. 

The most accurate measurements in the exeríment were 

those made with the point gage. An estimate of the point 

gage error is 0.002 feet. The measurement of the 

distance normal to the wave front had a greater error than 

that of the point gage. The greater error as caused by 

more complex rocedure, and the error was increased by 

dividing the measured distance along the straightedge 
by 

the cosine of the wave angle. The estimated error for this 

measurement is + 0.004 feet, and it is not cumulative 

sice each point was measured separately. 

The discharge in th channel was easured by 

reading a differential iì:oreter connected to the 
venturi 
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meter. The error in this measurement 

because the liquid in the manometer ti 

badly. 

The wave angle rneasureìent could 

since it required the investigator to 

straightedge and attempt to orient it 

DATA PLOCESSING 

1.5 

is indeterminate 

bes fluctuated 

have large errors 

sight along the 

with the wave. 

Equation was solved for the condition of the 

measured wave, and a lot of the calculated wave is 

compared with the Dlotted cata in Figure 3. Table 2 

contains t. tabulated values for the calculated curves. 

The method of solution of Eq. 6 for the upstream 

art of the wave is Dresenteci in the apendíx. A normal 

Frouae number of 1.38 was calculated from the discharge 

and the upstream depth. A normal Froude number of 1.45 

was calculatea with q. 14 for the saine conditions of 

flow. The Froude number of 1.45 was used to calculate 

the aproimate theoretical wave. This was done because 

the Froude number from Eq. 14 was considered to be more 

accurate than the Froude number calculated from the 

discharge. The downstream part of the wave was cal- 

culated in a similar manner with the 1oiest measured 
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0.24 0.0144 
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depth downstream as h1, and a new normal Froude number 

was calculated with Eq. 14 to meet the maximun' an mini- 

mum height conditions. The klot in Figure 3 shows the 

small (iscrepancy between the calculated wave and the 

laboratory ave. 

The area within the laboratory wave, between 0.539 

ft. uDstream and 0.200 ft. cownatream raeasured normal to 

the wave front, wa& calculated. The weight of the water 

within each increment of the laboratory wave and its 
ar)proximate theoretical equivalent was calculated to show 

the weight discreoancy along the wave. Figure 4 lE a 

lot of these calculations. 
'rhe weight of the water in the wave has a comionent 

in the direction of flow caused by the slope of the chan- 

nel as can be seen in Figure 5. This component has corn- 

poflents in the normal and tangential directions with re- 
snect to the wave front. The component normal to the 

Tave front was 0.12 lb. Der linear ut of wave, and the 

comoonent along the wve iront was 0.19 Lb. per linear 
foot of wave. The weight component in the direction of 

the wave front violates the assuniption that the only 

forces acting on a fluid element in the tangential dir- 
ection are the equal an opposite hydrostatic pressure 

forces. The bottom shear stress reduces the effect o: 
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the gravity force, but this was not investigated. 

A flow net was drasrn for the laboratory wave to de- 

termine the pressure vriatiofls. The Dressure varies 

from hydrostatic because accelerations occur within the 

wave as can be seen from the flow net in Figure 6. The 

curved strearc1ines indicate the Dresence of centripetal 

accelerations that create centrifugal forces which cause 

variations in the pressure throughout the wae. Some 

oressure diagrams appear in Fiure 7 where the actual 

pressure distribution is granhically compared ith the 

triangular ressure .istribution of hydrostatic pressure. 

The force caused by the pressure orL the cross- 

section of the wave was calculated for comparison with 

the component oi the gravity force in the tangential 

direction. The force due to ressure as 0.70 pounc.s; 

therefore, the gravity force from a unit width of wave 

was about one fourth of the force ue to úressure on the 

cross-section of the wave. 
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CONCLUSION 

The close agreement between the wave calculated 

with Eq. and the plot of the laboratory dats is ari 

indication of the validity of the oussinesq equation 

for this type of wave. 

The increase in weight caused by the tangential 

comoonent of the weight of the water in the wave as the 

wave increases in :idth causes an increasing gravity 

force along the wave front. The effects of the tan- 

gential weitht component are modificu by the bottoï 

shear stress, but this part of the oroblem was not in- 

vestiated in this eyiieriment. 

The ncrmal 1roude number for the laboratory wave 

;as calculatec from the discharge data, and Eq. 14 was 

used to calculate the normal Fronde number from the 

height of the crest and the initial height. The results 
were 1.38 and 1.4.5 from the calculations by the discharge 

data and Eq. 14 respectively with 0.07 discreoancy bet- 

ween the two. A .f.l per cent discrepancy was calculated 

when the difference was compared with the normal Froude 

number calculcte from the discharge data; therefore, 

this result indicates that q. 14 can be used to cal- 
culate the normal Froude number. Better experimental 
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data is needed to determine the accuracy to be eoected 

f rorrì the use of Eq. 14 in determining the normal Froude 

number. since ìLq. 14 was derived from the E.ous8inesq 

equation with the assumption that Ya = the above 

results give further indication that the bousinesq 

equation is correct an that the assumption of the crest 

height is correct. 

SUIÍMPRY ANL RCONÌEN1ATION S 

The oblique hyt!raulic jump hs been shown to have 

a force component due to gravity in the tangential 

direction. The amount b'. which the bottom shear stress 

reduces the effects of the tangential comìonent of the 

weight of the water must be lown before the analysis 

of the oblique hydraulic jump cari be improved. 

The Eoussinesq equation should be derived without 

discarding so many of the larger ternis in the power 

series expansion. These extra terms woulc provide more 

roots to the equation; then, the configuration of the 

wave solveo by the equatiom might more closely approxi- 

mate the actual wave. 
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APPENDIX 

To determine the approximate theoretical shae of 

the wave, Eq. 6 must be integrated. This equation is 

a second order, non-linear differential equation; there- 

fore, a numerical method was used to solve it. 

Scarborough (4, p. 265-271) ceveloped the following 

equations for the solution of this type of differential 

equation. 

Yn+i = 2yyn....i±h2 

Eq. 18 

y = 2y n-2 + h(y -4ó1y L 2y) 

Eq. 19 

The meaning of the symbols in Eq. 18 are: 

1. y is the last ordinate that has been cal- 

culated; the (n + 1.) and (n - 1) are the ordinates 

following and preceding Yn. 

2. h is the finite interval along abscisBa 

used to develop differences in ordinater it remains 

constant throughout the entire integration process. 

In this paper, h Lx. 
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3. ;; is the second derivative of y, and it is 

calculate with Eq. 6. 

A. L11 
2' 

and ¿4 are the first, second, 

third and fouth differences respectively of the ordinate 

vaLue. The uethod of computing these can be seen ir 

table 4 in the appendix. 

The symbols in Eq. 19 have the same general meaning 

as thoce in Lq. 18 except that of a. 19 is the saine 

ordinate as + i of Eq. 18. After the calculation of 

a few ordinates, the convenience of this notation will 

become apDarent. 

solution of a differential equation by Eqs. 18 and 

1g recuires some known ordinate values; these cari be 

obtained from the Taylor series expansion. The first 

five derivatives of Lq. 6 are required, but the first 

derivative is zero if the vertical axis is drawn through 

the crest of the first wave. If the elements of the first 

five derivatives that contain the first derivative are 

set equal to yero; then, only the second and fourth 

derivatives renain. 

y" ay -by2 

= ay" -2byy" Eq. 20 
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The Taylor series expansion with these terms is 

TV 
y=yo± o ____ 

2 4 ç. 21 

The Taylor series solution for positive values of 

x is also the solution for the negative values of x 

since Eq. 21 contains only even powers of Eut, Lq. 

5 and tq. 20 must be solved for the laboratory data 

before they can be used in the Taylor expansion. 

\Then L;q. 14 is solved with the laboratory data, it 

yields F1 1.4517; the extra digits are required for 
the numerical integration. Equations 7 and 8 are solved 

for a and b resectively from which a = 189.237 and b = 

2604.17; these values are substituted into Eq. 6 with 

Yo = 0.109, and y 10.3133 is calculated. Equation 

20 yields 
Y:; = 3903.29 from the known values of y, 

v a end b. 
-o, 

The Taylor series yields y 0.1069 and y 0.1011 

at = ± 0.02 and ': + o.oL respectively. These values 

are i1aced in Table 3 and the indicated orerations are 

performe to calculate y" at each y value. The y values 

and the y" values are placed in the 7roper columns of 

Table 4 which is the main sheet. The differences are 

calculìted and tabulated. For example, the y value at 

X = -0.04 is subtracted fron the y value at x -0.02 
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with + 0.0058 as the difference, and y at x -0.02 is 

subtracted from y at = O with + 0.0021 as the dif- 

ference. The calculations are carried out similarly 

for the differences of y and y" until the table is 

comrleted to the fourth difference. Jhen this table has 

been completed down to the double lines, Equations 18 

and 19 can be used to continue the integration. Tables 

5 and 6 are tabulatec solutions for qs. l and 19. 

The next value of y is calculated in Table 5 and it is 

checked in table 6. This orocess is continued until 

the integration has been carried as far as desired. This 

type of integration has a cumulative error; therefore, 

it cannot be carried out indefinitely with a high degree 

of accuracy. 'fhe error increases as increments are made 

larger; therefore, the choice of the h value in qs. 16 

and 19 is imoort ant. 



I 2 3_ 4 j- 

X y /89257v -2674. /7 I/: 4 

0.00 0.1090 20.6268 -30.9401 -ILO.3133 
0.02 0.1069 20.2294 -29.7594 -9.5300 
0.04 .1011 9.1318 -26.6L77 -7.4859 
0.06 .0923 L7.4666 -22.1857 -4.7191 
0.08 .0816 15.4417 -17.3396 -1.8979 

7db/e 5" ComputcÉ/oti cf y". 



X y 4y 4 y" i y" 2 Yu 3" 4ü 
______ ___________ ________ x/o A/O xfO 

-0.04 O.1011 

____________ 

-7.L859 
___________ 

-0.02 0.1069 +.0058 _95300 -2.044t 
0.00 0.1090 +.0021 -37 -10.3133 -0.7833 +].2608 
0.02 O..L069 -.0021 -42 -5 -9.5300 +0.7833 +L.5666 +0.3058 
0.04 0.]011 - .0058 -37 +5 +]0 -7.4859 +2.044] +L.2608 -0.3058 -0.6116 

0.06 0.0923 -.0088 -30 +7 +2 -4.7191 +2.7668 +0.7227 -0.5381 -0.2323 
0.08 0.0816 -.0107 -19 +11 +4 -1.8979 ±2.8212 +0.0544 -0.6683 -0.1302 

7b/e 4: (4 p. 2) 7th/e o/ D'ffe,e,7ces. 

N) 



i 2 3 4 5 6 I4S6 

X 4C'2y' Ajy: y' 4/û3 ¿y,, n-ì 

0.06 
0.08 

+0.0286 
-0.0040 

-74859 
-4.7191 

-0.0030 
-0.0019 

0.2022 
0.L846 

-O.LO69 
-0.1011 

0.0923 
0.0816 

Th/ s: ctz f 

I ¿' 5 4 j- 6 J456 

X 2y' y-4y; 4x/OZ3 2(,7/) Y(-2) y 
0.06 
0.08 

+0.0602 
+0.0045 

-7.4859 
-4.7191 

-0.0030 
-0.0019 

0.2022 
0.1846 

- .1069 
- .1011 

0.0923 
0.0816 

Tcb / 6 ; C,ck fot y 1"z hie. 


