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AN INVSIGATIOi\ OF RETAINING WALL LOADINGS 

INTRODUCTION 

Through the efforts of engineers throughout the 

world new concepts of the forces exerted by soil on re- 

tainin, walls have been developed. i'ïuch of this has 

been due to a better understanding of soil mechanics as 

well as an understanding of the actual reaction of the 

retaining wall to the applied loads. This paper deals 

with some of these new concepts and their application 

to retaining wall design. 

In the discussion that follows the retaining wall 

will be considered a two dimensional structure. For 

purposes of this discussion a level backfill of dry and 

cohesionless soil is assumed behind a vertical wall. 

Near the end of this paper an illustration will be given 

of the serious error involved in assuming a dry soil 

when conditions in the field may result in a partially 

saturated or completely saturated. backfill. 

Of the methods presently being used in designing 

retaining walls the two most widely accepted are the 

Coulomb method and the Rankine method. In addition to 

these there have been numerous investiL;ations and recoin- 

mendations for the behavior and construction of retaining 
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walls, their complexity rendering them nearly ixnprac- 

tical. 

In 1773 Coulomb presented his theory that there 

i1l be a failure in the backfill in the form of a wedge 

as shown in Figure la. Two assumptions are made in this 

theory. The first assumption is that the failure occurs 

along a plane section although in actuality this is not 

the cse. The second assumption is that the thrust on 

the wall acts in some known direction. The direction of 

this thrust is determined by what is assumed to be the 

effective friction angle (ø') between the surface of the 

wall and the soil in the backfill. .ßxperiments by 

Terzaghi (4, p. 136-140) have shown that the angle of 

friction between a masonry wall and a cohesionless back- 

fill is as large or nearly as large as the friction angle 

of the soil. The procedure for an analysis by the 

Coulomb method is to assume a series of failure planes 

through the toe of the will. For each failure plane 

determine the ma[nitude of' the resultant R on the wall 

by means of the force triangle (Figure la). The forc J 

is the weight of the soil contained between the failure 

plane and the wall. The dircction of the force F is at 

an angle 0 to the normal of the failure glane, the angle 

0 being the angle of internal friction of the soil. With 
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the direction of' both R and i? known and the magnitude 

and direction ol' W known the magnitude of' R can be found. 

This procedure is carried through for each assumed fail- 

ure plane. The failure plane that results in the largest 

value of R is the condition for which the retaining wall 

is designed. This method does not determine the point 

of application of the force R upon the wall. In most 

cases this force is assumed to act at a point one-third 

of the distance up the wall. Careful consideration 

should be given to such an assumption as it has been 

shown experimentally that this force may act as high as 

one-half the distance up the wall. 

Rankine's method dates back to 1860. The assump- 

tions are that if a retaining wall yields, the backfill 

will expand in a horizontal direction, whereupon the 

lateral pressure exerted by the soil on the wall will 

gradually decrease until a lower limiting value, called 

the active earth pressure, is reached. The value of the 

active earth pressure can be expressed by the equation 

p ztan2(45°-ø/2) where is the anit weight of the 

soil, z is the distance from the surface to the point 

under consideration, and is the angle of internal 

friction of the soil. s shown in Figure lb the distri- 

bution of the pressure on the wall computed by this 
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formula will be linear, having a resultant acting at 

the one-third point on the wall. This theory gives no 

direct consideration to the effects that the friction 

between the wall and the soil has upon the resultant 

thrust. The wall for this concept must be considered 

perfectly smooth. s a result the direction of the force 

on the wall will act parallel to the surface of the back- 

fill. Figure ic shows the surface of failure for a fric- 

tionless vertical surface. Figure id shows the shear 

pattern corresponding to an active state along a rough 

surface (5, p. 44). The active conditions can better be 

understood by use of a Nohr's circle presented later in 

this paper. 

Lateral pressure on a retaining wall is often corn- 

puted by the method of equivalent fluid. By this method 

an "equivalent" fluid replaces the soil behind the wall 

and the lateral pressure on the wall caused by this fluid 

is used. The unit weight of the "equivalent" fluid is 

often assumed to be about O pounds per cubic foot. 

The object of this thesis is to investigate re- 

suits of recent retainin'; wall experiments and in the 

process attempt to come up with a feasible method of 

design. To do this a portion of this paper must be de- 

voted to the principles of soil mechanics used in ana- 

lyzing the soil in the backfill. 



EXPERINENTS flTH NONFLIBLE WALLS 

Terzaghi conducted tests on a large scale model 

retaining wall at the Nassachusetts Institute of 

Technology to determine the effects lateral movements 

of the wall have on the lateral force on the wall. The 

tests dealt with different kinds of backfill and dif- 

ferent types of retaining walls. Iesults of the tests 

have been summarized in an article presented by Terzaghi 

to the Boston ociety of Civil Engineers on ay 20, 1936 

(1, p. 277-294). 

The results of these tests as pertain to this 

paper brin out some very useful information. The lat- 

eral movement of a retaining wall affects the lateral 

pressure upon it as shown in Figure 2a. movement of 

the wall away from the backfill results in decreased 

lateral pressure upon it while a movement of the wall 

towards the backfill results in an increased lateral 

pressure upon it. This paper primarily deals with the 

case where the wall moves laterally away from the buck- 

fill but similar analysis can be made where the wall 

might possibly be forced towards the backfill. 

If a nonflexible retaining wall is held firmly 

in place, such as restin; on a rock foundation or a very 

rigid pile foundation, the distribution of pressure on 
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the wall is as shown by AB in Figure 2b. The intensity 

of this pressure is represented by Po = k0z where k0 

is designated the coefficient of earth pressure at rest. 

The value of k0 may be determined by triaxial shear 

tests. Typical values of k0 are 0.45 to 0.50 for loose 

sands and 0.40 to 0.45 for dense sands. 

If a retaining wall is restrained and limited to 

only partial outward movement a condition termed the 

arching-active case will result. An extreme example of 

this case is the sheeting of trenches. The lateral pres- 

sure distribution for the arching-active case has been 

shown experimentally to be roughly parabolic as shown 

by AC in Figure 2b. Figure 2c illustrates roughly the 

conditions in the supported soil under the arching-active 

case. It is this archinL: condition that causes the para- 

bouc distribution of the pressure and the location of 

the resultant force to move up near the one-half distance 

on the wall. To assume a triangular distribution under 

these conditions is entirely incorrect. 

Gravity retaining walls and sheet-pile retaining 

walls on soil foundations that are not attached to any 

adjacent structure, and. any retaining wall that can yield 

a considerable amount without undesirable results are 

able to attain the totally active case. The lateral 



pressure distribution will be as shown by AI) in Figure 

2b. 3tudies have shown that a frictional component of 

force may always be depended upon to act when a wall is 

in danger of overturning. Feld (2, p. 1448-1505) dis- 

covered that the thrust acts at a certain angle to the 

horizontal, that its horizontal coLponent does not de- 

pend on the wall material but that the vertical conpo- 

nent does. his tests were run on walls of different 

material such as wood, glass, and metal. The effect 

that this frictional component has on the analysis of a 

retaining wall can be shown as in Figure 2d. The dif- 

ference in direction of the thrust causes a difference 

in the magnitude of the overturning moment. s stated 

previously in this paper tests have shown that the angle 

of friction between cohesionless soils and a masonry wall 

is as larpe or nearly as large as the friction angle of 

the soil. In the design of sheet-pile retaining walls 

overturning is not a desi factor due to the sheet- 

pile's flexibility and different basic action. 
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FUNDANENTAL SOIL NECHANICS 
OF R1TAIN ING WALL DESIGN 

In order to better understand the conditions in 

the backfill soil some fundamental concepts of soil 

mechanics must be considered. :eference is given herein 

to tests that are performed to obtain certain strength 

characteristics of the soil. The importance of having 

these soil tests performed by an organization or a person 

well qualified in soil mechanics cannot be overempha- 

sized. 

The shearing strength of a soil is generally ob- 

tined by either of two tests. The first and most 

economical method, if applicable, is the direct shear 

test. The direct shear machine is an apparatus which 

contains a box consisting of two parts, the upper section 

and the lower section. The soil sample that is to be 

tested is placed in this box, half oÍ' the sample being 

in the upper section and half in the lower section. it 

normal load is applied to the soil srnple, causing pres- 

sure on the plane of the soil between the upper and 

lower sections of the apparatus. One of the sections is 

anchored while the other section is moved at a constant 

rate of deformation parailci to the plane of separation 

of the sections. This strain induces a shearing force 
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along the plane of the soil sample. The shear force 

gradually increases until the soil fails in shear. 

Figure 3 (, p. 3l) is a typical plot of a direct shear 

test on a cohesionless soil. Dashed lines represent a 

test on the sand initially in a dense state and full 

lines represent a test on the same sand initially in a 

loose state. The upper curves are a plot of the ratio 

of shearing stress (r) to normal stress (o) versus the 

shearing displacement. The lower curves show variations 

in sample thickness. This type of test is conducted with 

the normal stress held constant. The point where the 

ratio of shearing and normal stresses reaches its maximum 

is designated the peak point. The value of the friction 

angle at this point is tan O = r'/o. The peak point 

value is the value most generally used in determining 

the friction angle of the soil. ith reference to the 

curve for the dense sand the ratio drops off after the 

peak value and approaches a nearly constant value. This 

value is used in determining the ultimate friction angle. 

The reason for a decreased strength in dense sands 

after the peak point is passed. is due to the interlocking 

effect of the sand. hile approaching the peak point 

value the dense sand is expanding as can be seen by the 

lower curve in Figure 3. Upon reaching the peak point 
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the interlocking strength is lost and the strength of 

the soil is reduced to that part due to the rolling and 

sliding friction between the grains. 

The other type of shear test commonly in use is 

the triaxial or cylindrical compression test. This test 

is considerably more expensive than direct shear but has 

several technical advantages. In this test the soil 

sample is cylindrical. The cylindrical surface is 

covered with a rubber membrane and the ends bear on 

porous stones. The sample is enclosed in a chamber 

where fluid pressure may be applied to the sample. Fail- 

ure of the sample is caused by applying an additional 

axial load by means of a piston acting on one end. 

Figure '4 (3, p. 335) is a plot of a typical triaxial 

shear test on a cohesionless soil. i)ashed lines repre- 

sent a test on the sand initially in a dense state and 

full lines represent a test on the same sano. initially 

in a loose state. The upper curves are a plot of the 

ratio of the total axial stress ( c) to the lateral 

stress ( O3) versus axial strain. The friction angle 

for the soil obtained by this test can best be shown by 

means of a Iohr's circle which will be discussed later 

in this paper. Although Figures 3 and 4 are tests of 

two different sands the two methods of testing produce 
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nearly the same results on the saine soil. One important 

factor is that direct shear testing will produce more 

dependable results at the ultimate point than the tri- 

axial test will. 

The stress conditions that act at a point in a 

soil can best be represented graphically by a Mohr's 

circle. Normal stresses are plotted as the abcissas 

and shearing stresses are plotted as the ordinates. 

Figure 5a represents a point within a stressed mass. It 

is a fundamental principle of mechanics that three prin- 

cipal planes exist through any point. It is also a fun- 

d.amental principle that there exists at a point within a 

stressed mass two planes at right angles to each which 

have no shearing stress acting upon them. The direct 

stress, which is designated by o-, is the normal corn- 

ponent of force per unit of area across the plane; the 

shearing stress, which is designated by r', is the 

tangential or shearing component of force per unit of 

area. A principal plane is a plane having no shearing 

stress. The major principal stress is designated by o-,, 

and the minor principal stress by c. The Mohr circle 

for Figure 5a is as shown in 1igure 5b. 

The Mohr circle can be used to visualize stress 

conditions on other planes through the same point. 
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Through point D, the coordinate of which is the major 

principal stress, let a line be drawn parallel to the 

known orientation of the major principal plane which is 

OA in Figure 5a. This line is shown in Figure 5c. Its 

intersection with the Mohr circle is the point desiiated 

by 
O 

and is called the ori4n of planes. It can be seen 

that a line drawn through O parallel to the minor prin- 

cipal plane of' Figure 5a will intersect the 1'lohr circle 

at the coordinate of o. It may be stated that any line 

through parallel to any arbitrarily chosen plane, 

intersects the circle at a point, the coordinates of 

which are the stress components on that plane (, p. 

317). Illustrative of this is the line through in 

Figure 5e parallel to t.B. The origin of planes may be 

determined for any Liohr circle if the stresses on a plane 

and the orientation of the plane are known. 

Certain critical combinations of normal stresses 

and shear stresses on a lane cause failure in the soil. 

These combinations of -r and a- determined by the peak 

point values of a series of direct shear tests when 

plotted will determine the riohr's envelope of rupture 

(Fiine 5d). This envelope of rupture can also be deter- 

mined by plotting the critical values of and for a 

series of triaxial shear tests, Failure will occur if 



for a given value of the shear stress exceeds that 

shown by the envelopee For a cohesionless soil the ohr 

envelope passes through the origin and is often assumed 

a straight line but it may be slightly curved. The anale 

this line makes with the 0 axis is the angl3 of internal 

friction of the soil. For a cohesionless soil the shear- 

ing strength may be ex-ressed s = otan 0. It should be 

mentioned here that shear may have either a positive or 

negative value. If the shearing stress on an element 

acts in a counterclockwise direction it is assumed 

positive; if it acts in a clockwise direction it is 

assumed negative. 

The vertical pressure in a large, dry, and level 

soil mass is e(jual to z where is the unit weight of 

the soil and z is the depth of the point under consid- 

eration. This may be represented on the Nohr circle as 

shown in Figure 5e. The horizontal earth pressare in 

the soil mass may be represented by k0z where k is 

designated the coefficient of earth pressure at rest. 

is stated previously this can be determined by triaxial 

shear tests. 

If a thin, smooth, vertical wall supporting a mass 

of soil is allowed to yield away from the soil the hori- 

zontal pressure is reduced and the diameter of Iohr's 
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circle ;rows until the circle touches the ruiture enve- 

lope (Figure 5e). The lateral pressure reaches a minimum 

at this point and is called the active pressure, desig- 

nated by 
A' 

and may be shown to be equal to 

ztan2(5°-ø/2). If instead of moving away from the soil 

the wall moves towards the soil the pressure against the 

wall increases. The stress circle increases to the 

riht of z until the circle touches the rupture envelope. 

The lateral pressure reaches a maximum at this point and 

is called the passive pressure, desiguated by p1,, and may 

be shown to be equal to ztan2(45°+ø/2). 
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A GRAPHICAL METHOD 
FOR DETERNINING THE PNE OF FAILURE 
AND THE RESULTANT FORCE ON THE WALL 

Through the use of Nohr circle principles and 

some fundamentals of soil mechanics the writer has de- 

veloped. a graphical method for finding the force on a 

retaining wall with a level backfill of cohesionless 

soil. The object of this development has been threefold: 

(1) to determine a plane of failure that closely resem- 

bles that in nature, (2) to take into consideration the 

effect wall friction is going to liave on the soil mass, 

an () to ueterrnine the point on the wall at which the 

resultant thrust will act. 

As stated previously in this paper, retaining 

walls on soil foundations and not attached to any adja- 

cent structure may yield away from the backfill where- 

upon the laterni pressure on the wall decreases approach- 

ing a lower limiting value. At this lower limiting 

value the stress conditions in the backfill may be 

represented as shown in Figure 6a. P1 is the horizontal 

component of the lateral pressure on the wall. 
2 

S 

the lateral pressure at rest in the soil mass at some 

distance from the wall. hs the lateral yield of the 

wall resulted in a decreased lateral pressure upon it 

and that at some distance from the wall in the backfill 
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the lateral pressure is equivalent to the lateral pres- 

sure at rest, the difference in pressures .12 and must 

be taken up in shear along a horizontal element as shown 

in Figure 6a. Let it be assumed the shear is uniform 

over the horizontal plane. If the magnitude of the shear 

on the horizontal planes can be determined and using the 

fact that the normal stress on a horizontal plane is z 

a point on the £'ohr circle can be determined. 

Figure 6b represents a difference in lateral pres- 

sure over some horizontal distance x. Let the difference 

be comparable to that of having one value equal to zero 

and the other greater by the difference between the 

actual lateral pressures. The horizontal shear at any 

depth z may be found as follows: 

p' = (p) 

()(p' )(z) 
s = X 

= (p')(z) 
2x 

(z)(z)(p) 
- (2x)(1i) 

= (2x(FJ)2 

It can be seen that the horizontal shear stress at any 

depth is proportional to the square of the depth and may 
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be expressed by the equation s = kz2. The corresponding 

horizontal shear stress diagram appears as shown in 

Figure 6e. 

If the value of the horizontal shear stress can 

be determined on a horizontal plane at some depth, the 

value of k in the equation s = kz2 can be determined. 

snowing the value of k, the shearing stress can be deter- 

mined, at any depth z. 

In oruer to determine the shearing stress on a 

horizontal plane a small element of soil at depth Il next 

to the wall will be considered. Before there is any 

yield of the wall the stresses on this element are as 

shown in Figure 7a. The vertical stress is H and the 

lateral stress is k0H. These two values may be plotted 

on a Nohr diagram as shown in Figure 7e. When the wall 

yields the mass of soil behind, it will tend to move with 

it. This movement will be resisted by a shearing stress 

on the horizontal plane at depth il. The element of sou 

will now appear as shown in Figure 7b. The verticul 

stress on this plane remains the same. The shearing 

stress on this plane must lie somewhere on line Aß in 

Figure ?c. .tssuining failure to occur through the toe of 

the wall the Nohr circle for this small element must now 

touch the rupture envelope. Circle I in Figure 7e 



II.-. 

II. 
: vi 

I'' 

I 

I. 

IA 
I. 

iv 

I. 

i, . .4 

t'. . 
¡y A. 

I: 

A. 

24 

H 

H 

ta) 

(c) 

FIG. 7 



25 

illustrates one possible condition. AD represents the 

horizontal shearing stress and EF represents the vertical 

shearing stress under this condition. As stated pre- 

viously these must be equal. angle 
l 
represents the 

angle of friction of the stresses on the vertical plane. 

Circle II illustrates another ossible condition. The 

horizontal and vertical shearing stresses are represented 

by AC and Gil respectively. Angle 
2 
represents the angle 

of friction of the stresses on the vertical plane. AS 

stated previously the angle of friction between the soil 

and the wall is as large or nearly as large as the inter- 

nal angle of friction of the soil. Angle 
2 

of the 

second condition best satisfies this condition. A circle 

cannot be drawn with shearing stress greater than AC as 

such a circle would show a lateral pressure greater than 

which is not possible. Therefore circle II best 

satisfies the actual condition with C being the Inagni- 

tude of the shearing stress on the horizontal plane. 

The value k for the equation s = kz2 may now be deter- 

mined. Before proceeding further it should be mentioned 

that according to circle II the lateral pressure is k0H 

in contrast to what was staLed previously that the 

lateral pressure will decrease. It would be logical to 

assume that a decreased lateral pressure cannot occur 
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right at the level of this plane but at a plano slightly 
above it. 

The shearing stress diagram may be superimposed 

upon the Ìiohr diagrwn as shown in Figure 8a. For each 

va1ue, which equals z, there is a known shearing 

stress. Through the point representing the coordinates 

of shearing stress and normal stress for a horizontal 
plane a circle may be drawn which just touches the 

rupture envelope. A horizontal line drawn through this 
saine point until it intersects the circle will determine 

the origin of planes. The origin of planes for various 

depths are shown in Figure 8a. 2is the coordinates of 

the point on the circle that is tangent to the ruiture 
envelope represent a condition of incipient failure, the 

orientation of the failure plane may be determined by 

passing a line through the O and the point where the 

circle is tangent to the rupture envelope. The failure 
planes for various depths are represented by dashed 

lines in Figure 8a. 

The surface of sliding in a backfill is known to 

be a continuous curve of some type and it will be assumed 

it passes through the toe of the wall. If the failure 
planes in Figure 8a are plotted as shown in Figure 8b 

the resultant broken curve closely approximates a 
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continuous curve. Of greater value is the fact that the 

stresses acting on each segment of the broken curve are 

known. The coordinates at which the Nohr circle for a 

particular depth touches the rupture envelope are the 

normal and. shearing stresses acting on the corresponding 

failure plane. The forces acting on a segment of the 

broken carve are the length of the segment multiplied by 

the normal and shearing stresses, assaming a unit depth. 

The segmenb of soil enclosed by the wall and the 

surface of sliding may now be analyzed to determine the 

force on the wall. The known forces ae the 'reight of 

the segment and the normal and shcaring forces actin. 

along the segments of the broken curve. Figure 8c is a 

graphical resolution of forces. The weight of the soil 

in the segment is represented by . and the forces on 

each segment by F with its appropriate subscript. In 

computing the magnitude of the weight of soil in the 

segment a triangle may be used for a very close approx- 

imation. In a more accurate analysis it is suggested 

that the segment be broken down into vertical segments 

with one end. being a segment of the broken curve. It 

can be seen by Figure 8 that the more points that are 

used in determining the failure planes the more accurate 

the result will be. À suggested procedure is to ick 
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them at some equal interval of depth. The failure ,lane 

for a given depth will extend half an interval distance 

below the depth to half an interval distance above the 

depth. 

R' represents the resultant force on the wall 

under the assumption that the soil has a shearing re- 

sistance proportional to the peak Doint value of the 

shearing test. s stated previously, a dense cohesion- 

less soil loses soie of its shearing strent1i after tho 

peak point is reached. If the backfill is such a soil 

it would be a safe criteria to design the wall for a 

force which is greater than t' by the ratio of the peak 

point strength to the ultimate strength, designated by 

R in Figure 8e. The point of application of the result- 

ant force upon the wall can be determined by means of a 

funicular polygon as shown in Figures 8b and 8c. 



DISCUSSION 

Checks by the writer have shom that an analysis 

by this method on typical cohesionless soils give a 

resultant force acting on the wall at a point one-third 

distance up the wall or slightly higher. The magnitude 

and direction ol' the force com!are favorably with that 

of the Coulomb method. There is not a very close agree- 

ment with the Rankine method. One reason for this is 

that the Rankine method does not consider the effects of 

friction between the wall and the soil. The resultant 

force by the hankine method will be parallel to the 

surface oÍ' the backfill. According to now known facts 

of retaining wall design the hankine method does not 

seem to be a logical approach to retaining wall design. 

For cases other than those of lls being perfectly 

smooth results obtained by the Rankine method are at best 

no nore than rough approximations. 

Up to this point the soil in the backfill has been 

assumed dry. It is often the case that this same condi- 

tion is assumed to exist in the field if proper drainage 

devices are constructed in the backfill. If the drainage 

devices do not function as anticipated, which is quite 

common, and if no consideration is given to the effects 

that a soil of high moisture content will have on the 
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wall, the computed thrust on the wall is ftr from 

accurate. s an extreme case assume the soil behind the 

wall is allowed to become completely saturated. The 

computations for the thrust on the wall caused by the 

soil particles will be the same as those for the dry 

cohesionless soil except that the unit weight of the 

soil will no be the submerged unit eiht of the soil. 

This results in a smaller force. But in addition to 

this force caused by the soil particles there is a force 

caused by the water. In the completely saturated 

condition this additional force is e4ual to where 

is the unit weight of water. This force acts in a 

horizontal direction at a point one-third the distance 

up the wall. To neglect this possible force is a 

serious error. 

In the case where the backfill is only partially 

saturated and where seepage conditions may be analyzed 

by flow nets, the same procedure may be used on this 

method as is used in analyzing a slope by the method of 

slices or the friction circle method. It is beyond the 

scope of this paper to deal with the analysis of earth 

pressures involving seepage forces. 

The question may arise as to why cohesive soils 

such as clay soils have not been considered in this 



paper. Clays should be avoided as a backfill material 

if possible as their shear characteristics change 

appreciably and they have a property termed creep which 

causes an appreciable fluctuation in the earth pressures. 



CONCLUSIONS 

Of the two general retaining wall theories in use, 

that by Coulomb is the most widely favored by most 

engineers over that by Rankine. 

The method of determining the loads on retaining 

walls developed in this thesis is predicated on the 

application of shear properties of soils and basic soil 

mechanics in contrast to only soil friction values in 

the Coulomb method. 

Results by the method developed agree very well 

with those by Coulomb as to the friction between wall 

and backfill, the magnitude and direction of the result- 

ant, and the shape of the failure Tlane. 

In contrast to the Coulomb method which depends 

on trial nethods for determining the position of the 

failure plane and. the maximum thrust, the method devel- 

oped defines both the magnitude and direction of maximum 

thrust and the position of the failure plane by a direct 

procedure. 

Also, in contrast to the Coulomb method where an 

assumption must be made a to the point of application of 

the resultant, the method herein locates the point of 

application, showing it to act at the one-third point or 
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slightly higher under the conditions discussed in this 

paper. 
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