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An Elementary Observation 

The insights 

The Great Truths 

Much like 

"Oh what fools we 

hapless mortals be;" 

Are rather obvious 

Self-evident, trivial: 

Q. E. D. 



LONG RANGE iEGULATIC'N 

OF A UYDROELECT?IIC SYSTE?. WITH STORAGE DAMS 

1. Introduction and Purpose of Analysis 

In the present paper we wish to develop the neces- 

sary 1oic for the automatic lonq ranQe regulation of a 

river basin composed of storage reservoirs and ceneration 

plants. This paper is a mathematical development of pro- 

cedures dnd computational descriptions for accomplishinç 

this reoulation. We will assume that we have contracted 

to fulfill some energy requirement and if for some reason 

we cannot satisfy the aqreenent, we shall be forced to 

pay a penalty. 

This penalty shall be the purchase of enerjy from 

firms with steam driven qenerators which are considerably 

more costly to operate than hydroelectric plants, and the 

loss of goodwill in ceneral. Ve also must keep in mind 

that meeting the above mentioned requirement for orle year 

may not allow us to fill our reservoirs in the spring when 

the hi0h flows commence. To not fill the reservoirs will 

result in a cyclic loss of energy due to the inability to 

operate at maximal heads. Hence, we shall have two goals: 

i) Meet the energy requirement. 

2) Fill the reservoirs every sprin. 

We furthermore assume that we are dealinc with an integrated 



system, or a system with transmission facilities avail- 

able from every project to the customers. 
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2. System :.ode1 

In the construction of a model of a ceriera1ized 

river basin, we beqirt the discussion with the introduc- 

tion of c few pertinent definitions. 

If a plant A contributes flow to another plant 

B, i.e. if a part of the water released from plant B 

first passed throuqh the turbines (or over the spiliway) 

at plant A, then plant A is said to be upstream from 

plant B, which is said to be downstream from À. A 

plant is defined to be upstream and downstream from itself. 

If all projects in the specific basin are in tandem1 every 

plant is either upstream or downstream from every other 

plant. This is not necessarily true in a qeneral river 

system. 

Let the plants in the system be numbered i throuch 

N consecutively, where we assume N > 1. Then for any 

plant numbered u, i < u < N, hereafter referred to sim- 

ply as plant u1 Bi, will denote the set of all plants 

upstream, and B2 the set of all plants downstream from 

plant u. 

Time Intervals 

We now divide the year of operation into time inter.- 

vals numbered 1, ..., '. In reference to a particular 

time period, we shall use the symbol i, or time i. We 
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assume that we are qiven the prevai1in conditions for 

time i - 1. Our analysis determines the conditions that 

should exist at the end of time i. If i = I then we 

define i. - 1. = U. Durinn time I we manipulate a vol- 

urne of water and receive enerQy in exchanoe. We suppose 

that time i is lona enough so that there is no need to 

allow for a "time 1a" to allow a release from a plant 

to be felt at any downstream plant. 

Under the above definitions of time and project 

name, and also acreeinq that an appropriate symbol for 

the level of storaoet should be S, S will mean the 

level of storage at project u at the end of time i. 

From the inherent physical situation, it will readily be 

apparent that a reservoir has limits of operatIon. 

There is point in the level of storace past which 

no more water may be drawn, and a similar point when the 

reservoir is full, past which water will be spilled. 

!'ore precisely, 

< s . < s (1) n - u,i - u,rnax 

u 1, .., N 

In a cenerai system, run-of-the river plants wUl satisfy 

the conditions 

1Strictly, this refers to the volume stored, but level 
can easily be converted to volume. 



s =s =s =0. ui u,min u,max 

B River 

F,. 

Valley A 

Fig. i 

Storage dams 
without power 

y 
Storage dams 
with power 

y 
Run-of-the-river 

plants (with power) 
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3. Natural Runoff and Forecastina 

As was mentioned before, the prime goal is to meet 

the energy reouirement, and that in general, it will be 

necessary to change the volume of stored water from one, 

several or all the plants in the basin to accomplish this. 

The problem is to determine how much chanqe to invoke at 

each particular plant. Now most of the time the volume 

changed will depend heavily upon the amount of natural run- 

off from the upstream drainage area. This should be read- 

uy apparent from an intuitive approach alone. However, 

the importance of making a reasonable forecast cannot be 

underestimated. The difference in cost of operating hydro- 

electric plants compared with steam generators may be lit- 

erally millions in a matter of months for a large contractor 

such as Bonneville Power Administration. 

In the early fall months the total volume of water 

that will be runninQ off a specific drainage basin for 

the remaining year can scarcely be guessed upon, because 

the main snow pack hasn't fallen as yet During these early 

months, that is until the snow has fallen, it is proposed 

that if adequate records have been maintained for several 

years, then the average runoff from a specific drainage 

basin, 
, 

j 1+1, ..., k can be predicted US1nC 

some form of a median of the past flows. This median could 

be the actual average of historical flows, a weighted 



7 

average based upon some cyclical phenomena that seem to 

affect the river basin, or again the actual averaqe ad- 

justed with a standard deviation based upon this year's 

observations. 

Once the main snow pack has fallen into the area 

which will later feed a particular drainage basin, the 

job of forecasting becomes somewhat easier. For at this 

time the total volume that will run off the particular 

drainage basin on into the spring is known with fair 

accuracy. Precipitation, temperature fluctuations, dif- 

fusion of water in the soil, and evaporation are some of 

the variables. 

If we make the assumptions that the area natural 

hydrograph (flow plotted aaainst time) will have propor- 

tional slopes from year to year, displaced either to the 

left or the right due to temperature fluctuations, we can 

then say that the total volume of natural runoff durino 

the time interval i < t < t1, where Q(t) is this 

year's flow, will be 

J Q(t)1t 

Let f be the time when the main snow melt will end. We 

have assumed that Q'(t) is known for i < t < t1 < f 

Then, accordinq to our assumptions for the slope of Q(t) 

we have 



Q(t) c J F(t + At)dt + e 

where c and e re constants to be determined, t't 

is the shift in the hydroqraph that allows for temper- 

ature variations, and F' Is the known slope function 

of the previous year. 

Suppose that d is the time when the main snow- 

melt commences and Vd is the forecasted volume of 

precipitation to th.t time. If Vf is the total vol- 

ume of snowrnelt and precipitation that will be occurrinq 

to time f, then for a given At we are led to the 

following linear system in c and e, 

f 

c J (JF(t + t)dt)dt + (f - i)e Vf 

c 

1d 

($F(t + t)dt)dt + (d - i)e Vd 

The above procedures are rough and almost incori- 

clusive at best. In any case, these matters need much 

more investigation. 
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4. An Equation for Flow 

We now wish to find the relationship between aver- 

age flow and the various storage levels at upstream reser- 

voirs. 

Picture, if you will, a storage project that con- 

tains acre-feet at the beginning of time period 

i. Now suppose that at the end of time period I the 

storage content in acre-feet is Then one and only 

one of three conditions could have occurred. 

Is. \ -1S. 
i 

u,i-1 \ 

\ and 
u,i \ s 

u,5. 

Fig. 2 

Case i and Case 2: It is apparent that the volume of water 

which was released from storage by plant u during time 

is [s,1...1 - 

Case 3: Here the volume retained by plant u during the 

tIme period is [s4 -s,_1] We hereby define the 
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relationship 

volume retained -volume released. 

The important thing to realize here is that the 

release from the storace plant is not the only flow out of 

plant u into the stream below it. Flowing into plant u 

is the runoff volume of many small creeks and rivers plus 

the release from the next project or projects directly 

upstream from plant u (if there is one). The volume 

that entered the main river between dam u and its (per- 

haps nonexistent) predecessor(s), during time i, is 

F,1 the mean tributary flow for plant u. 

Evidently, for project u, Average flow out 

AveraQe flow in + Release during the time period. 

Let us consider darn 2, the middle project in Valley 

A. In this case 

Averane flow out of dam 2 Average flow into dam 2 

+ (conversion factor) (S211 -s2) 

Call this conversion factor t . (It is apparent that k.. 

is dependent upon the length of the time period.) The di- 

mensions of t are perhaps in cubic feet per second- 

mont}iacre feet. We then notice that the Average flow 

into dam 2 Averaqe flow out of dam i + .ean tributary 

flow that entered the stream between dam 1 and darn 2. 

Substituting, we have 
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Average flow out of darn 2 = (Average flow out of dam i 

+ )+t s " 2,1 1 '2,1-1 2,1' 

But 

Average flow out of darn i = F11 + t1(S1 -S11) 

by our previous remarks. It should be clear that the 

average flow out of dam 2 during time i, Q9 is 

= [F1 + t1(s,1_1 -s)] 
jcB1 2 

Then we can say that for qeneral u 

Q = ¿ 
LF4 . + t. (S - cubic feet-months 

u,i ,x i ,i-1 j,i second 
j B 1,u (2) 
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5. Generation 

The underlying physical principle concerning a 

hydroelectric generation plant is: 

instantaneous generation CQHe (3) 

where C is a constant, Q is the instantaneous flow by 

the plant, I-i is the net head at that instant, and e 

is ar efficiency constant that is dependent upon the par- 

ticular set of turbines used. Let us define 

= K(,1) (4) 

where a monotone, increasina, continuous function 

of incorporates C, Fi and e of the basic ex- 

pression, and 

= [s + s j / 2 
1 u,1 Uil 

is the average storage level during time period i. 

The definition for average energy generation during 

time i is obtained by replacing the instantaneous flow 

and head in the basic expression (3) with the mean value 

of each for time i. It will be assumed that the entire 

mean flow by a plant will be used for generating energy, 

if possible. We shall later explore the conditions under 
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which it is not always possible to use the entire mean 

flow. Then the average energy generation durinq time per- 

jod i will be defined by 

(average flow durinq the trne period 

out of project u). 

The dimensions of averane enerqy generation are nower- 

months. The above expression holds provided that the 

generation capacity is unlimited. Here the dimensions of 

the average flow are in cubic feet per second-months. Ac- 

tually we convert our flows into mean or averoe cubic 

feet per second durinq the months. Then we pass a volume 

of water through the system and get eneriy for this. No- 

tice that we might call energy power-months and volume 

cfs-months, for example. 

Tn (3) we assumed that. generation capacity is un- 

limited. Clearly, this s not the case. Actually all 

n 

e 

Fiq. 3 

u, 
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projects have what is termed an overload rating. This is 

the sum of the individual overload ratings or capacities 

of each generator at that particular plant. Ve shall de- 

signate the project overload rating as G. This is the 

maximum energy output of which plant u is capable for a 

sustained time period. 
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C. Spill 

Then e the average energy generation at plant 
u, 

u during time i, is 

euj min 1K e Q J for u 1, ..., n 
u,i u,ì' u 

t. .>Ö. 
u, i 

However, we assign a name for the potential energy which 

was not turned into useful energy by the generators. We 

term this energy loss due to spill, an desgn3te it 

As flow increases there is an increasing amount of 

turbulent tailwater that tends lo reduce the n head. 

(Taliwater is the frothy swirling flow pattern frequently 

seen ¡)eneath the generators at a darn which is releasing 

at a high rate.) The quantity, is occurring on 

in averace basis, of course. Turbulence may increase to a 

point, or the turbine capacity be such, that we are reoufred 

to modify our energy curve to the following: 

4n[( K i Q .] for Q u' u,i u,i upi 

i min[a + p uu» u 

e,1 = min[c, A + B + C for (5) 
u uu, u 

min[c. . + G/K1] < I u u,1 

[A 4-B for 
0u,i > 

u uu 
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where 
u,i is the solution to + + CQj 

> o 

for given values of A, B. C, a1. and and E' a 

given function of 

Fig. 4 

We now define energy loss due to spill as the following: 

O , for < min{G/Kj, ,i 
+ 

G K 
u,i u,! - u,i for (6) 

minLc,j + 
GJ/K < 

R., U,]. - 

The quantity min[G/Kj, + 
is called the 

plant hydraulic capacity, hereafter designated 



Fig. 5 

uu, ]/ u 

R1, i 

17 



7. Energy Loss Due to Spill in the Drawdown Period 

The period of time durinq the reservoir cycle fol- 

lowing the maximum storage level until the month preceed- 

Ing the time when natural upstream runoff less upstream 

storage during the month (not at site) is greater than 

plant hydraulic cdpacity, is usually called the drawdown 

period. 

The time period corresponding to the end of the 

drawdown period will be denoted by d. Time d can be 

determined by a previous history of the hydrology. 

(Actually this is quite a restrictive assumption 

for some river systems. To be perfectly general, each 

storage plant should have its own time d. In a river 

system such as the Columbia Basin, however, most of the 

projects have equal ti:ne d, in April, for instance. 

Therefore, we will assume the latter.) 

Let us focus our attention on a typical month in 

the drawdown period. As was mentioned before, there was 

a certain block of energy that we had contracted to supply 

during this month. We must, however, also consider the 

months following; in fact, from this month until such a 

time as we can begin to refill our reservoirs, for at this 

latter mentioned time the flows begin to increase radi- 

cally, thus allowing us to fill our reservoirs. This im- 

plies that on the first of April. (or thereabouts) our 



storage levels should probably be at their lowest. If the 

amount of energy that will be contracted from some month 

in the drawdown period t.o April is known, we have a basis 

for determining what the storage level should be on April 1. 

From (2) we can see that the total flow from the 

end of time i to the end of the drawdown period will be 

d d 

L L L [Fik + tk(si,k_l - sj,k)] 

k=i+l k=i+l 

Now the t< are very nearly equal. Hence the right hand 

side almost telescopes and we have approximately 

d 
1 

L = L L Fj,k + (s1 -sjd) (7) 

k=i+l k=i+l J 

where is a mean value of the conversion factor that 

will occur from the end of time i to time d. 

Referrinq to (5) and (6) we notice that whenever 

> min[ 
+ 
3, G ,"K ] 

,1 U U,]. U U,1 

spill will occur, i.e., > ° 

We can then say that whenever 

d d 

L Rj,k > L flifl[ + G/ Kuk] (9) 
u u,k 

k=i+l k=i+l 

spill dt plant u will occur. Thus a choice of the level 
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at time d or holding the storage levels at S 
u' 

this month may cause spill at some time in the drawdown 

period. Again we must approximate the expression on the 

right of (8), for it incorporates storage levels of which 

we can have no a priori knowledge at i. We shall write 

min[2G/ (KU,d + Kj), (d_i)[(a(Sj + 5U,d)'2 + 

cl 

L minIaUU,k + u' GU/KU,k] 
ki+l 

Thus we can say: energy loss due to spill in the draw- 

down period will occur if 

d 

¿ S,k > (di).HUd 
ki+l 

(9) 

We call this resulting energy loss 
. 

and define it 
u. 

d 

b,1 = L (d_i)I-iUd)(KU,j + Ku,d)'2 (io) 

k-i+l 

if (9) is satisfied; with bi 0 otherwise. 
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. Energy Loss Due to Spill hich a Cccur in the 

Refill Period 

The refill period is defined as the remainder of 

the year of operation in the yearly cycle. Ne now estab- 

lish a quantity that reflects the amount of spill which 

will occur if we do not lower our terminal storaae levels 

5u,d 
u = 1, 

to such a point that we allow space for our excess runoff. 

The end of the refill period will be denoted by for 

any plant in the system. 

During the refill period we will be expected to fill 
our reservoirs. That is we hooe that 

S = S for u 1, ..., N. 
u,f u,nax 

u 

And, as in (7), 

f ri 
I + T(sjd - s. )1 

k=d+l jB1 Lk=d+l 
J,fj 

s = s , except during very dry or critical years. 
u,f u,mx 

Even in this case we may still usually make Suf u,max 

Uy proper regulation of our system. 

We know that project u will not spill water in 

the refill period due to manipulating Sud unless the 
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total flow which occurs in the refill period, converted 

to volume, is more than the capacity of project u. That 

is if 

(fu 
- d) 

k=d+l 

(11) 

then energy loss due to spill in the refill period, or 

will be defined as 

rf 

u Ku,fI L - 
- d) HUf] (12) 

Lk+l 

where Huf = 

zero otherwise. 

if (11) is satisfied, and is 
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Ç. Minimum Flows and Refill 

Due to certain cornmittrnents such as maintaining 

adequate river flow for navigation, fish ladder facilities 

c:fld recreation, it is required that for all plants u 

and every time period i 

. 
Here 

min 
will be the contracted minimum release at 

plant u, and will be assumed independent of the time 

period. This comrnittment must not be violated. It is 

further assumed that the total storage available from up- 

stream reservoirs added to the forecast when we commence 

analysis at, say time i-1, will be such that it is 

possikle to maintain urnin 
until time d. 

When we are refilling our reservoirs in the spring 

we must also maintain 
mjfl 

at all plants u. We thus 

have the boundary conditions that for time i in the 

drawdown period 

Ri,min 

d 

L u,k (d_i)Qu,min 

k=ì+l 
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uu,min 
k=d + i 

u - 1, I e 

We will have u,min 
and also 

f 
u 

L Si,k uu,min U - l . N 

k = i + 1 

when .i is in the refill period. The above inequality 

also expresses that all reservoirs :nay he filled provided 

S = s 
,max 

for u 1, ... 
u.f u 

When manipulating the level of storage for any pro- 

ject Inì the system, it is important to note that filling 

a plant too much during a certain time period may cause a 

violation of minimum release at sorne other plant down- 

stream from the controlling plant. Then again to draw 

storage from a particular reservoir may cause downstream 

projects to rt be filled. Hereafter it may be assumed 

that when we speak of minimum release and refill ability 

at a specific plant we shall have this mean implicitly 

for all downstream darns. 
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lO. Loss of £nerqy Due to Loss of Head 

From (3) is can be seen that when net head, H, 

is reduced, instantaneous generation is reduced. Using 

the form (4) for the basic expression, we see that the 

loss of head durinq the time interval (i, i+i) is 

- 

There is then an actual loss of energy that re- 

suits from changing the storage level at project u. 

This will be termed energy loss due to loss of head, 

and is given by 

=LK Q' u,i u,1 u 

where Q is the total flow that will pass by this pro- 

ject until the reservoir has been filled to the level 

"u,i 
During the time period (t-1, i), plant u will 

lose head amounting to ¿K,j . 
Since we are computing 

energy on an average monthly basis, we can defIne the 

energy loss due to loss of head during the time (i-1, i) 

as 

[K - KC )]Q 
i u,i u,.i u,i-1 u,]_ U, 

But due to lowering the storage level during 

(i-1, i) at plant u, there is also a loss of energy 
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that will continue until some later time j in the refill 

period when S1 S1. Since j is determined by the 

supply of water available to fill plant u, which is in 

turn determined by the storage levels at plants upstream 

from project u at time j. It suffices to say that the 

total volume of water which will pass by project u from 

time i to some later time j is unknown. (It can be 

approximated, if past histories of storage levels are 

available. That is the forecast for the coming season 

could he combined with the historical average of the 

levels Sk ., for K c B1 and j = d ..., f . Then 
u 

we may note the time j at which plant u will come 

closest to filling to S1 with each upstream storage 

at its historical average, We are maintaining of course 

u,min 
at plant u.) 

If no history of the system is available we lit- 

erally'pull something from the hat." In any case we de- 

fine for i in the drawdown period 

i 

.Q + ¿Ic. 
i i 

(13) r1u,i = u,i u,i 
K i. + i 

if a previous trace or history of the hydrology is avail- 

able, 
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íd 
= + K .1 + Qu.k]/2 (14) 

ubi u,1 
Li+i i+i 

otherwise. 

We then define the comparative energy loss due to 

to head loss at plant u 

d 

= (K,i - K,j) (15) 

j= i 

i in the drawdown period. 
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11. System Energy Load 

As was mentioned in the introduction, we have con- 

tracted to fulfill a monthly energy requirement. Let us 

call this commitment L1L1 the "firm" energy renuired 

for the time period (i,i+l). 

In our contract to fulfIll the "firm" energy re- 

quirement, we are usually given a "leeway" of approximately 

1 unit of power for every 1000 contracted. Hence, if 

during the month of August we are requested to generate 

4000 megawatt-months of energy, anything from 3996 to 

4004 megawatt months will be acceptable according to the 

terms of the contract. In any case, let us call this 

"leewdy,' or tolerance, if you will, t 

Notice now that a release from a storage project 

may be utilized for energy at that particular plant and 

also at every plant downstream. If every plant down- 

stream from and including this plant have their energies 

given by 

= 
S 

then the "downstream or multiplied by an 

increment of release from plant u will give the actual 

increment of energy necessary to meet the load, provided 
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that the increment of release dt plant u is such that 

it does not cause spill at any downstream plant from pro- 

ject u. 
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12. Regulation to Meet the Monthly Energy Requirement 

Keeping in mind that our ultimate aim is now to 

meet the niven monthly energy reQuirement L1 we can 

make the fo1lowinc statement. 

Fulfill 

- L. T 

for a given t O, where e1 is given by (6), subject 

to minimizing 

N 

u,i u,i L 
C + 

U= i 

where is given by (io) and is Qiven by (13) 

or (14). 

An experienced engineer knows that if given a pos- 

itive energy deficit, he will minimize the energy losses due 

to head loss and spill downstream. He will draw from that 

reservoir, and in such manner as to minimize the sum of 

these losses. 

Consider the following procedures: 

If we are now in the drawdown period and if it is known that 

ail reservoirs must he evacuated to a certain level, say 
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S 
d 

U i . . . N 

by time cf, then one would desire to wait until releasinQ 

this water to minimize the loss of energy due to loss of 

head, but not so long as to be forced to spill water to 

evacuate by time d. 

Also, if > O, as given in (12), for some u, 

then we must evacuate space at upstream reservoirs to pre- 

vent spill in the refill period and hence make better use 

of our natural resources. 

Then for a given set of values of Skd upstream 

from plant u, p > O is the amount of spilled energy 

which is imminent at plant u in its refill period due to 

not drawing the terminai storage levels upstream suffi- 

ciently far to evacuate enough storage space to cope with 

expected runoff. 
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13. Chanqinq the Terminal Levels, SUdP to Reduce 

Spill, p1, in the Refill Period While Still in 

the Drawdown Period. 

If > O for a nonempty subset of plants of the 

entire system, order these plants according to decreasing 

values of With each positive rk will be associated 

the flow in excess of plant hydraulic capacity. If 

{Pk' 
/ - (fk_d»1k k, ..., Íp, ..., jì (ic) 

'k 
j=d+] 

is the ordered set, then build another set of storage 

plants upstream from plant k. If this set is non-empty, 

order the included pl3nts according to descending 

where is given in (15). The are computed with 

the same change in storage applied to each plant. 

change is given by 

As1) 
( (fk_d)}k,f)/ > o. 

j=d+1 

If the set of is 

{ 
T1p, P1 .., r' 

r1 

then for some iteration +1 we set 

This 

( 17) 

( is) 
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(.+l) 
Spd - max [Sp min 

S such that the inequality 
p,d 

f 

n,j m 
-d). 

j=d+l 

is satisfied at all plants m downstream from plant p, 

(P) 
d - '-"k 

By (in) we will have 

(n 
S'' S' ' ' AS 
p,d - p,d k 

Since is the excess flow at plant k during tlie 

refill period, we have, provided we evacuate the storage 

level at plant p to by time d, conserved the 

(.9) (.+i) 
volume of water Sp'd - Spd . Now set 

ASk = cs- (s' -s') 
p,d p,d 

and continue the saíne process as above with the second pro- 

ject i.n the set. of plants that has been constructed from 

the ordering of the r's in (i ). This procedure is con- 

tinued until is small, or plant r, the plant with 

the greatest head loss, has had Srd lowered to conserve 
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excess runoff in the refill period. n is then recal- 

culated for all plants in the system. The overall process 

of constructing the ordered set (16) and then the ordered 

set of as in (13), of storaqe plants upstream from 

plant k is repeated. If k, in any iteration after 

the first, is the same as the k from any iteration be- 

fore, then nothing more may be done at upstream plants 

to control at plant k. has been made as small 

as is possible, accordino to (19). One would then set 

O, and construct a new ordered set of p, for all 

u in the system such that p,, > O. This procedure involves 

at most N(N + l)/2 steps. 

At this point we may say that Sud, u = 1, .... N, 

has been fixed at some particular month in the drawdown 

period so that spill during the refill period will be mm- 

imized provided that all reservoirs eventually are emptied 

to Sud, U = 1, ..., N. We now turn our attention to 

seeing whether or not we shall have any trouble evacuating 

all our reservoirs to S . 
For this we consider b ., u,' 

u 1, ..., t!, where i is in the drawdown period. 



35 

14. Technique to Draw This Month to Prevent Spill Later 

in the Drawdown or Refill Periods. 

Consider now all those plants where bj > O. 

Order this set as in (io) to obtain 

{k,i' - (d_i)Hkd, k), 
..., ...}. 

ji+l 

Order the set of of all storage plants upstream from 

plant k, to obtain 

{{TIIP). i'.' 

as in (1.3). 

If this set is non-empty, consider the expression 

1p,i + 6k,1 

We then minimize this expression over the interval 

< 
p,' - p1 

sp,i_1 e 

We have 

s,j = max{Sp,mjn. 
- 

tScÎ,i 

d 

s(") - 
k,j p,i 

j=i+1 

a storage level 5p,1 
such that the inequality 
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Rn,i 
(d-ì)Q 

j=i+l 

remains sdtisfied at all plants rn downstream from 

plant p, a storage level S1 such that the inequality 

L . m_Rn,rnin 
jd+l 

is satisfied for all plants m downstream from plant p.] 

Here again '+1 is the iteration number of the process. 

Also, 

t. AS . max[O, min [H. . 

-Q] 
J. 

i cpi icB2, bi 

This rule for 

downstream from 

iS 

ordered list of 

i 

plan 

then 

ni 

will not allow to occur 

t p due to reducing k,i 

reduced. The next plant in the 

is extracted, and the above process 

is continued. The values of are then recomputed, 

and reordered. The first plant in the set is extracted 

and the list of t. is recomputed and reordered. This 

overall process is continued. When a plant reappears 

at the head of the list twice, it is deleted from fur- 

ther consideration. 
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In general the intervals over which, for any k, 

k,i + is minimized will be changing. They may 

even possibly degenerate to a point. The reader will 

need to keep in mind that all allowable are non- 

decreasing. 



15. Later Spill When in the Refill Period. 

Let us assume that we have operated through the 

drawdown period so that we have come near to our anti- 

cipated terminal storage levels Sud for u = l .... N. 

As we enter the refill period we begin to fill our re- 

servoirs. In filling our reservoirs we would like to 

accomplish the following: Fill every reservoir as fast 

as possible to regain lost head, but not so fast so as 

to allow apill to occur at some later time in the draw- 

down period. 

We then define 

= ( max[O, - Hu,i])K(Su,max) 

j =1+1 

Here f = max{f J. Now as given in (2) 

u 

= + tj(Sk,j_l Ski)). 

kcB1, 

For f i > i+1 is completely unknown. Hence 

we are led to the approximation that 

Sk,j_l -Ski = (Ski - 

for i+l < j < f. That is, we assume an equal change in 

storige for each month in the refill period when computing 
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Notice that we are establishing i quantity so 

that we may "scrape the top off" the drainage area 

hydrograph so as to make stordqe available for our 

natural resources. 

The reader may well wonder at this point why 

flu, 
as aiven in (12), was not defined similarly to 

flu,1 
as given above. We answer this by saying that 

the natural upstream runoff Fkj for i in the 

refill period, will not be known until we are actually 

into the refill period. On the other hand, the quantity 

F k 
known as a total sometime after say January. 

k=d+l 

But each of its parts, i.e. FUk, are unknown before 

the refill reriod. In other words, we would bave absol- 

utely no basis for defininq m similarly to m, 

while still in the drawdown period. 

When r is positive for some u we follow 
u, i 

somewhat the same procedures as for reducing That 

is we do not fill as fast at upstream reservoirs where 

head is the least critical, to leave space for future 

runoff. Again we operate so that c = O for all 

plants in downstream from any plant p that is being 
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held from filling, so that refill is guaranteed for all 

downstream plants, and such that we do not draw the 

storaoe level at say plant p below S0 min 
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li. Technique to Converge on the Load 

> L1 then we must fill our reser- 

voirs, provided there is some space available. Here we 

outline a method for filling the reservoirs. Now in 

view of the fact that b . or n . has been minimized 
u1,:i u,i 

within the various bounds that have been established, 

filling those reservoirs for which or 

imminent .t sorne plant u downstream, is to be avoided, 

if possible. itere we know that if the storage of a cer- 

tain block of water in a certain reservoir will not cause 

a qreater or p at. a downstream reservoir, we 
u,1 u,1 

should, from the standpoint of conservinq enero',', fill 

those plants at which we regain the most enerqy from heaJ, 

and reduce spilled water at plants downstream. 

Consider 

Me1 min[, - L1] (20) 

t > O is generally fairly small, and could be given in 

N 

terms of e - L. . )efine = u? + e(i) 
u,i i. u,,i L u,. 

u1 

where j denotes that the calculation haS been made at 
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a storaqe level S . Now compute new storage levels 

(m+1) = S(m) + 
u,i u,i u.i 

for all plants u which are available and at which 

(rn) 
and (m? are not imminent. Here 

u,1 u,1 

= m1nLS max - Me1/(t1 
u,1 UI_J. 

a change in storaQe at plint u such thit 

(21) 

p,min 
for all p B2,) (22) 

Then choose the plant u for which 

(m+i) (m) 

1u,i - u,i + : 

((nfl) 
k,i k,i 

is a minimum, and set 

s 
u,i 

This process is then repeated until 

I:1eu,i _ 
L1 < , ¶ > o, 

or all plants are against a boundary, 

is now imminent downstream from every 

Suppose now that after filling 

above, keeping or non-i 

or or 

plant in the systern. 

all reservoirs as 

ncreasing, we still 
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have the condition that 
u1 

e,,1 > L1 

(j) r () Let now be given by 
L1 b,i or 

pcB2 

depending upon whether i Is in the drawdown 
pcB2 

or refill periods. again denotes that the compu- 

tation is with respect to some storage level S1 

For st sI + si'i where ¡s!: is given in 

(22), choose the plant k such that $mt is 

a minimum. This plant k will conserve Me1 units 

with the least change in future losses, based upon our 

forecasts. This process is again repeated until 

- L1 < , for > O, or until boundaries 

have been reached for every storage level in the system. 

If < L1 then we must draw our reser- 

voirs. If we assume that bu,j (or r,j) has been 

minimized within the various bounds that have been estab- 

lished, 
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then we assert that 
u,j (or r,1) is no lon- 

ger of direct concern this month. That is, we shall use 

Cui and 
'1u,1 

to converge on the load. Redefine 

.(i) - V + (i) - 
' L. k,i' u,i 

kL32, 

Here the superscript j indicates that the quantities 

indicated have been evaluated at Sb? . Now with Me 
u, i 

defined as in (20) with i now negative and picking the 

max, let = + ASrn 

where 

S(m) = max[S(m) _ S upï u,i u,min' 
Me1/(t k,1) 

pEB.. ¿u 
a change in storage at plant u such that the inequality 

f 

(f 
- %,min' for i < d 

j=d+l 

or 

f 

%, > (f - i)Q 
in' 

for i d 
- p p.m 

j=i+l 

is satisfied for all plants ptB2, change in storage 

at plant u such that 
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-. (d - 
p,rnin 

i = I + i 

is satisfied for all pE32. when i is in the draw- 

down period], choose the plant that corresponds to the 

minimum of 
,,(rn+1) ,(rn) 

Essentially lere we are 

gettino a qiven 3mount of enerqy while obtaining the 

least loss. Ve continue this procedure until all plants 

are at boundaries, is occurrir for 1l u, or 

N 

;_ eu,j L1 < v , for a given t > O 

u=i 

This process of using the least chinqe in 

to converqe t.o the system energy requirement is termed 

converqence by phasing. 

If initially we have all reservoirs filled and 

the system energy output is oreater than the system 

energy requirement, then we must cease regulation, for 
there is no storage available for the excess supply. 

ieguiation is also terminated if all plants are 

spilling, or is terminated on any stern of the river if 

total downstream energy is non-increasing while flow is 

increasing. This is only remotely possible when the 

energy requirement is unduly laroe. If a reservoir 

comes to a boundary durinci the process we drop it from 
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further consideration. 

The following theorem establishes one condition 

whereby our algorithm will converge to the energy re- 

quirement. Necessary conditions are dffTicult due to 

the large number of possibilities that may occur. 

Let be the total system energy after 

m iterations of the regulation algorithm, and let 

m (m) 
e1 - L e,j - L1 

= 

** 

Q,j=(G -A -B .)/c 
u u ulJ,1 u 

and e e ( u,i min u,i 

where is the smallest allowable flow by plant u. 

Theorem: 

If there are realizable flows u = 1. ..., N 

such that 1 u,i 1 

taneously; and the load L1 

L e,j min < L1 < L ; 

then 11m me O, 
i 

of energy. 

for each plant u simul- 

is such that 

1f we initially have a surplus 
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Proof: 

Suppose we have our flows so that if we are civen 

. > O and at sorne stacie i 
> J] there is an enerqy 

surplus of Ae1 where Ae1 > a 

for at least one plant m downstredm fro:n every storage 

project. Then by solving the equation 

= e1/(t1 K,1) 

as outlined in the aloorithm for some m, we have a new 

i+l energy defc1t t e1 , and furthermore, 

L3e. > 
i I 

except possibly for an occasional equality, since ej 

is decreasing for increasing S u = 1, ... N. 

Notice here that 

< (1) 

Say this process is continued for n more stages. 

Hence, 

> ... > t3e. > O. 
i i - 

Now the algorithm will not end because every storage 

project has corne aciainst a boundary. For if this were 

so, it would imply that me O, for some ni, which 



is false since Ame1 > O . Also te1 < - for some 

m. For if this were not so we would have 

I- 

me = y > i; , for A3e is bounded below by zero 

and is decre3sinc. Now by solving 

/Sm,i = Me / (t s 

pEB2 

and recalculating enercy we have for some project m 

: e,1 - L 

since '- is the limit of e1 

But this can only happen if e1 remains constant 

for some change in flows for every u. If e,1 

constant for every u, then either e1 = O for all or 

some plants u (whence the remaining plants are at over- 

load ). or e,1 = , for every u. 

If e O, then Q O 
U,1 u,1 

Now > O is a non-increasing se- 

quence for every u, hounded wiy from zero. Therefore 

, O which implies eu1 O . Thus e,1 = 

for every u. From (i) of this theorem 

= 2 
e? - L1 - L = 
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for j >J1; 

but Ake1 
' for k > j 

Hence we have the contradiction that y < y 

Thus, 

11m t3e1 O 

j-+ 

since w > O is arbitrary. 

By the previous theorem, we have seen that under 

one fairly general condition our procedure will con- 

verge to the system energy requirement. To verify 

that the results so obtained are an improvement over 

past methods that relied solely on engineerinQ exper- 

ience is now a computational problem. 

We have now defined procedures that meet the 

monthly firm energy requirements for a particular type 

of river basin if this requirement is not imossibly 

high or low. 

All of the above procedures have been incorporated 

into a computer proPrdmn written in 7090 FORTRAN. The 

results obtained have been very favorable except when 

all plants reach the boundary of reflllinq. When this 

is the case, the system energy load must still be satis- 

fied. A major problem still remains in deciding which 

plants and how far to draw below the level of refUi. 
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Interested readers may contact the Division 

Enqineer n reference C concernIng the computer program. 
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