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IN TROD U O TI ON 

In the design of active or passive band-pass filters it ;. 

often convenient to specify the pole locations of a low-pass 

filter, which has the desired response characteristics, and 

then transform these known pole locations to the band-pass 

case. This technique when employed ¡n the design of passive 

band-pass filters has great utility since "o analytIcal pole 

transformations need to be computed once the passive low- 

pass prototype filter has been designed. The desired passive 

band-pass filter is obtained simply by resonating edch inductor 

in the low-pass filter with a series capacitor and each 

capacitor with a parallel inductor at the specified rndband 

frequency. This procedure is presented by most authors of 

works on modern network synthesis. ( 1, p- 602 - 607) 

The active band-pass filter or band-pass amplifier with 

single tuned-circuit interstages ¡s not as simple to design as 

the passive case, because the actual pole locations in the 

band-pass complex frequency plane must be computed in order 

to solve for the L and R values of the parallel tuned-circuits 

forming the interstages . Many designers who have computed 

these pole locations from the known low-pass poles. which 

give rise to a desired frequency characteristic, have met with 



considerabie computational difficulty in obtaming the exact 

solution of the complex frequency lowpass to band-pass 

transform equation. (3, p. 225 228) If certain approxima- 

tions can be made, which are usually justtíied if the ratio of 

bandwidth to center-band frequency s small, the difficulty 

can be avoided. The narrow-band case has been adequately 

treated In the literature. (Li., p. 382 389) 

In the wideband case the narrow-band approximations 

no longer give useful results and one must salire the transform 

equation or resort to an experimental or physical anaog 

approach. (3, p. 181 - 198) 

In this thesis exact expressions are derived in po1r 

form for the real and imaginary parts of a complex frequency 

in the band-pass plane in terms of a given complex frequency 

in the low-pass plane. These expressions, while quite 

formidable-looking, can be evaluated with a minimum of compu- 

tational effort and skill as will be illustrated in the wide band- 

width R.F. amplifier design example given. 

DERIVATION OF THE TRANSFORM EQUATION 

To derive the transform equation it will be expedient to 

start with the impedance of an inductor as a function of the 

low-pass complex frequency variable p. 



Z1 = 

Now, if the response characteristics of a prototype low-pass 

filter are to be transformed to a band-pass filter, it is evident 

that the impedance of every branch must remain invariant with 

the transformation. For example, an inductor in a low-pass 

filter must be resonant with a capacitor at the mid-band 

frequency of the band-pass filter to form the corresponding 

branch impedance element. That is, the inductor-capacitor 

combination forms a series resonant circuit at the mid-band 

frequency of the filter replacing the inductor in the 

low-pass filter. 

rhe impedance of a series inductor-capacitor combin- 

ation as a function of the band-pass complex frequency variable 

s is given by 

b Es -f 1/Cs (2) 

1f is the mid-band angular frequency then 

C = l/.s.L . (3) 

substituting equation (3 ) into (2 ) we get 

2 
Zb L( s + 4/S ) . (if) 



Since impedance is to remain invariant in the transformation 

we have 

= 

4 

From this relation and from equations (1) and (4) the desired 

transform equation is given by 

p = s +/s (5) 

Equation (5) can also be derived by considering the 

admittance function of a capacitor in terms of the 1owpass 

complex frequency variable p. In this case a capacitor in the 

low-pass prototype filter ìs resonant at with an inductor 

connected in parallel with the capacItor to form the corre 

sponding branch admittance element, in the bandpass filter. 

Equation (5) expresses p as a function of s, whIch is 

a band-pass to low-pass transformation. However2 a low- 

pass to band-pass transformation is required; therefore, 

equation (5) must be solved for s as a function of p. 

From eauation (5) 2 ps+c.'= Q or 

s = p/2 ± l/2(p2 -. 
4)l/2 (6) 

For every point in the p-plane there are two points in the 

s-plane as indicated by equation (6) . If p is equal to zero 

then s is equal to ± j.)0 That is, the origin of the p-plane 

transforms over into two points in the s-plane located on the 

imaginary axis at ±. 



Figure 1 shows . semicircle in the p.-pine mapped over onto 

the s-plane by equation (6) 

Figure 1 

(Complex Frequency Flanes) 

The points A, E, and C on the semicircular contour 

in the p-plane correspond to the prmed points in the s.-plane. 

A semicircle in the p-plane does not., n general, map into 

two semicircles in the s-plane. 

The distortion involved in the transformation is de- 

pendent upon the relative magnitude of J0 as compared to the 

radius of the given semicircle in the p-plane. The larger 

is compared to the radius of the semicircle the smaller the 

distortion involved and the closer one comes to a narrow 



band approximation. The narrow band approximation usually 

gives sufficient aecuracy if the bandwidth b is less than approx- 

imately 30% of the mid-band frequency c (3, p. 228) The 

distortion of the semicircle and pole locations in the transfor- 

mation, in this case, is negligible. 

Another important result of the transformation is that the 

magnitude of the radius of the semicrc1e, which is equal to 

the 3 db bandwidth of a maximally f)at low-pass filter having 

all its poles located on the semicircle, is equal to the distance 

between the points A', C' or A", C". This means that the 

bandwidth of a filter is invariant in a low-pass to band=pass 

transformation. 

CONSERVATION OF BANDWIDTH 

The following is a proof that the real bandwidth in a 

low-pass to band-pass transformation is conserved.. (2, 

p. 3143 - 344) In figure 2 the magnitude of the transfer 

functions of a low-pass and band-pass filter are shown with 

the cutoff frequencies designated on the frequency axis. 
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T(Iw (sie 

Wb O o t'A W2 W 

Figure 2 

Substituting these cutoff frequencies in to equatiori(5) one 

obtains 

= L)2 - (7) 

and -b = W1 
2 

(8) 

Now, multiplying equations (7) and (8) through by W2 and W1 

respectively and then subtracting the second from the first 

gives 

b 2 +W1 ) = W22 2 (9) 

3y factoring the right side of equation (9) the desired proof 

is completed by showing that 

= w2 - . (10) 

That is, the real bandwidth of the prototype low-pass filter is 

equal to the bandwidth of the correspondingly derived band- 

pass filter. 



MID-BAND AND CENTER-BAND FREQUENCIES 

To prove that the mid-band frequency W0, , as given in 

the low-pass to band-pass transformation, is equal to the geo- 

metric mean of the upper and lower cutoff frequencies ü3.-. 

arid i respectively, we again start. with equation (5) 

p = s + 

Substituting the real bandwidth and the corresponding upper 

cutoff frequency W2 into equation (5) yields 

Wb =W2 
2 

Now, solving for Wgives 

but, from equation (W), U)b =W2 - W1 we have 

= - 2 -ci) (ii) 

By simplifying equation (il) 

W1 
2 

and taking the square root the desired proof is obtained in the 

form of equation (12) 

wø 
= 

(w1 w2 )/ (12) 



if a band-pass filter or amplifier is to just accommodate 

a given symmetrical double sideband signal the carrier fre- 

quency should be made equal to the arithmetic center- 

band frequency, and not (Q0 in order to maintain the spectral 

symmetry of the signal. With this fact in mind we now wish 

to derive an expression for 0J9 in terms of the desired center- 

band frequency w and the bandwidth since Iii0 is a 

quantity needed to solve the transform equation. 

By definition = (13) 

or W1 = - (th.) 
2 

Solving equation (io) for gives 

(15) 

and then substituting equation (1)4) into (15) and simplifying 

results in 
W2 'c -- (16) 

2 

Now, substituting equation (l1) arid (16) into equation (12) one 

obtains r i 1/2 
(Ai0= [(Wc + Wb)I 

2 

or wo =[w -(b 211/2 

[ 

C 

j 
(17) 
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DERIVATION 0F THE POLAR FORM 

With reference to figure 1, consider a general point B 

in the p-plane expressed in polar coordinates by b and e 

which is to be transformed into points B' and B" in the 

s-plane given by the rectangular coordinates ( ca') and 

w"). To accomplish this transformation we start by 

substituting b eje for p in equation (6) 

s = b/2 eJC ± (b/2)2 ei22J' 

Since we are only interested in poles in the left half plane for 

stability reasons e will be restricted to the range ir 

By the use of Euler's equation, 

s = b/2(cos+jsinG) ± (X + Jy)1/2 (18) 

where X = (b/2)2 cos2e (19) 

and Y = (b/2)2 sin2g (20) 

From equation (20) we see that Y< O for all positive values 

of ê in the gíver range. 



For values of e in the range lr/2 <e< 37r/ equation (19) yields 

x<0. 
For the range 31Y/14 4 lT 

x.<0 if > (b/2)2 2 e 

or >Q if 4)2 < (b/2)2 cos 2 e 

For the condition X<0: 

equation (le) can be expressed in the form 
1/2 

s = b/2 (cose+jsne) ± X2+Y2)eJ (21) 

where 4= tan1 Y/x >0 . (22) 

Extracting the indicated square root in equation (2),) results in 

j, (cfr-1r) 
s b/2 (cosejsine) ± (X2-s- Y2)4ej 

By a second application of Euler's equation gives 

s = b/2 (cosêjsine) ± (X2+Y2) (cos E! +jsin Jt1r). (23) 

Grouping the real and imaginary parts after substituting - 

sin . for 011r and cos for sin _ -7T in equation (23) 

yields the desired results: 

s'='+jO.P=b/2cosê- (X2Y2 5sin i{b/2sine+ Ix2 fy2j (24) 

s "= ) cos (25) 

Recalling that equations (24) and (25) are only valid for X<0, 

we now impose the condition X>0 on equation (18) and proceed 
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as before, 

For the condition X >0 
1/2 /2 

s b/2 (cose+jsine) ± (X2 + 2) (26) 

where = tan1 Y/x<o (2v) 

Extracting the indicated sauare root in equation (26) results 
l/L .t/2 

in s = b/2 (cose+jsîne) ± (X2 Y2) eJ 

y again applying Euler's equation and grouping the rea' 

and imaginary parts yields the desired results 

s' '+jdb/2cosê-(X2+Y2 )co$ +JE/2sne_ (X2+Y2Øsin (28) 

s '= +jWb/2cose+(X2+Y2 )cos+ifb/2sine+ y2 (29) 

Since the poles b ¿ and in the p-plane a1ys 
occur as complex conjugates, except for the one on the 

real axis if it exists, only one appìcit.on of the pair of 

transform equations previously der-ved need be used per 

given pole pair due to symmetrical properties of the mapping 

shown in figure 3. 
p - pia rie 

Im 
and s 

p2_-s and s 

Elgure 3 

y Tm 
s --plane si 

X 

s2 

X 
r-: e 

s 
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The symmetrical properties just Uiustrte can greatly 

reduce the amount of computation necessary to design a 

band-pass amplifier as will be shown in the example to 

follow. 

PARALLEL TUNED-CIRCUIT ANALYSIS 

Now we wish to relate the transformed pole locations 

in the s-plane to the element values of a parallel tuned- 

circuit as shown in fìgure 4. 

i(s) 

Figure ¿ 

'R(s) 

R 

This circuit is of interest since it represents the 

equivalent circuit of all interstages in the class of band- 

pass amplifiers under consideration. 

Solving for the impedance as a function of s, 

V (s) i 

or 

a(s) 
=1 (s) = C s + 1/Ls + l/R 

a(s) = (i/C)s 
(3c 

S + (17C)s + 1/LO 



lL 

Now, solving for the current transfer ratio 

Ip(s) (s) 1 

I (s) R RC 

s 

S2 +(1/RC)s + 1/LO (31) 

By equating the denominator of equation (30) or (31) to zero 

the characteristic equation of the network ts obtained. 

+ (1/RC)s + 1/LO = O 

1/2 
or s = .-1/2RC ± (1/RC)2 - /LC 

Given the general condition that s have both a real and ima- 

ginary part gIves rise to the inequ.ty 

1/LO > (1/2RC)2; therefore, 
1/2 

s = -1/2Rc j 1/LO - (I/2R0)2 (32) 

Now, by equating the real and Imaginary parts of equation (32) 

to the real and imaginary parts respectively of a transformed 

pole in the s-plane given by -t j. we obtain the desired 

expressions for R and L when given C. 

R 1 (33) 20 
1 

(34) 
C(r2 +i2) 
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DESIG1'.] PROCEDURE 

A design procedure will now be given for a general 

band-pass amplif r based upon the conditions arid, equations 

previously defined. Figure 5 shows the cascade arrange- 

ment of the unilateral active devices, which will most likely 

be pentode vacuum tubes or transistors, and the single 

tuned-circuit interstages. 

Figure 5 

The resistor R, which appears as a lumped value of 

resistance connected in parallel with L and C in the equi- 

valent circuit, is made up of several parts which are as 

follows: the real parts of the input and output impedances 

of the active devices and a fixed auxilary resistor. The 

purpose of the auxìlary resistor is to set the total resistance 

R to the designed value given by equat!on (33). Likewise, 

the input, output and stray capacities of the active and 



passive elements constitute O. Since the largest gain-. 

bandwidth product of the amplifier is desired, an auxilary 

capacitor is not usually provided. Once C has been deter.- 

mined the value of L follows from equation (3L.), 

In order to proceed with a design the following speci- 

ficatiors must be given: 

L. the center-band frequency 

2. the band width 
b Wb/2- 

3. the type of response; e.g. maximally flat, equal 

ripple, etc., (3, p. 202.-219) 

L. the skirt selectivfty which specifies the minimum 

number of poles in the complex frequency plane, 

(skirt selectivity ir db per octave is equal to 

six times the number of pole pairs located in the 

s-plane.) 

5. gain, noise figure, impedance levels, type of 

active elements etc. An excellent treatment of 

these subjects are given in reference (3). 

An orderly design procedure is given as follows. 

1. Find the complex frequency poles in polar cooi'- 

dinates ( E ¿) that characterize the specified 
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real bandwidth the type of response and the skirt 

selectivity of the prototype low-pass filter. 

2. From equation (17) calculate the mid-band 

frequency f0 = 

1/2 
, ì2 

'o 'c - 

3. For a given complex frequency pole pair 

(B.and B/-e where 90°<e 1800 on the 

F/21r - plane calculate X, Y, and from 

equations (19), (20) and (22). 

X = (B/2)2 cos2ê - f02 

Y = (B/2)2 sin2e 

ct = tan1 Y/x 

1. If t- is positive use equation (2L.) to calculate the 

real and imaginary parts of the complex frequency 

s'/2T = + jf where 

(E,e) = 2/2 cose _;2 y2)lAsjfl 

f (B, ) = 5/2 sine +(X2 + Y2«os /2 

(, -e) = B/2 cose+(X2 + y2) 

f (B,-e) = -B/2 sine+(X2 + /2 

5. If q: is negative use equation (28) to calculate: 

(B,e) = B/2 cose-(X2 + /2 

f (ß,e) = B/2 sine-(X2 + 
y2)l/ 

/2 



= B/2 cose+(X2 + 

f (,-e) = _B/2 sine -(X2 + /2 

b. From equations (33) and (3Li) respectively and 

the previously computed pole locations ìn the 

s/21r - plane calculate 

and 

i 

C 

i 

i.2 f2 C 
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where the resonant frequency of the parallel tuned 

circuit interstage 

= (2 4 
f2)l/6 

A WIDE EANDWIDTH RF 
AJ4PLIFIER DESIGN EXAI'4FLE 

Suppose a nontunable wide bandwidth R. F. amplifier 

is needed to drive a long coaxial cable which connects a log- 

periodic or spear point 5 to 55 mc antenna to a remotely 

located communication receiving center. The amplifier is to 

be mounted on the antenna itself in order to give the best 

possible system signal to noise ratio and provide sufficient gain 

to make up for coaxial cable transmission line losses. The 

amplifier specifications are given as follows 



L The center-band frequency = 3') mc 

2. The bandwidth b 50 mc. 

3. A maximally flat band-pass frequency response wiJi 

be required. 

4. A 24 db. per octave skirt selectivity Ìs required. 

5. The amplifier must have an input nd output lrnpe.= 

dance of 93 ohms and a power gain greater than 

or equal to ¿0 db. 

The previously given design prc-edure will now be applied 

to the above specifications 

1. The given skirt selectivity requires 4 potes (14x6 

24 db.) in the p-plane which will result in 4 p 

pairs in the s-plane F'rom the given bandwidth 

gain and number of poles need we find from refer 

ence (3, p. 235 - 237) that four type 5847 pentode 

vacuum tubes connected as shown in figure 6 should 

suffice. The 5847 has a g equal to 12.5 millimhos. 

an input capacitance of 7 pf. arid an output capaci.- 

tance of 3 pL 

For the 4-pole maximally flat response the poles are 

located on the p/21Tplane at (B, e1). (B, e1). (a, 

and (B, 2l where B 1 l57..5 and e2 = ll.25°. 



IN 

WIDE BANDWIDTF- R.F. AMPLIFIER 

58L.7 56L7 58L7 58L7 

NOTE ALL UNLABLED CAPE. ARE EYPASS CAPS. 

Î 
Figure 6 

93..rL 

OUTPUT 

93 (L 

Q 
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2. The mid-band frequency Ç = (3o)2_(5o/2)i12 
(275) 2166 mc. 

3. The pole locations in the s/21T -plane are now cal- 

culated. For e1 

X1 =(50/2)2cos 315°-275=625cos L5°-275=L2-275=l67 

Yj = 625sin 3J5C = -625sin 2.5C = L.42 

c:.:1 = tan -4L.2/167 = -693 
g(2, e1) =25cos 157.5°- [(l67)2+(2)2jicos_3.650 

-25cos 225-2L7cos 34.,65'=-23.l 

-17.85 = -4-.O.95 mc. 

f (B, e1) = 25sin l57.5 -2l.7sîn -3L65 
= 25sin 225°--21,7si.n 3.65°958+ì2,33 

21,91 mc. 

£(B,-ê1) = .-23.l+l785 = -525 mc. 

f (8,-e1) = -9.58 + 12.33 = 2.48 mc. 

For 

X2=ó25cos 225'.-.275=-ó25cos 45-275-L4.2-275-717 

2=625sin 225-ô25sin 45-Ls42 

=3l.65 

(E, e2)=25cos 112.5°- 7l7)2+(!42)2 sin 15.82 

=-25cos E7.5°-29.Osin l5,82°-9.,57-7 .91= 

-17.28 mc. 



f (B, e2)=25sinò'75°29,ocos 58223.l+27.9= 

51 0 mc, 

SB, -e2)=r -9.57+7,9i= -).66 mc. 

f (B, -e2 )= -23,1+27,9= 4,8 mc. 

4. In order to calculate the resistance and inductance 

values for each stage the total interstage capac!t.ance 

must be known. The capactnce for the first three 

stages is equal to the sum of the input, output and 

stray capacitance of the 5847 tube and circuit. 

C = 7 + 3 f 5 = 15 pf. 

For the output stage the capacity is adjusted by the 

addition of 04 to give the proper impedance match 

to the 93 ohm coaxial cable. 

The output stage capac'ty 

00 04+8 pf. 

to make R4 93+93 = 186 ohms, The plate resist- 

ance of the 5847 is so much larger than 186 ohms 

it may be neglected. 

Now that the interstage capacitance has been det,ermined 

we will calculate the resonant frequency, inductance and re- 

sistance for each stage. 



23 

By assigning trie pole with trie largest value of 1 to the 

output stage we can achieve an impedance match to the coaxial 

cable with the smallest possible value of padding capacitor 04. 

This will result in the greatest overall gain-bandwidth product. 

For the first stage; 
r 1/2 1/2 

1r1 
[(_17.l+8)2 1 (5l.o)J = (2906) 539 mc. 

L= i = 0,56 h, 

¿4.11.2 (2906) 15 

1 =30lohms Rj 
41r (15) lo-e 

For the second stage: 
r 

l/2 
= [(_1.66)2 

+ (4.8)1 
= (25.76v = 5.08 mc. 

L2 = i = 65.6 Mh. 
¿447.2 (25.76) 15 

- - 

£'-2 
l+'Tr l_1.661 (15) in-6 

- JI.Ll J Lili LJL. 

For the third stage: 
1/2 1/2 

r3 = 
[_5.252 + (2.48)2] (33.70) = 5.80 mc. 

L3 = 477.2 (337) 15 = 
50 ,qh. 

R3 = i =101 ohms 
4T1_5.251 (15) 10-6 

For the fourth and last stage: 
r 11/2 1/2 

r4 = 
40952 + 

(21.91)1 = 
(2158) = 2+6.,8 mc. 
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R = =186 ohms 4 41I095I j6 C O 

o = 
1 =10.5pf. 

t1.ir (40,95) (186) 10 

C4=C0-8=10,5-8=2,5pf. 

L= ________ 
4 42 (2158) 10,5 

= L12 «h. 

The poles and zeros in the s/21r -plane and the 

corresponding frequency characteristics of the wide band- 

width R . F . amplifier are shown in figure 7 on the following 

page. 
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