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SURFACE FITTING AND SOME 
ASSOCIATED CONFIDENCE PROCEDURES 

CHAPTER 1 

INTRODUCTION 

The use of statistics in geology has expanded rapidly, until today 

we have statistical analysis being applied in many branches of geology. 

One of the main reasons for this expansion is the enormous increase in 

the amount of available numerical data, especially in the field ofmining 

where thousands of sample assays are often taken in the course of 

mining operations. This thesis is one approach to the problem of how to 

analyze these vast amounts of sample data and is specifically a des crip 

tion of the analysis of the distribution of ore in the veins of two large 

mixed-metal ore deposits . However, the statistical techniques pre

sented are applicable to geological data in general, as well as to the 

specific problem of analyzing ore distribution in metalliferous veins . 

Extensive mine workings developed over many years in the ore 

deposits under study have afforded quantitative data in the form of 

hundreds of thousands of mine assays. A preliminary investigation 

resulted in the development of efficient methods for processing and 

averaging these assay results by means of punched cards and IBM 

machines. Probably the most desirable form of pres entation of such 

data for geological evaluation is a contour map, but preliminary 
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efforts in this direction showed that it was impossible to draw satis 

factory contou::.- maps from such averaged data. Thus the need for a 

method of statistical analysis, results of which could readily be trans

lated into detailed contour maps ,was apparent (7, p. 1- 4). 

Regression analysis, which is one of the branches of statistics 

based on the method of least squares and the analysis of variance, 

filled this need and consequently was adopted as the basis of analysis. 

Both Krumbein (4) and Whitten (9) have discussed the use of regres

sion analysis in the study of geological surfaces, but neither mentions 

the utility of confidence limits or gives any comprehensive methods 

of assessing the results of such an analysis . 

The statistical contribution of this thesis is the derivation of 

certain new confidence limit procedures associated with regression 

analyses, especially those having to do with the fitting of quadratic 

surfaces. 

The geological objective of this thesis is to apply the mathema

tical and statistical methods of regression analysis to such geological 

questions concerning ore deposits as: which metals are zoned in a 

statistically significant sense and how, and in what directions and at 

what rates do percentages and contents of various metals change. 

This thesis is written in conjunction with a National Science 

Foundation Research Grant, NSF- G 14189. This project on, "The 
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Distribution of Ore in Metalliferous Veins , 11 is under the direction of 

Dr . GeorgeS. Koch, Jr., Department of Geology, O regon State 

University and Dr. Richard F. Link, Department of Statistics, 

Oregon State University. The author is a research-assistant on the 

project with contributions in programming, digital computing and data 

processing on the IBM 1620 electronic computer and supporting 

equipment. 
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CHAPTER 2 

REGRESSION ANALYSIS APPLIED TO ORE DISTRIBUTION 

Ore distribution within a particular vein may be studied through 

the analysis of assays of samples collected in drifts , raises and 

stopes. Each sample is located on a co- ordinate system drawn on a 

vertical longitudinal section with x representing horizontal distance 

along the vein and y representing elevation. Locations, vein widths, 

and assays for the five ore metals: gold, silver, lead, copper and 

zinc are punched on IBM cards, each ca ~d representing a different 

sample. By analyzing thousands of such sample assays, we dete t"mine 

how the amounts of a given metal, say silver, vary as the sample 

lo cations vary. 

By letting z be the amount of silver at a given location (x, y), 

represented by a vector parallel to the z axis with length proportional 

to the amount, we can restate the problem as that of finding how z 

varies with x and y. In other words we want to study the function 

(2.1) z = f(x, y). 

The geometric solution of z = f(x, y) is a surface and we are 

able to describe the zoning of a metal by defining the specific 

geometric solution of equation (2.1). Therefore , if we can find the 

relationship between z, x and y, our problem is solved. We cannot 
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directly determine this relationship since all we have given are 

sample valu es of z for various (x, y) locations. However, by means of 

r egression analysis we can make use of all our sample data and 

thereby estimate how z is ::elated to x and y, or statistically speaking, 

estimate the regression equation. W e actually make an indirect 

estimation in that we try various equations until a close fit is found . 

The regression equations or the r egression models, as they are 

more generally called, which are of most general use in ore distri

bution are the multiple, curvilinear, and quadratic response surface 

models. Their general forms are 

(2.2) E(z) =~ 0 +~lx +~zy, 

(2. 3) E(z) =)30 +~1 x + 5?2x
2 

and 

2 2(2. 4) E(z)=~o+~1x+~2Y+_03x +~4Y +_0sxy 

respectively. E(z) is the expected or average value of z . We note 

that equations (2. 2) and (2. 3 ) are me::.ely special cases of equation 

(2 . 4), where several coefficients of (2. 4) are zero. We, therefore, 

can reduce the problem of analyzing the three models to an analysis 

of the r esponse surface model, without loss of generality. Conse

que ntly, we define surface fitting to include the fitting of data to any 

of the three models. Models with coefficients of higher power may 

also be fitted, but in addition to more tedious calculations, the 

regression coefficient estimates also become very unreliable . 
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The geologic s i gnificance of using regression analysis methods 

to fit data to t he multiple regression model , equation (2 . 2), is to 

determine if the zoning of a particula!" metal can be described by a 

plane. If it can, then methods introduced in Chapter 4 facilitate 

finding the horizontal direction (str ike) of the plane. The curvilinear 

model, equation (2 . 3), is utilized when we consider how the amount 

of a metal varies with distance alone. Replacing x and x2 by y and y 2 

respectively in equation (2 . 3) corresponds to considering the variation 

of the amount or content with that of the elevation. Finally, in fitting 

the response surface model, we determine what type of quadratic 

surface best describes the distribution o f a given metal. 

The E(z) component of a fitted response surface model is 

easily calculated at each of then sample locations . Locations 

yielding equal E(z) values can then be plotted and graphically 

connected to form contour maps. 
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CHAPTER 3 

FITTING DATA TO REGRESSION MODELS 

In general, an experimenter who is to interpret rigorously the 

outcome of an experiment will need to fj rst formulate the problem in 

mathematical terms (the mathematical model), then test the concor

dance of the mathematical model with all relevant respects of the 

data, and finally, if the model proves to be acceptable, to estimate or 

set limits on, any constants left unspedfied in the model. R egression 

analysis is a means of making such an interpretation when the 

expected or average value of one variable is defined as a function of 

the observed values of other variables (12, p. 1). 

In the particular application of regression analysis at hand 

we are interested in estimating the constants of a regression when the 

form of the relationship is given and in testing the concordance of 

some preassigned regression relation with the data. This is because 

our mathematical regression models are p redetermined. 

Surface fittmg has its statist1cal s1gnificance based on the 

similarity between the general form of a particular regression model 

and its corresponding graphical solut10n equation. This similarity 

between regression models and equations of geometric representations 

is apparent 1n even the simplest of all cases. a linear relationship 

between two variables. For example, in regression analysis, which 
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refers to the fitting of models and to the analysis of the fitted 

models as well, the study of the linear relationship between two 

variables is given the name linear regression and the general form of 

a linear regression model is 

(3. 1) 

The algebraic equation representing a straight line is 

(3. 2) y=mx+b. 

The similarity between the two forms {3.1) and (3. 2) is immediately 

obvious and in fact can always be noted regardless of the model we 

are dealing with. 

The general forms of the multiple regression, curvilinear 

regression, and quadratic response surface models are listed in 

equations (2. 2), (2. 3) and (2 . 4) of Chapter 2 . We only want to note 

here that the multiple regression model bears a close similarity to 

the algebraic equation of a plane and that the curvilinear and response 

surface models are likewise very similar to the algebraic equations 

of a curve and a surface respectively . These similarities are of 

course not by chance and the main reason for noting them is to show 

the close-knit relationship between regression analysis models and 

the algebraic equations of two and three dimensional geometric 

representations . 
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The important result which at least partially stems from these 

similarities is that fitting a given set of data to the previs ously 

mentioned regression models j s a systematic method of determining the 

relationship between the variables and also of predicting the form of 

the graphical solution of the data. 

Equations (2. 2), (2. 3) and (2. 4) are the regression models we 

wish to fit and whose c onstants of regression (regression coefficients) 

we thereby need to estimate. The coefficients~ 0 , ~l' _0 2, _B 3 , _B 4 and 

3 5 are the regression coefficients of equation (2. 4) , although )3 is
0 

usually termed the intercept or constant term. The values of these 

regression coefficients are unknown and are to be estimated from our 

sample data. These estimates will be denoted by b , b 1, b 2, b
3

, b 4 ,
0 

and b respectively, following the general practice of using the5 

uncapitalized letter to denote the estimate of the capital or Greek 

letter. 

For simplification, we rewrite equation (2. 4) as 

(3. 3) E ( z) =~ 0 + )' !9 p X p (p = 1' . . . • 5) 

and note that 5) 0 = z - ~ ~ pxp. The method of least squares is used 

in estimating the ~ p's since this method produces an unbiased 

estimate whose variance is smallest as compared to all other kinds 

of estimates which a re based on linear combinations of the observa

tions (5, p . 277) . 
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"If we have a sample of n sets of values of one dependent and p 

independent variables, the sum of squares to be minimized, with 

respect to the regression coefficients, is 

(3. 4) 

where S denotes summation over n sample members . 

We introduce at this stage the notation 

- 2u=S(z - z) 

p. = Sz{x. -x.}
l l l 

t.. =S(x . - x. ) 2 
ll l 1 

The sum of squares is then 

(3. 5} 

Then the normal equations found by differentiating (3 . 5} and 

replacing the~ i by their estimates bi take the form 

(3 . 6) bl\1 t b2ti2 + · :tbptip =pi (i = 1, 2, ···, p }. 

~ bhtili. =pi . 

The minimum value of the sum of squares of residuals, obtained when 

the constants 0i are given the values bi' is 

(3 . 7) 

This sum of squares, with n - p - 1 degrees of f r eedom, provides an 

estimate of the residual variance of departures from the regression 

2equation and will accordingly be equated to (n - p - 1} s . The sum of 
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squares attributable to regression is 

·(3. 8) 

with p degrees of freedom. 

The analysis of variance takes the form 

Variation D. F. Sum of Squ_-1-res Mean Square 

Regression 

Residual n 

p 

- p - 1 u 

L: bipi 
i 

-[ bipi = (n 
i 

- p - 1) s 
2 

L: bipi;P 
i 

s2 

Total n - 1 u 

which provides a test of the over-all significance of the regression" 

(12, p. 24) . 

The equations (3. 6 ) may be solved expeditiously for the bi's by 

determining the reciprocal (inverse) of the matrix T (=(thi)) . Crout's 

method was employed for finding these inve;rses since with only little 

added effort the bi's, as well as the inverse elements , are obtained 

directly. The method is also easily programmed in IBM FORTRAN 

language and was one of a series of FORTRAN programs written to aid 

in the regression analysis of our data . 

11 The inverse of the matrix T is denoted by T-1 and its elements 

by thi . Then the bi are given by the equation 

(3. 9) bi =L: phthi. 
h 
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It is readily show n that the variance of bi is 

s 2tii 

and that the covariance of any two coefficients, bh and bi is 

s 2thi . 

The standard error, which is the square root of the variance, is 

S-y;:;r- • I I 

We also note that the F statistic , with 1 and (n-p-1) degrees of 

fr eedom , u s ed in testi ng the significancf" of an i ndivi dual coefficient is 

The methods described in this chapter are not new but are 

included to facilitate a better presentation of the complete analysis . 
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CHAPTER 4 

CONFIDENCE LIMITS OF REGRESSION COEFFICIENTS 

We thus far have considered how to estimate a regression 

coefficient, but it should be obvious that this point estimate is not in 

general an adequate estimate. We need more than just one estimated 

value of a coefficient, in fact it would be very useful if we knew that 

the coefficient was between say one and two or even one and four. We 

want then to obtain an interval in which the coefficient will be included 

a large percentage of the time . That is, we wish to estimate the 

regression coefficient by a confidence interval. Intervals which are 

calculated from samples and are used to estimate parameters are 

called confidence intervals. The percentage of the time that all 

possible samples of a given size yield confidence intervals which 

include the parameter, is called the confidence coefficient. The end 

points of a confidence interval are called the confidence limits, and 

the length of a confidence interval is the difference between its confi

dence limits (5, p. 144) . The confidence limits of an individual 

coefficient are based on its standard error and the appropriate 

probability level of the Student's t- distribution. The 95o/o confidence 

limits for a regression coefficient0 i are 

(4. 1) bi ~ (t. 025> s-v;Ji. 
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Such limits for an individual coefficient are important when its 

departure from some hypothetical value is under test. 

In this thesis we are primarily inte!'ested in the confidence 

limits of certain combinations of the regression coefficients . Thes e 

combinations include ratios, p roducts, and the ratio of a linear 

combination of products . 

The simple ratio of two coefficients is important because the 

arctangent of the ratio of g) and S3 2 in equation (2. 2} is significant in1 

the geological interpretation of the model. It is in fact the di r ection 

of a horizontal line in the plane and is called the strike. Before cal cu 

lating the confidence limits of a ratio, we note that in general the 

confidence limits of a parameter are based on its estimate, the 

standard error of its estimate and an appropriate t- value. T h e 

general form is shown by the confidence limits of a regression coeffi

cient 53i as expressed in (4.1}. 

We find the confidence limits of the ratio~ 1 / ~ 2 realizi ng that 

this special case is readily generalized. The parameter then is 

_S' I ~ 2 and its estimate is b 1 /b 2, which is easily calculated. The only 

missing element, of the three basic elements upon which confidence 

limits are based, is the standard error of the estimate. Since the 

estimated coefficients are estimates whose sampling errors are 

dependent, the approximate formula for the variance of the ratio of 

1 
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two such estimates is 

V{y2)
+(4. 2) ]2 

Y2 

':fhis formula is only satisfactory if V(y1) and V(y ) are small relative2

toy/ and y 
2 

2 respectively {14, p. 198). The standard error of the 

·ratio is the square root of equation (4. 2) and the approximate 95% 

confidence limits of~ 1 / ~ 
2 

are therefore 

(4. 3) 
+ 
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CHAPTER 5 

CONFIDENCE PROCEDURES FOR THE DISCRIMINANT 

The right hand side of equation (2.. 4) may also be obtained from 

an approximate Taylor's series expansion, retaining only the linear 

and quadratic terms, of the equation 

(5. 1) z = f(x, y) , 

where the function f is defined, continuous, and has continuous first 

and second order partial derivatives with respect to x andy (8, p. 583~ 

The geometric locus of (5. 1) is the two-dimensions! surface (2. 4), and 

we now want to consider the types of surfaces which can result from 

equation (2. 4), as its regression coefficients take on varying values. 

Another consideration of importance is how to identify which type of 

surface a given set of coefficients defines. We need, therefore, some 

criterion which will tell us whether the surface is a paraboloid, 

ellipsoid or hyperboloid. This criterion we know from calculus to be 

the discriminant. The discriminant of the response surface model 

(2. 4} is 

Namely, the surface is 

(i) a paraboloid if the discriminant = 0 

(li) an ellipsoid if the discriminant < 0 

(iii) a hyperboloid if the discriminant> 0 



17 

with the understanding that if all of the coefficients~ 3, _0 4 and .0 5 are 

equal to zero, the discriminant is non-existant (8, p . 250). 

For particular estimated values of the coefficients of equation 

(2. 4) we have some type of surface defined. It is easy to calculate 

the estimate of the discriminant which is 

and is merely the difference of a product combination of the individual 

estimated coefficients. We thus identify the type of surface that our 

dataare defining. There is need to consider the question of possible 

variance in the type of surface defined by a given set of data or identi

cally the possibility that variation in the estimated regression coeffi

cients could cause a sign change in the estimate of the discriminant. 

This consideration suggests finding confidence limits of the discri

minant, since as long as these limits do not include a sign change or 

zero, we need only consider one type of surface as a possibility for 

the geometric solution of a given set of data. 

The parameter of interest is now 95 2 - 4_03~ 4 and its estimate, 

as we have already pointed out, is easily calculated. We are again 

only lacking the standard error of the estimate in order to calculate 

the limits. The approximate formula for the product of two dependent 

estimates is 

(5. 2) 
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with the same restriction as in equation (4. 2) {14, p. 198). The 

standard error of the product is the square root of (5. 2) . We have 

then that 

2 
( 5. 3) V{b -4b b ) = V(b . b ) + l6V(b . b ).

5 34 55 3 4 

Applying equat10n (5 . 2) to both members on the right hand side of 

equation (5. 3) r esults in 

2 2 2 2 
V(b -4b b )=4b V{b )+16 lb V(b )+b V(b )+2b b COV(b b )]

5 34 5 5 L4 3 3 4 34 34 

The approximate 95% confidence limits for the discriminant are 

therefore 

2 55 33 2 44 34 
4b t +l6{b t t b t +2b b t )

5 4 3 3 4 
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CHAPTER 6 

CONFIDENCE LIMITS FOR LOCATION OF MAXIMUM 

To further define a surface whose type we have just identified by 

analysis of the discriminant, we consider the problem of finding the 

maximum or high point, if one exists, of the surface 

(6. 1) z =f(x, y), 

as defined in equation (5.1}. 

If there is a point (p, q) such that 

(6. 2) f(x, y) s f(p, q) 

for all points (x, y) sufficiently near to the point (p, q), then the 

function f is said to have a relative maximum at (p, q). If the 

inequality in (6. 2) is reversed, f has a minimum at (p, q}. For 

either a maximum or minimum, a necessary condition that must be 

satisfied is that the first order partial derivitives, 

both equal zero at (p, q} (8, p. 511}. 

Suppose that we have found a point (p, q) where fx and f both 
y 

equal zero, and we wish to determine whether the function has or has 

not a maximum at (p, q). By using the chain rule for partial derivi

tives to calculate the Taylor's theorem expression for equation (6. 1), 
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where x =p + ht, y = q + kt, and t varies from 0 to 1 (for 

sufficiently small values of h and k), we have 

f(p+h, q+k) - f(p, q) = l.(h2f + 2hkf + k2£ . ) =a (t ).
2 xx xy yy 1

A maximum value of z at (p, q ) occurs when the sign of a(t ) is
1

negative. The sign of a(t ) is the same, however, for sufficiently1

small values of hand k, as the sign of (8, p . 583-585) 

In general, the estimate of equation (2, 4) has partial derivitives 

(6. 3) 

(6. 4) 

which vanish at say (p, q). The second partial d e r ivatives ar e all 

constant: 

fxx = 2b3, 

and the expression whose sign, if negative, determines that the 

function i has a maximum at (p, q) is 

(6. 5) 

For any quadratic surface defined by a set of data, we can 

easily predict the presence or absence of a maximum by substituting 

into equation (6. 5) and determining the sign. If a maximum does exist, 

then the point (xm, ym) at which it occurs, can be found by solving 

equations (6. 3) and (6 . 4) simultaneously for x andy. The solutions 
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in general are 

b b - 2b b
2 5 1 4(6. 6) X. = and m 

4b3b4 - bs2 

= 2b 2b 3 - b 2b 5(6. 7) 

bs 2 - 4b3b4 

We can now calculate an estimate (xm, ym) of the surface 

maximum by substituting into equations (6. 6) and (6. 7). This estimate 

will of course vary according to the variation in the individual 

estimated regression coefficients and we need to know the extent of 

this variation since it is directly related to how close an estimate of 

the maximum we can make. We can determine the extent of the 

variation of each of xm and Ym separately by finding the confidence 

limits of each . Since each of these estimates are combinations of the 

individual regression coefficients, the variance of each can be 

obtained by applying equation (4. 2) to the ratio and equation (5. 2) to 

the resulting products. However, the co-variance term is no longer 

a single thi element of the inverse matrix, but a combination of many 

of the thi 1 s. The approx.imate variances of xm and ymare therefore 

derived from the first order Taylor's series expansion of equations 

(6. 6) and (6. 7) rather than from equations (4. 2) and (5. 2) . Taking the 

square root of these variances to obtain the standard errors and then 

using the same method we used for finding the confidence limits of the 
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discriminant, we obta1n the approximate 95% confidence limits for 

each of Xm and Ym. The limits for Xm are 

{6. 8) ~ ~ {t. 0 25) s~ ( L = 1, 2 · · · , 15) 

where Al =b 2b - 2b b 4 , A2 =b 1b 5 - 2b 2b3' A3 =4b3b 4 -b5 
2 

,
5 1

A4 = 4b b 3b + b b 2 - 4b1b 4b 5,2 4 2 5 

= A1IA3 and the SL's a-re as followsxm 

sl =t 11 {4b4 
2) I {A3) 2 

=t22{b5 2) I {A3) 2 s2 

s3 =t 33{16b42) {A 1) I {A3)4 

2
s4 =t 44{4b5 > {A2) 2 1 {A3)4 

ss = t 55{A4) 2 I (A3)4 

=t 12{-4b4b 5 ) I {A3) 2s6 

s? = t 13 ( 16b 4 
2) {A 1) I (A 3) 3 

=tl4{-8b4b ) {A2) I {A3) 2 
sa 5 

s9 =t 15{-4b4) (A4) I (A3) 3 

=t 23 {-8b4b 5 ) (Al) I {A3) 3 
S1o 

Su = t 24(4b5 
2) (A2) 1 {A3) 2 

S12 = t25(2bs) (A4) 1 {A3)3 

sl3 =t34(-I6b4 b 5 ) {Al) (A2) 1 {A3)4 

S14 =t35( -8b4) (Al) (A4) I (A3)4 

=t45{4b5 ) (A 2) {A4) 1 (A 3)4 .5 15 



23 

The limits for Ym are 

(6. 9) Ym ~ (t. 025) (s) ~ (L=1, 2, • · · , 15) 

where A 1 = b 2b 5 - 2b b 4 , A2 = 2b2b3 - b 1b 5 , A3 =b 5 
2 - 4b3b 4 ,1 

A4 = 4b 1b b + b 1b 5 
2 - 4b2b 3b 53 4 

= A2 I A3 and the SL 1 s are as followsYm 

= tl1(b52) I (A3)2s1 

2 
s2 =t22(4b3 

2) I (A3) 

s3 = t33(4b
5 

2) (A 1) 1 (A3)4 

= t44(16b3 
2) (A 2) I (A3)4s4 

= t55(A4)2 I (A3)4s5 

= t 12(-4b b ) I (A3) 2s6 3 5

s7 = t13(-4b5 2) (Al) 1 (A3)3 

= tl4(-8b 3b 5) (A2) 1 (A3)3sa 

s9 = t 15(- 2b5) (A4) I (A 3) 3 

= t23(sb3b 5 ) (A 1) 1 (A3)3slO 

sll = t24(16b3 2) (A2) I (A3) 3 

= t 25 (4b3) (A4) I (A3) 3 
s12 

= t34 (16b3f) (A 1) {A2) I (A3)4 
sl3 

S14 = t 3 5 ( 4 b 5) (A 1) (A 4) I (A3) 4 and 

S1s = t45(8b3) (A2) (A4) I (A3)4 . 
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Since clearly a value of either Xm or Ym by itself is not useful, 

we need to consider what confidence we have that both sets of limits 

will simultaneously bracket Xm and Y m . That is, we are interested 

in the joint confidence limits, since this expression will give us an 

interval within which the location of the surface maximum will fall a 

large percentage of the time. 

The probability that (6. 8) and (6. 9) simultaneously bracket their 

corresponding parameters is a probability concerned with the joint 

distribution of Xm and Ym . It is at least 90% and hence the pair of 

intervals has a joint confidence level of 90% (or more). This is 

obvious in terms of repeated sampling. For 5% of the time (6. 8) will 

miss the parameter Xm and 5% of the t1me (6. 9) will miss the para 

meter Ym . One or both of the intervals can miss the corresponding 

parameter at most 5% + 5% = 10% of the time . Hence the pair has 

joint confidence of at least 90% (2, p. 284-285). 
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CHAPTER 7 

EXAMPLE ANALYSES 

Three example analyses of silver content are now presented to 

illustrate the methods discussed previously. The examples are based 

on actual sample assay data from one of the larger veins under study 

and the data used are listed in the Appendix. We note that similar 

calculations can be made for any of the other metals. 

The models which will be fitted are 

(7. 1} E(z) =~0 + 0 l x + 02x2' 

(7. 2} E(z} =e0 + .01 y + 0 2y2 and 

(7 . 3} E(z} =00 + shx + ~2Y + 03x2 + _04Y2 +05XY . 

The three separate analyses and the results of each are outlined in the 

order listed. An explanation of the notation accompanies the first 

analysis. All tests of significance are made at the 5% level. 

Using the notation introduced in Chapter 3, the normal e quations 

obtained from fitting (7 . 1) are 

(7. 4) b 1 t ll + b 2 t 1 2 = p l and 

(7. 5} blt21 + b2t22 = P2 · 

For the data of the appendix we have 

x =x =1, 140 . 467, x =x2 =1, 305, 255. 2, g = 180. 182
1 2 

t =275, 459.0, t =t = 6. 33576Et08, t = l. 45926Et 12,
11 12 21 22 

p 1 = 117, 590 . 0 and Pz =-2. 813E+08 
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After the appropriate substitutions, equations (7. 4) and (7. 5) become 

275 .459. b + 6. 33576E+08 b = -117 , 590. 0 and
1 2 

6 . 33576E+08 b l + 1. 4 5926E+ 12 = -2. 813E+08b 2 

respectively, where 1. E+08 = 1 08 . The matrix T is therefore

I 275, 459. 6. 33576Et08l 

L6. 33576Et08 l. 45926Etl2J 

and applying Crout 's method to T results in f1nding 

b = 12. 1438, b = -5. 4653E-03 and
1 2 

2. 664E- 0 3 -1. 1566E-06] 

T -1 = 
[ 

-1. 157E-06 5. 0290E-10 

Substituting into the equation 

yields 

b = -6, 715.8117.0 

The regression sum of squares is 

~ bipi = (12.1438)(-117 ,590 . ) + (-5.4653E-03)(-2.813E+08 ) 

= 109, 596. 6 (2 degrees of freedom) 

The residual sum of squares is 

u - Reg. S. S. = 1, 191, 151.7 - 109, 596. 6=1, 081, 555. 1 

and since p = 2 and n = 60 for our example, we have 

57s2 = 1, 081 , 555. 1 

2s = 18, 974.651 

http:03)(-2.81
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For the analysis of va r iance we have 

Variation Sum of squares D. F. Mean square F 

Regression due 
to x , x2 109, 596.60 2 54, 798.3 2.888 

x only 50, 199. 17 1 50, 199. 17 2.6456 

Additional due 
to x2 59, 397. 43 1 59, 397. 43 3 . 130 

Residual 1, 081 , 555. 1 57 18,974.651 

The tabular values of F. 05 (2, 57) and F . 05 (1, 57) are 3. 1624 and 

4 . 0137 respectively. 

The F statistic 2. 888, with 2 and 57 degrees of freedom, is used 

in test1ng the over-all signif1cance of the reg1: ession. The F values 

2. 6456 and 3 . 13 each with 1 and 57 degrees of f r eedom, are used as 

tests of the individual significance of b 1 and b respectively. We
2 

conclude from these tests that _B 1 =£3 =0.
2 

The 95% confidence limits for 01 

bl ~ (t. 025)(s) "Ytll 

= 12.1438 ~ (2.003)(137 . 75)(.051) 

= -1.9271 to 26.2147 

Similar calculations result in finding the 95% confidence limits of 

53 2 to be 

- . 011535 to . 000605 
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We conclude from this analysis that for the given sample locations 

in the vein, the silver content is not related to the distance along the 

vein. 

Fitting the data of the appendix to the model (7. 2) results in the 

normal equations 

475, 842.0 b 1 + 5 . 343E+08 b 2 = -344, 948 . 3 and 

5. 343E+08 b 1 + 6. 029E+ll bz = -3 . 798E+08. 

where we now have 

=y = 559 . 25, =x = 320, 69 1. 25 and s = 180. 182 .x 1 x2 
2 

Results of further calculations include 

bo = 1, 353. 166, = -3.531, b 2 = . oo25 ,b 1 

-3 . 746E-07 JT-l = [4. 2276E-04 

3. 746E- 07 3. 3365E- 10 

Reg.S. S. = 268, 778. 5 (2 d. f.), 

ResidualS. S. = 922,373.2 = 57s 2 and 

2s = 16, 181.986 

The analysis of variance takes the form 

Variation Sum of squares D. F. Mean square F 

Regression 
y, y2 268, 788. 5 2 134,394.25 8 . 305 

y only 250,052.8 1 250,052.8 15 . 452 

Additional due 
to y2 18, 735 . 7 1 18,735.7 1. 157 8 

Residual 922, 37 2 . 2 57 16, 181.986 
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From this analysis we conclude that there 1s a very definite 

relationship between s1lver content and elevation, but since most of 

the relation appears to be in the linear term we now fit the linear 

model, 

E{i!.) = ~0 + ~1Y· 

The results of interest from this linear regression analysis are 

bo =585. 582, b 1 = -. 7 249 and 

the 95% confidence limits of~ 1 are 

-1. 0945 to -. 3553 

We conclude then from this supplementary analysis that the gram

meter content of silver decreases by an amount between . 36 - and 1.09 

grams for each meter decrease in elevation. 

The final analysis fits the response surface model (7 . 3) and we 

include in the results the confidence limits for both the discriminant 

and the location of the maximum. 

The normal equations are now a set of 5 equations in the 5 

unknowns b 1, b
2

, b3' b4 and b 5 , and their solution involves the 

inversion of a 5 x 5 matrix. Results of this inversion, again using 

Crout's m ethod are 

= 29.259, = -18.987 , h = -.017, h = - . 0023,b 1 b 2 3 4 

= . o18,b 5 



30 

and the inverse matnx elements are 

t 11 =. 0062, tl2 = - . 003 , t 13 = -3 . SE- 06, t l 4 = -6. 5 25E - 07, 

2 2 23 t 24t 15 =3.288E-06, t = .0027 , t = 2.0E-06, = 3 . 1E-07, 

t25 = -2.7E-06, t33 = 2.11E-09, t34 = 5 . 1E-lO,t35 =-2.25E- 09, 

t44 = 7. OE-10, t45 = -9. 4E-10 and t55 = 3 . 28E-09, 

where tij = tji . 

F or the analysis of variance we have 

Variation Sum of squares D. F. Mean squar e F 

Regression 418,369.0 5 83,673 . 80 5.8469 

Residual 77 2, 7 82.7 54 14, 310 . 79 

and F. OS ( 5, 54) = 2. 3927 

We conclude from this analysis that silver content is related to 

distance and elevation and that this relation can be described as a 

quadratic surface . 

Making the appropriate tij and b i substitutions into equation (5. 4) 

results in finding the approximate 95% confidence limits of the discri 

minant to be 

- . 0004 to . 003 

Similar substitutions into equations (6 . 8) and (6. 9 ) give the approximate 

90% joint confidence limits of the surface maximum Xm and Ym as 
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1, 059 :S xm ~ 1, 394 and 

414< Ym < 1, 011 

respectively. 

The interpretation of these limits is that the shape of the surface 

is not well determined and even conditionally upon the surface being a 

parabaloid, the estimate of the location of the maximum is inprecise 

relative to the spread of the (x, y) points for which data were obtained. 

The fitted model or estimated regression equation can now be 

evaluated at each of the 60 sample locations and then locations 

yielding equal or nearly equal E(z) values can be plotted and graphi

cally connected to form contour maps. 
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APPENDIX 

D A T A 

x(meters) y(meters) Ag(gram-meters ) 

1173 425 051. .4 
1155 425 293.7 
1135 425 372.8 
1102 425 659 . 4 
1117 425 385.2 
1086 425 639.7 
1067 425 148.9 
1047 425 031. 2 
1163 470 129.8 
1143 470 219.0 
1126 470 296. 5 
1110 470 374 . 6 
1091 470 079.0 
1074 470 323 . 0 
1054 470 288. 7 
1034 470 226 . 2 
1015 470 071 . 6 
1169 515 057. 9 
1149 515 046.2 
1132 515 082.6 
1117 515 342.2 
1097 515 307.0 
1078 515 396 . 3 
1057 515 197. 1 
1038 515 100.5 
1021 515 099.5 
1200 560 055.2 
1181 560 395.6 
1160 560 378.0 
1141 560 191.4 
1122 560 111. 5 
1104 560 329 . 0 
1085 560 127. 5 
1064 560 115 . 0 
1043 560 069 . 0 
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x(meters) y(meters) Ag(gram-meters) 

1223 605 046.2 
1205 605 055. 1 
1187 605 106.2 
1169 605 287.6 
1152 605 069.4 
1134 605 083. 1 
1112 605 188.0 
1093 605 069.8 
1074 605 009. 1 
1247 650 187. 5 
1231 650 193 . 1 
1211 650 215 . 5 
1192 650 196.5 
117 3 650 088.6 
1155 650 109.0 
1135 650 089.6 
1309 695 082.2 
1290 695 057. 1 
1270 695 086 . 0 
1251 695 099.8 
1231 695 074.0 
1212 695 141 . 8 
1193 695 122.8 
1174 695 107. 4 
1155 695 053.3 




