
      

 
                

 

 

           

 

 

 

 

   

  

 

 

 

                

                

               

                  

                 

                 

               

                

                   

               

                 

                    

                 

                

                 

                

                

                  

                 

             

AN ABSTRACT OF THE DISSERTATION OF
 

Hadi Panahi for the degree of Doctor of Philosophy in Industrial Engineering presented on June 6, 

2014. 

Title: Two-Stage Flexible Flow Shop Scheduling with Blocking Constraint and Batching 

Machines. 
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In this dissertation, a two stage flexible flow shop scheduling problem is studied, where in stage 

1, there are identical batch processors (burnout ovens) and in stage 2, there are identical discrete 

processors (furnaces). Batch processors perform a pre-heating process on a batch of jobs at a 

time and discrete processors perform a casting process on only one job at a time. It is assumed 

there is no intermediate buffer allowed between stages 1 and 2 and there is a blocking constraint 

between stages one and two. A batch of jobs is loaded into the batch processors based on 

predefined patterns. Batch processors have capacity limit and only a limited number of jobs can 

be loaded into the batch processors. This number is determined by the burnout oven size, jobs 

size and shape, and also by the layout by which they are loaded into the batch processor. It is 

assumed that the processing times of the batch processors are fixed and independent of the 

number of jobs loaded. In stage 2, jobs may require a setup time before loading. This setup 

depends on the job processed last and the job that is going to be processed next. In stage 2 in 

order to pour the molten metal, pots are used. Larger jobs require larger pots due to higher 

molten metal volume. Also jobs may have different alloy types and sometimes the pot that is 

currently being used must be washed before using it for the next job due to the difference 

between the alloy types of two consecutive jobs. Furthermore, each pot can be used for a 

predefined number of pot pourings and when it reaches this predefined maximum, it has to be 

replaced by a new pot. It is assumed that there are different orders of jobs from customers and 

each customer’s order is associated with a due date. In this problem, several goals have to be 

attained while producing high quality products that conform to the established production plan. 



               

              

                    

              

         

             

             

                  

               

                

   

                  

             

              

            

        

                 

              

               

              

              

          

              

             

              

                

             

             

               

An ideal production plan reduces the blocking times on the batch processors, reduces the number 

of pot changes and improves the pot efficiency, reduces the maximum weighted completion time 

of all jobs and at the same time satisfies customers’ due dates. In order to attain all these goals in 

one production plan, the maximum weighted completion time of all jobs are minimized. The 

weights are defined based on customers’ due dates. 

In order to solve this problem and obtain optimal solutions, several mixed-integer programming 

mathematical models are developed and are solved using CPLEX and GUROBI. In small-size 

problems, it is possible to find an optimal solution, but as the size of the problem increases, these 

commercial solvers are not capable of finding an optimal solution by proving optimality of the 

feasible solution they find. In large-size problems, these solvers are not even capable of finding a 

feasible solution. 

This problem is inspired by a real industry problem and in order to solve this problem on an 

industrial scale, optimal approaches cannot be employed due to their inefficiency in solving 

large-size problems. In order to solve these problems and obtain at least high quality near-

optimal solutions, three different search algorithms, namely TS, LTM_MAX and LTM_MIN, all 

based on Tabu search are designed and implemented. 

The quality of the solutions obtained by the search algorithms has to be evaluated against a valid 

measure. While mathematical modeling is a good tool to obtain such valid measures (optimal 

solutions), they are not reliable in solving large-size problems and therefore in this research they 

are used to evaluate the performance of the search algorithms in small-size problems. For large-

size problems, a different methodology, based on the identification of valid lower bounds, is 

used to investigate the performance of the search algorithms. 

Two lower bounding mechanisms are used for generating lower bounds. These lower bounds are 

compared against the solutions found by the search algorithms. The first methodology developed 

in this research is the iterative selective linear relaxation. This methodology starts from solving 

the problem with some of the variables relaxed, and allows for relaxing another set of selected 

variables in subsequent iterations. The second methodology developed in this research is based 

on branch-and-price (B&P) algorithm. B&P can be viewed as an extension of branch-and-bound, 

wherein a column generation algorithm is developed and implemented to solve each node of the 



             

      

               

            

              

                  

                 

                

              

              

              

              

               

                

            

                

 

 

  

branch-and bound tree, thus enabling the identification of higher quality lower bounds efficiently
 

for the original problem. 

A comprehensive set of experiments are performed to evaluate the efficiency and efficacy of the 

search algorithms. In pursuance of such experiments, numerous test problems that are 

representative of the real problem have been generated. There are several important factors such 

as structure of the problem, ratio of processing times to setup times, and types of setup times that 

are considered in generating test problems. Since some of these factors are known to be “hard to 

change”, a split-plot design is used to perform the design of experiments in this research. 

The experiments reveal that LTM_MIN outperforms the other two algorithms in terms of the 

solution quality. On average TS and LTM_MAX deviate from LTM_MIN by 6.51% and 3.44%, 

respectively, in small and large-size problems. The average gap of LTM_MIN from the optimal 

solution in small-size problems is 2.81%, which is very promising. Average gap of LTM_MIN 

from the best lower bound available and B&P are 31.10% and 39.24%, respectively. In large-size 

problems the average gap of lower bound obtained by B&P from that by B&B is -14.07%, 

confirming that B&P outperforms B&B in large-size problems. Finally, in large-size problems, 

the average gap among best of all three algorithms against the best available lower bound is 

14.2%. 
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1. Introduction 

Precision casting is one of the oldest manufacturing processes. This process was used to make 

gold jewelry with high precision. It has been used in industrial production since the 1950’s. It has 

also been used widely in the aerospace, automotive, internal combustion engines, gas turbines, 

medical equipment, and other manufacturing industries. Precision casting, which is also known 

as the lost wax process, comes in handy in several situations: 1) the part has an intricate shape, 2) 

the material type of the part is hard for machining process, and 3) normal manufacturing 

processes cannot produce the part. For instance, turbine blades which have complex shapes, or 

airplane parts which have to tolerate high temperatures are good examples of precision casting 

(Precision Casting, 2013). The problem being studied in this dissertation research is motivated 

by one that is from a precision-casting company. In the following paragraphs, precision casting 

and its manufacturing steps are described. Following that, the research problem is presented 

using the explanations and terminologies provided below. 

Precision casting has the following steps: 1) molding, 2) assembling, 3) investment, 4) wax 

removal, 5) preheating, 6) casting, and 7) cleaning (knockout, cutoff, and finish). In the 

beginning, a master pattern is made from, wood, clay or steel. Then, a master mold is made from 

the pattern made in the previous step. Molding occurs when wax is poured into the mold. This 

pouring can be repeated until a desired mold thickness is achieved. It is worth noting that there 

are other methods such as compression molding, blow molding, injection molding, matrix 

molding, etc. for molding process. 

In the second step, which is the assembly, several patterns are attached to a runner. Each runner 

is then attached to a pouring cup. A cluster or tree is formed from patterns, a runner and a 
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pouring cup. This step ensures a perfect cast. An investment casting foundry can be used after
 

assembly to smooth out the surface abrasions. In the third step, the cluster is dipped into ceramic 

slurry. After dipping the cluster, the cluster is drained. The dipping and draining processes may 

repeat until an adequate, self-supporting shell is formed. 

After the cluster (assembly) is dried, it is loaded into a furnace or steam autoclave and is heated 

until the wax patterns melt and run out of the runners and the pouring cup. This leaves a ceramic 

mold with cavities in the shape of wax patterns in the furnace or steam autoclave. 

In order to remove the leftover wax and moisture, the mold is heated via burnout ovens (BOs). 

This preheating process before pouring, allows the molten metal to stay longer in the liquid form 

after pouring. This also allows the molten metal to better fill in intricate details in the investment 

casting mold. 

In the next step, metal is melted in furnaces and then it is poured with crucibles (pots) into the 

mold. During the time molten metal is poured into the mold, vacuum, pressure or centrifugal 

force can be used to guarantee the precise replication of the shape of the castings. In the last 

stage, after the castings have cooled down, the mold shell is taken away from the casting. Then 

the runners and gates are detached from the castings. Finally, a finishing process such as 

sandblasting or machining is done on the castings. Figure 1 depicts the whole process. 

This dissertation research is motivated by a real industry problem. The company related to this 

research is specialized in precision casting. The markets in which this company serves are 

aircraft engines, airframes, armament, automotive, power generation, and medical industries. The 

project defined in this industry problem is based on stages 5 and 6 of the precision casting 
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Fig. 1.1. Precision casting process (Precision Casting, 2013) 

process, which is preheating and casting. This forms a two-stage problem, and from now on it 

will be referred to as stage 1, meaning preheating and stage 2, meaning casting. 

The main question to be answered in this research is how to come up with the right production 

plan for jobs, ordered by customers, so that jobs are delivered within the customers’ desired due 

date by better utilizing the plant’s machine capacity. Generally there are several jobs ordered at 

each production cycle to be produced by the company and at each stage there are several 

machines. In stage 1, there are multiple identical BOs and in stage 2, there are multiple identical 

furnaces. This arrangement of machines in two stages is called a flexible flow shop scheduling 

problem (FFSSP). Flexible flow shop scheduling problem is a generalized form for the classical 



 

 

                  

                 

             

              

             

              

                

              

               

              

                  

                   

                    

                

     

                

                   

                 

              

              

             

                 

                     

4 

flow shop scheduling problem (FSSP). In FSSP there are a number of jobs that need to be 

processed through a number of stages where at each stage there is only one machine. Sometimes 

companies decide on increasing their production capacity due to customer demand, or during 

production line balancing, by adding machines to some of the stages. This machine duplication 

may happen because of product customization such as products with different features and/or 

different packaging. Additional machines are added to each stage and are dedicated to producing 

specific products at each stage. In some cases, the added machines may not have the same 

capabilities as the previous ones at each stage, possibly for producing products with higher 

quality, to have a more flexible manufacturing system, or to manufacture products in a more 

timely manner. This new problem is known as hybrid flow shop scheduling problem (HFSSP). 

As mentioned previously, in stage 1, there are BOs. At any time, more than one job can be 

loaded in the BOs. Once jobs are loaded in a BO, it starts heating the jobs for a predefined 

amount of time. In some cases, the processing time of one BO run is equal to the maximum of all 

jobs’ processing times. In this problem, regardless of number of jobs loaded in a BO, the 

processing time is fixed. 

In classical FSSP it is assumed that there is unlimited buffer storage before and after each 

machine. This means when a job is processed at the upstream station, it can be piled up in the 

downstream station’s pallet and can be retained for unlimited amount of time. But not in all real 

cases, the buffer size is unlimited. The study of limited storage space scheduling problems 

becomes even more important by the emergence of the just-in-time concept and Kanban control 

systems (Qian, Wang, Huang, Wang, & Wang, 2009). In limited storage buffer scheduling 

problems, when a job is processed on the upstream machine, it either gets loaded on the next 

machine or it is piled up in the buffer. If the buffer is full, it blocks the upstream machine until at 
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least one job leaves the buffer. There are two other variations of the scheduling problems in 

terms of the buffer size. If there is no intermediate buffer between two consecutive machines, the 

problem is regarded as FSSP with blocking or FSSP with no-wait. In the scheduling problems 

with blocking constraint, if a job is processed on the upstream machine and the downstream 

machine is busy, then it blocks the upstream machine. This means the job on the upstream 

machine cannot be unloaded and no other jobs can be loaded on the upstream machine until the 

downstream machine becomes available. On the other hand, in a no-wait environment, all jobs 

must be scheduled in such a way that there is no interruption or waiting between their operations. 

This means that sometimes the start time of a job on the first machine must be delayed so that the 

completion time of the job on any upstream machine coincides with the start time of the job on 

the downstream machine. In other words, the difference between the completion time of a job on 

the last machine and its start time on the first machine is equal to the summation of the 

processing times of the job on all machines (Grabowski & Pempera, 2005). No-wait flow shop 

has applications in steel production or plastic molding (Wismer, 1972), food processing (Hall & 

Sriskandarajah, 1996), and pharmaceutical industry (Raaymakers & Hoogeveen, 2000). 

So far, an overview of some classes of scheduling problems in the literature is provided. In the 

following, an attempt is made to identify a connection between the problem being investigated 

and classes of scheduling problems in the literature. In the problem investigated in this research, 

there is a blocking constraint between stages 1 and 2. Meaning when a batch of jobs is processed 

in a BO, those jobs cannot be unloaded and stored in buffer storage because it is assumed there is 

no buffer storage between stages 1 and 2. The only time a job can be unloaded from a BO is 

when there is a furnace available for loading a job. If all furnaces are busy and they are 

processing jobs, then processed jobs in stage 1 remain in the BO until the next furnace becomes 
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available. During this time, the BO is blocked. The reason being that although the BO is not 

processing any batches, it cannot be loaded with a new batch of jobs until all of the processed 

jobs in the current batch are loaded in the furnaces. This implies that if the scheduler sequences 

the jobs in a way that excessive setups are required in the furnaces, then jobs in the BO have to 

wait longer until a BO is set up for loading the new job. This increases the waiting times of jobs 

before they are loaded in the BOs and furnaces and, as a result, the completion times of jobs 

increase. 
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2. Literature Review
 

This chapter of the dissertation explores and analyzes the previously published research in the 

literature on flexible flow shop scheduling problem. The flexible flow shop scheduling, due to its 

applications in industry, has been studied by many researchers with several assumptions. The 

problem in this dissertation has the following characteristics: 1) two-stage problem: the general 

flexible flow shop problem may have multiple stages, 2) existence of batch processors in one 

stage and discrete processors in the other stage: the general FFSP has only discrete machines, 3) 

blocking constraint between the stages: the traditional FSSP assumes there is unlimited amount 

of intermediate buffer between stages while we have zero buffer. These problem characteristics 

motivated us to focus our literature review on three categories: 1) flexible flow shops, 2) 

scheduling problems with no-wait, zero buffer, blocking constraint, and limited waiting time 

problems, and 3) scheduling problems with batch processors and discrete machines. In the rest of 

this section, a thorough analysis of the previous research in the literature is gathered and at the 

end of this chapter, an outline of the contributions made by the proposed research problem to the 

literature is provided. 

2.1. Flexible flow shops: 

Kyparisis and Koulamas (2006) studied a flexible flow shop scheduling problem with uniform 

parallel machines. The objective function they consider is makespan minimization. A general 

class of heuristics is developed for this problem. Koulamas and Kyparisis (2000) considered a 

two-stage and three-stage flexible flow shop problem with parallel machines at each stage. They 

minimized makespan. Linear time algorithms are presented and their worst case lower bounds 
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are shown to be equal or less than the available lower bounds. Finally, they proved the optimality 

of a class of algorithms for multi-stage flexible flow shop problem with probabilistic 

assumptions on processing times of jobs (Koulamas & Kyparisis, 2000). A multiple stage hybrid 

flow shop scheduling problem is studied by Lee & Vairaktarakis (1994). They developed a 

heuristic algorithm with the complexity of o(n log n) for the two-stage case of this problem. 

They improved the available lower bounds for the two-stage hybrid flow shops. For the first time 

they performed an error bound analysis for the hybrid flow shop scheduling problem, and then 

extended this analysis for the general flow shop scheduling problem. 

Soewandi and Elmaghraby (2001) studied the sequencing problem in a three-stage flexible flow 

shop scheduling problem. They developed several heuristic algorithms with the time of 

o(n log n) to minimize makespan. Several lower bounds are developed for this problem for 

comparison purposes. The hybrid flow shop scheduling problem is investigated by Verma and 

Dessouky (1999), where they extended the LST (latest start time) rule for the general multi-stage 

hybrid scheduling problem and compared it with other heuristics. They found that LST does not 

perform well for the multi-stage scheduling problem. Furthermore, they presented a (2 + E) 
approximation algorithm for the multi-stage problem. 

Jungwattanakit et al. (2009) compared scheduling algorithms on a flexible flow shop scheduling 

problem. They assumed two classes of setup times, i.e. machine-dependent and sequence-

dependent setup times. Machine-dependent setup time is realized for a job-machine pair (i, j) 

when job i is the first job scheduled on machine j. The objective function for their problem is to 

minimize the convex summation of makespan and the number of tardy jobs. They presented a 

mixed-integer linear mathematical programming model. They applied fast polynomial heuristic 

algorithmic rules such as shift moves and pair-wise interchanges of jobs to improve the solution 
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obtained from the dispatching and heuristics used in their research for solving this problem. 

Beside all these algorithms, they tested the performance of some meta-heuristic algorithms such 

as simulated annealing (SA), tabu search (TS), and genetic algorithms (GA) on this problem. 

Their findings indicate that SA results are better than the other two meta-heuristics. 

The application of immune algorithm (IA) for solving a flexible flow shop scheduling problem in 

PCB manufacturing is investigated by Alisantoso et al. (2003). They compared the results of 

their algorithm with GA’s results. Lin and Liao (2003) addressed a two-stage hybrid flow shop 

scheduling problem based on a real industry problem in label sticker manufacturing company. In 

stage 1, there is a sequence-dependent setup time. They assumed dedicated machines in the 

second stage. They look for the sequence which minimizes the weighted maximum tardiness. 

They proposed a heuristic for this problem and compared the result of their algorithm in small-

size test problems with the optimal solutions and in large test problems they compared it with the 

results of scheduling methodologies currently used in the company. Their proposed heuristic 

obtained promising results in comparison to the company’s current scheduling methodology. 

Some heuristic algorithms for the hybrid flow shop scheduling problem are proposed by Gupta et 

al. (2002). They assumed each job has a different release time. The processing time of jobs on 

some machines vary between a minimum and maximum value depending upon the use of a 

continuously divisible resource. They proposed constructive algorithms based on job insertion 

techniques and iterative algorithms based on local search. Their performance measurements 

consist of several terms based on due dates of each job. 

A research review on flexible flow shop scheduling problems in the literature can be found in 

Wang (2005). He reviewed all the solution methodologies such as optimizing algorithms to 

heuristic methods and artificial search techniques. Gupta and Tunc (1994) addressed a two-stage 
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flexible flow shop scheduling problem. They assumed there is a setup time and removal time 

associated with each job in on all machines. They proposed a polynomial time algorithm for the 

case where first stage consists of only one machine and the number of machines in the second 

stage is greater than or equal to the number of jobs. Furthermore, they developed four heuristic 

algorithms for the case where there is only one machine in stage 1 and in stage 2 number of 

machines is less than the total number of jobs. 

Global lower bounds are derived in Jin et al. (2006) to estimate minimum makespan in a hybrid 

flow shop scheduling problem with infinite planning horizon. They proposed two meta-heuristic 

algorithms. Their search algorithms are based on simulated annealing and the variable-depth 

search. 

Tseng, Liao, and Liao (2008) addressed a two-stage hybrid flow shop scheduling problem where 

in the first stage there is only one machine and in the second stage there are two identical 

machines. In their manufacturing environment, some jobs need to be processed on both stages 

but some others are only required to be processed on the second stage. They proposed a heuristic 

to generate non-permutation schedules (NPS) derived from a given permutation schedule. 

A hybrid flow shop scheduling problem with sequence-dependent setup times is investigated by 

Behnamian & Fatemi Ghomi (2011) to minimize makespan and total resource allocation costs. 

They assumed that job processing times are dependent on machine speed and the resource 

allocated to each machine. They presented a hybrid approach consisting of genetic algorithm and 

variable neighborhood search. 

Wardono and Fathi (2004) investigated the problem of scheduling jobs in a multi-stage parallel 

machine problem. A tabu search based algorithm is developed to find the minimum makespan. 
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A literature review on heuristics, meta-heuristic algorithms and exact methods for hybrid flow 

shop scheduling problems can be found in Ruiz & Vázquez-Rodríguez (2010). Choi and Lee 

(2009) considered minimization of number of tardy jobs in a two-stage hybrid flow shop 

scheduling problem. Their problem is about finding the job-machine assignments on parallel 

machines and identifying the sequence of jobs on each machine. In order to solve this problem, 

they suggested a branch-and-bound method to find lower and upper bounds. Furthermore, they 

presented two-phase heuristic algorithms to obtain high quality solutions for large-size problems. 

The problem of minimizing makespan in a hybrid flow shop scheduling problem is studied by 

Amin-Naseri & Beheshti-Nia (2009). They assumed at each stage, there are batching machines. 

They presented a heuristic algorithm and lower bounds for this problem. They also developed a 

three dimensional genetic algorithm (3DGA) for this problem to improve the solution quality. 

Zandieh et al. (2006) investigated the effect of sequence-dependent setup times in hybrid flow 

shop scheduling problem. They suggested an immune algorithm for solving this problem and 

compared their results with a search algorithm based on random key genetic algorithm (RKGA). 

An extensive review of the literature on hybrid flow shop scheduling problems can be found in 

Ribas, Leisten, & Framiñan (2010). They classified the previous research first based on problem 

assumptions and production limitations and then, based on solution approaches. Negenman 

(2001) studied the multi-processor flow shop scheduling problem. He adapted some heuristic for 

flow shops and job shops for this problem and furthermore, he considered other local searches 

such as variable-depth search and simulated annealing. 

A multi-mode multi-project hybrid flow shop scheduling problem is considered by Voß & Witt 

(2007). Their problem is inspired from a real world case study and it consists of 16 production
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stages. They assumed sequence-dependent setup times and batching problem in some of the 

stages of their problem. The objective in this problem is to minimize weighted tardiness. They 

developed a mathematical model based on well-known resource constrained project scheduling 

problem. They also presented a heuristic approach based on dispatching rules. 

Hmida, Haouari, Huguet, and Lopez (2011) investigated the adaption of a discrepancy-based 

search method to find optimal/near optimal solutions for two-stage hybrid flow shop scheduling 

problem. The goal of the presented search method is to find the schedule that minimizes 

makespan. In fact the search method is an adaption of the Climbing Depth-bounded Discrepancy 

Search (CDDS), which benefits from Johnson’s rule and on dedicated lower bounds. 

Real world application of hybrid flow shop scheduling is studied in bio-process industry 

(Gicquel, Hege, Minoux, & van Canneyt, 2012). They solved the problem first by assuming 

there is zero intermediate buffer, and then by assuming there is limited waiting time between the 

stages. An exact solution approach based on a discrete time presentation and a mixed-integer 

linear programming model is proposed for addressing this problem. The proposed solution 

algorithm benefits from a new family of inequalities because of the limited waiting time 

constraint on the jobs between the stages. 

In Engin and Döyen (2004) an immune algorithm is employed to solve the hybrid flow shop 

scheduling problem. Their study deals with finding the minimum makespan. In addition, a 

generic systematic procedure based on multi-step experimental design approach is presented to 

find the best parameters for their proposed immune algorithm. A two-stage reentrant hybrid flow 

shop scheduling problem is studied by Hekmatfar et al. (2011). The criterion in this problem is to 

minimize makespan. At each stage, a setup time is required before loading jobs. They have
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proposed some heuristic algorithms, random key genetic algorithms (RKGA), and a new hybrid
 

genetic algorithm (HGA) for solving this problem. 

2.2. Blocking constraint, limited intermediate buffer literature: 

Luo, Huang, Zhang, Dai, and Chen (2009) addressed a two-stage hybrid flow shop scheduling 

problem in metal industry. They assumed stage 1 has multiple machines and stage 2 has only one 

machine. They assume machines in stage 1 can process multiple jobs simultaneously, but jobs 

have to be set up sequentially and setup times are sequence-dependent. In this study, no 

intermediate buffer is allowed between stages 1 and 2 and there is a blocking constraint between 

the two stages. Finally, they assumed that there is a machine availability constraint on the 

machines due to per-schedule maintenance services and machine break downs. Machine 

unavailability can be deterministic or stochastic. Deterministic machine unavailability occurs in 

stage 2 while the stochastic ones occur in stage 1, causing the existence of real-time 

rescheduling. They proposed a genetic algorithm to find optimal/near optimal minimum 

makespan of this problem. 

Wang and Tang (2009) investigated a hybrid flow shop scheduling problem with limited 

intermediate buffers. They developed a tabu search algorithm for this problem to minimize 

makespan. They also applied scatter search mechanism to improve the diversity of the search. 

They validated their results with available lower bounds. Sawik (1993) proposed a new heuristic 

algorithm for a flexible flow line scheduling problem with limited intermediate buffers. Each 

stage has one or more identical parallel machines. The problem is to find the minimum makespan 

of jobs.
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SAWIK (1995) presented a heuristic algorithm for a flexible flow shop scheduling problem with 

no intermediate buffers. The objective of the proposed heuristic algorithm is to minimize the 

makespan. At any iteration of this search algorithm, a process plan is generated for each part. 

This type of heuristic algorithms is known as “part-by-part heuristic” algorithms. In every 

iteration, the decisions such as part selection and its schedule are made through a local 

optimization method designed for minimizing the total waiting and blocking time of a job. 

Akrami, Karimi, and Moattar Hosseini (2006) presented two meta-heuristics for a common cycle 

multi-product lot sizing and scheduling problem in a flexible flow shop scheduling problem. 

They assumed the time horizon is finite and there are limited intermediate buffers between 

stages. This latter assumption introduces a blocking constraint to this problem. In order to solve 

the problem, a mixed-integer linear mathematical programming model is presented and 

furthermore, to solve large-sizes of problems within a reasonable time, two search algorithms 

based on genetic algorithm and tabu search are presented. 

2.3. Discrete and Batch processors 

Yao, Zhao, and Zhang (2012) studied a two-stage flow shop scheduling problem where in the 

first stage there is a batching machine and in the second stage there is a discrete machine. They 

classify jobs into families and only jobs from the same family can be placed together in the same 

batching machine. They assumed there is a limited waiting time between stages 1 and 2 and in 

the first stage not all jobs are available at the beginning of the planning period, meaning there are 

dynamic job arrivals. They analyzed the complexity of the two-stage machine problems with 

dynamic job arrivals. For the problems that belong to NP-complete class of problems, heuristics 
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and upper bounds on the worst case performance ratios of the heuristics are provided. Finally, 

they developed heuristics to obtain solutions of higher quality. 

Su (2003) considered a two-stage hybrid flow shop scheduling problem. He assumed in the first 

stage there is a batch processor and in the second stage there is a discrete processor. There is a 

limited waiting time from the time a job is released from the first stage until the time the job is 

loaded on the second stage. Su (2003) presented a mixed-integer linear mathematical 

programming model and a heuristic algorithm for this problem. Lee and Uzsoy (1999) studied 

minimization of makespan in a single-batch processing machine with dynamic job arrival times. 

They assumed the processing time of a given batch is equal to the maximum processing time of 

all jobs’ processing times. 

Ahmadi, Ahmadi, Dasu, and Tang (1992) investigated the problem of batching and scheduling 

jobs in a manufacturing environment, where there are batching and discrete machines. They 

considered two performance measures namely: makespan, and sum of the job completion times. 

They analyzed the complexity of this class of problems and proposed a procedure for solving this 

problem, in polynomial time. They also found an upper bound on the worst case performance 

ratio of their search procedure, and extended their analysis to the three-machine problem. 

Sung, Kim, and Yoon (2000) considered a multi-stage flow shop batch scheduling problem. 

Several problem reduction procedures (PRP) are used to remove dominated machine. This 

reduction procedure is embedded into two efficient heuristic algorithms to minimize makespan 

and sum of completion times. 

Cheng, Lin, and Toker (2000) studied a scheduling problem in a practical case. The problem 

studied is a two-stage flow shop batch scheduling problem. An independent setup time is 
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involved before loading each batch. The challenging question in this research is to find the best
 

batch composition and the optimal schedule of the batches, which minimizes the makespan. 

They provide solution methods for some special cases of this problem. Heuristic algorithms are 

also developed to obtain near optimal solutions. 

Damodaran and Srihari (2004) proposed two mathematical models for scheduling batches on a 

two-machine flow shop scheduling problem to minimize the makespan. It is assumed that jobs 

are not of the same size, meaning they are not identical. The processing time of each run of the 

batch processor is the longest processing time of jobs in the batch. A mathematical model is 

presented for the case where there is unlimited intermediate buffer or zero buffers. 

Gong, Tang, and Duin (2010) studied a two-stage flow shop scheduling problem with batch 

processing machines in the first stage and discrete processors in the second stage. They assumed 

a blocking constraint between the two stages. They proved the problem is strongly NP-hard if the 

objective is to minimize makespan. They solved the problem with a heuristic priority rule with a 

worst case ratio of 2 for the minimum makespan. Furthermore, they considered minimization of 

a linear combination of the makespan and total blocking time, and presented a quadratic mixed-

integer mathematical programming model for this problem and then found special cases where 

they could design a search algorithm solvable in polynomial time. For the latter objective they 

analyze an approximation algorithm. 

Oulamara (2007) dealt with the job scheduling problem in a no-wait two-stage flow shop 

scheduling problem with batching machines. They presumed the processing time on the first 

batching machine is equal to the maximum job processing time in the batch while on the second 

batching machine this value is equal to the summation of processing times of all jobs in the 
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batch. They assumed there is a limited capacity available on the first machine and when the first 

batching machine completes its process the whole batch is completely transferred and loaded on 

the batching machine of the second stage. The goal of this research is to find the appropriate 

batch formation and sequence so that makespan is minimized. 

Lin and Cheng (2001) studied a two-machine batch scheduling problem. A setup time is required 

when loading the batches on the machines and the objective of this research is to minimize the 

makespan. It is assumed there is a no-wait constraint between stages 1 and 2 of this problem. 

They proved some versions of this problem are strongly NP-hard and found interesting 

properties for these special cases and applied these properties for developing solution methods 

for solving this problem. 

Tang and Liu (2009) studied two types of the two-machine scheduling problem in which a 

discrete processor follows a batch processor. In the first type, normal jobs are scheduled with a 

transportation time between the two stages. In the second type, normal jobs are scheduled on the 

batching machine while deteriorating jobs are scheduled on the discrete machine. A mixed-

integer linear mathematical programming model, proof of NP-hardness and a heuristic algorithm 

are presented for the first type. They were able to design an optimal polynomial time algorithm 

for the second type where the objective function is makespan. The second type with summation 

of the completion time places the problem in the class of NP-hard problems and an optimal 

polynomial time algorithm is presented for one of its special cases. 

Caricato, Grieco, and Serino (2007) considered a hybrid flow shop scheduling problem where 

jobs are under a precedence constraint, and a batch assignment constraint. Parallel machines at a 
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stage are served by a bottleneck machine. One of the variations of the travelling salesman 

problem (TSP) is used to develop an efficient heuristic solution method. 

So far, a literature review on different classes of scheduling problems that our research problem 

might classify under is provided. These classes of problems include: flexible flow shops, hybrid 

flow shops, batch processor and discrete processor scheduling problems, and no-wait scheduling 

problems. In summary, there are researches that consider multi-stage scheduling problems with 

parallel or single machines. Some of these have two stages or may be more. In these problems, 

some researchers have assumed discrete machines or batch processors or even both. The other 

assumption that is used is the no-wait, blocking constraint, and the limited waiting time 

constraint between stages. Among all of these assumptions, the focus of this research is on the 

problem with two stages, multiple batch processors in the first stage, multiple discrete processors 

in the second stage and blocking constraint between stages 1 and 2. 

Although each of these problems had some common assumptions, none had exactly the same 

assumptions as those in the problem investigated in this research. It should be noted that there is 

indeed a previous research that is similar to ours. This study is on the two-stage flow shop 

scheduling problem performed by Gong et al. (2010). The main differences between our research 

and theirs are: in this research 1) parallel machines exist at each stage while there is only a single 

machine in Gong et al. (2010), 2) jobs are of different sizes and they are loaded based on 

predefined patterns, while Gong et al. (2010) assumed that all jobs are of the same size and there 

is no specific pattern for loading jobs in the batch processors, 3) the position of jobs in the batch 

processors affects it availability, while there is no such restriction in Gong et al, (2010), and 4) 

the nature of the setups are different as explained in the problem description next. 
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3. Problem Description 

In this research, we consider a two-stage flexible flow shop scheduling problem. In the first stage 

there are BOs. The BOs are all identical. At any time a batch of jobs can be loaded on any BO. In 

other words, the BOs are batch processors. BOs have a limited capacity, meaning that at any 

time only a limited number of jobs can be loaded in the BOs. There are predefined patterns that 

jobs should be loaded in the BOs based on them. Each pattern has rows and columns. Jobs are 

assigned to rows and columns of each pattern. When a BO starts heating a batch of jobs, it works 

for a predefined amount of time. This amount of time is not dependent on the number of jobs 

loaded in the BO and it is fixed. The schematic of this problem is depicted in Figure 3.1. 

Stage 1: Pre-Heating Stage 2: Casting 

Fig. 3.1. Two-stage flexible flow shop scheduling with batch and discrete processors 

In the real industry problem, patterns could have different number of rows and columns but, in 

order to simplify the mathematical model, we introduce a general pattern in which the number of 

rows is equal to the maximum number of rows among all patterns and a similar concept is 
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applied for the number of columns. Clearly, the general pattern has more rows, positions, and 

consequently positions available for loading jobs. Each pattern can be transformed to the general 

pattern. After transforming an original pattern to a general pattern, at each row there might be 

extra positions that might not be available in the original pattern. In order to resolve this issue, no 

job is allowed to be assigned to those positions. Furthermore, jobs can’t be directly loaded in the 

BO, meaning that they have to be placed on a grate. There are different grate types based on their 

shapes and sizes, which are small (SM), square (SQ), and large (LRG). It is assumed that there 

are unlimited number of grates available at any time. Patterns vary based on the number and type 

of the grate types they can fit. Figure 3.2 illustrates a grate with a job on it and Figure 3.3 

demonstrates a pattern with five rows, three columns, and large and square grates. 

Fig. 3.2. Small grate loaded with a job
 

Fig. 3.3. Pattern with five rows, three columns, and two grate types
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When a BO completes processing a batch of jobs, then at any time, only jobs at the top most 

rows can be unloaded. This means that if for instance jobs are loaded in four rows in a BO, only 

jobs on the first row can be unloaded from the BO. In other words, jobs on the inner rows must 

stay in the BO until all jobs placed on front rows are unloaded. The later the jobs are unloaded 

from the front rows, the later the jobs can be unloaded from the back rows and this affects the 

completion time of jobs, and furthermore the flow time, and total flow time of jobs. As a result, 

if jobs stay longer in a BO, then the work-in-process-inventory (WIP) will be higher. 

Generally there three different types of inventories: 1) raw material, 2) work-in-process 

inventory, and 3) finished goods. Inventories are primarily used to smooth the 

manufacturing/production process in the cases where a breakdown happens in an upstream 

station. Raw material inventories are held in case suppliers fail to provide raw material at the 

right time. Sometimes companies pile up raw material to dampen the future raw material price 

fluctuations to be able to maintain a consistent final product price. Work-in-process inventories 

are used when the upstream machine can’t feed the downstream machine because of machine 

failure. Finally, finished goods inventories are held to satisfy unforeseen customer demand 

fluctuations. Although piling inventories has advantages for companies, it has some 

disadvantages, which make it an important issue to be taken care of. Excessive inventories tie up 

companies’ assets. Furthermore, excessive inventories result in inefficient and sloppy work, 

defective products, and increase in product completion times (Just in Time Manufacturing, 

2013). 

In stage 2, there are identical furnaces. Furnaces perform a casting process. Furnaces melt down 

the metal and then the molten metal is poured via a crucible (pot) into the mold. Figure 3.4 

demonstrates a pot pouring molten metal into a mold. Each pot can be used for a predefined
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number of molten metal pours. Thereafter, the used pot must be replaced with a new one. In this 

research, jobs are classified based on their alloy types and crucible sizes. Before loading a job in 

a furnace, a setup might be required. There are two different setup types in this context: 

•	 Pot change: if two consecutive jobs require different crucible sizes, then the pot must be 

changed even if they are not fully utilized. For example, if a pot can be used for a 

maximum number of 27 times, and so far it has been used for 16 times, and the next job 

to be loaded requires a different crucible size, then the old pot has to be replaced with a 

new one, even though the old pot has not been used to its capacity. This results in an 

underutilization of pots and furthermore, each pot change requires a predefined amount 

of time. This unwanted setup time increases the completion times of jobs. 

•	 Pot change due to exceeding the maximum number of usages. 

Fig. 3.4. Molten metal poured from a pot into a mold 

The furnaces in the second stage are discrete processors meaning at any time they can only 

process one job at a time. At any time, a job from the top most rows of the BOs can be unloaded 

only if there is a furnace available. Meaning there is no buffer or storage space between stages 1 
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and 2. In other words, if there is no furnace available for loading the jobs in the BOs, the jobs in
 

the BOs block the BOs from loading new batches of jobs. This implies that there is a blocking 

constraint between stages 1 and 2. 

From the scheduler’s point of view, it is preferred to have less blocking times on the BOs and 

load the BOs with new batch of jobs immediately. Unnecessary setups that occur on the furnaces 

result in blocking times on the BOs. This implies that an efficient sequence of jobs on the 

furnaces eliminating unnecessary setup times (pot changes) cuts down the blocking times to 

some extent. 

The objective function of this scheduling problem is motivated by the industry needs. There are 

two concerns about the objectives to be optimized in this problem: 1) reducing the completion 

times of jobs: the completion time of each job consists of the processing time of the job in the 

BO and the furnace (these two elements are fixed), waiting times before loading in the BOs and 

furnaces, and possible setup times (these are variable elements and they all depend on the 

sequence of jobs). 2) When a customer places an order for a product of a given amount and size, 

a due date is also given to the producer. Each job has a due date. In order to pool all objectives 

into a single objective, the maximum completion time of all jobs is minimized. For each job, a 

weight is defined based on its associated due date. The tightest due date receives a weight equal 

to n where n is the total number of jobs. The next job receives a weight of n-1 and so on. The last 

job receives a weight equal to one. Then these weights are multiplied by their associated 

completion times and the maximum value is chosen. 
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4. Mathematical Model
 

This chapter presents four different mixed-integer linear programming models (MILPs) for a 

two-stage flexible flow shop scheduling problem where there are batch processors in the first 

stage and discrete processors in the second stage. The main idea for developing more than one 

model is that in the literature no similar mathematical model can be found, and developing just 

one mathematical model cannot provide enough assurance for computational effectiveness of 

that one single model. In other words, when only one model is at hand, it is a valid question to 

ask if there are any other models that might be easier to solve using commercial solvers. The 

other reason for developing additional mathematical models for this problem is because of the 

dependency of lower bounding mechanisms such as branch-and-price (B&P) on the structure of 

the mathematical model of the original problem. In other words, when sub problems are solved, 

sometimes they need to be solved optimally, and in doing so, it is essential that it provides a tight 

lower bound for the linear relaxed version of the problem. The question that is attempted to be 

answered is that are there any mathematical models that their associated B&P outperform B&P 

of MILP I in terms of quality of the lower bound. All four proposed models are mixed-integer 

linear mathematical programming models. There are several considerations at each stage to be 

modeled in this problem: 

1) Jobs need to be assigned to batches 

2) Sequencing the batches on the BOs 

3) A pattern should be assigned to each batch 

4) Jobs should be assigned to different positions of the assigned pattern 

5) Jobs should be assigned and sequenced on the furnaces 

6) If necessary, setup times (pot changes) must be considered 
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7) Pot usages must be counted and if it exceeds the maximum usage, new pot must be 

assigned to the next job 

8) The blocking constraint between stages 1 and 2 must be considered 

9) The unloading times in stage 1 must be calculated with regard to the positions of jobs 

inside the BO 

10) Completion times in the second stage must be calculated. 

In the second stage, since job-furnace assignments are not known and because jobs have to be 

sequenced in each furnace, two dummy jobs in each furnace are used: dummy job 0 and dummy 

job n + 1. It is assumed that dummy job 0 is the first job being processed in any furnace and its 

processing time is equal to zero. Dummy job n + 1 is the last job being processed in any furnace 

and its processing time is set to zero. 

In the rest of this chapter, the proposed mixed-integer linear mathematical models i.e. MILP I, 

MILP II, MILP III, and MILP IV are presented and explained in detail. 

4.1. MILP I 

In stage 1, it is presumed that at least two jobs must be assigned to any batch of jobs. This means 

no BO runs with one single job loaded in it. This assumption is practical and economical since in 

real world the effort is made to load the BO with as many jobs as possible and running a BO with 

only one job is absolutely inefficient and rare. It is important to note that technically speaking, it 

is possible to enable the model to allow BOs to process batches with a single job. This idea can 

be accomplished by introducing a dummy variable representing a dummy job to the batches with 

one single job. Introducing such a dummy job adds extra variables and constraints, but doesn’t 

lead to a practical and economical production plan. The parameters and decision variables used 

in this problem are as follows: 
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Parameters 

Rrr  : 1 if row r and column c of pattern p can accommodate job i; else 0 

t: processing time at stage 1 

P/: processing time of job j on any furnace 

P: maximum number of patterns 

B: maximum number of BOs 

R: maximum number of rows 

C: maximum number of columns 

K: maximum number of furnaces 

PCT: time required for a pot change if it cannot be used anymore 

PCr/: 1 if a pot change is required between job i and job j; else 0 

Wr: weight of job i 

Sr/: required setup time between job i and j (i.e., required time for pot change, if necessary) 

O: maximum number of pot usages 

Decision variables 

  xr/ : 1 if job i and j are processed simultaneously using pattern p and BO b; else 0 

lr / : 1 if job i is processed before job j in the same BO b but in different batches; else 0 
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Zrr : 1 if job i is assigned to row r and column c of pattern p; else 0 

Fr/ : 1 if job j is processed immediately after job i in furnace k; else 0 

C/ : completion time of job j at stage k 

  Px / : 1 if job j is assigned to pot o of furnace k and to usage number d; else 0 

Lr : sequence of job i on furnace k 

Min Z (1) 

Z ≥ Wr × Cr� 
(2) ∀i = 1,… , n 

� � � � � � �
  
M(fxr/ ) + M�f ffxr � +M�f ffx / � + lr/ + l/r ≥ 1                  (3)     /      r    ∀i, j = 1, … , n; i ≠ j; b = 1, … , B 
� � � � � � �
  
−M(fxr/ ) − M�f ffxr � −M�f ffx / � + lr/ + l/r ≤ 1                  (4)     /      r    ∀i, j = 1, … , n; i ≠ j; b = 1, … , B 

−M(1 −fxr/ ) + lr/ ≤ 0  (5) 

∀i, j = 1, … , n; i ≠ j; b = 1, … , B 
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M(1 − xr/ ) + M(1 − f x ) +M(xr + xr + x / + x/ ) + M(1 − lr ) + l/ 
(6) ≥ 1 

∀i, j = 1,… , n; i ≠ j, k, l; ∀k, l = 1,… , n; k ≠ i, l, j; b = 1,… , B 
M(1 − xr/ ) + M(1 − x/ ) + xr ≥ 1 

(7) ∀i, j, k = 1,… , n; i ≠ j; k ≠ i, j, i ≠ k; b = 1,… , B; p = 1,… , P 
−M(1 − xr/ ) + f f fxr ≤ 0 

(8) r 
∀i, j = 1, … , n; i ≠ j 

−M(1 − xr/ ) + f fxr ≤ 0 
(9) r 

∀i, j = 1, … , n; i ≠ j; b = 1,… , n; p = 1,… , P 
fffxr/ ≥ 1/ r (10) 

∀i = 1,… , n 
= xxr/ /r 

(11) ∀i, j = 1, … , n; i ≠ j; b = 1, … , B; p = 1, … , P 
Zrr ≤ Rrr 

(12) ∀i = 1, … , n; p = 1, … , P 
C RfffZrr = 1 (13) r 
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∀i = 1,… , n 
R Cfxr/ ≤ ffZrr r (14) 

∀i = 1,… , n; p = 1,… , P; j = 1,… , n; i ≠ j 
rM (1 −fxr/ ) + M(1 − Z/ ) − Zrr ≥ 0 

(15) 

∀i = 1,… , n; j = 1,… , n; i ≠ j; p = 1,… , P; r = 1,… , C, c = 1,… , C
!

≥ 1
M(1 − Fr/ ) + L/ − Lr 
(16) ∀i, j = 1, … , n; k = 1, … , K 

M(xr/ ) + M(1 − lr/) + C/ − (Cr − Pr) ≥ � 
(17) ∀i, j = 1, … , n; i ≠ j; b = 1, … , B; p = 1, … , P 

C/ ≥ � 
(18) ∀j = 1, … , n 

C C R�rM(1 − xr/ ) + M (1 −fZrr ) + M(1 −ffZ/(r� ) ) + C/ − (Cr − Pr) ≥ 0 
(19) 

∀i, j = 1,… , n; i ≠ j; b = 1,… , B; p = 1,… , P; r = 1,… , R 
KC/ − P/ − C/ −ffFr/ × Sr/ ≥ 0 

(20) r/ r∀j = 1, … , n 
M(1 − Fr/ ) + C/ − Cr ≥ Sr/ + P/∀i, j = 1, … , n; i ≠ j; k = 1, … , K 

M(1 − Fr/ ) + M(1 −fPx r ) + MfPx / + C/ − Cr ≥ P/ + PC� (21) 
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∀i, j = 1,… , n; i ≠ j; k = 1,… , K; 0 = 1,… , o 
KffFr/ = 1r L (22) 

j = 1,2, … , n; j ≠ i 
KffFr/ = 1/ (23) 

i = 1,2, … , n; j ≠ i 
fFL/ = 1/ (24) 

k = 1, … , k 
fFr( ) = 1r L (25) 

k = 1, … , k 
fFr/ =fF/Lr L L (26) 

j = 1,2, … , n; k = 1, … , k 
≤ 1Fr/ + F/r 

(27) i, j = 1,2, … , n; i ≠ j; k = 1, … , k 
C C rM(1 − xr/ ) + M(1 −fZrr ) + M(1 −fZ/ ) + A/ − Ar ≥ 0 

(28) 

∀i, j = 1,2, … , n; p = 1, … , P; r = 1, … , R, b = 1, … , B 
C C r−M(1 − xr/ ) − M(1 −fZrr ) − M(1 −fZ/ ) + A/ − Ar ≤ 0 (29) 
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∀i, j = 1,2, … , n; p = 1, … , P; r = 1, … , R, b = 1, … , B 
offPx / −fFr/ = 0/r / 

(30) ∀i = 1,2, … , n; k = 1,… , K 

fPx / ≤ 1/ (31) 

∀d = 1,2, … , D, 0 = 1,…o; k = 1,… , K 
−M(1 −fPx r ) +fPx / ≤ 1 − PCr/ × Fr/ 

(32) 

∀i, j = 1,2, … , n; k = 1, … , K; 0 = 1, … , o 

The objective function, represented by (1), minimizes the maximum weighted completion time 

of all jobs. Constraint (2) sets the objective function to be greater than or equal to the weighted 

completion times of all jobs. Constraints (3) and (4) state that if two jobs are not processed in the 

same batch but processed in the same BO, then one of them must be processed after the other 

one is completed. Constraint (5) indicates that if two jobs are processed in the same batch, then 

they cannot be processed at different times. Constraint (6) states that if two jobs i and j are 

processed together and two other jobs k and l are processed together in the same BO but in a 

different batch, and if job k is processed after job i then job l is processed after job j. If jobs i and 

j are processed in the same batch and jobs j and k are processed in the same batch, then constraint 

(7) assigns jobs i and k to the same batch. If a job is assigned to a BO then constraint (8) does not 
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allow its assignment to other BOs. Constraint (9) states that if a job is assigned to a sequence and
 

a specific pattern in a BO, then that job cannot be assigned to other sequences and patterns in 

that BO. Constraint (10) assigns a sequence, pattern, and a BO to each job. Constraint (11) states 

if two jobs i and j are processed together then it means jobs j and i are processed together. 

Constraint (12) checks the feasibility of the assignment of jobs to rows and columns of patterns. 

Constraint (13) assigns a row and column and a pattern to a job. Constraint (14) makes sure the 

pattern assigned to a job using variable Z is the same as the one assigned to a job using variable 

X. Constraint (15) states if two jobs are processed in the same batch, then they cannot be 

assigned to the same position of the pattern they are assigned to. Constraint (16) assigns a 

sequential order to jobs in the same furnace. Constraint (17) states if two jobs are processed in 

the same BO but in different batches, then the availability time of the following job is greater 

than or equal to the unloading time of the following job plus the processing time of the BO. 

Constraint (18) sets the availability time of all jobs to be greater than the processing time in the 

BO. Constraint (19) assigns the availability time to a job on a row of a BO to be greater than or 

equal to the unloading times of all jobs in the front rows. Constraint (20) assigns an unloading 

time for each job to be greater than its availability time plus the required sequence-dependent 

setup time. Constraint (21) states that if two consecutive jobs belong to two different pots, then 

the difference between their completion times is greater than or equal to the processing time of 

the following job plus the time required to change a pot. Constraint (22) assigns a job before any 

given job. Likewise, constraint (23) assigns a job after any given job. Constraint (24) states that 

after the dummy job 0, one job must be assigned. Constraint (25) assigns one job before dummy 

job (n+1). Constraint (26) states that two jobs cannot be simultaneously assigned before and after 

another job. Constraint (27) states that if two jobs are processed in the same batch and they are 
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assigned to the same row of a layout pattern in a BO, then their availability times are equal. 

Constraints (28) and (29) state that if two jobs are processed in the same batch and they are 

loaded in the same row of a BO, their availability times should be equal. Constraints (30) state 

that each job can only be assigned to one pot. which is associated with the furnace that it is 

assigned. Constraint (31) states that only one job can be assigned to each pot usage. Constraint 

(32) does not allow the assignment of a job requiring a pot change to the previously used pot. 

4.2. MILP II 

One of the challenges associated with MILP I is the existence of the variable lr/ . When a solver 

uses the branch and bound algorithm to solve the mathematical model, at each node the non-

integer value of this set of variables, has a significant effect on the value of the mathematical 

model’s lower bound. To be more precise, lr/ = 1 implies that at least two batches exist where 

the first batch includes job i and the second batch includes job j and based on constraint (17), the 

completion time of job j is increased by at least t, which is equivalent to one run of the BO. 

Doing this would improve the lower bound faster. Furthermore, based on constraint (5), when 

lr/ = 1 the values of two other variables, xr/ and x/r , are all equal to zero. The effect of lr/ is 

greater than xr/ on the quality lower bound. Whenever xr/ = 0 it only means that two jobs are 

not in the same batch and it doesn’t mean that they belong to two consecutive batches on the 

same BO to be able to improve the quality of the lower bound using constraint (17). 

The idea behind MILP II is to eliminate the concept of batches. By eliminating batches, there will 

be no need for introducinglr/ . The main thought behind the MILP II is that a solution can be 

represented partially by any permutation of jobs. In this way, it will be known that when a job is 

sequenced first, second, and so on. The next question is: what is the assigned position of a pattern 



 

 

                        

                    

                    

                      

                   

                  

                 

                 

                  

                 

                 

                      

                   

               

                  

   

 

                 

                     

                 

          

34 

for a job. Assume that job i is the first job and second job is job j and a job is assigned to pattern 

1, which has two rows and three columns. The model assigns job i to the first position in the pattern 

that is feasible. The model does not allow the next job, job j, to be assigned to any position behind 

job i. This position can be in the same batch or in the next batch. In other words, if pattern 1 does 

not have any feasible positions for job j based on its grate requirement, job j is assigned to another 

batch. It is worthy to note that in MILP II batches are implicitly defined but without using variable 

. Assume a job and its associated pattern, row, and column are represented as follows: (j,p,r,c). lr/ 
Having a solution such as (i,1,1,2) implies that any of the following solutions means that jobs i 

and j are in the same batch: (j,1,1,3) (j,1,2,1) (j,1,2,2) (j,1,2,3). On the other hand, any of the 

following solutions means that jobs i and j are not in the same batch: (j,1,1,1), (j,1,1,2), (j,p≠1,r,c). 

In this model another variable is introduced, which is RW/. This variable is equal to the unloading 

time of job j from the BO. Assuming job j is loaded on pattern p, row r, and column c, then the 

'availability time of the next row i.e. row r+1 is equal to Max{RWr | i ∈ (i, p, r, c ≠ c)}. If job j 

is located on the last row of the pattern, then the aforementioned formulation determines the 

earliest loading time of the next batch in the BO. The variables and parameters used in MILP II 

are presented below. 

xr/: 1 if job i is scheduled immediately after job j on BO b; else 0 

Zrr : 1 if job i is assigned to row r and column c of pattern p; else 0 

: 1 if job i is processed immediately after job j in furnace k; else 0 Fr/
C/ : completion time of job j on stage k 
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Px / : 1 if job j is assigned to pot o of furnace k and to usage number d; else 0 

Lr : sequence of job i on furnace k 

'Lr : sequence of job i on BO b
 

RW/: unloading time of job j from the row of the pattern it is loaded on the BO.
 

Min Z (1) 

Z ≥ Wr × Cr (2) 

∀i = 1, … , n 
(3) ffxr/ = 1r L/ r 

j = 1,2, … , n 
(4) ffxr/ = 1// r 

i = 1,2, … , n 
(5) fxL/ = 1/

b = 1,… , B 
(6) fxr( ) = 1 r L 
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b = 1,… , B 
fxr/ =fx/Lr L L 

j = 1,2, … , n; b = 1,… , B 
≥ 1M(1 − xr/) + L/ − Lr 

∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B 
C RfffZrr = 1 r 
∀i = 1, … , n
!

Zrr ≤ Rrr
!

∀i = 1, … , n; p = 1, … , P; r = 1, …R; c = 1,… , C
!

M(1 − xr/) + M(1 − ZrRC) + C/ − RWr ≥
!

∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; p = 1,… , P
!

rM(1 − xr/) + M(1 − Zrr ) + M(ffZ/ ) + C/ − RWr ≥ r 
∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1,…R; c = 1, … , C; (r, c) ≠ (R, C); p = 1, 

C/ ≥ 
∀j = 1,… , n 

rM(1 − xr/) + M(1 − Zrr ) + M(1 −ffZ/ ) + C/ − RWr ≥ 0 r 
∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1, …R − 1; c = 1, … , C 

≥ 1M(1 − Fr/ ) + L/ − Lr 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

… , P 
(13) 

(14) 

(15) 
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∀i, j = 1,… , n; k = 1,… , K 
(16)M(1 − Fr/ ) + C/ − Cr ≥ Sr/ + P/

∀i, j = 1,… , n, i ≠ j, k = 1,… , K 
K (17)ffFr/ = 1 r L/ r 
j = 1,2, … , n 
K (18)ffFr/ = 1// r 
i = 1,2, … , n 

(19)fFL/ = 1/
k = 1, … , k 

(20)fFr( ) = 1
!r L
!k = 1, … , k 
(21)fFr/ =fF/L
!r L L
!

j = 1,2, … , n; k = 1,… , k 
o K (22)fffPx / = 1 
∀j = 1,2, … , n 
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(23) M(1 − Fr/ ) + M (1 −fPx r ) + MfPx / + C/ − Cr ≥ P/ + PC
!

∀i, j = 1,… , n; i ≠ j; k = 1,… , K0 = 1,… , o
!

(24) −M(1 −fPx r ) +fPx / ≤ 1 − PCr/ × Fr/ 
∀i, j = 1,2, … , n, j ≠ i; k = 1, … , K; 0 = 1,… , o 

' ' r r (25) M(1 − xr/) + M(1 − Zrr ) + (C − c + (R − r )C)ffZ/ ≥ffR/r r ∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1, …R; c = 1, … , C; p = 1, … , P 
' ' ' 'r = r and c > c 0r r > r and c = 1,… , C 

C R (26) 

rM(1 − xr/) + M(1 − Zrr ) + M I1 − f f f Z/  + C/ − RWr ≥
!r
!

∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1, …R; c = 1, … , C; p = 1, … , P 
−M(1 − xL/) + C/ ≤ (27) 

∀j = 1, … , n, b = 1, … , B 
(28) rM(1 − xr/) + M(1 − Zrr ) + M(1 −fZ/ ) + C/ − Cr ≥ 0
!

∀i, j = 1,… , n; i ≠ j; b = 1, . . . , B; c = 1, … , C; (r, c) ≠ (R, C)
!
(29) r−M(1 − xr/) − M(1 − Zrr ) − M(1 −fZ/ ) + C/ − Cr ≤ 0
!

∀i, j = 1,… , n; i ≠ j; b = 1, . . . , B; c = 1, … , C; (r, c) ≠ (R, C)
!
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RW/ − C/ ≥ −P/ (30) 

∀i, j = 1,… , n 
(31) rM(1 − xr/) + M(1 − Zrr ) + M(1 −fZ/ ) + RW/ − RWr ≥ 0 

∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1, …R − 1; c = 1, … , C 
(32) fPx / ≤ 1/

∀d = 1,2, … , D, 0 = 1,…o; k = 1,… , K 
(33) oMI1 −fFr/ +ffPx r ≥ 1 /r /

∀i = 1, … , n; k = 1, … , K 

Constraints (1) and (2) find the objective function of the problem, which is minimization of the 

maximum weighted completion times of all jobs. Constraint (3) assigns one job before each job. 

On each BO, the first job in the sequence is a dummy job with index zero. Constraint (4) assigns 

one job after each job and on each BO, the last job to be processed is a dummy job with an index 

of n+1. Constraint (5) allows only one job on each BO to be assigned after the dummy job zero. 

Constraint (6) allows only one job to be processed before the dummy job n+1 on each BO. 

Constraint (7) implies that if two jobs are assigned on a BO, the next job must be assigned on the 

same BO. Constraint (8) sequences jobs on the BOs. Constraint (9) assigns each job to a unique 

position of a pattern. Constraints (10) check the feasibility of job-pattern assignment based on 

the grate requirement of the job and pattern. Constraint (11) states that if the preceding job of 
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two consecutive jobs is assigned to the last position of a pattern, then the completion time of the 

successive job should be greater than the unloading time of the preceding job plus one run time 

of a BO. Constraint (12) does the same thing but for a case when the succeeding job is not 

assigned to the same pattern. Constraint (13) sets the completion time of all jobs in stage 1 to be 

greater than one run time of the burn out oven. Constraint (14) sets the completion time of 

succeeding job of two consecutive jobs, which are loaded on the same row of a BO to be greater 

than the unloading time of the preceding job. 

Constraint (15) assigns a sequential order to each job on a furnace. Constraint (16) sets the 

completion time of a job on a furnace to be greater than the completion time of its preceding 

job’s completion time plus its processing time and setup time. Constraint (17) assigns one job 

before each on any furnace. The preceding job can be a real or dummy job. Constraint (18) 

assigns one job after each job. The succeeding job can also be a real job or a dummy job. 

Constraint (19) assigns a job after dummy job zero on each furnace. Constraint (20) assigns a job 

before dummy job n+1 on each furnace. Constraint (21) states that a job must be assigned 

between two jobs, one succeeding and one preceding. Constraint (22) assigns each job a pot and 

pot usage on one furnace. If two consecutive jobs are not assigned to the same pot, then 

constraint (23) adds a pot changing time to the completion time of the successive job. This 

constraint motivates using fewer pots. In other words, if a pot can be used for further pouring but 

model assigns another pot to the next job, then the objective function is penalized by adding a 

pot changing time to the completion time of the associated job. For any two consecutive jobs on 

a furnace, if the successive job requires different pot because of the pot (crucible) size 

requirement of the successive job, then constraint (24) doesn’t allow the assignment of the 

successive job to the previous pot. Constraint (25) assigns a job to the remaining feasible 
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positions of the pattern that its predecessor job is assigned to. For any consecutive jobs on the 

BOs, if the successive job is processed on a different batch, then constraint (26) sets the 

completion time of the successive job to be greater than the unloading time of the successive job 

plus the processing time of the BO. Constraint (27) sets the completion time of the first job in 

first stage to be greater than the processing time of a BO. Constraints (28) and (29) set the 

completion time of all jobs on the same row of a pattern to be equal. Constraint (30) sets the 

unloading time of each job to be greater than or equal to the completion time of that job in the 

first stage plus the processing time of the job. If two consecutive jobs are on the same row of a 

pattern, the unloading time of the successive job is set to be greater than or equal to the job 

unloading time of the preceding job. Constraint (32) doesn’t allow the assignment of more than 

one job to a given pot usage. Constraint (33) assigns each job a pot and pot usage to the furnace 

that processes the job. 

4.3. MILP III 

The motivation behind MILP III is elimination of the variable RW/ and considering other modeling 

possibilities. In order to substitute this variable, another variable is added to the model, which is 

Rr/. This variable determines if two jobs are in the same batch and on the same row or not. Using 

this binary variable, allows for elimination of RW/. 
The variables and parameters used in MILP III are presented below. 

xr/: 1 if job i is scheduled immediately after job j on BO b; else 0 

Zrr : 1 if job i is assigned to row r and column c of pattern p; else 0 
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: 1 if job i is processed immediately after job j in furnace k; else 0 Fr/ 
: completion time of job j on stage kC/ 

Px / : 1 if job j is assigned to pot o of furnace k and to usage number d; else 0 

Lr : sequence of job i on furnace k 

'Lr : sequence of job i on BO b 

: 1 if job i and j are on the same row of the same batch of jobs Rr/
Constraints (1)-(10) are the same as MILP II. Constraint (11) sets the unloading time of a 

succeeding job of two consecutive jobs that are in the same batch to be greater than the 

unloading time of the preceding job plus one run of the BO. Constraint (12) sets the completion 

time of each job at stage 2 to be greater than one processing time of the BO plus the job’s 

processing time on stage 2. Constraint (13) implies that the completion time of two consecutive 

jobs that are in the same batch but not on the same rows, then the unloading time of the 

succeeding job must be greater than the unloading time of the preceding job. Constraints (14)

(24) are the same as constraints (15)-(25) in MILP II. Constraint (25) assigns a pot usage to a job 

on a given furnace if and only if the job is assigned to that furnace. Constraint (27) allows 

assignment of only one job to any pot usage for all pots and furnaces. Constraint (28) implies 

that if two jobs are sequenced consequently and the succeeding job is assigned to the same 

pattern and same row, then it means the two jobs are on the same row of the same pattern and 

batch. If two jobs are assigned to the same row of the batch and one of the jobs is on the same 

row with a third job, then constraint (29) sets the second job to be on the same row with the third 

job. Constraint (30) indicates that if a job is on the same row with a second job, then it means the 
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second job is also on the same row with the first job. Constraint (31) implies that if two jobs are
 

assigned to the same row, column and pattern, then definitely they belong to different batches. 

Min Z (1) 

Z ≥ Wr × Cr (2) 

∀i = 1,… , n 
(3)ffxr/ = 1 r L/ r 

j = 1,2, … , n 
(4)ffxr/ = 1// r 

i = 1,2, … , n 
(5)fxL/ = 1/

b = 1, … , B 
(6)fxr( ) = 1 r L b = 1, … , B 
(7)fxr/ =fx/L r L L 

j = 1,2, … , n; b = 1,… , B 
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M(1 − xr/) + L/ − Lr ≥ 1 
∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B 

f f f Zrr RC = 1 

(8) 

(9) 

r 
∀i = 1, … , n 
Zrr ≤ Rrr (10) 

∀i = 1, … , n; p = 1, … , P; r = 1, … R; c = 1, … , C 
M(1 − xr/) + M(1 − Zrr ) + M (f f Z/r r ) + C/ − Cr ≥ + P/ − Pr 
∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1, … R; c = 1, … , C; p = 1, … , P 

C/ − p/ ≥ 
∀j = 1, … , n 

(11) 

(12) 

M(1 − xr/) + M(1 − Zrr ) + M (1 − f f Z/r r ) + C/ − Cr ≥ P/ − Pr 
∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1, … R − 1; c = 1, … , C 

M(1 − Fr/ ) + L/ − Lr ≥ 1 
∀i, j = 1, … , n; k = 1, … , K 

M(1 − Fr/ ) + C/ − Cr ≥ Sr/ + P/
∀i, j = 1, … , n, i ≠ j, k = 1, … , K 

f f Fr/ = 1r L/ r 
K 

j = 1,2, … , n 

(13) 

(14) 

(15) 

(16) 



 

 

 
�� 
       

 

 

 
�� 
   

 

 

��  
�
  

 

 

 
�
  

�� 
   

 

 

   
�
       

 

 

    
�
      

�
   � � � 

 

 

   
�
      

�
     

 

 

                  

 

45 

KffFr/ = 1// r 
i = 1,2, … , n 
fFL/ = 1/
k = 1, … , k 

fFr( ) = 1 r L k = 1, … , k 
fFr/ =fF/L r L L 

j = 1,2, … , n; k = 1, … , k 
offPx / = 1 

∀j = 1,2, … , n, k = 1, … , K 
M(1 − Fr/ ) + M(1 −fPx r ) + MfPx / + C/ − Cr 

∀i, j = 1, … , n; i ≠ j; k = 1,… , K0 = 1, … , o 
−M(1 −fPx r ) +fPx / ≤ 1 − PCr/ × Fr/ 
∀i, j = 1,2, … , n, j ≠ i; k = 1,… , K; 0 = 1, … , o 

' ' rM(1 − xr/) + M(1 − Zrr ) + (C − c + (R − r )C)ffZ/r 

≥ P/ + PC 

r≥ ffR/r 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 
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∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1,…R; c = 1, … , C; p = 1, … , P 
' ' ' 'r = r and c > c 0r r > r and c = 1,… , C 

o (25) −fFr/ +ffPx r ≥ 0/
r /


∀i = 1,… , n; k = 1,… , K 
(26) M(1 − xr/) + C/ − p/ − (Cr − pr) ≥ 0 

∀i, j = 1,… , n; i ≠ j; b = 1, . . . , B 
(27) fPx / ≤ 1/

∀d = 1,2, … , D, 0 = 1, …o; k = 1, … , K 
C (28) rM(1 − xr/) + M(1 − Zrr ) + M 1 − f Z/ + Rr/ ≥ 1 

∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1,…R; c = 1, … , C; p = 1, … , P 
≥ 1 (29) M(1 − Rr/) + M(1 − R/ ) + Rr 

∀i, j, k = 1, … , n; i ≠ j; j ≠ k; i ≠ k 
= 0 (30) Rr/ − R/r 

∀i, j = 1, … , n; i ≠ j
Rr/ + Zrr + Z/r ≤ 2 (31) 

∀i, j = 1,… , n; i ≠ j; r = 1, …R; c = 1,… , C; p = 1,… , P 
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4.4. MILP IV
 

This last model is similar to MILP I in terms of the variables that have been used. In other words, 

in stage 1 still variables x and l are kept but each has a dimension less than MILP I. This model 

is developed and structured in this way, in the hope that a MILP with fewer binary variables 

might find the optimal solution in a shorter time than a MILP with more binary variables. In this 

model, similar to MILP II and MILP III, variable x has three dimensions and is defined as xr/ 
where in MILP I it is defined as xr/ . The other difference here is that variable l has two 

dimensions i.e. lr/, which is in contrast to MILP I where it has three dimensions. 

The parameters and variables of MILP IV are described as follows: 

xr/: 1 if job i is scheduled immediately after job j on BO b, else 0 

Zrr : 1 if job i is assigned to row r and column c of pattern p, else 0 

Fr/ : 1 if job i is processed immediately after job j in furnace k, else 0 

C/ : completion time of job j on stage k 

Px / : 1 if job j is assigned to pot o of furnace k and to usage number d, else 0 

Lr : sequence of job i on furnace k 

'Lr : sequence of job i on BO b 

: 1 if job j belongs to a batch succeeding job i’s batch, else 0 lr/
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Min Z (1) 

Z ≥ Wr × Cr (2) 

∀i = 1,… , n 
(3)ffxr/ = 1 r L/ r 

j = 1,2, … , n 
(4)ffxr/ = 1// r 

i = 1,2, … , n 
(5)fxL/ = 1/

b = 1, … , B 
(6)fxr( ) = 1
!r L
!b = 1, … , B 
(7)fxr/ =fx/L
!r L L
!

j = 1,2, … , n; b = 1,… , B 
− Lr ≥ 1 (8)M(1 − xr/) + L/

∀i, j = 1,… , n; i ≠ j; b = 1, . . . , B 
C R (9)fffZrr = 1 r 
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∀i = 1,… , n 
Zrr ≤ Rrr 

∀i = 1, … , n; p = 1, … , P; r = 1, …R; c = 1,… , C
!

M(1 − lr/) + C/ − Cr ≥ + P/ − Pr
!
∀i, j = 1, … , n; i ≠ j


C/ − p/ ≥
!

∀j = 1, … , n
!

C R rM(1 − xr/) + M(1 − Zrr ) + M(f f Z/ ) + lr/ ≥ 1 r r ∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1,…R − 1; c = 1,… , C 
≥ 1M(1 − Fr/ ) + L/ − Lr 

∀i, j = 1, … , n; k = 1, … , K 
M(1 − Fr/ ) + C/ − Cr ≥ Sr/ + P/
∀i, j = 1, … , n, i ≠ j, k = 1, … , K 

KffFr/ = 1 r L/ r 
j = 1,2, … , n 
KffFr/ = 1// r 
i = 1,2, … , n 
fFL/ = 1/ 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 
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k = 1, … , k 
f Fr(r L ) = 1 (19) 

k = 1, … , k 
f Fr/r L = f F/LL 

(20) 

j = 1,2, … , n; k = 1, … , k 
f f Px / o = 1 

∀j = 1,2, … , n, k = 1, … , K 
(21) 

M(1 − Fr/ ) + M (1 − f Px r ) + M f Px / + C/ − Cr 
∀i, j = 1, … , n; i ≠ j; k = 1, … , K0 = 1, … , o 

≥ P/ + PC (22) 

−M (1 − f Px r ) + f Px / ≤ 1 − PCr/ × Fr/ 
∀i, j = 1,2, … , n, j ≠ i; k = 1, … , K; 0 = 1, … , o 

(23) 

M(1 − xr/) + M(1 − Zrr ) + (C − c' + (R − r')C) f f Z/r r ≥ f f R/r r ∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1, … R; c = 1, … , C; p = 1, … , P 
r' = r and c' > c 0r r' > r and c' = 1, … , C 

(24) 

− f Fr//r / 
+ f f Px r o ≥ 0 

∀i = 1, … , n; k = 1, … , K 

(25) 
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K (26) M(1 − xr/) + C/ − p/ − (Cr − pr) ≥ lr/ +ffF/ × S / 
∀i, j = 1,… , n; i ≠ j; b = 1, . . . , B 

(27) fPx / ≤ 1/
∀d = 1,2, … , D, 0 = 1, …o; k = 1, … , K 

R C (28) rM(1 − xr/) + M(1 − Zrr ) +M 1 − f f Z/ − lr/ ≥ 0 r r 
∀i, j = 1, … , n; i ≠ j; b = 1, . . . , B; r = 1,…R; c = 1, … , C; p = 1, … , P 

≥ 1 (29) M(1 − lr/) + M(1 − l/ ) + lr 
∀i, j, k = 1, … , n; i ≠ j; j ≠ k; i ≠ k 

(30) lr/ + l/r ≤ 1 
∀i, j = 1, … , n; i ≠ j 

(31) r−M 1 −fxr  − M 1 −fx/  −Mlr/ + Zrr + Z/ ≤ 1 
r r∀i, j = 1, … , n; i ≠ j; r = 1,…R; c = 1, … , C; p = 1, … , P; b = 1,… , B 

Constraints (1)-(12) are the same as MILP III. Constraint (11) is different formulation wise, but 

it does the same function as constraint (11) in MILP III. If the succeeding job among two 

consecutive jobs is not assigned to any remaining positions after the preceding job, then 

constraint (13) assigns the second job to the next batch. Constraints (14)-(25) are the same as 

constraints (14)-(25) in MILP III. Considering two consecutive jobs, constraint (26) sets the 

unloading time of the succeeding job as greater than or equal to the unloading time of the
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preceding job plus the setup time required for the succeeding job on the furnace. Also, if two 

consecutive jobs belong to two different batches, then one processing time of a BO is added to 

the unloading time of the succeeding job. Constraint (27) allows assignment of only one job to 

any pot usage for all pots and furnaces. If two consecutive jobs are assigned respectively to the 

available positions of the same pattern, then constraint (28) assigns them to the same batch on 

the BO. Constraint (29) indicates that if two jobs belong to two consecutive batches on a BO and 

if there is a third job which is assigned to a batch which succeeds the second batch, then that 

third job belongs to a batch which is processed after the first batch. Constraint (30) implies that a 

job can’t belong to a batch which at the same time precedes and succeeds any other job’s batch. 

Constraint (31) doesn’t allow the assignment of two jobs belonging to the same batch to the same 

position of the pattern. 

In Appendix A, a detailed example is included to compare the performance of the four 

mathematical models. The results revealed that MILP I outperforms the other models. Also 

Table A.3 includes five additional test problems demonstrating the superiority of MILP I over 

the other models. It can be observed that in some of these models, even a feasible solution could 

not be found. MILP II and MILP IV showed strict inferiority in these test problems in terms of 

the average gap, evaluated as a percentage deviation from the best solution found by MILP I. 

However, MILP III exhibited a better performance in comparison to MILP II and MILP IV in 

terms of the average gap and in one test problem it obtained a zero gap, but on average it is still 

inferior to MILP I. In conclusion, although MILP I might have more binary variables and/or 

constraints than the other models, due to its mathematical modeling structure, it outperforms the 

others. For this reason, MILP I is chosen among the four models to be used in subsequent 

research reported in this dissertation. 
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5. Tabu Search Algorithms 

As mentioned in previous chapters, a two-stage flexible flow shop scheduling problem with 

blocking constraint and setup times is addressed in this research. The notation used in this 

research is adapted from Gong, Tang, & Duin (2010). The research problem can be denoted as 

FF2|m , m |P, Pa ern → 8|bl0cking, |Max{Crwr} where P stands for batching machines, 8 
for discrete machines, t stands for the setup time on the second-stage machine, and FF2 stands 

for a two-stage flexible flow shop scheduling problem. Gong, Tang, and Duin (2010) proved that 

P → 8|bl0cking, |Cmaxis strongly NP-hard. If their notation is re-written based on our notation, 

it can be re-written as FF2|m = 1, m = 1|P, n0_Pa ern → 8|bl0cking, |Cmax. In other 

words, our problem is easily reducible to their problem by redefining some parameters as 

follows: 1) number of machines at each stage are all one, 2) no patterns are used when loading 

jobs in the BOs, and 3) all job weights are set equal to 1, i.e. wr = 1. Hence, it can be concluded 

that the problem addressed in this research is also strongly NP-hard. Because of the strong NP-

hardness property of this problem, identifying global optimal solutions using mathematical 

modeling requires exhaustive CPU time and memory. In order to avoid such difficulties, 

metasearch algorithms can be employed to obtain high quality solutions within a reasonable 

time. It is important to note that using such search algorithms doesn’t guarantee an optimal 

solution. In other words, there is a trade-off between the solution quality and the computational 

time spent on finding the solution. By employing a metasearch algorithm we identify a non-

optimal (or near-optimal) solution also referred to as the best solution for the research problem, 

but still of high quality, within a manageable computational time. 
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The remainder of this chapter focuses on a search algorithm developed and customized for 

solving the research problem. This search algorithm is based on Tabu search (TS). At first, the 

underlying concepts of TS are introduced and then the proposed search algorithm is described 

comprehensively. 

5.1. Introduction to Tabu Search 

The idea of TS dates back to the 1970’s. TS was first developed by Glover (1986). The basic 

idea of TS is explained by Hansen (1986). Additional formalizations can be found in (Glover, 

1989, 1990; Hertz and Werra, 1990). Faigle and Kern (1992), and Fox (1993) have studied the 

theoretical aspects of TS. 

TS has applications in scheduling, design (computer aided design, transport network design), 

logic and artificial intelligence (clustering, data integrity, probabilistic logic), location and 

allocation, technology (circuit cell placement, electrical power distribution), telecommunication 

(call routing, path assignment, bandwidth packing), production, inventory and investment, 

routing, graph optimization, and general combinatorial optimization problems. A review of the 

different classes of scheduling problems solved by TS can be found in Barnes et al (1995). 

Some search algorithms or procedures benefit from iterative techniques. The majority of the 

search algorithms/procedures cannot directly obtain the optimal solution. A typical iterative 

search algorithm would start from an initial solution. At any iteration, the procedure builds a next 

solution based off of the current solution and decides whether to terminate the search process or 

to proceed to the next step. One of the variants of iterative methods is “neighborhood search 

methods” in which for every feasible solution, a neighborhood is defined and the solution of the 
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next iteration is found from the neighborhood of the previous solution. Two well-known 

examples of neighborhood search methods are simulated annealing and TS (Alain Hertz, 

Taillard, and Werra, 1995). 

The general idea in TS is to avoid falling into cycles by prohibiting the moves resulting in a 

solution previously visited. TS never accepts a new inferior solution, unless it is prohibiting 

visits to the previously generated solutions. This procedure ensures new regions of the solution 

space are explored and ensures that the search does not get trapped in the local optima. 

TS records recent moves in a list. The benefit is twofold: 1) the procedure doesn’t visit the same 

solution recently found, and 2) the procedure doesn’t fall in to a cycle. 

TS uses two features known as adaptive memory and responsive exploration. Adaptive memory 

component enables effective and economical solution space exploration. There are other memory 

designs being used in search algorithms such as memoryless design and rigid memory design. 

The memoryless designs perform based on semi-random processes using sampling. Genetic 

algorithm and simulated annealing are examples of memoryless methods. An example of a rigid 

memory design is the branch-and-bound method. The adaptive memory designs contrasts both 

memoryless and rigid memory designs since they use the information gathered during the search 

process. 

Responsive exploration means realizing the benefit of both exploiting good solution features and 

exploring new solution regions simultaneously. The basic reason for employing such a strategy is 

assuming that a bad strategic choice obtains more information than a good randomly chosen 

choice. 
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TS has two other components: intensification and diversification. Intensification encourages the 

solutions and moves found to be desirable quality wise in the previous iterations. Intensification 

may suggest re-exploration of the regions with high quality solutions. In other words, by 

implementing intensification, the neighborhood of previously found elite solutions is explored 

more exhaustively. On the other hand, diversification promotes focusing on unexplored regions 

of the solution space. 

As mentioned before, at any iteration of TS a neighborhood of the current solution is investigated 

in favor of finding a better solution. At any iteration, an efficient candidate list strategy can limit 

the time and effort spent on exploring the current neighborhood. The more time spent on 

searching in the neighborhood, the higher is the chance of finding a better solution. But, in 

reality, there should be a trade-off between the computational time and solution quality. In TS 

both short-term memory and long-term memory components are applied. The contribution of 

each strategy is in the way they try to modify the neighborhood of the current solution. 

TS has some other components that are listed below: 

•	 Initial solution: the search algorithm begins from a starting solution or “initial solution”. 

Initial solution can be found randomly or through applying a heuristic or some 

dispatching rules. The quality of the initial solution may affect the quality of the final 

solution of the TS algorithm. 

•	 Neighborhood strategy: at any iteration, the search algorithm looks in the neighborhood 

of the previous iteration’s best solution. Therefore, there is a need to generate a 

neighborhood of the previous iteration’s best solution. Strategies such as swap or insert 

moves can be simply used to explore the neighborhood. 
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•	 Objective function evaluation: when the neighborhood of a solution is explored and a set 

of potential solutions are produced, all the solutions in the neighborhood have to be 

evaluated. This evaluation is based on the objective function of the original optimization 

problem. 

•	 Tabu list: the short-term memory component of TS is comprised of aggressive 

exploration process with the goal of obtaining the highest quality solution through 

possible neighboring strategies with regard to some constraints. The constraints, or tabu 

constraints, avoid cycles and some specific moves. The motivation for applying such tabu 

constraints is to assist the search algorithm to avoid trapping in local optima and being 

able to explore other regions of the solution space. 

Without using such tabu constraints, the search procedure could fall back into a local 

optimum if it finds any. In other words, TS is designed in a way to avoid getting trapped 

in local optima and to continue the search process in new neighborhoods even at the cost 

of searching in narrower regions (by inducing the tabu constraints). 

In order to implement such a concept, a short-term memory in terms of so called “tabu 

list” is applied. At any iteration, certain information is saved in the tabu list. There are 

several ways of saving information in the tabu list: 1) the complete solution can be 

recorded. The drawback of this approach is the memory requirement and the time 

required to verify if the new solution is tabu or not. 2) the other approach for recording 

information at any iteration is to record the last few moves on the current solution and to 

disallow the reverse moves. 

In some cases multiple tabu lists are kept at the same time instead of generating only one 

tabu list. For instance, if in a TS algorithm, two neighboring strategies such as swap and 
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insert moves are applied to explore the neighborhood of the current solution, then a 

separate tabu list can be stored for each of the swap and insert moves. 

The most frequent version of tabu list is the one with fixed length known as static short-

term memory, although it has been demonstrated that fixed tabu list size is not capable of 

avoiding cycles during the search procedure (Taillard, 1990, 1991). On the other hand, 

the dynamic short-term memory, from a specified range, randomly assigns a tabu tenure. 

In other words, the tabu tenure in different iterations might not be the same. 

Tabu tenure is the number of iterations that a solution remains in the tabu list. It can be 

considered as the life span of the solution in the tabu list. After the tabu tenure, the 

solution is removed from the tabu list. A newly generated solution is called a tabu move 

only if it has been stored in the tabu list previously and it has not been removed from the 

tabu list yet. 

•	 Aspiration Criterion: as mentioned previously, in order to avoid cycling, a solution 

generated by a tabu move cannot be accepted. This helps avoiding the occurrence of 

cycling during the search process. This rule, can be overridden if and only if the tabu 

move results in a solution with a better quality than any solution found so far. 

•	 Candidate list: at any iteration, via neighboring strategies, a set of adjacent solutions are 

produced. Then, the objective function for every solution in this set is calculated and the 

best solution is chosen. If this best solution is produced via a tabu move then aspiration 

level is checked. If this solution is superior to all of the solutions found so far in terms of 

the objective function value, then this solution is accepted and the tabu status of the move 

is overridden because of the quality of the new solution. But, if this solution is inferior to 
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the best solution found so far, then this solution is discarded and the next best solution is
 

chosen among the set of neighborhood solutions. 

•	 Index List: local optima found during the search process are inserted into the index list. 

An entry in the candidate list is considered to be a local optimum only if it is superior to 

the previous and next entries of the candidate list. The best solution of the search 

algorithm is the entry in the index list with the minimum objective function value. 

•	 Long-term memory function: long-term memory component implements strategies to 

intensify and diversify the search process. Short-term memory also intensifies and 

diversifies the search process. A TS procedure which only benefits from short-term 

memory, fails to create sufficient diversification in the search process to explore new 

areas of the solution space and ultimately to increase the chance of finding the optimal 

solution. 

Long-term memory functions are usually frequency based. One of the applications of 

them is to record the solution structure of high quality solutions found during the 

iterations of the search algorithm. In some cases, the frequency of the moves obtaining 

high quality solutions is recorded. In some other cases, the frequency of appearance of a 

specific solution structure is recorded. Intensification process may push the search 

process to use these moves with high frequency by penalizing other moves. In some other 

cases, the intensification may create a new solution from a frequency matrix, which is 

built during the search process. The new solution consists of the solution structures or 

patterns with the highest frequency. 
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Contrarily, the diversification strategy may dissuade the solution from having specific 

solution structures via penalizing certain moves. Diversification strategy may also build 

up a new solution with a structure that has been less frequent in previously found elite 

solutions. For intensification purposes, a long-term memory with maximal frequency can 

be used while for diversification purposes, a long-term memory with minimal frequency 

is employed. These two components are further explained in the following: 

.	 Long-term memory component based on maximal frequency (LTM_MAX): the 

pattern with the maximum appearance frequency in the elite solutions is used to 

intensify the search process. The most frequent move used in elite solution can also 

be applied for intensifying the search process. For instance, in scheduling problems, 

the job-position frequency approach can be applied. From the very first iteration, the 

number of times a job is assigned to a position in elite solutions is recorded in a 

matrix called “frequency matrix”. Then, after some iterations, a new solution can be 

structured based on the knowledge gathered during the previous iterations. The 

frequency matrix indicates that it’s better to assign each job to a specific position 

based on the previously found elite solutions. A complete solution can be constructed 

from the frequency matrix. This new solution will be the next starting point for the 

search process or in other words, the search process restarts from a new point. 

.	 Long-term memory component based on minimal frequency (LTM_MIN): it works 

the same way as LTM_MAX but with this difference that the move with the lowest 

frequency in elite solutions is in the procedure’s interest. The interest of the procedure 

may also be in the solution structure that has been used the less in elite solutions. The 
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idea behind this approach is to explore the regions of the solution space not 

previously searched. 

•	 Stopping criteria: the TS must be stopped after some criteria are met. Some common 

criteria used in the literature are: 1) if there is no improvement in the best solution after 

some predefined iterations, 2) after the size of the index list attains a specified number. In 

other words, after the search algorithm finds a predefined number of local optima, the 

search procedure stops and reports the best solution found among the local optima 

recorded in the index list. 

In order to benefit from an efficient functional TS, the procedure requires using the optimal 

parameter values. The overall performance of the search algorithm depends on the value of these 

parameters. If a parameter is underestimated it may affect the quality of the final solution. If the 

parameters are overestimated, it might be costly in terms of computational time. The parameters 

required to be found optimally are tabu list size, number of iterations without improvement, and 

index list. The values of these parameters are found experimentally through several computer 

runs to identify the optimal values for each parameter. 

5.2. Details of Proposed Tabu Search Algorithm 

The problem considered in this dissertation has two stages. In the first stage, jobs in batches are 

loaded into the BOs. Two pieces of information are needed for sequencing and scheduling 

purposes: 1) sequence of batches, and 2) sequence of jobs in each batch. In order to explore the 

solution space thoroughly, a two level TS is required. The first level performs perturbations in 

batch level and the second level of tabu search performs perturbations in job level. The manner 
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in which the two level TS proceeds is that the search starts from the batch level. For each batch 

level perturbation, a job level TS is triggered. In other words, the best configuration of jobs in the 

batches is of importance, for each batch level perturbation. When the best job configuration for a 

given batch configuration is found, the outside search is continued to make the next perturbation, 

and the entire process is continued until a stopping criterion is triggered. 

From this point on, in this research, we call the batch level TS as outside TS and the job level TS 

as inside TS. In the following, the details of the inside and outside TS are explained in detail. 

5.2.1. Initial Solution 

In this research an efficient heuristic is designed to find a high quality initial solution. The 

proposed TS starts with this initial solution, and then performs the first batch level perturbation 

on the initial solution and, by invoking the inside TS, finds the best corresponding sequence of 

jobs for this batch configuration. Next, the steps associated with this initial solution generator are 

explained. 

Recall from earlier that in stage 1 that jobs have to be loaded on the grates. Each job requires a 

specific grate to be loaded on. There are different grate types in this context. Based on the 

physical capacity of the BOs, only a limited number of grates can be loaded into a BO at a time. 

There are times that only one, two, or more than two grate types are loaded into a BO. The case 

where more than two grate types are loaded into a BO is not considered in this problem. This 

assumption has been made based on industry limitations where there was never a case that 

required mixing more than two different grate types and loading them up in a BO. The case 

where there is only one grate type can be converted to two different grate types, assuming there 

is zero grates in one of the two grate types. 
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The research question in this problem is how to form batches of jobs with different grate
 

requirements. In order to answer this question, we also need to consider the physical capacity of 

the BOs and the number of available jobs at any time. The heuristic algorithm, INIT1, finds an 

initial solution considering all these issues. In the following the details of this algorithm are 

explained. 

Presume at a t = 0 there are a jobs requiring grate type A and b jobs requiring grate type B. It is 

known that only a∗ and b∗ jobs requiring grates A and B, respectively, can be loaded into a BO 

simultaneously. For every possible grate, and every grate combination a utilization coefficient is 

calculated as: 

{UA = a; ifa∗ > a UA = a∗; elsewℎere 
U = b; ifb∗ > b {U = b∗; elsewℎere 

= UA + U UA a∗ + b∗ 
The grate combination with the highest UA is chosen and the first batch is formed. This batch 

is assigned to the first available BO. In case of a tie, the BO with the lowest index is chosen. This 

process is continued until there are no more unassigned jobs. 

After the first stage, jobs have to be unloaded from the BOs and they have to be loaded in the 

furnaces. Since all of the furnaces have the same capability, for a given job, the processing time 

is the same regardless of which furnace is processing the job. The only important issue is the 

previously loaded job on the furnace. This may cause unwanted setup times. The goal in stage 2 

is to avoid setup times as much as possible. Among all of the available jobs in the idle BOs 
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which have jobs loaded on them, the furnace requiring the minimum setup time is chosen. In this 

way, one job is selected and scheduled on the furnace. The list of unscheduled jobs is updated 

and then the next job with the minimum setup requirement is chosen. This procedure is 

continued until there are no unscheduled jobs. 

5.2.2. Outside Tabu Search (OTS) 

Figure 5.1. depicts the flow chart of the outside TS. In the following, the steps of OTS are 

explained. 

Initialization: After the initial solution was found through the algorithm described in section 

5.2.1, the outside TS is called to perform the first batch perturbation. Assume the initial solution 

is denoted as (L. (L gives information about the batch sequences assigned to the BOs and 

furthermore, it identifies the sequence of jobs in each batch. Again assume that ( and (∗ are the 

current solution and the best solution found, respectively, and OCL and OIL are the outside 

candidate list and outside index list. In the first iteration, the current solution is inserted into the 

OIL and OCL. In other words, OIL, OCL= { ( }. Presume that OIT denotes the number of 

iterations without improvement in the outside TS. In the first iteration, set of = 0. Assume the 

objective function value associated with the current solution is denoted as f((). In order to 

implement the short term memory, a tabu list size for the outside TS is needed and we denote 

that by OTL. This value is found after parameter tuning. The process by which parameters are 

found can be described as follows. At the beginning all the parameters are set to a maximum 

value and then starting from one of the parameters, gradually the value of the first parameter is 

decremented by a value of one, and the objective function is evaluated. This parameter 

decrementing is continued until the objective function remains unchanged. 
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Start With an IS from Outside TS, Set Best solution=IS 

Initialize OTL, OIT, OAL 
Current Solution=Initial Solution 

Insert initial Solution to OCL and OIL 

Discard Solutions in OCL 
Apply Swaps and Inserts to generate neighbor solution (NB) 

Evaluate each solution 

Select next best solution in NB 

Is the move 

tabu? 

No 

OAL 

staisfied? 
Yes 

No 

Yes Apply the move to the current solution 

Update best solution found so far OTL, OAL, 
OCL, OIL, and OIT 

Inside stopping 
criteria met? 

Terminate the search. 
Return the best solution 

Yes 

No 

End 

Fig. 5.1. Outside TS 

After finding the minimum value for the first tuned parameter, the next parameter is tuned until 

all parameters are tuned one by one. The importance of parameter tuning is that an algorithm 

implemented with tuned parameters would result in a reduction of computational time. In other 

words, a search algorithm without tuning would require an extensive amount of time. Also, a 

search algorithm may yield lower quality solutions if the parameters were set to values different 
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from their tuned optimal values. As mentioned previously, sometimes the tabu constraint is 

overridden. An aspiration level is needed at any iteration for this purpose. The outside aspiration 

level is represented by OAL and is set to f(() in the first iteration. 

As mentioned before, in order to apply the long-term memory component a frequency matrix is 

required to store the solution structure. Assume this matrix is called OLTM (outside long-term 

memory). In the first iteration, this matrix must be initialized. Assuming the total number of 

batches is equal to b and the total number of BOs is equal to B, then the size of OLTM matrix is 

set equal to b × B. If a batch is assigned to the ith sequence and jth BO, where 1 ≤ i ≤ b and 1 ≤ 
j ≤ B, then oL M[i, j] = 1. 

Perturbations (neighboring strategy): for outside TS there are two types of moves that can be 

used to further explore the solution space. These two moves are swap and insert. In the 

following, we explain the details of these two moves. It is worthy to note that once an initial 

solution is generated, assuming b number of batches, this number of batches is never going to be 

changed during either of the steps of the outside TS or inside TS. By any outside iteration only 

the batch-BO assignment can be changed or the sequence of the batch on the BO already 

assigned can be changed. 

Swap: the swap move always includes two batches, say b , b . Batches b and b can belong to 

the same BO. In this case by applying the swap move, the sequence of b and b is switched. The 

two batches b and b can belong to two different BOs where not only the sequences of the two 

batches are switched, but the BOs to which the batches are assigned is also switched. 

Insert: this move includes one batch and one sequence position for assigning the batch. 

Likewise, the swap move can be applied only on one BO or it can be applied between two BOs. 
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If an insert move is applied to only one BO, then the number of batches on that BO is fixed but
 

the sequence of some of the batches is changed. If an insert move is applied to two BOs, then the 

number of batches on one BO (donor) is decreased by one unit and the number of batches on the 

other BO (recipient) is increased by one unit. 

After performing only one perturbation via either of the moves, the inside tabu search is invoked 

to find the best job sequence in each batch. Assume all the neighborhood of the current solution 

is denoted by NG((). As mentioned before, the inside tabu search is applied to each of the 

members of NG(() and the objective function is evaluated for each these solutions. 

' Selection of the best solution: among all the solutions in NG((), the best solution ( with the 

minimum objective function is selected. If the associated move has not been recorded in OTL, 

then the solution for the next iteration is generated by applying this move on the current solution. 

On the other hand, if the move was already recorded in the OTL, then the aspiration level is 

'checked. If AL > f(( ), then the tabu constraint is overridden and the move is accepted. The 

' 'value of oAL is updated with f(( ). If AL ≤ f(( ), then this solution is discarded and the next 

best solution from NG(() is chosen. This process continues until a solution is found that its 

move is not in the tabu list or it provides an objective function value superior to the OAL. If the 

associated move of the new solution is not listed in OTL, then this move is inserted into the tabu 

list. Recall that since a fixed size tabu list is applied in the proposed algorithm, if by inserting a 

new move to the OTL, the size of OTL exceeds from its predefined size, then the move inserted 

into the OTL prior to the other OTL members is removed from the OTL. The next element that 

'needs to be updated is OIT. If the f(( ) is inferior to ((∗), then OIT is incremented by one unit. 

OLTM needs to be updated by incrementing the corresponding cells of the OLTM matrix by one. 
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'The last two components to be updated are OCL and OIL. If f(( ) is superior to the objective 

' function value of its parent, then ( is inserted into the OCL. The only time a decision can be 

made with regard to insertion of a solution to OIL is when the parent and child of that solution 

are already identified and evaluated. If the objective function value of a solution is superior to its 

parent and child, it implies that the solution is a local optimum and this solution is inserted into 

the OIL. 

Stopping criteria: the search process stops in either of the cases below: 

. If the best solution of the outside TS has not been improved for a predefined number of 

iterations i.e. o  f   or in other words if of = o  f   , then the search algorithm terminates. 

. If the number of local optima has reached a predefined number of o  f  L or in other words 

if fL = o  f  L , then the search algorithm terminates. 

If none of the stopping criteria for the OTS has occurred, then another neighborhood of the 

current solution is generated and the same steps are repeated until at least one of the stopping 

criteria is met. 

5.2.3. Second Stage TS 

After each perturbation of ITS and OTS, initially jobs are assigned sequentially on the furnaces. 

There can be several strategies to assign jobs from the BOs to the furnaces. One can be that at 

any time each available job on the BO is assigned to the furnace that provides the earliest start 

time for the given job. Although this methodology might seem to perform better than assigning 

jobs sequentially to the furnaces, it mimics the behavior of a greedy algorithm, which has the 

pitfall of not finding the global optimal solution. In order to find the best sequence of jobs on the 
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furnace, another tabu search algorithm is designed and developed. In the following the details of
 

this search algorithm is described. 

In designing efficient perturbation operators, it should be pointed out that using swap or inside 

operators might not always result in feasible solutions. There are three main assumptions that 

need to be recalled from previous chapters: 1) between stages one and two there is a blocking 

constraint, 2) jobs on the BOs might block each other and hence affect their availability times on 

BOs, and 3) jobs may belong to two different batches of BOs. 

Considering all of the above issues, assume (f where f = 1,…, F, is the sequence of jobs on 

furnace f. Assume (f = {I , … , Is} and also assume Isis on the second row of BO 1 but I is on 

the first row of the BO 1 and that these two jobs belong to the same batch of jobs. If a general 

' ' inside operator is applied on furnace 1, swapping I with Is results in (f = {Is, … , I } where (f is 

clearly an infeasible sequence of jobs because unless I is unloaded, Is cannot be assigned to a 

BO. One solution to this issue is that all the job availability times are stored and the feasibility of 

the operator is checked after each perturbation. But the fact is that the problem is even more 

complex than this, and swapping two jobs also might affect the availability of other jobs, and the 

availability of the jobs scheduled after the swapped jobs must all be updated. This is a very 

expensive operation in terms of computational time required to perform such updates. In order to 

overcome this issue and avoid spending time on updating availability times, new operators are 

introduced. 

Specifically, the sequence of jobs is not explicitly altered, but only the furnace that is processing 

a job is perturbed. In other words, assuming ∆f represents the set of jobs that are processed on 

furnace f, a swap operator will simply take job i from ∆f and inserts it into ∆f and also it 
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removes job j from ∆f and inserts that job into ∆f. Note that in this case the order of jobs on the 

furnaces is not determined at this time and all completion time calculations is performed from 

scratch. One drawback of this method might be generating too many inferior solutions. One good 

example might be the case after applying the insert operator sequentially, and there may be a 

solution where all jobs are assigned to one furnace. In order to avoid such cases and save 

computational time, a fathoming mechanism is applied on the partial schedules. This fathoming 

mechanism is inspired by fathoming constraints from the Branch-and-Bound method. Assume a 

perturbation is applied on a given solution and the completion times of job i is represented by Cr. 
Furthermore, assume best_obj is the best objective function value found for that given sequence 

of batches on the BOs. At the first iteration, this value is set equal to the objective function value 

of the seed objective function value, which is found using the sequential assignment of jobs to 

the furnaces. At any step that the completion time of jobs is calculated, each Cr is compared 

against best_obj and if Cr > bes _0bj, then that partial solution is discarded and the next 

operator is applied if stopping criteria is not met yet. If Cr < bes _0bj for ∀i = 1, … , n, then the 

value of best_obj is updated as follows: bes / = Max{Cr} ∀i = 1,… , n. 

The possible operators with this configuration can be swap operator between two furnaces, and 

insert operators between two furnaces. Using this local search methodology in large-size 

problems results in large amount of computational time. Hence a threshold value is introduced to 

limit the search domain. This threshold value allows a perturbation to be made or not. Several 

threshold values less than 20% were tested and it was found that a threshold value of 10% yields 

the best quality while limiting the search domain. 

Another methodology is also applied in order to better assign the available jobs from the BOs to 

the furnaces. The initial strategy to assign the jobs is to create a list of jobs and sort them based 
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on their availability times to the furnaces. This strategy works best for a problem which is aimed
 

at reducing the waiting times on the BOs. The key point in minimization of this problem is the 

weight of the jobs that are processed later on the furnaces. In other words, jobs that are processed 

last have higher completion times and if they are the ones with greater weights, the solution 

would be very inferior. In order to avoid such inferior cases, at every iteration, another 

methodology is also used to assign the jobs to the furnaces. Presume there are n available jobs on 

all BOs at = L and they are represented as follows: Ω = {I , … , I }; also assume there is a rl rn 
weight and processing time parameter associated with each of the jobs denoted as Wrk and Prk , 
respectively. The job with the minimum Wrk × Prk is chosen to be assigned to the furnace which 

provides the earliest availability time. The pseudo code for this procedure is shown in Table 5.1. 

Table 5.1. Pseudo code for alternate job-furnace assignment procedure 

Assuming there n jobs on the BOs and denoted by Ω = {Irl, … , Irn } 
Assume f furnaces and each are available at AFr and the job currently processed on
 

each is IFr .
 
WHILE (Ω ≠ ∅)
l = arg(Min{Wrk × Prk}) ∀k = 1, … , n 

f = arg (Min {AFr + S(JFi) }) 
assign job l to furnace f 
Remove job l from Ω, Update Ω if there are any new jobs, Update AF 

END WHILE 

Long-term memory and restart: the search must be intensified or diversified when one of the 

stopping criteria is met. In order to do so, the OLTM matrix is employed to restart the solution. 

Using the information gathered during several iterations of the search algorithm, a new starting 

solution is generated and the search is continued until one of the stopping criteria is met again. In 
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this proposed tabu search algorithm, the number of restarts is limited to two. By way of
 

explanation, when executing LTM_MAX and LTM_MIN independently, each of these 

algorithms would have two restarts. After performing the second restart, the search continues 

until at least one of the stopping criteria is met. The search process is stopped at that point and 

the best solution among the entries of OIL is reported as the overall best solution found by the 

search algorithm. 

5.2.4. Inside Tabu Search (ITS) 

Figure 5.2 depicts the flowchart of the inside TS. Since in some ways inside TS is similar to 

outside TS, ITS is explained in brief. 

Initialization: the solution provided by algorithm ITS1 has the information about the sequence 

of batches and the sequence of jobs within the batches. Assume that (L represents the initial 

solution, ( and (∗ are the current solution and the best solution found, respectively. ICL and IIL 

are the inside candidate list and inside index list. Initially the current solution is inserted into the 

IIL and ICL, meaning IIL, ICL= { ( }. 

The number of iterations without improvement in the inside TS is represented by IIT, which is 

set to zero in the first iteration. f(() represents the objective function value associated with the 

current solution. The size of the tabu list for the inside TS has to be known to implement the 

short-term memory and it is denoted by ITL. The outside aspiration level is represented as IAL 

and initialized to f((). 
The inside-long term memory matrix is represented by ILTM. This matrix has to be initialized 

with an initial solution. Assuming the total number of batches is equal to b and the total number 



 

 

                        

          �   

 

    

              

                 

    

          �        

  �   

         

   

  

      

   

        

  

     

   

      

        

   

  

 

  

   

 

73 

of jobs is equal to n, the size of ILTM matrix is set equal to b × n. If a job is assigned to the ith 

batch and jth sequence position, where 1 ≤ i ≤ b and 1 ≤ j ≤ n, then fL M[i, j] = 1. 

Is the move 

Start With an IS from Outside TS, Set Best solution=IS 

Initialize ITL, IIT, IAL 

Current Solution=Initial Solution 

Insert initial Solution to ICL and IIL 

Discard Solutions in ICL 

Apply Swaps and Inserts to generate neighbor solution (NB) 

Evaluate each solution 

Select next best solution in NB 

Apply the move to the current solution 

Update best solution found so far ITL, IAL, 

ICL, IIL, and IIT 

No 

Yes 

No 

Yes 

IAL 

tabu? staisfied? 

No 

Terminate the search. 

Return the best solution 

End 

Yes 

Inside stopping 

criteria met? 

Fig. 5.2. Inside TS 

Perturbations (neighboring strategy): two types of moves are used in inside TS to further 

explore the solution space, which are swap and insert. In the following we explain the details of 

these two moves. 

Swap: the swap move always includes two jobs, say I , I . There are three different cases for 

I and I : 
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. They both belong to the same batch: in this case the sequence of I and I is switched. 

. I belongs to one batch and I belongs to a different batch but assigned to the same 

BO. In this case, two batches exchange the two jobs. 

. I belongs to one batch and I belongs to a different batch and assigned to different 

BOs. In this case, two batches from two different BOs are switched. 

Insert: this move includes only one job and one position in the sequence for assigning the job. 

The insert move can be applied to a job in three different ways: 

. Job is removed from its current sequence and assigned to a different sequence in its 

current batch. 

. Job is removed from its current batch and assigned to a different batch but on the 

same BO. 

. Job is removed from its current batch and assigned to a different batch on a BO other 

than the one currently assigned. 

A neighborhood of the current solution consisting of several solutions is generated at any 

iteration. Assume all the neighborhood of the current solution is denoted by fNG((). All 

solutions belonging to fNG((), have to be evaluated. 

' Selection of the best solution: among all the solutions in fNG((), the best solution ( with the 

' minimum objective function value is selected. If the corresponding move of ( has not been 

recorded in ITL, then the solution for the next iteration is generated by applying this move on the 

current solution. 

'If the move was already in ITL, then the aspiration level is checked. If AL > f(( ), then the tabu 

constraint is overridden and the move is accepted. The value of fAL is updated and is set equal to 
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' 'f(( ). If AL ≤ f(( ), then this solution is discarded and the next best solution from fNG(() is 

chosen. If the associated move of the new solution is not listed in ITL, then this move is added to 

the inside tabu list. If by adding a new entry to the ITL the size of ITL exceeds its predefined 

'value, then the entry inserted the earliest is removed from ITL. If f(( ) is inferior to ((∗), then 

IIT is incremented by one unit. ILTM is updated through incrementing the corresponding cells of 

' the ILTM matrix by one with respect to ( . The last two components to be updated are ICL and 

' ' IIL. If f(( ) is superior to the objective function of its parent, then ( is inserted into the ICL. 

The only time a decision can be made with regard to insertion of a solution to IIL is when the 

parent and child of that solution are already identified and evaluated. If the objective function of 

a solution is superior to its parent and child, then it indicates that the solution is a local optimum 

and this solution is inserted into the IIL. 

Stopping criteria: the search process stops in either of the cases below: 

. If the best solution of the inside TS has not been improved for a predefined number of 

iterations i.e. ff or in other words if ff = ff , then the search algorithm terminates. 

. If the number of local optima has reached a predefined number of ffL or in other words of 

ffL = ffL, then the search algorithm terminates. 

If none of the stopping criteria for the ITS has occurred, then another neighborhood of the 

current solution is generated and the same steps are repeated until at least one of the stopping 

criteria is met. 

Long-term memory and restart: the search must be intensified or diversified when one of the 

stopping criteria is met. ILTM matrix is used to restart the search process. Using the information 

gathered during several iterations of the search process, a new starting solution is generated and 
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the search process is continued until one of the stopping criteria is met again. Like OTS, the 

number of restarts in ITS is limited to two restarts. Depending on the algorithm, whether it is 

LTM_MAX or LTM_MIN, the search process restarts based on maximum or minimum 

frequency for two times, respectively. After performing the second restart, the search continues 

until at least one of the stopping criteria is met. The search process is stopped at that point and 

the best solution among the entries of IIL is reported as the best job configuration for the given 

batch configuration and the search process is continued with the next perturbation in the OTS. 
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6. Lower Bounding Mechanisms 

So far, two solution finding mechanisms are introduced: 1) mathematical modeling, and 2) 

search algorithm. The former has the potential of obtaining the optimal solution if the required 

computational time is given to the solver. The drawback of solving a mathematical model is that 

when the size of the problem increases, the number of binary variables and constraints become 

larger and consequently, excessive computational time may be required to find the optimal 

solution. In many cases, providing such computational time is not practical. Therefore, other 

solution methodologies are suggested. As for the second solution finding mechanism, the search 

algorithm proposed in Chapter 5, the computational time required for even the largest problem 

sizes is not a big issue. But, the main issue is how to assess the quality of the search algorithm’s 

final solution. In other words, in medium and large-size problems, the mathematical model 

cannot be employed to find an optimal solution to be used as a basis for assessing the search 

algorithm’s solution quality. For such cases, lower bounding mechanisms are employed. In 

general, a lower bounding mechanism finds a lower bound for the problem. In a minimization 

problem, a lower bound implies that the value of the objective function can be equal or greater 

than the value of the lower bound. In other words, the objective function value of the optimal 

solution cannot be any less than the lower bound. After obtaining the lower bound, the gap 

between the lower bound and search algorithm’s best objective function value is calculated. 

Several cases exist with respect to the value of lower bound (l) and the best objective function 

value found by the search algorithm (f): 1) f = l: this is the most convenient case, which means 

the search algorithm has found the optimal solution. It is known that f cannot be less than l and in 

this case l is equal to f, which consequently implies that the search algorithm has found the 

optimal solution for the problem at hand. 2) l << f: there are two interpretations for this case: a) 
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the lower bounding mechanism is not very effective and thus it is not providing us with a high 

quality lower bound. This case magnifies the importance of finding high quality lower bounds. It 

is worth noting that any value less than an optimal solution can be claimed as a lower bound, but 

for the purpose of search algorithm assessment, those values as close as possible to the optimal 

solution are in our interest; b) the second case is where the lower bound at hand is close enough 

to the optimal solution and the deficiency stems from the search algorithm; and 3) l < f: in this 

case, although l and f are not equal, but the gap between those values is not substantial. The 

smaller the gap, the better is the quality of the solution found by the search algorithm. In some 

problems, any gap between 0 to 10% is considered to be an acceptable gap while there is no 

guarantee that such performance is obtainable in all types of problems. Different types of 

problems, such as those in scheduling, could exhibit higher levels of complexity even when the 

size of problems attempted may not be large. This may result in evaluating a gap larger than 

what is perceived to be of good quality. 

There are many lower bounding mechanisms in the literature. Among those, the following can be 

listed: branch-and-bound, branch-and-price, iterative selective-LP relaxation, Benders 

Decomposition, and Lagrangian Relaxation. In this dissertation, we focus on two lower bounding 

mechanisms: iterative selective-LP relaxation, and branch-and-price. In the remainder of this 

chapter, first the concepts and components of branch-and-price are explained. Then, details of 

iterative selective-LP relaxation are given. Since the branch-and-price algorithm has two major 

components, column generation and branch-and-bound, first the column generation is explained 

and then branch-and-bound is described in detail. 
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6.1. Branch-and-Price
 

The LP relaxation of a large scale mixed-integer programming problem can provide high quality 

solutions, only if it can yield good approximation of the convex hull of the feasible solutions. As 

mentioned before, there are several lower bounding mechanisms in the literature. Among them, 

branch-and-cut can be mentioned because of its similarity to branch-and-price. Since a lot of 

constraints are non-binding in the optimal solution, they are excluded from the problem. If an 

optimal solution to the LP relaxation is not feasible, then it means violated constraints exist. In 

order to find such constraints, a subproblem, so called “separation subproblem” is constructed 

and solved. The violated inequalities are then added to the LP to reduce the infeasibility of the 

solution and the problem is solved again. If there are no violated constraints, branching occurs. 

At each node of branch-and-bound some separation and cutting occurs. In other words, branch-

and-cut focuses on row generation. 

On the other hand, column generation focuses on generating columns. Since in the optimal 

solution, a substantial number of variables (columns) have a zero value, and more importantly, 

dealing with huge number of variables is time-wise unmanageable, a set of columns (variables) 

are excluded from the problem. In order to check if the LP problem has reached optimality, one 

or more subproblem(s) namely the “pricing problem” is/are solved. The pricing subproblem is a 

separation problem for the dual LP. The intent of solving such a problem is to find promising 

columns to enter the LP’s basis. If no such columns were found from solving the subproblem(s), 

the branching follows next. If at least one promising column is found, the LP is re-optimized. 

Briefly speaking, column generation occurs at each node of the branch-and-bound tree. 
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In the following, the focus will be on details of the column generation and then our problem is 

mathematically formulated for the application of column generation. After that, the manner in 

which column generation is combined with branch-and-bound is explained. 

In 1958, Ford and Fulkerson suggested to only deal with a set of variables in a maximal multi-

commodity network flow problem due to the large number of variables in their formulation. 

Inspired by this idea, Dantzig and Wolfe (1960) presented a technique for decomposition of a 

linear program that enables the problem to be solved by the solutions extracted from some linear 

subproblems where each subproblem is realized from a linear transformation. Dantzig and 

Wolfe’s idea was first implemented for solving the cutting stock problem (Gilmore & Gomory, 

1961, 1963). Desrosiers, Soumis, and Desrochers (1984) embedded column generation in 

branch-and-bound in order to solve a vehicle routing problem under time windows constraint. 

In the following, column generation is introduced. Assume the linear programming (also known 

as the original or compact formulation) in the general form: 

Z = Min cx 
Subject to: 

Ax = b 
Dx ≤ d (1) 

x ≥ 0 
It is assumed that the constraints of the problem can be decomposed to two different set of 

problems. One set has a small number of constraints (Ax = b) including all variables and the 

remaining constraints (Dx ≤ d) can be distributed to individual and separate subproblems 
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(subsystems), each consisting of a number of subproblems. Matrices A and D are of the size 

m × n and l × n, respectively. The solution vector, x and b, c, and l are of the size n × 1, m × 
1, and l × 1. 

Generally the decomposition should be devised in a way that the subproblems can be easily 

solved. In order to be able to decompose the problem in the above mentioned form, the 

subsystems must have a block diagonal structure. In this way, matrix D would look like below: 

D = rD D ⋱D 1 , d = (dd )⋮d 
Where D and d are of compatible sizes. It is known that a crossing of m half spaces is called a 

polyhedron. With this definition, a polyhedron can be made from the set of equations: Dx = d. 

Assuming that P = {x ∈ ℝ |Dx = d} and further assuming that P ≠ ∅, Schrijver (1998) 

showed that any x ∈ P can be represented by a convex combination of the extreme points of 

{PL}L∈L plus a non-negative combination of extreme rays {Pr}r∈R of P where Q and Rare finite 

index sets. In terms of mathematical representation, we have the following: 

x = fPLAL +fPrAr (2) L∈L r∈R 
f AL = 1L∈L 

A ∈ ℝ|L| |R| 
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By substituting x in in (1) with (2) and rewriting (1), the equivalent extensive formulation would 

be as follows: 

(3) Z = minf cLAL +fcrArL∈L r∈R 
s.t. 

(3-1) f LAL +f rAr ≥ bL∈L r∈R 
(3-2) fAL = 1L∈L 

A ≥ 0 (3-3) 

There are |Q| + |R| number of variables in the above problem and this number is significantly 

less than the number of variables in the original problem. Equation (3-2) is known as convexity 

constraint. In some formulations, the convexity constraint is written as an inequality rather than 

an equality constraint when (x ≡ 0) ∈ P at zero cost. In this case, the convexity constraint is 

replaced by ∑L∈L AL ≤ 1 (Lübbecke & Desrosiers, 2005). The compact and extensive 

formulation obtains the same objective function value but each formulation’s polyhedra is not 

combinatorially the same (Alder 1973, Nazareth 1987). For a given A, equation (2) yields a 

unique x, but this doesn’t work the other way around. All non-basic variables are examined to 

find one non-basic variable to price-out and to enter the basis. In other words, in this step which 

is also called pricing step, a variable is to be found as follows: 

arg min{c/̅ = c/ −    /| j ∈ P ∪ Q} (4) 
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Equation (4) performs a complete search on I = P ∪ Q, which may require an unaffordable 

computational time in the case where |I| is too large. The practical solution for this case is to 

' work with a smaller subset of I ⊆ I of columns, with a restricted master problem (RMP). 

Assume that a is the optimal dual variable with the first m constraints of the master problem and 

8 is the dual variable associated with the convexity constraint. This implicitly implies that the 

problem has feasible solution. Solving the subproblem gives the answer to the pricing problem: 

Min (c − aA)x − 8 
s.t. Dx ≤ d (5) 

x ≥ 0 

If such an x∗ is found from solving at least one of the subproblems such that (c − aA)x∗ − 8 < 
0, then it indicates the entering variable to the basis. In other words, by finding such a solution, a 

column is added to the master problem and the master problem is solved again. In case none of 

the subproblems obtained a favorable solution, i.e., (c − aA)x∗ − 8 > 0, then it can be 

concluded that the solution to the restricted master problem is also optimal to the master 

problem. In some cases, finding x∗ requires significant computational time. In practice, any 

solution xx (not necessarily an optimal solution) satisfying (c − aA)x∗ − 8 < 0 can price out a 

column to be added to the RMP. This can save in computational time per iteration of the column 

generation. 

In order to obtain high quality solutions for integer programming (IP) models, simplified 

problems, or relaxation problems, extracted from the original problem have to be solved. These 

problems provide lower bounds, thus approximating the optimal solution to the original problem. 
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The branch-and-bound method mentioned earlier in this chapter employs the relaxation concept 

on IP models and removes the integrality constraint from integer variables and looks at integer 

variables as continuous variables. In this fashion, lower bounds are obtained for the original IP 

problem. 

The decomposition concept was originally used to solve LP problems (no integer or binary 

variables). The performance of branch-and-bound that is going to be coupled with column 

generation is dependent on the quality of the bounds found by relaxation problems. In general, 

the compact formulation of an IP has a weak LP-relaxation. The relaxation can be tightened by 

employing a formulation with significant number of variables. Furthermore, the compact 

formulation can have symmetric structure resulting in inefficiency of branch-and-bound method. 

Existence of huge number of variables can hinder such inefficiencies. These reasons, noted by 

Barnhart, Johnson, Nemhauser, Savelsbergh, & Vance (1998), and Vanderbeck (1999), motivate 

us to use the formulation with a huge number of variables. 

As mentioned before, embedding column generation in branch-and-bound is known as integer 

programming column generation or branch-and-price (B&P). By implementing decomposition 

on an integer programming model, an integer master problem with a huge number of variables 

will be at hand. This master problem is then relaxed and the LP-relaxed version of the problem is 

solved via column generation. In contrast, subproblems are integer programming models. The 

dual values obtained from solving the relaxed RMP are fed into subproblems. As mentioned 

previously, the interest is in finding entering columns to the RMP by solving subproblems. 

Whenever no promising column could be found through solving subproblems, the optimal 

solution for column generation is found. At this point, branching occurs on fractional variables of 

the master problem. 
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After branching there might be a case that the optimal solution might not be present in the 

restricted master problem because of the branching decisions. Hence, further columns are needed 

to be generated in order to find an optimal solution. 

In a given node, presume the standard branching rule of variable dichotomy is applied on 

fractional variable of the master problem, say A/. In the next node, starting with column 

generation, the optimal solution might be the one corresponding to A/. In this case, the optimal 

solution associated with this column is discarded and the next best solution having an association 

with A/ has to be found. This phenomenon can occur at depth d of the branching tree 

necessitating the generation of dth best solution of the column generation in that node. The 

aforementioned reasons imply that applying the standard branching rules cause inefficiencies. 

The columns discarded by branching should not be allowed being regenerated and enter the 

master problem. In order to do so, the subproblems have to be modified in a way that infeasible 

columns due to branching rules are not regenerated. 

In the rest of this chapter, a Dantzig-Wolfe decomposition of the problem under study is 

presented. Also, the master problem, and subproblems are presented mathematically. Also 

discussed are the branching rules and implementation issues of B&P. 

6.2. Formulation of B&P 

One of the challenges to implement decomposition concept on IP problems is to find good 

linking constraints. As mentioned before, the linking constraints would construct the master 

problem and this problem is relaxed and solved. So, it is important that this problem would be a 

good approximation of the original problem while it should be easy enough to be solved at any 
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iteration of the column generation. The modeler should maintain a trade-off between these two
 

goals. 

In this research, it is decided that constraints (17), (19), and (20) must be included in the master 

problem. These constraints are the only constraints containing variables from both stages one and 

two. The remaining constraints are related to either stage 1 or stage 2, and are assigned to 

subproblem 1 (SP(1)) or subproblem 2 (SP(2)), respectively. 

While referring back to variables, parameter notations, and the model presented in Chapter 4, we 

introduce some new notations in order to present the master problem and the subproblems. 

= 1,… , s feasible schedules in SP(s), s = 1,2 
Ats = 1, if schedule t is selected in SP(s); and else 0. = 1,… , s; s = 1,2 
xrt/ = 1, If jobs i and j are assigned to the same batch, BO b, and pattern p in schedule t; else 

0. = 1,… , ; i = 1,… , n; j = 1,… , n; p = 1, … , P; b = 1,… , B 
lr/t = 1, if job i and j are assigned to the same BO b but different batches and job i precedes job 

j in schedule t; else 0. = 1,… , ; i = 1, … , n; j = 1,… , n; b = 1,… , B 
Zr tr = 1, if job i is assigned to pattern p, row r, column c in schedule t; else 0. = 1,… , ; i = 
1, … , n; p = 1, … , P; r = 1, … , R; c = 1, … , C 
Ftr/ = 1, if job j in schedule t is scheduled immediately after job i and assigned to furnace k. = 
1, … , ; i = 1,… , n; j = 1,… , n; k = 1,… , K 
Crst : completion time of job i at stage s in schedule t. = 1,… , s; i = 1,… , n; s = 1,2 
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It is worth noting that in either the integer master problem (IMP) or restricted master problem 

t t  tr t(RMP), the decision variable is At , and xr/ , lr/ , Zr , and Fr/ are parameters, and their 

values are obtained from the column of the master problem. The mathematical representation of 

the integer master problem is as follows. 

2ZIM = Min fCmax × At (6-1) t 
Subject to 

l t t 2 tf(M (xr/ ) − lr/t M + C/ ) At −f(Cr )At ≥ − M − Prt t (6-2) 

∀i, j = 1,… , n; i ≠ j; b = 1, … , B; p = 1,… , P 
l C C R r 2
f(−M xr/t − M fZr tr − M ffZ/ t(r ) + C/t ) At −f(Crt )At
t t
!

(6-3) ≥ −3M − Pr ∀i, j = 1, … , n; i ≠ j; b = 1,… , B; p = 1, … , P; r = 1, … , R 
2 K lf(C/t −ffFrt/ Sr/) At −fC/t At ≥ P/t r t (6-4) 

∀j = 1, … , n 
fAts = 1 t (6-5) 

∀s = 1, 2 
s sAt = {0,1} s = 1,2; = 1,… , (6-6) 
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In this model it is assumed that Ats can only take binary values i.e. 0 or 1. The objective in this 

problem is to find a schedule that minimizes the maximum weighted completion time of all jobs. 

Constraint (6-2) is associated with constraint (17) from MILP I, implying that the difference 

between the completion times of two jobs in different batches on a BO is at least equal to the 

difference between the processing time of a batch on a BO and the processing time of the 

preceding job on in the furnace. Constraint (6-3) ensures that the availability times of jobs on the 

BOs are calculated with regard to their position assigned on their corresponding pattern. 

Constraint (6-4) considers the processing time and the required sequence-dependent setup time 

for calculation of the completion time of a job on a furnace. Constraint (6-5) is the convexity 

constraint as discussed before. This set of constraints, due to integrality constraint on the 

decision variables, makes sure only one schedule is selected for each stage (subproblem). 

Constraint (6-6) is the integrality constraint on the decision variables. 

Solving IMP is not desirable since as the size of the problem grows, the number of binary 

variables drastically escalates. As discussed earlier, an LP-relaxed version of the problem is 

more desirable to solve. To do so, constraint (6-6) in the IMP model needs to be replaced by 

constraint (6-7). 

Ats ≥ 0; s = 1,2; = 1, … , s (6-7) 

The LP-relaxation of IMP is also known as linear master problem (LMP) and is introduced 

below. Since the dual of this problem is needed for pricing step, the dual variable associated with 

each constraint is declared next. 
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In the formulation of IMP, s represents the number of all schedules with regard to SP(s). This 

number in reality can be a substantial number and computational time wise it might not be 

appropriate to add all the schedules to the master problem and solve LMP. In order to overcome 

this shortcoming, only a very few schedules are generated and added to the problem. In brief, 

' Instead of starting with s schedules, the column generation starts with schedules, where s s ≫ 
' s . In this way a restricted problem is extracted from LMP, so called restricted linear master 

problem (RLMP), which is an easier problem to solve since it has fewer columns than the LMP. 

Below the LMP and dual of LMP (DLMP) are presented. 

LMP: 

2ZLM = Min fCmaxt × At (7-1) t 
Subject to 

l t t 2 t(dual variable: ar,/, , ) f(M (xr/ ) − lr/t M + C/ ) At − f(Cr )At
t t
!
(7-2) ≥ − M − Pr ∀i, j = 1, … , n; i ≠ j; b = 1, … , B; p = 1, … , P 

l C C R r
(dual variable: Pr,/, , ,r)f(−M xr/t − M fZr tr − M ffZ/ t(r )

t
!

2 (7-3) t+ C/t ) At −f(Cr )At ≥ −3M − Pr
t
!∀i, j = 1,… , n; i ≠ j; b = 1, … , B; p = 1,… , P; r = 1,… , R 
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2 K	! l(dual variable: Y/) f (C/t − f f Frt/ Sr/) At − f C/t At ≥ P/t r t (7-4) 

∀j = 1, … , n 
(dual variable: 8s) f Ats = 1 t	! (7-5) 

∀s = 1, 2 
Ats ≥ 0 s = 1,2; = 1,… , s (7-6) 

At any iteration of the column generation, the dual of the master problem is solved and the dual 

values are used in subproblems to find the entering column to the RLMP. The entering column is 

appended to the RLMP and the dual values for the new RLMP are found until no entering 

columns can be found. The DLMP is presented mathematically as follows. 

Z LM = Max Iffff( − M − Pr)ar,/,/ r	! , 
r / 

(8-1) 

R+fffff(−3M − Pr)Pr,/, , ,r +fY/P/ +f8s r	! / r / sr / 
Subject to 
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t	 tffff(M (xr/ ) − lr/t M + C/ )ar,/, ,/ r
r /
!

R	! C C R r +fffff(−M xr/t − M fZr tr − M ffZ/ t(r ) 
(8-2) r	! / r
r /
!

+ C/t ) Pr,/, , ,r −fC/t Y/ + 8 ≤ 0 ∀ = 1,… ,/ 
t R	! tffff(−Cr )ar,/, , −fffff(Cr )Pr,/, , ,r +/ r r / r
r / r /
!

(8-3) K
f(−ffFr/ Sr/ + C/t ) Y/ + 8 ≤ Cmaxt ∀ = 1,… ,
/ r
!
ar,/, , ≥ 0 ∀i, j = 1, … , n; b = 1, … , B; p = 1,… , P (8-4)
 

Pr,/, , ,r ≥ 0 ∀i, j = 1,… , n; b = 1,… , B; p = 1,… , P; r = 1,… , R (8-5)
 

Y/ ≥ 0 ∀j = 1,… , n (8-6)
 

8 , 8 : Unrestricted (8-7)
 

In linear programming it is known that the reduced cost of a primal variable is associated with 

the infeasibility of its corresponding dual constraint. Furthermore, constraint (8-2) is associated 

with At ≥ 0, = 1,… , and it is formulated solely based on parameters and variables 

t t	 t  tr associated with SP(1), for instance, such as xr/ , lr/ , C/ , and Zr . Hence, in order to find all 

the reduced costs to find the entering column, SP(1) has to be formulated and solved as below. It 

is worth noting that a column can only be appended if its reduced cost is negative. In some of the 

previous research, only one column is added per iteration of the column generation, if any 

columns are found. This column is identified as the one which has the most negative reduced 



 

 

                

                 

    

              

                 

                

              

                 

              

           

 

      

92 

cost. In other research, all columns with negative reduced costs are added but the downside of 

adding all columns is that the size of RLMP would grow drastically, which in turn can increase 

the computational time. 

As mentioned earlier, in this research there are two subproblems, each associated with each 

stage. The way the subproblems are structured is that the objective function of SP(1) is based off 

of constraint (8-2), and all the constraints from the original problem associated with stage 1 are 

appended to the problem. For SP(2), the objective function is constructed based on constraint (8

3) and all constraints from the original problem corresponding solely to stage 2 are added as the 

constraints of SP(2). In the following, the mathematical formulations of the two subproblems are 

shown. The flowchart for column generation is illustrated in Figure 6.1. 

Fig. 6.1. Column generation flow chart
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SP(1):	 (9-1)
 

RZS ( ) = Minffff(−M ar,/, , +M fPr,/, , ,r)xr// r	! rr / 
R C	! Zrr+ffff IffM Pr,/, , ,r r	! r /r / 

+fff(fM ar,/, , ) lr/r / 
C R R r +fffff(fM Pr,/, , ,r) Z/(r )

/ r 
R+f(fff(−ar,/, , +fPr,/, , ,r) + Y/)C/ − 8 / r r 

Subject to: (3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 18, 28, 29) 

(9-2) 

SP(2): 

(10-1) RZS ( �) = Minf Ifff(ar,/, , +fPr,/, , ,r) Cr − fY/C/r / r /r /
K+fffSr/Y/Fr/ − 8 + Cmax r / 
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Subject to: 

(2, 16, 21, 22, 23, 24, 25, 26, 27,30, 31, 32) (10-2) 

6.2.1 Lower bounds 

During any iteration of column generation, a lower bound on the original problem can be 

obtained, provided that each of the subproblem is solved to optimality. In case where a 

subproblem is not solved to optimality, the obtained lower bound might be an invalid one. 

Meaning that in a minimization problem such as the one considered in this dissertation, the value 

of the lower bound might be even greater than the optimal objective value. The reason we are 

interested in finding the lower bounds, is to evaluate the quality of the solutions found by the 

proposed search algorithm since there is no measure for us to do so in the cases where the 

mathematical model for the original research problem cannot be optimally solved, without 

ending excessive computational time. 

The fact that the reduced cost of any primal variable is equal to the infeasibility of its 

corresponding constraint in the dual problem, enables us to find a lower bound on the objective 

function of the LP-relaxation of the master problem via constructing a dual feasible solution. 

At any iteration, the optimal dual values of RLMP can be adjusted to generate a dual feasible 

∗ ∗ ∗ ∗solution to the unrestricted DLMP. Assume {ai,j,p,b, Pi,j,b,p,r, Yj , 8s} are the optimal dual values for 

∗ RLMP, and ZS (s)is the optimal objective function value for subproblem s in a given iteration of 

the column generation. 

∗ It is known that ZS (s) is the infeasibility of the constraint associated with the subproblem (or 

∗ stage) s. In other words, if ZS ( ) is added to the left-hand side of (8-2), then the constraint 
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∗ becomes feasible. Adding ZS (s)to the left-hand side of the corresponding constrains of DLMP 

∗ can be viewed as adding ZS (s) to 8s∗ . Because this addition makes the constraints feasible, it can 

∗ ∗ ∗ ∗ be claimed that {ai,j,p,b, Pi,j,b,p,r, Yj , 8s∗ + ZS (s)} is a feasible solution for DLMP. 

Furthermore, the duality in LP indicates that if the primal problem is minimization the dual 

problem is maximization, and any feasible solution to the primal problem is greater than or equal 

to any feasible solution of the dual problem. In other words, it can be asserted that any feasible 

solution of the dual problem can be considered as a lower bound for the primal problem. As 

∗ ∗ ∗ ∗ claimed and shown in the last paragraph, {ai,j,p,b, Pi,j,b,p,r, Yj , 8s∗ + ZS (s)} is a feasible solution to 

DLMP, so the objective function of this solution is a lower bound on the objective function of 

LMP. Since LMP is the LP-relaxation of IMP, the objective function of this solution can be 

considered as a lower bound for the IMP. What is explained above can be represented in 

mathematical terms as shown below: 

∗ ∗∑ ∑ ∑/ ∑r ( − M − Pr)ar,/, , + ∑Rr ∑ ∑ ∑/ ∑r (−3M − Pr)Pr,/, , ,r + r / r /
∗ ∗∑/ Y/∗P/ + ∑s (8s∗ + ZS (s)) = ∑ ∑ ∑/ ∑r ( − M − Pr)ar,/, , + r /

∗ ∗ ∗∑Rr ∑ ∑ ∑/ ∑r (−3M − Pr)Pr,/, , ,r + ∑/ Y/∗P/ + ∑s (8s ) + ∑s ZS (s) ≤ r /
∗ZLM ≤ ZI∗M 

∗ In conclusion, ∑ ∑ ∑/ ∑r ( − M − Pr)ar,/, , + ∑Rr ∑ ∑ ∑/ ∑r (−3M − r / r /
∗ ∗ ∗Pr)Pr,/, , ,r + ∑/ Y/∗P/ + ∑s (8s ) + ∑s ZS (s) is a lower bound for IMP. Referring back to 

the duality theorem, at optimality, the objective function value of the dual and primal problems 

∗ are equal, meaning: ZRLM = Z∗LM . Applying this fact to this problem gives: 
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∗ ∗ ∗ZRLM +fZS (s) ≤ ZLM ≤ ZI∗M (11) s 

The above equation indicates that the summation of all subproblems and the restricted linear 

master problem is a lower bound for the original problem. As mentioned before, the only case 

where the above equation holds true is when all subproblems are solved to optimality. It happens 

that in real cases, the moment a column with a negative reduced cost is found for a subproblem, 

the search is stopped and further attempt is ceased to find the optimal solution. The reason is that 

finding the optimal solution is not necessary when an entering column, which has a negative 

objective function value, is already found. In such cases, during this process, a lower bound can 

be found on the objective function of the subproblem. If the lower bound on subproblem s is 

denoted by ZS̅ (s), then the following equation holds true: 

∗ S s ∗ IZRLM +fZ̅ ( ) ≤ ZLM ≤ Z∗M (12) s 

6.2.2. Branch-and-Bound 

Whenever no more columns are found to be appended to the RLMP, or in other words, no 

subproblem with negative reduced cost could be found, then the column generation stops and the 

optimal solution of the column generation is found. This solution, which is the solution of LP-

relaxation of the RMP, might not necessarily be integral. If the solution is not integral, then 

branching has to occur on one of the fractional variables of this solution. 
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It has already been discussed why the standard branching rules should not be used in B&P. One
 

of the issues in B&P is that if a column is infeasible due to B&B decisions, then this column 

should not be generated later during the iterations of column generation. Furthermore, the 

branching rules should partition the solution space validly. The rectification for the shortcoming 

of the standard branching rules is to perform the branching on the variables of the original 

problem instead of the variables of the master problem. Therefore, the variables of the original 

problem have to be calculated from the variables of the master problem. Equations (13-16) 

define how to find the original variables from the variables of the master problem. 

l txr/ = fxr/ At ∀i, j = 1,… , n; b = 1,… , B; p = 1,…, (13) t 
l t At ∀i, j = 1,… , n; b = 1,… , B (14) lr/ =flr/
t
!

lZrr = fZr tr At ∀i = 1,… , n; p = 1,… , P; r = 1,… , R; c = 1,… , C (15) t 
2Fr/ = fFr/t At ∀i, j = 1,… , n; k = 1,… , K (16) t 

Among all the variables of the original problem, the one most fractional variable is chosen to 

branch off this variable. Assume the most fractional variable is x�f/ . Clearly this variable is 

associated with SP(1) because it assigns and sequences jobs on the BOs in stage 1. After 

generating two branches off the current node of the B&B tree, one must make sure that all the 
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columns or master variables At with xf/ = 1 are on one branch and the other master variables 

with xf/ = 0 are on the other branch. 

When branching occurs, two new nodes are generated from the current node. Each of these new 

nodes generated is considered as a child of the parent node. When running column generation at 

any of the child nodes, no column violating the branching restriction must be generated. For 

instance, if based on the branching rule for the first child node xf/ = 1, then in all of the 

columns generated in this node via column generation, the value of xf/ has to be set equal to 

one. Meanwhile in the other node, the value of xf/ has to be set equal to zero in all generated 

columns. 

6.3. Selective-LP Relaxation 

As discussed before in this chapter, by relaxing a mixed-integer linear programming (MILP) 

model, a relaxed problem can be constructed that is easier to solve in comparison to the original 

mixed-integer problem. If the problem is minimization, then most likely the optimal objective 

function value of the relaxed problem is less than the optimal objective function value of the 

original problem and there is a little chance that both objective function values would be equal, 

as the optimal objective function value of the relaxed problem can never be greater than the 

optimal objective function value of the original problem. In this way, by solving the relaxed 

problem a lower bound on the original problem can be obtained within a significantly shorter 

time. But the downside of this type of relaxation is that there is a chance that the quality of the 

lower bound is low. Setting up comparisons using low quality lower bounds does not provide 
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useful information in terms of evaluating the performance of the search algorithm. We are
 

assuming that all variables can be relaxed (this may change for large problems). 

6.3.1. Iterative Selective LP Relaxation 

Since the solution from selective-LP relaxation might be of a really low quality, an improvement 

step is added to this method. In other words, after obtaining the optimal solutions from selective-

LP relaxation, some of the variables with a non-integral value are set to be integral and the 

problem is solved again. This new run would require more computational time due to the added 

integer or binary variables and it yields lower bounds with a higher quality than ones found 

previously with more relaxed variables. This process is then repeated until the predefined 

computational time limit is reached. In chapter 8 the performance of ISLPR is demonstrated 

along with B&P and MILP I. 

6.4. Implementation issues in B&P 

There are some issues that have to be considered and receive higher attention when 

implementing the B&P algorithm. These issues affect the efficiency and efficacy of B&P, and 

include initial solution algorithm, callbacks, concurrent optimization, and B&B level-dependent 

time assignment. 

6.4.1. Initial Solution Algorithm 

The first implementation issue is when SP2 of a medium-size or large-size problem has to be 

solved, sometimes it is hard to find the first feasible solution. In our case, this is more significant 

when CPLEX is used. Based on our observations, GUROBI (GUROBI, 2014) finds the first 

integer feasible solution faster than CPELX (ILOG CPLEX Optimization Studio, 2009). In order 

to expedite the optimization process, a warm start method is used for solving the mathematical 
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model. In this method, the solver is provided with an initial solution vector and therefore, the 

solver spends less time on finding the first integer feasible solution and instead it can spend more 

time on improving the quality of the feasible solution and the lower bound. As a result, it can 

reduce the gap between the feasible solution and the lower bound. 

It is worthy to note that the warm start is only used when SP(2) is being solved since SP(1) can 

be solved quickly even for large-size problems. 

An elaborate methodology is designed in order to generate a high quality initial solution. The 

quality of this solution can affect the overall time for finding the optimal solution. The proposed 

warm start has two steps: 1) applying a heuristic for SP(2), 2) using a tabu search for improving 

the quality of the first step’s solution. In the following we describe the heuristic algorithm. 

The objective function of SP(2) is a function of completion times in stage 2 times the dual 

variables plus the setup times multiplied by the sequences of jobs on the furnaces and a constant 

term. 

R n K n nZS ( �) = Min f If f f (ai,j,b,p + f Pi,j,b,p,r) Cr − f YjCj2 + f f f SijYjFijk − 82 r / r=1 j=1 k=1 i=1 j=1 r /
+ Cmax 

If we disregard the constant term, the above equation can be re-written as follows: 

K n nZS ( �) = Minf ∝r Cr +fff SijYjFijkr k=1 i=1 j=1 
Where
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R∝r= f f f (ai,j,b,p + f Pi,j,b,p,r) − Yi/ r=1 r / 
First, jobs are sorted in an increasing order based on ∝r value. Assuming there are F furnaces, 

the first F jobs on the list are assigned to the available F furnaces. The next step is to assign the 

nnext F furnaces. Since in the second assignment, for a given job j, ∑Kk=1 ∑i=1 SijYjFijk can be 

positive, and there are only F! possible ways of assigning the next F jobs to the furnaces, all the 

possible assignments are considered, and the assignment which increases the objective function 

value the least is selected. The same process is continued until the remaining jobs are all 

assigned. 

After finding this solution, a tabu search is applied, which uses insert and swap moves in order to 

investigate the chances of improving the heuristic algorithm’s solution. 

Our preliminary experiments confirmed that the subproblems that were really hard to solve 

optimally could be solved in a reasonable time by using this methodology. Although finding the 

optimal solution is not possible in all cases and a time limit is being used, in most cases it has 

provided solutions with small gaps between the incumbent and the lower bound. 

6.4.2. Callbacks 

During the computer runs, it has been noted that generally SP(1) is an easier problem to solve 

optimally rather than SP(2). In other words, usually even in large-size problems, SP(1) can be 

solved optimally within few minutes while in some iterations SP(2) might take hours. Dealing 

with such problem requires us to be mindful about time allocation. Several cases may occur 

depending on whether or not SP(1) or SP(2) can provide a negative reduced cost column. For 
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any of these cases, a different amount of computational time is granted to the solver for solving
 

SP(2). Assuming ZSP(1) and ZSP(2)_Heuristic represent the objective function values of SP(1) and 

SP(2),respectively, the following cases may be present: 

1. ZS ( ) ≤ 0 and ZS ( �)_���rrstr ≤ 0 
2. ZS ( ) ≤ 0 and ZS ( �)_���rrstr ≥ 0 
3. ZS ( ) ≥ 0 and ZS ( �)_���rrstr ≤ 0 
4. ZS ( ) ≥ 0 and ZS ( �)_���rrstr ≥ 0 

Each of above cases requires , , �, � computational time where < < � ≪ �. 

requires less computational time since each subproblem is providing a negative reduced cost 

column but SP(2)’s column can be of a higher quality if solved with GUROBI. is greater than 

since only one negative reduced cost column is available to be added to RLMP. � requires 

more time since again there is only one available column. � is greater than all of them because 

none of the subproblems were capable of providing columns to be added to the RLMP. 

In all of the above cases some rules can be set that if the pre-assigned time limit is reached but 

desired gap is not reached, the optimization process must continue. The other rule that is being 

used is to decide on termination of the optimization based on elapsed time and current gap. 

These rules can be implemented only through callbacks. 

Callbacks can send reports on the optimization progress and also user can modify the behavior of 

the Gurobi solver. Usually user designs and customizes problem specific routines as callbacks. 

These routines start as the optimization begins and they are called regularly. Callbacks are 
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invoked in several situations. Whenever a callback is invoked, user can query certain values such
 

as current MILP gap, total number of nodes visited, etc. 

It has been observed that in iterations of column generation where heuristic algorithm does not 

provide negative reduced costs to add to the RLMP and consequently when GUROBI is used to 

solve the problem, sometimes computational time is spent on solving a subproblem optimally 

and yet it cannot obtain promising lower bounds. In other words, our interest is to allow for 

sufficient computational time needed for solving a subproblem optimally only if the overall 

lower bound would be less than or equal to a desirable percentage of the search algorithm’s best 

solution. This idea can also be implemented via callbacks. 

Assume ZRLM is the objective function of the RLMP and ZS ( ) is the objective function of 

SP(1), which is solved optimally, and ZS (�)_ �st_ / represents the best objective function of 

the problem found when a callback is invoked. The possible bound for the problem can be 

calculated as follows: 

P0ssible_b0und = ZRLM + ZS ( ) + ZS ( �)_ �st_ / − 8 
lIt is worthy to note that if the best objective function found at = is ZS (�)_ �st_ / and at = 

2 lis ZS (�)_ �st_ /, then P0ssible_b0und l ≥ P0ssible_b0und 2 because ZS (�)_ �st_ / ≥ 
2 l 2ZS �_ �st_ /. On the other hand, it is crucial to keep in mind since ZS (�)_ � ≤ ZS (�)_ � , 

the lower bound of SP(2) will improve as the optimization process continues and therefore it can 

be concluded that the valid lower bound that can be used at = and at = is: 

l�alid_l0werb0und l = ZRLM + ZS ( ) + ZS ( �)_ � − 8 , and �alid_l0werb0und 2 = 
2 l 2ZRLM + ZS ( ) + ZS (�)_ � − 8 where ZS (�)_ � ≤ ZS (�)_ � . 
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Based on all the facts mentioned above, some of the rules that have been designed and embedded 

in our callbacks are listed below: 

• P0ssible_b0und ≪ upperb0und 
• P0ssible_b0und ≪ upperb0und || ime limi is reacℎed 
• MAx_ fM�_LfM is reacℎed. This is a maximum time limit allowed for each run. 

Approximating the best possible lower bound that can be calculated by solving SP(2) optimally 

allows us to identify at what iteration we need to spend the required computational time for 

solving SP(2) optimally. It is worthy to note that we have used all three rules in our callbacks. 

6.4.3. Concurrent optimization 

Gurobi solver enables users to solve a problem with several settings at the same time. When 

solving an LP problem, solvers such as CPLEX and Gurobi use three different methods to solve 

the problem: 1) primal method, 2) dual method, and 3) barrier method. One idea is when solving 

an LP problem, which in this case is RLMP, three parallel runs can be started, and each solving 

RLMP with one of the above mentioned methods. Whichever method that finds the optimal 

solution terminates the other runs. This idea would be more efficient if RLMP takes a tangible 

amount of time while in our case large-size RLMP’s can be solved in <2 minutes, which is the 

reason for not solving RLMP with three different methods. 

On the other hand, the only available method for solving MILP is B&B. In solving MILPs, the 

important factor to pay attention to is the parameter setting of the solver. By default the solver 

automatically tunes the optimization parameters, which may not be the optimal approach, but if 

enough computational capability in terms of hardware is made available, one can set up parallel 
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runs with different settings. Some of these parameters that we have examined are as follows: 1) 

cutting planes: there is a parameter that sets the aggressiveness of cutting plane generation. The 

aggressive parameter setting results in removing more regions of the solution space, which does 

not affect the optimal solution. The pitfall of this parameter setting is the generation of excessive 

number of constraints, which consequently makes the problem to require more computational 

time. The remaining parameters are explained next: 2) Focus on finding the first feasible 

solution: this setting won’t be one of our concerns since an initial solution algorithm is designed 

to obtain a high quality initial feasible solution, 3) Focus on improving the lower bound: this 

parameter is one that might speed up the optimization progress. Observations confirmed that the 

solver can find a high quality solution in a short time while there is a large gap between the 

lower bound and the best solution found so far, 4) Focus on proof of optimality: based on our 

observations, this parameter is beneficial specifically when SP(2) is not solved optimally and the 

lower bound of the run is used instead, 5) Automatic parameter selection: the other option is to 

allow the solver to choose the parameters for optimization by itself. 

6.4.4. B&B level dependent time assignment 

During the early iterations of branch-and-bound, in the upper levels of the branch-and-bound 

tree, solving SP2 is harder since there are less number of branching constraints. The more B&P 

explores lower levels, the more it adds branching constraints hence solving SP2 is easier. 

Therefore, in upper levels, less time is allowed for solving SP2 while in lower levels, more 

computational time is allowed for solving since spending more computational time in lower 

levels of B&B is more likely to result in solving the SP2 optimally or to find a lower bound of 

high quality for SP2. 
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6.4.5. Stabilization
 

Typically in column generation, the progress slows down when it approaches the optimal 

solution and incoming columns make insignificant improvement to the upper bound. This 

phenomenon, also known as tailing-off effect, results in column generation taking a considerable 

amount of time to obtain the optimal solution. In order to avoid tailing-off effect, whenever there 

is an insignificant improvement or no improvement in the last predefined number of iterations of 

column generation, column generation is stopped and branching is performed. 

In column generation, upper bound has a monotonic improvement while lower bound suffers 

from non-monotonic progress. This phenomenon is mainly because of the oscillation of dual 

variables since they tend to move from one extreme point of the solution space to another. There 

are several stabilization and smoothing techniques available in the literature. In order to smooth 

the dual variables, Wentges (1997) proposed that the value of dual variables in the next iteration 

can be the convex combination of the dual vector providing the best lower bound so far and the 

most recently found duals by solving RLMP. Assuming that 8rt represents dual variable i at 

iteration t and 8r �st is the associated dual variables from the best lower bound found so far, then 

the dual variables used in the next iteration t+1 are found from the following equation: 

t t + t8r = a8r (1 − a)8r
Where a is a parameter between zero and one. If no negative reduced cost columns are found 

while solving sub problems, then Wentges method proposes to either solve the problem with a 

new parameter P where a > P or to use the duals directly found from solving RLMP. However, 

in the aforementioned case, the original duals are used. Also it is worth noting that the original 

duals are used whenever it is required to find valid lower bounds in column generation. 
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7. Experimental setup and data generation 

In the previous chapters, three different search algorithms were designed for solving this research 

problem. Each of these search algorithms must be evaluated and compared against each other in 

different parameter settings and problem structures in order to uncover the best search algorithm 

among them. To fulfill this purpose, two research questions must be addressed. First, for the test 

problems solved, is there a statistically significant difference between the performances of the 

algorithms, and if there is any, which one provides the best solution. Second, based on the 

optimal solution obtained for the problems via solving a mathematical model optimally, or in the 

cases where only a lower bound is available via solving the mathematical model non-optimally, 

using B&P and ISLPR, which one of the algorithms provides a tighter lower bound. 

In order to find an answer for the first research question, a comprehensive set of experiments are 

designed and performed using a split-plot design (Montgomery, 2008). Split-plot designs are 

applied when it is preferred to run an experiment as in a group of runs, which are called whole 

plot. Inside each group of runs, at least there is a factor that is constant and can’t vary but it 

varies between the groups. These factors are called “hard to change” since modifying these 

factors might be practically hard or economically expensive. Hence by fixing at one of the levels 

of these factors, a group of runs are performed and then this factor is allowed to take its next 

value. One of the applications of the split-plot design is in the agricultural industry since one of 

the factors in the design of experiment can be the irrigation method or a fertilizer type which in 

practice is applied to large land sections (whole plot). Inside each whole plot there can be 

another factor such as seed type that can be varied easily and it is applied on smaller portions of 

the land. This factor is called “subplot”. In this research, the factors in the main plot include the 

structure, setup time to run time ratio, and setup type ratio. Setup type ratio sets the percentage 



 

 

                 

                

              

               

                

                 

               

            

              

               

                  

                

               

              

            

               

             

                 

              

               

      

                 

              

108 

of cases where a pot wash or a mandatory pot change is required. Further explanations on this 

parameter are provided later in this chapter. The only factor in the sub-plot is algorithm with 

three levels representing the three search algorithms i.e. TS, LTM_MIN, LTM_MAX. In order to 

address the second research question, the results from the best search algorithm will be compared 

with the best lower bound obtained by B&P, ISLPR, or MILP I. Size of the problem 

distinguished by number jobs, and machines in stages 1 and 2, is the most important factor in 

establishing the performance of the search algorithm and with a greater impact it influences the 

performance of B&P and the mathematical model. Hence, comparisons of search algorithms 

against the lower bounds are carried out on randomly generated test problems with different 

structures. These test problems are created based on number of jobs, number of machines in 

stage 1, and number of machines in stage 2. Among above three factors, number of jobs is the 

most important factor, and therefore two sets of problems are tested based on the above structure: 

(small) and (large). Number of jobs is found using a uniform distribution [a,b]. For small-size 

problems, this number is generated randomly from [8,12] and for large-size problems, number of 

jobs is chosen randomly from [13,25]. A large-size problem generated with aforementioned 

parameters can create a model with more than 200000 constraints and more than 7000 binary 

variables. Hence dealing with a model requiring these many constraints and binary variables 

limits the size of the problems that can be solved by commercial solvers and the lower bounding 

mechanisms. These ranges are dictated by the capability of CPLEX and GUROBI in solving 

MILP problems and also by the computational and memory capabilities that were available at the 

time of running these experiments. 

In the case where search algorithms are compared against each other, the number of jobs can be 

much greater than the interval introduced above since number of constraints and binary variables 
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can’t cause any issues for the search algorithm. Benefiting from this fact, the number of jobs for 

small-size problems are generated from [40, 70], and for large-size problems from [80, 120]. The 

number of machines in stage 1 is chosen randomly from [1-2] in small-size problems, and for 

large-size problems it is chosen randomly from [3-4]. For small-size problems, the number of 

machines is randomly chosen from [1-3], and for large-size problems it is chosen from [4-6]. 

Two parameters, introduced earlier, are number of pots and number of pourings per pot. Since 

over estimation of these two parameters affect the performance of the mathematical model and 

the B&P algorithm, a formulation must be devised to estimate the smallest upper bound on the 

number of pots and pourings per pot. The following formulation holds true in second stage 

between jobs, furnaces, and pots: 

# 0f j0bs = # 0f p0 s per furnace × #p0urings per p0 × # 0f furnaces × p0 efficienc� 
When a problem is generated, number of jobs, and number of furnaces is known. Pot efficiency 

is also known from the industry data, and is set to be 0.75. So, in the above formulation, only two 

factors are unknown i.e. # of pots per furnace (PF) and # of pourings per pot (PP). These 

parameters are obtained by fixing one parameter and finding the value of the other parameter 

from the above equation. It needs to be mentioned that if there are two cases in which PF × 
PP = PF × PP and PF > PF , then the combination with (PF , PP ) is more suitable for the 

cases with more number of mandatory pot changes, although using this setting for the problems 

requiring less mandatory pot changes obtains inferior maximum weighted completion times. On 

the other hand, (PF , PP ) is more suitable for the test problems with less number of pot changes 

since a single pot can handle more number of jobs without requiring a pot change due to 

allowable maximum number of pourings per pot. However, for the purpose of search algorithm 
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comparisons, number of pot usages are generated randomly from [20-30] and unlimited number
 

of pots are assumed to be available. 

Run times on furnaces are always generated uniformly from [20-40]. The run times on the BOs 

are also generated randomly from [60-70]. It is worth noting that for the same test problem, all 

furnaces have the same processing time for a given job and the same holds true for the BOs. 

Jobs in stage 1 may require a SM, SQ, or LRG grate for loading in the BOs. In order to assign a 

grate type to each job, a random number is generated, if it was less than 1/3, greater than 1/3 but 

less than 2/3, or greater than 2/3 it requires SM, SQ, or LRG grate, respectively. Furthermore, it 

is assumed there are different patterns, each with three rows and four columns. Smaller patterns 

with 2 rows and 3 columns are used for the lower bound comparisons since there are less number 

of jobs in their associated test problems. 

The setup time to run time ratio (srr) shows the scale of the average setup times on furnaces due 

to pot changes compared to run times on the furnaces. It has been investigated and reported by 

Schaller, Gupta, & Vakharia (2000) that this ratio affects the complexity of a flow line 

scheduling problem with sequence-dependent setup times. In order to reduce this “known” 

variability, this factor is blocked in three different levels i.e. 1/1, 2/1, 5/1. 

As explained in the problem description, three cases might occur between two consecutive jobs 

on the furnaces in terms of setup requirement: 1) no setup required (setup time = 0), 2) pot wash, 

and 3) mandatory pot change. In other words, if a setup is required, two different setup types can 

occur between any two consecutive jobs on a furnace. Pot washes are known to be the “minor 

setup” and pot changes are known to be the “major setup” since when a pot wash occurs, two 

consecutive jobs can still be processed using the preceding job’s pot, which is not the case when 
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a pot change occurs. Based on the industry problem data, the amount of time required for pot 

wash is equal for all jobs and it is smaller than the pot change, although not negligible. Hence, 

the most important factor among these two setups is the major setup, and its effect is investigated 

in the proposed split-plot design as one of the factors in the whole plot and pot wash is not 

considered as a separate factor in the whole plot because of its lesser importance. 

It is clear that test problems with more setup time of type 3 are more complicated. This type of 

test problems can be experienced when there is a greater variety in the orders received from 

customers for different jobs as opposed to a case where different orders might be for common 

job types. The occurrence of setup type 3 is less likely than others as explained next using an 

example. Assume that in a production planning horizon, there are 200 jobs to be scheduled and 

processed. In reality, each of these jobs is part of a customer order with an order size of greater 

than one. Assume also that there are 10 customers placing their orders with the following order 

sizes for products 1 to 10: 21, 12, 5, 41, 8, 11, 32, 22, 45, and 3. It is important to note that type 3 

setup can only occur if two consecutive jobs are from different customers or if they belong to 

two separate orders of a customer, and furthermore they also must require different pot sizes. 

There are cases that two different parts require the same pot size but due to the difference in their 

alloy sizes, only a pot wash is required. Also it might be possible that two consecutive jobs from 

different customers don’t require any pot change. Furthermore, if two consecutive jobs require 

different pot sizes but the preceding job requires a bigger pot than the succeeding job, a pot 

change is not required since the pot which is currently in use can provide enough capacity for the 

volume of the succeeding job’s molten metal. Finally, two consecutive jobs from the same order 

may not require any setup. Thus, three different levels of setup type (pwpc) are considered for 

generating random test problems as follows: easy, medium, and hard. Setups are generated using 
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three threshold values as follows: easy: [0.9, 0.06, 0.04]; medium: [0.8, 0.12, 0.08], and hard: 

[0.75, 0.15, 0.1]. For example, for an easy setup test problem, a random number is generated and 

if the number was less than 0.9, then no setup is required; if the random number is greater than 

0.9 but less than or equal to 0.9 + 0.06 = 0.96, then a pot wash is required, and finally if it was 

greater than 0.9 + 0.06 = 0.96 then a mandatory pot change is required. If a pot change is 

required the run time to setup time ratio is used to generate a random number from [5-15]. It is 

worthy to note that a pot wash value is generated only once for a given test problem. 

In order to assign a weight to a job, several methodologies can be considered. Assuming there 

are n jobs, jobs are sorted randomly and the first job is indexed with number 1 representing the 

job with the least priority, second job is indexed with number 2, and finally the last job is 

indexed with n representing the most important job with respect to the due date. Then, all these 

(  )
weights are normalized by dividing each job’s index by . This normalization enables all 

jobs to have a weight between 0 and 1. It is worth noting that by assigning the weights using the 

aforementioned methodology, no two jobs can have the same weight. For such cases, a 

(  )
modification has to be made when normalizing the weights and has to be changed 

accordingly to the summation of all weights. 

Some examples of the test problems that are used in the next chapter to compare the performance 

of the three search algorithms are included in Appendix B. 
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8. Analysis of Results 

In the previous chapter, random test problem generation mechanisms were described in detail in 

order to investigate the performance of the search algorithms in terms of the solution quality and 

computational time. All these runs are performed on Intel Core(TM)2 Quad CPUU Q6600 @ 

2.4GHz with 8GB RAM. 

As discussed earlier, there are three factors in the main plot i.e. structure, setup time to 

processing time ratio, and setup type, which create 2 × 3 × 3 = 18 combinations of treatments. 

Each combination of treatments is replicated four times to increase the power of the experimental 

design. Each replicate, which represents a test problem, is solved by all three algorithms 

resulting in 18 × 4 × 3 = 216 response values for the split-plot design. The mathematical model 

for the split-plot design can be formulated as follows: 

�r/ m = � + �r + P/ + Y + 8 + (PY)/ + (P8)/ + (Y8) + (PY8)/ + �r/ + �m + 
(�P)m/ + (�Y)m + (�8)m + (�PY)m/ + (�P8)m/ + (�Y8)m + (�PY8)m/ + Er/ m 
Where � is the overall mean effect, �r is the replicate effect, P/ is the effect of jth level of 

structure, Y represents the effect of kth level of setup time to processing time ratio, 8 is the 

effect of lth level of setup type, and �m is the effect of m th algorithm, �r/ is the whole plot error, 

and Er/ m is the subplot error. 

It is important to mention that the experiments here are performed in accordance with the 

industry problem, meaning that structure, setup time to processing time ratio, and setup type are 

recognized as hard to change factors. For instance, testing a small-size problem may require one 

furnace while a large-size problem may require four furnaces. Realistically speaking, installation 
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of new machinery would make the full randomization hard to fulfill. However, as these 

experiments are implemented in a computer run, the hard to change factors can be considered as 

easy to change factors, and a factorial design with blocking can be used instead. Blocking 

ensures that each test problem generated is tested with all three search algorithms. However, a 

split-plot design is chosen over a factorial design with blocking as the former enables comparing 

the subplot treatments with greater precision than main plot treatments. Consequently, the search 

algorithm is assigned to the subplot, as it is the factor of most interest in this experiment. This 

sentiment is also shared by Jones & Nachtsheim (2009) where they mention that almost every 

industrial experiment is a split-plot design because in most experiments at least there is a factor 

that to some degree restricts the experiments’ randomization. Also split-plot designs are 

previously employed as a suitable technique for comparing several alternatives against each 

other (Amini & Racer, 1994; Amini & Barr, 1993; Nance, Moose, & Foutz, 1987). 

8.1. Search algorithm results 

The results obtained from running all three search algorithms on small-size and large-size 

problems are presented in Tables 8.1. and 8.2. Also the computational time results of search 

algorithms on small and large-size problems are presented in Appendices C and D. 

After plotting the data from Tables 8.1. and 8.2 it has been observed that data has a distribution 

similar to 2-mixture normal distribution. Hence, a transformation is required to obtain 

normalized data. In these cases, transformations such as logarithm, square root, and reciprocal 

are typically used to transform the data. All these transformations have been tested and the 

results were not promising. Thus a numerical method, the so called Box-Cox technique was used 

with the following formula for the transformation: �r(�) = � �i�� , if A ≠ 0 l0g(�r), if A = 0 
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Table 8.1. Search algorithm results for small-size problems 

Structure 

Job BO Furnace 
pwpc srr rep 

Obj 

TS LTM_MAX LTM_MIN 

1 1 1 30.057 24.462 20.5716 

1 1 2 24.3988 23.4204 24.1966 
41 1 2 

1 1 3 23.5848 23.5334 22.7292 

1 1 4 24.424 23.4204 23.9022 

1 2 1 27.8643 27.8643 27.8643 

1 2 2 27.6782 30.129 25.7972 
Small 44 1 1 

1 2 3 27.4758 24.6169 24.6169 

1 2 4 29.6832 27.8517 27.0432 

1 3 1 30.0192 29.234 27.485 

1 3 2 29.5754 28.4955 28.6885 
55 2 1 

1 3 3 31.8325 28.9448 29.715 

1 3 4 30.429 24.525 21.6012 

2 1 1 25.9292 25.9576 26.0148 

2 1 2 23.4416 26.4455 26.865 
65 1 2 

2 1 3 24.883 30.1112 25.1328 

2 1 4 26.9696 24.7114 23.8554 

2 2 1 29.5152 28.3605 25.3576 

2 2 2 28.9639 25.3732 26.2596 
Small 69 1 2 

2 2 3 25.3344 27.0027 24.983 

2 2 4 30.2746 25.2126 25.047 

2 3 1 26.5716 25.0833 22.4784 

2 3 2 24.108 24.764 23.452 
53 1 2 

2 3 3 28.749 26.166 23.9512 

2 3 4 24.255 24.549 19.6173 

3 1 1 25.1392 23.4808 20.4294 

3 1 2 27.3819 27.1788 25.6172 
68 1 2 

3 1 3 25.484 24.9854 25.484 

3 1 4 29.7579 24.5699 21.9904 

3 2 1 25.482 24.366 25.017 

3 2 2 25.482 24.9754 24.327 
Small 49 1 2 

3 2 3 22.54 22.5008 21.9425 

3 2 4 25.0792 24.252 24.6656 

3 3 1 32.946 25.606 25.3129 

3 3 2 26.6072 30.4288 25.2284 
54 1 3 

3 3 3 30.9912 28.0275 25.41 

3 3 4 26.6419 26.0926 22.537 
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Table 8.2. Search algorithm results in large-size problems 

Structure 

Job BO Furnace 
pwpc srr rep 

Obj 

TS LTM_MAX LTM_MIN 

1 1 1 5.18 5.1708 5.1585 

1 1 2 5.2266 5.0553 5.2402 
100 4 6 

1 1 3 5.874 5.8926 5.856 

1 1 4 5.5775 5.5566 5.408 

1 2 1 5.3475 5.269 5.176 

1 2 2 5.1798 5.1381 5.031 
Large 90 3 5 

1 2 3 5.4662 5.3352 5.3213 

1 2 4 5.432 5.3793 5.3672 

1 3 1 4.719 4.6671 4.6002 

1 3 2 5.1709 5.1414 5.17 
94 3 5 

1 3 3 5.024 5.0132 5.104 

1 3 4 6.5238 6.4449 6.2496 

2 1 1 6.3498 6.3498 6.3498 

2 1 2 6.4144 6.3344 6.3126 
96 3 4 

2 1 3 5.8976 5.8976 5.8976 

2 1 4 6.0496 6.0496 6.025 

2 2 1 6.2023 6.2292 6.1376 

2 2 2 6.2832 6.2832 6.2832 
Large 102 3 4 

2 2 3 5.7456 5.7196 5.7609 

2 2 4 5.7565 5.5536 5.2345 

2 3 1 4.9179 4.7872 4.9179 

2 3 2 4.8477 4.725 4.7656 
101 3 5 

2 3 3 5.9976 5.8875 5.8616 

2 3 4 5.8344 5.8718 5.7276 

3 1 1 4.82 4.7436 4.5936 

3 1 2 4.8825 4.9434 4.9152 
86 3 6 

3 1 3 4.564 4.5056 4.5056 

3 1 4 4.9476 4.7725 4.592 

3 2 1 4.42 4.4274 4.462 

3 2 2 4.3818 4.3575 4.2904 
Large 82 4 6 

3 2 3 4.6208 4.5477 4.5696 

3 2 4 4.4137 4.3555 4.3216 

3 3 1 6.3246 6.2416 6.237 

3 3 2 6.6538 6.6051 6.5302 
82 4 5 

3 3 3 6.3855 6.2275 6.298 

3 3 4 6.2217 6.2217 6.1102 
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This method was tested using JMP 11 (JMP, 2007), and the closest transformed distribution to 

normal was obtained when A = 0, which is equivalent to using normal transformation. Therefore 

a customized transformation is used as follows: 

' �i�r = −log ((�i �)2) , where � = ∑r . 

The reason for having the data as a 2-mixture normal distribution is that the objective function 

value for large-size problems are smaller than small-size problems. The objective function in this 

problem is evaluated by multiplying the maximum completion time of all jobs and its associated 

weight. In large-size problems, the maximum weighted completion time of all jobs increases by 

having more jobs while more available machines in large-size problems decreases the 

completion times. Additionally, the values of the weights are decreased since weights have an 

inverse relationship with the number of jobs. The minimum weight in a large-size problem is 

noticeably smaller than the minimum weight in a small-size problem. Hence the objective 

functions for large-size problems are smaller than small-size problems. The split-plot design is 

implemented in STATGRAPHICS Centurion XVI (2013). The Anova table generated by 

STATGRAPHICS is shown in Table 8.3. Also the 95% confidence intervals on the means of 

objective function values of the three algorithms are shown in Figure 8.1. 

As it can be observed from Table 8.3, there is a difference between different levels of algorithm 

since the associated P-value is smaller than the significance level i.e. 0.0099 < 0.05. Therefore 

comparisons have to be made to study the difference between different levels of the algorithm. 
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Table 8.3. Anova table for transformed objective function values 

Source (Whole plot) Sum of Squares Df Mean Square F-Ratio P-Value 

Structure 0.036556 1 0.036556 0.61374 0.43637 

PWPC 0.101168 2 0.0505838 0.84925 0.43265 

RS 0.167229 2 0.0836144 1.40381 0.25336 

Structure*PWPC 0.0980454 2 0.0490227 0.82304 0.44383 

Structure*RS 0.199118 2 0.0995588 1.6715 0.19632 

PWPC*RS 0.419957 4 0.104989 1.76267 0.14777 

Structure*PWPC*RS 1.00492 4 0.25123 4.21792 0.00439 

Whole plot error 3.69288 62 0.0595626 

Source (Sub plot) Sum of Squares Df Mean Square F-Ratio P-Value
 

Alg 0.463201 2 0.2316 8.04 0.0099 

Replicate(Alg) 0.259226 9 0.0288029 - 

Alg*Structure 0.533806 2 0.266903 17.58 0 

Alg*PWPC 0.0209019 4 0.00522546 0.34 0.8478 

Alg*RS 0.0700241 4 0.017506 1.15 0.334 

Alg*Structure*PWPC 0.0212796 4 0.00531991 0.35 0.8435 

Alg*Structure*RS 0.0703741 4 0.0175935 1.16 0.3314 

Alg*PWPC*RS 0.10909 8 0.0136362 0.9 0.5198 

Alg*Structure*PWPC*RS 0.11799 8 0.0147487 0.97 0.4606 

Sub plot error 2.32315 153 0.015184 - 

Total 6.01603 215
 

Fig. 8.1. Means and 95 percent LSD intervals
 

Figure 8.1 graphically implies that Algorithm 3, which is LTM_MIN, obtains the least maximum 

weighted completion time of all jobs. Also means of algorithm 2, LTM_MAX, is inferior to 
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LTM_MIN and superior to algorithm 1, TS. But it has to be investigated to see if the differences 

are statistically significant or not. Table 8.4 shows the multiple comparisons on objective 

function values of three different levels of algorithm factor. The comparisons are done using 

Fisher’s Least Significant Difference (LSD). 

Table 8.4. 0.05% LSD results from STATGRAPHICS 

Contrast Sig. Difference +/- Limits 

1 - 2 0.0418056 0.0639869 

1 - 3 * 0.1122220 0.0639869 

2 - 3 * 0.0704167 0.0639869 

* denotes a statistically significant difference 

Therefore, the overall conclusion is that LTM_MIN outperforms LTM_MAX and TS 

significantly, while although LTM_MAX seem to be superior to TS but statistical tests indicate 

that the difference between LTM_MAX and TS is not significant. 

(A) A �( �st)
The deviation of an algorithm from LTM_MIN is defined as dev = A � A �( �st) × 100. TS 

and LTM_MAX deviate from LTM_MIN by 11.29% and 6.21%, respectively, in small-size 

problems. TS and LTM_MAX deviate from LTM_MIN by 1.7% and 0.68%, respectively, in 

large-size problems. Also for all problems attempted, TS and LTM_MAX deviate from 

LTM_MIN by 6.51% and 3.44%, respectively. 

In small-size problems, TS, LTM_MAX, and LTM_MIN required 1.22, 2,44, and 2.44 hours on 

average to solve each test problem while in large-size problems these values are: 3.87, 7.49, and 

8.53 hours. Although LTM_MIN requires more time, it yields higher quality solutions which 

makes it worthwhile to spend the time on exploring the solution space in favor of finding higher 

quality solutions. The average computational time of LTM_MAX, and LTM_MIN is 199% and 
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200.4% of TS, respectively, in small-size problems. This amount for large-size problems is
 

193% and 219.976%. 

8.2. Results from MILP I, ISLPR, and B&P 

As discussed in earlier chapters, for evaluating search algorithms performance in small-size 

problems, deterministic methods can be used. As the size of the problem grows, solving 

mathematical models is not a reliable approach for making comparisons and hence lower 

bounding methods are needed to be developed. Therefore, in the cases were mathematical model 

was not able to find an optimal solution, in addition to the lower bound found by the 

mathematical model, lower bounds found from two other proposed methods are also used to 

further explore the efficacy of the proposed search algorithms. Again, as discovered in Chapter 4 

and Appendix A, the experiments revealed that MILP I outperforms MILP II, MILP III, and 

MILP IV. Hence wherever mathematical model is mentioned in these experiments, it refers to 

MILP I and no other models are considered. 

Two sets of test problems, each with 10 test problems are generated as explained in the previous 

chapter and for each test problem, three search algorithms, MILP I implemented in GUROBI, 

B&P, and ISLPR are tested and results from best search algorithm is tested against the best lower 

bound obtained via three lower bounding methods that are developed. 

The problem characteristics of the two sets of small and large test problems that have been tested 

with MILP I, B&P, and ISLPR are shown in Tables 8.5 and 8.6. These two tables exhibit the 

number of jobs, pots, pot usages, number of BOs, furnaces, patterns, and rows and columns per 

pattern. 
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Table 8.5. Small-size problem characteristics 

P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

Job 8 8 9 9 10 10 11 11 12 12 

pots 3 2 3 3 5 3 5 3 4 3 

Pot usages 4 3 5 4 3 3 3 3 3 3 

BO 1 2 2 3 2 2 2 2 2 2 

Furnace 1 2 1 2 1 2 1 2 2 3 

Pattern 2 2 2 2 2 2 2 2 2 2 

Row 2 2 2 2 2 2 2 2 2 2 

column 3 3 3 3 3 3 3 3 3 3 

Table 8.5. Large-size problem characteristics
 

P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

Job 13 14 14 15 15 18 25 20 19 20 

pots 3 3 3 4 5 5 5 7 7 7 

Pot usages 3 3 3 3 4 5 5 6 6 6 

BO 2 3 2 2 2 2 2 2 3 3 

Furnace 2 3 3 3 2 2 3 3 2 2 

Pattern 2 2 2 2 2 2 2 2 2 2 

Row 2 2 2 2 2 2 2 2 2 2 

Column 3 3 3 3 3 3 3 3 3 3 

Results from running MILP I (B&B), B&P, ISLPR, and three search algorithms in small-sizes 

are shown in Table 8.6. Also several gap measurements are depicted in Table 8.7. Computational 

times are included in Appendix E. B&B gap is the gap between lower bound and the best 

objective function found by the B&B method. Best gap is the gap between best of the search 

algorithms for each test problem and the optimal solution. Search alg vs B&P is the gap of best 

search algorithm from B&P. 

Based on Table D.1, either search algorithms find their solution in a very short timer time in 

comparison to B&B. The minimum and maximum time required by each algorithm are 2 and 12 

min while B&B required more than 1 hour in 4 cases and in two cases it needed 8 hours for 
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finding the optimal solution. Based on Table D.2, it can be observed that required computational 

times for search algorithms are increasing as the problem size grows. B&B, B&P, and ISLPR are 

given 12 hours to run in large-size problems. Also in large-size problems the average time 

required by search algorithms to solve problems are 14.18, 33.28, and 36.98 minutes for TS, 

LTM_MAX, and LTM_MIN, respectively. 

Table 8.6. Small-size test problem results 

Binary Constraints Best Obj Lower Bound B&P ISLPR 
Obj 

TS LTM_MAX LTM_MIN 

P1 433 4046 21.7333 21.7333 18.9907 21.733 21.7333 21.7333 21.7333 

P2 674 5577 19.05 19.05 17.1535 19.05 19.05 19.05 19.05 

P3 766 7047 17.0588 17.0588 15.8469 17.012 18.2059 17.0588 17.0588 

P4 1154 14862 18.9 18.9 18.9 17.28 22.62 20.7 18.9 

P5 921 14046 27.9166 27.9166 27.9166 22.62 44.98 30.78 31.4 

P6 1062 14735 18.72 18.72 16.2519 18.7 23.7 23.4 19.72 

P7 1090 18010 29.52 29.52 23.34 28.7 35.1 29.52 29.52 

P8 1256 18844 17.82 17.82 15.1631 17.78 24.3 21.33 17.82 

P9 1538 25221 16.24 16.24 12.62 14.52 21.82 17.92 17.92 

P10 1466 23625 16.86 16.86 11.8586 14.8709 22.9 21.12 16.86 

Table 8.7. Small-size test problem gaps 

B&B Gap Best Gap 
Search Alg 

vs B&B 

Search Alg. 

vs B&P 

B&P vs 

B&B 

Search Alg 

vs ISLPR 

0.00 0.00 0.00 14.44 12.62 0.00 

0.00 0.00 0.00 11.06 9.96 0.00 

0.00 0.00 0.00 7.65 7.10 0.28 

0.00 0.00 0.00 0.00 0.00 9.37 

0.00 10.26 10.26 10.26 0.00 36.07 

0.00 5.34 5.34 21.34 13.18 5.45 

0.00 0.00 0.00 26.48 20.93 2.86 

0.00 0.00 0.00 17.52 14.91 0.22 

0.00 10.34 10.34 42.00 22.29 23.42 

0.00 0.00 0.00 42.18 29.66 13.38 

Averages 2.59% 2.59% 19.29% 13.07% 9.11% 

In small-size problems, B&B found the optimal solution in all 10 test problems. The maximum
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number of binary variables and constraints in small-size problems are 1538 and 25221,
 

respectively. Among all three search algorithms, in 7 cases optimal solution is found. The 

average time required by B&B to find the optimal solution in small-size problems increased as 

problem size increased. 

Since in small-size problems, B&B is capable of obtaining the optimal solution, it can be used as 

a measurement for evaluating the performance of search algorithms. The deviation or gap in the 

case where the optimal solution is available is found through the following formula: 

Gap = �searcℎ alg0ri ℎm_obj − op imal_obj0p imal_obj � × 100 
The average gap of the best solution from all three algorithms from B&B is 2.59%. The average 

gap of search algorithm from B&P in small-sizes is 19.29%. Also in one case B&P was able to 

find the optimal solution. The deviation of B&P lower bound from the optimal solution provided 

by B&B is 13.07%. ISLPR was able to find the optimal solution in two cases and the average 

deviation of ISLPR from search algorithm is 9.11%, which is superior to B&P’s deviation is 

small-size problems. Finally, the average gap of TS, LTM_MIN, and LTM_MAX from the 

optimal solution is 23.95%, 8.39%, and 2.81%, respectively. These results confirm our findings 

via the comprehensive design of experiments in split-plot design which discovered that 

LTM_MIN outperforms the other algorithms when they are compared against each other and 

findings in this section reveal that when the optimal solution is known and available, LTM_MIN 

is still outperforming other algorithms. 

Furthermore, the availability of optimal solutions in small-size problems provide a good 

opportunity to evaluate the performance of the two lower bounding mechanisms. B&P and 
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ISLPR are allowed to run to up to 8 hours for each test problem. It is worthy to mention that
 

algorithms such as B&P are expected to outperform B&B in large-size problems since they apply 

methodologies different than B&B, which enable them to overcome the difficulty of dealing with 

large number of binary variables. 

Results from running MILP I (B&B), B&P, ISLPR, and three search algorithms in large-size 

problems are shown in Table 8.8. Gap measurements are shown in Table 8.9. 

Table 8.8. Large-size test problem results 

Binary Constraints Best Obj Lower Bound B&P ISLPR 
Obj 

TS LTM_MAX LTM_MIN 

P1 

P2 

P3 

P4 

P5 

P6 

P7 

P8 

P9 

P10 

1770 

2564 

2817 

1154 

2703 

3638 

7728 

6303 

5664 

6182 

31010 

50331 

51684 

14862 

50364 

76519 

202012 

126724 

127268 

145917 

15.52 

15.44 

12.40 

11.90 

11.62 

18.63 

-

17.84 

29.00 

32.16 

15.05 

11.10 

11.57 

11.90 

10.44 

10.12 

6.80 

7.74 

7.74 

8.30 

11.47 

9.99 

11.50 

11.80 

10.38 

10.12 

8.23 

11.14 

11.53 

13.74 

12.32 

11.70 

11.57 

11.82 

10.44 

10.12 

6.88 

7.74 

7.74 

9.99 

22.60 

19.25 

14.70 

20.70 

17.28 

20.08 

16.32 

18.72 

15.15 

20.50 

16.35 

16.40 

14.40 

20.70 

17.28 

18.08 

14.40 

18.72 

18.44 

24.83 

17.55 

15.55 

14.40 

12.59 

12.23 

16.10 

10.40 

18.72 

15.15 

20.50 

Table 8.9. Large-size test problem gaps 

B&B Gap Best Gap 
Search Alg 

vs B&B 

Search Alg 

vs B&P 
B&P vs B&B 

Search Alg 

vs ISLPR 

3.12 15.35 8.64 42.54 23.79 32.71 

39.10 14.55 40.09 55.59 9.96 32.91 

7.17 13.40 24.46 25.24 0.62 24.46 

0.00 11.59 5.80 6.73 0.87 6.51 

11.30 11.23 17.15 17.79 0.55 17.15 

84.09 15.10 59.09 59.09 0.00 59.09 

- 9.40 52.94 26.37 -21.03 51.16 

130.49 17.72 141.86 68.04 -43.93 141.86 

274.68 14.15 95.74 31.40 -48.97 95.74 

287.47 19.50 146.99 49.20 -65.54 105.21 

Averages 14.20% 59.27% 38.20% -14.37% 56.68% 
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In large problems, B&B found the optimal solution in only two cases. The maximum number of 

binary variables and constraints in small-size problems are 7728 and 202012, respectively. The 

deviation or gap in the case where the optimal solution is available is found as explained before 

while in other cases where only a lower bound is available, the gap is found via the following 

formula: 

Gap = �searcℎ alg0ri ℎm_obj − l0werb0ud � × 100 l0werb0und 
The average gap of the best solution from all three algorithms from B&B is 59.27%. The average 

gap of search algorithm from B&P in large-size problems is 38.28%. It is interesting to mention 

that these values were 2.59% and 19.29% which shows how increasing the problem size affects 

B&B method more than B&P. 

The deviation of B&P’s lower bound from the optimal solution provided by B&B is -14.07%. 

Comparing this value with the similar one in small-size problems, which is 13.07% confirms that 

B&P outperforms B&B. Average deviation of ISLPR from search algorithm is 56.68%, which is 

superior to B&B’s deviation. Finally, the average gap of TS, LTM_MIN, and LTM_MAX from 

the optimal solution is 70.74%, 63.61%, and 39.24%, respectively. These results again testify the 

superiority of LTM_MIN in comparison to TS and LTM_MAX. Also the best gap which is the 

best search algorithm against the best lower bound available among B&B, B&P, and ISLPR is 

14.2%, which is very promising for the performance of the search algorithms. 

Lastly, after investigation of all three search algorithms, LTM_MIN is suggested as the best 

search algorithm among others. Among lower bounding methods, in small-size problems, B&B 

is the best method to use while in large-size problems, B&P proved its better performance and 

even ISLPR obtains better lower bounds than B&B. 
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9. Conclusions and Future Research
 

In this dissertation a two-stage flexible flow shop scheduling problem is addressed. This problem 

has batch processors in the first stage and discrete processors in the second stage. It is assumed 

that BOs have a capacity limit, which restricts the number of jobs that can be loaded at a time in 

a BO. Also the layout of jobs by which they are loaded in a BO is another factor that affects the 

job availability times in a BO. A job in the back rows can be unloaded from a BO only when all 

the jobs in the front rows are assigned to a furnace. Also it is assumed the processing time of the 

BOs are fixed and it is independent of the number of jobs in the BO. 

In stage 2, it is assumed there are identical furnaces that, unlike BOs in stage 1, they can process 

only one job at a time. A setup may be required depending on the succeeding and preceding jobs 

in a furnace. In stage 2, metal which is melted in the furnaces is poured in the mold. Pots are 

required for pouring the molten metal. Pot has a life cycle which means after a certain number of 

pourings it has to be replaced with a new one. Parts require pots with appropriate sizes because 

of the volume of molten metal they require. Hence if two consecutive parts require pots of 

different sizes, then a pot change has to occur even if its life span is not reached. The previous 

pot can’t be used again and has to be discarded. Furthermore, two consecutive parts may have 

different alloy types which necessities a type of setup, called a pot wash. Pot washes take less 

time than pot changes. 

In this research, a job can’t be unloaded from a BO, unless there is a furnace that can be used to 

process the job. When a BO has finished processing the jobs, but all the furnaces are busy 

processing other jobs, then the jobs in the BO, block or prevent the jobs that are in the beginning 

of the production line waiting to be loaded in the BO. This phenomenon causes undesirable 
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waiting times. Furthermore, if there is a furnace available for a job already processed in a BO, 

but a setup (pot change or pot wash) is required before loading the job in the furnace, then this 

setup causes further waiting times since the job can’t be unloaded from the BO unless the 

furnace is ready to process with an appropriate pot. 

In such a manufacturing environment, several customers place their orders for different parts 

where parts may have different due dates. These due dates have to be considered and satisfied 

when developing a production plan. In this problem, there are several factors that have to be 

considered and paid attention to when the scheduler designs and develops the production plan. 

One of these factors is to reduce throughput time. When a part’s monetary value is high then it is 

preferable to reduce the work-in-process inventories since it ties up the company’s investment on 

the shop floor. This results in adding no value and no return is made on the investment, as the 

part is either stored in a buffer or waiting to be processed in the next stage. In other words, 

reducing waiting times is another desirable factor. Moreover, pot efficiency is also important as 

it is in the interest of the company to avoid unnecessary pot changes. Also as discussed earlier, 

customers’ due dates must be dealt with. Taking all the aforementioned factors in developing the 

production plan for this problem, the objective function of this problem is set to be minimization 

of the maximum completion time of all jobs. 

In order to solve this problem optimally, four different mathematical models i.e. MILP I, MILP 

II, MILP III, and MILP IV are developed. Among these four mathematical models, MILP I 

proved its efficiency and efficacy in being able to find optimal solutions faster than the other 

models and thus the other models are not considered in subsequent research and experiments. 
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The pitfall of mathematical modeling is that as the problem parameters such as number of jobs, 

number of BOs, number of furnaces, number of pots, etc. increase, the model requires more 

binary and continuous variables along with constraints. Therefore, in many cases, mathematical 

models can’t optimally solve large-size problems, and sometimes they only find a lower bound 

and a feasible solution while in other cases they only report a lower bound without even finding 

a feasible solution. Since the methodologies that are being developed must be capable of solving 

large-size problems, local searches are designed, developed and implemented in this dissertation 

to solve large-size problems. 

In this research, three different search algorithms are developed based on Tabu search, each with 

a different memory structure. The first algorithm, TS, benefits from a short term memory 

structure where the recent best moves are tagged as tabu and are not permitted until a certain 

number of iterations have been performed. The second search algorithm, LTM_MAX, employs a 

long term memory structure to intensify the search in areas that are found more promising based 

on the information that has been gathered in previous search iterations. The third search 

algorithm, LTM_MIN, also uses a long term memory structure similar to LTM_MAX, by 

gathering information about the solution space in previous search iterations, and uses it to 

diversify the search in regions that have not been explored yet or sufficiently enough. 

To investigate the performance of the three search algorithms, besides the possible comparison 

that could be made against the optimal solution obtained for the mathematical model, two other 

lower bounding mechanisms are designed and developed. 

Since solving MILP is harder than solving LP, it is in the interest to investigate into the 

possibility of a transformation from MILP domain to LP domain. Toward such a transformation, 
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a Dantzig-Wolfe decomposition is employed. Following the transformation, a Simplex method is 

utilized but there are myriad non-basic variables that can enter the basis in the next iteration of 

the simplex method. In these cases a column generation algorithm is useful instead of Simplex in 

large MILP’s when there are myriad columns that construct the solution space. Column 

generation starts from very few columns representing the restricted solution space and adds more 

promising columns until the algorithm is terminated. Thereafter, B&B is employed to branch on 

the variables that are deemed to have more effect on the overall lower bound for the problem. 

Several implementation issues have been taken into account when implementing B&P. An 

efficient initial solution algorithm has been used precedent to solving SP2, which is also known 

as warm start. Furthermore, concurrent optimization is used which enables executing multiple 

runs of one sub problem with different parameters. Moreover, custom callbacks are designed and 

implemented in favor of early termination of the runs with no promising lower bound. Finally, as 

B&P moves to the lower levels of B&B, more time is assigned for solving the subproblems 

optimally since sub problems have more variables that have been used to branch in upper levels 

of B&B tree. 

To evaluate the performance of the search algorithms, as the first step all three algorithms are 

tested against each other within sets of test problems. It is known that test problem characteristics 

may affect the performance of the algorithm so it is necessary to find these factors and generate 

test problems that fully investigate the performance of the three algorithms. These factors are 

structure, process time to setup time ratio and setup type, and are known to be hard to change 

factors. Hence a split-plot design is employed to perform the analysis of variance. The important 

research question to be answered by performing the split-plot design is to investigate if there is a 
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statistically significant difference between the performances of the three search algorithms and if
 

there is, how they compare against each other. 

Experimental results revealed that there is a meaningful difference between the solution quality 

of the algorithms. An LSD test has been used to test differences in levels of the factor algorithm 

in the split-plot and the results show that LTM_MIN significantly outperforms both LTM_MAX 

and TS. However, the difference between LTM_MAX and TS is not significant. Results show 

that TS on an average deviates 6.51% from LTM_MIN, and LTM_MAX deviates 3.44% from 

LTM_MIN. The computational times for TS, LTM_MAX, and LTM_MIN in small-size 

problems are 1.22, 2.44, and 2.44 hours, respectively, and these amounts for large-size problems 

are 3.87, 7.49, 8.53 hours. If search algorithms are first sorted based on their solution quality and 

next based on their computation time, they are ordered as LTM_MIN, TS, and LTM_MAX. 

Next, the search algorithms are compared against MILP I where in some cases it was possible to 

find an optimal solution. Also, to investigate the potential of the mathematical model in solving 

large-size problems optimally, some test problems are chosen large enough where MILP I fails 

to find an optimal solution or even a feasible solution. In those cases, the two other lower 

bounding methods are used to evaluate the performance of the search algorithms. 

In small-size problems, B&B found the optimal solution in all 10 test problems. The largest 

problem solved in small-size problems has 1538 binary variable and 25221, respectively. 

LTM_MIN finds the optimal solution in seven test problems. In small-size problems, the best 

solution from all three algorithms as an average deviates from B&B and B&P by 2.59% and 

19.29%, respectively. The lower bounds found by B&B are 13.07% better than that found by 

B&P. The average deviation of ISLPR from the best of all three search algorithms is 9.11%, 
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which outperforms B&P in small-size problems. Finally, the average gap of TS, LTM_MAX, 

and LTM_MIN from the optimal solution is 23.95%, 8.39%, and 2.81%, respectively. 

In large-size problems, the largest problem considered has 7728 binary variables and 202012 

constraints. The best solution from all three search algorithms deviates from B&B and B&P by 

59.27% and 38.28%, respectively. Also, it is observed that the gap between B&P’s lower bound 

and B&B’s lower bound has changed from 13.07% in small-size problems to -14.07% in large-

size problems, thus confirming that B&P outperforms B&B in solving large-size problems. For 

the best solution identified from all three search algorithms, ISLPR yields a better gap of 56.68% 

in comparison to B&B with 59.27%. The gap between the best solution from search algorithms 

and the best lower bound as an average is 14.2%. 

In order to select the best algorithm based on the overall gap from the optimal solutions (if 

available) or lower bounds, LTM_MIN is outperforming the other two search algorithms. Also 

our research unveiled that in small-size problems, B&B method provides better lower bounds 

while in large-size problems B&P and ISLPR provide tighter lower bounds. 

With regard to future research, several methodologies can be pursued to possibly further improve 

the results obtained.. In this research three search algorithms based on tabu search are applied 

while there are other local searches such as genetic algorithms, simulated annealing, and ant 

colony optimization that can potentially offer better quality solutions in a shorter time. Also there 

are other variations in tabu search algorithm which are not considered in this research such as 

variable tabu list size. 

The other methodology that could also be used is application of lazy constraints in this problem. 

One of the applications of lazy constraints is in problems such as travelling sales person where 
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the sub tour eliminating constraints produce an extremely large number of constraints while a big
 

proportion of these are not active in the optimal solution. Lazy constraint technique solves the 

problem excluding the constraints seemed to be active and after optimization, optimal solution is 

tested against those constraints. If none of the excluded constraints are violated then the solution 

at hand is the optimal solution but if at least there is one violated constraint, then all of the 

violated constraints are added to the restricted problem. Since in this problem the number of 

constraints increases drastically, the lazy constraints technique seems to be promising, especially 

in solving large-size problems. 

Another issue that could be addressed is that in column generation, some techniques such as 

estimating the initial dual vector can be used to improve the lower bound; it is also capable of 

affecting the initial lower bound in column generation. Usually during the first few iterations of 

the column generation, the quality of the lower bound is very low and undesirable. By applying 

such a method, the quality of initial lower bounds could also be improved. This technique can be 

applied in models that are less complicated and a certain direct formulation can be constructed. 

In this problem attempts have been made to implement this method with the current assumptions 

and constraints but due to the complexity of the problem, a direct and efficient formulation was 

not found. Relaxation of some assumptions would facilitate the implementation of such a 

technique and assist with its performance. 

Furthermore, there are other lower bounding mechanisms such as Logic-Based Benders 

Decomposition (LBBD), branch-and-price-and-cut or the Lagrangian method that can also be 

used instead of B&P. 
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APPENDIX A. A detailed test problem demonstrating performance differences among MILP I, MILP II, 

MILP III, and MILP IV 

Table A.1. Problem characteristics 

# of 

jobs 

# of 

BOs 

# of 

Furnaces 

# of 

Pots 
Patterns column row 

pot 

usage 

15 2 3 7 2 3 2 6 

Table A.2. Results after 8 hours
 

Mathematical Model MILP I MILP II MILP III MILP IV 

Best integer solution found 412 -* 450 -* 

# of Binary Variables 4053 3275 3485 3485 

# of Constraints 61834 44717 34607 34817 

*: no feasible solution is found 

Table A.3. Gaps of MILP II, MILP III, and MILP IV from MILP I with 8 hour time limit. (the 

number of binary variables are between 2000 and 7000 and constraints are between 30000 and 

200000 in all five test problems) 

MILP II MILP III MILP IV 

P1 20.36% 8.2% 31.95% 

P2 -* 13.65% -* 

P3 8.11% 0% 8.11% 

P4 17.38% 10.57% -* 

P5 -* 9.22% -* 

*: no feasible solution is found 
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APPENDIX B. A randomly generated small-size sample problem 

Table B.1. Basic characteristics of the problem 

# of # of # of # of Pattern colum ro pot Bo Pot 

jobs BOs Furnaces Pots s n w usage process change 

time time 

41 1 2 50 5 4 4 20 66 20 

Table B.2. Jobs, processing times on furnaces, grate requirements, and weights
 

Process 
job Id 

Times 
Grate Weight 

1 39 SM 0.0163 

2 32 SM 0.0139 

3 26 SM 0.0116 

4 33 SM 0.0058 

5 23 LRG 0.0395 

6 33 SQ 0.0174 

7 21 LRG 0.0081 

8 38 SM 0.0209 

9 27 SQ 0.0197 

10 23 SQ 0.0279 

11 39 SQ 0.0256 

12 29 LRG 0.0035 

13 35 SM 0.0093 

14 36 SM 0.0232 

15 28 LRG 0.0267 

16 26 SM 0.0302 

17 36 SM 0.036 

18 34 SQ 0.0128 

19 36 SM 0.0151 

20 21 SM 0.029 

21 24 SM 0.0465 

22 30 SM 0.0453 

23 38 LRG 0.043 

24 31 LRG 0.0383 

25 31 LRG 0.0372 

26 38 SM 0.0314 

27 25 LRG 0.0441 
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28 36 SM 0.0407 

29 31 SQ 0.0221 

30 33 SQ 0.0186 

31 35 SM 0.0325 

32 24 LRG 0.0012 

33 35 SM 0.0046 

34 38 LRG 0.0418 

35 28 SM 0.0348 

36 39 LRG 0.0244 

37 33 SQ 0.007 

38 38 SQ 0.0337 

39 25 LRG 0.0105 

40 29 SM 0.0023 

41 28 LRG 0.0476 

Table B.3. Setup times on the furnaces (Table is divided into two Tables) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

1 0 0 0 0 0 0 5 0 0 0 5 0 0 0 0 0 0 0 0 0 

2 0 0 0 0 0 0 5 0 5 0 0 0 0 0 0 0 5 0 0 0 

3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 24 0 0 0 

5 0 0 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0 

6 0 5 24 0 0 0 0 0 0 27 0 0 0 0 0 0 0 0 20 0 

7 0 0 0 0 0 0 0 0 0 33 0 0 0 0 0 0 0 0 0 5 

8 0 0 0 0 0 5 5 0 0 0 5 0 0 0 0 0 0 0 0 0 

9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

12 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 5 0 0 0 

13 0 0 0 0 5 0 0 0 0 0 0 0 0 0 24 0 0 0 0 0 

14 20 0 0 0 0 0 0 0 0 0 0 25 0 0 37 5 0 0 0 0 

15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

16 5 0 0 5 0 0 0 0 0 0 39 0 0 0 0 0 0 0 0 0 

17 0 0 0 0 5 5 0 0 26 5 0 0 0 0 0 0 0 0 0 0 

18 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 25 0 0 0 0 

19 0 0 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0 

20 0 0 0 0 0 0 0 0 0 0 0 0 0 21 0 0 0 0 0 0 

21 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 

22 0 0 0 0 0 0 0 0 0 0 0 0 0 31 0 0 0 0 0 0 

23 0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 31 0 

24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 0 0 0 

25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 



 

 

                     

                     

                     

                     

                     

                     

                     

                     

                     

                     

                     

                     

                     

                     

                     

                     

 

                       

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

                      

143 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

21 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 5 0 0 

38 0 29 0 20 0 5 0 0 0 0 0 0 0 0 0 0 0 0 5 0 

0 0 0 0 0 0 0 0 0 5 0 0 0 0 5 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 34 0 0 5 0 0 0 0 0 0 0 

5 0 0 0 0 5 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 

5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 0 

0 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 5 33 0 33 5 0 0 5 0 0 0 0 0 5 0 

0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 24 0 0 0 0 0 

5 0 0 38 0 5 0 0 5 0 0 0 0 0 29 0 5 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 36 0 5 0 0 0 0 37 5 0 0 0 0 0 0 0 5 0 

0 25 0 0 0 0 0 0 0 0 0 0 20 0 0 0 0 0 0 0 0 

0 0 5 0 0 0 36 0 0 0 0 0 0 0 0 0 0 0 0 5 0 

0 0 0 0 0 0 36 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 39 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 32 5 5 0 0 0 0 0 27 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 5 0 0 

0 0 0 0 0 0 0 0 0 0 32 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 5 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 28 0 0 0 22 0 

0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 0 37 

0 5 0 5 0 5 0 0 0 0 0 0 0 0 0 0 0 0 5 20 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 38 0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 31 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 5 0 5 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 

0 0 5 0 0 0 0 0 0 5 0 0 0 0 0 0 0 39 0 0 

0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

5 0 0 0 0 0 0 24 0 0 0 0 0 0 0 0 5 0 5 0 

0 0 28 0 0 0 5 0 0 0 0 0 28 0 0 0 0 0 0 0 

5 0 0 0 0 0 0 0 5 0 0 0 0 5 0 0 0 0 0 0 

0 37 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 0 

0 0 0 0 0 25 0 0 0 0 0 0 31 0 0 0 0 0 0 22 

0 0 32 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 
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26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 27 0 0 0 0 0 

0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 38 

0 0 0 0 0 0 0 0 0 0 0 27 0 5 0 0 5 0 5 0 0 

0 33 0 38 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 39 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 31 0 0 0 0 0 0 0 0 0 5 0 0 0 

0 0 0 0 35 0 0 0 0 0 0 5 0 0 0 29 0 0 0 0 0 

0 33 0 0 0 0 0 0 27 0 0 0 0 0 0 0 0 0 0 0 26 

5 0 0 0 25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 5 5 0 0 

0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 20 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 26 0 0 0 0 5 0 0 0 0 5 0 0 0 

0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 34 0 0 0 0 0 0 0 5 0 0 5 0 0 0 0 0 0 

Table B.4.1. Pattern 1 

SM SQ LRG SM 

LRG LRG SQ SM 

LRG SQ SM SQ 

SQ LRG SM SQ 

Table B.4.2. Pattern 2
 

SM LRG SM SQ 

SM SM LRG SQ 

SM LRG SM SQ 

SM LRG SM SQ 

Table B.4.3. Pattern 3
 

SM SM SM SM 

SM SM SM SM 

SM SM SM SM 

SM SM SM SM 
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Table B.4.4. Pattern 4 

SQ SQ SQ 

SQ SQ SQ SQ 

SQ SQ SQ 

SQ SQ SQ 

Table B.4.5. Pattern 5
 

LRG LRG LRG 

LRG LRG LRG 

LRG LRG LRG 

LRG LRG LRG 
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APPENDIX C. Computational times for three search algorithms in small-size problems 

Table C.1. Computational times for small-size problems 

Structure 

Job BO Furnace 
PWPC RS rep 

Time (hour) 

TS LTM_MAX LTM_MIN 

1 1 1 0.07 0.14 0.17 

1 1 2 0.12 0.30 0.27 
41 1 2 

1 1 3 0.06 0.13 0.14 

1 1 4 0.06 0.14 0.16 

1 2 1 0.04 0.09 0.08 

1 2 2 0.08 0.18 0.18 
Small 44 1 1 

1 2 3 0.04 0.10 0.10 

1 2 4 0.08 0.16 0.17 

1 3 1 0.18 0.46 0.45 

1 3 2 0.28 0.68 0.67 
55 2 1 

1 3 3 0.19 0.48 0.47 

1 3 4 0.19 0.52 0.48 

2 1 1 2.25 4.41 4.56 

2 1 2 2.22 4.83 4.83 
65 1 2 

2 1 3 2.52 5.24 5.02 

2 1 4 2.62 4.85 5.15 

2 2 1 3.60 6.82 6.85 

2 2 2 3.37 6.74 6.84 
Small 69 1 2 

2 2 3 3.56 6.55 6.67 

2 2 4 4.14 7.55 7.62 

2 3 1 0.42 0.93 1.00 

2 3 2 0.49 1.18 1.05 
53 1 2 

2 3 3 0.38 0.69 0.91 

2 3 4 0.38 0.98 0.96 

3 1 1 3.02 6.19 6.25 

3 1 2 3.20 6.60 6.59 
68 1 2 

3 1 3 3.31 6.58 6.54 

3 1 4 3.51 6.63 6.29 

3 2 1 0.35 0.69 0.70 

3 2 2 0.36 0.71 0.71 
Small 49 1 2 

3 2 3 0.35 0.68 0.70 

3 2 4 0.35 0.72 0.69 

3 3 1 0.55 1.24 1.23 

3 3 2 0.53 1.25 1.16 
54 1 3 

3 3 3 0.57 1.23 1.17 

3 3 4 0.45 1.11 1.05 
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APPENDIX D. Computational times for three search algorithms in large-size problems 

Table D.1. Computational times for large-size problems 

Structure 

Job BO Furnace 
PWPC RS rep 

Time (hour) 

TS LTM_MAX LTM_MIN 

Large 

100 4 6 

90 3 5 

94 3 5 

1 1 1 

1 1 2 

1 1 3 

1 1 4 

1 2 1 

1 2 2 

1 2 3 

1 2 4 

1 3 1 

1 3 2 

1 3 3 

1 3 4 

2.707296 

2.699245 

2.597438 

2.681658 

4.475463 

5.603155 

5.734606 

4.8898 

4.408915 

4.229943 

5.432326 

3.969241 

3.854996 

4.396258352 

3.911165339 

4.39039087 

4.11218895 

8.081805278 

8.281513889 

8.252134444 

8.140454444 

7.26589192 

6.221046311 

8.677003889 

5.739526111 

7.408294444 

4.38954129 

5.1851532 

4.68744507 

4.62540943 

8.18394167 

9.90317619 

8.67464833 

8.31281889 

7.30160413 

9.62949707 

7.91708889 

5.8784 

8.90083861 2 1 1 

2 1 2 3.728918 7.1646175 7.40350256 
96 3 4 

2 1 3 3.816779 7.3355925 8.48512861 

2 1 4 4.138076 8.093213889 8.72623183 

2 2 1 5.39124 11.97425084 12.661922 

2 2 2 5.23575 10.18941099 13.6268552 
Large 102 3 4 

2 2 3 5.79601 12.95415083 12.8719295 

2 2 4 5.55259 11.28352241 12.9643426 

2 3 1 5.901733 11.66441222 11.5431239 

2 3 2 5.944888 11.42337667 11.5660994 
101 3 5 

2 3 3 5.956391 11.58550778 11.4741453 

2 3 4 5.951391 

1.113197 

11.68089556 

2.865117778 

11.6426308 

4.86208778 3 1 1 

3 1 2 1.727172 1.111785556 5.24122417 
86 3 6 

3 1 3 1.121531 1.050873611 3.11415278 

3 1 4 1.684572 1.062218056 4.86699944 

3 2 1 4.0281 6.46383608 8.95897706 

3 2 2 5.00984 13.99515056 13.9527958 
Large 82 4 6 

3 2 3 4.7832 14.08964139 10.643811 

3 2 4 5.335109 14.38543306 14.8727697 

3 3 1 1.013365 3.522539722 6.20575139 

3 3 2 0.997623 3.811776667 5.70081778 
82 4 5 

3 3 3 1.073084 3.464479444 6.19226056 

3 3 4 1.020737 3.887694167 5.93143361 
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APPENDIX E. Computational times for B&B, and search algorithms 

Table E.1. Computational times for B&B, and search algorithms in small-size problems 

B&B 
TS 

Time 

LTM_MAX LTM_MIN 

P1 <10 min <2 min <2 min <2 min 

P2 <10 min <2 min <2 min <2 min 

P3 <5 min <2 min <2 min <2 min 

P4 <5 min <2 min <2 min <2 min 

P5 <10 min <2 min <2 min <2 min 

P6 <5 min <2 min <2 min < 4min 

P7 <3hours <2 min <2 min < 2min 

P8 <2hours < 2min <2 min <2 min 

P9 8hours <5 min <10 min <10 min 

P10 8 hours < 5 min <10 min <12 min 

Table E.2. Computational times (min) for B&B, and search algorithms in large-size problems
 

TS LTM_MAX LTM_MIN 

P1 1.92 4.54 10.12 

P2 3.62 5.58 5.41 

P3 2.04 6.21 6.78 

P4 5.22 14.90 19.59 

P5 6.60 19.37 19.42 

P6 10.06 44.15 40.25 

P7 25.81 54.26 58.94 

P8 35.26 73.63 72.17 

P9 23.02 47.40 71.89 

P10 28.34 62.76 65.24 


